VARTABILITY IN VARIETY TRIALS

Ge Ko SHUKLA

Submitted for the Degree of
Dootor of Philosophy
University of EZdinburgh
March 1974




This thesis examines some statistical methods that may be helpful in the

planning and analysis of serdies of variety trialse The following aspects of

variebility among variety yields and their use are considered:

1)

2)

3)

Some varieties may be more variable than others over sites and yearse A
parameter, the 'stability variance!, is defined which gives a measure of
veriability after eliminating additive site effect common to all the
varietiess Efficient methods of estimation and test of significance

are givene

Some methods of investigating the causes of heterogeneity are considered.
This heterogeneity can be due to differential effects of environmental
factors which give rise to interactions. The procedures for studying
the relationship between interaction and environmental factors are
studied by extending the usual two-way model of the analysis of variance.
The use of such relationships in the recommendation of varieties for
specific type of environment is discussed with exampleses A method is
given for estimating and predicting the yield of a particular variety

at a site, when the yleld of other varieties at that site are known.

Date analytic methods for recognising patterns in the date are considereds
Their use in graphical representation of variety differences and variety-
site interactions is explained with exampleses The following applications
of these methods are discusseds i) the investigation of causes of
variability among varieties, ii) choice of varieties for recommendation,
and selection of sites for futuwre trials, 4ii) examination of the nature



L)

iii
of interaction by re-arranging rows snd columns of residuals.
Application (4ii) is of great help in detecting the abnormal behaviour
of varieties in some particular types of environment.
A method for optimum choice of number of replications, sites and years
is considereds The method is & sequential procedure which maximises
the expected gain from correct choice between two varietiess Knowledge
is required of cost parameters of experimentation and the value of
additional produce,

In some cases the cost parameters may not be kmown. Another
sequentiesl approash, controlling the probability of a specified amount
of error is also congidereds. Details are given for two separate cases
in which (1) one variety is chosen from several varieties, (ii) choice
is made detween new vardeties and known standard variety.
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New varieties of orops are mroduced each year by plant reederss These
mist be thoroughly tested before seed can be sold for commercial use. Three
stages are requireds In the first stage only a small number of plents are
tested, in part because of scarcity of seed and in part because the number of
potential new varieties may be very large indeeds Varieties will be passed
on to the next stage mainly on the basis of immunity to disease, reslistance to
pests, or other factorses After preliminary trials comes the yield selection
phase, where many varieties are produced anl reduced to a smaller number on
the basis of highest yield, 1In the following, the word yield has been used
to describe a measwre of a charscteristic in which the experimenter is
interesteds In one case it can be weight of grain and in the other it can
be some meaningful combination of different characteristics of plant.

Results given in this thesis will be applicable to different defintiion of
yields, under certain assumptions, as will be described later. OSometimes
standard varieties are also incluled at this stagee Finally the sclected
varieties are also compared with the standard varieties on a large scale and
those found merkedly superior are passed into commercial uses Three atages

are as f'ollows:

Preliminary trials--> Yield selection—=> Comparison with the standards.



ode

In some cases this three-stage program is not strictly followed, The
preliminary trial stage is conducted by the breeder and if he is satisfied
with the performance of the variety he requests for its being ineluded in
the large scale triales 4All the varieties have to be tested for rerformance
in the field before the seed can be sold for commercial purposess In this
thesis we are only concerned with the third (final) stage . and the
results given here are not affected in any way by the procedure adopted in
the previous stagess

The first two stages are usually conducted on & small scale in research
stations The final stage is usually conducted on a large scale, over many
sites, and possibly repeated over several yearse This is important because
when varieties differ considerably in their genetic constitution, it is
likely that they are affected to various degrees by variation in environmental
factors suwh as soil type, agronomic practices, fertility, season and climate,
Differential effects of onvimmntal factors usually described as interaction
between varieties and environments will be called "variety-environmental
interaction" in the present works If these interactions are substantial
then the problem of recommending a single veriety for the whole region (which
may be heterogeneous for the envirommental factors) becomes rather difficults
The two main reasons for conducting these trials on a large scale are as
followa,

Firstly the estimate of the average relative performance of one vardiety
over another is of considerable importante in recommending one variety in
preference to anothery, even if their relative parfommance is considerably

affected by the environmental factors.: If the environments in which trials
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are to be conducted are sedected randomly, this should give an estimate of the
overall gain (or loss) in preferring one variety to the other. Trisls
conducted at research stations may not give a good estimate of the averoge
over o glven region, as the environmentel factors at the research station may
differ considerably from the average environmental factor in that regions

Secondly, the investigation of offects of factors, such as soil type,
fertility and climatic factors, on the relative performance of the varieties,
is not possible unless the trials are oMad in areas which differ
considerably in such environmental factorse If the interactions of such
environmental factors are found substantial, it may be possible to make
specific recommendations for each environmental typee In ideal conditions
(Leee if the nature of interactions is precisely known) it may be possible to
mredict such differentes in quantitative termse The actual nature of such
interactions is generally very complicated anl! it may not be easy to take
into account 2ll possible importent factors; this reduces the relisbility
of rredictions., However, in some cases, a few major factors (such as soil
type, rainfall, or altitude) are found responsible for most of the differences
in the perfomance of one variety relative to another, and then it may be
possible to make specific recommendation for suberegions, where one variety
is likely to perform better than others.

At the mreliminary trial stage no statistical problems arise, and
almost oll the varieties whioh conform to wertain criteria such as mentioned
above are passed on to the next stage (yield selection)e The second stage of
selection of the highest ylelding varieties gives rise to interesting
statisticsl methodse Minney (19582, b3 1960), Curnow (1961) and
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Bechhofer gt gl (1968) gives a good account of recent work on the problem of
selections

141 Scome of the present work

The present work is concernmed with statistical aspects of the mroblems
arising in the third or final stage where large scale trials are conducted to
compare the performance of the new varieties, both among themselves and with
standards, ‘Two aspects which will be discussed in detail are as followss

Firstly, attempts will be made to analyse and interpret the variety-
environment interactione Some methods will be discussed which may help in
the interpretation of this interactions These methods may also help us to
make specific recommendations for particular types of environment,

The second rroblem of taking decision, which will be discussed in detail,
arises as follows:

Suppose that vardety trials are conducted continuously over years, and
repeated over meny siteses It i3 desirsble to select the sites randomly

from the region of interest but in mractice it is not always possible to do
ite TFor obtaining some results (given later) it has been necessary to assume
that the sites have been selected randomlyes It is hoped that a smll
deperture from rendommess does not bias the results seriously.

For aimplicity design chosen is usually a randomised complete block
with two to four bleckse To study the interaction between vardeties and
years trials are conducted for several yearse. The uawal practice is to
take each trial for a fixed number of years, perhaps three or fours In
estimating the component of variety=-year interaction it is assumed that year
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effects are randome The mean yields of varieties over three or four years are
compared with the standard and otherse If a variety is found superior it is
recommended in preference to the standards If a variety is promising but less
clearly superior more trials are taken before deciding whether to recommend it.
On the other hand if any variety is found inferior at the end of three to four
years it is replaced by another new variety in the trial (passed on from the
second stage)e The variety which has been rejected can be excluded from the
trials unless it is performing better than others in e sub-regions In the
latter case this variety should continue only in triaels taken in that sub-region.

At the end of every year it is required to take a decision, based on the
data obtained up to that yeare TIossible decisions aret=

a) to reject a variety

b) to continue it for a few more years before taking a decision

¢) to accept it (ready for recommendation for commercial purposes)s

Two different apprroaches to taking a decision will be considered. Firstly
the aim will be to maximise the expected gain to be inecurred in accepting a
good variety as early as possible. In this approach the cost of experimentation
and the price of produce should be knowm, but in many cases this is not known,
in alternative seguential approach of taking decision, based on probabilities,
is also considered where the knowledge -f cost parameters is not required.

These sequential methods may result in some saving of resources, in that
the potentially bad varieties may be rejected, or good varieties accepted,
before the completion of a fixed periods In the case of early rejection,
other new varieties can be given & chance in such trials while in the case

of acceptance, a good variety comes into commercial use earlier.
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In this thesis, those sections, where the work is not referred to other
asuthors, should be taken as original contributions The thesis also refers
to three published papers of the author; these are attached 2t the end of
the thesise The results obtained in these papers are used and quoted

frequently in this thesis.

Neyman gt al (1935), while analysing the data of mamurial trials
conducted on a large number of sites, suggested the use of regression of
yield differences among treatments on the environmental variables
(corresponding to each site), a method used by Fisher (1924)s In the
absence of information about environmental variables for each site, Neyman
et 2l (1935) considered the regression of each treatment yleld on the yield
of the other treatment from the same sitees They discussed the use of such
regression methods in predicting the expected gailn associated with using a
treatment for the given level of yleld of the others Yates (discussion of
Neymen gt gl 1935), suggested the use of regression of the treatment yield
on the average of yields of all the treatments at that sites Later, Yates
and Cochran (1938) dlscussed in more detail the application of such
regression methods to the analysis of groups of vardety trialse Since then
these methods have been used frequently in the analysis of genotype-
environmental interaction and comprehensive references have been egited by
Preeman and Perkins (1971)e Perkins and Jinks (1968) and Jinks and Perkins
(1970) have reformilated the techmiques of Yates anl Cochran (1933) far use
in breeding worke Recently Shulla (1972a) and Hardwick and Wood (1972) have
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shown the analogy between the technique of Yates and Cochran (1935) and the
non-additive model in the abalysis of variance introduced by Tukey (1949),
and generalised by Mandel (1961).

Another important aspect of the analysis of series of experiments is the
estimation of the average yield of varieties, and the test of differences
between them when variances at cach site are differents Cochran (41937, 1954)
discussed the efficiencies of diff'erent methods of estimation, when the
rrecisions of treatment means at sites are  differents Cochren (1937)
and Cochran and Cox (1957) have also discussed the test of significance of
interaction when the variances at different sites differ,

When the site effects are assumed random, and if variances and covariances
cannot be assumed homogeneous, then the usual analysis of variance test
(P=test) cannot be applied for testing the equality of variety means,
Graybill (1954) and Scheffé (1956) have suggested the application of the
7% - statistie for testing equality of means when the number of sites is
greater than the number of varietiess Vhen the number of sites is not much
larger than the number of varieties then the test based on the T° - statistic
is not likely to be very powerfuls Califiski (1966) has studied the effects
of inequality of variances and covariances, and suggested an approximate
Fstest using the results of Box (19542, 1954b)e He has also discussed
the effects of inequality of within site variances on the Fetest,

Comes and Guimardes (1958) have considered the combined analysis of a
group of experiments when individual experiments are laid out in randomised
blocks and gll of them have a number of treatments in common, the rest

differing from experiment to experiments Pavate (1961) has considered the
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combined analysis of balanced incomplete block designs with a number of
treatments in common. Tyasi et gl (1970) have considered the analysis of
groups of experiments when treatments have a factorial structure.

As far as efficient allocation of resources at the yield selection stage
(second stage) is concerned, Finney (1958a, 1960) gives a good description of
statistical methodss The problem is to select a small number of highest
yielding varieties (on the average) from a large number of varieties, in a
given number of stages. Minney's (1958a) results give the aprroximate
proportion of varieties to be continued from one stage to the nexte Under
the assumption of normality of yields, he finds the symuetric scheme (ises
taking same proportions and allocating same resources at each stage) is nearly
optimum, in the sense that this provides the maximum advance in average yield.
His results do not utilise the infomation from previous stages of the
selection trial, and only the information from the current stage is used in
taking the decision to continue (or discontinue) that variety in the next
stages Curnow (1961) has extended Finney's (1958a, 1960) results to further
stages and discussed the effect of non-normality, and showed that the results
for the normel case hold good for any moderate departure from normality.
Curnow (1961) has also discussed very briefly the gain from using information
from the previous stages and the possible effect of variety by years
interactions

Pinney (1958a, 1960) has introduced the term external economy, which
takes into account the possible gain (or loss) by recommending varieties for
commercial production, and this depends on many aspects, such as the area to

be devoted to the new selected varieties, the average gein over the varieties
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which are already in use, and the cost of making such changes. He has
tebulated the optimum values (i.c. which maximise the gain) of total area
to be devoted for the trial of yileld selection, and the number of varieties
to be tested for one stage of selectione Curnow (1961) has tabulated
similar results for a two-stage selection proceduree He has also discussed
the optinum number of stages in the absence of varietye-year interaction.

The problem of optimum allocation of resources with reference to
external economy has also been discussed by Grundy et al (1956) for a twoe
stage selection procedure. “landt (1963) has also discussed the allocation
problem with reference to the distribution of allocation within trials
(number of replications), and between trials (number of sites)s :lendt
(1963) hasz given expressions for the allocation of resources so that variance
is minimised for a given cost; cost is minimised for a given variance; and
the variance and total cost specifieds Sprague and Federer (1951), by
analysing variety trial data on corn, conducted over meny locations and
years, have estimated the variance components for year x variety and '
location x varietys Using these estimates, they have estimated the average
genetic advance for varying number of locations, years and replication within
locations They found that ove replication per location with an inerease in
number of locations and years, is optimum for given number of total rlots.

Bechhofer (195.4) considered the problem of selecting the highest
yielding variety out of a given number of varieties for a fixed number of
stages, DBechhofer (1958) and Bechhofer and Blumenthal (1962) extended the
results to the case when the number of stages, themselves, are based on the
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results of previous stages, thus giving a sequential procedures Paulson
(196) also considered a simple sequential procedure for the above problems

Ve shall denote by y;; tho mean yield of the variety J (J=1, 2,
seey m) in the enviromment i (i = 1, 2, eeey n)e These means are based on
r rerlicationss Ve assume that the paremeters for environments are selected
randomly from a population of environments with mean zero and variance 0:' .
Thus we have a twoeway table Y of means

T =
e (5'1.1)

of order n x m avallables We shall represent this by the model

gy = M4 e Vs TB.J + gi.} (1e301)

where ’Tl_1_J is the interaction component of the variety J§ with the
environment i and ‘-5“ is the within environment error components It will
be assumed that Eu is independently and normally distributed with mean zero
and variance o for all varieties and environmentss It is also assumed

that a good estimate, 3’; s of nﬁ is available on njy defe which is
independent of y“'a. 4 is the overall mean; vy is the effect of the
variety J ; o is the random effect of the environment 1 .

In Chapter 2 we consider a possible relation between ﬂi 3 and e, of
the type

T]i.’ = Rjei-l- S{J » (1.3.2)
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The probiem of estimating the °¢ 3 and testing their equality has been
discussed in details.
In some cases additional information about some external variebles about
environments such as rainfall, altitude eteces is also available, Ve shall

th

denote the value of the k external variable at the site i by

%%
(L =1, 2, esey 0} k=1, 2, eeey D)o This information may be available
in the formaf a n x p matrix 2 «

2 = (s ) ¥
nxp ik

A rala.tipnslﬂ.p between Y and Z of the type

after substituting

Tlij = b".’ni‘ + b23'12 + sese *+ bPJ”-P + s;.a

- will be investigated in Chapter 3« The problem of estimating the bkj and
testing their equality will be considered in detail,

It is also of interest to estimate and compare the variability of
individual varieties in addition to the additive common variability present
due to enviromment effects. Ve define

(G4) = of (1e30k)

M

and assume that



- 1l -

i('ﬂu) = 0 and f(nidniﬁ') = 0 for J#£ 3"

Fut

%y = Thy* Gy

V(G:LJ) = 032 o+ Og = 03 » 58Y . (103'5)

The problem of estimating the o5 and testing their equality will be

e

congidered in Chapter Le

An empirical method of deseribing Th.:j as the sum of the products of row
and column terms will be considered in Chapter 5 A graphical method will be
rroposeds This teclmique may be of great help in summarising data from a
large number of environmentse

A sequential decision procedure for stopping further trials will be
considered in Chapter 6e

The approach considered in Chapter 6 requires the knowledge of cost
parameters.s In some cases it may be diffioult to obtaine An alternative
approach of talking decision sequentially, based on probabilities, has been
deseribed in Chapter 7.

List of symbols which remain consistent throughout the subsequent

chapters:

n = Humber of environments.

B = Number of varieties.
Yy = Mean yield of the variety J at the environment 1



Component of experimental error (within environment)
associated with yi., .

TE g " Component of interaction for the veriety J at the site i .
53

O'o = V(lfid)

ol? = v(ﬂij)

7 = rrs“ + nz

& = iffect of the environment 4 .

vd = Lffect of the variety J »

1 = General means

24 = Value of the extermal varisble k at the site 1 »
g = (713)

Z = (.ik)

This does not give a complete list of all symbols as the meaning of
other symbols differ from chapter to chapters Such symbols are defined
in each chapter separatelye



CHAPTER 2

RELATIONSHIP BETWEEN INTERACTICN AND ENVIRONMZNTAL EFFECTS

2,0 Introduction and development of previous work

Neyman et al (1935) analysed data from menurial trials conducted in

meny locations. In a row x columm arrangement (yij) rows will be taken as
locations and columns as manurial treatments, The trials which they
analysed had three manurial treatments and they considered all three pairs
of treatments, separately, as follows, They regressed the yield of one
treatment on another e.g. Yiq OO Yioe This enabled them to calculate the
expected gain (or loss), to be incurred by using treatment {1 instead of
treatment 2 for a given leial of the yield of second treatment.s They also
considered a method of calculating confidence limits for such gains.

In the discussion of Neymen et al (1935), Yates suggested the use of
regression of individual variety yields (yij) on the corresponding
environmental means (§i.). Yates and Cochran (1938) followed up this
proposal in some details They did not explicitly give any mathematical
model but appear to consider the model (1.3.2) of Section 1.3« By

substituting (1+3+2) in (1+3+1) one obtains

Yyg = mvgs (1 + Bj)ei -+ Gij + Eij . (24001)

Yates and Cochran (1938) estimated (1 + 53) by the regression of y,
on ii.' They suggested that the mean of all the varieties at a site
(3*1. ) gives an indication of fertility (productivity) of that site in the

absence of any other information about that site. Consider the difference



of yields of variety Jj and j' at the site i wusing the model (2.0.1)

Tygm Yage = Vg = Vg + (g = Fyadeg + 834 = b4y (2402)

where

TR TR TE
Assuming that the departure from linear regression considered in (240.1) is
small (15:".1 = b 50 is small), then the difference between the yields of two

varieties at the ith

site (,1,1'1 ik y“.) deviates from the mean difference
(vJ - vd.) by en amount depending upon (F-J - 93,) and e If Bd - F*-J, is
positive then as e, (productivity) increases, the difference yj = Yige
increases or decreases agcording to the sign of v.1 - vj. ¢ Therefore the
relative magnitude of P 3 and P I gives an ides about the relative
performance of the varleties at high and low produstive environments, If

g 3 and are equal then the differences tend to remain constant,

=
Jl
These remarks hold only when the difference between 51 j are relatively
amalle

In the same way oonsider the deviation of the yleld of variety J at

the site 1 from the mean over all sites (yy, =¥ ,)

AR T R L S R R

Now from the sbove equation it is evident that if (1 + °© 3) is positive and
large then ¥, 4 = 3;. y increases as (e = e) increases and deorecases as

(ey ~ e) decreasess If (1 + 5‘1) is very near to zero them yy, - id is not
affected at all by the variation in the site effects, In the same way if

{1+ B;j) is negative then iy = Sf.j decreases as (e; - €) inoreases and
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increases when ("1 - ©) decreases.

This method has been used very often in the past decade and a
comprohensive list of references has been oited by Freeman and Perkins
(1971)¢ They have pointed out that the above menticned regression method
for estimating (1 + F .1) is not strietly statistically valid because of
inherent dependence of 51‘ on y;4 e+ Ve shall see later this gives an
inconsistent estimator of the parameters. They have suggested that this
difficulty can be overcome by raising some additional varieties in each
envirenment thus giving an independent measure of environment, Regressions
on this independent measure are statistically valid.

Shukla (1972a) has shown, however, that the hypothesis of eguality of
the P P can be tested with strict validity by consldering the model in
(24041) as & non-additive model and using the arguments of Tukey (1949) and
¥andel (1961).

Essentially the model given in (2.0.1) is a non-linear model and
estimates of the parameters can be obtained by maximum likelihood. The
estimation problem will be oonsidered in Section 2.1 Section 2.2 deals
with the test of hypothesis of equality of 8 5 Section 2,5 deals with
the relationship of the above work with that of the other authars.

Section 244 considers the problem of pradiction and Section 245 deals with

a worked out examples

Te start with the model in (2.041)
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yij = o+ VJ + (1 + Bd)ai + 513. (20100)

At present we wish to estimate the parsmeters (1 + BJ) and €% o ie shall

work with the sample variance-covariance matrix S given by
S= ('JJ')
where
il 7Lk :(:r” "' i.j)(yiji . 5.31)/(!! -1)

S 4s independent of parameters u and 'J as the corresponding
population variance-covariance matrix is given by

T= LL' 4 0,°I (213)
where L is a vector of order m such that
L' = [(1 + 51)%, (1 + 52)%' esep (1 + Bm)ao:! .

There is an indeterminacy between (1 + B;}) end o, as by suitably

mlt:lﬂyingandd:!.vid:lng(1+83)md 0y by a oonstant T remains

unaffecteds Under these circumstances we can estimate the paremeters
uniquely only under a constraint en (1 + 8 J) which we shall diacuss later.
Note that the simple form of T gives the following expressions for

19 ana

el = (14 %&) e



A% 2 L'L 4 058 . (2.3.2)

The log likelihood L(£)) of S (using Wishart's distribution) can now be
written as

2L(82) = = (n=1) |20gl 7] + n-(sr'.'")] + oconstant (24143)
and using the expressions given above it reduces to

2L(£)) = =(n=1) [103(1 + i%) - %%Er + | 105(06") + ﬁ%-} constant .(2¢14)
5 8

Now maxdimising (2e1e4) with respect to 1L subject to condition (2.142) we
obtain

SL = iaL
where
A = L' 4 ot o
Thus 2 13 the largest latent root of S end L ean be obtained as

La (- o) (20145)



where ?.‘1 is the corresponding latent vector satisfying the condition
=1,

0% can also be estimated by maximising (2e1ek) wers to o," o This gives
an additional equation

0 = I:h-(s) 2 ‘iﬂ L) s (24146)

The estimate of 06’“ obtained here should be substituted in (2.4.5)

To obtain the estimate of (1 + Bj) #edmpose an additional condition
on (1 + 93) 1e0e

Z(1+ PJ) =W e (2s147)
J

The values of (1 + £ J) satisfying this condition can now be obtaineds
Let 1, and g, be the jth clement of vector L and Q then

(1 + ;J) = = aj' S8y (24148)

Ml}:—la
iﬂ.iLfii

ie.2e the ratio of the element of the latent vector corresponding to the
largest latent root to the mean of all the elements of that latent veotor.
Because of indeterminacy absolute value of (4 + J) cannot be estimated and
only the ratio of (1 + SJ) remains constant, In this case we have overcome
this problem by putting a constraint on # 3 by making them add to zero.

Under different constraints different values will be obtained but ratio
will remain the sames The estimate of ¢, is obtained as



“ B

5 =(1° - ::;)/3:(1 + B2,

242 Te the

It is of great interest to test the equality of the 1 + 7 j in the
model (240¢1) which is equivalent to testing whether all © 3 = 0 or nots
If they are found equal then there is hardly any Jjustification in
characterising varieties on the basis of their BJ « [However, if
significant differences are found among “J then it may be of further
interest to compare a pair of © 3 and give confidence limits for each
”J o In the following we shall give an exact test and a likelihood ratio
test.

Here we use the results of Kshirsager (1961) for testing the
proportionality of the coafﬁoiénta of the first principal component to
an arbitrary chosen u&tor. In our notation the result can be stated as
followse Suppose we want to test the proporticnality of the first

prineipal component of 5 to an arbitrary givan vector “0 where

ot =

0 = (%942 %oos eo0s o) -
This may be tested by caloulating F#* , where

et 5%0 2 S

P = ??-S—;Q--%M—Q (24241)

(¢} 0 00
and under the null hypothesis

P'/&ae



L
will have a ¥° distribution with (m=41) Du7.

e are partioularly interssted in testing whether or not 211 © 3
are equale The value of F* in (2.,2.1) after putting all 903 equal
to 1 1is

[ SRS k.
ryq=% )0, -5 )"
F* = 3 _!'.l: _'_2:] . (2.2.2)
1 Gi' 7 s:oo)ﬂ
Moreover, it is not difficult to see that
Q= [13y Oy =5y, 5,545, - m] /o0 (24243)

is distridbuted as ¥* on (m=f)(n~2) D.F. when all & g ave serc, Ry
using erguments similar to Mandel (1961) (or Tukey, 1949) it can be shown

that expressions in (2.2.2) and (2.2.3) are independently distributed under
the null hypothesis thus providing a test criterion R

P/ (m=q) :
o Lrjcyij i }.1. 1 5;‘-, " §o.)= T F‘] /(m"1)(n-2) (2.2-11.)
y

When the null hypothesis 4s true, R follows the F-distribution with (m=1)
and (m=1)(ne2) DJFs « This provides an exact test of the hypothesis of the
equality of all By to 0.+ It is not easy to find the distribution of R
under the alternative hypothesis,

For comparison purposes we shall also conaider the likelihood ratio
test for the null hypotheais (I,) that a1l 4 are gero, Under N, the
log=-likelihood L(w) is given by
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2L(w) = = (n=1)[ 208 I7y| + tx(s r.o"')] + constant
where

T = G110 4081

Izl] = (1+n°25 )oi B
0 Eg'; 08

T .
=1 ‘ (I 2 ga 14 ) .
R %; oe * “08

hypothesis HD' It is not difficult to see that ¥.L. estimates are given by

s are the velues of the parameters o‘: and o under the null

0200 = ;ag"ni./n (lﬂ'1)
% = (o= 2 yhage/ (el s

Using the above estimates likelihood ratio statistic
=2 log * = =2[L(w) = L(£2)]

can be ocaloulateds Under the null hypothesis =2 log )* should have a ¥*
distribution (asymptotically) on (m=1) D.F.

The statistic R 4n (2.2.4) and =2 log * of LR test give different
test statistice R gives an exact test while LR is only an approximate
but asymptotiocally more powerful, In the present case of variety trials

it is unlikely that these two statistics will differ much at least when n
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is large,

The problem of finding the standard errors of (1 + 8 J) is not easy
but confidence interval for each can be obtained with the help of (2:241).
This involves finding the roots of a fourth degree polynomial for sach 93 3

(057570520051 03) = (og'So)* = By e, (ofiseg)(ogieg) = o (2.2.5)

where

ns, = (91’ 92’ sesy "\-‘J. eesy 0.) and N = (o1 (n=2) -

Suppose that the equation (2.2.5) corresponding to GJ is given by

noe;"a- 3’933 + azﬂjz + 3393 -+ u"_ = 0 (24246)
wheve 840 845 85 By and 8, are the coefficients of the polynemial in 93.
Assume the values of the four roots of this equation are real and given by

% %20 %330 "3 ¢

The oonfidence intervals can be obtained by peiring the roots in such a way
that for all the values of 93’ the LeHeSs of (24246) 18 less than sero,
where

f- BJ 5 o} ] (1 ‘1' L 1.2...0.1&).

The pair which contains the estimated value of 9.1 obtained from (2+1.8)
gives the appromriate confidence intervale This method may fail when 21l

the roots are imaginary. In some cases it may give disjoint confidence
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intervals., However, in the examples considered at the end of this chapter,
regular intervals containing the estimated values ocour,

There is also considerable interest in testing the equality of
(1 + p4) for o peir of varietles, say, J and j' .+ This can be dome by
14+ 8‘1'

1+§-.14

caloulating limits of oJ' from (242.5)s If the confidence interval for

calculating confidence limits of

1+ 8,*

1*% contains 1 then both can be taken as equals This shall be

discussed in the examples

23

The essential difference between the approach for estimation of
1+ %, given in Seotion 241 and the mothod of Yates and Cochran (1933) 1s
as follows, Yates and Cochran (1938) take the mean of all varieties as a
measure of productivity of a particular environment, thus giving equal
weights to all varieties, In cases where varieties are of different
sensitivities (in relation to environment:) it may be more appropriate to
give the weights proportional to their sensitivities in ecaloulating the
measure of environments. In the present approach this has been done by
caloulating sensitivities (1 + f;) and then calewlating measure of
environments as a weighted mean, and thus proceeding iteratively.

It is not appropriate to estimate the random effect g o In cases
where a similar model (2.0.1) is considered, as in Fector Analysis (1 + )



are termed 'loadings' and e, 'scores's The e, are estimated after

i
substituting for (1 + ° 3). By following analogous arguments to Pactor
Abalysis and using equation (241.0) and substituting the estimates (1 4+ ° J)
as obtained in (2.1.8) we obtain

- A
yid = yod + @Jei + 6ij .

