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Abstract

McKean-Vlasov stochastic differential equations may arise from a probabilistic inter-
pretation of certain non-linear PDEs or as the limiting behaviour of mean field particle
systems (those whose interactions are through the empirical measure) as the popu-
lation size increases to infinity. Interest in this topic has grown enormously in recent
times following the introduction of the related mean field games. These are models
derived from the infinite population limit of games with finitely many players and
mean field structure, i.e. the dynamics and rewards of one player depend on the other
players through the empirical measure. Naturally, it is imperative that the dynamics
of the models are well-posed. This question comprises the majority of this text in two
stochastic contexts: with or without a common noise.

In the more often studied case where the particles are driven by independent Brow-
nian motions, results are provided that pertain to the weak-existence and pathwise
continuous dependence on the initial condition. These results adapt a method of
Gyongy and Krylov for 1té's stochastic differential equations to the McKean-Vlasov
setting. Should the coefficients and initial distribution satisfy a certain Lyapunov con-
dition, well-posedness of the dynamics may be established along with the existence
of an invariant measure for an associated semi-group. These conditions allow for
potentially unbounded coefficients, with growth intrinsically linked to the Lyapunov
condition.

In the second context, particle systems driven by correlated noises are considered.
In particular, the particles are each driven by two Brownian motions: one common to
all particles and a private Brownian motion independent of all others. The connection
between these particle systems and related McKean-Vlasov models through the condi-
tional propagation of chaos is discussed. Existence and uniqueness of weak solutions
to the corresponding McKean-Vlasov dynamics is proved in a particular framework
that allows for a discontinuous drift coefficient at a price of non-degenerate noise.



Lay Summary

Systems are ubiquitous. At every level of our world, from the natural to the sociologi-
cal and technological, complex and networked activity is observed. The study of mean
field models provides an approach to develop our understanding of systems where the
number of interacting elements is large and the interactions have a particular struc-
ture, by considering a corresponding system of infinite size. The entities that comprise
a system may be, for example, molecules, animals, people, etc. Consequently, the
scope for application is enormous.

The main contribution of this text is to broaden the collection of systems for
which there exist unique solutions to the equations governing the infinite system.
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Chapter 1

Introduction

Systems are ubiquitous. At every level of our world, from the natural to the soci-
ological and technological, complex and networked activity is observed. The study
of mean field models provides an approach to develop our understanding of systems
where the number of interacting elements is large and the interactions have a partic-
ular structure.

In reality, the modelled systems have a finite population of interacting elements.
Unfortunately, these models may be difficult to analyse and to approximate numer-
ically due to the sheer number of interactions. This intractability is an instance of
the curse of dimensionality. In a particular class of large population models - those
in which interaction is through the empirical measure - one is able to simplify the
analysis to some extent, by approximating macroscopic properties of the population
or those of a representative particle with the mean field limit: the limiting behaviour
as the population of interacting elements increases to infinity.

The mechanism by which this approach becomes possible is referred to as the
propagation of chaos. Starting from a 'chaotic’ (independent) initial distribution of
particles and driven by independent noises, finite mean field particle systems become
correlated through their interactions. However, courtesy of the mean field structure of
the system, it may be shown that sub-populations of fixed size from a sequence mean
field particle systems (increasing in population) becomes decoupled in the infinite
population limit. In the infinite system, the initial chaos propagates through time.
The now independent and identically distributed individuals from the infinite system
have time-marginals that are governed by a non-linear evolution; this is referred to as
the McKean-Vlasov equation.

Mean field models have a broad range of applications; the constituent elements
of a system may be for example, people, animals, cells, molecules or algorithmic
parameters. In many cases, to formulate a realistic model, it is necessary to account
for the agency of individuals. These models fall under the term mean field games.

Since its 2006 début [47, 48, 72, 73, 74], the theory of mean field games has
garnered a huge amount of attention, along with the related class of mean field
control problems where the populations’ actions are dictated by a social planner.
Whilst the structure of these models is quite particular, it is worth remarking that
many systems fit within this category. See the two volume text [26] for a general
overview of the field from a stochastic perspective.
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Introducing mean field models as approximations to finite mean field particle sys-
tems is however, a more modern perspective. At its inception, the study of finite
mean field particle systems and their corresponding mean field limits was motivated
as a probabilistic method of constructing solutions to certain non-linear partial differ-
ential equations. From this converse perspective, the infinite system is the object of
interest, rather than the finite particle systems. The study of mean field particle sys-
tems from this original viewpoint was initiated by McKean and Kac. In [80], McKean
introduced a class of Markov processes whose time marginals satisfy certain non-linear
equations. This elucidated the wider consequences of Kac's probabilistic interpreta-
tion of Maxwell’s assumption of molecular chaos in the kinetic theory of gases [54].
Further, in [81], McKean demonstrated how to construct solutions from a sequence
of interacting particle systems of increasing population size via the aforementioned
propagation of chaos. Since these pioneering efforts, the theory and application of
McKean-Vlasov models has flourished, permeating many fields of study.

Fundamental to these models is the underlying question of well-posedness of the
dynamics. This is the main focus of the thesis.

1.1 Overview of the Thesis

To give a sense of this text as a whole, numerous results contained in this thesis and
the challenges that were overcome to produce them are described in this section. For
reviews of the related literature, the reader is referred to the corresponding chapters.

In the situation where the particles are driven by independent noises, well-posedness
of the McKean-Vlasov stochastic differential equation is established, following an ap-
proach inspired by that of Gydngy and Krylov [41] for classical I1t6 SDEs. In the
presence of certain Lyapunov criteria - a condition dependent on the structure of the
coefficients and the initial condition - one may obtain estimates ensuring the non-
explosion of approximate solutions, enabling the use of a localisation procedure. In
the classical case of It6's SDEs a critical fact is, that if two (locally) uniquely solvable
SDEs started from the same point have the same coefficients on some domain, then
up until the first exit time of the domain, both solutions coincide. This statement no
longer holds true in the McKean-Vlasov setting as the coefficients depend on the law
of the solution; the McKean-Vlasov SDE is non-local. It is easy to see that, in general,
the law of a stopped process will not be equal to the law of the un-stopped process.
If one attempts a naive extension of Gyongy and Krylov's method, one would be
tempted to formulate rather difficult-to-verify conditions ensuring that the estimates
one searches for are attainable. This would be problematic since Lyapunov criteria
can, at times, be difficult to find. However, changing the perspective from stopping
a process once it exits a domain, to truncating its coefficients outside the domain,
one obtains a useful fact; the law of a solution to the truncated SDE is equal to the
law of that same solution stopped at the exit of the domain. This fact enables more
readily available conditions to be formulated.

By use of the differential calculus of Lions [78], one can consider Lyapunov func-
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tions taking arguments in the space of probability measures. This is a natural ex-
tension of existing methods since the coefficients themselves also have probability
measure valued arguments. After formulating appropriate Lyapunov conditions and
related growth assumptions for the coefficients, the existence of solutions follows from
careful application of Skorokhod’s method for constructing solutions to SDEs [91] and
a localisation procedure. A two-fold approximation is made; the coefficients are trun-
cated on an increasing, nested sequence of sub-domains and suitable Euler schemes
are used to approximate a solution to the truncated SDE. Regarding the continuous
dependence on initial conditions of solutions, criteria are introduced that extend the
usual monotonicity condition. This narrows a gap in the literature, as there are exam-
ples of non-uniqueness of McKean-Vlasov SDEs in the locally-Lipschitz regime [90].
Finally, the existence of an invariant measure for a semi-group associated with the
flow of marginal distributions of solutions to the McKean-Vlasov SDE is established
via the Krylov-Bogolyubov theorem [63].

In the setting with a common noise, existence and uniqueness of weak solutions is
proved for a framework inspired by that of Mishura and Veretennikov [84] for the case
without common noise. The driving noises of the particle systems from which the
McKean-Vlasov SDE with common noise is derived are correlated, resulting in a more
intricate model. The coefficients of this limiting equation depend on the conditional
law of a solution given a sub-filtration to which the common noise is adapted. In order
to both proceed with the standard compactness methods to obtain weak solutions and
to connect these solutions to an associated stochastic partial differential equation, one
needs to carefully define the compatibility structure (see Kurtz [65]). This thesis sheds
light on such a definition from both the above perspective and also via the conditional
propagation of chaos. With definition in hand, weak existence is demonstrated first
under modest assumptions of bounded and continuous coefficients via Euler-type
approximations. Then, the existence of solutions is proved for a particular class of
Markovian coefficients, where the dependence on measure of the coefficients is via
integration of so called interaction kernels. At a price of non-degeneracy, existence
may be established in the case where the interaction kernels are only assumed to be
bounded and measurable, by use of Krylov's estimates [64].

The uniqueness in joint law of solutions to the McKean-Vlasov with common
noise is proved via an extension of the method of Mishura and Veretennikov [84]
for weak uniqueness in the case without a common noise. Due to the dependence
structure of solutions, in this context it is natural to consider joint weak uniqueness
rather than the uniqueness in law. Mishura and Veretennikov's approach is closely
linked to Pinsker's inequality, where one estimates the square of total variation by
half the Kullback-Leibler divergence. By representing the two solutions via Girsanov
transformations from an intermediary probability space, they are able to prove weak
uniqueness if the measure dependence of the coefficients is only in the drift and
is total-variation Lipschitz. Extending this argument to the common noise setting
presents some challenges. Firstly, one starts with a probability space supporting both
weak solutions. The ability to represent two solutions (without common noise) via
Girsanov transformations relies on the uniqueness in law of solutions to the 1t6 SDEs
obtained by fixing the coefficients with the law of each solution. In the common noise
setting, the comparable argument of fixing the flow of conditional distributions of the
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solutions required the uniqueness in law of solutions to the SDE with random drift
coefficient to be established. Furthermore, the Girsanov transformation would need
to leave unaffected, the distributions of processes adapted to the conditioning sub-
filtration. This requirement is fulfilled courtesy of the dependence structure demanded
of solutions. Secondly, since the flow of conditional distributions given the common
noise is stochastic, when one wishes to estimate the total variation between them, it
helps for them to have the same conditioning sigma algebras. To understand why;,
consider the case where one has a probability space (€2, F,P), one which there are
defined two random elements X! and X2, and a sub-o-algebra G. Then, letting
Z(X'|G) denote the regular conditional distribution of X' given G, for i = 1,2, one
has the following estimate:

Eldrv(Z(X'G), Z(X?|G))] < E[E[1x1x2|G]] = E[Lx1xc],

where dry is the total variation distance. Let Z(X') denote the law of X', for i = 1,2
and recall that there exists an optimal coupling P* for which dry (Z(X?), Z(X?)) =
E*[1x1.x2]. Suppose P = P*, and that dry(Z(X"), Z(X?)) could be estimated by
aE[dry(Z(XYG), £(X?G))] (for a < 1), then one could conclude that X* and X2
have the same distribution. This is analogous to the situation one would hope to be
in to proceed with the argument of [84]. However, there is no guarantee a priori that
the optimal coupling for the total variation between two solutions to the McKean-
Vlasov with common noise, should constrain the common Brownian motion and the
flow of conditional measures to generate the same sub-filtrations. To counteract this
issue, rather than using total variation, the cost function in the Kantorovich problem
is altered so that its optimal coupling precludes discrepancies in the randomness that
generates the conditioning sub-filtrations. Choosing the original probability space
from which the Girsanov transformations are to be defined to be the optimal coupling
of this new Kantorovich problem, a similar estimation procedure to that of [84] may
be followed to prove joint weak uniqueness.

