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Abstract

Hybrid quantum/classical algorithms are the most promising class of algorithms for
achieving a practical advantage in the NISQ era. Their implementation usually requires
a small (and perhaps noisy) quantum computer to work in conjunction with a powerful
classical computer. The former generates and measures non-classically simulatable pa-
rameterized quantum states, while the latter post-processes the measurements to decide
the parameter updates. However, limitations such as barren plateaux, local minima and
sensitivity in the initialization of parameters prohibit their use in real-world applications.
In this thesis, we propose several algorithms to address the aforementioned problems.

First, inspired by the Quantum Natural Gradient (QNG) [Quantum 4, 269 (2020)],
we propose an information-theoretic quantum optimization algorithm called Random
Natural Gradient (RNG) that considers the geometry of the underlying parameterized
quantum states. Compared to the former method, we show that our approach requires 1)
quadratically fewer quantum state preparations per iteration and 2) a quantum circuit
with significantly smaller depth. Moreover, RNG uses random measurements and the
classical Fisher information matrix as opposed to the quantum Fisher information matrix
used in QNG. Additionally, we provide two estimators of the quantum Fisher information
based on random measurements and highlight their connection to RNG. Then, inspired
by stochastic-coordinate methods, we propose a novel approximation to the QNG called
Stochastic-Coordinate Quantum Natural Gradient that optimizes only a small (randomly
sampled) fraction of the total parameters at each iteration.

Additionally, we propose an objective function suited for classical combinatorial
optimization problems. For this class of problems, it is crucial to ensure that the algorithm
converges with high probability to a near-optimal solution in a short time. In Barkoutsos
et al. [Quantum 4, 256 (2020)], an alternative class of objective function was introduced,
called Conditional Value-at-Risk (CVaR), in which only a small fraction of the total
energy samples are minimized. Here, we introduce a time-varying (evolving) objective
function called Ascending-CVaR, which can be used for any combinatorial optimization
problem. We show that this objective function allows for solutions that achieve the
highest overlap with the optimal solution compared to standard objective functions or
the CVaR proposed in [Quantum 4, 256 (2020)]. We also show that our method can be
used as a heuristic for avoiding sub-optimal minima.

Finally, we propose a novel hybrid quantum/classical algorithm inspired by Adiabatic
Quantum Computing. In our approach, we analyze how a small perturbation of a
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Hamiltonian affects the position of the global minimum within a family of parameterized
quantum states. We derive a set of equations that allow us to compute the new minimum
by solving a constrained linear system of equations obtained from measuring a series
of observables on the unperturbed system. This approach offers the advantage that it
does not suffer from the barren plateaux problem as the parameters of the ansatz family
are not initialized at random. Furthermore, we propose a discrete version of adiabatic
quantum computing that can be implemented on a NISQ device while at the same time
being insensitive to the initialization parameters and other limitations hindered in the
optimization part of hybrid algorithms.
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Lay Summary

Quantum mechanics is a theory that describes the physics of molecules, atoms, and
elementary particles. While our day-to-day interactions with matter are based on the
laws of Newtonian physics, the physics of subatomic particles contradict our basic
human intuition. Feynman suggested that we could exploit some of these counterintuitive
properties and construct computers based on these fundamental laws. These computers
were named quantum computers, and their fundamental components were named qubits.
A tremendous amount of research in the past few decades has shown that these computers
can perform certain tasks much faster than conventional classical computers. Examples
of such applications are breaking certain classical cryptographic schemes, simulation of
quantum mechanical systems, or solving certain mathematical problems. However, these
proof-of-principle devices require quantum computers with a large number of qubits that
can perform millions of operations, which is far from what current quantum technologies
have to offer.

In this thesis, we try to understand the power and limitations of noisy intermediate-
scale quantum (NISQ) computers, i.e. quantum computers whose practical usage is
limited due to technological limitations such as a restricted number of qubits or noise. We
test the limits of certain algorithms that require constant cooperation between a quantum
computer and a powerful classical device. At first, we identify several bottlenecks that
prohibit the practicality of this framework. Then, we improve several subsequent parts of
these algorithms by either reducing the calls on the quantum processor or by replacing
some of their fundamental components. Furthermore, we propose new ways to utilize the
continuous feedback loop between the quantum and classical processors. We benchmark
these algorithms on mathematical problems that are very hard for classical computers to

solve and test how their quantum counterparts can help solve these problems faster.
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Chapter 1
Introduction

It was in 1981 when Feynman first introduced the idea of quantum computing [1] as a
way to avoid the exponential resources that are required to simulate quantum mechanical
systems in classical computers. Around 40 years later, the quantum computing community
entered the so-called noisy intermediate-scale quantum computing (NISQ) era [2] — the era
from = 50 qubits of Google’s quantum advantage experiment [3] to devices with thousands
of qubits that are anticipated in the near future. In this era, quantum computers scaled
up from proof-of-principle devices to devices that can generate quantum states that
cannot be classically simulated, and this opened the prospect of providing computational
speedups in useful tasks.

In this era, quantum computers have small (but still non-negligible) error rates (close
to 0.1%) that are very far from the ideal that fault-tolerant algorithms require (achieved
through the means of an error-correcting code). However, significant advancements in
the quantum hardware showed that error correction beyond the surface code threshold is
possible [4], and indications of useful quantum computing started to appear [5]. However,
as noted in [6], there is a specific error rate threshold that the devices must reach in
order to achieve a computational advantage in the NISQ era.

For this reason, current quantum devices are still far apart from the fault-tolerant
quantum machines where error correction and large coherent times are available. These
devices inherit limited connectivity, short coherence times, noisy quantum operations,
and a small number of qubits (of around hundreds of qubits), posing the question of
whether and how these devices can be exploited. Thus, algorithms such as Shor’s [7],
Grover’s [8], or HHL [9], which require large depths, cannot be implemented in these
devices.

To address these issues, researchers considered using these small (and noisy) quantum
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devices in conjunction with powerful, fast and reliable classical computers [10]. The former
would generate and measure non-classically simulatable quantum states. At the same
time, the latter would post-process the measurements with the goal of achieving quantum
advantage, i.e. perform better in certain tasks than their pure classical counterparts. This
approach has the advantage that the quantum circuit can remain in small depth, and the
hardness is transferred to the classical computer (usually with the means of a classical
optimization algorithm). Thus, the term hybrid quantum/classical computing was born.

One leading example of hybrid quantum/classical algorithms is the variational quan-
tum algorithms [10, 11]. These algorithms can be divided into three subsequent parts.
First, the targeted problem is mapped to the mathematical task that these algorithms
are designed to solve, which is the search for the ground-state energy of a Hamiltonian.
The second step is to employ a parameterized quantum circuit (ansatz) that is expressive
enough so that it contains the ground state (or an approximation to it) and is trainable.
Finally, a suitable chosen classical optimization algorithm will post-process the measured
quantum states and update the parameters towards the direction that minimizes the
energy of the system.

Variational quantum algorithms have gained significant research interest over the
past few years. The main reason is that many problems can be easily tackled using this
framework. Examples of such problems are ground state preparation of molecules [12-14],
quantum compiling [15, 16], simulation of real and imaginary-time evolution of quantum
mechanical systems [17, 18] or machine learning applications [19, 20] to name just a few.

Although this framework is rather promising and versatile, since the solution of most
mathematical problems can be mapped onto the ground state of a Hamiltonian, there are
multiple bottlenecks that prohibit its actual usefulness. Conventional quantum algorithms
such as those mentioned before have strong theoretical guarantees, compared to VQAs,
where strong complexity-theoretic arguments are hard to prove, and their practicality
relies on heuristics.

The hardest part in VQAs is the training part, i.e. finding the optimal parameters
that will generate the quantum state of interest. Understanding the emerging landscapes
of VQAs has gained tremendous research interest over the past few years [21-28]. In [22],
the authors proved, for the MaxCut problem, that unless P = NP, there does not exist an
ansatz family (consisting of commuting generators) with a number of parameters which is
polynomial in the system size, and a convex landscape. Furthermore, overparametrization
[24, 25] for specific ansatz families can occur if the number of parameters is polynomial to

the system size, and may lead to a computational phase transition where only high-quality
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minima exist in the objective function landscapes. Moreover, [29] showed that analyzing
the Dynamical Lie Algebra of the generators of the ansatz (and thus the controllability
of the system) could help in designing trainable ansatz families.

On top of that, people have also looked at the geometry of the underlying param-
eterized quantum states, as in some cases, it can enhance the optimization process
[30, 31]. Studying the geometry of the landscapes requires tools such as the quantum
Fisher information matrix (QFIM) [32, 33]. The underlying geometry of parameterized
state-space can help understand the emerging landscapes of the parameterized quantum
circuits. The QFIM has been extensively used in the NISQ era either as a capacity
measure [34], a generalization measure for quantum machine learning models [35], or

even as a tool to construct naturally parameterized architectures [36].

At this point, we will outline the three main bottlenecks of VQAs that prohibit their

practicality below.

The first main bottleneck comes from the fact that most classical optimization al-
gorithms do not consider information about the underlying generated quantum states.
Specifically, most of the classical optimization algorithms propose the update step accord-
ing to information related to the expectation value of the Hamiltonian (or its first and
higher-order derivatives). This implies that a lot of information (about changes happening
in the parameterized quantum state-space) is not exploited during the optimization step.
On top of that, information-theoretic methods that utilize this information usually require
a significantly large number of calls on the quantum processors. For this reason, it is
important that the hybrid quantum/classical schemes distribute optimally the resources
between the processors. As such, the number of quantum resources needed to solve a
problem must be limited enough so that we can still exploit the quantum effects, and
the classical resources should be maximized as they offer speed and reliability.

The second main bottleneck is the training part. The objective function landscapes
of VQAs are highly non-convex, which makes the algorithms very hard to train. This
implies that multiple local minima exist where the classical optimizer may falsely converge,
returning solutions that are far from optimal. As pointed out in [37, 38], the loss landscapes
in shallow-depth VQAs, such as those utilized in this thesis, are filled with a vast amount
of local minima, which makes them untrainable. This implies that if the parameterized
quantum circuit is initialized in a configuration near a far-from-optimal local minimum,

the algorithm will most likely return a bad approximation of the target solution.
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Finally, the third main bottleneck arises with the choice of the ansatz family. Finding a
parameterized family of gates that contain the ground state of interest is hard, a problem
which is usually referred to as ansatz expressivity and people have introduced many ways
to quantify it [39-41]. To add to the aforementioned problems, highly expressive ansatz
families that span a large fraction of the total Hilbert space are hard to train. Specifically,
initializing the parameters at random in a highly expressive ansatz family leads to flat
energy landscapes, where identifying the descent direction requires exponentially many
quantum resources; these flat valleys are named barren plateauz [21, 42-45].

Previously, people have tried to tackle some of the bottlenecks above using several
different approaches. For example, to address the barren plateaux problem, researchers
have designed parameterized architectures [46-51] that do not exhibit flat landscapes due
to either correlations between parameters, clever initializations or due to the structure of
the ansatz. Additionally, to address the bad convergence due to local minima, people have
utilized information-theoretic classical optimization algorithms [31], employed neural
networks [52] or used multi-start methods [53].

Other than that, people have developed additional hybrid frameworks with low-depth
quantum circuit requirements that are suited for the NISQ era. Examples are frameworks
that require measuring the generated quantum state at random [54]. Previous works have
utilized these frameworks to calculate quantities such as the Rényi entropy experimentally
[55, 56], to identify mixed-state entanglement [57] and to estimate the overlap of two
quantum states [55, 58]. On top of that, they have been utilized to calculate certain
observables of a quantum state [59], as quantum states typically carry more information.

In this thesis, we aim to advance the hybrid quantum/classical computing field and
improve the existing algorithms. Our goal is to bring near-term quantum computing a

step closer to a practical quantum advantage.

In this thesis, we aim to tackle each one of the three bottlenecks described above. Our

contributions can be summarized as follows:

In Chapter 3, we aim to solve the first bottleneck described above. We introduce
an information-theoretic optimization algorithm, called random natural gradient (RNG)
that is suited for VQAs and draws a connection to the quantum natural gradient
(QNG) [30] (and subsequently to the quantum imaginary-time evolution) but requires
quadratically less quantum resources and achieves significant speedup over other classical

optimization algorithms. In the same chapter, we analyze how different measurements on
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parameterized quantum states approximate the underlying parameterized state-space
geometry. Additionally, we introduce conditions under which preconditioning the gradient
of the loss function with an information matrix will result in a decrease in the energy.
Moreover, we provide estimators of the quantum Fisher information based on random
measurements and show that under the extreme condition where one random measurement
is used, the approximation leads to the random natural gradient. Finally, we introduce a
novel approximation to the QNG, which we call stochastic-coordinate quantum natural
gradient that utilizes only a small (randomly sampled) fraction of the total parameters
of the ansatz family and benchmark it against the QNG. All optimization methods are
benchmarked on the MaxCut, Number Partitioning and the Transverse-field Ising Chain
model. The content of this chapter has appeared in [13, 60)]

Next, in Chapter 4, we aim to solve the bad convergence bottleneck due to multiple
local minima. We introduce an evolving objective function that starts with the conditional
value at risk (CVaR) defined in [61] and gradually, in the optimization process, becomes
the full energy of the quantum state. Alternative forms of this ascending-CVaR, objective
function are considered, and linear and sigmoid functions (that appear to perform better)
are selected. We test our proposal with classical numerical simulations (using up to 20
qubits and a shot simulator), both in the settings of VQE with hardware-efficient ansatz
families and in QAOA. Our analysis was done on three different classical combinatorial
optimization problems, namely MaxCut, Number Partitioning, and Portfolio Optimization.
The content of this chapter has appeared in [62].

In chapter 5, we aim to address the barren plateauxr and bad initialization problem.
At first, we study how small perturbations of a Hamiltonian affect the optimization
landscape and how much the minima are shifted under these perturbations. This enables
us to follow the trajectory of a minimum in the cost landscape as a (parameterized)
Hamiltonian varies by solving a constrained linear system of equations. As such, we obtain
the ground state without having to rely on hyperparameters. Additionally, we formulate
an algorithm to find the best approximation of the ground state of a Hamiltonian within
a family of parameterized quantum states that (i) can be applied in an early fault-tolerant
device, (ii) is not sensitive to the initialization parameters, and (iii) requires fixed calls
to the quantum computer with theoretical guarantees on the performance. Moreover,
we quantify the quantum resources needed for our algorithm and show that finding
the minimum of the perturbed Hamiltonian can be cast as a semidefinite program.
Finally, we test our algorithm on small instances of both classical optimization problems

(MaxCut and Number Partitioning) and on “non-classical” Hamiltonians, which include
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non-diagonal terms, such as the random Transverse-Field Ising Chain. The content of

this chapter has appeared in [63].



Chapter 2
Preliminaries

In this section, we will outline all the necessary information about parameterized quantum
circuits, variational quantum algorithms, and all the mathematical problems (classical

and quantum) that will be used to benchmark our methods in the following chapters.

2.1 Parameterized Quantum Circuits

Consider a quantum circuit of n qubits composed of a series of parameterized and
non-parameterized gates. These parameterized quantum circuits (PQCs) can be described
by a unitary operator U(0) with 8 = (61,6,,...,6,,) € R™ (and m € O(poly(n))). The
type/number of gates is usually referred to as the ansatz family. If K is the total number

of gates of the PQC, then the ansatz family can be written in its more generic form as:

1

U®) = ] e (2.1)

k=K
where g, are the generators (hermitian operators g,i = gx) corresponding to every unitary
of the PQC. In most cases, only a small fraction of the total K parameters are tunable,
while the other K — m angles correspond to fixed non-parameterized gates, usually two-
qubit gates introducing entanglement, e.g. controlled-NOT or controlled-Z operations.
These types of ansatz families describe most of the PQCs that appear in the literature,
such as the hardware-efficient ansatz [64], the quantum alternate operator ansatz [65],
the quantum optimal control ansatz [61] or the unitary coupled cluster ansatz [66].
The parameterized quantum circuit acts on a reference state |¢) usually chosen to be
the |0) = [0)®" state and generates the parameterized quantum state [1(0)) = U(8) |0).

As we will discuss later, the classical subroutines in VQAs require knowing the expectation

7
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value of a Hamiltonian and its first and high-order derivatives with respect to different
quantum states. The expectation value of the Hamiltonian with respect to a parameterized

quantum state |¢(0)) = U(0) |0) is:
F(6) = (0|UY(0)HU(8) |0) (2.2)

Additionally, there are methods to calculate the first and high-order derivatives for
any observable O with OT = O (and thus for any Hamiltonian H). These methods are
called parameter-shift rules. The parameter-shift rules [67-70] state that derivatives of
the expectation value of an observable O (denoted as (O(8))) can be calculated as a
linear combination of the expectation values of the observable at two different parameter

settings:
0(0(8))
00,

where +r are the eigenvalues of the generator g; ! (see Eq. (2.1)) corresponding to the

=7 [0+ 1)) = (0(6 - ~&;) (2.3)

gate of the parameter ¢; and é&; is the unit vector pointing in the j-th direction. For the

case where the observable is the Hamiltonian, the equation can be written as:

[l gre) - r(o-5a) o

In this thesis, we will also be interested in the second-order derivatives of the expec-
tation value (i.e. the Hessian). The matrix elements of the Hessian can be calculated

as:

gzefa(g: =12 [F(0+ (& +é0) —F (0+ (& — &) 25
~F (0 + %(—éj + ék)) + F (0 - %(éj + ék)) ]

2.2 Variational Quantum Algorithms

As we discussed in the introduction section, variational quantum algorithms refer to
a class of hybrid quantum/classical algorithms where a quantum computer works in
parallel with a classical computer employed with a classical optimization algorithm. This
framework offers practicality in a NISQ setting but lacks generic theoretical guarantees
about its performance. The general VQA framework is illustrated in Figure 2.1

At first, the user is presented with a mathematical problem that is mapped into an

interacting qubit Hamiltonian H consisting of L = O(poly(n)) Pauli strings, where n is

!There are also general parameter-shift rules, see [69].
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Variational Quantum Algorithm Framework

™

( Input Quantum Circuit

Ansatz Family U(8) = V(0rr)--- V(01)

)" V()

Vi) - = VIu)

Initial Parameters 6q

\. J

S

Output
Optimal Parameters 6™

Ground State Approximation [¢(6%))

[e* = arg min (12(6)| He \'ww»J

A J

Classical Optimization Algorithm

Figure 2.1: General Variational Quantum Algorithm framework. In the first step, the
parameterized family of gates and the initial parameters are chosen. Then, the classical
optimization algorithm iteratively updates the parameters towards the direction of the
ground state energy. When the classical optimizer converges to a minimum, the algorithm
stops, and an approximation of the ground state is given at the output.

the number of qubits. The Hamiltonian is chosen such that its ground state corresponds
to the solution of the mathematical problem of interest. The most general way to express

this Hamiltonian is: .

He = ZCle (2.6)

i=1
where ¢; € R is the real coefficient corresponding to Pauli string F,.

Next, the user employs a parameterized quantum circuit as discussed in Sec. 2.1 so that
the ground state (or at least a good approximation to it that cannot be found efficiently
by a classical computer) is contained within the ansatz. The quantum computer then
iteratively generates and measures (on an appropriate basis) the parameterized quantum
state so that the classical computer can post-process the measurement outcomes.

The classical computer works in parallel with the quantum computer. The user selects
a classical optimization algorithm and an objective function £(0) (loss function) so that
its minimum corresponds to the solution of the mathematical problem of interest. The
most usual choice for the loss function is the expectation value of the Hamiltonian, i.e.
L(0) = F(0). In other words, the goal is to find the optimal angles 8* such that:

0" = arg m&nﬁ(@) (2.7)

As we will show in Chapter 4, different objective functions lead to improved performance
(61, 62, 71]. When the classical optimization algorithm has converged, the VQA terminates

and outputs both the optimal solution of the problem as well as the quantum state
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corresponding to the solution:

¥(67)) , £(67)

2.2.1 Variational Quantum Eigensolver

One of the most used hybrid quantum/classical algorithms in the NISQ era is the Varia-
tional Quantum Eigensolver (VQE) [72]. This algorithm employs either hardware-efficient
parameterized quantum circuits (usually native to the available quantum hardware) as
seen in Figure 2.2 or other types of parameterized architectures such as the Hamiltonian

Variational Ansatz (HVA) [51, 73] or the quantum optimal-control ansatz [74] to name a

few.
SINGLE LAYER L S _Il_\I_G_L_E: _L_A_\{l?f_{ ______________ _
1 Z | Ry(62)

Figure 2.2: Six-qubit examples of hardware-efficient parameterized quantum circuits
(with nearest-neighbours interaction) used in our experiments. The filled blue square
corresponds to a single layer. Similar quantum circuits were used with an all-to-all
connectivity.

VQE was originally designed to prepare ground states of molecular systems, but it can
also be used to tackle optimization problems [75]. Since it is a type of variational quantum
algorithm, the main idea is to map the mathematical problem into an interacting qubit
Hamiltonian whose ground state corresponds to the solution of the problem at hand.

The hardware-efficient ansatz families used in VQE fall in the more general category
of problem-agnostic ansatz families, meaning that the structure of the ansatz carries no
information about the problem itself. Other problems use different ansatz families like
the Unitary Coupled Cluster [76], the quantum optimal-control inspired ansatz [74] or
the Hamiltonian variational ansatz [73].

The main problem with the hardware-efficient parameterized quantum circuits seen
in Figure 2.2 is that as their size increases and the parameters are initialized at random,

they become approximate 2-designs [77]. As such, the variance and mean of the partial

10
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0) —{ 1} — )= — =)
|(..)> - — Uc(m1) P Bz(51) b— = Uclv)  B2(5p)
—

0y — 7 4 L { R (By) — - — - R.(5,)

Figure 2.3: General framework of a p-layer QAOA consisting of 2p variational angles.

derivatives of the expectation value vanish exponentially fast (with the system size),
meaning that exponentially many repetitions are needed so that the user can accurately

predict the descent direction.

2.2.2 Quantum Approximate Optimization Algorithm

The Quantum Approzimate Optimization Algorithm (QAOA) [78] is a variational quantum
algorithm mostly used for combinatorial optimization problems (see Sec. 2.3). There has
been a lot of research on its performance in shallow depths [79-82], which matches that
of classical solvers for certain problems [83]. However, its actual limits in intermediate
depths are still unknown.

The QAOA algorithm applies an alternation of two unitary transformations, one
encoding the cost function He (i.e. the Hamiltonian of interest), U(Hg) = e~"H¢ | and the
other a mixer Hamiltonian Hp = > 0¥, U(Hp) = e 15 where v and 3 are variational
angles specifying the “time” for which the unitary transformations are applied. The
system is initialized at the ground state of Hp, and the alternating ansatz of U(Hp)
U(Hc) is applied p-times, with p defining the number of layers of the algorithm (see
Figure 2.3), producing the state:

|ﬁ7 7) — e—iﬁpHBe—i’YpHC o e_zﬂlHBe_i’YlHC |_|_> (28)

where |+) is the uniform superposition state, ¥ = (71 ...,7,) and 8 = (f1 ..., (). QAOA
has also been generalized for different choices of unitaries in [65].

With sufficient repetitions of the algorithm, the expectation value is calculated as:

Fy(B.v) = (B, He |B:7) (2.9)

11
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until the 2p optimal parameters (8*,~*) are found. If C,; is the optimal cost function,

then the target of the algorithm is to maximize the approximation ratio, defined as:

Oopt

As we already discussed, finding the optimal parameters is far from trivial since the
loss function landscape is highly non-convex, filled with local minima where a classical
optimizer could easily get stuck. The hardest part of QAOA, and in general of a variational
quantum algorithm, is finding the optimal parameters that will lead to a high overlap
with the optimal (or near-optimal) bit-string or low expectation value. Ways to avoid
“getting stuck” in local minima is using multi-start methods [53], clever initializations
[84, 85] or the Ascending-CVaR objective function that we describe in Chapter 4.

