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SUMMARY

Matrix ranges of operators on Hilbert spaces were first studied
by W.B.Arveson in the paper "Subalgebras of C*-algebras,II" (Acta
Mathematica 128). Arveson discussed a particular range, called the
algebraic matrix range ia this thesis, and showed that the sequence
of these ranges forms a complete unitary invariant for irreducible
compact operators. At the same time S,K.,Parrott considered another
range , called the spatial matrix range here. Parrott proved that
the sequence of these ranges form a complete unitary invariant for
all compact operators with trivial reducing null-space, His work
is unpublished at present., This thesis examines the relations
between the two ranges, and it is found that, for operators which
are either compact or normal, the ranges are very closely related.

Much use is made of the theory of representations of a C¥=
algebra, so in chapter I a detailed account of this is given. Most
of the material is well estehlished in the standard texts, and the
account given here leans heavily on Dixmier's book "Les C*-algébres
et leurs Reprdéscntations". The decomposition theorems are proved by
the methods of Porta & Schwartz (Comm. on Pure & Applied Math. 20),
§3 being largely a restatement of their paper. The only new
material in the first chapter is that concerning the great universal
representation. This concept is a slight variant of the universal
representation, and it forms a crucial link between the two ranges.,

In the second chapter, a detailed account of Arveson's work is
given, Completely positive maps are discussed and Stinespring's
characterisation theorem is proved. An extension theorcm of Arveson

is given, the algebraic matrix range is discussed in detail and the
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complete unitary invariance theorem is proved. Much of the detail
given here does not appear in Arveson's paper, but it was all known
to him. Some of his generality has been omitted for the sake of
clarity,

Chapter III begins with a discussion of spatial matrix ranges,
and the complete unitary invariance is proved. Parrott's theorem is
strengthened slightly. It is then shown that the two ranges are
related via the great universal representation, and the decomposition
theorems of $3 are used to elaborate this relation. In $10, a
particularly close relation is deduced for compact operators, and also
a theorem of de Barra, Giles & Sims is generalised. Finally, the
relation between the spectrum and the matrix ranges is inspected, a
new proof of a theorem of Arveson is given, and the relation holding

for compact operators is deduced for normal operators.
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REPRESENTATIONS OF C*~LLGEZBRAS

§1s C*-ALGEBRAS

In this section we set dowa the basic definitions concerning
C*-~algebras, and regall some fundamental propositions. This
outlines the setting in which we discuss matirix ranges.

Throughout this thesis we shall denote the complex field by C
and. the set of positive integers by N. Given A € §, A* denotes the
complex conjugate of A, For n ¢ N, En will denote the vector space
of n~tuples of complex numbers and A will denote the n~tuple
(Msooas) )o Unless otherwise specified, H and K will dencte complex
Hilbert spaces of arbitrary dimension. B(H) will denote the algebra
of bounded linear operators on H and I_H will denote the identity of
this algebra, though the suffix wiil often be omitted, We shall
reserve the term "subspace" for closed Linear manifolds,

Tor T € B(H), T* denotes the adjoint of T defined by the relation

(Thyh?) = (h,T*h") (h,h? € H)»
The map T -» T¥ is an involution on B(F) and T is said to be self=
adjoint if T = T*; norfal if TT* = T*T; and unitary if TI* = T*T = IHo
The involubion is related to the usual norm in B(H) by
foeli= Izl , o=zl = [ 2 (T e B()}o

We shall also be cuncerned with bounded linear transformations
from one Hilbert space into another, B(HjK) will denote the spacc of
bounded Jlincar maps from H into K, and for V ¢ B{(H,K), V* denctes the
adjoint of V given by

(Vh,k) = (h,V*k) (h cH, k €X)e



We hgve V* ¢ B(K_H) and
Evt= vl vvli= fiviE,
ThHesé matters are dealt with in [18] (p.249),

A subalgebra A of E(H) is said 0 be self-sijoint if T € A
implies 1™ € A We defire a C*~ alpgebra to be a norm~closed self-
adjoint subalgebra A of B(H) such that I, € As Some authors omit
this last requirement, Notice that the intersection of a family of
C*-glgebras on the same Hilbert spate H is again a C*=algebra on He
Hence given a subset M C B(H), we can define the C*-algebra gencrated
by M to be the intersection of all C*=algebras containing M, This
will be denoted by C*(M), cr C*(T) when if = {T] for some T < B(H),

It is not hard to see that C*(T) 3s the norm closure in B(H) of
polynomials in T and T*, and also if T is normal , c*(T) is oommutative.

Throughoub, A and B will denote C*~algebras, not nevessarily on
the same Hilbert aspace. We define a morphism of A into B to be a map
¢:A > B satisfying

1) #(s+T) = ¢(s)+¢(T),
ii) ¢(23) = a¥(s),
111) ¢(sT) = ¢(s)¢(T),
iv) ¢(s*) = ¢(s)*
for all S,T ¢ A and A ¢ Co A morphism is said to be a mono=~; ecpi=
or isomcrphism ascording as it is one-one, onto or bothe
Two veluwble properties of C*-algebras are the automatic continuity

of morphisms and the invariance of the spectrum:-

151 PRCPOSITIUN:
Let A and B be C¥*—-algebras aud let ¢iA+ B be a morphism, then
&)l < | 2l (T € 4)s



Proof: See [5] (po8).

We dencte by o A(T) the spectrum of T evaluated in the algebra A.

1,2 PROPOSITIONS
Let A and B be C*-algebras with A C B, Yhen for T € A we have

Froof: See [6] (pe8) .
Heuce we may write #(T) without ambiguity.

Let A be a C*-algebra, then an element T € A is defined to be
positive if there exists a self-adjoint element S € A such that s®-T,
Note that a positive element must be self-adjoint. We shall denote

by PA the set of positive elements in A,

105 FPROPOSITION:
The following five statements are equivalent:~

i) T ¢ Po
i) =T and || (I2f T -2 <HTN .
iii) T = T* and o(T) is contained in the positive reals,
iv)There exists S € A such that T = S*S.
v) (Th,h) > 0 for every h € Ho

Proof: See [6] (p.12) for the equivalence of i) to iv), then [8]

(pe41) and [9] (problem 169) show the equivalence of ¥) and iii),

It folluws from this proposition that PA is a norm-closed convex cone

such that P, N (-P&) = {0}, We define a relation on A by S < T if

and only if T - S €P

22 and then € is a partial order.

82, REPRESENTATIONS

In this section we discuss elementary representation theory,
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including an account of Hilbert space direct sums and the direct sums
of representations. We construet a pearticuler representation, waich
we call the great universal representaticn, and establish a few
characteristic properties which will be used in the sequel,

Let A C B(H) be a C*-algebra, then we define a representation
7 of A on g Hilbert space K to be a morphism of A into B(K), It is
said to be non-degenerate if {m(T)k: T € A, k ¢ K} is dense in K;
topologically cyclic if there exists ko ¢ K such that [m(T)ke: T € A}
is dense in K (and in this case ke is said to be a topologically
cyclic vector); and faithful if #(T) = 0 implies T = 0, A subspace
L CK is invariant for 7 if {m(T)R : T € A,R € L} C L, and it reduces
7 if L and LJ', the orthogonal complement of L, are both invariant
for e

Clearly, by proposition 1.1, any representation 7 of A satisfies
I =(T) || < [ 7] for every T € Ao MNoreover, if w is topologically
cyclic then it is non-degenerate, and if it is non-degenerate then
ﬂ(IH) = I.. Two representations m and 7, of A on K and K are
unitarily equivalent if there exist® a unitary map U : XK1 = K3 with

m(T) = Umy(T)U (T € 4)o

We shall. dh later sections,be involved in the decomposition of
Hilbert spaces and vepresentations into direct sums, and so we set
down the basic definitions,

Let J be an index set of any cardinality, and for each j € J

now-neqahve
let ry be a[real number, then we define the sum

J
Zi egT; = supl Y1 &1 r; :TIdis a finite subset of Jle
for each § € J, let Hy, (.")j be a Hilbert space and let H be the set

of functions ¢ defined on J and satisfying:-
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1) ¢(3) « H, (3 €3),
1
11) Vg (#3),6(3)), < e
Notice that for any ¢ € H the support of ¢, {Jj € J 3 #(3) # 0}, is
countable, Define operations in H in pointwise fashion and an inner
product by taking, for particular ¢ and ¢ in H, {Jn!: , bo be the
union of the supports of ¢ and ¢, and then
w L]
(9) =7y, " (6(and,4(3n)); o
This makes H a Hilbert space, which is called the Hilbert space
direct sum of the H., and is denoted o, _H. o
J Jedd
I< also for every j € J, 173 is a representation of A on Hi’

then we define a representation oj m, of A on o, de by

€ J J
{*[(Gjﬂ-ﬂj)(T)](sb)l(k) = m (1) [¢(k)] (TeAs,keJ,tiJeojeJHj).
This representation is the direct sum of the ‘!IJ =

Notice that if for every j € J, H.i is a subspace of some fixed

Hilbert space H such that Hi is orthogonal to Hj whenever i # j, then

besides the Hilbert space direct sum we can define the orthogonal

sum as

ZjeJHj = {heH : bh=Z, b with h ¢ and [k:h.k;k'o] countable} s

Since the Hj are mutually orthogonal, we hsve
(h,h?) =Z§GJ(hj,h})o

Given ¢ € oj‘fJHj,m can define h¢ € Zie'JHj by hgb =25

the map h - h, is linear, one-one, onto and isomstric. We shall

¢
occasionally confuse the two direct sums without explicitly using

$(3) and then

the mape
For any C*-algebra A, we shall denote by D(A,I) the set of
normalized states on A, L.e. the set of continuous linear functionals

£ : A-C such that || £]| = £(I) = 1. The next proposition shows
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that there is a correspondence betwzen normalized states and

topologically cyclic representations,

2,1 PROPOSITION:

Given f €D(A,T) , there is a Hilbert space K, and a

f
topolcgically cyclic representation o of A on Kf with topologically
cyclic unit vector Ua such that
£(1) = (me(T)upsu,) (T €4) o

Conversely, if 7 is a topologically cyclic representation of A on K,
then there is a topologically cyelic unit vector v € K and fveb(A,I)
such that
£,(1) = (r(T)v,v) (T ea)

Moreover, 7 is unitarily equivalent to ﬂfv "
Proof: First we remark that £ ¢ D(A,I) implies that f is a positive
linear functional (i.e, it maps P, into the positive reals), and
this implies that

£(s*T) = £(T*s)* , l2(s*T)|%< £(s*s)£(T*T) (s,T € 4)
Details of this remark will be fourd in [12] (pp. 213 & 247).

Given £ ¢ D(4,I), define Jf = {T ¢ A : £(T*T) = 0} , then Jf is
a linear manifold in A regarded as a linear space. Let X, = A/Jf
and. define an inner product on Xf by

(s-uf,’ruf) = £(T*3) (S,T € 4) »

It is easy, using the remark, to verify that this is a well-defined
inner product. Let k},(-,°) be the Hilbert space completion of X, o

£
Define m, ¢ A = B(Kf) by

f
ﬂf(T)(SMf) = T$4J,, (8,T € A)
Which defines ':rf(T) on X,, avd the definition is extended to K, by
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continuity in the natural way. 4 13 a representation of A on Kf

&L

and [?T.»..(T)(.I'*Jf) : T e A} =X, , which is dense in K, , so 7, is

; ol £ £
topologically cyeclic with topologically cyclic unit vector uf=I+Jf o
Also (nf('l‘)uf,uf) = (T+Jf,I+Jf) = £(T) (T €4) .,

Conversgely, if 7 is a topologieally cyeclic representation of
A on K, then choose any topologically cyclic unit vector v € K,
Define fv= A=>C by
fv(T) = (7(7)v,v) (T ¢ a)
then proposition 1.1 shows that " T(T)” i" Tn and since 7 is
topologically cyclic we have 7(I) = I, so £ € D(A,I)s Using the
same notation as in the first half of this proof, we have
Jo, = {T €Az fv(.L‘*T)=0} = {T € A ¢ 7(T)v=0} »
Define U ¢ {7(T)v : T € A} X, by
o £y
U (r(T)v) = T+, (T €4) »
(o] v
It is easy to see that Uo is a well defined linear isometry of
{r(T)v : T ¢ A} onto X, 5 and these are respectively demse in K
v
and K"v s 80 that U, extends to a unitary map U : K - Kfv ¢ Finally
Ur(T) [+(8)v]=U [r(T8)v]=Ts+J, =m, (P)[S+J, J=m, (T)U[(S)v]
o fv £y v fy
and so by continuity
ur(T)k = szv(T)Uk (x €X),

which chows that T and 7, are unitarily equivalent,
Iy

The correspondence f = To o demonstrated above, enables us to
construct repregsentations in a standard way, discussion of which

willbe found in [6] for example. Let A be a C*-algebra and let

"

A =N x D(A;I). Using the notation of proposition 2.1, for

A

]

n,f) € let G,= X, and y,= 7, » We define the universal and
2 AT A

K & °
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ereat universal spaces cf A to be respectively

B =@&apan % + % "Rab -
Also we define the universal and great uuniversal representations of
A on HA and GA s respectively, to be

=% ™ ° AT®Ha o
Notice that YA is unitarily equivalent to a countably infinite direct
sun of copies of T, e Now for each f € D(4A,I), Mo is topologically

cyclic and hence non-degenerate, Thus ?A and XA are non-degenerate
and ﬂ&I) = IHA > Y,y = IGA o The following proposition demonstrates
a fairly trivial property of the great universal representation

which will be of use later,

2,2 PROPOSITION:

A countable direct sum of copies of x& is unitarily equivalent

to YAQ

Proof: If the direct sum is of a finite number, say r, of copies of
Y, » then let J = {152,%:+,r] and define

j=1 j .
Snj = 29" (m—1)2Y (§=1,2400,0=1 3m=1,200)

oD . -~ o
and let !Bnrln,q be an enumeration of g\{smj ”"’1-’”31"13 m=1,000],

If the direct sum is infinite, let J = N, and define

J=1 J .
amj = 2 + (m-1)2 (J’m=1329000)0

In voth cases [amj: Jj€J, m=1,2,°*°} =N and j # k implies smj# 8
for ell myn €N o

a oyt W

[Ux](n,£) = [x(2)](m,£) (xe RSy » (myf)ed)

Define U : Qj

where 1€J and meN are the unique elements such that s

(Y
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U is clearly linear, and alst

ol 1, £) en(Uxna ) 0x(n,8)) S0y s er ep(a,m) | 203 (o) 1P

Tyl <O = Il =P

so that U is an isometry., Moreover, given g € GA we can define

2 €@ 56y by 2(3) (0, ) = g(s ;5%) ((n,f) € 4)
and then Uz = g » Thus U is onto and hence unitary, Note that
(0*g) (3) (0, ) = 2(3)(n,£) = g(s ;5%) «
Finally
[uxy, (T)U] (3) (m, £} =Ly, (T)Ux](s ;5 %)
= frf(T) [Ux(snjsf)]
=1, (1) [x(§) (n,£)]
=y, (T)x(5)1(n,£)
=S[(@ ;o5 7)) (DD (08)

which shows that @ je7 Yy is unitarily equivalent to Yy o

The next theorem demonstrates that any countable direct sum of
topologically cyclic revpresentations is unitarily equivalent to a
compression of the great universal representation, It is this which
makes the great universal representation useful in the study of

matrix ranges,

2,9 THEOREM:

T.et A be a C*-algebra, J a countable index set and for each j ¢ J

let 'rj be a topologically cyclic representation of A on a Hilbert
isomelric

i ; Ts
space Kj’ then there is anbewmded linear map V: @ jeJ'Kj - GA such

that

(@ ;5 75)(T) = vy, (D)V (T« 4)



- 10 -
Proof: Without loss of generality, we may suppoge that J CN . By
proposition 2.1 there exist £, ¢ D(A,l) and unitary maps Uj from Kﬁ
J
into K_,, such that
£
: = £ T U. (T € A j € J 000w 'j 5
TJ(T) Ut wfj( ) 5 . ) (1)
Let T = {(,j,fj) :§ €I} A, ond define Vi@ ;5 K, >6, by
[vel(N) = [u,le(3)] if A=(3,2,)
0 if MT o
V is linear, and since each Uj is unitary, we have
, N3 i ia
vl = 5 QI P o 0 LU = 5y ol 6P = 1 ol
Thus V is an isometry. Also note that given x € GA’ we have
[vx1(3) = u x(é,fj) (jeI) »
If A £ T, then
i)
VI @ ;575 (D]} (A
If A € I, then A = (k,fk) and

V(@ ;) (D)

i

0 = [y(TVI(A) 5 (Ter,pe @jeJKj)"

it

Uki[( @ jeJTj)(T)Gb](k)]

= U {7 (1)]9(k)3

- ﬂfk(‘I‘)qub(k) by (1)

= m, (D7) (k)]

= [(Dvel(a) ,  (Ten,¢¢ @, K)o

Hence V*)A(T)Vr@j.s.)‘rj » and since V is an isometry @ 56075 is

unitarily equivalent to the compression of ¥

% to the range of V.

In the sequel we shall be concerned with the action of m(T) on
n-dimengional subspaces (for n = 1,2,0--)3 where 7 is a non~degenerate
representation of B(H) and T ¢ B(H). The following result reduces
the study of this action to the case when m is the great universal

repuwasentations-
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2,4 THEUREM:
Let 7 be a non-degenerate representation of a C*-algebra ASE(H)
on a Hilbert space K, and let L be a separable subspace of K, then
there is a bounded linear map Q ¢ L = G, such that

A
(n(1)2,2') = (@*y,(T) ek, ") (Tea, R,2'eL)c

Proof: Since L is separable, we can choose a maximal orthonormal

subset [xj :JeJ} inLwith JC N o Let j1 be the least integer in

J, set v, =x, and let K, = {m(T)v, : TeA}l . K, is a closed

linear manifold in K which reduces 7 , Define T 3 A~ B(K1) by
71(1')1:1 = n(T)k, (Tea, k, eK1),

’ is topologically cyclic, If

K, 2L , then an application of theorem 2,3 proves the result,

Notice that v, = ‘rr(I)v1 €K, end so T

If L £ K, , let P, be the projection of K onto K,f’ and let j,
be the least integer in {jeJ : szj;éOI@ Set v, = fo and define
K, = !'.'r(’.t‘)vz : TeA}l” o Again K, is a subspace which reduces 7, and
Ty s the restriction of 7 to I{Z, is topologically cyclic, If
L C K1 & I{2 s then an application of theorem 2.5 proves the result.