Now multirlying both sides by °, (J = 1525000,m) we obtain an estimate

By of ey by ignoring 613

The weights (4 + © j) are such that the varieties which are most
variable over environments get most weighte This may not always be very
degirables For example, if one particular variety is very prone to
lodging, and the sites selected differ appreciably for lodging (which in
turn affeots yield), then this variety will get a relatively large weighting
in the measure of productivity of sitess In this case the indices B will
not be a good measwre of productivity as far as average varieties are
concerned, but may be a good measure of lodging as measured by yieldes In
Yates and Cochran's method the productivity index for each environment is
calculated by giving equal weights (by 3}1.) to all the varietiess Unless
the varieties are not very different in their interactions the estimates of
(1 + 8 j) obtained by both methods will not differ very muche

The coefficients (1 + © J) have been caloulated under the assumption
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that all the varieties are equally variable within environment, However,
if within environment the error variance is larger for some varieties than
others then more general model may be necessary for estimnting variances as
well as coefficientse The methods will then be similar to that used in
Pactor Analysise The model (2.0.1) can be taken as a particular case of
Fector Analysis model (Lawley end Maxwell, 1971) with only ome factor and
veriances of by j equal for all J .

The use of estimates obtained by Yates and Cochran has come under
oriticism because of dependence of y,, on }1_ and their inconsistency.
As far as inconsistency is concerned this can be removed as suggested by
Yotes (discussion of Neyman gt gl 1935)s Usually the bias is of the order

2
(]
Of = and when environments are relatively much more verisble, the bias is
e

negligibles

¥illiams (1952) used the multiplicative model for interpretation of
interactions, IHe used a least squares method flor his fixed effect model
and obtained similar estimates of (1 + J) as that obtained here in (2.1.8).
In our case of mixed model we had to oonsider a maximum likelihood method
but the final results obtained ere similare

As far as testing the equality of the (1 + ﬂj) is concerned the
statistic R given in (2.2.4) is the same as that proposed by Mandel
(1961) for testing the presence of non-adlitivity in the model (2.041)
which 1s a generalisation of Tukey's (1949) statistic. Shulkla (1972a)
and Hardwick and Wood (1972) have pointed out that the statistie R is the
same as obtained through the method of Yates and Cochrane



-] -

There is also & very close relationship between the method
described in this chapter for estimating and interpreting (1 + 8 J) and
the method for estimating interasction between qualitative and quantitative
factors., Fisher (1949) considered an experiment comparing two qualities
of nitrogen fertilisers, with single and double applicationse. He argued
that a reasonable hypothesis might suppose that the difference between
yields is twice as much at the double as that at the single dressings /nd
thus he calculated the effect of quality by giving double welght to the
yield at double dressing than at single dressing instead of simple mean
which gives equal weights. [Ile calculated interaction by taking an
orthogonal contrast to that of the effect of quality.

A similar interpretation can be made in variety trial work by
replacing types of nitrogen by environments, and doses of nitrogen by
varietiess As varieties are qualitative factors the weights (1 + ° a)
are caloulated from the data itself so as to give best mensures of

environments instead of an arbitrary chosen constant as done by Fisher
(1949)s

244  Zstimetion and prediction

then the interaction component 'ﬂi 3 is not related to the additive
environment component e, then the yleld Y13 differs from environment to
environment by a constant additive environment component e; and a random
interaction component 'ﬂi 3 which cannot be predicted. However, when
U is related to ¢

ij i
(24140) then Vi at different sites will differ systematically depending

by a relationship of the type described in
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on the magnitudes of the coeffiecient P 3 and the additive environmental
component e o Iir ey is given for any particular site then it is not
difficult to estimate Vi and the differences Vi3 " yid‘ s As we have
seen in the preceding sections, the estimate of e; itself depends on the
yield of all the varieties (ineluding the yield of the variety widch we
want to estimate) and therefore the relationship in (241.0) is not very
helpful in predicting Js 5

Suppose we have the yleld of m varieties available at the n sites.
If the tests described in this chapter suggest that the relationship
desoribed in (2+140) is more appropriate then sometimes it may be of
interest to estimate (or prediot) the yield of a variety, say, the first
one given the yield of the remaining varieties at a site where the first
variety is not grown.s This may be used in estimating and predicting the
difference between the first variety and one of the remaining varieties,
This can be done by regressing Ygq OB YyosesesVie The prediction

equation for Y14 given FgoseeesVsin is given by
Viq = 8 +a'yy (20k01)
where
" - L] 2 “1:‘

0125 Y"i = (yiz . ;r’zl*"!ym <. §.m)

and

at
g [‘11 312] !
42 S2p
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Thus for eny given value of Yi we can estimate Va4 using the equation
(2¢ke1)e A case of special interest occurs when only two varieties are
involved and, given the yield of the second variety at the ith site, we
wish to estimate the yield of the first variety, although this first
variety ought not to have been grown on that site,

Using the equation (2.441) the estimate can be easily obtained,
namely

MR PN
ot S EC S B o =3,0) - (2¢442)

Additional expected yield by using the first variety instead of the second

is given by

- ] 3
sosted galn = Jyy =V, = (=gt Wy Gamt) e (2e3)

The first part of the expression on the R.He5. of the agbove
relationship does not vary with variation in sites, whereas the second
part doeses If the regression coefficient 512/322 is greater than one,
then the second part indreases as Yy incoreases; 4if it is less than one,
it decrecses as Y40 increasese If the regression coefficient is very
nearly equal to one then this part vanishes and the expected gain remains
constante Thus, the sbove relationship can be used to estimate the gain
and this provides some guidance towards choosing a suitable variety for a
given sites The variance of this gain can be calculated without much

difficul ty.
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Let us examine the relationship between this aprroach and that
deseribed by the model (2.4+0)« By using the population values of 3

02 and
3}, in the expression a and using the form of 7 given in (2e161) we
cbtain the limiting valus of &
a in limit &7
T
where
o o=
p I [-—-11 ”12] = LL' L 4 ”%I .
b - 22
Using the expression of Section 241 it is not diffiocult to see that
(1+8,) 4P
e o 1 S (2ekals)
22 "2 n _ 188
b (1+¥!j)2 + O/t n
=2

Now substituting this limiting velue of a in (2.4.1) and taking the

conditional expectation given e, and using (2+140) we obtain

= - (1 + 85)2

E(yiVéi) = 4+ VJ + (1 + q1) Gi "E‘z‘ . (2'1“'5)
E{1 00 o0

ARG aigi

Therefore yi} is an inconsistent estimator of the expected yield at the
ith site, namely y + vy + (1 + 53)‘*1 .
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This inconsistency has been introduced because of the errors in the
predictor variables ¥,y eeey ¥y,o  Usually cﬂﬁ/az will be negligible in
practice and Y49 thus provides a reasonable estimator.

tthen *# 3 are all gero then the coefficients a approach

1 1

- is limit
e m-1+0§7F . as o m - 1 :
e — =0 :
1. ol 1

as expectede.

2.5 An example

The data from co-ordinated variety trials on spring barley, conducted
in Scotland in 1972, have been used to provide an examples Table 2451
contains the data for eight varieties from twenty sites. The sites will
be assumed to be selected randomly. At each site there were four
replications but Table 2+5¢1 gives only means (over replications) for each
variety at each site. The data from each site were analysed separately
and here we are concerned only with the oonﬁined analysise The variances
of individual trials did net differ very much and the average S5.5. for
means of four replications is given in the tables The datsa on external
variates i.e. altitude, rainfall and sunshine from each site (wherever
available) are also given.

e shall use the methods deseribed in this chapter for estimation of
parameters (1 + °© J) and test for their equality. For comparison purposes
we have also used the Yates and Cochran (1938) technique.s If Y{: denotes

the matrix Y after subtracting columm means from each unit then
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S = Y&YG/(n-1).

The largest latent root of the matrix S is

1¥ = 4041933 & variation = 924163

and about 920 of variation is accounted by the largest latént roote The
corresponding latent vector is given in Table 2,5.2 under the heading 5 .
The M.Le estimates of 1 + .‘.’»J are given under the heading 1 + 5 .
fstimates of 1 + B j obtained by the regression technique (Yates and
Cochran) are given under the heading 1 + f*. Lower and upper 95/
confidence limits of (1 + "J) are given under the heading (1 + ;)L and

(1 + )y respectivelys The estimate of o used for caloulating

confidence limits is given

c%t - [ii‘](yij - ii. - ;'.j » 3;“)9 - Fﬂ /(o1 )(0n=2) »

There is little diffeerence in the estimates of cr';' given here and those
obtained in (2+41.6)s

Table 2.5¢3 gives the analysis of variance tables The interasction
sum of squares is partitioned into the sum of {wo components; (i) the sum
of squares due to heterogensity among regressions (F*) and (4i) the sum of
squares due to deviation from regression obtained by subtracting F* from
intersction sum of squares,

The sum of squares due to F* is further partitioned into two

components, The first is due to proportionality of @ 4 to vj and is as



given by Tukey (1949)e This has been denoted by &

45g Y34y =7 )G ;-5 ) *
o

[ Gy, -7, 56,y - 5o’

The second component is the deviation from proportionality, obtained by
subtracting G from P¥, It must be noted that this sum of squares

¥ gnd G) is not the sum of squares in the usual sense of least squares
analysis but they have only been obtained for testing purposes, The sum of
squares due to Bd estimated by the method of l.L. can be calculated by
subtracting sum of squares due to sites (obtained from A0V.) from (n-1) A\® and

is given by

Seds due to PJ - 3 2.09 -

In this particular case this is not very different from the 5.8. due
to heterogengity of regression F* (1.94) obtained for testing purposes.
For caleulating likelihood ratio statistic the expressions L (w) and

I{K) ecan be further simplified and are given as follows,

-~ ~ -~ - o ( )(; g
2L(n) = =(n=1) | 1og(v.; + mo.%) + m=1 log(c.2) + gm %‘L—J'Le;—
08 Qe (¢].) g ® ( - mo g)
08 “08 PR =T <

2L(R) = -(n—‘l)[los (®) + BT 108 (éi) . ’ +(1 -w):l

HelLe estimates of parameters are given as



;52 = O0s124 3 ;3 = 104195 3 Sea = 1426
0'0% = 0139 H 002 = 1e24l
tr(8) = 11,06L ; A = 080,728

2L(f!!) = =19 [2.3115 = 1348129 + 7945970 = 71.6’000] = 6645825
2L(L) = ~19 [2e3214 = 1446123 + 8942258 = 84.2016] = 8140673

=21og M = 1WdB5 A Yf, .

Hence it is significant at 5/ probability levels As far as comperison with
exsct test is concernmed the velue of F obtained in Teble 2.5.3 should he

nearly equal to 3/7 as n =~ =,
P s 215 3 7@/7 = 24069 .

This shows a good agreement,
For testing the equality of a pair of 1 + -"-J we have caleulated the
1+ 8

confidence limits of ratio ____ 9 for all J(¥ 7)s The 95% confidence
1+ 97

limits are given by:=

Varieties 1 2 3 I 5 6 7 8

Upper limit 1.3.0 14340 1317 14289 1511 16342 = 1,622
Lower 1imit 06969 04972 OB 06917 16126 04974 = 14235
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Varieties 1, 2, 3, 4, and 6 contain one among their limits and therefore
the corresponding 1 + 8 3 can be inferred to be not significantly different
from 1 + *‘7. Confidence intervals of 1 + B 3 for the varieties 5 and &
do not contain one and therefore they 4if fer significantly from 1 + F’-?.

As far as practical application of these results is concerned there
appears to be heterogeneity among regressions and thus the differences among
varieties depend to some extent upon the general productivity of sites.
Universe is the highest yielding variety and as its coefficient is larger
then one this shows that it is expected to do better than the other
varieties at higher productive sites., As its general mean is the highest
it is likely to do better than the other varieties in average productive
sites but this may not be the best variety in very poor siteses Let us
examine its relationship with Magurka which is slightly lower in yield but
has .a. considerably smaller regression coefficient than that of Unfverse, Ve
shall calculate the regression of yield of Magurka on the yield of Universe

and then calculate the prediction equation.

Yy = 5072 + o743 (yyg = 582)
ixpected gedn = Yo = ¥ig = 1396 = 0,257 y,q

Therefore, at the sites where Universe is expected to yield less than 5,43
it is advantageous to grow lMasurka, However, at more productive sites
where yield of Universe is higher than 5.43 it is expected that Universe

will provide o higher yield than Nazurka.
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Variety Fegasus has a considerably lower regression coeff'icient than
the other varieties. Unfortunately this variety has a small general mean.
If this variety had a higher mean it is likely that at lower yielding sites
it would have ylelded higher than other warietiea.s TFrom Table 2,51 it is
apparent that this variety does nol do very badly in coumparison with other
varieties in lower yielding sitese Therefore these coefficients (1 4 ° J) é
in addition to variety means, give a good guidance in recommending vardeties
for individual sites if some information on the genmeral fertility lovel of
the site is available.
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TABLE 24542

ESTIMATES OF (1 + # J) AND 954 CONFIDENCZ LIMITS

Verioty Nemes & (14 8) (1409 (1. 8),

Ymer Oe3hd 04977 04980 04823
Gerkra Oe3hle 04978 04978 04825
Goldfield 0337 04938 04959 04805
Imber 06328 04933 0490 0779
Maris Mink 0s392 14115 14108 04956
¥azurka Ou3b5 04980 04984 04827
Pegasus 0298 0«849 04852 04697
Universe 0eh25 1.208 14202 14048

3 = 104193

TABLE 2¢5e5
AOV, OF SPRING BARLEY (t/ha)

Source DuFy Sele

Sites 19 19157
Varieties 7 2462
Sites x Varieties 133 1847
Heterogeneity in regression (¥+) 4 1e94
Proportionality (G) 1 0«55
Deviation from proporticnality 6 139
Deviation from regression 126 | 16453

Total 159 212466

(14 a)U

14138
14138
14118
14094
14282
14139
14005
1377

H,S.

10408
037
Ol
0e28%
0e55
0423
0e13
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CHAPTER 3
ANALYSIS OF INTERACTION USING INFORMATION ON

SNVIRONMSNTAL VARTABLZES

340  Introduction

In this chapter we shall use information provided by p external
variagbles, This information is given in the form of a matrix Z of order
nxp « It is assumed that for each environment 1 , the 2z, (k= 1,2y4eesD)
are independent of J (J = 1,25eeeym); 2, may be token as information on
sunghine, rainfall and altitude etecs Ve shall use the model (1e3e3) iece

T'i.i = bu Byy bza Zyp + seve pr Zg o * ﬂié (34061)

with 'ﬂu defined as in (1.341)s Ve require to make inferences about the
paranmeters ka o A significant deviation of the value of ‘I:ik‘1 from the
mean (over j) shows that (y” - ;Tri.) is dependent on the kth environmental
varishle 2z,, ¢ The sign and magnitude of bk 3 give the direction and
degree of dependence.

Neyman gt al (1935), briefly considered the possibvility of regressing
yields on external variatese They suggested the use of methods m_zalogous
to those used by Fisher (1924). Freeman and Perkins (1971) conaidered the
¢ase when an independent meas@irement of environment is available and used
regression teohniquess Shukla (1972a) and Hardwick and ood (1972) have
considered the use of information on one or more external variebles, The

method used here is an extension of the method discussed in Shukla (1972a).
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The problems of estimation and hypothesis testing are discussed in
Seotion 3e1e Section 3.2 deals with the relationship of this work with

the work of other authors and in Section 3.3 a worked example is discussed.

By substituting (340e1) in (41e3+1) we obtain

Yygmm+og vy buz:“ 4 "2:“13 + esee + bp.‘}'ip £ eia + 51.1 . (3e1e1)

For convenience each Zy ie assumed to be measured from the mean over all

environments and thus

i:’ika 0 3 (k=1,2,.oo.P)o

T g

To standardise, each 23y has been divided by Y 3 %k e VWithout any
loss in generality, the mean of all l'xk‘1 can be absorbed in e; 8o that

§ka = 03 _(k=1. 25 eeey D) o

It cen be easily demonstrated that the least sguares estimete of ;’k 37 here

denoted by by s is given by (K, 3)* clement of B, where

B8 = (z'2)"12'g, (3e142)
4 = (511:) ;3 &R o= (Yu*i;i.-.'?d'*?") .

*

It is not difficult to observe that



from the properties of 1

The sum of squares due to fitted coefficients
hk;] is given as usual by

ee(r02(2'2)"12'R)
Now write

-~

B = (B.'a 323 sesy Bm)
where each BJ

is a vector of order p such that

33 = (b13’ sz’ esey bPJ) .

It can be shown that

(3e143)
%
Cov (BJ’B J') =

(3etels)
where 0"6 is the variance of 3“-& §1J

The estimated difference between vardety Jj and j' at the site i is given
by

Tog=Foger Bry-3y) 5 s



where

The variance of the estimated difference can be shown to be

2 o} B— + 2} (zv2)™ z{l

When p = 1, estimators for a single set of regression coefficients
{@ropring the subscripts of b's and z's) b, are given by

QJ = I (yij i §1‘ ™ 3’.‘.] + y..)si = ;: (yid - ;1.)51 . (5.1.5)

As ; sf = 1, it follows that

: ol
v(bd)ﬂoxg(‘]"%); m(hd’ hd')=""'£ for Jf 3.

The estimated difference between variety J and j' at the site i is
given by

y.j -S;.J' + (';J "GJI) z‘i H
with variance
2 U:g ('g' + 3413) *

The analysis of variance showing the break up of the interaction sum of

squares is given in Table 3.1
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TABLE 3e1

AOV OF INTZRACTION FOR EXTEENAL VARIABLES

Source Dela Sele
Heterogenaity in regression p(m=1) Tr(R'Z(Z'z)"Z'R)
Deviation from regression (mw1)(n=p=1) By subtractien
Total (n=1)(m=1) Interaction S.5.

The sum of squares dweto heterogeneity in regressions can be tested
against the sum of squares for deviations from regressions The deviations
from regression can be tested against ©.°s  in estimate of rri for
(3e1e3) and (3e1ek) is given by the mean square due to deviations from
regressions

It is not always easy to interpret the multiple regression meaningfullye.
It may be advisable to reduce the dimensions &s much as possible by
considering each veriate separately and to reject those which do not account

for sufficient variability in the interaction sum of squares.

302

Yates and Cochran's technique is a particular case of the above method
with p = 1 (considered in (3e145) with 2, = ¥, =7 Je As there is
inherent dependence of y,, on §i. Yates and Coghran's approach is not
statistically valid as pointed out by Freeman and Perkins (1971)e In the
following we shall consider the consequences of this in more detail,
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3¢241 Some remarks on Yates and Cochran's approach
Let us consider the interpretation of the coefficients £ j
defined in Chapter 2, Neither their absolute values nor their signs are
independent of the varieties taken in the trial, To demonstrate this we
shall consider the regression model discussed in this chapter. Consider

the model (3ele1) with an external variate 25

iy = '”"1*".1“’3‘1*%3 : (3e241)

for the present purposes we shall not impose any conditions on b 3 and Zye

The bJ are estimated by

oty R =)
£ r(n-ir

ﬁj = (3e242)

The expected valus of b 3 is given by

E(bJ) = by - b ;

thus ﬁj estimates the deviation of bd from its mean over all the
varieties taken in the trial, Thus only differences of two varieties
iece b 3 bj' can be estimated independently of other werieties in the
triale

The estimates obtained by Yates and Cochran (1933) are obtained by
replacing y, ; = 31. in (34242) by ¥y, j and substituting z; oqual to

- S y" e This gives



14+ l; = i 3 (3e243)

Substituting (3¢2.1) in (3¢242) and taking expectations of the num: rator

and denominator independently one obtains in limiting case (when n - =)

"2 T - 2 2
At 0 -I-(bl,l-l-'b)"-"e’-&bfs +rr5/m

J 2+ of §2q 8 2 (3e244)
f"fe ﬂe‘ + ﬁa + '-'-'5 /m

where Tos is the covariznce between e and g o In a particular case

with 2, as e; in the model (3e21) (1 + bJ) approaches

1+ b, + o
1+1; - i 8 . (34245)
J _ g
IR T Be—
m(1+'5)-'!:

This shows that 1 + ﬁd is inconsistent estimator of (1 + bJ)/(1 +B)e

hen Geﬂ/ae" is small, which is very likely when the differences between
gites are large, the bias will be negligibles However, this can be
corrected by using the estimate of nf/crf o Again it is net possible to
obtain estimate of 1 + bJ as they are standardised by division by

(1 + D)e Thus the megnitude and sign are not independent of the other
varieties considered in the trial. It may be possible to overcome this
problem by considering a large number of varieties and assuming them to be

giving a fair representation of the population, However, the ratios
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(1+0 ,1)/(" +D ;;') can be obtained independently of other varieties in the
trial when ffa""/n': is negligible,

Putting 2, equal to e; in (34241) i3 one of the simplest cases.
However, it is not necessary that 2, and e; should be the same or even
highly correlated. e, ocan be taken as an additive effect of environment
and z; ocan be considered as an environmental veriate which gives rise to
multiplicative effect (b Jzi) with different regression coefficient (b J)
corresponding to each variety. The interpretation of estimators 1 + b 3
in (3e243) very much depends on the relationship between e; and 3, « In
cases when the 7 cannot be measured independently the interpretation of
the parameters 1 + b 3 is not easy. The effect of the relationship between
e; and z; can be seen from the expression in (3e2.4)s Then e; and 3
are highly correlated (positively or negatively) this results in the case
considered in (3+245)e

When e, and 3, are independent (3.2.4) yields

- 1 &b
14D o “+_"—A (3.2\.6)

»
J 1 4 psﬁ
(after putting Oog = 0), where
g = """m/ﬂ'aa .

In the above expressions, for simplicity, ﬂéa/crez is assumed to be negligibles
When ¢ 45 small and negligible then 1 + b 3 will all be nearly equal to
wity. [Ilowever, when P 4is large then we should be able to estimate the



- 45 =
relative magnitudes of 1 + by from (3424%)e But it is very likely that
it will be wrongly interpreted. Suppose 2y represents reinfall and is
independent of additive effect e, « Then the heterogeneous regression
emeng 1 + b, obtained through (3+243) will lead us to believe that
heterogeneity is due to ey ieee productivity factors,

In any case correct interpretation of 1 + b, obtained through (3e243)
is neither easy nor uniques For example, one can obtain one set of b 3
from (34243), where different environments are obtained by applying different
level of one fertilizer. Another experimenter can produce similar changes
among environments by some other factor i.e. another fertilizer, irrigation
level etcs, and may arrive at different values of bJ e It shows that two
persons working with the same set of varieties, but different environment
factors may arrive at quite different values of b 3 This emphasises the
need for defining the population of environments and the underlying
environment factors for proper use and interpretation of these parameters.
Similar criticism is applicable to estimates of (1 + B J) obtained in
Chapter 2.

The problem of testing the invariance of F j is the same as that of
testing the invariance of loadings for different populations in Factor
inalysis, This is not an easy problem to tackle but some methods are
available in the literature (Lawley and Maxwell, 1971)s In the following
we shall discuss an easy and approximate method for testing the equelity of
coefficients b 3 obtained from different populationse If they are found
consistent only then they should be-used for any predictive purposes over

the factors considered,



3¢2¢2 Test of hypothesis for equality of (1 + bﬁ

Let us consider an extended version of the model (1e3e1)
Tyge = B+ ey + vy + ni-dk + Eijk 3 (3e247)
1 = 152%0eesm 5 J = 152500050 3 k= 1,200,503

where another subseript (k) has been added to denote another factor eege
years etce Y3 gxc0 n:t.‘jk and t{ijk are the mean yield, interaction and
experimental error component for the variety Jj at the site i in the
year k , respectively. 841 is the effect of the site i in the year k
and vdk is the effect of the variety J in the year ko It is not
necessary that the seme sites should be represented every year, Consider
the possible relationship between Tll 3k and ey of the type given in

(1e342) as

T]’.Jk = bék Qik + eiak . (3.2.8)

For simplicity, we have used b j of Yates and Cochran's approach

considered in (3+2+3) rather than P j Of ML approach considered in

Chapter 2, Now in this section we want to test whether b 3K remains the
seme for all k i.e. the gbove relationship can be written as
'niak = ba eik -+ Fidk » (3.2.9)

Under the null hypothesis
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bdk = bd i (J e 1.2,.--.!3 3 K= 1’2’..o.t) .

Geometrically speaking, we have to test, simultaneously, whether each of
the m lines is parellel to the respective lines (corresponding to each
variety) for the variation in k . For this, in the following we shall
substitute (3¢248) and (3¢2.9) in (34247) and obtein estimates and residuel
sum of squares wihich will give the test statistic immediately.

Substituting (3.248) in (342.7) we obtain

Vyge = M+ Vgt (1 + hjk) e + 6131: (3+2410)
where

Segc = “lge* Gape o

e shall assume that the variance of Gi.dk remains constant for all k o

Futting ey, = §i.k - §..k and taking it as a fixed veriable, the least
squares estimates of 1 4+ bjk are obtained as

(1-1-1‘;

) = (3e2411)
" LG, 0"

and the residual sum of squares over all k (corresponding to the sum of
squares of deviation from regression in Table 2.5.3) is given by



Deviation from regression =

. (3e2412)

Now under the null hypothesis (bjk = by for all k) the model in (3e247)

can be written as

Vyge = BH Vgt 1+ bj)eik + 61;1}: . (362413)

The combined estimates of b, is given by

J

4 T yijk(i;iok = §..k)
(1 " bj) - M e - (3.2.114-)
'r' (y:!..k e y..k)g
kod

and the residusl sum of squares is given by
Deviction from combined regression =

[T ¥y Gax = 7,00] 2
k'i - (- s )2 e (5.2015)
NCANEE

k.i i.k ..k

™

Kydpd

1%~ i = 3

Sum of squares due to deviation from parallelism cbtained by subtracting

(3e2612) from (3e¢2¢15)



[ yidk iok cok)] z yiJkGi.k = §..k) .
Tk . . . [k,i - g J _ Ostie)
ki IOV 0 J AR Y

i kyd

The sum of squares due to heterogeneity among combined regressions is given

by
[ E ¥y sk = T, 0] *
. fpd s - - m Gi.k - §..k)n : (5.2017)
J > (yi k e 4 k)z kii
k,i Ll LR}

The sum of squares due to deviation from parallelism on (k-1)(m=1) De¥s can
be tested against the sum of squares due to deviation from regression on

T (m=1)(n, = 2) DJFe as obtained in (342412)s A worked out example has been
k

given in Section 3a3e

e243 Some further disoussions

Hardwick and Wood (1972) used the model in (3+0.1) af'ter
orthogonalisation of variates Bgy S0 that the resultant components are
independents They suggested the estimation of parsmeters by using these
independent components as environmental variates, This is of great advantage
when large numbers of external variables are avallable but the interpretation
of the orthogonal combination of variables is not easye
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Sometimes information on dlsease for each plot within each
replication is available and this can be used in analysis of covariance,
possibly, with different slopes for each variety. IHowever, in large
scale trials it i1s not uncomon to take such disease records on anly one
replicationes Within site analysis for such covariates is not possible,
Agsuming that there is not much variation in the covariates from
replication to replication (within sites) these date can be used, say, %, 5
corresponding to each 3"15 « Now the analysis of covariance can be used
and possible differences between slopes corresponding to different
varieties can be testeds 1In some cases the differences in slopes may
account for a significant portion of the interaction sum of squares and this
may be interpreted accordingly. This type of analysis does not give rise
to any new statistical problem.

Je3  4n sxpuple

The data given in Table 2451 have been used to exomine the effect of
altitude, rainfall and sunshine on the relative performance of varieties,
using the method given in Section 341 Analysis has been done for each
variate individually; Table 33«1 gives the AOV table and Table 3e3.2 the
regression coefficients and their standerd errorse.
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TABLE 3e3e1

ANALYSIS OF INTURACTION FOR EXTERNAL VARTABLES

Altitude Rainfall Sunshine
Sourcee Dale HeSe DeFe NeSe DeFe HaSe
lHeterogeneity
among Ragression 7 0.116 7 00655* 7 0.081
Deviation from
Regraasim 126 001&0‘ 91 Ce100= 91 0.11}5‘
Total 133 O4140 98 0O.140 98 04140
%" 04025 0,025 04025

TABLE 34342

REGRESSION COSFFICIENTS FOR EXTERNAL VARIABLES

Vardety Namos b 5 (at2) ﬁj (Rain) GJ (sun)
Ymer =04 370 =04225 ~04236
Gerlara =04042 0400k =04005
Goldfield 04506 0e739% 04515
Iber «04054. 04959 =0405%,
Naris Mink ~04531 -14229% =04 }0k.
Vasurkas 0108 04018 “04 07
egasus 0343 O 7hhy* 0e 27k
Universe 04020 ~14002% ~04016
S.2s 04350 04296 04350
Sele of difference 04529 0elily7 06529
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There is no evidence that the altitude and sunshine contribute to variety-
environment interaction and we shall not consider them any further.
Rainfell accounts for about 34: of the interaction S.35. The most affected
varieties are MarisMink and Universe which show markedly decreased yields |
when rainfall is high. This effect does not appear to be due to lodging.
Both varieties are short strawed and late maturinge The negative
regression is rather puzzlinge HRainfall is negatively correlated
(r = -04702) with the average yield of all the varieties anl this may
explain the relative siges of (1 + E':])' Thus the conclusion can be
summed up as followse Varieties Maris Mink and Universe do better than
average on dry sites and worse than average on wet sitess In general
meen ylelds are largest in experiments with low rainfall, lowever, more
datse may be needed to confirm this,

A possible practical application of these results is as followse Vie
congider two varieties lHarisMink and CGoldfield with similar mean yields but
different regression coefficient with reinfall, The following equations™
glve the estimated yield at the site i :

Haris Mink 3 Yi5 = 557 + e = 1229 zg

~

Goldfield : Vi3 = 557 + ey + 04739 2

yis - yi} = =14968 z3 ;

V(yys = yijA) = 0420 (0405 + 25) o

x*

. : P, - a antdnn @ oY i
In these coleulations we have assumed thet the estl ted regression

Ld

coefficients are applieable to the whale of Seotland. Some bias may,

- 4 & 1 £4-¢ atto
however, result from the use of data from only fifteen sites out of

twenty (See Table 245¢1)e
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Considering the differences on partioular sites, when Zy > 0 then
Goldfield is preferable and when Ty < 0 then MarissMink is preferable.
If one ha: to choose between these two varieties then for the Zast and
Northy where on the average rainfall is smaller than in Vest, one will
choose lardsMink; but for the West one will choose Goldfields

In the following we shall consider an example for testing the

consistengy of (1 + bj) caleulated for three years from the data of the
trial on winter wheat conducted in Scotlands The mean of three years are
given in Table 3e3e3¢ The means for 1969 and 1970 are based on the data

from 15 sites whereas means of 1971 are based on the data from 16 sites.