2.3 Combinatorial Optimization Problems

In this thesis, we will investigate problems with discrete but exponentially many possible
solutions, namely combinatorial optimization problems [86]. These are all important
problems in their own right, so improving the performance of hybrid quantum/classical
algorithms in these problems is of independent interest. Moreover, testing our propos-
als on different types of combinatorial optimization problems demonstrates that the
improvements observed are generic and motivate further use for different applications.
Initially, we map any combinatorial optimization problem to a Quadratic Uncon-
strained Binary Optimization (QUBO) problem. This is what we will do for all our
examples. This is a necessary step in the case of QAOA but not in the case of VQE,
where we can solve an optimization problem without mapping it to QUBO. QUBO

problems seek to solve (find the & € {0,1}" that minimizes the expression):
min (b"x + " Az) (2.11)

where b € R" and A € R™ ™. These cost functions can easily be mapped to an Ising
Hamiltonian [87] by first transforming the binary variables z; € {0, 1} according to:

1—21'
xTr; =
2

where z; € {—1,+1} are spin variables, and then turning the cost function to a Hamil-

(2.12)

tonian by promoting these variables to Pauli o} operators, one for each qubit i. The
QUBO problem then transforms to

minc’ z + 27 Qz (2.13)

12
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where the new ¢ € R” and () € R™*" are easily computable.
Then, by replacing the spin variable z; with the Pauli o7 operator with corresponding
eigenvalues {—1,+1}, the problem translates into finding the ground state, i.e. the spin

configuration of an n-qubit system interacting with the Hamiltonian:
n n
H=Y co]+) Qyoio; (2.14)
i=1 i=1

2.3.1 MaxCut Problem

The first problem is MaxCut. It is one of the most studied combinatorial problems in
the context of variational quantum algorithms due to the simplicity and guaranteed
performance, at least for some instances [78, 79, 81, 88, 89].

Let G(V, E) be a non-directed n-vertex graph, where V' is the set of vertices, E is
the set of edges, and w;; are the weights of the edges. A cut is defined as a bipartion of
the set V' into two disjoint subsets P, Q, i.e. PUQ =V and PN Q = . Equivalently, we
label every vertex with either 0 or 1, where it is understood that the vertex belongs to
set P if it takes the value 0 and to set ) if it takes the value 1. The aim is to maximize

the following cost function:

ij=1
This intuitively corresponds to finding a partition of the vertices into two disjoint sets
that “cuts” the maximum number of edges. By applying the transformation, Eq. (2.12),

the cost function transforms into:

Clz)=Y wQJ (1— 2z;) (2.16)

(i,J)eE

Maximizing the cost function above corresponds to finding the ground state of the

Hamiltonian?:

Hyo =~ Y =L (1-0i0)) (2.17)

(i,5)€E
It is known that it is NP-hard to achieve an approximation ratio (see Eq. (2.10)) of

r* > % for MaxCut on all graphs [90]. The best classical approximation algorithm is

2Note the overall minus sign that turns the maximization of the cost function to finding the minimum
energy for the Hamiltonian.

13
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that of Goemans and Williamson (GW) [91], which uses semi-definite programming to
achieve an approximation ratio r* ~ 0.87856 for all graphs. Note that being NP-hard
implies that we do not expect to have an efficient quantum algorithm (poly-time) to
solve the problem for its hardest instances®, but we may be able to get improvements
using quantum algorithms (either by smaller speed-ups or by heuristics that could solve
more instances than classical heuristics).

Although it was proven that constant-depth QAOA does not outperform GW for
certain classes of problems [92], there are instances where the approximation ratio of
the former is larger than the latter [88]. Note here that QAOA beats random guessing
even at p = 1 [78], while Machine Learning techniques have been used to classify for
which graph types it is better to use QAOA instead of GW [93]. In general, however, the
performance of QAOA in intermediate depths is still unexplored.

2.3.2 Number Partitioning

The second problem is Number Partitioning and is stated as follows. Given a set of NV
positive integers S = {ny, na, ..., nx}, the target is to find a bipartion of the set S into
two disjoint subsets P, @, where PUQ = S and PN Q = () so that the difference between
the sum of the elements on the set P and the set () is minimized. We thus want to

minimize the cost function:

C(x) = <Z(2xi - 1)ni> (2.18)

i=1
The binary string @ = zyx5 ... x, corresponds to one configuration where a number
n; is placed in the P set (z; = 0) or in the @ set (x; = 1). The cost function can easily

be mapped to the Ising Hamiltonian [87]:

N 2
Hyp = (Z Uf”i) (2.19)
i=1

By expanding the cost function Eq. (2.19), the Hamiltonian can be expressed as:

N
Hyp =Y (nnj)oio; + Y nl (2:20)
i#j i=1
If we neglect the constant term, we can see that the Number Partitioning problem can

be easily mapped to the Sherrington-Kirkpatrick model, which is an energy minimization

problem with all-to-all random couplings that was recently analyzed on [94].

3NP is strongly believed not to be included in BQP
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Although the problem is known to be NP-Hard, it is also known as the “easiest
hard problem”. That is because there exists a “hard-easy” phase transition [95] where
instances of the easy phase can be efficiently tackled using heuristics [96]. Interestingly, it

appears that one may be able to tackle some of the instances in the “hard phase” using
VQAs.

2.3.3 Portfolio Optimization

The third problem is Portfolio Optimization [97, 98] and is stated as follows. Given a
set of n assets {0, --- ,n}, corresponding expected returns p; and covariances ¥;;, a risk
factor ¢ > 0 and a budget B € {1,...,n}, the considered portfolio optimization problem
tries to find a subset of assets P C {1,...,n} with |P| = B such that the resulting
g-weighted-mean-variance, i.e. Y .. p ft; — qzi,jEP >ij, is maximized. In other words, we

want to maximize the cost function:

Z Wi — q Z DI A (2.21)

3,j=1

i v =B (2.22)
=1

The portfolio vector x € {0,1}", consisting of n binary decision variables, indicates

along with the constraint

whether an asset is picked (x; = 1) or not (z; = 0). The constraint in (2.22) is translated
as an extra penalty term in the Hamiltonian (3., x; — B)%
The problem is known to be NP-complete [99]. We apply the transformation, Eq.

(2.12), so the cost function transforms into:

— Z zzz] + Z (Z 425z N%)

1,j=1
3 (- )
which, along with the extra penalty term, corresponds to minimizing the Hamiltonian:

HPO _ Z qzzy Zz ]z_ Z (Z QEZ]U /~Lz >

£ £7) )
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Portfolio optimization, as given in Eq. (2.21), has been tackled using variational
quantum algorithms [100], using warm-starting QAOA [101] and on D-wave systems
using quantum annealing [102]. Prior to our work, [103] developed a quantum-walk-
based optimization algorithm and [104] considered a more general setting of portfolio
optimization, called dynamic portfolio optimization, where one has to allocate weights to

a number of assets in a period of time in order to maximize the overall return.

2.4 Quantum many-body problems

Other than classical combinatorial optimization problems, we will also investigate quan-
tum many-body problems. These problems correspond to spin-systems that interact with
Hamiltonians with extra off-diagonal terms and have been used as benchmarks in the
VQA literature [17, 73, 105-107]. This type of Hamiltonians, compared to classical opti-
mization Hamiltonians, have eigenvectors that do not correspond to the computational
basis vectors.

The Transverse-Field Ising Chain (TFIC) describes a quantum system that interacts
under a Hamiltonian with extra off-diagonal terms. The Hamiltonian describing the

TFIC model (with periodic boundary conditions) is:

n

Hrpp = — Z Jyopop 1 —h Z o (2.25)
k=1 k=1

where (Ji, h) are coupling coefficients. Other than the TFIC, we will also look at the
Heisenberg model. The following Hamiltonian describes the 1D XXX Heisenberg model:

n—1 n
Hyxx = JZ (Gi‘taz‘xﬂ +ojol, + Uf"z‘zﬂ) + hz 7, (2.26)
=1 i=1
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Random Natural Gradient

3.1 Introduction

In order to make a hybrid quantum/classical framework practical (and thus useful),
certain conditions must be met. At first, we need to distinguish the classical from the
quantum resources required to solve a problem. For the parameterized quantum circuits
of thousands of parameters and their corresponding matrices (e.g., Hessian or information
matrices), classical computers are powerful enough to perform standard linear algebra
calculations with perfect accuracy. On the other hand, quantum computers are still
imperfect, with slow compilation times. As such, the number of quantum resources
required to solve a problem must be limited enough so that we still exploit the quantum

effects, and the classical resources must be maximized as they offer speed and reliability.

In the past few years, a lot of interest has been focused on all subsequent parts of
VQAs. People have utilized both gradient-based methods that exploit parameter-shift
rules [67-69] or gradient-free methods [108, 109] that treat the quantum circuit as a black
box. On the other hand, [27] proposed that one should construct a quadratic model of the
loss landscape by performing measurements on the quantum computer and then minimize
this quadratic approximation on the classical computer, reducing the overall quantum
resources. Additionally, [110, 111] argued on whether we can construct algorithms that
will allow VQAs to be trained as efficiently as classical neural networks by reducing the
quantum overhead required for the gradient calculation. In this chapter, we focus on the
classical optimization part and especially on the information that the classical computer

receives in order to update the parameters of the quantum circuit.

17
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In [30], the authors generalized the idea of the natural gradient [112] in the quantum
setting and introduced a novel classical optimization algorithm that takes into considera-
tion how small changes in the parameter space affect the generated quantum states; the
algorithm was named quantum natural gradient (QNG). However, such updates require
the calculation of the quantum Fisher information matrix (QFIM) [32] at each step,
which in general is computationally expensive to calculate, and thus, using it in VQAs
becomes impractical. The QNG has also been further extended in the case of noisy and

nonunitary circuits [113].

The QNG algorithm is also related to the quantum imaginary-time evolution (QITE)
(12, 30]. QITE [114] is a promising tool to prepare thermal or ground states of Hamiltoni-
ans, as convergence is guaranteed when the imaginary-evolved state has a non-zero overlap
with the ground state [13]. As we will show, a user can employ a parameterized quantum
circuit and dynamically change the parameters of the circuit so that the generated state

follows the imaginary time evolution, a method called VarQITE [12].

In this chapter, we give two new optimization methods, improving on efficiency over
the QNG optimizer. We first introduce a method called random natural gradient. As we
will show, preparing a quantum state and measuring it on a random basis (by applying
a random unitary and measuring it on the computational basis) offers a significant
speedup in a VQA optimization framework. Random measurements have previously
been used to construct classical shadows of quantum states [54, 59, 115], to extend
the size of quantum computation beyond the physical qubits of a device [116] or to
measure properties of quantum mechanical systems [55, 56]. Moreover, they have also
been used to discriminate two quantum states [117]. Then, we provide two estimators
of the quantum Fisher information matrix (that is used in QNG) and show how our
method is related to the quantum imaginary-time evolution. Finally, inspired by classical
coordinate-descent methods [118-120], we propose an approximation to the quantum
natural gradient that requires only a fraction of the total resources at every iteration

that we call stochastic-coordinate quantum natural gradient.

Our Contributions:

e We introduce a novel optimization technique, which we call random natural gradient

that is quadratically faster (in terms of quantum state preparations) than the quan-
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Figure 3.1: General random-measurement framework rotating the parameterized quantum
state by a unitary V ~ v where v C U(2") and then measuring in the computational
basis.

tum natural gradient and achieves significant speedup over classical optimization

algorithms used.

e We analyze how different measurements on parameterized quantum states can

approximate the underlying geometry in the state space.

e We introduce two estimators of the quantum Fisher information matrix based on

random measurements.

e We introduce conditions under which preconditioning the gradient of the loss with

an information matrix will result in a descent direction.

e We introduce a novel approximation to the quantum natural gradient called
stochastic-coordinate quantum natural gradient that utilizes only a portion of the
total parameters of the parameterized quantum circuit and benchmark it against

the quantum natural gradient.

3.1.1 Distance of Probability Distributions

As we discussed in Sec. 2.2 the quantum computer prepares a parameterized quantum
state [1(0)) = U(0) |0). Once the state has been prepared, a measurement basis is chosen,
and the system of qubits is measured. The measurement basis can be changed by first
applying a unitary matrix V' and then performing projective measurements on each qubit

(see Figure 3.1).

Once the measurement basis is selected, the system of qubits is prepared and measured

a constant number of times with respect to a measurement basis M, where, in our case,
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the basis is determined by the unitary V. The probability p! of each outcome s € {0, 1}"
is given as:

py = Tr(Vp(6)V'IL) (3.1)

where II; = |s)(s| is the projection operator on the s-th eigenspace and p(6) =
|1(0))1(0)|. As a result, a different choice of basis M gives rise to a different probability
distribution pa(8) = {pY (0)} with pr(0) 3= 0, ||[pam(0)]|, = 1. The number of different
probability outcomes for a n-qubit state is upper bounded by 2" and depends on the
measurement basis M. However, if a quantum state is measured only K times (with
K < 2") then this number is bounded by K. For now, we will assume that the number
of different measurement outcomes is K and so pr(0) € AX~! where AKX~ is the

probability simplex of dimension K — 1.

It will be very useful to introduce a measure that quantifies distances in the space
of probability distributions. Let w,v € A®~! with |Ju||, = ||v||; = 1 be two probability
distributions. The (Kullback-Leibler) KL-divergence (or else the relative entropy) is
defined as:

K
KL(ullv) = > u;log % (3.2)
j=1 J

The KL-divergence is not a metric since it is not symmetric under the interchange of
and v but satisfies all the properties of a monotonic distance measure. Specifically, the
KL-divergence satisfies [121]:

e KL(u|lv) =0 = u=w.
e KL(ullv) >0 for all u,v € AF~L.

o KL(T(u)||T(v)) < KL(ul|v) for every stochastic map 7. !

3.1.1.1 Classical Fisher Information Matrix

In our analysis below, we will assume that the measurement basis M is fixed. Thus, the
resulting probability distribution will only depend on the choice of parameters 6. Let
pm(0) be the probability distribution after measuring the state |¢(0)) and pa (60 + €)
be the probability distribution after measuring the state [1)(0 + €)). If the shift vector €

1A stochastic map T is defined as the map between probability distributions. Stochastic maps
preserve or reduce the amount of information available to distinguish the distributions.
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is small, we can Taylor expand the KL-divergence as:

KL(pai(0)|[pat(0 + €)) = KL(pat(0)|[pae(0)) + Z OKL(pm( ygl??/w(@ +e€) B
EPILCE = pM(aefQZ“(g )| o) =

KL (0)llpu(8 + ) ~ S [FE()]e = o el
(3.3)
where the first term in Eq. (3.3) is zero since KL(pr(0)||pam(€)) = 0 and the second
term is also zero since it corresponds to a minimum?. We also neglected the third-order
terms in the last line. We can show that, for the choice of KL-divergence as a distance

measure, the elements of the CFIM can be calculated as:

\% \%
FE O = Y i (3.4

For completeness, we have added the CFIM derivation in Appendix A.1, but one can

also find it in [32]. It is also worth noting that if a different distance measure was chosen,
then it would always return a constant multiple of the CFIM as long as the choice of the

distance measure is monotonic [122].

3.1.1.2 Measuring the Classical Fisher Information Matrix

Consider the parameterized shift rules discussed in Sec. 2.1 and also consider the observ-
able O = II; = |s)(s|. Then, the CFIM elements, given by Eq. (3.4), can be calculated

as:

S

[Feliy = ; v (0) [ s (0 + Eéi) —ps (0 — Eéi)] (35)

™ . T .
X |pY(0+1-6;) = pl (0 — 1-¢))]

We can see that the elements of the CFIM can be expressed as products of first-order
derivatives. As such, we can introduce Corollary 3.1 that quantifies the classical and

quantum resources needed for the calculation of the CFIM.

Corollary 3.1. Consider a parameterized quantum circuit consisting of m parameter-
ized quantum gates. Any classical Fisher information matriz (CFIM) requires Og(m)
different quantum state preparations and Oc(m?) classical resources to post-process the

measurements and store the matriz.

2The KL-divergence is non-negative in general, and zero at € = 0.
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As we discuss later, this results in the CFIM requiring quadratically less quantum
resources than the QFIM.

3.1.2 Distance of pure density operators

Just as we defined a measure of distance in the space of probability distributions, we
could also measure distances in the space of density operators. In this thesis, we focus

only on pure quantum states (tr p® = 1).

As we discussed for the classical case, there is a unique underlying metric in the
space of probability distributions independent of the choice of distance measure. Different
distance measures will always yield a constant multiple of the CFIM. However, this is not
true in the quantum case as Petz [123] proved that there exist infinitely many metrics. If
we restrict ourselves to the space of pure quantum states there is a unique underlying
metric, independent of the choice of the distance measure [30]. As a distance measure, we

choose the infidelity between pure quantum states which for two quantum states |1)(0)),
|1(0 + €))) is defined as:

dr([1(0)) (0 +€))) = 1 — | (1(0)[(6 + €)) | (3.6)

3.1.2.1 Quantum Fisher Information Matrix

Let |¢(0)) and [1)(0 + €)) be two parameterized quantum states. If the shift vector € is

small, then we can Taylor expand the infidelity as:

Ar(6(6)19(6 + ) = d((6) [p(6)) + Y. o HILODILE L )
LI 3, (0(0)) . 00 + o) 3 _
2259 o, _ +Oely
where if we neglect third order terms we can write
ds(|0(0)), (6 + €))) ~ %Tm;(o)]e = iueug (3.7)

where similarly to the classical relative entropy the first two terms vanish because
de(|1(0)) , |1(0))) corresponds to a minimum with a value equal to zero. The matrix
Fo(0) is called the quantum Fisher information matriz (QFIM) and acts as a metric in

the space of quantum states giving information about the geometry of states near the
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vicinity of the state [¢/(0)). The matrix elements of the QFIM are calculated to be the
real part of the Fubini-Study metric (see [30, 32]):
0 (4(0)[0]4(0)) _ 0{(¥(6) 91¢(6))

Fol®)); =4 he| HERNZLTED SO0 o)) ooy | 6

Intuitively, the QFIM acts as a metric in the space of quantum states. It provides
a description of the geometry of the underlying state, giving information on how the
parameterized quantum state changes if we vary a given parameter. Large eigenvalues
of the QFIM will result in significant changes in the quantum state (with respect to a
distance measure) even for small variations towards the direction of the corresponding
eigenvector. On the other hand, zero eigenvalues will correspond to singularities, i.e.
points in the space of parameters where changes will have no effect on the underlying

quantum state [34].

3.1.2.2 Measuring the Quantum Fisher Information Matrix

So far in the literature, there has been extensive research on how to calculate the elements
of QFIM given by Eq. (3.8). In [67] explained how to use parameter-shift rules to calculate
QFIM while [70] introduced stochastic parameter-shift rules. On the other hand, [34]
proposed an alternative way with Hadamard-overlap using an extra ancilla qubit. Overall,
the quantum and classical resources needed for the calculation of the QFIM are stated in
Corollary 3.2.

Corollary 3.2. Consider a parameterized quantum circuit, consisting of m parameterized
quantum gates. The quantum Fisher information matriz at any parameter configuration
0 requires Og(m?) different quantum state preparations and Oc(m?) classical resources

to post-process the measurement and store the matrizx.

3.1.3 Quantum Natural Gradient

The Quantum Natural Gradient (QNG) [30] is an optimization algorithm suited for
variational quantum algorithms. Instead of updating the parameters in the direction
of the negative gradient (of the loss function), the algorithm considers the changes
happening in the space of parameterized quantum states. Specifically, at each iteration,

the parameters are changed according to the update rule:
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where Fq(0g)" is the Moore-Penrose inverse (pseudoinverse) ® of the quantum Fisher
information matriz (QFIM). Intuitively, QNG performs large steps in the directions
where the state changes by a small amount and takes smaller steps in the directions
where the state changes by a large amount. Although the simulated experiments in [30]
showed that the convergence speed (in terms of optimization iterations) is improved
significantly compared to first-order local optimizers, the bottleneck is that it requires
Og(m?) state preparations at each iteration which results in a big drawback for near
term devices. This has the immediate implication that the quantum resources needed to
implement the algorithm are quite large, limiting its actual practicality. We will discuss

that thoroughly in the next sections.

3.1.3.1 Steepest Descent

At this point, it would be fruitful to provide a more geometric explanation behind the
update rule (3.9) of QNG and its approximation through the update rule of Eq. (3.37).
Consider the first-order Taylor expansion of loss function £(8) at the point 6 + v:

L(O+v) =~ L(O)+VLO) v (3.10)

Steepest descent [124] aims to find a direction v such that the directional derivative
becomes as small as possible. Since V£(0)?v is linear in v, it can be made as small as

we desire. So to make the question sensible, we define the normalized steepest descent as:

ABO,q = arg IHIHHH {(VL(O) v} (3.11)

v:||v||=1
where ||| can be any vector norm. For example, choosing ||-|| = ||-||, (the lo-norm) the
steepest descent becomes gradient descent or choosing ||-|| = ||-||; (the l;-norm) becomes
coordinate descent [124]. We are interested in the case where |[|-|| is chosen to be ||-|| 5,

where P = 0 describes the intrinsic geometry in the parameterized space (or at least
an approximation of it). Notice that the underlying geometry of the parameters of a
parameterized quantum circuit is not Fuclidean, but follows a Riemannian structure.
That is, the distance between vectors @ and 0 + 90 is:

(6,0 + 06)* = 66G(0)30 = [|56]Z, 4, (3.12)

where G(0) is the Riemannian metric. Since parameterized quantum circuits generate
parameterized quantum states [1)(0)), the actual geometry of the parameters is char-

acterized by changes happening in the quantum state. As a result, the corresponding

3The pseudoinverse of a matrix A corresponds to the inverse of A that is defined on the space
orthogonal to the kernel.
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metric that describes the geometry of the parameters at a point 6 is the QFIM, i.e.
G(0) = Fq(0).

Lemma 3.1. Consider a parameterized quantum circuit parameterized by a vector @ that

generates a quantum state |1(0)). The normalized steepest descent direction of the loss

function L(0) is:

- Hf;”(e)vc(e)“ (3:19)

where Fq(0) is the QFIM at point 0

2

Proof. In the case of a parameterized quantum circuit, the local geometry of the pa-
rameterized space is described by the QFIM. As such, distances (near a point 6) are
measured with respect to the ||-||p, with P = F(6). Then, the normalized steepest
descent direction is given by:
Al = arg ‘l’IHlin {(VL(O) v} (3.14)
v:||v ]_-Q:I
We can make use of the substitution u = }"(012/ *v. In this case, the constraint ||v| =1
is replaced by:
[0]lg, =1 = [luf, =1 (3.15)

As such, solving Eq. (3.14) is equivalent to:

Abq = arg min {VL(O)TF, " u} (3.16)

wif|ully=1

Thus, by solving Eq. (3.16) and making again the substitution v = ]-"élﬂu we find that

the steepest descent direction is:

|72 @)v o)

2

3.1.4 Quantum Imaginary-Time Evolution

In Quantum Mechanics, when a system is initialized in the quantum state |¢(0)) (at

time ¢ = 0) and its dynamics are described by a time-independent Hamiltonian H, it
iHt
,l.e.:

[6(1)) = e |6(0)) (3.17)

25

will evolve under the unitary e~
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Such an evolution can be simulated in a gate-based quantum computer by “trotterizing”

the unitary evolution e~*! into small time intervals dt.

