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Abstract

The astrophysical data of the last two decades have allowed cosmologists to

conclude that the present Universe is accelerating. The research carried out to

find the origin of this phenomenon has led to the creation of a vast number of

dark energy and modified gravity theories, of which the simplest is the ΛCDM

model. The latter is, however, plagued with very difficult problems awaiting a

solution. The work here presented seeks to contribute to the discussion of the

possible explanation for the Cosmos’ acceleration and other important questions

in modern cosmology using the newest astrophysical observations available.

This thesis starts by exploring a dark energy model dubbed thawing quintessence

which is characterised by allowing a non constant ratio of pressure to density

for dark energy that is however still close to −1 for most of the cosmological

evolution, shifting away from this value when the domination of the radiation and

matter components fades away. The findings are the most up-to-date constraints

for which this model gives a viable theory for dark energy, including a bound

on the equation of state at present of w < −0.88. This exact approach was

contrasted with the use of an approximate equation-of-state parametrisation for

thawing theories. The analysis also includes different parametrisation choices,

and comments on the accuracy of the constraints imposed by CMB anisotropies

alone.

Next, the cosmology of hybrid metric-Palatini gravity is presented. This is a type

of Modified Gravity theory in which the Lagrangian density for the gravitational

action is a function of the Ricci scalars of both the connection and the metric.

The background evolution of two models of this kind is examined explicitly

showing the recovery of standard General Relativity at late times. The maximum

deviation from the gravitational constant G at early times is constrained using a

combination of geometrical data, finding it to be around 1%.
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A designer scenario, also introduced under the hybrid metric-Palatini formulation,

is then used to explore to what extent early modifications of gravity, which

become significant after recombination but then decay towards the present, can

be constrained by current and future cosmological observations. This model

is embedded in the effective field theory description of Horndeski scalar-tensor

gravity with an early-time decoupling of the gravitational modification.

Applying cosmological data, the constraints on the early-time deviations from

General Relativity are obtained. These are dependent on the redshift at which

the oscillations in the slip between the gravitational potentials are turned on. For

zon = 1000, the deviation from Einstein’s theory is ≤ 10−2 with 95% confidence.

An explanation of the effect that these divergences have on the CMB power

spectrum are discussed, as well as the effect that future 21 cm survey data will

have on this study.

The last part of this work is a move towards inflation, the early epoch of

accelerated expansion undergone by the Universe. Here a parametrisation of

the acceleration trajectory is investigated with the aim of measuring the rolling

of the inflaton corresponding to the value of the tensor-to-scalar ratio r to be

compared with future observations.

Considering five ln ε amplitudes and 14 e-foldings, it was found that the posterior

distribution of (r,∆Φ) is in very good agreement with Lyth’s bound. The analysis

included a histogram depiction of the latter result, from which later a minimum

constraint on ∆φ for each of the bins was found. These outcomes constitute the

intermediate step of this project which will be made more accurate by extending it

to ∼ 50 e-folds, a larger set of cosmological parameters and observational bounds

that are restrictive on small scales.
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Chapter 1

Introduction

In 1915, Einstein’s theory of General Relativity (GR) laid down the basis for

building a descriptive model for the large-scale Universe. In the decades to follow,

the Cosmos’s history, from its earliest breath up to the present time, has been

studied, and hotly debated.

In 1917, Einstein introduced the idea of a static Universe, the first application of

his theory to cosmology. In the same year, de Sitter presented the first dynamical

model [202]. Alexander Friedmann originated the general isotropic solution in his

papers “On the curvature of space” [83] in 1922, and “On the possibility of a world

with constant negative curvature of space” in 1924, where he introduced the idea

of negative curvature [84]. Five year later, Edwin Hubble proved Friedmann’s

prediction of an expanding Universe to be certain. Georges Lemâıtre, Howard

Robertson and Arthur Walker also made very important contributions to this

problem.

By the late 1940s, Ralph Alpher and Robert Herman had improved upon

Friedmann’s work by predicting the existence of a blackbody radiation [14],

formed in the very early Universe, when matter and photons existed at a very

high energetic state. This primeval effect was to be measured at a temperature

of a few Kelvin, given that the energy density components of the Universe cool

down as the Universe grows. As often happens in science, this young imprint

was discovered by accident in 1965, and given the name of the Cosmic Microwave

Background (CMB) Radiation. With this discovery, Arno Penzias and Robert

Wilson of the Bell Telephone laboratories provided the most compelling evidence

for the Big Bang theory [172].
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By this point, Friedmann’s model had been established as a highly successful

theory, but it still suffered from severe shortcomings. For instance, the question

of how the Universe came to be remained unanswered. This problem was partially

resolved by inflation, a theory postulated by several authors at the same time in

the early 1980s [94, 118, 191, 210].

In 1989, the technology and budget of NASA’s Goddard Space Flight Center

allowed the launching of the Cosmic Background Explorer (COBE) satellite,

a more sophisticated version of Penzias and Wilson’s horn antenna, with the

purpose of measuring the microwave sky on large angular scales. It was revealed

that our Universe, although highly homogeneous and isotropic, has tiny (10−5)

temperature anisotropies in the matter distribution. These differences were

responsible for the formation of stars, galaxies, clusters, and all large-scale

structures known. It is theorised that the origin of these anisotropies are the

quantum fluctuations of fundamental fields, which were present in the very early

Cosmos [161].

More recently, in 1998, the High-redshift Supernova Search team and the

Supernova Cosmology Team, led by Adam Riess [183] and Saul Perlmutter [175]

respectively, collected distances for 51 Supernovae Type Ia (SN Ia). At the time

this was the largest dataset of its kind. Their analyses concluded that the Universe

is undergoing an epoch of accelerated expansion. The name given to the unknown

source of this accelerated expansion is Dark Energy (DE).

The findings of surveys carried out after COBE have supported the existence of

a cosmological model described by the Big Bang, and complemented by inflation

and dark energy. Beginning in 2003, the Wilkinson Microwave Anisotropy Probe

(WMAP) provided several releases with ever more accurate measurements of

the CMB anisotropies [27, 127, 128, 208, 209], followed by the unprecedented

sensitivity and angular resolution of the Planck mission [7, 8].

With the information available from these experiments, it is possible to establish

a time line of the most important events in the Universe’s history. This is:

When our Universe was less than a second old, it underwent a period of

accelerated expansion known as inflation. This was followed by an era of

attractive gravity, first dominated by radiation, during which helium and

deuterium formed. Given the fast redshift rate of the energy density of radiation,

this epoch was shortly lived and followed by a matter-dominated era around the

redshift z ' 3000.
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The temperature anisotropies measured by COBE happened on the last scattering

surface at which electrons were trapped by hydrogen nuclei to form atoms. The

photons could then move freely without experiencing Thomson scattering. This

decoupling time corresponds to the redshift z ≈ 1090. According to Planck 2015

data [8], the energy density components of the Universe were distributed at this

time as

Dark matter - 63.92 %

Radiation from photons - 14.16 %

Radiation from neutrinos - 9.90 %

Baryons - 12.00 %

Dark energy - 1.3146 x 10−7 %

During this time, galaxies and clusters started to form. To some extent, baryons

also contributed to large-scale structure formation. Compared to DM, the

energy density of DE was suppressed to allow the large-scale structure to grow

enough [16].

However, the DE energy density eventually caught up with the one from DM.

The onset of cosmic acceleration occurred around the redshift z ≈ 1, ending the

long period of gravitational attraction in the Universe. There is a second era in

which gravity is effectively repulsive now taking place, as dark energy has started

to dominate. Now, at redshift z = 0, the most recent Planck release [8] tells us

the energy distribution of the Universe is

Dark matter - 25.89 %

Radiation from photons - 0.00526 %

Radiation from neutrinos - 0.00367 %

Baryons - 4.86 %

Dark energy - 69.11 %

Understanding the true nature of DE is one of the most interesting problems in

cosmology, as this component will shape the future of our Universe.

Theories whose purpose is to contribute to the discussion of the inflationary era

and the dark energy domination period, are the focus of this thesis.
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Figure 1.1 The cosmic microwave background through the lens of the COBE,
WMAP and Planck satellites. Image credit: NASA/JPL-
Caltech/ESA.

1.1 The standard model of cosmology

The most fundamental assumption made in cosmology is the Copernican

principle:1

The large-scale Universe is accurately modelled as spatially homoge-

neous and isotropic.

This principle is consistent with the early state of the Cosmos, as the CMB

exhibits nearly perfect isotropy. Also, on scales of ' 100 h−1Mpc, the large-

scale distribution of galaxies is very smooth [131, 196, 226]. Figure. 1.1 is a

representation of the sensitivity achieved by each generation of satellites in the

quest to map the cosmic radiation.

Describing the latest billion years under the Copernican assumption is more of

a challenge, as galaxies, voids, and clusters make the late Universe very lumpy

on small scales. Because of this observation, it is useful to divide the study

of cosmological models between the background, which is exactly homogeneous

and isotropic (also called the Friedmann-Robertson-Walker model), and a more

realistic description of the effect of small perturbations.

Distance definitions are very important for the study of cosmology. To

parametrise the evolution of the Universe, it is useful to introduce the scale

1Throughout this work natural units will be used, such as speed of light c = 1.
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Figure 1.2 The Hubble diagram for Jha’s compilation of observed type Ia
supernovae [110]. The scatter about the line corresponds to
statistical distance errors of < 10 per object. The small red region
in the lower left marks the span of Hubble’s original Hubble diagram
from 1929.

factor a, which is set to one at present. A comoving distance r will measure

the difference between coordinate points and it will therefore remain unchanged.

On the other hand, the physical distance d = ar is proportional to the scale

factor, and evolves with time. It is also convenient to define the conformal

time η, where dt = adη. To quantify the change in scale factor and its relation

to energy density the Hubble rate is defined [71],

H(t) =
ȧ

a
. (1.1)

where an overdot represents a derivative with respect to time t. In an expanding

Universe, it is therefore expected that galaxies are receding from us. The Hubble

time H−1 and the Hubble length cH−1 are also important to interpret the

Cosmos’s evolution. In the case of light, when it is emitted from a receding

object its wavelength stretches out, and the distortion is measured by a factor

defined as redshift

1 + z ≡ λobserved

λemitted

≡ 1

a
. (1.2)

The observation that at low redshifts, velocity increases linearly with distance

with a slope given by the Hubble rate was first made by Hubble in 1929 and it is

known as Hubble’s law [107]

v = H0d, (1.3)

where H0 is the present value of H, called the Hubble constant. In Fig. 1.2, the
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redshift scale of Hubble’s original measurements is recognisable against a much

more recent Supernova type Ia dataset. With these concepts, other distances can

be considered in order to explore the different epochs in our Universe [155]:

Horizon is a frontier between events that are observable and those who are not.

Two points separated by a distance larger than the horizon at a given time have

not yet been able to reach thermal equilibrium or even interact.

Particle horizon is the distance that light could have travelled from the

beginning of the Universe until a certain time t.

xph =

∫ t

0

dt

a
. (1.4)

Event horizon is the distance that light can travel from a certain time t into

the future.

xeh =

∫ ∞
t

dt

a
. (1.5)

Effective horizons are more realistic versions of the previous two definitions.

Setting a2 as the scale factor at the end of inflation, the effective event horizon

xeh =

∫ a2

a

da

Ha2
, (1.6)

is the maximum distance that light can travel during this epoch. Setting a1 as

the scale factor at the start of the Big Bang, the effective particle horizon

xph =

∫ a

a1

da

Ha2
, (1.7)

is the maximum distance that light can have travelled during the Big Bang up to

a given time.

For η = 0 at the beginning of the Big Bang, η = xph(a1, a). Its present value η0

is the definition of the radius of the observable Universe.

From these fundamental definitions, it is possible to start describing the

cosmological history in a quantitative manner. The spatially homogeneous and

isotropic model is called the Friedmann-Lemâıtre-Robertson-Walker (FLRW or

FRW) model, and it describes the background Universe with the line element

ds2 = gµνdx
µdxν = dt2 − a2(t)

[
dr2

1−Kr2
+ r2

(
dθ2 + sin2 θdφ2

)]
, (1.8)
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where gµν is the metric tensor, a(t) is the scale factor, that determines the overall

scale of the Universe, t is the time, r is the comoving or coordinate distance, K

is the spatial curvature, and θ and φ are spherical coordinates.

There are three possible values for the spatial curvature:

• Closed Universe: The finite-sized spatial sections are spheres and K > 0.

• Flat or critical Universe: The unbounded spatial sections are flat and

K = 0.

• Open Universe: The unbounded spatial sections correspond to hyperboloids

and K < 0.

The expansion history of the Universe can be described by the time dependence

of the free function a(t). The application of the FRW metric to the field equations

of the standard cosmological model provides the evolution of the scale factor.

To derive such equations a relativistically invariant action needs to be provided.

It is also desirable that such an expression be as simple as possible. To begin

with, the volume element dnx is to be transformed in an invariant manner. To

arrive to the desirable transformation it is useful to consider the case of a diagonal

metric (such as FLRW) where the line element takes the form

ds2 = g11(dx1)2 + g22(dx2)2 + ...+ gnn(dxn)2, (1.9)

which is an orthogonal coordinate system. Consider an element of volume in the

(x1,x2,x3) surface defined by xa constant for a = 4, 5, ..., n. The volume element is

defined by the coordinate lengths dx1, dx2, dx3. The proper lengths are
√
g11dx

2,
√
g22dx

2,
√
g33dx

3. Thus the volume element is

d 3V =
√
|g11g22g33|dx1dx2dx3 (1.10)

Similarly for an n-dimensional case,

dnV =
√
|g11g22...gnn|dx1dx2...dxn (1.11)

Let’s make a transformation to local Cartesian coordinates x
′a at an arbitrary

point P in the manifold. A small n-dimensional region at P will have volume

dnV = dx
′1dx

′2...dx
′n. In any other coordinate system x

′a, a volume element dnx
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picks up a factor of the Jacobian under change of coordinates

dx
′1dx

′2...dx
′n =

∣∣∣∣δx′aδxb

∣∣∣∣ dx1dx2...dxn. (1.12)

Denoting the transformation matrix as X = δxa

δx′b
then the Jacobian is

J = det(X−1) = (detX)−1. Now let’s define the matrix G = gab(P ) and

G
′
= g

′

ab(P ) respectively, then

G
′
= XTGX. (1.13)

Taking determinants on both sides of 1.13 and denoting g
′
= det(G

′
) and

g = det(G) then

g
′
= det(X2)g =

1

J2
g. (1.14)

The coordinates x
′a are Cartesian, therefore G

′
= diag(±1,±1, ... ± 1) implying

g
′
= ±1. Then g = ±J2 [51].

This invariant transformation of a volume element is a necessity when integrating

scalar functions over a n-manifold,

I =

∫
φ(x)

√
|g|dnx (1.15)

This brings us to the point where an action for general relativity can be

introduced, where the dynamical variable is the metric gµν . Hilbert figured that

the simplest choice was the Einstein-Hilbert action [51]

S =
1

2κ

∫
d4x
√
−g [R− 2Λ] +

∫
d4x
√
−gLM [gµν ,Ψ] , (1.16)

where κ = 8πG, g is the determinant of the metric tensor, G is the gravitational

constant, R is the Ricci scalar, R ≡ gµνRµν , Λ is the cosmological constant and

LM is the Lagrangian density of the matter fields Ψ.

The variation of Eq. (1.16) gives the field equations

Gµν ≡ Rµν −
1

2
gµνR = 8πGTµν + gµνΛ, (1.17)

where Gµν is the Einstein tensor, given by a combination of the Ricci tensor
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Rµν = Rα
µαν and the Ricci scalar, and Tµν is the stress-energy tensor

Tµν =
−2√
−g

∂LM

√
−g

∂gµν
. (1.18)

The l.h.s. of Eq. (1.17) characterises the geometry of spacetime, whereas the r.h.s.

describes the energy and momentum components. Applying the FRW metric, the

(00) and (ii) components of Eq. (1.17) give the cosmological field equations

H2 =

(
ȧ

a

)2

=
8πGρ

3
− K

a2
, (1.19)

ä

a
= −4πG

3
(ρ+ 3P ) . (1.20)

where H is the Hubble parameter, ρ is the energy density and P is the pressure.