1.1.1 Structure of the Thesis

The rest of the current chapter provides an introduction to mean field particle systems
and the corresponding McKean-Vlasov equations. In the interests of clarity and con-
cision, the models of mean field games and control are not introduced as the thesis
does not require any knowledge of them. Chapter 1 concerns the well-posedness of
the McKean-Vlasov stochastic differential equation in the absence of a common noise
and the existence of an invariant measure for its associated semi-group. Chapter
2 expounds on the mean field limit in the context of common noise via the condi-
tional propagation of chaos. Chapter 3 concerns weak existence and uniqueness for
the McKean-Vlasov stochastic differential equation with a common noise. Finally, a
short discourse on potential extensions of the work contained in this thesis is provided.
This thesis contains material from two articles [44] and [45] that are to appear in An-
nales de I'Institute Henri Poincaré (B) Probabilités et Statistiques and the Annals of
Probability, respectively. As such, these chapters are relatively self-contained, how-
ever there are some repeated statements and slight differences of notational choice
between Chapter 2 and the rest of the thesis.

4
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1.2 Notation

e The law of a random element, say Z, will be denoted Z(2).

e Time indexes are denoted by I and will be either [0, T] for some T < oo or
RT :=[0, 00) dependent on context.

e For a topological space E, the Borel sigma algebra on E is denoted B(E).

e Given a stochastic process X and a stopping time T, the process X stopped at
time 7 will be denoted X x, := {Xiar}rer. Let the filtration generated by X
be denoted as FX := {FX},c;. Processes denoted by Roman letters, will be
real-vector valued.

e The space of continuous paths from I into RY is denoted C := C(I;R9) and
will be equipped with either the uniform or Skorokhod metric, depending on
context. Let P(C) denote the set of Borel probability measures on C.

e Coefficients of stochastic differential equations will usually be denoted b, o and
p. They are assumed to be (or are at least identified with) Borel measurable
functions from (possibly a subset of) I x C x P(C) into R, R¥*% and R9*%,
respectively (dimensions will be determined by context), that are always as-
sumed to be at least progressive. To clarify, a function f on I x C x P(C) is
called progressive if for any t € I,

f(t,x,m) = f(t,xps,mo qb;l), where ¢, : C > x — x,: € C.
A function f on I x C x P(C) is called Markovian if for any t € I,
f(t,x,m) = f:(t,xt, mom; ), where m, : C 2 x > x; € RY,

for a measurable function £ with domain I x RY x P(R?). In the case of
Markovian coefficients, b, o and p may instead be defined as their counterparts
with a tilde.

e The set of positive integers are denoted N and the non-negative integers as Nj.

e Given a measure space (2, F, 1) and an integrable function f, let
(u, f) Z:/fd[.l,.
Q

e The transpose of a matrix a will be written as a” and the trace of a square
matrix is denoted tr(a). For two real valued column vectors, a and b, the inner
product a’ b may be written as ab.

e Let the gradient be denoted as 9, and the Hessian as 92

e All stochastic integrals in this thesis are Ito integrals.

3
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1.3 A Mean Field Particle System

An N-particle mean field system (XN, ..., XV'N) may satisfy the following stochastic
differential equations, for i =1, ..., N,

t t
x;‘vN:xg;+/ b(s,X"'N,u"’)dsﬂL/ o(s, X", uh)dW;,
0 0

LN (MFS)
N . __ .
H = NjgéXJ,Ny

with Brownian motions W' and initial values X). The standard mean field models
assume independence of the initial conditions and of the driving Brownian motions. A
crucial observation is that under these conditions (and those ensuring weak uniqueness
[98]), the particle system is exchangeable, i.e. the distribution of (X¥N, . XNN) s
invariant under permutation of the indices. As an extension to the standard mean
field models, one may consider cases where the inputs X(’; and W' are correlated,’
introducing input noise common to all particles. These more complicated models are
the subject of the latter half of the thesis and their treatment is postponed.

1.4 The Mean Field Limit

Assume momentarily that as the number of particles NV increases, " has a determin-
istic limit & and the particles X"V converge pointwise to processes X", satisfying
the equations

t t
X;"N:X(§+/ b(s,X"N,M)d5+/ o(s, X", p)dWg
0 0

These limit processes (at least in the strong solution setting) are independent, by
the independence assumption on the stochastic inputs Xj and W'. For continuous
and bounded f, E[f(X"N)] — E[f(X"*)] and, due to the exchangeability of the
particle systems,

E[f(X"")] = E[(u", /)] = (u. f).

Therefore, one expects that a selection of particles from the mean field systems
should converge to independent solutions of the following McKean-Vlasov stochastic
differential equation,

t t

Xt:Xo—i—/ b(s,X,u)d5+/ o(s, X, u)dWs,
0 0

p=2(X).

Equivalent characterisations of this candidate mean field limit are available under cer-
tain assumptions as solutions to an associated non-linear Fokker-Planck-Kolmogorov

(MKV)

LA further extension may also be considered, where a small number of particles are distinguished.
In the game theoretic setting, these are mean field games with major players [25, 46].
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equation or as solutions to a non-linear martingale problem. The former is called the
McKean-Vlasov equation and is defined via the action on test functions as

(s 8) = Gt )+ [ e s, 0L () + (00" (5, WA () s

(FPK)
where ¢ € C2 and 7, are projections from C into R9 such that C > x — x, € R¢.
That such a characterisation is equivalent (subject to assumptions) to a solution of the
McKean-Vlasov stochastic differential equation is due to the so called superposition
principle - see [37], the extension [97] and for superposition principles in the common
noise setting, [71]. A simpler equivalence of characterisation is available (again,
subject to assumptions) through an associated non-linear martingale problem:

Definition 1.4.1. Let X be the canonical process on C. A probability measure u on
C is a solution to the non-linear martingale problem if, for every ¢ € C2,

¢(X:) — ¢(Xo) — /Ot b(s, X, w)0xf(Xs) + %tr(aaT(s, X, w)0*f(Xs))  (1.4.1)

is a martingale under u with respect to the natural filtration.

That a solution to the non-linear martingale problem gives rise to a solution of the
McKean-Vlasov stochastic differential equation follows from an analogous procedure
to the classical case - see for example Proposition 5.4.6 in [57] for the classical case
and Proposition 3.1 in [77] for the McKean-Vlasov case.

1.5 The Propagation of Chaos

An equivalence given in Sznitman'’s ‘topics in propagation of chaos’ [93], clarifies the
connection between finite mean field particle systems and the above mean field limits.
The following definition and proposition are taken from [93].

Definition 1.5.1. Let E be a separable metric space, and {un}nen a sequence of
symmetric probability measures, each defined on a corresponding product space EV.
Say that uy is u-chaotic, for u a probability measure on E, if for ¢; € Cp(E), and

any k € N,
k

lim (uy, $1®@ - @ ®1---®@1) = [[(u, ¢1) (1.5.1)
N—oo i1
Proposition 1.5.2. i) uy is u-chaotic is equivalent to Xy = %Z,N:l dxin (P(E)-
valued random elements on (EV, uy), XN canonical coordinates on EN) converges
in law to the constant random variable u. It is also equivalent to condition (1.5.1)
with k = 2.
ii) Let E be a Polish space, and {m"},cn a sequence of probability measures on
P(E). Then tightness of the sequence {m"},cn is equivalent to tightness of the
sequence of the intensity measures I(m") defined by

/P dv), (1.5.2)

for any bounded measurable f.
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Remark 1.5.3. The proposition suggests the following well-known line of argumen-
tation:

1. Establish tightness of the sequence laws of u” in P(P(C)) or equivalently (by
Proposition 1.5.2ii), the tightness of the laws of {X*N}ycy in P(C).

2. Prove that the limits of convergent sub-sequences of Z(u™) are supported
on the set of solutions to (FPK) or alternatively, solutions to the non-linear
martingale problem of Definition 1.4.1.

3. Establish the uniqueness of solutions to (FPK), the non-linear martingale prob-
lem or uniqueness in law for solutions to the McKean-Vlasov SDE (MKV).

Once uniqueness is established, then " converge to a deterministic limit. As
a consequence of Proposition 1.5.2, the convergence of the empirical measure uV
towards a deterministic limit u is equivalent to the convergence of the induced dis-
tributions of a finite collection of k particles from each particle system towards the
k-fold product measure u®* for any fixed k € N. In other words, the collection of
any k particles converges in distribution to the law of k independent solutions to the
McKean-Vlasov stochastic differential equation; in the infinite particle limit, the initial
chaos propagates through the system. See [39, 40, 70, 83, 85, 93] for demonstrations
of this phenomenon in various contexts.

Alternatively, one may try to prove this convergence directly by constructing a
probability space supporting infinitely many independent Brownian motions, each
with an associated solution to the McKean-Vlasov stochastic differential equation.
Every it" Brownian motion is also the driving Brownian motion of the corresponding
ith particle from a sequence of solutions to the particle systems also supported on
this probability space. Then, through pathwise considerations, one demonstrates that
on this space, collections of k particles from the finite mean field systems converge
towards the corresponding independent solutions to the McKean-Vlasov stochastic
differential equation, see [83, 93]. The disadvantage of this approach is that it requires
stronger assumptions, as is expected when using pathwise techniques. However, it
does allow for the quantification of the rate of propagation of chaos. Providing a rate
of propagation of chaos is of high practical importance for numerical schemes. There
are however, relatively few results in this direction. See for example, [3, 4, 28, 52],
for methods of obtaining a rate.

