
 
 

 

 

 

This thesis has been submitted in fulfilment of the requirements for a 

postgraduate degree (e. g. PhD, MPhil, DClinPsychol) at the University of 

Edinburgh. Please note the following terms and conditions of use: 

• This work is protected by copyright and other intellectual property rights, 

which are retained by the thesis author, unless otherwise stated. 

• A copy can be downloaded for personal non-commercial research or 

study, without prior permission or charge. 

• This thesis cannot be reproduced or quoted extensively from without 

first obtaining permission in writing from the author. 

• The content must not be changed in any way or sold commercially in 

any format or medium without the formal permission of the author. 

• When referring to this work, full bibliographic details including the 

author, title, awarding institution and date of the thesis must be given.



Designing and improving quantum
algorithms for the NISQ era

By

Ioannis Kolotouros

School of Informatics
The University of Edinburgh

Doctor of Philosophy
Laboratory for Foundations of Computer Science

2024



Abstract

Hybrid quantum/classical algorithms are the most promising class of algorithms for
achieving a practical advantage in the NISQ era. Their implementation usually requires
a small (and perhaps noisy) quantum computer to work in conjunction with a powerful
classical computer. The former generates and measures non-classically simulatable pa-
rameterized quantum states, while the latter post-processes the measurements to decide
the parameter updates. However, limitations such as barren plateaux, local minima and
sensitivity in the initialization of parameters prohibit their use in real-world applications.
In this thesis, we propose several algorithms to address the aforementioned problems.

First, inspired by the Quantum Natural Gradient (QNG) [Quantum 4, 269 (2020)],
we propose an information-theoretic quantum optimization algorithm called Random
Natural Gradient (RNG) that considers the geometry of the underlying parameterized
quantum states. Compared to the former method, we show that our approach requires 1)
quadratically fewer quantum state preparations per iteration and 2) a quantum circuit
with significantly smaller depth. Moreover, RNG uses random measurements and the
classical Fisher information matrix as opposed to the quantum Fisher information matrix
used in QNG. Additionally, we provide two estimators of the quantum Fisher information
based on random measurements and highlight their connection to RNG. Then, inspired
by stochastic-coordinate methods, we propose a novel approximation to the QNG called
Stochastic-Coordinate Quantum Natural Gradient that optimizes only a small (randomly
sampled) fraction of the total parameters at each iteration.

Additionally, we propose an objective function suited for classical combinatorial
optimization problems. For this class of problems, it is crucial to ensure that the algorithm
converges with high probability to a near-optimal solution in a short time. In Barkoutsos
et al. [Quantum 4, 256 (2020)], an alternative class of objective function was introduced,
called Conditional Value-at-Risk (CVaR), in which only a small fraction of the total
energy samples are minimized. Here, we introduce a time-varying (evolving) objective
function called Ascending-CVaR, which can be used for any combinatorial optimization
problem. We show that this objective function allows for solutions that achieve the
highest overlap with the optimal solution compared to standard objective functions or
the CVaR proposed in [Quantum 4, 256 (2020)]. We also show that our method can be
used as a heuristic for avoiding sub-optimal minima.

Finally, we propose a novel hybrid quantum/classical algorithm inspired by Adiabatic
Quantum Computing. In our approach, we analyze how a small perturbation of a

i



ABSTRACT

Hamiltonian affects the position of the global minimum within a family of parameterized
quantum states. We derive a set of equations that allow us to compute the new minimum
by solving a constrained linear system of equations obtained from measuring a series
of observables on the unperturbed system. This approach offers the advantage that it
does not suffer from the barren plateaux problem as the parameters of the ansatz family
are not initialized at random. Furthermore, we propose a discrete version of adiabatic
quantum computing that can be implemented on a NISQ device while at the same time
being insensitive to the initialization parameters and other limitations hindered in the
optimization part of hybrid algorithms.
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Lay Summary

Quantum mechanics is a theory that describes the physics of molecules, atoms, and

elementary particles. While our day-to-day interactions with matter are based on the

laws of Newtonian physics, the physics of subatomic particles contradict our basic

human intuition. Feynman suggested that we could exploit some of these counterintuitive

properties and construct computers based on these fundamental laws. These computers

were named quantum computers, and their fundamental components were named qubits.

A tremendous amount of research in the past few decades has shown that these computers

can perform certain tasks much faster than conventional classical computers. Examples

of such applications are breaking certain classical cryptographic schemes, simulation of

quantum mechanical systems, or solving certain mathematical problems. However, these

proof-of-principle devices require quantum computers with a large number of qubits that

can perform millions of operations, which is far from what current quantum technologies

have to offer.

In this thesis, we try to understand the power and limitations of noisy intermediate-

scale quantum (NISQ) computers, i.e. quantum computers whose practical usage is

limited due to technological limitations such as a restricted number of qubits or noise. We

test the limits of certain algorithms that require constant cooperation between a quantum

computer and a powerful classical device. At first, we identify several bottlenecks that

prohibit the practicality of this framework. Then, we improve several subsequent parts of

these algorithms by either reducing the calls on the quantum processor or by replacing

some of their fundamental components. Furthermore, we propose new ways to utilize the

continuous feedback loop between the quantum and classical processors. We benchmark

these algorithms on mathematical problems that are very hard for classical computers to

solve and test how their quantum counterparts can help solve these problems faster.
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Chapter 1

Introduction

It was in 1981 when Feynman first introduced the idea of quantum computing [1] as a

way to avoid the exponential resources that are required to simulate quantum mechanical

systems in classical computers. Around 40 years later, the quantum computing community

entered the so-called noisy intermediate-scale quantum computing (NISQ) era [2] – the era

from ≈ 50 qubits of Google’s quantum advantage experiment [3] to devices with thousands

of qubits that are anticipated in the near future. In this era, quantum computers scaled

up from proof-of-principle devices to devices that can generate quantum states that

cannot be classically simulated, and this opened the prospect of providing computational

speedups in useful tasks.

In this era, quantum computers have small (but still non-negligible) error rates (close

to 0.1%) that are very far from the ideal that fault-tolerant algorithms require (achieved

through the means of an error-correcting code). However, significant advancements in

the quantum hardware showed that error correction beyond the surface code threshold is

possible [4], and indications of useful quantum computing started to appear [5]. However,

as noted in [6], there is a specific error rate threshold that the devices must reach in

order to achieve a computational advantage in the NISQ era.

For this reason, current quantum devices are still far apart from the fault-tolerant

quantum machines where error correction and large coherent times are available. These

devices inherit limited connectivity, short coherence times, noisy quantum operations,

and a small number of qubits (of around hundreds of qubits), posing the question of

whether and how these devices can be exploited. Thus, algorithms such as Shor’s [7],

Grover’s [8], or HHL [9], which require large depths, cannot be implemented in these

devices.

To address these issues, researchers considered using these small (and noisy) quantum
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CHAPTER 1. INTRODUCTION

devices in conjunction with powerful, fast and reliable classical computers [10]. The former

would generate and measure non-classically simulatable quantum states. At the same

time, the latter would post-process the measurements with the goal of achieving quantum

advantage, i.e. perform better in certain tasks than their pure classical counterparts. This

approach has the advantage that the quantum circuit can remain in small depth, and the

hardness is transferred to the classical computer (usually with the means of a classical

optimization algorithm). Thus, the term hybrid quantum/classical computing was born.

One leading example of hybrid quantum/classical algorithms is the variational quan-

tum algorithms [10, 11]. These algorithms can be divided into three subsequent parts.

First, the targeted problem is mapped to the mathematical task that these algorithms

are designed to solve, which is the search for the ground-state energy of a Hamiltonian.

The second step is to employ a parameterized quantum circuit (ansatz) that is expressive

enough so that it contains the ground state (or an approximation to it) and is trainable.

Finally, a suitable chosen classical optimization algorithm will post-process the measured

quantum states and update the parameters towards the direction that minimizes the

energy of the system.

Variational quantum algorithms have gained significant research interest over the

past few years. The main reason is that many problems can be easily tackled using this

framework. Examples of such problems are ground state preparation of molecules [12–14],

quantum compiling [15, 16], simulation of real and imaginary-time evolution of quantum

mechanical systems [17, 18] or machine learning applications [19, 20] to name just a few.

Although this framework is rather promising and versatile, since the solution of most

mathematical problems can be mapped onto the ground state of a Hamiltonian, there are

multiple bottlenecks that prohibit its actual usefulness. Conventional quantum algorithms

such as those mentioned before have strong theoretical guarantees, compared to VQAs,

where strong complexity-theoretic arguments are hard to prove, and their practicality

relies on heuristics.

The hardest part in VQAs is the training part, i.e. finding the optimal parameters

that will generate the quantum state of interest. Understanding the emerging landscapes

of VQAs has gained tremendous research interest over the past few years [21–28]. In [22],

the authors proved, for the MaxCut problem, that unless P = NP, there does not exist an

ansatz family (consisting of commuting generators) with a number of parameters which is

polynomial in the system size, and a convex landscape. Furthermore, overparametrization

[24, 25] for specific ansatz families can occur if the number of parameters is polynomial to

the system size, and may lead to a computational phase transition where only high-quality

2



CHAPTER 1. INTRODUCTION

minima exist in the objective function landscapes. Moreover, [29] showed that analyzing

the Dynamical Lie Algebra of the generators of the ansatz (and thus the controllability

of the system) could help in designing trainable ansatz families.

On top of that, people have also looked at the geometry of the underlying param-

eterized quantum states, as in some cases, it can enhance the optimization process

[30, 31]. Studying the geometry of the landscapes requires tools such as the quantum

Fisher information matrix (QFIM) [32, 33]. The underlying geometry of parameterized

state-space can help understand the emerging landscapes of the parameterized quantum

circuits. The QFIM has been extensively used in the NISQ era either as a capacity

measure [34], a generalization measure for quantum machine learning models [35], or

even as a tool to construct naturally parameterized architectures [36].

At this point, we will outline the three main bottlenecks of VQAs that prohibit their

practicality below.

The first main bottleneck comes from the fact that most classical optimization al-

gorithms do not consider information about the underlying generated quantum states.

Specifically, most of the classical optimization algorithms propose the update step accord-

ing to information related to the expectation value of the Hamiltonian (or its first and

higher-order derivatives). This implies that a lot of information (about changes happening

in the parameterized quantum state-space) is not exploited during the optimization step.

On top of that, information-theoretic methods that utilize this information usually require

a significantly large number of calls on the quantum processors. For this reason, it is

important that the hybrid quantum/classical schemes distribute optimally the resources

between the processors. As such, the number of quantum resources needed to solve a

problem must be limited enough so that we can still exploit the quantum effects, and

the classical resources should be maximized as they offer speed and reliability.

The second main bottleneck is the training part. The objective function landscapes

of VQAs are highly non-convex, which makes the algorithms very hard to train. This

implies that multiple local minima exist where the classical optimizer may falsely converge,

returning solutions that are far from optimal. As pointed out in [37, 38], the loss landscapes

in shallow-depth VQAs, such as those utilized in this thesis, are filled with a vast amount

of local minima, which makes them untrainable. This implies that if the parameterized

quantum circuit is initialized in a configuration near a far-from-optimal local minimum,

the algorithm will most likely return a bad approximation of the target solution.

3



CHAPTER 1. INTRODUCTION

Finally, the third main bottleneck arises with the choice of the ansatz family. Finding a

parameterized family of gates that contain the ground state of interest is hard, a problem

which is usually referred to as ansatz expressivity and people have introduced many ways

to quantify it [39–41]. To add to the aforementioned problems, highly expressive ansatz

families that span a large fraction of the total Hilbert space are hard to train. Specifically,

initializing the parameters at random in a highly expressive ansatz family leads to flat

energy landscapes, where identifying the descent direction requires exponentially many

quantum resources; these flat valleys are named barren plateaux [21, 42–45].

Previously, people have tried to tackle some of the bottlenecks above using several

different approaches. For example, to address the barren plateaux problem, researchers

have designed parameterized architectures [46–51] that do not exhibit flat landscapes due

to either correlations between parameters, clever initializations or due to the structure of

the ansatz. Additionally, to address the bad convergence due to local minima, people have

utilized information-theoretic classical optimization algorithms [31], employed neural

networks [52] or used multi-start methods [53].

Other than that, people have developed additional hybrid frameworks with low-depth

quantum circuit requirements that are suited for the NISQ era. Examples are frameworks

that require measuring the generated quantum state at random [54]. Previous works have

utilized these frameworks to calculate quantities such as the Rényi entropy experimentally

[55, 56], to identify mixed-state entanglement [57] and to estimate the overlap of two

quantum states [55, 58]. On top of that, they have been utilized to calculate certain

observables of a quantum state [59], as quantum states typically carry more information.

In this thesis, we aim to advance the hybrid quantum/classical computing field and

improve the existing algorithms. Our goal is to bring near-term quantum computing a

step closer to a practical quantum advantage.

In this thesis, we aim to tackle each one of the three bottlenecks described above. Our

contributions can be summarized as follows:

In Chapter 3, we aim to solve the first bottleneck described above. We introduce

an information-theoretic optimization algorithm, called random natural gradient (RNG)

that is suited for VQAs and draws a connection to the quantum natural gradient

(QNG) [30] (and subsequently to the quantum imaginary-time evolution) but requires

quadratically less quantum resources and achieves significant speedup over other classical

optimization algorithms. In the same chapter, we analyze how different measurements on

4
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parameterized quantum states approximate the underlying parameterized state-space

geometry. Additionally, we introduce conditions under which preconditioning the gradient

of the loss function with an information matrix will result in a decrease in the energy.

Moreover, we provide estimators of the quantum Fisher information based on random

measurements and show that under the extreme condition where one random measurement

is used, the approximation leads to the random natural gradient. Finally, we introduce a

novel approximation to the QNG, which we call stochastic-coordinate quantum natural

gradient that utilizes only a small (randomly sampled) fraction of the total parameters

of the ansatz family and benchmark it against the QNG. All optimization methods are

benchmarked on the MaxCut, Number Partitioning and the Transverse-field Ising Chain

model. The content of this chapter has appeared in [13, 60]

Next, in Chapter 4, we aim to solve the bad convergence bottleneck due to multiple

local minima. We introduce an evolving objective function that starts with the conditional

value at risk (CVaR) defined in [61] and gradually, in the optimization process, becomes

the full energy of the quantum state. Alternative forms of this ascending-CVaR objective

function are considered, and linear and sigmoid functions (that appear to perform better)

are selected. We test our proposal with classical numerical simulations (using up to 20

qubits and a shot simulator), both in the settings of VQE with hardware-efficient ansatz

families and in QAOA. Our analysis was done on three different classical combinatorial

optimization problems, namely MaxCut, Number Partitioning, and Portfolio Optimization.

The content of this chapter has appeared in [62].

In chapter 5, we aim to address the barren plateaux and bad initialization problem.

At first, we study how small perturbations of a Hamiltonian affect the optimization

landscape and how much the minima are shifted under these perturbations. This enables

us to follow the trajectory of a minimum in the cost landscape as a (parameterized)

Hamiltonian varies by solving a constrained linear system of equations. As such, we obtain

the ground state without having to rely on hyperparameters. Additionally, we formulate

an algorithm to find the best approximation of the ground state of a Hamiltonian within

a family of parameterized quantum states that (i) can be applied in an early fault-tolerant

device, (ii) is not sensitive to the initialization parameters, and (iii) requires fixed calls

to the quantum computer with theoretical guarantees on the performance. Moreover,

we quantify the quantum resources needed for our algorithm and show that finding

the minimum of the perturbed Hamiltonian can be cast as a semidefinite program.

Finally, we test our algorithm on small instances of both classical optimization problems

(MaxCut and Number Partitioning) and on “non-classical” Hamiltonians, which include
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non-diagonal terms, such as the random Transverse-Field Ising Chain. The content of

this chapter has appeared in [63].
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Chapter 2

Preliminaries

In this section, we will outline all the necessary information about parameterized quantum

circuits, variational quantum algorithms, and all the mathematical problems (classical

and quantum) that will be used to benchmark our methods in the following chapters.

2.1 Parameterized Quantum Circuits

Consider a quantum circuit of n qubits composed of a series of parameterized and

non-parameterized gates. These parameterized quantum circuits (PQCs) can be described

by a unitary operator U(θ) with θ = (θ1, θ2, . . . , θm) ∈ Rm (and m ∈ O(poly(n))). The
type/number of gates is usually referred to as the ansatz family. If K is the total number

of gates of the PQC, then the ansatz family can be written in its more generic form as:

U(θ) =
1∏

k=K

e−iθkgk (2.1)

where gk are the generators (hermitian operators g†k = gk) corresponding to every unitary

of the PQC. In most cases, only a small fraction of the total K parameters are tunable,

while the other K −m angles correspond to fixed non-parameterized gates, usually two-

qubit gates introducing entanglement, e.g. controlled-NOT or controlled-Z operations.

These types of ansatz families describe most of the PQCs that appear in the literature,

such as the hardware-efficient ansatz [64], the quantum alternate operator ansatz [65],

the quantum optimal control ansatz [61] or the unitary coupled cluster ansatz [66].

The parameterized quantum circuit acts on a reference state |ϕ⟩ usually chosen to be

the |0⟩ ≡ |0⟩⊗n state and generates the parameterized quantum state |ψ(θ)⟩ = U(θ) |0⟩.
As we will discuss later, the classical subroutines in VQAs require knowing the expectation

7
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value of a Hamiltonian and its first and high-order derivatives with respect to different

quantum states. The expectation value of the Hamiltonian with respect to a parameterized

quantum state |ψ(θ)⟩ = U(θ) |0⟩ is:

F (θ) = ⟨0|U †(θ)HU(θ) |0⟩ (2.2)

Additionally, there are methods to calculate the first and high-order derivatives for

any observable O with O† = O (and thus for any Hamiltonian H). These methods are

called parameter-shift rules. The parameter-shift rules [67–70] state that derivatives of

the expectation value of an observable O (denoted as ⟨O(θ)⟩) can be calculated as a

linear combination of the expectation values of the observable at two different parameter

settings:
∂⟨O(θ)⟩
∂θj

= r
[
⟨O(θ +

π

4r
êj)⟩ − ⟨O(θ −

π

4r
êj)⟩

]
(2.3)

where ±r are the eigenvalues of the generator gj
1 (see Eq. (2.1)) corresponding to the

gate of the parameter θj and êj is the unit vector pointing in the j-th direction. For the

case where the observable is the Hamiltonian, the equation can be written as:

∂F (θ)

∂θj
= r

[
F
(
θ +

π

4r
êj

)
− F

(
θ − π

4r
êj

)]
(2.4)

In this thesis, we will also be interested in the second-order derivatives of the expec-

tation value (i.e. the Hessian). The matrix elements of the Hessian can be calculated

as:
∂2F (θ)

∂θj∂θk
= r2

[
F
(
θ +

π

4r
(êj + êk)

)
− F

(
θ +

π

4r
(êj − êk)

)
−F

(
θ +

π

4r
(−êj + êk)

)
+ F

(
θ − π

4r
(êj + êk)

) ] (2.5)

2.2 Variational Quantum Algorithms

As we discussed in the introduction section, variational quantum algorithms refer to

a class of hybrid quantum/classical algorithms where a quantum computer works in

parallel with a classical computer employed with a classical optimization algorithm. This

framework offers practicality in a NISQ setting but lacks generic theoretical guarantees

about its performance. The general VQA framework is illustrated in Figure 2.1

At first, the user is presented with a mathematical problem that is mapped into an

interacting qubit Hamiltonian H consisting of L = O(poly(n)) Pauli strings, where n is

1There are also general parameter-shift rules, see [69].
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CHAPTER 2. PRELIMINARIES

Figure 2.1: General Variational Quantum Algorithm framework. In the first step, the
parameterized family of gates and the initial parameters are chosen. Then, the classical
optimization algorithm iteratively updates the parameters towards the direction of the
ground state energy. When the classical optimizer converges to a minimum, the algorithm
stops, and an approximation of the ground state is given at the output.

the number of qubits. The Hamiltonian is chosen such that its ground state corresponds

to the solution of the mathematical problem of interest. The most general way to express

this Hamiltonian is:

HC =
L∑
i=1

clPl (2.6)

where cl ∈ R is the real coefficient corresponding to Pauli string Pl.

Next, the user employs a parameterized quantum circuit as discussed in Sec. 2.1 so that

the ground state (or at least a good approximation to it that cannot be found efficiently

by a classical computer) is contained within the ansatz. The quantum computer then

iteratively generates and measures (on an appropriate basis) the parameterized quantum

state so that the classical computer can post-process the measurement outcomes.

The classical computer works in parallel with the quantum computer. The user selects

a classical optimization algorithm and an objective function L(θ) (loss function) so that

its minimum corresponds to the solution of the mathematical problem of interest. The

most usual choice for the loss function is the expectation value of the Hamiltonian, i.e.

L(θ) = F (θ). In other words, the goal is to find the optimal angles θ∗ such that:

θ∗ = argmin
θ
L(θ) (2.7)

As we will show in Chapter 4, different objective functions lead to improved performance

[61, 62, 71]. When the classical optimization algorithm has converged, the VQA terminates

and outputs both the optimal solution of the problem as well as the quantum state

9
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corresponding to the solution:

|ψ(θ∗)⟩ ,L(θ∗)

2.2.1 Variational Quantum Eigensolver

One of the most used hybrid quantum/classical algorithms in the NISQ era is the Varia-

tional Quantum Eigensolver (VQE) [72]. This algorithm employs either hardware-efficient

parameterized quantum circuits (usually native to the available quantum hardware) as

seen in Figure 2.2 or other types of parameterized architectures such as the Hamiltonian

Variational Ansatz (HVA) [51, 73] or the quantum optimal-control ansatz [74] to name a

few.

single layer

|0⟩ Ry(θ1) Rz(θ2) X

|0⟩ Ry(θ3) Rz(θ4) X

|0⟩ Ry(θ5) Rz(θ6) X

|0⟩ Ry(θ7) Rz(θ8) X

|0⟩ Ry(θ9) Rz(θ10) X

|0⟩ Ry(θ11) Rz(θ12) X

single layer

|0⟩ Ry(θ1) Z Ry(θ2)

|0⟩ Ry(θ3) Z Ry(θ4)

|0⟩ Ry(θ5) Z Ry(θ6)

|0⟩ Ry(θ7) Z Ry(θ8)

|0⟩ Ry(θ9) Z Ry(θ10)

|0⟩ Ry(θ11) Z Ry(θ12)

Figure 2.2: Six-qubit examples of hardware-efficient parameterized quantum circuits
(with nearest-neighbours interaction) used in our experiments. The filled blue square
corresponds to a single layer. Similar quantum circuits were used with an all-to-all
connectivity.

VQE was originally designed to prepare ground states of molecular systems, but it can

also be used to tackle optimization problems [75]. Since it is a type of variational quantum

algorithm, the main idea is to map the mathematical problem into an interacting qubit

Hamiltonian whose ground state corresponds to the solution of the problem at hand.

The hardware-efficient ansatz families used in VQE fall in the more general category

of problem-agnostic ansatz families, meaning that the structure of the ansatz carries no

information about the problem itself. Other problems use different ansatz families like

the Unitary Coupled Cluster [76], the quantum optimal-control inspired ansatz [74] or

the Hamiltonian variational ansatz [73].

The main problem with the hardware-efficient parameterized quantum circuits seen

in Figure 2.2 is that as their size increases and the parameters are initialized at random,

they become approximate 2-designs [77]. As such, the variance and mean of the partial

10
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Figure 2.3: General framework of a p-layer QAOA consisting of 2p variational angles.

derivatives of the expectation value vanish exponentially fast (with the system size),

meaning that exponentially many repetitions are needed so that the user can accurately

predict the descent direction.

2.2.2 Quantum Approximate Optimization Algorithm

The Quantum Approximate Optimization Algorithm (QAOA) [78] is a variational quantum

algorithm mostly used for combinatorial optimization problems (see Sec. 2.3). There has

been a lot of research on its performance in shallow depths [79–82], which matches that

of classical solvers for certain problems [83]. However, its actual limits in intermediate

depths are still unknown.

The QAOA algorithm applies an alternation of two unitary transformations, one

encoding the cost function HC (i.e. the Hamiltonian of interest), U(HC) = e−iγHC , and the

other a mixer Hamiltonian HB =
∑
σx
i , U(HB) = e−iβHB , where γ and β are variational

angles specifying the “time” for which the unitary transformations are applied. The

system is initialized at the ground state of HB, and the alternating ansatz of U(HB)

U(HC) is applied p-times, with p defining the number of layers of the algorithm (see

Figure 2.3), producing the state:

|β,γ⟩ = e−iβpHBe−iγpHC . . . e−iβ1HBe−iγ1HC |+⟩ (2.8)

where |+⟩ is the uniform superposition state, γ = (γ1 . . . , γp) and β = (β1 . . . , βp). QAOA

has also been generalized for different choices of unitaries in [65].

With sufficient repetitions of the algorithm, the expectation value is calculated as:

Fp(β,γ) = ⟨β,γ|HC |β,γ⟩ (2.9)

11
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until the 2p optimal parameters (β∗,γ∗) are found. If Copt is the optimal cost function,

then the target of the algorithm is to maximize the approximation ratio, defined as:

r∗ =
Fp(β

∗,γ∗)

Copt

(2.10)

As we already discussed, finding the optimal parameters is far from trivial since the

loss function landscape is highly non-convex, filled with local minima where a classical

optimizer could easily get stuck. The hardest part of QAOA, and in general of a variational

quantum algorithm, is finding the optimal parameters that will lead to a high overlap

with the optimal (or near-optimal) bit-string or low expectation value. Ways to avoid

“getting stuck” in local minima is using multi-start methods [53], clever initializations

[84, 85] or the Ascending-CVaR objective function that we describe in Chapter 4.

2.3 Combinatorial Optimization Problems

In this thesis, we will investigate problems with discrete but exponentially many possible

solutions, namely combinatorial optimization problems [86]. These are all important

problems in their own right, so improving the performance of hybrid quantum/classical

algorithms in these problems is of independent interest. Moreover, testing our propos-

als on different types of combinatorial optimization problems demonstrates that the

improvements observed are generic and motivate further use for different applications.

Initially, we map any combinatorial optimization problem to a Quadratic Uncon-

strained Binary Optimization (QUBO) problem. This is what we will do for all our

examples. This is a necessary step in the case of QAOA but not in the case of VQE,

where we can solve an optimization problem without mapping it to QUBO. QUBO

problems seek to solve (find the x ∈ {0, 1}n that minimizes the expression):

min
x

(
bTx+ xTAx

)
(2.11)

where b ∈ Rn and A ∈ Rn×n. These cost functions can easily be mapped to an Ising

Hamiltonian [87] by first transforming the binary variables xi ∈ {0, 1} according to:

xi =
1− zi
2

(2.12)

where zi ∈ {−1,+1} are spin variables, and then turning the cost function to a Hamil-

tonian by promoting these variables to Pauli σz
i operators, one for each qubit i. The

QUBO problem then transforms to

min
z

cTz + zTQz (2.13)

12
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where the new c ∈ Rn and Q ∈ Rn×n are easily computable.