TABLE 3e3e3
WHEAT VARTETY MEAN YIELDS (GRAINS t/ha)

Years

1969 1970 1974
Varieties
Cappelle 533 495 5401
Bouquet 5¢39 5406 5eLi3
Cams, 5052 533 Hel12
Maris Beacon 5488 Seh9 5487
Maris Settler 5465 5«22 4402

Tomnny Seli3 5012 5¢23
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The individual year's analyses have been given in Table 343el

TABLE 3636k
AOV OF WINTER WHEAT POR THREE YSARS (t/ha)

1969 1970 1971
Source DeFa Hede DeFs MsSe DuFe KeSe
Vardeties 5 0e64l: 5 0e57L 5 24162
Sites 1% $e 319 14 154084 15 64620
Hete in regression 5 0098 .5 0s132 5 0157
Deve from rege 65 04068 65 0,079 70 04252
Total 89 14400 89 24478 95 1354

The separate anl combined estimates of regression coefficients, as
caleulated by the method discussed in Scotion 3¢22, are given in Table
3.5‘5’

ij 3.3.5

ESTINATSES OF RIGRESSION OF VARIETY YIELDS ON SITE MEANS
Years 1 2 3 L 5 6

1969 (4 + b j)  0e991 0871 14073 14055 1,007 14003
1970 (1 + b 32/ 0s965  0e931 1107 14013 14014 04970
1971 (4 + b g3)  0sI  1078  0u915 1,052 0u86h 1119

Combined (1+£5) 06973  0a949  1s053 14033 0s977 14044



Table 3e¢3¢6 gives the combined analysis over three yearss The sum of
squares havebeen caloulated by using the expressions of Section 3.2.2 .

TABLE 3346

COMBINSD AOV OF WINTSR WHEAT OVER THR2S YEARS (t/ha)

Some D.F. S.So H.S.
Years : 2 64637
Varieties 9 1. 639 2e 328
Yoars x Varieties 10 56362 06536
Sites (We years) L3 4264955
Hets Combined regression 5 04564 0113
Deviation from parallelism 10 1.368 0e137
Deviation from regression 200 274834 04139
Total 275 1804359

In the above table sum of squares due to deviation from parallelism is not
significant showing that the regression of variety yields on the site means
remain gonsistent over three years. Sum of squares due to heterogeneity
among regression in Tebles 3eJe¢4 and 34346 show thet the regression
coefficients do not differ significantly from zeroe. Therefore there is
nothing much to choose among these varieties on the basis of thedr

regression coefficients,



CIIAPTER 4

ESTIMATION AND TE5T OF HYPOTHESIS OF STABILITY VARIANCES

The attempt to explain variety-environmental interaction in terms of
Bj and bj s a3 discussed in previous chapters, may not be very
successful when only a small fraction of the interaction sum of squares can
be attributed to heterogeneity among the regressionss In any case it is of
consliderable interest and importance to establish a measure of variability
of performance of individual varieties over a population of environments,

Je now consider the estimation of G‘JQ as defined in (1.3¢5)e Ve have

2 ol i 1 F= A 2
Gd = E(E;a) = ;(TE-J + Jid) = G’J + Go .
Thus, o; can be considered as the sum of two components, viz. a within
environmental variance cro“ and the interaction variance cs" « VWe will

eall UJ’“ the 'stability variance' of variety Jj « A variety is said to
be 'steble' if its stability variance aJ” is equal to the within
environmental variance r.r; s dlecs if crs"" = 0 « Large values of Gdg
indicate instability.

Zstimation of aj” is analogous to estimating heterogeneous error
variences in a two-way classification when variances change in one way,
considered by Ihrenbarg (1950) and later by Russell and Bradley (1958).

Rao (1970, 1972) has generalised the sbove procedure for any classification

and also gave some optimum properties of the estimatorse Such estimates
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are available only when m > 3 « Baker (1969) has calculated a very
similar parameter and his approach will be discussed in more detail in
Section le3e

The problem of estimation of stability variances o f when m2 3
will be discussed in Section Le1s The method of estimation of o'J”
dilsoussed in Seoction Le1 does not work vhen m= 2 and a method for this
particular case will be discussed very briefly in Section Le2. Section lLed
also deals with the estimetion of stability variances for an extended model
with external variables.

The problem of testing hypotheses will be discussed in Section L..2.
Tests for equality of stability variances differ considerably for m= 2
and m >3 and will be dealt with separately. Ve also consider a test of
the stability of a single variety (032 = 0)s Section L4e3 discusses the
relative merits of estimanted stability variances and the regressions
coefficients considered in previous chapterse This section also deals with
the relevance of earlier worke In Section kel a worked example will be
considerede

In this section we shall consider two methods of estimations The
method in Section Le1e1 gives an unbiased estimate of nja and is easy to
caloulates The method in Section Lele3 gives maximum likelihood (11)

estimatese



lelsed TUnbiased estimation of o f in two-way classification model

Here we shall give some results obtained by ‘nhrenberg (1950)s Ve
shall not discuss them in any great detail, The unbiased estimates of
-’*J” will be denoted by ﬁj” 3 they are given by

of = [n(m1) Ergl i.::fu] /(a=1)(mm1) (m2), (hetat)

where ry 5 is the residual corresponding to (i,j)th cell,

o TRRRE 1T 0al [ e S e PR

L]
Alternatively crf can be written as

GJE = [m(m—'l)z‘(uij id E.J)Q pt j_ij(ui'j - 6.3);‘] /(n"'1)(m"1)(m“'2)i (15-'1.2‘;

where =

Uy = Yyg= ¥y, 3 Uy o= :u‘ld/n .

-~

632 are obtained as linear combination of squares of residuals Tyy 0l
therefore, they are independent of u, v, and 0,” « It is not diffiocult
t0 verify that they are unbiased estimators of nJ" « Rao (1970) has
proved that they have minimum average (over all j) variance amomg all
possible quadratie unbiased estimtors (MINQUE) of "32 .

It is not difficult to see from (lele1) that the mean of the SJS

is the same as the mean square due to interaction. Therefore, by



mitiplying each ;j” by (m=1)(n=1)/m we shell obtain m ocomponents of
interaction, one corresponding to each genotypes These estimates are not
independent, As they are differences of tw sums of squares, they can be
negative, but negative estimates of variances are not uncommon in variance
component problemss

The variance of ;J"‘ is not only a function of “Jﬁ but also of the
variances of other varieties in the triale

.: li- b ’ n ~ =2
V(jg) o= rz-')'n_1 ﬂ'J + ‘rm- T ﬁjz J]#jo.d? + ) §'.J‘;¥jrfj¥ J" .

When m 4is large the variances of o J“ can be approximated by

2«1"

V(r?rd”) = Gﬁﬂ' : (hete3)

Under the assumption thet all nf are equal to o , say, the estimate of
~* 4s given by the interaction mean square o? s 8aYe

As far as the relative variabilities of varieties from the average
varisbility are concerned it may be advisable to caloulate a dimensionless

index given by

- -~

ﬂd”/rr'* .
jhen all o .12 are equal the mean and variance of this index (approximately)

are given by



Haf/®) = 13 VOo/P) = et .
If m is large then

V(;Ja/;a) v n?-1 me2) - E—% ’

These expressions can be used to test the departure of individual index

from unityes These indexes are correlated as they must add to m e

Lalel

To make further progress in the interpretation of instability, we
shall consider the model (3e1e1) incorporating variation due to external
variabless At present we shall consider the case of only one external
variable (p = 1), but the methad can be easily extended when information on
more then one external varisble is available,s e shall omit one subseript
of b'& and 2's of the model (34141) and denote them by by (3 =1, 2
esey m) and 3z, (L = 45 25 sees n)s As before, without any loss of

generality it can be assumed that,

The model can now be written as

Yy o= w4 gi+vd+bjni+ ﬁij : (Letoly)

we assume that
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v(aij) = 073 (3= 15 25 ssep B

and proceed to estimate GJ” ¢« The usual estimtor of bj, by the method

of unwelghted least squares as given in (3+145), can be obtained as

bj = i' (ui.j G 3‘5)31 (ln'!.ﬁ)
where

Y5 = 31.1'%..‘. .

Using the method of Section Le1e1, unbiased estimates of @ J“" for the
model in (lele)) can be obtained as ° JB given by

nd = [m(mﬂ)i rid - 12‘;-;_3 ]/(n-z)(m-1)(m—2) (4e146)

where
rij = uia'ﬁ..j'bjsi é

The estimators obtained in (le1s6) are quadratic (in y's) estimators of
93‘3 and have the properties of JIN(QUE estimatorse ‘hen m is large,
the variance of GJ” can be approximated by

v(ﬁjz) = ze;"/(n-z) . (hete?)



For estimation of of the method described in Section Lete1 will
be adequates, Later in this chapter we will also discuss the likelihood
ratio test for the equality of all cf e For that purpose we shall need
maximm 1ikelihood estimetes of 0,°'ss Russell and Bradley (1958) gave a
method, based on contrasts of 33 for m= 3 They obtained explicit
estimators of o© :}2 end the estimators are the same as considered in Section
Lelele In this section we shall work with contrasts and generalise the
method of Russell and Aradley (1958) for m > 3+ No explicit solution of
OJ” is available when m > 3 but solutions can be obtained by iteration,
It must be noted here thet this method does not give maxdmum likelihood (ML)
cotimates based on all the data. M. estimates of all the parameters do not
exist when environment and variety effects both are fixeds The estimates
considered here are based on the contrasts and therefore independent of
ei'a and "3'3 ar of their population parameterse

A suitable set of orthogonal row-colum contrasts x5, (1 = 1,2,
esey N=13 k= 1, 2, seey m=1) is given by the elements of an (n=1)(m=1)

metrix X, where

Xt = Lﬁ'f'l:n = (x1; X.2’ soey %_1) H

Y' = (Y1’ ng aney Yn) -



Here the matrix Lq is a matrix of order (g=1) x g such that

.

It can be shown that

B(X) = 03 V(X)) = Hj Cov(x,x,) = 0for (141),

where

H = L % Lt = L JL! .

and ¥ is a diagonel matrix with 0‘1"‘, Up's seey O ° a8 its elements.

The joint distribution of 4y is given by

£(x) = (zn)—(n-ﬂ(m-'! )/2' ff'1l(n'1 )/2 exp ["2 31 qﬂ""xl] . (Le1e8)
1

PAY

Let 3; be the estimste of 0,° obtained by meximising log £(x) .

Also let log L(L) and H be the expression of log £(x) andl H obtained
)

by substituting cda for o'j2 .

Now if I‘m used is such that

L, = (11 J)

- where



;s = 1//1(141) J 514

= -1//{(]:1—?) J =i+

= 0 J >ia

H = FDDD'P

where

P = Dr.ta.g%,- %’ ".’,\lﬂ =1 )

D2 = Diag(cza" 632" avey o'mz) + 0'19 11'
and D 4is a lower triasngular matrix of order (m=1) such that

S % 3
= 0 j>1 .

11 can be easily caleulated by

! . P“’D"192'1n“1p“

1

as all the inverses are easily obtainables The eleménts of D' are such



that
™ = (@)
& e
P V7 170 R
& =0 $>4 &
Now

- ;_37 log 142) = 1oglHl + tr(H™11) + constant  (4e1s9)

where T is given by

xex

T = et

-

Starting with some good initiel estimates of wJ' s (4e%s9) shoudd be
ninimised iterativelys For this purpose the initial estimates can be taken
as ;Je obtained in Section lelsts

It mst be noted here that the ML estimator of' the common variance
ﬂ“(m.’” = a2 for all J ) is glven by A s the mean square of varietly
environment interactione

Letels

- A
When m= 3 the estimates oj’a and na' are identicals llowever,
it is diffioult to compare the efficlencies in generals NIIOUE cotimtars
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are easily obtainable and the method can be easily extended to the ocase of
non-orthogonal datae When m is large the ML estimates are difficult to
obtain even by & high speed computers Thus for most purposes unbiased
estimators 3‘.12 will be adequate at least when n is moderate.

hen e, are random variables another estimate of 0'3"" and ca"’
can be obteined using the likelihood funetion of 3 as defined in Section
2¢1s However, we have not considered this method at mresent as we are not
pertioularly interested in estimating o,° o+ The estimtes far of by
both likelihood methods are not likely to differ very much, at least when

n is larges

42 Zost of hypothesis

The test considered here for m=2 and m> 3 differ markedly and
are dealt with separately.

Yorgan (1939) and Pitman (1939) have considered the test of significance
for a difference between two variances from a bi-variate normal population,
without making any assumption about the correlation coefficients Grubbs
(1948) considered the problem of estimating the precision of instruments,
when only one observation is taken on the subjects for each instrument.
Maloney and Rastogi (1970), anl Jaech (1971) considered some tests of
hypotheses for the comparison of the precision of two instrumentse A
generalised version of Pitman's (1939) result given by shukla (1973), is
discussed in Section Le2e1e

For m> 3, Han (1969) has given an exact method, However, the

power of his tests depends upon the variability among ey o A better



method (Shukla, 1972b)will be given in Seotion Le2.2s A likelihood ratio
test which is o generalisetion of Russell and Bradley (1958) will be

discussed in Section Le2e3e

Lele?
ke24141 Hormilation and notation

Consider the model (1e3e1) with two colums
where

'\'1 = p+e ) V('ri) = 0'33 3 V(cij) = O’jﬂ H v(yij) = G'eg' + 0'38 °
GW(Yth yiji) = Gea for J £ 3 »

Denote the sample variances and covariance of vy and y, by
™~ & .o 2
844 = E (3’3.1 - 3.1)2/(11'1)1 859 ® ;‘: (3'12 - y.z) /(n=1)
512 = ;::‘ (3'11 - §.1)(Y12 - §.2)/(n"1) .

It is easy to show that

.‘:(522) O - 8 + 022
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E(s12) = 07 .
Grubbs (1948) estimated 01'3 s 0,° and o , respectively, by
g @ 8

*8 2
Oy B 834" 8} T & Bogg=Bial T = B

hw2¢142 Tost of hypothesis

The present work is concerned only with the mull hypothesis
Bo 1 % = kot
where k is a specified constant (k> 0)s This will be tested against
H, 01’3 ;!kaz‘z .
Consider
By = Yy =Vyp Fy = Yyt Wy o

The variances and covarience of g and f are given by

v(g) = 0'1” + 95° )
9t

(4e242)

v(e) = 9,° + K'0,* + 0, (14 k)* (he243)

Denote the population correlation coefficient between g end £ by o ;

then



- i
Q 2
Og" = ROy

REss [ 013 + 0‘2’3) (01” + k%;"" + 035(1 + k)ﬂ) 7 (he2els)

A necessary and sufficient condition for p %o be gero is that 01" = k:rzz 3
this suggests that the test of Ilo is equivalent to a test of g and f
having zero correlation coefficient, Denote the sample correlation
coefficient between g and f by r j this can be expressed in terms of
8442 Spp and 8,, as followse. Jirite the sample variances and covariance
of g and f asa

88 311+322—25

12

Bpp = B8y + Ky, 4 2‘?12

Sgp = Syy = ksy, +| .(k—‘l)a‘lz .
Then, by definition

RS Ny o Rogp #((e1)ag, . (he245)

(asgaﬂ.)% [I(a” * 85, = 2312)(511 + k%s,, + 21:512)]%

Thus under the null hypothesis H° s the statistic to given by

ty = o/ (n-2)/(1-r") (4e246)

will have a Student's te-distribution with (n=2) DuF.
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le24143 Likelihood ratio test
It can be easily seen that the test statistic used in (4.2.6) is the
same as that derived from the likelihood ratio teste For simplicity we shall
vork with the transformed variates g aeand £ instead of Yy and o3 8
and f have a bi-variate normal distribution with variances and covariance
as given in (Le2¢3)e Let us denote the maximum value of the likelihood

under the alternative hypothesis H, by L(Ll), where

A

log L) = <5 =3 log(s, 800 = 5,0°) = n log(2m)
= -g- - % 103(511322 - 512") «nlog(1+k)=nlog(27) « (he2s7)

Under Ho, g end f are independently distributed, Denote the maximum value of
the 1likelihood under H, by L{w) 4 and put sgf = 0, Since g and f
are independent then (le2.7) becomes

log L(wx) =-% - glog (asssﬁ.) - n log (2m)

-1 % & % logl(syy + 8,5 = 28,,)(s, + K3y, + 2ks,,)]

- n log(2m)
Thus

log A = 1log L(w) = log L(£2)
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Bailan = Ban®
3y 11%22 = %42
R 08[(3" + 522-25125(511 + Fazz & 2k512)]

+n108(1+k).

But from (Le2e5)

(1 + k) (5115 .

22’°E§ .
(a“ + 522-2512)(511 + K8, + 2]:312)

1= =

thus giving the value of

helelel

The statistic considered in (Le2.6) can be used to obtain a
confiidence interval for k + Let us denote the Student's -t value at
o/2 probability level with (n-2) D.F. by t /o * Then the (1 = )7
conf'idence limits for k can be obtained by substituting the value of
t,/p in place of t; and substituting the value of the ratio r"/(1=r") in
terns of 8442 B0 849 and k .

The quadratic equetion in k reduces to

K (= P) = 2k(ab +- P)+ ®*® =P) = 0 (Le248)

where



ﬁ72¢

P = t:(/2 (511322 - 313)/(1: -2) e

The solution of (4.2.8) gives K, and K; as lower and upper limits,

b = /P htéiﬁ’
-KLza.-rJP‘ 5 » 3

such that
MK SksK) = 1=-0a &

Looking at the expressions for the limits it is obvious that when
a=/P or b £ =/P, these limits can be exolusives If & is nearly
equal to /P these limits can be infinitely larges If b < /P then

the lower limlt is negative.

2!-02.1!5 Compard son

laloney and Rastogi (1970) considered a particular case of H,
with k= 1 « Another particular case of k = 0, testing the hyvothesis

that o,% = 0 , was considered by Heloney and Rastogi (1970) and by Jaech

1
(1971), and the result in this section gives an exmot distribution of the
test statistic they considered. loreover, the results given here enable

us to give an exact confidence limit. The disadvantage of the azbove test
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is that the power depends upon weg ¢ the larger r_r: s the smeller is
the power of the tests This haas been discussed in more detail in
Maloney and Rastogi (1970)s If the data from more than two varieties (or
instruments) are availsble then a test can be obtained whose power is
independent of "ea e This is considered in the next section, Vhen
na” = 0 (one item being measured repeatedly) then the obvious test for
n-12 = ko,® is to consider the ratio of Sgq
P-test, where g, =y, end £, =Vky,, »

and 8o, and test by an

Le242

le24241 lgkation and method

Consider the model (1e3e1) and as before define a (g = 1) x ¢

matrix I.q such that

L1 = 03 LqL’ = I ; (4e249)

where 1 1s the vector of unit elementss Now a vector G:L giving the
values of m - 1 orthogonal contrasts among the observations in the row

i can be obtained as follows;

ci' = Yi'L'm = (011, 012’ aves °i(m-1))’ (i = 1, 2’ swny n) (-!0-02.10)

where

Yi' = (5'11: )"129 ssey yim) .



It is easy to show that

:e(ci)

LV v(ci) = L°L = H , (Le2e11)

where
V' o= (71, Vos wees vm)
and T is a diagonal matrix of ai‘*, 52“, esey frm"“' as defined before.
Under the null hypothesis K, 0 = .5*22 2 sss 80 s,
say, V(Ci) = o°L ¢
lle test Ho by (i) estimating H by T defined below and (ii)
applying the test of sphericity described by Mauchly (1940)s The matrix

T has elements tk'k' given by
t = Moy, = 8  MHGups =0 ve)d (Ky k' = 1, 2, eees 21)(4e2612)
Kk* '(;,1"-177i B T S/ \0p T F it ’ ¥, Sp ety

The test statistic 2\ 4is defined by

n/2
% —[?W (%e2413)
m

where m' = m=1

Under the null hypothesis of equality of variances the value of 1)
should be equal to 1 apart from sampling error,

It is not difficult to show that the statistic ) is invariant for



all possible sets of orthogonal contrasts., TFor, consider any other set of

orthogonal contrasts ?dei } where Hm is given by

Hm = DLm

end D is an orthogonal matrix, Ience

D' = I end Hmﬁ'm = I a

Now let A " be the value of )\ when Mm is substituted for I‘m in

equetion (4e2:10)e This gives from (Le213)

)\ 2/n _ !22_1_)" » | 7| s )‘Z/n

Y[R [m@]”

Hence 1)\ 4is independent of the choise of orthogonal contrastss Also )

is obviously not affected by any changes in 1, e; and vy

lve24242 Distribution of )
Yoments of the statistic ) under the null hypothesis are given by

nderson (1958, pe 262)s For simplicity of notation we shall put n' = n-1,
and V= 12/ B, The qth moment of W is given by

2(0%) = mqm‘"(ué"') TE i r(m—*'i';'j‘ + 1)
I‘('mz.- o mq) 1=1 r(ﬂ-—-—-—__‘ +21 =~ i)

Box (1949) has discussed a general method far approximating the
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distribution of a LR criterion by the first few terms in an infinite
series of ¥ 's « Anderson (1958) has applied this method to the
sphericity test and the results can be put in the following theorems
THEOREK: Under the null hypothesis of equality of all variances «2v log )
is approximately distributed as +° with E%‘:ﬂ.)._ 1 Deley vhere v is

given by

This result is adequate for large n o A more acourate result (correct to
opder n 2) oan be obtained by incluling three terms of the infinite

series. e then have
Pr [s2vlog A2 T] =P [T+ n, [Pr0g,,s M = Pr0% 5 ﬂ):l + 0(a™?)

where

o, » Ea2)m - )nt - 20200 s G s st a2) L
2 288 m'2nt2y2

Le24243 Lgst of the equality of two column variances

Suppose that Ho has been shovm to be unacceptable. Ve may now
wish to compare a particular r@ir of columm variances, for example r.?i:""
and rr22 e The null hypothesis is as follows:



To test the hypothesis we first define the contrasts
oy = (g =332)025 055 = (yyq + ¥yp = Fy(np))V6 s

where

m
yi(m-2) = ;3315/(19"2) o

The expected values of %4 and ey, are given by
2eogy) = (v, =v )25 2(egp) = (vy + vy, = & L)N/6,

and the varlances and covariance are given by

2

U
V(og,) = (oF + B)/2 5 Vlog,) = (B + of + —=2)/6

Cov (o549 0;5) = (o = ag)/fw
where

m m
R e (m=2) 3 b = Tv,/(m=2) o

Under the null hypothesisz Ho* the correlatiion between 49 and S0

is zeroe Ilence we can test Ho“ by comparing



\/ﬁ_—;sr (n-2)% ' (he2e1k)

with the Stulent's t-distribution on (n-2) D.F. Here r* is the sample
correlation coefficient between 44 and Cip @

Note, however, that V(e,,) eond hence the power of the test
depends on o ° pp 3 ie€s on the variances in cdlums other than the two
under considerations GSome improvement in the test moy be possible if we
replace §1(n—2) by another mean with a smaller variances For example, if
we lmow a priori that rv;, is large we might replace ?1(m_2) by the mean
for colums 3 4y esey; m; excluding colum Jj*' o The power of the test is,
however, independent of 1, ey and wr'j « In cases when ai'a are very
varisble the asbove tesf may provide a more powerful test than the one

digcussed in Section 4.2.1.

ke2e3 A likelihood ratio test

In Section Lels3 we have discussed the method of ML for the
estimation of ﬂ;'a e This method immediately yields the likelihood
ratio test.

Let log L((2) be the value of log=-likelihood obtained from (Le1.8)
after substituting the ML estimate of "3 iees :3. Under the null
hypothesis H, the ML estimetor of the common variance o is simply
& ieee the mean square due to interaction. Let log L(w) the value of

log likelihood under H, obtained by substituting & for all o} in
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(e148) and taking the logse Let )\' be the likelihood ratios Then

log ' = 1log L(w) = log L(LY) .

This reduces to
(p=0(m=1) [_ 300 & i 19) «17-
108 \' = ; [« 208 &2 + '(Elﬂ’ log|H] + TEI-TT tr(i™'7) =1]-(he2e15)

The quantity =2 log ' is asymptotically distributed as ** with (m=1) D.F,
under Ho N

It is interesting to observe that in the perticular case m= 3
the statistics ) of (4e2413) and 1A' of (Le2415) sbe the same for large
n i.e. the sphericity test and the LR test are asymptotically equivalent
when m= 3

This result can be shown by substituting

A A o
i R

in equation (4e2e11)s
Russell and Bradley (1958) showed that

-~

=2 log \' = =(n=1) [1og :J’: ;75 + B c'g + ':; ;’;) - 2 log & = log 3]y (4e2416)

-

where the r‘wg are obtained by substituting m= 3 in (Lelel)s
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6‘3 can also be expressed in terms of the elements of T given &n

(he2412)
G o= byt Bty
G = by =3y,
G o= Oty - ty)/2

Substituting in equation (Le2.16) we obtain

e21log 1! = = (ne1) [log (¢ -ﬁg-zl%ﬁﬂ L (Le2417)

11%12

This expression is the same as - 2 log ) obtained from equation (4.e2.13)
apart from the multiplicative factor of n in place of n-1 , Theé:
diserepancy is unimportant when n is large.

le2ek  Comparison of the two tosts

It is not clear how the tests proposed in Sections Le2.2 and Le2e3
compare in generale Looking at the numbers of De.¥. it appears thet the LR
test may always give a more powerful test for m > 3 , but in general the
value of = 2 log A will be larger than =~ 2 log %' « The test proposed
in Section Le2.2 is easier to obtaine It appears that for smll m the
test discussed in Section L.2.2 should be adequate.

The test proposed in Section 4.2.2 appears to give satisfactory
results, as compared with the L.R. test, for two examples considered in

(1) Section Lele3, and (ii) Shukla (1972b)s The calculations are
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relatively easier than for the Leis tests For these two examples the
YeLe estimates converge quickly but in some cases convergence can be very
slowe

The test in Section Le2.2 is also very sensitive to the changes in
covariances, We have assumed that gij and eij'(J # 3') are independent,
However, the test is not affected when c13 have the same covariance. In
the variety trials the same environmental factors may produce variabilities
of different magnitudes in different varieties (as considered in Chapters 2
and 3) and thus gij will have heterogeneous variances as well as
heterogeneous covariances. Under these circumstances the procedure
considered in Section L.2.2 provides a simultaneous test for the homogeneity
of variances and covariances., The conventional AOV tests are applicable
only if variances and covariances are homogeneouse hen this test fails to
accept the null hypothesis then Hotelling's T%= statistic should be used for
testing the equality of all the means simultancously as suggested by Graybill
(1954)s Differences between two variety means should be tested by using

Student's paired t-teste.