If LZ K, @K, , let Py be the projection of K onto (K, & Kz)'L
and proceed as above,

Either the result is proved at some nth stage, or by the
principle 4f induction,for each jeJ, there exists an integer m such

that J{Jm » Hence mej = 0 and so xj €K QKEGB see G;Km « Thus

1

LC @ _m1 Kr and again theorem 2.3 completes the proof,
e e
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§3. DBCOMPOSITION OF REPRESENTAYLIND

The aim of this section is to exhibit the particularly
convenient decompesition obtained when a non~degenerate representation
is restricted to the algebra of compact operators, All the results
are well known and will be found in [11] and [121: Because our later
work hinges on this material, we give full details of the proofs =
following for the most part the acoount given by Porta and Schwartz.

We shall denote by 'bs and tw the strong and weak topologies on
a Hilbedt space Hy and by Tn’ TB and,rw the wniform, strong and weak
operator topologies on B(H) respectively., Recald that a compact
operator maps a weakly convergent sequence inta a strongly convergent
one,

By a projection on H we mean an operator E € B(H) such that
E ﬂzu E*, which is called an orthogonal projection by some -author-so

An (dewipoleut @& an operaky FEBCH) sucl that F*=F .
Commuting e 3 i are ordered by the relation E! > E if and only

porew
» ‘r
if EE' =E o A fomily T of. comsuting pe&isBSERE such that all
products of pairs of elements of I' are in I)is a directed set in the
given ordering. Note that limiting processes take place along

decmasmg netso Mse wote Hual W rc..u%e O" [-XVN (ﬁeu«.‘ﬂo\'ﬂ_uF 'EY Ll(;!qd_

S5,1 LEMMA:z

Let 7 be a representation of B(H) on K and let P < B(H) be a

e W
family of mﬁ% such that

1) Theris o comstank € such Wak Eert wwplus el €¢ |
i) E € I amd B ¢ T implies EE* ¢ I and ESY = E'E ,

then there is % F(w,T) ¢ B(K) such that
o 'prUJGC

7(E) -ﬂF(r,I‘) (Tw) as E decreases in T,
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Proof: Let K1 = § U

Joep Ker 7(2)}7 and K, = Npp 7(B)K , end

suppose that k € K1 ﬂKz » Given 4 > 0, there exist Eo € I' and
L1, £ € K such that
Il x-24] < &, W(ED)-EA =0, k= :r(EO)-z2 3
But EE =E, , 80 rr(Eo)'ﬂ(Eo) = w(Eo) , and also by proposition 1.1
I ﬂ(Eo)" < |l Eoll €€+ Thus we have
Ll = | k-m(® ) e ]l = || 7(® ) n(E ) ea=n(B ) 2all =lln(z ) (k=es) |k 3¢ |

from which it follows that K, NK, ={0} o

1
Given k € K, {n(E)k : EeI} is contained in the ball in K of

radiusd| k|| , which is weakly compact, Hence there is a subnet
ACT and an element 1:26' K such that

7(E)k = k (tw) as E decreases in A ,

2
But A is cofinal, and F > E implies #(F )w(E) = #(E) , so for each
F € I' we have
ﬂ(F)kz = limbﬂ(F)w(E)k = limAﬂ(E)k =k, o
Thus k2 € KZ' Let 1*:1 =k = k2 and suppose that £ € KTL s then
(k1,6) = (k—kz,a) = 1:'m1A(k-1r(E)k,,6) =0
since 7(D)(k-m(D)k) = O for every D € I and so k-m(D)k € K, « Thus
k1e K‘l and hence we have K = 1{1 & Kz °
Let F(w,T) be the projection of K onto Kz, and let A be any
subnet of I', For each k € XK, {m(E)k : EcA} is norm-bounded, so
there is a subnet A' C A and an element x € K such that
7(E)k » x (tw) as E decreases in A',
As above we can show that xeKz and k-x € K1, so by the uniqueness of
decomposition in a direct sum we have x = F(m, T}k , Thus

n(E)k = F(m, Dk (tw) along A°

and so F(7,I)k is the unique t_-accumulation point of the norm-



bovnded set {mE)k : Bel} . Hence #{B)k - F(m Dk (tw) as B

decreases in I' , This holds for each keK amd so the result followu,

5,2 LEMMA:

1dew poleuts
Let T C B(H) be a family of M&m suchthat

D Wge & a casbant ¢ sueh Waet E€M wplay Vel € ¢ |
ii) Eel and E'el implies EE'el and EE' = E'E ,
1ii) Ny ep EH = {01,
then for any compact operator CeB(H) we have CE = 0 and EC = 0 (‘rn)

as E decreases in I,

Proof: Let Br = szH H " x" g I‘l and Ar = {xeH 3 " xu P> rio Suppose
z < QE‘?I-(GEBi)- , then given 8>0 we can choose z(E) € By such that
" z - GEZ(E) " < ) (Eer) "o¢oooue(1)o

The set {EA(E,# : Eel'l is norm-bounded in H, so we may choose a weakly “

Lk

convergent subnet iEz(E) :E€A}, and then let y = 1im&Ez(E) o Apply

) ! 8 %
:‘“‘ Neer BH= 103 | we have that L= Ueen LEWY) & dewse ay B
URPORE XEL | lew X€ (PO for some Felt. But ESF implas BN < Ey
SO(F“) ;(E“)‘I aud thus e (E“r' fov all E< F.New A CO‘“‘Q.‘ :
. g
(,‘hx) = hu&A (Et(s’ ] - & ) = 0 i

This wuplas Wat a o fhogae at L, ek 1 douwse WM
Gud hewee y=o. J '

Thus y = 0 , i.e. Ez(E) < 0 (tw) along A , and hence CEz(E)=0 (ts)
along A , It now follows that

” z" = l:l'.mi\ " z = CEz(E) “ P by (1) »
Yhus z = 0, and 30 !’]EGF(CEB-;)T- = fo} o Hence for any r >0 we have

A'r N § rbeI‘(GEB‘)-; =g savenvanes(D)
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Chooge F € T, and let X = A_ 1N\ (CFBy) , and then lot B, =X N (CEBs)
for each E € I, ITach BE is compact anmd by (2} fhd« 'BE ‘-*'ﬁ o By

the finite intersection property there exist E1,°°°yEpn such that

n . " i e
ﬂi.:‘lBEic i ﬂ’ ? lae' Ar n {niwi(cEl.B1) } --g °

Let E, = EiEa**°En , then E ¢ [and if E ¢ E We have

CEBy,= CE EBy,C CE By, = CEJE By, C CEB1  (J=1,2,°+°,n)

since lI Ell € € and || Er"SCo Thus for each r > 0 , we have for
sufficiently small E in T that AN CEBif'c.f g, or Il cell < »& Thus
CB -0 (Tn) as E decreases in [o

Finally || cll = || (zc)*fi = |i c*£| » o (?’n) along I',since C* is

also compacte and T = {E¥: €ETY § a fawdy of dempoteuls ‘ﬂﬁv“‘s
P:opmhfcs D ,4) el Gi) .

S¢3 LEMJA:

.d i
Lot By s Ty 6 two Puillies oF tositesapes 15 B(E) sucki that

N thae i o comskane € avdn kel E€N implas le(l< ¢

1) E€T; and E°el'; implies EE!€l| and EE® = E'E

i = {0 b
4i) My op BH = {0] (1=1,2)
iM) Eely implies L~ E is of finite rank

and. let m be a non-degenerate representation of B(H) on K, then,in

the notation of lemma 3.1, F(m,E) = P(m,Is),

Proofs Suppcse E¢Ty, then IH- E has finite rank and so is compact.

By lemma 3,2, {IH— E)F =0 (‘rn) as F decreases in I'y o, But =7 is

non-degenerate so W(IH) =TI, , and thus (IK-:T(E))F(F)ﬂ[(IH—E)F] > 0
(-‘.‘n) as F decreases in I'; 4 Dy definition(F('fr, Ty) wef(have
F(m,T3) = n(8)F(m, Ta) (BeTy)

Allowing E to decrease in I, this gives F(m,T3) = F(m,Ty)F(m,Ta)e
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Cimilarly, beginning with E € T3 and using thie other half of the

corclugion of lemma 3,2, we obtain F(#,I4) = F(7,T4)F(7,Ta).

For a non-degenerate representation 7 of B(H) on X, we define
the splitting prgiection of 7 to be F(w) = F(w,I) for any family T )
f % in B(H) satisfying the conditions i), ii) wadé ii::.)cT:f“
lemma 3.3 » To see that such families do exist, let ixa s aeJ] be a
poximal-brthonornal subset .ef H, and for each. finite aubset Q 02 F
let FQ be the projection of H onto the linear span of [xa ¢ aeQ}, then
= [IH-F Q : Q is finite} has the required properties, This alio shews
Wak we may choese a feomidy T of pojechons soch bat T e KB = F) .,
S.4 LEMMA:

Let 7 be a non-degenerate representation of B(H) on K with

splitting projection F(w), then F(m)n(T) = n(T)F(m) for every TeB(H),

Proof: Let U be an invertible operator in B(H) and let I be a
family of poﬁfim B(H) satisfying the Jéa‘i;e conditions of
lemma 3.5 o Notice that I' = {UEU™' : Eel} also satisfies these
conditions, armd so by lemma 3.3 it follows that

F(m) = limrﬂ(E) = Linm(VEU™') = (U)F(n)u(U)~",
L atis F(mw(u) = #(U)F(7) .
But for any TeB(H), there exists A€ such that AL+ T is invertible,
and hence F(Tr)ir()C[H-p T) = fr(AIH+ PF(7) , and w(IH) =1 80

K
the result follows immediately,

-

This brings vs to the first decomposition theorem which splits

a non-degenerate representation into two direct summands,
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3.5 THFOREM:

Let 7 ba a non-degenersite representation =f E(H} on K with
splitting projection F(‘a‘?)o If Ky ond E3 are respectively the kernel
and range of F('n), then the decomposition K = K1 @ Kz reduces 7 , so
that if 7, is the restriction of 7 to K; (i=1,2) we have 7 = m @ 73
and furthermore :=

i) when K1 # {0}, m is faithful and has no non=faithful
subrepresentations Lolkcr thau W 2evo0 reymuu\-alwdﬂ.

ji) if C € B(H) is compact, then m3(C) =0 ,

Proof: By lemma 3.8, F(w) commutes with #(T) for every T € B(H), so
clearly the decomposition reduces 7, and we have m = T4 @& T2 »

Suppose K' C K1 is a mi-invariant linear manifold and the
restriction 7' of w4 to K' is not faithful, then Ker 7' is a non-
trivial two-sided ideal in B(H), which must contain all finite rank
operators. Let I be a family of M in B(H) satisfying the
% conditions in lemma 3,3, then for each Ee€I, I-E is of finite
rank so wt (I—E) = 0 , Thus for each x¢K' and each Eel we have
7(E)z = x , md so by lemma 3.1 , F(m)x = x , But K' C K1, which is
the kernel of F(m), and thus K' = {0} . Henee m has no non-faithful
cubrepresentations.

Let C¢B(H) be a compact operator and let I be as above, then by
lemma 5.2 , CE > 0 (Tn) as E decreases in I' , Thus ﬂ(C)ﬂ(E) -0 (?‘n)
along T, and then by lemma 3.1 , m(C)F(7) = 0 . But F(mK =Kz and

so m3(C) =0 ,

Next we show that the direct summand 7y can be decomposed into
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representations which are unitarily equivalent to the identity

representation, Firstly we need a lemma -

3.6 LEMMA:

Let 7 be a non-degensrate representation of B(H) on K and let
my and K1 be as in theorem 3,5, then every non-null linear manifold
M in K1 which is invariant under m1 contains a non-null subspace L,
also invariant under my, such that theris a linear isometry W from
H onto L with

wish = m (S)Wh (heH, SeB(H)) o

Proof: Choose yeH with || y|| = 1,and let P be the rank one projection
of H onto the linear span of {y}, Let M be a non-null linear
manifold in K¢ which is invariant under w4 o The proof of theorem
3.5(1i) shows that the restriction of m to M is faithful, and thus
we may choose beM such that m(P)b #0 , Let a =M s then
[l (P)o |

since M is my-invariant, we have a€lM .

For each z¢H , define TzeB(H) by Tx = (x,y)s (xeH) , and then
define W : H = K¢ hy

Wz = m(’.{‘z)a (ze:H) °

net = My + Tye » 30 W ds linear, and also || m(z )l < |z,
wntte |2 ¢ Byl el Iyl = llall =1, ana so llwall < izl -=o(1),

Now T

For SeB(H), Ty, X = (x,y)82 = ST x (xeH), and so WSz = m4(8)Wz
for every z€¢H ., Hence WH is invariant under my o

Given non-zero xeH, define A¢B(H) by Ah = (h,x)y/ll x*ll , then
Ax =y and so as above Wy = WAx = m(AJWx . But Wy=m4 (Ty)a and

L= P, s0o Wy = m(P)a =a , Thus we have
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I =l =llell fheli = Woyli fecll = e Cadwll el & [l fiell Theell < el
This combined with (1) shows that W is an isometzy,

Suppose [Wxn} is a Cauchy sequence in WH, then since W is an
isometry, ixn'j is a Cauchy sequence in H, But H is complete so
x *x¢ H, thus Wxn “»Wx and so WH is closed. Notice that gitge.

8 € M and M is mi=invariant, we have WHC M » L = WH gives the result,

The .further decomposition of the representation now follows:-

5.7 THEOREM:
Let 7 be a non-degenerate representation of B(H) on X with m4
and K1 as in theorem 3,5, then there is a decomposition K1 =@ jeTK,j

which reduces my, 80 4 =@ s and Hr each j € J, F.i is

jer"s
unitarily equivalent to w, the identity representation of B(H) on H.

Proof: Let A be the set of all families F = {Ki Ul 4

F} of non=null

subspaces of XKy satisfying :=-

i) K, is invariant under m (ieIF),,

ii) There is an isometry Wi of H onto Ki with

Wws = m(8)W (8 € B(H)) (ieJ:F)o

iii) (K, = 1€IF} are mutually orthogonal,
Lpply lemma 5.6 to the linear manifold K:1 to obtain a subspace L such
that {L] € A, and so A is not empty.

A is partially ordered by inclusion, Suppose I' = {F : a ¢ Al

is a chain in A , then F = U(x is en upper bound for T,and Fel,

EAFC(
By Zor's lemma,A contains a maximal element, say G = {K. : JeJ} ,
J

Suppose & je Kj # K1 , then since the direct sum is closed,
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M=[e jeJK'}IL (the orthogonal ccmpliement in Ki) is a non-null

linear manifold in X; which is invarient under 71 » By lemma 5.6
there is a subspace L such that G U {L} € A , which contradicts the

maximality of G, Hence @& = Ki, and the result follows,

jeJKj

We can now easily furnish the description of the image of a

compact operator under a non-degenerate representation &=

3,8 THEORENM:

Let m be a non-degenerate rgpresentation of B(H) on K, then the
restriction of w to the algebra of compact operators in B(H) is
unitarily equivalent to a direct sum of the zero representation on
some Hilbert space with a family of copies of w, the identity
representation., 1,e, there is an index set J, a Hilbert space L
and a unitary map U : K> L @,¢ @; eJII) such that for every compact
operator C € B(H) we have

m(c) =v*[ 0@ (@ ;. C)IU .

Proof: This is an easy consequence o7 theorems 3,5 and 3.7 o

In the case when H is finite dimensional, every T € B{(H). is
compact, so that the formula in theorem 3.8 holds for all T € B(H)j and
If 7 is non-degenerate we must then have L = {0}, so that we may ¢
Suppress
pepeas the zero representation and obtain the following :=-

3.9 COROLLARY:
If H is finite dimensional and 7 is a non~degenerate

representation of B(H) on K, then 7 is umnitarily equivalent to a
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direct sum of copies of the identity reprusentation,

Next we inspect more clcaely the deccmpcuition of the wiversal
and great universal representations of B(II) when H is infinite

dimensional,

3,40 THEOREM:

Let H be infinite dimensional and let FB(H

representation of B(H) on HB(H) s then the splitting projection

) be the universal

satisfies 6 # F(‘ITB(H)) # I , and so in the decomposition of theorem
5.5 [H“B(H) = H1 @ Ha ) we have Hy # {0} and Hz # {0} »

awd 4o Muioks ﬁel(u-.:s}tc deladibas
Proof: By deﬁinition(there is a net I' of projections in B(H) of

finite co=-rank such that taiiE) - F(ﬂ'B(H)) ('rw) ag E decreases in I'y

Let C(H) denote the set of all compact operators in B(H), *hen
I is at wnit distance from C(H) (see [12] p.43) and so by the Hahn=
Banach theorem therels a norm-continuous linear functional f con B(H)
with £(I) =1 and £(C(H)) = {0} » Now [8] (p.2%6) shows that there
is a wesk—operator continuous linear fumctional £ on the von Neumann

algebra generated by )(B(H)) such that ?(xa:rg;%)) = £(8) (SEB(H)).,

"B(H
L 10 ' — M{ X :'E: 4 3 )
Thus €(E) = f(_xﬁgE)) > (F('HB(H))) as E decreases in 'y But I-E<C(K)

and so f(E) =1 for every Ee' , Thus we cannot have F(frBfH)) =0 o
\

- _ 1 { -
It l"(‘H'B )) =1, then Hy = {0} amd so ”B(H)KS) = 0 for every

(H
P A ) P . .
S¢C(Hd), which contredicts the faithfulness of Mo (1) * Hence F(WB(H) VAL

The great universal representation YB(H) of B(H) on GB(H) is

wita®ily equivalent to a countably infinite direct sum of copies of
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ﬂB(H) » and so in the decomposition of theorem 3.5, GB(H)-- Gi1 @ Gz

we have Gj =@ nw1HJ for j=1,2. Hence the next result:-

3411 COROLLARY:
Let H be infinite dimensional and let YB(H) be the great

universal representation of B(H) on Ca(x)* then in the decomposition

of theorem 3,5 both G1 and Gz are infinite dimensional,
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CHAPTER 1X

ALGEBRATIC MATRIX RANGES

$4. CEMPLETELY POSITIVE MAPS

We begin this chapter with a discussion of completely positive
maps, as characterized by Stinespring in [14], Familiarity with
these is essential for the remainder of the chapter, which is a
detailed account of Arvesor’s approach to matrix ranges, as given
in [1] and [2].