The above discourse highlights the importance of the well-posedness of the McKean-
Vlasov limit. As previously mentioned, this question is the dominant topic of the
thesis. It is worth mentioning the connection to the propagation of chaos is not the
only motivation to study well-posedness of the McKean-Vlasov dynamics. One may
be interested only in the non-linear PDE for which there is a stochastic representation
through a McKean-Vlasov SDE. In this case, one may wish to study solutions via
discretisation schemes rather than considering a finite particle system approximation.
This approach is followed in the next chapter where the McKean-Vlasov dynamics are
treated in isolation from any related finite particle systems.
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1.6 Mean Field Models with Correlated Noise

The type of systemic/common noise considered in this thesis are those cases where the
particles have independent initial values and are each driven by independent Brownian
motions W' and a common Brownian motion, B, that is independent of all Brownian
motions W'. The corresponding particle system may be written as,

t t
X;'N:X(;’VJF/ b(s, X", u) ds+/ a(s, X", uN) dw N
0 0
t
+/O p(s, X", u") dB, (MFSCN)
1 N
pe = N PR
j=1

Since the Brownian motion B is common to all particles, one should not expect
the initial independence to propagate in the infinite particle limit. As will be clar-
ified in Chapter 3, the decoupling of the system in this setting is conditional on a
filtration to which the systemic noise is adapted. The limiting dynamics for a tuple
(XN uN WiN B) will be given as follows,

t t t
Xt:X0+/ b(s, X, ) d5+/ o(s, X, 1) dWs—l—/ e(s, X, pn) dBs,
0 0 0

Mt :g(X./\J}-F’“).

(MKVCN)

The difficulty of the analysis is elevated in this framework, as the influence of the
common noise on the empirical distribution of the particles remains in the infinite
particle limit. The now stochastic limit u for the empirical measures satisfies a fixed
point condition that it should be the conditional distribution of the process X given
the filtration generated by the Brownian motion B and itself. This additional source
of randomness presents interesting challenges even in the case of dynamics, let alone
the extended models of control and mean field games, especially when one abandons
the Lipschitzian/Monotone setting and considers weak solutions. Chapter 4 provides
weak existence and joint uniqueness in law for solutions in a particular framework
inspired by that of Mishura and Veretennikov [84].

Connecting solutions to (MFSCN) with solutions to (MKVCN) is the subject of
Chapter 3 where a notion of conditional propagation of chaos is introduced. Analogues
to the definition of wu-chaoticity and the related Proposition (1.5.2) that suit this
context are provided, along with conditions under which the conditional propagation
of chaos occurs.
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Chapter 2

McKean-Vlasov Dynamics
without Common Noise:
Well-posedness under Lyapunov
Conditions

In the standard McKean-Vlasov framework (without a common noise), the results pre-
sented in this thesis obtained in collaboration with David Siska and tukasz Szpruch
pertain to Lyapunov-type criteria that enable access to estimates yielding the exis-
tence and continuous dependence on initial conditions of solutions. These results are
inspired by the method of Lyapunov as used for 1té's stochastic differential equations
by Gyongy and Krylov [41] and in the McKean-Vlasov setting by Funaki [39] and
Gartner [40] for Lyapunov functions depending on the state. Due to the non-linearity
of the McKean-Vlasov equation it is natural to formulate criteria that embrace the
measure-dependence of the coefficients. In this vein, Lyapunov functions that may
depend upon measure are introduced, requiring use of the Lions/Intrinsic derivative
in measure. However, the aforementioned non-linearity introduces subtle, yet critical
differences from classical SDE theory, should one wish to depart from the Lipschitzian
setting. In particular, the technique of localisation may not be naively applied since
is it not true a priori that the law of a stopped McKean-Vlasov process is the same
as the law of the un-stopped process. Yet with carefully constructed approximations,
the rationale of localisation can be followed, resulting in the existence of solutions
(See Theorem 2.2.10). In addition to the criteria that enable existence, we introduce
conditions extending the usual monotonicity assumption enabling the uniqueness and
furthermore the continuous dependence of solutions on initial conditions (see Theo-
rem 2.3.3). As counterexamples to uniqueness of solutions exist for locally Lipschitz
coefficients [90], our results narrow a gap in the literature. Finally, under the con-
ditions ensuring existence and uniqueness of solutions, the existence of an invariant
measure for an associated semi-group is established

The rest of this chapter and Appendix A are to appear in the Annales de I'Institut
Henri Poincaré (B) Probabilités et Statistiques under the title 'McKean-Vlasov SDEs
under measure dependent Lyapunov conditions’.
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CHAPTER 2. MCKEAN-VLASOV DYNAMICS WITHOUT COMMON NOISE

2.1 Introduction and Literature Review

This chapter considers either the time interval I = [0, T] for some fixed T > 0 or
I = [0,00). Let (2, F,P) be a probability space and (F;):cr a right continuous
filtration such that Fy contains all sets of F that have probability zero. Let w =
(W) eer be an R¥-valued an (F;):c;-Wiener process. In this chapter, we consider the
McKean-Vlasov stochastic differential equation (SDE) on an open domain D C R?
and with Markovian coefficients,

t t
X: = Xo —|—/ b(s, xs, £ (xs)) ds +/ o(s,xs, Z(xs))dws, tel. (2.1.1)
0 0

The law of such an SDE satisfies a nonlinear Fokker—Planck—Kolmogorov equation
(see also [11] and more generally [10]): writing p; := Z(x;) and a := Loo’, for

2
tel

(ke @) = (Ko, ) + /Ot (s, b(s, -, ps)Oep + tr (a(s, -, us)02p) ) ds Ve € C3(D).

(2.1.2)

The aim of this chapter is to study the existence and uniqueness of solutions
to the equation (2.1.1). We will show that a weak solution to (2.1.1) exists for
unbounded and continuous coefficients, provided that we can find an appropriate
measure-dependent Lyapunov function. The work on SDEs with coefficients that
depend on the law of the solution was initiated by McKean [80]. In [93], Sznitman
showed that if the coefficients of (2.1.1) are globally Lipschitz continuous, a fixed
point argument on Wasserstein space can be carried out, and consequently a solution
to (2.1.1) is obtained as the limit of classical SDEs. To extend this result, Funaki [39]
formulated a non-linear martingale problem for McKean—Vlasov SDEs that allowed
him to establish the existence of a solution to (2.1.1) by studying a limiting law
of Euler approximations. His proof of existence holds for continuous coefficients
satisfying a Lyapunov type condition in the state variable x € RY with polynomial
Lyapunov functions. Whilst we also assume continuity of the coefficients, we allow for
a much more general Lyapunov condition that depends on a measure. Furthermore,
Funaki uses Lyapunov functions to establish integrability of the Euler scheme which
is problematic if one wants to depart from polynomial functions, see [94]. Gértner
[40], uses an integrated Lyapunov condition with a Lyapunov function not dependent
on measure, to study the weak well-posedness of McKean—Vlasov SDEs.

As explained in the previous chapter, an alternative approach to establishing exis-
tence of solutions to McKean—Vlasov equations is to approximate the equation with
a particle system (a system of classical SDEs that interact with each other through
empirical measure) and show that the limiting law solves the martingale problem.
In this approach, one works with laws of empirical measures and proves their con-
vergence to a (weak) solution of (2.1.1) by studying the corresponding non-linear
martingale problem. We refer to [83] for a general overview and to [17, 38] and refer-
ences within for recent results exploring this method. A general approach to establish
the existence of martingale solutions has also been presented in [77]. We also refer
the reader to interesting new developments on existence and uniqueness of solutions
for McKean-Vlasov equations with non-smooth coefficients found in [84, 29]. Here,

12



2.1. INTRODUCTION AND LITERATURE REVIEW

inspired by [84], we tackle the problem using the Skorokhod representation theorem
and convergence lemma [91].

For classical SDEs (equations with no dependence on the law), the lack of suf-
ficient regularity of the coefficients, say Lipschitz continuity, proves to be the main
challenge in establishing existence and uniqueness of solutions. Lack of boundedness
of the coefficients, typically, does not lead to significant difficulty, provided these are
at least locally bounded. In this case, one can work with local solutions and the only
concern is the possible explosion. Conditions that ensure that the solution does not
explode may be formulated by using Lyapunov function techniques as has been pio-
neered in [58]. The key observation is that if one considers two SDEs with coefficients
that agree on some bounded domain then the solutions, if unique, also agree until
first time the solution leaves the domain, see, for example [92, Ch. 10].

This classical localisation procedure does not carry over, at least directly, from
the setting of classical SDEs to McKean—Vlasov SDEs. Indeed, if we stop a classical
SDE then until the stopping time the stopped process satisfies the same equation.
If we take (2.1.1) and consider the stopped process y; := X¢ar, With some stopping
time T, then the equation this satisfies is

tAT tAT
Ye = Yo+ / b(s, ys, Z(xs)) ds +/ o(s,ys, ZL(xs))dws, tel.
0 0

Clearly, even for t < T this is not the same equation since Z(x;) # Z(ys). This
could be problematic if one would like to obtain a solution to McKean—Vlasov SDEs
through a limiting procedure of stopped processes. Furthermore, let D, C D, be
a sequence of nested domains, and consider functions b and & such that b = b and
d = o on Dy. The equation

t t
)?t:)?o—i—/ B(s,xs,x(;s))dH/ 5(s, %, (%)) dws, tel,
0 0

k k

is a McKean-Vlasov SDE, but in general x; # X; even for t < T%, where 7% =
inf{t > 0 : x; ¢ Dy}. This implies that if one considers a sequence of SDEs with
coefficients that agree on these subdomains, one no longer has monotonicity for the
corresponding stopping times. We show that despite these difficulties it still possible
to establish the existence of weak solutions to the McKean—Vlasov SDEs (2.1.1) using
the idea of localisation, but extra care is needed.

