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B.3 Examples

B.3.1 A simple example

We recall the introductory example of Chapter 2, of a simple doubling function.[N:Type(0)][Z:N][S:N->N];[Even = [n:N]{Phi:N -> Prop}{evenZ:Phi Z}{evenSS:{k:N}(Phi k)->Phi (S (S k))}Phi n];Goal <f:N -> N> {n:N}(Even n) -> Even (f n);Intros #;Intros n;Refine S;Refine S;Refine n;Intros n hyp;Expand Even;Intros ___;Prf;Refine evenSS;Refine hyp;Immed;Undo 1;Refine evenZ;Refine evenSS;Save a_simple_example;a_simple_example;[plustwo = a_simple_example.1];[proof = a_simple_example.2];plustwo;Hnf VReg;Normal VReg;proof;Hnf VReg;Normal VReg;
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B.3.2 Division by two

Given the discussion in Chapter 4, we simply include the LEGO file here.[divisionby2:Prop]; (* this is just a marker *)Goal leqNat zero zero;Refine ExIntro zero;Refine reflEQ;Save zero_leq_zero;Goal leqNat zero one;Refine ExIntro one;Refine reflEQ;Save zero_leq_one;Goal {n,q,r|nat}{eq:EQ n (plus q r)}EQ (succ n) (plus r (succ q));intros;Refine pluscommutes;Refine respEQ succ;Immed;Save div2_lemma1;Goal {q,r|nat}{leq:leqNat q r}leqNat (succ q) (succ r);intros;Refine leq;intros k eqk;Refine ExIntro k;Refine pluslemmaS;Refine respEQ succ;Immed;Save div2_lemma2;[Div2Spec = [n:nat][p:nat#nat][q=p.1][r=p.2]and3 (EQ n (plus q r)) (leqNat q r) (leqNat r (succ q))];Goal del2 (univPred|nat) (univRel|nat|unit) Div2Spec;Refine compose_del2;Refine +3 natrec_del2;(* zero case *)Refine pointwise_del2;intros n u # #;intros +2 __;Refine pair3;



Appendix B. LEGO code relevant to this thesis 199Refine reflEQ (plus zero zero);Refine zero_leq_zero;Refine zero_leq_one;(* successor case *)Refine pointwise_del2;intros k p #;[q=p.1][r=p.2];Refine (r,succ q);intros _ ih;Refine pair3;Refine div2_lemma1;Refine and3_out1 ih;Refine and3_out3 ih;Refine div2_lemma2;Refine and3_out2 ih;Save Div2_del2;[div2 = (Normal [n:nat](Div2_del2.1 n void))];(* div2 = [n:nat]natiter (zero,zero)([b:nat#nat](b.2,succ b.1)) ndiv2 : nat->nat#nat *)div2 eight;Normal VReg;(* (succ (succ (succ (succ zero))),succ (succ (succ (succ zero)))) *)div2 seven;Normal VReg;(* (succ (succ (succ zero)),succ (succ (succ (succ zero)))) *)
B.3.3 Minimum finding in a list

We first give the LEGO script.[minlist:Prop];[A|Type];[Inlist [a:A] = listrec false



Appendix B. LEGO code relevant to this thesis 200([b:A][l:list A][phi:Prop]or(EQ a b) phi)];[r:A->A->bool][R = [a,b:A]EQ tt (r a b)];[reflR:refl R][transR:trans R][antisymR:{a,b|A}(R a b)->(R b a)->EQ a b];[linearR:{a,b:A}or (R a b) (R b a)];Goal {a,b|A}{notaleb:EQ ff (r a b)}R b a;intros;orE linearR a b;intros rab;Refine peano4bool;Refine transEQ;Refine +2 symEQ;Immed;intros rba;Immed;Save linearRlemma;[min [a,b:A] = if (r a b) a b];[MinSpec [l:list A][f:A->A] ={a:A}and (Inlist (f a) (cons a l))(Lelist R (f a) (cons a l))];Goal del2 (univPred|(list A)) (univRel|(list A)|unit) MinSpec;Refine compose_del2;Refine +3 Listrec_del2;(* base case *)Refine pointwise_del2;intros l u #;Intros +1 __ a;Refine pair;Refine inl;Refine reflEQ (I a);Refine pair;Refine reflR;Intros;Immed;(* step case *)



Appendix B. LEGO code relevant to this thesis 201intros b;Refine pointwise_del2;intros l f #;Refine [a:A]min a (f b);Intros _ spec a;Refine spec b;intros inlist lelist;Refine boolIsInductive (r a (f b));intros case1;Refine case1 [bb:bool][ga = if bb a (f b)]and (Inlist ga (cons a (cons b l)))(Lelist R ga (cons a (cons b l)));Refine pair;Refine inl;Refine reflEQ;Refine pair;Refine reflR;Equiv Lelist R a (cons b l);Refine LelistIsMonotone;Refine transR;Immed;intros case2;Refine case2 [bb:bool][ga = if bb a (f b)]and (Inlist ga (cons a (cons b l)))(Lelist R ga (cons a (cons b l)));Refine pair;Refine inr;Immed;Refine pair;Refine linearRlemma;Immed;Save MinAux_del2;(*[minaux = (Normal [l:list A]MinAux_del2.1 l void)];minaux = [l:list A]listrec ([a:A]a)([a:A][_:list A][f:A->A][b:A]if (r b (f a)) b (f a))lminaux : (list A)->A->A*)Discharge A;
We now include the transcript of the dialogue with LEGO. We omit the

proof of the initial lemma.