A common way to express Eq. (1.19) is in terms of the density parameter

Ω = ρ/ρc, where ρc is the critical density for which the Universe is flat (K = 0),

defined as

ρc =
3H2

8πG
. (1.21)

Expressing every matter density and the curvature parameter in terms of Ω, the

Friedmann equation becomes

1 = Ωr + ΩM + ΩDE + ΩK, (1.22)

where

Ωr =
8πGρr

3H2
, ΩM =

8πGρM

3H2
, ΩDE =

8πGρDE

3H2
, ΩK =

−K
aH2 . (1.23)

The Einstein tensor satisfies the Bianchi identities ∇µG
µ
ν = 0. It follows from

Eq. (1.17) that ∇µT
µ
ν = 0. The time component of this expression is

∇µT
0
ν = ρ̇+ Γi

i0(ρ+ P ) = ρ̇+ 3
ȧ

a
(ρ+ P ) = 0. (1.24)

This is called the conservation or continuity equation. The system of equa-

tions (1.19), (1.20) and (1.24) implies three unknown variables (a, ρ, P ) for three

expressions, but they are not linearly independent.

Equation (1.24) can be simply rewritten as d(ρa3) = −Pda3, which can be

interpreted as the first law of thermodynamics, as ρa3 is proportional to the
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total energy, and a3 to the volume. For the simple equation of state P = wρ with

w constant the solutions for (1.19) and (1.24) are

ρ ∝ a−3(1+w), a ∝ (t− ti)2/3(1+w), (1.25)

where ti is a constant. When each one of the solutions for the cosmological

fluids is combined with the present measured values, the expansion history of the

Universe can be determined. The densities are:

Radiation: From statistical mechanics we know this component has an equation

of state w = 1/3. In this case then, the cosmic evolution during the radiation-

dominated epoch is given by

ρ ∝ a−4, a ∝ (t− ti)1/2. (1.26)

After the inflationary period, radiation was the dominant component of the

Universe, but matter took over quickly, as the radiation density decreases much

more rapidly.

Non-relativistic matter: In cosmological scales, matter has negligible pressure,

so w ∼ 0. Then, in this era, the evolution goes as

ρ ∝ a−3, a ∝ (t− ti)2/3. (1.27)

Dark energy: In order to produce cosmic acceleration we require ä > 0 in

Eq. (1.19)

P < −ρ
3
→ w < −1/3, (1.28)

where ρ is assumed positive. When w = −1, i.e., P = −ρ, it follows from

Eq. (1.25) that ρ is a constant. This case corresponds to the cosmological

constant, usually called “Λ”. For such a model, the scale factor evolves as

a ∼ exp (Ht).

The standard model of cosmology is known by the acronym ΛCDM (dark energy

in the form of a cosmological constant plus cold dark matter). This theory is the

most favoured in modern cosmology, because of its simplicity and its capability

of fitting the data very well. [8].

It is important to note that this model is solely constructed on the general

relativity formalism, and that Einstein’s theory represents the most general

description of a single metric that in four dimensions has field equations with, at
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most, second order derivatives [60].

1.2 Problems with the standard cosmological

model

The conclusions drawn from observational sources clash with the ΛCDM theo-

retical predictions in different ways. There are five problems which motivate the

search for a better cosmological theory.

1.2.1 The flatness problem

The Friedmann equation rewritten with the density parameter Ω as in (1.22), dic-

tates the spatial curvature of the Universe, which according to the observations,

is flat. This means the Cosmos will forever remain with null curvature. During

the radiation and matter domination epochs, Ω moved away from 1. However,

at present, it is observed that this parameter is extremely close to unity, which

implies that at very early times (1 s old), it should have been like that as well.

But this very fined tuned initial condition is statistically highly unlikely.

1.2.2 The horizon problem

Regressing back in time during the Big Bang, the comoving horizon 1/aH

becomes every time smaller in comparison to the comoving size of the observable

Universe. This means that at early times, the observable Universe was much

larger than the particle horizon. However, the CMB tells us the Universe at

300,000 years of age was incredible homogeneous and isotropic. The horizon

problem consists of answering how this observation can be possible, when regions

too distant from one another in the sky were, supposedly, not in causal contact.

1.2.3 The unwanted relics problem

This issue stems from the fact that many Grand Unified Theories (GUTs) predict

the existence of stable exotic particles and topological defects that would have

11



theoretically formed when the Universe was very young and under hot and

highly energetic conditions. Such particles would have been produced in great

abundance and would persist until today. However, all searches for these early

time relics have resulted in failure.

1.2.4 Cosmic coincidence problem

The present dark energy density (ΩDE ' 0.69) and the present dark matter

density (ΩDM ' 0.26) are of the same order of magnitude at the recent epoch.

Nonetheless, in the past, their values have been extremely different and, if the

measurements of the cosmological constant are true, they will become very

different in the future as well. Why at this precise point are these values so

similar? This question remains without a satisfactory answer.

1.2.5 Cosmological constant problem

For the cosmological constant to cause the cosmic acceleration observed today, Λ

must be of the same order of magnitude as the square of the Hubble parameter

at present H0, i.e., Λ ∼ H2
0 ∼ (10−42)2. This means that the energy density for

Λ is

ρΛ =
ΛM2

Pl

8π
∼ 10−47GeV4. (1.29)

where MPl ≡ 1/
√

8πG is the reduced Planck mass.

On the other side, if one interprets the origin of the energy density (1.29) to

be the vacuum energy of empty space, its value can be predicted from quantum

field theory (QFT). The zero point vacuum energy density 〈0|ρ̂vac|0〉 obtained by

evaluation of the sum of zero-point energies of quantum fields with mass m is

given by [126]

〈0|ρ̂vac|0〉 =
1

2

∫
d3k

8π3

√
k2 +m2, (1.30)

It is well known from observations that the quantum vacuum is Lorentz invariant.

Hence, this vacuum energy density must give rise to a stress-energy tensor in

Minkowski space time of the form

〈0|δ̂T
vac

µµ |0〉 = −〈0|ρ̂vac|0〉 (1.31)
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The expression in Eq. (1.30) is divergent, therefore, a UV cutoff ΛUV is introduced

to evaluate this integral

〈0|ρ̂vac|0〉 =
1

2

∫ ΛUV

0

d3k

8π3

√
k2 +m2

=
Λ4

UV

16π2
+
m2Λ2

UV

16π2
+

m4

64π2
log

m2
√
e

4Λ2
UV

+O(Λ−1
UV), (1.32)

where the integral of the first line is evaluated exactly and only the leading order

behavior is considered. The pressure arising from the vacuum contribution is

〈0|P̂vac|0〉 =
1

3

∫ ΛUV

0

dk
k2

4π2

k2

√
k2 +m2

=
Λ4

UV

48π2
− m2Λ2

UV

48π2
− m4

64π2
log

[
m2e7/6

4Λ2
UV

]
+O(Λ−1

UV), (1.33)

The first two terms in both (1.32) and (1.33) break Lorentz invariance and are

therefore unphysical. These can be removed by local counter terms. The final,

physical result is obtained by sending ΛUV → ∞, and absorbing the remaining

numerical factors in the logarithm to find

〈0|ρ̂ren
vac|0〉 = −〈0|P̂ ren

vac |0〉 =
m4

64π2
log

[
m2

µ2

]
. (1.34)

This is confirmation of the veracity of Eq. (1.31). The remaining logarithmic

term is physical because in a Higgs-like setting, where the mass of the field is

generated by some other field, the logarithmic term cannot be subtracted by a

local counter term.

Using Eq. (1.34) it is possible to estimate the change of the value of the

matter contribution to the cosmological constant based on a standard electroweak

symmetry breaking scenario, during which the Higgs field develops a non-zero

vacuum expectation value. The lower theoretical value of the cosmological

constant is

〈0|ρ̂vac|0〉 ∼ 109GeV4. (1.35)

The geometric contribution to the cosmological constant Λ, which also contains

the unknown, constant value of the potential energy of the Higgs field before

electroweak symmetry breaking, thus has to be fined-tuned by 56 decimal

places [126].

So far all attempts to solve this issue have failed: supersymmetric theories

13



or validating the energy scale of quantum chromodynamics only alleviate the

problem slightly and involve deeper theoretical intricacies [188].

1.3 The theory of cosmological inflation

Even though cosmological inflation cannot explain the origin of the Universe, it

solves, in a simple and elegant way, some of the problems that ΛCDM suffers.

This theory consists of a brief epoch of accelerated expansion that took place

in the very Early Universe, before radiation domination occurred. It was first

proposed in 1981 by Guth [94] and Sato [192], independently, and a year later,

a revised model (”new inflation”) was presented by Linde [140] and Albrecht

and Steinhardt [12]. It is worth noting that a specific version of the inflationary

scenario was proposed by Starobinsky one year earlier [210]. However, this paper

did not point out explicitly the advantages of inflation as in Guth’s work.

In this era, the scale factor is accelerating, that is ä > 0. Another way to describe

this is by saying that the comoving Hubble length is decreasing with time. And

a third equivalent manner is expressed as

− Ḣ

H2
< 1, (1.36)

because the Hubble parameter H remains almost constant during inflation. The

solution will then be an almost exponential expansion, a ∝ exp (Ht). Assuming

GR, we can now draw a conclusion from inflation related to the energy density

of the Cosmos. From the acceleration condition, and Eq. (1.20) it follows that

Inflation↔ ρ+ 3P < 0. (1.37)

Because ρ is always assumed positive, in order to satisfy the latter condition,

P must be negative. To achieve almost-exponential inflation, it is required that

P ≈ −ρ, which is a condition that can be satisfied by scalar fields [155].
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1.3.1 How inflation solves the flatness, horizon and relic

problems

One of Guth’s papers of 1986 [141] explained how inflation could solve three of

the Big Bang cosmology’s uncertainties. This happened a decade before dark

energy was first detected, therefore the cosmological constant problem was not

known in the same form as nowadays.

Referring to the flatness issue, during inflation, whilst the Cosmos expands, the

density parameter is

|Ω− 1| → 0. (1.38)

This implies that Ω = 1 is now an attractor solution, and for a large enough

amount of inflation one obtains a cosmology that is extremely close to flat

no matter the initial curvature. This theory therefore naturally provides an

explanation for the observed flatness of the present Universe.

Considering the observable Universe to be well inside the horizon at the start

of inflation, this model can also solve the horizon dilemma. As the expansion

commences, the comoving horizon shrinks such that at the end of this era, the

observable Universe lies outside of it. This explains the homogeneity in the CMB

photons, as they were in causal contact before, meaning that comoving scales

that are observed entering the horizon now were inside it in previous times.

Finally, inflation explains the lack of relic particle detection. The theorised

particles were predicted to be formed at extremely high energies. However, if

the primeval acceleration ends at a lower energy scale, these relics would have

been diluted during the exponential Universe’s expansion. This would made them

practically impossible to detect today.

An exception to this is the gravitino. This particle is theorised to have been

produced abundantly just after inflation happened [157]. Cosmology places severe

constraints on gravitino mass density, but the current standard model is still

unresolved for them [69].

The solution to these problems is bound to the condition that inflation lasted for

at least 50− 60 e-folds [155]
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1.3.2 Single-field inflation

After a few e-folds, the Universe flattens considerably (K = 0). Because the

cosmological constant has a negligible effect at early times, during inflation it

will be taken as Λ = 0. The energy density and pressure of the cosmological fluid

dominant during this era are theorised to be dominated by scalar fields. These

fields need to attain the condition P < −ρ/3 in order to achieve an accelerated

expansion behaviour.

The simplest solution consists of the variation of a single field φ, named the

inflaton, with equation of motion

φ̈+ 3Hφ̇+
dV (φ)

dφ
= 0, (1.39)

where H is the Hubble parameter, V (φ) is the potential of the scalar field, and a

dot denotes a time derivative. The middle term in the equation acts as a friction

term that slows the evolution of the scalar field as a result of the Universe’s

expansion. For this case, the Friedmann equation can be written as

H2 =
1

3MPl

(
φ̇2

2
+ V (φ)

)
, (1.40)

Differentiating this equation and substituting in Eq. (1.39)

Ḣ =
−φ̇2

2M2
Pl

. (1.41)

From the energy-momentum tensor Tµν , the inflaton’s density and pressure are

ρ =
φ̇

2
+ V (φ), P =

φ̇

2
− V (φ). (1.42)

For the case V (φ) > φ2/2, the inflaton will have a negative pressure, ending up

with an equation of state w ≈ −1 for cases when the potential energy dominates

over the kinetic contribution.

V (φ)� φ̇2

2
. (1.43)

The inflaton would then roll slowly down the potential; however, it is crucial that

the kinetic energy is never zero, as this would cause the dragging term of the
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scalar field equation to disappear and therefore inflation would never end. For

this theory to really solve the horizon, relic and flatness problems, the inflaton

must accelerate slowly, causing the inflationary period to last long enough∣∣∣∣dV (φ)

dφ

∣∣∣∣� ∣∣∣φ̈∣∣∣ . (1.44)

This means the scalar field potential is close to flat and presents little variation

during inflation. When a potential V (φ) is provided, with the aim of building

an inflationary model, there are two parameters that are required to be small in

order to obtain a slow-roll approximation behavior for the inflaton,

εV =
M2

Pl

2

(
V
′

V

)2

, ηV = M2
Pl

V
′′

V
, (1.45)

where V ′ and V
′′

are first and second order derivatives of the potential with

respect to the scalar field φ.

Eqs. (1.45) are known as the potential-slow-roll (PSR) parameters. When their

size is small they are used to justify neglecting the kinetic term in Friedmann

Eq. (1.40) and the acceleration term in the inflaton’s equation of motion (1.39).

However, the attainment of these conditions is not sufficient to guarantee the

appropriate dynamics for inflation, as the PSR parameters only bound the form

of the potential, not the properties of the inflaton [136].

A way of obtaining more robust slow-roll parameters is by considering H(φ) as

the primary quantity, which leads to the definition of the Hubble-slow-roll (HSR)

approximation

ε = − Ḣ

H2
, η =

ε̇

εH
. (1.46)

The latter are much superior choices to the PSR equations. When ε � 1, it is

possible to neglect the kinetic term in Eq. (1.40). When η � 1, the acceleration

term in Eq. (1.39) can be discarded. And the condition for inflation to occur is

ä > 0↔ ε < 1. (1.47)

The inflationary period ends exactly when ε = 1. When using the PSR

parameters, the condition εV < 1 is only approximate [136].

The scalar field keeps running down the slope until it reaches the minimum and

starts oscillating around the equilibrium value. At this point, the entire energy
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density of the Universe is contained in the inflaton. This energy must become

free by converting to other types, until the Hot Big Bang commences. This

conversion process is known as reheating, and its precise characteristics depend

on the precise model, but in each case, it is completed when the inflaton decays

into standard model particles, and all of the Universe’s energy takes the shape of

radiation in thermal equilibrium [122, 123, 142, 201].

Chapter 5 of this thesis is based on an MCMC exploration of the acceleration

trajectory ε, with the aim of obtaining the minimum distance a single scalar field

could have rolled during inflation, that is observationally allowed by CMB data.

1.4 Modified Matter (MM) and Modified Gravity

(MG)

Inflation solves three of the five main inconsistencies within the ΛCDM paradigm.

What about the fine tuning and cosmological constant problems? These

constitute some of the most challenging of the current issues in theoretical physics.

If indeed, as the standard model shows, the cosmological constant is responsible

for the present cosmic acceleration, it is necessary to explain why its value

is so tiny at present. There have been efforts in this direction from particle

physicists [114]. Another school of thought argues that only a vacuum with an

energy density of the same order as that of the present Λ can sustain life, and

this would explain our low-Λ habitat [215]. But these efforts are both uncertain,

and highly controversial [16]. Then maybe we should consider other descriptions

of DE different from Λ, a new model able to fit the observations and alleviate the

standard case difficulties.

The fundamentals of the standard cosmological model assume GR to be valid in

all scales. On one side, this theory has passed every test that has encountered.

First, the measurements of the deflection of light by the Sun [199], followed by

the explanation of Mercury’s perihelion precession [59] and the measuring of the

time delays between pulses towards a source and detection of the echoes [28].

Most recently, gravitational waves have finally been directly detected, and the

signal produced by them matches the predicted one from Einstein’s theory [2].

However, employing GR in cosmology is a huge extrapolation from our limited

knowledge of gravity behaviour, as we have only been able to carry out tests in
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the Solar System scale. A modification of gravity may then be desirable to solve

this problem. This is an issue of fundamental origin, where two main approaches

have been developed in the last two decades [129].

1.4.1 Specifying the energy-momentum tensor Tµν

The first method consists of modifying the r.h.s. of Eq. (1.17) by considering a

specific form of the energy momentum tensor Tµν made of a fluid with an equation

of state smaller than w < −1/3. This approach will be referred to as Modified

Matter (MM).