We shall denote by esy+vo,e, the usual basis for gn, and Eij
will denote the element of B(C") given by (Ejeksem) = 85,8, ,
where 8, 6 is the Kronecker delta.

Let X and Y be complex vector spaces, then we define sp(XxY)
to be the free complex vector space on {(x,y) : xeX, ye¥} as basis.
Let J denote the linear manifold in sp(XXY) generated by all
elements of the form

(A7) =M x,5) =(x',y)  or (k') =ubx,y)=(x,5")
with z,x'¢X ; y,y'€¥ and A, p € C o The algebraic tensoy product of
X and Y is defined to be the vector space
X@Y = sp(Xx¥) /3
The image of (%,y) under the canonical quotient map of sp(XxY) onto
sp(XxY) /T is denoted x ®y o It is easy to see that
Mx@y) =)@y =x& () ,

(next) @y = Mx®@y) +x' @y ,

x @ (uysy?t) = H(x®y) +x@y" ,
09y = 0®0 = x&0,

for all x,x'c¢X ; Ysy'€Y and A €C o
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For a Hilbert space H and n € N, we define the Hilbert space tensor
product HGE}_n to be the spece !Ei.f hi{ ® e : h;€l}, which is
effectively the vector space of n-tuples of elements of H, with
addition and scalar multiplication defined pointwise, i.e.
(Z°hi@ei) + (8" ki®ey) =3 " (hivk)) By,
f\(31"1ha ®ei) =2 " My ®e;,

= =1

and an inner product defined by

(B"hi®ei, " kjBe;) =X " (hy,k)
i=1 J=1 v=1

Suppose ur = £ " hf ® e; and lur-]r_m1 is a Cauchy sequence, then
=1 =

clearly {h%} rm1 is Cauchy for each i = 1,2,°°*,n , Thus there exist

hieH with h » h; , and since i runs over a finite index set we have
ur + 3" hi ®ei . This shows that H ® " is complete in the inner-
product topology, and so it is a Hilbert space., It is not difficult
to show that the algebraic tensor product of H and _(_:_n coincides with
the Hilbert space tensor product, so that we are justified in using
the same symbol for both,

Given Tij € B(H) for i,j = 1,2,***,n , we define a transformation

2,7 Ti; ®Eij on H ® C by
iy J=1 - 2

(EL,:.IHTLJ ®E EJ)(Ek:‘lhk ® ex) = z_‘:‘(zjziruhﬂ@ec

for all hkxeH, This transfomation is clearly linear and it is not
difficult to show that it is bounded, hence it is an element of
BH®C) .

For a subset B_CEB(H), we define B ® B(E_n) to be the subset of
B(H ® C") consisting of all operators 311,11’1‘1.} ®Eij such that
Tije€B fori,j=1,2,°**,n, It is not difficult to verify that
if B is respectively i) a linear manifold, ii) a subalgebra, iii) self

adjoint, or iv) norm-closed, then so is B @B(gn) « In particular,
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. . - . it
when B is a C*-algebra, so is B @B(lf: ) o The adjoint in B ®B(.‘:'. )
is glven by

(Et,LeT” @Bij)* = ELS",_iTgt @ Bij
(note particularly the transposition of suffices). Also the
identity of BH® L") is 3" T @Bii o

Let A C B(H) and B C B(K) be C*-algebras, and let LC A be a
linear manifold, Reccall that in §1 we defined the cones P ) and PB
of positive elements in A and B respectively, A linear map ¢ from
L into B is said to be positive if and only if ¢(P, NL) C P, o

4,1 PROPOSITICN:
self -adjomt
If L is als'-fnalgebra containing IH’ and ¢ : L - B is a positive
TEL .
linear map, then &(T*) = ¢(T)* (WuBfM) and also ¢ is uniformly

continuous,

Proof: Given S,TelL and {,n € C , let U =8 + 7T , then

$(U*U) = |£]2p(s*s) + C*np(S*T) + {(sT*) + [n]?¢(T*T) o
But ¢ is positive, so ¢p(U*U), ¢(S*s) and ¢(T*T) must be positive
and hence self-adjcint. Thus §”‘?]¢(S*'I') + {n*¢(ST*) is salf-adjoint
for every{,n ¢ C. 1In particulan, taking {=7=1 and then {=1,7=1 we
have

$(S*T) + ¢(ST*) B R1 , ip(S*T) ~ ip(ST*) = Ra
with Ry and Ry sclf-adjoint, Thug ¢($*T)=5(Ri~iRa)=p(SI*)* , and
taking S = IH gives the result,

If % and R = R*, then by [8] (p.41) we have
| 2] = supf| (RBsh)| : heH and [ mll=1} o

Thns -l R T <R < [RI T 5 and so -l R #(x) < ¢(®) < || Rl &(2) -
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By the first part of this proposificn, $(R)* = ¢(R), and so

o) il < IR ()] o« Finally for any menivigmm Tel,
Lol < I S0+ § 6

sl ) (Il Ta* ||+ I T~ ]

all gl || 2l .

f/a

N

i

Given a linear map ¢ : L = By, we define subordinate maps
¢n : L@®B(C) +B ®B(C”) forn=1,2,0 by

‘ibn(z. n 1T'LJ' @ELJ) =3

Ll J=

LT ®BL .

Then ¢ is said 4o be completely positive if and only if ¢n is

iy

positive for every néN . Complete contractiveness and complete
isometricity are defined in .a similar way., Clearly ¢ is positive
if and only if ¢4 is positive, We shall denote by CP(L,;B) the set
of completely positive maps from L into B, and if IHG L, then
CP(L,B,R) will denote those completely positive maps which map I

into R € B,

4.2 LEMEA:

An element &, " Riy®E; € B(K) @B(gn) is positive if and

lg J=
only if for every n-tuple ki,*e+,kp of elements of K we have
D (R ksl i
Etmq( Ljk k1) 0
" e n n., .
Proof: By definition B(K) @ B(Z) CB(K @ '), and by proposition
1.3 an operator T € B(H) is positive if and only if (Th,h) > 0 (heH),
The result now follows from the definitions of I " Ri;®E; and

by J=1

of the inner product in K & gn s
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Tn the case whon A is a (*-algchra, the eloments of CP(A,B(i))

are characterized by the following theorem, dve o Sthinespring [14].

4,5 THEOREM:

Let A C B(H) be a C*-algebra and let ¢ be a linear map of A into
B(K), then ¢ € CP(A,B(X)) if end only if there exists a Hilbert space
K', a representation 7 of A on K' and a bounded linear map V : K = K!
such that

i) ¢(T)k = vr(T)Vk (keK, Ter) ,
ii) K' is the closed linear span of {#(T)Vk ; keK, TeAl ,

iii) 7 is non-degenerate (hence H(I.H) = IK') o

Proof: Suppose conditions i), i) and iii) are satisfied, Given
ndl, let L =3 © Ty;®8; be a positive clement of A ®B(C™,

then by proposition 1,3 there exists § =(El j 157-J @E-L)QX & B(E,_n)
9 =

such that T = §*8 Hence for ki,°°°,ky ¢ K we have
bl - Ll "

(¢(Ti Pkjki) =2 " 1(¢(sgasmj)kjskt)

iy jom=

P

U}

n
9 J=1

z " (w(sk Sy )Wy, W)

ts Joms=

-

b i J:mai (”(Sm\j)w:\}: ﬂ(sm L)Vk 'l.)

n n 2 R
50 0s " a(sy vl

it

il

20,

Henco,by lemma 4,2, ¢n(1) 3s positive, and so ¢ is completely
positive,

Conversely, if ¢ is completely positive, then we consider A and
K as veetor spaces and construct the algebraic tensor product

A @K = sp(AXK)/J , as detailed at the beginning &f this section.
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Define a bilinear form [°,°]o on gp(AxK) by

[ zi:1AL(TL,k—L) ; EJLuJ(sJ,aJ)IO =-za;zj“:;z\m’j—(es(sw-L)knﬁd-) o
Notice that if' one of the arguments is a generator of J, the linear
manifold defined at the beginning of the section, then the form
vanishes, and hence for z€J] and xeap(AXK) we have [z,x]O;[x,zIO= 0

Thus we may define a bilinear form [¢,¢] on A ® K by

[ El:iTi’ & ki EJS‘ISJ (924 &j ] = BL:1z'JT1(¢(S§Ti’)k"’8J) °

Proposition 4,1 shows that [*,*] is hermitian, and the complete
positivity of ¢ together with lemma 4.2 shows that [+,+] is positive,
A positive hermitian bilinear form satisfies the Schwarz inequality,
|[x,711% < [x,x][y,y] « Let N = jueA® K : [u,u]=0} , then define
a bilinear form (*,*) on (A ® K)/N by (u+N,v+N) = [u,v] . This is
well defined and inherits positivity and the hermitian property from
[*»*] , and also,from the Schwarz inequality, it is positive definite
and hence an inner product., Let L denote the Hilbert space completion
of (AQK)/N, (+y°)a
Define for each § € A a linear transformation po(S) on sp(AxK)
by
po(8) EL;M(T‘ukL)] = EL:1A1(3T1,1<1) .
Notice that J is invariant under pn(S), so we may define a linear
transformation p(S) on A @K by
p()[ 2" T @k} =2 ST &k .
For x = 21:1T1 ® k; and S € A, we show that
[o(8)x, p(S)x] & || S Tx,x]  =evreevareanneaea(l) &
If (1) does not hold, then there exist x; and Sp such that
[xcs%0)€1 , |l Soll < 1 and [p(So)%0,p(Se)%0] > 1 . Now p(S*) = p(s)*

and p(ST) = p(S)p(T), s0 [p(SéSo)xo,xo] > 1 o By the Schwarz
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inequality, we have [p(S8S0)%o0,p(85S0)%0] > 1, and then by iteration
we obtain
zl,;_,<¢<%§-zszsozz"wookoL,kog = [p({55501% )x0s%0] > 1 (k=1,3,-0)

where Xo = Z‘.L:Toi_ ® ko; « But by proposition 4.1, ¢ is uniformly
continuous, and “ Soll < 1 so that an application of the Schwarz
inequality shows that the left~hand side of the above equation
converges to zero as k - « , This clearly cannot happen and so (1)
must hold.

By (1), p(S) leaves N invariant and so we may define 6 from A
into the set of linear transformations on (A ® K)/N by

6(8)(u + N) = p(S)u + N »
This is a well defined morphism and
(6(s) (u+), 6(s) (uv)) < || S]F(u+N,u+N) "
so 6(S) can be extended by continuity to mo(S) € B(L). Thus we have
a representation 7o of A on L such that
?ro(S){(Eli':‘Ti_ ®k;) + N} = (Ei-l:E‘iTi_ Qki_) + N o

Notice that ?TO(IH) = IL )

Define V : K= L by Vk =IH®k + N, then

i vklP= (Vie,vi) = [T @k, Ty @ k] = (&(T)k,k) < || Tl Il %P,

so that V is bounded, It is clearly linear.

It is easy to verify that ¢(S)k= V¥m,(S)Vk (keK, SGA), and then
taking K' to be the closed linear span of {mo(S)Vk : keK, SeA} and w

to be the restriction of my to K', the result follows,

4,4 COROLLARY:
Tf A is a C*-algebra and ¢ € CP(A,B(K)), then for every T € A

ST < || ST $(1*1), and | ¢ll = [| gall = | (L) (m=t,222),



w B
Proofs By the theorem, there is & Hilhert space K, a representaiiocn
7 of A cu X and a bowjded linear map V : K = R* with ¢(T) = va(T)V

for all TeA and TT(IH) &1 Thus

e
(¢(T*)p(T)k, k) = (Vea(T*)VW*a(T)Vk, k)

(ver(T) vk, V*a(T) V&)

<l v*|P (a(T) vk, (T) Vi)

| vevl| (ven(TeT) v, k)
I ¢(x) Il ($(T*1)k, X) (kek) ,
which proves the first c¢laim, Also

()} = len(T)vll < fwell fn() Il Vil < dvsvll il = DleCz )l el s
which shows that [|¢] = ||¢(1H)|l .

Given ne€N, ¢n : AQ B(_{_;_n) -+ B(K) &B(gn) has subordinate maps
($n)k :fA @ B(Qn)l QB(Ek) - {B(X) ® B(Qn)l ® B(gk) o But for both
Z = A and Z = B(K), we have {Z ® B(gn)l R B(g_k) is isometrically
isomorphic to Z @ B(Q_n"k) , and the isomorphism composed with (¢n)«k
gives ¢p.x , which is positive since ¢ is completely positive.

Thus ¢n is completely positive, and so by the second part of this
proof || ¢nli=llpn (IB\h}Q B(En)) | . Finally

¢£IB(H)GB(_C_I1)) = ¢"(2'L:11H @F i) = ELZ1¢(IH) ®ELL »
ant Bonce § gll = I #(z) s

el

$5. ARVESON'S EXTENSION THROREM
The key factor in Arveson's approach to matrix ranges is his
theoorem concerning the extension of completely positive maps from

norm-closed self-adjoint linear manifolds to C*-al gebras, We prove



.

this theorem and 2 corollary,essentially following [1]. Two other
results concerning the set of completely positive maps are given.
These do not appear explicitly in [+] or [2], but were communicated
privately by Arveson, |

As usual A C B(H) denotes a C*-algebra, and M C A is a norm-
closed self-adjoint linear manifold with IHe‘ M .The Banach: space of
bounded linearmaps from M into B(X) in the usual norm is denoted BM'

B]’:‘i denotes the set of linear functionals on B, which: admit a

it
representation of the form

o0
£(¢) =2 pn($(Ts)) (¢ €B)
where {Tn} is a bounded sequence in M and {pn} is a sequence of
ultra-weakly continuous linear functionals on B(X) such that
Enw‘ lonll < © . We shall denote the ultra-weak, weak,sirong and norm
operator topologies on B(K) by Ty ¥ T Tgn Ty respectively,

Define a topelogy T

" on BM by taking as base for the open sets

the family
{ {geB, : lfi(qb-gb')I <8 (i=1,2,+++,m)} : f1,+0+Fy ¢ B wenm,:»o},

i.e, the weakest topology to make every element of Bﬁ continuous,
It is easy to see that (BM, 'rM) is a locally-convex Hausdorff
topological linear space.

We define a norm on BE[ by || £l = sup{l£(¢)] : ¢€BM’ flell < 13
and this makes B?i amwm;pacef‘” Tts norm continuous dual is
denoted (Bn*q)nn

For o = n,w,0W,s , B(K)a denotes the T, -continuous dual of
B(K). It is shown in [5] (p.3% et seq.) that the map R »R™ given
by R*(p) = p(R) for ReB(K) and peB(k)?" implements an isometric
OW)n

linear bijection between B(K) and (B(K) o The ideas in the noxt

§9) By S'hmt\‘«s Mat He ceperentabhal & any te E: taw be choen
o dak T leall £ WEL  cd WTAl €4 (aste) | ik canbe seew that

e

By & *c‘(} 6 ComqiBle vorwied Liheoy Spall |



proposilion arzs based on this.

5.1 TPROPCSITION:
The unit ball {¢eB, : llell < 13 is T ~compact.
Proof: To prove this we shall show that BM is in fact isometrically
isomorphic to(Bi“q)n, so that ™ is the weak-* topology on BM’ and
the compactness of the unit ball then follows from [15) (p.228).
Define a map ¢ = ¢° from By to (B;:I)n by ¢°(£) = £(¢) (fﬁﬁ) 6
Clearly ¢ » ¢° is linear and [6°1l < lltll « Borstine HalmvBEzROLARasvom,

l&j H‘{ ‘fonl-uate d’) we qug l{ »oll = Well .

WW Thus ¢ = ¢ is isometric and also one-one, It

remains to show that it is onto.

Suppose F ¢ (Bﬁ)n. For each p € B(K)a’W and each T € M, define

= . big i f X d
fp,T on B by fF’T((;:) = p(¢(T)) By definition 9, T¢ B o Next

owyn

define HF,T G(B(I{) by HF,T('O) = F(fp,T) . It is easy to see

that ]'JF n is indeed linear and norm-continuous, As discussed before
- - 3 L3 A —_—
this proposition, there exists R.F,T € B(K) such that RFDT = nF’T .
Define ¢ : M. -+ B(K) by a;F(T)- = ‘RF’T « {5 is linear and
A ! r &
(D = ll Ry ll = W gy W= g gl Wwll izl (za)

Thus ¢ € B Finally, for each f € B, we have a bounded sequence

;.
{Th] in M and a norm-summable sequence {pn} in B(X)¥ such that
£(¢) = zn: on(¢(Tn)) end so
4p(£) = £() =3 7 pn(s(Ta)) = 3 Pn(BT i)
= nﬂai Fan(pn) - EminFsTn(pn) = et (anaTn) = F(1) .
Thus ¢; =} and so ¢ > ¢0 is onto, Hence (BI’E)n can be identified
with BM’ and the result follows.

@) For each 850 , we mag choose TEM wilh UTH =1, xelk with Wxl=1
and y: QUIx /U@l guclh Woat q§¢€ B | dobied by gt(‘w) (e GIx,y) ,
sakifes V@ (9p)1 > \pll Wqgl~ z8upl . Thus W 1> gl .



- 33 =
502 I!EMIUIA:
If [cpa; is a net in B and ¢ > ¢ (TM) , then ¢a(r) - c,bo(T)
(-rw) for every T € M , Conversely, if [d:a] is a bounded net in B,

L

and ¢,(T) » c,bo('l‘) (Tw) for every T € M, then ¢, > ¢, (TM) .

Proof: Suppose qba -> qbo (TM) s, and let U be:a Tw"neighbourhood of
c.bo(T) for some TeM , then there exist ki, **<,kp,ki, +++,ky € K and

8 > 0 such that V = {ReB(X) : |([R—¢°(T)]k;,k{)L < & (i=1, ++,n)} C U,
Define linear functionals p; on B(K) by pi(R) = (Rk;,k} ) for
i=1,2, **,n . These are -rw-continuous, and hence rcw—continuous.
Thus £,(¢) = p,(¢(T)) (¢eB,) defines functionals £, ¢ BX . But

M
W= {¢eB, : |fi(¢-¢o)| <8 (i=1,2,+-+n)} is a 7 —neighbourhood of
qbo, and so ¢a is eventually in W. Thus ¢>a(T) is eventually in V,
hence in U, and so ¢a(T) ¥ r,ﬁo(T) (Tw) .

