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Lay summary

It is often useful to understand how aspects of our lives change over time. Weather

updates may help us plan travel; reviewing exercise and sleep patterns over time

may help us improve our general health; and tracking spending may help us bud-

get effectively. On a greater scale, monitoring changes in the prevalence of a dis-

ease may improve interventions; following emerging market trends may improve

business strategies; and tracking variations in income or inflationary pressure may

improve economic policy. To understand changing situations and make informed

decisions, measuring relevant quantities over time can be useful, often capturing

temporal patterns objectively. Such measurements of given quantities over time

are referred to as time series data.

While time series data can aid decision making, it can be challenging to un-

derstand useful patterns simply by inspecting the data. Statistical or mathemat-

ical models for time series data can improve the quality of inferences drawn by

formalising our understanding of the underlying system and the data-generating

processes. For example, models for the weather may combine our scientific under-

standing of temperature and precipitation with the observed historical patterns,

and provide better forecasts than those based on intuition. When considering

suitable models for data, the accuracy of a model (and inferences made) can

often be improved by accounting for unobserved factors, such as error in the

temperature measurements or seasonal fluctuations.

In this thesis, we focus on a class of models useful for describing the additional

hidden processes that may be underlying the time series data, referred to as state-

space models. When applying state-space models to time series data, a key step is

estimating an appropriate model from the information in the data. However, the

computational power required to estimate a model is often large and is increas-

ing as both data and models become increasingly complex. This thesis proposes

frameworks aimed at accelerating the computation process. We focus specifically

on a class of computational techniques using random simulation, where existing

approaches can be highly inefficient. We address these inefficiencies by intro-
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ducing several methods that incorporate non-random techniques, improving the

distribution of computational power while maintaining the favourable properties

and theoretical guarantees of the random approaches.

We demonstrate the efficiency and versatility of the proposed framework when

applied to various computationally demanding scenarios, including near-chaotic

blowfly population growth and an extended case study of COVID-era tourism

demand. In these scenarios, we show that the new proposed techniques provide

robust and accelerated inference compared to state-of-the-art methods. In addi-

tion, we explore how the techniques can be implemented for efficient inference in

other general scenarios.
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Abstract

State-space models are widely used to model time series data where the obser-

vations depend on a latent process. The latent process consists of a sequence of

latent states that evolve according to a specified system process. The observed

time series data are then modelled as a function of the latent states via an observa-

tion process. Estimating the parameters of a state-space model within a Bayesian

framework can be challenging. In this thesis, we consider these challenges and

develop efficient Monte Carlo algorithms to aid inference. We propose two classes

of method that, as a central theme, leverage approximate hidden Markov models

for efficient inference.

In the first part of this thesis, we propose that approximate hidden Markov

models can be used to design efficient Markov chain Monte Carlo proposal dis-

tributions, defined such that the usual theoretical guarantees apply. We discuss

how the hidden Markov models are constructed under the proposed approach,

the associated generality arising from the tuning parameters, and how these tun-

ing parameters can be chosen efficiently in practice. We demonstrate that this

proposed algorithm provides an efficient and robust alternative method for fitting

state-space models, even for those that exhibit near-chaotic behaviour.

In the second part of this thesis, we develop an approximate hidden Markov

model approach to designing efficient particle Markov chain Monte Carlo algo-

rithms. In particular, we propose an approach to particle Gibbs with ancestor

sampling that leverages approximate hidden Markov models to combat impover-

ishment within the sequential Monte Carlo steps of the original algorithm. We

additionally propose that fixed approximations to the hidden Markov model can

be used to substantially reduce the computational cost of the hidden Markov

model and particle Gibbs with ancestor sampling algorithm. We demonstrate

the efficiency of this proposed approach in several traditionally challenging ex-

amples, focusing on state-space models with regime switching.
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Chapter 1

Introduction

Understanding how a system changes over time is of interest in many real-world

scenarios. Communities at risk of extreme weather may be interested in changes

in weather patterns; supermarkets may be interested in seasonal product fluctua-

tions to plan optimal stocking strategies; and businesses may be interested in how

tourism is recovering after COVID-19. Data collected sequentially over time are

referred to as time series data and can be useful to record and understand tem-

poral patterns. To learn more about the underlying system, statistical models for

time series data formalise current knowledge of the system and data-generating

processes. For example, a model may reflect our understanding of how an un-

derlying system evolves, as well as extra sources of variability in the observed

data from human or machine measurement error (Durbin and Koopman, 2012,

Chapter 2).

State-space models (SSMs) account for the extra dynamic sources of variabil-

ity in time series data via an additional unobserved latent process. The latent

process consists of a sequence of unobserved states that evolve through time,

forming a system process; with observed time series data modelled as a func-

tion of these latent states via an observation process. This distinction between

the two processes and the resulting flexibility has led to the application of SSMs

across various domains. Examples range from the management of threatened an-

imal populations (where population estimates are recorded over time; Buckland

et al., 2004; King et al., 2010; King, 2012; Newman et al., 2014) to the mod-

elling of inflation rates with indirectly observed but time-varying features and

heteroscedasticity (Koopman and Bos, 2004; Nadal-De Simone, 2000). However,

despite the flexibility and range of applications of SSMs, inferring the unknown

components of an SSM can be challenging in practice, particularly from a com-

putational perspective. Existing computational approaches can be complex and
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require practically infeasible run times. In this thesis, we propose new efficient

computational methods for fitting SSMs to time series data. We therefore begin

by defining SSMs, the associated notation, and the computational challenges.

1.1 State-space models

We consider SSMs for time series data observed at discrete (regular) time points

up to a final time point, T , denoted by y1:T = (y1, . . . , yT ). We assume that the

data can take continuous values and define a latent process of unobserved states,

denoted x1:T = (x1, . . . , xT ). These latent states can also be continuous, taking

values in some set xt ∈ χ for each t ∈ {1, . . . , T} (Durbin and Koopman, 2012,

Chapter 2). Both the observations and latent states can be a vector at each time

point, for example, for each time t ∈ {1, . . . , T}, yt ∈ Rk for some integer k and

xt ∈ χ ⊆ Rl for some integer l. An SSM models the observed time series data in

terms of the latent states via two processes:

(i) a system process for the latent states, x1:T , describing the evolution of

the latent states via initial state and transition distributions. The system

process is typically first-order Markov, i.e., the latent state(s) at time t ∈
{2, . . . , T} only depend on the state(s) at times t− 1;

(ii) an observation process linking the latent process with the observed data,

y1:T , through an observation distribution. The data at time t ∈ {1, . . . , T},
yt, are conditionally independent of the other states and observations given

underlying latent state(s) at time t, xt.

We illustrate the structure of an SSM via the graphical representation in

Figure 1.1.
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ytyt−1 yt+1

xtxt−1 xt+1· · ·x1

y1 · · ·

· · · xT

yT· · ·

Figure 1.1: Graphical representation of a discrete-time SSM with (i) a system
process of latent states, x1:T , in the first layer and (ii) an observation process
relating the latent states to the time series observations, y1:T , in the output layer.

To define the SSM mathematically, we specify the system and observation pro-

cesses determining the evolution of the latent states and observed time series

data. Letting θ denote the associated static model parameters, the SSM can be

written mathematically as

Initial state distribution: p(x1|θ),

State transition distribution: p(xt|xt−1, θ), t = 2, . . . , T,

Observation distribution: p(yt|xt, θ), t = 1, . . . , T, (1.1)

where we use ‘density’ and ‘distribution’ interchangeably. For t = 2, . . . , T ,

p(xt|x1:t−1, θ) = p(xt|xt−1, θ) due to the Markov assumption in the state pro-

cess. Further, for t = 1, . . . , T , p(yt|x1:T , θ) = p(yt|xt, θ) since the observations

depend only on the latent state(s) at time t.

Hidden Markov models (HMMs) are often described as a particular case of

an SSM in which the state space is discrete and finite (Rabiner and Juang, 1986),

for example, χ = {1, . . . , N}. We use this definition of an HMM consistently

throughout this thesis. That is, we define the HMM by restricting the SSM in

Equation (1.1) to discrete states, k, n = 1, . . . , N :

Initial state probabilities : P (x1 = n|θ),

State transition probabilities : P (xt = n|xt−1 = k, θ), t = 2, . . . , T,

Observation distribution: p(yt|xt = n, θ), t = 1, . . . , T. (1.2)

Both SSMs and HMMs are widely used to model time series observations that

depend on an unobserved latent process (King, 2012; Lin et al., 2019; Newman
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et al., 2022; Zeng and Wu, 2013). However, inference about the latent process

and model parameters of an SSM can be particularly challenging. We focus on

inference within a Bayesian framework and proceed by defining the inferential

problem.

1.2 Fitting state-space models

For the general continuous-state SSMs defined in Equation (1.1), inference usually

refers to estimating the model parameters (θ) or the latent states and model pa-

rameters (both x1:T and θ). An exception is the known model parameter case, for

example in Kalman (1960). For Bayesian inference about the model parameters

only, the target posterior distribution is p(θ|y1:T ). The associated likelihood, con-

ditional on the model parameters, is the integral of the joint distribution of the la-

tent states and observations conditional on the model parameters, p(x1:T , y1:T |θ),
over the latent states:

p(y1:T |θ) =
∫
χT

p(x1:T , y1:T |θ)dx1:T

=

∫
χT

p(x1|θ)
T∏
t=2

p(xt|xt−1, θ)
T∏
t=1

p(yt|xt, θ)dx1:T , (1.3)

where χT is the product space of the state spaces at each time point. A closed-

form expression for this (marginal) likelihood typically only exists when either

the state space is discrete and finite (i.e., that of an HMM), or when the SSM

is linear and Gaussian. In the discrete HMM case, calculating the integral in

Equation (1.3) amounts to a summation over the state space. This summation

can be calculated recursively using forward filtering to reduce computational cost,

described in Rabiner (1989) and Rabiner and Juang (1986). In the linear Gaus-

sian case, the marginal likelihood can also be calculated recursively using the

Kalman filter (Durbin and Koopman, 2012, Chapter 2; Kalman, 1960). In brief,

the Kalman filter calculates p(xt|y1:t, θ) for each t = 1, . . . , T using the conjugacy

of the linear Gaussian distributions. Each factor of the likelihood decomposition

p(y1:T |θ) = p(y1|θ)
∏T

t=2 p(yt|y1:t−1, θ) can be similarly obtained using the conju-

gacy of the Gaussian distributions. However, the marginal likelihood does not

admit a closed-form expression for general continuous-state SSMs. Thus, most

approaches to approximate inference in the Bayesian case are intractable (see

Andrieu and Roberts, 2009; Beaumont, 2003 for exceptions).
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We focus on approaches that infer θ by targeting the joint (Bayesian) posterior

distribution of the model parameters and latent states (Hobert, 2011; Tanner and

Wong, 1987):

p(x1:T , θ|y1:T ) ∝ p(θ)p(x1:T , y1:T |θ), (1.4)

This is often referred to as the data augmentation approach. The target posterior

distribution now uses the joint distribution, p(x1:T , y1:T |θ) in Equation (1.3), di-

rectly and thus generally admits a closed-form expression up to proportionality.

Standard random sampling methods are tractable in this case and can be ap-

plied to approximate this joint posterior distribution (Equation (1.4)). Samples

approximating the posterior distribution of the model parameters, p(θ|y1:T ), can
then be obtained by simply disregarding the latent state samples and retaining

the samples for θ, effectively marginalising the joint posterior distribution. The

fact that sampling approaches are tractable when approximating the joint dis-

tribution is, implicitly, also useful when both the latent states and the model

parameters are of interest.

A key challenge to inference using this joint distribution is inferring the many

(often highly-correlated) latent states. The rest of this thesis describes approaches

to inference via SSMs targeting p(x1:T , θ|y1:T ), the challenges associated with

updating the latent states, and proposes efficient solutions.

1.3 Contributions and thesis outline

This thesis contributes to the existing literature on SSMs by providing new com-

putationally efficient approaches to estimating both the latent states and model

parameters of an SSM within a Bayesian framework. We introduce reliable par-

tially deterministic approaches to estimation and demonstrate the approaches in

several case studies.

The main material in this thesis is contained in one further background and

literature review chapter (Chapter 2), two further chapters containing new re-

search contributions (Chapters 3 and 4), and a concluding chapter discussing the

contributions of the thesis and possible avenues for future research (Chapter 5).

We provide a short description of each chapter below.

Chapter 2: Computational approaches to state-space model-fitting

In this chapter, we describe current approaches to estimating the la-

tent states and model parameters of an SSM, including importance

sampling, Markov chain Monte Carlo, and particle Gibbs algorithms.
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The algorithms defined in this chapter are referred to throughout the

rest of the thesis. In addition, we review the computational efficiency

of each approach and motivate the proposed algorithms.

Chapter 3: Point mass proposal Metropolis-Hastings

We develop a novel block Metropolis-Hastings proposal distribution

on the joint latent state and parameter space, referred to as the point

mass proposal Metropolis-Hastings algorithm. The proposal distri-

bution for updating the latent states is informed by a deterministic

HMM, defined such that the usual theoretical guarantees of Markov

chain Monte Carlo algorithms apply. We discuss how the HMMs are

constructed, the generality of the approach from the tuning param-

eters, and how these tuning parameters can be chosen efficiently in

practice. Finally, we demonstrate that the proposed algorithm pro-

vides an efficient and robust alternative method for fitting SSMs, even

those that exhibit near-chaotic behaviour.

Chapter 4: Grid particle Gibbs with ancestor sampling

This chapter proposes an efficient approximate HMM method within

the particle Gibbs framework to infer the latent states and model

parameters, referred to as the grid particle Gibbs with ancestor sam-

pling algorithm. We build efficient importance distributions for the

latent states by discretising the SSM to an approximate but efficient

HMM. We focus on the use of the deterministic HMM-importance

distribution within particle Gibbs with ancestor sampling methods,

where the proposed algorithm is particularly well-suited and efficient.

We demonstrate this efficiency by focusing on challenging regime-

switching models, including a post-COVID tourism demand model

using high-dimensional Google Trends data.

Chapter 5: Conclusions

We summarise and conclude the thesis, discussing the main research

contributions of the proposed approaches to the scientific field. We

also discuss promising avenues for future research developing the pro-

posed HMM approximation framework for improved and efficient in-

ference using SSMs.
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Chapter 2

Computational approaches to

fitting state-space models

As discussed in Chapter 1, the marginal likelihood associated with a state-space

model (SSM) in Equation (1.3) typically only admits a closed-form expression

in the special cases when the SSM is linear and Gaussian, and in the discrete

hidden Markov model (HMM) case. In the general non-linear or non-Gaussian

case, alternative approaches to Bayesian inference are required. We focus on

approaches that target the joint posterior distribution of both the latent states

and model parameters, p(x1:T , θ|y1:T ), allowing for tractable approximations of

the posterior distribution of the model parameters and/or latent states.

Examples of recent approaches to approximating the joint distribution in-

clude the use of optimisation-based variational inference (Blei et al., 2017; Wang

et al., 2022) or approximate Bayesian computation (ABC; Ebert et al. (2019)).

However, in general, these approaches lack theoretical guarantees, such as the

consistency in the posterior estimates (studied, for example, by Frazier et al.,

2022; Tran and Kohn, 2015; Wang and Titterington, 2004). We focus on ar-

guably the most common approach to approximating the joint distribution of an

SSM: Monte Carlo methods, which sample from the joint posterior distribution

and yield consistent posterior estimates with well-studied theoretical guarantees

(Durbin and Koopman, 2012, Chapter 11; Frühwirth-Schnatter, 2004; Tanner

and Wong, 1987).

Given M independent samples, xm for m = 1, . . . ,M , from a general distri-

bution of interest, p(x), Monte Carlo methods approximate p(x) by

p̂(x) =
1

M

M∑
m=1

δxm(x), (2.1)
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where δxm(x) denotes the Dirac function at x = xm. Given this Monte Carlo

approximation of p(x), we can approximate expectations of a function g(x) with

respect to p(x) by

Ep(g(x)) =

∫
g(x)p(x)dx

≈
∫

g(x)p̂(x)dx =
1

M

M∑
m=1

g(xm),

since the integral of the Dirac function over the space of x is 1. The approximation

on the right-hand side corresponds to the average of g(x) evaluated at each sam-

ple and ensures almost sure convergence to Ep(g(x)) in the number of samples,

and unbiasedness and consistency with a convergence rate of O(1/M) (Chopin

and Papaspiliopoulos, 2020, Chapter 8; Doucet and Johansen, 2009). This is

fundamental to Monte Carlo approaches and their widespread use. However,

this direct Monte Carlo approach samples from the target distribution exactly,

which is infeasible for the intractable joint posterior distribution of general SSMs,

p(x1:T , θ|y1:T ).

Instead of sampling directly from p(x), modern Monte Carlo methods gen-

erally sample from a different distribution, q(x), and correct the samples using

weights that only require a closed-form expression for the target distribution up

to proportionality. One approach is rejection sampling (for example, in Mar-

tino, 2017), which samples from an ‘envelope’ distribution designed to closely

capture the characteristics of the target distribution. The samples from the enve-

lope distribution are then weighted and retained such that they approximate the

target distribution (Rao et al., 2016). However, rejection sampling approaches

are often inefficient since identifying envelope distributions can be challenging,

particularly for multi-dimensional target spaces (Deligiannidis et al., 2020; Jo-

hansen, 2010). Two alternative approaches have become prominent and widely

applied for Bayesian inference using the joint distribution of an SSM: importance

sampling and Markov chain Monte Carlo (MCMC) (Auger-Méthé et al., 2021;

Triantafyllopoulos, 2021, Chapter 6). In this chapter, we focus on importance

sampling and MCMC approaches and describe each approach in turn.

The structure of this chapter is therefore as follows. First, we describe impor-

tance sampling and MCMC methods in turn and describe their use for inference

using the joint posterior distribution of an SSM. We then describe the combi-

nation of importance sampling and MCMC methods in this context, typically
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referred to as particle MCMC, before discussing the efficiency of each approach in

practice. This motivates the new methodology proposed in the rest of this thesis.

2.1 Importance sampling

Importance sampling, described in Geweke (1989), is a Monte Carlo method

that approximates a distribution, p(x), by weighting samples from an alternative

distribution, q(x), defined in the same space as p(x) (i.e., p(x) > 0 =⇒ q(x) >

0). Samples from q(x) ({xm}Mm=1 for M samples) first approximate q(x) by

q(x) ≈ 1

M

M∑
m=1

δxm(x). (2.2)

Thus, the target distribution can be approximated using these samples by cor-

recting for the alternative sampling distribution, q(x):

p(x) =
p(x)

q(x)
q(x) ≈ 1

M

M∑
m=1

p(xm)

q(xm)
δxm(x), (2.3)

where the Monte Carlo approximation in Equation (2.2) is substituted for q(x)

(though not the reciprocal q(x) term) and we assume that p(x) can be evalu-

ated at xm, m = 1, . . . ,M . By defining the ratio of the true density to the

alternative importance sampling density as weights, i.e., w(xm) = p(xm)/q(xm),

m = 1, . . . ,M , we obtain a weighted Monte Carlo approximation of p(x):

p̂(x) =
1

M

M∑
m=1

w(xm)δmx (x), w(xm) =
p(xm)

q(xm)
.

Importance sampling is typically used when sampling directly from a distribution

of interest is not possible or is inefficient. However, this form of importance sam-

pling requires that the target distribution can be evaluated exactly to calculate

the importance weights and thus cannot be applied for inference via SSMs in the

general case (Chapter 1).

In cases when the target distribution admits a closed form up to propor-

tionality (such as the joint posterior distribution of the latent states and model

parameters considered throughout this thesis), the importance sampling frame-

work can be extended to additionally approximate the normalising constant (Liu,

2004, Chapter 2). Suppose that we can only evaluate the target distribution, p(x),

up to proportionality, i.e., that p(x) can be re-written as p(x) = p̃(x)/
∫
p̃(x)dx,

11



where we can evaluate p̃(x) but not the denominator (normalising constant). The

importance sampling Monte Carlo approximation of the form Equation (2.3) can

be applied to approximate both the numerator and normalising constant of p(x):

p(x) =
p̃(x)∫
p̃(x)dx

≈
M∑

m=1

p̃(xm)/q(xm)∑M
k=1 p̃(x

k)/q(xk)
δxn(x).

Equivalently, the Monte Carlo approximation can be re-written in terms of nor-

malised weights, W (xm), as

p̂(x) =
N∑

n=1

W (xm)δmx (x),

W (xm) =
w(xm)∑M
k=1w(x

k)
, w(xm) =

p̃(xm)

q(xm)
,

giving the weighted Monte Carlo approximation of p(x). Note that the normalis-

ing constant,
∫
p̃(x)dx, is estimated by the normalising constant of the weights,

1
M

∑M
k=1 w(x

k). This estimator of the normalising constant is unbiased (Elvira

and Martino, 2021).

The challenges in designing importance distributions for SSMs largely orig-

inate from the dimensionality required and approximation error. The rest of

this section considers improved importance distributions using the temporally-

sequential structure of an SSM so that lower-dimensional importance distribu-

tions are required.

2.1.1 Sequential Monte Carlo

Sequential Monte Carlo (SMC) methods (Chopin and Papaspiliopoulos, 2020,

Chapter 10; Doucet and Johansen, 2009) can be applied to SSMs to approximate

the posterior distribution of the latent states conditional on the model parameters,

p(x1:T |y1:T , θ). To approximate p(x1:T |y1:T , θ), SMC methods apply importance

sampling sequentially targeting each p(x1:t|y1:t, θ), t = 1, . . . , T , in turn until time

t = T . The sequential steps are derived by first noting that, for the general SSM

defined in Equation (1.1), p(x1:t|y1:t, θ) can be written recursively as

p(x1:t|y1:t, θ) =
p(x1:t−1|y1:t−1, θ)p(xt, yt|xt−1, θ)

p(yt|y1:t−1, θ)
, t = 1, . . . , T. (2.4)

At t = 1, the components on the right-hand side of Equation (2.4) are defined

as p(x1:0|y1:0, θ) = 1, p(x1, y1|x0, θ) = p(x1, y1|θ), and p(y1|y1:0, θ) = p(y1|θ). The
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right-hand side of Equation (2.4) follows by the definition of conditional proba-

bility, the first-order Markov property of xt, and the conditional independence of

xt and yt from y1:t−1 given xt−1:

p(x1:t|y1:t, θ) =
p(x1:t, yt|y1:t−1, θ)

p(yt|y1:t−1, θ)

=
p(x1:t−1|y1:t−1, θ)p(xt, yt|xt−1, θ)

p(yt|y1:t−1, θ)
.

Suppose, at time t ∈ {2, . . . , T}, we have an importance sampling approximation

of p(x1:t−1|y1:t−1, θ) at the previous time point:

p̂(x1:t−1|y1:t−1, θ) =
M∑

m=1

W1:t−1(x
m
1:t−1)δxm

1:t−1
(x1:t−1),

for a set ofM samples (‘particles’) and associated normalised importance weights,

{xm
1:t−1,W1:t−1(x

m
1:t−1)}Mm=1. We can extend this approximation of the conditional

distribution at time t via a low-dimensional importance density of the form

q(xt|yt, xt−1, θ). The particles are propagated to time t by sampling a set of

particles from the importance distribution, i.e., xm
t ∼ q(xt|yt, xm

t−1, θ) for m =

1, . . . ,M . Combined with the sequential decomposition of p(x1:t|y1:t, θ) in Equa-

tion (2.4), we obtain the approximation:

p̂(x1:t|y1:t, θ) =
M∑

m=1

W1:t(x
m
1:t)δxm

1:t
(x1:t),

W1:t(x
m
1:t) =

w1:t(x
m
1:t)∑m

k=1 w1:t(xk
1:t)

, w1:t(x
m
1:t) ∝ w1:t−1(x

m
1:t−1)

p(xm
t |xm

t−1, θ)p(yt|xm
t , θ)

q(xm
t |yt, xm

t−1, θ)
.

(2.5)

For all time points, t = 2, . . . , T , w1:M
1:t = {w1:t(x

m
1:t)}Mm=1 denotes the sequence

of unnormalised weights and W 1:M
1:t = {W1:t(x

m
1:t)}Mm=1 the sequence of normalised

weights such that
∑M

m=1 W1:t(x
m
1:t) = 1. Both the particles and weights are defined

as a function of the particles and weights at the previous time point. The initial

calculations at time t = 1 use w1:0(x1:0) = 1 and q(x1|y1, x0, θ) = q(x1|y1, θ) in

Equation (2.5). Thus, we obtain a recursive approximation of p(x1:t|y1:t, θ) given
by the set of particle trajectories and (normalised) weights, {xm

1:t,W
m
1:t}Mm=1. A

common choice for the importance density is the latent state distribution, i.e.,

q(x1|y1, θ) = p(x1|θ) and q(xt|yt, xt−1 θ) = p(xt|xt−1, θ) at time t ∈ {2, . . . , T}.
The resulting SMC algorithm is often referred to as a bootstrap particle filter

(Gordon et al., 1993).
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Particle degeneracy occurs in the SMC algorithm when many particles have

low weights, eliminating their effective use for posterior estimation. Moreover,

degeneracy is inevitable for almost all particle paths as the number of SMC

recursions increases (Doucet and Johansen, 2009). To prevent particle degeneracy,

an SMC algorithm typically incorporates an additional resampling step into its

recursions, eliminating particles with low weights and replicating those with high

weights. Before the importance sampling step at each time point t = 2, . . . , T ,

M new particle trajectories are sampled from the distribution of the existing

particle trajectories (conditional on their weights), denoted r(at|W 1:M
t−1 ). That is,

we sample trajectory indices from

amt ∼ r(at|W 1:M
1:t−1), m = 1, . . . ,M, (2.6)

and set xm
1:t−1 = x

amt
1:t−1 for m = 1, . . . ,M . However, resampling reduces the diver-

sity in the particles. Thus, resampling steps are often only executed when they

are deemed necessary, for example, resampling when the effective sample size of

the particles falls below a certain threshold (Del Moral et al., 2012). Throughout

this thesis, we assume standard multinomial resampling, i.e., that r(at|W 1:M
1:t−1) is

a multinomial distribution with probabilities equal to the normalised weights for

each t = 2, . . . , T , and explore different thresholds for resampling based on the

effective sample size of the particles. Other resampling methods are discussed,

for example, in Douc et al. (2005) and Liu (2004, Chapter 2). We present the

SMC algorithm with both the sequential importance sampling and resampling

steps at each time step in Algorithm 1.

2.1.2 Joint parameter and state inference

SMC provides a flexible framework for sampling from the conditional posterior

distribution of the latent states, p(x1:T |y1:T , θ), for known and fixed model pa-

rameters, θ. However, in this thesis, we consider θ also unknown: the inferential

target is the joint posterior distribution of x1:T and θ, p(x1:T , θ|y1:T ). SMC and

other importance sampling methods can be applied for inference targeting this

joint distribution. In the rest of this section, we describe these approaches and

discuss some of the challenges in practice.

For linear Gaussian SSMs, (Durbin and Koopman, 2012, Chapter 13) describe

an importance sampling method for inference targeting the joint distribution.