Le2¢5 Test for the stability of varieties

When all the varieties are not equally variable for their interaction
variances then it is of interest to examine whether for some varieties the
interaction variance r?J is nezligibly small. An exact test is difficult
to obtain but an approximate test can be easily obtained using the expression

for the variance of ;g given in (Le1s3)e ‘hen m 4is large,
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(n=1) 5/, will be dlstributed sprroximstely as ¥ on (ne1) Dufa 3

thus under the hypothesis n'§ = 0 the statistic ™ given by

P o= o 37030 (4e2.18)
will have aprroximately a Fedistribution on (n-1) end ny DeFe This result
is due to Johnson (1962)¢
Pollowing similer methods for the extended model considered in
(hetel) the equality of & j with ¥, can be tested by the ratio

¥/ P (442419)

This retioc approximately follows the Pedistribution on (n-2) and By Dol
If for some of the verieties the test in (L4e2.19) gives an insignificant
result while the corresponding statistic in (le2.18) gives a significant
result, it may be inferred thet the instability is due to an effect of
external variables Zyw Such infarmetion may be of some use to a breeder,

dp with othex

Baker (1969) estimated the parameters oﬁ by

T p?
: 14/ (a=1)

after putting constraints on 1‘-“ iece T TEI.J =0forall i+ In the :
J

method proposed in Section Lele1 no such constraint is necessarye. In our
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notation 7 r: J/ (n=1) estimates
i

[(n-Z)d? + r.?"a] /m

f'n

;:TO’QEO
A

Le a2 hesis

A more powerful test for comparing any two varieties, usable only
when data from more than two varieties are available, has been described in
Section 4«22+ Very recently a similar method has been proposed by Grubbs
(1973) in the context of instruments. Johnson (1962) also suggested an

aprroximate test of 116 based on the ratio

8 TRl TR fe B & )

P = ; =3 o x .
T (0 - N e
i

Han (1969) considered a simple test of the equality of all nf';]'s. He
considered the multiple correlation coefficient of §1. on

V35 = F3, (3= 25 35 esey m) R, saylunder Hy, R should be zeros The
usual test based on an F-statistic can be used for this purposes ShuXla
(1972b) and MeIntyre (1972) have pointed out that the power of the above
test depends on ~° as does that of the test described in Section Le2eds

@
This is undesirable as persons working with different population of 8y
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may arrive at different resultss The power of the test considered in
Section Le2+2 does not depend on o) « It is also independent of any

assumption on whether e, are random or fixed effects. Vhen e; are

i
very variable (o': lerge) the test considered in Section 4e2.2 will be more

powerful than Han's (1969) test.

beded

To exawmine the relationship between the regression and component of

interaction approach we shall consider the model (3e2¢1)s Putting
v(s, d) = "Z j end taking the expectations of the numerator and denominator
independently one obtains

& (_bl - B)o,, + B(bi - ‘5),,3& L ("";j -'},"'z)/ﬁ-

by = R (4e341)
-e+25”ea+sﬂs+ E/m
where
r'l'-?s = Yl'fgd/m .
J
Consider few partiouiaf cases Of( ke3eds If one puts 5, = e
(# -ﬂ‘-;)
- bj' b %Wm 13 .
by = sl e (le302)
o 2
1+5 4+ :
m(1 + B) o

o'

Thus b, are also affected by the heterogeneity among ”id « If of is
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large its effect will be negligible and one obtains the same result as in
(3025)s But of ° is relatively small then b 4 W1l be affected by
deviations (r«; 3 .««"‘g) and thus magnitude and sign both are affecteds If
(l;"j -B) and (rv"g'.j - ﬂ";) are of opposite sign then this mey give misleading
resultse

A similar situation arises when »~ , =0 and o> 1is relatively
small the expression in (Le3e¢1) shows that it may give misleading results.
The case when oy 4 are homogeneous has been considered in the previous
sections

Now using the model (34241) :'3 can be estimated by using (Lele1)
and this gives

b (19‘1 - b)*®
#F) = gop b, -6 - ‘lm log + oy - (2e303)

If m is reasonebly large then the first term in rehese of (4e3e3) is

always positive and thus ds gives the sum of two heterogeneity components,

As far as measure of variability is concerned ”3 seems to give a better

measure than b, as lafer gives only a measure of linear dependence and

J
that too can sometimes give misleading results as discussed aboves

There is a clear out advantage in using 'h'1 s a measure of

variability (when z; and e, are highly correlated) that it gives the
direction as well as magnitude. "3 gives only magnitude as it is free of

signe Use of both measuresmay be more informative and rrﬁ 3 can also be

estimated by the method discussed in Section hele2e



In Section Le1 we have assumed that

Cov(esss €550) = 0 for §#3' 3

in the present section we shall consider the effect of unequal covariances

on the estimatoxs :r"s . Let us assume that
cw(sid' eiJ') = GJJ' .

Using the estimator &% as given in (4e1e1) we obtain

;
- = = Yo m - .'5'
3(s)) = ofp logy =25, 45 '_1%{—_1-_“]
where
o -

Je

LRV DR L E B

Thus the estimators ;‘5 are affected by unequal emounts depending upon o o

It is not possible to estimate all the o when the e, are

33°
unknown but it is possible to estimate linear combinations of oa g

Now consider a few partioular cases of interest:

I) T aOfﬁ‘J#J' S

33t
Then

;"-:(.rrg) =

L
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as expecteds This case has already been discussed in Section Lede

ii) = 8 for 3£ 3"«

7351

(o)) = o0y -83

3d
this means that all 3’3 are equally biased by an amount ©

iii) .ni.‘]. = b.}’i .

In this case
o5 = hgﬂ:-rt?%
Ty = bdbd,n: for JA 3 o

Undsr these assumptions

(b, - 5)°

B(3) = gy [y« 6)F < greldeey—] o2 4 o} &

This has also been considered in the previous sectione Now suppose that
one of the varieties, say variety 1, is not affected by the unknown variate
z(b 4 = 0)s whilst the othor varieties are equally affected (b, =D

3
sos =b = b)e Then using the sbove expressions we have

3(312) = b® G‘:-l-

L—“Iqqﬁ

HE#) o HE) w e ) - A

This will certainly lead us to believe that the first variety is
more variable than the otherss In general the effect of unequal covariasnces
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will not be as extreme as in this particular cases, Vhen a large nupber of
varieties are considered the ;J. are likely to be approximately equal and
each :s‘s will thus be biased by an equal amount, When unegual covariances
among the T]ij are suspected then the methods discussed in Chapter 5 will be
more appropriate, “hen the 2 are known the methods discussed in Section
Le1e2 should be applieds

la3e5

In this chapter we have called a variety stable if its yield @iffers
from site to site by an additive constant denoting the site effect and an
experimental errors This has been expressed mathematically by writing

ag = of e (le3ek)

Another possible way of defining a stable variety is that its yield
does not differ from site to site apart from an experimental errors
Zxpressing this mathematically by uaing the notation of the previous section,
a variety is called stable if

oy = o 3 (Le305)

where na j is the variance of the Jth variety yield cver the population
of sitess This definition of stability in (4e3.5) is similar to that of
Tai (1971).

According to the definition in (Le3s4) a stable variety will have

different yields at different sites but it will differ in such a way that
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its deviation from the average of all the varieties in that the site will
remain consistent from site to sites Thus & farmer using such a variety
is assured of obtaining a consistently higher (or lower) yield than the
average of all the varieties at his farme This difference will depend on
the verieties included in the trial but when T, 4's are independent then o}
is independent of the varieties included in the trial. Then 'ﬂi J'a are not
independent then ﬂ§ depends on other varieties and this ha= slvesdy been
discussed in the preceding sections Sometimes it may be possible to study
the causes giving rise to instability and if some environmental factors are
found responsible then this information can be used in recommendation of
varieties for specific purposes.

According to the definition in (Le3.5) the interaction component
Tii j works in such way that at high productive sites it pulls down the yield
towards the average, and at low productive sites it raises the yield towards
the averages In practice it may be difficult to find a variety with
constant yieldes [However, it is possible that some varieties may have
relatively larger 0‘“ than the otherse If a variety with relatively
small GJJ is found and has a high avergge yield then the farmer {m assured
of getting a high yield whatever the productivity of his site may bes
Again "JJ can also give misleading results. For exaéple a variety can
lodge at high productive sites in such a way that its yleld remains
constant from site to site. According to this definition of stability
such a variety will be more stable than the other varieties which do not
lodges If a veriety with relatively small »~ is found dut its aversge

Jd
yield is not far below the other varieties then it is likely that such
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a variety will give higher yield than others at low productive sites,
This will correspond to a relatively smaller El‘1 for the model considered
in Chapter 2.

It may be of some interest to compare the relative variabilities
o‘” for different varieties, For testing the equality of any two GJJ
the test given in Section 42 can be useds The test remains valid even if
T\id's are correlatede This test can be generalised for more than two
varicties by considering the multiple correlation coefficient of 31. on
yi.f"?i. » Y40 = ‘5'1. 9 sesey ym - §i. s under the assumption that 1\15'8
have equal covariances. This has been considered by Han (1969)s  Vhen
covariances are unequal then no simple test of equality of all 953 is
available and it will be more appropriate to test the equalit y of all n;jj

end a1l 0,,,(J # J') Dby the method proposed by Wilks (1946)s

heh  An cxpmple

Lelel Zstimation of crﬁ

The data of Table 24541 will now be used to demonstrate the different
methods desoribed in this section, Estimates of r.r:; obtained by both
methods described in Section Le1 are given in Table Lele1 under the heading

3’3 and :f:’i ¢ ZHstimates of O34 9 denoted by s”_, are also given,



TABLE Lelet
STABILITY VARIANCES

Variety
No 1 2 3 L 5 6 7 8
MINQUE 33 0e112% 04029 04090% 0.186* 04336% 0,026 0.080* 0.254*
i:—:- 473 0,086 04048 04099 0120 06358 04033 0.048 04276
L%
93 04103 0.0L7 04075 0e117 04224 04022 04063 04123
aJJ 1e311 1248 1a241 14261 14802 1,249 04964 14970

& = 06139 3 5; = 04025

- 2
The estimates c% and 0’3 do not differ much; m?'a marked with asterisks

ere found significant against ;’; showing that most of the varieties have

Bigrﬁ.ﬁ.cant 03 °®

helie2  Test of equality of pedr of varignces

In this section we use the method described in Section Le2.1s Two
varieties Ymer (1) and Maris Mink (5) have been chosen for this purposes

e are interested in testing whether f"; = ﬂg » & particular case of

Jection Le2e1 with k = 1. We have

511 = 1031'"4- I
555 = 1.8023 ,

515 = 1.2891 »

These values are based on the fifteen sites for which rainf2ll data

were available (See Table 245¢1)e
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r = 1_1 55 — 0.2812 4

=
[(:41.| + 855 = 2315)(311 + 855 + 2315)]

8
*-v%?‘ = oz | gy = A2

This value of t 4is not significant at 5/ level, so that the

hypothesis that cl‘; = n'g is not rejecteds

To calculate confidence limits we require
- 3

a = B8 0-5152=:'g

55 ~ “45 =

b = s5,, =8

” 5 ® 040223 = :‘q

P = t:/z (311555-5’;5)/(11-2) = 041721 &

The estimate of k is given by

== 0.0.’4_5}.;.- -

W
i
qua L%t

Hence lower and upper limits are given by

b /P

K = 2598 =-044230 3 xuag'—}%a heldi21 o

Ap there are blg differences among sites the above test is not very

powerfule We have also used the method described in section Le2.24
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For this purpose take
g = 31 - ys
f = y1 + 35 - 2§(6)

where F(G) is the man of the remeining six varieties on a particuler
sites The correlation-coefficient between g and £ should be zero

whmo‘:=o§.

Bgg = 005355 3 8ap = 063653 3 Bep = ~0e2246

rsf‘—d&——,-o.sos
/b05555 ® 0.5655

r, { 1:%%;—' s  2.502¢ .

This gives a significent value showing that t'rz and ﬂ""s' d.frer at 5¢

t =

level,
Using the approximate method suggested by Johnson (1962) one
obtains

Mg = Fy, =Fec+¥ ) .

i ie . se

Q = 4 . =%‘%J2%6-= 2,66% .
TOug =9y, =T+ 3 :

-

This should be tested by F( The ocaloulated ( is significent,.

19, 15)°
The first test, which utilises information from only two columms,
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is obviocusly not very sensitive because of large differences among sites
(large og). The second test, which utilises information from the
remaining colums to eliminate the differences among sites, gives a more
powerful test. Using information from more columns does not necessarily
increase the power of the test as has been already discussed in Section
Le2e2e

The test suggested by Johnson (1962) removes the variability due to
sites but introduces a correlation between the numerator and denominator of
the test statistic ( « The distribution of ( then only approximately
follows the F-distribution. However, when m is large the correlation

should be small and the test adequate,

lelie d esting the e ty of v ces

We now illustrate the method of Section 4e2.2s The multipliers of

contrasts chosen are given by the matrix Ly such that

LB = (11‘1)] 1= 13 25 esey 7 i = 1’ 2, esey 8 H
3, = Y/AT+T ., 153

11‘1 = 4/i(1 + 1), j=14+1

1 J>i4+1

1‘1:0-

The estimate of variance-covariance matrix of the contrasts is given by T ,

where



[ 048437

0e7710
~0,6267
T==| 0.9178
040928
=042132

049561

263335
~0.0198 241625
045822 =146089 6 o 4220
-0,0073 02793 =0.3754 0.9042
0.0810 0-6755 "‘1 .9?67 0.&-3‘}0 1 02795
0.&-008 -2- 2510-7 5-“1-53 "0.00510- -1 0191&3 405152
7] = 64276 x 1977 ,
tr(T) = 0.9728 Il
10
RIS e PR
7
log ) = =70 10g 19 + 10 log 64276 = 70 log 0,139

= =506113

v = 0.866

-2y log A = 86.796 .

As the tabulated 5% value of x;.’ is 404113 there is a strong evidence of

heterogeneity of variances.

For the likelihood ratio test described in Seotion L4.2.2 the value

-

of log (£1) after substituting the values of :'3 one obtains
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log (1) = 864253 .

Under Ho the estimate of »° 1is given by the interaction mean square in

the conventional analysis of variances e have

;g = 0,139 ,

-‘;2-1-103 L{n) = 71080 + 7 »
so that
log L(w) = 6he246 o
The caleculeted value of

«2 log 2' = LL.014

and this should be tested against »° on 7 D.F. (yf; = 144067 at 5/)
There is evidence of heterogeneity among variances,
To demonstrate the application of these results in practical cases

we have considered the results of three varieties i.e. Universe, lMaris Mink

and Magurka,.

Variety Name ¥ean (t/ha) 33
Lniverse 5602 025
Maris Mdink 5¢57 04336
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From the above results it is apparent that Universe should always be
preferable to Maris Mink because the former has higher mean and smaller
stebility variances It is not easy to choose between lagzurka and
Universes lMazurka seems t0 be a very stable variety as indicated by
small ;‘3 whereas Universe is associated with a larger :‘3 o The
larger stability variance is partly due to its dependence on the
productivity of sites as indicated by a large value of 1 + F j (Tla'hle
2¢5¢2) and on the rainfazf (Table 3+3¢2)s Kazurka is not affected by
these variations in addition to an additive effect which is common to all
the varietiess Thus, for general purposes Mazurks scems to be a more
reliable variety but Universe should be preferred in the regions of average
and high productivity and lower rainfall.

The general procedure and conolusion can now be summarised as
followse 'hen a variety with a high stability variance (like Universe
and Maris ¥ink in this example) is found then its possible relationship
with productivity and external environmental factors (like rainfall in
this example) should be investigated by the methods described in Chapters
2 and 3. If such dependence is found then it may be possible to accept
the variety for specific purposes. In the absence of a relationship with
external factors varieties with high stability variance will usually only be
recomnended if they have some special feature, such as resistance to disease,

high malting quality etce

The ?"3 of Table Lelel give the stability variances after eliminating
the effects of rainfall, using the technique discussed in Section sete2e
There is a considerable reduction in the variances for Imber (L), Maris Mink
(5) and Universe (8) but Maris Jink remains the most varichle and Vazurks is

least varieble variety.
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AFPLICATION OF EMPIRICAL MUTHODS IN THE DATA ANALYSIS

AND USE OF GRAPHICAL TRCHNIQUES

50 Introduction

In the analysis of experiments involving qualitative factors the
first step usually is to start with a simple model, and if possible to
test its goodness of fite Usually the simplest model is an additive
models Under certain mild conditions it is easy to obtain efficient
estimates of the parameters of an additive model and test certain
hypotheses about thems Intermretation of the parameters of an additive
model is relatively easy. T/hen an estimate of the experimental error is
available it is possible to test the departure of the data from the simple
additive models When the departure from the additive model is considersble
there are several courses open for the data analyste The first is just to
stop at this stage, as any further anelysis of the departure from additivity,
which shall be named as interaction, does not add much to the understanding
of the nature of the effects of factors under oonsideration. In certain
circumstances these interactions are taken as error to test the hypothesis
about the additive effects as suggested by many authors e.ge Fisher (1949,
Section 65)s The second course is to transform the data with the help of
non=linear, monotonic transformation of observations., Sometimes
transformed data can be represented adequately by an additive model; the

analyses and interpretation is then straightforwardes In general, this
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procedure does not help in understanding the nature of effects and
interactions in the scale (of measurement) in which experimenter is most
interested anl usually this scale is one in which observations are
recorded, or a simple transformation of thems A very good account of the
theory of transformation is given by Box and Cox (41964)e Usually
transformations are used to make the statisticel analysis simple rather
than f'or understanding the actual nature of interactions. In many cases
interactions are such that it &s not possible to make them fit into an
additive model by a simple transformetion of the observations,

The third course is to extend the additive model to take into
account the none-additive and nonelinear termse In partioular we shall
conaider the use of multiplicative modelse The first attempt towards
this direction was made by Fisher and Mackenszie (1923), who considered the
responses to different levels of manure on different verieties of potatoes.
They found the departure from an additive model was not significant, though
a miltiplicative model gave a slightly better fites As the calculations
involved in the ef'ficient estimation of parameters were heavy, these methods
did not come into common practices Tukey (1949) susgested a simple test of
significance for a particular type of multiplicative termes If this
miltiplicative term is found significant he suggested methods for
transforming the data to fit into an additive model, Mandel (1961)
extended Tukey's test for a more gencralised type of non-additivity.

7illiams (1952), following the method of Fisher and Mackenszie
(1923) discussed the estimation of the multiplicative parameters, Tukey
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(1962) suggested the use of Factor Analysis methods. Gollob (1968) and
Mandel (1969; 1971) using similar empirical methods discussed the
application in factorial experiments in a great detaile Again starting
with a matrix of observation Y of order n x m the hypothetical model
can be written as follows

S

z ﬂ’ilpjl - Eij o (5.0.1)

- R

The above model can be taken as a gencralised version of the additive model
(1e3¢1)s In this model u, eys vy and T‘Llj are combined and expressed as
a sum of s product of row terms gil and column terms ﬁn %k
particular case of this with s = 1 was considered by Fisher and

lackenzie (1923)s The main difference between the model (5.0.1) and that
considered in Factor Analysis is that in the latter, rows are assumed to be a
random sample from an infinite populations. Consequently @ is treated as a
random variasble with an unimown mean and variances Applications with fixed
rows have been considered by Whittle (1953) and Anderson and Rubin (1956).
Whether rows are taken as fixed or random variables, the final estimates

are very similars When gil are teken as random variables then, strictly
speaking, it is not possible to estimte Elﬂ + However, this can be done
by first considering 9'11 as random varigbles and estimating n’;jl and then
substituting the estimated value of 5 and estimating p‘ﬂ as if they
are fixed parameterss This is analogous to the methods used in Factor

Analysis for estimating loadings and factors scores where 9'11 corresponds
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to the factor scores and ﬂﬂ to the factor loadingse There are many
indeterminacies in the model (540¢1) and for the estimation of the
parameters it will be necessary to put some constraints,.

The use of a multiplicative model (54041) rather than an additive
model sometimes gives & great insight in studying the nature of inberaction.
As we shall see later that multiplicative models help considerably in
reducing the large amount of data into smaller number of statistiss,
These statistics may reveal certain structure (if existing) which may not
otherwise be apparent.

In the following we shall consider a more general version of the
model (540¢1) which will enable us to use the well known results of
canonical analysise

5e1  Desoription of the model

For present purpose we shall assume that the environments are
controlled and they are given as guantitative measure by a matriz Z of
order nxp « The treatment of qualitative levels will be considered as a
particular case of this general approsshe AS before we shall represent
elements ¥y 3 of the matrix Y by different models as they will be used

later for different purposes. e shall consider two cases of the model

which can also be written as
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Y_,: = 11! 4 V' 20 B+ 6y (5¢142)

The other case of interest is to extract another parameter 8 from B
such that

", = (v + 01)1' + VY4 28 B, + e’i (5e143)
where

Y'i = (..Vip 3’12' sssy Yh)
Z'i = (’11’ 512’ ey ﬁip) .

The regression coefficients B in (5e1+2) and (5e1¢3) are not the same and
to distinguish them from each other they are denoted by BC and B, e To
express the model in (5e¢1e1) by the combination of multiplicative terms we

express B such that
B = 7\1¢19"| + 7!2“23'2 + ses + I‘ﬁag'a (501.’4—)

where 1,5 )y seey ) are scalar mitipliers and 9’1 and 0y

(1 =15 2, eeey 8) are colum vectors of order p and m , respectively;

8 is the ronk of matrix B (s < smaller of m and p)s These parameters
have been arranged in such a way that most of the vardation in yi;] is
explained by the first term in (5.1.4), the next highest contribution

comes from the second term, and so ons The model in (5.1+1) can also be

written as



T o= ' 4 Ve 0,0, 0% 4 000,50 4 eee 1,900, ¢ €'y (54145)

s"is s

where

P
qil = Z'igl = h1 likgu 3 1 =15 25 evey 8¢

The q, are weighted linear functions of the 2,, s« Ve suppose that the
first new external variate %4 accounts for the largest amount of
variation in y, 3 ;Yo accounts for the next largest and so one

In the same way using the structure (5.1s4) one can write (5e143) as

", = (u + 31)1' + Ve 00,0, ¢ 050,50" 4 eee + N g, 00 4 €Yy (54146)

52

For estimation purposes we shall consider models (5.1.5) and (5¢1.6),
separately. First consider the model in (5.1.5)s As in Chapter 3 we take
sﬁ as deviations from their means and thus it follows that

T = 0 ece
1qﬂ (5e241)

for all 1 .
As we are interested in the parameters which occur in multiplicative
terms in (5¢1e4) we shall work only with a matrix T, of deviations of
Jy 3 from the column means, This has the same eff'ect as estimating n
and YJ by the usual estimators
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U = Yee } VJ = y.d-y .

th

Let Y! denote the i row of YC then

ic

T = MYy + 200 + see 2 29,00 + €'y (542.2)

Thus for estimation purposes we impose the following additional conditions
to determine the parameters uniquely.

5 Q0 = P2AF e 1 (5420 3)

8t = I
m<m 5X8

where
8 = (ﬂp nzs eeey ns) : Q= (911)0

The conditions on ® and ( are such that they are orthogonal among
themselves, These conditions have been introduced only to give an unique
solution,s It is possible to estimate the parameters under any other
adequate number of conditions so as to give an unique solution,

How multiplying Y'ic by the column vector 91 and using the
conditions in (5.243) one obtains

6% = MUg* “'3c% o (50244)

iie have now the problem of celeulating estimates of ©, and p’l with
maximunm covariance (or correlation under the conditions in (5.2¢3))e For
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this we can either use the well knowm results of canonical correlation
analysis or apply least squares theory directly to vy j under the
constraints in (5¢2.3)¢ In the following we have used the formers
is the 1™ latent vector of the matrix

%

Y'CZ(Z"&)‘1Z'YC (5¢245)

and X12 is the corresponding latent root. ﬂl can be easily obtained as

5 . (z12)"Yzry 3; ; o 0k
;
1

-ila is the sum of squares accounted by eath term and the total sum of
squares due to all )'s 1.,es ™%, 43 the same as sum of square due to
the regression coefficients bkj .

T2 = (Y 2(z'2)"12')
1=1 1 c c

and
ﬁc = ;1615; + i2§2aé + osees + i Ba; .
Now consider the extended model (5s1e3) where an additive environmental

term has bemn addeds We have

Y{ = (1 + 91)1' + V' o 11q11ﬂ{ + laqiz"g_, + ens + laqisf}; + 85'_ A (5¢247)



Agein using the usual estimates of e; 1eee

% e ;'1. "§.

L ]
puts additional constraint on 6's i.e.

e = 0
g
for all 1 .

Following the same argument as before and denoting the matrix YBC by

Vi, =V ,4+75,)

Yoo = (gyo¥y, =F,4+7

the estimate of the parameters can be obtained by substituting YRC
instead of Y, in (5¢2¢5) and (5¢246)s The sum of square due to all the
terms )'s is

s=1

b 7‘12 = Tr(Yl'wz(z'z )-1Z'Y

)
1=1 %

and this is same as the sum of square due to heterogeneity in regression as
given in Table 3e1+s The rank s will be smaller by 1 than in the case

of model (5.1+5) because of the additional constrainte

53 Iest of hypothesis

The problem now arises of how many terms in the model (5.1¢5) and
(5e146) should be included to explain the data adequately. For simplicity

of interpretation it would obviously be convenient if most of the
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variation were accountel for by the first two or three termss The
problem amounts to testing for the number of nonezero )'s ¢ In the
following we shall use the results obtained by Bartlett (1951) in
connection with canonigal correlation.

If r, the number of within environment replicates, were large
and 11” zero, the corresponding i‘lﬂ would be asymptotically
distributed as

S B .0
M “ X’Eu+p+1-21)

in case of model (5¢1¢5)s The approximate test for each latent root 11” is

iz
M u - 23 o
rso”(m+p+1-21)

F(m+p+1-21,no).

When model (5¢1+6) is used, m in the above expression should be replaced by
me=1e

Howevery in general r is not large and the above test will give too
many significant terms. Possibly a better procedure is to proceed
sequentiallyes First test the whole regression sum of squares, and if this
is found significant, extract the first root and test the remainder, and so
on as is uaually done in regression anclysis for testing the significance
of an additional terms The cumulative D.F. corresponding to residusls at
each stage are given in Table 543



Eodel (5e1e5) ¥odel (5e146)

1 Dela SeSe Defs Sede
0 mp RegeSeSe (m=1)p RegeSeSe
1 mpe(m+p)+1 Re.c_;.s.s..--;\',‘jia (m=1)p=(ms+p=1)+1 REgZeSeSemh 1“

-~

2  mp=2(m+p)+2 RegeSeSe=h 4 B-ize (m=1)p=2(mep=1)+2 Reg.S.S.-;: 4 2-129

s  mp=s(mp)+s Rag.S.S.-Iil" (m=1)p=s(mip=1)+s Reg.S.S.-?il”
i 1
Sels

In the model (5e1+5) we have estimated s opthogonal external
variates (q:l.) ;an linear combinations of the original variates (si) in
such a way so as to account for variation in y,, - fr.j in ascending
orders This may be a useful technique to reduce the dimensions when
there are many external varisbless [lHowever, the interpretation and test
of significence are difficult and in general may not give any advantage
over regression techniques The same is true of model (5e1e6)e

A particular case of the above general approach can be considered
when no information on the external variables is availables In the
general approach considered in the preceding section we have made no
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assumption about 2z, ¢+ For this we shall consider a case when 2 is a
matrix of dummy veriables of order n x (n - 1) such that

{ ]
2'% = I and 23 =I--1;1-*.

This matrix cen be constructed in infinitely many wayse DBy substituting in
(5e245), the o, are cbtained as latent veotars of Y3¥, o 0, is
proportional to (1 + ?) considered in Chapter 2, @, ocan be caloulated
using the results in (5.2.6) as

The measure of the environment is given by

-~

g
Q.‘-zﬁ"“-%l 2

M

The result is the same as given by E'.l in Section 243« This gives a
measure of the effect of environment in the absence of any knowledge of
external variabless The process can be further extended correspending to
the latent root 1,° and so on but we shall consider an alternative
approach through model (5e1e5)e

Now considering the model (5e1+5) and using 2 as a matrix of
dummy variable one obtains 51 a8 latent vector of matrix Y;{CYRC

and the G given by
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Alternatively Oy can be obtained as a latent vector of the matrix

YRCY'RC and the 0 can be obtained from 9y by using relationship

. T Q
P . A

M

It is advantageous to use only the matrix of smaller dimensions and by the
above relationships 9 and al can be calculatede

This particular case has been considered in great detail by Gollob
(1968) ond lendel (1969, 1971)¢ They have obtained the results directly
without considering the canonigal correlation aprroache Gollob has also
developed the test of hypothesis as given in Table 5.3 by heuristic
methodse Here same results have been obtained by using canonical
correlation approach and the methods suggested in Section 543 may give
more satisfactory resultss lMandel (1971) considered tests by Monte-Carlo
studies when an estimate of 503 is not availables However, in the
present application a good estimate of 00” should always be availables

Mandel (1969) has considered an example in a controlled experiment
where rows are quantitative levels of treatments. I!He has not used this
information while using his methods By considering a more generslised
approach in the preceding sections such information can be used in matrix Z.
In this matrix one can include the desired function of the initial external
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values of the variables, However, such methods may be no better than
simple multiple regression.

When the interaction term (711 ,1) is such that most of it is
accounted for by the multiplicative term of the row and column effects, as
considered by Tukey (1949), then it will be found that Py and q, will
be proportional to vy and e » respectively,s This can be examined by
plotting 031 and %4 against v‘i and e o In some cases the 4y may
be found proportional to some external site variables, then the coef'ficients
e 5 Ty be interpreted as the regression coefficients on the external
varisbles as described in Chapter 3e

8 and (Q also give coefficients of orthogonal contrasts among
rows and columns, respectively, and are such that they account for the
interaction sum of squares in the descending orders This property has been
used in the next section in the graphical representation of distances
between varieties and environments,

Hardwick and Wood (1972) also considered the general model of
(5¢247) with only one terme For estimation purposes they followed the
method given by Mandel (1969, 1971)e The method given here gives an
extended version of the model by showing the relationship with the
canonical correlation approache.