Conversely, suppose {¢ ] is a bounded net and ¢ (T) » ¢ (T) (rw)
for every TeM, Let U be a TM-neighbourhood of qbo, then there exist
£1,+++fn € B and 8 >0 such that V = {¢GBM:|fL(¢-¢O)|<8 (i=1, +++,m)}
satisfies V C U. Now fi(¢) = x:n:pm(cp(trm)) (i=1, *++,m) with
| oall < & for i=1,2,++,m and n=1,2, +++ and with pin € B(K)™ .
Thus there exist xipk € K and yipk € K such that (see (53 I‘""?)
pip(R) = ﬂk;(hznk,ytnk) (ReB(X)) and Ek: | xi0klf< =
Ek; | i klF< ©» o Hence

£:(¢) =Zn:1 Ek;(ﬁ!’(Tin)anmmnk) (i=1, ++m) ,
Since [qbal is a bounded net, there exist integers N and @1, ** BN

such that for every a2, dénbdwding formally a = o , we have

Ifi'(qsa) B ZDI:‘EKS:' (¢G(Tin)xi'nk’ylnk)l ¥ 6/8 -...,__(i=1! ”"m)a
But for every T, ¢a(T) *» ¢°(T) (TW), and 80 ()



- BA
N \
Ifi(¢a) - En=1 2821(¢0(1Ln)xinkﬁyink)l < Q/Z
for all sufficiently large & o Finally applying (1) to gbo, we have
lfi,(‘i"a) = fi_(qbo)l <& (1319 "9m)
for all sufficiently large @, and thus qba is eventually in V, and so

in U. Hence ¢, > ¢ (rm)

5.5 LEMMA:
cP(4,B(K)) IM is a 7 ~closed convex cone in By, where |M denotes

the restriction to M,

Proof: It is trivial to verify that CP(A,B(X)), and hence
cP(4,B(KX)) tM’ is a convex cone,

Suppose ¢_€ cP(a,B(K)) and by > &, (TA)’ then by lemma 5.2
applied to A, we have for every TeA that qba(T) e ¢°(T) (Tw) . Thus

31’331(¢3(th)kjgka) e E.L,':.=1(¢°(TLJ)1CJ,1€L)

for every neN , T;; € A and k; € K, and so by lemma 4.2, qboeCP(A,B(K)).
Thus CP(4,B(X)) is TA-closed in B s and by demmal5.] it--falliws that
cP(4,B(K)) N {¢€BA3 lell <z} is 7,~compact for every r > 0 .

We show that restriction is TA to L continuous. Let U be a
mymeighbourhood of ¢ |, in B, then there exist fi,+++,fn € Bfy such
that V = {¢eBy: |£.(¢-¢ )] < 8 (i=1,--,n)} SU for some 8> 0 .

We may write,for each i=1,+.¢n ,

£.(¢) = Bku: pk{ $(T)) (ri:eBM) with Tk, € M C A boundad
Define g; € BK by Cnd g« BT T, g <o
gl =2 (™)  (veB,)

then W = {yeB,: |gi(4=¢ )| < & (i=1,++,n)} is a r, ~nei ghbourhood
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g N = a u =V l i
of ¢ o But g (¥) = f.L(q;IM) , 80 ulm =VSU ., Thus ¢ >¢l, is 7,
to it continuous, hence [CP(A,B(K)) N iqﬁGBA: ﬂ(pii < r}]]M is
h,-cl osed for every r>0 »
By corollary 4.4, since I € M, we have that restriction is

norm-preserving, and thus

[cP(a,B(K))N[¢eB,: llell 3]l = CB(4,B(K)) |, N {peBy: ol < v} o
The Krein-Smulian theorem ( [7] p.429) now shows that CP(4,B(K)) |M
is m—closed (recall that in proposition 5.1 we showed that Ty is
the weak-* topology on BM)'

5.4 LEMMA:
If g is & TM-continuous linear functional on BM such that

g[GP(A,B(K))lM] > 0 , then g[CP(W,B(X))] > 0

Proof: Let J be the net of all finite ramk projections PeB(K)
directed in the increasing sense by the usual partial order. For
PeJ and ¢eB, we define P¢P € By by (P¢P)(T) = P(T)P (TeM) ,
Notice that if ¢eCP(M,B(K)), then PgP € CB(M,B(K)) . Define also a
linear functional g, on By by gP(¢) = g(P¢P) ,

Now P = l’K (Ts‘), and multiplication is strongly continuous
when one factor is in the umit ball, so PXP =+ X (TS) for every
XeB(K) » In particular, P@(T)P = ¢(T) (rs, and hence TW) for each
TeM , But [P¢PIP€J is a bounded net, so by lemma 5.2, P¢P => ¢ (-rj)
as P » T_K. But g is 1, ~continuous, so g(P¢P) - g(¢) s l.e.

M
ep(®) > 8(9) as PoLy (peBy)  covreerernienin(t),

Fix PeJ and let n be the rank of P with ki1, +++)kp an
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orthenormal basis for P ., Define Ry € B(X) by
Rij(Mky + oo s Ankn) = Ak (4,351, «++n)
and Ry ;(k) =0 for ke(I-P)K .
For each i,j and each bounded linear functiopal f € M', define
¢, ,(£) eB, by

[ (D N(T) = 2(Dr; (Ten) .
Also define F ; € (M')" vy
Fii(f) = ey, () (ran?) .

Let £, € N' be a net such that || f‘v" <1 and £ > £ (weak-*),
then £ (TR, > £(TIR, ; ('rw) (Tem) &
Thus by lemma 5,2
b f(£) > (0)  (xy) »
But g is 7y-continuous, so FU(fu) +Flj(f) , which shows that eacn
F; is weak-* continuous on the unit ball of M', and hence by the
Krein-Smulian theorem ([7] p.429) it is weak-* continouus on M',
Thus there exists T;; € M such that f(Ti_J) = FiJ(f) (fer) (Dol p-155),
For ¢eB,, define £ , € M' by £,.(D = (¢(Dk,k;) (TeM), and
let P; denote the projection of K onto the linear span of {ki}, then
PTIP) = ($(Dkjski)Riy = £ (TR = [# (£ )T) «
Thus
n
gp(9) = a(Pgp) =2 " &(Pidp)) =2 ; ely (£ )]
n - n ; ¥ n Ok Lk
=3 J_ﬂfwi,_i(:t'-”.) =z, J,Mf',_J(:I',_J) =z, J=1(qb(Tu)kds.k,)
LR BB LR A ) .-(2) °
Choose any hi, ***,hn € H, the Hilbert space underlying M and A.
Define V : K >Hby Vk; =h; (i=1,++4n) and Vk = 0 (ke(I-P)X) .
Then

5 n _ J
3. M (TLJhJ,hL) ,zism(v*T.”.ka.,kL) = gP(w‘,,guEr) by (2),

iy J=1



where @ is the identity representation of A on H. Thus

2" (T hphy) = g(Pvre] Ve) = g(al @) 0 reeex(3)

ip J=
since by theorem 4.3 we have V¥V € CP(4,B3(K)).
Suppose ¢ ¢ CP(M,B(K)) . By (3), T = z n Fry OBy =0,
2 J=
and thus ¢n(T) > 0 + Hence

n
zL’h‘(qs(Tu)kJ,ki) » 0

Finally, by (2), gx(¢) > 0 (PeJ) and so by (1), g(¢) 20,

Arveson's extension theorem now follows:-

5.5 THEOREM:
Let M be a norm-closed self-adjoint linear manif'old in e
C*-algebra A such that Te M CAC B(H), and let ¢ be in CP(I,B(KX)),

then there exists ¢ € CP(4,B(K)) such that ’I’!M =¢.

Proof: Suppose on the contrary that ¢eCP(M,B(K)) but ¢ £ GP(A-,E(K))IMo
By lemma 5.3, CP(4,B(K)) |M is a 7~closed convex cone in By , which

is a locally convex Hausdorff topological linear space under Ty ®
The strong separation theorem ([10] p.118) guarantees that there is
a TM-cor;tinuous linear functional f on BM such that
Re £(CP(4,B(K))|y,) > 0 and Re £(¢) < 0 «rrevevres 1Y 5

Define an involution . on By, by ¢ (T) = g(T*)*  (Ten, e,beBM) o
Suppose € € CP(1,B(K)) o For TaT¥ || T/l I, and il L, - T are both
positive, and thus &(T) = &(|| T IH) - &I i I~ T) is a difference
of positive elements, and so is self=adjoint., Hence for any Sell

£7(8)=€ (ReS + i.InS)=£(ReS - i.ImS)*=£(ReS)* + 1&(ImS)*=£(S) »

Thus £€CP(M,B(K)) implies £ = & ,
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Next we show that ¢ - t,!:~ is TM---continuous. A basic T
neighbourhood of tﬁ: is V = ZQ&EBM s |f;(¢-¢o)| <8 (izl, +++,m)} for

Pey00,f € Bﬁ and &0 , By definition of BM*, there exist bounded

0

sequences {T in M and norm-summable sequences [pln}

in;ﬂ.a‘ n=1

B(K)™ such that

£.(9) =27 pip((Tip)) (A=t evm)
For each i,n define pfn on B(K) by p7,(R) = P;n(R*) (ReB(K)) »
The map R - R* is r_ -continuous, so p’:n ¢ B(X)™. Thus we may
define g; € Bl‘:*i by

g,(¢) = zn: oL w(Th,))  (i=1, .o ; yeB)
Let W -:[gfleBM : ESL('J"‘%)I- <8 (i=1, +++m)} , which is a LY
nei ghbourhood of Yo « But £i(#) = g,(#) , soW =V, and thus
¢ > t/;v is TM—continuoua.

Define g on By by g(y) = 3[£(¥) + £(¢ )*]. Since £ and ¢ + ¢
are 7, ~continuous, we have that g is 7 ~continuous . If £eCP(MyB(K))
then as above & =& , and so g(é) = Re £(£) . But by 4y
£eCP(M,B(K)) implies Re £(£) > 0 , and also CP(4,B(K))[C CP(l,B(X)),
hence g[CP(A,B(K))IM] > 0 , Finally,by lemma 5.4, we have that
g{CP(1,B(K))} > 0 , and thus Re f(¢) = g(¢) > 0 . This contradicts

(1), and so the theorem is proved.

5.6 COROLLARY:
Let N be a linear manifold in A with I, €N, and let ¢ : N+B(K)
be a completely contractive linear map such that qb(IH) = Tj{, then

there exists ¢ € CP(ADBL'K),IK) such thet w]N =¢
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For an 1
Proof: kst with || Ich =1 , emid definse fk tN->C by
fk(T) = (¢(T)k,k) , then £, is a bounded linear functional and
I gll = fi(lﬂ) =1 , By the Hahn-Banach theorem, there is a bounded
linear functional g, ¢ A >( such that E'JN = f, and I gJ[ = g&lﬂ) =1,
Hence & is positive (see [6] P+25) and so by proposition 4.1 we
have gk('l‘*) = gk(’l‘)* (Ter) &

Let M denote the norm closure in A of N + N* , Define 0 from

N + N* into B(K) by 6(X + ¥*) = ¢(X) + #(¥)* (X,YeN) , For ReB(K),
the numerical radius w(R) satisfies %" Rl < w(R) < Il R“ ([9] pe114)
and hence

lo(x +v*)|| < 2 sup{|(o(x + YK, k)| : || kll = 13
2 sup{ | (#(0k,k) + ((¥)k,1)*| : || k|l = 1]
2 supfleg (X + Y¥)| & | xl| - 1}

<2l x + | o

]

Thus by © ntinuity we can extend 6 to x : M =+ B(K) . We show that
% is completely positive.
Choose neN , and for any k = Etﬂ,kt ®e; € K®C" with
Ikl = 1, define £, : NaB(C™)>¢ by
(D = @DBE (T <NoBEY) .
Since ¢ is completely contractive and ¢(IH) =I_, we have || :E‘k” = 1

K
and f‘lg(;ﬁ) s 1 , vhere I, and I denote respectively the identities

bad

of B(H) @ B(gn) and B(K) @ B(Q_n) o As above, there exists a positive
g % . P n o - _
preserving linear functional g on AQ®B(C) with |Ig£||_.g£(;_[dﬂ) =1 ’ﬁdﬂemﬁ;k'
For XY € N @ B(¢"),
(xn(% + YVB)= (% + 1)
and so xp is positive on (N + N*) ® B(C") , hence on i ®B(C™) .

Thus y is completely positive, so x € CP(l,B(X)) and X'EN = ¢ o Tae



i), o

result now follcows from theorem 5,5 .

A further corollary shows that there are always completely

positive maps which preserve the identity,

5.7 COROLLARY:
For any Hilbert space H and any nel, CP(B(H),B(QD),IH) is not
empty,

Proof: Let M = {AL, : AeC} , then M is a norm-closed self-adjoint

H
linear manifold in B(H), and so by theorem 5.5 we need only find

¢ € GP(M,B@n),In) to prove this corollary. Let m be the dimension
of He

If m > n, define ¢ : M - B(C") by $(ALy) = AL . Ve cen write
H= gn @ L , for some Hilbert space L, and then given fi1,+++&n € gn
we have h; “‘teﬂn ¢ with

20 OGTIE0) = B T (T h) (A€ Q) o
An application of lemma 4,2 shows that ¢ is completely positive, and
s0 ¢ € CP(M,B(En),In) .

If m < n, then there are non-negative integers p and q such
that n=pm + g and q<m . Let Hy = +++ =Hp = H, then we can
write C =Hi @ ***@Hy@C® and then B(Hi)e-- @B(Hy)eB(cHB(c),
By the first part, there exists ¢o € cP(B(H),B(gq),Iq) . Define
$: M *B(_Qn) by M%) = AIH1 @ - QMHP @ ¢°(7CLH) s then we
have ¢ € CP(M,B(gn),In), which completes the proof.
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We now show that there is a very useful relation between the
completely positive maps which preserve the identity and those

which fail to do so,

5.8 THEOREM:
Suppose ¢ € CP(B(H),B(C")), then there exist U € B(C") and

6 ¢ CP(B(H),B(C"),I ) such that ¢(T) = U*6(T)U  (TeB(H)).

Proof: Since ¢ is positive and I is positive, ¢(]’.H) is positive
and so there exists U € B(C") such that U = U* and o1 = v, Tat
i = UC" , then M is a closed linear manifold in C~ .
By theorem 4,3, there is a representation 7 of B(H) on K' and
a bounded linear map V : C" + K' such that ¢(T) = V*a(T)V  (TeB(H))
and 7(I,) = L, JFor A € c¢® and T € B(H),
ICTIAIP = [vea(T)valP < b |* le(T) [P (veva, 2)
= el () P (1) 2 0
Thus Rer ¢(I) & Ker ¢(T) and so [Kerg(T)1*C [Kent(IH)]J‘ N
Suppose g € Ker $(T*) and A € Q’n » then by proposition 4,1
0= (™)) = (Ae(D*) = ($(T)Ap) .
Thus by (1), #(T)C® C [Kerg(T*)]'C [Rerg(T)]" +eeeeennn. c(2) .
Next suppose A € [gﬁ(T*)Q_n]'L and y € Q_n , then again by
proposition 4.1, (HT)Ap) = (A, ¢(T*)y) = 0, and so A € Kerd(T) .
Thus  [@(T*)G"]°C Rerg(™) , and hence [Kerd(T)]"C $(T¥)C> . Apply
this to T = I; , then (2) becomes
HT)C" € HT)E" = vc” = (TEB(H)) revee e o(3) .
Let ety ***yen be the usual basis for " . By (3), for each TeB(H),

there exist ui(T) € M such that ¢(T)e, = Up (T) (i=1,--+n) , aud
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we may choose “L(IH) = Ue;, . any fixed choice is taken for the other
p () o

Define ¢ : B(H) > B(M) by #(T)(Ue D = p(1) (=1, ++,n;TeB(H)).
The elements Ues, ***,Uen span M, so ¢(T) is defined on M, Also if
Bl:1?t;,Uei = EJL&J—UeJ , tlien since qb(IH) = U® we have

AL " (A€o ] = Uz " (A-)0e ] =0 .
By (1), 0 =¢D[2" (A-giei] =Ulz." (A-€)n(D)] .
Thus [21:1A1pl(m) - Ej:‘gd.p‘j(tl‘)] € Ker UNUC" = {0} , since U is
self-adjoint, Hence ¢ is well defined.

Now Up (T + 8) = $(T+8)e; = H(T)e+d(S)e; = Un(T) + Uu(s) ,
end so[pi(S+T) = u(S) - py(T)] € Ker UNUC" . Thus ,as above, we
have p (T+8) = p((T) + p(s) . Similarly u (AT) = Mu(T) and thus
¢ is linear, Also

(@(T)Ue ,Ue ;) = (uy(T),Ue ;) = (Upy(T),e;) = (H(Te,ey) ,
and thus for A § € g“ and T ¢ B(H) we have
(*ﬁ(T)UbU@ o (‘:’(T)b.@ .................. «(4) ,
Proposition 4,2, the complete positivity of ¢ and (4) show that ¢
is completely positive. By choice, “L(IH) =Ue; , s0 gL'(IH) = IM ’
thus ¢ € GP(B(H),B(M),IM) .

Now U is self-adjoint, so " =UC @ Ker U =M @ Ker U . If

Ker U ={0}, then N = En and 6 = ¢ fulfills the requiréments of the

corollary, If Ker U # {0} , then it is isometrically (linear space)

X
isomorphic to C for some keN , and so by corollary 5.7 therec exists
x € CP(B(H),B(KerU), I ) « Define 6 : B(H) B(c™) by 0= ¢ @& X,
thon 6 ¢ CP(B(H),B(C"),I,) » Finally, for 2,6 € ¢, Ten(H),

(uro(T)Ud, £) = (o(T)UA,TE= (HTUAUE) = (H(TAE) by (4)
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§6. ALGEBRAIC MATRIX RANGES

In this section we define the algebraic matrix range and obtain
most of its elementary properties, merely expanding the account
given in [2] . We deliberately onit a proposition concerning the
algebraic matrix range of a normal operator, which Arveson deduces
from a characterization of the extreme points of the cone of
completely positive maps., An easier proof will be given in §11 .