Using the Kalman filter, the marginal likelihood p(y1:T |θ) is evaluated for use in

importance sampling steps targeting p(θ|y1:T ) and the Kalman filter is applied
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Algorithm 1 Sequential Monte Carlo (SMC)

Input:

- M = number of particles
- q(x1|y1, θ), {q(xt|yt, xt−1, θ)}Tt=2 = importance distributions
- θ = known model parameters

for m = 1, . . . ,M do
sample xm

1 ∼ q(x1|y1, θ)
calculate w1:M

1 and W 1:M
1 ▷ Equation (2.5)

for t = 2, . . . , T do

for m = 1, . . . ,M do

sample amt ∼ r(at|W 1:M
1:t−1) ▷ Equation (2.6)

sample xm
t ∼ q(xt|yt, x

amt
t−1, θ)

set xm
1:t = (x

amt
1:t−1, x

m
t )

calculate w1:M
1:t and W 1:M

1:t ▷ Equation (2.5)

return {xm
1:T ,W

m
1:T}Mm=1

targeting p(x1:T |y1:T , θ), obtaining samples from the joint posterior p(x1:T , θ|y1:T ).
For general SSMs, when the marginal likelihood cannot be evaluated exactly,

several importance sampling approaches have been proposed that augment model

parameter sampling into SMC recursions. A first approach samples particles for

θ from their prior, p(θ), and augments the SMC recursions with the parameters

to target p(x1:t, θ|y1:t) at each recursion t = 1, . . . , T . Eventually, at time t =

T , samples from the joint posterior distribution, p(x1:T , θ|y1:T ) can be obtained

via weighted pairs of samples for θ and x1:T . However, since the parameter

samples are not updated dynamically, each resampling step of the SMC recursions

reduces the number of unique samples for θ (Triantafyllopoulos, 2021, Chapter

6). Artificial dynamics can be added to the parameters (often referred to as

jittering) to reduce impoverishment of the parameter samples, for example in

Gilks and Berzuini (2002), but can have a high computational cost or introduce

bias into the posterior estimates (Flury and Shephard, 2009; Kitagawa, 1998; Liu

and West, 2001). An alternative, related approach is SMC2 (Chopin et al., 2012;

Chopin and Papaspiliopoulos, 2020, Chapter 18; Fulop and Li, 2013), which runs

separate SMC algorithms for each parameter particle initially sampled from p(θ).

However, such approaches can be computationally costly in practice (Kantas

et al., 2015).

An additional but key challenge to inference via SMC is sample impoverish-

ment, which is highly related to particle degeneracy, occurring when particles
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degenerate in the SMC algorithm and are discarded upon resampling. When

there is a high rate of sample impoverishment, many particle trajectories with

low weights are discarded, reducing the number of unique particles in the SMC ap-

proximation of the latent state distribution. In turn, this increases the variance of

the Monte Carlo estimates of the posterior distribution. Several approaches have

been proposed that, for example, reduce sample impoverishment via importance

distributions that more accurately approximate each target distribution of the

SMC recursions, p(x1:t|y1:t, θ), reducing the number of low-weight particle trajec-

tories (Li et al., 2014; Wang et al., 2017). These approaches, and a new proposed

approach, are discussed in Chapter 4. We now discuss alternatives to importance

sampling and SMC for inference targeting the joint posterior distribution of an

SSM, MCMC and particle Gibbs.

2.2 Markov chain Monte Carlo

MCMC is an alternative approach to approximating intractable distributions that

admit a closed-form expression up to proportionality. The first known work

on MCMC appears in the physics literature in the 1950s in Metropolis et al.

(1953), but was popularised in statistics in the 1990s due, in part, to advances

in computational power (Gelfand et al., 1989). MCMC methods have continued

to develop and are still widely applied to solve problems that involve intractable

distributions (Brooks et al., 2011; Jones and Qin, 2022).

In contrast to the formulation of Monte Carlo approximations within the im-

portance sampling frameworks, MCMC methods construct a Markov chain that

admits the target distribution as its limiting distribution. MCMC methods there-

fore yield dependent samples as opposed to the independent samples achieved

from importance sampling. We define a Markovian transition kernel, i.e., the

probability of some x′ in the target space given x, denoted T (x, x′) (Geyer, 2011).

The transition kernel is defined such that the associated Markov chain converges

to the target distribution, p(x). Values are then sampled sequentially from this

Markov transition kernel. Once the Markov chain has converged to its limit-

ing equilibrium distribution, subsequent samples can be regarded as (dependent)

samples from the target distribution, providing a Monte Carlo approximation of

the form Equation (2.1).

Sampling from p(x) directly would result in a Markov chain converging to p(x),

but we have assumed that this distribution cannot be sampled from. Instead, the

use of an intermediate transition kernel, T (x, x′), allows values to be sampled
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from an alternative distribution. In this section, we describe standard MCMC

approaches to defining T (x, x′) and the associated challenges.

2.2.1 The Metropolis-Hastings algorithm

The Metropolis and Metropolis-Hastings algorithms (in Metropolis et al., 1953

and Hastings, 1970 respectively) sample from a target distribution, p(x), by defin-

ing Markovian transition kernels to sample from an alternative ‘proposal distri-

bution’ and correct the samples via an accept/reject step. In this section, we

describe the more general Metropolis-Hastings (M-H) algorithm, which uses gen-

eral proposal distributions defined conditionally on the current Markov chain

sample, x, denoted q(x′|x). This proposal distribution is then used to define a

transition kernel from x to x′ (of the form T (x, x′)) as follows:

T (x, x′) = q(x′|x)α(x, x′), α(x, x′) = min
(
1,

p(x′)q(x|x′)

p(x)q(x′|x)

)
. (2.7)

Values are sampled according to this transition kernel by first sampling x′ ∼
q(x′|x) from the proposal distribution. We then accept or reject the sampled

value, x′, according to some specified acceptance probability, α(x, x′), and con-

tinue to sample values in this way over many iterations. It can be shown that

under certain conditions on the proposal distribution (see below), the stationary

distribution of this Markov chain is p(x). Thus, once the chain has reached its

stationary distribution, samples can be regarded as distributed according to p(x).

The M-H algorithm is summarised in Algorithm 2.

Algorithm 2 Metropolis-Hastings (M-H)

Input:

- S = number of MCMC iterations
- q(x′|x) = proposal distribution
- x(0) = initial value(s)

for s = 1, . . . S do

sample x′ ∼ q(x′|x(s−1))

calculate α(x(s−1), x′) ▷ Equation (2.7)

sample u ∼ U(0, 1)

if u ≤ α(x(s−1), x′) then

x(s) ← x′

else x(s) ← x(s−1)

return {x(s)}Ss=1
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Using standard Markov chain theory, we provide a sketch of a proof that the M-H

samples converge to p(x) and provide the necessary conditions on the proposal

distribution. If the proposal distribution, q(x′|x), is defined such the Markov

chain can simulate any value with p(x) > 0 in a finite number of steps, and the

chain is not periodic or transient, then the M-H transition kernel in Equation

(2.7) admits p(x) as its limiting distribution.

Sketch proof. Ensuring that any value such that p(x) > 0 can be simulated in a

finite number of steps ensures that the Markov chain is irreducible. Combined

with the Markov chain not being periodic or transient, the Markov chain has a

unique stationary distribution (Gelman et al., 2013). To show that this unique

stationary distribution is the target distribution, p(x), a standard approach uses

the more general detailed balance property as in (Tierney, 1994), also called

reversibility (Geyer, 2011). The detailed balanced property is that

p(x)T (x, x′) = p(x′)T (x′, x),

i.e., the density of x and moving from x to x′ is the same as the reverse. If the

detailed balance property holds then the Markov chain admits p(x) as its unique

stationary distribution. For the M-H kernel, we have that

p(x)T (x, x′) = p(x)q(x′|x)α(x, x′)

= min
(
p(x)q(x′|x), p(x′)q(x|x′)

)
= p(x′)q(x|x′)min

( p(x)q(x′|x)
p(x′)q(x|x′)

, 1
)
= p(x′)T (x′, x).

Thus, the detailed balance condition holds and the M-H kernel admits p(x) as its

limiting distribution.

Subject to the proposal distribution, q(x′|x), ensuring that the Markov chain

is irreducible, aperiodic, but not transient, the M-H algorithm produces sam-

ples from p(x) upon convergence by design. An additional important feature

of the M-H algorithm is that p(x) only needs to be evaluated up to propor-

tionality since the normalising constants cancel in the acceptance probability

(Equation (2.7)). Thus, the M-H algorithm, similar to some forms of importance

sampling, is used widely when the normalising constant of a distribution does not

admit a closed-form expression.

The design of the proposal distribution is critical in the performance of the

M-H algorithm. Ideally, proposal distributions are designed to ensure good ‘mix-

ing’: fast exploration of the space of p(x). This leads to an M-H algorithm that
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converges quickly while minimising the correlation between samples, producing

posterior estimates with low Monte Carlo error. Proposal distributions highly

dependent on the previous value often have high acceptance probabilities, ensur-

ing frequent moves are made around the space, but these moves are often small

and may not explore the space sufficiently to achieve good mixing. Larger moves

can be made by increasing the variance of the proposal distribution but this can

lead to poor mixing by reducing the acceptance probability. Conversely, indepen-

dent proposal distributions of the form q(x′|x) = q(x′) may yield poor acceptance

probabilities if they are a poor approximation of p(x), leading to poor mixing.

For multi-dimensional target spaces, efficient proposal distributions are par-

ticularly challenging to design due to the complexity required in the proposal

distribution. A common alternative approach implements M-H steps over lower-

dimensional sub-spaces of the target distribution since efficient low-dimensional

proposal distributions are typically simpler to design. This is often referred to as

single-site updating if individual parameters are updated in separate M-H steps or

block updating if multiple parameters are updated in each M-H step (Fearnhead,

2011). In fact, the target distributions on the lower-dimensional spaces may now

be formed of conjugate densities and admit tractable sampling distributions.

2.2.2 Gibbs sampling

We have assumed that we cannot sample directly from the target distribution.

However, we may be able to sample from nested conditional distributions of the

target distribution, removing the possibility of poor mixing due to low acceptance

probabilities.

Suppose that the target variable, x, can be divided into D dimensions, x =

(x1, . . . , xD), such that we can sample directly from each {p(xd|x−d)}Dd=1, where

x−d is the components of x except for xd. The Gibbs sampler (Geman and Geman,

1993) produces samples jointly distributed according to p(x) = p(x1, . . . , xD) by

sampling from each conditional distribution in turn. To define a valid Markov

transition kernel, each xd is sampled conditional on the most recent Markov chain

samples for x−d. The Gibbs sampler is summarised in Algorithm 3.

The Gibbs sampler can be seen as a special case of the M-H algorithm with

proposal distribution q(x′
d|x−d) = p(x′

d|x−d), leading to a conditional M-H algo-

rithm with acceptance probability 1 from Equation (2.7). It follows that when

we can only sample some of the components of x directly from their conditional

distribution, it is possible to combine Gibbs updates with conditional M-H up-

dates targeting p(x). This is frequently referred to as a Metropolis-within-Gibbs
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Algorithm 3 Gibbs sampler
Input:

- S = number of MCMC iterations
- x(0) = initial value(s)

for s = 1, . . . S do

set x(s) ← x(s−1)

for d = 1, . . . , D do

sample x
(s)
d ∼ p(xd|x(s)

−d)

return {x(s)}Ss=1

algorithm (Gamerman and Lopes, 2006; Latuszyński et al., 2013). However, in

either a full Gibbs or Metropolis-within-Gibbs sampler, the chain may explore the

space slowly if the components of x are highly correlated since each component

is essentially ‘anchored’ to the others (Fearnhead, 2011).

2.2.3 Markov chain Monte Carlo for state-space models

We now focus on inference using SSMs, for which the challenge of designing

efficient proposal distributions is a key focus of the rest of this chapter and

thesis. As discussed in previous sections, the joint distribution of a general

SSM, p(x1:T , θ|y1:T ), only admits a closed-form expression up to proportionality.

The M-H algorithm is therefore widely applied for inference under this joint dis-

tribution (Triantafyllopoulos, 2021, Chapter 6).

Within each iteration of the M-H algorithm, the latent states and model

parameters can be updated simultaneously from their joint distribution. How-

ever, in practice, the latent states and model parameters are updated in turn

from their full conditional distributions (in Metropolis-within-Gibbs-style up-

dates), since updating the model parameters is typically straightforward within

this framework (Fearnhead, 2011). We summarise this updating strategy in

Algorithm 4. In this case, the model parameter updates target the full con-

ditional distribution, p(θ|y1:T , x1:T ), which can often be efficiently sampled from

using standard proposal distributions or Gibbs updates (Carter and Kohn, 1994;

Durbin and Koopman, 2012, Chapter 13; Frühwirth-Schnatter, 2004; Tanner and

Wong, 1987). However, efficiently updating the latent states from p(x1:T |y1:T , θ),
can be challenging. We first focus on the case where the SSM is a discrete HMM
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and the latent states can be sampled directly from their conditional distribution,

before considering approaches to designing M-H updates when the conditional

distribution cannot be sampled from directly.

Algorithm 4 Conditional update Metropolis-Hastings algorithm
Input:

- S = number of MCMC iterations
- x

(0)
1:T , θ

(0) = initial values

for s = 1, . . . S do

update x
(s)
1:T targeting p(x1:T |θ(s−1), y1:T )

update θ(s) targeting p(θ|x(s)
1:T , y1:T )

return {x(s)
1:T , θ

(s)}Ss=1 targeting p(x1:T , θ|y1:T )

2.2.4 Hidden Markov models

When the SSM is an HMM (i.e., the state space is discrete and finite; Equation

(1.2)), the conditional distribution of the latent states, p(x1:T |y1:T , θ), is tractable
and can be sampled from directly. We can sample latent states from this dis-

tribution at a computational cost of O(NT ) (for N discrete states) using the

forward-filtering backward-sampling algorithm introduced in Rabiner and Juang

(1986). We first initialise the algorithm by calculating a ‘filtering’ distribution at

time t = 1:

P (x1 = n|y1, θ) ∝ P (x1 = n|θ)p(y1|x1 = n, θ), n = 1, . . . , N. (2.8)

For t = 2, ..., T , we then calculate the forward-filtering probability mass functions

recursively for each state value n = 1, . . . , N :

P (xt = n | y1:t, θ) ∝ p(yt|xt = n, θ)

×
N∑
j=1

P (xt−1 = j|y1:t−1, θ)P (xt = n|xt−1 = j, θ). (2.9)
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Values for the latent states, x′
1:T , are sampled from their conditional distribution,

P (x1:T |y1:T , θ) using backward-sampling steps. We first sample an x′
T from

{n, P (xT = n | y1:T , θ)}Nn=1,

and for t = T − 1, ..., 1, we sample an x′
t from

{n, P (xt = n | xt+1 = x′
t+1, y1:t, θ)}Nn=1,

where, for n = 1, . . . , N ,

P (xt = n | xt+1 = x′
t+1, y1:t, θ) ∝ P (xt = n | y1:t, θ)P (xt+1 = x′

t+1|xt = n, θ).

(2.10)

We summarise the forward-filtering backward-sampling for HMMs in

Algorithm 5. Although we focus on sampling from the conditional distribution

of the latent states, the forward-filtering recursions also calculate the likelihood,

p(y1:T |θ), and backward steps can be used to find likely states under the marginal

state distributions, p(xt|y1:T , θ) for each time t = 1, . . . , T , referred to as local

state decoding (McClintock et al., 2020).

Algorithm 5 Forward-filtering backward-sampling
Input:

- {1, . . . , N} = discrete HMM states
- θ = known model parameters

for t = 1, . . . , T do

for n = 1, . . . , N do
calculate P (xt = n|y1:t, θ) ▷ Equations (2.8) and (2.9)

sample x′
T from {n, P (xT = n|y1:T , θ)}Nn=1

for t = T − 1, . . . , 1 do

sample x′
t from {n, P (xt = n|xt+1 = x′

t+1, y1:t, θ)}Nn=1 ▷ Equation (2.10)

return x′
1:T ∼ P (x1:T |y1:T , θ)

2.2.5 Proposal distributions for the latent states

In general, we cannot sample directly from the conditional distribution of the la-

tent states, p(x1:T |y1:T , θ), and must specify a proposal distribution to implement

the M-H algorithm. Designing an efficient proposal distribution for the latent

states is often particularly challenging. From Sections 2.2.1 and 2.2.2, the ideal
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proposal distribution with respect to the mixing and convergence of the M-H

algorithm:

1. updates all latent states simultaneously to minimise the correlation between

samples for different states,

2. proposes values for the latent states independently of the previous samples

to minimise the correlation between samples for the same latent state,

3. accepts all proposed values to minimise the correlation between the sampled

values for the states.

Clearly, these conditions are satisfied if the latent states are sampled directly

from p(x1:T |y1:T , θ) but we have assumed that this is not possible. We therefore

consider approaches to designing efficient proposal distributions for the latent

states targeting p(x1:T |y1:T , θ). We suggest that these approaches can be broadly

categorised by which of conditions 1-3 are prioritised and we discuss some of the

main approaches in turn.

Approximations of p(x1:T |y1:T , θ)

It is possible to update all of the latent states simultaneously and independently

of previous chain values, for example, via a proposal distribution of the form

q(x1:T |y1:T , θ). This proposal distribution fulfils conditions 1-2 but can be chal-

lenging to design to achieve a high acceptance probability, fulfilling condition

3. Typically, there are several latent states (at least one for each time point)

and the latent states are often highly correlated (Fearnhead, 2011). Thus, this

approach often requires a high-dimensional proposal distribution that accurately

approximates the state dynamics.

Gaussian approximation methods, such as Laplace approximations (Kristensen

et al., 2016) or extensions to the Kalman filter (van der Merwe et al., 2004), can

often be applied efficiently when the SSM is well-approximated by Gaussian dis-

tributions but can perform poorly for general nonlinear or non-Gaussian SSMs

(Carter and Kohn, 1994). Alternatively, Hamiltonian Monte Carlo uses Hamil-

tonian dynamics to propose values for the latent states that aim to move in the

direction of high probability mass (Duane et al., 1987; Hirt et al., 2021) but can

incur a high computational cost due to expensive gradient calculations (Newman

et al., 2022). Several other approaches to designing proposal distributions for

the latent states have been proposed, including the use of variational approxi-

mations of the posterior conditional distribution (Ghahramani and Beal, 1999)
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and weighted expectation maximisation (Barra et al., 2016). Further reviews

are given in Auger-Méthé et al. (2021) and Newman et al. (2022). In Section

2.3, we discuss an additional general approach that uses SMC to design proposal

distributions for the latent states.

Adaptive proposal distributions

It is possible to use information from the history of the MCMC iterations to

improve upon the acceptance probabilities associated with independent proposal

distributions (relaxing condition 2). Such state-adaptive strategies are called

adaptive MCMC algorithms. Broadly, adaptive MCMC algorithms learn the

hyper-parameters of proposal distributions from the history of the MCMC it-

erations to optimise their performance (Gilks et al., 1994; Haario et al., 2001;

Rosenthal, 2011). Subject to certain ergodicity conditions on the nature of the

adaptation outlined in Andrieu and Thoms (2008), adaptive MCMC methods can

be applied to inference targeting the conditional distribution of the latent states

and can perform well in practice. However, these approaches can result in poor

mixing in the MCMC iterations if the proposal distribution is highly dependent

on the previous state samples. Maire et al. (2019) and Niemi and West (2010)

propose adaptive mixture approaches and Titsias and Dellaportas (2019) show an

approach to optimising the parameters of a general proposal distribution based

on the previous samples and a maximum entropy regularised objective function.

For a further review of general adaptive MCMC approaches see Jin et al. (2019).

Block updating strategies

To reduce the required dimension of the proposal distribution, an alternative

approach updates each latent state individually from its full conditional distri-

bution. However, this approach relaxes condition 1 and typically leads to poor

mixing due to correlation in the state process (Fearnhead, 2011). Instead, it is

often possible to update the latent states in low-dimensional blocks. Further, the

correlation between the state samples at the block boundaries can be reduced by

updating the states in blocks that overlap temporally, or by randomly sampling

the blocks to update at each iteration (Chib and Ramamurthy, 2010). Although

block-updating strategies require simpler proposal distributions for each block

when compared to the global update approach, proposal distributions can still be

challenging to design, requiring an efficient proposal distribution that accounts

for the correlation between the states (de Freitas et al., 2001; Shephard and Pitt,

1997).
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2.3 Particle Gibbs

In this section, we discuss a final approach to efficient inference targeting the

joint posterior distribution of an SSM, p(x1:T |y1:T , θ), that combines sequential

Monte Carlo (Section 2.1.1) and MCMC (Section 2.2). Methods that combine

the importance sampling and MCMC frameworks have been proposed widely,

for example in Radivojević and Akhmatskaya (2020) and Xu (2019). A popular

approach is particle MCMC (Andrieu et al., 2010; Kantas et al., 2015), which

applies SMC to the challenging latent state inference component and corrects the

approximation using MCMC steps.

Here, we discuss the particle Gibbs algorithm in Andrieu et al. (2010) that de-

signs MCMC updates for the states, x1:T , conditional on the model parameters,

θ, observations, y1:T , and the previously-generated trajectories of state values,

which yields samples from p(x1:T |y1:T , θ) (Chopin and Singh, 2015; Murphy and

Godsill, 2016). Crucially, the particle Gibbs algorithm uses SMC-type approx-

imations of the latent states conditional on the current chain values, resulting

in proposed values for the entire latent state vector that are always accepted.

The particle Gibbs approach therefore fulfils conditions 1 and 3 of the ideal M-H

proposal distribution in Section 2.2.3 and somewhat relaxes condition 2.

To describe the particle Gibbs algorithm in detail, we first note that an ap-

proximation of p(x1:T |y1:T , θ) is derived using a variant of the SMC algorithm

(Algorithm 1), the conditional SMC (CSMC) algorithm. At each MCMC itera-

tion, the CSMC algorithm first conditions on the current latent states by fixing

a ‘reference trajectory’ to their values. The remaining particles are then sampled

via standard SMC steps and all particles are weighted as in Equation (2.5). We as-

sume that the last particle trajectory is the reference trajectory, i.e., xM
1:T = x

(s−1)
1:T

for MCMC iteration s and M particles. However, any trajectory can be chosen

as the reference trajectory provided that the same trajectory index is chosen for

all time points.

Example CSMC particle dynamics are illustrated in Figure 2.1 using a similar

representation to (Andrieu et al., 2010). We show the particles sampled over

time, their ancestor particles, and the fixed reference trajectory. We present the

steps of the CSMC algorithm with resampling at each time step in Algorithm 6.
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Figure 2.1: Example CSMC algorithm with M = 4 particles and T = 3 time
points, with the fixed reference trajectory shown in grey. Each node represents a
particle and the ancestor indices are annotated above the corresponding node.

Algorithm 6 Conditional sequential Monte Carlo (CSMC)

Input:

- M = number of particles
- q(x1|y1, θ), {q(xt|yt, xt−1, θ)}Tt=2 = importance distributions
- θ = known model parameters
- x

(s−1)
1:T = trajectory of latent states at MCMC iteration s− 1

set xM
1 = x

(s−1)
1

for m = 1, . . . ,M − 1 do
sample xm

1 ∼ q(x1|y1, θ)
calculate w1:M

1 and W 1:M
1 ▷ Equation (2.5)

for t = 2, . . . , T do

set xM
t = x

(s−1)
t , aMt = M

for m = 1, . . . ,M − 1 do

sample amt ∼ r(at|W 1:M
1:t−1) ▷ Equation (2.6)

sample xm
t ∼ q(xt|yt, x

amt
t−1, θ)

set xm
1:t = (x

amt
1:t−1, x

m
t )

calculate w1:M
t and W 1:M

1:t ▷ Equation (2.5)

return {xm
1:T ,W

m
1:T}Mm=1
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Once the CSMC recursions have been completed, MCMC proposed values for

the latent states are sampled from the resulting approximation of p(x1:T |y1:T , θ),
{xm

1:T ,W
m
1:T}Mm=1. For example, from the trajectories in Figure 2.1, we sample

an MCMC proposed trajectory of latent states, either (x2
1, x

3
2, x

1
3), (x

3
1, x

1
2, x

2
3),

(x4
1, x

4
2, x

3
3), or (x

4
1, x

4
2, x

4
3), depending on their weights, W 1:4

1:3 . The proposed val-

ues are always accepted, resulting in Gibbs steps. Finally, the model parameters

are updated using standard and often low-dimensional M-H or Gibbs steps tar-

geting p(θ|x1:T , y1:T ). This particle Gibbs algorithm results in MCMC samples

converging to the joint distribution p(x1:T , θ|y1:T ) and is given in Algorithm 7.

Algorithm 7 Particle Gibbs
Input:

- M = number of particles
- S = number of MCMC iterations
- q(x1|y1, θ), {q(xt|yt, xt−1, θ)}Tt=2 = importance distributions
- x

(0)
1:T , θ

(0) = initial values
- a Gibbs or Metropolis-Hastings sampling scheme to update θ from

p(θ|x1:T , y1:T )

for s = 1, . . . S do

run Algorithm 6 with q(x1|y1, θ), {q(xt|yt, xt−1, θ)}Tt=2, x
(s−1)
1:T , and θ = θ(s−1)

sample x
(s)
1:T from {xm

1:T ,W
m
1:T}Mm=1

update θ(s) from p(θ|x(s)
1:T , y1:T )

return {x(s)
1:T , θ

(s)}Ss=1 approximating p(x1:T , θ|y1:T )

Andrieu et al. (2010) and Chopin and Singh (2015) establish that the particle

Gibbs state samples are distributed according to p(x1:T |y1:T , θ) upon convergence.

The authors show that the algorithm samples from an extended target distribu-

tion that admits p(x1:T |y1:T , θ) as a marginal distribution due to a corrective

unbiased estimate of the likelihood term. Thus, the particle Gibbs algorithm

converges to p(x1:T |y1:T , θ) but latent state samples are also always ‘accepted’ in

the MCMC steps.

2.3.1 Particle Gibbs with ancestor sampling

The mixing of the particle Gibbs algorithm can be poor when sample impover-

ishment occurs in the CSMC approximation (Chopin and Singh, 2015; Rainforth

et al., 2016; Wigren et al., 2019). In severe cases of sample impoverishment,

the reference trajectory is nearly always proposed (and accepted) in the particle

Gibbs steps since it is fixed. The MCMC algorithm therefore remains at the
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same values for the latent states for many iterations, leading to poor mixing. To

improve the mixing of particle Gibbs methods, Lindsten et al. (2014) proposed

the particle Gibbs with ancestor sampling (PGAS) algorithm, which uses CSMC

with ancestor sampling (CSMC-AS) to artificially recompose the particle Gibbs

reference trajectory, ensuring that unique values for the latent states are proposed

at each MCMC iteration.

The CSMC-AS algorithm recomposes the reference trajectory at each CSMC

forward recursion by artificially re-assigning its particle history. As such, unique

latent states are proposed at each MCMC iteration. We re-assign the particle

history by first noting that in the CSMC algorithm, the reference trajectory

at each time t = 2, . . . , T is indexed by aMt . Thus, to recreate the history of

the reference trajectory, the CSMC-AS algorithm samples new values for aMt at

each time t. New values for aMt are sampled according to the probability that

the associated trajectory generated the reference particle, denoted w̃m
t for time

t = 2, . . . , T , and given by

w̃m
t ∝ Wm

1:t−1p(x
(s−1)
t |xm

t−1, θ), m = 1, . . . ,M, (2.11)

where x
(s−1)
t denotes the reference particle (state sample at iteration (s − 1)) at

time t. The weights are normalised so that they sum to one, giving normalised

weights W̃m
t = w̃m

t /
∑M

k=1 w̃
k
t and the new ancestor is sampled using these weights,

i.e., aMt is sampled from {m, W̃m
t }Mm=1 at each time t. Finally, the reference

trajectory at time t = 2, . . . , T is recreated by attaching the current reference

particle to its new likely history, xM
1:t = (x

aMt
1:t−1, x

(s−1)
t ). We illustrate the CSMC-

AS particle dynamics in Figure 2.2, where the re-assigned reference trajectory

histories are shown by dashed arrows. The other particle dynamics are identical

to the pure CSMC illustration in Figure 2.1, allowing for direct comparison. We

also summarise each step of the CSMC-AS algorithm in Algorithm 8.
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Figure 2.2: Illustration of a CSMC-AS algorithm with M = 4 particles and
T = 3 time points. As in the illustration for the CSMC algorithm (Figure 2.1),
the fixed reference trajectory is shown in grey, each node represents a particle and
the ancestor indices are annotated above the corresponding node. However, the
particle history of the reference trajectory is now re-assigned in ancestor sampling
steps, shown by the dashed arrows.

Once the CSMC-AS recursions have been completed, the full PGAS algorithm

samples new values for the latent states x
(s)
1:T at iteration s, targeting p(x1:T |y1:T , θ)

and the parameters are updated targeting p(θ|y1:T , x1:T ). The full PGAS algo-

rithm is given in Algorithm 9.

PGAS methods are shown to improve upon the mixing of particle Gibbs al-

gorithms both theoretically and in a wide range of examples (Berntorp and

Di Cairano, 2017; Chopin and Singh, 2015; Nonejad, 2015; Wigren et al., 2019).