It is not always necessary to consider dummy vardiaebles with
P=n=1, Then one has to examine the effect of qualitative factors
such as soil type, sub-region etcs then p is likely to be considerably
smaller than n = 1, By suitably choosing dummy variables the general
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methed can be used to give a quantitative measure of ef'f'ects and
interactions of such qualitative faoctorse

The paramcters estimated in this chapter can also be used to
represent date in o considerably reduced dimension and thus maldng
graphical representation easier, For this we shall define a few useful
statistics and consider their caleulation and graphical representations

Pirstly, we shall consider the interaction of the pair of
vericties (J,J') with all the environments in triale The interaction
sum of squares between a peir of varieties (J,J') and environments is
denoted by IVJ 300 where

I?Jj, L :.(’15 o 3.3 - 3}31 + §.Js)e'o (5¢5¢1)

Now consider the relationship (5.2,7)s Substituting the estimates of
s ¢ and © we obtain identities

,ij - ?1. - ?.J + 5.. = 11%1931 + lzq’zﬂm * soe + )_’q’.'gj‘ s
yid' s iio 2 F-J' » ioo " 11%103'1 . 1'2‘11283'2 ey 1.%;'5‘.1!. -

By taldng the differences, squaring, adding (over i) and using the mroperty
that ; q“il = 1; fhiiqil‘ =0 for 1 #1', we obtain
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Wyge = 3[05005 = 00)" #2505 = 0)" + w0 + (055 = 040,)%] (e5.2)

The above expression shows that the contribution of the last few terms of
(505¢2) 4s small 1# the corresponding 1°'s are small and corresponding
values of (Gﬂ - 93,1)“ are not very large. Sach variety can be
represented by a co-ordinate "3("1"31' Y0500 eees 1'93’) in s-dimensional
space and square of distance between two points gives twice the interaction
sum of squaress The square of the distance of each point from the arigin
gives the contribution of the Jth variety to the interaction

(Y. = =¥ 5 )?
X 4 L TRt ] B

then most of the interaction S.5. is accounted for by the first two latent
roots then a plot on a graph may be a good way of showing the pattern in
interactions This plot may reveal certain varieties which contribute most
to the interactione Alternatively, certain groups of varieties which eclump
together contribute very little to the interaction and most of the
interaction may be due to between group comparisons. This may be a more
efficient method of grouping varieties (on the basis of intersction) than
the method suggested by Perkins and Jinks (1968) and Finlay and Wilkinson
(1963) s

Finlay and Wilkinson classified varieties on the basis of the
regression coefficients (1 + # ,j) given in Chapter 2, Perkins and Jinks
(1968) suggested a method of classification based on a further dimension
by observing the sign of correlation coefficients of residuals after
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fitting (1 + © J) in the model described in (2.1.0). Here we extend these
methods to as many dimensions as thought to be neceasary.
A similar interpretation can be given to Qq e The interaction

sum of squares for each pair of environments is given by

oo = ¥ EGygody, 90054 3300

and can alternatively be written as
o0 = & [Vagy = 950g)7 # 25(agp = 9ap)" # e+ 25(gym00,)%] -

Zach environment can be represented by a co-ordinate
35 = (04945 20905 sees 1,4 ) in a s-dimensional spaces Points 5, ata
greater distance from the origin (0, O, eeey 0) contribute more to the
interactions If some points lie far away from the origin the data for the
corresponding environments should be examined carefully, This may reveal
certain environments behaving quite differently from others. Reasons for
such behaviour should be investigated as far as possibles

The points elunpinsl together may form a group of environments
which contribute little to interaction (within group) and most of the
interaction may come from the contribution between groupss This type of
information may be useful when the same site (environments) are used year
af'ter year for variety trialse If these groups remain consistent then
only one member from each group may rrovide most of the information about
interactions, However, the members within a group may not remain
consistent if substantial year x site and year x variety interactions are
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presents
These methods are very sensitive to outlierss Once a point is
found lying far away from the origin, this should be examined carefully.
If there is sufficient reason to doubt the data from a partiocular
environment, it should be rejected or corrected and the data reanalyseds

5e5e2

For the model (5¢145), we have shown that ¢, (1 = 1, 2, eeey 1 ;
1=1, 2, eess 3) gives a weighted measure of environment., Define the
distance between two environments as the total sum of squares due to two
environments and interaction given by

ay, =34 )" (Fas = Fs = Finsg * Fer )® (7, , * ¥ )®
ey, = gt SAT M SN | g

Aternatively this can be written
DBy gy = F[ W5(ayy = qeq)® + 2B(yp = Gap)® + eee + W2(ey, = 94,)°]
where g, are given by

QG = Z A

using the expression of model (5e145)e Zach environment can be
represented by a co=ordinate in a s-dimensional space

8004945 25900 eees 1 )e  If the first few 1*'s  take into account
most of the variation, the relative position of each environment can be
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represented geometrically. In the case of variety trials the

geometrical representation of environments may not be very useful as most
of the vaiiation may be due to productivity differencess Of course,
there is a possibility of investigating the relationship between

productivity of sites and other environmental factorse

De5e3 istance between varieties

In the preceding section we consid ered a concept of distance
between two environmentse In this section we shall discuss the distance
between a pair of varieties (j, j'); the difference between the mean
values can be tested against the within environmental error or variety x
environment interaction depending upon the abject of the experimenter
(Fisher, 1949, section 65; Cochran and Cox, 1957)e The interaction sum of
squares between a pair of varieties can be tested aganinst the within
environmental error, to determine whether the differences between a pair of
varieties differ from environment to environments It may be of interest
to combine the above two measures in one and define the square of distance

DVJJ, given by

Uy Fog=vage + 00 Gy mg)
R

“G"‘i. 1)?
v 12 " LA

Now if there is no difference botween two varieties J and J' (cege if
the same variety is taken twice), then they should not differ from each

other apart from experimental error, and
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gm,cﬂ,
n 0

This measure IV 330 gives a combined measure (mean and interaction) based
on the yield of varieties in different envirommentse This measure may be
me effective in classifying large number of varieties than one based on
only intersction (IV 3 J')' For geometrical representation we use a
method similar to that used before; this time we work with the matrix

'
YRYR

where YR is obtained from Y after deducting the row means i.e,

o= Ggy=3,) -

Denote the latent root of this matrix by 1:, 13, soey 1§, and the latent

veotars by Oges O50p ewes 04y (3= 15 25 eees m)s It con be shom as
before that

g = 05005 = 0g0g)" + 1300 = 03ap)" + wae + H0y, = 050,)%]
and

n]’-_ = fj(y“ - §1.)9 = Variety Se5¢ + (V x £)SeS.

As before each variety can be represented by a co-ordinate
VJ(MHJP Yp04ps sees R‘BJ'), and the relative position of each variety in
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relation to the others can be geometrically representeds If some
varieties elump together then they are very similar yielding varieties
in 211 the environments considereds If the environments included in the
analysis represent the universe it may be advisable to pick only one
variety from each group and reject the otherse

If a variety lies far away from the others it may happen for one
of two reasons: (i) only means differ and differences between means remains
consistent (no interaction), (ii) the means may or may not differ but
differences vary (ie.e. interaction present). When the former is true (no
interaction) IVgqe W11 be smalls This cen be seen from the geometrioal
representation discussed in Section 5e5e1e Latter case will be true when

v is larges In this case further investigation may be necessary to

3
ex:.m:lne if some varieties do better in some environment and worse in others.

The above type of analysis will be found useful only if a large
number of varieties are tgken in & large number of environmentss The
experimenter may be interested in grouping the varieties on the basis of
their yields in all the environments. A geometrical piocture may make the
problem of investigation of relationship between varieties and environments
mich easiers

The concept of distance and classification used here are similar to
that in Numerical Taxonomy. The anaglysis of Y'Y and YY' are also
enalogous to ¢ and R techniques commonly used in Numerical Taxonony.
Many other classif'ication techniques of Numerigal Taxonomy can also be

usefully employed for the present purposess
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56 Discussion and relationship with the work described in the

previous chapters

We start again with the model (1+3e1):

yi& = U+ ei +Ivj+TEj+ Eid. (5.601)

The variance-covariance matrix of y, 3 when e, and 'ﬂi 3 are independent

and ﬂ:l 3 are independent among themselves is given by ¥, where

-0: + U’? Uﬁ senee Cf:—*

T = o2 = of 11"+ oI . (50642)

__O‘: eesssssse 0’2 + C!’z_.J

This corresponds to the ease of Chapter L4 with all “3 = 0® o+ Scmetimes a
simple constraint ¥ TE-J = 0 is imposed which produces a symmetrical
structure of oova.rig.ncep. The sbove structure gives the usual covariance
matrix in the analysis of variance of the mdxed models

If the 'ﬂ” are such that they are independent of ey and among
themselves but have unequal variances then the structure of ¥ is of the

typa.

rem S
0,; "'?2! ”zotooooonaa’;

T = oz '.- = ﬂ‘z 1 + Dia.g(ﬂﬁ, r-_rg, (5.6.3)
Ggoo-oo.--o-::oﬁ’a - o seey ni) -

L€ e m



- 4120 =
This case has been considered in Chapter 4 and the method of estimation
and testing of hypothesis have been discussed there.
The ‘-11 § may sometimes have unequal variances and unequal
covariancese This may be due to the influence of some environmental

factors (possibly unknown).

The simplest case is that of linear dependence on an unknowm

fagtor, say, Xy o0
Ty = Bg% 4 ¢y (5460)
Assume that
v(&id = 'i.i + P;“) = o} 3 cov (61.1’ 615) =0

When Xy is taken to be 8 » the additive environmental factor, we

obtain the variance-covariance matrix ¥ , where

T = a: (1+2)(1+0) 4 ng I \ (50645)

(1+ﬂ)' = (1+81,1+82,...,1+5n).

sstimation of the parameters and test of hypothesis of this structure has
been discussed in Chapter 2,

Further extension of the type (5e46e4) is possible when the of 4 are
founi correlated and of unequal variances. It can be assumed that the

structure is given by
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1]1.1 = 9-13311 4+ 92‘10’:2 + 93‘,@13 + ase + FBJ".B - Eid (5.6.5)

such that unknown factors 8349 ©309 seey €, are independent of each
others In the above model B” = E’J and €4 =8 o However, this
assumption of independence of e is not necessary and if there is
some good reason for assipgning any other variance-covariance matrix,
it can be done. Interpretation of e, may not be easy. istimation
has been discussed in Section 542 The structure of T with TllJ as

in (5.646) is given by

T = o: (1+8)(1+8)« 6123235 + 0‘23353'5 + eee 4 nzaBnB; + r.rﬁ I, (5¢647)

respectively and

Bi = (ﬁk'i' 81(2' ssey Pk‘lh (k ® 2 35 seep 8)e

Usually the effect of the additive environmental component ey is large
and it 1s also of interest to consider the variation among deviations of

¥y4's from the site mean Iy e
R T TR RS TR TR TR (90646)

Substituting the structure T, 5 @8 glven in (54646) we obtain

V3=, = vy- v+ ('pij - '51)911 + (“2‘1 o 52)912 + sne + (Qa.‘] - Fs)aia +

gia - E;:i'. (506.9)



u122-

Let us denote the variance-covariance of y;i = ;i. by ™ , which is
given by

Tom Bt ¢ GoBE ¢ eeees + R ¢+ 75T - £m) (5610)

“
8588

%l - (Qk‘l - '5k’ sz - -’lk’ ooy F'h- gk) ; (kl 1.2.0.093).

¥* has the rank (m=1) (4f n > m=1)s The structure in (56.9) is only a
hypothetical one and the interpretation of the parameters is not easy., e
have used these parameters for graphical representations In the null case
when the 'ﬂi y ave independent with equal varisnce then ™' reduces to

R R ¢ T L I (5e6011)

The first (m - 1) latent roots 7' under the null hypothesis are
(n”-rré;) and the last one is O o The latent vectors are given by the
contrasts orthogonal t0 (1, 15eeses 1)s Therefore, if the first (m = 1)
latent vectors of the matrix Yf'ic Ym are found equal then there is no
advantage in looking for the structure of type (5549).

S5e7 An_example

The data given at the end of the Chapter 2 have been used to

provide an example,



5e7e1 Jnalysis of interaction

As discussed in Section 5e¢5¢1 we shall find out the latent roots
and vectors of matrix Ifm 'fm and the first three are given in Toble

57010
ZIgble De7e1
Latent roots anl vectors of YQ'EYI&:
1 zg /i variation 8 1 O 031 3&1 n51 61
1 1087 58483 04239 04,028 0,026 0453 =0,601 0.081
2 2.57 1390 06655 0a275 =0a641 0177 =0,097 =0.029

3 2452 13466 =0,07C 04202 00305 w0a386 0,668 =04007

‘n ‘a1
06299 ~04528
~04139 04153
0136 0eL96

These three roots account for more than 860 of the interaction sum of
squares, As mentioned earlier these vectors can be considered as
coefficients of orthogonal contrasts accounting for maximum interaction
sunm of squares in descending orders Looking at the coefficients of the
first vector it is apparent fhat the most of the interaction is sccounted
for by comparison between two groups of varieties (5,8) and (1,4s7)e
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Graph 5471 shows the plot of these varieties corresponding to first and
second, and to first anl third component, respectively.

The points plotted are 1y 04 (3= 15 2, eeey 8)e The dquare of
the distance of these points from the origin (0, O, eesy 0) gives the
contribution of cach variety to the interaction, It is apparent that
varieties 5 and 8 contribute most of the interaction, This has
already been indicated by larger values of 35’ and 3g° in Table Lekels
There does not appear to be any group of vardeties which contribute little
to the interaction (within group)s There is some indication that the
varieties 1, 4 and 7 tend to behave similarlys Varieties 5 and 8 are in
contrast with varieties 4 and 7.

To examine, if there is any grouping among sites as suggestad by
the interactions, the scores (qﬂ) have been calculated by

Tk / W Y B UL
3 N

qiln

and are given in Table 5¢7.2¢ Points Xl 4949 have been plotted in
Graph 56472 corresponding to first and second, and to first and third,

component Pespectively.
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1 0e123
2 06301
3 =04015
1 1%

1 =012
2 04061
3 0478

0e140
04209
-0+123

0e176
0154
=(0,001

15

=04106
04062
04080

04288

~04150
=018

Cellb
=04067

Oe337

16

04046
0o 204
~04046

0e242
-04198
04100

10

~04076
0e327
~0¢100

17

=071
-0+109
0273

0e132
04259
=0 4034

1"

=0e142
O.312
06001

1

=04272
-04095
0490

0300 =0,024
«04047 0574
=04040 =0.139

12 13

Ue213 Gell5

~0e136 0126

CUe120 Ce.101

19 20

~0e24). =04082
06,037 =0.201
0101 =0.470

Looking at the scatter of the points there appears to be some indication of

groups of points clumping together.

Sites 1=6 come from the Zast of

Scotland, 7=13 come from North of Scotland and {4=20 come from West of

seotlands It appears that sites within North and Zast do not contribute

much to the interaction,

There appears to be a larger scatter among sites

in Vest thus contribution to interaction is large.

There is some indication
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that relative performance of varieties is similar in the North and Zast,
lost of the contribution to the interaction comes from differential
performance between the Narth and Zast at one end and the West at the
othere It is not clear why sites in the West perform so differently from
those in the North and Zaste Looking into details it appears that there is
greater incidence of diseases, lodging and leaning in the sites taken in
est than in North end Zaste A climatic factor like rainfall might have
contributed to the grouping of sites in vWeste Ve have seen in Chapter 3
that rainfall can contribute significantly towards interactiones Rainfall
is generally higher in the West than in the Northe No data were available
from sites from the Zast but it is hoped that their average will not be
greater than that of the Northe Ilooking at residuals it appears that
for each of the varieties Ay 5 and 8 results in the North and Hast
contrast with those in the Weste Table 5473 gives the break up
of sum of squares for three regions showing the interaction pattern

as discussed aboves



Source DeFe . Dedas KeSae

Sites (S) 19 191.650 10.087
Varieties (V) 7 24615 04374
Vx s 133 184470 0e138
Vx (N+EwsW) 7 64755 04965
V x (N vs ":) 7 1.0% 0.157
Remainder 119 10.619 0,089
:roe 0.025
5eTe2. ) gen variceties

Until now me have considered the periormance of varleties as
deviations from their respective meanses In the present section we will
use the method described in Section 545435 to analyse the total sum of
squares of differences between each pair of varietiess For this we
caloulate the latent roots of matrix Y'Y, and the co-ordinates of each
variety are given in Table 5e¢7e¢4e The first three latent roots account
for more than 857 of the variation and we shall only consider thems



1 "?. 3 L

1 12417 57470 Ce951 0209 04,062 14623
2 328 15455 0eli36 04400 =0 484 Oe 381
3 2457 12419 =099 ~04495 0,897 Osli12
% 5 6 T 8

1 -14807 =04006 1,030 -2,062
2 14288 04571 =04 300 04811
3 0639 0,037 0.163 ~0e219

Points corresponding to the first and second components, and to the first and
third components are plotted in Graph 5.7+3¢ There does not appear to be
any clear cut grouping but there is an indication of varieties (4,7), (1,2)
and (3,6) lying closer to each othere The varieties within each peir
perform similarly over all sitess Varieties 5 and € lie fer away from each
other and from the rests This indicates that each perform differently from
all other varietiess The distance of a point from the origin (0, Oy seey 0)
is the square root of the sum of squares of deviations from the site meanse

In Seetion 5.2 we have caloulated certain statisties, based on the
residuals, for studying some possible patterms among varieties and sites,
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separatelye It may be instructive to look for any pattern among the
residuals for sites and vorieties simultaneously and this can be done by
examining the two-way table of residuals, "hen the dimensions of this
table are amall this may not create any special problem but when large
numbers of sites and varieties are considered then it may be difficult to
look for any pattern among the residuals, The parameters calculated in
Jection 52 can be used to rearrange the table (by appropriate arrengement
of rows anl colums) in such a way that the residuals which are similar (on
the average) lie together, After rearranging the table of residuals in this
way any possible relationship with characteristics of sites and varieties can
be examined easily and may be helpful in recognising any possible pattern
anmong the residualse

For this we shall consider the date given in Chapter 2 and arrange
the varieties (columms) ani sites (rows) on the basis of magnitudes of %44
and ¢, and the Graphs 571 and 5742 in such a way that points lying
close to each other are nearer to each other in this tables lore precise
ordering of sites end varieties can be obtained by using some distance
algorithm but this is not very necessary in the case we are considering and
the sbove approximate method may be adequate for this purposes The
rearranged rows anl columns with their corresponding residuals are given in
Table 547e5« This table also gives some other characteristics available for
each site with variety anl site means,

This may be noted here that the total of cach row and columm is
zeros The varieties and sites which behave contrastingly (with respect to

their means) lie near to two opposite extremes of the tables For example,
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Imber does worse than its mean at the sites near the top of the table
wherees MariszMink does better than its mean near the top of the teble.
This performance is reversed near the bottom of the tables Thus, the
largest contribution to the interaction comes from the interaction of the
verieties (near to extreme left and right of the table) with the sites
(near the top and bottom of the table)s lost of the sites at the bottom
of the table belang to the West of Scotland, Looking in the Table 24541
it is found that Imber does worse than Neris Mink in the North and tast
whereas Imber is better than Maris Mink in the Teste Similar coneclusions
can be dramn about the vardeties and sites which lie close to the extremes.
Residuals corresponding to the varieties and sites lying near the centre are
small and interaction between them contribute little to the total interaction
sun of squares.

With the help of this table it may be easier to examine for any
possible relationship of interaction with the characteristic of sites and
varietiess Ve ha.?e already seen that most of the sites in the top and
middle of the table belong to the North and Zast, and most of the sites near
the bottom belong to the West, thus showing the contrasting behaviour of
sites of North and Zast to that of Weste There is no variation in soil
type among the sites ani thus it cannot be examined for interactions.

There does not appear to be any ordering among the other site variates like
drainage, farm type, sunshine and altitude except that of rainfall, It
appears that sites of West have higher rainfall than North and Zast and most
of them lie in the bottom of the tables Ve have already seen from the

analysis of these data in Chapter 3 that the varieties Universe and laris
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Mink have significant negative regression whereas Imber and Pegasus have
significant positive regression on rainfall and this mey partly explain the
contrasting behaviour of North, Zast and West, particularly, for these four
varieties,

In ocases when the residuals are proportionsl to the site and variecty
effects (as considered by Tukey, 1940 by a multiplicative term) the ordering
of varieties nnd sites should be according to their meanse In the present
data there does not appear to be any evidence of this type of relationship.
A more genersl type of relationship, as deseribed in Chapter 2, may not be
obvious by just looking at this tables

then rows and columms are arranged in such a way then the residuals
in contiguous cells will be homogenecous (on the average)s In some cases
certain cells may have very different residuels from the neighbouring cells.
"hen such cases are found the yield of the corresponding variety at that site
should be closely examined f'or any possible diserepancy. For example, the
residuals corresponding to variety Goldfield at sites 6, 16 and 20 are very
different than the neighbouring residusls. lNow examining the behaviour of
the variety Goldfield at sites 6, 16 and 20 it appears that for the first
two sites all the varieties, except Coldfield, are affected by lodgings In
these two sites Goldfield outyields the other varieties but in general it is
not very high yielding varietys This suggests that Goldfield is a lodging
resistance variety and may do better than others in areas where lodging is a
common occurrences lowever, no such reason can be assigned for its better
performance at site 204 As there is no incidence of lodging on the other

sites the sbove remarks about Coldfield cannot be conclusive, and further
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observations should be made before such conclusions are confirmed.

The above method of ordering and arranging residuals may be of great
help in recognising any pattern among residuals end their possible
relationship with the site and variety characteristics, particularly, when
the dimension of the matrix is larges This may reduce the amount of work
involved in deteiled analysis, of the type considered in Chapter 3, by
suggesting to consider only those external vaeriables which appear to have
some relationship with the interactions such as rainfell in this case.
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GRAPH 5.7.1 INTERACTION DISTANCE BETWEEN VARIETIES
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GRAPH 5.7.2 INTERACTION DISTANCE BETWEEN SITES
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CHAPTER 6

OPTIMUM ALLOCATION OF RESOURCES IN PLANNING OF EXPERIMENTS

6e1 Introduction

In the preceding chapters we have discussed the analysis and
interpretation of interaction between varieties and environmentse There
the word environment referred to sites within years, but, if data from
several years are available we can also use the word to refer to yearse
However, the inclusion of climatic factors will onily be of limited value
because, in general, they cannot be predicted in advances Sometimes it is
possible to charaecterize years by some climatic factors such as rainfall,
sunshine, disease etcs Now the differentiel responses of the varieties to
these environmental factors can be éxploited usefully by recommending
varieties according to their suitability to respective environmental
factors,

then variety-year interactions are present it may be of interest to
find a variety which is likely to do better than others, on the average over
several years. For this purpose, as mentioned earlier, it may be necessary
to test varieties within years (over many sites) and over years., The usual
practice is to compare each variety with the standard for three to four
years; if some are found better than the standard, they are recommended and
others are rejecteds It seems reasonable that if a variety has performed
very badly in comparison with the standard, it may be rejected before the

completion of a fixed periode Similarly if a veriety is found much
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superior to the standard in the first year or two, there is a temptation to
recommend it before the completion of a fixed periode There is always &h
risk of a superior variety being rejected and inferior variety being
recommendeds This type of risk is large when we take trials for a smell
number of years and the year variety interaction is largee As the trials
are conducted at yearly intervals,we get an oppartunity of deciding whether
or not to continue a variety in future trials, on the basis of all the
information available up to that time,

In this chapter we shall consider a two-stage procedure for deciding
the optimum amount of exparimentation so as to maximise the expected net
gain, which will be defined precisely laters We shall assume that some
information about the difference between variety yields, under consideration,
is available from the first one or two years of experimentationes Tlree
sources of variation will be considered iees (1) within site experimental
error with variance o7 , (2) variety-site interaction with varience 77

vs
and (3) variety-year interaction with varience ”v;' We shall assume that
good estimates of cr% ¥ ”v: and Hv; are available in advances /e shall

try to obtain the optimum amount of (1) within site replication r, (2) number
of sites within year n , and (3) the number of years of further
experimentation ¢ j for choosing one of the two varieties for recommendation.
For this purpose a linear cost function will be considereds Ve shall
consider some variation of the model and also give some approximate results
for a completely sequential aprroache



A first attempt towards determining the optimum allocation of

experimental resources, when the results are applied on a given area,
was made by Yates (1952)s Yates's stidy was followed up by Crundy gt gl
(1956)s The latter considered a two-stage procedure, Some information on
the treatment differences is available from the firste-stage and a question
is asked whether to (1) accept (or rejeoct) one of the treatments immediately
on the basis of existing infomation from the first stage, or (ii) to
conduct some more experiments before taking any finnl decisions Grundy et gl
(1956) also considered the optimum amount of further experimentation required
Raiffe and Sehlaifer (1961) also discuss the same rroblem and obtain the same
results by an alternative approachs

In this chapter we have used the procedure described in Grundy gt gl
(1956) and extended it to the case of three sources of variations as
mentioned aboves Ve have considered variations of the model which may be
more appromriate in the case of variety trials and also considered a

completely sequential approache

6e3

Let us denote by © , the differance between the yields per unit area
of two varieties between which choice is to be madee If ® is established
to be positive one variety is preferred and if © dis established to be
negative other variety is preferreds The variety with the higher yield is
chosen for recommendation and the other is rejected. Ilowever, in practioce,
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vield is not the only oriterion for preferring a variety over the other and
many other considerations such as guality, disease resistance characteristics
are also very importants IFor simplicity we shall assume that the scale on

which ¢ is measured takes account of such factorss

Let us assume that the yield of the variety J , atithe site i , in
the year k , for the replication 1 4is given by Yi. 51 end can be

represented as

Yiju = U4 Ve Ty b By (“):I.Jk + (W)Jk + gidkl 3 (6e301)

12152 eoes D) Ju 1,25 km1y 2 eoep 85 1% 1y 25 eeey P

where 1 and v, are as defined earlier; Vi is the additive effect of

J
the year k ; '1(&) is the additive efrect of the site 1 in the year k ;
(va)i P is the interaction component for the site i (of the year k ) and
the variety J; §i 5 is the within site components of error associated

with ¥ lHere we have assumed that the sites are selected randomly

ija *
every year and YiJkJ. is normally distributeds The variance components

are denoted by
v [(“)ijk] = r.'rv:; v[(vy)‘jk_] = av;_; V(ﬁim) = ngz "

Then,



2T, = Vo) = V=
v(?o1-o 2 Y.Z.-) 2 % (FT‘V} iy :E.E s !TE) ¢ (6.3.2)

6e3e2 Cogt of experimentation

Let C denote the totol cost of experimentation every year as
measured in a monetary unite Let us assume that it can be expressed as a
sum of three components

¥

C = Co 4+ 1101 + m\02 H (6e3e3)

where Co is the fixed cost of extending the experiment for one more year;

%2

keeping discussions simple and for pradtieal convenience we shall asasume

is the cost of taking an extra replication within each sites lor

that the number of sites (n) and the number of replications (r) remsin
constant throughout the trial periode In the following we shall consider

two oaae‘s-

6e3e2e1 iinimum

Let us assume that the total cost of each year's experimentation

is fixed and is given by Cpe Toragiven C, best cholce of n and

r is given by minimising the variance of the mean difference within each

year subject to the condition that

Cp, = Co + n0y + nxC, o

01 is the cost of taking an extra sitees



This can be done easily by using the method of Lagrange multipliars.
For this we minimise

g2 ot
7 R -
Fsa(n+$)+oo(co+nc1+m'02 CF);

where o is a Lagrange multiplier. This immedistely gives

/C, 0% g 4.0
r - 4—* i el = ¥ (6.3,1',)

Let us assume that the total cost of experimentation over t years
is fixed and is given by Gs e Fora given Cs the best choice of n and
r is given by minimising the mean diff'erence over t years subject to the
condition that

6 = t(C, + nC, 4 nrcz) N

This con be done easily by using the method of Lagrange multiplierse For
this minimise

o2
2 R " -
it t["ﬁy*g'(“u*":ﬂ + (0, + ntC, + ntal, = Cg)

where o 4is a lLagrange multipliers This immediately gives

2% \/° (ogg * %lrg) Cq
r, = -l—\a § n, = -cs_vg.__—j—g 4 t. = . .
8 C2%s 8 Cq + Flology s ® g +ng +nxrs,)

(6e346)
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It is arparent from the expressions of r, and n_, that they are not

3
effe-ted in any way by the variations in C, « TFor fized r, (or rs)

and C n is fixed for tle case considered in Section Ge3e2e1s The

hid ?
values of r and n as given in (Ge346) are also obtained by an
alternative approach and will be discussed briefly in Section 6ele

Tor keeping discussions general we shall use C for the cost of
experimentation per year and it should be replaced by Cp or Cg

o

corresponding to two cases considered heree

6e3e3 Definition of gain function

Let us muﬂe that the true difference between the first and the
second variety under consideration is 0 (0 = v, - v,)e Suppose K is
the price of additional produce to be obtained far a unit increase in 7,
from the whole area (over years) on which this variety is to be grown.
Suppose we have an estimate d‘l of ©? available from the first stage of
the trial based on t1 years, then

E(d1) = 8 3 V(d1) = E%: 3 (60317)

where

el
t=202+tie] &

Suppose we conduct the trial for a further t, years; on n sites within

each year; and on r replications within each sites Let the meen
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difference (mean over all rnt,, observations) between two varieties is

denoted by d, e Then d, provides another independent estimate of ©
such that

oo T ety woate [“‘1 1a = Vo) ]

2

5ay) = ° 3

v(a,) = Fl; p

The ocombined estimate of 0 is given by

L tIEI + ta&a

t1 + tz L ] (6. 3'8)

Now the decision for choosing one variety or the other will be based on the
sign of # o Let us assume that for a ziven value of dgp t and 8
the probebility of taking o correst decision is P dees 0 >0 vhen
020 (or 1-P4f 8 <O when ©<0)s

By teking a correct decision we expect to gain (on the average) a
quantity,

Gain = K.Pe 0 (¢ >0)

= =K¢(1=P), © (P<0) (6e349)
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3 e
The probability P , that is positive 1.0 d2 2 gk by using
2
(64367)s ia given by

P = 6[(4:1(11 + taﬁ)(h/tz)%] (643410)

-~
Q(X) = j_.ﬁ (u)d;u

o) = T e

As the expression in (6e4349) contains 0 which is unlmown we shall integrate
it over its fiducial distridution based on d..| and call it integrel gain

(TeGe) ;

IeGe = K(ht-1 )’1‘ [Eps - ‘!1(1-13)&] Z [(n - a1)(ht1)’1’:] ae

X s
- f-;‘::; L(o*) + Kla,| + /h—t1 L(a/B%,) 3 (6e3e11)

where



Liu) = @gu) =u [1 = 8)]
D* = Ia1l(ht°)'jf

p SEEI OSSR
t £ g+t

Now the cost of conducting trials for another t, years is given by t,Ce

The last two expressions in (643411) are independent of t, and it is more

2
convenient to work with 'net gain' which is obtained by subtracting (i) the
cost of extra experimentation and (ii) the gain by taking immediate

decision (t = 0) based on d, » from the expression of I.G. in (643411)0

K
NeGo = IGe = t,0 = K| d.1I - 7-11-,0-1- I'(‘11 /ht,)

7'1'!% L(D*) - tZG ® (6.3012)
0
Now define the ratios

P = tz/t,'

D! |d1l (ht1)?1=‘

A o= K(t, 3n)2 /6

1
b= ()

and denote by G the ratio
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G = Sa8s . ypL(D¥/B) e P (643413)

where G expresses the net gain in the dimensionless forme In the next

section we shall obtain optimum t, by maxdmising G .