2.1.1 Main Contributions

Our first main contribution is the generalisation of Lyapunov function techniques to
the setting of McKean—Vlasov SDEs. The coefficients of the equation (2.1.1) de-
pend on (x,u) € D x P(D) for D C R?. Hence the class of Lyapunov functions
considered in this chapter also depend on (x, ) € D x P(D). See (2.2.1). Further-
more, it is natural to formulate the integrated Lyapunov condition, in which the key
stability assumption is required to hold only on P(D), see (2.2.2) and Section 2.1.2
for motivating examples. Note that it is not immediately clear how one can obtain
tightness estimates for the particle approximation under the integrated conditions we

13



CHAPTER 2. MCKEAN-VLASOV DYNAMICS WITHOUT COMMON NOISE

propose. To work with Lyapunov functions on P(D), we take advantage of the anal-
ysis on Wasserstein spaces, and in particular derivatives with respect to a measure
as introduced by Lions in his lectures at Collége de France, see [22] and [26, Ch.5].
This analysis is presented in the appendix where the measure derivative in a domain is
given. Furthermore, the calculus on Wasserstein spaces allows one to study a Fokker—
Planck—Kolmogorov-type equation on P,(D). Indeed, writing p; := £ (x;) we have,
for ¢ € C(+1(P,(D)) (see Definition A.3.1) and t € I, that

$(1e) = d(po) + /ot <,u,s, b(s, -, ws)0ud(ps) + tr{a(s, -, us)0y0ud(ks)] > ds.
(2.1.3)

Following the remark by Lions from his lectures at Collége de France, the equa-
tion (2.1.3) can be interpreted as a non-local transport equation on the space of
measures. The reader may consult [26, Ch.5 Sec.7.4] for further details.

We formulate uniqueness results under the Lyapunov type condition and the inte-
grated Lyapunov type condition that is required to hold only on P(D). This extends
the standard monotone type conditions studied in literature e.g [14, 101, 79, 89]. In-
terestingly, in some special cases we are able to obtain uniqueness only under local
monotone conditions. We support our results with the example inspired by Scheut-
zow [90] who has shown that, in general, uniqueness of solution to McKean—Vlasov
SDEs does not hold if the coefficients are only locally Lipschitz. Finally, the results
obtained in this chapter imply existence of a stationary solution to (2.1.3) in the case
where b and o do not depend on time. Note that we do not require a non-degeneracy
condition on the diffusion coefficient.

2.1.2 Motivating Examples

Let us now present some examples to motivate the choice of the Lyapunov conditions.
Consider first the McKean—Vlasov stochastic differential equation

1
R V2

The diffusion generator for (2.1.4) is

L(x, w)v(x) = %x2v”(x) —X{ /R y4;1,(dy)} V(%) (2.1.5)

It is not clear whether one can find a Lyapunov function such that the classical
Lyapunov condition holds i.e. L(x, u)v(x) < myv(x)+ my, with m; < 0 in particular
and m, € R. However, with the Lyapunov function given by v(x) = x* we can
establish that
/ L(x, p)v(x)u(dx) < —/ v(x)u(dx) + 1. (2.1.6)
R R
See Example 2.2.14 for details. We will see that this is sufficient to establish inte-

grability of (2.1.4) on I = [0, 00). See Theorem 2.2.10 and condition (2.2.7).
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2.1. INTRODUCTION AND LITERATURE REVIEW

Another way to proceed, is to directly work with v(u) := [, x* u(dx) as a Lya-
punov function on the measure space P(R). This requires the use of derivatives with
respect to a measure as introduced by Lions in his lectures at College de France,
see [22] or Appendix A. We note that derivatives with respect to a measure are de-
fined in P,(R), and therefore one cannot apply 1t6 formula for arbitrary measures
in P(D). However, we will only apply the 1t6 formula for measures supported on
compact subsets of R and hence, measures that are in P,(R). Then

Ouv(p)(y) =4y*, 8,0uv(n)(y) =12y% y €R.

The generator corresponding to the appropriate 1t6 formula, see e.g. Proposition A.3.2,
is

vty = [ (=5 [ u(@na )0 + 00, (w()) ud)

_ /R <_4x4 /R y4;1,(dy)+3x4> w(dx)

We note that this yields the same expression as found when v(x) = x* in (2.1.5) after
we integrate over u (and so (2.1.6) again holds). In this case using the It6 formula
for measure derivatives brings no advantages. However, the advantage of working
with a Lyapunov function on the measure space appears when the dependence on the
measure in the Lyapunov function is not linear.

Consider the following McKean—Vlasov stochastic differential equation

dxe = — </R(xt - ay),f(xt)(dy)>3 dt + (/R(xt - ay),i”(xt)(dy)>20 dw; .

(2.1.7)
for t € I, @ and o constants and with xo € L*(Fo, R). Assume that m := —(60% —
4 + 4a) > 0. Since the drift and diffusion are non-linear functions of the law and
state of the process, it is natural to seek a Lyapunov function v € C>(M)(R x P(R)).
See Definition A.3.3. The generator corresponding to the appropriate 1t6 formula,
see e.g. Proposition A.3.4, is then given by (2.2.1) and we will show that for the

Lyapunov function \
v(x, p) = (/R(X_ ay)u(dy)> ,

[ () < m—m [ v ud).

See Example 2.2.15 for details. Thus the condition (2.2.7) holds. This is sufficient
to establish existence of solutions to (2.1.4) on I = [0, 00) as Theorem 2.2.10 will
tell us.

Regarding our continuity assumptions for existence of solutions to (2.1.1) we note
that we only require a type of joint continuity of the coefficients in (x, u) € DxP(D),
and that allows us to consider coefficients where the dependence on the measure does
not arise via the integration of an interaction kernel. This could be for example,

Suln) == l/oa inf{x € R : u((—o0,x]) > s]} ds.

a

we have
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for a > 0 fixed. This quantity is known as the “expected shortfall” and is a type of
risk measure. See Example 2.2.16 for details. These motivating examples also satisfy
the Lyapunov type estimates, appearing in Section 2.3, that ensure the uniqueness of
solutions.

2.2 Existence Results

For an open domain D C RY, we will use the notation P(D) for the space of
probability measures over (D, B(D)). We will consider this as a topological space
with the topology of weak convergence. We will write p, — w if (u,), converges
to w in the sense of weak convergence of probability measures. For p > 1 we use
P,(D) to denote the set of probability measures on D with finite p*" moment (i.e.
Jp Ix[Pr(dx) < oo for u € P,(D)). We will consider this as a metric space with
the metric given by the p™" Wasserstein distance, see (2.2.8). Denote by C,(D)
and Co(D) the subspaces of continuous functions that are bounded and compactly
supported, respectively.

Recall that we are using the concept of derivatives with respect to a measure as
introduced by Lions in his lectures at College de France, see [22]. For convenience, the
construction and main definitions are in Appendix A. In particular, see Definition A.3.3
to clarify what is meant by the space C1>(1)(I x D x P(D)). In short, saying that
a function v is in this space means that all the derivatives appearing imminently
in (2.2.1) exist and are appropriately jointly continuous so that we may apply the It6
formula for a function of a process and a flow of measures, see Proposition A.3.4. The
use of such an It6 formula naturally leads to the following form of a diffusion generator.
First, we note that throughout this chapter we assume that for the domain D C R¢
there is a nested sequence of bounded sub-domains. By this we mean a sequence of
bounded open subsets of R9, (Dy) such that |J, Dx = D and Dy C Dy for all k,
i.e. d(Dk, 8Dk41) := infrep,.yeon,., |x — y| > 0 for all k € N. For (t,x) € I x D,
p € P(Dy) for some k € N and for some v € C*2(1(I x D x P,(D)) we define
the diffusion generator L* = L*(t, x, 1) as

(LEv)(t, x, 1)

= (Gtv + %tr(aaTafv) + baxv> (t,x, p)

+/Rd (b(t,y. w)(uv)(t, x, p)(y) + %tr(a(t.y,u)(ayau\/)(t,x, u)(y))> u((dy)-)
2.2.1

We note that in the case v € C?(I x D), i.e when v does not depend on the
measure, the above generator reduces to

(L*v)(t, x) = (Lv)(t, x) := <6tv + %tr(aaTaiv) + b@xv>(t,x).
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2.2. EXISTENCE RESULTS

2.2.1 Assumptions and Main Result

We assume that b: Ix D x P(D) — R¥and 0 : I x Dx P(D) — RY x RY are mea-
surable (later we will add joint continuity and local boundedness assumptions). We
require the existence of a Lyapunov function satisfying one of the following conditions:

Assumption 2.2.1 (Lyapunov Condition). There is a function v € C*2(1)(T x
D x Py(D)), v > 0, and locally integrable, non-random functions my = my(t) and
my = my(t) on I such that for any k € N, for all t € I, x € Dy and u € P(Dy), we
have,

LH(t, x, p)v(t, x, m) < m(t)v(t, x, n) + mo(t). (2.2.2)

2.1a) We say that Lyapunov condition 2.2.1a holds if (2.2.2) holds and there is a
non-negative function V = V/(t, x) such that for any kK € N, for all t € I,
x € Dy and all u € P(Dy), we have,

V(t,x) <v(t x,u) (2.2.3)
and
Vi .= inf  V(s,x) — o0 as k— o0, (2.2.4)
seI,xedDy,

2.1b) We say that Lyapunov condition 2.2.1b holds if (2.2.2) holds and there exists a
non-negative function V such that for any k € N, forall t € I and u € P(Dy),

we have,
/ V(t, x) u(dx) §/ v(t, x, u) p(dx) (2.2.5)
Dk Dk

and
Vii= inf V k : 2.2.
p SE;EEDE (s,x) = o0oas k — o0 (2.2.6)

Assumption 2.2.2 (Integrated Lyapunov Condition).

There is a v € C*2( (T x D x Py(D)), v > 0, such that:

i) There are locally integrable, non-random, functions m; = my(t) and m, = my(t)
on I such that for any k € N, for all t € I and pu € P(Dy), we have,

/ LE(t, x, w)v(t, x, p)u(dx) < ml(t)/ v(t, x, p)p(dx) + my(t)  (2.2.7)
Dy Dy
ii) There is a non negative function V = V/(t, x) satisfying (2.2.5) and (2.2.6).

Assumption 2.2.3 (Initial Distribution). We assume that for a given Lyapunov
function v, the initial distribution po := -Z(xp) is such that po can be approximated
by a sequence of probability distributions (u4), such that pf % wo and for each
k € N, uf is supported on D, and for some increasing continuous function ¢, :
[0, 00) — [0, 00) such that ¢, (x) > x for all x € [0, 00) we have,

(b v (0, -, 1&)) < oy ({io, v(0, -, 1o))) < o0
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Remark 2.2.4.
i) We have deliberately not specified the signs of the functions m; and m;.

i) Note that if o is supported on some Dk for any K € N, then Assumption
2.2.3 is satisfied after relabelling the sequence (D) to start from Dy and setting

Mé = Ho-

iii) Regarding Assumption 2.2.3, it would be preferable to be able to prescribe an
approximating sequence uf. It is easy to imagine however, how this condition
should look in the case where D = R and v(x, i) := x?>. One simply truncates
the measure o on Dy := (—k, k) and puts the mass of the measure pq outside
Dy at the origin i.e. pf(dx) := Lep, po(dx)+po(Dg)do. The increasing contin-
uous function ¢, in Assumption 2.2.3 facilitates the finding of such a Lyapunov
function. The fact that searching for a Lyapunov function for a McKean-Vlasov
SDE should also depend upon the initial distribution and not just the form of
the coefficients should not be too surprising given the dependence of the coef-
ficients on the law of the solution. Also, in [13], Example 1.1 shows that the
existence and convergence to a stationary distribution of the non-linear Fokker
Planck equation depends not only on the form of the measure dependence of the
coefficients, but also on the initial condition.