One of the advantages of this procedure in comparison to Λ is that there is much

more freedom with the time evolution of w, which means an equation of state

that changes with time can be considered. This is the case because observations

do not impose restrictions on the past evolution of w. Scalar fields are well suited

to this purpose (similarly to the inflation paradigm, where w also evolves). A

variety of options for Tµν have been proposed and here a couple of them will be

mentioned. A comprehensive review of the subject is Ref. [63].

Quintessence: This theory makes use of scalar fields with slowly-varying

potentials minimally coupled to gravity [44]. The action for Quintessence is given

by

S =

∫
d4x
√
−g
[

1

2κ2
R− 1

2
gµν∂µφ∂νφ− V (φ)

]
+

∫
d4x
√
−gLM [gµν ,Ψ] , (1.48)

where φ is the dynamical quintessence field, g is the determinant of the metric

gµν , R is the Ricci scalar, and LM is the Lagrangian for non-relativistic matter.

Some of quintessence’s characteristic potentials have been constructed with a

strong base in particle physics [16]. Chapter 2 provides a full introduction to

this topic, along with a study of observational constraints on one of its most

characteristic cases, the pseudo-Nambu Goldstone Boson (PNGB) potential.

K-essence: Instead of relying on the potential energy, as in the previous case,

in these models, the cosmic acceleration is driven by the scalar field’s kinetic

energy. This idea was first proposed by Armendariz-Picon [20] to explain high-

energy inflation, and later on, it was applied by Chiba [56] in the context of late-

time acceleration. K-essence is characterised by a scalar field with non-canonical
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kinetic energy. The most general action for this case is

S =

∫
d4x
√
−g
[

1

2κ2
R + P (φ,X)

]
+

∫
d4x
√
−gLM [gµν ,Ψ] , (1.49)

where φ is the scalar field, X = (−1/2) gµνδµφδνφ and the Lagrangian density

P (φ,X) corresponds to a pressure density [63].

Phantom fields: The observational data are consistent with an equation of state

more negative than the value of w = −1. This region is referred to as being some

form of phantom or ghost energy. Several specific models, such as Brans-Dicke

gravity [75, 187], inhabit this regime. The most simple way to express this idea

is by a scalar field with negative kinetic energy.

S =

∫
d4x
√
−g
[

1

2κ2
R +

1

2
(gµνδµφδνφ)2 − V (φ)

]
+

∫
d4x
√
−gLM [gµν ,Ψ] ,

(1.50)

where the sign of the kinetic term is opposite compared to the action for an

ordinary scalar field [63].

There are a couple more alternatives to dark energy under this approach; however,

the second method offers a much broader array of possibilities.

1.4.2 Specifying the Einstein tensor Gµν

In the cosmological constant scenario, the Lagrangian density is f(R) = R− 2Λ,

whereR is the Ricci scalar. If a different function is given, the l.h.s. of the Einstein

Eq. (1.17) is modified. This approach will be referred as Modified Gravity (MG).

However, such alterations are not trivial.

As mentioned at the end of Section 1.1, Einstein’s equations are the only second-

order local equations of motion for a metric derivable from the Einstein-Hilbert

action in 4D [60]. If GR is to be modified, Lovelock’s theorem [153, 154] states

that at least one of the following four conditions need to occur [129]:

• Extra degrees of freedom

• Higher derivatives

• Higher-dimensional spacetime

• Non-locality
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Ref. [129] includes a very complete review of these theories. Here a handful

of them will be mentioned, in particular those which are important for the

forthcoming chapters.

Brans-Dicke gravity: This is the simplest way to modify GR [35]. This theory

includes a scalar field non-minimally coupled to gravity

S =

∫
d4x
√
−g
(

ΨR− wBD

Ψ
(δΨ)2

)
+

∫
d4x
√
−gLM, (1.51)

where the scalar field perturbation Ψ = Ψ0 + φ obeys

wBD = −
(

4πGρ

∇2φ
+

3

2

)
(1.52)

GR is recovered in the large wBD limit. When imposing Solar System constraints,

derived from observations of the time delay of radio signals from the Cassini

spacecraft as it passed behind the Sun [28], it is found that wBD > 40, 000 [60],

which makes this theory basically indistinguishable from ΛCDM on all scales.

This is one of the main problems of modified gravity models: because the Solar

System tests are so severe, if they are imposed on the parameters of the model,

there is very little room to modify gravity on cosmological scales [129].

f(R) gravity: Because of its relative simplicity, this is a very popular theory

of gravity which consists of generalising the Einstein-Hilbert Lagrangian to be a

function of the Ricci curvature [42, 210]. Even so, it is still a phenomenologically

based theory which main purpose is to aid in the understanding of the principles

and limitations of modified gravity. Good reviews in the subject are Refs. [66, 167,

207]. There are two variational approaches to derive the field equations in f(R)

gravity; and both of them reduce to the Einstein-Hilbert case when f(R) = R.

However, for more general actions, the two formalisms lead to different equations

of motion and therefore, to two versions of f(R) gravity.

• The metric formalism: This procedure consists of obtaining the equa-

tions of motion by the standard metric variation. In this case the action is

S =
1

2κ2

∫
d4x
√
−gf(R) + SM(gµν ,Ψ). (1.53)

The action (1.53) is varied with respect to gµν , yielding the field equations

fRRµν(g)− 1

2
f(R)gµν −∇µ∇νfR + gµν2fR = κ2Tµν , (1.54)
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where the Ricci scalar isR = gµνRµν , fR is the first derivative of the function

f(R) and the Ricci tensorRµν(g) corresponds to the metric connection [145].

The derivation of Eq. (1.54) is similar to the Einstein-Hilbert case; however,

the third and fourth term on the l.h.s. of Eq. (1.54) are not present in

Eq. (1.17). This has to do with the surface terms that appear in the

variation.

For the Einstein-Hilbert case, the surface terms can be gathered into a total

variation of a quantity. Then, it is possible to add a total divergence to the

action and therefore arrive to a well-defined variational principle. However,

the surface terms in the variation of the action (1.53) do not consists of

a total variation of some quantity, and the same procedure as in (1.16) is

not possible to reproduce. The resulting equations of motion (1.54) are of

fourth order, thus, it can be classified as a higher-derivative theory [207].

• The Palatini formalism: The term f(R) gravity is used generically for a

theory in which the Lagrangian is some function of the Ricci scalar, but that

Ricci scalar does not necessarily need to be R. In the Palatini approach,

there are two very important things to consider. The first is that the metric

and the connection are treated as independent variables and one varies the

corresponding action with respect to both of them.

The Riemann tensor and the Ricci tensor are constructed with the

independent connection Γ̂. Note that the metric is not needed to obtain the

latter from the former. The Ricci tensor constructed with this independent

connection is labelled as Rµν(Γ̂), whilst the corresponding Ricci scalar is

R = gµνRµν(Γ̂) [207]. The action now takes the form

S =
1

2κ2

∫
d4x
√
−gf(R) + SM(gµν ,Ψ). (1.55)

The second consideration that needs to be made in order for a theory to be

considered as of Palatini type is that the matter action SM depends only on

the metric and the matter fields, not on the independent connection, hence

δSM

δΓ̂λµν
= 0. (1.56)

This assumption has very deep consequences for the physical meaning of

the independent connection [206].

Whilst the matter Lagrangians for scalar fields do not depend on the
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connection, there are matter fields (such as fermions) that do depend on

it. Therefore, adopting this assumption can lead to two things: either this

theory is only valid for certain matter fields or those fields that couple to the

connection couple to the metric-associated connection, not the independent

one.

The first option is not very desirable, as it would severely restrict the amount

of fields where this theory is valid. The second option is more appealing. It

would mean, however, that parallel transport and the covariant derivative

are associated to the metric connection, in a sense, the metric connection is

the real connection, whilst the independent one is an auxiliary field whose

introduction adds a scalar degree of freedom.

The fact that the independent connection adds a single degree of freedom

to the theory is reminiscent of the Brans-Dicke theory and actually, the

action (1.55) is dynamically equivalent to the action of a scalar-tensor theory

with Brans-Dicke parameter w0 = −3/2 [48].

Varying the action (1.55) with respect to the metric gµν and to the

independent connection gives the equations of motion

fRRµν(Γ̂)− 1

2
f(R)gµν = κ2Tµν , (1.57)

∇̂λ

(√
−gfR gµν

)
= 0, (1.58)

where ∇̂λ denotes the covariant derivative defined with the independent

connection.

There exists a third type of f(R) theory, known as metric-affine gravity, that

comes about when the assumption of no dependency of SM on the independent

connection is broken. In such case, the independent connection does have the

usual geometrical properties. The resulting equations of motion are similar

to (1.57, 1.58) but include extra torsion and matter terms. This formalism is

covered in [207].

Hybrid metric-Palatini gravity: This is a hybrid variation of the two f(R)

approaches explained before, where the purely metric Einstein-Hilbert action

is supplemented with an f(R) Palatini term. The four-dimensional action
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describing the hybrid metric-Palatini gravity is given by

S =
1

2κ2

∫
d4x
√
−g [R + f(R)] +

∫
d4x
√
−gLM(gµν ,Ψ), (1.59)

where R is the metric Einstein-Hilbert Ricci scalar andR = gµνRµν is the Palatini

curvature.

A more complete study of hybrid metric-Palatini gravity (hybrid f(R)) is

presented in Chapter 3 of this thesis, including a discussion of some deficiencies

present in the metric and Palatini procedures and how this novel model can solve

them. After that, an analysis of the background evolution constraints for specific

models of this formalism are presented.

Chapter 4 uses this theory to impose observational bounds on early modified

gravity effects. For this purpose, the hybrid f(R) linear perturbations were added

to the numerical calculation of the previous background analysis.

Horndeski gravity: These are the most general set of theories of a single extra

scalar degree of freedom, which have equations of motion with at most second-

order derivatives on any background. They were first introduced by Gregory

Horndeski in 1973, in a quickly forgotten paper [101], but with the new emphasis

on modified gravity his work was revived [52, 67]. The majority of universally

coupled dark energy and modified gravity models belong to this class. The action

for this case is given in Eq. (4.21) of Ref. [101].

Effective field theory: This description is a generalisation of Horndeski gravity

where all single-field models are accepted, regardless of the order of their equations

of motion. This unifying formalism is very useful to effectively discern within the

ever growing array of MG models [25, 93]. The action for this case is given in

Eq. (4) of Ref. [93].

1.4.3 Screening mechanisms

When Einstein gravity is modified, new degrees of freedom are introduced in the

gravitational sector. These new particles mediate a fifth force, and consequently

the modified theory is in need to employ some type of mechanism to evade local

tests of gravity, which as will be seen later, are very constraining. For theories

that can be embedded in the scalar-tensor representation, the Solar System

constraints are avoidable whilst keeping an interesting phenomenology for the
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scalar field [113].

The key point of screening mechanisms is that if we consider theories with a

non-minimally coupled scalar field, then in the presence of other matter fields

these scalars can acquire an effective mass parameter that is environmentally

dependent [60]. This makes it possible to engineer situations where the field

behaves differently in different environments [113].

The Einstein frame is ideal for the formulation of screening theories, because in

this case, the coupling between the scalar curvature and φ is minimal, but the

scalar field couples non-minimally to matter fields. In many general scalar-tensor

theories the scalar field obeys the equation of motion

2φ =
dVeff

dφ
; Veff = V (φ) + ρe

√
8πβφ. (1.60)

where ρ is the environmental density and β denotes the coupling of φ to the

matter fields [60].

Screening mechanisms can be classified according to the order of the Newtonian

potential ΦN that are comparable to the value of the cosmological constant Λ.

One of the most common cases and one which is of importance to the discussion

of chapters 3 and 4 is the chameleon mechanism; where the potential and

matter coupling are chosen so that the effective mass of the scalar field is

m2
eff(φ) =

d2Veff

dφ2
=
d2V

dφ2
+ ρ

d2e
√

8πβφ

dφ2
. (1.61)

This arrangement has the ability to increase the mass of the field in regions of

high density, like the Solar System [113]. The behaviour of scalar fields outside

of massive objects, when the chameleon mechanism is present can be shown to

be crucially dependent on the difference in the value of the scalar field inside

the object, φc, and asymptotically, φ∞, while Φc is the value of the Newtonian

potential at the surface of the object. Therefore, when one satisfies the condition

√
8π(φ∞ − φc)

6βΨc

� 1 (1.62)

the resulting configuration of gravitational fields is found to be one in which φ

occupies the minimum of the effective potential inside the bulk of the massive

object, except for a thin region just below the surface where the value of φ

rises [60]. This is known as the “thin shell” condition. Khoury and Weltman
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argue that in order not to violate the weak equivalence principle, and obtain

unacceptable deviations from GR in the Solar System, the Earth and other

astrophysical bodies should satisfy the thin shell condition [119, 120].

In this context, metric f(R) theories have been widely studied. This is because

the only way for these models to overcome the existence of ghosts and instabilities

and to pass the gravitational tests is by employing a chameleon mechanism [37].

When f(R) theories are recast in the scalar tensor formalism its equation of

motion become of second order. In this case φ can be defined by

e
− 2βφ
MPl = fR, (1.63)

A chameleon theory is essentially just a scalar-tensor theory in which the potential

has certain properties. In a general chameleon theory, β, which parametrises the

strength of the coupling of φ to matter, could take any value, and potentially

even be different for distinct matter species. If a chameleon theory is equivalent

to a f(R) theory, however, β =
√

1/6, and is the same for all types of matter. If

a f(R) theory is not equivalent to a chameleon theory it would generally be ruled

out by laboratory tests of gravity, and/or result in no detectable deviations from

GR over astrophysical scales [37].

1.4.4 Theoretically consistent models of MM/MG

Any prospective MM/MG model needs to comply with several consistency checks.

For instance, the solutions need to be stable. This condition can be broken when

the scalar field of a theory has a negative mass squared m2 < 0. This is known

as a tachyonic instability, and even if it’s problematic, it is not fatal as long

as its time scale is long enough. A more serious unsteadiness occurs when the

kinetic term of the scalar field has a wrong sign, a phenomenon known as ghost

instability [129].

Another common problem happens when the scalar field has non-linear interac-

tion terms apart from the kinetic term. These can become important at high

scales, which means that theories which present it need to be treated effectively,

i.e, they are only valid up to low range.

For a theoretically consistent theory, passing the observational tests is the next

challenge. The most stringent are the Solar System constraints obtained from
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classic GR experiments. One way of obtaining these is by measuring the bending

of starlight by the Sun, an analysis that can be performed accurately using very-

long-baseline radio interferometry (VLBI). The deflection angle θ of stars due to

the Sun is observed to be [199]

∆θ = (0.99992± 0.00023)× 1.7505′′, (1.64)

where ∆θ = 1.7505′′ corresponds to the GR limit.

Another prediction is found from measuring the time delays between transmission

of signals from Earth towards a planet and the detection of the echoes. Because

the speed of a light wave depends on the strength of the gravitational potential

along its path, the time dilation should increase when the signal passes near the

Sun [198]. This measurement has been obtained most recently by the Cassini

spacecraft as [28]

∆t = (1.00001± 0.00001)×∆tGR. (1.65)

Finally, the equation of state for DE is constrained by Planck TT + lowP +

lensing + JLA Supernovae data to be [8]

wDE = −1.006± 0.045, (1.66)

where wDE is assumed constant throughout the whole expansion history. The

standard model is in excellent agreement with all these constraints. Any serious

MM/MG model should have a background evolution that is very similar to that

of Λ, and pass all these tests.

Finally, it is important to note that in the context of GR, both approaches 1.4.1

and 1.4.2 are equivalent. This division is in place more in order to classify the

models than anything else. The stress-energy tensor Tµν can always be rewritten

by absorbing all the gravity modifications of what is typically included in the

l.h.s. of Einstein’s equation. When considering only gravitational interactions,

GR cannot distinguish between a modified form of matter and modified gravity.

However, from the point of view of quantum field theory, this is no longer the

case, and the two approaches become distinguishable [16].
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1.5 Cosmological perturbation theory

Section 1.1 provided a representation of the evolution of a homogeneous Universe.

However, in order to describe the structures observed in the Cosmos today, and

to be able to confront cosmological models with observations from the CMB

and large scale structure (LSS), it is necessary to perturb Einstein’s equations

to first order. This is a sufficiently complex approach to account for the small

temperature anisotropies of the CMB (∆T/T ∼ 10−5) and to describe the matter

distribution at linear regime scales larger than 30 h−1Mpc.