6ol Res

The expression of G is the same as obtained by Grundy et al (1956)
and Raiffa and Schlaifer (19613 pe115)s In the following we shall use
their resultse Let us denote G of (6.3413) by G(P, D', 1) as it is a
function of these three parameters.s Using the conventional method of
finding a maximum by differentiating G with respect to P we obtain
equation

‘g'g . Jz'l ~1/2(1 + 0)"3/2 gor/p)=1 = 0. (D

Suppose P° is the root of the equation (6ele1) which corresponds to a
locel maximum of G(P, D'y A) if one exists: then the following
properties of P® are obtained:

If D' = 0y a local maximum always exists and 0° is the unique
root of (Eelel)e

If D' >0, & local meximum may or may not exists If one does
exist, the maximiser P° is the larger root of (6e4e1) but (0% D', 2)
may or may not be greater than ¢(0, D', 1) = O A zero value of 'l:2

corresponds to a case when no further experimentation is required, Thus
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for using the results one has to obtain ¢° by solving equation (Gelet)
and making sure that G(P°, D', 1) > O by substituting in (6s3s13)s The
following table gives the optimum value of tz/ti for different values of
D' and )\ as read from the Chart 1 given in Reiffa and Schlaifer (1961).

PANLE Geliet
OPTIMUK NUEBER OF YSARS OF FURTH R EBXPERIMENTATION RELATIVE

T0 THE NUMBER OF YZARS OF TH: FIRST-STAGS EXPERIMANTS (t,/t,)

\1/3 . 040 042 Oeli 06 048 140 142
140 04036 - - - - - -
145 04236 04202 - - - g N

* 240 04620 04580 04480 - - - =
245 14078 1,050 04938 04781 - - "
340 10620 14575 14476 14287 04990 - *
3e5 2205 24168 24058 14838 14531 1416L4 -
%e0 24848 2,800 2,672 200 2,412 1,680 -
lie5 3e52h  3ehh3  3e3h1 3,038 24693 2,228 14721
540 16250  Le200  4e000 34688 34325 3,050 24250

For glven values of K,di,c and ¢, one can calculate ) and D' and

1
then obtain the optimum value of tz from the above table, If optimm

tz is near gero then no further trials are needed anl the decision en
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the choice of variety should be taken on the sign of 4 The velue of G

1.
(6e3413) should be calculated and if it is positive corresponding to

p=0° only then trials for further t, years should be carried out and

2
then the decision should be based on the sign of 0 o

The optimum value of r remains the same for both the cases
considered in Section 643¢2s The optimum value of t2 obtained here is
such that this maximises the net gain for a fixed precision of the firste
stoge information (1/ht1 )e As the rrecision of the firstestage
information decreases the optimum value of t2 inereases and so is the
gain by taking extra trials.

ry and n, obtained in Section 6e3e2+2 are such that they
maximise the NeGe (6e3412) for the secoond-stage of experimentations This
can be casily verified by maximising (643.12) with respect to r, n and

t, in such a way that v(d1) remains constant,

6e5

The gain function considered in Section 6433 does not take into
account the loss (or gain) incurred during the years of experimentations
This can be easily explained as followss Suppose the first variety is a
new vardety and the second is the standard variety which is already in uses
If the new variety is better than the standard and this may be suggested by
the first-stage of experimentation then we may be losing an additional
amount for not recommending it just after the first-stage. For this
purpose we shall assume that the price of the additional mroduce per yeer
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for a wnit increase in ° is K1. For simplicity we shall assume that

K, remains constent over years and the recommended variety is grom for
T yearses Then
K = 513 .
The expressions for gain can now be written as
Galn = KTF0=Kt,? (rz20)
= -x"r(‘l-?)vr-x'tza. (8 < 0) S (6e541)

Integrating this with resvect to ? and subtracting the cost of additional
experimentation, as in Section 6.3, anl taking the deviations from gain
carresponding to tznO obtain

G = %:%' = 17 I-(D'/F*)-p—%ﬁ- P & (6e542)

For finding the optimum value of t2 we differentiate this with respect to
P as before and obtain the locel maxismme The equation for the optimum
solution is given by

%1 901/2(1 5 D)-m g (/) - K%fi = 1 o (6e543)
This can be re-written in the form of (Gelet) as

1, V204 4 0)32 g (00p) = 14 (6o5ehs)
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where

K(t, n)~1/2

1 C + K1d.1

Again no explicit solution of equation (6.5.L.) exists but the solution ean
be obtained by using Table Gu4e1 and replacing ) by X,' as given aboves
The effect of considering this model is to inorease the cost of
experimentation from C to C + K1d1 and this reduces the optimum amount
of further experimentation,

6eb

As the trials are conducted at yearly intervals and there is a time
lag of one year between the trials, it will be more desirable to adopt a
completely segquential approsch of stopping trials and taking decisions The
trials should continue for more years so long as they are expected to
increase the net gaine lio further trials should be conducted if they are
expected to decrease the net gain,e

For this we shall use the results of Sections 6.3 and Gl for
finding the approximate boundary for stopping further experimentss Ixact
results for a completely sequential approach are very difficult to obtain
and the approximate results given here should be adequate for the present
purposese

We shall consider the gain function discussed in Seotion Ge3e3e
e have seen in Section 6.4 that the deeision for taking trials for more



years is based on t'l and d1 for given K, C and h 4 We shall assume
that h remains constant throughout the trial periode Now for given K,
1 and d.1
(643413) whether the trials for additional years are expected to increase

Cy ¢ it is possible to find from the expressions of G in
or decrease the N.G. As discussed before the function G is such that
for D' =0, G increaaeg monotonically with P and then decreases
monotonically after attaining a maximume This is because the previous
information does not prefer one variety to the other and it is elways
advantageous to take some more trialse For D' £ 0 as P increases
from zero G decreases in the beginning and then inereases and goes to a
maximum and then starts decreasing sgaine If for given 'I:‘,1 and
a,46(0, D'y 1) 2 & (% D', 1) then no further triels should be donducted
and the decision should be based on the sign of dy e Here ©°
represents the value of P corresponding to maximum G o The function
G is such that for a given t,' if no trials are needed for D' = D,‘
then no trials are needed for any D' = 112 if D, > D1 “

For obtaining the boundary in terms of D' for each £ and 2
we have to calculate the value of D' for which G(ﬂo, D' )) = 0, Here

o

P~ is the optimum value of P . The optimum ¢ for each D' and )

is given by equation (6e4e1) which can be re-written as

GoFe sy = * (64641)

At the boundary net gain is zero and thus equating G(Qo, D'y 1) = O we

obtain
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(1 -m i (_D'm = A ¥ (5-6.2)

The boundary values of D' for each ) can be obtained from these two
equationses TFor solving them it is more convenient to put them in the fomm

because

W \/_ . %% . (64644

Now for each ) obtain D'/? from (646+3) ani then obtain ¢ from (Ge6el)
and thus D'
It is more convenient to present the results in the terms of

¥/cVh and D', for each t , where

t

t
D.t = kltjdj" /ht .

Here d:l. represents the mean difference between the two varietles in the
ith yeare Table 64641 gives the result for some chosen values of %/0/h,
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TABLE 64641

APPROXTMATE BOUNDARIZS (D',) FOR SEQUANTTAL PROCEDURS

K/¢ /h
: 50 100 500 15000 5,000 10,000
1 1410 1430 1480 2400 2450 2465
2 0480 1400 1450 1470 2420 2440
3 0460 0480 1430 1450 2,00 2420
N 040 0470 1420 1440 1490 2410
5 0635 0460 1410 1430 1480 2400
6 0e30 0450 1400 1420 1470 1490
7 0425 0440 0490 1410 1460 1480
8 0420 0430 0480 1400 1450 1470

Purther trials should continue so long as D't is smsller than the values
tabuleted aboves Ixperiment should stop as soon as the sbove boundary is
erossed for the first times The &ecisiol; should be based on the sign of
Tdg e The optimum boundaries are shown in the Graph 6e6.1e

Very often these boundaries will not be crossed within the meximun

time period allowed for conducting trialse In this case it is still

advisable to take the decision on the asign of 7 d‘:L but the caleulations
of NeGe for the optimum number of further trial mey give a good guldance
about the expected loss involved in not conducting any more trialse

Ge7

The main difficulty in applying the approach discussed in this
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chapter is this that K 1s never imown in advences From the past
experience it may be possible to0 guess the approximate value of Ko It
is apparent from the Table Ge6e1 that when K 4is large the boundary is not
too sensitive for slight variations in K « Howevery, it is hoped that
this appreoach will provide more satisfactory procedure than the testing of
hypothesis approach which assigns probability levels quite arbitrarily.
Results of Table 64641 can be used to caloulate the appropriate probability
levels (strictly speaking they are not velid in this case) and this suggests
that when K 1s small the corresponding level of test of significance is
lerge and when K 4is large the level of significance is smell, This
procedure gives an approximate idea of choosing the appropriate significance
level after taking into account the economie importance of the declsion.

As far as the choise of n and r 1s concerned we have considered
two methodss The optimum values of r obtained by both the methods
remains the same and therefore it should be chosens or practical
convenience 1t may not be possible to continue trials indefinitely and
there may be a limit over which it may not be desirsble to goe If we
allogate the cost equally over the maximunm number of years fixed in
advence then C, ocan be obtained and so the optimum value of n » . The
results of Sections Ge3 = 646 con be used for finding the optimum number of
further trials and the sequentizl boundary.

As far as the choice between the two gain functions (discussed in
Sections Ge3 and Ge5) is concerned the gzain funetion considered in Section
6e3 is more appropriate when the main interest lies in comparing two new
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varieties which are not in uses Vhen a new variety is compared with the
standard variety of which latter is already in use, and if new variety
appears to be superior (4, > 0) to the standard one then the gain function
considered in Section 6e5 appears to be more appropriate.

i"hen the interaction between variety and year is large then the
assumption of d,‘ being normally distributed when based on a small number
of years may not be valide Small departure from normality may not affect
the results very muche “hen lerge interactions are present then taking
trials for a amall number of years may not be adequate as will be suggested
by the optimum boundaries, particularly when © is small, Vhen the
interactions are small then the results of Section 6e3.2+2 suggest that
large number of sites should be selected within years and it is advisable
to take n, sites and fix the maximum number of years as t, obtained in
Section Ge3e2e2e

6e8  in example
The data used in Chapter 3 (Table 3e¢3e¢3) on Wheat vardety trials
have been used here to give an example using the results of this chapters

The estimates of o7 , of  and "’;y are obtained as

;?: = 06128 ; ﬁia = 0,106 ; ’J"‘aw = 04026 o

For the present example we shall assume they give good estimates of the
corresponding parameters, though, F?:y is based on few degrees of

freedoms Assume that the cost is measured in pound sterling and is



given by
Co = 5003 C, = 103 C, = 20; K = 300,000 j

and also assume that the total fund available for conducting trials for a

maximum of three years is £6,000s Then

C = 6.0%/5 = 2.0m

F
c, o8
£
r B\"J? = 2
F _02 e
0., =0
ng = 10
01+r352
2 o

'&- 2i<‘fy+;§§-+‘£] = 04,086

Now consider two varieties Cappell and Tommy which give the following
vields in three years (from Table 3e3e3)

1969 1970 1971 DY 1 ué ni

Cappell 533 495 5001
Tommy Sel3 S5e12 5e23 0o 341 04651 04965

Taking the first year's information as the information of the first-stage
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we shall calculate the optimum number of years of further experimentatione.

ls%muk&.95-

Looking in the Table GeLe1 corresponding to ) = 43495 and D' = 034
optimum number of further experimentation are obtained as (approximately)
twoe /e have also calculated N.G. for different values of t wusing the
formula

NeGe = LB L (D'/ﬁ)cIP -tC,

t NoGe (in pound sterling)
0 0

1 11,759

2 135406

3 135323

b 12,247

This gain has been oaloulated after taking deviation from gain at ¢ = 0.
Gainat ¢ = 0O isgivmby

xla,| + % 1(a, /h) = 52,152

and this should be added to N.G. obtained above,
For using the sequential procedure we calculate

F - wao
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and looking in the Table 6.6+ corresponding to % = 50 we find that D',

crosses the boundary for the first time and the trial should be stopped
after three years and Tommy should be recommended for the further uses It
is a coincidence that in this particular case both the approaches give the

same resulte.

If we consider the model of Section 6.5 and taking T = 10 we
obtain

K =3-;=3o,ooo

- X by 300,000
g (Cp+ dy K, Vh ~ 34410 (%m = 17460 -

Again looking in the Table 6ele1 corresponding to A = 17.60 and

D' = 04341 optimum number of years of further experimentation is
obtained as anes

Sequential path for this example has been given in Graph 6+6e1e
Approximate optimum boundary, corresponding to the model considered in
Section 645, has also been given for t = 1, 2, 3, 4 years for this

examples



To

GRAPH 64641
BOUNDARIES FOR SEQUENTIAL PROCEDURE

K' = 10,000

K= -5-000

.~ K' =4,000

. K' = 500

LK E 100
K' = 50

K' = K/C/h

Optimum boundary for the gain funotion in Seotion 6,3
==see= Opidmum boundary for the gain funotion in Section 6.5
sseese Sequential path for the example in Section 6.6
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To use the procedure suggested in Chapter 6, knowledge of the cost
parameters K, co. G1 and 02 is essentiale This information mey be
Aifficult or impossible to obtaine lioreover, the method described in
Chapter 6 is limited to only two varietiese Sometimes more than one new
variety is compered with the standard vardety and it may be more relevant to
ask if any one (or more) of the new varieties is likely to give a higher
yial@ than the standards Vhen a comparison is made between the highest
yielding variety and the standard, the distribution theory becomes more
complicated and simple methods are no longer applicable. Some results
obtained by Dunnett (1960) can be used in sonjunstien uﬁ; the procedures
described in Chapter 6+ In the present chapter we shall consider an
alternative approach to the following problemss
a) Sufpose we have to select the highest yielding variety out
of several submitted for tests Ve are allowed to conduct
experimentalsequentially, The mrocedure should be such that
the probability that the finally selected variety differs from
the true highest yielding variety (vshich is unknown), by an
amount & , does not exceed 1 = P%,
b) In some cases varieties include a standard variety and it is

desired to compare the new varieties with the standarde Now
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it is of interest to sclect the highest yielding new variety if
it is better than the standard.

In this chapter sequential procedures for solving the above two
problems are given, Sequential procedures are defined by boundaries for
each stages Boundaries for the problem (a)_are such that as soon as the
cumlative difference between the highest and the lowest yielding variety
crosses the boundary for the first time, the lowest ylelding variety is
discardeds All the varieties whose differences fall within the boundaries
are passed on to the next stage and the same procedure is followed
successively until all but one variety is discardede The region within
boundaries is called the continuation regione These boundaries are closed
in the sense that the meximum bumber of stages can be chosen under certain
restrictions,

For problem (b) cumulative differences between the standard and the
other varieties are plotted and as soon as the differences cross the
boundary the experiment is terminated and appropriate action is taken,

The boundaries are chosen to satisfy probebility requirementse /n
important feature of these procedures is that inferior varieties can be
discarded at an early stage. These bmmdmias tell us which varieties
should be discarded at each stages This is of particular interest in
variety trials where the rejection of non-contending varieties at early
stages leads to a better use of experimental resources so that new
varieties can be included as soon as possible.s To keep the boundaries
sinple some assumptions are made about the distribution of variety means,



These assumptions may look rather unresliastic but Monte Carlo studies show

that the procedures are robust.

For simplicity we shall assume that there are k normal porulations
-nj(d = 15 2, eeey kK)o Population j has mean GJ wvith a comon variance
o® « 1In this chapter we shall assume that o 4is known and using the
notation of Chapter 6

qﬁ ?}'2
o = \/ov;-l-"ﬁm‘}—g' . (7e1e1)

unr

Let us assume that at least one population has a higher mean than the
others and we have to select the population with the highest means TFor
simplicity we shall assume thset the first kei1 populstions have mean 4.'!0
(unlnom) and the mean of the kth population is 0y + & (5 > 0)s

91 = nz = gee = @h" = {“h =b= 30 . (7.1.2)

Now the problem is to find out which is the highest yielding variety (kth in
the above notation)s For the procedure described here it is necessary to
specify & and a gquentity P* (0 < P* < 4) such that the probebility of
choosing the superior variety exceeds I'* , The sequential procedures
desoribed here are such that if 0,5 Oy eesy 0, differ among themselves
in such & way that their maximum is smaller than O by an amount
exceeding & then the probability of selecting the true highest yielding
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variety excceds P* o Thus, the configuration of the means given in
(7e142) iz the most unfavoureble one.

The equations given in (7.1.2) can hardly be expected to hold in
practices [loreover we are interested in dlscriminating among those
varieties which have larger differences among means, ‘e need some
protection agninst classifying a markedly inferior veriety as a superior
variety.

An immediate conseguence of considering this configuration is that,
whatever the real means may be, the probability of selecting a variety
vhich differs from the highest yielding variety (unknown) by an amount &
is less than 1=5* 4 Suppose some varieties differ from the highest yielding
variety by an amount ledd than & and some by an amount more than & o Far
procedures given in this chapter, the variety selected as the maxisum
yielding variety will differ from the true highest yielding variety by an
amount less than & with probebility greater than 1-P*, The probability of
selecting a variety whose yield differs by an amount more than § from the
true maximum will be less than 1=F* , lh&er these ciroumstances & and P*
should be chosen to give the protection which the exparimenter desires,.

Bechhofer (1954) considered the configuration given in (7.1.2) for a
fixed number of stagese Sequential procedures were also conaidered by
Bechhofer (1958) and Bechhofer and Hlumenthal (1962)s These procedures are
difficult to apply in practice because boundaries are difficult to calculate.
Another serious drawback is that one has to go on taking observations from
each of the k populations till = finel decision is taken. Paulson (1964)
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considered a very simple sequential procedure with the special feature that
the inflerior varieties can be progressively discarded. The maximum number of
stages can also be chosen under certain restrictions and this will be
discussed latere In Section 7e1e1 we shall discuss the procedurc for the
problem (a)e The procedure is essentially due to Paulson (1964)s The
solution of the problem (b) is on the similar lines and therefore we have
described Faulson's method in Section 7e1ele Ve have also dome a small
number of lionte Carlo studies for the optimum choice of the maximum rumber of
stagess Solution of the problem (b) differs considersbly from that of (a)
because of the speoial impartance of the standard varietye FPaulson (1962)
considered the solution such that the continuation reglon is open-endeds In
Section 721 we modify his results by suggesting a closed dequential
procedures The solution of variation on a similer problem will also be
considered in Section 7+2¢2¢ In Section 7.3 some results of Monte Carlo
studies are givens Section 7.4 is a general discussion anl in Section 7.5
we apply these results to a sample date from variety trials,

In the following the word cbservation will refeer to the mean yield of
a variety at n sites with »r replications within each sites The word

'stages' is used synonymously with ‘years's

Telel

In this sedtion we shall consider the solution of the problem (a)e
We shell start with k varieties, nommally distributed with known variance
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o o The structure of o° is as desoribed in (6s342)s To keep the
notation simple we shall denote the mean yield of r replications in n
sites in stage (year) t of variety J by xdt(d 2 1y 25 esep k3
t =15 25 eses T)e In sequentinl schemes T ecan be unbounded but here we
consider plans for which T is boundeds Ve standardise the means Xyt
and & by dividing them by o« to give

X

G lon
[ ]

I

The sequential scheme given in this section can be described as follows:
1) At each stage m and for each variety compute a quaitity

R’ = M(z1‘. dzm’ seey ka) - de’ me 1y 25 seey T (7e144)
where
T (7e145)
2 = = ® ole
B oy

2) Discard ell varieties J from further trial for which

(701.5)

Ry, 2 © = dn for some =n . (7e146)

The parameters o> 0) and d(3 0) ere caloulated in such o wey that
Frob [kth varlety is selected/), = max(%,y eeey 0, ,) 2 8] Z P¥s

Hore 1 - P* is the probability of selecting o..vo.riety as the maximum
which differa from the true highest yielding variety by an amount & »
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3) Continue the trial for one more year with the remaining varieties and
follow the above procedures Continue the trial until a1l but one
variety is rejecteds
The parameters ¢ and d define the sequential boundary and are chosen

so as to satisfy the probability requirements.s In the following we shall

proceed to obtain parameters ¢ and 4 .

It is not difficult to see that this procedure of discarding the
varieties, if adopted at each stage, will satisfy the probability requirements.
Let us denote the parametric configuration given in (7.142) by H, e Let T
be the smallest integer > ®/de  After T, stages the experimentation stops
and the best variety is chosen accordingly. If the variety k is
misclassified, then at least for one inferior variety Jj # k anl for some

stage m < T,

ij-%?_o-dm.
Now

Prob[ 15’;2;_1 Byp = %y 2 © = dm for some m/H]

k=1
< Etp[z‘Jim - ka?_ ¢ - dm for some m/ﬂo] . (7--1.-7)
J=1 3k

Now we shall use the results of a known Lemma; (Bechhofer et al, 1968, ppe16k)

Lemma: If U j is a sequence of independent anl identically distributed



- 163 =

rendom varisbles with a negative expectation then for ¢ >0

n
Prob[ ¥ Uy >0 for some m<u]§e"hoc; (7e148)
=1

where ho is the non=zero root of ;-::(ew) = 1e
Applying this Lemma and using (7e1.7) we obtain

Prob[incorrect decision/fly] < (k = 1) ¢, (7149)

where h, is the nonegero root of :

2 [M(Bg =g+ 4] o (741410)

such that 4 <A «+ By a proper choice of ¢ and d the probability in
(7¢149) can be made to satisfy

(k=1)e Bl <qwps , (7e1041)

The solution of (7+1.10) yields

hy = A=4a

and by substituting in (7.1.11) obtain

o = A0 [Ce)/(lep)] | (7e1412)

A=d

Now 21l combinations of o(>0) and da(< A) satisfying (7.1.12) give a
femily of straight lines (¢ = dm) defining boundaries for each integer n £ £,
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When d =0 the boundary is parallel to the x-axis and if 4 > 0 then the
line intersects the x-axis at % e It is not clear what choice of ¢ and
d is optimum in the sense of minimising the expected number of observations
or stagess It is not difficult to see from the expression (7.1.12) that %
is minimised by taking d = A/2. However, this choice may neither minimise
the average number of observations nor the average number of stagess
Paulson (1964) conjectures that d = A/4 should be near the optimum for
minimising the average number of observationse In the variety trials it
may be more desirasble to minimise the expected number of stages rather than
the average number of observationss In Section 73 we shall report the
results of a small number of Monte Carlo studies and see that there is not
much Variation in the number of stages for the choice of d near A/L e

The inequality used in (Z.1.7) is usually too crude ani in practice much
better ﬁro‘bability protection is given by adopting this scheme than is
indicated by FP* o Therefore it is desirable to choose a much higher value
of (1 = P*) than that used in a test of significances

This procedure can be easily extended to select the highest yielding q(<k)

varieties, For this we assume the configuration

91 = 92 o sea B Bh-q =ek-(ﬂ-1-6 = s8e n:nkc-ﬁ.

The above results can be easily extended and the values of ¢ and 4 are

given by

1oglq(k - 212(1 % o) b SR (7+1413)
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The discarding procedure follows on similar lines; at each stage rank the
varieties which have not been eliminated already, in ascending order of the

Zam“ As soon as the difference between the qth variety from the top, say

[k = g+ 1], and the remaining varieties of @maller rank exceeds

Uregeiln = Yy -dm
[1) 2 [3] g [k=q]

discard the [jlth variety and continue with the remainder $ill only g

varieties are left.

Te2e1

The standard (or control) variety plays a special roles Ve may be
interested in retaining the standard variety in use for commercial purposes
unless a new variety gives a reasonably higher yield than the standard
varietye As before a quantity & (or A) specified by the experimenter
gives the minimum difference which he wants to diseriminates, In this case
two types of probability protection are desired i.es (i) the standard variety
is selected with a probability P? 4if it is superior to the new varieties;

1
(ii) the new variety is selected with a probability P§ Af it exceeds the
standard variety by an amount & o Now we shall assume that the kth variety
is the standard variety and it is specified in advance, We shall consider

the following parametric configuration

Hol 91362ﬂ...lnh1=9kla0



HJ H 01 = 02 = eee = p: - 5 = GJ+1 = s = eh‘ = qks eo (7'2.1)

Under H, the correct decision 18 D, ises choose the kth (standard) variety
with a probability greater than P; s

Po/Ho) 2 7 o

Under Hj the correct decision is D‘1 ieses choose the jth variety with
rrobability greater than P§ .

P(DJ/HJ) ZP5.

As bef'ore we shall consider a scheme as follows:
1) Calculate

ndmﬂzjn"zm"% H (J=1’ 2’ .logk"'l).

2) Stop experimentation and select IJ.1 as soon as

15:;-1 Rjﬂ?‘o‘l - ﬁ'ﬁ .