Then, by replacing the spin variable zi with the Pauli σz
i operator with corresponding

eigenvalues {−1,+1}, the problem translates into finding the ground state, i.e. the spin

configuration of an n-qubit system interacting with the Hamiltonian:

H =
n∑

i=1

ciσ
z
i +

n∑
i=1

Qijσ
z
i σ

z
j (2.14)

2.3.1 MaxCut Problem

The first problem is MaxCut. It is one of the most studied combinatorial problems in

the context of variational quantum algorithms due to the simplicity and guaranteed

performance, at least for some instances [78, 79, 81, 88, 89].

Let G(V,E) be a non-directed n-vertex graph, where V is the set of vertices, E is

the set of edges, and wij are the weights of the edges. A cut is defined as a bipartion of

the set V into two disjoint subsets P,Q, i.e. P ∪Q = V and P ∩Q = ∅. Equivalently, we
label every vertex with either 0 or 1, where it is understood that the vertex belongs to

set P if it takes the value 0 and to set Q if it takes the value 1. The aim is to maximize

the following cost function:

C(x) =
n∑

i,j=1

wijxi (1− xj) (2.15)

This intuitively corresponds to finding a partition of the vertices into two disjoint sets

that “cuts” the maximum number of edges. By applying the transformation, Eq. (2.12),

the cost function transforms into:

C(z) =
∑

⟨i,j⟩∈E

wij

2
(1− zizj) (2.16)

Maximizing the cost function above corresponds to finding the ground state of the

Hamiltonian2:

HMC = −
∑

⟨i,j⟩∈E

wij

2

(
1− σz

i σ
z
j

)
(2.17)

It is known that it is NP-hard to achieve an approximation ratio (see Eq. (2.10)) of

r∗ ≥ 16
17

for MaxCut on all graphs [90]. The best classical approximation algorithm is

2Note the overall minus sign that turns the maximization of the cost function to finding the minimum
energy for the Hamiltonian.
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that of Goemans and Williamson (GW) [91], which uses semi-definite programming to

achieve an approximation ratio r∗ ≈ 0.87856 for all graphs. Note that being NP-hard

implies that we do not expect to have an efficient quantum algorithm (poly-time) to

solve the problem for its hardest instances3, but we may be able to get improvements

using quantum algorithms (either by smaller speed-ups or by heuristics that could solve

more instances than classical heuristics).

Although it was proven that constant-depth QAOA does not outperform GW for

certain classes of problems [92], there are instances where the approximation ratio of

the former is larger than the latter [88]. Note here that QAOA beats random guessing

even at p = 1 [78], while Machine Learning techniques have been used to classify for

which graph types it is better to use QAOA instead of GW [93]. In general, however, the

performance of QAOA in intermediate depths is still unexplored.

2.3.2 Number Partitioning

The second problem is Number Partitioning and is stated as follows. Given a set of N

positive integers S = {n1, n2, ..., nN}, the target is to find a bipartion of the set S into

two disjoint subsets P,Q, where P ∪Q = S and P ∩Q = ∅ so that the difference between

the sum of the elements on the set P and the set Q is minimized. We thus want to

minimize the cost function:

C(x) =

(
N∑
i=1

(2xi − 1)ni

)2

(2.18)

The binary string x = x1x2 . . . xn corresponds to one configuration where a number

ni is placed in the P set (xi = 0) or in the Q set (xi = 1). The cost function can easily

be mapped to the Ising Hamiltonian [87]:

HNP =

(
N∑
i=1

σz
i ni

)2

(2.19)

By expanding the cost function Eq. (2.19), the Hamiltonian can be expressed as:

HNP =
∑
i ̸=j

(ninj)σ
z
i σ

z
j +

N∑
i=1

n2
i (2.20)

If we neglect the constant term, we can see that the Number Partitioning problem can

be easily mapped to the Sherrington-Kirkpatrick model, which is an energy minimization

problem with all-to-all random couplings that was recently analyzed on [94].
3NP is strongly believed not to be included in BQP
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Although the problem is known to be NP-Hard, it is also known as the “easiest

hard problem”. That is because there exists a “hard-easy” phase transition [95] where

instances of the easy phase can be efficiently tackled using heuristics [96]. Interestingly, it

appears that one may be able to tackle some of the instances in the “hard phase” using

VQAs.

2.3.3 Portfolio Optimization

The third problem is Portfolio Optimization [97, 98] and is stated as follows. Given a

set of n assets {0, · · · , n}, corresponding expected returns µi and covariances Σij, a risk

factor q > 0 and a budget B ∈ {1, . . . , n}, the considered portfolio optimization problem

tries to find a subset of assets P ⊂ {1, . . . , n} with |P | = B such that the resulting

q-weighted-mean-variance, i.e.
∑

i∈P µi − q
∑

i,j∈P Σij, is maximized. In other words, we

want to maximize the cost function:

C(x) =
n∑

i=1

µixi − q
n∑

i,j=1

Σijxixj (2.21)

along with the constraint
n∑

i=1

xi = B (2.22)

The portfolio vector x ∈ {0, 1}n, consisting of n binary decision variables, indicates

whether an asset is picked (xi = 1) or not (xi = 0). The constraint in (2.22) is translated

as an extra penalty term in the Hamiltonian (
∑n

i=1 xi −B)2.

The problem is known to be NP-complete [99]. We apply the transformation, Eq.

(2.12), so the cost function transforms into:

C(z) = −q
n∑

i,j=1

Σij

4
zizj +

n∑
i=1

(
n∑

j=1

qΣijzi
2
− µizi

2

)

+
n∑

i=1

(
µi

2
−

n∑
j=1

qΣij

4

) (2.23)

which, along with the extra penalty term, corresponds to minimizing the Hamiltonian:

HPO =
n∑

i,j=1

qΣij

4
σz
i σ

z
j −

n∑
i=1

(
n∑

j=1

qΣijσ
z
i

2
− µiσ

z
i

2

)

−
n∑

i=1

(
µi

2
−

n∑
j=1

qΣij

4

)
+

(
n∑

i=1

σz
i +

n

2
−B

)2 (2.24)
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Portfolio optimization, as given in Eq. (2.21), has been tackled using variational

quantum algorithms [100], using warm-starting QAOA [101] and on D-wave systems

using quantum annealing [102]. Prior to our work, [103] developed a quantum-walk-

based optimization algorithm and [104] considered a more general setting of portfolio

optimization, called dynamic portfolio optimization, where one has to allocate weights to

a number of assets in a period of time in order to maximize the overall return.

2.4 Quantum many-body problems

Other than classical combinatorial optimization problems, we will also investigate quan-

tum many-body problems. These problems correspond to spin-systems that interact with

Hamiltonians with extra off-diagonal terms and have been used as benchmarks in the

VQA literature [17, 73, 105–107]. This type of Hamiltonians, compared to classical opti-

mization Hamiltonians, have eigenvectors that do not correspond to the computational

basis vectors.

The Transverse-Field Ising Chain (TFIC) describes a quantum system that interacts

under a Hamiltonian with extra off-diagonal terms. The Hamiltonian describing the

TFIC model (with periodic boundary conditions) is:

HTFI = −
n∑

k=1

Jkσ
z
kσ

z
k+1 − h

n∑
k=1

σx
k (2.25)

where (Jk, h) are coupling coefficients. Other than the TFIC, we will also look at the

Heisenberg model. The following Hamiltonian describes the 1D XXX Heisenberg model:

HXXX = J
n−1∑
i=1

(
σx
i σ

x
i+1 + σy

i σ
y
i+1 + σz

i σ
z
i+1

)
+ h

n∑
i=1

σi
x (2.26)
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Chapter 3

Random Natural Gradient

3.1 Introduction

In order to make a hybrid quantum/classical framework practical (and thus useful),

certain conditions must be met. At first, we need to distinguish the classical from the

quantum resources required to solve a problem. For the parameterized quantum circuits

of thousands of parameters and their corresponding matrices (e.g., Hessian or information

matrices), classical computers are powerful enough to perform standard linear algebra

calculations with perfect accuracy. On the other hand, quantum computers are still

imperfect, with slow compilation times. As such, the number of quantum resources

required to solve a problem must be limited enough so that we still exploit the quantum

effects, and the classical resources must be maximized as they offer speed and reliability.

In the past few years, a lot of interest has been focused on all subsequent parts of

VQAs. People have utilized both gradient-based methods that exploit parameter-shift

rules [67–69] or gradient-free methods [108, 109] that treat the quantum circuit as a black

box. On the other hand, [27] proposed that one should construct a quadratic model of the

loss landscape by performing measurements on the quantum computer and then minimize

this quadratic approximation on the classical computer, reducing the overall quantum

resources. Additionally, [110, 111] argued on whether we can construct algorithms that

will allow VQAs to be trained as efficiently as classical neural networks by reducing the

quantum overhead required for the gradient calculation. In this chapter, we focus on the

classical optimization part and especially on the information that the classical computer

receives in order to update the parameters of the quantum circuit.
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In [30], the authors generalized the idea of the natural gradient [112] in the quantum

setting and introduced a novel classical optimization algorithm that takes into considera-

tion how small changes in the parameter space affect the generated quantum states; the

algorithm was named quantum natural gradient (QNG). However, such updates require

the calculation of the quantum Fisher information matrix (QFIM) [32] at each step,

which in general is computationally expensive to calculate, and thus, using it in VQAs

becomes impractical. The QNG has also been further extended in the case of noisy and

nonunitary circuits [113].

The QNG algorithm is also related to the quantum imaginary-time evolution (QITE)

[12, 30]. QITE [114] is a promising tool to prepare thermal or ground states of Hamiltoni-

ans, as convergence is guaranteed when the imaginary-evolved state has a non-zero overlap

with the ground state [13]. As we will show, a user can employ a parameterized quantum

circuit and dynamically change the parameters of the circuit so that the generated state

follows the imaginary time evolution, a method called VarQITE [12].

In this chapter, we give two new optimization methods, improving on efficiency over

the QNG optimizer. We first introduce a method called random natural gradient. As we

will show, preparing a quantum state and measuring it on a random basis (by applying

a random unitary and measuring it on the computational basis) offers a significant

speedup in a VQA optimization framework. Random measurements have previously

been used to construct classical shadows of quantum states [54, 59, 115], to extend

the size of quantum computation beyond the physical qubits of a device [116] or to

measure properties of quantum mechanical systems [55, 56]. Moreover, they have also

been used to discriminate two quantum states [117]. Then, we provide two estimators

of the quantum Fisher information matrix (that is used in QNG) and show how our

method is related to the quantum imaginary-time evolution. Finally, inspired by classical

coordinate-descent methods [118–120], we propose an approximation to the quantum

natural gradient that requires only a fraction of the total resources at every iteration

that we call stochastic-coordinate quantum natural gradient.

Our Contributions:

• We introduce a novel optimization technique, which we call random natural gradient

that is quadratically faster (in terms of quantum state preparations) than the quan-
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|0⟩

U(θ) V

|0⟩

|0⟩

|0⟩

Figure 3.1: General random-measurement framework rotating the parameterized quantum
state by a unitary V ∼ ν where ν ⊆ U(2n) and then measuring in the computational
basis.

tum natural gradient and achieves significant speedup over classical optimization

algorithms used.

• We analyze how different measurements on parameterized quantum states can

approximate the underlying geometry in the state space.

• We introduce two estimators of the quantum Fisher information matrix based on

random measurements.

• We introduce conditions under which preconditioning the gradient of the loss with

an information matrix will result in a descent direction.

• We introduce a novel approximation to the quantum natural gradient called

stochastic-coordinate quantum natural gradient that utilizes only a portion of the

total parameters of the parameterized quantum circuit and benchmark it against

the quantum natural gradient.

3.1.1 Distance of Probability Distributions

As we discussed in Sec. 2.2 the quantum computer prepares a parameterized quantum

state |ψ(θ)⟩ = U(θ) |0⟩. Once the state has been prepared, a measurement basis is chosen,

and the system of qubits is measured. The measurement basis can be changed by first

applying a unitary matrix V and then performing projective measurements on each qubit

(see Figure 3.1).

Once the measurement basis is selected, the system of qubits is prepared and measured

a constant number of times with respect to a measurement basisM, where, in our case,
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the basis is determined by the unitary V . The probability pVs of each outcome s ∈ {0, 1}n

is given as:

pVs = Tr
(
V ρ(θ)V †Πs

)
(3.1)

where Πs = |s⟩⟨s| is the projection operator on the s-th eigenspace and ρ(θ) =

|ψ(θ)⟩⟨ψ(θ)|. As a result, a different choice of basisM gives rise to a different probability

distribution pM(θ) = {pVs (θ)} with pM(θ) ≽ 0, ∥pM(θ)∥1 = 1. The number of different

probability outcomes for a n-qubit state is upper bounded by 2n and depends on the

measurement basis M. However, if a quantum state is measured only K times (with

K ≪ 2n) then this number is bounded by K. For now, we will assume that the number

of different measurement outcomes is K and so pM(θ) ∈ ∆K−1, where ∆K−1 is the

probability simplex of dimension K − 1.

It will be very useful to introduce a measure that quantifies distances in the space

of probability distributions. Let u,v ∈ ∆K−1 with ∥u∥1 = ∥v∥1 = 1 be two probability

distributions. The (Kullback-Leibler) KL-divergence (or else the relative entropy) is

defined as:

KL(u||v) =
K∑
j=1

uj log
uj
vj

(3.2)

The KL-divergence is not a metric since it is not symmetric under the interchange of u

and v but satisfies all the properties of a monotonic distance measure. Specifically, the

KL-divergence satisfies [121]:

• KL(u||v) = 0 =⇒ u = v.

• KL(u||v) ≥ 0 for all u,v ∈ ∆K−1.

• KL(T (u)||T (v)) ≤ KL(u||v) for every stochastic map T . 1

3.1.1.1 Classical Fisher Information Matrix

In our analysis below, we will assume that the measurement basisM is fixed. Thus, the

resulting probability distribution will only depend on the choice of parameters θ. Let

pM(θ) be the probability distribution after measuring the state |ψ(θ)⟩ and pM(θ + ϵ)

be the probability distribution after measuring the state |ψ(θ + ϵ)⟩. If the shift vector ϵ

1A stochastic map T is defined as the map between probability distributions. Stochastic maps
preserve or reduce the amount of information available to distinguish the distributions.
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is small, we can Taylor expand the KL-divergence as:

KL(pM(θ)||pM(θ + ϵ)) = KL(pM(θ)||pM(θ)) +
m∑
i=1

ϵi
∂KL(pM(θ)||pM(θ + ϵ))

∂ϵi

∣∣∣
ϵ=0

+
1

2

m∑
i,j=1

ϵiϵj
∂2KL(pM(θ)||pM(θ + ϵ))

∂ϵi∂ϵj

∣∣∣
ϵ=0

+O(∥ϵ∥31) =⇒

KL(pM(θ)||pM(θ + ϵ)) ≈ 1

2
ϵT [FV

C (θ)]ϵ =
1

2
∥ϵ∥2FV

C

(3.3)

where the first term in Eq. (3.3) is zero since KL(pM(θ)||pM(θ)) = 0 and the second

term is also zero since it corresponds to a minimum2. We also neglected the third-order

terms in the last line. We can show that, for the choice of KL-divergence as a distance

measure, the elements of the CFIM can be calculated as:

[FV
C (θ)]ij =

∑
s

1

pVs (θ)

∂pVs (θ)

∂θi

∂pVs (θ)

∂θj
(3.4)

For completeness, we have added the CFIM derivation in Appendix A.1, but one can

also find it in [32]. It is also worth noting that if a different distance measure was chosen,

then it would always return a constant multiple of the CFIM as long as the choice of the

distance measure is monotonic [122].

3.1.1.2 Measuring the Classical Fisher Information Matrix

Consider the parameterized shift rules discussed in Sec. 2.1 and also consider the observ-

able O = Πs = |s⟩⟨s|. Then, the CFIM elements, given by Eq. (3.4), can be calculated

as:

[FV
C ]ij =

∑
s

r2

pVs (θ)

[
pVs (θ +

π

4r
êi)− pVs (θ −

π

4r
êi)
]

×
[
pVs (θ +

π

4r
êj)− pVs (θ −

π

4r
êj)
] (3.5)

We can see that the elements of the CFIM can be expressed as products of first-order

derivatives. As such, we can introduce Corollary 3.1 that quantifies the classical and

quantum resources needed for the calculation of the CFIM.

Corollary 3.1. Consider a parameterized quantum circuit consisting of m parameter-

ized quantum gates. Any classical Fisher information matrix (CFIM) requires OQ(m)

different quantum state preparations and OC(m
2) classical resources to post-process the

measurements and store the matrix.
2The KL-divergence is non-negative in general, and zero at ϵ = 0.
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As we discuss later, this results in the CFIM requiring quadratically less quantum

resources than the QFIM.

3.1.2 Distance of pure density operators

Just as we defined a measure of distance in the space of probability distributions, we

could also measure distances in the space of density operators. In this thesis, we focus

only on pure quantum states (tr ρ2 = 1).

As we discussed for the classical case, there is a unique underlying metric in the

space of probability distributions independent of the choice of distance measure. Different

distance measures will always yield a constant multiple of the CFIM. However, this is not

true in the quantum case as Petz [123] proved that there exist infinitely many metrics. If

we restrict ourselves to the space of pure quantum states there is a unique underlying

metric, independent of the choice of the distance measure [30]. As a distance measure, we

choose the infidelity between pure quantum states which for two quantum states |ψ(θ)⟩,
|ψ(θ + ϵ)⟩) is defined as:

df (|ψ(θ)⟩ , |ψ(θ + ϵ)⟩) = 1− | ⟨ψ(θ)|ψ(θ + ϵ)⟩ |2 (3.6)

3.1.2.1 Quantum Fisher Information Matrix

Let |ψ(θ)⟩ and |ψ(θ + ϵ)⟩ be two parameterized quantum states. If the shift vector ϵ is

small, then we can Taylor expand the infidelity as:

df (|ψ(θ)⟩ , |ψ(θ + ϵ)⟩) = df (|ψ(θ)⟩ , |ψ(θ)⟩) +
m∑
i=1

ϵi
∂df (|ψ(θ)⟩ , |ψ(θ + ϵ)⟩)

∂ϵi

∣∣∣∣∣
ϵ=0

+

1

2

m∑
i,j=1

ϵiϵj
∂2df (|ψ(θ)⟩ , |ψ(θ + ϵ)⟩)

∂ϵi∂ϵj

∣∣∣∣∣
ϵ=0

+O(∥ϵ∥31)

where if we neglect third order terms we can write

df (|ψ(θ)⟩ , |ψ(θ + ϵ)⟩) ≈ 1

4
ϵT [FQ(θ)]ϵ =

1

4
∥ϵ∥2FQ

(3.7)

where similarly to the classical relative entropy the first two terms vanish because

df(|ψ(θ)⟩ , |ψ(θ)⟩) corresponds to a minimum with a value equal to zero. The matrix

FQ(θ) is called the quantum Fisher information matrix (QFIM) and acts as a metric in

the space of quantum states giving information about the geometry of states near the
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vicinity of the state |ψ(θ)⟩. The matrix elements of the QFIM are calculated to be the

real part of the Fubini-Study metric (see [30, 32]):

[FQ(θ)]ij = 4 Re

[
∂ ⟨ψ(θ)|
∂θi

∂ |ψ(θ)⟩
∂θj

− ∂ ⟨ψ(θ)|
∂θi

|ψ(θ)⟩ ⟨ψ(θ)| ∂ |ψ(θ)⟩
∂θj

]
(3.8)

Intuitively, the QFIM acts as a metric in the space of quantum states. It provides

a description of the geometry of the underlying state, giving information on how the

parameterized quantum state changes if we vary a given parameter. Large eigenvalues

of the QFIM will result in significant changes in the quantum state (with respect to a

distance measure) even for small variations towards the direction of the corresponding

eigenvector. On the other hand, zero eigenvalues will correspond to singularities, i.e.

points in the space of parameters where changes will have no effect on the underlying

quantum state [34].

3.1.2.2 Measuring the Quantum Fisher Information Matrix

So far in the literature, there has been extensive research on how to calculate the elements

of QFIM given by Eq. (3.8). In [67] explained how to use parameter-shift rules to calculate

QFIM while [70] introduced stochastic parameter-shift rules. On the other hand, [34]

proposed an alternative way with Hadamard-overlap using an extra ancilla qubit. Overall,

the quantum and classical resources needed for the calculation of the QFIM are stated in

Corollary 3.2.

Corollary 3.2. Consider a parameterized quantum circuit, consisting of m parameterized

quantum gates. The quantum Fisher information matrix at any parameter configuration

θ requires OQ(m
2) different quantum state preparations and OC(m

2) classical resources

to post-process the measurement and store the matrix.

3.1.3 Quantum Natural Gradient

The Quantum Natural Gradient (QNG) [30] is an optimization algorithm suited for

variational quantum algorithms. Instead of updating the parameters in the direction

of the negative gradient (of the loss function), the algorithm considers the changes

happening in the space of parameterized quantum states. Specifically, at each iteration,

the parameters are changed according to the update rule:

θk+1 = θk − ηFQ(θk)
+∇L(θk) (3.9)
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where FQ(θk)
+ is the Moore-Penrose inverse (pseudoinverse) 3 of the quantum Fisher

information matrix (QFIM). Intuitively, QNG performs large steps in the directions

where the state changes by a small amount and takes smaller steps in the directions

where the state changes by a large amount. Although the simulated experiments in [30]

showed that the convergence speed (in terms of optimization iterations) is improved

significantly compared to first-order local optimizers, the bottleneck is that it requires

OQ(m
2) state preparations at each iteration which results in a big drawback for near

term devices. This has the immediate implication that the quantum resources needed to

implement the algorithm are quite large, limiting its actual practicality. We will discuss

that thoroughly in the next sections.

3.1.3.1 Steepest Descent

At this point, it would be fruitful to provide a more geometric explanation behind the

update rule (3.9) of QNG and its approximation through the update rule of Eq. (3.37).

Consider the first-order Taylor expansion of loss function L(θ) at the point θ + v:

L(θ + v) ≈ L(θ) +∇L(θ)Tv (3.10)

Steepest descent [124] aims to find a direction v such that the directional derivative

becomes as small as possible. Since ∇L(θ)Tv is linear in v, it can be made as small as

we desire. So to make the question sensible, we define the normalized steepest descent as:

∆θnsd = arg min
v:∥v∥=1

{∇L(θ)Tv} (3.11)

where ∥·∥ can be any vector norm. For example, choosing ∥·∥ = ∥·∥2 (the l2-norm) the

steepest descent becomes gradient descent or choosing ∥·∥ = ∥·∥1 (the l1-norm) becomes

coordinate descent [124]. We are interested in the case where ∥·∥ is chosen to be ∥·∥P ,
where P ≽ 0 describes the intrinsic geometry in the parameterized space (or at least

an approximation of it). Notice that the underlying geometry of the parameters of a

parameterized quantum circuit is not Euclidean, but follows a Riemannian structure.

That is, the distance between vectors θ and θ + δθ is:

d(θ,θ + δθ)2 = δθG(θ)δθ = ∥δθ∥2G(θ) (3.12)

where G(θ) is the Riemannian metric. Since parameterized quantum circuits generate

parameterized quantum states |ψ(θ)⟩, the actual geometry of the parameters is char-

acterized by changes happening in the quantum state. As a result, the corresponding
3The pseudoinverse of a matrix A corresponds to the inverse of A that is defined on the space

orthogonal to the kernel.
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metric that describes the geometry of the parameters at a point θ is the QFIM, i.e.

G(θ) = FQ(θ).

Lemma 3.1. Consider a parameterized quantum circuit parameterized by a vector θ that

generates a quantum state |ψ(θ)⟩. The normalized steepest descent direction of the loss

function L(θ) is:

−
F−1

Q (θ)∇L(θ)∥∥∥F−1/2
Q (θ)∇L(θ)

∥∥∥
2

(3.13)

where FQ(θ) is the QFIM at point θ

Proof. In the case of a parameterized quantum circuit, the local geometry of the pa-

rameterized space is described by the QFIM. As such, distances (near a point θ) are

measured with respect to the ∥·∥P , with P = FQ(θ). Then, the normalized steepest

descent direction is given by:

∆θnsd = arg min
v:∥v∥FQ

=1
{∇L(θ)Tv} (3.14)

We can make use of the substitution u = F1/2
Q v. In this case, the constraint ∥v∥FQ

= 1

is replaced by:

∥v∥FQ
= 1 =⇒ ∥u∥2 = 1 (3.15)

As such, solving Eq. (3.14) is equivalent to:

∆θnsd = arg min
u:∥u∥2=1

{∇L(θ)TF−1/2
Q u} (3.16)

Thus, by solving Eq. (3.16) and making again the substitution v = F−1/2
Q u we find that

the steepest descent direction is:

−
F−1

Q (θ)∇L(θ)∥∥∥F−1/2
Q (θ)∇L(θ)

∥∥∥
2

3.1.4 Quantum Imaginary-Time Evolution

In Quantum Mechanics, when a system is initialized in the quantum state |ϕ(0)⟩ (at
time t = 0) and its dynamics are described by a time-independent Hamiltonian H, it

will evolve under the unitary e−iHt, i.e.:

|ϕ(t)⟩ = e−iHt |ϕ(0)⟩ (3.17)
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Such an evolution can be simulated in a gate-based quantum computer by “trotterizing”

the unitary evolution e−iHt into small time intervals δt.

If we allow the time to take imaginary values (τ ≡ it, τ ∈ R) then the operator e−Hτ

is no longer unitary and the evolution is called quantum imaginary-time evolution. As

a first step, we will derive the mathematical equation that governs the imaginary-time

evolution. Consider the imaginary-time evolved state |ϕ(τ)⟩:

|ϕ(τ)⟩ = A(τ)e−Hτ |ϕ(0)⟩ (3.18)

where:

A(τ) =

(
1√

⟨ϕ(0)| e−2Hτ |ϕ(0)⟩

)
(3.19)

is a normalization factors so that ⟨ϕ(τ)|ϕ(τ)⟩ = 1. The evolution under the imaginary-

time evolution is governed by the Wick-Schrödinger equation. To see this, we take the

time derivative:
∂ |ϕ(τ)⟩
∂τ

=
∂

∂τ

(
A(τ)e−Hτ |ϕ(0)⟩

)
=

∂A(τ)

∂τ
e−Hτ |ϕ(0)⟩+ A(τ)

∂e−Hτ

∂τ
|ϕ(0)⟩

Computing the derivative in the first term, we obtain:

∂A(τ)

∂τ
=

∂

∂τ

(
1√

⟨ϕ(0)| e−2Hτ |ϕ(0)⟩

)
= A(τ)Eτ (3.20)

where Eτ = ⟨ϕ(τ)|H |ϕ(τ)⟩. Thus, putting everything back together we obtain the

Wick-Schrödinger equation:

∂ |ϕ(τ)⟩
∂τ

= (Eτ −H) |ϕ(τ)⟩ (3.21)

As we discussed, imaginary-time evolution is a very interesting tool that allows the

preparation of thermal states [114, 125, 126] or ground states [12, 17, 127]. The necessary

condition is that the initial state is prepared with a non-zero overlap with the ground state

of the Hamiltonian of interest. To see this, consider a Hamiltonian H (with non-negative

spectrum) and an initial state |ϕ(0)⟩ that has a non-zero overlap with the ground state

|ϕ0⟩. We can write the initial state in the energy eigenbasis as:

|ϕ(0)⟩ = a0 |ϕ0⟩+
∑
j ̸=0

aj |ϕj⟩ (3.22)
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where |ϕ0⟩ is the ground state. Evolving the state according to the quantum imaginary-

time evolution will result in the quantum state:

|ϕ(τ)⟩ = A(τ)
[
a0e

−Hτ |ϕ0⟩+
∑
j ̸=0

aje
−Hτ |ϕj⟩

]
= A(τ)

[
a0e

−E0τ |ϕ0⟩+
∑
j ̸=0

aje
−Ejτ |ϕj⟩

] (3.23)

As a result, in the limit of τ →∞ the system reaches the ground state because the terms

corresponding to higher energies (i.e. e−Ejτ ) go faster to zero.