Each individual constituent (the inflaton, baryons, radiation, DE, DM) has

an associated density fluctuation. Perturbations of the metric arise from

inhomogeneities in the distribution of the Universe’s components,

gµν = g(0)
µν + hµν , (1.67)

where hµν � gµν is the perturbation and g
(0)
µν constitutes the background Universe.

Vector and tensor perturbations also cause metric modifications; however, the

standard model does not predict vectorial contributions, which would cause the

metric tensor to have non-zero off-diagonal terms. These type of perturbations

would introduce vortex motions in the primordial plasma which are expected to

decay rapidly.

Nonetheless, ΛCDM does predict the production of gravitational waves during

inflation. A FLRW Universe perturbed by gravitational waves has a metric

ds2 = a(η)2
[
dη2 − (δij + 2hij)dx

idxj
]
. (1.68)

For gravitational waves hij is restricted to be trace-free hi
i = 0 and transverse,

∂hij = 0 so that only two independent components survive, h+ and h−. The field

equations for h+ and h− give equations of motion for each polarisation of the

gravitational waves,

h′′± + 2hh′± + k2h± = 0, (1.69)

which is the equation of motion of a massless scalar field.

The scalar perturbations to the metric tensor can be modelled with two functions
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Φ and Ψ in the FRW metric as

ds2 = a2(η)
[
−(1 + 2Ψ)dη2 + (1− 2Φ)dxidxi

]
, (1.70)

where the convention of Ma and Bertschinger has been adopted [158].

The function Φ describes Newton’s gravitational field, and Ψ is the perturbation

of the space curvature. The above equation is given in the Newtonian

conformal gauge, which has the advantage, as its name indicates, of recovering

the Newtonian limit. This feature is appealing because it provides a direct

interpretation of the functions Ψ and Φ.

An alternative and popular option is the synchronous gauge

ds2 = a2(η)
[
−dη2 + (δij + hij)dx

idxj
]
, (1.71)

which is better suited for numerical computations of the anisotropies and

inhomogeneities of the Universe. of Fourier coefficients of the fluctuations in

density as compared to an unperturbed Universe.

1.6 The matter power spectrum

On large scales, our Universe is extremely homogeneous and isotropic. Nonethe-

less, at small scales, there exists a great variety of highly-non linear structure.

Given the random nature of cosmological perturbations it is necessary to use

statistical measures in order to understand them. To this effect, it is useful to

work in Fourier space as this makes it easier to separate large from small scales.

In the cases of the CMB and large scale structure, the most important statistc is

the two-point function, called the power spectrum in Fourier space. If the

mean density of galaxies is n̄, then we can characterize the inhomogeneities with

δ(~x) = (n(~x)− n̄)/n̄, or its Fourier transform δ̃(~k). The matter power spectrum

is defined through

〈δ̃(~k)δ̃(~k′)〉 = (2π)3Pδ(k)δ3(~k − ~k′), (1.72)

where the angular brackets denote an average over the whole distribution, δ3() is

the Dirac delta function which constrains ~k = ~k′ and the units are (length)3.
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A similar equation as (1.72) exists for any scalar quantity that it is applied

to. It indicates that the power spectrum is the spread, or the variance, in

the distribution. If the under and overdense regions are abundant, the power

spectrum will be large, whereas for the contrary case, the spectrum will be small.

On large scales, the most important observable is the power spectrum of the

matter distribution. The simplest way to relate the matter overdensity to the

potential Φ at late times is to use Poisson’s equation

Φ = −4πGρMa
2δ

k2
(1.73)

Given Eqs. (1.27) and (1.21) this is

Φ = −3δΩMH
2
0

2ak2
(1.74)

Therefore the power spectrum of the gravitational potential is

PΦ =
9Ω2

MH
4
0

4a2k4
Pδ (1.75)

In order to express the power spectrum as a dimensionless function, d3kP(k)/(2π3)

is associated with the excess power in a bin of width dk centered at k. After

integrating over all orientations of k, this becomes (dk/k)∆2(k), with

∆2(k) =
k3P(k)

2π2
(1.76)

Small ∆ corresponds to small inhomogeneities, while large ∆ indicates nonlinear

perturbations. The dimensionless power spectrum of the potential can be

parametrised as

∆2
Φ(k) =

k3

2π2
PΦ = As

(
k

k∗

)ns−1+ 1
2
αs ln k

k∗
, (1.77)

where As is the amplitude of the power spectrum, k∗ is an arbitrary pivot scale,

ns and αs are the spectral index and the running of the spectral index, given by

ns = 1 +
d ln ∆2

Φ

d ln k
, αs =

dns

d ln k
(1.78)

Because this equation is an expansion in ln k, it is only valid for a limited range

of scales. The power spectrum is said to be scale invariant if there is zero running
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and ns = 1. For the simplest model and a Gaussian distribution, the power

spectrum contains all of the statistical information, with higher-order correlation

functions depending on the 2-point function [71].

1.7 The Markov Chain Monte Carlo method and

Bayesian Statistics

The astrophysical methods and observations have, for several years, provided

a large amount of data from a variety of sources [133]. In order to extract as

much information as possible from these data, it is convenient to summarise it

by estimates of a set of cosmological parameter values. This in turn can help

us answer interesting questions about the nature of our Universe. One of the

popular tools available to meet this end is Bayesian statistics. This approach is

particularly suitable for dark energy research because of its flexibility in combining

between various parametrisations [16].

1.7.1 Bayes’ theorem

Let θ = θ1, ..., θp denote a model with p unobserved parameters, D denote the

data and H denote the overall hypothesis space. Then Bayes’ theorem is stated

as

P (θ|D,H) =
P (D|θ,H)P (θ|H)

P (D|H)
(1.79)

where:

P (θ|D,H) is the conditional probability of θ.

P (D|θ,H) is a data-dependent term which is called the likelihood of θ.

P (θ|H) is a term that reflects beliefs about dependence structures in θ before

evidence is taken into consideration and is called the prior probability.

P (D|H) is the probability of observing the data without regard of θ and is known

as the evidence.

The conditional probability P (θ|D,H) is the probability density function in

multiparameter space, and it contains all of the information combining prior

knowledge and observations. Bayes’ theorem constitutes the basis of Bayesian
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inference. Written in terms of the quantities’ names it is

Posterior ∝ Prior× Likelihood

Evidence
. (1.80)

Likelihoods are products of the probabilities of many data points, and they tend

to be very small. It is easiest to work with log(likelihood), as they add to each

other [159].

1.7.2 Marginal probability

In many cases, it is customary to only be interested in the posterior probability of

some parameters. This can happen when, having some data, we are interested in a

certain parameter and want to take into consideration the effect of other nuisance

parameters with non informative priors. This can be achieved by doing integrals

over continuous variables. For example, the posterior distribution P (θi|D,H) for

some subset θi ε θ can be expressed as [99]

P (θi|D,H) =

∫
P (θi|D,H)dθ−i

=

∫
P (θi|θ−i, D,H)P (θ−i|D,H)dθ−i. (1.81)

1.7.3 Computational tools and MCMC

Calculation of probability densities requires integration over a possibly high

dimensional parameter space θ εΘ. In the past, the need to evaluate integrals

was a major stumbling block when attempting to use Bayesian methods. Most

conveniently, in 1990, Gelfand and Smith [88] published a paper presenting a

numerical technique known as Markov Chain Monte Carlo (MCMC), although

this technique was already known since the 1950’s. The name “Monte Carlo”

started as an expression resembling the, in those days, illegal activity of gambling.

The MCMC method was developed soon after the apparition of ordinary Monte

Carlo, and was well known to statisticians for decades, but Gelfand and Smith

made it known to a wider community [41, 133].

A Markov chain is a sequence θ1, θ2, ... of random elements of some set in which

the conditional distribution of θM+1 given by θ1, ..., θM depends on θM+1 only. A

Markov chain has stationary transition probabilities if the conditional distribution
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of θM+1 given θM does not depend on M . This is the main kind of Markov chain

of interest in MCMC [41].

The way MCMC works is by first constructing a Markov chain on the state

space θ εΘ, whose steady state distribution is the posterior distribution of interest

P (θ|D,H). MCMC procedures return a collection of M samples θ1, ..., θM where

each sample can be assumed to be drawn from P (θ|D,H) [99],

P (θi εA) = P (θ εA|D,H) (1.82)

for any set AεΘ, or, θi ∼ P (θ|D,H) for i = 1, ...,M .

1.7.4 Burn-in

Burn-in is a colloquial term borrowed from electronics that describes the practice

of throwing away some iterations at the beginning of a MCMC run. This means

that from an initial point to a certain number of steps n, all the output of a Markov

chain is erased. After point n all the other points are considered normally.

Burn-in is a method to find a good starting point, but the application of this

concept is not particularly good. In electronics, many components fail quickly,

and those that do not are a more reliable subset. Hence, a factory performs a

burn-in to eliminate the worst ones. However, the failure of a Markov chain is

related to its lack of convergence, and is different from electronic component

failure. Burn-in can cure the firsts elements of the chain, but other “dead

transistors” could occur later on. A Markov chain started anywhere near the

center of the equilibrium distribution needs no burn-in. A good rule to follow is

to start the next run where the last run ended [41].

Another problem with burn-in is biased estimations. If one could start with a

realisation from the equilibrium distribution, then the Markov chain would be

stationary and the Monte Carlo approximation would be an unbiased estimator

of what it estimates. Burn-in does not produce a realisation from the equilibrium

distribution, hence it is biased.
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1.7.5 Thinning

The subject of thinning comes about when we are presented with a Markov

chain that is strongly autocorrelated. This produces contour plots that tend to

clump in certain areas, and that are unrepresentative of the underlying posterior

distribution. In order to produce a more precise estimate of the posterior sample,

we would like to get rid of the correlation by thinning it, using only every nth

step.

This method is useful for processing chains under memory or time constraints.

However, thinning a sample also presents downsides. It has been shown that this

practice is not usually appropriate to produce precise estimates from a MCMC

sample. Instead, producing a longer, unthinned chain yields better estimates of

the true posterior distribution. The needed length of the chain would depend

on the severity of the autocorrelation. One way of testing for this is to produce

several independent chains and assess the produced estimates by checking whether

they are comparable or not to each other [144].

1.7.6 Parameter estimation

In order to finally determine the best-fitting parameters (and the errors on them)

of a specific model, it is very useful to employ the χ2 statistic:

χ2 =
N∑
i

(
xi − µi

σi

)2

, (1.83)

where N is the number of measurements going from i = 1, ..., N , xi ± σi are the

data and µi is the model. For the data and the model to be consistent with

each other, the hypothesis xi = µi is tested. If this gives a large probability, the

model has passed the test. If this probability is low , the model can be ruled

out. Assuming that the N variables are Gaussian-distributed the χ2 probability

distribution is given as

P (χ2) ∝
(
χ2
) ν−2

2 e−
χ2

2 (1.84)

where ν = N − p is the number of degrees of freedom and p is the number of free

parameters in the model.

The mean and variance of this distribution are χ̄2 = ν, Var(χ2) = 2ν. This mean
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value makes intuitive sense because it is expected that each data point should lie

about 1− σ from the model. Thus if the model is correct, χ2 ∼ ν ±
√

2ν [31].

A model typically contains free parameters. Consider a model with three of these,

a, b and c. The best-fit for these parameters is determined by varying them to

find the minimum χ2 statistic of the data, χ2
min.

The joint error distribution of a, b and c can be determined by calculating the

values of χ2 for a parallelepiped of a, b and c values, where the parallelepiped

spans a parameter range much wider than the eventual errors in a, b and c.

With this 3D parallelepiped we can plot tri-dimensional contours of constant

χ2 = χ2
min + ∆χ2. Joint confidence regions of (usually) 68% and 95% confidence

for a and b can be defined by the zone in this parameter space that satisfies

χ2 < χ2
min + ∆χ2, where ∆χ2 is determined by the number of free parameters

(three, in this case).

However, a more common and useful representation for the parameter space is

using 2D contour plots of two parameters at a time. In order to represent, for

instance, a and b, in this manner, it is necessary to consider all possible values

for the parameter c, that is, performing the marginalisation procedure mentioned

previously. This is carried out using the relation between χ2 and likelihood that

holds for Gaussian variables:

Likelihood ∝ e−
χ2

2 (1.85)

The process is as follows:

• Convert the χ2 parallelepiped into a probability 3D surface

P3D(a, b, c) ∝ exp−χ2/2.

• Normalise the probabilities such that
∑

a,b P3D(a, b, c) = 1.

• Produce the marginalised probability distribution for each individual

parameter by summing the probability parallelepiped over all the other

parameters, for example P2D(a, b) =
∑

c P3D(a, b, c). This would determine

the probability distribution of a, b given all possible values of c.

• Obtain the χ2 for a grid of a and b values from the marginalised probability

distribution P2D(a, b) and plot the contours of constant χ2 = χ2
min+∆χ2 [31].
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1.7.7 Alternatives to MCMC sampling

The advent of MCMC sampling has forever changed the possibilities attainable

with Bayesian statistics and its application to a wide variety of problems.

Nonetheless, MCMC methods are not without faults – they can be slow to

converge and its convergence can be difficult to diagnose [32]. As such,

alternatives to this methodology are constantly being explored. Here I mention

some of them:

• Variational inference methods: These methods are of a deterministic

nature. Their basic idea is to formulate the computation of a marginal

probability in terms of an optimisation problem [90, 112, 170, 220, 225].

This procedure leads to a simplified optimisation problem that depends on

a number of free parameters, known as variational parameters. Solving for

those gives an approximation to the marginal probabilities of interest [32].

• Expectation propagation (EP): This is also a deterministic method

that claims to achieve higher accuracy than both MCMC and variational

inference with similar computational cost. EP is an extension of assumed

density filtering (ADF), a sequential method for computing an approxi-

mate posterior distribution where observations are processed one by one,

updating the posterior distribution which is later approximated before

processing the next observation. However, the method is weak in the

sense that it continuously discards information, which may turn out to be

important later. Expectation propagation extends ADF by incorporating

an interactive refinement of the approximations, in which the information

from later observations refines the choices made earlier, so that the most

important information is retained [163].

• Nested sampling: this method (and several other refined versions of

it [76, 164, 200]) has been widely applied to astrophysics since John Skilling

first proposed it [203]. It consists of estimating directly how the likelihood

function relates to the prior. Here the evidence is the principal result of the

computation and is accompanied by an estimate of numerical uncertainty.

The method samples within a hard constraint on likelihood value. Progress

is measured in terms of the shape of the nested contours of likelihood,

not on the likelihood values. Samples of the posterior distribution are a

by-product. A multimodal version of this type of sampling is a robust
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alternative – especially when a model shows a high degree of correlation

between its parameters [76].

1.8 Cosmological observables

In order to impose constraints on cosmological models, one needs to employ a

computational analysis using observational evidence. These data are obtained

by considering distinctive ways to measure gaps between us and other objects

in the expanding Universe: the luminosity distance from Supernova type Ia

(SNIa); the baryon acoustic oscillations (BAO); the temperature anisotropies

and polarisation, shift parameter, acoustic scale and redshift of decoupling from

the cosmic microwave background (CMB). These features will be introduced in

sections 1.8.1 to 1.8.3 below, and afterwards each chapter will specify how each

observable is expected to contribute to the models’ constraints, as well as the

specific datasets used in each case.

1.8.1 SNe Ia luminosity–redshift relation

Standard candles are very valuable astrophysical objects because of their well

known intrinsic luminosity. When Type Ia Supernovae (SNe Ia) started to be

used in cosmology, they were praised for their homogeneity properties, which

are very useful to determine astrophysical distances. These objects occur when

a binary white dwarf accretes mass from its companion. As the gravitational

interaction and the electrons degeneracy pressure react, it explodes when it

reaches the Chandrasekhar limit, which is of 1.4 Solar masses. The explosion

lasts for about a month.

For the supernovae analysis, the luminosity distance, dL, is of the most relevance,

and is given by

dL(z,Θ) = c(1 + z)

∫ z

0

dz′

H(z′,Θ)
, (1.86)

where c is the speed of light, and Θ holds the parameters of the specific model

being constrained and the cosmology dependence of dL.