If we allow the time to take imaginary values (7 = it,7 € R) then the operator e~ H7

is no longer unitary and the evolution is called quantum imaginary-time evolution. As
a first step, we will derive the mathematical equation that governs the imaginary-time

evolution. Consider the imaginary-time evolved state |¢(7)):

[6(7)) = A(r)e "7 [$(0)) (3.18)

where:

1
A(T) = 3.19
7 (\/(¢(0)|6‘2HT|¢(0)>) (319)

is a normalization factors so that (¢(7)|¢(7)) = 1. The evolution under the imaginary-
time evolution is governed by the Wick-Schrodinger equation. To see this, we take the

time derivative:

N0 _ 0 (ampe 1ogo)) ) =
0A(T) _y, e HT
2 =17 o)) + Al 25 o 0)

Computing the derivative in the first term, we obtain:

DA(r) D 1 e
o _&<Wwwe%W@) A} B (8.20)

where E, = (¢(7)| H |¢(7)). Thus, putting everything back together we obtain the
Wick-Schrodinger equation:

0D _ (s, — ) o) (321

As we discussed, imaginary-time evolution is a very interesting tool that allows the
preparation of thermal states [114, 125, 126] or ground states [12, 17, 127]. The necessary
condition is that the initial state is prepared with a non-zero overlap with the ground state
of the Hamiltonian of interest. To see this, consider a Hamiltonian H (with non-negative
spectrum) and an initial state |¢(0)) that has a non-zero overlap with the ground state

|0). We can write the initial state in the energy eigenbasis as:

[6(0)) = a0 |do) + > _ a;|¢;) (3.22)
Jj#0
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where |¢g) is the ground state. Evolving the state according to the quantum imaginary-

time evolution will result in the quantum state:

6(7)) = A(7) [aoe ™" |o) + D aze™ "7 |6;) |
J7#0

= A(r)[a0e ™57 |60} + 3 ae 77 |6) |
J#0

(3.23)

As a result, in the limit of 7 — oo the system reaches the ground state because the terms

corresponding to higher energies (i.e. e=%7) go faster to zero.

In our case, we are equipped with a small-scale (and perhaps noisy) quantum computer
and we aim to approximate the exact imaginary-time evolution described by the states
|o(7)) by a family of parameterized state |1)(0(7)) [12] which approximate the former
states as much as possible. In other words, we aim to find the parameter dynamics 6(7)
so that the parameterized state approximates the imaginary-time evolution. Starting

from McLachlan’s variational principle:
ol[(d/dr + H — E;) [(6(7))) ||, = 0 (3.24)

and introducing a time-dependent global phase in the calculation [128], we find (see

[12, 128] for details) that the parameters must satisfy:

Fo(0(1))0 = —2VoE.(0(7)) (3.25)

where F is the quantum Fisher information matrix defined in Eq. (3.8). As we previously
discussed, one of the major drawbacks is that the evaluation of Eq. (3.25) at a certain
point requires the preparation of O(m?) quantum states, scaling quadratically with the
number of parameters. As it is clear, updating the parameters according to Eq. (3.25)

for a sufficiently small time step is equivalent to the QNG update rule in Eq. (3.9).

3.2 Random Natural Gradient

In this section, we will outline our first main result, which is a novel optimization
algorithm called Random Natural Gradient (RNG). The update rule of RNG is given by
the formula:
011 =0 — n[Fy(Hk)FVﬁ(Ok) (3.26)
Random measurement M .
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where the random measurement M is performed by first applying a random unitary V' on
the parameterized state [1/(0})) and then measuring on the computational basis. We can
assume that this unitary is parameterized by a k = O(poly(n))-dimensional vector (i.e.,
it is comprised of a series of parameterized gates) ¢ = (¢1, @2, ..., ¢x). In our analysis,
we choose the random unitaries to be hardware-efficient parameterized quantum circuits
for which we uniformly sample the parameters of the parameterized gates. In other words,
our algorithm replaces the QFIM (Fg) in the QNG update rule in Eq. (3.9) by a random
CFIM (F2).

The intuition behind this update rule is relatively simple and is thoroughly explained
in the following sections. As we will explain, the optimization part in VQAs requires
an update rule that can be calculated efficiently for any hope of quantum advantage.
Additionally, the learning rate should carry some information about the underlying

parameterized state and how an infinitesimal change in a parameter would change it.

First of all, we can visualize measuring on a random basis and constructing the CFIM
as a way to approximate the QFIM. Similarly, the authors of [30] suggested that instead
of calculating the QFIM (as it would result in a tedious calculation), one could calculate
only block-diagonal elements. This strategy would require fewer quantum resources but
carries no physical intuition on why such an approximation would be valid, especially

when there are high correlations between elements of different blocks.

Finding the measurement basis that would result in the optimal step is not a task
that can be calculated efficiently. For that reason, one could draw a measurement basis
at random and then construct the CFIM on that basis. Our experiments showed that a
random CFIM has an increased rank (e.g. compared to measurements in Z-basis), and
as such, more directions can be explored during the optimization (see Figure 3.4). This
has the further implication that the classical optimization part may avoid local minima
as was explored in the QNG case in [31]. Similar findings were also found in [129], where

the noise may increase the rank of QFIM, so more directions can be explored.

From a practical perspective, the update rule in Eq. (3.26) can be calculated efficiently
(see Corollary 3.1) and, as we will show, improves the convergence dramatically. At each
time step, the quantum resources (the number of quantum state preparations) needed
are 2m for the gradient calculation and 2m + 1 for the calculation of the CFIM on a
random basis (see Eq. (3.5)) for a total of 4m + 1 quantum states. Then, the classical

computer post-processes the 2m + 1 random basis measurements and utilizes a classical
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memory of size m x m for the random CFIM. This update rule is iteratively applied with

a different measurement basis until convergence to a local (or a global) minimum occurs.

Furthermore, our method inherits the advantage that the depth of the quantum circuit
required to calculate the matrix elements of the random CFIM is less than that of the
QFIM. In RNG, the depth of the additional unitary that is required for the calculation
of the random CFIM is user-dependent and as we show in our experiments in Sec. 3.8,

the user can select shallow random quantum circuits and converge significantly faster
than QNG.

Specifically, as we discussed in Sec. 3.1.2.2, for the calculation of QFIM one requires
quantum circuits of depth twice the one needed to generate the parameterized quantum
state [¢)(@)). This imposes a bottleneck for parameterized quantum states that require
large depths. However, for RNG, the additional quantum circuit is user-specified and
depends on the architecture required for the random measurement. Our algorithm is

outlined in Algorithm 1.

Finally, we would like to stress how RNG avoids singularities in the parameter space
[130]. Consider a fixed measurement basis M. There are points in the parameters space
where a small displacement in the parameters may not result in any change in the
probabilities observed. This would result in a CFIM with degenerate zero eigenvalues. In
a practical scenario close to such a point, a natural gradient optimizer will make very
large steps, prohibiting it from convergence. However, by switching the basis we can
now avoid the singularities as for the new observables, the previous point may result in
completely different probability distributions, and as such the optimizer will continue

making small steps.

3.3 Local Optimization

In this section, we provide the motivation and theoretical intuition behind the update rule
of RNG in Eq. (3.26) and argue why such an update is desirable. Local optimization refers
to the technique of following a trajectory in a region of the loss landscape and converging
to a (possibly local) minimum. Consider the loss function to be the expectation value of

the energy of a parameterized quantum state:

£(0) = tr(p(6)H) (3.27)
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Algorithm 1: Random Natural Gradient

Input : Problem Hamiltonian H;
Ansatz family [(0)) = U(0) |0);
Total iterations K;

Loss function £(6);

Initial parameters @ = @g;
Learning rate 7;

for k=1,2,..., K do

Calculate derivatives ag{gf) Vie[M];

Shuffle a measurement basis M,
Calculate the Classical Fisher Information Matrix F2(6);
Update 0 as 8 = 0 — n[FL1(0)] TV L(O);

end

return 6

where H is the Hamiltonian of the problem. Vanilla Gradient Descent (GD) iteratively
updates the parameters @ by following the direction of the negative gradient. The update
rule is given by:

Ori1 =0, —nVL(Ok) (3.28)

where 77 > 0 is a tunable hyperparameter that is crucial for both the speed and convergence
of the algorithm. The biggest bottleneck in applying GD in a VQA setting is that a
small choice of n will require numerous quantum state preparations in the quantum
computer, especially in the region where VL£(0) — 0, while a large choice of n may result
in “missing” the minimum. In the former case, the quantum computer will require a
very large number of circuit repetitions to acquire the desired accuracy, but also multiple
and different quantum state preparations. A useful tool from the classical optimization

literature is the prozimal point method [131] where the update rule is given by:
Or+1 = prox, ,(0x) = arg main [£(0) + \q(6, 04)] (3.29)

where ¢(0, 0y) is a dissimilarity function that measures distance between the two vectors

0,0,.. When ¢ is chosen to be the squared Euclidean distance:
1
a(0,6x) = [0 — 61, (3:30)

then the proximal update becomes the ordinary GD given by the update rule in Eq.
(3.28) with 7 = A™!. In that case, the dissimilarity function acts as a penalty term that

prohibits big steps in the space of parameters.
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In [30] the authors claimed that the classical optimization algorithm should adapt the
updated parameters according to the changes happening in the state-space i.e. update @

according to:

) 1
0.1 = arg min L(0) + %HB - 0k||§_-Q (3.31)

where the term ||@ — 01@“3?@ = (0 — 6;)" F, (0 — 0)) penalizes large steps in the state-
space?. In this case, the update rule (3.29) is reformulated to the Quantum Natural
Gradient (QNG) where the parameters are iteratively changed according to the rule given
by Eq. (3.9).

At this point, we would like to state that the QNG update rule in Eq. (3.9) falls into
the more general category of preconditioning. In general, preconditioning the GD update

in Eq. (3.28) by a positive definite matrix A:

0k+1 - Ok - A_1V£(0k)

(3.32)
A>0

results in a descent direction. To see this, consider the Taylor expansion of the loss

function (3.27) around the current iterate 6y:
1
£(8) = L(6k) + VLOK)T (0 — 0x) + (6 — 6,)TH(O — 6x) + O(|6 — 6[)  (3.33)

where H is the Hessian at the point 6y and let the updated point be 8 — A™*V L(6y).
Keeping only the first-order terms (this would be valid for example if we are in a region
with small gradients or if we scale the matrix A by a small factor 7), then the loss

function is:

L0 — AV L)) = L(6)) — VL(6,) AV L(6,)

(3.34)
— L(6r, — ATV L(6)) < L(6)

since the second term in the first line is negative for A=* = 0. By keeping second-order
terms, the condition so that the preconditioner A points towards a descent direction

becomes °:

ATTHA™ <247 (3.35)

The above analysis can readily be formulated in the case where the preconditioner is a

positive semidefinite matrix, but the inverse is replaced by the Moore-Penrose inverse. In

“Here Fo acts a metric, stretching the vectors in the state-space accordingly.
®We write B < C' to denote the matrix B — C being negative definite.
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this case, we observe two things. The first is that moving towards a descent direction
is feasible when the matrix A~! is small (with respect to a matrix norm), which can
always be done by multiplying by a sufficiently small scalar n. However, choosing a
matrix that is computationally expensive to calculate and then scaling it by a small
factor n (see QNG update in Eq. (3.9) and Corollary 3.2) may prohibit any advantage of
using the preconditioner in the first place. On the other hand, condition (3.35) filters a
large amount of positive definite matrices that allow for a descent direction, but testing
the condition in an online setting is impractical since it requires the calculation of the

Hessian at every iterate.

We argue here that the preconditioner should carry information about the intrinsic
geometry of the parameters (just like in QNG) but at the same time, it should be
relatively fast to calculate. As we propose in Sec. 3.2, a clever way to feed information
about changes happening in the quantum state in a positive semidefinite matrix is to
use random measurements. This alternative allows for a fast calculation of a positive

semidefinite matrix, which is intrinsically meaningful and improves the convergence in a

VQA framework.

3.3.1 Classical Natural Gradient

In Sec. 3.3 we introduced the idea of proximal updates where the parameters are updated
in a way that considers a distance measure of the parameters. Similarly to QNG, one
could prepare a quantum state, measure it (e.g. on the computational basis), and, with the
measurement outcomes, approximate the probability distribution of different outcomes.
In that case, we can choose the dissimilarity function to be the KL-divergence (see Sec.
3.1.1) between the probability distributions after measuring the quantum states at the

computational basis.

However, nothing prevents us from using a different dissimilarity function by switching
the measurement onto a different basis (possibly a random one). As such, if M is the

measurement basis, then the proximal point method will become:
Orq1 = prox, , y(Ok) = arg moin [£(0) + A\ga(0, Or)] (3.36)
In that case, the update rule will be reformulated to:
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where F2 is the classical Fisher information matrix constructed by performing measure-
ments on the M basis. When the measurement basis is chosen to be the computational
basis state, then the update rule (3.37) is referred to in the classical optimization litera-
ture as the Natural Gradient Descent (NGD). However, in a quantum setting, the CFIM
is basis-dependent, and this property offers a significant computational advantage over

QNG.

From the previous discussion, we can immediately introduce Corollary 3.3, which
provides a condition so that the update (3.37) results in a descent direction. The condition
under which a CFIM (constructed by measurements on a basis M) preconditions a

gradient descent direction and results in a decrease in the loss function is as follows.

Corollary 3.3. Consider the update rule (3.37) and let F£'(0) be the CFIM constructed
by performing measurements in the M basis. Then, the updated direction will result in a
descent direction (L(Ok+1) < L(Ok)) as long as:

nFL(0,) T HFY (0)" < 2FN(0) " (3.38)

for some n >0, where H is the Hessian of the loss function L at the point Oy.

Corollary 3.3 provides the condition so that a tuple (F4*, 1) will result in a decrease
of the loss function. However, testing the condition in Eq. (3.38) cannot be feasibly
implemented in a practical setting as it requires the calculation of the Hessian at each
point 8. As such, we would have to rely on empirical choices for the choice of the

hyperparameter 7).

It is true that all directions that leave the quantum state invariant under translations
of the parameters will also leave all probability distributions unaffected. The former
directions correspond to the eigenvectors of the QFIM that belong in its null space while
the latter directions correspond to eigenvectors of different classical Fisher information
matrices. We can thus show (see Proposition 3.1) that all zero eigenvalues of the QFIM

correspond to zero eigenvalues of any CFIM (but not vice versa).

Proposition 3.1. The null space of the quantum Fisher information matriz N'(Fq) is a
subspace of the null space of the classical Fisher information matriz N'(FX') over any

measurement collection M at a fized point @
N (Fq) € N(FEY) (3.39)
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Proof. The infidelity between two parameterized quantum states |¢/(6)) and |¢(0 + €))
is given by (see Eq. (3.7)):

A4(0(6) 196 + €))) = ¢ Fae

where Fq is the QFIM at point 8. Consider now the eigenvalue decomposition of Fg:
Fo=UDU" (3.40)

where U is a unitary matrix with its columns being the normalized eigenvectors of Fg
and D the diagonal matrix with the eigenvalues of F as its entries. The distance between

the two states can then be written as:
1
ds([1(8)),14:(6 +¢))) = 5" UDU e (3.41)

Now, if we assume that € = dawv; where v; is an eigenvector of Fg with eigenvalue A;,

then the distance can be written as:

A5 (1(0)) 100 + €)) = 5 (da)? (3.42)

Thus, all infinitesimal changes du € N(Fg) that belong in the null space of Fg will
not result in a change of the underlying quantum state. A direct consequence is that
since the quantum states remain invariant under these translations, the probability
distributions over any measurements will also remain unchanged. As such, since the
probability distributions do not change for small displacements du, then ju € N (F2)
and thus:

N (Fq) C N(FE)

]

At this point, we would like to stress that the converse is not true. CFIM (obtained
by a general measurement) may have zero eigenvalues that are not zero eigenvalues of
the QFIM. This also implies that different measurements lead to CFIM having different
null spaces, with only a guarantee that all of them contain the null space of the QFIM. It
follows that some measurements lead to CFIMs that carry more information about changes

happening in the quantum state and are closer to the QFIM than other measurements.

Finally, we can see that as in our case, a direction oc F2*(0x)TV L(0) points towards

the steepest descent direction (see sec. 3.1.3.1) in the Riemannian space whose metric is
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the CFIM constructed by performing measurements in the M basis. But as we discuss
in Sec. 3.4, all [FA!] are information matrices that carry partial local information of the
quantum state with respect to the choice of measurements. In other words, all CFIMs can
be seen as providing local approximations of the geometry of the underlying state-space

with the quality of the approximation determined by its distance from the QFIM.

3.4 Optimal Measurement

Consider again two parameterized quantum states, |1)(0)), |1(6 + €)) that differ by a
small shift vector € € R™. Suppose we perform a measurement on a basis M. As we
have already seen, the distance of the corresponding probability distributions pa (@),
pm(0 + €) can be written as:

KL((0)[p(0 + €)) = 2" F&(0)e (3.43)

Our goal is to choose a measurement basis M that will extract the maximum information
from the state [¢)(0)). In the context of this chapter, maximum information refers to
a measurement that will approximate as much as possible what happens locally in the

space of quantum states.

Definition 3.1. (Optimal measurement) We define the optimal measurement M* as
the measurement that when applied on the states |1 (0)) and |1(0 + €)) it mazimizes the
distance between the probability distributions pap(0) and pr (0 + €).

M = arg max KL(pr(0)|lpa (6 + €)) (3.44)

As we discussed in Sec. 3.1.1 we can describe the possible measurements M (¢) by
first applying a unitary V(¢) on the parameterized state |¢(0)) and then performing
projective measurements on each qubit. If ¢* are the angles that maximize the distance

between probability distributions, then the following inequality holds

KL(pat(g*) (0)||pr(p+) (0 + €))
< KL(pm-(0)|[pr= (0 + €))

where the equality is true whenever there exists ¢* such that M(¢*) = M*. We can use
Eq. (3.43) and show that any CFIM can be upper bounded by the QFIM (see [32] for

details) as :

(3.45)

FL0) < Fo(0) VO € R™ (3.46)
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A natural question to ask is “What is the appropriate measurement basis so that the
resulting CFIM 1s optimal, in the sense that the CFIM approaches the QFIM with the

least amount of error.”. The answer to this question is discussed below.

Consider a parameterized quantum circuit that generates parameterized quantum
states |¢(0)). Consider also the set of measurements that are generated by applying a
unitary V(¢) on the state |¢)(0)) and then measuring in the computational basis.

Our starting point is Eq. (3.46). For every angle configuration ¢, the matrix (]_-évl(dﬂ (0)—
F(0)) is negative semidefinite for every . As such, by taking the trace:

tr (F219(6) — Fo(9)) <0

™ (3.47)

tr (F9(0)) <t (Fo())

As a result, the trace of QFIM provides an upper bound on the trace of every CFIM. We
can thus conclude that the solution of the optimization problem:

mgxtr (ng(qb)(B)) (3.48)

will result in the CFIM corresponding to the optimal measurement (or else the optimal

approximation of QFIM).

At this point, it is important to stress that except for the one-parameter case, there
does not always exist a measurement basis M so that the CFIM is equal to QFIM
[33, 132]. Specifically, in [133], the authors provide conditions under which there exists
measurement so that the QFIM is saturated. However, if no such measurement exists,
then the solution of Eq. (3.48) will result in a CFIM that approximates QFIM with the

least amount of error:

min || 75(6) — Fo(0)]| (3.49)
where ||-|| is any matrix norm. Moreover, as we discussed in Sec. 3.3, in a classical opti-

mization scheme, achieving the optimal measurement may not have an immediate effect
on the speed of convergence. Ideally, we would want to increase the number of directions
in the probability distribution space so that the optimizer can have more directions to
move. As we will discuss in Sec. 3.2, this is accomplished when the measurement basis is

chosen at random.

The immediate advantage of identifying the optimal measurement is that provided
that the resulting CFIM coincides with QFIM, the quantum natural gradient [30] can be
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Figure 3.2: Distance of random CFIMs from QFIM. As the number of layers increases,
sampling a random measurement tends to have a small distance from the QFIM and, as

such, carries more information. A total number of 10000 CFIMs were calculated for each
choice of measurement basis.

implemented using O(m) quantum states/resources instead of O(m?). This results in a
quadratic advantage in quantum resource requirement compared to previous methods.
However, when the measurement operators are parameterized by a unitary V(¢), the
optimization problem becomes non-convex. On top of that, the optimal measurement is
0-dependent, and as such, after every optimization iteration, the optimal measurement

must be re-evaluated.

Remark. As we observed in our experiments, increasing the expressivity of the
random parameterized measurements results in CFIMs that 1) tends towards %]-"Q, ie.
the error || FA' — 3 Fq|| is reduced and 2) the variance of the error (of any random CFIM)

goes to zero.

Consider, for example, the parameterized quantum circuit in the left-hand side of
Figure 2.2 for a system of 8 qubits and 3 layers. As it is illustrated in Figure 3.2, it is
clear that a Pauli measurement cannot encapsulate the intrinsic changes happening in
the quantum state. However, as we introduce random measurements, the random CFIM
starts to approximate the QFIM, with the approximation becoming better when more
expressive ansatz families are used. For the random measurements, we used the same

type of circuit but with different Pauli rotations.
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3.5 Estimators of the quantum Fisher information

matrix

At this point, it would be illustrative to understand what happens when a collection of
random measurements is performed on a parameterized state |¢/(0)). In this section, we
will generalize our previous results in the case where multiple random measurements are
used. We will show that multiple random measurements allow the estimation of the full
QFIM and show how the user can use these estimators in the optimization process. As
such, we will outline two estimators of the QFIM. For the second estimator, the Random
Natural Gradient will correspond to a special case in which one random measurement is
used. Experiments on how these estimators can be used in an optimization setting can
be found in [13].

As we already discussed, QNG requires a fast calculation of the quantum Fisher
information matrix (QFIM) or an approximation of it. In this section, we outline our
results on the approximation of the QFIM using random measurements [54] and defer the
proofs to the appendix A.3. Throughout the rest of the chapter, we will denote F the
quantum Fisher information matrix and fQ any approximation to it. Our first estimator

is presented in Theorem 3.1.

Theorem 3.1. For every parameterization 6 — |1(0)), the matriz elements of the

quantum Fisher information matriz can be inferred as

Fol®))y = 22" + 1) Y Bu, [apgg(f)) apgg(j”)] ,

(3.50)

where By, [-] is the ensemble average over random unitary U drawn from the Haar
distribution uy and pY(0) = ((0)| UTLU [4(8)) is the probability of the outcome s

when measuring U [1(0)) with respect to the computational basis projectors {Ils}.
Proof. For a detailed proof, see Appendix A.3. O

Each sample requires at most 2m quantum state preparations in total. To sample, it
suffices to compute the partial derivatives of the probability outcomes in Eq. (3.50), and
those can be easily calculated using parameter-shift rules (see Preliminaries Sec. 2). The

immediate result is that, in practice, this estimator requires significantly fewer quantum
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states to approximate the QFIM since it can be written as a product of first-order

derivatives.

In general, generating Haar random unitaries on a quantum computer is a compu-
tationally exhaustive task since most unitary operators require a number of gates that
scale exponentially to the number of qubits [134]. On the other hand, k-designs are
distributions that match the Haar moments up to the k-th order (see Definition 3.2).
The advantage is that k-designs can be generated efficiently.

Definition 3.2. (Unitary k-design) A probability distribution v supported over a set of
unitaries S C U(d) is defined to be a unitary k-design if and only if

Ev ., [VEFOVIOH = By, [USFOUT® (3.51)
for all O € L((CH)®F).
We next prove a corollary of Theorem 3.1, recasting Haar random unitaries with
2-designs.

Corollary 3.4. For U drawn from a 2-design v, the elements of the quantum Fisher

information matriz satisfy

(3.52)

[Fo(0)l; =2(2"+ 1)) Eum apﬁs@(ie) apase(ﬂ'e)]

where pY (0) := (1 (0)| UTTLU |1(0)) is the probability of the outcome s when measuring
U |1(80)) with respect to the computational basis projectors {Ils}s.