Regarding the continuity of coefficients in (2.1.1) and their local boundedness we
require the following.

Assumption 2.2.5 (v-Continuity). Functions b : I x D x P(D) — R9 and o :
I x D x P(D) — R? x RY are jointly continuous in the last two arguments in the
following sense: if (u,), C P(D) are such that

supsup/ v(t, x, wn) a(dx) < oo
n tel JD

and if (x, — X, — @) as n — oo then for any t € I, b(t, Xy, £n) — b(t, x, i)
and o(t, x,, ) — o(t, x, u) as n — oo.

Assumption 2.2.6 (Local v-Boundedness). There exist constants ¢, > 0 such that
for any u € P(D)

sup |b(t, x, 1) < c (1+/DV(t,y,u)u(dy)> :

xED)

sup ot xo) < o (1+ [ vty (e )

xEDy

Assumption 2.2.7 (Integrated v-Growth). There exists an increasing function .
from [0, 00) to [0, ) such that for all u € P(D), we have,

L1650+ latexn) () < oo [ dexwntan) viet
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Assumption 2.2.5 of v-continuity in the measure argument is very weak, but may
in practice be hard to verify. In the case of unbounded domains, the property (2.2.5)
will often hold for functions of the form V(x) = |x|P, p > 1. In this situation, we
have p, € P,(D) for all the measures w, under consideration for convergence of
the coefficients with a uniform bound on their pt" moments. However, from [100,
Theorem 6.9], we know that for (u,), C P,(D) with uniform bound on their p*"
moments, weak convergence of measures is equivalent to convergence in the p'’
Wasserstein distance. Hence, in such case, it is enough to check that if x, — x and
Wy(tn, ) — 0 as n — oo then b(x,, u,) — b(x,p) and o(x,, n) — o(x, p) as
n — oo. This will be satisfied in particular if

|b(xa, pn) — b(x, )| + |o(xa, n) — o (x, )| < p(Ix = Xa|) + Wp(n, 1),

for some function p = p(x) such that p(|x|) — 0 as x — 0. We note that this is
a common assumption, see e.g. [39]. At this point it may be worth noting that the
p'"-Wasserstein distance on P,(D) is

W, (s, v) = ( inf /DXD|X—y|p7r(dx, dy)>’1’ , (2.2.8)

meM(p,v)

where TI(u, v) denotes the set of couplings between p and v i.e. all measures on
(D x D,B(D x D)) such that ©(B, D) = wu(B) and 7(D, B) = v(B) for every
B € B(D).

Note that in the case of McKean—Vlasov SDEs it is often useful to think of the
solution as a pair, consisting of the process x and its law i.e. (x;, Z(x;))ter. The
coefficients of the McKean—Vlasov SDE depend on the law of the solution and the
main focus of this chapter is on equations with unbounded coefficients, therefore a
condition on integrability of the law is natural.

Definition 2.2.8 (v-Integrable Weak Solution).
A v-integrable weak solution to (2.1.1), on I in D is

(Q, F, P, (]:t)telv (Wt)teIr (Xt)teI),

where (Q, F,P) is a probability space, (F;):er is a filtration, (wy)eer is an (Fi)ier-
Wiener process, (x;):cr is an adapted process satisfying (2.1.1) such that x € C(I; D)
a.s. and finally, for all t € I we have E[v(t, x;, Z(x:))] < oo.

Before we state the main theorem of this chapter, we state the conditions on
my, m, that allow one to establish the requisite uniform estimates for our approxima-
tions, which, in the case where I = [0, 0c0) need to be uniform in time.

Define y(t) := exp <— J5 m(s) ds) and

_ (b0, v(0, - o)) | [*(s)
M(t) = o) —i—/o sz(s)ds,

M (t) i=elolm(=)" d= <<pv(<uo,V(O,-,uo)>)+/0tv(5)mz+(5) dS) :

Note that M(t) < M*(t).

(2.2.9)
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Remark 2.2.9 (Conditions on m; and m, Ensuring Finiteness of M™).
i) If I =10, T], m and m, are set to 0 outside I, leading to

t T
sup/ @mg(s)dsg/ efsT’”l(r)d’|m2(s)|ds<oo.
t<oo Jo Y(t) 0

i) If I = [0, o),
my(t) <0 Vt >0 and / |my(s)| ds < o0, (2.2.10)
0
then

t<oo

t (o]
sup / els m(Irm(s)ds < / |my(s)| ds < oo.
0 0

In both of these cases we have sup,.; M(t) < oo and sup,.; M*(t) < oco.

Theorem 2.2.10. Let D C RY and Assumptions 2.2.3, 2.2.5 and 2.2.6 hold. Then
the following statements are true:

i) If Assumption 2.2.1a holds and sup,.; MT(t) < oo, then there exists a v-
integrable weak solution to (2.1.1) on I.

ii) Let either Assumption 2.2.1b or Assumption 2.2.2 hold. If additionally Assump-
tion 2.2.7 holds and sup,.; M(t) < oo, then there exists a v-integrable weak
solution to (2.1.1) on I.

In all of the above cases we also have,

supE[v(t, x¢, Z(x:))] < 0.

tel

We make the following comment. By virtue of Assumption 2.2.6 we have that
under the conditions of Theorem 2.2.10, the v-integrable weak solution to (2.1.1)
obtained by the theorem satisfies the forward nonlinear Fokker—Planck—Kolmogorov
equation (2.1.2), where pu; = Z(x;).

2.2.2 Proof of the Existence Results

We will use the convention that the infimum of an empty set is positive infinity. We
extend b and o in a measurable but discontinuous way to functions on Rt x RY x
P(R?) by taking

b(t,x,u) =o(t,x,u) =0 if x c R\ Dorif t ¢ 1.

For t ¢ I we set my(t) = my(t) = 0. Consequently from here onwards let
I =0, 00). We define

b (t, x, u) == Lyep, b(t, x, ) and o*(t,x, u) = Lyep,o(t, x, 1.

We now provide some results (Lemmas 2.2.11 and 2.2.13 and Corollary 2.2.12)
regarding a sequence of processes whose existence will be proved as part of Theorem
2.2.10.
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Lemma 2.2.11. Let Assumptions 2.2.3 and 2.2.6 hold. Let there exist a probability
space (2, F,P) with filtration (F;)tc1, an adapted Wiener process w and adapted
processes (x*), that satisfy, for all t € I,

dxk = b (t,xK, L(xF)) dt + o (t, xK, L (xF)) dw,, L(x)=ul. (2.2.11)
For any m,k € N, let X .= inf{t € I : x¥ ¢ D,,}.
i) If either Assumption 2.2.1a, Assumption 2.2.1b or 2.2.2 hold then for any t € I,
SliPE[V(thf,o?(th))] < M(z).

ii) If either Assumption 2.2.1a, Assumption 2.2.1b or 2.2.2 hold then for any t € I

and k € N,
P(tf < t) < M(t)V .

i) If Assumption 2.2.1a holds then for any t € I,
supP(TE < t) < MT(t)V, ! + P(x§ € D).
k

iv) If Assumption 2.2.1b or Assumption 2.2.2 holds then for any t € I,
supP(xf ¢ D) < M(t)V,; b,
k

Proof. i) Since u§ is supported on Dy for each k € N and the coefficients b* and
o are zero outside Dy, we know that the support of x* is contained within D,
for all t € I. Therefore Z(xF) € P»(D), and we can apply the 1td formula from
Proposition A.3.4 to yv with arguments t, x* and its law. Thus

Y()v(t, x{, L (x{)) = 7(0)v(0, x5, Z(x5))
—l—/o v(s)[L*v — myv](s, x¥, £ (x] ))ds—l—/o 7(s)[(8xv)a](s, x¥, L (xK)) dws .

Due to the local boundedness of the coefficients and either Lyapunov condition (2.2.2)
or (2.2.7) combined with Remark 2.2.4 ii) we get

E[y(t)v(t, x5, Z(x))] g]E[q(O)v(o,xg,,,%(xg))]+/th(s)m2(s)ds. (2.2.12)

This proves the first part of the lemma.
ii) For the second part, noting that the coefficients b and 0 are zero outside Dy,
once the process x* leaves Dy the process stops, yielding x* = x , forall t € 1,

which implies Z(xf) = £ (xX ) for all t € I. We further observe using (2.2.5)
that,
Elv(t, x, £ ()] = Elv(t, x5 0 L0 0))] ZEV(t xf 0) k]
=E[V(t x k)]l k<t]
>VIP(Tf < t).

t/\k
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Hence,
E[v(t, x¥

t/\T‘f’
Vic
This completes the proof of the second statement.

iii) To prove the third statement we first note that for m > k we have P(7X <
t) = P(x§ ¢ D) = 0. Thus we may assume that m < k. We proceed similarly as
above but with the crucial difference that x is no longer equal to thm,f,' Our aim is to

apply the Ité formula to the function v, evaluated over the process (thATk )ter and the

flow of marginal measures (Z(x{)):er. Note that L(x¥ ) # Z(xf). Nevertheless
the Ité6 formula A.3.4 may be applied. After taking expectations this yields

E[’y(t/\’r,’:,)v(t/\T,’;,Xk f(th))]

tATK?

=E[v(0,3, Z())] + EUO

We now use (2.2.2) to see that

Z(x))]

P(tf < t) <

tATK

m

v(s) [LH*v — myv](s, xE, ZL(x¥)) ds} :

E [’y(t/\T,I;)V(t/\T,I;,Xk X(th))}

tATE?

k
m

< BV, 2GON+E| [

< o (0. o)) + [ y(s)mi (s) ds = ().
Then
inf Y(SYEIV(E A 7 xb ., Z (KN < Bl (e A TAVAE Ay s, (6] < MI(E)

tATK? tATK?

and so using (2.2.3) we see the following,
Elv(t A T Xt L)) = EIV(EA 75, 55001 ZEIV (8 AT, 50 ) Liocrs <]
>V, P(0 < 7K < t).