In our case, we are equipped with a small-scale (and perhaps noisy) quantum computer

and we aim to approximate the exact imaginary-time evolution described by the states

|ϕ(τ)⟩ by a family of parameterized state |ψ(θ(τ)⟩ [12] which approximate the former

states as much as possible. In other words, we aim to find the parameter dynamics θ(τ)

so that the parameterized state approximates the imaginary-time evolution. Starting

from McLachlan’s variational principle:

δ∥(d/dτ +H − Eτ ) |ψ(θ(τ))⟩∥2 = 0 (3.24)

and introducing a time-dependent global phase in the calculation [128], we find (see

[12, 128] for details) that the parameters must satisfy:

FQ(θ(τ))θ̇ = −2∇θEτ (θ(τ)) (3.25)

where FQ is the quantum Fisher information matrix defined in Eq. (3.8). As we previously

discussed, one of the major drawbacks is that the evaluation of Eq. (3.25) at a certain

point requires the preparation of O(m2) quantum states, scaling quadratically with the

number of parameters. As it is clear, updating the parameters according to Eq. (3.25)

for a sufficiently small time step is equivalent to the QNG update rule in Eq. (3.9).

3.2 Random Natural Gradient

In this section, we will outline our first main result, which is a novel optimization

algorithm called Random Natural Gradient (RNG). The update rule of RNG is given by

the formula:
θk+1 = θk − η[FM

C (θk)]
+∇L(θk)

Random measurementM
(3.26)
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where the random measurementM is performed by first applying a random unitary V on

the parameterized state |ψ(θk)⟩ and then measuring on the computational basis. We can

assume that this unitary is parameterized by a k = O(poly(n))-dimensional vector (i.e.,

it is comprised of a series of parameterized gates) ϕ = (ϕ1, ϕ2, . . . , ϕk). In our analysis,

we choose the random unitaries to be hardware-efficient parameterized quantum circuits

for which we uniformly sample the parameters of the parameterized gates. In other words,

our algorithm replaces the QFIM (FQ) in the QNG update rule in Eq. (3.9) by a random

CFIM (FM
C ).

The intuition behind this update rule is relatively simple and is thoroughly explained

in the following sections. As we will explain, the optimization part in VQAs requires

an update rule that can be calculated efficiently for any hope of quantum advantage.

Additionally, the learning rate should carry some information about the underlying

parameterized state and how an infinitesimal change in a parameter would change it.

First of all, we can visualize measuring on a random basis and constructing the CFIM

as a way to approximate the QFIM. Similarly, the authors of [30] suggested that instead

of calculating the QFIM (as it would result in a tedious calculation), one could calculate

only block-diagonal elements. This strategy would require fewer quantum resources but

carries no physical intuition on why such an approximation would be valid, especially

when there are high correlations between elements of different blocks.

Finding the measurement basis that would result in the optimal step is not a task

that can be calculated efficiently. For that reason, one could draw a measurement basis

at random and then construct the CFIM on that basis. Our experiments showed that a

random CFIM has an increased rank (e.g. compared to measurements in Z-basis), and

as such, more directions can be explored during the optimization (see Figure 3.4). This

has the further implication that the classical optimization part may avoid local minima

as was explored in the QNG case in [31]. Similar findings were also found in [129], where

the noise may increase the rank of QFIM, so more directions can be explored.

From a practical perspective, the update rule in Eq. (3.26) can be calculated efficiently

(see Corollary 3.1) and, as we will show, improves the convergence dramatically. At each

time step, the quantum resources (the number of quantum state preparations) needed

are 2m for the gradient calculation and 2m + 1 for the calculation of the CFIM on a

random basis (see Eq. (3.5)) for a total of 4m+ 1 quantum states. Then, the classical

computer post-processes the 2m+ 1 random basis measurements and utilizes a classical
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memory of size m×m for the random CFIM. This update rule is iteratively applied with

a different measurement basis until convergence to a local (or a global) minimum occurs.

Furthermore, our method inherits the advantage that the depth of the quantum circuit

required to calculate the matrix elements of the random CFIM is less than that of the

QFIM. In RNG, the depth of the additional unitary that is required for the calculation

of the random CFIM is user-dependent and as we show in our experiments in Sec. 3.8,

the user can select shallow random quantum circuits and converge significantly faster

than QNG.

Specifically, as we discussed in Sec. 3.1.2.2, for the calculation of QFIM one requires

quantum circuits of depth twice the one needed to generate the parameterized quantum

state |ψ(θ)⟩. This imposes a bottleneck for parameterized quantum states that require

large depths. However, for RNG, the additional quantum circuit is user-specified and

depends on the architecture required for the random measurement. Our algorithm is

outlined in Algorithm 1.

Finally, we would like to stress how RNG avoids singularities in the parameter space

[130]. Consider a fixed measurement basisM. There are points in the parameters space

where a small displacement in the parameters may not result in any change in the

probabilities observed. This would result in a CFIM with degenerate zero eigenvalues. In

a practical scenario close to such a point, a natural gradient optimizer will make very

large steps, prohibiting it from convergence. However, by switching the basis we can

now avoid the singularities as for the new observables, the previous point may result in

completely different probability distributions, and as such the optimizer will continue

making small steps.

3.3 Local Optimization

In this section, we provide the motivation and theoretical intuition behind the update rule

of RNG in Eq. (3.26) and argue why such an update is desirable. Local optimization refers

to the technique of following a trajectory in a region of the loss landscape and converging

to a (possibly local) minimum. Consider the loss function to be the expectation value of

the energy of a parameterized quantum state:

L(θ) = tr(ρ(θ)H) (3.27)
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Algorithm 1: Random Natural Gradient

Input :Problem Hamiltonian H;
Ansatz family |ψ(θ)⟩ = U(θ) |0⟩;
Total iterations K;
Loss function L(θ);
Initial parameters θ = θ0;
Learning rate η;
for k = 1, 2, . . . , K do

Calculate derivatives ∂L(θ)
∂θi
∀ i ∈ [M ];

Shuffle a measurement basisM;
Calculate the Classical Fisher Information Matrix FM

C (θ);
Update θ as θ = θ − η[FM

C (θ)]+∇L(θ);
end
return θ

where H is the Hamiltonian of the problem. Vanilla Gradient Descent (GD) iteratively

updates the parameters θ by following the direction of the negative gradient. The update

rule is given by:

θk+1 = θk − η∇L(θk) (3.28)

where η > 0 is a tunable hyperparameter that is crucial for both the speed and convergence

of the algorithm. The biggest bottleneck in applying GD in a VQA setting is that a

small choice of η will require numerous quantum state preparations in the quantum

computer, especially in the region where ∇L(θ)→ 0, while a large choice of η may result

in “missing” the minimum. In the former case, the quantum computer will require a

very large number of circuit repetitions to acquire the desired accuracy, but also multiple

and different quantum state preparations. A useful tool from the classical optimization

literature is the proximal point method [131] where the update rule is given by:

θk+1 = proxL,λ(θk) = argmin
θ

[L(θ) + λq(θ,θk)] (3.29)

where q(θ,θk) is a dissimilarity function that measures distance between the two vectors

θ,θk. When q is chosen to be the squared Euclidean distance:

q(θ,θk) =
1

2
∥θ − θk∥22 (3.30)

then the proximal update becomes the ordinary GD given by the update rule in Eq.

(3.28) with η = λ−1. In that case, the dissimilarity function acts as a penalty term that

prohibits big steps in the space of parameters.
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In [30] the authors claimed that the classical optimization algorithm should adapt the

updated parameters according to the changes happening in the state-space i.e. update θ

according to:

θk+1 = argmin
θ

[
L(θ) + 1

2η
∥θ − θk∥2FQ

]
(3.31)

where the term ∥θ − θk∥2FQ
≡ (θ − θk)

TFQ(θ − θk) penalizes large steps in the state-

space4. In this case, the update rule (3.29) is reformulated to the Quantum Natural

Gradient (QNG) where the parameters are iteratively changed according to the rule given

by Eq. (3.9).

At this point, we would like to state that the QNG update rule in Eq. (3.9) falls into

the more general category of preconditioning. In general, preconditioning the GD update

in Eq. (3.28) by a positive definite matrix A:

θk+1 = θk − A−1∇L(θk)

A ≻ 0
(3.32)

results in a descent direction. To see this, consider the Taylor expansion of the loss

function (3.27) around the current iterate θk:

L(θ) = L(θk) +∇L(θk)
T (θ − θk) +

1

2
(θ − θk)

TH(θ − θk) +O(∥θ − θk∥3) (3.33)

where H is the Hessian at the point θk and let the updated point be θk − A−1∇L(θk).

Keeping only the first-order terms (this would be valid for example if we are in a region

with small gradients or if we scale the matrix A by a small factor η), then the loss

function is:

L(θk − A−1∇L(θk)) = L(θk)−∇L(θk)
TA−1∇L(θk)

=⇒ L(θk − A−1∇L(θk)) < L(θk)
(3.34)

since the second term in the first line is negative for A−1 ≻ 0. By keeping second-order

terms, the condition so that the preconditioner A points towards a descent direction

becomes 5:

A−1HA−1 ≺ 2A−1 (3.35)

The above analysis can readily be formulated in the case where the preconditioner is a

positive semidefinite matrix, but the inverse is replaced by the Moore-Penrose inverse. In

4Here FQ acts a metric, stretching the vectors in the state-space accordingly.
5We write B ≺ C to denote the matrix B − C being negative definite.

31



CHAPTER 3. RANDOM NATURAL GRADIENT

this case, we observe two things. The first is that moving towards a descent direction

is feasible when the matrix A−1 is small (with respect to a matrix norm), which can

always be done by multiplying by a sufficiently small scalar η. However, choosing a

matrix that is computationally expensive to calculate and then scaling it by a small

factor η (see QNG update in Eq. (3.9) and Corollary 3.2) may prohibit any advantage of

using the preconditioner in the first place. On the other hand, condition (3.35) filters a

large amount of positive definite matrices that allow for a descent direction, but testing

the condition in an online setting is impractical since it requires the calculation of the

Hessian at every iterate.

We argue here that the preconditioner should carry information about the intrinsic

geometry of the parameters (just like in QNG) but at the same time, it should be

relatively fast to calculate. As we propose in Sec. 3.2, a clever way to feed information

about changes happening in the quantum state in a positive semidefinite matrix is to

use random measurements. This alternative allows for a fast calculation of a positive

semidefinite matrix, which is intrinsically meaningful and improves the convergence in a

VQA framework.

3.3.1 Classical Natural Gradient

In Sec. 3.3 we introduced the idea of proximal updates where the parameters are updated

in a way that considers a distance measure of the parameters. Similarly to QNG, one

could prepare a quantum state, measure it (e.g. on the computational basis), and, with the

measurement outcomes, approximate the probability distribution of different outcomes.

In that case, we can choose the dissimilarity function to be the KL-divergence (see Sec.

3.1.1) between the probability distributions after measuring the quantum states at the

computational basis.

However, nothing prevents us from using a different dissimilarity function by switching

the measurement onto a different basis (possibly a random one). As such, ifM is the

measurement basis, then the proximal point method will become:

θk+1 = proxL,λ,M(θk) = argmin
θ

[L(θ) + λqM(θ,θk)] (3.36)

In that case, the update rule will be reformulated to:

θk+1 = θk − ηFM
C (θk)

+∇L(θk) (3.37)
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where FM
C is the classical Fisher information matrix constructed by performing measure-

ments on theM basis. When the measurement basis is chosen to be the computational

basis state, then the update rule (3.37) is referred to in the classical optimization litera-

ture as the Natural Gradient Descent (NGD). However, in a quantum setting, the CFIM

is basis-dependent, and this property offers a significant computational advantage over

QNG.

From the previous discussion, we can immediately introduce Corollary 3.3, which

provides a condition so that the update (3.37) results in a descent direction. The condition

under which a CFIM (constructed by measurements on a basis M) preconditions a

gradient descent direction and results in a decrease in the loss function is as follows.

Corollary 3.3. Consider the update rule (3.37) and let FM
C (θk) be the CFIM constructed

by performing measurements in theM basis. Then, the updated direction will result in a

descent direction (L(θk+1) ≤ L(θk)) as long as:

ηFM
C (θk)

+HFM
C (θk)

+ ≼ 2FM
C (θk)

+ (3.38)

for some η >0, where H is the Hessian of the loss function L at the point θk.

Corollary 3.3 provides the condition so that a tuple (FM
C , η) will result in a decrease

of the loss function. However, testing the condition in Eq. (3.38) cannot be feasibly

implemented in a practical setting as it requires the calculation of the Hessian at each

point θk. As such, we would have to rely on empirical choices for the choice of the

hyperparameter η.

It is true that all directions that leave the quantum state invariant under translations

of the parameters will also leave all probability distributions unaffected. The former

directions correspond to the eigenvectors of the QFIM that belong in its null space while

the latter directions correspond to eigenvectors of different classical Fisher information

matrices. We can thus show (see Proposition 3.1) that all zero eigenvalues of the QFIM

correspond to zero eigenvalues of any CFIM (but not vice versa).

Proposition 3.1. The null space of the quantum Fisher information matrix N (FQ) is a

subspace of the null space of the classical Fisher information matrix N (FM
C ) over any

measurement collectionM at a fixed point θ

N (FQ) ⊆ N (FM
C ) (3.39)
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Proof. The infidelity between two parameterized quantum states |ψ(θ)⟩ and |ψ(θ + ϵ)⟩
is given by (see Eq. (3.7)):

df (|ψ(θ)⟩ , |ψ(θ + ϵ)⟩) = 1

2
ϵTFQϵ

where FQ is the QFIM at point θ. Consider now the eigenvalue decomposition of FQ:

FQ = UDUT (3.40)

where U is a unitary matrix with its columns being the normalized eigenvectors of FQ

and D the diagonal matrix with the eigenvalues of FQ as its entries. The distance between

the two states can then be written as:

df (|ψ(θ)⟩ , |ψ(θ + ϵ)⟩) = 1

2
ϵTUDUTϵ (3.41)

Now, if we assume that ϵ = dαvi where vi is an eigenvector of FQ with eigenvalue λi,

then the distance can be written as:

df (|ψ(θ)⟩ , |ψ(θ + ϵ)⟩) = λi
2
(dα)2 (3.42)

Thus, all infinitesimal changes δu ∈ N (FQ) that belong in the null space of FQ will

not result in a change of the underlying quantum state. A direct consequence is that

since the quantum states remain invariant under these translations, the probability

distributions over any measurements will also remain unchanged. As such, since the

probability distributions do not change for small displacements δu, then δu ∈ N (FM
C )

and thus:

N (FQ) ⊆ N (FM
C )

At this point, we would like to stress that the converse is not true. CFIM (obtained

by a general measurement) may have zero eigenvalues that are not zero eigenvalues of

the QFIM. This also implies that different measurements lead to CFIM having different

null spaces, with only a guarantee that all of them contain the null space of the QFIM. It

follows that some measurements lead to CFIMs that carry more information about changes

happening in the quantum state and are closer to the QFIM than other measurements.

Finally, we can see that as in our case, a direction ∝ FM
C (θk)

+∇L(θ) points towards
the steepest descent direction (see sec. 3.1.3.1) in the Riemannian space whose metric is
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the CFIM constructed by performing measurements in theM basis. But as we discuss

in Sec. 3.4, all [FM
C ] are information matrices that carry partial local information of the

quantum state with respect to the choice of measurements. In other words, all CFIMs can

be seen as providing local approximations of the geometry of the underlying state-space

with the quality of the approximation determined by its distance from the QFIM.

3.4 Optimal Measurement

Consider again two parameterized quantum states, |ψ(θ)⟩, |ψ(θ + ϵ)⟩ that differ by a

small shift vector ϵ ∈ Rm. Suppose we perform a measurement on a basis M. As we

have already seen, the distance of the corresponding probability distributions pM(θ),

pM(θ + ϵ) can be written as:

KL(pM(θ)||pM(θ + ϵ)) =
1

2
ϵTFM

C (θ)ϵ (3.43)

Our goal is to choose a measurement basisM that will extract the maximum information

from the state |ψ(θ)⟩. In the context of this chapter, maximum information refers to

a measurement that will approximate as much as possible what happens locally in the

space of quantum states.

Definition 3.1. (Optimal measurement) We define the optimal measurementM∗ as

the measurement that when applied on the states |ψ(θ)⟩ and |ψ(θ + ϵ)⟩ it maximizes the

distance between the probability distributions pM(θ) and pM(θ + ϵ).

M∗ = argmax
M

KL(pM(θ)||pM(θ + ϵ)) (3.44)

As we discussed in Sec. 3.1.1 we can describe the possible measurementsM(ϕ) by

first applying a unitary V (ϕ) on the parameterized state |ψ(θ)⟩ and then performing

projective measurements on each qubit. If ϕ∗ are the angles that maximize the distance

between probability distributions, then the following inequality holds

KL(pM(ϕ∗)(θ)||pM(ϕ∗)(θ + ϵ))

≤ KL(pM∗(θ)||pM∗(θ + ϵ))
(3.45)

where the equality is true whenever there exists ϕ∗ such thatM(ϕ∗) =M∗. We can use

Eq. (3.43) and show that any CFIM can be upper bounded by the QFIM (see [32] for

details) as :

FM
C (θ) ≼ FQ(θ) ∀θ ∈ Rm (3.46)
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A natural question to ask is “What is the appropriate measurement basis so that the

resulting CFIM is optimal, in the sense that the CFIM approaches the QFIM with the

least amount of error.”. The answer to this question is discussed below.

Consider a parameterized quantum circuit that generates parameterized quantum

states |ψ(θ)⟩. Consider also the set of measurements that are generated by applying a

unitary V (ϕ) on the state |ψ(θ)⟩ and then measuring in the computational basis.

Our starting point is Eq. (3.46). For every angle configuration ϕ, the matrix (FM(ϕ)
C (θ)−

FQ(θ)) is negative semidefinite for every θ. As such, by taking the trace:

tr
(
FM(ϕ)

C (θ)−FQ(θ)
)
≤ 0

tr
(
FM(ϕ)

C (θ)
)
≤ tr (FQ(θ))

(3.47)

As a result, the trace of QFIM provides an upper bound on the trace of every CFIM. We

can thus conclude that the solution of the optimization problem:

max
ϕ

tr
(
FM(ϕ)

C (θ)
)

(3.48)

will result in the CFIM corresponding to the optimal measurement (or else the optimal

approximation of QFIM).

At this point, it is important to stress that except for the one-parameter case, there

does not always exist a measurement basis M so that the CFIM is equal to QFIM

[33, 132]. Specifically, in [133], the authors provide conditions under which there exists

measurement so that the QFIM is saturated. However, if no such measurement exists,

then the solution of Eq. (3.48) will result in a CFIM that approximates QFIM with the

least amount of error:

min
M

∥∥FM
C (θ)−FQ(θ)

∥∥ (3.49)

where ∥·∥ is any matrix norm. Moreover, as we discussed in Sec. 3.3, in a classical opti-

mization scheme, achieving the optimal measurement may not have an immediate effect

on the speed of convergence. Ideally, we would want to increase the number of directions

in the probability distribution space so that the optimizer can have more directions to

move. As we will discuss in Sec. 3.2, this is accomplished when the measurement basis is

chosen at random.

The immediate advantage of identifying the optimal measurement is that provided

that the resulting CFIM coincides with QFIM, the quantum natural gradient [30] can be

36



CHAPTER 3. RANDOM NATURAL GRADIENT
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Figure 3.2: Distance of random CFIMs from QFIM. As the number of layers increases,
sampling a random measurement tends to have a small distance from the QFIM and, as
such, carries more information. A total number of 10000 CFIMs were calculated for each
choice of measurement basis.

implemented using O(m) quantum states/resources instead of O(m2). This results in a

quadratic advantage in quantum resource requirement compared to previous methods.

However, when the measurement operators are parameterized by a unitary V (ϕ), the

optimization problem becomes non-convex. On top of that, the optimal measurement is

θ-dependent, and as such, after every optimization iteration, the optimal measurement

must be re-evaluated.

Remark. As we observed in our experiments, increasing the expressivity of the

random parameterized measurements results in CFIMs that 1) tends towards 1
2
FQ, i.e.

the error
∥∥FM

C − 1
2
FQ

∥∥ is reduced and 2) the variance of the error (of any random CFIM)

goes to zero.

Consider, for example, the parameterized quantum circuit in the left-hand side of

Figure 2.2 for a system of 8 qubits and 3 layers. As it is illustrated in Figure 3.2, it is

clear that a Pauli measurement cannot encapsulate the intrinsic changes happening in

the quantum state. However, as we introduce random measurements, the random CFIM

starts to approximate the QFIM, with the approximation becoming better when more

expressive ansatz families are used. For the random measurements, we used the same

type of circuit but with different Pauli rotations.
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3.5 Estimators of the quantum Fisher information

matrix

At this point, it would be illustrative to understand what happens when a collection of

random measurements is performed on a parameterized state |ψ(θ)⟩. In this section, we

will generalize our previous results in the case where multiple random measurements are

used. We will show that multiple random measurements allow the estimation of the full

QFIM and show how the user can use these estimators in the optimization process. As

such, we will outline two estimators of the QFIM. For the second estimator, the Random

Natural Gradient will correspond to a special case in which one random measurement is

used. Experiments on how these estimators can be used in an optimization setting can

be found in [13].

As we already discussed, QNG requires a fast calculation of the quantum Fisher

information matrix (QFIM) or an approximation of it. In this section, we outline our

results on the approximation of the QFIM using random measurements [54] and defer the

proofs to the appendix A.3. Throughout the rest of the chapter, we will denote FQ the

quantum Fisher information matrix and F̃Q any approximation to it. Our first estimator

is presented in Theorem 3.1.

Theorem 3.1. For every parameterization θ 7→ |ψ(θ)⟩, the matrix elements of the

quantum Fisher information matrix can be inferred as

[FQ(θ)]ij = 2(2n + 1)
∑
s

EU∼µH

[
∂pUs (θ)

∂θi

∂pUs (θ)

∂θj

]
, (3.50)

where EU∼µH
[·] is the ensemble average over random unitary U drawn from the Haar

distribution µH and pUs (θ) := ⟨ψ(θ)|U †ΠsU |ψ(θ)⟩ is the probability of the outcome s

when measuring U |ψ(θ)⟩ with respect to the computational basis projectors {Πs}.

Proof. For a detailed proof, see Appendix A.3.

Each sample requires at most 2m quantum state preparations in total. To sample, it

suffices to compute the partial derivatives of the probability outcomes in Eq. (3.50), and

those can be easily calculated using parameter-shift rules (see Preliminaries Sec. 2). The

immediate result is that, in practice, this estimator requires significantly fewer quantum
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states to approximate the QFIM since it can be written as a product of first-order

derivatives.

In general, generating Haar random unitaries on a quantum computer is a compu-

tationally exhaustive task since most unitary operators require a number of gates that

scale exponentially to the number of qubits [134]. On the other hand, k-designs are

distributions that match the Haar moments up to the k-th order (see Definition 3.2).

The advantage is that k-designs can be generated efficiently.

Definition 3.2. (Unitary k-design) A probability distribution ν supported over a set of

unitaries S ⊆ U(d) is defined to be a unitary k-design if and only if

EV∼ν [V
⊗kOV †⊗k] = EU∼µH

[U⊗kOU †⊗k] (3.51)

for all O ∈ L((Cd)⊗k).

We next prove a corollary of Theorem 3.1, recasting Haar random unitaries with

2-designs.

Corollary 3.4. For U drawn from a 2-design ν, the elements of the quantum Fisher

information matrix satisfy

[FQ(θ)]ij = 2(2n + 1)
∑
s

EU∼ν

[
∂pUs (θ)

∂θi

∂pUs (θ)

∂θj

]
(3.52)

where pUs (θ) := ⟨ψ(θ)|U †ΠsU |ψ(θ)⟩ is the probability of the outcome s when measuring

U |ψ(θ)⟩ with respect to the computational basis projectors {Πs}s.

Proof. The expectation EU∼µH

[
∂pUs (θ)
∂θi

∂pUs (θ)
∂θj

]
in the statement of theorem 3.1 expands as

Tr
[
EU∼µH

[U⊗2Π⊗2
s U †⊗2]

∂ρ(θ)

∂θi
⊗ ∂ρ(θ)

∂θj

]
, (3.53)

which, by specializing definition 3.2 to 2-designs equals

EU∼ν

[
∂pUs (θ)

∂θi

∂pUs (θ)

∂θj

]
,

thereby proving the corollary.
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The 2-design estimator: Corollary 3.4 suggests natural inference procedures for

estimating the QFIM by sampling unitaries that come from a k-design with k ≥ 2 (since

a k-design is also a 2-design if k ≥ 2). We next derive a simple estimator in this motif

and call it the the 2-design estimator. To efficiently sample the unitary, we draw from

the ensemble of the n-qubit Clifford group Cl(n), which forms a 3-design. Elements

from the n-qubit Clifford group can be generated by a circuit with at most O(n2/ log n)

elementary gates [135], showcasing that our 2-design estimator can be implemented in

a NISQ setting. As before, computing the full gradient vector (and hence, drawing one

sample of the estimate in 3.4) only takes O(m) quantum state preparations. To obtain

the estimate in Corollary 3.4, we repeat this sampling procedure K times, where K is a

hyper-parameter considered as a design choice. The state preparation cost O(Km) of

the 2-design estimator significantly improves on the O(m2) required by previous known

algorithms for QFIM when K is small.

For most parameterizations θ 7→ |ψ(θ)⟩, the measurement probability pVs (θ) distribu-

tion is likely concentrated around its expectation. Therefore, a small K likely suffices

for most applications. As a curiosity to determine the accuracy limits of the 2-design

estimator in the worst case, it would be interesting to construct parameterizations re-

quiring a large K, perhaps by planting pathological high dimensional singularities. The

hyperparameter can also be adaptively tuned, keeping it small at the early stages for

rapid descent and increasing it closer towards the end of the evolution to converge to a

more accurate ground state. We leave these interesting questions open for future research.

We do demonstrate empirically in small examples that, in practice, K is much smaller

than m. In essence, K offers a tradeoff between rapid and accurate descent of QITE

incorporating the 2-design estimator. In most cases, a small choice of K is sufficiently

accurate while facilitating rapid descent.

Next, we provide a second estimator to the QFIM, which we name the average classical

Fisher information matrix estimator and is connected to the random natural gradient. As

such, we provide a second definition, which is the average (over an ensemble ν ⊆ U(2n))

classical Fisher information matrix.