Proof. The expectation Egy,,,, [MM in the statement of theorem 3.1 expands as

00, 00,

9p(0) _ Ip(0)
T |:E N U®2H®2UT®2 :| .

v\ By, [U 11 ] o0, € o8, |’ (3.53)

which, by specializing definition 3.2 to 2-designs equals

Opg (6) Ip{ (0)
]EUNV ’
00; 00,

thereby proving the corollary. O]
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The 2-design estimator: Corollary 3.4 suggests natural inference procedures for
estimating the QFIM by sampling unitaries that come from a k-design with k£ > 2 (since
a k-design is also a 2-design if £ > 2). We next derive a simple estimator in this motif
and call it the the 2-design estimator. To efficiently sample the unitary, we draw from
the ensemble of the n-qubit Clifford group Cl(n), which forms a 3-design. Elements
from the n-qubit Clifford group can be generated by a circuit with at most O(n?/logn)
elementary gates [135], showcasing that our 2-design estimator can be implemented in
a NISQ setting. As before, computing the full gradient vector (and hence, drawing one
sample of the estimate in 3.4) only takes O(m) quantum state preparations. To obtain
the estimate in Corollary 3.4, we repeat this sampling procedure K times, where K is a
hyper-parameter considered as a design choice. The state preparation cost O(Km) of
the 2-design estimator significantly improves on the O(m?) required by previous known
algorithms for QFIM when K is small.

For most parameterizations 6 — |1)(0)), the measurement probability p¥ (6) distribu-
tion is likely concentrated around its expectation. Therefore, a small K likely suffices
for most applications. As a curiosity to determine the accuracy limits of the 2-design
estimator in the worst case, it would be interesting to construct parameterizations re-
quiring a large K, perhaps by planting pathological high dimensional singularities. The
hyperparameter can also be adaptively tuned, keeping it small at the early stages for
rapid descent and increasing it closer towards the end of the evolution to converge to a
more accurate ground state. We leave these interesting questions open for future research.
We do demonstrate empirically in small examples that, in practice, K is much smaller
than m. In essence, K offers a tradeoff between rapid and accurate descent of QITE
incorporating the 2-design estimator. In most cases, a small choice of K is sufficiently

accurate while facilitating rapid descent.

Next, we provide a second estimator to the QFIM, which we name the average classical
Fisher information matrixz estimator and is connected to the random natural gradient. As
such, we provide a second definition, which is the average (over an ensemble v C U(2"))

classical Fisher information matrix.

Definition 3.3. (Average classical Fisher information matrix). Consider an ensemble of
unitary operators v C U(2") from which we uniformly sample. We can define the average

(over the unitary ensemble v) classical Fisher information matrix as:
Ev [ FE] (3.54)
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The idea is that one can get information about the underlying quantum states by
measuring them on a specific basis, just as we discussed in previous sections. If this
procedure is performed repeatedly, one can get an accurate picture of the geometry of
the parameterized quantum states. We were able to make an important observation that

is true for all parameterized quantum states that were investigated in this chapter.

Conjecture. If the unitaries are drawn from the Haar-distribution v = g, then the
average Fisher defined in Eq. (3.54) approximates the quantum Fisher information matriz,

1.€.

By |FL0)] = 5 0(6) (3.55)

for any 6.

The proof of the previous conjecture is a very challenging task. The reason is that
the unitaries that appear in the Haar-integral on the left-hand side of Eq. (3.55) enter
in a non-linear fashion. As such, certain results from random matrix theory cannot be
directly applied in this scenario. We discuss that thoroughly in Appendix A.3. The above
conjecture indicates that by choosing the appropriate unitary ensemble to sample from
(in this case, the Haar distribution), one can get an accurate description of the underlying
geometry in the space of parameterized quantum states. However, as we later show (see
Lemma 3.3), replacing the quantum Fisher information matrix in Eq. (3.25) by the
average classical Fisher information matrix for any subset v C U(2") will always result

in a descent direction for a sufficiently small time step.

Each one of the two estimators that we propose (in Eq. (3.50) and Eq. (3.55)) have
different advantages compared to the other. As we verified, the random CFIM estimator
in Eq. (3.55) outperforms the former in Eq. (3.50) in terms of speed of convergence, i.e. it
converges much faster to the QFIM. This means that with fewer sampled unitaries (and
measurements) we can approximate the quantum Fisher information to great accuracy.
An illustrative example is given in Figure 3.3. In this figure, we visualize how the quantum
Fisher information matrix can be approximated using random measurements with either
of the two estimators in Eq. (3.50) and Eq. (3.55) for a random 8-qubit parameterized
quantum state at a random configuration 8. For the average CFIM, the unitaries were

drawn from the Haar distribution.
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Figure 3.3: Distance of the quantum Fisher information from its corresponding estimators
(in logarithmic scale). The red line corresponds to the estimator in Eq. (3.50) while the
blue line to the estimator in Eq. (3.55).

Given the same number of samples, we can see that the average CFIM estimator (blue
line) is able to approximate with a smaller error the QFIM, compared to the estimator in
Eq. (3.50). However, both estimators are able to achieve a good approximation to QFIM
with only a small number of samples. Similar performance was observed for all ansatz

families used in this chapter.

On the other hand, the 2-design estimator in Eq. (3.50) comes with other benefits.
Specifically, its implementation can be performed by sampling unitaries from a 2-design,
which implies that the unitaries have an exponentially smaller depth than that of the
unitaries that are sampled from the Haar distribution. As such, the estimator in Eq.
(3.50) can even be experimentally realized in the early fault-tolerant (or NISQ) era where

the number of qubits remains small, but we can execute longer circuits.

Recapitulating, one can replace the QFIM with either of the two proposed estimators
(where both require measuring the state on a random basis). In that case, the QFIM
Fo is replaced by its estimator ]:"Q and the partial differential equation in Eq. (3.25) is

transformed to:

Fol0(7)10 = -2V E.(0) (3.56)
Specifically, the parameterized quantum state is rotated by a global unitary V,
sampled by the appropriate ensemble v C U(2") (V' ~ v), and then is measured on the

computational basis. Finally, the QFIM in Eq. (3.25) can be estimated by post-processing
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the measurement and using any of the proposed estimators.

For example, in the case where we use the average CFIM estimator JEQ, the partial

differential equation in imaginary-time evolution Eq. (3.56) can be replaced by:
Ev [ FE(8(7)]0 = —2V 0 E.(6) (3.57)

It is important to stress that in the case where only a single unitary is used in Eq. (3.55),

then the solution of the partial differential equation:
FE(0(7))0 = —2VoE,(8) (3.58)

is equivalent to the Random Natural Gradient, introduced in Sec. 3.2. The error in the

updated @ is characterized by the distance between the operators, i.e. the estimator of

the QFIM (F,) and the QFIM (Fy) and is quantified in Lemma 3.2.

Lemma 3.2. Assuming that both the quantum Fisher information matrices and its

estimator are full-rank and that 9Q and éQ are given by Egs. (3.25), (3.56), then the
[#o-

relative error IC HQH can be upper bounded as:
Q
o0 —0a] _»
< mx(FQ) (3.59)
HOQH Amin(FQ)
Proof. For a detailed proof, see Appendix A.4. n

Moreover, as stated in Lemma 3.3, the resulting update (using Eq. (3.57)) will always
decrease the energy of the system provided that we choose the appropriate timestep (see

Corollary 3.3).

Lemma 3.3. Updating the parameters of a parameterized quantum circuit according to

Eq. (3.57) will result in a descent direction.

Proof. Consider the expectation value of the Hamiltonian H of a parameterized quantum
state [1(0)):
E-(0) = (Y[0(7)]| H [¢]6(7))])
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Its time derivative is then:

d B d[p[0(r)])
—E(6) = 2Re (w[emn HT>

— 2Re <¢[9(7)]|HZ ayw(ge( >]>9]>

e o [wie(r))
= 2re (o) 255 )

= (VBET<9))T0
~(VoE(0))T[Evw [Fe (B(7)]] 7 Vo E-(6)

Since any classical Fisher information matrix is a positive semi-definite matrix, its average

will also be positive semidefinite:
Ey [FE(O(T)] 3= 0 (3.60)
which implies that its inverse is also positive semidefinite. As a result,

—E,(0) <0 (3.61)

and so we move into a a descent direction. O

Furthermore, we would like to notice how one could approximate quantities such
as Ey.,[FY] in practice. In a real-world setting, the user would select an ensemble of
unitaries {U;} from which they would uniformly sample from. Then, they would choose
the number of unitaries K per iteration to calculate the average. Finally, the average can

be approximated as:

Eyo [FY] & Z Fo (3.62)

Recapitulating, we can see that multiple random measurements are required to remain
close to the trajectory that the QNG optimizer would follow. However, a single random
measurement still suffices to move into a descent direction and converge much faster.
As we illustrate in the Results Section (see Sec. 3.8), such an optimization technique
is favourable, offering great speedups with much fewer quantum resources while at the

same time performing much better than naive non-information-theoretic methods.
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3.6 Stochastic-Coordinate Quantum Natural
Gradient

In this section, we will outline the second optimization algorithm, which is based on
a lower-rank approximation of the QFIM. During the past few years, researchers have
proposed a number of ways to approximate the QFIM by reducing the quantum resources
in order to make the QNG more applicable in real-world settings. As we previously
mentioned, Stokes et al [30] proposed that instead of calculating the full QFIM, one could
calculate a block-diagonal approximation of the QFIM. However, such an approximation

may not be valid when off-block diagonal terms are highly correlated.

On the other hand, in [136], the authors suggested that one could apply the 2-SPSA
algorithm (which is used to calculate the Hessian of a loss function) to approximate the
QFIM. The authors suggested that this strategy is efficient as it requires a constant
number of quantum states independent of the number of parameters. However, this
approximation requires a larger number of shots as the number of parameters increases

(or a smaller step size during the optimization) in order to achieve the same accuracy.

In this section, we provide a new approximation that is inspired by coordinate descent
algorithms [118]. In these algorithms, the user determines a coordinate [119], or a block
of coordinates [120] that will update on each iteration and keeps all other directions
fixed. At this point, we need to take a step back and discuss a redundancy measure that
was introduced in [34]. Consider a PQC C with m parameters and let its parameter
dimension D¢. As introduced in [34], the parameter dimension Do quantifies the number
of independent parameters that the PQC can express in the space of quantum states.
Let also G¢(0) be the rank of QFIM at point €. The authors numerically verified that
for PQCs in which their parameterized gates follow a (0, 27) gate periodicity:

Ge(8) ~ De (3.63)

for randomly chosen 6. As such, for a given PQC, by measuring the rank of QFIM at

random points, we can calculate the redundancy of the parameters

m — Gc(e)

m

R= (3.64)

In Figure 3.4 we illustrate the ranks of both the QFIM and CFIMs compared to the

total number of parameters. We can visualize that the redundancy measure is large and
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that only a fraction of the total parameters contribute to changing the quantum state in

an independent way.

Consider the QFIM at a given configuration @, with rank m — k where k is the
dimension of its kernel and m is the total number of parameters. In the ideal case where
the eigenvectors and the eigenvalues are known, identifying the parameters that can

change the quantum state can be performed using the following procedure.

Let the kernel of F spanned by the eigenvectors {vs,..., v} with £ < m. If we
project the parameters onto that subspace, we can identify which parameters matter
most. For example, if a given parameter ; has the largest projection onto that subspace,
then we can deduct that varying this parameter will result in minor (if not negligible)
changes in the underlying quantum state. Moreover, if the projection onto the space
orthogonal to the kernel is zero, then varying this parameter will have no effect on the
quantum state. Mathematically, as also noted by [34], one would have to calculate the

quantity:
k
gi=Y_ v (3.65)
j=1

for every i € [m] and the largest g; would correspond to parameters whose variation will
not lead to any change of the state. However, the problem is that such a procedure is
inefficient in practice, as different parameters may matter most in different parameter
settings, and the calculation of the full QFIM is needed. Instead, we propose the following
solution to this problem, which is computationally cheaper but may not always find all

the parameters that result in an independent change.

Now, consider a subset L C [m] (of cardinality |L| =1 < m) of the total number of
parameters and let Frg be the reduced QFIM with elements defined as:

[‘FQ]U if i,j cL

[Frolij = (3.66)

0 otherwise

where [Fg);; are the elements of the QFIM defined in Eq. (3.8). We can immediately
see that the first advantage of this approximation is that the cost of calculating the
reduced QFIM immediately drops down to Og(I?) quantum state preparations (but the
same classical memory resources). The second advantage is that increasing the size of the
subset L, i.e. considering more parameters, improves the accuracy of the approximation,

but increases the cost, with the method essentially becoming QNG when L = [m]. The
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Figure 3.4: Ranks of QFIM Fg, CFIM with Z-basis measurements FZ, and CFIM with

measurements on a random basis FA! compared to the total number of parameters of
the parameterized quantum circuit on the left of Figure 2.2.

physical intuition behind this approximation is that the reduced QFIM carries information
about how the quantum state changes (with respect to a distance measure) if we vary
only a portion of the total parameters. However, the question that naturally arises is

how one can pick any such coordinate subset.

A straightforward way to choose the coordinate subset is to sample uniformly a subset
(of user-specified cardinality) of the total number of parameters. The probability that

this subset includes all independent parameters is given by Lemma 3.4.

Lemma 3.4. Consider a parameterized quantum circuit C' composed of m parameters.
Consider also the unknown subset L C [m] (of cardinality |L| = 1) of parameters whose
variation results in an independent change of the underlying quantum state at point 6.
Let also Sy C [m] be the set of (uniformly) randomly sampled parameters of cardinality
|Sk| =1+ k < m. Then, the probability of L C Sy, is

L+ k) 1(m —1)!
Il ml

MLQSMZ( (3.67)

Proof. Let S = [m], be the set of parameters that parameterize a quantum circuit. Let
also L C S with |L| = [ be the target subset of [ < m parameters that result in an
independent change in the quantum state. Our goal is to quantify the probability of
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sampling a subset Sy C S (of cardinality |Sx| =1 + k) so that L C Sk.

Consider at first the case where k = 0. In that case, the probability that we sample

the target subset can be calculated as:

Pr[L = So] = <%> (%) (ﬁ) - w (3.68)

where the right-hand side corresponds to the condition probability of sampling the
first parameter at random and being in the target subset %, then sampling the second

parameter at random and being also one of the remaining (I — 1) parameters in the target

subset % and so on until the last parameter that we sample to be also on the target

subset m+l+1 Then, consider £ = 1. In that case, the probability of sampling the subset

is calculated as:

— -1 1 — -1 1
Pr[LgSk]:m . Lm L1
m m—1m—2 m—1 mm-—1m-—2 m — | (3.69)
Il -1 1 —1 '
ot — B 1+ 1) PefSy = I

mm—1"m-—1+1
where the first term corresponds to the conditional probability that the first parameter
that we sample is not in the target subset, but the rest are. Then, the second term
corresponds to the first parameter being in the target subset, the second not being in
the target subset and the rest of parameters again being in the target subset and so on
for the remaining terms. In the exact same manner, we can calculate that for the general

case k = [ + n, the probability is:

L+ n) (m —1)!
n!l! m!

Pr[L C S,] = ( (3.70)

O
One can use this approximation and construct an approximation to the QNG. At
each iteration, the user samples (uniformly at random) a different subset L; C [m] of

the total coordinates and calculates the reduced QFIM given by Eq. (3.66). Then, the

parameters are updated according to the rule:

0k+1 = Ok - H[IRQ(Bk)]_'_VE(Bk) (371)
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Algorithm 2: Stochastic-Coordinate Quantum Natural Gradient

Input : Problem Hamiltonian H;

Ansatz family [(0)) = U(0) |0);

Total iterations K;

Loss function £(6);

Initial parameters @ = @g;

Learning rate 7;

for k=1,2,..., K do
Shuffle random subset of coordinates Ly C [m];
Calculate derivatives %éf) Vi€ L;
Calculate the reduced QFIM Fpq(6) ;
Update 0 as 0 = 0 — n[Frg(0)] "V L(O);

end

return 6

3.7 Method Evaluation

In the first part of this section, we discuss the mathematical problems used for our
experiments. In the second part, we discuss the appropriate figures of merit used to
benchmark our proposed algorithms (see Random Natural Gradient in Sec. 3.2 and
Stochastic-Coordinate Quantum Natural Gradient in Sec. 3.6). The choice of quantum

circuits used in our experiments are illustrated in Figure 2.2.

3.7.1 Evaluation Metrics

In order to fairly evaluate our proposed algorithms, we choose to benchmark based on
two different metrics. In a hybrid quantum-classical setting, one would have to carefully
evaluate both the classical and the quantum resources needed to execute an optimization

algorithm.

As we compare classical optimization algorithms, a fair choice of metric is to count
the number of optimization iterations (or else how many times we have to update the

parameters of the quantum circuit) until convergence.

The second choice of metric is how many (different) quantum states we have to
prepare until we converge. For example, as we already discussed, although the QNG may
converge faster in terms of optimization iterations, it actually requires Og(m?) quantum

states at each iteration. So a careful analysis may prohibit any practical advantage, as
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the resources may be larger than performing naive gradient descent.

On top of that, it is beneficial to benchmark our method to QNG and GD on a
large number of instances in order to evaluate the overall performance. For this reason,
we choose two additional metrics. The first (which quantifies the quality of the output
solution) is the average probability of sampling the optimal solution (i.e. the overlap
with the ground state) of the output state (when the optimization is terminated). The
second (which quantifies the speed of methods) is the average relative error (over all
different instances) per iteration. It quantifies how much, on average, at a given iteration,

the current state differs from the optimal state.

3.8 Results

In this section, we will illustrate how the two proposed methods perform in different
optimization settings. In the first part, we will investigate the performance of the Random
Natural Gradient (see Sec 3.2) while in the second part, the Stochastic-Coordinate
Quantum Natural Gradient (see Sec. 3.6).

3.8.1 Technical Details

In this chapter, all simulations were performed using Qiskit’s exact Statevector simulator,
which allows noiseless executions of the quantum circuits. For all classical optimization
algorithms used, we calculated the gradients using the parameter shift rules [68] and used
the same learning rate n € [0.001, 0.1] for all algorithms. For the classical combinatorial
optimization problems, we used the quantum circuit on the right of Figure 2.2 with
nearest-neighbours interactions and 4 layers, while for the Transverse-Field Ising problem,
the quantum circuit on the left of Figure 2.2 with all-to-all connectivity and 3 layers.
Moreover, for the random measurements, we used the same type of circuits with different
Pauli rotations and with smaller depths than the circuits that generated [¢(0)). Finally,
in order to calculate the Moore-Penrose inverses for the update steps, we set a threshold

of 107* as a cutoff for the singular values in order to prohibit very large steps.
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3.8.2 Random Natural Gradient
3.8.2.1 MaxCut

We can visualize the overall performance of RNG compared to GD and QNG in Table 3.1
and Figure 3.5. The three methods were compared on random weighted 3-regular graphs.
This class of graphs have only two optimal solutions, where each one can be acquired

from the other by flipping all qubits (due to the Zy symmetry of the MaxCut problem).

In Table 3.1, we can illustrate the probability of sampling the optimal solution when
the three different optimization methods were used with the same initial angles and the
same step size (n = 0.05). We can see that the Random Natural Gradient and Quantum
Natural Gradient perform almost similarly. The Gradient Descent method, however,
always performs worse than the former information-theoretic methods. Overall, we expect
RNG and QNG to perform similarly and, in the limit of infinitely many iterations,
to converge to the same point (provided that the approximation of RNG to QNG is

sufficient).

On the other hand, in Figure 3, we plot the average relative error of the output
solution for the three methods (over the 30 different instances on 12 qubits). As can be
clearly seen, the QNG and RNG return solutions that, on average, are always closer to
the optimal solution. This highlights the fact (in agreement with [31]) that information-
theoretic methods perform significantly better than methods that do not consider the
information of the underlying state space. For additional experiments that illustrate the
actual resources needed for RNG compared to QNG, we point the reader to Appendix
A.2.

3.8.2.2 Number Partitioning

As in MaxCut, we illustrate the overall performance of RNG compared to GD and QNG
in Table 3.2. For our experiments, we chose to sample integers from the [0, 25] set and set
the step-size of n = 0.001 (a smaller step-size is needed to guarantee convergence as the
cost values are much larger than MaxCut). Similar to MaxCut, Number Partitioning also
has a Zy symmetry. As it can be clearly visualized, the superiority of information methods
is also present in the Number Partitioning problem. Clearly, the two information-theoretic
optimization methods are able to return high-quality outputs, achieving significantly

larger overlap with optimal solutions (on an average of 60 instances).
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MaxCut Optimal Solution Overlap (%)
12 Qubits 14 Qubits
Gradient Descent 37.3 24.99
Random Natural Gradient 41.89 32.02
Quantum Natural Gradient 42.4 29.99

Table 3.1: Probability of sampling the optimal solution for the MaxCut problem for 60
different instances (30 for 12 qubits and 30 for 14 qubits). All instances correspond to
random 3-regular weighted graphs. Both QNG and RNG outperform GD.

Number Partitioning Optimal Solution Overlap (%)
12 Qubits 14 Qubits
Gradient Descent 20.83 17.62
Random Natural Gradient 27.54 25.54
Quantum Natural Gradient 28.17 26.31

Table 3.2: Probability of sampling the optimal solution for the Number Partitioning
problem for 60 different instances (30 for 12 qubits and 30 for 14 qubits). All instances
correspond to a set of integers drawn from the [1, 25] interval. Both information-theoretic
methods outperform GD.

3.8.2.3 Heisenberg Model

You can visualize the performance of the Random Natural Gradient on a Heisenberg-model
instance of 10 qubits (with couplings J = h = 1) in Figure 3.6. For this instance, we used
the hardware-efficient ansatz seen on the left side of Figure 2.2, with a nearest-neighbour

connection.

On the left side of Figure 3.6, we illustrate the number of optimization iterations
(or else how many times we update the parameters) until convergence (we stop the
optimization after 500 iterations). We see that the RNG is able to reach the region of the
local minimum much faster (in terms of optimization iterations) compared to the QNG.
On the other hand, the GD optimizer, as it doesn’t carry any information about the

underlying Riemannian space, gets stuck in a local minimum, performing significantly
worse than QNG and RNG.

However, the biggest advantage is illustrated on the right-hand side of Figure 3.6.
There, we can visualize the actual (quantum) resources needed until convergence. It
is clear that the RNG offers a significant advantage in the number of quantum calls,
reducing the overall overhead in current quantum devices (requiring almost ten times

less quantum state preparations than the QNG until convergence).

52



CHAPTER 3. RANDOM NATURAL GRADIENT

—— Vanilla Gradient Descent
—— Quantum Natural Gradient

4x1071 - .
> Random Natural Gradient
5
M 3x101-
-
~
N
>
o0
S
| 2x1071-
—~
D
=
Y
=
1071 - —— —

100 200 300 400 500

o-

Optimization Iterations

Figure 3.5: Relative error for Gradient Descent, Random Natural Gradient and Quantum
Natural Gradient for 30 12-qubit random weighted 3-regular graphs (in logarithmic
scale).
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Figure 3.6: Performance of the Random Natural Gradient optimizer on a Heisenberg
model of 10 qubits compared to the Quantum Natural Gradient and Gradient Descent
on both the optimization iterations (left figure) and on quantum resources (right figure)
(in logarithmic scale). The RNG and GD methods require fewer quantum resources to
converge (compared to QNG), but, as seen in both figures, the GD method converges to
a bad quality minimum.
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Figure 3.7: Comparison of SC-QNG (with sampling half of the total parameters at each
iteration) with QNG both in terms of optimization iterations (left) and quantum calls
(right).

3.8.3 Stochastic-Coordinate Quantum Natural Gradient

In figure 3.7, we can visualize the performance of the Stochastic-Coordinate Quantum
Natural Gradient on a Heisenberg-model instance of 10 qubits (again with couplings

J = h =1 but with different random initial angles).

An important hyperparameter in the SC-QNG optimizer is the cardinality of the
random subset S} that we uniformly sample at each iteration. In this work, we make the
naive choice that the user samples m/2 parameters at random in each iteration. As we
can see in Figure 3.7, both QNG and SC-QNG require the same number of optimization
iterations to converge. However, the latter results in a significant reduction in the actual
quantum resources needed, requiring only a fraction of the quantum states that we need

to prepare for QNG.
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Chapter 4

Evolving objective function for
improved variational quantum

optimization

4.1 Introduction

As we already discussed in the previous sections, the goal of VQAs is to find the optimal
parameters that generate quantum states that are close to the ground state of interest.
For classical combinatorial optimization problems (as introduced in Sec. 2.3), the optimal
solution is one (or many) computational basis state. Preparing a quantum state that has
a big overlap with that state is sufficient to give a good and quick approximation of the

ground state.