Combining the above we have,

1 (t)

t
P(k —P < t)+P(rh =0) <
(Tm < t) (O <1, < )+ (Tm )— infsgr’Y(S) Vi,

+P(x & D).

We conclude by observing that

i > o= Jim(s)" ds
infy(s) 2 e :

iv) To prove the fourth statement, first note that for m > k, P(xf ¢ D,,) = 0
and hence we take m < k. Conditions (2.2.5) and (2.2.6) imply that

Efv(t, b, 2 (x)] > / V(t x)2(xE)(dx) > / V(t, x).2(x4)(dx)

nDg,

>V, P(xf ¢ D).
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Since we are assuming that P(xg € D) = 1 we have

Jim P(xo ¢ Di) =1~ lim P(x € D) =1~ P(| J{x € Di}) =0.

Corollary 2.2.12. Let Assumption 2.2.6 hold. Let (0, F,(Ft)ter, P) be a filtered
probability space equipped with an (F;)ic;-Wiener process w and a sequence of
adapted processes (x*), such that (2.2.11) holds for all t € I, k € N. Assume that
x¥ — x in C(I; D) P-almost surely. If either Assumption 2.2.1a, 2.2.1b or 2.2.2 hold
then

supE[v(t, x;, Z(x;))] < sup M(t),

tel tel

where M is given in (2.2.9).

Proof. By Fatou’s lemma, continuity of v and (2.2.9) we get

E[v(t, x¢, L(x¢))] < Iiknlior;fE[v(t, xK, L(xF))] < sup M(t).

tel
The result follows after taking supremum over t. O

Our aim is to use Skorokhod’s method to prove the existence of a weak solution
to the equation (2.1.1). Before we proceed to the proof of Theorem 2.2.10, we need
to establish tightness of the family of laws of the processes defined by (2.2.11).

Lemma 2.2.13 (Tightness). Let Assumptions 2.2.3 and 2.2.6 hold and let there
exist a probability space (2, F,P) with filtration (F).c1, adapted Wiener process w
and adapted processes (x*), that satisfy, for all t € I, (2.2.11).

i) If Assumption 2.2.1a holds with sup,.; M*(t) < oo, then the law of (x¥), is
tight on C(I; D).

ii) Let Assumptions 2.2.1b or 2.2.2 hold, with Assumption 2.2.7 and sup,.; M(t) <
oo, then the law of (x*) is tight on C(I; D). Additionally for any € > 0, there
is m, such that for all m > m,

supP(th € I) <.
K

Proof. i) Under the Assumption 2.2.1a tightness of the law of (x*), on C(I; D)
follows from the third statement in Lemma 2.2.11. Indeed given £ > 0 we can find
mq such that for any m > mq

sup P(limsup 75 < t) < supliminf P(TX < t) <sup M*(t)V,, ! + liminf P(x§ & D,,)
tel k—00 tel k—oo tel k—o00

<g,

due to, in particular, our assumption that V,, — oo as m — oo. By considering
Assumption 2.2.6 of local v-boundedness along with the first statement of Lemma
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2.2.11, the stopped processes X-I;\Trﬁ are tight in C([0, t]; D) for any t € I. Thus, as
supyer P(limsupy_o TX < t) — 0 as m — oo, we recover tightness of x* in C(I; D).

ii) First we observe that for every £ and (ty, ..., t;) in I, the joint distribution of
(xt’; ..... x,_f;) is tight. Indeed, statement iv) in Lemma 2.2.11 guarantees tightness of
the law of x¥ for any t € I. Given € > 0, for any £ € N we can find my such that for

any m > my

P(x{ ¢ Dm,...,x,_f; ¢ D) §Zstlél|?M(t)anl <g,

due to the assumption that V,, — co as m — oo. We will use Skorokhod’s Theorem
(see [91, Ch. 1 Sec. 6]). This will allow us to conclude tightness of the law of (x*),
on C(I; D) as long as we can show that for any € > 0

limsup sup P(|x¥ —x&|>¢€)=0.
h=0 | |s;—s|<h

From (2.2.11), using the Assumption 2.2.7, we get, for 0 < |s; — 5| < 1,

Elbq — ]

S2 S2
1

< [ odswBIvrxt 20N dr + (< [ odsw Bvrxt 20N

) S2

<c (14 oclsup M(e)) ) 15— sl

tel

Markov's inequality leads to

sup sup P (|xf —x£|>¢) < ceh?
k |si—s2|<h

which concludes the proof of tightness.

We will now prove the second statement in ii). Note that C(I; D) is open and
C(I; Dk—1) C C(I; Dx) and U, C(I; Dx) = C(I; D). We know that for any € > 0
there is a compact set K, C C(I; D) such that

supP(x* ¢ KC.) < e.
k

Since K. C C(I; D) is compact and the set of (C(I; Di))x is an open cover, there
must be some m, such that K. C C(I; D, ). But this means that

P(x“ ¢ C(I: Dm,)) < P(x" ¢ K)
and so P(tk € I) = P(x* ¢ C(I;D,,)) < P(x* ¢ C(I; D)) < P(x* ¢ K¢) < ¢ for

all m> m,. O
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Proof of Theorem 2.2.10. Let us define t! := ﬁ i=0,1,... and k,(t) = t/ for
t € [t7 t7,). Fix k. We introduce Euler approximations x*", n € N,

t
xfon —xo—l—/ b* (s xk’(’s),.i”( s))) ds—l—/ ok (s x5 sy -2 (g (S))) dws .
0

Let us outline the proof: As a first step we fix k and we show tightness of the
family of laws of the Euler approximations and apply Skorokhod’s theorem to let
n — oo in the above equation, obtaining solutions to the truncated SDE. The second
step is then to use Lemma 2.2.13 to show tightness with respect to k. Finally we can
use Skorokhod's theorem again to show that (for a subsequence) the limit as k — oo
satisfies (2.1.1) (on a new probability space).

First Step. Using standard arguments, we can verify that, for a fixed k, the
sequence (x“™), is tight (in the sense that the laws induced on C([0, ), D) are
tight). By Prohorov's theorem (see e.g. [8, Ch. 1, Sec. 5]), there is a subsequence
(which we do not distinguish in notation) such that .Z(x*") % £ (x¥) as n — co.

Hence we may apply Skorokhod's Representation Theorem (see e.g. [8, Ch. 1,
Sec. 6]) and obtain a new probability space (Q¥, ¥, PX) where on this space there
are new random elements (X7, XX, w") and (%, X%, W) such that

L5, %" W) = L(x, X", w) VneEN, L (%o, X, W) = L(x0, x*, w) and

G

We let

W) = (%, %5, W) as n — oo in C([0,00), D x D x RY) surely.

Fl = o{%} vV o{Z, s 1 s < t}

and define F£" analogously. Then " and w are (F7),>0 and (F;)>o-Wiener pro-
cesses, respectively. Define

Fom =inf{t >0: %" ¢ D} and #f = inf{t >0: %5 ¢ D,}.

These are F" and F* stopping times respectively. Moreover, due to the convergence
of the trajectories X" to %% we can see that,

lim inf 7,7 > 7f
n— oo

From the fact that the laws of the sequences are identical we see that we still have
the Euler approximation equation on the new probability space: for t > 0

dSE™ = bF(8, K60 L(RE0 ) dt + o (8, 540 L (REn)) dy

K (t) X n(t)’ Kn(

Using Skorohod’s Lemma, see [91, Ch. 2, Sec. 3], together with the continuity
conditions in Assumption 2.2.5, we can take n — 0o and conclude that for all t < 7£
we have

dXF = bX(t, %5, L(%F)) dt + o (t, %K, L(RF)) dW; . (2.2.13)

At this point we remark that the process X* stopped at 7/, is well defined, continuous
on [0,00) and satisfies (2.2.13) for t € I. Abusing notation, let X refer to this
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stopped process. Additionally, it satisfies the equation without the cutting applied to
the coefficients i.e for all t < 7

dxf = b (t, %, ZL(%)) dt + o (£, %5, L(X)) dW.

Second Step. Tightness of the law of (%X¥), in C(I; D) follows from Lemma
2.2.13 and Remark 2.2.9. From Prohorov’s theorem there is a subsequence (again,
not distinguished in notation) .Z(%¥) =% £(X) as k — oo. From Skorokhod's
Representation Theorem we then obtain a new probability space (Q, F, P) supporting
random elements (x¥, X, w*) and (%, X, W) such that

L (%, %, W) = ZL(X, X, W),
L(x¥, x5 wF) = L(xE % W) VK eN,

and
(XK, 55, Wk) = (R0, X, W) as k — oo in C(I; D x D x RY) surely.

Let 7f := inf{t : X & Dy}, 75 :=inf{t : XK ¢ D} and 7 := inf{t : X, & Dy }.
Since sup, ., |X5 — X;| — 0 we get limsup,_,., 75 | < 7% surely. To see why this
holds, assume the contrary for finite 73°(w) since the infinite case holds immediately.
We assume for a contradiction that limsup, .., 7% ;(w) > 7°(w). Then, there exists
a subsequence k; such that 'T',I:f,l > 720 for all j € N. Consequently, |)?%o — Xroo| >
d(Dm-1,0D,,) > 0. However, |x:jo"o — Xroo| < SUP oo %9 — %,| — 0 as k; — oo and
we have arrived at a contradiction.

Then from Fatou's Lemma, and either part iii) of Lemma 2.2.11 or part ii) of
Lemma 2.2.13 depending on the type of Lyapunov condition that holds, we have
that, forany s,t € I, t < s,

P(7y < t) < P((limsup7,, ;) < s) <P(liminf{7, , <s})
—00

k— o0
<liminf P(FX_, < s) (2.2.14)
k—o0

<supP(7% , €I)— 0 as m — co.
K

Then the distribution of 7° converges in distribution, as m — oo, to a random
variable 7 with distribution P(T < T) = 0 for any T < o0 and P(T = o0) = 1. In
general, convergence in distribution does not imply convergence in probability. But in
the special case that the limiting distribution corresponds to an almost surely constant
random variable we obtain convergence in probability (see e.g. [36, Ch. 11, Sec. 1]).
Hence 72° — oo in probability as m — oo. From this we can conclude that there is
a subsequence that converges almost surely.