Definition 3.3. (Average classical Fisher information matrix). Consider an ensemble of

unitary operators ν ⊆ U(2n) from which we uniformly sample. We can define the average

(over the unitary ensemble ν) classical Fisher information matrix as:

EU∼ν [FU
C ] (3.54)
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The idea is that one can get information about the underlying quantum states by

measuring them on a specific basis, just as we discussed in previous sections. If this

procedure is performed repeatedly, one can get an accurate picture of the geometry of

the parameterized quantum states. We were able to make an important observation that

is true for all parameterized quantum states that were investigated in this chapter.

Conjecture. If the unitaries are drawn from the Haar-distribution ν = µH , then the

average Fisher defined in Eq. (3.54) approximates the quantum Fisher information matrix,

i.e.

EU∼µH
[FU

C (θ)] =
1

2
FQ(θ) (3.55)

for any θ.

The proof of the previous conjecture is a very challenging task. The reason is that

the unitaries that appear in the Haar-integral on the left-hand side of Eq. (3.55) enter

in a non-linear fashion. As such, certain results from random matrix theory cannot be

directly applied in this scenario. We discuss that thoroughly in Appendix A.3. The above

conjecture indicates that by choosing the appropriate unitary ensemble to sample from

(in this case, the Haar distribution), one can get an accurate description of the underlying

geometry in the space of parameterized quantum states. However, as we later show (see

Lemma 3.3), replacing the quantum Fisher information matrix in Eq. (3.25) by the

average classical Fisher information matrix for any subset ν ⊆ U(2n) will always result

in a descent direction for a sufficiently small time step.

Each one of the two estimators that we propose (in Eq. (3.50) and Eq. (3.55)) have

different advantages compared to the other. As we verified, the random CFIM estimator

in Eq. (3.55) outperforms the former in Eq. (3.50) in terms of speed of convergence, i.e. it

converges much faster to the QFIM. This means that with fewer sampled unitaries (and

measurements) we can approximate the quantum Fisher information to great accuracy.

An illustrative example is given in Figure 3.3. In this figure, we visualize how the quantum

Fisher information matrix can be approximated using random measurements with either

of the two estimators in Eq. (3.50) and Eq. (3.55) for a random 8-qubit parameterized

quantum state at a random configuration θ. For the average CFIM, the unitaries were

drawn from the Haar distribution.
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Figure 3.3: Distance of the quantum Fisher information from its corresponding estimators
(in logarithmic scale). The red line corresponds to the estimator in Eq. (3.50) while the
blue line to the estimator in Eq. (3.55).

Given the same number of samples, we can see that the average CFIM estimator (blue

line) is able to approximate with a smaller error the QFIM, compared to the estimator in

Eq. (3.50). However, both estimators are able to achieve a good approximation to QFIM

with only a small number of samples. Similar performance was observed for all ansatz

families used in this chapter.

On the other hand, the 2-design estimator in Eq. (3.50) comes with other benefits.

Specifically, its implementation can be performed by sampling unitaries from a 2-design,

which implies that the unitaries have an exponentially smaller depth than that of the

unitaries that are sampled from the Haar distribution. As such, the estimator in Eq.

(3.50) can even be experimentally realized in the early fault-tolerant (or NISQ) era where

the number of qubits remains small, but we can execute longer circuits.

Recapitulating, one can replace the QFIM with either of the two proposed estimators

(where both require measuring the state on a random basis). In that case, the QFIM

FQ is replaced by its estimator F̃Q and the partial differential equation in Eq. (3.25) is

transformed to:

F̃Q[θ(τ)]θ̇ = −2∇θEτ (θ) (3.56)

Specifically, the parameterized quantum state is rotated by a global unitary V ,

sampled by the appropriate ensemble ν ⊆ U(2n) (V ∼ ν), and then is measured on the

computational basis. Finally, the QFIM in Eq. (3.25) can be estimated by post-processing
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the measurement and using any of the proposed estimators.

For example, in the case where we use the average CFIM estimator F̃Q, the partial

differential equation in imaginary-time evolution Eq. (3.56) can be replaced by:

EU∼ν [FU
C (θ(τ)]θ̇ = −2∇θEτ (θ) (3.57)

It is important to stress that in the case where only a single unitary is used in Eq. (3.55),

then the solution of the partial differential equation:

FU
C (θ(τ))θ̇ = −2∇θEτ (θ) (3.58)

is equivalent to the Random Natural Gradient, introduced in Sec. 3.2. The error in the

updated θ is characterized by the distance between the operators, i.e. the estimator of

the QFIM (F̃Q) and the QFIM (FQ) and is quantified in Lemma 3.2.

Lemma 3.2. Assuming that both the quantum Fisher information matrices and its

estimator are full-rank and that θ̇Q and ˙̃θQ are given by Eqs. (3.25), (3.56), then the

relative error

∥∥∥θ̇Q− ˙̃
θQ

∥∥∥
∥θ̇Q∥ can be upper bounded as:

∥∥∥θ̇Q − ˙̃θQ

∥∥∥∥∥∥θ̇Q

∥∥∥ ≤ λmax(FQ)

λmin(F̃Q)
− 1 (3.59)

Proof. For a detailed proof, see Appendix A.4.

Moreover, as stated in Lemma 3.3, the resulting update (using Eq. (3.57)) will always

decrease the energy of the system provided that we choose the appropriate timestep (see

Corollary 3.3).

Lemma 3.3. Updating the parameters of a parameterized quantum circuit according to

Eq. (3.57) will result in a descent direction.

Proof. Consider the expectation value of the Hamiltonian H of a parameterized quantum

state |ψ(θ)⟩:
Eτ (θ) = ⟨ψ[θ(τ)]|H |ψ[θ(τ)]⟩
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Its time derivative is then:

d

dτ
Eτ (θ) = 2Re

(
⟨ψ[θ(τ)]|Hd |ψ[θ(τ)]⟩

dτ

)
= 2Re

(
⟨ψ[θ(τ)]|H

m∑
j=1

∂ |ψ[θ(τ)]⟩
∂θj

θ̇j

)

=
m∑
j=1

2Re

(
⟨ψ[θ(τ)]|H∂ |ψ[θ(τ)]⟩

∂θj
θ̇j

)
= (∇θEτ (θ))

⊺θ̇

= −(∇θEτ (θ))
⊺[EU∼ν [FU

C (θ(τ)]]
−1∇θEτ (θ)

Since any classical Fisher information matrix is a positive semi-definite matrix, its average

will also be positive semidefinite:

EU∼ν [FU
C (θ(τ)] ≽ 0 (3.60)

which implies that its inverse is also positive semidefinite. As a result,

d

dτ
Eτ (θ) ≤ 0 (3.61)

and so we move into a a descent direction.

Furthermore, we would like to notice how one could approximate quantities such

as EU∼ν [FU
C ] in practice. In a real-world setting, the user would select an ensemble of

unitaries {Ui} from which they would uniformly sample from. Then, they would choose

the number of unitaries K per iteration to calculate the average. Finally, the average can

be approximated as:

EU∼ν [FU
C ] ≈

1

K

K∑
j=1

FUj

C (3.62)

Recapitulating, we can see that multiple random measurements are required to remain

close to the trajectory that the QNG optimizer would follow. However, a single random

measurement still suffices to move into a descent direction and converge much faster.

As we illustrate in the Results Section (see Sec. 3.8), such an optimization technique

is favourable, offering great speedups with much fewer quantum resources while at the

same time performing much better than naive non-information-theoretic methods.
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3.6 Stochastic-Coordinate Quantum Natural

Gradient

In this section, we will outline the second optimization algorithm, which is based on

a lower-rank approximation of the QFIM. During the past few years, researchers have

proposed a number of ways to approximate the QFIM by reducing the quantum resources

in order to make the QNG more applicable in real-world settings. As we previously

mentioned, Stokes et al [30] proposed that instead of calculating the full QFIM, one could

calculate a block-diagonal approximation of the QFIM. However, such an approximation

may not be valid when off-block diagonal terms are highly correlated.

On the other hand, in [136], the authors suggested that one could apply the 2-SPSA

algorithm (which is used to calculate the Hessian of a loss function) to approximate the

QFIM. The authors suggested that this strategy is efficient as it requires a constant

number of quantum states independent of the number of parameters. However, this

approximation requires a larger number of shots as the number of parameters increases

(or a smaller step size during the optimization) in order to achieve the same accuracy.

In this section, we provide a new approximation that is inspired by coordinate descent

algorithms [118]. In these algorithms, the user determines a coordinate [119], or a block

of coordinates [120] that will update on each iteration and keeps all other directions

fixed. At this point, we need to take a step back and discuss a redundancy measure that

was introduced in [34]. Consider a PQC C with m parameters and let its parameter

dimension DC . As introduced in [34], the parameter dimension DC quantifies the number

of independent parameters that the PQC can express in the space of quantum states.

Let also GC(θ) be the rank of QFIM at point θ. The authors numerically verified that

for PQCs in which their parameterized gates follow a (0, 2π) gate periodicity:

GC(θ) ≈ DC (3.63)

for randomly chosen θ. As such, for a given PQC, by measuring the rank of QFIM at

random points, we can calculate the redundancy of the parameters

R =
m−GC(θ)

m
(3.64)

In Figure 3.4 we illustrate the ranks of both the QFIM and CFIMs compared to the

total number of parameters. We can visualize that the redundancy measure is large and
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that only a fraction of the total parameters contribute to changing the quantum state in

an independent way.

Consider the QFIM at a given configuration θ, with rank m − k where k is the

dimension of its kernel and m is the total number of parameters. In the ideal case where

the eigenvectors and the eigenvalues are known, identifying the parameters that can

change the quantum state can be performed using the following procedure.

Let the kernel of FQ spanned by the eigenvectors {v1, . . . ,vk} with k < m. If we

project the parameters onto that subspace, we can identify which parameters matter

most. For example, if a given parameter θi has the largest projection onto that subspace,

then we can deduct that varying this parameter will result in minor (if not negligible)

changes in the underlying quantum state. Moreover, if the projection onto the space

orthogonal to the kernel is zero, then varying this parameter will have no effect on the

quantum state. Mathematically, as also noted by [34], one would have to calculate the

quantity:

gi =
k∑

j=1

|vij|2 (3.65)

for every i ∈ [m] and the largest gi would correspond to parameters whose variation will

not lead to any change of the state. However, the problem is that such a procedure is

inefficient in practice, as different parameters may matter most in different parameter

settings, and the calculation of the full QFIM is needed. Instead, we propose the following

solution to this problem, which is computationally cheaper but may not always find all

the parameters that result in an independent change.

Now, consider a subset L ⊆ [m] (of cardinality |L| = l ≤ m) of the total number of

parameters and let FRQ be the reduced QFIM with elements defined as:

[FRQ]ij =

[FQ]ij if i, j ∈ L

0 otherwise
(3.66)

where [FQ]ij are the elements of the QFIM defined in Eq. (3.8). We can immediately

see that the first advantage of this approximation is that the cost of calculating the

reduced QFIM immediately drops down to OQ(l
2) quantum state preparations (but the

same classical memory resources). The second advantage is that increasing the size of the

subset L, i.e. considering more parameters, improves the accuracy of the approximation,

but increases the cost, with the method essentially becoming QNG when L = [m]. The
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Layers

Figure 3.4: Ranks of QFIM FQ, CFIM with Z-basis measurements FZ
C , and CFIM with

measurements on a random basis FM
C compared to the total number of parameters of

the parameterized quantum circuit on the left of Figure 2.2.

physical intuition behind this approximation is that the reduced QFIM carries information

about how the quantum state changes (with respect to a distance measure) if we vary

only a portion of the total parameters. However, the question that naturally arises is

how one can pick any such coordinate subset.

A straightforward way to choose the coordinate subset is to sample uniformly a subset

(of user-specified cardinality) of the total number of parameters. The probability that

this subset includes all independent parameters is given by Lemma 3.4.

Lemma 3.4. Consider a parameterized quantum circuit C composed of m parameters.

Consider also the unknown subset L ⊆ [m] (of cardinality |L| = l) of parameters whose

variation results in an independent change of the underlying quantum state at point θ.

Let also Sk ⊆ [m] be the set of (uniformly) randomly sampled parameters of cardinality

|Sk| = l + k ≤ m. Then, the probability of L ⊆ Sk is

P[L ⊆ Sk] =
(l + k)!

k!l!

l!(m− l)!
m!

(3.67)

Proof. Let S = [m], be the set of parameters that parameterize a quantum circuit. Let

also L ⊆ S with |L| = l be the target subset of l < m parameters that result in an

independent change in the quantum state. Our goal is to quantify the probability of
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sampling a subset Sk ⊆ S (of cardinality |Sk| = l + k) so that L ⊆ Sk.

Consider at first the case where k = 0. In that case, the probability that we sample

the target subset can be calculated as:

Pr[L = S0] =

(
l

m

)(
l − 1

m− 1

)
. . .

(
1

m− l + 1

)
=
l!(m− l)!

m!
(3.68)

where the right-hand side corresponds to the condition probability of sampling the

first parameter at random and being in the target subset l
m
, then sampling the second

parameter at random and being also one of the remaining (l− 1) parameters in the target

subset l−1
m

and so on until the last parameter that we sample to be also on the target

subset 1
m−l+1

. Then, consider k = 1. In that case, the probability of sampling the subset

is calculated as:

Pr[L ⊆ Sk] =
m− l
m

l

m− 1

l − 1

m− 2
. . .

1

m− l
+

l

m

m− l
m− 1

l − 1

m− 2
. . .

1

m− l

+ . . .+
l

m

l − 1

m− 1
. . .

1

m− l + 1

m− l
m

= (l + 1)Pr[S0 = L]

(3.69)

where the first term corresponds to the conditional probability that the first parameter

that we sample is not in the target subset, but the rest are. Then, the second term

corresponds to the first parameter being in the target subset, the second not being in

the target subset and the rest of parameters again being in the target subset and so on

for the remaining terms. In the exact same manner, we can calculate that for the general

case k = l + n, the probability is:

Pr[L ⊆ Sn] =
(l + n)!

n!l!

l!(m− l)!
m!

(3.70)

One can use this approximation and construct an approximation to the QNG. At

each iteration, the user samples (uniformly at random) a different subset Li ⊂ [m] of

the total coordinates and calculates the reduced QFIM given by Eq. (3.66). Then, the

parameters are updated according to the rule:

θk+1 = θk − η[FRQ(θk)]
+∇L(θk) (3.71)
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Algorithm 2: Stochastic-Coordinate Quantum Natural Gradient

Input :Problem Hamiltonian H;
Ansatz family |ψ(θ)⟩ = U(θ) |0⟩;
Total iterations K;
Loss function L(θ);
Initial parameters θ = θ0;
Learning rate η;
for k = 1, 2, . . . , K do

Shuffle random subset of coordinates Lk ⊂ [m];

Calculate derivatives ∂L(θ)
∂θi
∀ i ∈ Lk;

Calculate the reduced QFIM FRQ(θ) ;
Update θ as θ = θ − η[FRQ(θ)]

+∇L(θ);
end
return θ

3.7 Method Evaluation

In the first part of this section, we discuss the mathematical problems used for our

experiments. In the second part, we discuss the appropriate figures of merit used to

benchmark our proposed algorithms (see Random Natural Gradient in Sec. 3.2 and

Stochastic-Coordinate Quantum Natural Gradient in Sec. 3.6). The choice of quantum

circuits used in our experiments are illustrated in Figure 2.2.

3.7.1 Evaluation Metrics

In order to fairly evaluate our proposed algorithms, we choose to benchmark based on

two different metrics. In a hybrid quantum-classical setting, one would have to carefully

evaluate both the classical and the quantum resources needed to execute an optimization

algorithm.

As we compare classical optimization algorithms, a fair choice of metric is to count

the number of optimization iterations (or else how many times we have to update the

parameters of the quantum circuit) until convergence.

The second choice of metric is how many (different) quantum states we have to

prepare until we converge. For example, as we already discussed, although the QNG may

converge faster in terms of optimization iterations, it actually requires OQ(m
2) quantum

states at each iteration. So a careful analysis may prohibit any practical advantage, as
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the resources may be larger than performing naive gradient descent.

On top of that, it is beneficial to benchmark our method to QNG and GD on a

large number of instances in order to evaluate the overall performance. For this reason,

we choose two additional metrics. The first (which quantifies the quality of the output

solution) is the average probability of sampling the optimal solution (i.e. the overlap

with the ground state) of the output state (when the optimization is terminated). The

second (which quantifies the speed of methods) is the average relative error (over all

different instances) per iteration. It quantifies how much, on average, at a given iteration,

the current state differs from the optimal state.

3.8 Results

In this section, we will illustrate how the two proposed methods perform in different

optimization settings. In the first part, we will investigate the performance of the Random

Natural Gradient (see Sec 3.2) while in the second part, the Stochastic-Coordinate

Quantum Natural Gradient (see Sec. 3.6).

3.8.1 Technical Details

In this chapter, all simulations were performed using Qiskit’s exact Statevector simulator,

which allows noiseless executions of the quantum circuits. For all classical optimization

algorithms used, we calculated the gradients using the parameter shift rules [68] and used

the same learning rate η ∈ [0.001, 0.1] for all algorithms. For the classical combinatorial

optimization problems, we used the quantum circuit on the right of Figure 2.2 with

nearest-neighbours interactions and 4 layers, while for the Transverse-Field Ising problem,

the quantum circuit on the left of Figure 2.2 with all-to-all connectivity and 3 layers.

Moreover, for the random measurements, we used the same type of circuits with different

Pauli rotations and with smaller depths than the circuits that generated |ψ(θ)⟩. Finally,
in order to calculate the Moore-Penrose inverses for the update steps, we set a threshold

of 10−4 as a cutoff for the singular values in order to prohibit very large steps.
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3.8.2 Random Natural Gradient

3.8.2.1 MaxCut

We can visualize the overall performance of RNG compared to GD and QNG in Table 3.1

and Figure 3.5. The three methods were compared on random weighted 3-regular graphs.

This class of graphs have only two optimal solutions, where each one can be acquired

from the other by flipping all qubits (due to the Z2 symmetry of the MaxCut problem).

In Table 3.1, we can illustrate the probability of sampling the optimal solution when

the three different optimization methods were used with the same initial angles and the

same step size (η = 0.05). We can see that the Random Natural Gradient and Quantum

Natural Gradient perform almost similarly. The Gradient Descent method, however,

always performs worse than the former information-theoretic methods. Overall, we expect

RNG and QNG to perform similarly and, in the limit of infinitely many iterations,

to converge to the same point (provided that the approximation of RNG to QNG is

sufficient).

On the other hand, in Figure 3, we plot the average relative error of the output

solution for the three methods (over the 30 different instances on 12 qubits). As can be

clearly seen, the QNG and RNG return solutions that, on average, are always closer to

the optimal solution. This highlights the fact (in agreement with [31]) that information-

theoretic methods perform significantly better than methods that do not consider the

information of the underlying state space. For additional experiments that illustrate the

actual resources needed for RNG compared to QNG, we point the reader to Appendix

A.2.

3.8.2.2 Number Partitioning

As in MaxCut, we illustrate the overall performance of RNG compared to GD and QNG

in Table 3.2. For our experiments, we chose to sample integers from the [0, 25] set and set

the step-size of η = 0.001 (a smaller step-size is needed to guarantee convergence as the

cost values are much larger than MaxCut). Similar to MaxCut, Number Partitioning also

has a Z2 symmetry. As it can be clearly visualized, the superiority of information methods

is also present in the Number Partitioning problem. Clearly, the two information-theoretic

optimization methods are able to return high-quality outputs, achieving significantly

larger overlap with optimal solutions (on an average of 60 instances).
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MaxCut Optimal Solution Overlap (%)
12 Qubits 14 Qubits

Gradient Descent 37.3 24.99
Random Natural Gradient 41.89 32.02
Quantum Natural Gradient 42.4 29.99

Table 3.1: Probability of sampling the optimal solution for the MaxCut problem for 60
different instances (30 for 12 qubits and 30 for 14 qubits). All instances correspond to
random 3-regular weighted graphs. Both QNG and RNG outperform GD.

Number Partitioning Optimal Solution Overlap (%)
12 Qubits 14 Qubits

Gradient Descent 20.83 17.62
Random Natural Gradient 27.54 25.54
Quantum Natural Gradient 28.17 26.31

Table 3.2: Probability of sampling the optimal solution for the Number Partitioning
problem for 60 different instances (30 for 12 qubits and 30 for 14 qubits). All instances
correspond to a set of integers drawn from the [1, 25] interval. Both information-theoretic
methods outperform GD.

3.8.2.3 Heisenberg Model

You can visualize the performance of the Random Natural Gradient on a Heisenberg-model

instance of 10 qubits (with couplings J = h = 1) in Figure 3.6. For this instance, we used

the hardware-efficient ansatz seen on the left side of Figure 2.2, with a nearest-neighbour

connection.

On the left side of Figure 3.6, we illustrate the number of optimization iterations

(or else how many times we update the parameters) until convergence (we stop the

optimization after 500 iterations). We see that the RNG is able to reach the region of the

local minimum much faster (in terms of optimization iterations) compared to the QNG.

On the other hand, the GD optimizer, as it doesn’t carry any information about the

underlying Riemannian space, gets stuck in a local minimum, performing significantly

worse than QNG and RNG.

However, the biggest advantage is illustrated on the right-hand side of Figure 3.6.

There, we can visualize the actual (quantum) resources needed until convergence. It

is clear that the RNG offers a significant advantage in the number of quantum calls,

reducing the overall overhead in current quantum devices (requiring almost ten times

less quantum state preparations than the QNG until convergence).
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Figure 3.5: Relative error for Gradient Descent, Random Natural Gradient and Quantum
Natural Gradient for 30 12-qubit random weighted 3-regular graphs (in logarithmic
scale).
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Figure 3.6: Performance of the Random Natural Gradient optimizer on a Heisenberg
model of 10 qubits compared to the Quantum Natural Gradient and Gradient Descent
on both the optimization iterations (left figure) and on quantum resources (right figure)
(in logarithmic scale). The RNG and GD methods require fewer quantum resources to
converge (compared to QNG), but, as seen in both figures, the GD method converges to
a bad quality minimum.
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Optimization Iterations
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Quantum State Preparations
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Figure 3.7: Comparison of SC-QNG (with sampling half of the total parameters at each
iteration) with QNG both in terms of optimization iterations (left) and quantum calls
(right).

3.8.3 Stochastic-Coordinate Quantum Natural Gradient

In figure 3.7, we can visualize the performance of the Stochastic-Coordinate Quantum

Natural Gradient on a Heisenberg-model instance of 10 qubits (again with couplings

J = h = 1 but with different random initial angles).

An important hyperparameter in the SC-QNG optimizer is the cardinality of the

random subset Sk that we uniformly sample at each iteration. In this work, we make the

naive choice that the user samples m/2 parameters at random in each iteration. As we

can see in Figure 3.7, both QNG and SC-QNG require the same number of optimization

iterations to converge. However, the latter results in a significant reduction in the actual

quantum resources needed, requiring only a fraction of the quantum states that we need

to prepare for QNG.
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Chapter 4

Evolving objective function for

improved variational quantum

optimization

4.1 Introduction

As we already discussed in the previous sections, the goal of VQAs is to find the optimal

parameters that generate quantum states that are close to the ground state of interest.

For classical combinatorial optimization problems (as introduced in Sec. 2.3), the optimal

solution is one (or many) computational basis state. Preparing a quantum state that has

a big overlap with that state is sufficient to give a good and quick approximation of the

ground state.

For example, if the user can achieve a constant but likely small overlap with the

correct solution, it is guaranteed that after sampling this state a sufficient number of

times to obtain at least one sample of the true ground state. In [61], the authors used

this idea, and instead of evaluating the proximity of a quantum state to the desired

(ground state) by minimizing the (overall) energy, they aimed to minimize the energy of

the lowest tail of a quantum state. This, intuitively, would succeed quicker in finding a

quantum state that has a non-negligible overlap with the solution (but not necessarily

very high overlap). This state, however, suffices to solve the problem. This intuition was

also confirmed with numerical simulations. In other words, the objective (loss) function

used in the classical optimizer in order to find the optimal parameters was not the energy
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of the quantum state but the tail of the corresponding distribution.

In this chapter, we consider an evolving objective function. In our proposal, the way a

quantum state’s loss is computed dynamically changes during the classical optimization

process. Our starting point is the objective function in [61] focusing on a small tail, but

during the optimization process, we gradually increase the tail (or else the fraction of

the distribution we “count”) until we reach a point that all the distribution is included,

i.e. we measure the full expectation value of the energy.

Our contributions can be summarized as follows:

• We introduce an evolving objective function that starts with the CVaR defined in

[61] and gradually, during the optimization process, becomes the full energy of the

quantum state. Alternative forms of this Ascending-CVaR objective functions are

considered, and linear and sigmoid functions (that appear to perform better) are

selected.

• We test our proposal with classical numerical simulations (using up to 20 qubits),

both in the setting of VQE with hardware-efficient ansatz and in QAOA. Our

results suggest that our proposal leads to faster convergence with a bigger overlap

with the ideal solution than prior works, while crucially, it succeeds in obtaining

the solution in (many) instances in which other techniques fail altogether.

• Our analysis is done for three different combinatorial optimization problems, namely

MaxCut, Number Partitioning and Portfolio Optimization (see details of the

problems in Sec. 2.3). We consider many different instances and problem sizes

where the conclusions persist in all cases. This has importance in its own right,

since these problems are important by themselves, and our proposal gives an

approach to improve the performance and bring closer a “useful” quantum advantage.

Interestingly, our method offered greater advantage in “hard instances” of the

problems, where the other methods frequently failed to find the solutions altogether.

4.1.1 Conditional Value-at-Risk (CVaR)

At first, it is essential to understand the CVaR objective function introduced by Barkoutsos

et al. in [61]. They demonstrated that their proposal performed better than minimizing

the expectation value. The key observation is that for optimization problems, the optimal
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solution is a computational basis state. For a general quantum state |ψ(θ)⟩ one can

prepare and measure it (multiple times) on the computational basis, and the expectation

value of the energy is simply the average of the individual computational basis state

energies. To find the overlap of this state with the optimal solution (ground state), one

can simply observe the frequency of the computational basis state with the smallest

energy. Naturally, if that overlap is too small (or even zero), it is possible that none of

the measurement outcomes will give the solution. On the other hand, it is also clear that

the overlap of this state with computational basis vectors with high energy is irrelevant

when finding the ground state. The idea of [61] was to use this observation, and instead

of using all the measurement outcomes and computing the expectation value, they used

as objective function the lower tail of the distribution of energies obtained, i.e. ignored

all but a small fraction (with smallest energy) of their measurement outcomes.

They then demonstrated that their technique succeeded in getting a quantum state

that has a sufficiently large overlap with the ground state quicker. This, in turn, is

sufficient to actually find this ground state since, as a final step, once the optimal θ∗

is found, one can keep the computational vector that has the smallest energy only.

Specifically, let Hk be the energy corresponding to a computational basis vector, and let

us order them in such a way that larger k corresponds to larger energy. For each state,

one repeats the measurement K-times, so there are (up to) K distinct values Hk. In [61],

a new parameter α was introduced. Let α ∈ (0, 1] be the fraction (part of the tail) that

we want to keep. This fraction, typically, needs to be non-negligible (we can assume,

for simplicity, that it is constant). Then, the objective function that was used was the

average of the smallest αK samples, i.e.