However, PGAS methods can still be inefficient when there is a high rate of sam-

ple impoverishment in the SMC algorithm. As shown in Rainforth et al. (2016), if

sample impoverishment is particularly prevalent, the pool of trajectories at each

CSMC recursion may represent the posterior distribution poorly and the MCMC

sampler may not explore the space sufficiently even if the history of the reference

trajectory is recomposed in ancestor sampling steps.

Alternatively, the mixing of particle Gibbs methods can be improved by sim-

ulating particles in high posterior regions, tackling the initial sample impover-

ishment problem. Several approaches have been proposed, including the use

of Gaussian approximations of the SSM (Andrieu et al., 2003), deterministic
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Algorithm 8 Conditional sequential Monte Carlo with ancestor sampling
(CSMC-AS)

Input:

- M = number of particles
- q(x1|y1, θ), {q(xt|yt, xt−1, θ)}Tt=2 = importance distributions
- θ = known model parameters
- x

(s−1)
1:T = trajectory of latent states at MCMC iteration s− 1

set xM
1 = x

(s−1)
1

for m = 1, . . . ,M − 1 do
sample xm

1 ∼ q(x1|y1, θ)
calculate w1:M

1 and W 1:M
1 ▷ Equation (2.5)

for t = 2, . . . , T do

set xM
t = x

(s−1)
t

for m = 1, . . . ,M − 1 do

sample amt ∼ r(at|W 1:M
1:t−1) ▷ Equation (2.6)

sample xm
t ∼ q(xt|yt, x

amt
t−1, θ)

calculate W̃ 1:M
t ▷ ancestor sampling, Equation (2.11)

sample aMt from {m, W̃m
t }Mm=1

set xm
1:t = (x

amt
1:t−1, x

m
t ), m = 1, . . . ,M

calculate w1:M
1:t and W 1:M

1:t ▷ Equation (2.5)

return {xm
1:T ,W

m
1:T}Mm=1

optimisation-based approximations in annealing schemes (Donnet and Robin,

2017), and variational approximations of the posterior (He et al., 2023). A pop-

ular approach is the auxiliary particle filter (Carpenter et al., 1999; Pitt and

Shephard, 1999, 2001). However, additional simulation steps are often required

within the auxiliary particle filter to direct particles to high posterior density

areas (Elvira et al., 2018), thus the computational cost of such approaches can

accumulate quickly when used within particle Gibbs algorithms.
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Algorithm 9 Particle Gibbs with ancestor sampling (PGAS)

Input:

- M = number of particles
- S = number of MCMC iterations
- q(x1|y1, θ), {q(xt|yt, xt−1, θ)}Tt=2 = importance distributions
- x

(0)
1:T , θ

(0) = initial values
- a Gibbs or Metropolis-Hastings sampling scheme to update θ from

p(θ|x1:T , y1:T )

for s = 1, . . . S do

run Algorithm 8 with q(x1|y1, θ), {q(xt|yt, xt−1, θ)}Tt=2, x
(s−1)
1:T , and θ = θ(s−1)

sample x
(s)
1:T from {xm

1:T ,W
m
1:T}Mm=1

update θ(s) from p(θ|x(s)
1:T , y1:T )

return {x(s)
1:T , θ

(s)}Ss=1 approximating p(x1:T , θ|y1:T )

2.4 Discussion on efficiency

Designing efficient methods for inference using SSMs can be challenging. Im-

portance sampling-only approaches using SMC are flexible but can be computa-

tionally expensive when the model parameters are unknown and may suffer from

sample impoverishment in the state dimension. On the other hand, MCMC ap-

proaches provide a natural conditional-updating mechanism for both the latent

states and model parameters but standard proposal distributions for the latent

states may lead to poor performance when there are many, highly correlated la-

tent states. It is often possible to update the latent states in lower-dimensional

blocks, requiring lower-dimensional and simpler proposal distributions for each

block. However, block updating can still lead to poor mixing when the states

are highly correlated and the multi-dimensional proposal distributions can still

be challenging to design efficiently.

SMC and MCMC approaches can be combined to infer the latent states and

model parameters efficiently. The particle Gibbs algorithm proposes values for the

latent states that are always accepted in the MCMC steps and thus avoids poor

mixing from low acceptance probabilities. Further, the PGAS algorithm can be

used to partially circumvent the poor mixing exhibited when sample impoverish-

ment occurs in the SMC steps. However, the PGAS algorithm can still require a

large computational cost if sample impoverishment occurs extensively before the

reference trajectory can be recreated. The design of efficient MCMC proposal

distributions for the latent states of general SSMs remains an open challenge.
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Chapter 3

Point mass proposal

Metropolis-Hastings

3.1 Introduction

In this chapter, we address the challenge of designing efficient Markov chain Monte

Carlo (MCMC) algorithms for state-space models (SSMs) discussed throughout

Chapter 2 and propose a novel and efficient approach to Metropolis-within-Gibbs

sampling (Section 2.2). In particular, we focus on the design of efficient updates

of the latent states conditional on the model parameters as part of a Metropolis-

within-Gibbs approach targeting the joint posterior distribution of the latent

states and model parameters, p(x1:T , θ|y1:T ). The new approach designs efficient

and general-use block Metropolis-Hastings (M-H) proposal distributions via ap-

proximate hidden Markov models (HMMs; Equation (1.2)), and is referred to as

the point mass proposal Metropolis-Hastings (PMPMH) algorithm.

Proposed values for (blocked) M-H latent state updates are proposed in two

steps. The first step discretises the state space into a set of pre-defined intervals,

forming a grid. We then deterministically approximate an HMM in the grid cell

indices, conditional on the current MCMC values for the model parameters and

latent states, yielding a deterministic HMM approximation to the distribution of

the latent states given the model parameters. The approximate discrete latent

state distribution is now that of a tractable HMM. Therefore, to finish this first

step, we propose a sequence of intervals from the discrete latent state distribution,

applying the recursive forward-filtering backward-sampling algorithm for HMMs

described in Rabiner and Juang (1986) and Algorithm 5. In the second step of

the algorithm, we sample values for the latent states from within the proposed

intervals using a continuous proposal distribution. Once the candidate values have
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been proposed using the two-step procedure, we correct for the discretisation error

imposed by the approximate HMM using an M-H acceptance step. The model

parameters are then updated conditionally on the latent states using standard

Gibbs or Metropolis-within-Gibbs updates.

The first step of the proposed algorithm is related to embedded HMMs and

point mass filtering, which both use the tractable discrete case of an SSM, an

HMM, to sample latent states. Embedded HMMs (Finke et al., 2016; Neal,

2003; Shestopaloff and Neal, 2013, 2018) construct an HMM in the indices of

stochastically-generated ‘pool’ states, and sample states such that they target

the correct posterior distribution. Here, we use the embedding of an HMM via

deterministic grid cells (for fixed parameters and current latent states), binning

areas of the state space and approximating an HMM to ensure that latent states

are proposed with reasonable posterior mass. The binning approach and formu-

lation of deterministic approximations to the HMM are also related to spatial

aggregation in some animal movement models (Newman, 1998). Point mass fil-

ters, similarly to the proposed approach, use a deterministic grid to reduce the

SSM to an HMM (Bucy and Senne, 1971; Kitagawa, 1987; Langrock et al., 2012;

Langrock and King, 2013). The HMM can be used to approximate the likelihood

or posterior distribution of the model parameters directly. As such, point mass

filters can be (relatively) computationally inexpensive to implement, but gener-

ally produce biased estimators. Further, the bias and variance of estimators often

depend on the grid (for example, the number and location of the grid cells and

their coverage of the state space), and the integration method used to approxi-

mate the HMM (de Valpine and Hastings, 2002; Matoušek et al., 2020). Instead,

we use the grid cells simply to inform an M-H proposal distribution and are thus

able to define the HMM and grid cells coarsely (and inexpensively), while being

able to achieve convergence to the correct posterior distribution, correcting for

the bias introduced by the discretisation.

The rest of the chapter is structured as follows. We start by describing the

proposed HMM approximation strategy in Section 3.2, the PMPMH algorithm, in

which we use a grid-based HMM approximation within a proposal distribution for

the latent states. In Section 3.3, we discuss practical implementation and provide

three particular cases of the algorithm, each given by a different method for

defining the grid cells, and describe when each can be usefully applied. Further,

we discuss, in detail, several other tuning parameters that can be used to improve

the performance of the algorithm. Such tuning parameters include the block size

for the latent states (i.e. the number of latent states to update simultaneously),

the number of intervals used in the HMM approximation, and the distribution
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of the intervals in the state space. Finally, we illustrate our approach with two

case studies in Section 3.4, including a near-chaotic system, where our proposed

approach substantially improves upon the performance of alternative approaches.

We conclude in Section 3.5 with a discussion of our proposed algorithm and

further possible avenues for research.

3.2 Point mass proposal Metropolis-Hastings

We describe the proposed point mass proposal Metropolis-Hastings (PMPMH)

algorithm. The setting is a Metropolis-within-Gibbs algorithm, described in

Section 2.2.1, targeting the joint posterior distribution, p(x1:T , θ|y1:T ). The model

parameters, θ, are updated conditional on x1:T using a standard M-H or Gibbs

update. The latent states, x1:T , are then updated conditional on the parameters,

θ, using the proposed PMPMH algorithm.

To update the latent states conditional on the model parameters, Step 1 of

the PMPMH algorithm initially converts the SSM into an HMM of the form

Equation (1.2) by discretising the state space at each time point, forming a grid,

and the HMM is approximated. Grid cells are then sampled from the associated

(discretised and approximate) posterior distribution, conditional on the model pa-

rameters. For this, we employ the standard forward-filtering backward-sampling

algorithm for HMMs at a computational cost of O(NT ) for N grid cells. Given

the sampled grid cells, Step 2 proposes values for the latent states from within

the cells using some specified (bounded) continuous proposal distribution. We

then correct for the approximate sampling distribution using an M-H acceptance

step targeting the correct posterior distribution.

We derive the algorithm for one-dimensional state spaces. Extensions to

higher-dimensional state spaces are possible; we demonstrate the algorithm in

the two-dimensional case with an example in Section 3.4 and discuss scalability

further in Section 3.5.

3.2.1 Step 1: sampling a grid cell trajectory

In this initial step, we formulate a discrete HMM representation of the SSM,

approximate the HMM, and sample a trajectory from the discrete approximation.

First, we propose a partition of the whole state space into a grid; the state

space at each time t, χ, is partitioned into intervals, forming grid cells. The

N grid cells at time t are denoted It(n), n = 1, . . . , N and cover χ with no

overlap. The respective outer grid cells have infinite length if the state space is

35



unbounded. For example, if the state space at each time point is one-dimensional

with range (−∞,∞), three grid cells may partition the space at time t into the

intervals {I1(1), I1(2), I1(3)} = {(−∞,−2), [−2, 2], (2,∞)}. We show a further

example partition of the state space for some time t in Figure 3.1. See also

further discussion and examples of defining the grid cells in Section 3.3.1.

χ

It(1) It(2) It(N − 1) It(N)

· · ·· · ·· · ·

Figure 3.1: Example partition of the state space, χ, into N intervals at time t.

The partition could be applied to the state space at all time points, forming a

grid. For example, partitioning the state space at time t = 1 as in Figure 3.1 and

defining further partitions of the state space at all other time points results in a

grid similar to Figure 3.2.

· · ·· · ·· · ·

I1(1)

I1(2)

...

...

...

I1(N − 1)

I1(N)

χ

I2(1)

I2(2)

...

...

...

I2(N − 1)

I2(N)

IT (1)

IT (2)

...

...

...

IT (N − 1)

IT (N)

χT

t = 1 t = 2 t = T

Figure 3.2: Example partition of a state space, χT , for all time points, forming a
grid. Each grid cell is labelled by the corresponding interval.

The grid cells discretise the state space. Thus, the grid cell indices are the discrete

states of an HMM. For example, for the intervals {It(1), . . . It(N)}, the indices,

{1, . . . N}, are the discrete HMM states. To define the dynamics of the HMM, we

first let Bt denote the random variable of the grid cell indices under the specified

grid cell boundaries so that Bt ∈ {1, . . . , N} for t = 1, . . . , T . Then, the dynamics

36



of the HMM are defined in terms of the SSM densities in each grid cell (Kitagawa,

1987; Langrock, 2011). Mathematically, the HMM probabilities are given by

Initial state probabilities : P (B1 = n|θ), n = 1, . . . , N,

State transition probabilities : P (Bt = n|Bt−1 = k, θ), k, n = 1, . . . , N, t = 2, . . . , T,

Observed state distribution: p(yt|Bt = n, θ), n = 1, . . . , N, t = 1, . . . , T.

The HMM state transition probabilities at time t over the combinations of discrete

states form a transition probability matrix (TPM). The HMM probabilities under

the original SSM are defined by integrals of the state space equations over the

given intervals, for states k, n ∈ {1, . . . , N}:

Initial state probabilities:

P (B1 = n|θ) =
∫
I1(n)

p(x1|θ)dx1,

State transition probabilities :

P (Bt = n|Bt−1 = k, θ) =

∫
It(n)

∫
It−1(k)

p(xt|xt−1, θ)dxt−1dxt, t = 2, . . . , T,

Observed state distribution:

p(yt|Bt = n, θ) =

∫
It(n)

p(yt|xt, θ)dxt, t = 1, . . . , T. (3.1)

In general, the probabilities associated with this HMM are not available in closed

form, thus we apply integral approximations. To formulate an approximation

under the SSM, we use simple (fast) deterministic methods, for example, the mid-

point rule or other Riemann sum methods. More complex integral approximation

methods can be used and are discussed in Matoušek et al. (2023).

To approximate Equation (3.1) via Riemann sum methods, we define Lt(n)

as the length of the interval It(n), with the length of any infinite grid cells set

at some arbitrary (finite) length (discussed in Section 3.3.2). Within each grid

cell, we choose a set of node points, {ξdt (n)}Dd=1. In the simple case where D = 1

(one node in each grid cell such as the mid-point of finite cells), we have that

{ξdt (n)}Dd=1 = ξt(n). The approximation to the HMM (Equation (3.1)) is given

for grid cell indices k, n = 1, . . . , N by

P̂ (B1 = n|θ) ∝ L1(n)p(ξ1(n)|θ),

P̂ (Bt = n|Bt−1 = k, θ) ∝ Lt(n)Lt−1(k)p(ξt(n)|ξt−1(k), θ), t = 2, . . . , T,

p̂(yt|Bt = n, θ) ∝ Lt(n)p(yt|ξt(n), θ), t = 1, . . . , T. (3.2)

37



Thus, the probability of moving from grid cell k to grid cell n at time t is ap-

proximately proportional to the product of the lengths of both intervals and the

conditional density function, reflecting transition from ξt−1(k) to ξt(n). Each ap-

proximate probability is normalised so that the probabilities sum to one and are

thus valid probability mass functions. Note that these calculations are related

to spatial aggregation in some animal movement models and the mid-point ap-

proximation error depends on the uniformity of the densities within each grid cell

(Newman, 1998). Once the probability mass function approximations have been

obtained, grid cell indices are proposed from

P̂ (B1:T |y1:T , θ) ∝ P̂ (B1|θ)p̂(y1|B1, θ)
T∏
t=2

P̂ (Bt|Bt−1, θ)p̂(yt|Bt, θ).

We sample indices from this distribution, denoted b′1:T , using the forward-filtering

backward-sampling method for HMMs in Algorithm 5.

3.2.2 Step 2: sampling a point trajectory

Step 2 proposes continuous values for the latent states which will be subse-

quently corrected in the M-H step. Given the discrete grid cell indices sam-

pled previously, we propose values for x1:T conditional on the corresponding in-

tervals {I1(b′1), . . . , IT (b′T )}. This amounts to sampling x1:T from the domain

I1(b
′
1) × I2(b

′
2) × · · · × IT (b

′
T ). For simplicity, we consider proposal distributions

for each xt independently of the other states and θ, giving proposal distributions

of the form q(xt|xt ∈ It(b
′
t)) = q(xt|Bt = b′t), for t = 1, . . . , T . Although any

distribution with domain It(b
′
t) is applicable, we opt for standard distributions,

proposing each xt from a uniform proposal distribution over It(b
′
t) for finite It(b

′
t),

or a truncated Gaussian distribution if It(b
′
t) has infinite length.

The PMPMH proposal distribution

The process of sampling a grid cell trajectory and sampling a value for x1:T defines

an independent proposal distribution on χT . The density function of the proposed

trajectories is therefore the probability of selecting the grid cell indices from a

specified set of grid cell boundaries, combined with the density of the (continuous)

values within those grid cells. Let B1:T denote the random variables of the grid cell

indices under the proposed grid with intervals It(n), n = 1, . . . , N, t = 1, . . . , T .
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Then the density of the subsequently proposed state values, x′
1:T , is given by

q(x′
1:T |y1:T , θ) = P̂ (B1:T = b′1:T |y1:T , θ)

T∏
t=1

q(x′
t|Bt = b′t), (3.3)

i.e., the product of the probability of the grid cells under the HMM approximation

and the probability of selecting the points within each grid cell. The resulting

proposed trajectory, x′
1:T , is retained according to the M-H acceptance probability

(see Section 2.2.1), given by

α(x1:T , x
′
1:T |θ) = min

(
1,

p(x′
1:T |y1:T , θ)q(x1:T |y1:T , θ)

p(x1:T |y1:T , θ)q(x′
1:T |y1:T , θ)

)
, (3.4)

where q(x′
1:T |y1:T , θ) is given in Equation (3.3) and q(x1:T |y1:T , θ) uses the same

definition for the grid cells, that is, their indices, b1:T , are such that xt ∈ I(bt)

for all t. In addition, p(x1:T |y1:T , θ) denotes the posterior conditional distribution
of x1:T given y1:T and θ, which can be evaluated up to proportionality in the

acceptance probability, i.e., we evaluate the right-hand side of

p(x1:T |y1:T , θ) ∝ p(x1|θ)
T∏
t=2

p(xt|xt−1, θ)
T∏
t=1

p(yt|xt, θ).

Once the latent states have been updated, the model parameters θ can be updated

using standard M-H or Gibbs updates conditional on the current chain value of

the states.

3.2.3 Summary

We first present a largely pictorial version of the PMPMH algorithm with a one-

dimensional state space to summarise each step and aid implementation. We

then present pseudocode in Algorithm 10. This supplements the full descriptions

in Sections 3.2.1 and 3.2.2.

Step 1(a): discretise the state space

Partition the state space, χ, into N intervals at time point t, for example:

χ

It(1) It(2) It(N − 1) It(N)

· · ·· · ·· · ·
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Form a grid by partitioning the state space at all time points:

· · ·· · ·· · ·

I1(1)

I1(2)

...

...

...

I1(N − 1)

I1(N)

χ

I2(1)

I2(2)

...

...

...

I2(N − 1)

I2(N)

IT (1)

IT (2)

...

...

...

IT (N − 1)

IT (N)

χT

t = 1 t = 2 t = T

Step 1(b): approximate an HMM in the grid cell indices

The dynamics of the HMM in the grid cell index random variables, Bt ∈ {1, . . . , N}
at time t, are defined in terms of the underlying SSM. For n, k ∈ {1, . . . , N}:

It−1(n)

It−1(k)
It(k)

It(n)
P (Bt = n|Bt−1 = n, θ)

P (Bt = n|Bt−1 = k, θ)

P (Bt = k|Bt−1 = n, θ)

P (Bt = k|Bt−1 = k, θ)

p(yt|Bt = n, θ)

p(yt|Bt = k, θ)

These HMM probabilities are integrals of the SSM equations over the given in-

tervals:

P (B1 = n|θ) =
∫
I1(n)

p(x1|θ)dx1,

P (Bt = n|Bt−1 = k, θ) =

∫
It(n)

∫
It−1(k)

p(xt|xt−1, θ)dxt−1dxt, t = 2, . . . , T,

p(yt|Bt = n, θ) =

∫
It(n)

p(yt|xt, θ)dxt, t = 1, . . . , T.

40



To approximate these integrals using the mid-point rule, at time t, define the

length and node point of each grid cell, Lt(1), . . . , Lt(N) and ξt(1), . . . , ξt(N):

χ

It(1) It(2) It(N − 1) It(N)

· · ·· · ·· · ·

Lt(1) Lt(2) Lt(N − 1) Lt(N)

ξt(1) ξt(2) ξt(N − 1) ξt(N)

For such node points and grid cell lengths, the approximate HMM is given by

P̂ (B1 = n|θ) ∝ L1(n)p(ξ1(n)|θ),

P̂ (Bt = n|Bt−1 = k, θ) ∝ Lt(n)Lt−1(k)p(ξt(n)|ξt−1(k), θ), t = 2, . . . , T,

p̂(yt|Bt = n, θ) ∝ Lt(n)p(yt|ξt(n), θ), t = 1, . . . , T.

Normalise these probabilities so that they sum to one, then impose a lower bound,

for example, 0.01, and re-normalise to ensure that all grid cells have reasonable

probability mass (and can be proposed later).

Step 1(c): sample a grid cell trajectory

Sample grid cell indices from P̂ (B1:T |y1:T , θ) using forward-filtering backward-

sampling (Algorithm 5). That is, first find P̂ (B1|y1, θ) ∝ P (B1|θ)p(y1|B1, θ),

then for t = 2, . . . , T ,

P (Bt | y1:t, θ) ∝ p(yt|Bt, θ)
N∑
j=1

P (Bt−1 = j|y1:t−1, θ)P (Bt|Bt−1 = j, θ).

Sample b′T from P (BT |y1:T , θ). Then, sample each b′t, t = 1, . . . , T − 1 backward

recursively using

P (Bt | Bt+1 = b′t+1, y1:t, θ) ∝ P (Bt | y1:t, θ)P (Bt+1 = b′t+1|Bt, θ).

The sampled indices, b′1:T , represent a grid cell trajectory. For example, sampled

indices b′1:T = {1, 2, . . . , 1} may correspond to the following grey regions:
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· · ·· · ·· · ·

I1(1)

I1(2)

...

...

...

I1(N − 1)

I1(N)

χ

I2(1)

I2(2)

...

...

...

I2(N − 1)

I2(N)

IT (1)

IT (2)

...

...

...

IT (N − 1)

IT (N)

χT

t = 1 t = 2 t = T

Step 2(a): sample a point trajectory

Sample x′
1:T from independent proposal distributions defined in each sampled grid

cell, i.e., of the form q(xt|Bt = b′t). The sampled x′
1:T , may correspond to:

· · ·· · ·· · ·

I1(1)

I1(2)

...

...

...

I1(N − 1)

I1(N)

χ

I2(1)

I2(2)

...

...

...

I2(N − 1)

I2(N)

IT (1)

IT (2)

...

...

...

IT (N − 1)

IT (N)

χT

t = 1 t = 2 t = T

x′1

x′2

x′T

Figure 3.3: Illustration of PMPMH proposed state values. The sampled grid cells
are shown in grey. The nodes represent points proposed within each grid cell.
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For example, x1 ∼ TNI1(1)(ξ1(1), σ
2) (a truncated Gaussian distribution over I1(1)

with mean ξ1(1) and variance σ2), x2 ∼ Uniform(I2(2)), and xT ∼ TNIT (1)(ξT (1), σ
2).

Step 2(b): Metropolis-Hastings step

Accept or reject the sampled x′
1:T with probability

α(x1:T , x
′
1:T |θ) = min

(
1,

p(x′
1:T |y1:T , θ)q(x1:T |y1:T , θ)

p(x1:T |y1:T , θ)q(x′
1:T |y1:T , θ)

)
,

where

q(x′
1:T |y1:T , θ) = P̂ (B1:T = b′1:T |y1:T , θ)

T∏
t=1

q(x′
t|Bt = b′t).

We can then update the model parameters, θ, conditionally using standard M-H

or Gibbs updates.

The PMPMH method for obtaining a sample of x1:T conditional on θ is given

in full in Algorithm 10. For completeness, we also include the updates of θ

conditional on x1:T .
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Algorithm 10 Point mass proposal Metropolis-Hastings (PMPMH)

Input:

- N = number of grid cells
- S = number of MCMC iterations
- x

(0)
1:T , θ

(0) = initial values
- a Gibbs or Metropolis-Hastings sampling scheme to update θ from

p(θ|x1:T , y1:T )

for s = 1, . . . S do
Sample a grid cell trajectory (Step 1)

define a grid with indices B1:T ▷ Step 1(a)

for t = 1, . . . , T do

for k = 1, . . . , N do

calculate P̂ (Bt = n|y1:t, θ(s−1)) ▷ Step 1(b), Step 1(c)

sample b′T from {n, P̂ (BT = n|y1:T , θ(s−1))}Nn=1

for t = T − 1, . . . , 1 do

sample b′t from {n, P̂ (Bt = n|Bt+1 = b′t+1, y1:t, θ
(s−1))}Nn=1

Sample a point trajectory (Step 2)

for t = 1, . . . , T do
sample x′

t from q(xt|Bt = b′t) ▷ Step 2(a)

M-H update

calculate α(x
(s−1)
1:T , x′

1:T |θ(s−1)) ▷ Equation (3.4), Step 2(b)

sample u ∼ U(0, 1)

if u ≤ α(x
(s−1)
1:T , x′

1:T |θ(s−1)) then

x
(s)
1:T ← x′

1:T

else x
(s)
1:T ← x

(s−1)
1:T

update θ(s) from p(θ|x(s)
1:T , y1:T )

return {x(s)
1:T , θ

(s)}Ss=1 approximating p(x1:T , θ|y1:T )

3.2.4 Block updates of the latent states

Updating all of the states simultaneously may be inefficient if there are many

latent states. We can, instead, update the states in smaller blocks: for a block of

ℓ states starting at time t, we sample xt:t+ℓ−1 from a proposal distribution of the

form q(xt:t+ℓ−1|xt−1, xt+ℓ, yt:t+ℓ−1, θ).

A block PMPMH proposal distribution is given by a simple adaptation of

the case where all states are updated simultaneously, conditioning on the current
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states at either side of the block; xt−1 and xt+ℓ. Therefore, in Step 1, we condition

on the current grid cell indices, bt−1 and bt+ℓ, such that xt−1 ∈ I(bt−1) and

xt+ℓ ∈ I(bt+ℓ) under the current grid definition. Note that the exact values for the

current states at either side of the block can be used in the HMM calculations but

this approach requires additional TPM calculations when the states are updated.

We use forward-filtering backward-sampling to sample proposed indices from

the grid cells in the block. In Step 2, we simply define the proposal distribution,

as before, for each latent state in the given block, q(xi|Bi = b′i), for i = t, . . . , t+

ℓ− 1. To complete the PMPMH step, we define the acceptance probability for a

proposed set of ℓ states starting at time t, x′
t:t+ℓ−1, by

α(xt:t+ℓ−1, x
′
t:t+ℓ−1|θ) =

min

(
1,

p(x′
t:t+ℓ−1|xt−1, xt+ℓ, yt:t+ℓ−1, θ)

p(xt:t+ℓ−1|xt−1, xt+ℓ, yt:t+ℓ−1, θ)

q(xt:t+ℓ−1|xt−1, xt+ℓ, yt:t+ℓ−1, θ)

q(x′
t:t+ℓ−1|xt−1, xt+ℓ, yt:t+ℓ−1, θ)

)
,

(3.5)

where in the first block:

p(x1:ℓ|x0, xℓ+1, y1:ℓ, θ) = p(x1:ℓ|xℓ+1, y1:ℓ, θ),

and similarly for the proposal density. In the last block:

p(xT−ℓ+1:T |xT−ℓ, xT+1, yT−ℓ+1:T , θ) = p(xT−ℓ+1:T |xt−ℓ, yT−ℓ+1:T , θ).