For example, if the user can achieve a constant but likely small overlap with the
correct solution, it is guaranteed that after sampling this state a sufficient number of
times to obtain at least one sample of the true ground state. In [61], the authors used
this idea, and instead of evaluating the proximity of a quantum state to the desired
(ground state) by minimizing the (overall) energy, they aimed to minimize the energy of
the lowest tail of a quantum state. This, intuitively, would succeed quicker in finding a
quantum state that has a non-negligible overlap with the solution (but not necessarily
very high overlap). This state, however, suffices to solve the problem. This intuition was
also confirmed with numerical simulations. In other words, the objective (loss) function

used in the classical optimizer in order to find the optimal parameters was not the energy
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of the quantum state but the tail of the corresponding distribution.

In this chapter, we consider an evolving objective function. In our proposal, the way a
quantum state’s loss is computed dynamically changes during the classical optimization
process. Our starting point is the objective function in [61] focusing on a small tail, but
during the optimization process, we gradually increase the tail (or else the fraction of
the distribution we “count”) until we reach a point that all the distribution is included,

i.e. we measure the full expectation value of the energy.

Our contributions can be summarized as follows:

e We introduce an evolving objective function that starts with the CVaR defined in
[61] and gradually, during the optimization process, becomes the full energy of the
quantum state. Alternative forms of this Ascending-CVaR objective functions are
considered, and linear and sigmoid functions (that appear to perform better) are

selected.

e We test our proposal with classical numerical simulations (using up to 20 qubits),
both in the setting of VQE with hardware-efficient ansatz and in QAOA. Our
results suggest that our proposal leads to faster convergence with a bigger overlap
with the ideal solution than prior works, while crucially, it succeeds in obtaining

the solution in (many) instances in which other techniques fail altogether.

e Our analysis is done for three different combinatorial optimization problems, namely
MaxCut, Number Partitioning and Portfolio Optimization (see details of the
problems in Sec. 2.3). We consider many different instances and problem sizes
where the conclusions persist in all cases. This has importance in its own right,
since these problems are important by themselves, and our proposal gives an
approach to improve the performance and bring closer a “useful” quantum advantage.
Interestingly, our method offered greater advantage in “hard instances” of the

problems, where the other methods frequently failed to find the solutions altogether.

4.1.1 Conditional Value-at-Risk (CVaR)

At first, it is essential to understand the CVaR objective function introduced by Barkoutsos
et al. in [61]. They demonstrated that their proposal performed better than minimizing

the expectation value. The key observation is that for optimization problems, the optimal
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solution is a computational basis state. For a general quantum state |1)(@)) one can
prepare and measure it (multiple times) on the computational basis, and the expectation
value of the energy is simply the average of the individual computational basis state
energies. To find the overlap of this state with the optimal solution (ground state), one
can simply observe the frequency of the computational basis state with the smallest
energy. Naturally, if that overlap is too small (or even zero), it is possible that none of
the measurement outcomes will give the solution. On the other hand, it is also clear that
the overlap of this state with computational basis vectors with high energy is irrelevant
when finding the ground state. The idea of [61] was to use this observation, and instead
of using all the measurement outcomes and computing the expectation value, they used
as objective function the lower tail of the distribution of energies obtained, i.e. ignored

all but a small fraction (with smallest energy) of their measurement outcomes.

They then demonstrated that their technique succeeded in getting a quantum state
that has a sufficiently large overlap with the ground state quicker. This, in turn, is
sufficient to actually find this ground state since, as a final step, once the optimal 6*
is found, one can keep the computational vector that has the smallest energy only.
Specifically, let Hj be the energy corresponding to a computational basis vector, and let
us order them in such a way that larger k£ corresponds to larger energy. For each state,
one repeats the measurement K-times, so there are (up to) K distinct values Hy. In [61],
a new parameter o was introduced. Let a € (0, 1] be the fraction (part of the tail) that
we want to keep. This fraction, typically, needs to be non-negligible (we can assume,
for simplicity, that it is constant). Then, the objective function that was used was the

average of the smallest o K samples, i.e.

| oK
CVaR, = —— Y H; (4.1)
[aK] kz:%

In order to achieve the same accuracy when evaluating this objective function as the
accuracy achieved when computing the expectation value using K shots, it is clear that

the number of runs of the preparation circuit needs to be increased to K/a.

As it was proven by [61], the angles 8* that minimize CVaR, do not (in general)
correspond to minima of the expectation value. As a result, the angles that lead to the
smallest possible a-tail differ from the angles that minimize the average of the samples.

This fact motivates us to introduce a lower a-tail optimization so as to achieve an overlap
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with the optimal state of at least «, i.e. find optimal 8* that satisfies:

[ (¥ (0")[thopt) |* = (4.2)

4.2 Ascending-CVaR

The CVaR cost function of [61] was shown to perform better in general than the “standard”
expectation value. There are three observations, however, that motivate our proposal.
First, as noted in [61], the choice of « is arbitrary, and importantly, for different problems
and even for different instances of the same class of problems, the optimal choice of «
varies in a non-obvious (e.g. monotonic) way. The performance of the algorithm’s speed,
as well as whether it finds the solution at all, depends on that choice. The second point is
that optimizing with a fixed small « has further disadvantages: (i) it “finds” parameters 0
that result in a state that does not have the greatest overlap with the solution and (ii) the
true running time of the algorithm to achieve same accuracy is larger, in other words for
each iteration one requires 1/a times more measurements to achieve the same accuracy
in estimating the cost function (since only the lower « fraction of the measurements are
used). Finally, the third observation is that the CVaR,, objective functions with different
« have a different energy landscape. For any fixed choice of «, the optimizer could “get
stuck” at a local minimum. Interestingly, if one varies a during the optimization, while
they still ensure that if the algorithm finds the true ground state, it remains there, we
also avoid getting stuck at local minima since those are different for different choices of
a. Therefore, if the optimizer reaches a point that has a local minimum for one value
of a, when « changes, this point (may) no longer be a local minimum and thus could

continue “moving” towards the true global minimum (ground state).

Let’s say that an optimization problem has an optimal solution, which is a compu-
tational basis state, and we denote it as [1)pt). Let’s also assume that a parameterized
>®

family of gates, U(8), acts on the |0)°" state and produces the state

|¢(0)> = aopt(e) ‘¢Opt> + aother(e) W}other) (43)

where |{oner) 18 the superposition of all sub-optimal computational basis states. Let’s

also assume that this parameterized family of states can achieve a mazimum overlap k
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with the optimal solution'. We can write the state |¢), corresponding to the state with

the highest overlap, without loss of generality as:

W}) = \/E |wopt> + (V 1 - "i) ’wother> (44)
Proposition 4.1. For the family of states in Eq. (4.3) and for all o < k:
min OV alia(6) = min (¢] H |¢) (4.5)

i.e. all CVaR, with a < Kk share the same minimum objective function value, which is

the smallest eigenvalue of the Hamiltonian H.

It is clear from Proposition 4.1 that all CVaR,(0) with a < k share the same ground
state, which is the true optimum of the optimization problem. Thus all angles 8* that
correspond to a global minimum of C'VaR,,, will also correspond to a global minimum
of CVaR,, if as < ay < k. For example, for an ansatz family U(@) that is able to attain
10% overlap with the optimal computational basis state, if one is able to find the global
minimum of CVaRy 1, which means that 10% of the measurements correspond to the
ground state, then it is clear that all CVaR,, with o < 0.1 will also be minimized by the

same angles.

Proposition 4.2. Let an optimization problem with an optimal solution |1y, corre-
sponding to a computational basis state. For any parameterized family of gates U(0) that
can achieve a maximum overlap k with the optimal solution, the angles @* that correspond
to the global minimum of CVaR,, will also correspond to a global minimum for CVaR,,

if a1 < ag < k. The converse does not necessarily hold.

In other words, Proposition 4.2 states that if 8* = argming CVaR,,(0) then also
0* = argming CVaR,,(0) for all a; < ap < k. This indicates why decreasing o may not
seem like a good choice. If, for example, the optimizer is able to find the optimal angles
that minimize C'VaR,, with oy < K, then for all ap < ay they will still remain optimal

angles and thus will not be able to achieve a higher overlap state.

Proposition 4.3. A local minimum for CVaR,, does not necessarily correspond to a

local minimum for CVaR,, if a1 # as.

Tn other words, the complex coefficient @opt (0) corresponding to the probability of sampling the
optimal solution Pr(opt) = |aep:(0)|? has a maximum value: maxg |aopt(0)]? = )
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Proposition 4.3 was proven using a counterexample in [61]. All these Propositions
are important for introducing a non-stationary optimization technique that avoids
local minima. We know from Proposition 4.1 that all C'VaR,, objective functions with
a € (0, k| share the same minimum objective value, which is the ground state energy of
the Hamiltonian. We also know from Proposition 4.2 that many of the global minima
for ai; may not be a global minimum for as if a; < s and thus increasing « introduces
extra information about the optimality of states. Finally, Proposition 4.3 indicates that
different objective functions are associated with different energy landscapes as they do

not agree on the local minima.

However, knowing the maximum overlap « in advance is not always possible. In the
case of VQE with hardware-efficient ansatz families, it can be shown that x = 1 and
so ming CVaR,(0) = miny, (¢| He |¢) for every o € (0, 1]. On the other hand, for the
QAOA ansatz, our experiments showed that x is usually small for small-depth circuits

but increases with the number of layers as the ansatz family becomes more expressive.

The loss functions used in variational quantum algorithms, to our knowledge, are
“constant in time”, meaning that the whole optimization is run with a fixed loss function.
To solve the issue of “selecting the best o” and the other reasons listed above, we propose
to use a dynamically evolving cost function that essentially passes through a fixed set of
a values. In the case of VQE;, it is initialized in a very small value and the optimization
ends with a = 1 that is the standard expectation value of the Hamiltonian. We call all
these cost functions Ascending-CVaR. This also has a great(er) number of free choices
since we can now freely choose the (ascending) function. However, all choices we tried for
the ascending function performed (in general) better than fixed «, which indicates that
the evolving cost function is a promising approach. For the remainder of the chapter, we

focused on two functions that performed better:

The linear ascending in which the parameter «; is iteratively and discretely increased

by the rule:

Q1 = O + A

1 [ai K] (46)
- H
] 2 1

where \ € [0.025,0.045] is the ascending factor and 0 < oy < 1.

CVaR,, =
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Figure 4.1: Different choices for the ascending function. All functions start from the same
initial point, oy = 0.01 and ascend until ay =1 is reached.

The sigmoid ascending in which the parameter oy is discretely increased according to

the function:

B 1
1M
where A € [0.3,0.4] is again the ascending factor and 0 < oy < 1.

(4.7)

ay

To reach this conclusion, we tested four different functions, a sigmoid, a linear, an
exponential, and a logarithmic (see Figure 4.1) on VQE-CVaR,, with various different
ascending rates. All functions were tested on all three problems. The metrics used were
the magnitude of the overlap with the optimal solution, the success rate (i.e. the number
of times where it succeeds in achieving a non-negligible overlap) as well as the average

time taken to achieve at least 10% overlap (for details see Sec. 4.4).

The linear ascending, Eq. (4.6), and the sigmoid ascending, Eq. (4.7), functions have
the most steady behaviour as it can be seen in Figure 4.2, outperforming the other two
types on the majority of instances. The sigmoid was slightly slower in terms of speed,
which is why we mainly used the linear one. However, as we will discuss in the next
section, it appears that it may be better in some classes of problems, especially on harder

instances with ~ 50 qubits. It seems that in those cases, the optimizer is doing better,
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Figure 4.2: Portfolio optimization instance for 18 assets and different ascending functions.
The blue line (down-pointing marker) indicates the linear ascending and always achieves
a high overlap with the optimal solution in contrast to the orange line (line marker), the
exponential ascending, which fails in almost any instance.

spending the majority of its iterations on low « values, and thus, the sigmoid performs

better.

It is worth noting that increasing a to a = 1, where it becomes the expectation
value, is not necessary. The whole point of variational algorithms is to achieve a constant,
non-negligible overlap with the optimal or near-optimal solution. For that reason, one
could only vary a until it reaches a certain value, truncating the optimization and

reducing the number of iterations by a considerable amount.

We remark here that Ascending-CVaR is fundamentally different from an adaptive
strategy that selects the optimal value for the parameter . Specifically, by looking at
the results in Sec. 4.5, we can see that our method is able to reach quantum states that
result in a very high overlap with the optimal state (almost equal to unity) that no
constant choice of a would be able to attain. Even when the question is whether we find
the solution with at least some small probability, Ascending-CVaR succeeds in cases
where all of the fixed « failed.

In order to get the intuition of why our method works, one should think of what

varying « actually does. The optimizer, at each iteration, moves towards a local (or a
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global) minimum corresponding to the instantaneous value of . By increasing « at every
step, the optimization is able to “see” a larger part of the energy distribution of the
quantum state. This translates to the optimizer gaining additional information about

the quantum state, which modifies the objective function landscape.

This extra information alters the landscape and is thus able to “erase” false local
minima; while using the previous step as “initialization” it is unlikely that the optimizer
will get stuck in new sub-optimal minima. Moreover, since only the global minima are
invariant under « transformations, this change in the landscape will not affect any correct
moves of the optimizer. In other words, if the optimization algorithm did converge in
a sub-optimal local minimum for a value of «, it may not still be in a local minimum
by switching into a different value of a.. Hence, the Ascending-C'VaR objective function
guides the trajectory of the optimizer in the highly parameterized space until it reaches

a (nearly) optimal solution.

Finally, the reason our method is sensitive to the choice of the ascending factor A
is related to the speed at which the optimizer is receiving this extra information (see
Sec. 4.6.2 on how we numerically test the ascending factors for the different optimization

problems).

The pseudocode for the Ascending-CVaR algorithm is outlined in Algorithm 3.

Algorithm 3: Ascending-CVaR Optimization Algorithm
Require : Cost Function C'(0);
0¥ + Random initial parameters in the domain of C (0);
g < Initial «;
g(a) < Ascending function;
U(0) < Ansatz Family
fori=1,2,... do
6* = argming C'VaR,, ,(0) with initial parameters 6©;
if stopping condition is met then
‘ return 6*;
end
a; < g(ai—1);
0 = g*;
end
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4.3 Why our method works: An example

It would be illustrative to describe how local minima may vanish when the objective
function is changed during the optimization. In Figure 4.3, we plot the C'VaR, objective
function landscape for different values of . We choose to draw the landscape for the
QAOA algorithm with depth p = 1 because the two parameters 3,y make it suitable to
visualize in a 2D plot. On the contrary, VQE with a hardware-efficient ansatz, even on

depth p = 1, would require 2n parameters.

It can be easily seen that the positions of the local minima change, but the position
of the true global minimum remains the same while the condition @ < x holds (see
Proposition 4.1). However, in order to make it clearer for the reader, we choose to circle
the position of a local minimum, located at v = 0.15, 8 = 1.75. In this case, we can
see how the local minima vanishes during the variation of the objective function. An
optimization algorithm that could stuck during the optimization on a fixed value of «

could “unstuck” with the change of «.

The problem corresponding to the figures is a small instance of the Number Partition-
ing problem with size n = 8. Even in a small-size instance like this, the landscape is full
of sub-optimal local minima where the optimizer can falsely converge. This case problem,
however, does not constitute an example to prove the value of our method; it is only
used to visualize the changes in the energy landscape. The biggest improvements were
observed in high-dimensional expressive ansatz families like VQE with hardware-efficient
parameterized gates or larger depth QAOA, which cannot be plotted in a two-dimensional

contour.

4.4 Evaluation Metrics

As we discussed in Sec. 2.2.2, a common metric used for combinatorial optimization
problems is the approximation ratio as given in Eq. (2.10). However, as noted earlier, the
true aim of variational quantum algorithms for combinatorial optimization is to obtain a
sufficiently high (but not necessarily close to unity) overlap with the optimal solution.
The CVaR method, for example, is constructed in a way that the maximum overlap
achieved is not unity but determined by the risk (confidence level) ov. While our approach
does achieve a high approximation ratio, to make a fair and more complete comparison

with prior works and, importantly, with [61], we use different metrics. Specifically, to
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Figure 4.3: Visualization of local and global minima for different C'VaR, objective
functions. You can see the local minima drawn in the red circle on the top two figures,
corresponding to a = 0.05 on the left and o = 0.08 on the right. However, on the bottom
figures, corresponding to o = 0.11 on the left and o = 0.14 on the right, the local minima

no longer exist.

benchmark and test our proposed method, we used three different types of metrics. The
first is the overlap with the optimal solution. If |¢),p ;) is & d-degenerate ground state of

the problem Hamiltonian, then the overlap is defined as:

d

D 1 (0) ot I (4.8)

i=1
i.e. the probability of obtaining the optimal solution, given the parameters 6. It follows
that the parameterized state with the highest overlap with the optimal solution leads to

sampling that optimal solution with the least number of circuit executions.

The second metric we want to test is the time taken to reach a given fixed overlap.

We set a threshold of 10% probability of obtaining the optimal solution, and we tested
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which method achieves at least that probability faster. We note, however, that in order
to test which method converges to a 10% overlap faster, we have to use a > 0.1 because
all @ < 0.1 are not guaranteed to converge in an overlap of 10% since the parameters 6

than minimize « lead in an overlap smaller than 0.1.

To summarize the results and compare the different approaches better, for each loss
function, we divided the problem instances into those that the loss function is successful
and those that it fails. The meaning of what constitutes a “successful” run or a “failed”
run cannot be unambiguously defined. For our work, we consider that an optimizer is
successful at a given instance of a problem if it achieves at least 10% overlap with the
optimal solution. It is clear that as the size of the problem instances increases, achieving
a fixed 10% overlap becomes harder?. In our analysis, we chose 10% since this leads to

interesting behaviour where the methods analysed differ in their performance.

In our experiment, for comparing with fixed o we used four different choices:
a = 0.1,0.2,0.5,1. The a« = 1 choice corresponds to a non-CVaR objective function.
Specifically, « = 1 refers to the expectation value (it includes all the measurement
outcomes), and it is the objective function that has been used in the overwhelming
majority of the existing literature on variational quantum algorithms. In [61], they made
an extensive comparison of CVaR with the expectation value (on the same combinatorial
problems we make our analysis). For that reason, we choose to make the comparison of

all different choices of o with our proposed «; and plot our results in one section (see
Sec. 4.5).

We also note that ascending factors A € [0.025,0.045] and A € [0.3,0.4] were found to
be a good choice for the three different problems on instances with 15 to 20 qubits for
the linear and sigmoid ascending respectively. (see Sec. 4.6.2). However, we would like to
stress that if the sizes of the instances increase or even if the problems change, but the
sizes remain the same, one would have to readjust the hyperparameter \. Investigating
theoretically the choice of both the ascending factor and the ascending function given the
characteristics of the problem, as well as possible connections of our method to adiabatic

quantum computing, are left for future work.

In the QAOA algorithm, we tested instances using depth p = 1 to p = 6, while on

VQE, we used the circuit seen on the left of Figure 2.2 with all-to-all connection and

2We should note that even a much smaller overlap is sufficient to find at least once the solution,
provided that the number of “shots” is sufficiently large.
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worked only on the depth p = 1 since this depth was sufficient to get very good accuracy.
In near-term devices for the QAOA algorithm, increasing the depth even more becomes
impractical due to noise and decoherence. For this reason, we did not consider greater
depth despite the fact that, theoretically, this could lead to better performance. This
means that the variational ansatz for QAOA has only 2 to 12 parameters, i.e., only a
fraction of the total parameters present in the hardware-efficient ansatz used for VQE in
depth-1.

To account for the different sizes of problem instances and to make a fair comparison
for the speed of convergence, we used the normalized optimizer iterations [137]. Note that
this choice is made in order to be able to compare the performance of the algorithm among
instances that involve different number of qubits, and see how the improvement offered
by Ascending-CVaR is independent of the instance size. Concretely, the normalized
optimizer iterations are defined as the number of times the optimizer evaluates the
objective function divided by the function’s number of parameters, i.e. the number of
parameters of the ansatz. In the case of the VQE, the number of parameters is n(1 + p),
while on QAOA, it is 2p. We note, however, that the real time of convergence could be
used as seen in Sec. 4.6.1, where we compare the performance with respect to the total
number of circuit repetitions. However, as we show below, there are instances where the
constant CVaR does not achieve even a small overlap with the optimal solution, and in

those cases, the time taken becomes irrelevant.

We ran our experiments on IBM’s Qiskit Aer simulator, allowing noiseless multi-shot
executions of our circuit. We set the number of executions of our circuit to K = 1000,
which scaled up as K/a with the choice of a. All instances were given a maximum
of (66 x parameters) optimizer iterations, which is more than enough iterations for
an optimizer to converge to a minimum in the problems we implemented. They were
initialized with a random choice of parameters, but the same for all different choices of
a. We used the same gradient-free optimizer, COBYLA [138], for all different problems

and instances as it was shown to outperform other classical optimizers [75].

4.5 Results

We will analyze the results for each of the three combinatorial optimization problems
separately. For each of them, we will first present the results for VQE with hardware-
efficient ansatz and then the results for QAOA. We note that for all three combinatorial
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MaxCut Successful Instances Average Overlap
a 01102051 o 0.1 0.2 0.5 1
Random Graphs || 96 | 84 | 81 | 68 | 53 || 64.69 | 12.13 | 21.45 | 39.28 | 36.24

Table 4.1: Results table for the MazCut problem (VQE) for 100 random non-regular
unweighted graph instances with 15 to 19 vertices.

optimization problems and for all methods used (Ascending-CVaR, “constant” CVaR
[61] or the expectation value), VQE performs (much) better than QAOA, at least for the
sufficiently shallow circuits that we consider. Our method improves the performance in
both cases (VQE, QAOA), but since VQE gives much better results for these problems,

in the comparison and discussion, we will focus on VQE instances only.

4.5.1 MaxCut

For the MaxzCut problem, we worked on unweighted graphs with 15-19 vertices drawn
from different graph classes and sampled them using the NetworkX library [139].

4.5.1.1 CVaR,,-VQE

For regular graphs, CVaR,,-VQE behaved equally well with constant-a’s optimization
and the expectation value. All of the methods reached the chosen threshold of 10%
overlap with the optimal state at almost equal times without any difficulty. For that
reason, we focused on harder, non-regular instances where our method outperformed
the latter methods. In Table 4.1, we summarize the results for 100 random non-regular
unweighted graph instances with 15 to 19 vertices. We can see that our method succeeds

in more instances while the overlap achieved is also much higher.

There are many reasons why non-regular random graphs are “harder” than regular
graphs. The first is that the ground state of a regular graph, due to its symmetry, is highly
degenerate, where the optimizer could easily reach without converging in a sub-optimal
minimum. The second is that the Hamiltonian corresponding to a random graph has
more distinct eigenvalues, and as it was shown numerically by [75], the number of distinct

eigenvalues correlates inversely with the performance of hardware-efficient ansatz.

Indicatively, in Figure 4.4, we plot the probability of sampling the optimal solution
over the normalized number of iterations for two random graphs with 17 vertices. For

the left figure, we can see how the optimizer for the Ascending-CVaR optimization can
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Figure 4.4: MaxzCut instances with 17 vertices for random non-regular unweighted graphs.
Ascending-CVaR, drawn with a blue line (diamond marker), results in a fast and high
overlap with the optimal solution in contrast to constant CVaR.

find the optimal solution in under 10 normalized iterations, which, by the end of the
optimization, is able to increase the probability up to 70%. Notably, the expectation value
or constant CVaR completely fail. The right part of the figure gives another example
of our approach performing better. This instance constitutes an example where smaller
a’s do not lead to better performance for constant CVaR3. We can see in the figure that
while o = 0.1 failed, o = 0.2 was able to achieve a high-quality parameterized state. This

is another indication of why our approach is more flexible.