CV aRα =
1

⌈αK⌉

⌈αK⌉∑
k=0

Hk (4.1)

In order to achieve the same accuracy when evaluating this objective function as the

accuracy achieved when computing the expectation value using K shots, it is clear that

the number of runs of the preparation circuit needs to be increased to K/α.

As it was proven by [61], the angles θ∗ that minimize CVaRα do not (in general)

correspond to minima of the expectation value. As a result, the angles that lead to the

smallest possible α-tail differ from the angles that minimize the average of the samples.

This fact motivates us to introduce a lower α-tail optimization so as to achieve an overlap
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with the optimal state of at least α, i.e. find optimal θ∗ that satisfies:

| ⟨ψ(θ∗)|ψopt⟩ |2 ≥ α (4.2)

4.2 Ascending-CVaR

The CVaR cost function of [61] was shown to perform better in general than the “standard”

expectation value. There are three observations, however, that motivate our proposal.

First, as noted in [61], the choice of α is arbitrary, and importantly, for different problems

and even for different instances of the same class of problems, the optimal choice of α

varies in a non-obvious (e.g. monotonic) way. The performance of the algorithm’s speed,

as well as whether it finds the solution at all, depends on that choice. The second point is

that optimizing with a fixed small α has further disadvantages: (i) it “finds” parameters θ

that result in a state that does not have the greatest overlap with the solution and (ii) the

true running time of the algorithm to achieve same accuracy is larger, in other words for

each iteration one requires 1/α times more measurements to achieve the same accuracy

in estimating the cost function (since only the lower α fraction of the measurements are

used). Finally, the third observation is that the CV aRα objective functions with different

α have a different energy landscape. For any fixed choice of α, the optimizer could “get

stuck” at a local minimum. Interestingly, if one varies α during the optimization, while

they still ensure that if the algorithm finds the true ground state, it remains there, we

also avoid getting stuck at local minima since those are different for different choices of

α. Therefore, if the optimizer reaches a point that has a local minimum for one value

of α, when α changes, this point (may) no longer be a local minimum and thus could

continue “moving” towards the true global minimum (ground state).

Let’s say that an optimization problem has an optimal solution, which is a compu-

tational basis state, and we denote it as |ψopt⟩. Let’s also assume that a parameterized

family of gates, U(θ), acts on the |0⟩⊗n state and produces the state

|ψ(θ)⟩ = aopt(θ) |ψopt⟩+ aother(θ) |ψother⟩ (4.3)

where |ψother⟩ is the superposition of all sub-optimal computational basis states. Let’s

also assume that this parameterized family of states can achieve a maximum overlap κ
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with the optimal solution1. We can write the state |ψ⟩, corresponding to the state with

the highest overlap, without loss of generality as:

|ψ⟩ =
√
κ |ψopt⟩+

(√
1− κ

)
|ψother⟩ (4.4)

Proposition 4.1. For the family of states in Eq. (4.3) and for all α ≤ κ:

min
θ
CV aRα(θ) = min

|ϕ⟩
⟨ϕ|H |ϕ⟩ (4.5)

i.e. all CV aRα with α ≤ κ share the same minimum objective function value, which is

the smallest eigenvalue of the Hamiltonian H.

It is clear from Proposition 4.1 that all CV aRα(θ) with α ≤ κ share the same ground

state, which is the true optimum of the optimization problem. Thus all angles θ∗ that

correspond to a global minimum of CV aRα1 will also correspond to a global minimum

of CV aRα2 if α2 ≤ α1 ≤ κ. For example, for an ansatz family U(θ) that is able to attain

10% overlap with the optimal computational basis state, if one is able to find the global

minimum of CV aR0.1, which means that 10% of the measurements correspond to the

ground state, then it is clear that all CV aRα with α < 0.1 will also be minimized by the

same angles.

Proposition 4.2. Let an optimization problem with an optimal solution |ψopt⟩ corre-
sponding to a computational basis state. For any parameterized family of gates U(θ) that

can achieve a maximum overlap κ with the optimal solution, the angles θ∗ that correspond

to the global minimum of CV aRα2 will also correspond to a global minimum for CV aRα1

if α1 ≤ α2 ≤ κ. The converse does not necessarily hold.

In other words, Proposition 4.2 states that if θ∗ = argminθ CV aRα2(θ) then also

θ∗ = argminθ CV aRα1(θ) for all α1 ≤ α2 ≤ κ. This indicates why decreasing α may not

seem like a good choice. If, for example, the optimizer is able to find the optimal angles

that minimize CV aRα1 with α1 ≤ κ, then for all α2 < α1 they will still remain optimal

angles and thus will not be able to achieve a higher overlap state.

Proposition 4.3. A local minimum for CV aRα1 does not necessarily correspond to a

local minimum for CV aRα2 if α1 ̸= α2.
1In other words, the complex coefficient aopt(θ) corresponding to the probability of sampling the

optimal solution Pr(opt) = |aopt(θ)|2 has a maximum value: maxθ |aopt(θ)|2 = κ)
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Proposition 4.3 was proven using a counterexample in [61]. All these Propositions

are important for introducing a non-stationary optimization technique that avoids

local minima. We know from Proposition 4.1 that all CV aRα objective functions with

α ∈ (0, κ] share the same minimum objective value, which is the ground state energy of

the Hamiltonian. We also know from Proposition 4.2 that many of the global minima

for α1 may not be a global minimum for α2 if α1 < α2 and thus increasing α introduces

extra information about the optimality of states. Finally, Proposition 4.3 indicates that

different objective functions are associated with different energy landscapes as they do

not agree on the local minima.

However, knowing the maximum overlap κ in advance is not always possible. In the

case of VQE with hardware-efficient ansatz families, it can be shown that κ = 1 and

so minθ CV aRα(θ) = min|ϕ⟩ ⟨ϕ|HC |ϕ⟩ for every α ∈ (0, 1]. On the other hand, for the

QAOA ansatz, our experiments showed that κ is usually small for small-depth circuits

but increases with the number of layers as the ansatz family becomes more expressive.

The loss functions used in variational quantum algorithms, to our knowledge, are

“constant in time”, meaning that the whole optimization is run with a fixed loss function.

To solve the issue of “selecting the best α” and the other reasons listed above, we propose

to use a dynamically evolving cost function that essentially passes through a fixed set of

α values. In the case of VQE, it is initialized in a very small value and the optimization

ends with α = 1 that is the standard expectation value of the Hamiltonian. We call all

these cost functions Ascending-CVaR. This also has a great(er) number of free choices

since we can now freely choose the (ascending) function. However, all choices we tried for

the ascending function performed (in general) better than fixed α, which indicates that

the evolving cost function is a promising approach. For the remainder of the chapter, we

focused on two functions that performed better:

The linear ascending in which the parameter αt is iteratively and discretely increased

by the rule:

αt+1 = αt + λ

CV aRαt =
1

⌈αtK⌉

⌈αtK⌉∑
k=0

Hk

(4.6)

where λ ∈ [0.025, 0.045] is the ascending factor and 0 < αt ≤ 1.
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Figure 4.1: Different choices for the ascending function. All functions start from the same
initial point, α0 = 0.01 and ascend until αf = 1 is reached.

The sigmoid ascending in which the parameter αt is discretely increased according to

the function:

αt =
1

1 + e5−λt
(4.7)

where λ ∈ [0.3, 0.4] is again the ascending factor and 0 < αt ≤ 1.

To reach this conclusion, we tested four different functions, a sigmoid, a linear, an

exponential, and a logarithmic (see Figure 4.1) on VQE-CVaRαt with various different

ascending rates. All functions were tested on all three problems. The metrics used were

the magnitude of the overlap with the optimal solution, the success rate (i.e. the number

of times where it succeeds in achieving a non-negligible overlap) as well as the average

time taken to achieve at least 10% overlap (for details see Sec. 4.4).

The linear ascending, Eq. (4.6), and the sigmoid ascending, Eq. (4.7), functions have

the most steady behaviour as it can be seen in Figure 4.2, outperforming the other two

types on the majority of instances. The sigmoid was slightly slower in terms of speed,

which is why we mainly used the linear one. However, as we will discuss in the next

section, it appears that it may be better in some classes of problems, especially on harder

instances with ∼ 50 qubits. It seems that in those cases, the optimizer is doing better,
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Figure 4.2: Portfolio optimization instance for 18 assets and different ascending functions.
The blue line (down-pointing marker) indicates the linear ascending and always achieves
a high overlap with the optimal solution in contrast to the orange line (line marker), the
exponential ascending, which fails in almost any instance.

spending the majority of its iterations on low α values, and thus, the sigmoid performs

better.

It is worth noting that increasing α to α = 1, where it becomes the expectation

value, is not necessary. The whole point of variational algorithms is to achieve a constant,

non-negligible overlap with the optimal or near-optimal solution. For that reason, one

could only vary α until it reaches a certain value, truncating the optimization and

reducing the number of iterations by a considerable amount.

We remark here that Ascending-CVaR is fundamentally different from an adaptive

strategy that selects the optimal value for the parameter α. Specifically, by looking at

the results in Sec. 4.5, we can see that our method is able to reach quantum states that

result in a very high overlap with the optimal state (almost equal to unity) that no

constant choice of α would be able to attain. Even when the question is whether we find

the solution with at least some small probability, Ascending-CVaR succeeds in cases

where all of the fixed α failed.

In order to get the intuition of why our method works, one should think of what

varying α actually does. The optimizer, at each iteration, moves towards a local (or a
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global) minimum corresponding to the instantaneous value of α. By increasing α at every

step, the optimization is able to “see” a larger part of the energy distribution of the

quantum state. This translates to the optimizer gaining additional information about

the quantum state, which modifies the objective function landscape.

This extra information alters the landscape and is thus able to “erase” false local

minima; while using the previous step as “initialization” it is unlikely that the optimizer

will get stuck in new sub-optimal minima. Moreover, since only the global minima are

invariant under α transformations, this change in the landscape will not affect any correct

moves of the optimizer. In other words, if the optimization algorithm did converge in

a sub-optimal local minimum for a value of α, it may not still be in a local minimum

by switching into a different value of α. Hence, the Ascending-CVaR objective function

guides the trajectory of the optimizer in the highly parameterized space until it reaches

a (nearly) optimal solution.

Finally, the reason our method is sensitive to the choice of the ascending factor λ

is related to the speed at which the optimizer is receiving this extra information (see

Sec. 4.6.2 on how we numerically test the ascending factors for the different optimization

problems).

The pseudocode for the Ascending-CVaR algorithm is outlined in Algorithm 3.

Algorithm 3: Ascending-CVaR Optimization Algorithm

Require :Cost Function C(θ);

θ(0) ← Random initial parameters in the domain of C(θ);
α0 ← Initial α;
g(α)← Ascending function;
U(θ)← Ansatz Family
for i = 1, 2, . . . do

θ∗ = argminθ CV aRαi−1
(θ) with initial parameters θ(0);

if stopping condition is met then
return θ∗;

end
αi ← g(αi−1);

θ(0) = θ∗;

end
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4.3 Why our method works: An example

It would be illustrative to describe how local minima may vanish when the objective

function is changed during the optimization. In Figure 4.3, we plot the CV aRα objective

function landscape for different values of α. We choose to draw the landscape for the

QAOA algorithm with depth p = 1 because the two parameters β, γ make it suitable to

visualize in a 2D plot. On the contrary, VQE with a hardware-efficient ansatz, even on

depth p = 1, would require 2n parameters.

It can be easily seen that the positions of the local minima change, but the position

of the true global minimum remains the same while the condition α ≤ κ holds (see

Proposition 4.1). However, in order to make it clearer for the reader, we choose to circle

the position of a local minimum, located at γ = 0.15, β = 1.75. In this case, we can

see how the local minima vanishes during the variation of the objective function. An

optimization algorithm that could stuck during the optimization on a fixed value of α

could “unstuck” with the change of α.

The problem corresponding to the figures is a small instance of the Number Partition-

ing problem with size n = 8. Even in a small-size instance like this, the landscape is full

of sub-optimal local minima where the optimizer can falsely converge. This case problem,

however, does not constitute an example to prove the value of our method; it is only

used to visualize the changes in the energy landscape. The biggest improvements were

observed in high-dimensional expressive ansatz families like VQE with hardware-efficient

parameterized gates or larger depth QAOA, which cannot be plotted in a two-dimensional

contour.

4.4 Evaluation Metrics

As we discussed in Sec. 2.2.2, a common metric used for combinatorial optimization

problems is the approximation ratio as given in Eq. (2.10). However, as noted earlier, the

true aim of variational quantum algorithms for combinatorial optimization is to obtain a

sufficiently high (but not necessarily close to unity) overlap with the optimal solution.

The CVaR method, for example, is constructed in a way that the maximum overlap

achieved is not unity but determined by the risk (confidence level) α. While our approach

does achieve a high approximation ratio, to make a fair and more complete comparison

with prior works and, importantly, with [61], we use different metrics. Specifically, to
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Figure 4.3: Visualization of local and global minima for different CV aRα objective
functions. You can see the local minima drawn in the red circle on the top two figures,
corresponding to α = 0.05 on the left and α = 0.08 on the right. However, on the bottom
figures, corresponding to α = 0.11 on the left and α = 0.14 on the right, the local minima
no longer exist.

benchmark and test our proposed method, we used three different types of metrics. The

first is the overlap with the optimal solution. If |ψopt,i⟩ is a d-degenerate ground state of

the problem Hamiltonian, then the overlap is defined as:

d∑
i=1

| ⟨ψ(θ)|ψopt,i⟩ |2 (4.8)

i.e. the probability of obtaining the optimal solution, given the parameters θ. It follows

that the parameterized state with the highest overlap with the optimal solution leads to

sampling that optimal solution with the least number of circuit executions.

The second metric we want to test is the time taken to reach a given fixed overlap.

We set a threshold of 10% probability of obtaining the optimal solution, and we tested
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which method achieves at least that probability faster. We note, however, that in order

to test which method converges to a 10% overlap faster, we have to use α ≥ 0.1 because

all α < 0.1 are not guaranteed to converge in an overlap of 10% since the parameters θ

than minimize α lead in an overlap smaller than 0.1.

To summarize the results and compare the different approaches better, for each loss

function, we divided the problem instances into those that the loss function is successful

and those that it fails. The meaning of what constitutes a “successful” run or a “failed”

run cannot be unambiguously defined. For our work, we consider that an optimizer is

successful at a given instance of a problem if it achieves at least 10% overlap with the

optimal solution. It is clear that as the size of the problem instances increases, achieving

a fixed 10% overlap becomes harder2. In our analysis, we chose 10% since this leads to

interesting behaviour where the methods analysed differ in their performance.

In our experiment, for comparing with fixed α we used four different choices:

α = 0.1, 0.2, 0.5, 1. The α = 1 choice corresponds to a non-CVaR objective function.

Specifically, α = 1 refers to the expectation value (it includes all the measurement

outcomes), and it is the objective function that has been used in the overwhelming

majority of the existing literature on variational quantum algorithms. In [61], they made

an extensive comparison of CVaR with the expectation value (on the same combinatorial

problems we make our analysis). For that reason, we choose to make the comparison of

all different choices of α with our proposed αt and plot our results in one section (see

Sec. 4.5).

We also note that ascending factors λ ∈ [0.025, 0.045] and λ ∈ [0.3, 0.4] were found to

be a good choice for the three different problems on instances with 15 to 20 qubits for

the linear and sigmoid ascending respectively. (see Sec. 4.6.2). However, we would like to

stress that if the sizes of the instances increase or even if the problems change, but the

sizes remain the same, one would have to readjust the hyperparameter λ. Investigating

theoretically the choice of both the ascending factor and the ascending function given the

characteristics of the problem, as well as possible connections of our method to adiabatic

quantum computing, are left for future work.

In the QAOA algorithm, we tested instances using depth p = 1 to p = 6, while on

VQE, we used the circuit seen on the left of Figure 2.2 with all-to-all connection and

2We should note that even a much smaller overlap is sufficient to find at least once the solution,
provided that the number of “shots” is sufficiently large.
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worked only on the depth p = 1 since this depth was sufficient to get very good accuracy.

In near-term devices for the QAOA algorithm, increasing the depth even more becomes

impractical due to noise and decoherence. For this reason, we did not consider greater

depth despite the fact that, theoretically, this could lead to better performance. This

means that the variational ansatz for QAOA has only 2 to 12 parameters, i.e., only a

fraction of the total parameters present in the hardware-efficient ansatz used for VQE in

depth-1.

To account for the different sizes of problem instances and to make a fair comparison

for the speed of convergence, we used the normalized optimizer iterations [137]. Note that

this choice is made in order to be able to compare the performance of the algorithm among

instances that involve different number of qubits, and see how the improvement offered

by Ascending-CVaR is independent of the instance size. Concretely, the normalized

optimizer iterations are defined as the number of times the optimizer evaluates the

objective function divided by the function’s number of parameters, i.e. the number of

parameters of the ansatz. In the case of the VQE, the number of parameters is n(1 + p),

while on QAOA, it is 2p. We note, however, that the real time of convergence could be

used as seen in Sec. 4.6.1, where we compare the performance with respect to the total

number of circuit repetitions. However, as we show below, there are instances where the

constant CVaR does not achieve even a small overlap with the optimal solution, and in

those cases, the time taken becomes irrelevant.

We ran our experiments on IBM’s Qiskit Aer simulator, allowing noiseless multi-shot

executions of our circuit. We set the number of executions of our circuit to K = 1000,

which scaled up as K/α with the choice of α. All instances were given a maximum

of (66× parameters) optimizer iterations, which is more than enough iterations for

an optimizer to converge to a minimum in the problems we implemented. They were

initialized with a random choice of parameters, but the same for all different choices of

α. We used the same gradient-free optimizer, COBYLA [138], for all different problems

and instances as it was shown to outperform other classical optimizers [75].

4.5 Results

We will analyze the results for each of the three combinatorial optimization problems

separately. For each of them, we will first present the results for VQE with hardware-

efficient ansatz and then the results for QAOA. We note that for all three combinatorial

67



CHAPTER 4. EVOLVING OBJECTIVE FUNCTION FOR IMPROVED

VARIATIONAL QUANTUM OPTIMIZATION

MaxCut Successful Instances Average Overlap
αt 0.1 0.2 0.5 1 αt 0.1 0.2 0.5 1

Random Graphs 96 84 81 68 53 64.69 12.13 21.45 39.28 36.24

Table 4.1: Results table for the MaxCut problem (VQE) for 100 random non-regular
unweighted graph instances with 15 to 19 vertices.

optimization problems and for all methods used (Ascending-CVaR, “constant” CVaR

[61] or the expectation value), VQE performs (much) better than QAOA, at least for the

sufficiently shallow circuits that we consider. Our method improves the performance in

both cases (VQE, QAOA), but since VQE gives much better results for these problems,

in the comparison and discussion, we will focus on VQE instances only.

4.5.1 MaxCut

For the MaxCut problem, we worked on unweighted graphs with 15-19 vertices drawn

from different graph classes and sampled them using the NetworkX library [139].

4.5.1.1 CVaRαt-VQE

For regular graphs, CVaRαt-VQE behaved equally well with constant-α’s optimization

and the expectation value. All of the methods reached the chosen threshold of 10%

overlap with the optimal state at almost equal times without any difficulty. For that

reason, we focused on harder, non-regular instances where our method outperformed

the latter methods. In Table 4.1, we summarize the results for 100 random non-regular

unweighted graph instances with 15 to 19 vertices. We can see that our method succeeds

in more instances while the overlap achieved is also much higher.

There are many reasons why non-regular random graphs are “harder” than regular

graphs. The first is that the ground state of a regular graph, due to its symmetry, is highly

degenerate, where the optimizer could easily reach without converging in a sub-optimal

minimum. The second is that the Hamiltonian corresponding to a random graph has

more distinct eigenvalues, and as it was shown numerically by [75], the number of distinct

eigenvalues correlates inversely with the performance of hardware-efficient ansatz.

Indicatively, in Figure 4.4, we plot the probability of sampling the optimal solution

over the normalized number of iterations for two random graphs with 17 vertices. For

the left figure, we can see how the optimizer for the Ascending-CVaR optimization can
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Figure 4.4: MaxCut instances with 17 vertices for random non-regular unweighted graphs.
Ascending-CVaR, drawn with a blue line (diamond marker), results in a fast and high
overlap with the optimal solution in contrast to constant CVaR.

find the optimal solution in under 10 normalized iterations, which, by the end of the

optimization, is able to increase the probability up to 70%. Notably, the expectation value

or constant CVaR completely fail. The right part of the figure gives another example

of our approach performing better. This instance constitutes an example where smaller

α’s do not lead to better performance for constant CVaR3. We can see in the figure that

while α = 0.1 failed, α = 0.2 was able to achieve a high-quality parameterized state. This

is another indication of why our approach is more flexible.

4.5.1.2 CVaRαt-QAOA

Solving the MaxCut problem using QAOA, with small-depth circuits, does not seem a

very promising approach in any of the methods considered (constant CVaR or Ascending-

CVaR). Regarding speed, all methods converged equally fast but in states with small

overlap with the solution (with relatively small differences within different approaches).

Having said that, as explained below, our method still gives improved performance.

While CVaRαt-VQE optimization results in high overlap states, CVaRαt-QAOA

produces “flat” states, a behaviour also observed in [61]. These states have almost equal

probability amplitudes to the majority of the computational basis states. For the MaxCut

problem, as noted in [78], it seems that the states produced with QAOA with small p

result in states with energy close to the (random) initialization point. The spread of the

3In most cases, small α gives better performance, but one cannot know apriori which is the suitable
α in the constant CVaR case.
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Figure 4.5: CVaRαt-QAOA optimization with linear ascending for a MaxCut instance
of 17 qubits. The blue line (diamond marker), indicating the ascending optimization,
results in more than a 100% increase in the overlap with the optimal solution in contrast
to the expectation value or constant CVaR optimization.

energies does increase with p, possibly leading to a state close to the ground state, but in

our analysis, we focused on small p ≤ 6. Intuitively, the main reason why QAOA cannot

achieve the same probability amplitudes as VQE in the same depth is due to having a

smaller number of parameters as well as the architecture of the ansatz [65].

Note that the parameter space is filled with sub-optimal local minima. Constant CVaR

objective functions with different confidence level α lead to different energy landscapes.

This means that a local minimum for a confidence level α1 does not, in general, correspond

to a local minimum for a confidence level α2 if α1 ̸= α2. This is probably the reason that

we get improved performance. For example, Figure 4.5 shows how Ascending-CVaR can

avoid local minima. In this example, all constant CVaR achieve less than 3% overlap

with the ground state, while the Ascending-CVaR gives 7%.

4.5.2 Number Partitioning

On Number Partitioning we tested instances with 17 to 20 integers, on both VQE and

QAOA.
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NP Successful Instances Average Overlap
αt 0.1 0.2 0.5 1 αt 0.1 0.2 0.5 1

N1 87 85 66 16 2 54.17 11.50 16.56 7.94 0.99
N2 80 69 29 11 0 48.33 10.24 7.56 5.88 0.4
N∗

3 95 58 24 9 0 56.85 8.24 5.84 3.45 0.16

Table 4.2: Results table for the Number Partitioning problem (VQE) for the three different
sets N1, N2 and N∗

3 , where the star at the last set indicates that we used the sigmoid
ascending function.
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Figure 4.6: Probability of sampling the optimal solution for Number Partitioning instances
with 17-20 integers uniformly drawn from the sets N1 = {0, . . . , 200} (on the left) and
N2 = {0, . . . , 500} (on the right). The blue line (diamond marker), indicating Ascending-
CVaR outperforms constant CVaR in terms of speed and overlap with the optimal
solution.

4.5.2.1 CVaRαt-VQE

On CVaRαt-VQE, we tested 300 instances with 17 to 20 integers, sampled randomly from

three sets; N1 = {0, . . . , 200}, N2 = {0, . . . , 500} and N3 = {0, . . . , 750}. We highlight

that the smaller the set from which the numbers are uniformly drawn, the easier for the

optimizer to find the optimal solution. The results are summarised in Table 4.2.

For the first two sets, we used a linear ascending function with an ascending factor

λ = 0.03. Further optimization of the parameter may lead to either faster convergence or

more successful instances. Either way, the Ascending-CVaR method outperforms constant

CVaR and the expectation value objective function on the aforementioned metrics (e.g.

see typical performance on Figure 4.6).

For the last set, N3, constant CVaR and the expectation value as objective functions

71



CHAPTER 4. EVOLVING OBJECTIVE FUNCTION FOR IMPROVED

VARIATIONAL QUANTUM OPTIMIZATION

struggled to achieve even a small overlap with the optimal solution. Indicatively, at

40% of the cases, none of the constant CVaR objective functions could be successful

Recall that successful in our convention means to achieve overlap of at least 10% with

the optimal solution.. We found that by choosing a sigmoid ascending function, the

optimizer is able to attain a high-quality parameterized state and succeed in the majority

of instances (95%). The trade-off is that using the sigmoid ascending function, in contrast

to linear ascending, comes with some cost of more circuit shots in order to achieve the

same accuracy. Note also that the linear ascending function, while performing worse than

the sigmoid, was still more successful than the constant CVaR objective functions.

4.5.2.2 CVaRαt-QAOA

While CVaRαt-VQE optimization efficiently achieved a high overlap state already within

the first layer for instances drawn from the two sets N1 and N2, CVaRαt-QAOA failed to

achieve a high overlap on small depths. To address this issue without having to increase

the depth of the ansatz, we chose to work on instances drawn from the smaller set

M = {0, . . . , 50}. For the Number Partitioning problem, the cost function’s parameter

space is highly dependent on the set from which we draw the numbers. The unitary

transformation eiγHC is composed of eiγnknlσ
k
zσ

l
z terms where nk, nl correspond to the

numbers on the k and l index respectively. The parameter γ is then restricted to

0 ≤ γ < 2π/(njnm) with nj and nm corresponding to the two smallest numbers of the

set.

Our method succeeds in finding quantum states with higher overlap that are unreach-

able with constant CVaR optimization, possibly because it avoids the high amount of

local minima. Indicatively, in Figure 4.7, we see an example where Ascending-CVaR

achieves more than double overlap with the optimal solution than other methods but is

still below the threshold of 10% required to classify this as a “successful run”.

4.5.3 Portfolio Optimization

On Portfolio Optimization we tested instances with 16 to 20 assets, on both VQE and

QAOA, with a budget drawn uniformly at random from the set B = {0, ...n} where n is

the number of assets and many different risk factors q.
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Figure 4.7: CVaRαt-QAOA for an 18-integer instance Number Partitioning problem with
p = 4. The blue line (diamond marker), indicating ascending-CVaR optimization, is able
to achieve a 100% increase in the overlap with the optimal solution with respect to the
other objective functions.

Portfolio Optimization Successful Instances Average Overlap
αt 0.1 0.2 0.5 1 αt 0.1 0.2 0.5 1

Random Portfolios 100 100 100 16 1 63.25 13.35 24.74 9.42 0.64

Table 4.3: Results table for the Portfolio Optimization problem (VQE) for 100 random
Portfolios with 16 to 20 assets.