The expected distance moduli, µ, of the i-th supernovae located at redshift zi is
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given by

µex ≡ m(zi)−M = 5 log10

[
dL(zi,Θ)

Mpc

]
+ 25, (1.87)

where m and M are the apparent and absolute magnitudes of the SNIa,

respectively. Hence, one then obtains the statistical χ2
SNIa as

χ2
SNIa ≡

NSNIa∑
i=0

(
µex(zi,Θ)− µobs(zi)

)
σi

, (1.88)

where µobs(zi) is the observationally measured distance moduli of the i-th

supernovae, σi is the associated variance, and the sum is over all the available

supernova in the dataset.

However, Phillips noted that the use of Type Ia Supernovae as standard candles

should be exercised with caution. This is because these objects present a

significant intrinsic dispersion in the absolute magnitude at maximum light. To

correct this, Phillips used an empirical correlation to measure the decay from

peak brightness (which he named the magnitude light curve from maximum light

Mmax) to the magnitude 15 days after M-maximum (which he parametrised as

∆m15):

Mmax(band) = a+ b∆m15(band) (1.89)

where the parameters a and b depend on the band used. Sne Ia that evolve slowly

are intrinsically more luminous than those that evolve rapidly [176, 177].

Sne Ia are also correlated with colour, as would be expected if their light were

extinguished by dust [177]. Krisciunas parametrised dust reddening by relating

the colour excess to the visual band extinction AV,

AV = RVE(B − V ), (1.90)

where E(B − V ) is the difference of the observed colour and the unreddened

colour of the Sne Ia and RV is the ratio of total-to-selective extinction [130]. The

value of RV varies according to the galaxy and the line of sight [177].

1.8.2 Baryon Acoustic Oscillations (BAO) peak

Baryon acoustic oscillations are found in the clustering of galaxies, shown as a

peak in the two-point correlation function at a comoving separation, rs, equal
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to the sound horizon at the drag epoch, zd, when baryons were released from

photons. The drag redshift zd can be estimated using a fitting formula [74]

zd =
1291 (ΩM)−0.419

1 + 0.659 (ΩM)0.828

[
1 + b1 (Ωb)b2

]
, (1.91)

where ΩM = ΩDM + Ωb is the sum of the present-day energy densities of dark

matter and baryons; b1 and b2 are two fitting parameters, given by

b1 = 0.313 (ΩM)−0.419 [1 + 0.607 (ΩM)0.674] , (1.92)

b2 = 0.238 (ΩM)0.223 . (1.93)

The comoving sound horizon at the baryon drag epoch, rs, on the other hand,

can be determined by

rs (z,Θ) =
1√
3

∫ a(z)

0

dz′

H (z′,Θ)
√

1 + 3ρb

4ργ

, (1.94)

where a(z) = 1/ (1 + z) and ρb and ργ are, respectively, the baryon and photon

energy density. The ratio between their densities is approximated as

3

4

ρb

ργ
≈ 31500

1 + z
Ωbh

2

(
TCMB

2.7K

)−4

, (1.95)

where h ≡ H0/100. Lastly, since the comoving sound horizon calculation is very

sensitive to early time effects, the effect of radiation needs to be considered. Its

present-day energy density is defined as

Ωr =
ΩM

1 + zeq

, (1.96)

where zeq is the redshift at matter-radiation equality, which is approximated by

zeq ≈ 25000× ΩMh
2

(
TCMB

2.7K

)−4

. (1.97)

The peak position is dependent on the ratio of the distance measure, Dv, and the

sound horizon at the drag epoch, rs. Since the latter is tightly constrained from

CMB measurements, the observation of the BAO scales act as a standard ruler,
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allowing one to constrain the form of Dv, which is determined by [74]

Dv (z,Θ) =

[(∫ z

0

dz′

H (z′,Θ)

)2
z

H (z,Θ)

]
. (1.98)

Hence, the expected distance ratio at redshift z is simply given by

dex
z (Θ) =

rs(zd,Θ)

Dv (z,Θ)
. (1.99)

Therefore, having the observed dz, one can easily compute the BAO χ2 as

χ2
BAO =

(
dex
zi
− dobs

i

)t (
C−1

BAO

)
ij

(
dex
zj
− dobs

j

)
, (1.100)

where
(
dex
zi

(Θ)− dobs
i

)
is the vector of the difference between the expected and

theoretical values for dzi , while CBAO is the covariance matrix associated to the

observations.

1.8.3 Cosmic Microwave Background (CMB)

In order to obtain the CMB anisotropies observed at present, the evolution

of perturbations after photons begin to stream freely needs to be taken into

consideration. To confront the predicted temperature anisotropies with CMB

observations, the temperature perturbation Θl is expanded in terms of spherical

harmonics [16]:

Θl(x, η) =
∞∑
l=1

l∑
m=−l

alm(x, η)Ylm(n̂), (1.101)

where the subscripts l and m are conjugate to a real-space unit vector n̂

representing the direction of the streaming photons. The variance Cl ≡ 〈|a2
lm |〉

can be expressed in terms of the temperature field Θl(k) in Fourier space as

Cl =
2

π

∫ ∞
0

dk k2|Θl(k)|2. (1.102)

In Fig. 1.3, the predicted CMB temperature anisotropies D = l(l + 1)Cl/2π
versus the multipole l together with the Planck 2015 dataset are shown [11]. The

measured angle θ is related with the monopole l as θ = π/l. Hence the larger

scales correspond to lower values of l.

To obtain the CMB peak position analysis, it is necessary to compute the acoustic
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Figure 1.3 Planck 2015 CMB spectra, compared with the base CDM fit to
PlanckTT+lowP data (red line) [11]. Image credit: Planck Science
Team.

scale lA, the “shift parameter” R, and the redshift at photon decoupling z?. The

first is a measurement of the ratio of the angular diameter distance to the photon-

decoupling surface over the comoving sound horizon at decoupling [222]

lA(z?) ≡ (1 + z?)
πDA(z?)

rs(z?)
, (1.103)

where

DA(z) =
1

1 + z

∫ z

0

dz′

H(z′)
, (1.104)

is the proper angular–diameter distance, and rs(z?) can be calculated using

Eq. (1.94). On the other hand, R is a measurement of the angular diameter

distance at z?, and is given by [222]

R =
√

ΩMH2
0 (1 + z?)DA(z?), (1.105)

where ΩM is the present-day density of matter, as defined before. Lastly, the

redshift at photon-decoupling can be estimated by the fitting formula [106]

z? = 1048
[
1 + 0.00124

(
Ωbh

2
)−0.738

] [
1 + g1

(
ΩMh

2
)g2
]
, (1.106)
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where

g1 =
0.0783 (Ωbh

2)
−0.238

1 + 39.5 (Ωbh2)0.763 , (1.107)

g2 =
0.560

1 + 21.1 (Ωbh2)1.81 . (1.108)

The CMB distance χ2 is computed as

χ2
CMB =

(
xexp

i − xobs
i

)t (
C−1

)
ij

(
xexp

j − xobs
j

)
, (1.109)

where the vector
(
xexp

i (Θ)− xobs
i

)
measures the difference between the theoretical

expectations and the observed values for the different quantities in analysis.

Numerical simulations are required to derive the complete spectra of temperature

and polarisation anisotropies, primarily because the Einstein and Boltzmann

equations for photons and other matter components are coupled to each other [16].

Chapters 2,4 and 5 of this thesis use the full CMB power spectrum of temperature

anisotropies, whereas chapter 3 applies the measurements of the peak positions

only.

1.9 Exploring the cosmological parameter space

We have now established a basic cosmological model, and referred to several

of its possible extensions. We know of the existing high-quality data from the

CMB, galaxy clusters, Supernovae, and other sources. This evidence allows us to

place estimates and error bars on various quantitative cosmological parameters,

and consequently, to address fundamental questions about the conditions of the

Universe. One of the most popular engines used for this purpose is cosmomc,

a software based on the Markov Chain Monte Carlo (MCMC) technique [133].

It is mainly coded in Fortran 2008, but the attributes for sample analysis are in

Python. Chapters two to six of this thesis utilised, to some extent or another,

several features of this program.

In this section I describe the way this software works emphasising the features I

modified to obtain the results of subsequent chapters.

Features of the tests

The information that cosmomc will later use to initialise a search is contained
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in several files of .ini termination. In them, all the parameters that will be varied

are specified, along with their priors. If the user wishes to test a model that adds

new variables to the baseline cosmological model they have to be defined here.

Also, parameters can be set to a fixed value. This can be desirable in case a

test needs to be performed fast, or if for a certain theory a parameter is being

replaced by another one.

In these files the user can also choose which datasets will be required for the

run. Each of them comes with its own set of nuisance parameters that are added

to the existing ones in a straightforward manner by specifying an additional .ini

document.

The maximum number of elements per chain to be inspected are specified here

too. The test can either run until a certain degree of convergence is reached or

until all the elements of every chain have been used.

CAMB

The camb code, which stands for Code for Anisotropies in the Microwave

Background, is a fast Boltzmann program that computes the theoretical Cl power

spectrum in order to compare CMB data with theoretical models [134]. It can

be used separately from cosmomc.

The core of the physics calculations is contained in the equations.f90 file. The code

is in conformal time and the variables are expressed in units of megaparsecs. The

background density variables are defined with a factor named grho = κa2ρ where

κ = 8πG. This software implements the linear equations of the 1 + 3 covariant

approach to CMB anisotropies in almost-FRW models with open, flat, and closed

background geometries. The perturbations are described in the synchronous

gauge.

The file equations.f90 is accessed first every time camb gets called. As such, it

is a convenient place to add any extra information required for a new test. For

example, for chapter 2, a module named Quintessence was added to equations.f90

to compute the functions needed to represent dark energy as a scalar field

identified by a potential given by the user.

Another important piece of code is contained in the file power tilt.f90. This

document provides the primordial super-horizon power spectrum Ps(k) in the

shape of a running power law. The primordial tensor power spectrum Pt(k) is

also provided. To obtain the results from chapter 5, the functions that specify
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both Ps(k) and Pt(k) were modified to instead being calculated using a table

obtained from a spline function of the acceleration trajectory during inflation.

All the desired derived parameters of the model are specified in the file

modules.f90. These are then passed on to cosmomc identified with a number.

Connection between CAMB and COSMOMC

The file Calculator CAMB.f90 inside the source folder of cosmomc is the main

interface between both programs. Any final changes or definitions have to be

specified here because afterwards the parameters are sent to camb for the Cl
power spectrum calculation.

Data analysis

The cosmomc engine also includes the code getdist, which analyses the chains

calculating statistics and outputs files for the requested 1D, 2D and 3D plots.

This feature can also be used independently of the rest of the program, as far

as the user provides the chains in .txt format and a .paramnames file with the

names of all the parameters. The codes that generate the plots can be obtained

in python or matlab language. The user can specify the amount of burn-in used

in every analysis.

1.10 Outline of chapters 2-6

The main body of this work is composed of four paper-based chapters, themed

on topics from the very early, and late Universe, and a conclusion. The format is

as follows

• Chapter 2 explores a quintessence model of dark energy using the full CMB

power spectrum plus BAO and Supernovae observations. This analysis

used an updated version of the camb code that allows for a quintessence

potential to be added directly. These results were published in the Journal

of Cosmology and Astroparticle Physics (JCAP) [205].

• Chapter 3 deals with the background evaluation of the hybrid metric-

Palatini model of gravity. The analysis was done in a personal code and

getdist was used to sample the parameter space. These results were

published in the Astrophysical Journal (ApJ) [137].

• Chapter 4 provides observational bounds on the linear perturbation analysis
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of the hybrid metric-Palatini theory. The camb code was modified to

include the sub-horizon and super-horizon approximations of this regime.

A paper including these findings has been published in Physical Review D

(PRD) [139].

• Chapter 5 is a study of slow-roll inflation that parametrises the acceleration

history ε, with the aim of obtaining the minimum distance the inflaton

could have evolved during this epoch, that is observationally allowed by the

full range of CMB data. This is work in progress with the aim of being

submitted for publication in February 2017.

• Chapter 6 summarises the main conclusions of the previously described lines

of research and indicates directions for future developments.
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Chapter 2

Planck Satellite Constraints on

Pseudo-Nambu–Goldstone Boson

Quintessence

2.1 Introduction

The most accepted cosmological constant model converges to a value of w = −1.

However, the astrophysical observations allow a larger degree of variation from

Λ’s case. Therefore, it is possible that future datasets will converge to a value,

close, but not exactly equal to, −1 [193].

Different theories of dark energy have arisen, and as a result, the proposition of

models in which the equation of state of dark energy changes in time has been

made [63]. These set of models have the added advantage of allowing for a broader

phenomenology in the past evolution of DE.

It is important to notice that any new cosmological models must alleviate

the coincidence and/or the fine tuning problems, or at least not make them

worse, that is, research must be made in a field that can provide the missing

energy between the matter and critical densities as well as drive today’s cosmic

acceleration, without interfering with the thermal history of the Universe [45].

One of these candidates is quintessence, an idea that was first explored in the

context of inflation, the other period where the Universe underwent an accelerated
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expansion, albeit without dark matter sources. In these models, DE arises from

a canonical scalar field φ minimally coupled to gravity. The slow variation of the

scalar field along a potential V (φ) can lead to the very similar observational results

as the cosmological constant, with the advantage of a broader phenomenology and

the possibility of a link to fundamental physics models.

The application of quintessence theory to dark energy occurred first during the

1980’s [80, 86, 181, 224]. Afterwards, the cosmology of quintessence was further

explored, by distinguishing different behaviours and their respective equations of

state and characteristic potentials [57, 62, 77, 228]. The most recent review on

the subject is Ref. [218]

This chapter presents a general introduction to quintessence in Sec. 2.2, detailing

everyone of the most general cases. Section 2.3 focuses on constraining a

specific type of quintessence model, one with an equation of state w ≥ −1 and

characterised by a cosine potential. The results of the Bayesian analysis made

in cosmomc are explained in detail here. Previous constraints on this specific

model have been performed in Refs. [55, 72, 89, 97, 117, 165]. Section 2.4 ends

with some conclusive remarks.

The new results included in this chapter have been accepted for publication in

an article under the same name [205]. This work was done in collaboration with

my supervisor, Prof. Andrew R. Liddle. The individual and collective original

contributions will be highlighted in the relevant sections.

2.2 The cosmology of quintessence

This section presents the standard results of a cosmology with quintessence, which

are reproduced here in order to provide a complete introduction to the subject.

Section 2.2 and the equations of Sec. 2.3.3 reproduce the work of Ref. [218].

Assuming a spatially-homogeneous quintessence field described by the scalar φ

and its potential V (φ), the action is given by

S =

∫
d4x
√
−g
[

1

2
M2

PlR−
1

2
gµν∂µφ∂νφ− V (φ)

]
+

∫
d4x
√
−gLM, (2.1)

where g is the determinant of the metric gµν , R is the Ricci scalar, and LM is the

Lagrangian for non-relativistic matter. MPl is the reduced Planck mass.
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Varying Eq. (2.1) with respect to gµν , the energy momentum tensor of the field

is

Tµν = ∂µφ∂νφ− gµν
[

1

2
gαβ∂αφ∂βφ+ V (φ)

]
. (2.2)

From Eq. (2.2), the energy and pressure densities of the scalar field are:

ρ = −T 0
0 =

1

2
φ̇2 + V (φ), (2.3)

P = T ii =
1

2
φ̇2 − V (φ). (2.4)

And the dark energy equation of state is

w ≡ Pφ
ρφ

=
φ̇2/2− V (φ)

φ̇2/2 + V (φ)
. (2.5)

For a matter fluid with energy density ρM and the equation of state wM, the

equations of motion derived from the action (2.1) are

3H2M2
Pl = ρφ + ρM, (2.6)

2M2
PlḢ = −[φ̇2 + (1 + wM)ρM], (2.7)

where H = ȧ/a is the Hubble parameter and a dot stands for a derivative with

respect to t.

The continuity equation for the matter fluid is ρ̇M + 3HρM = 0 and the evolution

of the scalar field is given by

φ̈+ 3Hφ̇+
dV

dφ
= 0. (2.8)

In order to provide an accelerating expansion, it is required that φ̇2 < V (φ). The

mechanism to obtain this condition is similar to slow roll inflation; the difference

being that, for dark energy, a fraction ΩM ∼ 0.3 of the current cosmological

density is non-relativistic matter, while this is absent for the inflationary case.

In spite of this inconvenience, the slow roll parameters

ε =
M2

Pl

16π

(
1

V

dV

dφ

)2

, (2.9)
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η =
M2

Pl

8π

1

V

d2V

dφ2
, (2.10)

can still provide a helpful measure to check the existence of an accelerated

expansion [188].