4.5.1.2 CVaR,,-QAOA

Solving the MaxCut problem using QAOA, with small-depth circuits, does not seem a
very promising approach in any of the methods considered (constant CVaR or Ascending-
CVaR). Regarding speed, all methods converged equally fast but in states with small
overlap with the solution (with relatively small differences within different approaches).

Having said that, as explained below, our method still gives improved performance.

While CVaR,,-VQE optimization results in high overlap states, CVaR,,-QAOA
produces “flat” states, a behaviour also observed in [61]. These states have almost equal
probability amplitudes to the majority of the computational basis states. For the MaxCut
problem, as noted in [78], it seems that the states produced with QAOA with small p

result in states with energy close to the (random) initialization point. The spread of the

3In most cases, small o gives better performance, but one cannot know apriori which is the suitable
« in the constant CVaR case.
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Figure 4.5: CVaR,,-QAOA optimization with linear ascending for a MaxCut instance
of 17 qubits. The blue line (diamond marker), indicating the ascending optimization,

results in more than a 100% increase in the overlap with the optimal solution in contrast
to the expectation value or constant CVaR optimization.

energies does increase with p, possibly leading to a state close to the ground state, but in
our analysis, we focused on small p < 6. Intuitively, the main reason why QAOA cannot
achieve the same probability amplitudes as VQE in the same depth is due to having a

smaller number of parameters as well as the architecture of the ansatz [65].

Note that the parameter space is filled with sub-optimal local minima. Constant CVaR
objective functions with different confidence level « lead to different energy landscapes.
This means that a local minimum for a confidence level oy does not, in general, correspond
to a local minimum for a confidence level ay if ai; # an. This is probably the reason that
we get improved performance. For example, Figure 4.5 shows how Ascending-CVaR can
avoid local minima. In this example, all constant CVaR achieve less than 3% overlap

with the ground state, while the Ascending-CVaR gives 7%.

4.5.2 Number Partitioning

On Number Partitioning we tested instances with 17 to 20 integers, on both VQE and
QAOA.
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NP || Successful Instances Average Overlap

a 10.1102]05]1 Q; 0.1 0.2 0.5 1
Ny || 87| 85| 66 | 16 | 2 || 54.17 | 11.50 | 16.56 | 7.94 | 0.99
Ny || 80| 69 | 29 | 11 | O || 48.33 | 10.24 | 7.56 | 5.88 | 0.4
Ny {9558 24| 9 |0} 5685 | 824 | 5.84 | 3.45|0.16

Table 4.2: Results table for the Number Partitioning problem (VQE) for the three different
sets Ny, Ny and N3, where the star at the last set indicates that we used the sigmoid
ascending function.
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Figure 4.6: Probability of sampling the optimal solution for Number Partitioning instances
with 17-20 integers uniformly drawn from the sets N; = {0,...,200} (on the left) and
Ny ={0,...,500} (on the right). The blue line (diamond marker), indicating Ascending-
CVaR outperforms constant CVaR in terms of speed and overlap with the optimal
solution.

4.5.2.1 CVaR,,-VQE

On CVaR,,-VQE, we tested 300 instances with 17 to 20 integers, sampled randomly from
three sets; Ny = {0,...,200}, Ny = {0,...,500} and N3 = {0,...,750}. We highlight
that the smaller the set from which the numbers are uniformly drawn, the easier for the

optimizer to find the optimal solution. The results are summarised in Table 4.2.

For the first two sets, we used a linear ascending function with an ascending factor
A = 0.03. Further optimization of the parameter may lead to either faster convergence or
more successful instances. Either way, the Ascending-CVaR method outperforms constant
CVaR and the expectation value objective function on the aforementioned metrics (e.g.

see typical performance on Figure 4.6).

For the last set, N3, constant CVaR and the expectation value as objective functions
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struggled to achieve even a small overlap with the optimal solution. Indicatively, at
40% of the cases, none of the constant CVaR objective functions could be successful
Recall that successful in our convention means to achieve overlap of at least 10% with
the optimal solution.. We found that by choosing a sigmoid ascending function, the
optimizer is able to attain a high-quality parameterized state and succeed in the majority
of instances (95%). The trade-off is that using the sigmoid ascending function, in contrast
to linear ascending, comes with some cost of more circuit shots in order to achieve the
same accuracy. Note also that the linear ascending function, while performing worse than

the sigmoid, was still more successful than the constant CVaR objective functions.

4.5.2.2 CVaR,-QAOA

While CVaR,,-VQE optimization efficiently achieved a high overlap state already within
the first layer for instances drawn from the two sets N; and Ny, CVaR,,-QAOA failed to
achieve a high overlap on small depths. To address this issue without having to increase
the depth of the ansatz, we chose to work on instances drawn from the smaller set
M ={0,...,50}. For the Number Partitioning problem, the cost function’s parameter
space is highly dependent on the set from which we draw the numbers. The unitary
transformation e”H¢ is composed of emEmotok terms where ng,n; correspond to the
numbers on the k£ and [ index respectively. The parameter v is then restricted to
0 <~ < 2n/(njny,) with n; and n,, corresponding to the two smallest numbers of the

set.

Our method succeeds in finding quantum states with higher overlap that are unreach-
able with constant CVaR optimization, possibly because it avoids the high amount of
local minima. Indicatively, in Figure 4.7, we see an example where Ascending-CVaR
achieves more than double overlap with the optimal solution than other methods but is

still below the threshold of 10% required to classify this as a “successful run”.

4.5.3 Portfolio Optimization

On Portfolio Optimization we tested instances with 16 to 20 assets, on both VQE and
QAOA, with a budget drawn uniformly at random from the set B = {0, ...n} where n is

the number of assets and many different risk factors q.
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Figure 4.7: CVaR,,-QAOA for an 18-integer instance Number Partitioning problem with
p = 4. The blue line (diamond marker), indicating ascending-CVaR optimization, is able
to achieve a 100% increase in the overlap with the optimal solution with respect to the
other objective functions.

Portfolio Optimization Successful Instances Average Overlap
a | 01]02105]|1 o 0.1 0.2 0.5 1
Random Portfolios 100 | 100 | 100 | 16 | 1 || 63.25 | 13.35 | 24.74 | 9.42 | 0.64

Table 4.3: Results table for the Portfolio Optimization problem (VQE) for 100 random
Portfolios with 16 to 20 assets.

4.5.3.1 CVaR,,-VQE

We used linear ascending with an ascending factor A = 0.045, and the confidence level
was initialized on ag = 0.01. The results are summarized in Table 4.3. In Figure 4.8, we
see the typical performance of two different instances where we plotted the probability of
obtaining the optimal solution over the normalized number of optimizer iterations for
the CVaR,,-VQE.

We highlight the fact that Ascending-CVaR and constant CVaR with @ = 0.1,0.2
succeed in achieving at least 10% overlap on all instances tested (see results on Table
4.3), while the expectation value (o = 1) failed in almost all cases. Moreover, it is worth
noting that our method offers a significant improvement in comparison with all the other
approaches in the speed that this overlap was achieved (in terms of normalized optimizer

iterations and circuit repetitions) and in the overall magnitude of the overlap achieved
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Figure 4.8: Portfolio Optimization problem for 18 and 20 asset instances with linear
ascending and A = 0.045. The blue line (diamond marker) indicates the CVaR,,-VQE
optimization, which already within the first 15 optimizer iterations has achieved over
40% overlap, compared to constant « where either fail (v = 0.5, 1) or lead to slower and
sub-optimal convergence (o = 0.1,0.2).

(see also Table 4.3).

4.5.3.2 CVaR,,-QAOA

CVaR,,-QAOA, similarly with [61], underperforms significantly in terms of overlap
with the optimal state, compared to CVaR,,-VQE. Specifically, keeping the depth as in
previous parts and without increasing the shots each circuit is implemented, all methods
fail to achieve overlap with the optimal solution well below 1%. There are several reasons
for this failure, including the Reachability Deficits [140] and the large problem density [75].
This, however, goes beyond the focus of this chapter, which is to find a way to improve
the performance of previously used objective functions. To illustrate the improvement, we
could have used (a significantly) larger number of shots, where Ascending-CVaR would
start showing better performance. This would make the comparison with other problems
unfair (where in all cases, we used the same “normalized” number of shots), and it would
still not present a practical way to solve the Portfolio Optimization problem (VQE is

much better), so we omitted it.

4.6 Additional Experiments

In this section, we provide some additional experiments for the Ascending-CVaR method.
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Figure 4.9: Probability of sampling an optimal solution over the circuit repetitions for a
Number-Partitioning instance.

4.6.1 Circuit Repetitions

In this subsection, we demonstrate how our method outperforms the previously used
objective functions in terms of real circuit repetitions and the quality of the output state.
We set our “default” circuit repetitions to K = 1000, which we then scale up along the
discretely increasing « using the expression K/ay for each given time. While one may
think that this would weaken our results, as illustrated below, it seems that in terms of
circuit repetitions, our method converges to the chosen threshold of 10% faster than the

best of constant CVaR or the expectation value approaches.

4.6.2 Numerical analysis of Ascending factor

In this subsection, we illustrate how the performance of our algorithm depends on the
choice of the ascending factor A. We numerically tested a large number of instances
of sizes from 16 to 20 qubits and observed that the algorithm performed optimally
for ascending factors drawn from the set [0.025,0.045]. For this reason, as an example,
we choose to draw the behavior of our algorithm for two random instances (one for
Portfolio Optimization and one for Number Partitioning) for different choices of the

hyperparameter \.

The performance of our method is sensitive to the choice of A. A small X still converges
to an optimal solution but requires a large number of iterations, compared to A chosen
from the set [0.025,0.045] which is able to attain a 10% within a small number of
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Figure 4.10: Performance of Ascending-CVaR algorithm with linear ascending for different
choices of the ascending factor A. The yellow (square marker) and green (down-pointing
marker) lines, which refer to o = 0.08 and o = 0.1, respectively, are not able to reach a
good approximation to the optimal solution. On the other hand, the orange (line marker)
and light blue (circle marker) lines which correspond to a = 0.04 and o = 0.025 are
both able to achieve an overlap larger than 50%. Finally, the dark blue line (diamond
marker) is still able to reach a good approximation of the ground state, but it lacks in
terms of speed of convergence and magnitude of overlap achieved. The graph on the left
refers to a Number Partitioning problem while the graph on the right shows a Portfolio
Optimization Problem.

iterations. On the other hand, choosing A to be large (hoping for a faster convergence)
fails to achieve even a minor overlap with the optimal solution. A careful tuning of A
is, therefore, necessary for the optimal performance of the algorithm given the size and

class of the problem at hand.
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Chapter 5

Adiabatic quantum computing with

parameterized quantum circuits

5.1 Introduction

As we discussed in previous sections, conventional hybrid quantum/classical algorithms
rely on a continuous feedback loop between the quantum computer that generates and
measures non-classically-simulatable parameterized quantum states and the classical
computer that updates the parameters towards the direction that minimizes the loss,

using a classical optimization algorithm.

Despite the vast number of applications and research interest, the true performance
of these algorithms and whether they can provide a valuable advantage over their pure
classical counterparts is still an open question. Recapitulating, a major reason is that
the emerging objective function landscapes of VQAs are filled with a high number of
local minima [37, 38] and as the number of parameters increases and the ansatz families
become more expressive, the classical optimization algorithms require exponentially many

resources to navigate in these barren plateaux [42, 44, 45, 77].

To further understand the geometry and trainability of the underlying non-convex
landscapes and subsequently understand the limitations of these algorithms, a new field
called Quantum Landscape Theory (QLT) was introduced [21-28]. In QLT, the main
objective is to understand how the loss function landscapes emerge but, at the same
time, understand some of their properties. In this chapter, we aim to contribute to the

field of QLT by quantifying how much the global minima of these objective functions are
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shifted if we introduce a small perturbation in the initial Hamiltonian. This information,
as we discuss later, has special importance as it can be used as the basis of a hybrid

quantum/classical algorithm.

On the other end, conventional techniques for quantum computing with guaranteed
performance, such as Adiabatic Quantum Computing (AQC) [141] (see Sec. 5.1.1) require
depth (or else coherent evolution for large time interval) that is unreachable for current
quantum devices. In AQC the system is initialized in the ground state of an easy-to-
compute ground state and the Hamiltonian is “slowly” varied until it becomes the
Hamiltonian of interest. However, the system must be varied sufficiently slowly so that it
remains in the instantaneous ground state throughout the evolution. Then, at the final
time ¢, the system will be found in the ground state of the desired Hamiltonian. The
time taken to complete the evolution quantifies the cost/resources required for a given
computation. What determines the minimum time that suffices for the problem to be
solved (i.e. how to ensure adiabaticity) is the spectral gap [142]. The total evolution time
t¢ must scale as the inverse of the spectral gap, meaning that problems in which the
gap becomes exponentially small [143] require exponentially large time and thus cannot
be efficiently solved. Moreover, addressing the effect of noise in the adiabatic quantum

evolution is also a complicated task.

In the past few years, the notions and ideas of AQC have tried to be incorporated into
the NISQ literature [144-147]. In [145, 146] the authors incorporated certain ideas from
AQC into the Variational Quantum Eigensolver. Specifically, they defined a (discrete)
parameterized Hamiltonian similar to the one used in AQC, and they started from
a Hamiltonian with a known ground state that belongs to a certain ansatz family of
parametrized states. Then, they iteratively tried to minimize the expectation value of
the (parameterized) Hamiltonian by using the output parameters at every step as the
starting point /initialization for the parameters of the next. Then they argued that the
final output would be close to the optimal angles and the whole procedure could be
used as a warm-starting method [101]. Relevant to this work, [147] proposed a method
to variationally simulate the adiabatic evolution, and [148] proposed to enhance the
Quantum Approximate Optimization Algorithm (QAOA) with additional counterdiabatic
driving terms which were shown to outperform the standard QAOA for the problems
they investigated. Finally, [149] used recurrent neural networks to simulate an annealing
framework and showed that on average their method outperforms simulated annealing

on several spin-glass problems.
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5.1.1 Adiabatic Quantum Computing

Adiabatic Quantum Computing (AQC) seeks to evolve a state under a time-dependent
Hamiltonian H(t). More specifically, a system of qubits is initialized into an easy-to-
prepare ground state of a Hamiltonian Hy. Then, the system is allowed to interact

through the Hamiltonian

H(t) = (1—%) H0+%H1, te0,t). (5.1)

If the Hamiltonian is gapped and the evolution is “slow enough” so that the system of
qubits always remains in the instantaneous ground state throughout the evolution, then
at the final time ¢; the system will be in the ground state of the desired Hamiltonian H;.
There are exact bounds to restrict the time ¢; in order to ensure adiabaticity [150, 151]
and is correlated to the spectral gap, i.e. the energy difference between the ground state
and the first excited state. Specifically, exponentially (with the system size) small gaps

require exponentially large evolution time the Hamiltonian (5.1).

The building block (and inspiration) of AQC is the Adiabatic Theorem which states
that an evolving quantum system under a time-dependent Hamiltonian H(t) will remain
in the instantaneous ground state as long as the system never “receives” enough energy to
make a transition to the instantaneous first excited state. The sufficient energy to make a
transition is bounded by the spectral gap. As a result, all AQC-inspired algorithms must
have a runtime that is dependent on the minimum spectral gap of the evolution. There
are problems, such as solving linear systems of equations or search-engine problems,
where bounding the spectral gap is possible. In [152], Costa et al. were able to show that
a discrete version of AQC can achieve an asymptotically optimal scaling for solving linear
systems while in [153] the authors were able to provide a polylogarithmic (to the system
size) AQC algorithm for the PageRank problem.

As proven in [143], the total unitary evolution U(t,0) = e Jo! H @y required to
interpolate between the two Hamiltonians can be approximated by M = O(poly(n)ty)
discrete unitary evolutions where n is the system size. Clearly, the large depth that
is required to approximate the adiabatic evolution makes it intractable for near-term
devices as the system size increases. Thus, it would be useful to examine whether we can

use a trade-off between trainable parameters and circuit depth.
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5.1.2 Notation

At this point, it is important to clarify our notation and highlight the different Hamilto-

nians used throughout this chapter.

e Hy: The initial Hamiltonian at time ¢t = 0, for which we know the parameters that
produce its ground state. For all our experiments, we choose Hy = — > ;05 with a
ground state [) = |+)%".

e H,: This is the target Hamiltonian that the user aims to find its ground state.
The goal is to identify the parameters of the parameterized quantum circuit that

generates the ground state of Hj.

e V: This Hamiltonian corresponds to the perturbation that we add in each iteration.
In the case of Algorithm 4, we choose the perturbation Hamiltonian to be V =
H, — H,.

e H,: This is the starting Hamiltonian at each step of the algorithm (or else the
unperturbed Hamiltonian). It is equivalent with Hy at ¢ = 0, but it could be any
intermediate Hamiltonian for which we have found its ground state (in the previous

step) using Theorem 5.1.

e H,: This is the perturbed Hamiltonian on all intermediate steps (or else the
Hamiltonian that we seek its ground state on intermediate steps). That is, on every
iteration, we start with the ground state of Hy and we use Theorem 5.1 to find the
ground state of Hy = H, + AV. H} is also equivalent to H; at time ¢t = ¢; when

the algorithm terminates.

5.2 Adiabatic Quantum Computing with

Parameterized Quantum Circuits

In this section, we will present our two main results: A theorem that quantifies how
small changes in the Hamiltonian affect the position of the global minima, and a hybrid
quantum-classical algorithm, which we call AQC-PQC, that utilizes the aforementioned
theorem and ideas from AQC to find the best approximation of the ground state of a

Hamiltonian within a family of quantum states obtained using a parameterized quantum

30



CHAPTER 5. ADIABATIC QUANTUM COMPUTING WITH PARAMETERIZED
QUANTUM CIRCUITS

F(6) = (0|U"(0)H.U(8)0)

Fx(8) = (0] U'(8)(H. + AV)U(8) |0)

Figure 5.1: Variation of the loss function landscape for a small variation in the Hamiltonian.
The global minimum shifts from the optimal point * of the Hamiltonian Hy to the
optimal point 8* + € of the Hamiltonian H, + AV

circuit. A comparison with other approaches is given at the end of the section, while the

proof of the theorem follows in Sec. 5.3.

Consider a Hamiltonian H,, whose ground state, just like in AQC, is known. Let
also a parameterized quantum circuit U (@), prepared with parameters 8* that generates
the ground state |¢(0*)) of H,. The first question that we want to answer is: “If the
Hamiltonian Hy is deformed by a small amount AV (Hy = H, + AV'), what is the shift
vector € that will translate the system from the initial ground state |1)(60*)) of Hy to the
ground state |¢(0* + €)) of the slightly deformed Hamiltonian H,”. The answer to this

question is given in Theorem 5.1.

Theorem 5.1. Consider a parameterized quantum circuit defined via the unitaries U(0),
and the corresponding states |1(0)) = U(0) |0). We are given a Hamiltonian Hs and the
angles @* that minimize its energy, i.e. 0* = argming (V(0)| Hy [1(0)). If we perturb the
Hamiltonian Hy by a small amount \V with A < 1, and |Hs|| = ||V'||, then there exists
a shift vector € such that, with high probability, the state |1)(0* + €)) is the ground state
of the perturbed Hamiltonian Hy = Hs + AV and the shift vector is the solution of the
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following mathematical problem.:

min ||€|
subject to: Ae +Q =0, (5.2)
i orc 7 0;
where H* v ie 1S the Hessian evaluated at the shifted point, Q = . Q.é; is a vector

and A is a matrixz that are defined via their elements

0
Q=g (O 10(6)) |
82

Intuitively, we are looking for the smaller shift (first line of Eq. 5.2) that has vanishing
gradient (second line) which at the same time is a minimum (rather than saddle point or
maximum), as given by the constraint in the Hessian matrix (third line). An important
point is to note that the elements A;;, (); and the Hessian matrix can all be calculated
using expectations and derivatives for the unperturbed state [¢)(6*)). This means that if
we use this approach iteratively (see below), to compute the “new ground state”, one

needs to prepare a fixed number of quantum states in each step!.

The motivation behind Theorem 5.1 is outlined below. As we discuss next, one could
iteratively use the aforementioned theorem and construct an algorithm that allows the
ground state preparation of a target Hamiltonian. Consider the task of finding the ground
state of a target Hamiltonian Hy. The user would utilize a parameterized quantum circuit
and initialize the parameters in the ground state of a different but known Hamiltonian H.
If the Hamiltonian is deformed sufficiently slowly (by introducing small perturbations)
and at the final time the Hamiltonian H, has transformed into the target Hamiltonian
Hy, then by iteratively applying Theorem 5.1 (after each small deformation) the user
would reach the target ground state (or an approximation of it). Note, however, that
the known ground state (of the Hamiltonian H,) at each iteration is the ground state of
the slightly deformed Hamiltonian of the previous iteration. We can now come back to
the aim of the chapter, to obtain a method that uses PQC to approximate AQC. Our

approach can be summarized in Algorithm 4.

IThe details depend on the PQC used, e.g. on whether parameter-shift rules are applicable or not.
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AQC-PQC Framework

( Input ) Quantum Circuit
Ansatz Family U(0) = V(6ar) ...V (01)
Initial Hamiltonian Ho, Target Hamiltonian H |O>®” é V(()T) % V(@;) V(QL) =
Initial Parameters 8* = argming (¢(0)| Ho [¢(0))
Iterations K, A= % V=H,—Hy ) [
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Optimal Parameters 6 = argming (¢/(0)| H1 [1(8)) =Ees -« Ae j Q=0
Ground State Approximation [¢(6*)) ) Hirr = He + AV st H ‘9*+6 70

Classical Solver

Figure 5.2: Adiabatic Quantum Computing with Parameterized Quantum Circuits. At
every iteration, a series of observables are calculated for the instantaneous ground state.
These observables form a linear system of equations whose solution corresponds to the shift
vector €. After the solution is found, the parameters 8* are shifted by € and the ground
state is updated to |¢(8* + €)). Then, a small perturbation is added to the Hamiltonian
for the new observables to be calculated. Finally, a ground state approximation of H; is
given at the output.

Algorithm 4: Adiabatic Quantum Computing with Parameterized Quantum

Circuits

Input : Initial Hamiltonian Hy;

Target Hamiltonian Hy;

Ansatz family [(6)) = U(6) |0) with M parameters such that the ground state
of Hy and H; (or a good approximation of them) is contained within the ansatz;
0* = axg min (1:(0)| Hy [1(6)):

Set of expectation values of observables: the Hessian H* and {Q;, A;;} as given in
Eq. (5.3);

Total steps K;

for k=1,2,...,K do

Hy = (1— £)Hy + £ Hy;

Measure and estimate {Q;, Aij, H)‘} using a quantum processor;

Use Eq 5.2 and a classical solver to calculate € = (€1, €, ..., €pn);
0* =0* + ¢;
end

return [¢)(6*))

The algorithm can also be visualized in Figure 5.2. The main idea is the following.
We start with discretizing AQC in a way similar to VAQC [145, 146], taking K steps.
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We consider the (step-dependent) Hamiltonian

k k

Here the step subscript k& has the role of the (discrete in our case) time. Let us set
A:=1/K <1, and V := (H; — Hy). We can rewrite the step-dependent Hamiltonian as

Hy, = Hy + EAV. (5.4)

We can easily see that Hy 1 — Hy = AV, and thus we can apply Theorem 5.1 for any
consecutive pair of { Hy, Hyy1}. We start from H, and initialize the algorithm with the
known ground state that corresponds to the initial parameters 8*. Then, for each step,
we compute the shift vector € and add it to the parameters corresponding to the ground
state of the previous step to obtain the ground state of the next step. For example, at the
k + 1 iteration, we can apply Theorem 5.1 using Hj as the known Hamiltonian H and
A(H; — Hy) as the perturbation. Thus, by solving Eq. (5.2) we can calculate the shift

vector € that will translate the system onto the ground state of the Hamiltonian Hy ;.

As we noted after our main theorem, to compute the shift vector we need (i) to
estimate the expectation values of certain observables evaluated for the starting state
using our quantum device and (ii) use a classical solver to solve Eq. 5.2. The shifted
ground state is then used as the ground state for the next step. In the Kth (final) step,
the Hamiltonian becomes H; and thus the ground state we recover is the desired ground

state terminating the quantum/classical loop.