Since (2.2.13) holds for X¥ we have the corresponding equation for x
t <7

ke for

dxF = b(t, 5, L (%)) dt + o(t, %K, L(xK)) dwf . (2.2.15)

Fix m < k. We will consider k > k’. Then (2.2.15) holds for all t < infy>p TX.

We can now consider xf, . (these all stay inside Dy, for all k > k' > m) and use
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dominated convergence theorem for the bounded variation integral and Skorokhod's
lemma on convergence of stochastic integrals, see [91, Ch. 2, Sec. 3], and our
assumptions on continuity of b and o to let k — co. We obtain, for t < infysw 75 A
o o}

Th s

d%, = b(t, %, L(%.)) dt + o(t, %, L(%)) dW; . (2.2.16)

Now, for each fixed m < k’,

> 7.

I x

im inf T
K =00 k>k!

Finally we take m — oo and since To° — 0o we can conclude that (2.2.16) holds for
all t € I. The last statement of the theorem follows from Corollary 2.2.12. O

2.2.3 Examples

Example 2.2.14 (Integrated Lyapunov condition). Consider the McKean—Vlasov
stochastic differential equation (2.1.4) i.e.

1
dx; = —Xt[/R)/lg(Xt)(dY)} dt+ﬁxtdwt, X =¢>0.

Then for v(x) = x* we have,

L(x, p)v(x) = 3x* — 4x* /]Ry4 p(dy).

We see that the stronger Lyapunov condition (2.2.2) will not hold with m; < 0 (at
least for chosen v, which seems to be a natural choice) and D, = (—k, k). However,
integrating leads to

/]R L(x, p)v(x)u(dx) = 3 /]R x*u(dx) —4< /]R ><“u(d><)>2

using this we will show that the integrated Lyapunov condition (2.2.7) holds i.e. that
[ e < = [ viuex + 1
R R

is satisfied. To see this we note that 3a — 42> < 1 — a since —1 + 4a — 4a°> <
—(1 — 2a)?. Moreover, Assumption 2.2.7 is satisfied. Condition (2.1.6) allows us
to obtain uniform-in-time integrability properties for (x;) needed to study ergodic
properties.

Example 2.2.15 (Non-linear dependence of measure and integrated Lyapunov con-
dition). Consider the McKean-Vlasov stochastic differential equation (2.1.7) i.e.

dxe = — </R(xt - ozy),ﬁf(xt)(dy)>3 dt + (/R(Xt - oey),i”(xt)(dy))z o dw,.
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for t € I and with xo € L*(Fy, R). Assume that m := —(60° — 4 + 4a) > 0. The
diffusion generator given by (2.2.1) is

(L4v)(x, 1) =(%( [ ay)u(dy)>4afv ~(fe- ay)u(dy>)3axv) (.11

[ (Z( [ nmian) @aniesme)
— </R(Z — ay)p(d)/)>3(auv)(trx, #)(Z)>M(dz)-

We will show that for the Lyapunov function

v(x, ) = (/R(X - ay)u(dy)>4 :

/R (L*V)(x, ) i(dx) < m— m / vix, 1) (dx).

R

we have

Indeed,

vt =4 ( [ (x- ay)u(dy))3 v =12 ( [ (- ay)u(dy)>2 ,

R R

0,v(x, n)(z) = —4a ( /]R (x — ay),u,(dy)>3 and 8,8,v(x, 1)(z) = 0.

Hence

6

(L)) ~(60% ~ 4) [ (x = auta) )

+ 40&/R [(/R(Z - ozy)/uu(cly))3 (/R(X - ay)u(dy)>3] pu(dz).

Since we want an estimate over the integral of the diffusion generator we observe
that

I ::/R/]R [(/}R(z—ay)u(dy))3 </R(X—ay)u(dy)>3] p(dz) p(dx)
< (/R ’ u(dz))2 :

By the Cauchy-Schwarz inequality we obtain

1< [ ( / (X—ay)u(dy)>6u(d><)-
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Hence, recalling m := — (602 — 4 + 4a) > 0 and using the inequality —x® <1 — x*,
we obtain that

[ ue < [ (60 4+ 4) ( - ay)u(dy))ﬁu(dX)

<m-— m/Rv(x, w) w(dx) .

Furthermore, Assumption 2.2.7 is readily satisfied.

Example 2.2.16 (Dependence on measure not through its moments). Let p be
probability measure on (R, B(R)) and let F;* : [0, 1] — R be the generalised inverse
cumulative distribution function for this law. Recall that the a-Quantile is given by
F ' (o) :=inf{x €R : u((—o0,x]) > a]}.

n
Define the Expected Shortfall of p at level , as ES, (), as

ESy(a) = = /Oa Fl(s)ds.

o

Note that for fixed o, Expected Shortfall is a Lipschitz continuous function of measure
w.r.t p-th Wasserstein distances for p > 1. Indeed fix u, v € P,(R) and observe that

ESue) ~ £, < 2 [ 1F(0) - R o)l ds

1 [ 1 1
<o | IR - e ds = S WA p) < SWa(uv),

where the equality above follows from [99].
We consider the following one-dimensional example, based loosely on transformed
CIR:

0.2

dx; = g[((ESg(Xt)(a) Vo) — E)Xt_l — x| dt + %a dw;.
Here xp satisfies P[xy > 0] = 1 and k6 > o2
Note that by defining D := (0,00) and Dy := (%, k), we have boundedness
of the coefficients on D, and from the above observations and assumptions one can
easily verify that the conditions of Theorem 2.2.10 are satisfied. In particular consider
v(x) = x* + x~2. Then,

0.2

L i)v() = 5 [((ESu(e) v 0) — T )x = x)(2(x — x ) + 5o?(2 4 6x7)

2

= k[((ES,(c) v ) — Z—K)] — kx® = [K(ES,(a) v 8) — 0%]x~*

+ Kkx 2 4 0—2
4

< |k||ES.(a)| + K8 + kx 2
< |KH/X}L(dX)|+K9+I{X_2
R

1 1
< —K2+—/X2[.L(dX)+K9+KX_2.
2 T,
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Integrating with respect to u we see that condition (2.2.7) holds. Therefore, due to
Theorem 2.2.10, a weak solution to the above McKean—Vlasov equation exists.

2.3 Uniqueness

In this Section we prove continuous dependence on initial conditions and uniqueness
under two types of Lyapunov conditions. For the novel integrated global Lyapunov
condition we provide an example that has been inspired by the work of [90] on non-
uniqueness of solutions to McKean—Vlasov SDEs.

2.3.1 Assumptions and Results

Recall that TT(u, v) denotes the set of couplings between measures p and v. In this
section we work with a subclass of Lyapunov functions v € C?(R?) that has the
properties: ¥ > 0, Ker v = {0} and for all z € R we have V(z) = ¥(—z). For this
class of Lyapunov functions we define a "Wasserstein semi-distance’ on P(D) as,

Wi (w, v) == ( inf / v(x —y)m(dx, dy)) : (2.3.1)
TeM(p,v) DxD

Indeed W, is a semi-metric and the triangle inequality does not hold in general.

Note that v does not depend on a measure. For (t,x,y) € I x D x D, (u,v) €

P(D) x P(D), and any ¢ € C?(R?), we define

L(t, x,y, uv)p(x —y)
:=(b(t, x, u) — b(t, y, v))Bp(x — y)

+ %tr((a(t, x, 1) —a(t,y,v))(o(t, x,u) —a(t,y,v)) 0p(x —y)) .

Assumption 2.3.1 (Global Lyapunov Condition). There exists v € C?(RY) and
locally integrable, non-random, functions g = g(t) and h = h(t) on I, such that for
any two solutions (x;)ter and (y:)eer to (2.1.1), with Z(x;) = p: and Z(y:) = vy,
forall t e I,

L(t, e, Voo e, Ve)V(xe — ve) < g(£)V(xe — ye) + h(6)Wo (e, ve) . (2.3.2)

Assumption 2.3.2 (Integrated Global Lyapunov Condition). There exists v € C?(R?)
and a locally integrable, non-random function h = h(t) on I, such that for any two
solutions (x¢)ter and (vi)eer to (2.1.1), with Z(x;) = u: and Z(y;) = vy, for all
t € I, and for all couplings 7 € (¢, v+)

[ ttp g m)olo-ayn(dp.da) < h(e) [ vlp—q)n(dp.da). (233)
DxD DxD

It can be shown that the three examples given in the previous section satisfy
Assumption 2.3.2 with v(z) = z°.

Theorem 2.3.3 gives a stability estimate for the solution to (2.1.1) with respect
to initial condition (continuous dependence on the initial conditions).
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Theorem 2.3.3 (Continuous Dependence on Initial Condition). Let Assumption 2.2.6
hold. Let x', i = 1,2 be two solutions to (2.1.1) on the same probability space such
that Ev(x3 — x3) < oo.

i) If Assumption 2.3.1 holds then for all t € I
t
E[7(x! —x2)] < exp ( | 1es)+ s) + (s ds> E[7(¢ — @) (23.4)
0

ii) If Assumptions 2.3.2 and either Assumption 2.2.1a, 2.2.1b or 2.2.2 hold and if
there are p, q with 1/p+1/q =1 and a constant k such that for all (t,x, p) in
I x D x P(D)

10,7(x — y) P + |o(t, x, w) 7 + |o(t,y, )]*? < k(1 + v(t, x, w) + v(t,y,v))
(2.3.5)
then for allt € I

E[7(x! — x2)] < exp ( /O " h(s) ds) E[7( — x2)]. (2.3.6)

First we note that in the case when I is a finite time interval then the sign of
the functions g and h plays no significant réle. In relation to the study of ergodic
SDEs e.g. (18) in [15] we make the following observations. If I = [0, 00) and As-
sumption 2.3.1 holds with g + h + |h| < 0 then lim;_,,, EV(x} — x?) = 0. However
we see that while the spatial dependence of coefficients can play a positive role for
the stability of the equation (if g is negative) it seems that the measure dependence
never has such a positive role, regardless of the sign of h. If I = [0, 00) and we are
in the second case of Theorem 2.3.3 then negative h may contribute to stability (but
unlike the first case we also need the condition (2.3.5)).

Proof. Note that if we are in case ii) then, in the following we set g = 0 for all ¢t € I.

Let .

o0 = o0 (- [ Ta(s) + sl as)
Applying the classical It6 formula to ¢ v(x* — x?) we have that for t € T
e(t)7(x; — x;)

= 7(x — x3)
+/ot‘p(s)“(s’xs'Xswi”( 2). L02)U(t X — %) — (g(s) + h(s))V(x; — x])] ds
+/0f ()8 7(xt — x2)(o(s, xt, L(x2)) — o(s, x2, Z(x?)))dws.