To develop the possible dynamical scenarios for this system, the dimensionless

variables x and y are used,

x ≡ φ̇√
6MPlH

, y ≡
√
V (φ)

3

1

MPlH
. (2.11)

Using these expressions, the field density parameter (Ωφ ≡ ρφ/3M
2
PlH

2) and

Eq. (2.5) can be expressed as

Ωφ = x2 + y2 , w =
x2 − y2

x2 + y2
. (2.12)

The effective equation of state is defined as

wEff = −1− 2
Ḣ

3H2
, (2.13)

where the ratio Ḣ
3H2 is obtained from deriving Eqs. (2.6) and (2.7),

Ḣ

H2
= −3x2 − 3

2
(1 + wM)(1− x2 − y2). (2.14)

Taking the derivatives of x and y with respect to N ≡ log a and using Eqs. (2.8)

and (2.14),

dx

dN
= −3X +

√
6

2
λy2 +

3x

2

[
(1− wM)x2 + (1 + wM)(1− y2)

]
, (2.15)

dy

dN
= −
√

6

2
λxy +

3

2
y
[
(1− wM)x2 + (1 + wM)(1− y2)

]
, (2.16)

where λ is defined as λ ≡ −MPlV,φ/V .

Eqs. (2.14) – (2.16) are useful to derive expressions to study the evolution of w

and Ωφ,

w
′
= (w − 1)

[
3(1 + w)− λ

√
3(1 + w)Ωφ

]
, (2.17)
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Ω
′

φ = −3Ωφ(1− Ωφ)(w − wM), (2.18)

where a prime represents a derivative with respect to N ≡ log a. Defining Γ as

Γ ≡ V V,φφ/V
2
,φ, the parameter λ is

λ
′
= −λ2(Γ− 1)

√
3Ωφ(1 + w). (2.19)

The evolution of w varies according to different quintessence potentials and initial

conditions. There are three main model possibilities: (i) tracking freezing, (ii)

scaling freezing and (iii) thawing.

Here, the three cases will be introduced, but the focus of this chapter is on

imposing constraints on thawing quintessence. The choice of these type of models

over the freezing and scaling options will be explained throughout the forthcoming

sections.

2.2.1 Tracking freezing models

Tracking fields were initially introduced under the claim of avoiding the coin-

cidence problem. These models have an equation of motion with attractor-like

solutions in which a very wide range of initial conditions rapidly converge to a

common, cosmic evolutionary track [212].

In this framework, the equation of state wφ varies according to the background

equation of state wB. During radiation domination, wB = 1/3, then wφ is less

or equal (in some cases, very nearly equal) to 1/3 and the quintessence energy

density ρφ decreases less rapidly than the radiation energy density. When the

Universe is being dominated by matter, wB = 0, then wφ is less than zero and

ρφ decreases less rapidly than the matter density. Eventually, ρφ surpasses the

matter density and becomes the dominant component. At this point, wφ → −1

as Ωφ → 1 and the Universe is driven into an accelerated phase [212].

Although tracking is a useful form of quintessece, this concept, as introduced by

Steinhardt et al. does not ensure the physical viability of quintessence in the

observable Universe. It provides no control over the slow roll-down of the field,

therefore, the transition to the scalar field dominated phase may take place much

later than observed. Because of it, the more up-to-date tracking freezing models

described by Tsujikawa et al. will be explored from now on in this text [180].
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In freezing models the potential tends to be shallow at late times, resulting in

the decrease of w. For the field density parameter satisfying the relation

Ωφ =
3(1 + w)

λ2
, (2.20)

w is constant from Eq. (2.17). In the matter dominated epoch, Ωφ is constant

in Eq. (2.18) and hence λ is constant [218]. However, if λ decreases with time

the universe enters a period of cosmic acceleration. This statement implies, from

Eq. (2.19)

Γ > 1. (2.21)

The solution (2.20) in accordance to condition (2.21) is called a tracker, causing

Ωφ to increase and therefore w < wM [212]. Using Eqs. (2.18) and (2.19) and

neglecting the contribution of Ωφ, the constant equation of state along the tracker

is

w = w0 ≡
wM − 2(Γ− 1)

2Γ− 1
. (2.22)

An illustrative example is the inverse power law potential [78]:

V (φ) = M4+pφ−p, (2.23)

where M and p > 0 are constants. For this case

Γ = 1 +
1

p
, w0 =

−2

2 + p
, (2.24)

satisfying the condition (2.21). The growth of Ωφ implies the decrease of w0.

Hence the tracker belongs to the class of freezing models.

The solution (2.22) was obtained by considering Ωφ � 1. To take into account

the variation of w, the perturbation to the 0− th order solution is used [54], by

dealing with Eqs. (2.20) and (2.22)

a2d
2δw

da2
+ a

5− 6w0

2

dδw

da
+

9

2
δw(1− w0)− 9

2
w0Ωφ(a)(1− w2

0) = 0, (2.25)

where Γ was assumed constant. For Ωφ(a) the 0− th order solution is

Ωφ(a) =
Ωφa

−3w0

Ωφa−3w0 + 1− Ωφ

, (2.26)
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Figure 2.1 The quintessence equation of state w versus a for the potential
M5φ−1 to second (blue) and third (red) order of Eq. (2.27).

Substituting Eq. (2.26) into Eq. (2.25) the integrated solution is [54]

w(a) = w0 + Σ∞n+1

[
(−1)n−1w0(1− w2

0)

1− (n+ 1)w0 + 2nw2
0(n+ 1)

Ωφ(a)

1− Ωφ(a)

]2

. (2.27)

In Fig. 2.1 the numerical evolution of w versus a for the potential (2.23) with

p = 1 is plotted. The observational constraints for this model have been analysed

in Refs. [55, 221], using data from the joint analysis of Union 2.1 [216] for

Supernovae, the cosmic microwave background anisotropies from WMAP7 [214],

baryon acoustic oscillations data from BAO SDSS7 [173] and BOSS [115],

indicating that the tracker equation of state during the matter era is constrained

to be w0 < −0.964 (95% CL) under the prior w0 > −1. For the potential (2.23)

this translates as p < 0.075.

By setting a prior w0 > −1, Ref. [221] found the best-fit model to be w0 = −1.

When tests are carried out without this prior, the data favour the value

w0 = −1.097. This is one of the reasons why the project on which this chapter is

based on did not consider updating the constraints on a model resulting Eq. 2.23

or another of similar tracking properties. If the condition w < −1 is violated, the

model is not considered to be quintessence any more.
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2.2.2 Scaling freezing models

These models can be considered as a special case of the tracker along which

Ωφ = 3(1 + w)/λ2 is constant [62, 77]. They are characterised by double

exponential potentials [24]

V (φ) = V1e
−λ1φ/MPl + V2e

−λ2φ/MPl , (2.28)

where λi and Vi are constants. During the radiation era (w = 1/3) the constraints

give the bound Ωφ < 0.045 which translates into λ1 > 9.4. The scaling matter

era (w = 0) is followed by cosmic acceleration, where the dominance comes from

the exponential with λ2 in the argument.

The transition from the scaling matter to the present epoch depends on the

parameters λ1, λ2, V1 and V2. The variation of w can be accommodated by using

the parametrisation [143]

w(a) = wf +
wp − wf

1 +
[
a
at

]1/τ
(2.29)

where wp and wf are values of w in the past and future respectively, at is the

scale factor at the transition and τ is the transition width.

In Fig. 2.2 the numerical evolution of w versus a for values of at and τ within

the 95% contour level are plotted. In Ref.[55] the joint analysis of Union 2.1,

WMAP7 and BAO (SDSS7, BOSS) was done using τ = 0.33. The constraints

founded were at < 0.23 (95% CL), λ1 > 11.7 and λ2 < 0.539. As explicit from

the figure, w needs to approach −1 quite early on in the cosmological evolution.

This means the effects of DE would potentially be felt at a much higher redshift,

a feature that has not been measured. Also, models with λ2 ≥ 0.5 cause a very

strong deviation from −1.

2.2.3 Thawing models

In this type of quintessence the potential must be able to mimic a nearly-

frozen field during the matter-dominated era, caused by Hubble friction, implying

w near −1 at early times. Its kinetic energy contribution must be kept small,

which means a small mass is required as well as a nearly-flat potential. The
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Figure 2.2 The quintessence equation of state w versus a for λ1 = 9, λ2 = 0.9.
Each curve corresponds to: (a) at = 0.23, τ = 0.33; (b) at = 0.17,
τ = 0.33; (c) at = 0.15, τ = 0.32.

following sections are the main original contribution of this chapter, and in them

the constraints for a specific potential of the thawing type are analysed. The

results obtained for the free parameters of this model are the most up-to-date

observational bounds for this theory.

2.3 PNGB quintessence

The theory described by the pseudo Nambu - Goldstone - Boson potential fits all

the conditions of a thawing type quintessence theory [85]. It is characterised by

a cosine type equation

V (φ) = V0

[
1 + cos

φ

f

]
, (2.30)

where V0 = ρcM
4 and f are the normalisation and the width of the potential,

respectively. These two parameters, as well as the initial conditions φi and φ̇i

determine the cosmological evolution of this model. This set of variables can be

simplified given the rapid early expansion of the Universe, which leads to sharply-

decaying field velocity at early times. As a result, φ̇ = 0 is the initial condition for

the numerical evolution. Figure 2.3 shows some sample evolutions of the equation

of state obtained numerically for cases with present density parameter Ωφ = 0.68.
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Figure 2.3 Equation of state versus scale factor for the PNGB potential with
f = 1.4MPl, for models leading to present values w0 = −0.99 (red),
w0 = −0.93 (blue) and w0 = −0.6 (green). In thawing quintessence,
w ≥ −1.

Requiring that at present the quintessence field has a particular density parameter

Ωφ allows the use of the density parameter as a variable. In turn, φi is treated as

a derived parameter. The background evolution is calculated from a scale factor

a = 10−9.

By definition, thawing models always present w0 ≥ −1, a characteristic that

makes them very interesting to study, as one needs not to worry about phantom

dark energy.

Good quintessence candidates are ideally required to generate a flat potential

protected from radiative corrections in a natural way. In this regard, the

PNGB axions are successful: these fields have a flat potential as a result of a

shift symmetry, that is, the potential is unchanged under the transformation

φ→ φ+ constant. During the early Universe, the axion rolls along this flat

potential for a very long time, in accordance to the expected effect of dark

energy during the radiation and matter domination epochs. The shift symmetry is

eventually broken to allow DE to roll to a minimum of the potential and generate

the accelerating expansion of the Universe [81, 82].
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2.3.1 PNGB potential analysis with cosmomc

It is therefore the aim of this chapter to undertake a MCMC exploration of

the parameter space of PNGB quintessence. This study was made using the

cosmomc program, version July 2015 [133]. Within the camb program the

quintessence module was updated by myself, with support from Prof. Liddle,

to be compatible with the camb/cosmomc version of July 2015. Additionally,

a modification of the original code was implemented to solve a starting point

issue: in order for the evolution to commence, the amplitude of the potential

has to be large enough to allow the quintessence density parameter Ωφ to have

a value corresponding to the observed dark energy density. The random search

nature of the MCMC code (at least at the beginning of the parameter space

exploration) caused the program to stop through failing to meet this condition,

therefore not allowing the code to calculate a likelihood. Instead of stopping the

code after an unsuccessful initial setting, the unsuitable parameters were assigned

an improbable negative logarithmic likelihood of 1030 (the standard value for the

algorithm to deem a set of parameters unlikely) therefore rejecting them but

allowing the rest of the estimations to continue.

The choice of prior ranges for the standard cosmological parameters were taken

as in the Planck collaboration 2015 analysis [8]. These, as well as the added free

components that characterise the PNGB model, are displayed in Table 2.1. Ad-

ditionally, the range imposed on H0 is 50 km s−1 Mpc−1 ≤ H0 ≤ 80 km s−1 Mpc−1.

When the idea of dark energy began to appear, followed a couple of years later

by the idea of quintessence as a specific DE model, string theory seemed the

only context where the extremely flat potentials necessary for its realisation were

possible. This is because, in string theory, axions appear naturally [70].

It is possible to write down a virtually infinite number of quintessence potentials

V (φ). However, only for few of them the flatness of the potential is not spoiled

by radiative corrections. Therefore, a theoretical prejudice in favor of radiatively

stable potentials is what motivated the early studies of axion-type models in a

dark energy context [72].

Axion like fields, with decay constants f larger than the Planck scale, could

give rise to models of natural inflation. Such scenarios can only be studied in a

framework where Planck scale physics is under control. This is the case in certain

extreme regions of the moduli space of string/M theory [22].
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A variety of regions in string moduli space where a large f could arise have been

investigated, but no consistent scenario of this type has been found. In some

cases, the decay constant can be parametrically larger than the Planck scale but

the effective action then contains appreciable harmonics of order f < MPl. As

a result, these fields are no better inflaton candidates than Planck scale axions.

Therefore, the stand of particle physics is that the axions’ decay constant must

respect f < MPl [22]. As will be shown later, models with f < MPl are not

favoured by dark energy. It is rather f �MPl and f ≥MPl that are.

Previous related works [4, 72] have imposed a hard limit on the width of the

potential of f < MPl, citing both computational reasons (avoiding a divergent

direction for the MCMC chains to reach convergence) and theoretical ones, such

as inaccuracy of the described potential for f > MPl and motivations from string

theory. Referring to the latter, the PNGB potential has been used with the

purpose of understanding natural inflation better.

One of the main points of this approach has focused on the different values of the

potential’s width f/MPl, in the context of supersymmetry/superstring theories.

The overall conclusion favours f < MPl [4, 22]. However, a somewhat weaker

prior f < 2MPl was imposed here, by which time the potential is flat enough that

it can commonly generate observables practically indistinguishable from those

for ΛCDM. Our motivation to do this is because supersymmetric theories have

recently become less compelling, given the lack of evidence in their direction,

and moreover the PNGB potential offers a phenomenological description of dark

energy that is well behaved, independently of the use of axions during the

inflationary epoch. The outcome from choosing alternative priors for f will be

studied later.

To obtain the observational bounds the data utilised was the JLA compilation of

supernova distances [29], cosmic microwave background temperature anisotropies,

lensing and polarisation data from the Planck 2015 data release [8, 11], direct

constraints on the Hubble constant from Hubble Space Telescope observations

[184], and baryon acoustic oscillations data from SDSS [185].

2.3.2 Constraints

The probability distributions results presented in this and the following sections

of the chapter were obtained by myself, with the guidance of my supervisor,
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Parameter Prior range
f/MPl [0.1, 2]
M4 [0.25, 2]

Ωbh
2 [0.005, 0.1]

Ωch
2 [0.001, 0.99]

ns [0.8,1.2]
τ [0.01, 0.8]

100θMC [0.5, 10]
ln(1010As) [2, 4]

w0 ...
Ωφ ...
φi/f ...

Table 2.1: Prior ranges for cosmological and PNGB model parameters, the
prior being uniform in the parameter quoted. The meaning of the cosmological
parameters is as in the Planck collaboration papers [8, 11]. The final three
parameters listed are derived from the others and inherit non-uniform priors from
their relation to them.

Andrew Liddle. We then analysed these results together.

The free parameters of this analysis, aside from those standard in any cosmolog-

ical model, are the width f and the amplitude M4 of the potential (2.30). The

camb code uses dimensionless versions of the field and width parameter, but here

they will be refer to in their native units of mass. The code’s background evolution

computation handles all energy–momentum components with a normalisation

equivalent to 8πGρcrit/3c
2 where ρcrit is the present value of the critical density.

The matter energy constituents are then multiplied using the standard density

parameter definition Ωi = ρi/ρcrit where the index i is matter or quintessence.

This means that M4 and V (φ) are, regarding their units, equivalent to the density

parameter for the quintessence field Ωφ.

Figure 2.4 depicts an ensemble of trajectories for the equation of state w versus

scale factor a of the PNGB model, drawn from both the prior and posterior

distributions. We see a very strong tightening of the posterior distribution with

respect to the prior, indicating that the data are significantly constraining the

considered set of models.

In Fig. 2.5, a triangular plot with the 68% and 95% confidence contours between

the amplitude M4, the width f/MPl, the field density parameter Ωφ, the present

value of the field equation of state w0 and the initial displacement of the field

φi/f is displayed. The individual posterior distributions of each parameter are
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Figure 2.4 Density plots for the equation of state w versus scale factor a of the
PNGB model. The figure on the left depicts random prior choices
from Table 2.1. On the right, a sample of the posterior distribution
models obtained from the combined JLA + BAO + HST + Planck
2015 datasets is shown. The best-fit model is drawn in red, and a
zoom is included to show the detail of the posterior trajectories given
their closeness on the original axis range.

also shown.