4.5.3.1 CVaRαt-VQE

We used linear ascending with an ascending factor λ = 0.045, and the confidence level

was initialized on α0 = 0.01. The results are summarized in Table 4.3. In Figure 4.8, we

see the typical performance of two different instances where we plotted the probability of

obtaining the optimal solution over the normalized number of optimizer iterations for

the CVaRαt-VQE.

We highlight the fact that Ascending-CVaR and constant CVaR with α = 0.1, 0.2

succeed in achieving at least 10% overlap on all instances tested (see results on Table

4.3), while the expectation value (α = 1) failed in almost all cases. Moreover, it is worth

noting that our method offers a significant improvement in comparison with all the other

approaches in the speed that this overlap was achieved (in terms of normalized optimizer

iterations and circuit repetitions) and in the overall magnitude of the overlap achieved
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Figure 4.8: Portfolio Optimization problem for 18 and 20 asset instances with linear
ascending and λ = 0.045. The blue line (diamond marker) indicates the CVaRαt-VQE
optimization, which already within the first 15 optimizer iterations has achieved over
40% overlap, compared to constant α where either fail (α = 0.5, 1) or lead to slower and
sub-optimal convergence (α = 0.1, 0.2).

(see also Table 4.3).

4.5.3.2 CVaRαt-QAOA

CVaRαt-QAOA, similarly with [61], underperforms significantly in terms of overlap

with the optimal state, compared to CVaRαt-VQE. Specifically, keeping the depth as in

previous parts and without increasing the shots each circuit is implemented, all methods

fail to achieve overlap with the optimal solution well below 1%. There are several reasons

for this failure, including the Reachability Deficits [140] and the large problem density [75].

This, however, goes beyond the focus of this chapter, which is to find a way to improve

the performance of previously used objective functions. To illustrate the improvement, we

could have used (a significantly) larger number of shots, where Ascending-CVaR would

start showing better performance. This would make the comparison with other problems

unfair (where in all cases, we used the same “normalized” number of shots), and it would

still not present a practical way to solve the Portfolio Optimization problem (VQE is

much better), so we omitted it.

4.6 Additional Experiments

In this section, we provide some additional experiments for the Ascending-CVaR method.
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Figure 4.9: Probability of sampling an optimal solution over the circuit repetitions for a
Number-Partitioning instance.

4.6.1 Circuit Repetitions

In this subsection, we demonstrate how our method outperforms the previously used

objective functions in terms of real circuit repetitions and the quality of the output state.

We set our “default” circuit repetitions to K = 1000, which we then scale up along the

discretely increasing α using the expression K/αt for each given time. While one may

think that this would weaken our results, as illustrated below, it seems that in terms of

circuit repetitions, our method converges to the chosen threshold of 10% faster than the

best of constant CVaR or the expectation value approaches.

4.6.2 Numerical analysis of Ascending factor

In this subsection, we illustrate how the performance of our algorithm depends on the

choice of the ascending factor λ. We numerically tested a large number of instances

of sizes from 16 to 20 qubits and observed that the algorithm performed optimally

for ascending factors drawn from the set [0.025, 0.045]. For this reason, as an example,

we choose to draw the behavior of our algorithm for two random instances (one for

Portfolio Optimization and one for Number Partitioning) for different choices of the

hyperparameter λ.

The performance of our method is sensitive to the choice of λ. A small λ still converges

to an optimal solution but requires a large number of iterations, compared to λ chosen

from the set [0.025, 0.045] which is able to attain a 10% within a small number of
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Figure 4.10: Performance of Ascending-CVaR algorithm with linear ascending for different
choices of the ascending factor λ. The yellow (square marker) and green (down-pointing
marker) lines, which refer to α = 0.08 and α = 0.1, respectively, are not able to reach a
good approximation to the optimal solution. On the other hand, the orange (line marker)
and light blue (circle marker) lines which correspond to α = 0.04 and α = 0.025 are
both able to achieve an overlap larger than 50%. Finally, the dark blue line (diamond
marker) is still able to reach a good approximation of the ground state, but it lacks in
terms of speed of convergence and magnitude of overlap achieved. The graph on the left
refers to a Number Partitioning problem while the graph on the right shows a Portfolio
Optimization Problem.

iterations. On the other hand, choosing λ to be large (hoping for a faster convergence)

fails to achieve even a minor overlap with the optimal solution. A careful tuning of λ

is, therefore, necessary for the optimal performance of the algorithm given the size and

class of the problem at hand.
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Chapter 5

Adiabatic quantum computing with

parameterized quantum circuits

5.1 Introduction

As we discussed in previous sections, conventional hybrid quantum/classical algorithms

rely on a continuous feedback loop between the quantum computer that generates and

measures non-classically-simulatable parameterized quantum states and the classical

computer that updates the parameters towards the direction that minimizes the loss,

using a classical optimization algorithm.

Despite the vast number of applications and research interest, the true performance

of these algorithms and whether they can provide a valuable advantage over their pure

classical counterparts is still an open question. Recapitulating, a major reason is that

the emerging objective function landscapes of VQAs are filled with a high number of

local minima [37, 38] and as the number of parameters increases and the ansatz families

become more expressive, the classical optimization algorithms require exponentially many

resources to navigate in these barren plateaux [42, 44, 45, 77].

To further understand the geometry and trainability of the underlying non-convex

landscapes and subsequently understand the limitations of these algorithms, a new field

called Quantum Landscape Theory (QLT) was introduced [21–28]. In QLT, the main

objective is to understand how the loss function landscapes emerge but, at the same

time, understand some of their properties. In this chapter, we aim to contribute to the

field of QLT by quantifying how much the global minima of these objective functions are
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shifted if we introduce a small perturbation in the initial Hamiltonian. This information,

as we discuss later, has special importance as it can be used as the basis of a hybrid

quantum/classical algorithm.

On the other end, conventional techniques for quantum computing with guaranteed

performance, such as Adiabatic Quantum Computing (AQC) [141] (see Sec. 5.1.1) require

depth (or else coherent evolution for large time interval) that is unreachable for current

quantum devices. In AQC the system is initialized in the ground state of an easy-to-

compute ground state and the Hamiltonian is “slowly” varied until it becomes the

Hamiltonian of interest. However, the system must be varied sufficiently slowly so that it

remains in the instantaneous ground state throughout the evolution. Then, at the final

time tf , the system will be found in the ground state of the desired Hamiltonian. The

time taken to complete the evolution quantifies the cost/resources required for a given

computation. What determines the minimum time that suffices for the problem to be

solved (i.e. how to ensure adiabaticity) is the spectral gap [142]. The total evolution time

tf must scale as the inverse of the spectral gap, meaning that problems in which the

gap becomes exponentially small [143] require exponentially large time and thus cannot

be efficiently solved. Moreover, addressing the effect of noise in the adiabatic quantum

evolution is also a complicated task.

In the past few years, the notions and ideas of AQC have tried to be incorporated into

the NISQ literature [144–147]. In [145, 146] the authors incorporated certain ideas from

AQC into the Variational Quantum Eigensolver. Specifically, they defined a (discrete)

parameterized Hamiltonian similar to the one used in AQC, and they started from

a Hamiltonian with a known ground state that belongs to a certain ansatz family of

parametrized states. Then, they iteratively tried to minimize the expectation value of

the (parameterized) Hamiltonian by using the output parameters at every step as the

starting point/initialization for the parameters of the next. Then they argued that the

final output would be close to the optimal angles and the whole procedure could be

used as a warm-starting method [101]. Relevant to this work, [147] proposed a method

to variationally simulate the adiabatic evolution, and [148] proposed to enhance the

Quantum Approximate Optimization Algorithm (QAOA) with additional counterdiabatic

driving terms which were shown to outperform the standard QAOA for the problems

they investigated. Finally, [149] used recurrent neural networks to simulate an annealing

framework and showed that on average their method outperforms simulated annealing

on several spin-glass problems.
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5.1.1 Adiabatic Quantum Computing

Adiabatic Quantum Computing (AQC) seeks to evolve a state under a time-dependent

Hamiltonian H(t). More specifically, a system of qubits is initialized into an easy-to-

prepare ground state of a Hamiltonian H0. Then, the system is allowed to interact

through the Hamiltonian

H(t) =

(
1− t

tf

)
H0 +

t

tf
H1, t ∈ [0, tf ]. (5.1)

If the Hamiltonian is gapped and the evolution is “slow enough” so that the system of

qubits always remains in the instantaneous ground state throughout the evolution, then

at the final time tf the system will be in the ground state of the desired Hamiltonian H1.

There are exact bounds to restrict the time tf in order to ensure adiabaticity [150, 151]

and is correlated to the spectral gap, i.e. the energy difference between the ground state

and the first excited state. Specifically, exponentially (with the system size) small gaps

require exponentially large evolution time the Hamiltonian (5.1).

The building block (and inspiration) of AQC is the Adiabatic Theorem which states

that an evolving quantum system under a time-dependent Hamiltonian H(t) will remain

in the instantaneous ground state as long as the system never “receives” enough energy to

make a transition to the instantaneous first excited state. The sufficient energy to make a

transition is bounded by the spectral gap. As a result, all AQC-inspired algorithms must

have a runtime that is dependent on the minimum spectral gap of the evolution. There

are problems, such as solving linear systems of equations or search-engine problems,

where bounding the spectral gap is possible. In [152], Costa et al. were able to show that

a discrete version of AQC can achieve an asymptotically optimal scaling for solving linear

systems while in [153] the authors were able to provide a polylogarithmic (to the system

size) AQC algorithm for the PageRank problem.

As proven in [143], the total unitary evolution U(tf , 0) = e−i
∫ tf
0 H(t)dt required to

interpolate between the two Hamiltonians can be approximated by M = O(poly(n)tf)
discrete unitary evolutions where n is the system size. Clearly, the large depth that

is required to approximate the adiabatic evolution makes it intractable for near-term

devices as the system size increases. Thus, it would be useful to examine whether we can

use a trade-off between trainable parameters and circuit depth.
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5.1.2 Notation

At this point, it is important to clarify our notation and highlight the different Hamilto-

nians used throughout this chapter.

• H0: The initial Hamiltonian at time t = 0, for which we know the parameters that

produce its ground state. For all our experiments, we choose H0 = −
∑

j σ
x
j with a

ground state |ψ0⟩ = |+⟩⊗n.

• H1: This is the target Hamiltonian that the user aims to find its ground state.

The goal is to identify the parameters of the parameterized quantum circuit that

generates the ground state of H1.

• V : This Hamiltonian corresponds to the perturbation that we add in each iteration.

In the case of Algorithm 4, we choose the perturbation Hamiltonian to be V ≡
H1 −H0.

• Hs: This is the starting Hamiltonian at each step of the algorithm (or else the

unperturbed Hamiltonian). It is equivalent with H0 at t = 0, but it could be any

intermediate Hamiltonian for which we have found its ground state (in the previous

step) using Theorem 5.1.

• Hλ: This is the perturbed Hamiltonian on all intermediate steps (or else the

Hamiltonian that we seek its ground state on intermediate steps). That is, on every

iteration, we start with the ground state of Hs and we use Theorem 5.1 to find the

ground state of Hλ = Hs + λV . Hλ is also equivalent to H1 at time t = tf when

the algorithm terminates.

5.2 Adiabatic Quantum Computing with

Parameterized Quantum Circuits

In this section, we will present our two main results: A theorem that quantifies how

small changes in the Hamiltonian affect the position of the global minima, and a hybrid

quantum-classical algorithm, which we call AQC-PQC, that utilizes the aforementioned

theorem and ideas from AQC to find the best approximation of the ground state of a

Hamiltonian within a family of quantum states obtained using a parameterized quantum
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Figure 5.1: Variation of the loss function landscape for a small variation in the Hamiltonian.
The global minimum shifts from the optimal point θ∗ of the Hamiltonian Hs to the
optimal point θ∗ + ϵ of the Hamiltonian Hs + λV .

circuit. A comparison with other approaches is given at the end of the section, while the

proof of the theorem follows in Sec. 5.3.

Consider a Hamiltonian Hs, whose ground state, just like in AQC, is known. Let

also a parameterized quantum circuit U(θ), prepared with parameters θ∗ that generates

the ground state |ψ(θ∗)⟩ of Hs. The first question that we want to answer is: “If the

Hamiltonian Hs is deformed by a small amount λV (Hλ = Hs + λV ), what is the shift

vector ϵ that will translate the system from the initial ground state |ψ(θ∗)⟩ of Hs to the

ground state |ψ(θ∗ + ϵ)⟩ of the slightly deformed Hamiltonian Hλ”. The answer to this

question is given in Theorem 5.1.

Theorem 5.1. Consider a parameterized quantum circuit defined via the unitaries U(θ),

and the corresponding states |ψ(θ)⟩ = U(θ) |0⟩. We are given a Hamiltonian Hs and the

angles θ∗ that minimize its energy, i.e. θ∗ = argminθ ⟨ψ(θ)|Hs |ψ(θ)⟩. If we perturb the

Hamiltonian Hs by a small amount λV with λ≪ 1, and ∥Hs∥ ≈ ∥V ∥, then there exists

a shift vector ϵ such that, with high probability, the state |ψ(θ∗ + ϵ)⟩ is the ground state

of the perturbed Hamiltonian Hλ = Hs + λV and the shift vector is the solution of the
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following mathematical problem:

min ∥ϵ∥

subject to: Aϵ+Q = 0,

Hλ
∣∣
θ∗+ϵ

≽ 0,

(5.2)

where Hλ
∣∣
θ∗+ϵ

is the Hessian evaluated at the shifted point, Q =
∑

iQiêi is a vector

and A is a matrix that are defined via their elements

Qi =λ
∂

∂θi
(⟨ψ(θ)|V |ψ(θ)⟩)

∣∣∣∣
θ∗

Aij =
∂2

∂θi∂θj
(⟨ψ(θ)|Hλ |ψ(θ)⟩)

∣∣∣∣
θ∗
.

Intuitively, we are looking for the smaller shift (first line of Eq. 5.2) that has vanishing

gradient (second line) which at the same time is a minimum (rather than saddle point or

maximum), as given by the constraint in the Hessian matrix (third line). An important

point is to note that the elements Aij, Qj and the Hessian matrix can all be calculated

using expectations and derivatives for the unperturbed state |ψ(θ∗)⟩. This means that if

we use this approach iteratively (see below), to compute the “new ground state”, one

needs to prepare a fixed number of quantum states in each step1.

The motivation behind Theorem 5.1 is outlined below. As we discuss next, one could

iteratively use the aforementioned theorem and construct an algorithm that allows the

ground state preparation of a target Hamiltonian. Consider the task of finding the ground

state of a target Hamiltonian H1. The user would utilize a parameterized quantum circuit

and initialize the parameters in the ground state of a different but known Hamiltonian H0.

If the Hamiltonian is deformed sufficiently slowly (by introducing small perturbations)

and at the final time the Hamiltonian H0 has transformed into the target Hamiltonian

H1, then by iteratively applying Theorem 5.1 (after each small deformation) the user

would reach the target ground state (or an approximation of it). Note, however, that

the known ground state (of the Hamiltonian Hs) at each iteration is the ground state of

the slightly deformed Hamiltonian of the previous iteration. We can now come back to

the aim of the chapter, to obtain a method that uses PQC to approximate AQC. Our

approach can be summarized in Algorithm 4.

1The details depend on the PQC used, e.g. on whether parameter-shift rules are applicable or not.
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Figure 5.2: Adiabatic Quantum Computing with Parameterized Quantum Circuits. At
every iteration, a series of observables are calculated for the instantaneous ground state.
These observables form a linear system of equations whose solution corresponds to the shift
vector ϵ. After the solution is found, the parameters θ∗ are shifted by ϵ and the ground
state is updated to |ψ(θ∗ + ϵ)⟩. Then, a small perturbation is added to the Hamiltonian
for the new observables to be calculated. Finally, a ground state approximation of H1 is
given at the output.

Algorithm 4: Adiabatic Quantum Computing with Parameterized Quantum

Circuits

Input : Initial Hamiltonian H0;

Target Hamiltonian H1;

Ansatz family |ψ(θ)⟩ = U(θ) |0⟩ with M parameters such that the ground state

of H0 and H1 (or a good approximation of them) is contained within the ansatz;

θ∗ = argmin
θ
⟨ψ(θ)|H0 |ψ(θ)⟩;

Set of expectation values of observables: the Hessian Hλ and {Qi, Aij} as given in

Eq. (5.3);

Total steps K;

for k = 1, 2, . . . , K do

Hk = (1− k
K
)H0 +

k
K
H1;

Measure and estimate {Qi, Aij,H
λ} using a quantum processor;

Use Eq 5.2 and a classical solver to calculate ϵ = (ϵ1, ϵ2, . . . , ϵM);

θ∗ = θ∗ + ϵ;

end

return |ψ(θ∗)⟩

The algorithm can also be visualized in Figure 5.2. The main idea is the following.

We start with discretizing AQC in a way similar to VAQC [145, 146], taking K steps.
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We consider the (step-dependent) Hamiltonian

Hk =

(
1− k

K

)
H0 +

k

K
H1. (5.3)

Here the step subscript k has the role of the (discrete in our case) time. Let us set

λ := 1/K ≪ 1, and V := (H1 −H0). We can rewrite the step-dependent Hamiltonian as

Hk = H0 + kλV. (5.4)

We can easily see that Hk+1 −Hk = λV , and thus we can apply Theorem 5.1 for any

consecutive pair of {Hk, Hk+1}. We start from Hs and initialize the algorithm with the

known ground state that corresponds to the initial parameters θ∗. Then, for each step,

we compute the shift vector ϵ and add it to the parameters corresponding to the ground

state of the previous step to obtain the ground state of the next step. For example, at the

k + 1 iteration, we can apply Theorem 5.1 using Hk as the known Hamiltonian Hs and

λ(H1 −H0) as the perturbation. Thus, by solving Eq. (5.2) we can calculate the shift

vector ϵ that will translate the system onto the ground state of the Hamiltonian Hk+1.

As we noted after our main theorem, to compute the shift vector we need (i) to

estimate the expectation values of certain observables evaluated for the starting state

using our quantum device and (ii) use a classical solver to solve Eq. 5.2. The shifted

ground state is then used as the ground state for the next step. In the Kth (final) step,

the Hamiltonian becomes H1 and thus the ground state we recover is the desired ground

state terminating the quantum/classical loop.

Comparisons. Our method differs significantly from both the traditional adiabatic

evolution and VAQC proposed by [145, 146]. In AQC the adiabatic evolution, when run

in a digital quantum computing device, is approximated by a series of Trotterized unitary

evolutions. As a result, to simulate these unitaries, a circuit with a very large depth

is needed which makes AQC inapplicable for near-term devices. In our approach, we

take advantage of the fixed architecture of the parameterized quantum circuits, which

supports quantum states that can be prepared with relatively high fidelity, while we

still exploit the advantages and guarantees that adiabatic quantum computing offers

(at least in the noiseless case). Similarly to variational algorithms, we delegate part

of the computation to a classical processor to construct a hybrid algorithm. In AQC

the (time-evolving) Hamiltonian needs to be physically implemented (or a Trotterized

version of it). In our approach, we evaluate the energy corresponding to that Hamiltonian
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by measuring the parameterized quantum states we produce, which allows us to easily

consider more general Hamiltonians (for example ones that include terms of higher order

than quadratic).

Our approach also differs significantly from variational quantum algorithms, offering

several potential advantages. The main difference in our approach is that we do not

perform energy minimization in the conventional way. As such, we do not have to rely

on empirical choices of the hyperparameters for the success of our method as we do not

iteratively follow the direction of the negative gradient. In our approach, the energy

minimization is performed by finding the closest minimum, which is identified by solving

the constrained linear system in Eq (5.2).

As we discussed, the classical part is a constrained linear solver (which can be

performed very efficiently and with guarantees of finding the solution), while in variational

approaches the user usually selects a first or second-order minimization method. Most

of the limitations of VQAs come exactly from the optimization part and specifically

due to two main bottlenecks. First of all, a random initialization of parameters may

lead to either bad performance or barren plateaux. Secondly, the emerging landscapes

of VQAs are filled with a vast amount of local minima or barren plateaux that make

them untrainable. While there exist methods that try to overcome these limitations

[51, 84, 85, 100] our algorithm offers a more robust strategy (see also for simple simulated

experiments in Sec. 5.5).

Another key difference, and advantage of our approach, is that traditional variational

quantum approaches require constant preparation of the quantum circuits. For each

iteration, multiple quantum states need to be prepared (details depend on the classical

optimizer used). As the classical optimization algorithm approaches the minimum, the

number of shots and quantum state preparations increase significantly (as the gradients

tend to zero). On top of that, we neither know in advance how many iterations would

be required to reach convergence nor if the quantum state that we converge to is the

correct ground state2. In contrast, in our strategy, we can mimic adiabatic quantum

computing with only K steps, where K is the chosen number of discretization steps

and is typically much smaller than the iterations a classical optimizer requires in VQAs.

Therefore, we have a known number of quantum states that are to be prepared and

2It is a heuristic approach.
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measured 3, and also have a guarantee that our method will find the solution if AQC can

solve the problem efficiently and K is chosen suitably.

A final potential advantage compared to traditional variational approaches, is that

quantum error mitigation methods may be more effective in our case. There are QEM

methods (for example [154]) that are specifically applicable if the quantum state considered

is close to the ground state. In our method, all quantum states used are close to the

ground state of some time-dependent Hamiltonian, and thus these approaches should be

more productive. A full analysis of these implications, as well as the questions stated in

the above paragraph, are a subject for further research.

5.3 Parameterized Perturbation Theory

In this section, we will first prove Theorem 5.1, which reduces the problem of finding

how a small perturbation of a Hamiltonian shifts the parameters that minimize the

energy, to a constrained system of linear equations. We then give two ways to impose the

constraint. Finally, for a special (but very widely used) class of families of parameterized

quantum circuits, we give expressions of how to exactly evaluate the required derivatives

and outline the method we follow for our simulated experiments in the next section.

Proof of Theorem 5.1. We first give the outline in four steps. To establish that we have

found a minimum of a function we need to (i) check that the gradient of the function,

evaluated at that point, vanishes (critical point) and that (ii) the second derivative

(Hessian) corresponds to a positive semi-definite matrix (is a minimum). Our function

is the (perturbed) energy Fλ(θ) corresponding to the Hamiltonian Hλ = Hs + λV of

the parameterized quantum state |ψ(θ)⟩. The first step is to consider the gradient of

a general shifted point θ∗ + ϵ. For the new ground state, this gradient should vanish.

However, since our aim is to find the shift vector ϵ, we cannot measure the energy of

the shifted state until we know (or until we have a good guess for) the shift vector.

The second step is to exploit the fact that the Hamiltonian is only slightly perturbed.

We expect that the new ground state is close to the one we started, thus the shift

vector ϵ is small and we can expand the energy around the previous minimum using

a Taylor expansion, while we are justified in keeping only the leading (linear) terms

3We require O
(
(1+dim(Nκ(A))M2

)
different quantum states for each step if we follow the approach

used in Lemma 5.5
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in ϵ. Now all the functions (and derivatives) required are evaluated for the previous

(and known) value θ∗. The third step is to evaluate the derivatives either approximately

using finite differences, or exactly if the PQC allows us to use the parameter shift rules

(Eqs 2.4,2.5). This reduces the problem to a system of linear equations. This system

(in general) has many solutions since some of the equations are not independent. If λ

is sufficiently small, and for well-behaved Hamiltonians, the smallest shift vector that

gives a minimum is the global minimum and thus the ground state. The final fourth step

requires exactly this, to minimize over the possible solutions for the shift vector, while also

confirming that the solution is indeed a minimum by checking the positivity of the Hessian.

Step 1. We consider the energy Fλ(θ) given by

Fλ(θ) = ⟨0|U †(θ)HλU(θ) |0⟩ . (5.5)

We are interested in the value of the new ground state, i.e. the new minimum of the

energy. We expect the new ground state, since the Hamiltonian is perturbed slightly by

λV , to be close to the previous ground state, i.e. we search for some point θ∗ + ϵ. For

this point to be a minimum, the gradient of the energy should vanish,

∂

∂θi
Fλ(θ)

∣∣∣∣
θ=θ∗+ϵ

= 0 ∀ i. (5.6)

Step 2. We can expand the energy around the old ground state, using a Taylor expansion,

as

Fλ(θ
∗ + ϵ) = Fλ(θ

∗) +
M∑
i=1

ϵi
∂

∂θi
Fλ(θ

∗) +O
(
∥ϵ∥2

)
. (5.7)

For suitably small perturbation (i.e. sufficiently small λ), the shift vector ϵ is also small

and we can approximate accurately the energy by keeping up to the linear in ϵ term of

the Taylor expansion and plug it into Eq. (5.6) to impose a vanishing gradient,

∂

∂θi
Fλ(θ

∗) +
∂

∂θi

(
M∑
j=1

ϵj
∂

∂θj
Fλ(θ

∗)

)
= 0 ∀ i. (5.8)

By noting that

Fλ(θ
∗) = ⟨ψ(θ∗)|Hs |ψ(θ∗)⟩+ λ ⟨ψ(θ∗)|V |ψ(θ∗)⟩
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and that
∂

∂θi
⟨ψ(θ∗)|Hs |ψ(θ∗)⟩ = 0 ∀ i,

and because θ∗ is the ground state of Hs, we have

∂

∂θi
Fλ(θ

∗) = λ
∂

∂θi
⟨ψ(θ∗)|V |ψ(θ∗)⟩ := Qi. (5.9)

Similarly, we can define

Aij :=
∂2

∂θi∂θj
Fλ(θ

∗). (5.10)

Eq. (5.8) becomes

Qi +
∑
j

Aijϵj = 0 ∀ i, (5.11)

the system of equations in Eq. (5.2) in Theorem 5.1.

Step 3. Both the Qi and the Aij involve derivatives of expectation values evaluated at

the known point θ∗. As we have seen in Sec. 2.1, one can evaluate such derivatives by

computing the expectation values at a number of points (one or two per dimension of the

parameter space) related to θ∗. In the general case, those points need to be very close

to θ∗, and the result is an approximation (finite differences). In the special case that

the generators have a certain specific form (see later) one can evaluate exact derivatives

using the parameter-shift rule (Eqs (2.4), (2.5)). The exact choice depends on the PQC

that one considers, suggesting that PQC that admit parameter-shift rules would perform

more accurately in our method.

Step 4. To determine the (small) shift in the parameter space that the ground state

moved because of a small perturbation, we need to find (i) the turning point closest to

the old ground state (vanishing determinant) that also (ii) is actually a minimum. To

ensure the former we need to take the ϵ with the minimum norm, while for the latter we

need to ensure that the Hessian Hλ
jk = ∂2

∂θj∂θk
Fλ(θ) evaluated at the new point θ∗ + ϵ is

a positive semi-definite matrix4. The shift vector is therefore the solution to the problem

min ∥ϵ∥

subject to: Aϵ+Q = 0,

Hλ
∣∣
θ∗+ϵ

≽ 0.