Appendix B. LEGO code relevant to this thesis 202Goal?0 : del2 (univPred|(list A)) (univRel|(list A)|unit) MinSpecRefine by compose_del2?3 : Type?7 : Rel (list A) ?3?9 : del2 (univPred|(list A)) (univRel|(list A)|unit) ?7?10 : del2 (univPred|(list A)) ?7 MinSpecRefine 10 by Listrec_del2?9 : del2(univPred|(list A))(univRel|(list A)|unit)(nstarRel MinSpec)?14 : {x:A}del2 (univPred|(list A)) MinSpec (cstarRel x MinSpec)Refine by pointwise_del2?21 : {a:list A}{b:unit}<c:A->A>(univPred|(list A) a)->(univRel|(list A)|unit a b)->nstarRel MinSpec a c?14 : {x:A}del2 (univPred|(list A)) MinSpec (cstarRel x MinSpec)intros (2) l u #l : list Au : unit?23 : A->A?24 : (univPred|(list A) l)->(univRel|(list A)|unit l u)->nstarRel MinSpec l ?23Intros (3) _ _ ah : univPred|(list A) lpre : univRel|(list A)|unit l ua : A?25 : and (Inlist (?23 a) (cons a (nil A)))(Lelist R (?23 a) (cons a (nil A)))Refine by pair?28 : Inlist (?23 a) (cons a (nil A))?29 : Lelist R (?23 a) (cons a (nil A))Refine by inl?32 : EQ (?23 a) a?29 : Lelist R (?23 a) (cons a (nil A))Refine by reflEQ (I a)?29 : Lelist R (I a) (cons a (nil A))Refine by pair



Appendix B. LEGO code relevant to this thesis 203?37 : R (I a) a?38 : trueRefine by reflR?38 : trueIntros (2)A1 : PropH : A1?40 : A1ImmediateDischarge.. H A1Discharge.. a pre hDischarge.. u l
This closes the branch corresponding to the base case. The step case now

follows.?14 : {x:A}del2 (univPred|(list A)) MinSpec (cstarRel x MinSpec)intros (1) bb : A?41 : del2 (univPred|(list A)) MinSpec (cstarRel b MinSpec)Refine by pointwise_del2?48 : {a:list A}{b'2:A->A}<c:A->A>(univPred|(list A) a)->(MinSpec a b'2)->cstarRel b MinSpec a cintros (2) l f #l : list Af : A->A?50 : A->A?51 : (univPred|(list A) l)->(MinSpec l f)->cstarRel b MinSpec l ?50Refine by [a:A]min a (f b)?51 : (univPred|(list A) l)->(MinSpec l f)->cstarRel b MinSpec l ([a:A]min a (f b))Intros (3) _ spec ah : univPred|(list A) lspec : MinSpec l fa : A?52 : and (Inlist (([a:A]min a (f b)) a) (cons a (cons b l)))



Appendix B. LEGO code relevant to this thesis 204(Lelist R (([a:A]min a (f b)) a) (cons a (cons b l)))Refine by spec b?54 : (Inlist (f b) (cons b l))->(Lelist R (f b) (cons b l))->and (Inlist (min a (f b)) (cons a (cons b l)))(Lelist R (min a (f b)) (cons a (cons b l)))intros (2) inlist lelistinlist : Inlist (f b) (cons b l)lelist : Lelist R (f b) (cons b l)?55 : and (Inlist (min a (f b)) (cons a (cons b l)))(Lelist R (min a (f b)) (cons a (cons b l)))
We now consider the cases, according as r a (fb) = tt;�.Refine by boolIsInductive (r a (f b))?57 : (EQ tt (r a (f b)))->and (Inlist (min a (f b)) (cons a (cons b l)))(Lelist R (min a (f b)) (cons a (cons b l)))?58 : (EQ ff (r a (f b)))->and (Inlist (min a (f b)) (cons a (cons b l)))(Lelist R (min a (f b)) (cons a (cons b l)))intros (1) case1case1 : EQ tt (r a (f b))?59 : and (Inlist (min a (f b)) (cons a (cons b l)))(Lelist R (min a (f b)) (cons a (cons b l)))Refine by case1 ([bb:bool][ga=if bb a (f b)]and (Inlist ga (cons a (cons b l)))(Lelist R ga (cons a (cons b l))))?66 : and (Inlist (if tt a (f b)) (cons a (cons b l)))(Lelist R (if tt a (f b)) (cons a (cons b l)))Refine by pair?69 : Inlist (if tt a (f b)) (cons a (cons b l))?70 : Lelist R (if tt a (f b)) (cons a (cons b l))Refine by inl?73 : EQ (if tt a (f b)) a?70 : Lelist R (if tt a (f b)) (cons a (cons b l))Refine by reflEQ?70 : Lelist R (if tt a (f b)) (cons a (cons b l))



Appendix B. LEGO code relevant to this thesis 205Refine by pair?78 : R (if tt a (f b)) a?79 : and (R (if tt a (f b)) b)(Lelist R (if tt a (f b)) l)Refine by reflR?79 : and (R (if tt a (f b)) b)(Lelist R (if tt a (f b)) l)Equiv?79 : Lelist R a (cons b l)Refine by LelistIsMonotone?85 : trans R?86 : A?89 : R a ?86?90 : Lelist R ?86 (cons b l)Refine by transR?86 : A?89 : R a ?86?90 : Lelist R ?86 (cons b l)ImmediateDischarge.. case1b : Al : list Af : A->Ah : univPred|(list A) lspec : MinSpec l fa : Ainlist : Inlist (f b) (cons b l)lelist : Lelist R (f b) (cons b l)?58 : (EQ ff (r a (f b)))->and (Inlist (min a (f b)) (cons a (cons b l)))(Lelist R (min a (f b)) (cons a (cons b l)))intros (1) case2case2 : EQ ff (r a (f b))?91 : and (Inlist (min a (f b)) (cons a (cons b l)))(Lelist R (min a (f b)) (cons a (cons b l)))Refine by case2 ([bb:bool][ga=if bb a (f b)]and (Inlist ga (cons a (cons b l)))(Lelist R ga (cons a (cons b l))))