The parameter f/MPl is unconstrained at the upper edge of its prior, and has 68%

and 95% confidence lower limits of 1.34 and 0.67 respectively. For M the 68% and

95% confidence ranges are M = 0.87+0.02
−0.12 and M = 0.87+0.15

−0.15. These probability

distributions are expected. As f grows the potential flattens, returning the

cosmological constant case, which makes it impossible to confine this parameter

at its upper value, while M4 is sharply cut off at the lowest value able to sustain

an allowable present density parameter, while fitting the data well at that value.

Note however that the quoted lower limits on f depend strongly on the assumed

upper limit of its prior, as models beyond the adopted prior continue to fit the

data well. A detailed analysis of prior dependence will be made later on.

The density parameter Ωφ is constrained at 68% and 95% confidence as,

Ωφ = 0.69± 0.01 and Ωφ = 0.69+0.01
−0.02 respectively. The 95% upper limit on the

present equation of state is w0 = −0.88, whilst the lower cut-off of w0 = −1

reaffirms the cosmological constant limit of this theory. This range is as expected

for thawing quintessence; while values of the present equation of state bigger

than −1 have been permitted, allowing non-trivial past dynamics for dark energy,

the cosmological constant case gives a very good fit to the astronomical data.

Examination of φi/f gives a criterion for the slope of the potential at the start of
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Figure 2.5 2D contours of the combined JLA + BAO + HST + Planck 2015
constraints for the PNGB model with potential Eq. (2.30). The
individual marginalised posterior probability distributions of each
parameter are also shown.

the cosmological evolution. For φi/f ≈ 0 the feature at the bottom left corner of

the (f/MPl, φi/f) duplet shows that only narrow potentials (those corresponding

to small f) are allowed. In such a steep regime, a slope slightly different from zero

would cause the quintessence field to evolve too quickly, therefore not reproducing

a thawing behaviour. Once the slope increases to φi/f ≈ 0.3 most of the f range

is enabled. Larger values for φi/f are favoured when f is larger. The 95%

upper limit of the starting slope is φi/f = 1.9, while there is no lower limit since

φi/f = 0 reproduces ΛCDM precisely. The upper boundary value shows there

is a fair range of models permitted with an evolving scalar field. However this
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regime is typically not well recovered except for narrow potentials with f ≈ 0,

because in order to attain such it is also necessary for M4 to be very close to Ωv,

meaning only a narrow sliver of prior space is available. The data clearly favour

the direction of increasing f .

2.3.3 Thawing quintessence: equation of state

parametrisation

In line with the tracking and freezing cases, there exists an approximate equation

of state solution for thawing quintessence [53, 73, 218].

Considering the case in which the field initially exists around φ = φi, the scalar

field is redefined as

φ(t) =
u(t)

a(t)3/2
. (2.31)

Taking the derivatives of (2.31) and using Eqs. (2.6) and (2.7),

ü+
3

4
uρφ + a3/2V ′

( u

a3/2

)
= 0. (2.32)

Eq. (2.32) is exact. However, certain approximations can be applied to it; for

instance, if w ∼ −1, this implies Pφ ∼ ρφ ∼ −V (φi). Also if a Taylor expansion

is performed on the potential and taken up to second order, Eq. (2.32) can be

reinterpreted as

ü− w2u ' −a3/2V,φ(φ) (2.33)

where

w =

√
3

4

V (φi)

M2
Pl

− V,φφ(φi), (2.34)

with solution

u = A sinh(kt) +B cosh(kt). (2.35)

Another consequence of taking w ' −1 is that the evolution of the scale factor

can be approximated as that of the ΛCDM model

a(t) =

(
1− Ωφ

Ωφ

1/3
)

sinh1/3

[
t

tΛ

]
, tΛ =

2MPl√
3V (φ)

. (2.36)

Applying the last results to the integration of u and and using the dark energy
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Figure 2.6 Equation of state versus scale factor for the quintessence field
equation of state (solid lines) and Eq. (2.37) (dashed lines) with
Ωφ = 0.68. The parameter values in each case are (a) f/MPl = 2,
φi/f = 1.65, K = 0.98, w0 = −0.95; (b) f/MPl = 1.1, φi/f = 1.52,
K = 1.02, w0 = −0.84; (c) f/MPl = 0.9, φi/f = 1.43, K = 1.09,
w0 = −0.77; (d) f/MPl = 0.5, φi/f = 0.94, K = 1.72, w0 = −0.34.

equation of state with the approximations taken before,

w(a) = −1 +

(1 + w0) a3(K−1)

[
(K − F (a))(F (a) + 1)K + (K + F (a))(F (a)− 1)K

(K − Ω
−1/2
φ )(Ω

−1/2
φ + 1)K + (K + Ω

−1/2
φ )(Ω

−1/2
φ − 1)K

]2

,

(2.37)

where

K =

√
1− 4M2

PlV,φφ(φi)

3V (φi)
, (2.38)

F (a) =

√
1 + (Ω

−1/2
φ − 1)a−3. (2.39)

The equation of state (2.37) is expressed in terms of three parameters: Ωφ at

present, w0, and K which measures the curvature of the scalar field potential at

its maximum [218]. For K larger than 10 the movement of the field at the start

of the evolution is required to be very small to avoid a quick roll down. If the

field touches the minimum of the potential and starts oscillating at a scale factor
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value near today’s, numerical simulations establish that Eq. (2.37) is not valid

anymore. In addition to this inaccuracy, for an oscillating potential the equation

of state would become positive, therefore violating the w < −1/3 condition for

a dark energy description. For K smaller than 0.5 the field mass becomes very

large, implying that the Taylor expansion around φ = φi becomes inaccurate

because of the rapid variation of the field. This work places a particular focus

on finding a confidence range for the curvature of the potential K that is better

constrained than in past analyses by making use of the exact results in Sec. 2.3.2.

In Fig. 2.6 the behaviour of the thawing equation of state against the numerical

solution provided by the quintessence module of camb is compared. The

approximation works very well for w0 ≈ −1 and K ≈ 1, but becomes less accurate

for larger values of w0 which in turn correspond to smaller values of K. If instead

the curves generated by Eq. (2.37) had been adjusted to the best-fit values of K

and w0, a more varied set of parameters would have possibly been found, which

would be able to duplicate a broader set of solutions.

In Fig. 2.7 the confidence contours for the curvature parameter K are shown. The

95% constraint obtained is K = 1.1 ± 0.4, where K was calculated as a derived

parameter from the results of Sec. 2.3.2. Given the condition within the camb

module Quint to attain convergence of Ωφ before allowing the evolution of φi to

commence, the width of the potential dictates the value of the curvature. As

discussed in Sec. 2.3.6, the distribution of K values that emerges from simulating

the PNGB potential is far from uniform, and hence the present constraints appear

very different from those that sample uniformly in w0 and K such as Ref. [55].

Now the results of Secs. 2.3.2 and 2.3.3 are placed into context by comparing them

to results under different choices of datasets and parameter priors. A comparison

between these results and those of previous authors in the subject of thawing

quintessence is also included.

2.3.4 Constraints using Planck 2015 only

The results of the full-mission Planck observations of temperature and polari-

sation anisotropies of the CMB radiation are widely considered to be the most

reliable dataset for constraining cosmological models. Moreover, for the standard

six-parameter cosmological model they are sufficient on their own to fix all the

parameters accurately. Here the aim is to test whether this latter statement
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Figure 2.7 The 68% and 95% confidence level regions for (w0,K) given by
Eq. (2.38).

remains true with the more general dark energy model by comparing results

using Planck 2015 only with those of the full dataset described earlier. In Fig. 2.8

a triangular plot with the 68% and 95% confidence contours using the Planck

dataset is shown. The parameters displayed are the same as those of Fig. 2.5,

but note that in some cases the axis ranges have had to be extended.

Typically the constraints obtained by this particular analysis are considerably

weaker than those of Sec. 2.3.2. The most striking example of this is the width

of the potential f/MPl; the Planck data alone are unable to constrain this within

the prior at a confidence range of 95%. A somewhat better constraint is attained

for the amplitude of the potential M , where at 68%, M = 1.02+0.06
−0.04. This result

is linked to the field density parameter limit of Ωφ = 0.64+0.05
−0.01, because of these

two quantities’ relation in the convergence of the code as mentioned in Sec. 2.3.1.

There is a noticeable drop in the mean value of Ωφ against the full dataset result

of Ωφ = 0.69; as models with a lower potential amplitude are accepted and the

field is allowed to roll for a wider variety of initial conditions.

Most notably, the present value of the equation of state is not well determined,

with a 95% confidence upper limit of w0 < 0.27. This result is not very useful

for a quintessence scenario, given that it does not even require the condition of

w0 < −1/3 for a Universe in accelerated expansion at present. There is also an

unexpected portion of model space around w0 = +1, which is not compatible with

broader datasets. The conclude is that a CMB-only analysis of the PNGB model

is insufficient to distinguish between the permitted parameter combinations, and

hence it is necessary to include the geometric data compiled at much lower redshift
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Figure 2.8 The 2D contours of the Planck-only constraints for the PNGB model
with potential Eq. (2.30).

values. This was found also in Ref. [9] for the (w0,wa) parametrisation of dark

energy.

2.3.5 Choice of inverse prior for the PNGB potential width

In light of the data’s inability to constrain high values of f , the prior dependence

of these results was assessed. First, an analysis which simply extended the upper

limit of the uniform prior on f to 4 instead of 2 was performed, which just

had the effect of admitting extra models at the higher values of f which make

predictions very similar to the cosmological constant. As the prior contains more
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models of this type, constraints on models away from this limit tighten somewhat,

which already indicates a significant prior dependence to any constraints which

are quoted.

More importantly, however, there is no particular motivation for choosing a prior

uniform in f , which did not allow for a clear discrimination between models with

a narrow width of f/MPl < 1. In order to explore the parameter with uniform

prior was changed from f/MPl to 1/(f/MPl). The new prior choice was (10−4, 5),

leaving the rest of the analysis parameters with the same meanings as in Sec. 2.3.2.

This then means that the cosmological constant limit occupies a finite region of

parameter space near 1/f ' 0, rather than the potentially-infinite region when

placing a uniform prior on f .

This choice is equivalent to a logarithmic parametrisation; for instance, the upper

end of the uniform prior log f = 2.0 = 0.301, which is similar to the upper end

of the present prior. The testing of these different priors was Liddle’s idea, in

order to strengthen the analysis we had performed previously, with data from the

Planck 2013 release.

Figure 2.9 shows the results of this new choice of prior, where 1/(f/MPl) = 2.3

is the upper limit found at a 95% confidence level. This corresponds to a limit

on f which is not very different to the one found in Sec. 2.3.2, though of course

the changed prior modifies the overall shape of the posterior. The lower prior

limit of 10−4 is close to zero, and therefore indistinguishable by the data due to

its closeness to the cosmological constant case. In a similar fashion to Fig. 2.5,

the model’s preference is for becoming indistinguishable from the prior at large f

(corresponding to the cosmological constant case), a feature that is only cut out

from limiting the prior itself.

The rest of the probability distributions are in good agreement as those of

Sec. 2.3.2, indicating that they do not have much sensitivity to the choice of

prior. The present equation of state w0 is a good example of this insensitivity, its

limit changing only slightly. However, the potential amplitude M4 does become

less constrained at its upper values. This is because the present alternative

prior places less prior weight on models which are very cosmological-constant-

like, hence permitting a somewhat wider range of M4 than the original prior

choice.
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Figure 2.9 The 2D contours of the combined JLA + BAO + HST + Planck
2015 constraints for the PNGB model with potential Eq. (2.30) and
parametrisation uniform in MPl/f instead of f/MPl. The rest of
the parameter definitions are the same as in Fig. 2.5.

2.3.6 Comparison with previous results

In this section, the present results are compared to those of previous authors.

Similar studies to Fig. 2.5 can be found in Refs. [4, 72, 117, 165] and comparison is

straightforward after noting a recurrent difference in the definition of the variable

M4 between those works and the one introduced in this chapter. As a typical
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example, Fig. 2 in Ref. [72] plots[
f

1018 GeV
,

µ√
h/0.65× 10−3 eV

]
, (2.40)

where µ4 is the amplitude of the potential, h is the Hubble parameter and f is

the width of the potential, same as in our case. This choice arises from the fact

that the value of the critical density is ρcrit = (3
√
h 10−3eV)4. The fixed value

of h = 0.65 specified by the authors gives ρcrit = (2.5 × 10−3eV)4. To translate

Eq. (2.40) into the present definition of M4 requires

µ4 = ρcritM
4 (2.41)

where µ is the amplitude of the potential in previous references. This choice makes

their µ/(
√
h 10−3 eV) ≈ 2, which is the minimum amplitude of the potential that

would give the observed dark energy density. Therefore, M4
min ≈ 0.34 in our

Fig. 2.5 is equivalent to µ/(
√
h 10−3 eV) ≈ 2.29 in Fig. 2 of Ref. [72]. This

somewhat larger M4
min is expected, as Ref. [72] imposes a hard limit Ωφ ≥ 0.7

on its models, whereas the data combination constraints obtained here prefer a

smaller Ωφ. A very similar description can be made about the results of the rest

of the aforementioned references.

The present analysis results in a significant improvement on the constraint on Ωφ

in relation to Ref. [72]; however, the restriction in the same work to w0 < −0.965,

citing the inability of the data to provide a better constraint on this parameter,

is invalidated as a significantly larger range for the present value of the equation

of state is shown in Fig. 2.5. Concerning the slope of the scalar field, the allowed

amount of rolling in φi/f is in very good agreement with this reference.

Regarding the results for the equation of state parametrisation scheme, a

comparison can be made with Fig. 7 in Ref. [55]. These authors also explore

models with w0 < −1; however, because quintessence theories do not extend to

the phantom domain, that possibility was excluded in the prior of this parameter

space from the start. Another noticeable difference is their use of two datasets

and their respective confidence levels; one using BOSS data and one without it.

When adding BOSS they obtain a confidence contour that is entirely in the region

w0 < −1, but when it is omitted, a small area with w0 > −1 is still allowed.

The shape of the confidence region in Ref. [55] differs greatly from the result

displayed in Fig. 2.7. This is because that article adopted uniform priors in the
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equation of state parameters w0 and K. Here, instead, these parameters are

derived from a sampling based on assumption of the underlying PNGB potential.

This induces a prior on those parameters, and particularly on K, which is very

far from uniform, i.e. the PNGB model realises a very different model ensemble

from that assumed in Ref. [55]. A simple consequence of using an underlying

potential is that w0 < −1 is not permitted, but the induced prior on K also leads

to a substantially different allowed region. Hence caution is required in using the

equation of state approach to assess the viability of explicit thawing quintessence

models such as PGNB.

2.4 Conclusions

This chapter is devoted to the idea of quintessence as a viable alternative to the

cosmological constant to replace dark energy. The cosmology of this theory, as

well as its three main representations were introduced.

Tracking quintessence is characterised by a shallow potential at late times,

resulting in an equation of state that decreases from its starting value of w.

Observations allow for ghost anomalies in the phenomenology of this case.

The scaling freezing models are a special case of the tracking scenario, in which the

potential is characterised by double exponentials. Here the background evolution

shifts from w ≈ −1 very early on, constituting a strange behaviour for a viable

representation of DE.

The thawing theory is specified by a potential which mimics an invariable field

at early times. When Hubble friction recedes, the field is allowed to roll. These

models always present an equation of state that grows positively away from −1,

and they are the focus of this investigation.

A probability distribution for the PNGB quintessence model parameters was

obtained, which corresponds to the thawing type. The present analysis was

carried out using the codes camb/cosmomc, version July 2015. The constraints

on the amplitude M4, initial slope of the field φi/f , and width f/MPl of the

potential Eq. (2.30) show good agreement with earlier analyses, with some

reduction in the permitted range of values as compared to them. These results

show the continued viability of the ΛCDM scheme, while showing the extent to

which models with a present equation of state value larger than w0 = −1 and a
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field evolving away from the top of the potential (2.30), corresponding to thawing

quintessence, remain acceptable.

Later on, the approximate equation of state (2.37) was revised, which has been

applied in Refs. [55, 73]. Under the PNGB assumption, much tighter constraints

were found on the curvature parameter K than are found when uniform priors

are adopted on the equation of state parameters. This difference highlights a

strong ongoing prior dependence from the way thawing dark energy is modelled,

which current data are not strong enough to override. The parameter space

was explored with different dataset combinations to test their effectiveness. The

advantages of a different prior choice were discussed and compared with the

standard parametrisation.