. Let A C B(H) denote as usual a C*-algebra. For T € A and

n € N, we define the n'!"h algebraic matrix range of T in A to be

v (4,1) = {¢(T) : ¢ € cP(a,B(CM),I )} .
Notice that this is a subset of the bounded linear operators on _c_n.
Arveson considered matrix representations of these operators, hence
the tern "matrix range". He studied the specific range Vn(C*(T) )
However, in view of his extension theorem (5.5), if T € A C B with
A and B both C*-algebras, then

Vn(.&,T) - Vn(B,T) (n=1,2, +++) .
Hence we may refer to the nth al gebraic matrix of an operator T, and
may denote it Vn(T) .

We show that algebraic matrix ranges do generalise the algebraic
numerical range. Recall that D(A,I) denotes the set of normalized
states on A, and the al gebraic numerical range of T € B(H) is

v(T) = {£(T) : £ € D(B(H),I)} ,
so that V(T) €C . The map  : C = B(C) given by y(A)u = Ag is an

isometric isomorphism, and for R € B(g) , x"'(R) =»(1) .

6.1 FPROPOSITION:

Let T be in B(H), then x(V(T)) = V+(T) .



Y

Proof: Suppose R ¢ Vi(T), then R = ¢(T) with ¢ € CP(B(H),B(‘Q);I‘;) &
Define £ : B(H) > C by £(s) = ¢(5)(1) . Since ¢ is positive, f is
1. By [6] (p.25) [ie|l = 1
x(£(1)) € x(v(1))
Conversely, suppose A € V(T), then A = £(T) with £ € D(B(H),I).

i

a positive linear functional, and f(IH)

and so £ € D(B(H),I). Thus R = x(R(1))

1

Define ¢ : B(H) - B(C) by ¢(S) = x(£(S)) . Clearly ¢ is a positive
ligear map and ;b(IH) =I¢, ¢T) =XA). It remains only to show that
¢ is completely positive. Suppose n € N and T € B(H) & B(gn) is
. n *
positive, then T = $*8 = I:L’ % k___iski-SkJ' eEL,j « Thus for
n
§= I‘.L:pt ®e;, €0 ®C , we have
n 5%
(¢n(?),€;1{) z by Js Kt (¢(Sk LSKJ)HJ,#-‘)
n T *
b J,k=1f(sk i,skj)“‘jug,
n - N £ n
f[zk=1(z’i=,“isk i_) (zj=1aujsk‘j)]

>0

"

since f is positive and the argument is a sum of positive elements,

hence is positive itself, Thus ¢ is completely positive,

In the proof of this last proposition we showed that a positive
linear map of B(H) into B(g_) is completely positive, This is part
of a more general result, that if either A or B is commutative and
¢ is a positive linear map of A into B, then ¢ is completely
positive (see [14]) «

We proceed to demonstrate the elementary properties of the
algebraic matrix range, most of which are natural generalisations

of the numerical range situations
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6.2 TROPOSITION:
(3] > . n .
For T ¢ B(H) and n € N, Vn(.g) is a compact set in B(C ) and is

contained in the ball of radius || T| .

Proof: By corollary 4.4, ¢ ¢ CP(B(H),B(¢"),T ) implies ||| =
and hence V (T) is contained in the ball of radius || T” o
By lemma 5.5 applied to the case M = A = B(H), CP(B(H),B(c"))

is T B(H) -closed, Suppose {¢, } is a net in CP(B(H),B(C ¥ o ) and
¢, > ¥ (7 (H)), then ¢ € CP(B(H),B(C")) and also by lemma. 5.2,
QSa(IH) -+ fll(IH) (Tw) S0 tp(IH) = In. Thus CP(B(H),B(Q ),In) is a
TB(H)-closed. subset of the unit ball in BB(H) s and so by lemma 5.1
it is T B(H) =compact,

Finally, by lemma 5,2, the restriction of the map ¢ - ¢(T) to
the unit ball in BB(H) is T B(H) to 7_ continuous , and so V (T),

being the image of a compact set by a continuous map, is aompaci,

The numerical range V(T) is convex, and this generalises to
Vn(T) . However, a stronger convexity property holds. We define
the stronger concept as follows :- a subset M C B(gn) is n-convex

if for every subset [IR;j t j=1,++%N} CM and every subset

{0y = =1, +++,N} C B(C") such that zjmiuguj =I_ we have
N

1UJR U. €M, We shall denote by co (M) the set of all elements
=

in the form X% ‘U*RJUJ for some positive integer N , R € M and
J=

. EB(C)m-thE_NU”.‘U.=I .
J = J=1 J J

b

n
Notice that if M is bounded, say contained in the ball of

radius k, and [Rj: J=1,2,++4} CH, [U 2 j=1,2, -} CB(C ") is such

fhtz U*U =TI , then? " U*R.U. € [co ()] . To see this,
a n ’ j=‘| j i3 [ 1’1( )] b
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note that given & > 0, there exisis an integer N such that

0T —z,NUﬂ:U_ < 8T /2K ,

J=1
and W ||(z JUIR.U) -(2 URU < 82 .

3
J,
Let X = (1 - z .I‘J*U )2, then (z: U*U) + XX = I and
I (EJ=1U§R5U3) - [(Zt=1U§RiUi) + xr . X1
<oz + IR, Il I x=Il 1

< &2 + k| x*x||

< 8 .

643 PROPOSITION:

For T € B(H) and n € N, Vn(T) is n-convex,

Proof: Suppose [Ry: Jjst, 5N} SV, (T) and U,z =1, o] < B(c™)

with £ N vy, = I , then there exist ¢ e cP(B(H), B(_ € )T ) such

J=1 d d
that R, = qu(T) » Define ¢ : B(H) +B(Cn) by
¥s) = 2, U*¢ (SJU (seB(H))
Clearly ¢ is linear and q&(%) =I .+ Also using lemma 4.2 it is

egsy to show that ¢ is completely positive, Hence ¢(T) ¢ Vn(T) "

By proposition 6.2, Vn(‘l‘) is closed and bounded, so infinite
n-convex combinations of its elements will still be in Vn(T) .

A curious property of the sequence of algebraic ranges, which
has nc counterpart in numerical range theory, is that of coherence,

as described in the next result,

6.4 PROPOSITION:

If R € vn('r), then V, (R) SV, (T)  (kell, neN, TeB(H)) .
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Proof: There exists ¢ ¢ CI’(B(H}sB(gn),In) such that ¢(T) =R .
Suppose S € vk(R) , then there exists ¢ € CP(B(Q_“),B(gk),Ik) such
that $(R) = S . Define 6 : B(H) ->B(_Qk) by 6(X) = ¢($(X)) . Clearly

6 is linear and B(IH) =1 Also the subordinate maps satisfy

k .
6r = ¢ro¢r , so 0 is completely positive and S = o(T) € Vk(T) -

The next proposition shows that V (T) is invariant under
n
unitary transfofmation of T . We shall show in §7 that for certain

classes of operators, the sequence [Vh(T)]nm1 forms a complete

unitary invariant,

6.5 PROPOSITION:
For T € B(H), n € N and U € B(H) a unitary operator, we have

v (U*10) = v (T) .
n n

Proof: Suppose R € vn(T), then R = ¢(T) for some gbeCP(B(H),B([_}_n),In)o
Define ¢ : B(H) = B(C") by ¢(s) . #(USU*) . Notice that
K * _(y k n k k *

B, US 0 ®F, = (zmu @Err)(rt’ S @Eu)(zm=1u @Emm)
and hence complete positivity of ¢ follows easily , Also ¢ is

. n
linear and ;/:(IH) = (U*U) = ¢(IH) =1 , s0 $€CP(B(H),B(C ),In) ¥
Thus R = ¢(T) = ¢(UU*TUU*) = ¢(U*TU) e Vn(U*TU) , and 50
Vn(T) C Vn(U*TU) for every unmitary U € B(H) and every T € B(H).

Applying this to U* and U*TU gives Vn(U*TU) < Vn(UU*TUU*) = Vn(T) 5

If an operator can be split into direct summands, then its
al gebraic matrix range depends in a simple way on the matiix ranges

of the summands, as shown by the next result,



6,6 THEOREM:
Let J be a countable index set, and for each jeJ let Hj be a
Hilbert space with T. € B(Hj) « LetH=0 jeI Hj s and define

T eB(EH byT=6 T, , then for n ¢ N

Jed 7 J

where EEH denotes the closure of the n-convex hull,

Proof: Suppose Rf".fn(}‘_), then R = ¢(T) for some ¢€CP(B(@,B(_§“),IH).

For each jeJ, define ¢

5 ¢ B(Hj) *B(g_n) by defining for SeB'.(Hj) an

element §-j € B(H) by

s(h(1)) if m&
(hed, ied) ,

(5,0)(3) = {

and then setting

0 if 1£j

¢;j(3) = 4’(5.) .

Suppose (Ep,: A Pq@EPq) € B(H ) @B(_ ) is positive, Given
L1y~ %r € H , we have
£ = S £ >
LTG5 &) =Bt (5,980 20,

Where(S ) is defined in the same way as §-j » Thus

P q—‘l (%q)g @E is a positive element of B(H) @B(gr) . Henee

given 2".." -..’}\_,. € G s We have

: 44
S =3 s YIAA) =0
%, q"1(¢.1( pq)~q ~P) p,q=1(¢[ (—»pq)a]“'q’*'p)
using lemma 4.2 . Thus ¢j € bP(B(HJ.),B(_Qn)) for each jeJ. By

theorem 5,8 there exist U € B(c") and ql:j € CP(B(HJ),B(_Qn),In) such

that ¢, = ULg.U, (§e3) o Now ¢, (T,) « Yj 5V (Tj) and

R B
S0
= ¢(2) = J€J¢( J) = .]EJ seﬁJ(TJ)UJ € con(UjGJvn(Tj))’



=y -

using the fact that J is ccuntahle and the remark preceding 6.5 »

Conversely, if for some ke€J we have Revn('l‘k), then R = gbk(Tk)

n
where ¢ € CP(B(Hk),B(_q ),In) o Let M = [SeB(H): H_reduces §} ,
which is a norm-closed self-adjoint linear manifold in B(}:I) « Define
t M B =
¢rk e B(C") by zﬁk(i) ¢>k(§_|ﬂx). ;&k is clearly a completely
positive linear map and r.bk(IH) =1 . By theorem 5.5, there exists
n ~

8 « cP(B(H),B(C ),In) such that eklmk s ¢ . Now

6 (D= (D = 4Zly) = 4(T) =»,
thus Vn(Tk) [« Vn(_'{‘.) , which by propositions 6.2 and 6.3 is n-convex

and closed, so con(ujern(TJ)) -C-Vn(nT-) .

We can now show that the sequence of algebraic matrix ranges is
characterized by its four principal properties :- boundedness,

closedness, n-convexity and coherence,

6,7 COROLLARY:
If 2 EB(Gn) (nel) is a saquence of sets such that
n b =i (mdepandent o n)
i) there is an r>0[such that 2 ng[ReB(g“):llltllsr]
ii) 2 is closed
= (n eN)
iii) Zn is n-comvex
iv) if ReZ , then V, (R) C 2, (keN)
then there is a separable Hilbert space H and TeB(H) with Vn(T) ﬂn

for every neN,

Proof: Closed bounded sets in B(_(_J_n) contain countable dense subsets,
and so there exist sequences [Rf; :j=1, +++] dense in Z, (neN) . Let

{Sk :keN] be an enumeration of iRrJ.l :JeN ,neN} . For each keN ,



n
define H = QP where n is the unique integer such that §, = Rj ,
[+ +] .
= i o Since the Z_ are uniforml
and let H ®k=1 I-Ich o« H is separable. S 5 ¥
bounded, we may define TeB(H) by T = @ k“‘ S, + By theoren 6.6,
=_ - me‘N ll!l.tt.ﬂ" .
v_(7) com(Lhatvﬁ(Sk)) (meN) (1)
But S, = R, for some n,j and so b iv), vV (8,) €2 But by ii)
x =& some xyJ 80 by iv), VS ) S 4y .
and iii), Zm is m-convex and closed, hence Vm(T) < Zm .
The identity map @ : B(c") »B(C") satisfies .
n n n ny _
w, € cP(B(C),B(C ),In) and so Rj € vn(R:}) = Vn(Sk) for some k.,
Hence, by (1) we have R;.l € Vn('l‘) for every jeN and every neN .

N o : : "
But {Rj : jeN} is dense in Z , and Vn(T) is closed so an Vn(T) .

§7. COMPLETE UNITARY INVARIANTS

We have shown in proposition 6.5 that the algebraic matrix
range is unitarily invariant, and in this section we shall show that
the sequence [Vﬁ(T) % nqgf is a complete unitary invariant for
compact irreducible operators T € B(H) . In [2], Arveson proves
this for a slightly larger class of operators, but the scheme is
more lucid in the restricted case, so we omit his generality.

A von Neumann algebra B is a Tw-closed *=gubalgebra of B(H)
with IH € B,for some Hilbert space H. A positive linear map
¢ : B »B is defined to be normal if it maps the least upper bound
of an increasing net of positive operators, {xai, into the least
upper bound of Iqs(xa)l. In [5] (p.61) it is proved that for a
normal positive linear map ¢ : B »>(C , there exists a projection
P € B such that

i) I-P is a maximal projection in Ker b s



ii) ¢(X) = ¢(PX) = ¢(x®) (X €B) ,

iii) ¢(X*X) = 0 if and only if PX*XP = 0
It is not hard to generalise this to the case of a normal positive
linear map ¢ : B =+ B , and the projection P so obtained is called
the support projection of ¢ .

An operator T € B(H) is defined to be irreducible if the only

subspaces which are invariant for T and T* are {0} and H, i.e, T
has no reducing subspaces other than the trivial ones, If A is a

subset of B(H), then [A] will denote the linear span of A ,

7,1 LEMMA:
Let B be a von Neumann algebra and let ¢ : B - B be a normal
completely positive linear map such that ¢°¢ = ¢ and "l,b" < 1, then

the support projection P of ¢ commutes with the fixed points of ¥ ,

Proof: Suppose XeB and ¢(X) = X o By proposition 4.1, we have
x* = ¢f(X)* = ¢(X*) . The properties of P, corollary 4.4 and the
fact that |[¢f] € 1 show that X*X = ¢(X*)(X) = ¢(x*P)Y(PX) < ¢(X*PX) .
Thus X*PX < X*X < ¢(X*PX) and so PX*PXP < PX*XP < Py(X*PX)P . But
Yoy = ¢ , so Y(Y(X*PX) - X*PX) = 0 while ¢(X*PX) - X*PX is positive,
By priperty iii) of P, we have Py(X*PX)P = PX*PXP , and substituting
this in the last set of inequalities gives PX*PXP = PX*XP .

Let H be the Hilbert space underlying B, and suppose he€H, then
(z-P)xPh|® = |kPnl® - [Pxeh|® = (PX*xPh,h) - (PX*PXPh,h) =0,
and so XP = PXP . This holds for every X such that ¢(X) = X, in

particular for X*, and so PX = (X*P)* = (PX*P)* = PXP = XP ,
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7.2 LEMMA:

Let B be a von Neumann algebra and let A be a norm=closed

,eombains $a idenkity,

*-~subalgebra which is weakly dense in Bﬂand.‘guch that every bounded
linear fumctional f on A has an ultraweakly continuous linear
extension to B, If p : A - A is a completely positive map with
"p]| < 1, then there exists a normal completely positive linear map
¢ : B 3B such that yog = ¢ , [l < 1, ¢(p(X)) = ¢(X) (Xer) and

the fixed points of ¢ include those of p ,

Proof: For each nel, let pn denote the n-fold composition of p
with itself. Let LIM denote a Banach limit on the space of bounded
sequences of camplex numbers, and let H denote the Hilbert space
underlying B.

Define a bilinear form [ -, l( on H for each XeA by

[,k = LIuf (D)0, Kk)] " (nyket) .

gince [lpll <1, [[nkl | < x|l [| nll lll o By Ricsz's lemme
(see [8] P.38), there is a bounded operator ¢o,(X) on H such that
(#(X)h,k) = [h,k]x (h,keH) , Clearly ¥o is a linear map of A
into B(H) and |[¢-vo |l €1 . A standard separation argument shows that
Yo(X) is in the 7 _-closure of the convex hull of {p"(X) : nay} ,
and hence ¥o(X) € B » Also p is completely positive, so p_ is

completely positive for each n€l , Thus if £ " XLJ QE. is a

iy j=1 iJ

positive element in A ? B(gr) and hi, ***,hr € H, then we have
J r\ —3 N : r n . . . - =
2 WX Phph) = 1oz, T (6 (X )hphd],

> 0,

and so ¢¥o is completely positive,

For each bounded linear functional f on A, let t denote its



.
rm?_—continuous extension to B. Since A is convex, its TS"ClOS‘LII‘e
coincides with the Tw—closure (see [7] P.477), and so A is rs-dense
in B, By the Kaplansky density theorem ([5] p.46), the unit ball of
A is Ts-d.ense in that of B, However, Ty and Tos induce the same
topologies on the unit ball of B(H), and T S T s 80 the unit

s
ball of A is 7 dense in that of B, Hence I E“ = |l £ll »

- -
ORI

e £(3) - $(T) = NgIL S4=Tn

is po;'-hife. , Hhan
z "W Posi\'\'\i‘t-

The map X + XM of B into (B™)® given by X&) = g(%) (geB”™)
is an isometric isomorphism of B onto GBow)n. Given X € B, define
Uw)n

e (B by P,(6) = (8200) (X) (geB™), and then define

FX
4:B>B by ;b(x)“:FX . Thus

e(#(X)) = (&ogo) (%) (gB™, xeB) .
Clearly ¢ is a linear extension of ¢, to B. Suppose X is positive
and g is positive, then goyo is positive, and
fisoscmiaten it follows that (go¢,)  is positive. Hence Fx(g) >0,
and thus F}{ is positive, But Y = YA is an isomorphism, so qb(X) is
positive, and hence ¢ is a positive linear map.

To check complete positivity of ¢, we need only notice that

A QB(gk) is a norm-closed *-subalgebra which is 7_-dense in
B @B(‘g_k), end that (A © B(gk))]n can be identified with A" ®B(§_k)
and similarly (B @B(gk))"“' with B™ @ B(gk) . The above process
then shows that the subordinate map ¢k is positive since (%)k is

positive, Hence ¢ is completely positive,

Suppose [Xal CB and X,>X (TW) , then
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(80¢o)~(xa) > (gotko) (X) , end so e¥(x)) > g(¥(X)) for every
g ¢ BV . Hence ;{r(xa) -+ ¢(X) (Tow) o Thus ¢ is ultraweakly
continuous, and so MU;ﬂ([5] Po54) it is normal.