Appendix B. LEGO code relevant to this thesis 206?98 : and (Inlist (if ff a (f b)) (cons a (cons b l)))(Lelist R (if ff a (f b)) (cons a (cons b l)))Refine by pair?101 : Inlist (if ff a (f b)) (cons a (cons b l))?102 : Lelist R (if ff a (f b)) (cons a (cons b l))Refine by inr?105 : or (EQ (if ff a (f b)) b) (Inlist (if ff a (f b)) l)?102 : Lelist R (if ff a (f b)) (cons a (cons b l))Immediate?102 : Lelist R (if ff a (f b)) (cons a (cons b l))Refine by pair?108 : R (if ff a (f b)) a?109 : and (R (if ff a (f b)) b)(Lelist R (if ff a (f b)) l)Refine by linearRlemma?112 : EQ ff (r a (if ff a (f b)))?109 : and (R (if ff a (f b)) b)(Lelist R (if ff a (f b)) l)ImmediateDischarge.. case2Discharge.. lelist inlistDischarge.. a spec hDischarge.. f lDischarge.. b*** QED ***MinAux_del2 saved
Here is the final resultLego> MinAux_del2;value = compose_del2(pointwise_del2([l:list A][u:unit](I,[_:univPred|(list A) l][_:univRel|(list A)|unit l u][a:A]pair (inl (reflEQ (I a)))(pair (reflR (I a))([A1:Prop][H:A1]H)))



Appendix B. LEGO code relevant to this thesis 207(Listrec_del2MinSpec([b:A]pointwise_del2([l:list A][f:A->A]([a:A]min a (f b),[_:ONEL l][spec:MinSpec l f][a:A]spec b(and (Inlist (([c:A]min c (f b)) a)(cons a (cons b l)))(Lelist R (([c:A]min c (f b)) a)(cons a (cons b l))))([inlist:Inlist (f b) (cons b l)][lelist:Lelist R (f b) (cons b l)]boolIsInductive (r a (f b))(and (Inlist (min a (f b))(cons a (cons b l)))(Lelist R (min a (f b))(cons a (cons b l))))([case1:EQ tt (r a (f b))]case1 ([bb:bool][ga=if bb a (f b)]and (Inlist ga (cons a (cons b l)))(Lelist R ga (cons a (cons b l))))(pair (inl (reflEQ (if tt a (f b))))(pair (reflR (if tt a (f b)))(LelistIsMonotone R transR case1 lelist))))([case2:EQ ff (r a (f b))]case2 ([bb:bool][ga=if bb a (f b)]and (Inlist ga (cons a (cons b l)))(Lelist R ga (cons a (cons b l))))(pair (inr inlist)(pair (linearRlemma case2) lelist)))))type = del2 (univPred|(list A)) (univRel|(list A)|unit) MinSpecLego> [minaux = (Normal [l:list A]MinAux_del2.1 l void)];[l:list A]listrecd ([_:list A]A->A) ([t:A]t)([a:A][_:list A][r'4:A->A][a'5:A]boolrecd ([_:bool]A) a'5 (r'4 a) (r a'5 (r'4 a))) l
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B.3.4 Insert sort

We present the script for the proof, rather than the dialogue with the proof-

checker. Large examples cease to be intelligible when directly quoted. We

begin with the machine-checked proof of Lemma 4.3.12.[insertsortdel:Prop];(* an oddity: the exchange lemma and its generalisation *)[s,t,u|Type];[S|Pred s][T|Pred t];[P|Rel t s][Q|Rel s u][R|Rel t u];[liftPred [t,s|Type][S:Pred s] = [y:t][x:s]S x:Rel t s];Goal (SubRel (composeRel P Q) R)->(del2 S (liftPred T) Q)->del2 T (andRel P (liftPred S)) R;Intros sub FF #;[f = FF.1][F = FF.2];Intros y x;Refine f;Immed;Intros y _ x _;Refine sub;Intros;Refine ex_y;Refine +2 F;Refine fst pre;Refine snd pre;Immed;Save exchange_del2;Discharge P;[N,P|Rel t s][Q|Rel s u][R|Rel t u];Goal {sidecondition:SubRel (composeRel P Q) R}{FF:del2 S (op N) Q}del2 T (andRel N (andRel P (liftPred S))) R;Intros __#;[f = FF.1][F = FF.2];intros y x;Refine f;Immed;Intros;[hypN = fst pre];[hypP = fst (snd pre)];



Appendix B. LEGO code relevant to this thesis 209[hypS = snd (snd pre)];Refine sidecondition;Intros;Refine ex_y;Refine +2 F;Immed;Save generalised_exchange_del2;Discharge s;(* Now the proof begins in earnest *)[A|Type];[le:A -> A -> bool][Le = [a,b:A]EQ tt (le a b)];[reflLe:refl Le][transLe:trans Le][antisymLe:{a,b|A}(Le a b)->(Le b a)->EQ a b];[linearLe:{a,b:A}or (Le a b) (Le b a)];Goal {a,b|A}{notaleb:EQ ff (le a b)}Le b a;intros;orE linearLe a b;intros aleb;Refine peano4bool;Refine transEQ;Refine +2 symEQ;Immed;intros blea;Immed;Save linearLelemma;[InsertSortSpec = andRel (Perm|A) (liftPred (Sorted Le))];[ONEL = univPred|(list A)];[ONELU = univRel|(list A)|unit];Goal del2 ONEL ONELU InsertSortSpec;Refine compose_del2;Refine +3 Listrec_del2;Refine pointwise_del2;(* base case *)intros l u #;intros +1 __;Refine pair;Refine reflPerm;Refine nilSorted Le;(* step case *)