The PMPMH algorithm for block updates is summarised in Algorithm 11. It is

possible to parallelise the updates of the latent states to improve computational

efficiency. For example, blocks of states can be updated in parallel provided that

the states to be updated and those being conditioned on do not overlap. For the

sake of comparison with other methods, we do not parallelise our computation

but simply note its possibility. See also King et al. (2023) for further discussion

on parallelisation within an SSM-fitting context.
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Algorithm 11 Block point mass proposal Metropolis-Hastings (block PMPMH)

Input:

- N = number of grid cells
- S = number of MCMC iterations
- x

(0)
1:T , θ

(0) = initial values
- a Gibbs or Metropolis-Hastings sampling scheme to update θ
- blocks of size ℓ with starting points for each block, {1, . . . , D} ⊂ {1, . . . , T}

For t = 1, . . . , ℓ, (block d = 1), define

P̂ (Bt = k|B0 = b0, y1:t, θ) = P̂ (Bt = k|y1:t, θ),

P̂ (Bt = k|B0 = b0, Bt+1 = bt+1, y1:ℓ, θ) = P̂ (Bt = k|Bt+1 = bt+1, y1:ℓ, θ),

and define

P̂ (BT = k|BD−1 = bD−1, BT+1 = bT+1, yD:T , θ) = P̂ (BT = k|BD−1 = bD−1, yD:t, θ).

for s = 1, . . . S do
Sample a grid cell trajectory (Step 1)

for d = 1, . . . , D do
define grid cells with indices Bmax(1,d−1):min(d+ℓ,T ) ▷ Step 1(a)

for t = d, . . . d+ ℓ− 1 do

for k = 1, . . . , N do

calculate P̂ (Bt = k|Bd−1 = bd−1, yd:t, θ
(s−1)) ▷ Step 1(b), Step 1(c)

sample b′d+ℓ−1 from

{n, P̂ (Bd+ℓ−1 = n|Bd+ℓ = bd+ℓ, Bd−1 = bd−1, yd:d+ℓ−1, θ
(s−1))}Nn=1

for t = d+ ℓ− 2, . . . , d do
sample b′t from

{n, P̂ (Bt = n|Bt+1 = b′t+1, Bd−1 = bd−1, yd:t, θ
(s−1))}Nn=1

Sample a point trajectory (Step 2)

for t = d, . . . , d+ ℓ− 1 do
sample x′

t from q(xt|Bt = b′t) ▷ Step 2(a)

M-H update

calculate α(x
(s−1)
d:d+ℓ−1, x

′
d:d+ℓ−1|θ(s−1)) ▷ Equation (3.5), Step 2(b)

sample u ∼ U(0, 1)

if u ≤ α(x
(s−1)
d:d+ℓ−1, x

′
d:d+ℓ−1|θ(s−1)) then

x
(s)
d:d+ℓ−1 ← x′

d:d+ℓ−1

else x
(s)
d:d+ℓ−1 ← x

(s−1)
d:d+ℓ−1

update θ(s) from p(θ|x(s)
1:T , y1:T )

return {x(s)
1:T , θ

(s)}Ss=1 approximating p(x1:T , θ|y1:T )
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3.2.5 Conditions for convergence

A benefit of the proposed method is that estimators of integrable functions are

consistent under some mild conditions ensuring the validity of the proposal distri-

bution in the M-H steps. We prove the validity of the proposal distribution under

these conditions by showing that the constructed Markov chains are irreducible

and the detailed balance condition is satisfied.

Theorem The PMPMH algorithm provides consistent ergodic average estimators

of integrable functions with respect to p(x1:T , θ|y1:T ) if,

1. for all bt ∈ {1, . . . , N}, t ∈ {1, . . . , T}, the HMM probabilities are defined

such that P̂ (B1:T = b1:T |y1:T , θ) > 0 and the proposal distributions within

each grid cell are defined such that q(xt|Bt = bt) > 0 for all xt ∈ It(bt), and

2. (a) the grid cells are defined and fixed at the start of the algorithm or

(b) the grid cells are defined as a function of the current MCMC iteration

parameter or state values.

Proof. We assume that the transition kernel on the parameter space is constructed

such that it admits p(θ|x1:T , y1:T ) as its limiting distribution. By standard re-

sults from Metropolis-within-Gibbs algorithms (Gamerman and Lopes, 2006; La-

tuszyński et al., 2013), proving that the PMPMH algorithm provides consistent

estimators of integrable functions reduces to ensuring that the transition kernel

on the blocks of ℓ states converge to the correct conditional posterior distribu-

tion. We therefore show that irreducibility and detailed balance are satisfied

by the proposal distributions with respect to the correct conditional posterior

distribution for each block of ℓ states.

By construction, we have that ∪Nn=1It(n) = χ for all t = 1, . . . , T . Condition

1 implies that q(x1:T |y1:T , θ) > 0 for all x1:T ∈ χT , thus irreducibility is satis-

fied since any value in the state space can be proposed at each iteration of the

algorithm. Note that Condition 1 can be ensured by thresholding the HMM prob-

abilities above zero and proposing values via many standard distributions that

allow any value within each grid cell to be proposed.

It is immediate that detailed balance holds under Condition 2(a) if the grid

cells are defined and fixed at the start of the M-H algorithm. It is also straightfor-

ward to show that detailed balance holds under Condition 2(b) if the grid cells are

defined as a function of the current MCMC iteration parameter or state values.

Thus, Condition 1 and Condition 2(a) or 2(b) ensure that irreducibility and

detailed balance are satisfied by the PMPMH proposal distribution, and the algo-
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rithm provides consistent ergodic average estimators of integrable functions with

respect to p(x1:T , θ|y1:T ).

3.3 Practical considerations

We have, so far, given a broad framework for using an approximate HMM as an

M-H proposal distribution. There are, however, many different ways to define

the grid cells, the deterministic integration method and the within-cell proposal

distributions, possibly resulting in substantially different proposal distributions

and computational costs. In this section, we discuss suggested practical choices

and their efficiency, including three approaches to defining the grid cells.

3.3.1 Defining the grid cells

The method fundamentally relies on the use of a grid to discretise the state space,

that is deterministic given the current MCMC values for the model parameters

and latent states. We will see in Section 3.4 that the efficiency of the algorithm

is highly dependent on the choice of grid cell definition (the size and location of

grid cells) and resulting proposal distribution. Since the optimal choice depends

on the application, we provide the reader with three approaches to defining the

grid cells and describe when each can be usefully and efficiently applied.

Approach 1: equal grid cells

When the state space is infinite at each time point, we define outer, infinite grid

cells and partition the remaining space into finite grid cells. For example, if

χ = (−∞,∞), we may define infinite grid cells over the intervals (−∞, L) and

(U,∞). We then define N − 2 finite grid cells over the remaining interval [L,U ].

For a fixed number of grid cells, N , this approach sets all finite cells equally

sized and the same across all time points. That is, It(n) = Ii(n) for all t, i =

1, . . . , T and n = 2, . . . , N−1 (assuming an infinite lower and upper bound on the

latent states). We assume that these equally sized grid cells are centred around

the mean of the data, 1
T

∑T
t=1 yt, over a range of the state space denoted by S

(for example S = [L,U ]), though this approach could be adapted by centring the

grid cells around another function of the data.

If the model parameters do not vary with time, only one TPM needs to be

calculated per MCMC iteration when the model parameters are updated. For a

fixed number of grid cells, this approach has the lowest computational cost of the

approaches considered. However, since the grid cells are the same for each time
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point but the regions of high posterior density may change at each time point,

the grid cells should cover a large range of the state space to ensure coverage of

these high-density regions and good mixing. This may require many grid cells

and a greater computational cost if the high posterior regions of the SSM are

highly non-uniform over time, and hence this approach is most efficient for SSMs

with uniform high posterior regions over time.

Approach 2: data-driven quantiles (conditioning on y1:T )

If the high posterior density regions vary over time, a time-inhomogeneous approx-

imation to the TPM may be more efficient than the previous approach. Hence,

we set grid cells in this approach using the observed data at each time point.

In particular, in the implementations of this thesis, we set the grid cell bound-

aries at the quantiles of one-dimensional Gaussian distributions centred around

each observed data point. For each time point, t, we set the boundaries at the

quantiles of X where X ∼ N(yt, σy
2). The variance of the Gaussian distribution,

σy
2, is set at a scalar value, or as a function of the current observation process

variance within the MCMC iterations and can be used to control the range that

the majority of the grid cells cover via pilot tuning. The resulting quantiles are

simply rounded if integer values are required. Note that simple extensions to this

approach may include using a different distribution to set the quantiles, provided

that its domain is in the state space.

When the model parameters are updated, a TPM needs to be recalculated

for each time point. It is, however, possible to reduce the computational cost of

this approach by using the same TPM across several time points, centring, for

example, on a single data point or the mean of the corresponding sub-series. By

using the observed data at each time point, we aim to approximately concentrate

the grid cells in areas that are likely to have high posterior mass at each time

point. This method may be most efficient if the observed data used in the centring

is a good proxy for the underlying state process and its dependencies.

Approach 3: latent state quantiles (conditioning on x1:T )

The previous approaches define the grid cells independently of the state process,

which may result in slow mixing if the latent states of the SSM are highly cor-

related over time. The accuracy of the proposal distribution and mixing of the

latent states can be improved through the definition of the grid cells. Matoušek

et al. (2020) show empirically that the accuracy of deterministic grid cell ap-

proximations to the posterior distribution can be improved by placing the grid
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cells according to rough approximations to the posterior distribution. Thus, here

we set the grid cells using the current latent states in the MCMC iterations at

each time t. The underlying intuition is that, after the MCMC algorithm has

converged, the current states reflect a sample from the posterior distribution.

Thus, over several iterations, grid cells centred around the current state lead to

proposed values that are distributed similarly to the (conditional) posterior distri-

bution (Haario et al., 1999), improving the accuracy of the proposal distribution

and mixing of the MCMC steps.

To formulate grid cells using the current state, we let xt
(s−1) denote the current

state in the MCMC iterations at time t, then similarly to the previous approach,

we define the grid cell boundaries at the quantiles of a Gaussian distribution

X for each t, where X ∼ N(xt
(s−1), σx

2). As with the previous approach, the

variance of the Gaussian distribution used to define the grid cells, σx
2, controls

the range that the finite cells cover. This variance could be set, for example, as a

fixed value (chosen via pilot-tuning), as a function of the current estimate of the

system process variance or as a function of the current state within the MCMC

iterations. We note that setting the majority of the grid cells to cover a small

range relative to the high posterior density ranges worked well in practice (see

Section 3.4).

In this approach, the TPMs need to be recalculated at each time point for

every change in the model parameters and in order to calculate the reverse pro-

posal probability in the M-H acceptance step, but will typically require fewer grid

cells, smaller N , than the other approaches to achieve good mixing.

In general, there is a trade-off between the extent to which the grid cells are

well-placed and the associated computational expense. For example, equally-sized

grid cells are computationally fast but may give lower acceptance probabilities

if they give coarse approximations in high-density regions. Where equally-sized

grid cells give poor acceptance probabilities, for example, due to non-uniformity

in high posterior regions over time, acceptance probabilities may be improved

using Approach 2 or 3 at a greater computational expense.

3.3.2 Deterministic integration method

In Section 3.2.1, we focus on the simple case for approximating the HMM prob-

abilities in each grid cell: mid-point integration using D = 1. However, the Rie-

mann sum integral approximation method scales simply for higher order polyno-

mials where D ≥ 2, or these methods can be easily replaced by more complex nu-
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merical integration strategies. However, the complexity of these methods should

be balanced with their associated computational cost to ensure efficiency in this

step. We therefore test the efficiency of the algorithm using mid-point integration

(D = 1).

The mid-point and length of the cells must be defined to apply mid-point

integration, even when the n = 1 or n = N grid cells have an infinite range. In

these infinite cells, we simply set this artificial length at the average length of the

finite cells, and we set the artificial mid-point at half that length away from the

corresponding upper or lower boundary of the finite cells.

Further, to ensure that all HMM probabilities are sufficiently high to avoid the

proposal distribution resulting in a ‘near-reducible’ Markov chain, we set a lower

bound on the HMM probabilities. In all the implementations of this chapter, we

use a lower bound of 0.01 and renormalise the transition probabilities so that

they sum to one.

3.3.3 Proposal distributions within the grid cells

Once we have sampled a set of grid cells, indexed by b′1:T from Section 3.2.2,

we sample point values from within the grid cells using simple proposal distri-

butions for each t = 1, . . . , T . In all implementations, we sample from uniform

distributions with domain in the finite grid cells.

To sample values for the state in infinite grid cells in the first case study

of Section 3.4.1, we sample from a truncated Gaussian distribution with mean

equal to the finite boundary and a variance of 5. The variance of the infinite-

cell distribution is relatively low so that proposals in this grid cell are mostly

concentrated around the boundary of the finite cells, increasing the density in

the tails of the proposal distribution. In the second case study, we sample from

a shifted Poisson distribution with mean parameter equal to 2 (again to ensure

a relatively heavy-tailed proposal distribution), shifted to the lower bound of the

upper (infinite) grid cell.

3.3.4 Toy examples

We provide worked examples to show the process of defining the grid cells under

each approach, and how the HMMs are subsequently approximated and used to

formulate M-H updates of the latent states. For illustrative purposes, we consider
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a simple linear Gaussian SSM over a small number of time points:

x1 ∼ N(x0, σ
2
η),

xt ∼ N(xt−1, σ
2
η), t = 2, 3,

yt ∼ N(axt, σ
2
ϵ ), t = 1, 2, 3, (3.6)

where x0 is the mean parameter of the initial state distribution, a is an observation

scaling parameter, and σ2
η, σ

2
ϵ > 0 are the state and observation distribution

variances respectively. The set of model parameters is denoted collectively by

θ = (x0, a, σ
2
η, σ

2
ϵ ). The data we consider are simulated from this model using

θ = (1, 2, 0.5, 1). So that the reader can reproduce the analyses in this section,

we use the R programming language and set a random number seed of 1234 (via

set.seed(1234)). We simulate the SSM in the same order as Equation (3.6),

resulting in simulated data y1:3 = (−2.052746, 1.114420, 2.724983).

Set up We assume that the latent states, x1:T , and model parameters, θ are

unknown, and we aim to design a PMPMH algorithm targeting the joint pos-

terior distribution, p(x1:T , θ|y1:T ). As discussed in Section 3.2, we sample from

this joint distribution by updating the latent states and model parameters in

turn from their full conditional distributions, p(x1:T |y1:T , θ) and p(θ|x1:T , y1:T ), at

each M-H iteration. To focus our exploration here, we demonstrate the PMPMH

algorithm in a single M-H iteration. That is, at the beginning of M-H iteration

s, we assume that the current M-H values for the latent states and model pa-

rameters are x
(s−1)
1:T = (0.01, 0.16, 1.45) and θ(s−1) = (−0.54, 0.66, 0.35, 0.67), and

show the process of updating the latent states to x
(s)
1:T targeting p(x1:T |y1:T , θ(s−1)).

Note that the model parameters are then updated to θ(s) via standard Gibbs or

Metropolis-Hastings updates targeting p(θ|x(s)
1:T , y1:T ), and the entire process is re-

peated for the desired number of M-H iterations as in Algorithm 10. Within the

worked example for each approach, we use a small number of grid cells, N = 5,

for illustrative purposes.

Approach 1

Under Approach 1 (discussed in Section 3.3.1), the finite grid cells are equally

sized and do not change over time. Thus, in Step 1 (Section 3.2.1; Step 1(a)

in Section 3.2.3), we aim to cover a large range of the state space to capture

potentially varying high posterior density regions over time, and set the finite
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grid cells to cover at least the minimum and maximum values of the data. We

set the finite grid cell boundaries up to 3 units on either side of the mean of the

data, over the interval [−2.40, 3.60], as in Figure 3.4.
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Figure 3.4: Illustration of the grid cells defined under Approach 1 for the toy
example with data y1:3. The grid cell boundaries are defined for each time point
at approximately −2.40,−0.40, 1.60, 3.60. Each grid cell is labelled by the corre-
sponding interval. Mid-points within each grid cell are shown by crosses.

Once the state space has been partitioned into grid cells, we approximate an

HMM in the grid cell indices (Step 1(b) in Section 3.2.3). Using mid-point inte-

gration to approximate the SSM density within each grid cell, we set the ‘lengths’

of the infinite cells equal to the lengths of the finite cells, and set the ‘mid-points’

half that length from the respective finite boundaries, shown in Figure 3.4. We

then calculate the approximate HMM in the grid cell indices (with random vari-

ables Bt ∈ {1, 2, 3, 4, 5} for each t) using Equation (3.2). We may calculate the
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approximate transitions from grid cell 3 to 1 up to proportionality as

P̂ (Bt = 1|Bt−1 = 3, θ(s−1)) ∝ 2× 2× p(dxt = −3.40|dxt−1 = 0.60, θ(s−1)),

for t = 2, 3, approximately 3.2 × 10−10. Once we have calculated such state

transition probabilities for all Bt ∈ {1, 2, 3, 4, 5}, we then normalise the proba-

bilities so that they sum to one. We then further threshold the probabilities to

avoid a near-reducible Markov chain. As in the implementations in this chapter,

we lower bound the HMM probabilities by 0.01 and renormalise. For example,

in this case, P̂ (Bt|Bt−1 = 3, θ(s−1)) = (0.01, 0.01, 0.96, 0.01, 0.01) approximately.

Note that the state TPMs are the same for all time points t > 1 since the grid

cells are the same for all time points. We similarly approximate the entire HMM,

including the observed state distribution and initial state probabilities as in Equa-

tion (3.2). At iteration s, we calculate one 1 × N (1 × 5) matrix of initial state

probabilities, one N ×N (5×5) TPM and one N ×T (5×3) observation matrix.

To sample a grid cell trajectory, we perform forward-filtering backward-sampling.

First, we recursively calculate the forward-filtering probabilities, substituting the

HMM probabilities as in Step 1(c) in Section 3.2.3. We then sample a grid

cell index backward recursively. For example, if P̂ (B3|y1:3, θ(s−1)) = (2.8 ×
10−3, 0.10, 0.03, 0.67, 0.20), we may sample the grid cell index b′3 = 4. We may

then sample

b′2 = 4 with

P̂ (B2|B3 = 4, y1:3, θ
(s−1)) = (6.7× 10−4, 0.05, 0.01, 0.94, 7.9× 10−4)

b′1 = 2 with

P̂ (B1|B2 = 4, y1:3, θ
(s−1)) = (0.03, 0.93, 3.6× 10−3, 0.04, 3.6× 10−4),

resulting in a proposed trajectory of grid cell indices, b′1:3 = (4, 4, 2), each corre-

sponding to a grid cell.

In Step 2 (Step 2(a) in Section 3.2.3), we sample a point trajectory for the

latent states: we sample point values for each x′
1:3 independently from within the

grid cells associated with the indices b′1:3. For example, for the sampled indices

b′1:3 = (4, 4, 2), we sample x′
1 ∼ U(I1(4)), i.e., x

′
1 ∼ Uniform(1.60, 3.60). Similarly,

x′
2 ∼ Uniform(1.60, 3.60) and x′

3 ∼ Uniform(−2.40,−0.40).
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We then accept or reject this sample according to its M-H acceptance proba-

bility (Equation 3.4 and Step 2(b), Section 3.2.3). In this example,

α(x
(s−1)
1:3 , x′

1:3|θ(s−1)) = min

(
1,

p(x′
1:3|y1:3, θ(s−1))q(x

(s−1)
1:3 |y1:3, θ(s−1))

p(x
(s−1)
1:3 |y1:3, θ(s−1))q(x′

1:3|y1:3, θ(s−1))

)

where p(x1:3|y1:3, θ) is calculated up to proportionality as

p(x1:3|y1:3, θ) ∝ p(x1|θ)
3∏

t=2

p(xt|xt−1, θ)
3∏

t=1

p(yt|xt, θ),

and q(x1:3|y1:3, θ) = P̂ (B1:3 = b1:3|y1:3, θ)
∏3

t=1 q(xt|Bt = bt) with P̂ (B1:3 =

b1:3|y1:3, θ) is the probability of b1:3 calculated with respect to the current grid

cell boundary definition and q(xt|Bt = bt) is the point value proposal distribution

defined within the grid cell with index bt.

Approach 2

We now show the steps of the PMPMH algorithm with the grid cells defined

according to the data-driven quantiles of Approach 2 (Section 3.3.1). To illustrate

this, in Step 1 (Step 1(a) in Section 3.2.3), we set the finite grid cell boundaries at

each time point, t ∈ {1, 2, 3}, using the relationship between the observations and

states in the observation distribution. We set the grid cells at the quantiles of X

where X ∼ N(yt/a
(s−1), σ2

y) and a(s−1) and denotes the current M-H parameter

sample for a. We set all finite cells between the 10% and 90% quantiles of this

distribution with σ2
y = 0.87 so that the finite cells cover approximately 50% of

the range of the data. This method for defining data-driven grid cells is shown

in Figure 3.5. In practice, as discussed in Section 3.3.1, the parameters of the

quantile distribution used to set the grid cells can also be found using pilot tuning.

55



4

2

0

−2

−4
I1(1)

I1(2)

I1(3)

I1(4)

I1(5)

χ

I2(1)

I2(2)

I2(3)

I2(4)

I2(5)

I3(1)

I3(2)

I3(3)

I3(4)

I3(5)

t = 1 t = 2 t = 3

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

Figure 3.5: Illustration of the grid cells defined under Approach 2 for the
toy example with data y1:3. The grid cell boundaries are set at approxi-
mately −4.31,−3.43,−2.79,−1.91 for t = 1, 0.49, 1.37, 2.01, 2.88 for t = 2, and
2.93, 3.81, 4.45, 5.32 for t = 3. Each grid cell is labelled by the corresponding
interval. Mid-points within each grid cell are shown by crosses.

Similarly to Approach 1, we now approximate the HMM in the grid cell indices

using mid-point integration as in Equation (3.2) (Step 1(b) in Section 3.2.3). We

set the lengths of the outer, infinite cells artificially at the average lengths of the

finite cells (approximately 0.80) and the mid-points at half the respective length

from the finite boundary. Under the grid definition here, for example,

P̂ (B2 = 1|B1 = 3, θ(s−1)) ∝ 0.80× 0.64× p(dx2 = 0.09|dx1 = −3.11, θ(s−1)),

approximately 1.4 × 10−7. Once the probabilities for B2 ∈ {1, 2, 3, 4, 5}, have
been calculated, we normalise this row of the TPM, impose a lower bound of 0.01

and re-normalise, resulting in P̂ (B2|B1 = 3, θ(s−1)) = (0.96, 0.01, 0.01, 0.01, 0.01)

approximately. We calculate TPMs for each t = 2, 3 since the grid cells differ at
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each time point. Calculating and normalising all HMM probabilities at iteration

s results in one 1×N (1× 5) matrix of initial state probabilities, T − 1 N ×N

TPMs (two 5 × 5 TPMs) and one N × T (5 × 3) observation matrix. We then

sample a grid cell trajectory and point values, and accept or reject the sample as

in the worked example for Approach 1 (Step 1(c) onwards).

Approach 3

Under Approach 3 (Section 3.3.1), the grid cells are defined as a function of the

current latent states, x
(s−1)
1:3 , in order to approximately locate the high posterior

density regions at each time point. In Step 1 (Step 1(a) in Section 3.2.3), we

use quantiles of a Gaussian distribution centred around the current latent state

at each time point. That is, the quantiles of X where X ∼ N(x
(s−1)
t , σ2

x) for

each t = 1, 2, 3. We set the finite grid cells to cover 40% of the range of the

data: between the 10% and 90% quantiles with σ2
x = 0.56. The resulting current

state-centred grid cells are shown in Figure 3.6.

As in Approaches 1 and 2, we approximate the HMM (Step 1(b) in Section

3.2.3), by setting the length of the infinite cells at the average length of the finite

cells (approximately 0.64), and define the mid-points at half the respective length

from the finite boundary. We may then calculate the HMM probabilities,

P̂ (B2 = 1|B1 = 3, θ(s−1)) ∝ 0.64× 0.51× p(dxt = −1.11|dxt−1 = 0.01, θ(s−1)),

approximately 0.04. Once all HMM probabilities have been calculated and nor-

malised, the probabilities are lower bounded (here by 0.01) and re-normalised,

resulting in, for example, P̂ (B2|B1 = 3, θ(s−1)) = (0.07, 0.36, 0.34, 0.21, 0.02) ap-

proximately. The TPMs are calculated for each t > 1 since the grid cells vary

across time points. We then perform Step 1(c) onwards as in Approaches 1 and 2.

However, we also calculate the reverse state probability for the proposal probabil-

ity of the current states, i.e., the HMM probability of the current states centred

on the proposed states. In total, at iteration s, we therefore calculate two 1×N

(1×5) sets of initial state probabilities, 2(T −1) N×N TPMs (four 5×5 TPMs)

and two N × T observation matrices (two 5× 3 observation matrices).
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Figure 3.6: Illustration of the grid cells defined under Approach 3 for the
toy example with data y1:3. The grid cell boundaries are set at approxi-
mately −0.95,−0.23, 0.26, 0.97 for t = 1, −0.80,−0.09, 0.41, 1.12 for t = 2, and
0.49, 1.20, 1.70, 2.41 for t = 3. Each grid cell is labelled by the corresponding
interval. Mid-points within each grid cell are shown by crosses.

3.4 Case studies

We demonstrate the proposed PMPMH algorithm via two case studies. The

first is an SSM with a simple one-dimensional Gaussian mixture state process,

demonstrating how the algorithm can be implemented, and the properties of

the algorithm when different practical decisions are made. We then show how

a similar PMPMH implementation can be used to efficiently sample the latent

states of a more challenging 2-dimensional population growth model that can

display near-chaotic behaviour.

In each case study, we compare the performance of the algorithm to two par-

ticle Gibbs algorithms: the particle Gibbs sampler (Section 2.3) and the particle
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Gibbs with ancestor sampling (PGAS) algorithm (Section 2.3.1). The PGAS al-

gorithm, in particular, is a state-of-the-art method that often improves upon the

mixing properties of the particle Gibbs algorithm by reducing sample impover-

ishment (Kantas et al., 2015; Meent et al., 2015; Nonejad, 2015), though at an

increased computational cost.

3.4.1 Gaussian mixture state-space model

We consider a simple one-dimensional Gaussian mixture state process:

x1 ∼ w1N(1, σ2
η1
) + (1− w1)N(1, σ2

η2
),

xt|xt−1 ∼ wtN(xt−1, σ
2
η1
) + (1− wt)N(xt−1, σ

2
η2
), t = 2, . . . , T,

wt ∼ Bernoulli(p), t = 1, . . . , T,

where p ∈ [0, 1] denotes the probability of selecting each mixture component

of the state distribution (the Gaussian distributions with respective variances

σ2
η1

or σ2
η2
). Data, y1:T , are observed according to yt|xt ∼ N(xt, σ

2
ϵ ) and the

model parameters are given by θ = (p, σ2
η1
, σ2

η2
, σ2

ϵ ). We simulate two data sets

from this model, y
(1)
1:T using θ = (0.9, 1, 700, 1) and T = 600, and y

(2)
1:T using

θ = (0.99, 1, 10000, 10) and T = 1000, shown in Figure 3.7.
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Figure 3.7: Simulated data from the Gaussian mixture SSM: y
(1)
1:T using (a) θ =

(0.9, 1, 700, 1), T = 600, and (b) y
(2)
1:T using θ = (0.99, 1, 10000, 10), T = 1000

Both data sets are simulated with a high-variance second mixture component,

selected with a low probability, resulting in infrequent but large jumps in the state

process. The parameter values used to simulate y
(2)
1:T result in more occasional and

larger jumps in the state process than the first. We compare the properties of

the algorithm in both cases.

59



PMPMH implementation

We sample from the joint posterior distribution of the states and parameters,

updating x1:T and θ from their conditional distributions. We use a single-site

updating strategy to target both p(θ|x1:T , y
(1)
1:T ) and p(θ|x1:T , y

(2)
1:T ) and we assign

vague priors to the parameters to enable diagnostic comparisons with the simu-

lated parameters. For y
(1)
1:T :

σ2
ϵ ∼ InvGamma(2, 2),

where InvGamma denotes an inverse gamma distribution and results in Gibbs

updates for σ2
ϵ . We assign further high-variance priors to the other parameters:

p ∼ Uniform(0, 1),

σ2
η1
∼ InvGamma(2, 2),

σ2
η2
∼ InvGamma(2, 700).