For X € A, LIM[(Pn+1(X)h,k)}n; = 1o{(p (X)h,k)} ~ , end so

[--]
n=1
Yo%p = Yo, hence Yop = ¢ on A , By induction, gbopn(X) = ¢(X) for
X € A and neN , and thus ¥(Y) = ¢(X) for all Y in the 'rw-closure of
the convex hull of {pn(}{) :neN} . But as remarked above,
HX) = ¢o(X) is in this r_-d osure, so ¢of =  on A . By continuity
we have oY = ¢ on B.

Finally, if XeA and p(X) = X, then p (X) = X (neN), and so

{go(D)h,k) = LIM{(Xn,k)] = (Xb,k) . Thus ¥(X) = ¢o(X) = X,

(-]
n=1

We now prove a special case of Arveson's boundary theorem (see [2]).

7.5 THEOREM:
If T € B(H) is a compact irreducible operator and w is the
identity map of B(H) into B(H), then the only completely positive

linear extension of NI[I to C*(T) is o]
3

7] c*(1) °

Proof: Let 7 be the universal representation of B(H) on

Hs= ®f€D(B(H),I) K, (see §2) and let B be the von Neumann algebra
generated by m(B(H)). Let 7 = m @ m» be the canonical decomposition
of 7 (see §3) and let E be the projection onto the range of m o

E is a non-zero central projection in B, It was shown in §3 that
decomposes further and is unitarily equivalent to a direct sum of
copies of the identity representation of B(H) on H ., Hence

BE = m(B(H)) is isomorphic toEB(H), and so its centrc contains only

- - . an

o
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the image of the scalar operators under the isomorphism. Thus the
only central projections in BE arc 0 and E (being the images of 0
and I). Also 71 is faithful and so for X € B(H), m(X)E = 0 implies
X =0,

Let ¢ = wI[I,T] and suppose 0 is ahcompletely positive linear

B(y) (Noke Hiak omy Obineds b LM com be erended w8 M),

extension of ¢ to « Let A = n(B(H)), then A is a C*-algebra
which is rw-dense in B, Suppose feAn, then f can be written as
f=Ref +i,Im £ , where Re f and Im f are self-adjoint elements
of An, and by ([6] p.40) each of these is a difference of positive
elements of An. Thus f is a linear combination of positive linear
functionals, Let gEAn be positive, then llell = g(IH) ([6] p.25).
Befine qeB(H)® by q(8) = g(n(s))/lell , then qu(B(H),IH). Recall
from §2 that Kq is the completion of B(H)/Jq, where
3 {SeB(H) : q(8*S)=0}. Define h € H by

IH + Jq if p:q
h(p) = (peD(B(H),1.)) ,
i(e) { 0 if pfq ? "

then  g(u(s)) = llella(s) =lell(szy + 3, T + 7)) = lel(x(s),0) .
Hence geAw and so also feAw. By continuity, we can extend f to
T ¢B" cB™, Define p: A>A by p=mobor~', Since 6 is
-1 . %
completely positive and w and 7  are morphisms, we have p
completely positive. Also by corollary 4.4, lle]l = HG(IH) " =1,
. = = . <1,
since 6(I) = ¢(I) = I, . Thus llell
By lemma 7.2, there exists a normal completely positive linear
map ¢ ¢+ B = B such that llell < 1, gomob = gom , ¢oth =¢ and for
X € B(H), if 6(X) = X then p(n(X)) = #(X) and so ¢(7(X)) = n(X).
Let P be the support projection of ¢, then P € B and by lemma 7.1

it commutes with the fixed points of ¢ , But for X € [IH,T] 5
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6(x) = ¢(X) = X, so ¢(m(X)) = n(X), and hence P commutes with
{n(X) : XE[IH,T]]. Since T is irreducible, [IH,T] generates B(H)
as a von Neumann algebra, Also my is unitarily equivalent to a
direct sum of copies of the identity representation, so it is normal
and hence m([IH,T]) generates BE = my(B(H)) as a von Neumann
algebra, Thus PE is a central projection in BE and so, as above,
either PE = 0 or PE = E,
Suppose PE = 0, then using the defining properties of P we have
(gom)(X) = ¢(n(X)) = ¢(Pr(X)P) = ¢(Pmi(X)P @ Prz(X)P)
$(PET(X)P @ Pma(X)P) = ¢(0 @ Pma(X)P)  (XeB(H)).

I

But T is compact, so m(T) = 0 , Also 8(T) = T, so (¢om)(T) = #(T).
7(T) = (gom)(T)
¥(0 ® Pma(T)P) by (1)

=¢(0@0) =0@0.

Henece 1 (T) @0

il

i

Thus Tr1(T) = 0, but 7 is faithful so T = 0 , This contradicts the
hypothesis that T is irreducible, so we must have PE = E.
¥C B(H) © Such tat B0 = X

Suppose WWMW, so by proposition
4,1 and corollary 4.4 we have X*X = 6(Xx*)6(X) < 6(X*X) . Thus
m(8(X*X) - X*X) is a positive element in B, and gomo8 = gow , S0
$(m(6(X*X) -x*X)) = 0 . By the third defining property of P(re pSi),
P(n(6(X*X) ~ x*X))P = 0 , and so EP(w(6(X*X) - X*X))PE = 0 , But

PB = E, so algo EP = E and hence E(m(6(X*X) - X*X))E

0 » i.ei

i

m(6(X*X) - x*X) = 0. But my is faithful, so 6(X*X)
B(H)
X € [IH,T] « Finally, for X, Y € Ww@ have '

X*X for every

1
X = Z{(X) *(X4Y) = (X=Y)*(X-Y) + L(X+d¥)*(X43Y) = 4(X-1Y)*(X~iY)]
Whia BOA:X el &)=Y,
so 6(Y*X) = wx[. Hence 6(2) = Z for every Z € C*(T), svee 61T «d 60%) =T
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A further two lemmas are required before we can prove the main
theorem of this section, The first discusses the relation between
matrix ranges and the norms of first order "matrix valued"
polynomials, In [2], Arveson shows that the norms of nth1 order
polynomials of this type determine a class of operators (depending
on n) up to unitary equivalence. Since we are restricting attentiom
to compact irreducible operators, only first order polynomials are

needed,

7.4 LEMMA:
Suppose S€B(K) and TeB(H) satisfy vn(s) gvn(T) (neN), then
lrex+seyl< gz +r @7l for every x,Y « B(C") and

every reN .

Proof: Let [M. ¢ jeJ} be an increasing directed set of finite

dimensional linear manifolds in K such that U M. is dense in K,

&
Let Pj be the projection of K onto M.. Deflne m, : B(K) -> B(M,) by
d
m.(R) = PJRI (ReB(X)) .
J
Now 113 is a linear map, amd if 2 s 1Rr @E is a positive element
r,s=

in B(K) ® B(_C_ ) with k1, ***,ka an arbitrary m-tuple in M,j s then
m m
R k ,k = E =
zr,s:’l(ﬂj( rs) s’ r) 1( J rs s’ ) % s=1(Rrsks’kr) # 0
Thus ﬂj is completely pos:l.t:.ve, and for kﬂ.’lj, ‘ﬂ"j (IK)k =Pk=k., 80
J
™S e cP(B(K), B(M IM ) . But M is finite dimensional, so there is
an integer n(j) with I‘.I 1sometrlcally isomorphic to C a(3) , and then
P" =1r_S € V., ,\(8)CV (T,
iy =) € Vo SV @
Hence there exists qll € uP(B(H) B(M) I ) such that ;lr (1) = P,S|F ‘
3 M

By corollary 4.4, the subordinate maps sat:.sfy "(q&‘j)r" =1 (reN) .
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Suppose X,Y € B(¢") , k €k ®CT oud 5> 0, Now P, > T (Ts) and
so there exists i € J such that
(P ) @x + [s-P,SP.] @ V)kll < 5 .

Thus we have

()

Kz ex + sevkl<l(p, @x + BSP, @)kl + 8

ICe) (1, @x + ekl +3
Kryex + Tevl +5 .

A

Hence the result,

We are grateful to T, A, Gillespie for providing a proof of

the following lemma,

7.5 LEMMA:
Let T € B(H) be a compact irreducible operator, then C*(T)

contains the algebra of all compact operators on H,

Proof: Let F € B(H) be any rank one operator, then there exist
non-zero y,z € H such that Fx = (x,2)y (xeH) . Now R = T*T

is a non-zero self-adjoint compact operator in C*(T). Let A be a
non-zero eigenvalue of R with corresponding spectral projection P,
then P has finite rank and P € C*(T). Let x¢, **+,X5 be a basis for
PH ., Since T is irreducible, we have c*(T) irreducible, and then by
([12] p.253) it is strictly irreducible and further by ([12] p.62)
it is strictly dense. Thus there exists V € C*(T) such that

Vxj =y (j=1,+++,n) , from which VPH = {uy : peC} . Hence VP

has rank one and so there exists non-zero zo € H such that

VPx = (x%,20)y (xe€H) . Again by the strict density of C*(T), there
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exists W € C*(T) such that Wzo = z and hence

VPIEX = (Wx,z0)y = (x,2)y = Fx  (x€l) .
Thus F = VPW* € C*(T). Hence C*(T) containg every rank one operator,
therefore it also contains every finite rank operator, and

consequently every compact operator,

We can now show that the sequence of algebraic matrix ranges

forms a complete unitary invariant for compact irreducible operators,.

7.6 THEOREM:
Suppose S € B(K) and T € B(H) are compact irreducible operators

with Vn(S) = Vn(T) (neN) , then S and T are unitarily equivalent.,

Proof: Define ¢o : [IH,T] » B(K) by ¢o(aIH+ gr) = oL+ fS . By
lemma 7.4, ¢o is completely contractive, and clearly %(IH) = IK .
Thus by corollary 5.6 there exists ¢1 € CP(O{T) ,'B(K),IK) such that
$1(X) = ¢po(X) for all X e [IH,T].

Similarly define 6, : [IK,S] -+ B(H) by Go(a'l;K+ Bs)

]

aIH'*‘ﬁTs

BO(Y) for

i

then there exists 61 € CP(B(K),B(H),IH) such that 6,(Y)
all Y € [IK,S] . By Stinespring's theorem (4,3) there is a Hilbert
space M, a representation 7 of C*(¢1(G*(T))) on i ard a bounded

linear map V : H = M such that

61(X)h = V*u(X)Vh (X € C*(¢1(C*(T))), heH) ,
T-'(IK) = IM 5
and [7(X)Vh : XeC*(p:@(T))), heH]™ =n . vevanas(1)

For Y € [IH’T] we have

Y = (610¢1)(Y) = V*(wods) (Y)V
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and so V*(ﬁoqbdv is a completely positive linear extension to c*(T)
of the identity map restricted to [IH,T]. By theorem 7,3, it must
be the identity map restricted to C*(T), i.e.
v (7o¢e) (X)V = X (x € cx(1))
Notice that (ﬂ°¢‘)(IH) = IM , and so V™V = IM , thus V is an isometry.
Let U €C*(T) be any unitaty operator, then for any heH,

(mogs ) (U)Vh = VUB|P= [[(mods) (U) Vh|P~ 2Re(V*(mogs) (U)VR,UL) + [VUn[]
(wo¢s) (U)Vh|>~ 2Re(Uh,Un) + |[un|?
[(mog) (W) VB[P~ || &P

| 2l - Inl® =0 .

Thus (7o¢1) (U)V = VU , But by a theorem of Russo and Dye [13] the

I

u

'

closed linear span of the unitary operators in G*(T) is the whole of
c*(T), so (mog1)(2)V = vz (2 € ¢*(T)). Thus 7(X)VH C WM for every
X € c*(¢1(c*(T))). By (1) we now have M = VM, so V is onto, hence
unitary.

Since V is unitary, 6y = V*nV is a representation of c*(¢s(C*(T)))
c#(s) is a representation of C*(S) on H. But
91(IK) = IH and 64(8) =T so 04(C*(8)) = ¢*(T), which is irreducible

on H, and so 6|

since T is irreducible. Thus 64| ) is an irreducible

c*(s
representation of C*(S) on H, By lemma 7,5, c*(S) contains the
algebra of compact operators in B(X), and by theorem 35,8 an irreducible
representation of the algebra of compact operators must be unitarily
equivalent to the identity representation., Thus there is a unitary
map U : H » K such that U6y(X)U* = X for all compact X in B(X).

In particular, S is compact and 61(S) =T, so S and T are unitarily

equivalent,
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CHAPTER. T{I
SPATTAL MATRIX RANGES AND THEIR RELATION

TO ALGEBRAIC MATRIX RANCES

§8. SPATIAL MATRIX RANGES

We begin this chapter by defining the spatial matrix ranges
and describing which properties of the algebraic matrix ranges
carry over and which fail to do so. The spatial ranges were first
introduced by S.K.Parrott, whose work remains unpublished, using
an equivalent formulation to the one given here. Parrott showed
that the sequence of spatial matrix ranges forms a complete unitary
invariant for compact operators with trivial reducing null-space,
His proof is easily modifiied to show that a little more is true -
in fact, that the sequence of closures of the spatial matrix ranges
forms a complete unitary invariant., We give full details of the
complete unitaty invariance in this section.

For any T € B(H) and n € N, we define the nth spatial matrix
range of T to be the set Wh(T) E:B(Qn) given by

Wh(T) = {V*TV : V is a linear isometry of Qn into H}.

Two alternative definitions of Wﬁ(T) are embodied in the following

easy proposition:-

8.1 PROPOSITION:
i) Let P € B(H) be a projection of rank n, then there is a
linear isometry V : QF -+ H such that P = W* ,
ii) The operators belonging to the set {PT]PH:P rank n projection}

are unitarily equivalent to those in Wh(T), and every operator in
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wn(T} is unitarily squivalent *to scme such PT[PF,,

iii) If ¥ = (w1, **+,up) is an orthonormal n-tuple in H, let
M(E‘.’T) denote the nxn matrix with i,jth entry (Tuj,ui), then the

set of all such M(u,T) coincides with the matrix representations

of Wn(T) with respect to the natural basis.

Proof: i) Let X1, ***,Xp be an orthonormal basis for PH and let

€1, ***en be the usual orthonormal basis for C°. Define V : ¢” »H
by V(Ates++++Apen) = AMXi+*++AnXp (M, e Ay € E),
then V is a linear isometry and for heH, V*h = (h,xq)e1+°"+(h,xn)en.
Hence VV*h = (h,x1)x1+++++(h,xs)xy = Ph .

ii) Suppose R € B(PH) and R = PTlPH where P is a rank n 7' ¢
projection., By i) there is a linear igometry V : _(;_n = H such that
VV* = P and V maps G onto PH. Define U : C' = PH by UA = VA , then
U is onto and isometric, hence unitary. For x € PH,

Rx = RPx = PTPx = V(W*TV)V*x = U(V*TV)U*x ,
and so R is unitarily equivalent to V*TV € Wn(T).

Conversely, if S € Wn(T) then there is a linear isometry V of
¢" into H such that S = V¥IV. Now P = V;V'is a rank n projection
and S is unitarily equivalent to PT[PH.

iii) Given any orthonormal n-tuple u, define a linear isometry
v:g' >Hby Ve, =u, (i=1,+++n), and then V*IV has matrix
representation M(B’,T) with respect to the basis eq, <+ ,ep .

Conversely, if S € Wn(T), then S = V*TV for some linear
isometry V : _C‘._I1 -+ H. Setting u, = Vei (i=1, *++,n) defines an
orthonormal n-tuple in H, and M(Q,T) is a matrix representation of

S with respect to the basis e1, *+",e, .
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We show tha* the spatial matrix range generaiises the classical

spatial numerical range, W(T).

8.2 PROPOSITION:
For any T € B(H), W1(T) is the image of W(T) in the natural

identification of C with B(C).

Proof: The identification of C with B(Q_) is the isomorphism
x ¢ C »B(C) given by x(Mp =2 fAp €C). Notice that for
R € B(C), we have R = x(R(1)).
Suppose R € W1(T), then there is a linear isometry V : C - H such

that R = VTV, Let u = V(1), then V*h = (h,u) (heH) and so

]

i}

RA = AM(Tu,u). Thus R = x((Tu,u)) and (Tu,u) € W(T).
Conversely, if A € W(T), then there is a unit vector u € H
with (Tu,u) = A, Define V : C »Hby Vu = pu (peC), then V is

a linear isometry and x( A) = VTV € Wi(T) i

If V : > H is a linear isometry, then [[V*Tv|| < [ |llizllliv]i < Iizll,
so that for every nelN, Wn(T) is contained in the ball of radius |IT|l.
However, Wn(T) may fail to be closed. The following operator
demonstrates this :-

Let H be the Hilbert space of sequences {arlr: of complex
numbers satisfying 21:1 |ar|? < » , with inner product given by
({ar),{Br}) =2 7 arff . Define T € B(H) by T{ar] = {or/r}. For
fixed n € N, we shall show that oewn(T)' but 0 £ Wn(T), so that all

the spatial matrix ranges of this particular operator fail to be

closed. Let x¢ Hbe the sequence whose 5B entry is 1 while all



¥ -
the other entries are zerc, Given 3 > 0, choose me¢lN such that
1/m < 8, and let u = {xm, «--,xm.:_nla Tn the notation of proposition
8.1, we have M(u,T) = diag{1/m, *++,1/ms}, and so the operator R
with matrix representation M(g,'l‘) satisfies |R]l < 8 . But by
proposition 8.1 iii), R ¢ Wn(T), and hence 0 € Wn(T)-. However,
for {ar} € H, (T{ar},{ar}) = O implies that E:ilarla/r = 0, which
implies ar = 0 (r=1,2, +++). Thus for any orthonormal n-tuple u in
H, we have M(E,T) # 0, and so by proposition 8.1, 0 £ Wn(T).

Notice that, unlike the algebraic matrix range, the spatial one
can be void, For example, choose kel and let H = _Qk with the
Euclidean norm. For n=1, +++,k , there exist linear isometries
v Qn +§_k, and then V*IkV = ¥V =In, 50 Wn(Ik) B [In]. However,

for n > k, there are no linear isometries of g_n into _Qk, and so
Wn(Ik) =4 .