(2.3.7)
Case i) Assumption 2.3.1 implies

P(t)7(x —x7) < V(xg — x5)

- o($) W L), L)) — h(s)7(x: — x2)] ds
- (58,70 — X205 Xt L)) — o552 L)) dws.
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Define the stopping times {7/ },>1, i = 1,2 and {7} m>1
T =inf{tel : x ¢ Dy}, i=12and 7, =T AT2.

By Definition 2.2.8 we know that x' € C(I; D) a.s. and so 1. 00 a.s. and hence
Tm /' 00 a.s. as m — o0o. The local boundedness of o ensures that the stochastic
integral in the above is a martingale on [t A T,,], hence

E[p(t A 7'm)‘7(xtl/\7-m - Xt2/\‘rm)]

<E[(x — %) +E [/Ot " (s) [h(sWe(ZL(x;), Z(x2)) — h(s)7(x; — x3)] ds

< 5l50¢ — )+ E [ [ o) ] as]

where the last inequality follows from the definition of the semi-Wasserstein distance.
Since 1, /* 00 as m — oo, application of Fatou's Lemma gives

Elp(t)7(x; —x7)] < E[7(xg —x9)] + /Ot [h(s)|Elw(s)7(x; —x2)] ds.

From Gronwall's lemma we get (2.3.4).
Case ii) Taking expectation in (2.3.7), recalling that in this case g = 0 and then
using Assumption 2.3.2 we have

E [p(t)7(x — x)]
< E[v(xg —x)l + E[/O ()07 (x; — x5)(0(s, x5, Z(x5)) — o (s, %, ZL(x7))) dws] :

Corollary 2.2.12 together with (2.3.5) and local integrability of g and h ensures that
stochastic integral in the above expression is a martingale. Indeed

| o528 (0.0 —Plats 2 - o(s, 2, 2 ()] ds

t 2k (116, 7(x! 2)|1%p 1cfsx1 x1) — o (s, x? 2))|%9| ds
</ so(s)E[;va(xs—xs)\ + Lol xd, 20) - ols. 2, 202)) ]d
< o [ OSFE 070 — )P+ a2 LD + lols 2, L ()] ds

< G / (ke (14 E[v(s, 2, L) + Elv(s, 32, Z(2)]) ds < oo.
Hence
e(OE[7(x; — x7)] <E[v(x — x3)].
O

Corollary 2.3.4. Let the conditions for either case i) or ii) of Theorem 2.3.3 hold
with either

SUP,c1 €XP (fot[g(s) + h(s) + |h(s)|] ds) < 00 OF SUP;c1 €XP (fot h(s) ds) < 00 re-
spectively. If x} = x2 a.s. then the solutions to (2.1.1) are pathwise unique.
Proof. Since Ker v = {0}, we have that for all t € I, P(x} = x?) = 1. Then, since

the processes have continuous paths, we can conclude that they are indistinguishable.
0
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2.3.2 Example due to Scheutzow
Consider the McKean—Vlasov SDE of the form

Xe = Xo + /Ot B(x., E[b(x)]) ds + /Ot Y (xs, E[G(xs)]) dws . (2.3.8)

Our study of this more specific form of McKean—-Vlasov SDE is inspired by [90], where
it has been shown that in the case when ¥ = 0 and either of functions B or b is
only locally Lipschitz continuous then uniqueness, in general, does not hold. We will
show that if we impose some structure on the local behaviour of the functions then
these, together with the integrability conditions established in Theorem 2.2.10, are
enough to obtain unique solution (2.3.8). To be more specific: we impose a local (in
the second variable) monotone condition on functions B and ¥, which is weaker than
the local (in the second variable) Lipschitz condition, and local Lipschitz conditions
on functions b and &.

Assumption 2.3.5.

i) Local Monotone condition:
there exists a locally bounded function M = M(x', y’, x", y") such that Vx, x’,
X“, v, )/I, y// eD

2(x = y)(B(x,X') = By, y") + [Z(x, X") = (y, y")?
S M(X’,yI,X”,y”)(‘X . y’2 + XI o y/|2 + ‘X” . y//‘Z)

There exists a constant k such that:
i) V(t,x, 1) € I x DxP(D) |b(x)| + |5(x)| < k(1 + v(t,x,u)), and

i) V(t,x,y, ) € Ix Dx D xP(D)

[b(x) = b(y)| + 15(x) = 5()| < k(1 +V/v(t.x, 1) + V/v(t,y, w)lx = y|.

Theorem 2.3.6. If Assumptions 2.2.2 hold, if sup,.; M(t) < oo and if Assump-
tions 2.2.6, 2.3.5 hold then the solution to (2.3.8) is unique.

We will need the following observation: if m € TI(u, v) then, due to the theorem on
disintegration, (see for example [2, Theorem 5.3.1]) there exists a family (Py)xep C
P(D) such that

/DXDf(x,)/)W(dx,dy) :/D(/D f(x,y) Px(dy)> w(dx)

for any f = f(x,y) which is a 7-integrable function on D x D. In particular if
f = f(x) then

/Dxpf(x)”(dx’ dY):/Df(X) (/D Px(dy)> u(dx)z/Df(x)u(dx).
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Proof. Our aim is to show that Assumption 2.3.1 holds, since uniqueness would follow
from Corollary 2.3.4. We know, from Lemma 2.2.11 that for any t € I we have the
estimate
Jp v(t, x, Z(x)) L (x)(dx) < sup.e;r M(t) and so it suffices to verify (2.3.2) for
measures  such that [, v(t, x, ) p(dx) < sup,c; M(t). From Assumption 2.3.5 i),
we have

2(x = y)(B(x, n) = B(y,v)) + [Z(x, ) = Z(y, v)[?
< M,y X Y=y I =y R+ e =y
where X' = [, b(z)u(dz), y' = [,b(z)v(dz = [,0(z)p(dz) and y" =

[ 3(2)v(dz). We note that each of |x'|,|y’], |x”| and |y | are in a compact sub-
set of R due to Assumption 2.3.5 ii), since

K <1—|—/Dv(t,z,/.l,)p,(dz)> + <1+/Dv(t, z, ) u(dz)) < 2%(1 -+ sup M(2)).

As M maps bounded sets to bounded sets we can choose a constant g sufficiently
large so that M(x', y’, x", y") < g for all u,v.
We apply the remark on disintegration to see that

/D b(%)u(dx) — /D b(y)v(dy)

From Assumption 2.3.5 iii), we get

2 2

|XI o y/|2 _

/D (B(%) - B(7) m(dx, 7)

’XI _y/|2
< K2/D @Vl % )+ /(b 7 ) m(dx dY)/D X = ylPn(dx. d7)

< 3k*(1+2sup I\/I(t))/ X — y|*m(dx, dy).
DxD

tel

Since the calculation for [x" —y
2(x = y)(B(x, k) = By, v)) + [Z(x, u) = Z(y, v)[?

< glx — yI? + 6gk2(1 + 25up M(t)) / % - 7P(dx, d)
DxD

”|? is identical we finally obtain

tel

as required to have Assumption 2.3.1 satisfied with v(z) = |z|%. O

2.4 Invariant Measures

We will establish the existence of a stationary measure for semigroups on C,(P2(D))
associated with the flow of laws of solutions to (2.1.1) where the coefficients b and o
do not depend on t, via the Krylov—Bogolyubov Theorem (see [86, Chapter 7]). One
cannot consider a semigroup acting on Cp(D) due to the measure-dependence of the
coefficients. Let the conditions of Theorem 2.2.10 hold with suitable assumptions on
my and my, such that we are within the regime where I = [0, 00).
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Define the semigroup (Z:):>0 by
Zd(r) = (L (xt)) for ¢ € Cp(P2(D)) and t > 0. (2.4.1)

Here x{* denotes a solution to (2.1.1) started from xo ~ u. To ensure that .Z(x!') €
P2(D) we assume that the conditions of Theorem 2.2.10 hold with V' satisfying

V(t,x) > |x|%. If D = R9 then we can apply the chain rule for functions of measures
from e.g. [19] or [27] to obtain that for ¢ € C1H1(P,(D))

$(Z (%)) — (L (%))

= /;(-f(Xé‘), b(- L (x))0up(L(x)) + tr[a(-, ZL(x))0,0,¢(-Z (x£))]) ds.
(2.4.2)

In the case that D C R we have to assume that there is k € N such that V/(t, x) >
|x|?> for x € D\ Dy. We consider first x** given by (2.2.11) started from pu* (u
restricted to Dy with external mass moved to 0). By Proposition A.3.2 we have for

¢ € CAV(Py(D)) that
(L (%) — d(ZL (%)) = /ot <$(Xsk'“), b(-, L (x*))0u$(Z (X))

+ tr {a(-, ,sf(xf’“))aya#qsw(xf'“))} > ds.

(2.4.3)
From Lemma 2.2.11 we get that sup, sup, E|xf|?> < oco. Moreover Lemma 2.2.13
implies, together with Prohorov’s theorem, convergence of a subsequence of the laws
(and since we know the limit of these is given by (2.1.1) due to the proof of Theo-
rem 2.2.10). We thus have W, (Z(x}), Z(x:)) — 0 as k — oo. Due to continuity of
coefficients b, o and since ¢ € CD(P,(D)) we can take the limit k — oo in (2.4.3)
to obtain (2.4.2).

The conditions for Krylov-Bogolyubov's theorem to hold are that the Markov
semigroup is Feller and a tightness condition. As we are not assuming any non-
degeneracy of the diffusion coefficient we cannot always guarantee that the semigroup
is Feller. See, however, Lemma 2.4.2 for a partial result.

Theorem 2.4.1. Let the conditions of Theorem 2.2.10 hold with I = [0, c0), and
V(t,x) > |x|? for x € D\ Dy for some k € N. If the semigroup (%;):>0 given
by (2.4.1) is Feller then there exists an invariant measure.

Proof of Theorem 2.4.1. Fix u € P»(D) and let x* be a solution to (2.2.16). Setting
(K, B) := 6 4(x#(B), then from (2.4.1), we have that

P = 4L = [ Sup b dr= [ )l av).
P(D) P(D)
Define the family of measures (m});>o C P(P(D)) by
1 [t 1 [t
m{(B) := ?/0 ms(u, B) ds = E/o dox)(B)ds, B € B(P:D)).
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To apply the Krylov—Bogolyubov Theorem we need to show that the fami