At each iteration, proposed values for these parameters are sampled from uniform

random walk M-H proposal distributions. We use intervals of length 0.3, 2, and

160 for p, σ2
η1
, and σ2

η2
respectively. For y

(2)
1:T , we similarly assign the independent

priors:

σ2
ϵ ∼ InvGamma(2, 10),

p ∼ Uniform(0, 1),

σ2
η1
∼ InvGamma(2, 2),

σ2
η2
∼ InvGamma(2, 700),

where the prior for σ2
ϵ again results in Gibbs steps for this parameter. We propose

p, σ2
η1

and σ2
η2

at each iteration from a uniform random walk proposal distribution

over 0.02, 0.5, and 20,000 units respectively. All intervals for the random walk

proposal distributions are set using pilot tuning.

We apply the two stages of the PMPMH algorithm to update x1:T conditional

on θ. The PMPMH framework presented can be adapted in several ways, for

example, by changing the deterministic integration method used to approximate

the HMM probabilities, the number of grid cells, and the distribution used to

propose values from within grid cells. However, we show in this section that we

achieve stable and efficient performance by fixing a number of these decisions and

opting for the simple choices given in Section 3.3.
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We focus on the practical decisions that are relevant to the efficiency of the

algorithm: (a) the choice of Approach 1, 2 or 3 of Section 3.3.1 (including the

range of the state space covered by the finite grid cells, S), (b) the number of

grid cells, N , and (c) the temporal block sizes in which the states are updated,

ℓ. We test the efficiency of the algorithm under various combinations of these

tuning parameters:

(a) the finite grid cells in Approach 1 over a range of S = 150, 250, 350, 450, 550

units for both data sets (compared to the range of each set of observations,

y
(1)
1:T and y

(2)
1:T , equal to 334 and 478 units respectively). In

Approaches 2 and 3, we use S = 1, 3, 5, 7, 9, 11, 13, 15 units for both models,

(b) N = 5, 10, 20,

(c) ℓ = 1, 4, 10, overlapping blocks by one state to improve the mixing of the

states at the “boundaries” of each block as suggested by Fearnhead (2011).

Results

For each combination of the tuning parameters listed above, the results are based

on 10 separate runs of 10,000 iterations each, taking 1.3 − 7.5 hours using one

core and a 1.6 GHz CPU under y
(1)
1:T (depending on the number of grid cells and

the approach chosen) and 2.2 − 11 hours under y
(2)
1:T . We present the results for

each model in Tables 3.1 and 3.2 respectively.

Increasing the number of grid cells, N , results in a more accurate approxi-

mation to p(x1:T |y1:T , θ) in the region covered by the finite grid cells, improving

mixing but at a higher computational cost. The equally-spaced grid cells of

Approach 1, defined in Section 3.3.1, performed poorly on both simulated models

compared to the quantile-based methods of Approaches 2 and 3, requiring a large

finite cell range for both models (350 and 550 units respectively) due to a large

range of values in the high posterior regions, and thus large numbers of grid cells

and a large computational cost, to provide a reasonable HMM approximation.
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y
(1)
1:T

% of range Approach 2 Approach 3
N S of the data ESS ESS/s ESS ESS/s

5 1 0.3 100 0.02 - -
3 0.9 900 0.18 1000 0.20
5 1.5 700 0.14 100 0.02
7 2.1 300 0.06 - -
9 2.6 200 0.04 - -
≥ 11 ≥ 3.3 - - - -

10 1 0.3 100 0.01 - -
3 0.9 1000 0.10 1700 0.17
5 1.5 2400 0.24 200 0.02
7 2.1 2200 0.22 - -
9 2.6 2000 0.20 - -
≥ 11 ≥ 3.3 - - - -

20 1 0.3 100 0.00 - -
3 0.9 700 0.03 2200 0.08
5 1.5 2700 0.10 1000 0.04
7 2.1 3000 0.11 - -
9 2.6 3000 0.11 - -
≥ 11 ≥ 3.3 - - - -

Table 3.1: Average effective sample size (ESS) and effective sample size per
second (ESS/s) for Approaches 2 and 3 of the PMPMH algorithm, defined in
Section 3.3.1, with temporal blocks of size ℓ = 4. The range of the finite cells is
denoted by S, the number of grid cells, N . Dashed lines indicate that conver-
gence to the target distribution had not occurred within 10,000 iterations. The
ESS is rounded to the nearest 100 to account for variation between chains. Since
at least one model parameter was updated at each iteration for each run of the
algorithm, the computational times are the same for Approaches 2 and 3: 5,000
seconds for N = 5; 10,000 seconds for N = 10; and 27,000 seconds for N = 20,
where the computational time is rounded to the nearest 1000 seconds to account
for variations in computing speeds.
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y
(2)
1:T

% of range Approach 2 Approach 3
N S of the data ESS ESS/s ESS ESS/s

5 ≤ 3 ≤ 0.6 - - - -
5 1 - - 200 0.03
7 1.5 - - 500 0.06
≥ 9 ≥ 1.9 - - - -

10 ≤ 3 ≤ 0.6 - - - -
5 1 - - 200 0.02
7 1.5 100 0.01 500 0.04
9 1.9 200 0.02 200 0.02
11 2.3 100 0.01 - -
≥ 13 ≥ 2.7 - - - -

20 ≤ 3 ≤ 0.6 - - - -
5 1 - - 300 0.01
7 1.5 100 0.00 600 0.02
9 1.9 200 0.01 400 0.01
11 2.3 200 0.01 400 0.01
≥ 13 ≥ 2.7 - - - -

Table 3.2: Average effective sample size (ESS) and effective sample size per sec-
ond (ESS/s) for Approaches 2 and 3, defined in Section 3.3.1, of the PMPMH
algorithm with temporal blocks of size ℓ = 4. The range of the finite cells is
denoted by S, the number of grid cells, N . Dashed lines indicate that conver-
gence to the target distribution had not occurred within 10,000 iterations. The
ESS is rounded to the nearest 100 to account for variation between chains. Since
at least one model parameter was updated at each iteration for each run of the
algorithm, the computational times are the same for Approaches 2 and 3: 8,000
seconds for N = 5; 13,000 seconds for N = 10; and 38,000 seconds for N = 20,
where the computational time is rounded to the nearest 1000 seconds to account
for variations in computing speeds.

Under the quantile-based Approaches 2 and 3 (Section 3.3.1), using blocks of size

ℓ = 10 or a range for the finite cells greater than 11 units required more than

N = 20 grid cells for convergence. In addition, these tuning parameters resulted

in much more costly and less efficient implementations than the other sets of

tuning parameters. Further, using single-site updates (ℓ = 1) gave poor mixing

when compared to blocks of size ℓ = 4 due to the correlation between consecutive

states. The results when using ℓ = 1, 10, a finite grid cell ranges greater than 11

units and N > 20 are thus excluded from Tables 3.1 and 3.2.

The results for Approaches 2 and 3 in Table 3.1 use blocks of size ℓ = 4,

and where convergent, converge within 1000− 5000 iterations using the Brooks-

Gelman-Rubin (BGR) diagnostics in Brooks and Gelman (1998); Gelman and

Rubin (1992). For the implementations using simulated data y
(1)
1:T , both quantile-
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based Approaches 2 and 3 for defining the grid cell boundaries yield similar levels

of efficiency when considering the effective sample size (ESS) per second, likely

since the small observation error means that both approaches focus grid cells

in roughly the same region of the state space around the current state. This is

potentially also the reason that both methods required a small range for the finite

cells and a small number of grid cells for convergence relative to the range of the

data (1− 9 vs. 344 units, around 0.3− 2.6% of the range of the data): as is true

of proposal distributions that make local moves, grid cells can be focused over a

smaller range of the data compared to global-move approaches and still achieve

good acceptance probabilities and mixing. The smaller range also means that as

few as 5 grid cells can be used to achieve good convergence properties (compared

to 50 grid cells when applying Approach 1) via a good HMM approximation over

the region, reducing the computational cost of the approaches.

The data y
(2)
1:T are simulated with large observation process variance, thus the

proposal distribution under Approach 2 is now different to the local-move proposal

distribution defined under Approach 3. In this case, the proposal distribution

defined under Approach 2 results in slower mixing and convergence than that

under Approach 3, which exhibits relatively stable performance even for N = 5.

The efficient ranges for the finite grid cells under Approach 3 are similar to those

for the first model (here, 1− 2.3% of the range of the data).

We also fitted both of the models using the particle Gibbs and PGAS algo-

rithms with 5 to 1000 particles, and various combinations of resampling thresholds

based on the standard percentage ESS criterion (Cappé et al., 2005, Chapter 7).

The particle Gibbs sampler did not converge for either model using as many as

1000 particles, resulting in computational times of around 14 hours for y
(1)
1:T and

28 hours for y
(2)
1:T on one core and a 1.6 GHz CPU. Conversely, the PGAS sam-

pler converged using as few as 5 particles for both models. On the whole, the

PGAS sampler gave greater levels of efficiency than the PMPMH algorithm for

both of the models, achieving an average ESS per second of around 4.45 for y
(1)
1:T

and 1.49 for y
(2)
1:T . However, this efficiency was not uniform across all states. The

average ESS per second of the states simulated according to the second mixture

was 0.25 to 0.41 for y
(1)
1:T and 0.004 to 0.008 for y

(2)
1:T . In contrast, where conver-

gent, the PMPMH algorithm was more robust to the mixture associated with the

state, with the ESS per second of states in the second mixture minimally 99%

of those quoted in Tables 3.1 and 3.2 (the average ESS per second in the second

mixture-distributed states ranging from 0.01 to 0.24 for y
(1)
1:T and 0.01 to 0.06 for

y
(2)
1:T ).

Overall, the PMPMH algorithm provides a more consistent approach to in-
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ference about the latent states and model parameters under the SSM considered

here. The latent state-centred Approach 3 typically required low grid cell coverage

of the state space, leading to a reduction in the computational cost of the HMM

approximation. This approach also appeared the most robust to the underlying

model. We now investigate the performance of the algorithm on a challenging

model that can display near-chaotic behaviour.

3.4.2 Nicholson’s blowfly model

We consider Nicholson’s blowfly model for chaotic population growth described by

Wood (2010). The population counts over time, denoted by N1:T , arise from two

correlated survival and birth processes, denoted S1:T and Rτ+1:T , τ > 0, respec-

tively. Following Wood (2010), we let exp(−γϵt) denote the daily survival proba-

bility with associated environmental error term ϵt, such that ϵt ∼ Gamma(βϵ, βϵ),

βϵ > 0. The survival component of the system process for t = 1, . . . , T is given

by

St ∼ Binom(Nt−1, exp(−γϵt)).

Letting et denote an environmental noise term in the reproductive process such

that et ∼ Gamma(βe, βe), βe > 0, the reproductive component of the system

process for t = τ + 1, . . . , T, is given by

Rt ∼ Poisson

(
PNt−τ−1 exp

(
− Nt−τ−1

N0

)
et

)
,

where Nt = St+Rt for t = τ+1, . . . , T and Nt = St for t = 1, . . . , τ . We let τ = 5

be the known time lag between population count and subsequent birth count, and

N0 = 50 is the known initial population count. The survival and birth processes,

S1:T and Rτ+1:T , are unknown latent states, with observed population counts

yt ∼ Poisson(ϕNt), for all t. Further, the model parameters θ = (γ, P, βϵ, βe, ϕ),

ϵ1:T , and eτ+1:T are unknown. Figure 3.8 shows the simulated data used in this

case study, y1:T , using θ = (0.7, 50, 1, 0.1, 1) (unbiased mapping from state to

observation since ϕ = 1) and T = 300.
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Figure 3.8: Simulated blowfly population count data using T = 300 and θ =
(0.7, 50, 1, 0.1, 1)

PMPMH implementation

We develop an M-H updating strategy targeting the joint posterior distribution

of the unknown latent states and model parameters, p(S1:T , Rτ+1:T , θ|y1:T ). The

model parameters are updated from their full conditional distribution,

p(θ|S1:T , Rτ+1:T , y1:T ), making use of conjugate priors for single-site updates of θ

where possible, and assigning vague priors to help diagnose convergence:

γ ∼ Gamma(0.007, 0.01),

P ∼ Gamma(50, 1),

βϵ ∼ InvGamma(100, 100),

βe ∼ InvGamma(10, 1),

ϕ ∼ Gamma(0.01, 0.01).

This results in single-site Gibbs updates for P and ϕ. For γ, βϵ and βe, we use

a random walk M-H step with uniform proposal distributions over intervals of

length 0.03, 0.5, and 0.05 respectively. The parameters of the proposal distribu-

tions were chosen via pilot tuning.

We now describe how the PMPMH algorithm can efficiently update the la-

tent states, S1:T and Rτ+1:T , conditional on θ. First, the state process is now two-

dimensional at each time point. To simplify the design of the grid used within the

PMPMH algorithm, we build separate PMPMH proposal distributions targeting

the full conditional distributions in each state dimension, p(S1:T |Rτ+1:T , y1:T , θ)
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and p(Rτ+1:T |St:T , y1:T , θ), respectively. To sample from each of the full con-

ditional distributions in turn, a number of the practical decisions are needed,

as in Section 3.4.1. We first fix several of the practical decisions to those in

Section 3.3 and use blocks of size ℓ = 4, overlapping blocks by one state to reduce

the correlation between states at the block boundaries. We test the performance

of the algorithm for N ∈ {10, 20, 50} grid cells.

There are two main differences in this implementation compared to the pre-

vious example. The first accounts for the near-chaotic state processes and the

large range of the data (1.59 × 105 units). We apply the current state-centred

Approach 3 of Section 3.3.1, which requires fewer grid cells for good mixing prop-

erties due to the lower range for the finite cells required to achieve efficient (more

local) moves. Within this approach, we permit large variability around large

values for the state process by adjusting the variance of the Gaussian distribu-

tions used to set the boundaries of the grid cells: we set the variance propor-

tional to the current state at each time point. We try factors of proportionality

of 0.1, 0.25, 0.5, 1, with finite grid cells between the q and 1 − q quantiles with

q = 0.01, 0.1, 0.2, resulting in (average) ranges for the finite cells S = 52 − 400.

The second difference is that we ensure the grid cells are over a discrete space

bounded at zero by rounding the quantiles used to determine the grid cells, setting

the lower boundary to zero if needed.

Results

We assess the performance of the PMPMH algorithm using 10 independent MCMC

simulations of 50,000 iterations and present the performance metrics in

Table 3.3. Where the PMPMH algorithm converges, convergence was achieved

within 4,000 − 18,000 iterations, taking 11 − 27 hours using one core and a 1.6

GHz CPU. Fairly consistent and efficient performance (in terms of ESS per sec-

ond; Table 3.3) is achieved using 20 − 50 grid cells with the finite cells covering

a region of the state space 0.05− 0.25% of the range of the data (S ∈ [82, 400]).
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Max N Average S

S R ESS ESS/s

10 ≤ 76 ≤ 70 - -

82-100 75-90 2500 0.05

100-200 90-180 3200 0.07

> 200 > 180 - -

20 ≤ 76 ≤ 70 - -

82-100 75-90 4400 0.09

100-200 90-180 5400 0.09

200-300 180-260 7000 0.11

300-400 260-300 6700 0.10

50 ≤ 76 ≤ 70 - -

82-100 75-90 4400 0.06

100-200 90-180 5700 0.06

200-300 180-260 7300 0.08

300-400 260-300 6900 0.07

Table 3.3: Average ESS and ESS/s across the state and parameter samples for
various sets of tuning parameters under Approach 3 with blocks of size ℓ = 4.
Since the range of the finite cells varies across time points, we provide ranges for
each range calculated from the MCMC output. The ESS has been rounded to
the nearest 100 to account for the variability within the chains

Approach 3 mixes effectively by producing a reasonable HMM approximation in

a relatively small region around the current state and is also computationally

cheap to implement. The efficiency of the algorithm reduces at an upper bound

of 50 grid cells, indicating that the improved mixing properties of the algorithm

are not justified by the extra cost when compared with using fewer grid cells.

Conversely, 10 grid cells, although lower in computational cost, do not produce a

sufficiently accurate approximation to the posterior in the region of the current

state. We also note that, similarly to the previous case study, implementations

relying on extremely small moves around the state space (finite cells < 0.05% of

the range of the data) gave poor mixing and convergence properties.

The PGAS sampler, when applied to the model using both joint updating of

the latent states and updating each latent state process in turn from their full

conditional distributions, did not converge in 50,000 iterations with 1000 particles,

remaining in a range of the state space unrepresentative of the posterior due to

sample impoverishment and taking 160 hours with one core and a 1.6 GHz CPU.
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3.5 Discussion

We provide a novel and efficient approach to fitting general SSMs to observed

data. The approach uses tractable HMM approximations to efficiently update

the unobserved latent states in an M-H algorithm. We demonstrate the gener-

ality of the proposed approach by its application to two problems, including a

challenging near-chaotic problem. The proposed PMPMH algorithm is demon-

strated to provide reliable posterior estimates within reasonable computational

time frames, especially when compared to a state-of-the-art method, which did

not converge within a reasonable time frame for the near-chaotic problem. The

flexibility of the PMPMH approach via the tuning parameters, including the lo-

cation, size, and number of grid cells, and the temporal block size, provides an

adaptable and efficient algorithm. Using simple methods for placing the grid cells,

such as equally-sized grid cells, can be efficient since they are computationally

cheap. However, such simple methods may require a large number of grid cells

to achieve good mixing if the range of the data is large. A current state-centred

approach for approximating the HMM is useful, especially when the state space

covers a large range, and using a data-centred approach is useful provided the

range of the data is small.

The PMPMH approach motivates several interesting points for future re-

search. One avenue for research is to consider the computational efficiency of par-

allelisation when applied to different components of the algorithm. The compu-

tational efficiency of algorithms using block-updating strategies can be improved

via parallelisation (King et al., 2023). Within the framework of the PMPMH

algorithm specifically, serially independent blocks of states can be updated in

parallel within each M-H iteration. Further, for the state-centred grid cell ap-

proach presented here, computing the approximate HMM probabilities in each

block in parallel can lead to an improvement in the execution time of the approx-

imate HMM computations. However, as with parallelisation schemes for parti-

cle MCMC methods, such as in Henriksen et al. (2012), the user must balance

memory limitations and the computational cost from re-synchronisation with the

computational gains from parallel implementation.

Within the sequential (i.e., not parallel) computing context of this chapter,

one way to reduce the overall computational cost of the algorithm is to reduce the

number of times the HMM approximation is calculated across iterations. That is,

periodically update the HMM approximation at fixed MCMC iteration numbers

and fixing the HMM approximations in the iterations between updates. This is

valid for static grid cell approximation methods that do not depend on the current
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state or model parameters. However, for grid definitions that adapt to previous

samples (for example, Approaches 2 and 3), the resulting posterior estimate may

become biased since the chain is no longer Markovian (Haario et al., 1999). How-

ever, Haario et al. (1999) also show that the bias introduced is negligible in some

applications and that unbiased samples can be obtained by introducing some pre-

determined stopping criterion for updating the grid, that is, specifying a number

of iterations beyond which the grid is no longer updated. The computational

gains from updating the HMM approximation less frequently should, however,

be balanced with potentially reduced mixing properties. For example, local-move

grids using a small range for finite cells are more sensitive to the frequency of

the HMM approximation since they rely on proposed moves being made in the

region of the current state. However, updating the grid less frequently may give

an efficient approach when applied to more global-move samplers. We could also

consider the combination of approaches to defining the grid cells, for example,

defining a data-driven or state-centred approach (Approach 2 or 3) depending

on the magnitude of the current observation variance sample. An alternative

approach to reducing the computational cost of the HMM approximations could

apply an extra corrective importance sampling step to proposed latent states,

possibly reducing the initial accuracy and computational cost required in the

HMM approximation. We explore such a method further in Chapter 4.

Finally, although we demonstrated the scalability of the proposed algorithm to

higher-dimensional spaces by updating each state dimension conditionally on the

remaining state dimensions, high-dimensional spaces are a particular challenge if

individual state dimensions are highly correlated, resulting in poor mixing. In

this case, if low-dimensional sets of state dimensions are independent, for ex-

ample, factorial SSMs (Ghahramani and Jordan, 1997; Rimella and Whiteley,

2022), or if dimensions of the state space are partially integrable (Borowska and

King, 2023), the poor mixing from highly-correlated state dimensions could be

improved by performing joint updates using lower-dimensional TPM approxima-

tions. However, in general, the issue of the scalability of grid-based methods to

high-dimensional SSMs is a challenge to the proposed algorithm and an active

area of research.
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Chapter 4

Grid particle Gibbs with ancestor

sampling

4.1 Introduction

This chapter expands the point mass proposal Metropolis-Hastings (PMPMH)

framework of the previous chapter and introduces an efficient deterministic hidden

Markov model (HMM) approximation method within the particle Gibbs frame-

work (Section 2.3, and in particular Section 2.3.1). The approach is motivated

by the use of deterministic HMM approximations to improve the efficiency of

sequential Monte Carlo (SMC) steps while generally reducing the computational

cost of HMM approximations of the state-space model (SSM).

We introduce a novel particle Gibbs algorithm targeting the joint distribu-

tion of the latent states and model parameters, referred to as the grid particle

Gibbs with ancestor sampling (GPGAS) algorithm. First, we approximate the

posterior distribution of the latent states conditional on the model parameters

by a new particle filter. This particle filter uses efficient HMM approximations

to formulate importance distributions, allowing us to propose particles in high

posterior areas of the state space. This improves particle degeneracy, leading to a

particle filter with many fewer particles (for the same precision) or more accurate

approximations of the conditional latent state distribution (for the same number

of particles). We then use the HMM particle filter within particle Gibbs with

ancestor sampling (PGAS) steps to update the latent states conditional on the

model parameters, and the model parameters are updated using standard Gibbs

or Metropolis-within-Gibbs steps. While the proposed HMM approximation can

be used within other parameter estimation methods or even as a stand-alone fil-
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ter, we focus on its use within PGAS methods, where the proposed algorithm is

particularly well-suited and efficient.

We demonstrate the efficiency of the GPGAS algorithm by focusing on a class

of models that remain challenging to fit: regime-switching SSMs. These models

embed an additional latent state process allowing the observation and latent

state transition models to change abruptly. However, despite their widespread

use (Haimerl and Hartl, 2023; Hamilton, 1989; Liang-qun et al., 2009), current

computational methods for fitting the latent states and model parameters of

general regime-switching SSMs can be inefficient due to the abrupt changes in

the state process. We test the performance of the proposed GPGAS algorithm

when applied to such models, including a challenging real data case study focusing

on tourism demand recovery in Edinburgh.

The rest of this chapter is structured as follows. In Section 4.2, we describe

optimal approaches to inference via PGAS algorithms and motivate the proposed

GPGAS algorithm, before introducing the new GPGAS algorithm in Section 4.3.

We then apply the proposed GPGAS algorithm to challenging regime-switching

SSMs in Section 4.4, first focusing on a simulated data example of stochastic

volatility with leverage. We then investigate the efficiency of the proposed method

when applied to the challenging tourism demand case study. Finally, we discuss

the proposed method and potentially interesting avenues for future research in

Section 4.5.

4.2 Optimal importance distributions

We revisit the PGAS algorithm described in detail in Chapter 2 (Algorithm 9)

and applied in Chapter 3, Section 3.4. The PGAS algorithm is an alternative

MCMC approach to inference about the latent states and model parameters of

an SSM using conditional SMC with ancestor sampling (CSMC-AS, defined in

Algorithm 8). In particular, by sampling reference trajectory ancestors in the

CSMC-AS steps, the PGAS algorithm addresses the poor mixing observed in

standard particle Gibbs methods (Berntorp and Di Cairano, 2017; Chopin and

Singh, 2015; Nonejad, 2015; Wigren et al., 2019). In contrast to the PMPMH

approach introduced in Chapter 3, the PGAS algorithm requires fewer tuning

parameters and benefits from the sequential correction of state samples in the

SMC steps (improving their accuracy), resulting in proposals that are always

accepted. However, as observed in Rainforth et al. (2016) and in Section 3.4,

PGAS methods can be inefficient when there is a high rate of sample impover-
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ishment in the CSMC-AS algorithm. If sample impoverishment is particularly

prevalent, the pool of trajectories at each CSMC-AS recursion may represent the

posterior distribution poorly and the MCMC sampler may not explore the space

sufficiently.

We therefore turn our attention to efficient solutions to the initial sample im-

poverishment problem to improve the mixing of the PGAS algorithm. Ideally, the

SMC importance distributions generate particles that exactly represent the pos-

terior distribution, thus producing uniformly distributed weights and maximising

the number of particles that survive the resampling steps of the CSMC-AS al-

gorithm. As in Equation (2.5), the SMC steps first sample particles from the

importance distribution, xm
t ∼ q(xt|yt, xm

t−1, θ), m = 1, . . . ,M , and then approxi-

mate the conditional distribution of the latent states by

p̂(x1:t|y1:t, θ) =
M∑

m=1

Wm
1:tδxm

1:t
(x1:t),

Wm
t =

wm
1:t∑m

k=1w
k
1:t

, wm
1:t ∝ wm

1:t−1

p(xm
t |xm

t−1, θ)p(yt|xm
t , θ)

q(xm
t |yt, xm

t−1)
, (4.1)

for t = 1, . . . , T , where δxm
1:t
(x1:t) denotes the Dirac function at x1:t = xm

1:t; and

w1:M
1:t = {wm

1:t}Mm=1 and W 1:M
1:t = {Wm

1:t}Mm=1 denote the set of unnormalised weights

and normalised w1:M
t weights at time t, respectively. To minimise sample impov-

erishment at each recursion (i.e., produce uniformly distributed weights), the op-

timal approach samples particles from p(x1:t|y1:t, θ) directly. This approach also

approximates the likelihood of all previous observations (Branchini and Elvira,

2021; Chopin and Papaspiliopoulos, 2020, Chapter 10; Elvira et al., 2019). An

alternative approach is to sample particles in a locally-optimal manner and sam-

ple from the target distribution at each time point, p(xt|yt, xt−1, θ). This results

in new multiplicative weight terms at each time point (Equation (4.1)) that are

uniformly distributed. This is typically referred to as the ‘optimal’ importance

distribution (Doucet and Johansen, 2009) but is a function of the current obser-

vation and does not admit a tractable sampling distribution for general SSMs.

Several approaches have been proposed to approximate the optimal impor-

tance distributions, including via Gaussian approximations of the given SSM

(Andrieu et al., 2003), deterministic optimisation-based approximations in an-

nealing schemes (Donnet and Robin, 2017), and variational approximations of

the posterior (He et al., 2023). A popular approach is the auxiliary particle filter

(Carpenter et al., 1999; Pitt and Shephard, 1999, 2001) which approximates the

optimal importance distribution for general SSMs. At each resampling step of
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the SMC recursions, the auxiliary particle filter accounts for the current observa-

tion, often via a simulated approximation of the optimal importance distribution

(Elvira et al., 2018). However, since the CSMC steps of a particle Gibbs algo-

rithm are simply used to formulate proposal distributions for the latent states, the

computational cost associated with the use of the auxiliary particle filter within

each CSMC sweep of the MCMC algorithm can accumulate quickly. In this chap-

ter, we propose novel optimal-type importance distributions using discrete HMM

approximations of the SSM. In addition, we introduce deterministic HMM ap-

proximations that can be used to reduce computational cost in the particle Gibbs

iterations and produce a computationally efficient approach.

4.3 Grid particle Gibbs with ancestor sampling

In this section, we introduce the proposed grid PGAS (GPGAS) algorithm.

For general SSMs, the optimal PGAS importance densities are not available in

closed form. We therefore propose general-use importance densities that use

HMM approximations of the SSM, resulting in tractable approximations. In Step

1, we present the approximate HMM construction related to the approach of

Chapter 3, and we introduce the novel tractable discrete approximations of the

optimal importance distribution at each time point. In Step 2, we describe how

particles can be sampled from the approximate discrete importance distribu-

tions and the CSMC-AS specification using these approximations for use within

a PGAS algorithm (Algorithm 9).

4.3.1 Step 1: approximating the SSM with an HMM

We present the algorithm for one-dimensional state spaces and note that ex-

tensions to higher-dimensional spaces are often possible and are illustrated and

discussed further in Sections 4.4 and 4.5. To approximate the SSM by a deter-

ministic HMM, the state space is first partitioned into grid cells. That is, at each

time point, we partition the state space, χ, into N intervals that cover the space

with no overlap. For notational simplicity, we assume that the grid cells are the

same for all time points and denote them by I(n), n = 1, . . . , N , for example in

Figure 4.1, but this can be easily relaxed. The intervals form grid cells when the

state space is partitioned for all time points, for example in Figure 4.2.
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χ
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Figure 4.1: Example partition of the state space, χ, into N intervals for any time
point t.