The Hausdorff-Toeplitz theorem ([9] problem 166) shows that
W(T), and hence W1(T), is convex for every T € B(H) and every Hilbert
space H, Tl_*ie higher order spatial matrix ranges can fail to be
convex, and in particular need not be n-convex, unlike the algebraic
matrix ranges. For example, take H = E’ with the Euclidean norm,
and let T be the operator with matrix representation (? :} with
respect to the usual basis, A linear isometry from C® - C° must
be onto, and hence unitary, so that every operator in Wa(T) is
unitarily equivalent to T, and in particular is unitary. Define
lincar isometries Vi and Vo from C° into gz by the matrix

representations (10 ?) a.ndvé <:: _:) respectively, Now ViTV: and

1 0 0 -1

V:Tvg have matrix representations ( 1) and (1 )respectively,
s0 %VfTVH + %ngg =‘év3, which is not unitary, and so not in Wa(T),
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Thus Wa(T) fails to he convex,
Despite its failure to be either compact or convex, the spatial
matrix range is coherent, To see this, suppose that T € B(H), RGWn(T)
and sewk(R), then there are linear isometries V : gn -+ H and

U : Ck -’_Qn such that R = V*IV and S = U*RU. Hence § = [VU)*T(VU)

and VU : _Qk -+ H is a linear isometry, so S € WR(T)' Thus
W, (R) W, (T). The inclusion is vaccuously true if k > n.

Clearly if S € B(K) and T ¢ B(H) are unitarily equivalent, then
for every nelN, Wn(S) = Wn(T). e now give the details of the converse
of this statement. The reducing nullspace of T € B(H) is the
intersection of the kernels of T and T*, or egquivalently ('I‘*TH%-TT*H)-L.
For compact operators with trivial reducing null-space, we show that
wn(s)‘ " wn(T)" (neN) implies that S and T are unitarily equivalent,
which is a slight improvement on Parrot's theorem., Notice that since
the spatial matrix ranges are unitary invariants, we may suppose that
S and T act on the same Hilbert space.

Recall that T4 T, and L denote respectively the weak operator,
strong operator and uniform topologies on B(H), and also that
multiplication of operatOrs is jointly continuous as a mapping

i) from (Bq(H),TW) X(B(H),Ts) into (B(H),TW) ’
11) from (B1(H),7 ) <(B(H),7,) into((B(H),7y) ,

where Bi(H) denotes {TeB(H) : |IP|| < 1}.

8.5 LEMMA:
If S,T € B(H) ere such that ,Wn(T) EWH(S)- for some n € N, and
P is a rank n projeotion,.then for every & > 0 there exists a

partial isometry GeB(H) with initial projection P and ”G*SG—-PTP" < o,
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Proof: By proposition 8.1, there is a linear isometry U ; En +H
such that P = UU¥. But U¥TU € wn(T) _cgwn(s)", so given 8 > 0, there
is a linear isometry V : _Qn » H such that || U*TU - v*sV|| < & .
Define G = VU*, then G € B(H) and G*G = UV*VU* = UU* = P, so G is a
partial isometry with initial projection P. Also

le*se - PTP|| = |[fuv*svu* - vu*TUU*|| = |u(v*sV - u*TU)U*|| < & .

8.4 LEMMA:
If S,T € B(H) with S compact are such that wn(T) gwn(s)“ (nen),

then T is compact and there exists G € Bi(H) such that T = G*SG,

Proof: Let P be the projection of H onto an arbitrary closed
separable linear manifold in H, then there exist projections PneB(H)
of rank n (neN) such that B P (Ts) as n - », By lemma 8.3, given
8 > 0, there exist partial isometries GncB(H) with initial projections
P such that "PnTPn—- G;sgn" < 8/4a (nel) seeeeeeneenns(1),

Let Ho denote the closed linear span of [PH,PDH,GnH : neN} .
Note that Ho .8 separable, and also G;H = PnH CHo (neN). Let

F=¢|

n= Oply s then F ® a partial isometry in B(Ho) with initial

space PnH. Now {Fnln: is a sequence in By(H,), which is 7 ~compact and
(since Ho is separable) metrisable (see [5] p.34), hence Bi(H,) is
Ty -sequentially-compact and so {Fn] has a convergent subsequence,
Without loss of generaelity, we may suppose that F_ > F €B4(Ho) (rw)
as n = o,

Since H=Ho @ Ho'L, we may write & general element of H as x+y

with x€H, and yeH, , and then define GeB(H) by G(x+y) = Fx. Clearly
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G e
¢ € B4(H), and G.n(x+y) = G X since the initial space of G is PnH
which is contained in Hp. Similarly, G;‘l(x-;»y) = G:;x . Thus
(sn(x+y),x‘+y') - (GnX,x‘) = (an,x’) > (Fx,x') as n >,
and (Fx,x') = (6(x+y),x"+y'), so0 G, >G (Tw) as n > e« , But the
i . F S poe
mop X - X* is TW to rw continuous, and so Gn**G (Tw) as n - oo,
Now S is compact, so SG_ = SG (r_), and hence G*SG_ - G*SG () as n-e,
and §30) s ol *
Given z,z' ¢ HL‘there exists meN such that n > m implies that
|((G;8an G*SG)z,2')| < 8/4 , and combining this with (1) we have
for n > m) I((PnTPn- G*sSG)z,z')| < §/2 . But P TP - PTP (rs) as
n+e, so |((PTP - G*SG)z,2')| < 8 . This holds for every 8 » 0
and for each z,z' € H, so PTP = G*SG, Since S is compact, we have
G*SG compact, and thus PTP is compact fotr every projection P onto
a separable subspace,
Let [xnl mi be a bounded sequence in H, and let P, be the
N=
projection of H onto the closed linear span of [xn,Tgn : neNj. As
above,PoTP, is compact, so there is a subseguence [xnki such that
!POTPoxnk} converges. But PQTPoxnk= Txnk » and thus T is compact.
Now T compact implies that {TH + T*HI_ is separable, so let Q
be the projection of H onto it, then as above there exists G € B1(H)
such that QTQ = G*SG. But QT =T, so TQ = G*SG and hence

QT* = G*S*G, Finally QP* = T*, so T* = G*S*G and thus T = G*SG.

8.5 THEOREM:
Let S and T be compact operators with trivial reducing null-
spaces, and suppose that Wn(S)-= Wn(T)- for every neN, then S and

T are unitarily equivalent,
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Proof': Since the matrix ranges are unitary inveriants, we may
suppose that S and T act on the same Hilbert space H. By lemma 8.4
there exist F,G € By(H) such that S = F*TF and T = G*SG. Let

FG, J =T*T and K = (Q*T)*(Q*T), then we have || gl <1,

u

Q

T=Q*TQ, J2Ke0 and J = Q*KQ .

]

If J =0, then T = 0, and so wn(s)' = wn(o)' = {0} (neN). Given

xeH, x£0, if Sx#0 define a linear map V : C* = H by Ve = x/|lx|| ana
: x x

Ves = Sx/|lsx|| . Notice that (Veg,Ves) =-1E£Tl (S-I-FEI-i ’ TI;-I'i ) =0
since W1(8) = [0} and hence W(S) = {0]. Thus V is a linear isometry.
But W2(S) = {0}, so V#SV = 0, and hence lsx|l = Ixll(v*sVe1,e3) = 0
Thus S = 0 and S and T are unitarily equivalent,

If J # 0, let E denote the eigenspace corresponding to the
eigenvalue A = “J " of the positive compact operator J, If x € E
is a unit eigenvector, then we have

ol = (9x,%)

Thus ||QxH = 1

(*Kex,x) < (Jqx,Qx) < Wl flox[P® < [pll «ceveee(a).
x|l , and so |leyll = I¥ll for ali yeE. Also from (1)

it follows that ((Jll T - 3)gx,0x) =0, but |P|| T - T > 0 and so
(lpllx - 3)gx = 0. Thus Qx € E for every unit vector Xe¢E, so QB8 CE.
Now Q maps E isometrically into E, and E is finite dimensiomal,
hence ¢E = E .,

For any x,y<E, we have (x,Q|;*Y) = (@x,y) = (x,Q%), and thus
(alg" -@")E CEL, from which (I - *Q)E = (q|F ~ ¢*)ee <L,
Eence ((T - Q*Q)x,x) =0 (x¢E), but I - Q*Q > 0, so (I - Q*Q)x =0,
This shows that Q*QE CE, but B =E, and so Q*E CE ., Thus E is a
reducing subspace for Q and QlE is unitary,

For a unit vector xe€E, we have from (1) that (([K|[I-K)qx,Qx) = 0

and [KIL -k >0, so ([KllL - K)gx = 0. Thus KgE C &, but GE = E
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and so KE CE, K is self-adjoint, hence E is a reducing subspace
for K. Also, being an eigenspace of J, E is a reducing subspace for
Jo. Thus we may restrict @, K and J to EL'and iterate the procedure
with the next largest eigenvalue,

Now (JH) is the orthogonal sum of the eigenspaces of J, and
so (JH)™ is a reducing subspace for Q, i.e. (T*TH) reduces Q and Q
is unitary there. Similarly (TT*H) reduces Q and Q is unitary there.
Thus Q*Q and QQ* both coincide with the identity on (T*TH + TT*H) .
But (T*TH + TT*H)" is the reducing null-space of P, which is [0} by
hypothesis., Hence (T*TH + TT*H) = H, and so Q is unitary.

Recall that Q = FG with F,G € B4(H), so I=Q*Q=G*F*FC<G*G<T,
thus G is an isometry, Also I = QQ* = FGG*F* < FF* ¢ I, so that F*
is an isometry.

Repeating the whole procedure with Q' = GF, J' = S*S etc,, we
can show that G* and F are isometries, Hence both F and G are

unitary operators, and so S and T are unitarily equivalent,

Notice that if T € B(H) is irreducible, then (T*TH + TT*H)
is either H or {0} since it is clearly a reducing subspace for T,
If it is {0} then T = 0, which is not irreducible. Hence we have
(T*TH + fl?'.'L""H)"'L = {0}, i.e. T has trivial reducing null-space. This
shows that the class of operators for which the spatial matrix ranges
form a complete unitary invariant is larger than thet for the

algebraic matrix ranges.
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§9. RELATIONS BETWEEN THE MATRIX RANGES

The first obwious relatiop is that of inclusion :-=

9.1 PROPOSITION:

For any T ¢ B(H) and every n € N, Wn('l‘) SVD(T) .

Proof: Let V : Qn - H be a linear isometry and let w be the identity
representation of B(H) on H, then define ¢ : B(H) - B(C") by
H(T) = Pu(T)V = VTV , Note ¢(1H) =WV = I , and then by theorem

4.3, ¢ecp(B(H),B@n),In) « Thus V*TV € vn('r), hence the result,

We have already noted that in general the spatiannatrix range fails
to be compact or n-convex, However, we can find C*=-algebras in which
these properties hold - for example, let Y be the great universal
representation of B(H) (see §2), then y(B(H)) is just such a C*-
algebra, This iis demonstrated by the next two propositions, We shall
denote the great universal space of B(H) by G.

9.2. PROPOSITION:

For any T € B(H) and every n € N, Wn(y(T)) is compact,

Proof: Let B denote the Banach space of bounded linear maps from
B(H) into B(C"), where for ¢eB, [lpll = supfllp(T) |l : Il < 1}. Let
B* denote thé set of linear functionals f on B whéth admit a
representation f£(¢) = Enj1p”(¢(T“)) (¢€B) with {Th] a nom
bounded sequence in B(H) and {pn} a sequence of ultraweakly
continuous linear functionals on B(C") such that En: lonll < =«

Let 7 denote the weak topology on B given by B*, It was shown in
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propositions 5.1 and 5.2 that the unit ball of B is r~compact, and
for a norm-bounded net iqbal, ¢, = o () if and only if
$(8) > do(s) (7,) for every 5 € B(H).

For each linear isometry V : g? -+ G, define ¢v€B by
qsv(s) = V*y(8)V ., Note that ||¢vll < 1, so that the set D of all such
qbv is contained in the unit ball of B, Hence if D is 7-closed, then
it is r-compact, Suppose {qba} CDand ¢, > o (1), then for each
SeB(H), ¢,(S) + ¢o(8) (rw). Hence, given z,":fsls-”. ®E;; 2 0 and
ﬁ!, ce Ak egn, we have

I, k.ﬂ(fﬁo(si.,])ﬁj ’ ,Z‘-,.,)

LE R

i
H
R E'

{25 (808125 5 20}

: K :
1:!..:111 [EL’J’:,(V:Y(SiJ)vaﬁJ s A‘L)l

1l

> 0 , by theorem 4.3 and lemma 4.2 ,

Thus,by lemma 4.2, ¢o is completely positive, and so by theorem 4,3
there is a HIlbert space K, a representation 7 of B(H) on K and a
bounded linear map U : C = K such that ¢o(S) = U*n(S)U (SeB(H)).
By theorem 2.4, there is a bounded linear map W : Up_n -+ G, the great
universal space of B(H), such that U*n(S)U = U*W*y(S)WU, and so
$o(s) = (W)*y(s) (W) (SeB(H)). But ¢ (L) =T and ¢ (T) > ¢o(Iy)
50 qbo(IH) = In. Thus WU is a linear isometry and hence D is r-closed,
therefore r-compact.

Finally, Wn(y(T)) 1s the image of D under the map ¢ - qﬁ(T),

o . . Cowmpack .
which is 7 to 7_ continuous, hence Wn(y(T)) is eldeeed., Dubaib-ds

abovmAzivarbaet VL RLTMA se crssiniuplion aonpess .

9.5 PROPOSITION:

For any T € B(H) and every n € N, Wn(y(T)) is n~convex.
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Proof': Suppose [UJ}“"1 EB(_g_n with z UJJ‘j In’ and suppose
Jes

[R_il .m1_g Wn(Y(T)). There exist linear isometries V; : _Qn - G such
J=
m

n

= VEY(T)VJ (j:']’-.-,m)o Defiae QJ- : E > @ ol by

that R
k=1

J
VA if k=
(QJ,{‘:')(k) = ’
0 if kAj

then Q; %8 & linear isometry and Rj = Qi @ km1y(T))QJ~. Define

Q:c"~ @"c byq-= z,"' ,Q;U; 5 then

m ¥ m m ¥

Q*Q:EL’J“ULQLQJU- -—E UJQJQJUJ=BJ=1UJUJ'—-In,

so that Q is a linear isometry. But

*(e " AMe =12 a | UiQi( e " A1),
= ‘QJ( e, (T))Qj j
- >:J‘“1u‘jlszJuJ ;

m ¥ m o m
Thus 3 " URU; € Wn( @ kaiy(T)). By proposition 2.2, @ " (1)
is unitarily equivalent to y(T), and the spatial matrix range is a

unitary invariant, so Z U RU,; € Wn(y(T)). Hence the result,

We now have a sequence of sets Wn(y(T)) C B(g_n) such that
1) W (A1) < [ReB(c") : [RIl < XDl < Ill3.
ii) Wn(V(T)) is closed.
(ney)
iii) W (Y(T)) is n-convex,
iv) 1f ReW (¥(T)), then W (R) SW (X(T)) (keN).
Tuiy sibuahon 0 ver sfmu\ﬁ.i to that i covollasy 6 F, whick suggerky Hat
MMMM there may be operators So such that W (y(T)) =V (S )
for every neN. The next result shows that we may take ST =T,
9.4 THEOREM:

For any T € B(H) and every n € N, ‘c‘.‘n(y(T)) = Vn(T) :
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Proof: Recall that V,(T) = {§(T) : ¢eCcP(3(H),B(¢"),I )}. By
Stinespring's theorem (4.3), qbeCP(B(H),B(Q_n)) if and only if there
is a Hilbert space K, a representation 7 of B(H) on K and a bounded
linear map V : C" = K such that ¢(8) = v*n(s)V (SeB(H)). By
theorem 2.4, there is a Lounded linear map U : VG - G such that
(n(S)V , V) = (U*H(S)UVp , VB) (2, B eCD),
and hence ¢(8) = (UV)*y(S)(UV) (SeB(H)). Now ¢(I) = I if and only
if UV is an isometry, thus ¢eCP(B(H),B(G"),I ) if and only if there
is a linear isometry Q : - = G such that ¢(S) = Q*y(S)q (SeB(H)).

The result now follows from the definition of Wn(y(T)) ‘

This last result gives an elementary relation between the
matrix ranges, but y(T) is in general just as difficult to compute
as CP(B(H),B(C"),I ), so that we have not yet reduced the study of
vn(T) to the more easily handled study of linear isometries, The
results of §3 will now be of use in developing further relations,
particularly when T is compact.

Recall that,by theorem 3.5,we can write G = G1 @ Gz and
Y = Y1 @ ¥z , where yz annihilates the compact operators. Also,by
theorem 3,8, there is an index set J such that yy is unitarily
equivalent to @ jer s Where w is the identity representation cof
B(H) on H. Thus for any T € B(H), we have y(T) unitarily equivalent
0 y2(T) @ (@ ;;T) » hence

V(D) =W A(D) =7 (:(D@(@;; D) (aed) .
We shall show that J may be assumed countable., Notice that if H
is flinite dimensional, then by corollary 3,9 we have

v (1) =W _(y(T)) = W(e gz & )
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Let I be any index set, and for each i€l let H; be a Hilbert
space with Ty € B(HL). Let E = @ i€l Hi and define T € B(E) by

T=

I ser Ti o then for each n € N,

U W (T) S W (D .

Proof: Suppose je€I and Rewn(T j)» then there is a linear isometry
V: " > Hj such that R = V*T,;V . Define U : " +H by
VA if i= "
(UM (1) = (Aech,
0 if i3

U*TU € Wn(g) :

]

then U is a linear isometry and R

9.6 PROPOSITION:

If J is uncountable, then Wn(Yzhb (e

7)) =W (vl (@ 1)

Jed 1

Proof: Let V:C »G: e (@ set )) be a linear isometry, then
since gn is finite dimensionel, I = {jeJ : (V_{&)(J) £ 0 for some ]}_egnl
is countable, Let {jy : keI'Q} be an enumeration of I, and then
define U : C +G2 o (@ :iH ) by Ur=x(2) @y() , where
x(_{\‘.) is the component of VA in Ga and y(_é) € @ k:‘H is given by

E(v@(jk) if k € T!

y(M (k) = .
0 if k £ I
Now U is a linear isometry, and
v(va(D @ (@ ~ TV = (va(D @ (& ;7 )V,

hence W (va(T) & (@ ;7)) SW (v2(D e (@ LI

The reverse inclusion follows from lemma 9.5 since we have
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Yz(T)Q(GBjGJT)=[Y2(T)®($K;T)]®[@j€J\NT] .