Comparisons. Our method differs significantly from both the traditional adiabatic
evolution and VAQC proposed by [145, 146]. In AQC the adiabatic evolution, when run
in a digital quantum computing device, is approximated by a series of Trotterized unitary
evolutions. As a result, to simulate these unitaries, a circuit with a very large depth
is needed which makes AQC inapplicable for near-term devices. In our approach, we
take advantage of the fixed architecture of the parameterized quantum circuits, which
supports quantum states that can be prepared with relatively high fidelity, while we
still exploit the advantages and guarantees that adiabatic quantum computing offers
(at least in the noiseless case). Similarly to variational algorithms, we delegate part
of the computation to a classical processor to construct a hybrid algorithm. In AQC
the (time-evolving) Hamiltonian needs to be physically implemented (or a Trotterized

version of it). In our approach, we evaluate the energy corresponding to that Hamiltonian
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by measuring the parameterized quantum states we produce, which allows us to easily
consider more general Hamiltonians (for example ones that include terms of higher order

than quadratic).

Our approach also differs significantly from variational quantum algorithms, offering
several potential advantages. The main difference in our approach is that we do not
perform energy minimization in the conventional way. As such, we do not have to rely
on empirical choices of the hyperparameters for the success of our method as we do not
iteratively follow the direction of the negative gradient. In our approach, the energy
minimization is performed by finding the closest minimum, which is identified by solving

the constrained linear system in Eq (5.2).

As we discussed, the classical part is a constrained linear solver (which can be
performed very efficiently and with guarantees of finding the solution), while in variational
approaches the user usually selects a first or second-order minimization method. Most
of the limitations of VQAs come exactly from the optimization part and specifically
due to two main bottlenecks. First of all, a random initialization of parameters may
lead to either bad performance or barren plateaux. Secondly, the emerging landscapes
of VQAs are filled with a vast amount of local minima or barren plateaux that make
them untrainable. While there exist methods that try to overcome these limitations
[51, 84, 85, 100] our algorithm offers a more robust strategy (see also for simple simulated

experiments in Sec. 5.5).

Another key difference, and advantage of our approach, is that traditional variational
quantum approaches require constant preparation of the quantum circuits. For each
iteration, multiple quantum states need to be prepared (details depend on the classical
optimizer used). As the classical optimization algorithm approaches the minimum, the
number of shots and quantum state preparations increase significantly (as the gradients
tend to zero). On top of that, we neither know in advance how many iterations would
be required to reach convergence nor if the quantum state that we converge to is the
correct ground state?. In contrast, in our strategy, we can mimic adiabatic quantum
computing with only K steps, where K is the chosen number of discretization steps
and is typically much smaller than the iterations a classical optimizer requires in VQAs.

Therefore, we have a known number of quantum states that are to be prepared and

2Tt is a heuristic approach.
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measured 3, and also have a guarantee that our method will find the solution if AQC can

solve the problem efficiently and K is chosen suitably.

A final potential advantage compared to traditional variational approaches, is that
quantum error mitigation methods may be more effective in our case. There are QEM
methods (for example [154]) that are specifically applicable if the quantum state considered
is close to the ground state. In our method, all quantum states used are close to the
ground state of some time-dependent Hamiltonian, and thus these approaches should be
more productive. A full analysis of these implications, as well as the questions stated in

the above paragraph, are a subject for further research.

5.3 Parameterized Perturbation Theory

In this section, we will first prove Theorem 5.1, which reduces the problem of finding
how a small perturbation of a Hamiltonian shifts the parameters that minimize the
energy, to a constrained system of linear equations. We then give two ways to impose the
constraint. Finally, for a special (but very widely used) class of families of parameterized
quantum circuits, we give expressions of how to exactly evaluate the required derivatives

and outline the method we follow for our simulated experiments in the next section.

Proof of Theorem 5.1. We first give the outline in four steps. To establish that we have
found a minimum of a function we need to (i) check that the gradient of the function,
evaluated at that point, vanishes (critical point) and that (ii) the second derivative
(Hessian) corresponds to a positive semi-definite matrix (is a minimum). Our function
is the (perturbed) energy Fj(0) corresponding to the Hamiltonian Hy = H; + AV of
the parameterized quantum state [1/(0)). The first step is to consider the gradient of
a general shifted point 8* + €. For the new ground state, this gradient should vanish.
However, since our aim is to find the shift vector €, we cannot measure the energy of
the shifted state until we know (or until we have a good guess for) the shift vector.
The second step is to exploit the fact that the Hamiltonian is only slightly perturbed.
We expect that the new ground state is close to the one we started, thus the shift
vector € is small and we can expand the energy around the previous minimum using

a Taylor expansion, while we are justified in keeping only the leading (linear) terms

3We require O ((1 +dim(N, (A)) M 2) different quantum states for each step if we follow the approach

used in Lemma 5.5
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in €. Now all the functions (and derivatives) required are evaluated for the previous
(and known) value 8*. The third step is to evaluate the derivatives either approximately
using finite differences, or exactly if the PQC allows us to use the parameter shift rules
(Egs 2.4,2.5). This reduces the problem to a system of linear equations. This system
(in general) has many solutions since some of the equations are not independent. If A
is sufficiently small, and for well-behaved Hamiltonians, the smallest shift vector that
gives a minimum is the global minimum and thus the ground state. The final fourth step
requires exactly this, to minimize over the possible solutions for the shift vector, while also

confirming that the solution is indeed a minimum by checking the positivity of the Hessian.

Step 1. We consider the energy F)\(60) given by

F)(6) = (0| U"(6)H\U(8) |0) . (5.5)

We are interested in the value of the new ground state, i.e. the new minimum of the
energy. We expect the new ground state, since the Hamiltonian is perturbed slightly by
AV, to be close to the previous ground state, i.e. we search for some point 8* + €. For

this point to be a minimum, the gradient of the energy should vanish,

0
00;

F\(6) =0 V i (5.6)

0=0*+¢

Step 2. We can expand the energy around the old ground state, using a Taylor expansion,

as
M

For suitably small perturbation (i.e. sufficiently small \), the shift vector € is also small
and we can approximate accurately the energy by keeping up to the linear in € term of

the Taylor expansion and plug it into Eq. (5.6) to impose a vanishing gradient,

B o (XL 9

j=1

By noting that

FA(07) = ($(07) H [4(67)) + A (4(67)| V [1:(67))
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and that 5
(V(07)| Hy [1(67)) =0 V4,
00;
and because 8* is the ground state of H, we have
O R0%) = A (0| V [(07) = @ (5.9
o0, *" ' "o, i ‘
Similarly, we can define
82
A = ——F\(0%). 1
v 89180] )\(0 ) (5 O)
Eq. (5.8) becomes
Qi+ > Aye;=0 V i, (5.11)
J

the system of equations in Eq. (5.2) in Theorem 5.1.

Step 3. Both the @); and the A;; involve derivatives of expectation values evaluated at
the known point 8*. As we have seen in Sec. 2.1, one can evaluate such derivatives by
computing the expectation values at a number of points (one or two per dimension of the
parameter space) related to 8*. In the general case, those points need to be very close
to 6*, and the result is an approximation (finite differences). In the special case that
the generators have a certain specific form (see later) one can evaluate exact derivatives
using the parameter-shift rule (Eqs (2.4), (2.5)). The exact choice depends on the PQC
that one considers, suggesting that PQC that admit parameter-shift rules would perform

more accurately in our method.

Step 4. To determine the (small) shift in the parameter space that the ground state
moved because of a small perturbation, we need to find (i) the turning point closest to
the old ground state (vanishing determinant) that also (ii) is actually a minimum. To
ensure the former we need to take the € with the minimum norm, while for the latter we

need to ensure that the Hessian Hj, = %OT'—;@I{FA(B) evaluated at the new point 0* 4 € is
J

a positive semi-definite matrix?. The shift vector is therefore the solution to the problem

min ||€|
subject to: Ae + Q =0, (5.12)

H geic = 0.

4In [155], the authors numerically analyzed the objective function landscapes that appear in the
highly parameterized vector spaces of variational quantum algorithms. They noted that in most cases,
the Hessian matrix at the local and global minima is positive semi-definite, with the zero eigenvalue
being highly degenerate.
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]

To solve the constrained problem in Eq. (5.2), both a classical and a quantum device
is needed. Ideally, we would like to first measure some expectation values, and then, with
these values as input, use a (fully) classical solver to find the shift vector. However, the
constraint involves checking the (semi) positivity of a matrix (Hessian) which is evaluated
for the new ground state 8* + €. Since the shift vector is not known (yet), one would
think that the constraint cannot even be defined unless one has a candidate shift vector.
While this approach is possible (see remark later), we can also exploit, once more, the

fact that the shift vector is small for small perturbations.

Lemma 5.1. The mathematical problem of Eq. (5.2) can be solved using expectation
values of observables and their derivatives evaluated at the known point 0*. Specifically,

the Hessian at @* + € can be approximated using this expression
N
A _ A
ij‘@:@*—i—e o ij‘e:e* + Z eia_eiﬂ-jk‘g=9* (513)
i=1

Proof. The linear set of equations is already defined at 8* while the Hessian is obtained

by Taylor-expanding and keeping up to linear terms. O

Here we should note that to compute the Hessian in the way described, we require
up to third derivatives of the ground state energy. Since each derivative requires us to
evaluate the state in at least one different point per dimension of the parameter space,

computing third derivatives would require O(M?3) quantum states.

Remark. An alternative approach would be to use a method that has more cycles of
classical-quantum subroutines. Specifically, one could first evaluate expectation values at

0* and solve the simpler (unconstrained) system

min |||

(5.14)
subject to: Ae + Q = 0.

Then, using the trial shift-vector €, prepare the new set of states (of O(M?)) to check
if the Hessian at the point 8* 4 € is positive semi-definite. If it is, one outputs € = €.

If it is not, one goes back and finds a new candidate shift-vector and prepares a new
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set of quantum states to check the Hessian at that point. The process terminates when
a suitable solution is found. While this approach may require O(M?) preparations of
quantum states, it has some disadvantages that led us to focus on Lemma 5.1: (i) It is
not clear after how many rounds we are guaranteed (or likely) to find a suitable solution;
(ii) We need to go back and forth between the classical and quantum processors; (iii)
Optimized classical solvers for the constrained problem cannot be used, and a naive,

trial-and-error method imposing the constraint is followed.

As a final point, we note that for most PQCs, for example, those that have Pauli
rotations as parameterized quantum gates, one can use parameter-shift rules to evaluate

the derivatives exactly.

Lemma 5.2. Consider the statement in Theorem 5.1, where the parameterized quantum
circuit is defined via unitaries that have generators g; with two distinct eigenvalues £r.

Then Eq. (5.2) can be evaluated exactly using

Qi = % (v(om+Z2es) v (o7 - ge))) (5.15)
Ay = i (FA (0* + ge n gé]) Py (9* . §ez + g ,)
B (0" Sei - 5é5) + B (0" - Déi— 745

and similarly, the Hessian in Eq. (5.13) can be evaluated by taking third derivatives with

the parameter-shift rule.

Proof. This follows directly using the parameter-shift rules given in Eqns (2.4), (2.5). O

5.4 Solving the constrained linear system

In this section, we will decompose the main mathematical problem incorporated in
AQC-PQC and focus on all of its subsequent parts separately. As it is clear, the hardness

in our approach comes in solving the main mathematical problem in Eq. (5.2):

min ||€|
subject to: Ae +Q =0,
H)\

9*+€ % O?
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using the least number of classical and quantum resources.

Recall that we are searching for the minimum vector € € RM that has zero gradient
and is a (global) minimum. The norm of a vector |€|| is a convex function. The same
holds for the linear equation constraint, as the affine map Ae+ @ is also a convex function.
The main bottleneck in our problem is that the Hessian at the point (8* + €) is not (in
general) an affine map in €, making it a non-convex problem. However, as we will see,

this is not the case when € is small.

5.4.1 Equality Constraint

We start with the equality constraints:
Ae+Q =0 (5.16)

with A € M (SM = {X]| XT = X} is the space of symmetric matrices of dimension
M) and Q € RM. The first step is to eliminate all equality constraints, as in most cases
this linear system of equations is overdetermined. Consider any €g that is a solution of
Eq. (5.16), i.e. Aeg + Q = 0. It will be wise, for reasons that will become clear later,
to choose €y to be the smallest vector that satisfies the linear equation, i.e. €g is the

solution of the convex problem:

min ||€|

subject to: Ae+Q =0

Such a vector is unique. Let F be the feasible set of solutions of Eq. (5.16):

F={e|Ade+Q =0} = F={elA(e—¢&) =0} =

(5.17)
F ={u+ €|Au =0}

where in the last line we defined u = € — €g. As a result, all € = u + €9, with u € N (A)
(where N'(A) is the null space of A) correspond to solutions of the linear system of
equations. Since Eq. (5.16) is a linear equation (whose solution provides us with the
critical points in the energy landscape) that is approximately equal to 0, it is more appro-

priate to define the notion of an k-approximate null space (denoted as N, (A4)), i.e Au ~ 0.
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Definition 5.1. (k-Approximate null space). Let A € SM and let k > 0. Consider the set

of eigenvectors {vy,...,vi} of A such that |v;|| =1 and |Av;|| < k. The k-approzimate
null space N (A) is defined as N(A) := span(vy, ..., ;).

We will now proceed and explain how one can construct an approximate null space. As a
first step, we apply a singular value decomposition (SVD) of the matrix A. By doing so,

the matrix A can be decomposed as:
A=UxV" (5.18)

where U,V are orthogonal matrices and Y is a diagonal matrix with singular values of
A as its entries. Let diag(X) = (01(A) > 02(A4) > ... > om(A) > 0) be the singular
values of A. Since A is symmetric, U = V and their columns are the eigenvectors of A.
Additionally, the singular values o; are the absolute values of the eigenvalues of A, i.e.

o; = |\i|. If v; are the eigenvectors of A then from Eq. (5.18), we can write A as:

M
A= Z O'Z"Ui’Uf,;T (519)
i=1

As our next step, we can apply a low-rank approximation of the matrix A. Specifically,
from Eq. (5.19) we can keep all terms up to the k-th term. Let Ay = Eigk o0;0; ¢ be
the k-rank approximation of A. The error in the approximation is given in the Frobenius

norm as:

A= Akllp = (5.20)

and is the optimal k-rank approximation according to Eckart- Young-Mirsky Theorem. As a
result, the above analysis provides a recipe for how to define the k-approximate null space
N, (A). That is, one can set a threshold x > 0 with & 0 so that all singular values smaller
than x are neglected. The basis of N, (A) is then clearly (vgy1,...,var) = span(N,(A))
with dim(N,(A)) = M — k. Consider now the most general vector g € N, (A)

M

B = Cki1Vk+1 + ... +Cpyp = Z CiV; (5.21)
i=k+1
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with ¢; € R. As a result, the main mathematical problem (5.2) has thus been reformulated

to:
min ||eq + pi|
I

subject to: H? =0 (5.22)

0*+eo+p

p e Nu(A)

Corollary 5.1. Solving the main mathematical problem in Eq. (5.2) reduces the classical
search to only dim(N,(A)) < M parameters.

As a result, we can reduce the overall hardness required in gradient approaches, where
we usually have to optimize all the parameters of the parameterized quantum circuit.
Relevant approaches where only a subset of the total parameters are varied have been
previously utilized in [60, 156]. It is worth noting that in problems that we examine in
section Sec 5.5, the dimension of the k-approximate null space is usually much smaller

than the total number of parameters M.

5.4.2 Positive-semidefinite constraint

Since we eliminated the equality constraint in Eq. (5.2), we will proceed to satisfy the
second constraint, which corresponds to the Hessian. Specifically, our goal is to make
the Hessian matrix positive-semidefinite (H*|g+,¢ 5= 0), as the solution of Eq. (5.2) must
translate the system to the ground state of the perturbed Hamiltonian which is a (global)
minimum. Making the Hessian matrix positive-semidefinite is equivalent to making its

smallest eigenvalue greater or equal to zero.

Consider a matrix X € SM where ¥ = {X| X7 = X} is the space of symmetric

matrices. Clearly, any Hessian matrix belongs in SM.

Definition 5.2. (Minimum eigenvalue function). The function f : ™ — R that inputs

a symmetric matrix X and outputs its minimum eigenvalue is defined as:

F(X) = inf{" X | [lo]) = 1} (5.23)

The minimum eigenvalue function has the following important property, highlighted

in Lemma 5.3.
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Lemma 5.3. The function f : SM — R that inputs a symmetric matriz X and outputs
its minimum eigenvalue is concave. If X1, Xy € SM and 0 < 0 < 1, then f satisfies

Jensen’s inequality:

FI0X:1+(1—-0)X5] > 0f(Xq) + (1 —0)f(X2) (5.24)

Proof. The proof follows immediately, as f is the pointwise infimum of a family of linear

functions (i.e. v Xv). For more details, see [124]. O

Definition 5.3. We define the composite function h = f o H : R® — M s R:

h(€) = f(HY o) (5.25)

It is clear that the function h is not concave since the Hessian operator is not in
general affine in €. However, from our previous analysis, we have assumed that for small
perturbations A, the shift vector that translates the system onto the new ground state is

also small. This allows us to define the affine approximation of the Hessian.

Definition 5.4. The affine approximation H of H is defined as:

M
H=Hg- + > exDylor (5.26)
k=1
where the matrix Dy is defined as D, = %.

One can quantify the error of the affine approximation of the Hessian from the full

matrix using techniques described in [157].
Lemma 5.4. The function h = f o H defined as:

h(e) = f(HA|9* + ZEka|0*> (5.27)

k=1

is concave in RM .

Proof. The proof follows similarly to Lemma 5.3, as h is the pointwise minimum of a

family of affine functions. m
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Our analysis has allowed us to express the problem as a semidefinite program. It is
straightforward to see that if we used the k-approximate null space defined in Definition
5.2 and use the fact that € = €9 + p, where pu € N,(A) then Eq. (5.2) can be reduced to

its final form:
min ||€o + pl|

subject to: f(H’\ + V“H’\

) >0 (5.28)
0*+eo

€ Na(A)

where V,, = p”'V is the directional derivative pointing in the k-approximate null space.
As a result, in Lemma 5.5, we can conclude what are the essential quantum resources to

formulate and solve the mathematical problem defined in Eq. (5.2).

Lemma 5.5. (Quantum Resources). The total number of quantum resources required at
every step of the AQC-PQC algorithm scales as:

(9((1 + dim(Nn(A))Mz)
where A is the Hessian of the perturbed Hamiltonian at the ground state of the unperturbed
Hamiltonian.
Proof. The proof follows immediately from our previous analysis. O

Finally, once the problem has been formulated, classical algorithms, such as interior
point methods [124] or supergradient ascent methods [158], can be utilized to return the

solution.

5.5 Simulated Experiments

We will first give an overview of the technical details of the experiments and we will also
introduce the different classes of problems that we examined. Then, we will provide an

analysis of our method for different choices of discretization steps.

5.5.1 Technical Detalils

For our experiments, we used both Qiskit Statevector and QuUEST simulators which allow

exact moiseless calculation of the expectation values.
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For the parameterized family of gates, we chose a hardware-efficient ansatz consisting
of a layer of R, rotations for each qubit, followed by a series of controlled-Z operations
applied in a nearest-neighbor fashion, and then finally another layer of R, rotations (see
Figure 2.2). In order to evaluate the efficiency of our algorithm we used Eq. (5.14). Then,
to test the condition that the Hessian at the point 8* + € is positive semidefinite, we
prepared the state |1)(6* + €)) and calculated the Hessian using Eq. (2.5). We chose to
evaluate our method in MaxCut and Number Partitioning (see Sec. 2.3) and on the

Transverse-Field Ising Chain model (see Sec. 2.4).

5.5.2 Results
5.5.2.1 Classical Optimization Problems

The two methods (VQE and AQC-PQC) were tested on the MaxCut and the Number
Partitioning problems (details can be found in Sec. 2.3). For these problems, we chose to
compare the methods on instance classes that we consider hard. Both of these problems
have an intrinsic Z, symmetry, and so we chose instances with only two optimal solutions
(one solution can be acquired from the other by flipping all qubits). Specifically, for the
MaxCut problem, we sampled 100 random weighted graphs of sizes 8 to 12, while for the
Number Partitioning problem, we sampled 100 instances of the same size as MaxCut
with integers drawn from the interval [0, 50]. The results are illustrated in Figure 5.3.

Additionally, we can see the overlap returned by both algorithms in Tables 5.1,5.2.

Overall, we can see that AQC-PQC is able to outperform VQE in all instances,
achieving overlap even five times larger in MaxCut (see Table 5.1) and ten times larger in
Number Partitioning (see Table 5.2). Moreover, as seen in Figure 5.3, the output states
returned by AQC-PQC are significantly closer (in terms of energy) to the ground state
compared to VQE. This is to be expected as the non-convexity of the cost landscape
results in the classical optimization part of VQE being stuck in a local minimum. As
pointed out in [37, 38|, the cost landscapes in shallow-depth VQAs, such as those
utilized in this chapter, are filled with a vast amount of local minima, which makes them
untrainable. One potential way out of this is to overparametrize the ansatz family [24],
provided that the ansatz family can be overparametrized with a polynomial number of
parameters. However, for NISQ devices, the large depth would result in noisy calculations

due to the large number of errors and low coherence times.

On the other hand, AQC-PQC provides a more robust strategy to navigate the
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MaxCut Number Partitioning

0.7 { = AQC-PQC -8 AQC-PQC
VQE (Gradient Descent) 354 VQE (Gradient Descent)
0.6 4 VQE (2-SPSA) VQE (2-5PSA)

3.0 4

2.04

0.2 4 ——a

154
0.1+
0.0 . . ; . 1.0 4
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Number of Qubits Number of Qubits

Figure 5.3: Performance of AQC-PQC algorithm compared to VQE (with 2-SPSA and
Gradient Descent optimizers) for the MaxCut problem (left) and the Number Partitioning
problem (right). The AQC-PQC algorithm with the dark blue line (square markers) is
able to outperform both 2-SPSA and Gradient Descent in terms of the quality of the
output solution.

0.5

0.4 4

|E - Eom‘
|E — Eopt|

0.3 4

MaxCut Optimal Solution Overlap (%)
7 Qubits | 8 Qubits | 9 Qubits | 10 Qubits | 11 Qubits | 12 Qubits
AQC-PQC 82.7 74.3 93.1 50 28.1 56.6
VQE 62.3 54.7 60.8 39.2 22.1 11.1

Table 5.1: Probability of sampling the optimal solution for the MaxCut problem for
instances of size 7-12. AQC-PQC was able to outperform VQE on all instance sizes,
achieving a larger overlap with the optimal solution.

(time-evolving) landscape. Provided that the number of steps is chosen accordingly and
the ansatz family is expressive enough, the latter algorithm will always achieve a large

overlap with the optimal solution.

However, it is important to stress that the expressiveness of the ansatz plays a
significant role in the performance of the algorithm. We have observed that within the
limits of very large steps, if the ansatz family is not sufficiently expressive, AQC-PQC
will converge into a suboptimal solution. The reason is that for the intermediate ground
states, circuits of large depth are required in order to remain close to the instantaneous
ground state. In Sec. 5.6, we provide a case study in which we investigate the performance
of AQC-PQC for different ansatz families.
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Number Partitioning

Optimal Solution Overlap (%)

7 Qubits | 8 Qubits | 9 Qubits | 10 Qubits | 11 Qubits | 12 Qubits
AQC-PQC 37.5 21.9 24.7 12.6 5 4.6
VQE 28.5 6.2 6.4 1.2 0.8 04

Table 5.2: Probability of sampling the optimal solution for the Number Partitioning
problem for instances of size 7-12. AQC-PQC was able to achieve a significantly larger
overlap than VQE for all instance sizes.