Appendix B. LEGO code relevant to this thesis 210intros a;Refine compose_del2;Refine +3 functional_del2[_:list A][p:A#(list A)]cons p.1 p.2;[Phi_a = [m:list A][p:A#(list A)][n = cons p.1 p.2]and (Perm (cons a m) n) (Sorted Le n) ];Refine exchange_del2;Immed;(* now consider the side condition *)(* ?58 : SubRel (composeRel (Perm|A) Phi_a) Phi_a *)Intros l n hyp;Refine hyp;intros m perm_lm phi_a_mn;[sorted_n = fst phi_a_mn];[perm_mn = snd phi_a_mn];Refine pair;Refine transPerm;Refine +1 consclPerm;Immed;(* return to reasoning: now we can use depListrec_del2 *)Refine compose_del2;Refine +3 depListrec_del2;(* base case *)Refine pointwise_del2;intros m n # #;intros +2 __;Refine pair;Refine reflPerm;Refine pair;Refine top;Refine top;(* step case *)intros b;Refine pointwise_del2;intros h p #;[c = p.1][k = p.2];Refine if (le b c) (b,cons c k) (c,cons b k);intros sorted_bh pre;(* split the hypotheses *)[lelist_bh = fst sorted_bh : Lelist Le b h];



Appendix B. LEGO code relevant to this thesis 211[sorted_h = snd sorted_bh : Sorted Le h];[perm_ah_ck = fst pre:Perm (cons a h) (cons c k)];[sorted_ck = snd pre: Sorted Le (cons c k)];[lelist_ck = fst sorted_ck : Lelist Le c k];[sorted_k = snd sorted_ck : Sorted Le k];
We now consider cases in the proof of Lemma 4.3.11. The first case is the

simple case (i) of the lemma.(* Now consider cases *)Refine boolIsInductive (le b c);intros blec;EQrepl (symEQ blec);Refine pair;Refine transPerm;Refine +1 transposePerm|A|a|b|(nil A)|(nil A);Refine consclPerm;Immed;Refine pair;Refine pair;Immed;Refine LelistIsMonotone Le transLe;Immed;intros notblec;EQrepl (symEQ notblec);Refine pair;Refine transPerm;Refine +1 transposePerm|A|a|b|(nil A)|(nil A);Refine transPerm;Refine +2 transposePerm|A|b|c|(nil A)|(nil A);Refine consclPerm;Immed;Refine pair;Refine pair;Immed;Refine linearLelemma notblec;Refine pair;Immed;
We then treat case (iii), using Lemma 4.3.10 and finally (ii), using Lemma 4.3.8.

This concludes the proof.(* ?185 : Lelist Le b k *)



Appendix B. LEGO code relevant to this thesis 212Refine boolIsInductive (le a b);intros aleb;Refine PermPreservesLelist;Refine +2 SortedImpliesLelist;Refine +1 heredPermlemma;Refine +2 SortedPermsHaveEqualHeadsLe reflLe antisymLe? sorted_ck perm_ah_ck[a:A]Perm (cons a ?) ?;Immed;Refine pair;Refine LelistIsMonotone Le transLe;Immed;intros notaleb;Refine heredLelistlemma;Refine +1 PermPreservesLelist;Refine +2 perm_ah_ck;Refine pair;Refine linearLelemma notaleb;Immed;Save InsertSort_del2;[insertsort = (Normal [l:list A]InsertSort_del2.1 l void)];
B.3.5 The Chinese remainder theorem

Technical preliminaries

The success or failure of many constructive proofs in type theory is highly

sensitive to the choice of representation. We discuss some of the main ideas we

employed in structuring the proof of Theorem 4.4.1.
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Both Matrix� andMatrix� are instances of what we term a generalised Kronecker� matrix, in that they represent (the conjunction of) a matrix of propositions(�i;j),where, for 1 � i; j � n,�i;j =def 8><>: �i i = j i;j i 6= j
for some propositions �i,  i;j . In fact, we may further parametrise the functions�,  by allowing them to vary along vectors ~a =def fa1; : : : ; ang and ~b =deffb1; : : : ; bng, yielding the following definition.

Definition B.3.1 Generalised Kronecker �
Suppose given types �, � and relations �;  :� �! � �! Prop. Given two

vectors ~a =def fa1; : : : ; ang; (ai:�), ~b =def fb1; : : : ; bng; (bi:�), we define the

generalised Kronecker � to be the matrix of propositions Kronecker �  (~a;~b),
where (Kronecker �  (~a;~b))i;j =def 8><>: �(ai; bi) i = j (ai; bj) i 6= j

We consider the following instances of this general construction:Matrix� we take, for m; p:nat,� �(m; p) =def Coprime(m; p)�  (m; p) =def p � 0 (mod m)Matrix� we take, for m; b:nat,� �(m; b) =def b � 1 (mod m)�  (m; b) =def b � 0 (mod m)
The strength of the generalised Kronecker � is that we may define it by

primitive recursion over the list of pairs of values from the vectors ~a;~b, using a

zip function, again definable primitive recursively.
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In order to define a total zip function, since partial functions are not available

to us in ECC, we must pay a price. This is where the subscript checks arise. The

zip function we define returns a list of length the minimum of the lengths of~a;~b. zip is defined by recursion on the first list argument, producing a function

from lists to lists, itself defined by primitive recursion. In LEGO,[zip = [A,B|Type][l:list A][m:list B]listiter ([_:list B]nil (A#B))([a:A][z:(list B)->list (A#B)][k:list B]listrec (nil (A#B))([b:B][n:list B][_:list (A#B)]cons (a,b) (z n)) k)l m : {A,B|Type}(list A)->(list B)->list (A#B)
In all the instances of zip considered in the proof, j~aj = j~bj. For such vectors,

we may formulate the following induction principle for zip.