(5.12)

4In [155], the authors numerically analyzed the objective function landscapes that appear in the
highly parameterized vector spaces of variational quantum algorithms. They noted that in most cases,
the Hessian matrix at the local and global minima is positive semi-definite, with the zero eigenvalue
being highly degenerate.
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To solve the constrained problem in Eq. (5.2), both a classical and a quantum device

is needed. Ideally, we would like to first measure some expectation values, and then, with

these values as input, use a (fully) classical solver to find the shift vector. However, the

constraint involves checking the (semi) positivity of a matrix (Hessian) which is evaluated

for the new ground state θ∗ + ϵ. Since the shift vector is not known (yet), one would

think that the constraint cannot even be defined unless one has a candidate shift vector.

While this approach is possible (see remark later), we can also exploit, once more, the

fact that the shift vector is small for small perturbations.

Lemma 5.1. The mathematical problem of Eq. (5.2) can be solved using expectation

values of observables and their derivatives evaluated at the known point θ∗. Specifically,

the Hessian at θ∗ + ϵ can be approximated using this expression

Hλ
jk

∣∣
θ=θ∗+ϵ

= Hλ
jk

∣∣
θ=θ∗ +

M∑
i=1

ϵi
∂

∂θi
Hλ

jk

∣∣
θ=θ∗ (5.13)

Proof. The linear set of equations is already defined at θ∗ while the Hessian is obtained

by Taylor-expanding and keeping up to linear terms.

Here we should note that to compute the Hessian in the way described, we require

up to third derivatives of the ground state energy. Since each derivative requires us to

evaluate the state in at least one different point per dimension of the parameter space,

computing third derivatives would require O(M3) quantum states.

Remark. An alternative approach would be to use a method that has more cycles of

classical-quantum subroutines. Specifically, one could first evaluate expectation values at

θ∗ and solve the simpler (unconstrained) system

min ∥ϵ∥

subject to: Aϵ+Q = 0.
(5.14)

Then, using the trial shift-vector ϵ̃, prepare the new set of states (of O(M2)) to check

if the Hessian at the point θ∗ + ϵ̃ is positive semi-definite. If it is, one outputs ϵ = ϵ̃.

If it is not, one goes back and finds a new candidate shift-vector and prepares a new
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set of quantum states to check the Hessian at that point. The process terminates when

a suitable solution is found. While this approach may require O(M2) preparations of

quantum states, it has some disadvantages that led us to focus on Lemma 5.1: (i) It is

not clear after how many rounds we are guaranteed (or likely) to find a suitable solution;

(ii) We need to go back and forth between the classical and quantum processors; (iii)

Optimized classical solvers for the constrained problem cannot be used, and a naive,

trial-and-error method imposing the constraint is followed.

As a final point, we note that for most PQCs, for example, those that have Pauli

rotations as parameterized quantum gates, one can use parameter-shift rules to evaluate

the derivatives exactly.

Lemma 5.2. Consider the statement in Theorem 5.1, where the parameterized quantum

circuit is defined via unitaries that have generators gj with two distinct eigenvalues ±r.
Then Eq. (5.2) can be evaluated exactly using

Qi =
λ

2

(
V
(
θ∗ +

π

2
êi

)
− V

(
θ∗ − π

2
êi)
))

(5.15)

Aij =
1

4

(
Fλ

(
θ∗ +

π

2
êi +

π

2
êj

)
− Fλ

(
θ∗ − π

2
êi +

π

2
êj

)
−Fλ

(
θ∗ +

π

2
êi −

π

2
êj

)
+ Fλ

(
θ∗ − π

2
êi −

π

2
êj

))
and similarly, the Hessian in Eq. (5.13) can be evaluated by taking third derivatives with

the parameter-shift rule.

Proof. This follows directly using the parameter-shift rules given in Eqns (2.4), (2.5).

5.4 Solving the constrained linear system

In this section, we will decompose the main mathematical problem incorporated in

AQC-PQC and focus on all of its subsequent parts separately. As it is clear, the hardness

in our approach comes in solving the main mathematical problem in Eq. (5.2):

min ∥ϵ∥

subject to: Aϵ+Q = 0,

Hλ
∣∣
θ∗+ϵ

≽ 0,
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using the least number of classical and quantum resources.

Recall that we are searching for the minimum vector ϵ ∈ RM that has zero gradient

and is a (global) minimum. The norm of a vector ∥ϵ∥ is a convex function. The same

holds for the linear equation constraint, as the affine map Aϵ+Q is also a convex function.

The main bottleneck in our problem is that the Hessian at the point (θ∗ + ϵ) is not (in

general) an affine map in ϵ, making it a non-convex problem. However, as we will see,

this is not the case when ϵ is small.

5.4.1 Equality Constraint

We start with the equality constraints:

Aϵ+Q = 0 (5.16)

with A ∈ SM (SM = {X| XT = X} is the space of symmetric matrices of dimension

M) and Q ∈ RM . The first step is to eliminate all equality constraints, as in most cases

this linear system of equations is overdetermined. Consider any ϵ0 that is a solution of

Eq. (5.16), i.e. Aϵ0 +Q = 0. It will be wise, for reasons that will become clear later,

to choose ϵ0 to be the smallest vector that satisfies the linear equation, i.e. ϵ0 is the

solution of the convex problem:

min ∥ϵ∥

subject to: Aϵ+Q = 0

Such a vector is unique. Let F be the feasible set of solutions of Eq. (5.16):

F = {ϵ
∣∣Aϵ+Q = 0} =⇒ F = {ϵ|A(ϵ− ϵ0) = 0} =⇒

F = {u+ ϵ0|Au = 0}
(5.17)

where in the last line we defined u ≡ ϵ− ϵ0. As a result, all ϵ = u+ ϵ0, with u ∈ N (A)

(where N (A) is the null space of A) correspond to solutions of the linear system of

equations. Since Eq. (5.16) is a linear equation (whose solution provides us with the

critical points in the energy landscape) that is approximately equal to 0, it is more appro-

priate to define the notion of an κ-approximate null space (denoted as Nκ(A)), i.e Au ≈ 0.
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Definition 5.1. (κ-Approximate null space). Let A ∈ SM and let κ > 0. Consider the set

of eigenvectors {v1, . . . ,vl} of A such that ∥vi∥ = 1 and ∥Avi∥ ≤ κ. The κ-approximate

null space Nκ(A) is defined as Nκ(A) := span(v1, . . . ,vl).

We will now proceed and explain how one can construct an approximate null space. As a

first step, we apply a singular value decomposition (SVD) of the matrix A. By doing so,

the matrix A can be decomposed as:

A = UΣV T (5.18)

where U, V are orthogonal matrices and Σ is a diagonal matrix with singular values of

A as its entries. Let diag(Σ) = (σ1(A) > σ2(A) > . . . > σM(A) > 0) be the singular

values of A. Since A is symmetric, U = V and their columns are the eigenvectors of A.

Additionally, the singular values σi are the absolute values of the eigenvalues of A, i.e.

σi = |λi|. If vi are the eigenvectors of A then from Eq. (5.18), we can write A as:

A =
M∑
i=1

σivivi
T (5.19)

As our next step, we can apply a low-rank approximation of the matrix A. Specifically,

from Eq. (5.19) we can keep all terms up to the k-th term. Let Ak =
∑

i≤k σivivi
T be

the k-rank approximation of A. The error in the approximation is given in the Frobenius

norm as:

∥A− Ak∥F =

√√√√ m∑
k+1

σ2
i (5.20)

and is the optimal k-rank approximation according to Eckart-Young-Mirsky Theorem. As a

result, the above analysis provides a recipe for how to define the κ-approximate null space

Nκ(A). That is, one can set a threshold κ > 0 with κ ≈ 0 so that all singular values smaller

than κ are neglected. The basis of Nκ(A) is then clearly (vk+1, . . . ,vM ) = span(Nκ(A))

with dim(Nκ(A)) =M − k. Consider now the most general vector µ ∈ Nκ(A)

µ = ck+1vk+1 + . . .+ cMvM =
M∑

i=k+1

civi (5.21)
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with ci ∈ R. As a result, the main mathematical problem (5.2) has thus been reformulated

to:
min
µ
||ϵ0 + µ||

subject to: Hλ
∣∣
θ∗+ϵ0+µ

≽ 0

µ ∈ Nκ(A)

(5.22)

Corollary 5.1. Solving the main mathematical problem in Eq. (5.2) reduces the classical

search to only dim(Nκ(A)) < M parameters.

As a result, we can reduce the overall hardness required in gradient approaches, where

we usually have to optimize all the parameters of the parameterized quantum circuit.

Relevant approaches where only a subset of the total parameters are varied have been

previously utilized in [60, 156]. It is worth noting that in problems that we examine in

section Sec 5.5, the dimension of the κ-approximate null space is usually much smaller

than the total number of parameters M .

5.4.2 Positive-semidefinite constraint

Since we eliminated the equality constraint in Eq. (5.2), we will proceed to satisfy the

second constraint, which corresponds to the Hessian. Specifically, our goal is to make

the Hessian matrix positive-semidefinite (Hλ|θ∗+ϵ ≽ 0), as the solution of Eq. (5.2) must

translate the system to the ground state of the perturbed Hamiltonian which is a (global)

minimum. Making the Hessian matrix positive-semidefinite is equivalent to making its

smallest eigenvalue greater or equal to zero.

Consider a matrix X ∈ SM where SM = {X| XT = X} is the space of symmetric

matrices. Clearly, any Hessian matrix belongs in SM .

Definition 5.2. (Minimum eigenvalue function). The function f : SM → R that inputs

a symmetric matrix X and outputs its minimum eigenvalue is defined as:

f(X) = inf
v
{vTXv | ∥v∥ = 1} (5.23)

The minimum eigenvalue function has the following important property, highlighted

in Lemma 5.3.
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Lemma 5.3. The function f : SM → R that inputs a symmetric matrix X and outputs

its minimum eigenvalue is concave. If X1, X2 ∈ SM and 0 ≤ θ ≤ 1, then f satisfies

Jensen’s inequality:

f [θX1 + (1− θ)X2] ≥ θf(X1) + (1− θ)f(X2) (5.24)

Proof. The proof follows immediately, as f is the pointwise infimum of a family of linear

functions (i.e. vTXv). For more details, see [124].

Definition 5.3. We define the composite function h = f ◦H : RM → SM → R:

h(ϵ) = f(Hλ|θ∗+ϵ) (5.25)

It is clear that the function h is not concave since the Hessian operator is not in

general affine in ϵ. However, from our previous analysis, we have assumed that for small

perturbations λ, the shift vector that translates the system onto the new ground state is

also small. This allows us to define the affine approximation of the Hessian.

Definition 5.4. The affine approximation H̃ of H is defined as:

H̃ = Hλ|θ∗ +
M∑
k=1

ϵkDk|θ∗ (5.26)

where the matrix Dk is defined as Dk ≡ ∂Hλ

∂θk
.

One can quantify the error of the affine approximation of the Hessian from the full

matrix using techniques described in [157].

Lemma 5.4. The function h = f ◦ H̃ defined as:

h(ϵ) = f
(
Hλ|θ∗ +

M∑
k=1

ϵkDk|θ∗

)
(5.27)

is concave in RM .

Proof. The proof follows similarly to Lemma 5.3, as h is the pointwise minimum of a

family of affine functions.
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Our analysis has allowed us to express the problem as a semidefinite program. It is

straightforward to see that if we used the κ-approximate null space defined in Definition

5.2 and use the fact that ϵ = ϵ0 +µ, where µ ∈ Nκ(A) then Eq. (5.2) can be reduced to

its final form:
min
µ
||ϵ0 + µ||

subject to: f
(
Hλ +∇µH

λ
∣∣∣
θ∗+ϵ0

)
≥ 0

µ ∈ Nκ(A)

(5.28)

where ∇µ = µT∇ is the directional derivative pointing in the κ-approximate null space.

As a result, in Lemma 5.5, we can conclude what are the essential quantum resources to

formulate and solve the mathematical problem defined in Eq. (5.2).

Lemma 5.5. (Quantum Resources). The total number of quantum resources required at

every step of the AQC-PQC algorithm scales as:

O
(
(1 + dim(Nκ(A))M

2
)

where A is the Hessian of the perturbed Hamiltonian at the ground state of the unperturbed

Hamiltonian.

Proof. The proof follows immediately from our previous analysis.

Finally, once the problem has been formulated, classical algorithms, such as interior

point methods [124] or supergradient ascent methods [158], can be utilized to return the

solution.

5.5 Simulated Experiments

We will first give an overview of the technical details of the experiments and we will also

introduce the different classes of problems that we examined. Then, we will provide an

analysis of our method for different choices of discretization steps.

5.5.1 Technical Details

For our experiments, we used both Qiskit Statevector and QuEST simulators which allow

exact noiseless calculation of the expectation values.

95



CHAPTER 5. ADIABATIC QUANTUM COMPUTING WITH PARAMETERIZED

QUANTUM CIRCUITS

For the parameterized family of gates, we chose a hardware-efficient ansatz consisting

of a layer of Ry rotations for each qubit, followed by a series of controlled-Z operations

applied in a nearest-neighbor fashion, and then finally another layer of Ry rotations (see

Figure 2.2). In order to evaluate the efficiency of our algorithm we used Eq. (5.14). Then,

to test the condition that the Hessian at the point θ∗ + ϵ is positive semidefinite, we

prepared the state |ψ(θ∗ + ϵ)⟩ and calculated the Hessian using Eq. (2.5). We chose to

evaluate our method in MaxCut and Number Partitioning (see Sec. 2.3) and on the

Transverse-Field Ising Chain model (see Sec. 2.4).

5.5.2 Results

5.5.2.1 Classical Optimization Problems

The two methods (VQE and AQC-PQC) were tested on the MaxCut and the Number

Partitioning problems (details can be found in Sec. 2.3). For these problems, we chose to

compare the methods on instance classes that we consider hard. Both of these problems

have an intrinsic Z2 symmetry, and so we chose instances with only two optimal solutions

(one solution can be acquired from the other by flipping all qubits). Specifically, for the

MaxCut problem, we sampled 100 random weighted graphs of sizes 8 to 12, while for the

Number Partitioning problem, we sampled 100 instances of the same size as MaxCut

with integers drawn from the interval [0, 50]. The results are illustrated in Figure 5.3.

Additionally, we can see the overlap returned by both algorithms in Tables 5.1,5.2.

Overall, we can see that AQC-PQC is able to outperform VQE in all instances,

achieving overlap even five times larger in MaxCut (see Table 5.1) and ten times larger in

Number Partitioning (see Table 5.2). Moreover, as seen in Figure 5.3, the output states

returned by AQC-PQC are significantly closer (in terms of energy) to the ground state

compared to VQE. This is to be expected as the non-convexity of the cost landscape

results in the classical optimization part of VQE being stuck in a local minimum. As

pointed out in [37, 38], the cost landscapes in shallow-depth VQAs, such as those

utilized in this chapter, are filled with a vast amount of local minima, which makes them

untrainable. One potential way out of this is to overparametrize the ansatz family [24],

provided that the ansatz family can be overparametrized with a polynomial number of

parameters. However, for NISQ devices, the large depth would result in noisy calculations

due to the large number of errors and low coherence times.

On the other hand, AQC-PQC provides a more robust strategy to navigate the
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Figure 5.3: Performance of AQC-PQC algorithm compared to VQE (with 2-SPSA and
Gradient Descent optimizers) for the MaxCut problem (left) and the Number Partitioning
problem (right). The AQC-PQC algorithm with the dark blue line (square markers) is
able to outperform both 2-SPSA and Gradient Descent in terms of the quality of the
output solution.

MaxCut Optimal Solution Overlap (%)
7 Qubits 8 Qubits 9 Qubits 10 Qubits 11 Qubits 12 Qubits

AQC-PQC 82.7 74.3 93.1 50 28.1 56.6
VQE 62.3 54.7 60.8 39.2 22.1 11.1

Table 5.1: Probability of sampling the optimal solution for the MaxCut problem for
instances of size 7-12. AQC-PQC was able to outperform VQE on all instance sizes,
achieving a larger overlap with the optimal solution.

(time-evolving) landscape. Provided that the number of steps is chosen accordingly and

the ansatz family is expressive enough, the latter algorithm will always achieve a large

overlap with the optimal solution.

However, it is important to stress that the expressiveness of the ansatz plays a

significant role in the performance of the algorithm. We have observed that within the

limits of very large steps, if the ansatz family is not sufficiently expressive, AQC-PQC

will converge into a suboptimal solution. The reason is that for the intermediate ground

states, circuits of large depth are required in order to remain close to the instantaneous

ground state. In Sec. 5.6, we provide a case study in which we investigate the performance

of AQC-PQC for different ansatz families.
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Number Partitioning Optimal Solution Overlap (%)
7 Qubits 8 Qubits 9 Qubits 10 Qubits 11 Qubits 12 Qubits

AQC-PQC 37.5 21.9 24.7 12.6 5 4.6
VQE 28.5 6.2 6.4 1.2 0.8 0.4

Table 5.2: Probability of sampling the optimal solution for the Number Partitioning
problem for instances of size 7-12. AQC-PQC was able to achieve a significantly larger
overlap than VQE for all instance sizes.
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Figure 5.4: Performance of AQC-PQC algorithm compared to VQE (with 2-SPSA and
Gradient Descent optimizers) for the Transverse-Field Ising Chain model.

5.5.2.2 Transverse-Field Ising Chain

Details for the TFI Chain problem can be found in Sec. 2.4. We compared the two

methods on instances of sizes 8 to 12 qubits. We evaluated the performance of the

two algorithms on the TFI Chain for 100 random instances with the couplings (Jk, h)

drawn uniformly at random from the uniform distribution. The results of the TFI Chain

model are illustrated in Figure 5.4. Overall, we observe that AQC-PQC can return

approximations of the ground state of HTFI that are closer compared to those returned

by VQE.

5.6 Ansatz Expressiveness

It is very important to understand how crucial it is to have a parameterized family of

gates that is sufficiently expressive. To be exact, the ansatz family should be expressive

enough so that in the vicinity of small energy gaps, the energy returned by AQC-PQC
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is close to the ground state. In Figure 5.5 we can visualize how close are the ground

state energies returned by AQC-PQC at every step of the algorithm for different ansatz

families.

Specifically, Figure 5.5 illustrates a 3-regular graph of size 6 for the MaxCut problem.

The system was initialized at the ground state of H0 = −
∑

i σ
x
i (with ground state

|+⟩⊗6) and the Hamiltonian was discretized into 30 steps:

Hk =

(
1− k

30

)
H0 +

k

30
HMC (5.29)

where k ∈ [30] and HMC is the MaxCut Hamiltonian defined in Eq. (2.17). As a parameter-

ized family of gates, we used the ansatz on the left of Figure 2.2 with 0 (no-entanglement

gates), 1,2, and 3 layers of entanglement gates. Despite the fact that all these parameter-

ized families contain both the initial and final ground states, they differ in the reachability

of the intermediate ground states. We can see in Figure 5.5 how the most expressive

ansatz family (of 3 layers) is able to always remain close to the true ground state energy

compared to the ansatz family, which uses no entanglement. Although the latter achieves

a non-zero overlap with the optimal solution, the final output energy is far from the

optimal. As a result, for harder instances where the returned energy is larger than the

first excited energy, there is a high probability that the resulting overlap will tend to

zero.
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Figure 5.5: AQC-PQC performance for three different parameterized family of gates for
the MaxCut problem. The 3-Layer Ansatz (purple line) always remains close to the true
ground state energy, returning a quantum state with an overlap equal to one at the end
of the algorithm. On the other hand, the ansatz family that uses no entanglement (and
thus is the least expressive) cannot remain close to the ground state (blue line), and so
at the final step, it returns a solution that is far from the optimal.
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Chapter 6

Conclusion and future directions

In this thesis, we aimed to advance the practicality of hybrid quantum/classical algorithms.

Our goal was to solve the three main bottlenecks that prohibit the usefulness of variational

quantum algorithms. As we previously discussed these are:

1. Distribution of quantum and classical resources.

2. Local minima and bad initialization.

3. Expressivity and barren plateaux.

The narrative we have presented was composed of three main phases. First, in Chapter

3, we aimed to solve the first bottleneck. We showed how information-theoretic methods

outperform naive optimization methods in Variational Quantum Algorithms (VQAs) [11].

We introduced a novel optimization algorithm, called random natural gradient where we

showed that it is quadratically faster (in terms of quantum state preparations) than the

well-established (and well-studied) quantum natural gradient [30]; a method that uses the

computationally expensive quantum Fisher information matrix (QFIM) and is related

to the quantum imaginary-time evolution. Our proposed method is able to adapt the

information of the local geometry of the parameterized quantum states in the optimization

process and overcome existing barriers of VQAs. To achieve this, the parameterized

quantum state is first rotated at random by a random unitary and then measured in the

computational basis. Then, the measurement outcomes are used to calculate the (random)

classical Fisher information matrix, which is used as a precondition in the optimization

process. In the same chapter, we provided two estimators of the QFIM. The first requires
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a collection of random measurements, where the random measurement is performed

by first applying a random unitary that is sampled from a 2-design distribution and

then measured on the computational basis while the latter is constructed as an average

classical Fisher information matrix. Furthermore, we show how the second estimator is

connected to RNG. Finally, we introduce a stochastic-coordinate approximation of the

QFIM where a reduced QFIM is constructed by randomly sampling a set of parameters

in the quantum circuits.

This part of the work opens up a number of different ways for future research. At first,

it would be fruitful to develop strategies to identify good subsets of unitaries ν ∈ U(2n)
(with small depth requirements) so that sampling from these unitaries would result in

CFIMs close to the QFIM. This opens up a new research direction, as the way of choosing

the appropriate basis may also be viewed as a quantum machine learning problem. On

top of that, it is necessary to research and test the practicality limit of already known

quantum algorithms when certain computationally expensive quantities (such as the

QFIM) are estimated (up to some error) by computationally cheaper objects. Techniques

such as our proposed algorithm showcase their practicality as quantum-inspired classical

approximation methods, on top of the advantages that were previously mentioned. A user

can classically prepare and store ansatz states, and by performing K measurements on the

stored state, they can approximate the QFIM and, eventually, identify the direction that

follows imaginary-time evolution. Additionally, another interesting research direction is to

quantify the sample complexity K of the two estimators. Different choices for K may be

needed to achieve a desired accuracy ϵ (error from the QFIM) for different parameterized

quantum states. Thus, it is essential to understand how the geometry of the underlying

quantum states is connected to the sampling requirements of our algorithm. Finally, a

very interesting research direction is to examine connections between the random natural

gradient and the BFGS algorithm [159].

Next, in Chapter 4, we aimed to solve the second bottleneck. We showed how

developing different objective functions that depend on the problem class leads to

significantly improved performance, overcoming one of the fundamental bottlenecks

of VQAs. As we showed, for classical combinatorial optimization problems where the

optimal solution is a computational basis state, using an averaged and increasing α-tail

of the energy outcomes avoids local minima and is able to return solutions with very

large (and close to unity) overlaps with the optimal solution, overcoming barriers of the

previously introduced objective function of [61]; a method that we named ascending-

102



CHAPTER 6. CONCLUSION AND FUTURE DIRECTIONS

CVaR. Our idea was to use an objective function that dynamically changes during the

optimization process. Specifically, the number of samples that the optimizer sees during

the optimization increases with time, essentially becoming the expectation value at the

end of the process. This, intuitively, avoids getting stuck at local minima since the energy

landscape for different α’s differs, apart from the global minimum.

This work not only offers a generic method to improve the performance of VQAs for

combinatorial optimization problems, but it also suggests a new direction of research

where dynamic objective functions can be used to boost the performance in terms of

quality and speed of near-term quantum algorithms. An immediate follow-up to the

proposal suggested here is to generalize our approach. Concretely, our method introduces

two extra degrees of freedom. The hyperparameter λ and the function according to which

the parameter α increases. It is worth exploring a more systematic rule on how to fix

these degrees of freedom according to the problem considered and the features of the

specific instance. Considering other dynamic objective functions is another direction that

is worth pursuing.

Finally, in Chapter 5, we aimed to solve the third bottleneck. We introduced a novel

hybrid algorithm that hops between instantaneous ground states by iteratively solving a

constrained linear system of equations. On top of that, our proposal does not initialize

the parameterized quantum architecture on a random configuration (with the problems

inherited on that, such as flat landscapes and local minima near the initialization point)

but rather on the configuration that generates a ground state of a known Hamiltonian.

Our algorithm draws a connection to a well-studied quantum computing framework,

namely adiabatic quantum computing (AQC) [141]. We show that by slowly varying

the Hamiltonian from an initial Hamiltonian H0 with a known ground state to a target

Hamiltonian (corresponding to the unknown target ground state), we are able to hop

between ground states and by solving this constrained linear system to reach the ground

state of interest.

Our final work also opens up at least three distinct future directions. First of all, the

time required for AQC is related to the number of steps K. While we provided evidence

for the practicality of our method, an important task is to analyze K extensively (both

theoretically and using extensive numerical simulations). There are cases (ansatz families)

where the first excited state may not necessarily correspond to a minimum and so the

algorithm can acquire a speedup. Secondly, testing our method for different problems
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and much larger instances is the other obvious direction. Thirdly, identifying the optimal

algorithm to solve the inherited constrained linear system problem in our approach is

the final research direction. Optimizing in terms of both 1) number of state preparations

and 2) calls in the classical computer is a necessary step to make the approach practical.

We hope that the work presented in this thesis has made it even more apparent

that the study and improvement of hybrid quantum/classical algorithms can lead to

this technology moving into the practical regime, where it can offer a speedup over its

classical counterparts.
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Appendix A

A.1 Derivation of Classical Fisher Information

Matrix

We start with the KL-divergence for two probability distributions p(θ), p(θ + ϵ):

KL(p(θ)||p(θ + ϵ)) =
∑
l

pl(θ) log
pl(θ)

pl(θ + ϵ)
=∑

l

pl(θ) log pl(θ)−
∑
l

pl(θ) log pl(θ + ϵ)
(A.1)

The elements of the CFIM are defined as the second-order derivatives of the KL-divergence.

Specifically, an element [FC ]ij is given by:

[FC ]ij = −
∂2

∂ϵi∂ϵj

∑
l

pl(θ) log pl(θ + ϵ)

∣∣∣∣∣
ϵ=0

= −
∑
l

pl(θ)
∂2

∂ϵi∂ϵj
log pl(θ + ϵ)

∣∣∣∣∣
ϵ=0

=

−E

{
∂2

∂ϵi∂ϵj
log pl(θ + ϵ)

∣∣∣∣∣
ϵ=0

}
= −E

{
∂2

∂θi∂θj
log pl(θ)

}
(A.2)

Since:

− ∂2

∂θi∂θj
log pl(θ) = −

1

pl(θ)

∂2pl(θ)

∂θi∂θj
+

1

p2l (θ)

∂pl(θ)

∂θi

∂pl(θ)

∂θj
(A.3)

Substituting Eq. (A.3) in Eq. (A.2) we get:

[FC ]ij = E

{
− 1

pl(θ)

∂2pl(θ)

∂θi∂θj
+

1

p2l (θ)

∂pl(θ)

∂θi

∂pl(θ)

∂θj

}
=

∑
l

pl(θ)

[
−1
pl(θ)

∂2pl(θ)

∂θi∂θj
+

1

p2l (θ)

∂pl(θ)

∂θi

∂pl(θ)

∂θj

]
=⇒ [FC ]ij =

∑
l

1

pl(θ)

∂pl(θ)

∂θi

∂pl(θ)

∂θj

(A.4)
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where we used the fact that∑
l

∂2pl(θ)

∂θi∂θj
=

∂2

∂θi∂θj

∑
l

pl(θ) = 0 (A.5)

As you can see, although the Fisher information is the matrix corresponding to second-

order derivatives, after our analysis, it can be written as a product of first-order derivatives.