· · ·· · ·· · ·

I(1)

I(2)

I(3)

...

...

...

I(N − 2)

I(N − 1)

I(N)

χ

I(1)

I(2)

I(3)

...

...

...

I(N − 2)

I(N − 1)

I(N)

I(1)

I(2)

I(3)

...

...

...

I(N − 2)

I(N − 1)

I(N)

χT

t = 1 t = 2 t = T

Figure 4.2: Example grid on χT formed by partitioning the state space at all time
points into grid cells.

In this chapter, we assume that the non-infinite grid cells (Figure 4.2) are equally

sized (i.e., the grid cells cover the same amount of the state space at each time

point). Note that this is a special case of the grid cell construction defined

in Chapter 3 (see, for example, Figures 3.2 and 3.4-3.6), which encompasses

more complex grid structures. Additional grid cell definitions are described by

Matoušek et al. (2020). However, here, extra attention may be required in relation

to the additional computational cost and its trade-off with efficiency. This is

discussed further in Section 4.5.

As in Chapter 3, we interpret the grid cell indices, {1, . . . , N}, as the discrete
states of an HMM, with dynamics defined by the SSM. Since, in this chapter, we

define the grid cells in the same way for all time points, the HMM state transition
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probability matrices (TPMs) are constant over time. Letting Bt denote the ran-

dom variable of the grid cell indices at time t, we define the HMM as

Initial state probabilities:

P (B1 = n|θ) =
∫
I(n)

p(x1|θ)dx1, n = 1, . . . , N,

State transition probabilities :

P (Bt = n|Bt−1 = k,θ) =∫
I(n)

∫
I(k)

p(xt|xt−1, θ)dxt−1dxt, k, n = 1, . . . , N, t = 2, . . . , T,

Observed state distribution:

p(yt|Bt = n, θ) =

∫
I(n)

p(yt|xt, θ)dxt, n = 1, . . . , N, t = 1, . . . , T. (4.2)

In general, these HMM probabilities do not admit a closed-form expression. Thus,

we apply a deterministic mid-point integration approach to approximate the

HMM (as in Chapter 3). However, the grid cells are fixed (static) for all time

points. We can therefore apply time-invariant deterministic approximations of

the state probabilities. Let the length and mid-point of the nth interval I(n) be

denoted by L(n) and ξ(n) respectively. We approximate the HMM in Equation

(4.2) for states k, n ∈ {1, . . . , N} by

P̂ (B1 = n|θ) ∝ L(n)p(ξ(n)|θ),

P̂ (Bt = n|Bt−1 = k, θ) ∝ L(n)L(k)p(ξ(n)|ξ(k), θ), t = 2, . . . , T,

p̂(yt|Bt = n, θ) ∝ L(n)p(yt|ξ(n), θ), t = 1, . . . , T, (4.3)

for grid cells indices k, n = 1, . . . , N , similarly to Equation (3.2) but with constant

state TPMs and grid cell lengths. Each of these probabilities is bounded to ensure

that they are non-zero, and normalised over the grid cells so that they sum to

one for each t = 1, . . . , T .

4.3.2 Step 2: HMM importance distributions

We use the HMM approximation to formulate SMC importance distributions to

improve particle distribution and sample impoverishment. We start by defining

the following discrete approximation of the optimal importance distribution using

the approximate HMM:
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P̂ (B1 = n|y1, θ) ∝ P̂ (B1 = n|θ)p̂(y1|B1 = n, θ),

P̂ (Bt = n|yt, Bt−1 = k, θ) ∝ P̂ (Bt = n|Bt−1 = k, θ)p̂(yt|Bt = n, θ), t = 2, . . . , T,

(4.4)

for grid cells indices k, n = 1, . . . , N since P̂ (B1 = n|y1, θ) ∝ P̂ (B1 = n, y1|θ) and
P̂ (Bt = n|yt, Bt−1 = k, θ) ∝ P̂ (Bt = n, yt|Bt−1 = k, θ). At time t, we sample

M grid cell indices (one for each SMC particle trajectory) from the associated

discrete approximation. That is, at t = 1, we sample bm1 for m = 1, . . . ,M from

{n, P̂ (B1 = n|y1, θ)}Nn=1.

At time t = 2, . . . , T , we sample bmt from

{n, P̂ (Bt = n|yt, Bt−1 = bmt−1, θ)}Nn=1,

for each m = 1, . . . ,M . Given a set of sampled grid cell indices at time t, b1:Mt ,

we propose continuously-valued state particles, x1:M
t , by sampling from within

the grid cells associated with these indices. We therefore define continuous im-

portance distributions over the space of each grid cell, similarly to the proposal

distributions defined in Section 3.2.2. We assume that the importance distribu-

tions within each grid cell are defined independently of θ and the data, i.e., the

importance distributions are of the form q(xt|Bt = n) = q(xt|xt ∈ I(n)), for

n = 1, . . . , N . Examples of such within-cell distributions include uniform distri-

butions for bounded grid cells and truncated Gaussian distributions for infinite

grid cells.

At time t, sampling a grid cell from the optimal importance distribution con-

ditional on the grid cell at time t − 1 and sampling a particle from within the

associated grid cell results in values bmt and xm
t respectively. When repeated

for the specified number of particles, we obtain a set of grid cells and particles,

{bmt , xm
t }Mm=1, from the importance distributions:

q(x1, B1|y1, θ) = P̂ (B1|y1, θ)q(x1|B1),

q(xt, Bt|yt, Bt−1, θ) = P̂ (Bt|yt, Bt−1, θ)q(xt|Bt), for t = 2, . . . , T . (4.5)

In addition, we have that q(x1, B1 = b1|y1, θ) = q(x1|y1, θ) and

q(xt, Bt = bt|yt, Bt−1 = bt−1, θ) = q(xt|yt, Bt−1 = bt−1, θ) for all t = 2, . . . , T

since we sample particles such that xt ∈ I(bt) for all t. These distributions are
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defined over the state space since the grid cells and within-cell distributions assign

non-zero probability everywhere in the space.

Grid particle Gibbs with ancestor sampling

Within the CSMC-AS steps of the PGAS algorithm, the GPGAS algorithm sam-

ples grid cells and particles according to Equation (4.5), denoted {bmt , xm
t }Mm=1 for

t = 1, . . . , T . Thus, the SMC approximation of p(x1:t | y1:t, θ) under the proposed
importance distribution is given by

p̂(x1:t|y1:t, θ) =
M∑

m=1

Wm
1:tδxm

1:t
(x1:t),

Wm
1 ∝

p(xm
1 |θ)p(y1|xm

1 , θ)

q(xm
1 , B1 = bm1 |yt, θ)

,

Wm
1:t ∝

Wm
1:t−1p(x

m
t |xm

t−1, θ)p(yt|xm
t , θ)

q(xm
t , Bt = bmt |yt, xm

t−1, θ)
, t = 2, . . . , T, (4.6)

where δxm
1:t
(x1:t) is a Dirac mass at x1:t = xm

1:t and Wm
1:t is the weight associated

with (bm1:t, x
m
1:t), defined recursively. To use the proposed importance distribution

within a CSMC-AS algorithm, we simply replace the importance distributions

and weights in Algorithm 9 with those defined above, resulting in the GPGAS

algorithm.

4.3.3 Summary

We provide a pictorial summary of the steps of the GPGAS algorithm with a one-

dimensional state space at each time point. These pictorial representations are

formulated to allow for comparison with the PMPMH summary in Section 3.2.3,

and the CSMC and CSMC-AS algorithms in Figures 2.1 and 2.2. Pseudocode for

the GPGAS algorithm is then presented in Algorithm 12.
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Step 1(a): discretise the state space

Partition the state space at all T time points, χt = χ, t = 1, . . . , T , into N

equally-sized intervals:

χ

I(1) I(2) I(N)I(N − 1)

· · ·· · ·· · ·

Form a grid by combining the partitions at all time points t = 1, . . . , T :

· · ·· · ·· · ·

I(1)

I(2)

I(3)

...

...

...

I(N − 2)

I(N − 1)

I(N)

χ

I(1)

I(2)

I(3)

...

...

...

I(N − 2)

I(N − 1)

I(N)

I(1)

I(2)

I(3)

...

...

...

I(N − 2)

I(N − 1)

I(N)

χT

t = 1 t = 2 t = T

Step 1(b): approximate an HMM in the grid cell indices

For grid cell index random variables, Bt ∈ {1, . . . , N} at time t, define an HMM

in terms of the underlying SSM. For n, k ∈ {1, . . . , N}:

I(n)

I(k) I(k)

I(n)
P (Bt = n|Bt−1 = n, θ)

P (Bt = n|Bt−1 = k, θ)

P (Bt = k|Bt−1 = n, θ)

P (Bt = k|Bt−1 = k, θ)

p(yt|Bt = n, θ)

p(yt|Bt = k, θ)

81



Integrating the SSM over the given intervals gives the HMM probabilities:

P (B1 = n|θ) =
∫
I(n)

p(x1|θ)dx1,

P (Bt = n|Bt−1 = k, θ) =

∫
I(n)

∫
I(k)

p(xt|xt−1, θ)dxt−1dxt, t = 2, . . . , T,

p(yt|Bt = n, θ) =

∫
I(n)

p(yt|xt, θ)dxt, t = 1, . . . , T,

where the HMM transition probabilities are the same for all time points, i.e., the

TPM is constant over time.

To approximate the HMM, find the length and mid-point of the nth interval I(n),

denoted by L(n) and ξ(n) respectively, for example:

χ

I(1) I(2) I(N)I(N − 1)

· · ·· · ·· · ·

L(1) L(2) L(N − 1) L(N)

ξ(1) ξ(2) ξ(N − 1) ξ(N)

Approximate the HMM via mid-point integration using

P̂ (B1 = n|θ) ∝ L(n)p(ξ(n)|θ),

P̂ (Bt = n|Bt−1 = k, θ) ∝ L(n)L(k)p(ξ(n)|ξ(k), θ), for all t = 2, . . . , T,

p̂(yt|Bt = n, θ) ∝ L(n)p(yt|ξ(n), θ), t = 1, . . . , T.

These probabilities are normalised, bounded to ensure that they are non-zero and

then re-normalised to sum to one.

Step 2(a): formulate HMM importance distributions

Calculate

P̂ (B1|y1, θ) ∝ P̂ (B1|θ)p̂(y1|B1, θ),

P̂ (Bt|yt, Bt−1, θ) ∝ P̂ (Bt|Bt−1, θ)p̂(yt|Bt, θ).
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Step 2(b): sample grid cells and particles at time t = 1

Fix the M th particle to the current MCMC latent state value at time t = 1

(CSMC), i.e., xM
1 = x

(s−1)
1 . For the other particles:

• Sample grid cell indices, bm1 ∼ P̂ (B1|y1, θ), m = 1, . . . ,M − 1,

• and particles, xm
1 ∼ q(x1|B1 = bm1 ), m− 1, . . . ,M − 1.

For example, for M = 4 particles, suppose that the sampled grid cells for the

first three particles are b1:31 = (1, 1, 2), and the corresponding state values within

each grid cells are selected as x1
1, x

2
1 ∼ TNI(1)(ξ(1), σ

2) (a truncated Gaussian

distribution over I(1) with mean ξ(1) and variance σ2) and x3
1 ∼ Uniform(I(2)).

If x4
1 ∈ I(N) (the reference particle):

I(1)

I(2)

I(3)

...

...

...

I(N − 2)

I(N − 1)

I(N)

χ

t = 1

x2
1

x1
1

x3
1

x4
1

Step 2(c): weight the particles at time t = 1

Calculate weights using

Wm
1 ∝

p(xm
1 |θ)p(y1|xm

1 , θ)

q(xm
1 , B1 = bm1 |yt, θ)

, m = 1, . . . ,M,

where q(x1, B1|yt, θ) = P̂ (B1|y1, θ)q(x1|B1) and bM1 is such that xM
1 ∈ I(bM1 ).

Step 2(d): sample grid cells and particles at time t = 2, . . . ,T

Fix xM
t = x

(s−1)
t (CSMC). For the other particles:

• Resample amt ∼ r(at|W 1:M
1:t−1), m = 1, . . . ,M−1 (for example, using a multi-

nomial distribution).
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• Sample grid cell indices, bmt ∼ P̂ (Bt|yt, Bt−1 = b
amt
t−1, θ), m = 1, . . . ,M − 1,

where b
amt
t−1 is such that x

amt
t−1 ∈ I(b

amt
t−1).

• Sample particles, xm
t ∼ q(xt|Bt = bmt ), m = 1, . . . ,M − 1 (independent

proposal distributions).

For M = 4 particles and t = 2, the fixed reference particle, resampling, and

sampled grid cells and particles may correspond to:

...

...

...

χ

...

...

...

t = 1 t = 2

I(1)

I(2)

I(3)

I(N − 2)

I(N − 1)

I(N)

x2
1

x1
1

x3
1

x4
1

x1
2

x3
2

x4
2

x2
2 (a22 = 3)

(a42 = 4)

(a12 = 2)

(a32 = 1)

Note that the fixed reference particle, x4
2, has a value such that x4

2 ∈ I(N − 2),

with ancestor here fixed to the reference particle at time t = 1, i.e., a42 = 4.

Step 2(e): sample an ancestor and weight the particles at time t = 2, . . . ,T

Sample the ancestor of the reference particle, aMt , (CSMC-AS) using the weights:

W̃m
t ∝ Wm

1:t−1p(x
M
t |xm

t−1, θ), m = 1, . . . ,M.

Calculate weights for each particle using

Wm
1:t ∝

Wm
1:t−1p(x

m
t |xm

t−1, θ)p(yt|xm
t , θ)

q(xm
t , Bt = bmt |yt, xm

t−1, θ)
, m = 1, . . . ,M,

where q(xt, Bt|yt, xt−1, θ) = P̂ (Bt|yt, Bt−1, θ)q(xt|Bt), b
M
t is such that xM

t ∈ I(bMt ).

Repeat Steps 2(d) and 2(e) recursively until time t = T .
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If M = 4 and T = 3, then the CSMC-AS steps may result in the following

particle trajectories, with the re-assigned reference trajectory history shown by

the dashed arrows:

...

...

...

χ

...

...

...
...
...
...

t = 1 t = 2 t = 3

I(1)

I(2)

I(3)

I(N − 2)

I(N − 1)

I(N)

x2
1

x1
1

x3
1

x4
1

x1
2

x3
2

x4
2

x2
2

x1
3

x3
3

x4
3

x2
3

Figure 4.3: Illustration of the CSMC-AS steps of the GPGAS algorithm with
M = 4 particles and T = 3 time points. The dotted partitions form grid cells,
labelled by their associated interval, and the sampled grid cells are shown in
lighter grey. Each node represents a particle within each grid cell, and the fixed
reference trajectory is shown by the nodes in darker grey. The reference trajectory
history is re-assigned in the ancestor sampling steps, shown by the dashed arrows.
For example, the ancestor of the reference particle x4

2 is sampled as a42 = 3, thus
the ancestor particle is x3

1, and the ancestor of the reference particle x4
3 is sampled

as a43 = 1, thus the ancestor particle is x1
2.

Step 2(f): update the latent states and model parameters

Update the latent states by sampling particles, x
(s)
1:T , from {xm

1:T ,W
m
1:T}Mm=1. Then,

update the model parameters, θ, conditional on the latent states conditionally

using standard M-H or Gibbs updates.

Figure 4.3 highlights the similarities and differences between the algorithms pre-

sented in this thesis. Firstly, note that grid cells are imposed similarly to the

PMPMH algorithm (Figure 3.3), but the grid cells are equally sized and the

GPGAS algorithm proposes multiple grid cells and particles at each time point

according to a CSMC-AS algorithm. The nodes and particle trajectories in the

GPGAS Figure 4.3 are comparable to the nodes in the CSMC-AS algorithm il-

lustration in Figure 2.2. However, the GPGAS algorithm presents the particles

relative to their location in the state space due to the imposition of the grid cells.
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Algorithm 12 Grid particle Gibbs with ancestor sampling (GPGAS)

Input:

- M = number of particles
- N = number of grid cells
- S = number of MCMC iterations
- {q(xt|xt ∈ I(n))}Nn=1, t = 1, . . . , T = importance distributions
- x

(0)
1:T , θ

(0) = initial values
- a Gibbs or Metropolis-Hastings sampling scheme to update θ from

p(θ|x1:T , y1:T )
- A grid with indices B1:T

for s = 1, . . . S do
Approximate HMM (Step 1)

calculate p̂(y1|B1 = n, θ(s−1)), P̂ (B1 = n|θ(s−1)), n = 1, . . . , N ▷ Step 1(b)

calculate P̂ (Bt = n|Bt−1 = k, θ(s−1)), k, n = 1, . . . , N

for t = 2, . . . , T do

calculate p̂(yt|Bt = n, θ(s−1)), n = 1, . . . , N

Formulate importance distributions (Step 2)

calculate P̂ (B1 = n|y1, θ(s−1)), n = 1, . . . , N ▷ Step 2(a)

for t = 2, . . . , T do

calculate P̂ (Bt = n|yt, Bt−1 = k, θ(s−1)), k, n = 1, . . . , N

▷ Step 2(b)-(e)

Run a PGAS step (Algorithm 9) with M particles, θ = θ(s−1), x
(s−1)
t−1 , and

importance distributions q(x1, B1|y1, θ(s−1)), {q(xt, Bt|yt, Bt−1, θ
(s−1))}Tt=2 de-

fined in Equation (4.5)

sample x
(s)
1:T from {xm

1:T ,W
m
T }Mm=1 ▷ Step 2(f)

update θ(s) from p(θ|x(s)
1:T , y1:T )

return {x(s)
1:T , θ

(s)}Ss=1 approximating p(x1:T , θ|y1:T )

86



4.3.4 Computational and practical considerations

In this section, we describe the associated computational and practical aspects

of the GPGAS algorithm that affect its efficiency. We first note some important

computational strategies that can be implemented universally, independent of the

model considered:

1. As illustrated in Algorithm 12, only one approximate TPM needs to be

calculated per MCMC iteration since the grid cells are the same for all time

points.

In contrast to the time-invariant HMM approximation, a time-dependent

HMM approximation can be derived, as in Chapter 3. In this case, the exact

values of the particles at the previous time point could be used to approx-

imate the transition probabilities. That is, we may formulate a proposal

distribution of the form q(xt, Bt|yt, xt−1, θ) (replacing Equation (4.5)) using

a TPM of the form P̂ (Bt|yt, xt−1, θ) (replacing Equation (4.3)). Although

this may improve the accuracy of the HMM approximation, additional tran-

sition probability calculations are required (for each unique particle and

each time point). Thus, the potentially improved mixing properties need

to be balanced with the associated increase in computational cost.

2. The discrete approximations to the optimal importance distributions at

time t ≥ 2, only need to be calculated for grid cells containing particles at

the previous time point. This computational strategy reduces the computa-

tional cost of each GPGAS iteration fromO(N2T ) toO(N2+N
∑T

t=2 Ñt−1),

where Ñt−1 denotes the number of grid cells containing particles at time t−1
of the GPGAS iteration. For the stochastic volatility with leverage exam-

ple in Section 4.4.1, this computational strategy reduces the computational

cost of the first 1000 MCMC iterations by around 50% for N = 100 grid

cells and M = 100 particles.

3. Given the sampled grid cells at time t, many of the particles at time t

are identically distributed according to the importance distributions within

each grid cell. Thus, we can sample multiple particles from the same im-

portance distribution simultaneously to reduce computational cost.

Aside from the computational adjustments that can be made universally, there

are model-dependent practical considerations, particularly with respect to how

the grid cells are defined. We provide general guidance in relation to these. We

note that for the examples considered in Section 4.4, performance was robust
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within these general guidelines and efficient decisions were made in relation to

each point, where appropriate, using crude pilot tuning over a small number of

MCMC iterations.

a) The computational cost of the HMM approximations across iterations (Equa-

tion (4.3)) can be reduced by fixing the approximations after a given number

of iterations. We consider that a sensible approach assumes the posterior

mean estimates for the parameters are sufficiently stable when calculated us-

ing several GPGAS iterations past a certain number of iterations, s̃. Thus,

we fix the HMM approximations using the parameter mean estimates of

several samples after iteration s̃. We note that this value should be chosen

to balance the reduction in computational cost with the accuracy of the

importance distributions.

b) To ensure that any value in the state space with reasonable posterior mass

can be proposed, the majority of finite grid cells should be set to ensure that

areas of the state space with significant probability are covered. Excessively

large ranges should be avoided to ensure that computational cost is not

spent in effectively zero-density areas of the state space.

c) We sample particles within each grid cell using standard (and computa-

tionally inexpensive) distributions, for example, uniform distributions in

the finite grid cells and truncated Gaussian distributions in the outer (in-

finite) grid cells. In the implementations of Section 4.4, we parameterised

the truncated Gaussian distributions by setting their mean equal to the

‘mid-point’ of the associated grid cell, defined at a distance from the finite

boundary equal to the distance between the mid-points and finite bound-

aries in the finite grid cells.

4.3.5 Toy example

We demonstrate the steps of the GPGAS algorithm, and the computational and

practical considerations, using a toy example. This illustration uses the same SSM

and simulated data as the toy examples in Section 3.3.4 so that the approaches

can be compared:

x1 ∼ N(x0, σ
2
η),

xt ∼ N(xt−1, σ
2
η), t = 2, 3,

yt ∼ N(axt, σ
2
ϵ ), t = 1, 2, 3.
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where, σ2
η, σ

2
ϵ > 0 are the state and observation process variance respectively, a is

an observation scaling parameter and θ = (x0, a, σ
2
η, σ

2
ϵ ) denotes the set of model

parameters collectively. The data are simulated using a random number seed of

1234, set.seed(1234) in R, and θ = (1, 2, 0.5, 1), resulting in simulated data

y1:3 = (−2.052746, 1.114420, 2.724983).

Set up We focus on the conditional state updates, p(x1:T |y1:T , θ), in a single

MCMC iteration, s, as part of an MCMC algorithm targeting the joint dis-

tribution p(x1:T , θ|y1:T ). We use N = 6 grid cells and M = 4 particles for

illustrative purposes, and we assume that the current M-H values for the la-

tent states and model parameters are x
(s−1)
1:T = (0.01, 0.16, 1.45) and θ(s−1) =

(−0.54, 0.66, 0.35, 0.67) respectively. Note that, when applying the GPGAS algo-

rithm over several MCMC iterations, rather than a single iteration, the grid cells

can also be fixed after a specified number of iterations as in computational point

(a) in Section 4.3.4.

In Step 1 (Step 1(a) in Section 4.3.3), we partition the state space into equally-

sized grid cells at each time point. To ensure areas of the state space with

significant posterior mass are approximated, we aim to locate these regions using

the observation distribution and current parameter samples (y/a(s−1) where a(s−1)

is the current MCMC sample for a). This indicates a potential range for the finite

grid cells of approximately [−3.11, 4.13]. We extend this and set the finite cells

in [−8, 8] to ensure coverage of the state space, resulting in the equally-sized grid

cells in Figure 4.4. In practice, the finite cell range can be set using pilot tuning.

Under this definition for the grid cells, we approximate the HMM (Step 1(b) in

Section 4.3.3) in the grid cell indices Bt ∈ {1, . . . , 6}. To approximate the HMM

using mid-point integration, we artificially set the length of the outer, infinite

cells equal to the length of the finite cells (4), and the mid-point half that length

from the finite boundary. We then calculate the HMM in the grid cell indices

using Equation (4.3). That is, for transitions from grid cell 1 to 2,

P̂ (Bt = 2|Bt−1 = 1, θ(s−1)) ∝ 4× 4× p(dxt = −6|dxt−1 = −10, θ(s−1)),

for t = 2, 3, approximately 1.3× 10−9. After calculating similar probabilities for

all Bt ∈ {1, ..., 6}, we then normalise to sum to one, bound the probabilities to

ensure that they are non-zero (here by 1 × 10−10 due to the large range of the

finite cells), and renormalise. This results in P̂ (Bt|Bt−1 = 1, θ(s−1)) = (1.00, 1.2×
10−10, 1.0×10−10, 1.0×10−10, 1.0×10−10, 1.0×10−10) approximately. We similarly
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Figure 4.4: GPGAS grid cells for the toy example with data y1:3. The grid
cell boundaries are defined for each time point at −8,−4, 0, 4, 8. Each grid cell
is labelled by the corresponding interval. Mid-points within each grid cell are
shown by crosses.

approximate the initial state and observation probabilities of the HMM using

Equation (4.3), and the TPMs are constant over time since the grid cells are the

same for all time points. We therefore calculate one set of 1 × N (1 × 6) initial

state probabilities, one N ×N (6× 6) TPM and one N × T (6× 3) observation

matrix at iteration s.

In Step 2 (Step 2(a) in Section 4.3.3), we formulate the HMM importance

distributions in Equation (4.4). For example,

P̂ (B1|y1, θ(s−1)) ∝ P̂ (B1|θ(s−1))P̂ (y1|B1, θ
(s−1)),

approximately (2.9×10−17, 9.9×10−12, 1.00, 6.8×10−12, 1.1×10−20, 1.1×10−20).

We then fix the reference trajectory in a PGAS step as in Step 2(b) and sample the

remaining particles. First, we sample 3 grid cells (M − 1, one for each remaining

particle), from the HMM distribution. For example, we may sample b1:31 = (3, 4, 3)

from P̂ (B1|y1, θ(s−1)). We then sample a particle from within each associated grid

cell: for m = 1, 3, xm
1 ∼ Uniform(I(3)), i.e., xm

1 ∼ Uniform(−4, 0), for m = 2,

xm
1 ∼ Uniform(0, 4). Noting the computational points in Section 4.3.4, we can

sample x1
1 and x3

1 simultaneously from the same distribution. The particles are
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then weighted as in the PGAS steps of Equation (4.6) (and Step 2(c) in Section

4.3.3).

At time t = 2 (Step 2(d) in Section 4.3.3), we first fix the reference particle and

resample the remaining particles according to the weights. We then sample grid

cells and particles conditional on these resampled particles. For example, if the

resampling steps result in ancestors to the particles at time t = 2, a1:32 = (4, 4, 2),

we sample grid cell indices, bm2 from P̂ (B2|yt, B1 = b
am2
1 , θ(s−1)) for m = 1, 2, 3:

b12 from P̂ (B2|y2, B1 = b
a12
1 , θ(s−1)) = P̂ (B2|y2, B1 = 4, θ(s−1))

b22 from P̂ (B2|y2, B1 = b
a22
1 , θ(s−1)) = P̂ (B2|y2, B1 = 4, θ(s−1))

b32 from P̂ (B2|y2, B1 = b
a32
1 , θ(s−1)) = P̂ (B2|y2, B1 = 4, θ(s−1)),

we therefore sample all b1:32 , from P̂ (B2|y2, B1 = 4, θ(s−1)) = (1.0 × 10−20, 4.7 ×
10−19, 1.5 × 10−12, 1.00, 2.9 × 10−13, 1.8 × 10−20) (Equation (4.4)). Note that, as

in computational point 2 in Section 4.3.4, the HMM importance distribution is

only calculated for B1 = 4, rather than for all grid cells at t = 1. Given a

sample b1:32 = (4, 4, 4), we then sample particles simultaneously such that xm
2 ∼

Uniform(I(4)), i.e., xm
2 ∼ Uniform(0, 4), for m = 1, 2, 3. Finally, we sample the

reference particle ancestor, a42, in the ancestor sampling steps, and weight the

particles using Equation (4.6) (and Step 2(e) in Section 4.3.3). Once the GPGAS

recursions have been completed for all time points, (up to t = 3), we sample a

new MCMC value for the latent state, x
(s)
1:3 from {xm

1:3,W
m
1:3}4m=1.