Lemma B.3.1 zip induction

Suppose given types �; �, and a three-place relation�:� �! � �! (�� �) �! Prop
Then the following rule is derivable:� nil� nil� (nil�; nil�) 8a:�: 8b:�: 8l:list �: 8m:list �jlj = jmj =) � l m (zip l m) =)� (a :: l) (b ::m) ((a; b) :: (zip l m))8l:list �: 8m:list �: jlj = jmj =) � l m (zip l m)

Now the Kronecker matrix is definable in LEGO as follows:[Kronecker [A,B|Type][Phi,Psi:Rel A B][as:list A][bs:list B] =depListof ([ab:A#B][a = ab.1][b = ab.2][m:list (A#B)]and (Phi a b)



Appendix B. LEGO code relevant to this thesis 215(Listof ([cd:A#B][c = cd.1][d = cd.2]and (Psi a d) (Psi c b)) m))(zip as bs)];
Using zip induction, we may derive “fold/unfold” characterisation ofKronecker �  (a :: ~a) (b :: ~b)[Kronecker_unfold = ...: {A,B|Type}{Phi,Psi|Rel A B}{a|A}{b|B}{l|list A}{m|list B}(EQUAL_LENGTH l m)->(Kronecker Phi Psi (cons (a,b) (zip l m)))->and4 (Phi a b) (Kronecker Phi Psi (zip l m))(Listof (Psi a) m) (Listof (op Psi b) l)];[Kronecker_fold = ...: {A,B|Type}{Phi,Psi|Rel A B}{a|A}{b|B}(Phi a b)->{l|list A}{m|list B}(EQUAL_LENGTH l m)->(Listof (Psi a) m)->(Listof ([c:A]Psi c b) l)->(Kronecker Phi Psi (zip l m))->Kronecker Phi Psi (cons (a,b) (zip l m))];
Once we have established all these technical details, the proof of the initial-

isation step is very compact.

The proof

The complete proof rests on a very large number of largely trivial arithmetic

lemmas, together with some others for the manipulations of the recursive pro-

positions we have considered in this particular formalisation of a proof of The-

orem 4.4.1. We do not include them here. We merely give the main constructions

of the deliverables (�; E), (�; I) and (�;�). We also include a pointwise construc-

tion of a deliverable for the initial step, to contrast the size of proof required, if

we adopt the powerful structuring available in the deliverables approach.



Appendix B. LEGO code relevant to this thesis 216(* CRT preliminaries *)[crt_init:Prop];(* the specification of the initialisation step *)[INIT_SPEC [l,m:list zed] = Kronecker Coprime Divides (zip l m)];Goal {p|zed}{l,m|list zed}{coprime_pl:Listof (Coprime p) l}{eq:EQUAL_LENGTH l m}{init_lm:INIT_SPEC l m}INIT_SPEC l (maplist (mult_zed p) m);intros;Refine zip_induction_eq([l,m:list zed][n:list (zed#zed)]{coprime_pl:Listof (Coprime p) l}{matrix:Kronecker Coprime Divides n}INIT_SPEC l (maplist (mult_zed p) m));Immed;intros;Immed;intros;Refine Kronecker_unfold eq1 matrix;intros coprime_ab matrix_lmlistof_divides_a listof_divides_b;Refine Kronecker_fold;Refine multCoprime;Refine symCoprime;Refine fst coprime_pl1;Refine coprime_ab;Refine transEQ eq1;Refine maplistPreservesLength;Refine maplistPreservesListof ? listof_divides_a;Intros q div;Refine multDivides;Immed;Refine ListofPreservesSubPred ? listof_divides_b;Intros q div;Refine multDivides;Immed;Refine phi_lmn;Refine snd coprime_pl1;Immed;Save maplist_multp_preserves_INIT_SPEC;(* this is the devious initialisation function *)



Appendix B. LEGO code relevant to this thesis 217[Bar [ns:list zed]= listrec (nil zed)([n:zed][ns:list zed][product:list zed]cons (PiList ns) (maplist (mult_zed n) product)) ns];Goal {ns|list zed}EQUAL_LENGTH ns (Bar ns);intros;Refine listind[ns:list zed]EQ (listlength ns) (listlength (Bar ns));Immed;Refine reflEQ;intros;Refine respEQ succ;Refine transEQ ih;Refine maplistPreservesLength;Save BarPreservesLength;(* statement of the initial step of the CRT *)[ONE_CRT [mrs:list (zed#zed)][u:unit] = true];[PCM [mrs:list (zed#zed)]= [ms = maplist (pi1|zed|zed) mrs]PairwiseCoprime ms];[SUBSCRIPT_CHECK_1 [ms:list zed][mbars:list zed]= EQUAL_LENGTH ms mbars];[CRT_INIT_SPEC [mrs:list (zed#zed)][mbars:list zed]= [ms = maplist (pi1|zed|zed) mrs](andRel INIT_SPEC SUBSCRIPT_CHECK_1) ms mbars];Goal del1 PCM PairwiseCoprime;Refine functional_del1;Save PCM_TO_PC;Goal del2 PCM ONE_CRT CRT_INIT_SPEC;Refine compose_del2;Refine +3 pullback_del2_along_del1 PCM_TO_PC;Refine +3 depListrec_del2;(* nil case *)Refine pointwise_del2;



Appendix B. LEGO code relevant to this thesis 218intros l u #;Refine nil zed;intros;Refine pair;Intros;Immed;Refine reflEQ;(* step case *)intros p;Refine pointwise_del2;intros l m #;Refine cons (PiList l) (maplist (mult_zed p) m);intros hyp pre;[coprime_pl = fst hyp:Listof (Coprime p) l];[init_lm = fst pre:INIT_SPEC l m];[equal_lengths = snd pre:EQUAL_LENGTH l m];Refine pair;(* so we can use the equal lengths twice *)Refine +1 respEQ succ;Refine Kronecker_fold;Refine listwise_coprime_implies_coprime_to_product;Refine coprime_pl;Refine ?+4;Refine listwise_divides_multiples;Refine listwise_divides_product;Refine maplist_multp_preserves_INIT_SPEC;Refine coprime_pl;Refine equal_lengths;Refine init_lm;Refine maplistPreservesLength;Immed;Save recursive_CRT_INIT_del2;
For comparison, here is the pointwise construction of a proof of the theorem,

in which we build the Bar algorithm into the statement of the theorem.(* statement of the initial step of the CRT *)[CRT_INIT = {mrs:list (zed#zed)}[ms = maplist (pi1|zed|zed) mrs]{pairwise_coprime_ms : PairwiseCoprime ms}[mbars = Bar ms]INIT_SPEC ms mbars];