3) Discard the Jjth vardety if
Bin S 4B = 0y 0
4) Select D, as soon as

Pr-S e S
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By using a similar argument to that of the previous section and noting that

gy = 2y - 3/My) = = 8/23

we obtain the probability of not selecting Dk when Ho is true as

P [1<J<k-i i -Qﬁ-ze me‘armn/\lo:'

ke

3 7 Pt - 2o - 4] 3 (e 0N

where h, is the non=zero root of

E
R Eé‘h“'at"‘kt‘%)ﬁ'o] 59

The probability of not selecting D j when HJ is true is equal to the
probability that some other variety (J' ¥ j) is selected, end is given by

: P(Dyy/H,) = P [R,, = &m = o, for some n/HJ]
'

ket
[J*m- 4 = dym for some n/HJ]
J
< ™% 4 (k - 2)6™%

where h2 is the non=gzero root of
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E'[e'hz(ndt-skt-%) /Hﬂ =1
Now (01, d_l) and (e, dz) should be chosen in such a way that

(k= 1)™™% g1 - 72

e 02% , (k = 2)e-h1°1 S1=Pg - (74242)

For simplicity we shall consider only those values of (31. d,l) and
(023: 62) far which sequential boundary intersects at the x-axis, say, at

t=Tse Then

4]

% = Ef =18 SR | (74243)

Now putting h1u%-d1 and ha’%"“z in equations (7.2.2) and using a
gonstant ) (0 > A > 1) we have two sets of equations

& e a,(a, = )7

(k =24 - 91*)

edz(dz % %)T + (k=2)e ety -Q)T =1 =Py

Solving these two equations for d, and d, for given A and T we have

AR L log 31‘
"'% \/'1'2 v T

d1n

+i>



2 & log a,.*®
%'%-%\/%q-—'—r—g- (7.2.11-)
where
M1 = P.e)
. A =1

5,* = (1-p2¢)--fE%1 (1-P1*)= (1--»?2"'7-(k-2)s‘|*‘l 4

For different values T and ) we obtain different sequentinl
boundaries satisfying the probability requirementss It is clear from (7.2.4)
that for obtaining solutions T must satisfy

16 log s8,* 16 log s,*
T2 Mx.[- d L, - ,@i] . (7+245)

Por variation in } from 0 to 1 .-10531* decreases and ~ 1log 8,*
inereases, ‘e shall choose that value for which both intersect i.ce

1=P,°

- P % "

. L
Then ) 4is chosen as ’* given by
1 =P %

A+ = wne [1, mf—;] § (74246)

It is not clear what value of T should be optimum but, it is hoped
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that minimum T satisfying (7e2e5) and (762.6) should not be far awsy from
the optimum, Once d, and d, are obtained with the help of (7e2.4) it is
not difficult to obtain e, and Cp @
We shall consider a particular case where Pf" = Pﬁ = P* 3

For this case 31* = 32*'. Minimum T 4is given by

T= =2

corresponding to d = A/L

The method discussed above is a generalisation of Paulson's (1962) as he
has considered the case of d =0 corresponding to T == o, Usually this
type of selection procedure, giving double protection, requires a large
number of observations, For k= 2 this procedure is similar to the
sequential method of a testing hyvothesis with a fixed probability for the
first and second kind of errorse

Te242

In some cases when many new varieties are compared with a standard
then there is a tendency to compere the highest yielding new variety with
the standard and take a decision on this basis, When this is done then the
usual probability levels do not hold and sometimes a decision based on ouch
comparisons can be very misleadings The results of the Lemma given in the
Section 7e1e1 can be used to give some mrotection to the experimenters In
this case the experimenter chooses two quantities 8(> 0) and P* such that
the mrobability of selecting a new variety which is worse than the standard



“ 1M «
by an amount 5(6 > 0) should be less than 1 = P*y The most unfavourable

configuration of means is given by

30391'G2=."=Qk-5

where the kth variety is taken as the known standard vardety. The
sequential scheme for this is as follows.
Ir

Hax by = Zo=dn
1< 45k Jm Y,

for some mn , then select the variety corresponding to the maxe Z;)m .
Discerd the variety from further trials if

adm-zmgdm-o; Jék.

Using the Lemma the values of ¢ and d are given by

e M -1\1.)-/§,1 - p2)] 30<da<h . (74247)

Note that the values of ¢ and 4 obtained for this purpose are the same as
given in (7e1¢12)e

In a particular case of interest there are only two varieties of which
one is standard end the other news Suppose the second variety is the
standard variety with mean ¢, (unknom)s e are interested in comparing it
with the new variety in sueh way that if

o >0
Y T e o
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then the probability of preferring the standard is smaller than 1 - *

In the same way if

f 6 -
1<06

then the mrobability of preferring new variety is smaller than 1 - P%,
Proceed in the usual way and stop and accept the new variety if

‘p = Gpp= = dm
stop and accept the standard variety if
zm-zsz_dm-o 3
where ¢ and d are obtained from (7.2.7) by putting k = 2 o

Te3

We have done a smell number of lMonte Carlo (¥C) studies to examine the
performance of the sbove mentioned sequential procedures for six and ten
varieties. Trom the data of variety trisls conducted on cereals it appears
that the value of A wvaries from 1.5 L0 2.5 for detecting five to ten
percent of differences among the mean yields of varieties. Therefore, for
the ¥C studies we have chosen A about 2,0, The observations =x 4g  Were
generated on a computer as random normal observations with unit starndard
deviation and mean ©, ¢ Different configursations of ©° j Were considered
and are given in Table 7+3¢1e¢ 411 the results are based on the differences
within each stage and are not therefore affected by fixed additive stage
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effects The z'jml were calculated by the method described in (7e1s5)e A4S

the value of P* inoreases for fixed k and A the maxirmum number of steges
(c/d) inecreases, In the present study we have restricted our experiments to
e small nunber of stages with T, = 4, 5 and 6 and P* = 0,85 The results
reported here are based on 100 sampling experiments in each case.

In Table 7e3e1, ASN gives the average number of observations (average
based on 100 sampling experiments) required for final selection of varietys
Average number of stages required for the final selection of variety is also
givens mpitical probability glves the fraction of the experiments in which
correct variety was chosen, out of 100 experiments,

The minimum value of ¢/d is obtained by taking d = A/2, as discussed in
Section 7efels Ty = 4 is the nearest integer corresponding to minimum c/de
Paulson (1964) suggested the use of d = A/ anl T, = 5 corresponds to this
value of d epproximately. 1T, = 6 is larger than the above two choices of
TO °

Now for both studies (k = 6, 10) it appears that there is a considerable
dﬂ.aca.tﬂing of inferior varieties at the early stages resulting in saving of
resources as indicated by the ASNe For d = A/J4 the number of stages to reach
the deocision seems to be a minimum and the experiment stops much before To s
As ’1’0 inereases the empirdcal probability of the correct decision increases,
As mentioned earlier the empirical probability of the correct decision is
higher than is indicated by P* = 0485 »

In the end of Table 7+3¢1 we give the results on the performance of this

socheme f'or an alternative configuration, , din which ﬂi veries uniformly
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TABLE

7.5.1

5T YIELDING VARIZTY

Humber cf Empirdical probability | Average
varieties A To ¢ a (SN | of correct decision nunber of
(k) stages

Configuration Ho(rizo; 121520000 k=1; 0y =1)
k 2.592 006“8 10022 ?k = 0.% 2.310-
6 2400 5 2.265 Oelid3 T¢I lﬂ.k = 0e93 2.28
6 | 2132 | Ca355 | 10,01 i"k = 0495 234
1& 3.076 0.769 16.66 Pk = 00% 2063
10 2410 | 5 | 24585 | 04517 | 16466 "k = 0.90 2460
6 | 24412 | 0402 | 16,57 Py = 0492 2463
Configuration H‘__‘(ﬂiui-ﬁ,/10o0; 121525000y k)
10 -
l{- 30076 0.769 21.25 ) 1"13'-' 0.78 3031
i=8
10 :
10 2610 | 5 | 24585 | 0517 | 20,30 : P1=0035 Jel9
i=8
10
6 | 24412 | 06202 | 21440 b2 I*iao.% 3485
Configuration HA(Q‘ =0, = aee = 05 5= 0udn; "10=*)
L | 34076 | 0769 | 17elils| T,= 0-!4-3;1'10 = 056 300
10 210 | 5 | 2,585 | 0517 | 16495| ! 9 so.l,z;'."wu Qe57 Je
6 2ei12 | CaliO2 | 1709 5",:} = Oalyt;! 10°% 0«58 3:25
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between O and A « As expected the ASN and the average number of stages
increases The minimum ASN is obtained by teking d near A/%4 (T, = 5),
but the minimum number of stages by taking 4 = A/j ('ro = 4)s As far as
empirical probability is concerned, it will be more appropriate to pool the
probabilities of the highest two or three populations, because the
differences among them are so small that even if they are wrongly classified
it will not result in much economic losse e have pooled the empirical
probabilities of selecting the highest three populations and they are 0478,
0485 end 086 sorresponding to Ty=ls 5 end 6, respectively, This shows
that even under a very different configuration of meens these sequential
schemes will select the superior populations with a high probability.
Another configuration, in which one veriety is very close to the highest
yielding variety and the rest are at the other end, gives similar results as
indicated in Table 7e3¢1e¢ There is a considerable saving in the number of
observations and in the number of stages reguired to reach the final
conclusion, From these stud:l.es. it appears that 4 = 2/4 is an adequate
choices

In Teble 7+3+2 we have taken one vardety (k') as the standard and
compared with the maximum of those remaining as discussed in Section 7.2.2
The results follow very similar lines as that of Table 7+3e1e e have also
considered an alternative configuretion Hﬁ where the mean varies uniformly
between o and A e« The standard variety has mean A « The pooled
probabilities for the highest four populations have been obtained as 0489,

0485 and 0486 for T, = 4y 5 and 6, respectively, There is a considerable
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TABLE Te3e2

RESULTS FOR SELBCTING THE HIGHEST YIELDING VARIETY IN FELATICH TO THR

STANDARD VARIETY

Number of Zmpirdcal probability| Average

verietiea | A T [+ a ASH | of correct decision nunber of
(k) stages

Configuration Ho("ia 03 d=21,2,00ey k=1; ﬂk, A)

4 | 24592 0.648 | 10449 Py = OOl 2030
6 2400] 5 | 24265 Ouls53 | 999 :-k = D«91 221
G 2e132] 0355 | 10619 'l"k = 0a93 230
L | 3e706] 04769 | 18405 ?k = 0490 2466
10 2:10] 5 2:585] Ce517 | 17418 l‘k = 090 2,60
6 | 26412| Oul02 | 17408 ':‘k = 0493 2460

Cmﬁ.sumtim Hh(niﬂiuﬁ/‘[OM] 181.2’..., k)j kthmty
is the stenderd vardiety

4 | 3.706] 0.769 | 21437 ’3pi = 0eB9 2488

i=7
10 2410} 5 | 24535 0517 21423 T P, = 0.85 3402

1
6 24412] 0402 | 20481 ; f"i = 086 3409
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daving in the number of stages and in the number of observations required
even under M, .

Thus by a proper choice of A and P*  these schemes may help in
choosing the higher yielding varieties, even when the configuration differs.
considerably from the one assumed for obtaining the analytical results.
These schemes may lead to a considerable saving of resourcess

7ol

Closed sequential plans ususlly lead to a considerable saving of
resources when there are no differences among population means, The problem
considered here is not a hvpothania-teatmg problem, but for k = 2 the method
discussed in Section 7.2.1 is similare The closed sequential plans have an
advantage over the open ones, in that one can give an upper bound to the
maxdimm number of stagess This upper bound on the number of stages (To)
will depend on the values of P¥*, A and k o The actual number of stages
required to reach a decision is a rendom variable and can be considerebly
smaller then T, as observed in I studies.

In the variety trisls when interaction component (variety=year) of o

iece r.rw is relatively smaller than Ogg # & OaN be reduced considerably
by inoreasing n « In cases when -'*W is negligibly smell then there is

not much advantage in conducting trlals over years but in some cases this may
lead to a considerable saving of resources or better utilisation of
resourcess | In the data of variety trials which we have analysed, the
variety = year interaction is substantial and it is desirsble to srread the

trials over yearse It is necessary to keep o as small as possible because
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for the same & and P* the value of T cmbemdnam%lbydaormﬁag
“ o By increasing n the value of ~ c¢an be made small, [However, the
rate of decrease in o~ dJdeoreases as n increases, particularly when “vy is
relatively larges No optimum value of n can be obtained unless some coat
function approach is assumed and we shall not consider this any f'urthar..
For each case the rete of deorease in ~ should be obserbed by varying n
and r, and when no substantial change is found by inereasing n and r any
further, those values should be chosen, iy the above discussions we have
essumed that the value of ~ 4is knmown but it is rarely knom in practice.
When ~ 4s unlknown then the analyticel solution for this yroblem becomes
very difficult, Hence we shall assume that a good estimate of o is
available from past experience,

The other two peramoters required are © and P* 4 As we have seen
P®* is an upper bound of the mrobability, therefore it should be chosen lower
than what is usually used in testing a hypothesise The choice P* near 0,90
should be adequate for all practical purposes, The choice of & depends
much on the experimenters In most cases five to seven prercent of the mean
should be adequates The value of I and the boundarles are very sensitive
to A and they inorease very rapidly as A decreasess

From the EC studies it appears that when we want to select for the
highest yielding variety then there is a oconsiderable saving in the actual

number of observations and stages required, even under I In most cases

W
the choice d = A/L should be adequates In cases when more than one variety,

say, g varieties are highest yielding (and may have almost similar means
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among themselves) and the rest are inferior then the inferior varieties will
be first to be eliminatede Grouping of q varieties near the maximum will
be apparent from the cumilative totals as they will be very close to each
other even after several stages of experimentations In such cases it may be
advisable to select all the q highest yielding varieties, since be pursuing
such a scheme to the final stage may only increase the number of stages, and
there may not be much to gain by discriminating among such verieties.

When comparing with the standard variety two types of probability
protection may be necessary, as described in Section 7¢2e¢1e¢ This usually
increases To and makes the continuation region much wider. This also
inereases the expected number of stages and expected number of observations
requireds This is similar to the case of testing a hypothesis, when
probabilities of the first and the second kind of errors are fixeds /e have
not done any IMC studies for this case but we have considered an example and
this will be discussed in the next sections. When some of the varieties (at
least one) is merkedly superior than the standard (or the standard is
markedly superior than the others) then it is expected that the number of
stages required for reaching decision will be considerably smaller than To »
and the experimental program will terminate much before Ty e

In practical situations the discarded varieties in the trials will be
replaced by new varieties at every stage and it will also be desirable to
compare the varieties which are at different stages.s Any analytical
solution for this problem is not easy to obtain because the effect of stages
will a%so be involved. DLven if this is eliminated the problem of different
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variances for different comparisons may be difficult to tackles IHowever,
it is possible to apply the methods discussed here using information on the

varieties based on the common number of stogess

7«5 Application of the resu

In Table 7451 we have reproduced the means of six vardeties (mean over

fifteen or sixteen sites within sach year) from Table 3e3e3s

TABLS Tebet

WHEAT VARIETY M2AN YISLDS (GRAINS t/ha)
Standardized cumulative totals
Veriety x Z
Nemes Jt Jm
1969 1970 1971 1969 1970 1971
Cappelle 5633  4e95 5401 28450 5u.97i| (81476)
‘Bouguet 539 5406 5el43 28482 55488 (84492)
Cama 562 533 512 20,05 58455 85,93%
¥aris DBeacon 5.88 5011-9 5087 31-’;&- 60.80 92.19
Yaris Settler 5465 5422 482 30421 58412 83489%
Tomy 5eb3  5a12 5423 | 29,06  56442%]  (84e39)

e shall use the estimated velue of o = 0,487 (from Teble 3e3e6)e
Suppose we want to search for the highest yielding variety such that the
probability of discriminating the maximum from the next, which may differ
by about 5 of the general mean (8 = 0425), is greater than 0,90 (I = 0.90).
This specification immediately gives

X

where ¢ dis defined in (7¢1¢1) and is estimated by ;—;-5-;1%
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16337 »

>
u

ale
i

Now using the sequential scheme discussed in Section 7«11 and taking

d = A/l we obtain

¢ = £ D = 3901

d = A/ = 06334

For this choice of ¢ and d, To is given by 12.
The standardised cumulative totals for each variety are also given in Table

7+5¢1s The boundaries of continuation region (¢ = dm) are goven below:

‘'m 1 A s 3 b
c=dm 30567 3233 2,899 20565

As soon as the difference between any variety and the highest yielding
variety exceeds c=dm at the mth stage the lower yielding variety should be
discarded from future trialss The varieties marked with asterisks should
be discarded from future trials. The trial ends at the third stage (m = 3)
with the selection of liaris Beacone

As discussed in Section 7.2e1, when new varieties are compaved with the
standard variety then two types of probability protection are desired.
This usually increases the sample size and makes these boundaries much widere.
In this example we shall consider the case k = 2, taking Cama as the standard

variety and Maris Beacon as the new variety. We shall take Pff = Pg = P* = 0,9
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and A = 1¢337 Taking d = A/4 (this cholce of 4 minimises T ),

o o hdog LAG =PI (oo

A

d = A/ = 033

m 1 2 3 b
o=dm 64553 64221 5887 5553
R (% = By = ) 04720 0,913 he255 -

These boundaries can be represented graphically and are shown in Graph 7. +1s
Further observations are needed as long as n“ remains within the triangle
which represents the continuation region. As soon as R“ crosses the
triangle the appropriate decision should be takens For this particular case
some more observations are needed for reaching any definite conglusion.

In some cases only one type of protection is needed when comparing with
the standard variety, i.e. the probability that the selected highest yinldins
variety - (from the new varieties) is worse than the standard variety by more
than A , does not exceed 1 - P* 4 For this, a similar continuation region
is obtained as given in selecting the highest ylelding variety. Taking the
same values of P* , A , 0 and 4 we obtain o-dm for different values of m.
Now taking Cama as the standard variety we can caloulate the cumilative
differences between each variety and the standard variety and they are given
in Table 7:5s:3¢ These differences have been plotted in Graph 7.5+2. From
this graph it is evident that Cappelle should be rejected after the second

year.
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TABLE Tab5e3
CUMULATIVE DIFFERENCES OF VARIETIRS FROM CAMA (STANDARD)

Variety Name 1969 1970 1971
1« Cappelle “1455 =358 “hel7
2, Bouquet -1423 ~2467 -1401
3¢ Cama - | - -
he laris Beacon 139 2,25 6426
5S¢ Maris Settler 0e16 ~0ek3 «240L
6s Tommy -1401 ~2413 =154

The trial in the third year results in the selection of laris Beacon and no
more trials are necessary. This procedure is similar to that considered at
the beginning of this seotions Go on conducting trials and discarding the
varieties on the basis of their difference with the highest ylelding
varietys As soon as the standard variety is discarded no more trials are
necessary and the highest yielding veriety is selected, If the aim is to
seleot the highest yielding variety then further trials mey be necessary $ill
only one variety is lef't.
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1. INTRODUCTION

REeceNTLY, Freeman and Perkins (1971) examined some of the existing
methods of partitioning genotype-environmental component of variability
and their statistical validity. They have considered the usual practice of
calculating the regression of genotype means on the environmental means
calculated by taking the average of all genotypes in that environment, first
used by Yates and Cochran (1938) and later used by Finlay and Wilkinson
(1963) and since then used by several other authors of which references have
been cited by Freeman and Perkins (1971). They have shown the statistical
invalidity of using such regressions and their sums of squares for testing
homogeneity. They have further suggested that some genotypes should be
taken in each environment (not included in calculating the mean of each
genotype) as a measure of environment and regression of genotype means
should be calculated on the independent measure of environment thus
making the procedure statistically more valid.

In the first part of this paper we have shown how by looking at the model
in a different way one could draw statistically valid conclusions of certain
hypotheses from the same analysis of Yates and Cochran (1938). In the
second part of this paper we have suggested a method of estimating a
component of genotype-environmental interaction corresponding to each
genotype, thus giving a better measure of genotype stability. This paper
is concerned with the presentation of practical methods rather than with
statistical theory (to which references are given); it does not itself contain
much that is new, but a more general statistical treatment is being prepared
and will be published elsewhere.

2. REGRESSION OF GENOTYPE MEANS ON ENVIRONMENTAL MEANS

We have used mostly the same model and notation as used by Perkins
and Jinks (1968) for ¢ genotypes, s environments and r replications of each
genotype within each environment and the model could be represented as,

Yije = pdite+gi e (1)
where p is the grand mean, d;(i = 1, ..., t) the additive genetic contribution
of the ith genotype, ¢;(j = 1, ..., s5) the additive environmental contribution

of the jth environment, g;; the genotype-environment interaction of the ith
genotype in the jth environment and e (k = 1, ..., r) is the residual vari-
ation contributed by the kith replicate of the ith genotype in the jth environ-
ment. We shall assume that

E(éy) = 0; V(é;) = o5, (2)

A2 237
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for all i and j where ¢ is the mean of e; over r replications and of is the
within environment error variance for the mean of r replications. We shall
further assume that environment effects €,’s are random effects with popu-
lation mean zero and variance . A random sample of s environments
has been selected from an infinite population of environments. We shall

estimate of as usual by 65, where
0'0 = Z Z Z .yuk .yu)af‘“r(r_’ l) (3)

with st(r— 1) degrees of freedom. Hereafter we shall work with j;; (the mean
of r replications of the ith genotype at the jth environment). In the present
paper we shall confine ourselves to the genotype-environment (G x E) part
of the analysis of variance.

Working with the means, the model in (1) can be written

Jij = ptdite;+gi+ 6y (4)
Putting
&y = big+my; and oy = 9y t+éy

we obtain from (4)
Jij = ptdite+bie+ay (5)
Putting b; = b; —b’ where b’ = Y’ b;/t we obtain from (5)

Jiy = ptdit+e(1+56") +be;+ayy (6)
The model in (5) is reparameterised in (6) in such a way that ) b; = 0.
T

When all ;s are 0 (or b; are equal) then the model in (6) becomes as in
(7)
Jiy = ptdite(l+57) +ayy (7)

Thus the problem of testing the equality of all 4;’s becomes the problem
of testing model (7) against model (6). This is equivalent to testing the
presence of the non-additivity term bse; in (6) when ¢; are taken as fixed
effects, The test for presence of non-additivity of this type was given by
Mandel (1961), which is a generalisation of Tukey (1949). Same results
hold good even if ¢; are taken as random effects. He has estimated b; by
b; and calculated the sum of squares due to non-additivity () as follows:

Y. Guy=3.)(F5-3.)

5€ = 2 =
S (5.3
3
§=282(5,~5.)% (8)
and ““ Balance ”’ = Interaction Sum of Square (G x E) —S.

The sum of squares in (8) is similar to that calculated by Yates and
Cochran (1938) and the same as that due to heterogencity in regression in
Freeman and Perkins (1971) table 2, with z; in Freeman and Perkins’
notations replaced by j;—7... The cstlmated regression coefficients, b,
here are similar to those given by Yates and Cochran (1938) except that
we have regressed deviation of genotype means from the environmental
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means rather than genotype means. The sum of squares S indeed is a ratio
of quartic terms and quadratic terms in the »’s.

In the absence of interaction (g;; = 0 for all 7 and j) it can be shown
that S/og and “ Balance ’/oj are both independently distributed as y* on
(¢—1) and (¢—1)(s—2) degrees of freedom, respectively. However, in the
presence of interaction S/of and “ Balance ”/o are not distributed as y?
even if all b, = 0, though they are independently distributed of each other.
In the presence of interaction the appropriate test statistic for all 4; = 0 will
be F' as given in (9).

S/(-1)
“ Balance /(t—1)(s—2) )

F' will be distributed as F on (t—1) and (t—1)(s—2) degrees of freedom.
The same test was proposed by Perkins and Jinks (1968) and this statistic
gives correct probability level. Equality of any two &;’s could be tested by
doing the similar analysis for any two genotypes of interest. The above
argument can be generalised for other arrangements of genotypes within
and between environments and also in the presence of non-orthogonality
in the data (Milliken and Graybill, 1970).

To use the b;’s in the usual sense of regression would not be valid, but
they give rough guidance about the relation of genotype means to environ-
mental means. The b;’s are biased estimators of the 4;’s. In general this
bias will be small when o7 is large but could be corrected in the way suggested
by Tai (1971). The partition of sum of squares into two components is also
only approximate, but this may be quite satisfactory for practical purposes.
More efficient estimates of b;’s and ¢,’s, and their sum of squares could be
obtained by fitting the model in (6) by a non-linear least squares method as
suggested by Elston (1961) and Tai (1971) and approximate tests could be
obtained. Under these circumstances, independent measure of environment
based on more genotype means may not be worthwhile.

F =

3. COMPONENTS OF INTERACTION SUM OF SQUARES

The characterisation of genotypes on the basis of regression coefficients
may not be very effective when only a small fraction of the interaction sum
of squares (G x E) can be attributed to heterogeneity among the regressions.
It might be then of great interest to partition G x E into ¢ components, one
corresponding to each genotype, as mentioned by Baker (1969). Put

&iytéy = Vi
Let us further assume that
E(vy) = 0; V(vy) = af; E(vy, v;p) = O0fori # i’ orj #j';
Vigy) = o:%; E(gyéy) =0; i=1,..,t.  (10)
Then,

2 02 2
0": = 0; +C|'0.

In the above expression o7 could be taken as the sum of two components,
viz. within environmental variance (o3) and between environmental variance
(0:%) of the ith genotype (after correcting for additive common effect of
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environment ¢;), and we shall name it the “ stability variance ” of the ith
genotype. We shall call a genotype stable if its stability variance (o}) is
equal to within environmental variance (o§) which means that o;* = 0.
Relatively large values of o7 will indicate more instability of genotype.

Estimation of ¢ is analogous to the problem of estimating heterogeneous
variances in a two-way classification when they change in one way considered
by Ehrenberg (1950) and later by Russell and Bradley (1958). Rao (1970)
has further generalised the above prcoedure for any classification and also
considered some optimum properties of the above estimators. Without
going into detail, we give the unbiased estimators of o7, denoted by 67, as
2 1

%= =D E-1)(=2) [t(e—1) ZZ, (Pyy—TFe.—F.5+3..)°
- Z 32 (Pis—Fi.=9.5+5.)%

1
= (I—l)(!—l)(t—?) [!(t_l) ;z (“ij_ﬁi‘)ﬁ_ Z; (“ij—ﬁi.)a] (11)

t

where
U; = Jiy—J.4 and @;, = E “i;}"f-

b

They are obtained as linear combinations of squares of residuals
(Feg—Fe.—F.5+7..)

therefore, they are independent of p, d; and variance of ¢;. It is not difficult
to verify that they are unbiased estimators of 67, Under the assumption of
symmetrical distribution of ¢%’s, Rao (1970) has proved that on average they
have minimum variance among all possible quadratic unbiased estimators
(MINQUE) of of. It is not difficult to see that their mean is the same as
the mean sum of squares (G x E). Therefore, by multiplying each &7 by
(¢—1)(s—1)/t we shall obtain ¢ components of G x E, one corresponding to
each genotype. These components are not statistically independent; as
they are differences of two sums of squares, they can be negative, but
negative estimates of variances are not uncommon in variance components
problems.

The essential difference between the present approach and Baker’s
(1969) approach is this that his method estimates ((t—2)o; +2)/¢t while the
above method estimates o7 where

- a
0'2 = O‘;.

1

I ™1~

| =

1
The same is true for deviation from regression component.

The variance of 67 is not only a function of o but of variances of other
genotypes cr?( j # 1) taken in trial. Such estimators are only available when
t = 3. The problem of testing homogeneity of ¢7’s has been considered by
Russell and Bradley (1958), Johnson (1962), Han (1969) and Shukla (1971).
The method proposed by Shukla could be easily applied for testing the
homogeneity of all the variances or any pair of them.

It might be of some interest to test whether certain genotypes are stable
or not. Johnson (1962) suggested a test criterion based on the ratio 67/43.
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It is difficult to derive the exact distribution of 67, but when ¢ is large the
variance of 67 is approximated as

V(6?) = 208/(s—1). (12)

The above expression helps us in obtaining an approximate distribution.
When ¢ is large, (s—1)67 /07 will be approximately distributed as 2 on (s—1)
degrees of freedom; thus, under the hypothesis that o;2 = 0, F* will have
an approximate F distribution on (s—1) and st(r—1) degrees of freedom
where

F* = §%/62. (13)

2

When &7 is negative or less than 63 then o;” may be taken equal to zero

as usual.

4. FURTHER EXTENSION OF MODEL

For further progress in the interpretation of instability, we shall reconsider
the model in (5). To keep the treatment general, we replace ¢; by z; in the
non-additive term b;e; and rewrite the model as

Vi = ptdite;+bizs+oy; (14)

where z; is a measure of some characteristic of jth environment; by taking
deviation from the mean we can make ) z; = 0, and €; = ¢;+5'z;.
i

We shall further assume that
V(G,U) = S,?; (3 = 1,...,!‘.),

and then discuss the method of estimation of s;. The usual estimator of b,
by the method of unweighted least squares, can be obtained as

Using methods as in Section 3, unblased estimators of s7 for extended
model in (14) could be obtained as §7:

o _ ot e v S
= =962 [S'- @:@_1)] (16)

where
& -
Lgl == _Zl (ﬂ"j—ﬁi_‘_biz:’)z.
J =

It is apparent that the model in (14) is just the extension of the model in
(7) to take into account a covariate z;. The estimators obtained in (16)
are quadratic (in ’s) estimators of s7 and have the properties of MINQUE
estimators. When ¢ is large, the variance of §7 can be approximated by

- 25
V(S,-) = -(5——2)

(17)
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and their distribution can be approximated by x* on (s—2) degrees of
freedom. An approximate significance test against 6§ is possible as in (13).
If some of the genotypes become stable after taking the covariate into
account, it may be inferred that the instability was introduced by the linear
effect of the covariate and such information may be useful. The above
approach could also be extended to more than one covariate.