4.4 State-space models with regime switching

We investigate the performance of the GPGAS algorithm when applied to the

challenging case of SSMs with regime switching. Regime-switching SSMs allow

the observation or transition models of an SSM to change abruptly between a

set of discrete ‘regimes’, labelled 1, . . . , K. At each time point, the choice of

regime determines the observation and transition model. However, the regime

label at time t, denoted st ∈ {1, . . . , K}, is unobserved and is assumed to be

first-order Markovian. A regime-switching SSM can be described mathematically

as a standard SSM (Equation (1.1)) with an additional discrete latent process of

regime labels, s1:T = (s1, . . . , sT ), determining the system and observation process

parameters:
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Initial state distribution: ps1(x1|θs1),

State transition distribution: pst(xt|xt−1, θ
st), t = 2, . . . , T,

Observed state distribution: pst(yt|xt, θ
st), t = 1, . . . , T,

Initial regime probabilities: P (s1 = j) = π0
j ,

Regime transition probabilities : P (st = j|st−1 = i) = πij, t = 2, . . . , T,

where {θ1, . . . , θK} denote the model parameters associated with each regime, the

probability density functions can vary across regimes, and π0
j and πij denote the

initial probabilities for each regime and transition probabilities between regimes

with labels i, j ∈ {1, . . . , K} respectively. For further discussion see, for example,

Kim and Nelson (1999).

Regime-switching SSMs have several well-known applications, including track-

ing manoeuvring targets (Bar-Shalom et al., 2001; Karlsson and Bergman, 2000;

Liang-qun et al., 2009) and modelling economic and financial data (Frühwirth-

Schnatter, 2001; Hamilton, 1989; Kim and Nelson, 1999; Kim and Cho, 2022).

Despite their widespread application, computational methods for fitting the la-

tent states and model parameters of a regime-switching SSM can be inefficient.

Since the SSM is non-linear, a natural approach often applied is particle Gibbs

sampling. However, standard SMC steps within the particle Gibbs algorithm are

known to degenerate when the state switches, requiring many particles and a

high computational cost to combat sample impoverishment (Doucet et al., 2001;

Driessen and Boers, 2004). Other approaches, including the use of multiple SMC

implementations across regimes (the interacting multiple models filter; Blom and

Bar-Shalom (1988); Boers and Driessen (2003); McGinnity and Irwin (2000)) and

the auxiliary particle filter (Andrieu et al., 2003), can require a high computa-

tional cost to mix sufficiently when the state switches (El-Laham et al., 2020;

Elvira et al., 2018).

Various strategies have been proposed to merge deterministic techniques with

importance sampling to combat sample impoverishment for regime-switching

SSMs, including the deterministic allocation of particles to regimes heuristically

or using posterior model probability approximations (El-Laham et al., 2020; Mar-

tino et al., 2017; Urteaga et al., 2016). The GPGAS algorithm is intuitively sim-

ilar to these approaches but provides an approach to joint state and parameter

inference.
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We investigate the performance of the proposed GPGAS algorithm when ap-

plied to two classes of regime-switching model. In the first example of this section,

we focus on a simulated stochastic volatility model with regime-switching to in-

vestigate the performance of the GPGAS algorithm relative to several current

efficient approaches: the PGAS algorithm using both the bootstrap and aux-

iliary particle filters (Lindsten et al., 2014; Pitt and Shephard, 1999), and the

PMPMH algorithm proposed in Chapter 3. In this example, we also explore the

performance of each method under two different model parameterisations that are

known to impact the efficiency of traditional SMC methods, understanding some

of the settings in which each algorithm can be applied efficiently. The second

example then applies the best-performing algorithms in the previous example to

a challenging real-world regime-switching model for COVID-era tourism demand

in Edinburgh. This section serves as an extended case study, demonstrating a

practical and efficient implementation of the GPGAS algorithm on a new regime-

switching model for COVID-era tourism demand.

4.4.1 Stochastic volatility with leverage

We initially focus on the model for stochastic volatility described by Kim (2015)

and So et al. (1998). In this model, a two-state regime process, denoted s1:T =

(s1, . . . , sT ), st ∈ {1, 2} for each t, captures switching in the level of U.S. stock

market log volatility over time. Transitions from the first and second regimes

occur with probability π12 and π21 respectively, and the regime labels, s1:T , each

correspond to a parameter, γ1 or γ2. The level of the latent log volatility pro-

cess, x1:T , is a function of these parameters and determines the variance of the

observations, y1:T . Mathematically, this stochastic volatility SSM with regime

switching can be written as

State transition distribution:

xt = γst + ϕ(xt−1 − γst−1) + ηt, ηt ∼ N(0, σ2
η),

Observed state distribution:

yt = exp
(xt−1

2

)
ϵt, ϵt ∼ N(0, 1),

Regime transition probabilities:

P (st = j | st−1 = i) = πij, i, j ∈ {1, 2},
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for t = 1, . . . , T where ϕ is an autoregressive scaling parameter and σ2
η > 0 is

the system process variance. The observation variance parameter is fixed at 1 to

focus exploration on the latent processes and associated parameters. In addition,

the initial continuous latent state is defined as x0 = µ, the initial regime label is

s0 = 1, and the expected duration in each regime is the same, i.e, π22 = π11. We

consider that x1:T , s1:T , and the set of model parameters, θ = (γ1, γ2, ϕ, σ
2
η, µ, π11),

are unknown.

The duration of the regimes (persistence) is determined by π11 and can influ-

ence how well an SMC algorithm approximates the posterior distribution of the

latent states. In general, degeneracy rates increase when the true state switches.

Thus, increasing the number of states that switch generally increases degener-

acy rates and reduces the accuracy of the SMC approximation of the posterior

distribution of the latent states. We therefore investigate the performance of

the proposed GPGAS algorithm under different levels of regime persistence, re-

sulting in different sets of simulated data: y
(1)
1:T , simulated using π11 = 0.85,

and y
(2)
1:T , using π11 = 0.95 (reducing the number of state switches). Each data

set is simulated using T = 500 time points and remaining model parameters

θ = (γ1, γ2, ϕ, σ
2
η, µ) = (−5, 5, 0.95, 0.1, 1). We present each set of simulated data

in Figure 4.5.

(a) (b)

Figure 4.5: Simulated data from the stochastic volatility model: y
(1)
1:T using π11 =

0.85, T = 500, and y
(2)
1:T using π11 = 0.95, T = 500.
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The associated (independent) priors are given for both data sets by

γ1 ∼ N(−5, 10),

γ2 ∼ N(5, 10),

ϕ ∼ N(0.95, 1),

σ2
η ∼ InvGamma(2.01, 0.101),

µ ∼ N(1, 1),

π11 ∼ Beta(9.9875, 1.7625),

where InvGamma denotes an inverse gamma distribution and the Gaussian dis-

tributions are parameterised by their variance. Each unknown model parameter

is sampled in the same way for each model parameterisation using conditional

Gibbs updates.

Computational decisions

We detail the exact computational and practical decisions required to implement

the GPGAS algorithm. Since the regime labels are discrete, we use the regime

labels to determine grid cells in the discrete state space. The following relates to

the grid cells used in the space of the continuous states, χ.

We first note that the GPGAS algorithm is implemented using the compu-

tational strategies in points (1-3) of Section 4.3.4. The practical choices with

respect to points (a-c) in Section 4.3.4 are as follows:

a) In all implementations, we fix the HMM approximations using the posterior

mean of each parameter estimated using 1000 samples after iteration s̃ =

2000. These values were found to be reasonable from short pilot tuning

runs.

b) Using these pilot tuning runs, we establish that a range of [−12, 12] for the
finite grid cells ensures that any value in the state space with reasonable

posterior mass can be proposed.

c) To sample within each grid cell, we use uniform and truncated Gaussian

distributions as described in Section 4.3.4, and note that the truncated

Gaussian distributions have variance 2.4 (10% of the finite grid cell range).
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Results

We present the results for the GPGAS, PGAS, PGAS with the auxiliary particle

filter, and PMPMH algorithms with various numbers of grid cells and particles.

A resampling threshold of 25% of the effective sample size in the SMC recursions

is universally favourable for both the GPGAS and PGAS algorithms in this case.

Each implementation is executed 10 times for 10,000 iterations on one core and

a 1.6 GHz CPU and we compare the performance of each implementation to

‘ground truth’ runs. These ground truth runs consist of the PGAS algorithm

with M = 5000 particles, taking around 89 hours to complete 10,000 iterations

under both sets of simulated data, y
(1)
1:T and y

(2)
1:T .

The auxiliary particle filter implementation uses simulation of the auxiliary

weights and requires a large computational cost for sufficiently accurate approx-

imation of the auxiliary weights to prevent sample impoverishment: at least 30

particles to approximate each auxiliary weight and 50 particles in the CSMC-AS

recursions, taking around 3 hours to reach errors comparable to the cheapest

standard PGAS implementation. Similarly, the PMPMH algorithm requires the

calculation of many TPMs, and a large computational cost, to achieve compa-

rable errors in the posterior estimates. Thus, we focus the remaining results on

the PGAS algorithm and proposed GPGAS algorithm and present the results in

Tables 4.1 and 4.2 and Figures 4.6 and 4.7.
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PGAS
M RRMSE mean RRMSE var ESS Time (s)
≤ 25 - - - -
50 0.09 4.03 4200 3600
100 0.05 2.39 4400 6600
200 0.03 1.30 4500 12000

GPGAS
N M RRMSE mean RRMSE var ESS Time (s)
25 ≤ 25 - - - -

50 0.03 0.17 4800 4200
100 0.03 0.13 4900 5900
200 0.02 0.10 4900 9400

50 ≤ 10 - - - -
25 0.04 0.14 4600 3900
50 0.02 0.10 4800 5300
100 0.01 0.10 4900 6900
200 0.01 0.10 5800 10700

100 ≤ 10 - - - -
25 0.04 0.12 4700 6500
50 0.02 0.10 5500 7800
100 0.01 0.09 5600 8900
200 0.01 0.09 6000 12800

200 ≤ 10 - - - -
25 0.04 0.12 5700 8500
50 0.02 0.10 6200 13500
100 0.01 0.09 6200 18000
200 0.01 0.08 6300 24000

Table 4.1: Relative root mean squared errors in the posterior mean (RRMSE
mean) and posterior variance (RRMSE var) of the continuous latent states, x1:T ,
effective sample size (ESS), and computational time (Time (s)). Shown for imple-

mentations of the PGAS and GPGAS algorithms under y
(1)
1:T (simulated at with

π11 = 0.85) with N grid cells and M particles, grouped by computational times
comparable to the PGAS implementations. Dashes indicate non-convergent im-
plementations.
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PGAS
M RRMSE mean RRMSE var ESS Time (s)
≤ 10 - - - -
25 0.18 4.08 3500 2000
50 0.12 3.48 4700 3400
100 0.07 2.53 4800 6000
200 0.03 1.58 5500 11500

GPGAS
N M RRMSE mean RRMSE var ESS Time (s)
25 ≤ 10 - - - -

25 0.05 0.35 3700 3800
50 0.03 0.16 5000 6000
100 0.02 0.13 5400 9200
200 0.01 0.10 5900 10200

50 ≤ 10 - - - -
25 0.02 0.14 5300 3900
50 0.02 0.10 5500 6300
100 0.02 0.08 5800 9200
200 0.01 0.08 6100 12200

100 ≤ 10 - - - -
25 0.02 0.12 5600 5100
50 0.01 0.10 5800 6800
100 0.01 0.08 5800 9200
200 0.01 0.08 6400 13000

200 ≤ 10 - - - -
25 0.02 0.10 5700 8900
50 0.01 0.10 6300 11600
100 0.01 0.09 6400 18700
200 0.01 0.07 6400 23900

Table 4.2: Relative root mean squared errors in the posterior mean (RRMSE
mean) and posterior variance (RRMSE var) of the continuous latent states, x1:T ,
effective sample size (ESS), and computational time (Time (s)). Shown for imple-

mentations of the PGAS and GPGAS algorithms under y
(2)
1:T (simulated at with

π11 = 0.95) with N grid cells and M particles, grouped by computational times
comparable to the PGAS implementations. Dashes indicate non-convergent im-
plementations.
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Figure 4.6: Relative root mean squared errors in the (a) posterior mean and (b)
posterior variance estimates of the continuous latent states, x1:T , with computa-
tional time for y

(1)
1:T with π11 = 0.85. Each point represents a different combination

of N ∈ {10, 25, 50, 100} grid cells and M ∈ {10, 25, 50, 100, 200} particles; non-
convergent implementations are excluded. Computational time is measured as
the time in seconds taken to complete the 10,000 iterations.

Figure 4.7: Relative root mean squared errors in the (a) posterior mean and (b)
posterior variance estimates of the continuous latent states, x1:T , with computa-
tional time for y

(2)
1:T with π11 = 0.95. Each point represents a different combination

of N ∈ {10, 25, 50, 100} grid cells and M ∈ {10, 25, 50, 100, 200} particles; non-
convergent implementations are excluded. Computational time is measured as
the time in seconds taken to complete the 10,000 iterations.

99



The GPGAS algorithm leads to improved posterior mean and variance estimates

for a fixed computational time, with particularly notable improvements in the

relative root mean squared errors in Tables 4.1 and 4.2. In addition, the GPGAS

algorithm appears to scale well both in the number of grid cells and the number

of particles for the regime-switching implementations considered in this section.

This demonstrates the potential gains in efficiency from combining deterministic

approximations of the SMC importance distributions with the computational

strategies presented in points 1-3 of Section 4.3.4.

All GPGAS and PGAS implementations appear more efficient according to

the effective sample size per second when implemented using more persistent

regimes (π11 = 0.95 resulting in more persistent regimes than π11 = 0.85), indi-

cating the impact of degeneracy when the states switch on efficiency. The reason

for the differences in performance between the algorithms is likely related to the

associated degeneracy rates. For approximately equivalent run times, the GP-

GAS algorithm reduces the average number of states not updated in the SMC

steps by 11− 50% depending on the implementation. To see the effect of regime

switching on the sample impoverishment and accuracy of posterior estimates, we

present additional results in Figures 4.8 and 4.9. The figures summarise the per-

formance of each algorithm according to switching and non-switching states and

demonstrate the efficiency of the GPGAS algorithm to estimate both the switch-

ing and non-switching states. However, it is worth noting that the differences in

efficiency appear most noticeable when the state switches.

100



Figure 4.8: Relative root mean squared errors for the (a) posterior mean and (b)
posterior variance estimates of the continuous latent states, x1:T , by non-switching
and switching states with computational time for y

(1)
1:T (simulated with π11 =

0.85). Each point represents a different combination of N ∈ {10, 25, 50, 100} grid
cells and M ∈ {10, 25, 50, 100, 200} particles, non-convergent implementations
are excluded. Computational time is measured as the time in seconds taken to
complete the 10,000 iterations.

Figure 4.9: Relative root mean squared errors for the (a) posterior mean and (b)
posterior variance estimates of the continuous latent states, x1:T , by non-switching
and switching states with computational time for y

(2)
1:T (simulated with π11 =

0.95). Each point represents a different combination of N ∈ {10, 25, 50, 100} grid
cells and M ∈ {10, 25, 50, 100, 200} particles, non-convergent implementations
are excluded. Computational time is measured as the time, in seconds (s), taken
to complete the 10,000 iterations.
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4.4.2 Case study: Edinburgh tourism demand

We now focus on an extended case study demonstrating the performance of the

GPGAS algorithm on a real data regime-switching example. The example is

motivated by the impact of the COVID-19 pandemic on Edinburgh’s tourism

industry, the biggest contributor (32%, Llewellyn et al., 2023) to Scottish tourism

revenue in pre-COVID times. In post-COVID recovery plans, understanding

the nature of recovery is essential for business communities and policymakers to

formulate appropriate policy responses (Lawrence, 2020; OECD, 2020).

In this section, we first outline a model for COVID-era tourism demand in

Edinburgh motivated by the work (and data) in Llewellyn et al. (2023). This

is accompanied by a detailed discussion of the data and model selection pro-

cess in Appendix A. The main focus of this section is on efficient model-fitting

approaches and we describe, in detail, how the GPGAS algorithm can be imple-

mented efficiently on such a challenging example.

Data

We consider two data sets: response data measuring aggregate hotel revenue (a

proxy for tourism demand) and additional covariate data from Google Trends.

The hotel revenue (response) data relate to the weekly revenue of over 300 hotels

in Edinburgh pre and post-COVID and are shown in Figure 4.10. The covariate

data we consider are weekly search query volumes from Google Trends over the

same period as the hotel revenue data. The 254 Google Trends series, published

by Google LLC (2024), represent the volume of searches over time for particular

terms entered into the Google search engine, normalised on a scale of 0−100 with

respect to the search query location and time period. These data are hypothesised

to measure the relative popularity of a single search term and aim to capture

behavioural responses to the pandemic in the absence of systematic patterns,

discussed further in Appendix A.1.2. We present the data for two search terms

in Figure 4.11. Each series is lagged to account for a time lag in searches and

actual tourist activity and a full discussion of both data sets, including the use of

the tourism demand data as a proxy for tourism demand and the pre-processing

applied, is provided in Appendix A.1.1.
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Figure 4.10: Weekly revenue of over 300 hotels in Edinburgh in Great British
Pounds (GBP) vs. date.
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Figure 4.11: Normalised weekly Google search query volumes (SQVs) for UK
searches for ‘things to do in Edinburgh’ (red) and Global searches for ‘flights to
Edinburgh’ (blue) vs. date.

Tourism demand regime-switching state-space model

We model tourism demand (hotel revenue) via a regime-switching SSM to capture

dynamic model uncertainty in the COVID period. The model uses a library of

structural components similar to those identified in Rivera (2016) and shrinkage

priors (Douwes-Schultz et al., 2023; Fischer et al., 2022) to identify the suitable

components explaining the tourism demand data. The derivation of the model

is discussed further in Appendix A.2 and we simply present the selected model

here.

We denote the weekly tourism demand data up to time T by y1:T = (y1, . . . , yT )

and the Google Trends data byG1:T = (g11:T , . . . , g
254
1:T ). The tourism demand data,
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y1:T , are modelled by an SSM with structural time series components (trend and

seasonality) and seasonally adjusted, dimension-reduced Google Trends compo-

nents:

• The high-dimensional Google Trends data, G1:T , are projected to a lower-

dimensional space of principal components, PC1:T = (PC1, . . . , PCT ), using

Bayesian principal component analysis (PCA) (Bishop, 1998). The princi-

pal components map to the Google Trends data through a 254-dimensional

vector of weights, Wst for each t = 1, . . . , T , and the remaining variability in

the Google Trends data is modelled via independent Gaussian distributions

with variance σ2
ηst

> 0. That is,

Gt ∼ N(WstPCt, σ
2
ηst

), t = 1, . . . , T. (4.7)

• The tourism demand data are log-linearly related to the regime-dependent

annual seasonal components, λi
t ∈ {λi

1, . . . , λ
i
52}, i ∈ {1, 2}, trend terms,

µ1:T , and Google Trends principal components, adjusted by annual seasonal

components ωi
t ∈ {ωi

1, . . . , ω
i
52}, i ∈ {1, 2}, and trend terms, u1:T . The

tourism demand observation process is

yt|µt ∼ logNormal(λst
t +µt−ast(PCt−ωst

t −ut), σ
2
ϵst
), t = 1, . . . , T, (4.8)

where σ2
ϵst

> 0 denotes the tourism demand observation process variance.

Note that the formulation of the observation process, including the assump-

tions underlying the seasonal components, is discussed in Appendix A.2.

• We assume that the trend terms, in this case the latent processes, evolve

according to linear auto-regressive processes. Mathematically,

µt|µt−1 ∼ N(µt−1 + bst , σ
2
µst

), t = 1, . . . , T,

ut|ut−1 ∼ N(ut−1 + cst , σ
2
ust

), t = 1, . . . , T, (4.9)

where µ0 and u0 are additional unknown parameters, and bst and cst are the

unknown gradients of the linear trend. In addition, the processes exhibit

random fluctuations with variances σ2
µst

, σ2
ust

> 0, and form the system

processes of latent states.

• Finally, the parameterisation of the model can vary according to the regime

label at each time point s1:T = (s1, . . . , sT ). We hypothesise that the current

regime is more likely to be consistent with the previous regime. Thus, the
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regime evolves according to the following first-order Markov process:

P (st = j|st−1 = i) = πij, i, j ∈ {1, 2}. (4.10)

We assume that the initial regime is arbitrarily set to s0 = 1 and note that

the unknown parameters are θ = (λ1
1, . . . , λ

1
52, λ

2
1, . . . , λ

2
52, ω

1
1, . . . , ω

1
52, ω

2
1, . . . , ω

2
52,

PC1:T , a1:2, σ
2
ϵ1:2

,W1:2, σ
2
η1:2

, b1:2, σ
2
µ1:2

, c1:2, σ
2
u1:2

, π11, π22, µ0, u0), with 104 seasonal

revenue components and 104 seasonal Google Trends components. Finally, we

assign independent priors to each parameter, with shrinkage priors for several

parameters, discussed further in Appendix A.2:

λ1
t ∼ N(16, 0.5), t = 1, . . . , 52,

λ2
t ∼ N(0, 1), t = 1, . . . , 52,

ω1
t ∼ N(0.5, 0.5), t = 1, . . . , 52,

ω2
t ∼ N(0, 1), t = 1, . . . , 52,

PCt, ai, bi, ci, µ0, u0 ∼ N(0, 1), t = 1, . . . , T, i = 1, 2,

W k
i ∼ N(0, 1), i = 1, 2, k = 1, . . . , 254,

σ2
ϵi
, σ2

ηi
, σ2

µi
, σ2

ui
∼ InvGamma(2, 1), i = 1, 2,

πii ∼ Beta(9.9875, 1.7625), i = 1, 2.

The Gaussian distributions are parameterised by their variance. These priors

give conditional Gibbs updates for b1:2, c1:2, µ0, u0, W1:2, ση1:T , σµ1:T
, σu1:T

, π11,

and π22. The remaining parameters are independently sampled from Gaussian

random walk proposal distributions: the λ1
t , t ∈ {1, . . . , 52}, with variance 0.5,

the λ2
t and ω2

t , t ∈ {1, . . . , 52}, with variance 1, the ω1
t , t ∈ {1, . . . , 52}, with

variance 0.5, the PCt, t ∈ {1, . . . , T}, with variance 0.01, the a1:2 with variance

1× 10−5, the σ2
ϵ1

with variance 1× 10−3, and the σ2
ϵ2

with variance 5× 10−3.

Computational decisions

Given the regime-switching SSM in Equations (4.7)-(4.10), we now focus on the

computational GPGAS approach to inferring the latent states (µ1:T , u1:T , s1:T )

and model parameters, θ. To reduce the computational cost associated with

defining grid cells in a three-dimensional latent space, we first sample (s1:T , µ1:T )

jointly from their full conditional distribution, followed by u1:T from its full condi-

tional distribution. In both cases, the GPGAS algorithm is implemented following

the computational strategies in points (1-3) of Section 4.3.4. To define the grid

cells, we use the exact regime labels in the discrete state space of regime labels,
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s1:T , and we make the following decisions with respect to points (a-c) (Section

4.3.4) in the continuous spaces of µ1:T and u1:T :

a) The HMM approximations are fixed after iteration s̃ = 1500 using the

posterior mean of each parameter in iterations 1000− 1500. This is a lower

value than Section 4.4.1 to address the computational cost associated with

HMM approximation in two continuous state dimensions, and was found to

be reasonable via pilot tuning.

b) Using this pilot tuning run, the finite grid cells were found to cover a rea-

sonable posterior mass over ranges [−5, 20] in the state space of each µt and

[−1, 360] in the state space of each ut.

c) As in Section 4.4.1, we sample from within each grid cell using uniform

distributions over the finite cells, and otherwise we sample values for µt

and ut using truncated Gaussian distributions with variances 2.5 and 36.1

respectively (10% of the range of the finite grid cells).

Results

We compare the performance of four GPGAS and PGAS updating strategies.

Due to the large range of the finite cells required to update u1:T , and the ac-

curacy of the HMM approximation required, we present an additional approach

that updates (s1:T , µ1:T ) using the GPGAS algorithm and u1:T using the PGAS

algorithm (referred to as GPGAS + PGAS ). For a fair comparison, we compare

the performance of these approaches to a PGAS algorithm using such condi-

tional updates (conditional PGAS ), as well as a PGAS algorithm jointly updating

(s1:T , µ1:T , u1:T ) at each iteration (joint PGAS ). The SMC resampling threshold

for all algorithms is set at the optimal level of 50% of the effective sample size,

and we test the efficiency of each algorithm usingM = 10, 25, 50, 100, 200, 300, 400

particles and N = 25, 50, 100, 200, 300, 400 grid cells.

We execute each implementation (combination of tuning parameters) 10 times

for 1 hour on one core and a 1.6 GHz CPU and compare the results to a joint

updating PGAS algorithm with M = 5000 particles (the ‘ground truth’). Each

ground truth run takes around 97 hours to complete its 25,000 iterations. The

results for the most efficient implementations of each algorithm are presented

in Table 4.3 and are defined as those achieving the lowest mean squared errors

compared to the ground truth. Since there are several model parameters and three

latent state processes, we summarise each approach by the errors in posterior

predictive estimates under each algorithm compared to the ground truth, i.e.,
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those estimated from samples from the marginal distribution p(ỹ1:T |y1:T ) for new
observations ỹ1:T .

RRMSE Itera-

50% 90% -tions

N M ESS Mean Var CrI CrI /hour

Joint PGAS - 200 900 0.042 0.850 0.049 0.102 6275

Conditional PGAS - 200 1400 0.028 0.254 0.034 0.057 5435

GPGAS 100 100 1800 0.026 0.331 0.029 0.070 5878

GPGAS + PGAS 200 100 3000 0.017 0.208 0.021 0.051 7714

Table 4.3: Effective sample size (ESS), relative root mean squared error (RRMSE)
of the estimated posterior predictive mean, variance (Var), and credible intervals
(CrI), and the number of iterations completed within 1 hour (Iterations per hour).
The RRMSEs are calculated using the posterior predictive estimates compared
to those under the ground truth. Shown for the most efficient implementations
of each algorithm.

Overall, the results indicate that the GPGAS updates of µ1:T and s1:T , and PGAS

updates of u1:T (GPGAS + PGAS) are the most efficient approach. Further, the

GPGAS algorithm is arguably as efficient as the conditional PGAS algorithm

when updating u1:T but is less efficient than the GPGAS and PGAS combined

approach due to the large high posterior density range requiring many grid cells to

achieve reasonable HMM approximation error. However, the GPGAS algorithm

appears to improve efficiency at switching points, increasing the number of unique

particles at these points by 5 − 7% on average, and thus provides an efficient

approach for updating µ1:T and s1:T .

We present additional model-based results in Figure 4.12 illustrating the over-

all fit of the model according to its posterior predictive distribution and the

regimes inferred by the model over time. The regime-switching SSM appears

to fit the data well, modelling stable period tourism demand before COVID,

the data during the COVID lockdown, and the patterns in the upward trend in

tourism demand post-lockdown. As well as generally representing the data well,

the model effectively switches from the first to second models around the first

lockdown (Figure 4.12b), indicating that the regimes correspond to a stable pe-

riod tourism demand model and COVID disruption model. The model switches

back to the first regime (pre-COVID stable model) from 3rd October 2021, pos-

sibly indicating recovery under the assumed interpretation of each regime and

subject to the assumptions of each model.
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(a) Revenue data over time (black, also shown in Figure 4.10), and associated estimated
posterior predictive mean and 90% credible intervals (blue).
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(b) Estimated posterior probability of regime 2 over time. The variability in the pos-
terior regime label at each time point ranges from effectively 0 to 0.002 (around the
switching points).

Figure 4.12: Posterior summaries for the regime-switching SSM for tourism de-
mand estimated by the GPGAS + PGAS algorithm with 200 grid cells and 100
particles.

The posterior estimates of the parameters provide extra insight into the differ-

ences between the models for each period. We highlight the main differences via

the posterior estimates in Table 4.4. Several of the parameters appear to undergo

shrinkage, defaulting to the shrinkage priors assigned, and could possibly be re-

moved from the model. Notably, the effect size of the Google Trends components

in the first (stable period) regime (a1) indicates that the Google Trends com-

ponents have negligible explanatory power, especially compared to the second

(lockdown) regime (with effect size a2). Arguably, there are no seasonal effects in

the lockdown period, and a possible model extension could explore the effect of
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removing the seasonal components in both periods due to, additionally, the low

variability in the seasonal components for the stable period. There also appears to

be a greater amount of unexplained variability in the lockdown period compared

to the stable period from the posterior distributions of σ2
ϵ1

and σ2
ϵ2
, indicating a

higher inherent level of variability or systematic components not captured by the

model in the lockdown period.