Appendix B. LEGO code relevant to this thesis 219(* here's the proof *)Goal CRT_INIT;Intros __;[ms = maplist (pi1|zed|zed) mrs][mbars = Bar ms];Refine listrec [mrs:list (zed#zed)][ms = maplist (pi1|zed|zed) mrs]{pairwise_coprime_ms:PairwiseCoprime ms}[mbars = Bar ms] INIT_SPEC ms mbars;Immed;Intros;Immed;intros mr;[m = mr.1];intros k;[ks = maplist (pi1|zed|zed) k][kbars = Bar ks];intros ih pairwise_coprime_mks;[m_coprime_to_ks = fst pairwise_coprime_mks: Listof (Coprime m) ks];[pairwise_coprime_ks = snd pairwise_coprime_mks: PairwiseCoprime ks];Refine listind[k:list (zed#zed)][ks = maplist (pi1|zed|zed) k]{pairwise_coprime_ks:PairwiseCoprime ks}[kbars = Bar ks]{init_kkbars:INIT_SPEC ks kbars}{pairwise_coprime_mks:PairwiseCoprime (cons m ks)}INIT_SPEC (cons m ks)(cons (PiList ks) (maplist (mult_zed m) kbars));Immed;intros ___;Refine pair;Refine pair;Intros __;Refine gen;Refine zero_zed;Refine one_zed;Refine reflEQ;Intros;Immed;Intros;Immed;(* ?31 : ... *)(* ?34 : INIT_SPEC (zip ks kbars) *)



Appendix B. LEGO code relevant to this thesis 220Refine +1 ih;Immed;(* back to ?31 : ... *)intros ns;[n = ns.1];intros l;[ls = maplist (pi1|zed|zed) l][lbars = Bar ls];intros ih1 pairwise_coprime_nlsinit_kkbars pairwise_coprime_mnls;[coprime_mn = fst (fst pairwise_coprime_mnls):Coprime m n];[coprime_m_ls = snd (fst pairwise_coprime_mnls):Listof (Coprime m) ls];[coprime_n_ls = fst (snd pairwise_coprime_mnls):Listof (Coprime n) ls];[pairwise_coprime_ls = snd (snd pairwise_coprime_mnls):PairwiseCoprime ls];(* we now have got to ?56 *)Refine Kronecker_unfold Coprime Divides ? init_kkbars;Refine maplistPreservesLength;Refine BarPreservesLength;intros coprime_n_Pi_ls init_lnlbars two_listsof;[listof_divides_n_nls = fst two_listsof:Listof (Divides n) (maplist (mult_zed n) lbars)];[ls_listwise_divide_Pi_ls = snd two_listsof:Listof ([a:zed]Divides a (PiList ls)) ls];Refine Kronecker_fold;Refine multCoprime;Refine coprime_mn;Refine listwise_coprime_implies_coprime_to_product;Refine coprime_m_ls;Refine respEQ succ;Refine maplistPreservesLength;Refine maplistPreservesLength;Refine BarPreservesLength;



Appendix B. LEGO code relevant to this thesis 221Refine listwise_divides_multiples;Refine pair;Refine multDivides';Refine reflDivides;Refine ListofPreservesSubPred([a:zed]Divides a (PiList ls))([a:zed]Divides a (PiList (cons n ls)));Intros __;Refine multDivides;Immed;Refine listwise_divides_product;Refine Kronecker_fold;Refine multCoprime;Refine symCoprime;Refine coprime_mn;Refine listwise_coprime_implies_coprime_to_product;Refine coprime_n_ls;Refine maplistPreservesLength;Refine maplistPreservesLength;Refine BarPreservesLength;Refine maplistPreservesListof;Refine +2 listwise_divides_multiples;Intros __;Refine multDivides;Immed;Refine ListofPreservesSubPred([a:zed]Divides a (PiList ls))([a:zed]Divides a (PiList (cons m ls)));Intros __;Refine multDivides;Immed;Refine listwise_divides_product;Equiv INIT_SPEC ls(maplist (mult_zed m) (maplist (mult_zed n) lbars));Refine maplist_multn_preserves_INIT_SPEC;Refine coprime_m_ls;Refine maplistPreservesLength;Refine BarPreservesLength;



Appendix B. LEGO code relevant to this thesis 222Refine init_lnlbars;Save crt_init_proof; (* phew!!! *)
We now return to the other two steps of the proof.(* crt_step.l *)(* step case of the CRT *)[crt_step:Prop];[STEP_SPEC [mrs:list(zed#zed)][xs:list zed]= Kronecker([mr:zed#zed][x:zed][m = mr.1][r = mr.2]Mod m x r)([mr:zed#zed][x:zed][m = mr.1]Divides m x)(zip mrs xs)];[SUBSCRIPT_CHECK_2 [mrs:list(zed#zed)][xs:list zed]= EQUAL_LENGTH mrs xs];[CRT_STEP_SPEC = andRel STEP_SPEC SUBSCRIPT_CHECK_2];(* the Euclidean algorithm as a deliverable *)[EUCLID:del2 ([mn:zed#zed][m = mn.1][n = mn.2]Coprime m n)(univRel|(zed#zed)|unit)([mn:zed#zed][ab:zed#zed][m = mn.1][n = mn.2][a = ab.1][b = ab.2]EQ_zed (plus_zed (mult_zed m a)(mult_zed n b)) one_zed)];[euclid = [m,n:zed]EUCLID.1 (m,n) void];[Euclid [m,n|zed][p = euclid m n][a = p.1][b = p.2][coprime_mn:Coprime m n] =EUCLID.2 |(m,n) coprime_mn |void top:EQ_zed (plus_zed (mult_zed m a)(mult_zed n b)) one_zed];