071 _m agc-pac

VQE (Gradient Descent)
VQE (2-SPSA)
0.6

0.5

|E — Eopt|

0.4 4

0.3 A

0.2 1

T T T
10 11 12

Number of Qubits

T T
8 9

Figure 5.4: Performance of AQC-PQC algorithm compared to VQE (with 2-SPSA and
Gradient Descent optimizers) for the Transverse-Field Ising Chain model.

5.5.2.2 Transverse-Field Ising Chain

Details for the TFI Chain problem can be found in Sec. 2.4. We compared the two
methods on instances of sizes 8 to 12 qubits. We evaluated the performance of the
two algorithms on the TFI Chain for 100 random instances with the couplings (J, h)
drawn uniformly at random from the uniform distribution. The results of the TFI Chain
model are illustrated in Figure 5.4. Overall, we observe that AQC-PQC can return
approximations of the ground state of Hrpy that are closer compared to those returned

by VQE.

5.6 Ansatz Expressiveness

It is very important to understand how crucial it is to have a parameterized family of
gates that is sufficiently expressive. To be exact, the ansatz family should be expressive

enough so that in the vicinity of small energy gaps, the energy returned by AQC-PQC
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is close to the ground state. In Figure 5.5 we can visualize how close are the ground
state energies returned by AQC-PQC at every step of the algorithm for different ansatz

families.

Specifically, Figure 5.5 illustrates a 3-regular graph of size 6 for the MaxCut problem.

xT

The system was initialized at the ground state of Hy = — ), o]

7

(with ground state

|+)®°) and the Hamiltonian was discretized into 30 steps:

i i
Ho=(1-~)H +—~p 92
k ( 30) 0+ gptiue (5:29)

where k € [30] and Hyc is the MaxCut Hamiltonian defined in Eq. (2.17). As a parameter-
ized family of gates, we used the ansatz on the left of Figure 2.2 with 0 (no-entanglement
gates), 1,2, and 3 layers of entanglement gates. Despite the fact that all these parameter-
ized families contain both the initial and final ground states, they differ in the reachability
of the intermediate ground states. We can see in Figure 5.5 how the most expressive
ansatz family (of 3 layers) is able to always remain close to the true ground state energy
compared to the ansatz family, which uses no entanglement. Although the latter achieves
a non-zero overlap with the optimal solution, the final output energy is far from the
optimal. As a result, for harder instances where the returned energy is larger than the
first excited energy, there is a high probability that the resulting overlap will tend to

Z€ero.
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Figure 5.5: AQC-PQC performance for three different parameterized family of gates for
the MaxCut problem. The 3-Layer Ansatz (purple line) always remains close to the true
ground state energy, returning a quantum state with an overlap equal to one at the end
of the algorithm. On the other hand, the ansatz family that uses no entanglement (and
thus is the least expressive) cannot remain close to the ground state (blue line), and so
at the final step, it returns a solution that is far from the optimal.
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Chapter 6

Conclusion and future directions

In this thesis, we aimed to advance the practicality of hybrid quantum/classical algorithms.
Our goal was to solve the three main bottlenecks that prohibit the usefulness of variational

quantum algorithms. As we previously discussed these are:

1. Distribution of quantum and classical resources.
2. Local minima and bad initialization.

3. Expressivity and barren plateaux.

The narrative we have presented was composed of three main phases. First, in Chapter
3, we aimed to solve the first bottleneck. We showed how information-theoretic methods
outperform naive optimization methods in Variational Quantum Algorithms (VQAs) [11].
We introduced a novel optimization algorithm, called random natural gradient where we
showed that it is quadratically faster (in terms of quantum state preparations) than the
well-established (and well-studied) quantum natural gradient [30]; a method that uses the
computationally expensive quantum Fisher information matrix (QFIM) and is related
to the quantum imaginary-time evolution. Our proposed method is able to adapt the
information of the local geometry of the parameterized quantum states in the optimization
process and overcome existing barriers of VQAs. To achieve this, the parameterized
quantum state is first rotated at random by a random unitary and then measured in the
computational basis. Then, the measurement outcomes are used to calculate the (random)
classical Fisher information matrix, which is used as a precondition in the optimization

process. In the same chapter, we provided two estimators of the QFIM. The first requires
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a collection of random measurements, where the random measurement is performed
by first applying a random unitary that is sampled from a 2-design distribution and
then measured on the computational basis while the latter is constructed as an average
classical Fisher information matrix. Furthermore, we show how the second estimator is
connected to RNG. Finally, we introduce a stochastic-coordinate approximation of the
QFIM where a reduced QFIM is constructed by randomly sampling a set of parameters

in the quantum circuits.

This part of the work opens up a number of different ways for future research. At first,
it would be fruitful to develop strategies to identify good subsets of unitaries v € U(2")
(with small depth requirements) so that sampling from these unitaries would result in
CFIMs close to the QFIM. This opens up a new research direction, as the way of choosing
the appropriate basis may also be viewed as a quantum machine learning problem. On
top of that, it is necessary to research and test the practicality limit of already known
quantum algorithms when certain computationally expensive quantities (such as the
QFIM) are estimated (up to some error) by computationally cheaper objects. Techniques
such as our proposed algorithm showcase their practicality as quantum-inspired classical
approximation methods, on top of the advantages that were previously mentioned. A user
can classically prepare and store ansatz states, and by performing K measurements on the
stored state, they can approximate the QFIM and, eventually, identify the direction that
follows imaginary-time evolution. Additionally, another interesting research direction is to
quantify the sample complexity K of the two estimators. Different choices for K may be
needed to achieve a desired accuracy e (error from the QFIM) for different parameterized
quantum states. Thus, it is essential to understand how the geometry of the underlying
quantum states is connected to the sampling requirements of our algorithm. Finally, a
very interesting research direction is to examine connections between the random natural
gradient and the BFGS algorithm [159].

Next, in Chapter 4, we aimed to solve the second bottleneck. We showed how
developing different objective functions that depend on the problem class leads to
significantly improved performance, overcoming one of the fundamental bottlenecks
of VQAs. As we showed, for classical combinatorial optimization problems where the
optimal solution is a computational basis state, using an averaged and increasing a-tail
of the energy outcomes avoids local minima and is able to return solutions with very
large (and close to unity) overlaps with the optimal solution, overcoming barriers of the

previously introduced objective function of [61]; a method that we named ascending-
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CVaR. Our idea was to use an objective function that dynamically changes during the
optimization process. Specifically, the number of samples that the optimizer sees during
the optimization increases with time, essentially becoming the expectation value at the
end of the process. This, intuitively, avoids getting stuck at local minima since the energy

landscape for different o’s differs, apart from the global minimum.

This work not only offers a generic method to improve the performance of VQAs for
combinatorial optimization problems, but it also suggests a new direction of research
where dynamic objective functions can be used to boost the performance in terms of
quality and speed of near-term quantum algorithms. An immediate follow-up to the
proposal suggested here is to generalize our approach. Concretely, our method introduces
two extra degrees of freedom. The hyperparameter A and the function according to which
the parameter a increases. It is worth exploring a more systematic rule on how to fix
these degrees of freedom according to the problem considered and the features of the
specific instance. Considering other dynamic objective functions is another direction that

is worth pursuing.

Finally, in Chapter 5, we aimed to solve the third bottleneck. We introduced a novel
hybrid algorithm that hops between instantaneous ground states by iteratively solving a
constrained linear system of equations. On top of that, our proposal does not initialize
the parameterized quantum architecture on a random configuration (with the problems
inherited on that, such as flat landscapes and local minima near the initialization point)
but rather on the configuration that generates a ground state of a known Hamiltonian.
Our algorithm draws a connection to a well-studied quantum computing framework,
namely adiabatic quantum computing (AQC) [141]. We show that by slowly varying
the Hamiltonian from an initial Hamiltonian Hy with a known ground state to a target
Hamiltonian (corresponding to the unknown target ground state), we are able to hop
between ground states and by solving this constrained linear system to reach the ground

state of interest.

Our final work also opens up at least three distinct future directions. First of all, the
time required for AQC is related to the number of steps K. While we provided evidence
for the practicality of our method, an important task is to analyze K extensively (both
theoretically and using extensive numerical simulations). There are cases (ansatz families)
where the first excited state may not necessarily correspond to a minimum and so the

algorithm can acquire a speedup. Secondly, testing our method for different problems
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and much larger instances is the other obvious direction. Thirdly, identifying the optimal
algorithm to solve the inherited constrained linear system problem in our approach is
the final research direction. Optimizing in terms of both 1) number of state preparations

and 2) calls in the classical computer is a necessary step to make the approach practical.

We hope that the work presented in this thesis has made it even more apparent
that the study and improvement of hybrid quantum/classical algorithms can lead to
this technology moving into the practical regime, where it can offer a speedup over its

classical counterparts.
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Appendix A

A.1 Derivation of Classical Fisher Information

Matrix
We start with the KL-divergence for two probability distributions p(8), p(0 + €):
n(9)
KL (6 )1 =
(p(0)|lp(0 +€)) ZPZ 08—~ @ +e

(A1)
> pi(0)logpi(6 ZPZ ) log pi(6 + €)
z

The elements of the CFIM are defined as the second—order derivatives of the KL-divergence.
Specifically, an element [F¢];; is given by:

2
[Fcli 861 Zpl ) log pi (6 + €) = - sz(O) Jesde, log pi(0 + €) —
92 =0 . e=0
(A.2)
Since: 0? 1 0%p(6) 1 Op(6) opi(0)
- 00,00, osm(0) = ~ pi(6) 90,00, i pi(@) 06; 00, (4-3)

Substituting Eq. (A.3) in Eq. (A.2) we get:
1 2
Pl = E{ _ L PnO) 1 ap(o) 8])1(0)} _

n(0) 90:00; " p2(0) 00; 00,

—1 9*p(0) 1 Opi(0) Opi(0)
2 ml® { ) 90,00, " 17(0) 00, aej} A

1 0pi(6) Ipi(0)
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where we used the fact that

9%p,(0 52
ae-la(e-) = 00,00, >_m(6)=0 (A-5)
l L I

As you can see, although the Fisher information is the matrix corresponding to second-

order derivatives, after our analysis, it can be written as a product of first-order derivatives.
This has an immediate advantage in the number of resources needed. It requires only the
calculation of the first-order derivatives in the quantum computer. Then, the classical
computer post-processes the m first-order derivatives and stores the classical fisher

information using O¢(m?) classical memory.

A.2 Additional Experiments

In this section, we provide some extra experiments, comparing our two proposed methods
(see Random Natural Gradient in Sec. 3.2 and Stochastic-Coordinate Quantum Natural
Gradient in Sec. 3.6) on the MaxCut problem (see Sec. 3.7). For our experiments, we
employed the PQC visualized on the right side of Figure 2.2 with 3 layers. We sampled

random 8 and 10-qubit unweighted 3-regular graph instances.

A.3 Random Measurements and QFIM

Randomized measurements constitute a powerful tool that has been exploited for several
different applications throughout the quantum computing literature [54, 55, 59, 160, 161].
We begin by recalling a few standard notions on random operators acting on our space

of parameterized qubits, referring to [134, 162] for a comprehensive introduction.

Definition A.1. (Haar Measure) [134]. The Haar measure on the unitary group U(d) is
the unique probability measure py [163] that is both left and right invariant over the
group U(d), i.e. for all integrable function f : U(d) — £(C?) and for all V € U(d) we

have:

/ F(O)dun(U) = / FUV)dun(U) = / fVDps(U)  (A6)
U(d) U(d) U(d)

In this thesis, we will denote the integral of a function f(U) over the Haar measure

as the expected value of f(U) with respect to the probability measure py, denoted as
By [f(U)]:

B (O] = [ SO (A7)
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Figure A.1: Comparison of QNG, RNG and SC-QNG on MaxCut instances corresponding
to 3-regular graphs of 8 qubits (up left and up right figures) and 10 qubits (bottom left
and bottom right).

A quantity that will play a very important role in our analysis is the k-moment

operator, with k£ € N (or else the k-fold twirl).

Definition A.2. (k-moment operator). The k-moment operator, with respect to the
probability measure py, is defined as My, : L((C?)®*) — L((C4)®F):

ML) (O) i= By [USFOUT]

for all operators O € L((C?)®*).

(A.8)

As it turns out, there are tools that will allow us to calculate the k-moment operators.

Specifically, the moment operator defined in Definition A.2 is the orthogonal projector

onto the commutant Comm(U(d), k). The commutant is defined below.
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Definition A.3. (Commutant). Given S C £(C?), we define its k-order commutant as:

Comm(S, k) .= {A € L((CH**) . [A,B®*] =0 VB € S} (A.9)

As it can be easily seen, a set of operators that commute with every unitary U®* are

the permutation operators. These are defined as:

Definition A.4. (Permutation operators). Given 7 € Sy an element of the symmetric

group Sy, we define the permutation matrix Vy(m) to be the unitary matrix that satisfies:

Va(m) [91) @ ... © i) = [Yr11)) © .- ® [hr10xy) (A.10)
for all [¢1), ..., [ € CY

A well-celebrated result is the Schur-Weyl duality [162], that states that the image
of the k-moment operator is spanned by the permutation operators. As such, we can

calculate the first and second moments of an operator O € L(C?) as:

T
gy, [UOUT] = TEZO)I (A.11)
g1 g1
By, [US20U782] — Tr(O) de_ 1T1"(SO)]I N Tr(SO)d2 ii : Tr(O)S (A12)

where 1,1 correspond to the identity operators on C? and (C%)®? respectively and S is
the SWAP operator defined as:

S(lth1) @ |tha)) = [vh2) @ 1) (A.13)
Our starting point originates from [55, 161], where the authors showed that the fidelity

between two quantum states p;, po can be calculated using the following Theorem.

Theorem A.1l. (Fidelity of two quantum states [55]) Consider two quantum states p;
and ps on n qubits in Hilbert space H of dimension D = 2". For global random unitaries

U, the overlap between the quantum states is given by:
Trlpipo] = 2" Y (=27) 7P (s] (/| M(Z) (01 @ o) |8) |") (A.14)

s,8’
where the global Hamming distance Dg is defined as:

, 0Oif s=¢
D¢ls, s’ = (A.15)

1ifs#s

and ./\/l,(f,;() := By, [UPF()UT®*] is the k-moment operator.
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In our case, we work with parameterized quantum states consisting of a total of m
parameters @ = (01,0, ...,6,,). Specifically, let p; := p(0) and ps := p(0 + €) and let

also p1, p2 be pure. As such, p; and p, can be written as:

pr = p(0) = |(0)X(0)|

(A.16)
p2 = p(60 + €) = [(0 + €)XY (0 + €)|

We can express the elements of the moment operator in the computation basis as:

(5.8 ME) (0(0) 0 p(6+ €)) 5.") = | A 0) (sl (1U20(0) © (0 + U™ ) )
/ | An(0) ($[Up(OU" ) (51 Up(8 + U ") = / A0 T [pOU LU Te(0 + UL U]

— /U(d) dur(U) Tr[p(0) @ p(6 + €)UT* (Il ® Iy ) U] = Eyopy, [pY (0)p5 (0 + €)]

(A.17)
where p = Tr[p(0)UTII,U]. As such we can rewrite Eq. (A.14) as
Tr[p(0)p(6 + €)] = 2" Y (—2") el Tx [p(O) © p(6 + e)ME) (1T, & Hsf)]
o (A.18)
=27 (=2") PRy, [0 (0)p)(8 + €)]
By expanding the sum, the fidelity between the two states can be written as:
Tr[p(0)p(0 + €)] = 2" Y (=2") "By, [p] (0)p (6 + €)]
=20y (=27 PRy, (U (005 (0 + €)] +27 Y (—27) PRy, [0 (0)00 (6 + €)]
ss;fs'
= 2" "By [pY (0)95 (0 + €)] Z Evepy [P (0)05(6 + €)]
s;és
(A.19)

where we used Eq. (A.15). Consider now the infidelity between two quantum states as
defined as:

dr(p(8), (8 + €)) = 1= Tr[p(8)p(6 + €)] (A.20)
If we Taylor expand the infidelity around € = 0, then we have:
0
1= Tr[p(8)p(0 + €)] = 1 = Tr[p(8)p(6)] — ) 5 lp(@)p(8 +e)l| _ e

i=1

1l 0 )
=3 2 e MO0+ )| _ s + Olel)
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where the partial derivatives at € = 0 are zero, since Tr[p(0)p(0 + €)] is maximized at

€ = 0. As such, the infidelity, can be expressed as:
L 3
dr (p(0), (6 + €)) = 7" Fo(O)e + O(ell}) (A21)

where for small €, the higher-order terms can be neglected. The matrix Fg(0) is the

quantum Fisher information matriz, defined as:

Fq(0) = —2V?Tr[p(0)p(6 + €)]

(A.22)

e=0

Thus, a matrix element [F(80)];; can be written as:

82 V(0 +e€) 8p (0+¢€)
n+1 F\¥ T =)
[]:Q( —2 Z EUN#H [ Dy aeiaej =0 +2 Z EUNMH [ Ps 86186] I
s;és
(A.23)
If we focus at the second term of Eq (A.23), we notice that:
UO+e) U *pY (0 + ¢€)
Z Pa (0 861(96] N ;ps (6) SIZ# Oe;0¢;
S?ﬁs (A.24)
*ph(0+¢€) 9*pU(0+e¢) 0*pY (0 + ¢€)
U s o s — _ U s
;ps (0) (; 862-36]- 8€ia€j gps (0) 3@8@-
where we used the fact that:
0°py (0 + €) 0’ u
SZ bede " Bede gps,(e +e)=0 (A.25)
Thus, the QFIM elements can be expressed as:
0%p (0 +¢) 0*py (6)
”:_271-&-12 ]EN U T Ps\V T =) :_2n+12 EN U Y Ps\Y)
[FQ(H)]Z] ( + ); Ur~ppg [ps (0) 861'86]' e—0 ( + ); U~pg ps (0) aelaej
(A.26)

The calcuation of the quantum Fisher information using Eq. (3.8) is impractical. The
reason is that it requires the calculation of the Hessian of the outcome probabilities,

which in general requires O(m?) quantum states to estimate it. However, we can calculate

110



APPENDIX A.

that:
ZEUNMH [8193 (6) 8ps ] ZEUNMH Tr[ag—(e?UTHsU] Ty [agée)UTH U}
- XS:EU%H Tr {ag(;) ® agéj’) UT®2H§’2U®Q]
- 22n1— 1 %:Tr{ag(e?) ® 8g(9¢?) (1- 2_n>]1 +(1- ) H
=) e e |
] g

where in the second line we used Eq. (A.12) and we also used the fact that Tr [ag(f
- Tr[p(0)] = 0 and Tr[A @ BS] = Tr[AB]. Now, we can use the fact that:

0%p*(0) _ ,0p(6) Op(6) 9?p(0)
=2 2p(6 A2

06,00, 00, 00, ( )aeiae (A.28)

Thus, substituting the above equation in Eq. (A.27) we get:
opy (9) pg (0) 1 0%p*(6) 1 0%p(6) [Falis
Ey~ ) = = T — Tr|p(@ =
Z Unpin [ 00, 22+ | agee, | @y P Y000, | T 22+ 1)
(A.29)

where we used the fact that Tr [g;fézj)_] = ae 20, Tr[p(@)] = 0. As such, we were able to

prove that the matrix elements of the quantum Fisher information matrix can be written

as product of first-order derivatives:

apY (0) opY (0)] (A.30)

Fo®)l = 22"+ ) v [ T

As a result, we proved that the quantum Fisher information matrix can be approximated
as the average (over the Haar distribution) of a quantity that requires O(m) quantum
states and O(m?) classical memory to store the matrix. As we see in our numerical
experiments in Fig. 3.3 we can achieve a very good approximation of the quantum Fisher

information with a small number of repetitions (usually much less than m repetitions).

Definition A.5. (Unitary k-design) Let v be a probability distribution defined over a set
of unitaries S C U(d). The distribution v is unitary k-design if and only if:

Ev, [VEFOVI®H = By, [USFOUT®F) (A.31)
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for all O € L((CH)®F).

In general, generating Haar random unitaries on a quantum computer is a computa-
tionally exhaustive task, since most unitary operators require a number of gates that
scale exponentially to the number of qubits [134]. On the other hand, k-designs are
distributions that match the Haar moments up to the k-order (see Definition 3.2). The
advantage is that k-designs can be generated efficiently. As a result, we provide the

following Corollary.

Corollary A.1. If U is sampled from a 2-design v, then the matriz elements of the

quantum Fisher information matrix can be calculated as:

_ o(on Opg (6) 99 (6)
[Fo(0)]; =2(2" + 1) EEUW T (A.32)
Proof. We can express the quantity:
. [are@ate
U | 00, 08,
as:
U U
[P0 [l )
L i d (A.33)

9p(0) 0[)(9)}

— Ty |:EU~,uH [U®2H§2UT®2] 5 50,
A J

Thus, using Definition 3.2 for the unitary k-designs (for O = I1%?) we can conclude that

if U comes from a 2-design then the proposition holds. O

As a result, the quantum Fisher information can be estimated by sampling unitaries
that come from a k-design with k > 2 (since any k-design is also a 2-design if k£ > 2). An
example of such ensembles is the n-qubit Clifford group Cl(n) which forms a 3-design.
The Clifford group is defined as:

Cl(n) :={U e U(2")| UPU' € P, for all P € P,,} (A.34)

where P, is the Pauli group. Elements from the n-qubit Clifford group can be generated
by a circuit with at most O(n?/logn) elementary gates [135].
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At the same time, the classical Fisher information matrix (when the parameterized
quantum state is rotated by a global random unitary U and then measured in the

computational basis) can be expressed as:

0* In[p (0)] 1 apY(0) oY (0)

U o U E] — s s

since:

A U(G)i_a L pe@)__ 1 &p(6) 1 9p.(6)3p,(6)
00,00, T\ T T, | pU(e) 00, |~ pU(0) 06,00; ' (pU(0)2) 06; 00

(A.36)
and we used again Eq. (A.25).

Conjecture: The average classical Fisher information matriz, when the parameter-
ized quantum state |Y(0)) is rotated by a random unitary U and then measured in the

computational basis approrimates the quantum Fisher information matrix as:

By [FE(0)] = 5 Fal6) (A37

§

(A.38)
where p¥(8) = Tr[p(0)U'IL,U]. Proving the above conjecture is a very challenging task.

One would have to show that:

0?In[pl (0 + €)]
Bty | P5 () :
; Ui 8@3@

0%py (6 + €)]
_ _(on U S
O] - (2 + 1) ; ]EUNMH [ps (0) aGiaﬁj

The main reason is that it requires the calculation of a Haar integral over the unitary
group U(2™) where the unitaries rise in a non-linear way. Equivalently, it cannot be
written as a k-moment of an operator for which ways to calculate the integrals are known

(e.g. see (A.12)). The proof of this conjecture is left for future work.

A.4 Proof of Lemma 3.2

Let the quantum Fisher information matrix Fy and its estimator F be non-singular

with their eigenvalues satisfying:
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Consider the two different linear systems in Egs. (3.25), (3.56) with their corresponding
solutions QQ and l~9Q respectively. We have that:

o] -5~

<[|7at =7t iwomi < | 7ot~ 7ot 17l

where we used the fact that [|[VeE. | < ||Fgll HOQH As such, the relative error is upper

bounded as: ' 5
6o=be] .,
o] < |7t - 717l (A.39)

If we consider the case where estimator differs from the quantum Fisher information

matrix by a small matrix A (with [|A]] <€), then we have:

Fo= ]'N—Q + A =
Fol = Fo' + 7o' (Fo — Fo) 7o'

where:

7' Fo = Fa 7! < | 727 |7~ 7ol 172

€ €
S =

Amin(FQ) Amin(F@)  An(Fo)Am(Fo)

If we assume that the matrix .7:"5 Y Fo — ]:—Q)]-"é ! is also small then we can use the dual
Weyl’s inequality and have that:

(A.40)

)\1(.751 _fél) < /\m(ﬁQ) - /\1(fQ)

In that case, putting everything back in Eq. (A.39), the relative error can be upper

bounded as:

< (A.41)
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