Posterior estimate of
Parameter Mean 5% quantile 95% quantile

a1 1.515 ×10−4 -3.247 ×10−4 7.710 ×10−4

a2 -0.031 -0.035 -0.029
σ2
ϵ1

0.047 0.035 0.061
σ2
ϵ2

0.242 0.124 0.404
λ1 16.008 15.630 16.388
λ2 0.042 -0.797 0.876

Table 4.4: Posterior mean and credible intervals estimates for several parameters
estimated by the GPGAS + PGAS algorithm with 200 grid cells and 100 particles.
The estimates presented for λ1 and λ2 are the average of the posterior mean and
credible intervals for λ1

t and λ2
t , t = 1, . . . , 52.

4.5 Discussion

We present an efficient computational approach to fitting general SSMs using de-

terministic grid approaches within the SMC framework. For a range of common

regime-switching SSMs, we show that the GPGAS approach gives more efficient

performance than current SMC-based approaches by efficiently reducing sample

impoverishment. Further, we show that GPGAS updates can improve efficiency

when applied to a challenging COVID-era tourism demand model motivated by

real data. By combining a deterministic grid with SMC steps, we have capitalised

on the accuracy of grid-based approaches while reducing their overall computa-

tional cost and improving their scalability in the number of grid cells, and the

scalability of SMC steps in the number of particles. Further, the SMC corrections

have reduced the number of tuning parameters associated with current grid-based

approaches, and their sensitivity, improving their utility in practical applications.

A possible point for further consideration is the parallelisation of the GPGAS

algorithm. As with other SMC approaches, trajectories of particles can be sam-

pled in parallel, potentially reducing the computational time of the approach.

Further approaches to parallelisation can also be considered and are discussed,

for example, in Vergé et al. (2013). Note that a potentially efficient approach
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could group parallel computations by the grid cells containing particles from the

previous time point, thus avoiding the additional computational cost from re-

laxing computational strategy 2 of Section 4.3.4. However, as with the different

parallelisation strategies in Section 3.5, the computational cost associated with

re-synchronisation should also be considered (Henriksen et al., 2012).

In this chapter, we considered an additional interesting point for research:

the combination of the GPGAS and PGAS methods. As in Section 4.4.2, and

observed earlier in Chapter 3, equally-sized grid cell HMM approximations can

have a high computational cost when applied to states with a large high posterior

density range. It may be possible to improve the efficiency of the GPGAS algo-

rithm using a state-centred or a similar approach, as in Chapter 3 (Section 3.3.1),

provided that this still provides a valid particle Gibbs algorithm. However, this

approach relies on being able to adapt the centring of the HMM approximation

and may perform poorly if the HMM approximation is fixed in future iterations

to reduce computational cost. A further avenue for research could explore the

efficiency of a deterministic grid on the space of the observations, reducing the

number of observed state probability matrix calculations in the HMM approx-

imations. That is, an additional partition is imposed on the space of possible

observations and the observed state distribution is now calculated for each state

grid cell and each new interval (rather than each state grid cell and each time

point). The observed state distribution at each time point is then given by the

probabilities associated with the interval containing the observation.

The proposed grid-based importance distribution could be extended to other

SMC-based methods. In particular, the grid importance distribution could be ap-

plied to improve sample impoverishment in standard filtering applications with

known model parameters. In this case, the grid-based approach does not re-

quire multiple transition and observed state probability matrix approximations

(across iterations) and is thus computationally inexpensive. However, for on-

line parameter inference, using for example the nested particle filter (Crisan and

Mı́guez, 2018; Pérez-Vieites and Mı́guez, 2021), the method may be computa-

tionally costly, requiring many transition and observation probability matrix ap-

proximations for different model parameter values. One possibility is to calculate

HMM approximations for groups of similar model parameter samples, reducing

the number of HMM approximations required. This presents a particularly in-

teresting avenue for future research, extending the grid importance distribution

to other SMC-based methods to combat sample impoverishment efficiently.
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Chapter 5

Conclusions

5.1 Conclusions and contributions

This thesis addresses the challenge of efficient Bayesian inference on the latent

states and model parameters of a state-space model. Markov chain Monte Carlo

methods are widely applied when the joint posterior distribution of the latent

states and model parameters only admits a closed-form expression up to propor-

tionality, providing theoretical guarantees such as the consistency of posterior

estimates. However, updating the latent states within a Markov chain Monte

Carlo algorithm can be inefficient, leading to practically infeasible computational

times to achieve sufficiently low error in the posterior estimates.

In Chapter 3, we introduced the point mass proposal Metropolis-Hastings

(PMPMH) framework which uses deterministic hidden Markov model approxima-

tions to design efficient Metropolis-Hastings proposal distributions. We showed

that the algorithm provides a reliable approach to posterior estimation and is

especially efficient for a traditionally challenging near-chaotic population growth

model where state-of-the-art approaches are computationally costly. In this chap-

ter, we also highlighted the flexibility of deterministic grid proposal distributions

and explored how the number of grid cells, and their location and size, can be

chosen efficiently depending on the application. In addition, we provided three ap-

proaches to defining the grid cells and demonstrated that a current-state-centred

approach can be particularly efficient when the range of the data or the observa-

tion process variance is large.

In Chapter 4, we presented the grid particle Gibbs with ancestor sampling

(GPGAS) algorithm, proposing the use of deterministic hidden Markov model ap-

proximations to design particle Gibbs with ancestor sampling importance distri-

butions. The approach is motivated by the combination of hidden Markov model
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approximations with corrective sequential Monte Carlo steps that reduce the

computational cost and number of tuning parameters associated with the hidden

Markov model approximations while addressing the sample impoverishment prob-

lem observed in particle Gibbs with ancestor sampling algorithms. We showed

that the GPGAS algorithm efficiently handles challenging regime-switching state-

space models and can substantially improve the accuracy of posterior estimates

for a fixed computational time when compared to state-of-the-art approaches.

We additionally showed that combining GPGAS and particle Gibbs with ances-

tor sampling updates can be particularly efficient, applying the GPGAS algorithm

to state dimensions that are likely to suffer from sample impoverishment and the

particle Gibbs with ancestor sampling algorithm to state dimensions with large

high posterior ranges.

5.2 Future work and extensions

The combination of deterministic grid-based hidden Markov model approxima-

tions and Markov chain Monte Carlo methods presents several interesting points

for future research. We first note that it is relatively straightforward to parallelise

components of both the PMPMH and GPGAS algorithms and that this may im-

prove the computational time of each approach. Within the PMPMH framework,

parallelisation strategies can be imposed to update serially independent blocks

of states and compute the hidden Markov model probabilities within each block

under the state-centred grid cell approach. Within the GPGAS approach, trajec-

tories of particles can be sampled in parallel, particularly across groups of particles

within different grid cells. Although additional consideration should be given to

memory limitations and the computational cost associated with re-synchronising

each algorithm (Henriksen et al., 2012), parallelisation is a relatively straight-

forward addition that may improve computational times. There are, however, a

number of additional but more complex avenues for future research that could be

explored. We describe each avenue in turn.

5.2.1 HMM approximation accuracy

A particularly interesting avenue for future research considers efficient improve-

ments to the hidden Markov model approximations used by each algorithm. A

first consideration is the use of more accurate numerical integration strategies, for

example, increasing the number of points in each grid cell used for the determin-

istic integration strategy, the use of simple linear functions joining evaluations at

114



mid-points, or the use of other fast evaluations that include the gradient in each

grid cell. Example approaches are discussed in Ballreich (2017, Chapter 3) and

Davis and Rabinowitz (2007). There may also be ways to improve the efficiency

of the within-cell proposal distributions when sampling point values, including

approaches that approximate the posterior density in each grid cell where the

posterior conditional distributions are irregular or vary in an unsystematic way

depending on the value of the parameter, such as Gaussian mixture approxi-

mation (Plataniotis and Hatzinakos, 2001) and variational inference (Blei et al.,

2017; Hirt et al., 2019). These approaches to improving the mixing of each algo-

rithm may permit the use of fewer grid cells, decreasing the overall computational

cost which may also permit greater scalability of the HMM to higher dimensional

latent spaces. However, with any such adaptations, there is a trade-off between

the improved mixing properties and the computational cost arising from the com-

plexity of the method and these approaches could be most valuable to explore for

more complex state-space models.

Within the GPGAS framework, when the high posterior mass range of the

state space is large, it may be possible to improve efficiency using a state-centred

approach as in the PMPMH approach in Chapter 3. That is, the grid cell bound-

aries could vary through time according to the empirical quantiles of the particles

at each time point or the current states in the Markov chain Monte Carlo iter-

ations as in Approach 3 of the PMPMH algorithm. However, compared to the

PMPMH approach, the equally-sized grid cells of the GPGAS algorithm scale

well with the state dimension, requiring fewer transition matrix calculations in

the Markov chain Monte Carlo steps. Therefore, approaches that improve the

hidden Markov model approximation for large high posterior mass ranges whilst

maintaining a small number of transition matrix calculations could be explored.

A possible approach could define the grid cells in the same way for all or several

time points, setting the grid cells according to coarsely-approximated quantiles of

the true posterior distribution via, for example, variational Bayes approximations

(Onizuka et al., 2023). However, as with the previously-described approaches to

improving the hidden Markov model approximations and reducing the number of

grid cells required, the computational gains should be balanced with the compu-

tational cost of the chosen approach.

5.2.2 Computational cost of the HMM approximations

Exploring methods to reduce the computational cost of the hidden Markov model

approximations whilst retaining the mixing properties of each approach may also
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be a fruitful avenue for future research, reducing the computational cost of both

the PMPMH and GPGAS methods. For example, one may consider a deter-

ministic grid on the space of the observations, reducing the number of observed

state probability matrix calculations in the HMM approximations. It may also be

possible to reduce computational cost whilst retaining the mixing properties of

the algorithms by adapting the number of grid cells at each time point, reducing

the number of grid cells when there is little uncertainty in the latent states. Fur-

ther, the computational cost of the hidden Markov model approximation can be

reduced by updating the grid cells less frequently across the MCMC iterations.

Although updating the grid cells periodically across iterations may produce bi-

ased estimates of the posterior distribution (Haario et al., 1999), fixing the grid

cell definition after a specified number of iterations is valid and we showed that

this is an efficient approach within the GPGAS framework. This approach could

be explored further for the PMPMH method and for state-centred approaches

to defining the grid cells. However, we note that state-centred grid cells may be

more sensitive to the frequency with which the grid cells are updated and may

exhibit reduced mixing properties.

5.2.3 Grid design on high-dimensional spaces

Defining grid cells on high-dimensional spaces is non-trivial (Duńık et al., 2018;

Smidl and Gasperin, 2013), resulting in challenges when it is inefficient to sample

lower-dimensional state dimensions conditional on other state dimensions. One

possibility could explore the efficiency of joint updating strategies when partial

state dimensions are sampled under the particle Gibbs with ancestor sampling

framework and others are sampled from the grid-based importance distributions

of the GPGAS algorithm. Other possible approaches include projection and grid

definition on lower-dimensional manifolds (Tidefelt and Schön, 2009). This is a

challenging and active area for future research.

We propose approaches that are efficient for traditionally challenging state-

space models. As more data are collected and these data become more complex,

more complex models are required. In turn, more complex model-fitting algo-

rithms may be required for practical inference. Efficient model-fitting algorithms

are likely to be an active area of ongoing research.
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Appendix A

Further materials for the tourism

demand case study

In this appendix, we provide supplementary information for the tourism de-

mand model-fitting case study in Section 4.4.2. We first describe each data set,

pre-processing, and any further evaluations of the data in Appendix A.1. In

Appendix A.2, we derive the regime-switching model presented in Section 4.4.2.

A.1 Data

A.1.1 Response data: hotel revenue

The response data are given by the weekly aggregate revenue of hotels in Ed-

inburgh. These data relate to the revenue of 357 hotels in Edinburgh in Great

British Pounds (GBP) and were collected by Smith Travel Research, Inc. (STR)

from 4th June 2017 to 30th April 2022.

The hotel revenue data are complete but indirectly measure tourism demand.

Therefore, to assess the hotel revenue data as a proxy for tourism demand, the

hotels listed in the data set are first compared to those registered with Edinburgh

Council (the local government authority for the city of Edinburgh), confirming

similarity in their spatial distributions. Additionally, the hotel data are compared

to footfall counts for Edinburgh Castle. Edinburgh Castle is one of the primary

tourist attractions in the city, and, as a direct measure of tourism demand, the

castle data may reflect tourism demand in Edinburgh more accurately than ag-

gregate hotel revenue. To compare these data, the aggregate hotel revenue data

and Edinburgh Castle are scaled by dividing each data point by their respective

all-time maximum values, shown in Figure A.1.
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Figure A.1: Scaled Edinburgh Castle visitor count data (black) and scaled hotel
revenue data (blue) from 2017.

The scaled data are similar before the first UK lockdown (16th March 2020).

After the first lockdown in the UK, the scaled hotel data follow the same overall

trend as the Edinburgh Castle visitor data but at higher levels. At the beginning

of the COVID pandemic, the number of visitors to the castle was limited as a

COVID prevention measure, even after tourist activity was permitted by the UK

and Scottish governments. Therefore, the castle data were censored and are not

used as the proxy for tourism demand directly but we conclude that the hotel

revenue data serve as a sensible proxy for tourism demand in Edinburgh.

A.1.2 Covariate data: Google Trends

Search engine ‘big data’ have proven effective in improving tourism demand

model-based inferences during the COVID-19 pandemic, hypothetically captur-

ing large-scale behavioural responses to the pandemic (Li et al., 2021; Ma et al.,

2022). The underlying idea is that individuals typically retrieve information

about an area they would like to visit from a search engine, thus aggregate search

query volumes over time may indicate how collective interest in visiting an area

changes over time. In addition to their potential for providing behavioural infor-

mation based on a large sample size when historic data cannot be relied upon,

search query volume data are also available almost immediately after the time

point they were captured, a key practical advantage in quickly-changing scenarios

such as COVID. We consider Google Trends data to inform extra covariates and

hypothesise that
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this may capture additional idiosyncratic information in the tourism demand

(hotel revenue) data.

Google LLC (2024) publish indices representing the volume of searches over

time for a particular term entered into the Google search engine. Google first

take a sample of the billions of search queries entered into its search engine per

day and count incidences for each search query by location. The published indices

(in the range 0− 100) are the counts normalised with respect to all searches in a

given location and time period. Thus, a particular Google Trends series captures

the popularity of a search term relative to the other searches in the time period

and location and can be used to compare the popularity of search terms.

Using the application programming interface (API) wrapper gtrendsR (Mas-

sicotte and Eddelbuettel, 2022) in the R programming language, several Google

Trends search query volume series can be obtained. The API wrapper automat-

ically scrapes the weekly search query volume data in a specified location, as

well as ‘related search terms’ for a given period and search term. Following a

standard approach in the literature (Li et al., 2017; Xiaoxuan et al., 2016; Yang

et al., 2015), search terms are selected by first selecting an original first level of

search terms: Edinburgh hotels, Edinburgh Castle, Edinburgh Airbnb, Edinburgh

car rental and Edinburgh trains. The remaining search terms are then all of the

associated queries provided by the related search terms. In our acquired data

set, this process was repeated for both search query volume data globally and in

the UK over the period from 4th June 2017 to 30th April 2022, acquiring global

search query volume data for 124 search terms and UK search query volume data

for 130 search terms after removing duplicated search terms.

As a final pre-processing step, we consider that tourists obtain planning in-

formation, for example, information on hotels, travel guides, and places to eat

in advance of their actual tourist activity. Thus, we lag each Google Trends

series by that which produces the highest Pearson correlation with the tourism

demand data. In this case, the Google Trends data are most linearly related

to the logarithm of the tourism demand data. Thus, if the correlation between

the ith Google Trends series, di1:T , and the logarithm of the tourism demand se-

ries, log y1:T , is maximised at lag l of the Google Trends series, each new series

is given by

gt
i = dit−l, t = l + 1, . . . .T,
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Applying this lagging procedure to each Google Trends series, i = 1, . . . , 254, and

standardising each series to give uniform variance to ensure that the contribution

of each series is treated equally, we obtain the Google Trends covariate data,

denoted G1:T = (g11:T , . . . , g
254
1:T ).

A.2 Regime-switching structural components and

model development

Stable period tourism demand models (before COVID) generally rely on long-

run historic behaviour such as dominant seasonal patterns (Jorge-González et al.,

2019; Song and Li, 2008; Wu et al., 2017). However, designing an appropriate

model following an unprecedented event such as COVID can be challenging due

to the lack of relevant historical data. A variety of approaches have been pro-

posed, often relying on exogenous data or information captured, for example,

using irregular components (Fotiadis et al., 2021), counterfactual explanations

within causal inference (Zhang et al., 2021) or by incorporating intervention ef-

fects (Seong and Lee, 2021). Google Trends data, in particular, have been shown

to improve COVID-era tourism demand models (Li et al., 2021; Ma et al., 2022).

Following the immediate effect of the pandemic, tourism demand showed ev-

idence of recovery: return to a period of stability in both the absolute levels of

tourism demand and its systematic patterns (UNWTO, 2022; World Travel &

Tourism Council, 2022). However, the extent to which the systematic patterns

in the recovery data were the same as pre-COVID levels is unclear. It is possi-

ble that stable patterns are present alongside some lasting COVID effects during

the recovery period. Bhatia et al. (2022) and Zhang et al. (2023) hypothesise

that some impacts of COVID are long-lasting, for example, permanent changes

in the risk perception of tourists, increased promotion of domestic tourism, in-

creased awareness of environmental issues, and the acceleration of technological

advancements (a ‘new normal’ in tourism demand). Therefore, early switching to

a stable period tourism demand model based on the long-run pre-COVID data,

and less on exogenous data, may not accurately capture tourism demand. On

the other hand, remaining in a disruptive-period model when the data can be

modelled using long-run historic behaviour may result in unnecessarily reduced

model accuracy.

Regime-switching models (Hamilton, 1989) can be applied to automatically

adapt the choice of model to the observed data and account for dynamic model

uncertainty, and have been applied widely when the model specification and/or
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model switching point is difficult to define. Due to the difficulties in defining sin-

gular models for recovery phases, regime-switching models have found a number

of post-disruption applications, including in post-war economics (Eo and Kim,

2016), financial market crisis contagion during the Global Financial Crisis (Chan

et al., 2018), the modelling of infection rates and stock returns in the aftermath

of the COVID pandemic (Bouteska et al., 2023; Haimerl and Hartl, 2023; Kartal

et al., 2022), and the modelling of tourism demand following political violence,

terrorist attacks or smaller-scale pandemic events (Aronica et al., 2021; Lanouar

and Goaied, 2019).

We derive a regime-switching model and begin by considering that, due to the

unprecedented nature of the COVID pandemic and the lack of prior information

on the suitable variables explaining the tourism demand data, a sensible approach

identifies a library of structural components that may be informative of tourism

demand in each regime. However, to avoid over-fitting, we assign shrinkage priors

(Douwes-Schultz et al., 2023; Fischer et al., 2022) to perform model selection

within each regime. Note that an alternative approach defines variables to include

or exclude in each regime model a priori, for example, in Haimerl and Hartl

(2023), where additional variables are included to account for extra effects in

the post-COVID period. However, this approach requires prior information on

the negligible effects in each regime. Thus, to derive the library of structural

components considered here we note that the variables explaining tourism demand

are likely to vary most substantially between the pre and post-COVID periods.

We consider these periods separately for the purposes of effect selection. We then

describe the process for obtaining the Google Trends covariates, before describing

the regime-switching model and shrinkage prior approach.

A.2.1 Components identified in the pre-COVID data

The pre-COVID tourism demand (hotel revenue) data in Figure 4.10 have a

strong trend and an annual seasonal pattern. Widely used to provide inter-

pretable models of tourism demand with strong periodicity, we propose a struc-

tural time series model (Eugenio-Martin and Perez-Granja, 2020; Harvey, 1990;

Scott and Varian, 2014; Song and Li, 2008). In addition, we consider that slight in-

creases in the variability observations can be observed over the pre-COVID period.
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Thus, we assume that the observations are log-linearly related to the structural

components and the pre-COVID data are described for t = 1, . . . , T by

yt ∼ logNormal(µt + λt, σ
2
ϵ ),

µt = µt−1 + b, (A.1)

where µt and λt ∈ {λ1, . . . , λ52} denote the trend and annual-period seasonal

components at time t respectively, σ2
ϵ > 0 denotes the residual variance, and

b is the gradient parameter of the trend with intercept µ0. Note that we have

assumed that the levels of trend are correlated over time (Markovian) but, for

simplicity, we have assumed that the seasonal components at different time points

are uncorrelated. One possible extension to the model could consider incorpo-

rating auto-regressive structure in the seasonal components to capture temporal

dependence in the weekly effects.

A.2.2 Components identified in the post-COVID period

Noting the lack of prior information on the form of the model in the post-COVID

period and the later use of shrinkage priors, we initially consider the model iden-

tified in Equation (A.1). However, the post-COVID period data in Figure 4.10

appears to exhibit short-term fluctuations in the level of the trend that may not

be explained by systematic components. Therefore, we also consider that the

trend in the post-COVID tourism demand may be more variable with the short-

term time dependence captured by an autoregressive process. We therefore adapt

the model in Equation (A.1) to allow for autoregressive stochastic trend:

µt|µt−1 ∼ N(µt−1 + b, σ2
µ),

yt|µt ∼ logNormal(λt + µt, σ
2
ϵ ), (A.2)

for t = 1, . . . , T where the additional parameter, σ2
µ > 0 denotes the imposed

variability in the trend process. Notably, Equation (A.2) is now a state-space

model in the unobserved trend process.

In this post-COVID case, such a model relying on systematic patterns in an

unstable period may fit the data poorly. We therefore propose that residual

idiosyncratic patterns may be captured by exogenous sources of information,

Google Trends data, relating to the behavioural drivers of tourism demand.
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A.2.3 Google Trends components

Google Trends search query volumes relating to tourism quantify collective inter-

est in visiting an area and have thus been used widely and successfully to provide

additional information on near-term tourism activity (Li et al., 2021). For ex-

ample, we may expect that individuals considering a visit to Edinburgh would

search ‘Edinburgh car rental’ on Google in advance of their visit. Thus, aggregate

search query volumes on such search terms may reflect changes in tourist activity.

However, a key challenge to modelling using Google Trends data is capturing

the relevant information in many Google Trends series while avoiding over-fitting

(Law et al., 2019; Yang et al., 2015). The Google Trends data considered here

relate to 254 search terms, including both global and UK series, and not all of

the information in the Google Trends data set may be relevant to the model. A

common approach, and that used here, reduces the dimension of the data using

principal component analysis (PCA) (Bishop, 1998; Höpken et al., 2020; Jolliffe

and Cadima, 2016), summarising the main information in the lagged Google

Trends data introduced in Section 4.4.2.

Assuming that one principal component sufficiently summarises the informa-

tion in the Google Trends data set while avoiding over-fitting, we follow the

standard Bayesian PCA approach of Bishop (1998). If G1:T = (g11:T , . . . , g
254
1:T ) de-

notes the full set of Google Trends data, these data can be written as a projection

of the principal component, PC1:T , with projection directions, W. In addition,

we assume that the residual errors at different time points are uncorrelated and

Gaussian, and that the projections are uncorrelated. Thus, the principal compo-

nent at each time point satisfies

Gt ∼ N(WPCt, σ
2
η),

where σ2
η > 0 denotes the residual variance.

To ensure that the Google Trends principal component, PC1:T , captures ex-

tra idiosyncratic information not captured by the tourism demand data alone, we

allow similar seasonal and stochastic trend components in the principal compo-

nents when regressed on the data. In addition, we later assign shrinkage pri-

ors so that these patterns in the data are only enforced if they are present.

Combining the principal component model with the components identified in

Equation (A.1) and subsequently Equation (A.2), the full state-space model is
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now given for t = 1, . . . , T by

µt|µt−1 ∼ N(µt−1 + b, σ2
µ),

ut|ut−1 ∼ N(ut−1 + c, σ2
u),

Gt ∼ N(WPCt, σ
2
η),

yt|µt ∼ logNormal(λt + µt − a(PCt − ωt − ut), σ
2
ϵ ), (A.3)

where additionally σ2
u denotes the variance of the principal component trend

process with intercept and gradient u0 and c respectively. Note that such a state-

space model incorporating seasonal components has been applied previously in

(Rivera, 2016).

A.2.4 Regime-switching state-space model

Given the state-space model with latent states µ1:T and u1:T in Equation (A.3), we

now account for COVID-era model uncertainty and consider that the relevance of

different model components may vary over time. As a motivating hypothesis, we

consider that the Google Trends principal components may be more informative

of tourism demand in the absence of systematic patterns post-COVID and that

this hypothesis may extend to other model components.

We therefore impose a two-state regime-switching process to enable changes

in the model parameterisations informed by the data. That is, at time t ∈
{1, . . . , T}, we denote the regime label by st ∈ {1, 2} and impose time dynamics

by allowing the regime label to depend on that at the previous time point. In

other words, the regime label evolves according to a discrete-valued process with

probabilities P (st = j|st−1 = i) = πij, i, j ∈ {1, 2} and the regime-switching

model based on Equation (A.3) is given for t = 1, . . . , T by

µt|µt−1 ∼ N(µt−1 + bst , σ
2
µst

),

ut|ut−1 ∼ N(ut−1 + cst , σ
2
ust

),

Gt ∼ N(WstPCt, σ
2
ηst

),

yt|µt ∼ logNormal(λst
t + µt − ast(PCt − ωst

t − ut), σ
2
ϵst
),

P (st = j|st−1 = i) = πij, i, j ∈ {1, 2}. (A.4)

Finally, we consider that, particularly in the post-COVID case, many aspects of

this model may result in over-fitting. For example, seasonal components may not

be informative of the post-COVID tourism demand levels and over-estimating
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their effects may dilute the information provided by other components such as

the Google Trends principal components. We therefore apply Bayesian ridge

shrinkage priors (van Erp et al., 2019) to λ2
1 . . . , λ

2
52, ω

2
1 . . . ω

2
52, PC1:T , a1, a2,

b1, b2, c1, c2, µ0, u0, W1, W2, σ
2
ϵ1
, σ2

ϵ2
, σ2

η1
, σ2

η2
, σ2

µ1
, σ2

µ2
, σ2

u1
, and σ2

u2
so that

they are likely to be near-zero unless there is evidence to the contrary. We note

that this also unifies the models in Equations (A.1) and (A.2), i.e., both of these

models can be written as a special case of that in Equation (A.4) and we assign

the (independent) priors:

λ1
t ∼ N(16, 0.5), t = 1, . . . , 52,

λ2
t ∼ N(0, 1), t = 1, . . . , 52,

ω1
t ∼ N(0.5, 0.5), t = 1, . . . , 52,

ω2
t ∼ N(0, 1), t = 1, . . . , 52,

PCt, ai, bi, ci, µ0, u0 ∼ N(0, 1), t = 1, . . . , T, i = 1, 2,

W k
i ∼ N(0, 1), i = 1, 2, k = 1, . . . , 254,

σ2
ϵi
, σ2

ηi
, σ2

µi
, σ2

ui
∼ InvGamma(2, 1), i = 1, 2,

πii ∼ Beta(9.9875, 1.7625), i = 1, 2.

noting simple zero-centred priors (ridge priors) for many parameters to avoid

over-fitting. The Gaussian distributions are parameterised by their variance. We

note the choice of non-zero centred priors for λ1
t and ω1

t , t ∈ {1, . . . , 52}, since
we assume prior knowledge that seasonality is present in at least one period (for

example, pre-COVID). The prior parameters for λ1
t , t ∈ {1, . . . , 52}, are chosen

to reflect the assumption that average weekly revenue is in the order of 1 × 107

(hence the log average revenue is around 16), and the prior parameters for ω1
t ,

t ∈ {1, . . . , 52}, are chosen since the Google Trends data are between 0 and 1. We

also assume persistent regimes via the priors for π11 and π22, which have expected

values of 0.85 and variances of 0.01.
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