Appendix B. LEGO code relevant to this thesis 223[crt_step_fn = [mrm:(zed#zed)#zed][m = mrm.1.1][r = mrm.1.2][mbar = mrm.2]mult_zed r (mult_zed mbar (euclid m mbar).2)];(* remaining arithmetic and list lemmas which we need *)[coprime_euclid:{m,r,n|zed}(Coprime m n)->Mod m (crt_step_fn ((m,r),n)) r];Goal {m|zed}{mrs|list(zed#zed)}{mbars|list zed}{listof:Listof (Divides m) mbars}Listof (Divides m)(maplist crt_step_fn (zip mrs mbars));intros;Refine zip_induction([mrs:list (zed#zed)][mbars:list zed][n:list ((zed#zed)#zed)]{listof:Listof (Divides m) mbars}Listof (Divides m) (maplist crt_step_fn n));Immed;Intros;Immed;Intros;Immed;intros;[divides_mb = fst listof1];[listof_divides = snd listof1:Listof (Divides m) m1];Refine pair;Refine multDivides;Refine multDivides';Immed;Refine phi_lmn;Immed;Save crt_lemma69;Goal {mr|zed#zed}{mbar|zed}{mrs|list (zed#zed)}{listof:Listof (op Divides mbar) (maplist (pi1|zed|zed) mrs)}Listof ([p:zed#zed]Divides p.1 (crt_step_fn (mr,mbar))) mrs;intros;Refine listind [mrs:list (zed#zed)]{listof:Listof (op Divides mbar) (maplist (pi1|zed|zed) mrs)}



Appendix B. LEGO code relevant to this thesis 224Listof ([p:zed#zed]Divides p.1 (crt_step_fn (mr,mbar))) mrs;Immed;intros;Immed;intros;[divides_bmbar = fst listof1:Divides b.1 mbar];[listof_divides_k = snd listof1:Listof (op Divides mbar) (maplist (pi1|zed|zed) k)];Refine pair;Refine multDivides;Refine multDivides';Immed;Refine ih;Immed;Save crt_lemma70;(* with which we resolve the step case *)Goal del2 (univPred|(list(zed#zed))) CRT_INIT_SPEC CRT_STEP_SPEC;Refine pointwise_del2;intros mrs mbars #;[ms = maplist (pi1|zed|zed) mrs];Refine maplist crt_step_fn (zip mrs mbars);intros _ crt_init_spec;[kronecker_delta = fst crt_init_spec:INIT_SPEC ms mbars];[equal_lengths = snd crt_init_spec:EQUAL_LENGTH ms mbars];[equal_lengths' : EQUAL_LENGTH mrs mbars= transEQ (maplistPreservesLength|?|?|?|mrs) equal_lengths];Refine pair;Refine zip_induction_eq([mrs:list(zed#zed)][mbars:list zed][n:list((zed#zed)#zed)][ms = maplist (pi1|zed|zed) mrs]{matrix:INIT_SPEC ms mbars}STEP_SPEC mrs (maplist crt_step_fn n));Immed;intros mr mbar mrs mbars ___;[m = mr.1][r = mr.2];



Appendix B. LEGO code relevant to this thesis 225Refine Kronecker_unfold ? matrix;Refine transEQ ? eq;Refine symEQ;Refine maplistPreservesLength;intros coprime_mmbar matrix_lmlistof_divides_m listof_divides_mbar;Refine Kronecker_fold;Refine coprime_euclid coprime_mmbar;Refine transEQ;Refine +1 zipPreservesEqualLength eq;Refine maplistPreservesLength;(* ?69 *) Refine crt_lemma69;Refine listof_divides_m;(* ?70 *) Refine crt_lemma70;Refine listof_divides_mbar;Refine phi_lmn matrix_lm;(* boring subscript checking *)Refine transEQ;Refine +1 zipPreservesEqualLength equal_lengths';Refine maplistPreservesLength;Save pointwise_CRT_STEP_del2;(* crt.l *)(* The Chinese remainder theorem, January 1992 *)[crt:Prop];(* Finally, here is the theorem *)[CRT_SPEC = [mrs:list (zed#zed)][x:zed]Listof ([mr:zed#zed][m = mr.1][r = mr.2]Mod m x r) mrs];[CRT = {mrs:list (zed#zed)}[ms = maplist (pi1|zed|zed) mrs]{pairwise_coprime:PairwiseCoprime ms}<x:zed>CRT_SPEC mrs x];



Appendix B. LEGO code relevant to this thesis 226Goal del2 (univPred|(list(zed#zed))) CRT_STEP_SPEC CRT_SPEC;Refine pointwise_del2;intros mrs xs #;Refine SigmaList xs;intros _ crt_step_spec;[step_spec = fst crt_step_spec];[subscript_check = snd crt_step_spec];Refine zip_induction_eq([mrs:list(zed#zed)][xs:list zed][n:list ((zed#zed)#zed)]{matrix_of_remainders : Kronecker([mr:zed#zed][x:zed][m = mr.1][r = mr.2]Mod m x r)([mr:zed#zed][x:zed][m = mr.1]Divides m x) n}CRT_SPEC mrs (SigmaList xs));Immed;intros mr x mrs xs ___;[m = mr.1][r = mr.2];Refine Kronecker_unfold eq matrix_of_remainders;intros mod_mxr matrix listof_divides_mxslistof_divides_msx;Refine pair;Equiv Mod m (SigmaList (cons x xs1)) (plus_zed zero_zed r);Refine plus_zed_commutes;Refine plusRespMod;Refine mod_mxr;Refine divides_implies_is_zero_modulo;Refine listwise_divides_implies_divides_sum;Immed;Equiv Listof ([a:zed#zed]Mod a.1 (SigmaList (cons x xs1)) a.2) mrs1;Refine ListofPreservesSubPred2 ?listof_divides_msx (phi_lmn matrix);intros pq divides_p mod_pq;[p = pq.1][q = pq.2];Equiv Mod p (SigmaList (cons x xs1)) (plus_zed zero_zed q);