This has an immediate advantage in the number of resources needed. It requires only the

calculation of the first-order derivatives in the quantum computer. Then, the classical

computer post-processes the m first-order derivatives and stores the classical fisher

information using OC(m
2) classical memory.

A.2 Additional Experiments

In this section, we provide some extra experiments, comparing our two proposed methods

(see Random Natural Gradient in Sec. 3.2 and Stochastic-Coordinate Quantum Natural

Gradient in Sec. 3.6) on the MaxCut problem (see Sec. 3.7). For our experiments, we

employed the PQC visualized on the right side of Figure 2.2 with 3 layers. We sampled

random 8 and 10-qubit unweighted 3-regular graph instances.

A.3 Random Measurements and QFIM

Randomized measurements constitute a powerful tool that has been exploited for several

different applications throughout the quantum computing literature [54, 55, 59, 160, 161].

We begin by recalling a few standard notions on random operators acting on our space

of parameterized qubits, referring to [134, 162] for a comprehensive introduction.

Definition A.1. (Haar Measure) [134]. The Haar measure on the unitary group U(d) is

the unique probability measure µH [163] that is both left and right invariant over the

group U(d), i.e. for all integrable function f : U(d) → L(Cd) and for all V ∈ U(d) we
have: ∫

U(d)

f(U)dµH(U) =

∫
U(d)

f(UV )dµH(U) =

∫
U(d)

f(V U)dµH(U) (A.6)

In this thesis, we will denote the integral of a function f(U) over the Haar measure

as the expected value of f(U) with respect to the probability measure µH , denoted as

EU∼µH
[f(U)]:

EU∼µH
[f(U)] :=

∫
U(d)

f(U)dµH(U) (A.7)
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Optimization Iterations

L
(θ

)

Quantum State Preparations

L
(θ

)

Optimization Iterations

L
(θ

)

Quantum State Preparations

L
(θ

)

Figure A.1: Comparison of QNG, RNG and SC-QNG on MaxCut instances corresponding
to 3-regular graphs of 8 qubits (up left and up right figures) and 10 qubits (bottom left
and bottom right).

A quantity that will play a very important role in our analysis is the k-moment

operator, with k ∈ N (or else the k-fold twirl).

Definition A.2. (k-moment operator). The k-moment operator, with respect to the

probability measure µH , is defined asMk : L((Cd)⊗k)→ L((Cd)⊗k):

M(k)
µH

(O) := EU∼µH
[U⊗kOU †⊗k] (A.8)

for all operators O ∈ L((Cd)⊗k).

As it turns out, there are tools that will allow us to calculate the k-moment operators.

Specifically, the moment operator defined in Definition A.2 is the orthogonal projector

onto the commutant Comm(U(d), k). The commutant is defined below.
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Definition A.3. (Commutant). Given S ⊆ L(Cd), we define its k-order commutant as:

Comm(S, k) := {A ∈ L((Cd)⊗k) : [A,B⊗k] = 0 ∀B ∈ S} (A.9)

As it can be easily seen, a set of operators that commute with every unitary U⊗k are

the permutation operators. These are defined as:

Definition A.4. (Permutation operators). Given π ∈ Sk an element of the symmetric

group Sk, we define the permutation matrix Vd(π) to be the unitary matrix that satisfies:

Vd(π) |ψ1⟩ ⊗ . . .⊗ |ψk⟩ =
∣∣ψπ−1(1)

〉
⊗ . . .⊗

∣∣ψπ−1(k)

〉
(A.10)

for all |ψ1⟩ , . . . , |ψk⟩ ∈ Cd

A well-celebrated result is the Schur-Weyl duality [162], that states that the image

of the k-moment operator is spanned by the permutation operators. As such, we can

calculate the first and second moments of an operator O ∈ L(Cd) as:

EU∼µH
[UOU †] =

Tr(O)

d
I (A.11)

EU∼µH
[U⊗2OU †⊗2] =

Tr(O)− d−1Tr(SO)
d2 − 1

I+
Tr(SO)− d−1Tr(O)

d2 − 1
S (A.12)

where I, I correspond to the identity operators on Cd and (Cd)⊗2 respectively and S is

the SWAP operator defined as:

S(|ψ1⟩ ⊗ |ψ2⟩) = |ψ2⟩ ⊗ |ψ1⟩ (A.13)

Our starting point originates from [55, 161], where the authors showed that the fidelity

between two quantum states ρ1, ρ2 can be calculated using the following Theorem.

Theorem A.1. (Fidelity of two quantum states [55]) Consider two quantum states ρ1

and ρ2 on n qubits in Hilbert space H of dimension D = 2n. For global random unitaries

U , the overlap between the quantum states is given by:

Tr[ρ1ρ2] = 2n
∑
s,s′

(−2n)−DG[s,s′] ⟨s| ⟨s′|M(2)
µH

(ρ1 ⊗ ρ2) |s⟩ |s′⟩ (A.14)

where the global Hamming distance DG is defined as:

DG[s, s
′] =

0 if s = s′

1 if s ̸= s′
(A.15)

andM(k)
µH (·) := EU∼µH

[U⊗k(·)U †⊗k] is the k-moment operator.
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In our case, we work with parameterized quantum states consisting of a total of m

parameters θ = (θ1, θ2, . . . , θm). Specifically, let ρ1 := ρ(θ) and ρ2 := ρ(θ + ϵ) and let

also ρ1, ρ2 be pure. As such, ρ1 and ρ2 can be written as:

ρ1 = ρ(θ) = |ψ(θ)⟩⟨ψ(θ)|

ρ2 = ρ(θ + ϵ) = |ψ(θ + ϵ)⟩⟨ψ(θ + ϵ)|
(A.16)

We can express the elements of the moment operator in the computation basis as:

⟨s, s′|M(2)
µH

(ρ(θ)⊗ ρ(θ + ϵ)) |s, s′⟩ =
∫
U(d)

dµH(U) ⟨s| ⟨s′|U⊗2ρ(θ)⊗ ρ(θ + ϵ)U †⊗2 |s⟩ |s′⟩∫
U(d)

dµH(U) ⟨s|Uρ(θ)U † |s⟩ ⟨s′|Uρ(θ + ϵ)U † |s′⟩ =
∫
U(d)

dµH(U) Tr
[
ρ(θ)U †ΠsU

]
Tr
[
ρ(θ + ϵ)U †Πs′U

]
=

∫
U(d)

dµH(U) Tr
[
ρ(θ)⊗ ρ(θ + ϵ)U †⊗2(Πs ⊗ Πs′)U

⊗2
]
= EU∼µH

[
pUs (θ)p

U
s′(θ + ϵ)

]
(A.17)

where pUs = Tr
[
ρ(θ)U †ΠsU

]
. As such we can rewrite Eq. (A.14) as:

Tr[ρ(θ)ρ(θ + ϵ)] = 2n
∑
s,s′

(−2n)−DG[s,s′] Tr
[
ρ(θ)⊗ ρ(θ + ϵ)M(2)

µH
(Πs ⊗ Πs′)

]
= 2n

∑
s,s′

(−2n)−DG[s,s′]EU∼µH

[
pUs (θ)p

U
s′(θ + ϵ)

] (A.18)

By expanding the sum, the fidelity between the two states can be written as:

Tr[ρ(θ)ρ(θ + ϵ)] = 2n
∑
s,s′

(−2n)−DG[s,s′]EU∼µH

[
pUs (θ)p

U
s′(θ + ϵ)

]
= 2n

∑
s

(−2n)−DG[s,s]EU∼µH

[
pUs (θ)p

U
s′(θ + ϵ)

]
+ 2n

∑
s,s′

s ̸=s′

(−2n)−DG[s,s′]EU∼µH

[
pUs (θ)p

U
s′(θ + ϵ)

]
= 2n

∑
s

EU∼µH

[
pUs (θ)p

U
s′(θ + ϵ)

]
−
∑
s,s′

s ̸=s′

EU∼µH

[
pUs (θ)p

U
s′(θ + ϵ)

]
(A.19)

where we used Eq. (A.15). Consider now the infidelity between two quantum states as

defined as:

dF

(
ρ(θ), ρ(θ + ϵ)

)
= 1− Tr[ρ(θ)ρ(θ + ϵ)] (A.20)

If we Taylor expand the infidelity around ϵ = 0, then we have:

1− Tr[ρ(θ)ρ(θ + ϵ)] = 1− Tr[ρ(θ)ρ(θ)]−
m∑
i=1

∂

∂ϵi
Tr[ρ(θ)ρ(θ + ϵ)]

∣∣∣
ϵ=0

ϵi

−1

2

m∑
i,j=1

∂

∂ϵi∂ϵj
Tr[ρ(θ)ρ(θ + ϵ)]

∣∣∣
ϵ=0

ϵiϵj +O(∥ϵ∥31)
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where the partial derivatives at ϵ = 0 are zero, since Tr[ρ(θ)ρ(θ + ϵ)] is maximized at

ϵ = 0. As such, the infidelity, can be expressed as:

dF

(
ρ(θ), ρ(θ + ϵ)

)
=

1

4
ϵTFQ(θ)ϵ+O(∥ϵ∥31) (A.21)

where for small ϵ, the higher-order terms can be neglected. The matrix FQ(θ) is the

quantum Fisher information matrix, defined as:

FQ(θ) = −2∇2Tr[ρ(θ)ρ(θ + ϵ)]
∣∣∣
ϵ=0

(A.22)

Thus, a matrix element [FQ(θ)]ij can be written as:

[FQ(θ)]ij = −2n+1
∑
s

EU∼µH

[
pUs (θ)

∂2pUs (θ + ϵ)

∂ϵi∂ϵj

∣∣∣
ϵ=0

]
+2
∑
s,s′

s ̸=s′

EU∼µH

[
pUs (θ)

∂2pUs′(θ + ϵ)

∂ϵi∂ϵj

∣∣∣
ϵ=0

]

(A.23)

If we focus at the second term of Eq (A.23), we notice that:

∑
s,s′

s ̸=s′

pUs (θ)
∂2pUs′(θ + ϵ)

∂ϵi∂ϵj
=
∑
s

pUs (θ)
∑
s′ ̸=s

∂2pUs′(θ + ϵ)

∂ϵi∂ϵj

∑
s

pUs (θ)

(∑
s′

∂2pUs′(θ + ϵ)

∂ϵi∂ϵj
− ∂2pUs (θ + ϵ)

∂ϵi∂ϵj

)
= −

∑
s

pUs (θ)
∂2pUs (θ + ϵ)

∂ϵi∂ϵj

(A.24)

where we used the fact that:∑
s′

∂2pUs′(θ + ϵ)

∂ϵi∂ϵj
=

∂2

∂ϵi∂ϵj

∑
s′

pUs′(θ + ϵ) = 0 (A.25)

Thus, the QFIM elements can be expressed as:

[FQ(θ)]ij = −(2n+1+2)
∑
s

EU∼µH

[
pUs (θ)

∂2pUs (θ + ϵ)

∂ϵi∂ϵj

∣∣∣
ϵ=0

]
= −(2n+1+2)

∑
s

EU∼µH

[
pUs (θ)

∂2pUs (θ)

∂θi∂θj

]
(A.26)

The calcuation of the quantum Fisher information using Eq. (3.8) is impractical. The

reason is that it requires the calculation of the Hessian of the outcome probabilities,

which in general requires O(m2) quantum states to estimate it. However, we can calculate
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that:∑
s

EU∼µH

[
∂pUs (θ)

∂θi

∂pUs (θ)

∂θj

]
=
∑
s

EU∼µH

[
Tr

[
∂ρ(θ)

∂θi
U †ΠsU

]
Tr

[
∂ρ(θ)

∂θj
U †ΠsU

]]

=
∑
s

EU∼µH

[
Tr

[
∂ρ(θ)

∂θi
⊗ ∂ρ(θ)

∂θj
U †⊗2Π⊗2

s U⊗2

]]

=
1

22n − 1

∑
s

Tr

[
∂ρ(θ)

∂θi
⊗ ∂ρ(θ)

∂θj

[(
1− 1

2n

)
I+

(
1− 1

2n

)
S
]]

=
2n − 1

23n − 2n

∑
s

Tr

[
∂ρ(θ)

∂θi

]
Tr

[
∂ρ(θ)

∂θj

]
+

2n − 1

23n − 2n

∑
s

Tr

[
∂ρ(θ)

∂θi

∂ρ(θ)

∂θj

]
=

2n − 1

23n − 2n

∑
s

Tr

[
∂ρ(θ)

∂θi

∂ρ(θ)

∂θj

]
=

1

2n + 1
Tr

[
∂ρ(θ)

∂θi

∂ρ(θ)

∂θj

]
(A.27)

where in the second line we used Eq. (A.12) and we also used the fact that Tr
[
∂ρ(θ)
∂θi

]
=

∂
∂θi

Tr[ρ(θ)] = 0 and Tr[A⊗BS] = Tr[AB]. Now, we can use the fact that:

∂2ρ2(θ)

∂θi∂θj
= 2

∂ρ(θ)

∂θi

∂ρ(θ)

∂θj
+ 2ρ(θ)

∂2ρ(θ)

∂θi∂θj
(A.28)

Thus, substituting the above equation in Eq. (A.27) we get:∑
s

EU∼µH

[
∂pUs (θ)

∂θi

∂pUs (θ)

∂θj

]
=

1

2(2n + 1)
Tr

[
∂2ρ2(θ)

∂θi∂θj

]
− 1

(2n + 1)
Tr

[
ρ(θ)

∂2ρ(θ)

∂θi∂θj

]
=

[FQ]ij
2(2n + 1)

(A.29)

where we used the fact that Tr
[
∂2ρ(θ)
∂θi∂θj

]
= ∂2

∂θi∂θj
Tr[ρ(θ)] = 0. As such, we were able to

prove that the matrix elements of the quantum Fisher information matrix can be written

as product of first-order derivatives:

[FQ(θ)]ij = 2(2n + 1)
∑
s

EU∼µH

[
∂pUs (θ)

∂θi

∂pUs (θ)

∂θj

]
(A.30)

As a result, we proved that the quantum Fisher information matrix can be approximated

as the average (over the Haar distribution) of a quantity that requires O(m) quantum

states and O(m2) classical memory to store the matrix. As we see in our numerical

experiments in Fig. 3.3 we can achieve a very good approximation of the quantum Fisher

information with a small number of repetitions (usually much less than m repetitions).

Definition A.5. (Unitary k-design) Let ν be a probability distribution defined over a set

of unitaries S ⊆ U(d). The distribution ν is unitary k-design if and only if:

EV∼ν [V
⊗kOV †⊗k] = EU∼µH

[U⊗kOU †⊗k] (A.31)
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for all O ∈ L((Cd)⊗k).

In general, generating Haar random unitaries on a quantum computer is a computa-

tionally exhaustive task, since most unitary operators require a number of gates that

scale exponentially to the number of qubits [134]. On the other hand, k-designs are

distributions that match the Haar moments up to the k-order (see Definition 3.2). The

advantage is that k-designs can be generated efficiently. As a result, we provide the

following Corollary.

Corollary A.1. If U is sampled from a 2-design ν, then the matrix elements of the

quantum Fisher information matrix can be calculated as:

[FQ(θ)]ij = 2(2n + 1)
∑
s

EU∼ν

[
∂pUs (θ)

∂θi

∂pUs (θ)

∂θj

]
(A.32)

Proof. We can express the quantity:

EU∼µH

[
∂pUs (θ)

∂θi

∂pUs (θ)

∂θj

]
as:

EU∼µH

[
∂pUs (θ)

∂θi

∂pUs (θ)

∂θj

]
= EU∼µH

[
Tr

[
UΠsU

†∂ρ(θ)

∂θi

]
Tr

[
UΠsU

†∂ρ(θ)

∂θj

]]

= Tr
[
EU∼µH

[U⊗2Π⊗2
s U †⊗2]

∂ρ(θ)

∂θi
⊗ ∂ρ(θ)

∂θj

] (A.33)

Thus, using Definition 3.2 for the unitary k-designs (for O = Π⊗2
s ) we can conclude that

if U comes from a 2-design then the proposition holds.

As a result, the quantum Fisher information can be estimated by sampling unitaries

that come from a k-design with k ≥ 2 (since any k-design is also a 2-design if k ≥ 2). An

example of such ensembles is the n-qubit Clifford group Cl(n) which forms a 3-design.

The Clifford group is defined as:

Cl(n) := {U ∈ U(2n)| UPU † ∈ Pn for all P ∈ Pn} (A.34)

where Pn is the Pauli group. Elements from the n-qubit Clifford group can be generated

by a circuit with at most O(n2/ log n) elementary gates [135].
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At the same time, the classical Fisher information matrix (when the parameterized

quantum state is rotated by a global random unitary U and then measured in the

computational basis) can be expressed as:

[FU
C (θ)]ij = −

∑
s

pUs (θ)
∂2 ln[pUs (θ)]

∂θi∂θj
=
∑
s

1

pUs (θ)

∂pUs (θ)

∂θi

∂pUs (θ)

∂θj
(A.35)

since:

− ∂2

∂θi∂θj
ln pUs (θ) = −

∂

∂θi

[
1

pUs (θ)

pUs (θ)

∂θj

]
= − 1

pUs (θ)

∂2pUs (θ)

∂θi∂θj
+

1

(pUs (θ)
2)

∂pUs (θ)

∂θi

∂pUs (θ)

∂θj
(A.36)

and we used again Eq. (A.25).

Conjecture: The average classical Fisher information matrix, when the parameter-

ized quantum state |ψ(θ)⟩ is rotated by a random unitary U and then measured in the

computational basis approximates the quantum Fisher information matrix as:

EU∼µH
[FU

C (θ)] =
1

2
FQ(θ) (A.37)

One would have to show that:∑
s

EU∼µH

[
pUs (θ)

∂2 ln[pUs (θ + ϵ)]

∂ϵi∂ϵj

∣∣∣∣∣
ϵ=0

]
= −(2n + 1)

∑
s

EU∼µH

[
pUs (θ)

∂2pUs (θ + ϵ)]

∂ϵi∂ϵj

∣∣∣∣∣
ϵ=0

]
(A.38)

where pUs (θ) = Tr
[
ρ(θ)U †ΠsU

]
. Proving the above conjecture is a very challenging task.

The main reason is that it requires the calculation of a Haar integral over the unitary

group U(2n) where the unitaries rise in a non-linear way. Equivalently, it cannot be

written as a k-moment of an operator for which ways to calculate the integrals are known

(e.g. see (A.12)). The proof of this conjecture is left for future work.

A.4 Proof of Lemma 3.2

Let the quantum Fisher information matrix FQ and its estimator F̃Q be non-singular

with their eigenvalues satisfying:

λ1(FQ) ≥ λ2(FQ) ≥ . . . ≥ λm(FQ) > 0

λ1(F̃Q) ≥ λ2(F̃Q) ≥ . . . ≥ λm(F̃Q) > 0
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Consider the two different linear systems in Eqs. (3.25), (3.56) with their corresponding

solutions θ̇Q and ˙̃θQ respectively. We have that:∥∥∥θ̇Q − ˙̃θQ

∥∥∥ =
∥∥∥(F̃−1

Q −F
−1
Q

)
∇θEτ

∥∥∥
≤
∥∥∥F̃−1

Q −F
−1
Q

∥∥∥∥∇θEτ∥ ≤
∥∥∥F̃−1

Q −F
−1
Q

∥∥∥∥FQ∥
∥∥∥θ̇Q

∥∥∥
where we used the fact that ∥∇θEτ∥ ≤ ∥FQ∥

∥∥∥θ̇Q

∥∥∥. As such, the relative error is upper

bounded as: ∥∥∥θ̇Q − ˙̃θQ

∥∥∥∥∥∥θ̇Q

∥∥∥ ≤
∥∥∥F̃−1

Q −F
−1
Q

∥∥∥∥FQ∥ (A.39)

If we consider the case where estimator differs from the quantum Fisher information

matrix by a small matrix ∆ (with ∥∆∥ ≤ ϵ), then we have:

FQ = F̃Q +∆ =⇒

F̃−1
Q = F−1

Q + F̃−1
Q (FQ − F̃Q)F−1

Q

where: ∥∥∥F̃−1
Q (FQ − F̃Q)F̃−1

Q

∥∥∥ ≤ ∥∥∥F̃−1
Q

∥∥∥∥∥∥FQ − F̃Q

∥∥∥∥∥F−1
Q

∥∥
≤ ϵ

λmin(F̃Q)λmin(F̃Q)
=

ϵ

λm(F̃Q)λm(FQ)

If we assume that the matrix F̃−1
Q (FQ − F̃Q)F−1

Q is also small then we can use the dual

Weyl’s inequality and have that:

λ1(F̃−1
Q ) ≥ λm(F−1

Q ) + λ1(F̃−1
Q −F

−1
Q ) =⇒

λ1(F̃−1
Q −F

−1
Q ) ≤ λ1(F̃−1

Q )− λm(F−1
Q ) =⇒

λ1(F̃−1
Q −F

−1
Q ) ≤ 1

λm(F̃Q)
− 1

λ1(FQ)

(A.40)

In that case, putting everything back in Eq. (A.39), the relative error can be upper

bounded as: ∥∥∥θ̇Q − ˙̃θQ

∥∥∥∥∥∥θ̇Q

∥∥∥ ≤ λ1(FQ)

λm(F̃Q)
− 1 (A.41)
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Stefan Woerner.

The power of quantum neural networks.

Nature Computational Science, 1(6):403–409, 2021.

119



BIBLIOGRAPHY

[42] Michael Ragone, Bojko N Bakalov, Frédéric Sauvage, Alexander F Kemper, Car-

los Ortiz Marrero, Martin Larocca, and M Cerezo.

A unified theory of barren plateaus for deep parametrized quantum circuits.

arXiv preprint arXiv:2309.09342, 2023.

[43] Martin Larocca, Supanut Thanasilp, SamsonWang, Kunal Sharma, Jacob Biamonte,

Patrick J Coles, Lukasz Cincio, Jarrod R McClean, Zoë Holmes, and M Cerezo.
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[137] Jorge J Moré and Stefan M Wild.

Benchmarking derivative-free optimization algorithms.

SIAM Journal on Optimization, 20(1):172–191, 2009.

[138] Michael JD Powell.

A direct search optimization method that models the objective and constraint

functions by linear interpolation.

In Advances in optimization and numerical analysis, pages 51–67. Springer, 1994.

[139] Aric Hagberg, Pieter Swart, and Daniel S Chult.

Exploring network structure, dynamics, and function using NetworkX.

Technical report, Los Alamos National Lab.(LANL), Los Alamos, NM (United

States), 2008.

[140] Vishwanathan Akshay, H Philathong, Igor Zacharov, and J Biamonte.

Reachability deficits in quantum approximate optimization of graph problems.

Quantum, 5:532, 2021.

[141] Tameem Albash and Daniel A Lidar.

Adiabatic quantum computation.

Reviews of Modern Physics, 90(1):015002, 2018.

[142] Mohammad HS Amin.

Consistency of the adiabatic theorem.

Physical review letters, 102(22):220401, 2009.

[143] Wim Van Dam, Michele Mosca, and Umesh Vazirani.

How powerful is adiabatic quantum computation?

In Proceedings 42nd IEEE Symposium on Foundations of Computer Science, pages

279–287. IEEE, 2001.

[144] Conor Mc Keever and Michael Lubasch.

Towards adiabatic quantum computing using compressed quantum circuits.

PRX Quantum, 5(2):020362, 2024.

[145] A Garcia-Saez and JI Latorre.

Addressing hard classical problems with adiabatically assisted variational quantum

eigensolvers.

131



BIBLIOGRAPHY

arXiv preprint arXiv:1806.02287, 2018.

[146] Stuart M Harwood, Dimitar Trenev, Spencer T Stober, Panagiotis Barkoutsos,

Tanvi P Gujarati, Sarah Mostame, and Donny Greenberg.

Improving the variational quantum eigensolver using variational adiabatic quantum

computing.

ACM Transactions on Quantum Computing, 3(1):1–20, 2022.

[147] Ming-Cheng Chen, Ming Gong, Xiaosi Xu, Xiao Yuan, Jian-Wen Wang, Can Wang,

Chong Ying, Jin Lin, Yu Xu, Yulin Wu, et al.

Demonstration of adiabatic variational quantum computing with a superconducting

quantum coprocessor.

Physical Review Letters, 125(18):180501, 2020.

[148] Pranav Chandarana, Narendra N Hegade, Koushik Paul, Francisco Albarrán-

Arriagada, Enrique Solano, Adolfo del Campo, and Xi Chen.

Digitized-counterdiabatic quantum approximate optimization algorithm.

Physical Review Research, 4(1):013141, 2022.

[149] Mohamed Hibat-Allah, Estelle M Inack, Roeland Wiersema, Roger G Melko, and

Juan Carrasquilla.

Variational neural annealing.

Nature Machine Intelligence, 3(11):952–961, 2021.

[150] Sabine Jansen, Mary-Beth Ruskai, and Ruedi Seiler.

Bounds for the adiabatic approximation with applications to quantum computation.

Journal of Mathematical Physics, 48(10):102111, 2007.

[151] Alexander Elgart and George A Hagedorn.

A note on the switching adiabatic theorem.

Journal of Mathematical Physics, 53(10):102202, 2012.

[152] Pedro CS Costa, Dong An, Yuval R Sanders, Yuan Su, Ryan Babbush, and

Dominic W Berry.

Optimal scaling quantum linear-systems solver via discrete adiabatic theorem.

PRX Quantum, 3(4):040303, 2022.

[153] Silvano Garnerone, Paolo Zanardi, and Daniel A Lidar.

Adiabatic quantum algorithm for search engine ranking.

Physical review letters, 108(23):230506, 2012.

132



BIBLIOGRAPHY

[154] Elizabeth R Bennewitz, Florian Hopfmueller, Bohdan Kulchytskyy, Juan Car-

rasquilla, and Pooya Ronagh.

Neural error mitigation of near-term quantum simulations.

Nature Machine Intelligence, 4(7):618–624, 2022.

[155] Patrick Huembeli and Alexandre Dauphin.

Characterizing the loss landscape of variational quantum circuits.

Quantum Science and Technology, 6(2):025011, 2021.

[156] Zhiyan Ding, Taehee Ko, Jiahao Yao, Lin Lin, and Xiantao Li.

Random coordinate descent: a simple alternative for optimizing parameterized

quantum circuits.

arXiv preprint arXiv:2311.00088, 2023.

[157] Gerald B Folland.

Higher-order derivatives and Taylor’s formula in several variables.

Preprint, pages 1–4, 2005.

[158] Stephen Boyd, Lin Xiao, and Almir Mutapcic.

Subgradient methods.

lecture notes of EE392o, Stanford University, Autumn Quarter, 2004(01), 2003.

[159] Roger Fletcher.

Practical methods of optimization.

John Wiley & Sons, 2000.

[160] Simone Notarnicola, Andreas Elben, Thierry Lahaye, Antoine Browaeys, Simone

Montangero, and Benôıt Vermersch.
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