This shows that we may assume J is countable, and we then have
for infinite dimensional spaces
V(T) =7 (ya(T) @ ( @; ;7 )) (nN) with J countable,
and for finite dimensional spaces
Vﬁ(T) = Wh( eﬁeJT ) (neN) with J countable.
When H is finite dimensional, if J is also finite, then @ jeJH
is finite dimensional and hence Wh( eﬁeJT ) is void for sufficiently
large n. But by corollary 5.7 Vn(T) is never void, so J must be
countably infinite. Hence
v() =w(® k:T ) (TeB(H), H finite dimensiomal,neN).
To obtain further relations between the matrix ranges, we
clearly have to explore in more detail the spatial matrix range of
a direct sum, We extend lemma 9,5 to an analogue of theorem 6.6,
first establishing another lemma, Note that a denotes a cardinal
which may take transfinite values, and so statements such as n < «

should be interpreted in cardinal arithmetic.

9.7 LEMMA:

Let H be a Hilbert space with dimansion a and let n € N be such
thatn s a, If U : gn -+ H is a bounded linear map, then there
exist A € B(C") and a linear isometry V : C© = H such that

U=YVA and A*¥A = U*U

Proof: Since U*U ¢ B(g?) is a positive operator, there exists

A € B(C") such that A*A = U*U (proposition 1.3). Let e, **+en be
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the usual basis for _{j_ng Notice that
(Aei,he)) = (&*ae e ;) = (U¥Ue,e ;) = (Ue,Ue ) (i,3=1, *+,n)
so that Agn is isometrically isomorphic (as a linear space) to Ugn.
Define Vo : AC" = H by Vohe, = Ue (i=1,+++,n), then V, is a well
defined linear isometry, Now a > n, so dim[(UQ_n)J'] > dim[(Agn)‘L] S
hence ¥, can be extended to a linear isometry V : gn -+ H ., Finally

VAe = Vole; = Ue, (i=1,---,n), so VA=U,

L

9.8 THEOREM:
Let I be a countable index set, and for each jeI let Hj be an
aj—dimenaional Hilbert space and then let E =@ jeI I-I.j « Given
T, € B(Hj) (jeI) , define T € B(H) by T =@ jeT Tj, then for
n < m:i.n[o:.j : jeIl we have

Ujer T(T) S W (D) S co [ Uy W (TI].

Proof: The first inclusion follows immediately from lemma 9,5. To

demonstrate that the second one holds, suppose n < min{a‘j : jeI
and S € Wn(g‘) , then S = V*IV for some linear isometry V : Qn +H.
Let Pj denote the projection of H onto H,j s then

= VIV = VP TPV .
8 - €I - % I

Z
3
For each jeI, Pjv : _Qn “» Hj is a bounded linear map and n <€ ccj 5 S0
by lemma 9.7 there exist A,j € B(gn) and linear isometries
V., : C® > H, such that P,V =V.A._ and A*A, = V*P.V . Thus
J = J dJ Jd J d J dJd

S =1, . AZ\WT .V, )A,

Jel J( JJ J) J

* = V = =
and Bj eI Ajﬂj Zj I V*Pj vEV In s S0 by the remarks before

3 - ¥ — - T .
proposition 6.3 we have S € con[ Uj eI Wn( ,j)]
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9.9 THEOREN:
i) If H is finite dimensional and T € B(H), then for n=1, *+++,dim H
we have Vn(T) = con[Wn(T)] "
ii) If H is infinite dimensional and T € B(H), then for neN we

have v (T) = co [W (ya(T)) Uw (T)] .

Proof: i) We remarked on page 75 that, when H is finite dimensional,
v (D) =W (e k:'l‘ ) . By theorem 9.8, for neN with n < dim H ,
W (1) <V (1) Coo [w (T)] .

But by propositions 6,2 and 6.3, Vn(T) is closed and n-convex, S0
v (T) = co [w (T)] .

ii) The great universal space decomposes as G = G1 @ G2 with
Y = Y1 @ ¥2, and then as on page 75 there is a countable index set
J such that Vn(T) = Wn(YQ(T) e (e jc.]‘T )) . By corollary 3,11,
Gz is infinite dimensional, and H is infinite dimensional by hypothesis,
hence by theorem 9.8 for every n € N

W (v2(1) v (1) < V(D) < oo [ (va(T) VW (D] .

Finally,by propositions 6.2 and 6.3, Vh(T) is closed and n=-convex,

so the result followse.

This shows that the numerical range result = V(T) = W(T)” - has
a natural generalisation to matrix ranges at least for finite
dimensional spaces, We shall show in {10 that this generalisation
holds for compact operators on infinite dimensional spaces, and in
§11 that it holds for normal operators. The convex hull is

suppressed in the numerical range case, since W(T) is always convex,
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‘§10, COMPACT OPERATORS ON INFINITE DIMENSTONAL HILBERT SPACES

For the results of this section, we need to know more about
the concept of n-convexity introduced on page 45 . It is well known
that, for ordinary convexity, if A is a compact set in a finite
dimensional Hilbert space, then the convex hull of A is also compact,

We show that the same holds for n-convexity.

10.1 PROPOSITION:

If AC B(gn)_ is compact, then con(A) is compact.

Proof: First we show that every R € con(A) can be expressed as an
n-convex combination of at mostén® + 1) elements in A . Suppose
R = 2 o x*skxk with m >én%4 1 s where S, € A, X, € B(C %) and

over R (e teal wvaby had)
z " x*xi . Since B(C") isin®-dimensional/, and
IKT(SKXR - ES,XJKHQ contains at least4n®+ 1 elements, there exist
My +*5ha € R (not all zerc) such that EKTEAR(XT(SKKK - X$8.X,) =0,

Let M

]

m
Bkua( Ax) , then
m m
zkﬂ)‘.kxf‘skxk =0 and Ek“z\.k =0.
Choose r such that Ar = max{M,**+yAn} , then (1 - A/Ar) 2 0, and

XES X

zk*r(-xh/hr)x;skxk . Thus
R o= 3, (0= W) 8([1 - Welix)
where zk#r(1 - M/Ae) XX = (27 XX ] - XX - [2R#r(AK/Ar)X;Xk]

"

I, - 27 M/ XK,

i xR =0 .
In since k.,tAk 0

L]

This expresses R as an n-convex combination of m-1 elements in 4, and

80 by induction the expression can be reduced to4n®+1 elements.
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Let A denote the set of all B € B(gn) such that R can be
expressed as an n-convex combination of precisely j elements in A .,
We have just shown that con(A) = UJ:?” A; .

Consider the Banach space Y j of all j-tuples of elements of
B(¢") equipped with the uorm |[(X,, v, X | = (zkjiuxkll“)% , and
let B, = [(X,,+%%)) €¥; zkjixgxk =I} . The map
(Rys +o05%)) Ekj1X§Xk is clearly continuous, and P is the inverse
image of the closed set [Inl , S0 Pjis closed. But P; is bounded,
and Y is finite dimensional, so PJ is compact. By Tychanoff's
theorem ([15] p.80), Py xA X *os x4 (j copies of A) is a compact
subset of Y; x B(gn) X e X B(_qn) in the product topology. The
map ((X,5 *+*5X;);Sqs *+%8;) = zkftJ{f‘skxk is continuous, and A; is
the image of Pj X A x +++ x A under this map. Hence A; is compact
2

for each j, and so con(.&) = *:AJ is also compact,

J

=~

10,2 COROLLARY:

If A C B(C") is bounded, then co (47) =55 _(a) .

Proof: Since B(C") is finite dimensional, A bounded implies that A~
is compact. Clearly con(.!l) C eon(A-) , and so by proposition 10,1,
con(l‘;) C con(-ﬂ-").
Conversely, if Recon(ﬁ—), then R = ZKT,XﬁSka with Sy€A ,

X €B(C") and 2” XX, =T, o Given >0, there exist Tyeh such

=1
that |Ir, - 8/l < 8 (k=1, +++m), and then

m m m 2
k-2 " sz ® gl ls -2 0 Bl < olz® I P) .

Thus R € ESH(A) .
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A property of compact uperatcrs on infinite dimensional spaces
is that 0 is in the closure of their numerical ranges. This carries

over to matrix ranges.

10,5 LEMIA:

Let H be infinite dimensional, T ¢ B(H) a compact operator and

neN, then 0 ¢ Wn(T)- :

Proof: Since H has infinite dimension, there is an orthonormal

sequence {x in H such that x, =0 (weakly) as k » o ., But

o0
kikai
T is compact, so H Txk" +0 as k >», For each k ¢ N , define

V¢ gn = H by vkeL =X (i=1,---,n) » Where eq, **+,ey

+0

is the usual baesis for g? . Each Vk is a linear isometry, and
s

|(VKT‘¥IKBL,GJ)I = I(Txk,,, 13xk+lj)l s " Txy,,;” *0 ask>e,

Hence lWﬁTVk" >0 ask >, 500 ¢ Wﬁ(T)- ”

We can now show that the result obtained in theorem 9.9 for
operators on finite dimensional spaces also holds for compact operators

in general,

10,4 THEOREM:
Let H be infinite dimensional, T € B(H) e compact operator and

neN, then V(T) =050y (T).

Proof: By theorem 9.9, Vh(T) = Esn[WA(yz(T)) LJWh(T)] , where ys
is part of the canonical decomposition of the great universal

representation, But T is compact, so y2(T) =0, and Wn(O) = {0} .
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By lemma 10,%, 0 € ‘.'J'n(T}“, S0 vn(‘.}': cd ~W (T) ) o But Wn(T) is
bounded, so by corollary 10,2, Vn('l‘) c con(Wn(T)) . Finally
Wn(T) EVH(T) (9.1) and Vn(T) is closed and n-convex (6,2 & 6.3),

so vn('r) = Ec';n("-;fn(T)) .

In [3] de Barra, Giles and Sims show that, for a compact
operator on an infinite dimensional Hilbert space, if 0 ¢ W(T) then
W(T) is closed, and also that W(T) = co(f0} UW(T)) . We show that

a similar result is true for matrix ranges.

10,5 THEOREM:
Let H be infinite dimensiomal, T € B(H) a compact operator and
nel, then 1) W (D' g éan(wn(m) v {o}) ,

and ii) if 0 € Wn(T), then con(Wn(T)) is closed.

Proof: i) Suppose R ¢ ‘.-'fn(T)—, then there exist linear isometries
V, : C" +H (keN) such that VEIV, >R as k »w ., Let e1, ++eq
be the usual basis for En. Now [VkeJK:: is contained in the unit
ball of H, so by ([15] p.209) there exists xi1€ H with |xi]| € 1 and

a subsequence  V_ (k)31 » x, (weakly) as k >, Similarly,
1

{*«rm(k)e,:;;k«'1 is contained in the Unit ball of H, so there exists

xzeH with |kz|| € 1 and a subsequence such that

-» -
Vga(k)m x, and '*nr%(k)e2 x, (weakly) as k = o ,

In this fashion, we obtain xi, ***, Xy in the unit ball of H and a
subsequence such that

va(k)ej e o xJ (wealdy) as k - ('j=1, Ill,n). TR (1)
Notice that for A1, =+s,Aq € G, [Vs(k)(hia*w“#&nen)} converges
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weakly to A;x 4+ A%, as k > , and ecoh Vs(k)maps the unit
ball of " into that of H, which is weakly closed, so
IAier+ssrgenll £ 1 implies [Mizi+cvetrnxp|l € 1. oovie(2)
Since T is compact, we have from (1) that
(VoW ey) = (Txpx) as k>e (i,5=1,:40),
and so (Txi,xj) - (ReL,eJ) .
Define U : C° =+ H by Ue, =x; (i=1,+++n). If A= Aes++ +hnen
and |[All €1, then by (2) , |fuall < 1, and so |ull € 1 . By lemma 9.7,
there exist A € B(C ) and a linear idometry V : c -+ H such that
U=VA and A*A =U*U . Now
(ax8d ,2) = (vsud, M) = Jual® < AP = (z 2,2 (A eg)s
and s0 A*A < In s hence we can write
R = U¥TU = A*(V*TV)A = A*(V*TV)A + (In- A*A)% 0 (In- A*A)% .
Thus R € con(Wn(T) v {03) .
ii) If 0 ¢ Wn(T), then I) becomes wn(T)" o con(‘ii’n(T)), and
thus con(Wn(T)-) Siccn(Wh(T}) . But by corollary 10.2,
conﬁwh(T)“) = Ean(Wh(T)), ) Egn(Wh(T)).g con(Wh(T)) and hence

co (W (T)) is closed,
n' n

The case n = 1 reduces to the theorem of de Barra, Giles and

Sims since W(T) is convex.

§11. THE SPECTRUM AND MATRIX RANGES
Some relations between the spectrum o(T) of T € B(H) and the
two numerical ranges of T are given by :-
i) the point spestrum, po(T), is contained in W(T).

ii) o(T) < W(T)™ = V(T) .
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iii) If T is normal, then V(T) = co(o(1)).

(see [4]). We establish similar resulis for matrix ranges.

11,1 PROPOSITION:

If A € po(T) and E, CH is the corresponding eigenspace, then

A

AIn_e Wh(T) for n=1,2, ++,dim EA .

Proof: If n s dimE then there exists an orthonormal n-tuple

A’
{x1,**+,x5] of eigenvectors for A . Define a linear isometry
vV gn = H by Vbj =X (j=1,---,n) where eq, ***,ep is the usual

basis for En, then WV = AIn s hence the result.

An example shows that iAIn : A€ o(T)} is not in general
contained in Wh(T)_ -

Teke H = §° with the Euclidean norm, and let TeB(H) have matrix
representation (; g) with respect to the standard basis. A linear
isometry of C* into C® must be unitary, so Wa(T) contains only
unitary equivalents of T. But o(T) = {0,1}, and o(1.I3) = {1} , so
1.I, is not unitarily equivalent to T, hence is not in W2(T). Since
H is finite dimensional, W,(T) is closed, and thus we have 1 € o(T)

0 0 0
both in Wz(T), and so denoting the projections onto the linear

- 1
but 1.Is £ Wa(T) . However, notice that ( 0) and (0 $ are

spans of e41 and ez by Py and P; respectively, we have

1 0 /0 0 *
P’!‘(O 0>Pi + Pz(o 1}’3 = 1.1z and PfPi + PPy = Iz

Thus 1.I- € e0zWo(T) . This suggests the next result, which is

a natural generalisation of ii) above.
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11,2 PROPOSITIONS
Let H be a m-dimensional Hilbert space, T € B(H) and 1 < n < m,

then (A, 2 A eo(D)]) C Esn(wn(T)) cv (1) .

Proof: Suppose A € oT), then A € W(T) and so given 8 > 0, there

exists x € H such that |A - (Tx,x)| < & and l|x|| =1 . Since nem,

there are linear isometries V: En = H such that Vie; = x (i=1, «++,n),

Let P.i denote the projection of g” onto the linear span of {e.Jl, then
(Tx,x) ifi=k =j

(PXVAT VP 0 ,e,) = (4,3,k=1, ++,n),
0 otherwise

i

n
Thus  [IAT_ - 2. PRIV P I

— . . g S— 3
AL € con(wn(T)), and it was shown in {9 that con(wn(T)) Svn(T).

[I(A - (Tx,x))In“ < 8 , and hence

11,3 COROLLARY:
Let H be m-dimensional, T € B(H) and 1 € n < m, then for

My oo Ay € o(T), we have diagfhi, *++yAn} € c_:En(wn(T)) "

We omit the easy proof of this corollary., Note that diag{Ai, +++ Ap}
denotes the operator in B(Q_n) having as matrix representation the
diagonal matrix with entries A4, **+,Ap .

The natural generalisation of the result for normal operators
((iii) above) was obtained by Arveson in [2] (proposition 2.4.1) .
His proof uses the Krein-Milman theorem and a characterization of the
extreme points of CP(B(H),B(_(_:_n),In), which he proved in [1]. Using
the relation Wn(y(T)) = ’Jn(T) (theorem 9.4) we provide an elementary

proof of Arveson's result which only depends on the spectral theorem.
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11.4 THEOREM:

Let T € B(H) be normal, then Vn(T) = EEHEJ\IH i A€ o(T)} (neN),

Proof: By theorem 9.4, Vn(T) = Wn(y(T)) , where y is the great
universal representation of B(H) on G . Clearly Y(T) is normal and
o(y(T)) € o(T) . By the spectral theorem for normal operators
([8] p.71) there is a complex spectral measure E(+) such that
¥y(T) = f ME(A) . Now E(C\o(¥(T))) = 0, and we can cover o(y(1))
by a finite number N of compact sets My with Ar € (int Mp) N o(y(T))
spechval €3
such that M NN hasigeasure zero when r # s, and for given 8>0,
| (y(D)x,y) - Erlji?\r(E(Mr)x,y)[ < 8 (x,y€G) .
Let V : g_n - G be a linear isometry, then
(P y(T) Ve se ) - Zrllhr(V*E(Mr)Vel,eJH <8 (i,j=1,++%n) ,
and thus |[*y(T)V - Ej‘)\rv*E(m.-)vll < n®8 , But U,.If,"{r D o(¥(T)),
so EFT‘E(M;-) = I, , thus E,-Ijiv'E(Mr)v =1_. Al A € o{/(D))S o(T)
50 erI1Arv*E(]'.'Ir)v € con[)x:[n i A eo(T)) , and V*¥Y(T)V € E'Sn{AIn:Aea(T)].
Conversely, if A € o(T), then since s mmumRluvetsate o (T) ¢WT V()
W) 18 1akat g padinde there exists f ¢ D(B(H),IH) such that £(T) = A,
As remarked on page 44, f is completely positive. Define
¢ : B(H) » B(C") vy #(s) = £(S)I_, then ¢ « cP(B(H),B(g“),In) and

#(T) = AL, 50 AL € Vn(T) and hence anl)\ln : A e oD} C Vn(T) .

11.5 COROLLARY:

If TeB(H) is normal and n < dim H , then V (T) = 'ESn(".r.rn(T).
Proof: Immediate from 11,2 and 11.4 .
This corollary extends further the class of operators for which the

matrix ranges are related in the natural fashion.

) We cam aviauge ta covenng will Hg cor‘.‘dih-'m s e gpodval weryyrg
avitedle

% FII'A“'Q auwd heuwte Rae cue of Md.&!‘ G M.umL..rU o( PD':L wainsesy  will

renpeck to Spec.imsl WALl U
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