Appendix B. LEGO code relevant to this thesis 227Refine plusRespMod;Refine divides_implies_is_zero_modulo;Refine divides_p;Refine mod_pq;Save pointwise_CRT_del2;(* these are the undischarged assumptions on which it depends(* datatypes *)unit : Type(0)void : unitunitrecd : {u:unit}{C:unit->Type}(C void)->C unat : Type(0)zero : natsucc : nat->natnatrecd : {C:nat->Type}(C zero)->({n:nat}(C n)->C (succ n))->{a:nat}C abool : Type(0)tt : boolff : boolboolrecd : {C:bool->Type}(C tt)->(C ff)->{b:bool}C blist : Type(0)->Type(0)nil : {A:Type(0)}list Acons : {A|Type(0)}A->(list A)->list Alistrecd : {A|Type(0)}{C:(list A)->Type(0)}(C (nil A))->({b:A}{k:list A}(C k)->C (cons b k))->{l:list A}C l(* ideal arithmetic *)multCoprime : {p,m,n|zed}(Coprime p m)->(Coprime p n)->Coprime p (mult_zed m n)



Appendix B. LEGO code relevant to this thesis 228(* the Euclidean algorithm,considered as a second-order deliverable *)EUCLID : del2 ([mn:zed#zed]Coprime mn.1 mn.2)(univRel|(zed#zed)|unit)([mn,ab:zed#zed]EQ_zed (plus_zed (mult_zed mn.1 ab.1)(mult_zed mn.2 ab.2))one_zed)coprime_euclid : {m,r,n|zed}(Coprime m n)->Mod m (crt_step_fn ((m,r),n)) r*)
Finally, we present the final composition of the three stages of the proof. The

last two steps must be pulled back along a trivial deliverable, to ensure correct

matching of the types of each term.[CRT_iota_del2 = recursive_CRT_INIT_del2];Goal del1 PCM (univPred|(list (zed#zed)));Refine logical_del1; Refine univPredI;Save PCM_to_1;[CRT_epsilon_del2= pullback_del2_along_del1 PCM_to_1pointwise_CRT_STEP_del2 ];[CRT_sigma_del2= pullback_del2_along_del1 PCM_to_1pointwise_CRT_del2 ];[FinalCRT_del2 = compose_del2CRT_iota_del2(compose_del2CRT_epsilon_del2CRT_sigma_del2): del2 PCM ONE_CRT CRT_SPEC ];
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l’arithmétique de l’ordre supérieure, thesis, University of Paris VII, 1972.

[33] H.Goguen and Z.Luo, Inductive data types: Well-ordering types revis-

ited, manuscript submitted to Proceedings of the Second Workshop

on Logical Frameworks, 1991.

[34] R.Harper, F.Honsell and G.D.Plotkin, A Framework for Defining Logics,

Journal of the ACM, to appear.



Bibliography 233

[35] R.Harper, R.J.G.Milner and M.Tofte, The Definition of Standard ML,

Version 3, Technical Report ECS-LFCS-89-91, LFCS, Dept. of Com-

puter Science, University of Edinburgh, 1989.

[36] R.Harper and R.A.Pollack, Type checking with universes, in: Theoret-

ical Computer Science, Vol. 89, North-Holland, Amsterdam, 1991.

[37] S.Hayashi, Adjunction of semifunctors: categorical structures in nonex-

tensional lambda calculus, in Theoretical Computer Science, Vol. 41,

North-Holland, Amsterdam, 1985.

[38] S.Hayashi, ATT: Optimised Curry-Howard isomorphism for Program Ex-

traction, talk given at First Annual BRA Workshop on Logical Frame-

works, Antibes, May 1990.

[39] S.Hayashi, Singleton, Union and Intersection Types for Program Extrac-

tion, in: Proceedings of TACS ’91, Sendai, Japan, Springer LNCS 526,

Springer-Verlag, 1991.

[40] C.A.R.Hoare, An axiomatic basis for computer programming, in: Com-

munications of the ACM, Vol. 12, 1969.

[41] C.A.R.Hoare, Data refinement in a categorical setting, Draft, Oxford

1987.

[42] W.A.Howard, The “formulae-as-types” notion of construction, in: [103].

[43] G.Huet, T.Coquand, C.Paulin-Mohring et al., The Calculus of Construc-

tions, Version 4.10, Documentation and user’s manual, Rapports Tech-

niques no.110, Projet Formel, INRIA-Rocquencourt, Paris, August

1989.



Bibliography 234

[44] G.Huet and G.Plotkin, eds. Electronic Proceedings of the First Annual

BRA Workshop on Logical Frameworks, Antibes, May 1990,, distributed

electronically to participating BRA sites, January 1991.

[45] J.M.E.Hyland and A.M.Pitts, The Theory of Constructions: Categor-

ical Semantics and Topos-theoretic models, in: Proceedings of the AMS

Conference on Categories in Computer Science, Boulder, Colorado,

1986.

[46] J.M.E.Hyland, E.P.Robinson and G.Rosolini, The discrete objects in

the effective topos, Proceedings of the London Mathematical Society,

Vol. 60, pp.1–36, Jan 1991.

[47] K.Ireland and M.Rosen, A classical introduction to modern number the-

ory, second edition, Springer Graduate Texts in Mathematics no. 84,

Springer-Verlag, 1990.

[48] B.P.F.Jacobs, Categorical Type Theory, proefschrift, University of

Nijmegen, 1991.

[49] P.T.Johnstone, Topos Theory, Academic Press, London, 1977.
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