5. RELATIONSHIP BETWEEN REGRESSION APPROACH AND THE
‘“ STABILITY VARIANCE >’ APPROACH

The definition of stability is similar to Baker (1969) and Eberhart and
Russell (1966). A significant departure of the regression of a genotype from
zero will be indicated by a relatively high ‘ stability variance ”, but a
regression coeflicient of zero need not mean that the particular genotype is
stable, A zero regression will be obtained if there is no linear relationship
between genotype mean and environmental mean, yet the  stability
variance ” (o?) may be greater than op.

Once some of the genotypes are found unstable, it may be of interest to
examine further the reasons for instability. The approach of Section 4 may
be followed if observations are available on covariates which are likely to
affect the genotypes differentially. We can examine the effect on stability
variance of linear regression on environmental means by the method in the
previous section. To examine any effect of differential fertility we have
used z; = j ;—j.. as used by many other authors mentioned in Sections 1
and 2. It must be noted here that the estimators of 57 obtained by putting
z;=7.;—7.. in (16) will not be quadratic estimators of »’s and therefore the
optimum properties described in Section 4 may not hold. Again as men-
tioned earlier the effect of departure from optimality may be small when
o> is large. The effect of such differential regression on the stability of
genotypes could be tested as above under the assumption that z;’s are con-
stant. The estimation of individual s} is analogous to what Perkins and
Jinks (1968) have suggested by the mean sum of squares E 8%;/(s—2) and

Baker (1969) by deviation from regression sum of squarc:sJ but the above
approach has an advantage as they are unbiased estimates of s7 (free from
any other nuisance parameters) and the mean of 57 is the same as the mean
sum of squares of departure from regressions (*‘ Balance ) and this could
be taken as equivalent to dividing the * Balance ” into components corres-
ponding to each genotype.

Recently Tai (1971) has worked with the above problem. The difference
between our method and his method is this, that he has considered the
model under certain side conditions on the interaction and we have not
imposed any such conditions on them. It would not be very justifiable to
impose any condition on interaction while estimating the individual com-
ponent. The definition of stability is also different. According to his
definition of stability one should have b; = —1 and 52 = ¢2. Our definition
of stability coincides with his definition of average stability («; = 0; A; = 1
in Tai, 1971, notations). By our definition of stability we only mean that
the performance of a genotype is sum of additive genotypic effect, additive
environmental effect and a random error without any interaction between
genotype and environment,
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Prediction of the expected performance can also be made with reasonable
accuracy for a given environment, if either the interaction is not present or
most of it can be accounted by linear regression term (Jinks and Perkins,
1970).

6. NUMERICAL EXAMPLE

For illustration purposes we have considered the data analysed by Yates
and Cochran (1938). We shall only consider the part of the table dealing
with Gx E.

TasLe |
Variety x Place totals over the years

Places
Varieties 1 2 3 4 5 6 Total
Manchusia 161-7 247-0 185-4 218-7 165-3 154-6 1132-7
Svansota 187-7 257-5 182-4 183-3 138-9 143-8 1093-6
Velvet 200-1 262-9 194-9 220-2 165-8 146-3 1190-2
Tribi 196-9 339-2 2712 266-3 1512 193-6 1418-4
Peatland 182-5 253-8 219-2 200-5 184-4 190-1 1230-5
Total 928-9 1360-4 1053:1 1089-0 8056 828-4 60654

Table 2 gives the values of u;; obtained from table 1.

TaBLE 2
wyy's and regression coefficients

Places
[ o 2 )
Varieties 1 2 3 4 5 6 by
Manchusia —24-08 —25-08 —25-22 0-90 418 —11-08 —0-156
Svansota 192 —1458 -—2822 —3450 -—22-22 -21-88 -—0-014
Velvet 14:32 —-9-18 —15'72 2-40 468 —19-38 —0-054
Tribi 11-12 67-12 60-58 48-50 —992 27-92 0-609
Peatland —3-28 -—1828 8:58 —17-30 23-28 2442 —0-385
TABLE 3
gy — 5:1;
Places
i s Al
Varieties 1 2 3 -+ 5 6
Manchusia —26-14 —14-18 —23-90 3-34 —2-23 —16:77
Svansota 1-69 — 1360 —28-10 —34-28 —22-79 —22-39
Velvet 13-43 — 541 —15-26 3-24 2:46 —21-35
Tribi 21-11 24-55 55-44 38-99 15-08 50-17
Peatland —9-59 8:63 11-83 —11-29 7-47 10-37

To obtain the component of variances on the same unit as the sum of
squares (units of single plot) in the Analysis of Variance (table 4) we have
divided them by 6.

Comparison of 67’s with 67 shows that Tribi and Peatland are unstable.
Further regression analysis shows that Tribi remains unstable, though, its
variability has reduced considerably. Peatland becomes stable after taking
covariate into consideration. Similar conclusions were drawn by Yates and
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Cochran (1938) but the above type of analysis in general may be advan-
tageous.

TasLE 4
Analysis of variance table and ** stability variances ” (units of single plot)
Source D.F. S.S. M.S. F
Places 5 7072-92 —_ —_
Varieties 4 1770-28 - —
VxP 20 1477-84  73-89 _
& — - 25-88 1-11
&5 — — 1960 0-84
H - — 22-73 0-98
& — — 22553 9-69%*
&g o= = 75-68 3-25%#
Source D.F. S.S. M.S. F
Heterogeneity 4 773-16  193-29 —
Balance 16 704-69 44-04 -
82 — - 34-10 1-46
25 — - 4048 1-74
$3 — — 4278 1-84
§2 - - 79-70 3-42%
&2 = = 23.27 1-00
&% 216 — 23.28 -

7. SUMMARY

1. The usual regression approach of explaining genotype-environment
interaction has been considered by using a non-additive model and the
statistical validity of the analysis has been discussed.

2. Alternative approach of dividing genotype-environmental interaction
into components, one corresponding to each genotype has been proposed
and the optimum properties have been discussed.

3. The alternative approach has been extended to take into account a
covariate.

4. The relationship of new approach to the regression approach has
been discussed.

5. A numerical example has been given as an illustration.
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VARIANCES IN A TWO-WAY CLASSIFICATION
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SUMMARY

A test is proposed of the equality of variances in different arrays (rows or columns)
of a two-way balanced crossed classification without interaction. This test differs from
another test recently proposed by Han [1969] in that it is invariant to changes in the nuisance
parameters representing the effect of arrays. The paper also generalizes the likelihood
ratio test introduced by Russell and Bradley [1958] for classifications with only three
columns.

1. INTRODUCTION

In this paper a new test is proposed for the equality of variances in
different arrays of a balanced two-way classification. We suppose the prob-
lem arises as follows. The observations y;; are arranged in » rows and ¢
columns (i = 1,2, --- ,n;j = 1,2, --- , ). An appropriate model relating
the y;; to unknown parameters u, a, , 8; is considered to be

Yii = b+ a; + B; + e (1)
where é¢;; is a random error with zero expectation and
V(G.',‘) = 0’? ;E(e.-,-ep,-:) =0 for 77 or j' # J’f.

In many applications H, : 0] = 03 = +-+ = o} is known to be fulfilled

but in some applications

HA :0': # q:r
for at least one pair of j, j* (j # j/) may be more appropriate. We wish to test
H 0 agamst H A

In this paper we shall proceed with the test of equality of column variances,
but the same method can be used to test the equality of row variances (as-
suming that they are constant along the columns) with an appropriate
change in the notation. Once these variances are shown to be different we
may wish to test whether two particular column variances differ ie. to
test the hypothesis H% : o] = o}. .

An application of this is in the combination of results of a series of variety
trials. The n rows represent n separate trials, the ¢ columns ¢ varieties and
the y;; are means in individual trials.

1063
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Morgan [1939] and Pitman [1939] considered the problem of testing the
equality of variances in a bivariate normal population. Their results have
been applied by Maloney and Rastogi [1970] to the comparison of variances
in a two-way classification with only two columns. The results of Morgan
[1939] and Pitman [1939] have also been applied by Curnow [1957] to test
the equality of variances of sub-plot treatments in a split-plot design when
there are only two sub-plot treatments. Russell and Bradley [1958] developed
a likelihood ratio test of H, for the case ¢ = 3. Johnson [1962] described a
test of H*% for any ¢ > 2.

Han [1968] proposed several tests of equality of variances in a one-way
classification. One of these tests is a generalization of Morgan [1939] and
Pitman [1939]. Later Han [1969] extended one of his tests to two-way classifi-
cations. His test criterion is the multiple correlation, R say, of 7;, on y;; — #..
G =238, -+, 1), where §,. is the marginal mean in row 7. Under the null
hypothesis H, the multiple correlation is zero. Han [1969] therefore suggests
that a significant value of R indicates departure from H, . A drawback of
this test is that the sample multiple correlation depends on the value of the
a; . This can be shown by adding a constant u; to all entries in row 2. The
variance-covariance matrix of y;; — @, is unaffected but the value of the
multiple correlation coefficient is changed. When row means are very variable
the correlation tends to be small and hence the power of the test is small.
Meclntyre [1972] has very effectively demonstrated this point by means
of a numerical example. In the present paper a test has been proposed which
is invariant for changes in «; and 8; . We consider only the case when all
observations are independent (p = 0 in Han’s [1969] notation). The number
of columns must be greater than 2 and n should be moderately large. In
section 2 we have described the test statistic and section 3 deals with the
distribution of the test statistic. Section 4 gives the test for comparing any
pair of variances and section 5 considers the likelihood ratio test. A worked
example is in section 6.

2. METHOD
It is convenient to write the model (1) in the form
Yi=lp+ la; + 8+ e, (2)

where

Y, = (ynsym; ey Ya), B =B, B,y B,

e/ = (eir,€:2, *** ,ey) and 1is a vector of ones. Now define an (m — 1) X m
matrix L,, such that

LJag=0 L, L,=1 3)

Now a vector Z; of m — 1 orthogonal contrasts among the observations in
row ¢ can be obtained as follows.
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20
Zi=LY. = | |; G=1,---,m. @
Zi(t-1)
It is easy to show that
E(Z) = LB; V(Z:) = L,ZL, =V, say, 6)
where
a1 0
T ©
0 - 4ot
Under the null hypothesis H, : o7 = ¢, say, for all j we have
V(Z) = oI Q)

We test H, by (i) estimating V by S defined below and (ii) applying the
test of sphericity described by Mauchly [1940]. The matrix S has elements
S given by

n—1 ‘Z_E Ea — 20 — 240); (ky ' =1,2,---,2—1) (8

The test statistic is A defined by

Sy =

|S|nf!
A= {tr (S)}mﬂz ! (9)
P
where p = ¢ — 1.

Under the null hypothesis of equality of variances the value of A should
be 1 apart from sampling errors.

It is not difficult to show that the statistic A is invariant for any chosen
set of orthogonal contrasts. For, consider any other set of orthogonal con-
trasts M,Y; where M, is given by

M, = DL, ; (10)
and D is an orthogonal matrix. Hence
DD' =1 and MM =1

Now let A, be the value of A when M, is substituted for L, in equation
(9). We obtain

W (a[g)ssl;;!))’ - (trli"!)) = &

P 'y
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Hence A is independent of the choice of orthogonal contrasts. Also A
is obviously not affected by any changes in g, a,’s and 8,’s.

3. DISTRIBUTION OF A

Moments of the statistic A under the null hypothesis are given by Anderson
[1958] pp. 262. For simplicity of notation we take N = n — 1 and W = A"
The hth moment of W is given by

PW@” TIGW +1 -9+ h)
(;UN P h) s PGV +1-9)

EW" = (12)

Box [1949] has discussed a general method for approximating the distri-
bution of a likelihood ratio criterion by the first few terms in an infinite
series of x”s. Anderson [1958] has applied this method to the sphericity
test eriterion. Using the first two terms he obtained the following theorem
Theorem: Under the null hypothesis of equality of all variances —2p log, A
is approximately distributed as x* with [t(¢ — 1)]/2 — 1 degrees of freedom
(p.7.), where p is given by

2" +p+2
6p(n — 1)

This result is adequate for large n. A more accurate result (correct up
to order n™*) can be obtained by including three terms of the infinite series.
We then have

Pr {—2p log, A < 7} = Pr {x} < n}
+ @ {Pr (X7+s < 1) = Pr(x; < )} + 0(™),  (13)

p=1._-

where

2)p—1 — 2)(2 2
W ES IR ES o RL AL L2 R

f=z(z;1)_1'

Better approximations can also be obtained by using the results of Hill
and Davis [1968]. Mathai and Rathie [1971] also deal with the exact distri-
bution of the likelihood ratio in a related problem and their results can be
extended to give the exact distribution of X\ considered here.

4. TEST OF THE EQUALITY OF TWO COLUMN VARIANCES

Suppose that H, has been shown to be unacceptable. We may now wish
to compare a particular pair of column variances, for example o and o} .
The null hypothesis is as follows:
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X141 = 03,

To test the hypothesis we first define the contrasts
L= Wa — )/ V2,

2 = Wa + Y — 2Wiw-2)/ V6,

where
Fics-2y = :z_; Yii/ (¢ — 2).
The expected values of z;; and z;, are given by
EGn) = (6, — B/ V2,
EGu) = (B + 82 — 28.-2)/ V6,

and the variances and covariances are given by

Viza) = (o1 + 02)/2
Vew = (1 + 2+ 2422 /s,
Cov (21 ,2:0) = (011? = 0:)/'\@

where

&ta = Z oi/(t —2) and B, = Zﬁ,/(t - 2).
i=3
Under the null hypothesis H* correlation between z,; and z;, is zero.
Hence we can test H% by comparing

i & — 2 (14)

with the ¢ distribution (n — 2 p.r.), where r* is the sample correlation co-
efficient between z,; and z;, .

Note, however, that V(z;,) and hence the power of the test depends
on &_, , i.e. on the variances in columns other than the two under con-
sideration. Some improvement in the test may be possible if we replace
#i-2 by another mean with a smaller variance. For example, if we know
a priori that ¢}, is large we might replace #;.-» by the mean for columns
3, 4, -+, t excluding column j’. The power of the test is, however, inde-
pendent of u, @; , B; . In cases when «;’s are very variable the above test
may provide a more powerful test than the one suggested by Maloney and
Rastogi [1970].

Johnson [1962] suggested a test of H* based on the ratio

Z (v — Ji. — Ja + y-..)2
F |-l

3 s = e = Fa F G

i=1




1068 BIOMETRICS, DECEMBER 1972

He pointed out that both numerator and denominator of this ratio depend
on the variances in column 3, 4, - -+ , { and the power may be small when
variances in remaining columns (¢ = 3, --- , t) are much larger than the
variances of the first two columns under test. The test proposed here is
exact, simple to construct, and may provide a more powerful test in some
cases.

5. LIKELIHOOD RATIO TEST

Russell and Bradley [1958] derived the likelihood ratio (LR) test of
equality of variances for the particular case of { = 3. When ¢ > 3 explicit
expressions for the maximum likelihood (ML) estimators of variances are no
longer available but the equations of estimation can be solved by a process
of successive approximation. However, for { > 3 it may not be easy to obtain
the iterative solution, as the estimate of the matrix V may not always be
positive definite.

In this section we outline the procedure in the general case. Following
Russell and Bradley [1958] we first eliminate the nuisance parameters g,
a; , B; by choosing suitable contrasts between observations in rows and
columns. We then obtain estimates of ¢; by maximizing the joint likelihood
of the selected contrasts.

A suitable set of orthogonal row X column contrasts 24, , k = 1, -+,
n—1;m=1,..-,¢t— 1isgiven by the elements of an (n — 1) X (t — 1)
matrix X, where

Xa1
It can be shown that
EX)=0;, VX)) =V; cov(X,,Xw) =0 for (k#FK),

where V is defined by equation (5).
The joint distribution of z;, is given by

n—1

j(m) = (21’?)_("_”“_1”2 |V—1|(n—1)4’3 exp — % Z X;V_IXg. (15)
k=1

Let 42 be the estimate of > maximizing log f(2). Also let L(Q), V be the

expression for log f(z) and V obtained by substituting ¢} for o} .
Under the null hypothesis H, the ML estimator of the common variance
o is simply ¢°, the residual mean square in the conventional analysis of
variance for an orthogonal two-way classification. Let L(w) be the log likeli-
hood under the null hypothesis and let A’ be the likelihood ratio such that

log, N = L(w) — L(Q).
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Then

log, N = = DE—1 1)2(5 — 1) I:—iog & — i _1 0 log |77

1 n—1 P
gl o e quX,l? X, — 1]. (16)

The quantity —2 log, N’ is distributed asymptotically as x* with (¢ — 1)
D.F. under the null hypothesis.

It is interesting to observe that in the particular case of ¢ = 3 the statistics
A of equation (9) and N\ of equation (16) are the same for large =, i.e. the
sphericity test and the LR test are asymptotically equivalent for ¢ = 3.
This can be shown by taking

|
—

1o-1
Ls='\/§'\/§

11 2

V6 V6 ~ V6

in equation (4).
Russell and Bradley (1958) show that

—2log, N = —(n — 1)[log, (6187 + 6163 + 6363) — 2 log, 6" — log, 3]
a7
where 47 is given by

82 = Tnl—‘_ﬁ [6 > G — e — 04+ 0.)

- ‘ng :'El Wes — . — Y1 + ?;")3] (18)

The 6% can also be expressed in terms of the elements of S defined by

equation (8). The expressions are as follows
6 =sn + V3,
8 =8 —V3stu;
8 = (382 — 811)/2.

Substituting in equation (17) we have

—2log, M = —(n — 1)[log, (511522 — s%) — 2 log, ¢°]. (19)
This is the same as —2 log, \ obtained from equation (9),
—2log, A = —n[log, (511822 — §%.) — 2 log, ¢°], (20)

apart from the multiplication factor of n in place of n — 1. The discrepancy
is unimportant for large n. However, for { = 3 the results in section 3 give
better approximation to x* for moderate values of n.
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It is not clear how the test proposed above and the likelihood ratio test
compare in general. Looking at the degrees of freedom for the two tests it
appears that the LR test may always give a more powerful test for ¢ > 3
but in general the value of —2 log, A will be larger than —2 log, \’. Moreover,
the test proposed in section 2 is much easier to obtain and gives a better
approximation to x* even for moderate values of n. It must be noted here
that the sphericity test, as described by Mauchly [1940], was obtained by
the likelihood ratio criterion to test the equality of all variances, and equality
of covariances to zero, in a multivariate normal distribution. In our case,
under the alternative hypothesis H, , the transformed variates z;; , with
reduced dimensions, will not have the sphericity property, under the as-
sumptions that the errors e;; are independent, and so the above test can be
used in this situation.

6. NUMERICAL EXAMPLE
In this section we illustrate the methods of the present analyses of the
variety trial data set out in Table 1. These data were presented by Graybill

[1954] and have also been used by Han [1969].
The problem is to determine whether or not the four varieties are as-

sociated with different error variances.
First we describe the calculations leading to the sphericity test. We

take the matrix L, as

1 =1 =1 1

1 -1 1 -1)-

1 1. =1 ==l

As we have shown the statistic A is independent of the matrix chosen.

We could use other matrices of the form L, , e.g. a matrix of orthogonal
polynomial coefficients. The sample variance-covariance matrix S is as

follows.

L.‘=

b=

41.090 9.552 54.261
(5]
S,= | 9.552 15.212 25.752| -
54.261 25.752 112.067

The following quantities arise in the calculations:
|S| = 14770.289
¢ = tr (8)/3 = 56.303
—gn log, \** = 32.39
p = 0.893
Hﬁﬂp log, A" = 28.92
ws = 0.0039.
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TABLE 1
Y1ELDS OF WHEAT (CWT/ACRE)
Variety
Location 1 2 5 4

1 43460 21..05 1947 1941
2 40.L0 21.76 16,61 23.8L
3 18.08 14..19 16469 16.08
L 19.57 18.61 17.78 18.29
5 45.20 29.33 20.19 30,08
6 25.87 25460 23431 2704
7 55.20 38477 21415 39.95
8 55.32 34619 18.56 25.12
9 19.79 21.65 23631 2245
10 NN 31452 22.48 29.28
11 14..88 15.68 19.79 22456
12 752 469 20.53 22,08
13 1117 32459 29.25 43.95

As the value of w, is small in this case the approximation up to n™* will
be adequate. The value of —gnp log, \** is highly significant compared
with the tabulated x* with 5 p.F. for the 5%, probability level.

We now consider the LR test.

The following ML estimates were obtained on a computer using an
iteration technique:

6 = 70.843; & = —16.373; 67 = 102.282; &2 = 77.016.

Hence using equation (20)

—21log, N = —2[L(w) — L(Q)] = 14.048.

Under the null hypothesis this should have asymptotically a x* distri-

bution with 3 p.F. Again the null hypothesis must be rejected.
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UN TEST INVARIANT POUR L'HOMOGENEITE DES VARIANCES
DANS UNE CLASSIFICATION A DEUX VOIES

RESUME

On propose un test d’égalité des variances dans différents tableaux (lignes ou colonne)
d’une classification croisée, équilibrée & deux voies sans interaction. Ce test différe d’un
autre test récemment proposé par Han [1969] en ce qu’il est invariant pour des changements
des paramétres génants représentant U'effet des tableaux. L'article généralise aussi le test
du rapport de vraisemblance introduit par Russell et Bradley [1958] pour des classification
avec seulement trois colonnes.
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SUMMARY

When two instruments or techniques are used to measure the same item, the measure-
ment precisions may be estimated using a method proposed by Grubbs [1948]. The present
paper generalizes certain tests given by earlier authors. Using this general result, some
exact tests of certain hypotheses are obtained for which only approximate results were
available. The results can also be used to construct exact confidence intervals for the
relative precision of two instruments.

1. INTRODUCTION

Recently, Maloney and Rastogi [1970] and Jaech [1971] considered some
tests of hypotheses about Grubbs’s [1948] estimators for comparing the
precision of two instruments. They used the methods of Morgan [1939]
and Pitman [1939]. Jaech [1971] has suggested some approximate tests based
on the likelihood ratio criterion; one of which tests a hypothesis about the
relative precision of the two instruments. The results obtained here generalize
those of Pitman [1939]. Curnow [1957] has also considered a similar problem
in a different context. In section 2 we restate the notation and define the
parameters consistent with that of Maloney and Rastogi [1970]. Section 3
gives a general result and some particular cases of interest are considered.
Section 4 shows that the test statistic proposed in section 3 is the likelihood
ratio (LR) statistic, thus giving the exact distribution of the LR ecriterion.
In section 5, these results have been used to derive exact confidence limits
for the relative precision.

2, FORMULAE AND NOTATION

Measurements from two instruments on the 7th item (drawn randomly
from an infinite population of items) are denoted by z; and y; (z =
1! 21 R n))

-1'?.‘=1'.‘+Ei; ;U."_‘T.-'l'?’.'-'] i=112,""n; (1)
where 7, is the correct unknown value of the ¢th item and ¢; and 7, are the
measurement errors and are assumed to be independent. Let us assume that

Vir) =d% V&) =d; Vin) =d; @)
373
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then,
V@) =d"+dl; V) =" +a; Cov(z,y) =7 ®3)
Denote the sample estimates of the variances and covariance of z and y by
Stt = E (xl' == xh)z/(n = 1); Siw = E (Uc == g)z/(n = 1)
t=] =1 (4)
8y = 2. (@ — Dy — P/ — D).

i=1

It is easy to see that

ES.) =d +d; EB, =¢+d; ES,) =7 ()
Grubbs [1948] estimated o? , o3 , and ¢°, respectively by
6: =:’Sn - S:u H 6’3 = Sw = Ssv 3 ¢ = ‘Su . (G)

He also showed that they are maximum likelihood (ML) estimators for
normally distributed variates.

3. TEST OF HYPOTHESIS
The present work is concerned only with the null hypothesis

H,:o! =kl (7
where & is a specified constant (& > 0). This will be tested against
H, :d} # koj . ()

Jaech [1971] suggested the likelihood ratio test for testing the above
hypothesis, and obtained a result equivalent to that given here. Consider
an alternative simpler approach. Write

=z kys; vi=zi—yi; =12 +--,n). 9
The variances and covariance of » and v are given by

V@) = o + Foz + *(1 + k)?; V@) = o + o5 ; Cov (u,v) = o7 — ko3 .

(10)
Denote the population correlation between  and » by p; then
2 2
— g, — ko'g . (11)
? T el + Mol + oz + 70 + BT

A necessary and sufficient condition for p to be zero is that o = kej ,
which suggests that the test of H, is equivalent to a test of % and » having
zero correlation. Denote the sample correlation coefficient between » and »
by r; this can be expressed in terms of 8., , S,, , and S,, as follows. Write
the sample variances and covariance of « and v as

Swu = S:z + szw + 2ks=u ; Su = S:x + Swn - 2Szu '
Sm = S:: s ksvw + (k - l)szw . (12)
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Then, by definition,
Snu Sz: - ksw + (k _ l)Szu

(SeuSe)” = [(Sez + Suy — 28.,)(S. + K°S,, + 268,017
Thus under the null hypothesis H, ,

=y
to =14 f; — (14)

will have a Student’s ¢ distribution with (n — 2) degrees of freedom (p.F.).

The particular case of k& = 1 was considered by Maloney and Rastogi
[1970] in detail, and the test they obtained is the same as above.

The particular case of k& = 0, testing the hypothesis that ¢; = 0, was
considered by Maloney and Rastogi [1970] and by Jaech [1971], and the
result in this section gives the exact distribution of the test statistic they
considered.

r= (13)

4, LIKELIHOOD RATIO TEST

It can be easily seen that the test statistic used in section 3 is the same
as that derived by the likelihood ratio given by Jaech [1971]. For simplicity,
work with the transformed variates u; and v; (Z = 1, 2, +-- , n) instead of
z; and ¥; ; u: and »; have a bivariate normal distribution with variances
and covariance given in (10). Let us denote the maximum value of the
likelihood under the alternative hypothesis H 4, by L(Q).

log L(Q)

I

—g o= g log (S..8.. — S2.) — n log (27)

= _g - g log (S..8,, — 82,) —nlog (1 + k) — n log (2m). (15)

Under H, , v and v are independently distributed. Denote the maximum
value of the likelihood under H, by L(w), and put 82, = 0 since u and v are
independent; then (15) becomes

log L(w) = —5 — 5 log (SuS..) — n log (2r)

5 glog (8 4+ S, — 28.5(8: + %8, +2%8.)]
— n log (7). (16)
Thus,
log A = log L(w) — log L(Q)

N [ S::8y, — 8,
2 (S.t: + Suv Qqu)(Szz + kzsuu + zkszy)

]+nlog(1+k}.



376 BIOMETRICS, JUNE 1973

But from (13)

_ (L + B(SuSp — S2)
(Szz + Sw - 28‘:»)(832 + kksw S5 2k8=v) ’

1—7
thus
log A = giog a— ). 17)

The same value of log A is obtained by Jaech’s [1971] approach, using
¢* and ¢, obtained in (12) and (13) of his paper and putting them in his (5),
(6), and (7).

The disadvantage of the above test is that the power depends upon ¢*
(the larger ¢°, the smaller the power). This has been discussed in more detail
by Maloney and Rastogi [1970]. If the data from more than two instruments
are available then a test can be obtained whose power is independent of &°
(Shukla [1972]). When ¢ = 0 (one item being measured repeatedly) then
the obvious test for ¢ = ko? is to consider the ratio of S,, and S,, and test
by an F-test, where u; = ‘\/.-'_cy.- andv, = z;;(1=1,2, -+, n).

5. CONFIDENCE INTERVALS FOR RELATIVE PRECISION

The results of section 3 can be used to obtain confidence intervals for k.
Let us denote the Student’s { value at «/2 probability level with (n — 2)
D.F. by {./2 . Then (1 — )%, confidence limits for & can be obtained from (14)
by substituting the value of {,,, in place of ¢, and substituting the value of
ratio r*/(1 — r*) in terms of 8., , S,, , S., and k.

The quadratic equation in k reduces to

K(a* — P) — 2k(ab + P) + (* — P) = 0 (18)

where

zi/!(susw' = S:v)_

G:va_sﬂf; b=S::_qu; P =

n—2)
Solution of (18) gives K and K, as upper and lower limits
b— VP + VP
K, =—"—; Ky = ———: 19
E e+ VP’ C a— VP’ )

such that
P(KLS;GSKU) =1-—a

In example 1, considered by Maloney and Rastogi [1970], n = 181,
S.. = 0.6069, S,, = 0.5533, S., = 0.3054, and {.,, = 1.96. The 95%, con-
fidence interval for k calculated by the above method is given by

K, = 0.7168; K, = 2.1258.
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QUELQUES TESTS D’HYPOTHESES EXACTS CONCERNANT LES
ESTIMATEURS DE GRUBBS

RESUME

Quand deux instruments ou deux techniques sont utilisées pour mesurer la méme
quantité, on peut estimer les précisions des mesures & 'aide d’une méthode proposée par
Grubbs. Cet article généralise certains tests donnés par de précédents auteurs. En utilisant
ce résultat général, on obtient quelques tests de certaines hypothdses exactes alors que
seules étaient disponibles des approximations. On peut aussi utiliser ces résultats pour
construire des intervalles de confiance exacts pour la précision relative des deux instruments.
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