The current data are indeed able to meaningfully constrain the PNGB model, and

in particular force its behaviour to be close to the cosmological constant limit.

However, in detail there remains a significant prior dependence on the constraints

obtained, as highlighted by switching the prior from being uniform on f to being

uniform on 1/f . In absence of any clear theoretical guidance on the appropriate

form of prior, this dependence needs to be kept in mind in interpreting constraints.

Hopefully future data will emerge with sufficient strength to overcome this prior

dependence.
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Chapter 3

Constraints on hybrid

metric-Palatini gravity from

background evolution

3.1 Introduction

There exists the possibility of accounting for the self-accelerated cosmic expansion

of the Universe without invoking an explicit dark energy source. Instead

of assuming quintessence, or another type of matter component, the present

cosmological behaviour could be explained by modifying the laws of gravity [16].

As mentioned in Chapter 1, the Einstein-Hilbert action of the theory of General

Relativity is expressed in terms of a linear Ricci scalar R = gµνRµν [145]. One of

the main extensions of GR consists of allowing R to be a general function. The

resulting models are known as f(R) gravity, and their phenomenology has been

scrutinised in detail [194].

In the metric f(R) formulation, the dynamical scalar field φ = df/dR satisfies

a second-order equation, which does not interact with other types of matter.

In order for the resulting theory to be effective at large astrophysical and

cosmological scales, the scalar field φ must have a light mass.

However, this last requirement produces problematic results, as it is well known

that scalars with low masses have a short range impact. Laboratory and Solar
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System observations rule out the existence of such a field, unless a screening

mechanism is invoked [79].

On the other hand, the f(R) Palatini formulation results in field equations of

second order. Nonetheless, this advantage comes at the expense of a scalar field

that satisfies an algebraic function of the trace of the matter stress-energy tensor,

φ = φ(T ). This feature of the Palatini representation also presents a challenge,

as it may lead to gradient instabilities at various contexts, including cosmological

perturbations [48].

The focus of this chapter is a hybrid variation of these two approaches, where

the purely metric Einstein-Hilbert action is supplemented with metric-affine

correction terms constructed in the Palatini formalism. This new idea was born

in an effort to establish a consensus between the metric and affine models, with

the aim of improving their deficiencies. The concepts presented in this section

were taken from Ref. [48], which is the most complete review in the subject.

When it was first introduced, the theory of hybrid metric-Palatini offered the

interesting prospect of, not only explaining the late-time cosmic acceleration, but

doing so by generating long-range forces without entering into conflict with local

tests of gravity and avoiding the need of calling for a screening mechanism [49, 96].

And the outcomes have been extremely encouraging. Like the pure metric

and Palatini cases, the hybrid theory has a dynamically equivalent scalar-tensor

representation [49, 96]. The authors of those papers have also shown that the

scalar field need not be massive in order to pass the stringent Solar System

constraints [96], in contrast to the metric f(R) theories, while possibly modifying

the cosmological [46] and Galactic [47] dynamics due to its light, long-range

interacting nature. The viability of the theory on the smallest scales can be

assured as long as the background value of the scalar field remains small [49].

Hence, this theory seems to not need an explicit screening mechanism, even

though much work remains to be done on this topic.

The criteria for obtaining cosmic acceleration have already been discussed and

introduced in Ref. [46]. Alongside that, several cosmological solutions were

derived, depending on the form of the effective scalar field potential, describing

both accelerating and decelerating Universes. Lastly, the full set of linearly

perturbed Einstein equations was derived for this theory, and the evolution of

the metric potentials was shown for a designer model reproducing the ΛCDM

background evolution exactly [138].
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In Section 3.2, the cosmology of the hybrid metric-Palatini theory is introduced.

Afterwards, the dynamics of two models of this kind are specified in Sec. 3.3.

Later on, the computational analysis and the observational bounds are presented

in Sec. 3.4. Section 3.5 is a summary of the most important points.

The new science included in this chapter is found in a publication of the same

name that was co-authored by Nelson Lima and myself. The individual and joint

contributions of this work will be highlighted in each segment [137].

3.2 Cosmology in the hybrid metric-Palatini

gravity

The four-dimensional action describing the hybrid metric-Palatini gravity is given

by

S =
1

2κ2

∫
d4x
√
−g [R + f(R)] +

∫
d4x
√
−gLM(gµν ,Ψ), (3.1)

where κ2 = 8πG and c = 1. LM = LM(gµν , ψ) is the standard minimally–coupled

matter Lagrangian, R is the metric Einstein-Hilbert Ricci scalar and R = gµνRµν

is the Palatini curvature.

The latter is defined in terms of the metric elements, gµν , and a torsion-less

independent connection, Γ̂, through

R ≡ gµν
(

Γ̂αµν,α − Γ̂αµα,ν + Γ̂ααλΓ̂
λ
µν − Γ̂αµλΓ̂

λ
αν

)
. (3.2)

Varying the action (3.1) with respect to the metric,

Rµν −
1

2
gµνR + fRRµν −

1

2
f (R) gµν = κ2Tµν , (3.3)

Varying the action with respect to the the independent connection Γ̂αµν ,

∇̂α
(√
−gfR gµν

)
= 0. (3.4)

The Palatini Ricci scalar is obtained by tracing Eq. (3.3)

R + κ2T = fRR− 2f(R). (3.5)

Equation (3.5) shows that the modifications to Einstein gravity are controlled by
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the failure of the standard GR trace equation. It would be desirable to write

the hybrid metric-Palatini equations of motion in a manner that is independent

of the connection Γ̂αµν . To do this, let us define a metric conformal to gµν as

hµν ≡ fRgµν . It can be shown that

√
−hhµν =

√
−gfRgµν , (3.6)

which means that Eq. (3.4) is the definition of the Levi-Civita connection of hµν .

Solving Eq. (3.4) leads to

Γ̂αµν =
1

2
hλσ (∂µhνσ + ∂νhµσ − ∂σhµν)

=
1

2

1

fR
gλσ [∂µ(fRgνσ) + ∂ν(fRgµσ)− ∂σ(fRgµν)] (3.7)

Because Eq. (3.5) relates R with T and given the explicit expression for Γ̂αµν in

Eq. (3.7), the independent connection can be eliminated from the field equations

implying that

Rµν = Rµν +
3

2

1

fR
2fR,µfR,ν −

1

fR
∇µfR,ν −

1

2

1

fR
gµν2fR. (3.8)

For a statistically spatially homogeneous and isotropic universe with Friedmann-

Robertson-Walker (FRW) metric, ds2 = −dt2 + a2(t)d~x2, the modified Einstein

equations (3.3) yield the modified Friedmann equations:

3H2 =
1

1 + fR

[
κ2ρ− 3H ˙fR −

3 ˙fR
2

4fR
+
RfR − f(R)

2

]
, (3.9)

and

2Ḣ =
1

1 + fR

[
−κ2 (ρ+ p) +H ˙fR − f̈R +

3 ˙fR
2

2fR

]
, (3.10)

where dots denote a differentiation with respect to physical time, t, and H = ȧ/a

is the Hubble parameter; ρ and p are the total energy density and pressure of the

Universe. An equivalent expression for Ḣ can be taken from the trace of Eq. 3.3,

which gives

Ḣ =
1

6

[
fRR− 2f(R)− κ2T − 12H2

]
, (3.11)

where the condition R = 6
(
Ḣ + 2H2

)
has been used.
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3.2.1 Scalar-tensor representation

As in the metric and Palatini cases [169], the action (3.1) for the hybrid metric-

Palatini theory can be turned into that of a scalar-tensor theory:

S =
1

2κ2

∫
d4x
√
−g
[
(ΩA + φ)R +

3

2φ
∂µφ∂

µφ− V (φ)

]
+

∫
d4x
√
−gLM(gµν ,Ψ),

(3.12)

where R is the auxiliary scalar field, ΩR is a coupling constant, φ = fR and

V (φ) = AfR − f(R)[49, 96]. In the limit ΩA → 0, the theory (3.12) recovers

the Palatini gravity case; whereas in the limit ΩA →∞, the metric f(R) gravity

framework is brought back. The hybrid regime corresponds to values of ΩA

between these two limits. The representation (3.12) are in fact massive Brans-

Dicke type of theories specified by then non-trivial coupling function

ωBD =
3φ

2φ− 2ΩA

, (3.13)

where ωBD = 0 and ωBD = −3/2 correspond to the scalar tensor representations of

the metric f(R) and Palatini formalisms, respectively. Therefore, as in generalised

Brans-Dicke theory, perturbative analysis can be performed in order to apply the

Parametrised post-Newtonian (PPN) formalism

γPPN =
1− e

−mφr

2wBD+3

1 + e
−mφr

2wBD+3

(3.14)

Geff =
G

φ0

[
1 +

1

2wBD + 3
e−mφr

]
(3.15)

with the rest of the PPN parameters equal to zero [174].

Equation (11) in Ref. [96] is an effective Klein-Gordon equation for the scalar

field. Using the FRW metric, it takes the form

φ̈+ 3Hφ̇− φ̇2

2φ
+
φ

3

[
2V − (1 + φ)

dV

dφ

]
=
κ2φ

3
T. (3.16)

Equation (3.16) can be re-expressed as a dynamical expression for the Palatini

Ricci scalar, R. From φ = fR, one can set ˙fR = ṘfRR, where fRR is the second

derivative of f(R) with respect to R. A similar procedure can be done for higher
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order derivatives, allowing to rewrite Eq. (3.16) as

R̈ = − 1

fRR

[
Ṙ2

(
fRRR −

f 2
RR

2fR

)
+ 3HṘfRR +

+
fR
3

[R (fR − 1)− 2f(R)]− κ2fR
3
T

]
, (3.17)

where Eq. (5) in Ref. [96] has been utilised, and fRRR is the third order derivative

of f(R) with respect to R. Eq. (3.17) was obtained by Lima. From this equation,

an effective potential where the effective Palatini Ricci scalar will roll, can be

defined, since
dVEff

dR
=

fR
3fRR

[R (fR − 1)− 2f(R)] , (3.18)

meaning V (R) will be given by the indefinite integral

V (R) =

∫ R fR
3fRR

[R (fR − 1)− 2f(R)] dR. (3.19)

It was shown that the hybrid metric-Palatini theory reduces to General Relativity

with a possible cosmological constant in vacuum, since it shares the property of

pure Palatini f (R) theories in Minkowski flat space-time [125]. Furthermore,

the fields equation of motion have been analysed as a dynamical system: it was

explicitly shown that as long as one provides a suitable V (fR), or equivalently a

function f(R) such that the slope of the potential is downwards and its minimum

happens for a small value of the scalar field , one should always obtain a natural

transition from standard cosmological evolution to accelerated expansion close to

the present while also avoiding any conflict with solar-system constraints [96].

Equations (3.9), (3.10) and (3.17) constitute a closed set of differential equations

that determines the background evolution for a specified f(R). Note that the

standard Friedmann equations of ΛCDM are recovered in the limit fR → 0.

In the weak-field limit and far from the sources, the scalar field behaves as

φ(r) ∼ φ0 +
2Gφ0M

3r
e−mφr, (3.20)

where the effective mass of the additional scalar degree of freedom is given by [49,

96]

m2
fR

=
2V (fR)− VfR − fR (1 + fR)VfRfR

3
. (3.21)
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The authors of Refs [49, 96] have also obtained the solutions to the metric

perturbations, and found the effective Newton constant, Geff, and the post-

Newtonian parameter, γ,

GEff ≡
G

1 + φ0

[
1− φ0

3
e−mφr

]
, (3.22)

γPPN ≡ 1 + φ0/3e
−mφr

1− φ0/3e−mφr
. (3.23)

Eqs. (3.22) and (3.23) show that the coupling of the scalar field to the local

system depends on φ0. If φ0 � 1, then Geff ∼ G and γPPN ∼ 1 regardless of the

value of m2
φ. This is contrasting with the general result for metric f(R), where

β =
√

1/6 and a screening mechanism is mandatory. In hybrid f(R), as long as

φ0 is sufficiently small, the theory will pass the Solar System tests, even if the

scalar field is very light.

3.3 Models of hybrid metric-Palatini gravity

While the general framework of this theory was derived in Refs. [46, 47, 49, 96],

the authors did not write down specific models, nor explore their consequences.

This omission presented the opportunity to contribute to the development of

hybrid f(R) by analysing the background evolution of models of this kind

with specific potentials. These were inspired by theories of f(R) gravity, such

as the Starobinsky [211] and the exponential [108] case, but are essentially

phenomenological choices to be tested with the background evolution formalism

displayed before. The full content of this section was obtained in collaboration

between Lima and myself.

In the following analyses, Eqs. (3.11) and (3.17) were used to numerically evolve

the background quantities predicted by two specific f(R) models. To set the

initial conditions, fR is fixed to a very small value, at a high redshift, zi, such

that the deviation from the Gravitational constant, G, is effectively small [47, 49,

96, 138] in the high curvature regime. Then F can be inverted to find R at that

redshift.

The second initial condition was set to Ṙi = 0, in order to minimise deviations

from standard General Relativity and to use Eq. (3.9) to resolve for the Hubble

parameter at zi. The Ricci scalar, R, can be computed using the GR relation, R =
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6
(
Ḣ + 2H2

)
. Even though Ṙi = 0 is a strong assumption, the models were tested

for a fairly broad range of initial velocities, within a slow-roll regime, and it was

observed that their qualitative behavior remained unaltered with the late-time

evolution tending to an effective Cosmological Constant, and R asymptotically

reaching the equilibrium position predicted by the effective potential defined in

Eq. (3.19).

3.3.1 The exponential model

The first scenario is defined by an exponential function, given by

f(R) = Λ?

(
1 + e−R/R?

)
, (3.24)

where Λ? and R? are the model’s parameters, both of order H2
0 , where H0 is the

present-day value of the Hubble parameter. In order to avoid any divergences,

R? is defined as a positive constant, while Λ? should be a negative constant. This

last choice of sign is particularly relevant at late-times where, to recover standard

GR with an effective Cosmological Constant, one should have Λ? ≈ −2Λ. Hence,

Λ? < 0 allows the effective Cosmological Constant to have the correct sign, which

becomes clear, for instance, looking at Eq. (3.5) in vacuum.

The effective potential, V (R), associated to this model, is obtained by doing the

indefinite integral defined by Eq. (3.19), which has the simple form

V (R) =
R?

3

[
2Λ?R+

1

2
R2 − 2Λ?R?e

−R/R?

− e−R/R? (Λ?R+ Λ?R?)

]
. (3.25)

Setting the initial conditions at zi = 103 to yield a very small fR value in order to

minimise deviations from the actual gravitational constant in the high curvature

regime, the potential will be mostly dominated by its quadratic terms for order

unit values of R?. The minimum can then be estimated by

Rmin ≈ −2Λ?. (3.26)

The effective cosmological constant value at which the Ricci scalar should sit in
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vacuum is given by the trace equation

ΛEff =
1

2
[−2Λ?fR(−2Λ?)− 2f(Λ?)] ≈ −Λ?. (3.27)

Hence, it is expected to obtain a ΛCDM like evolution in the distant future, if

the solution for R is to settle at the minimum of its potential.

In Fig. 3.1, the background evolution predicted by this model is plotted for a set

of parameters as a function of redshift, z. A Brent algorithm (see [39]) is used to

find the correct Λ? value that recovers a flat cosmology. Hence, for this case, the

only true free parameter will be R?.

As can be seen in Fig. 3.1, the evolution of the Palatini Ricci scalar starts at a

position where the potential is tilted and one would expect for it to roll down

towards the minimum. However, at early times, the evolution of R is dominated

by the stress–energy tensor trace or, equivalently, by the matter energy density.

Since the ratio fR/fRR is negative throughout the whole evolution, the matter

density contribution pushes R upwards the effective potential, while its slope

and the Hubble friction term exert the opposite effect. As matter ceases to

dominate close to the present, R inverts its motion and starts evolving towards

the minimum, where it will asymptotically settle in the distant future.

Lastly, Fig. 3.1 presents the evolution of the deceleration parameter q. The

exponential case predicts a Universe that will be expanding in an accelerated

manner today, transitioning from a matter dominated decelerating phase at a

redshift z ≈ 1, as, for z = 0, q < 0. This is a general result of this model, as can

be inferred from the deceleration parameter equation

q = − Ḣ

H2
− 1, (3.28)

where Ḣ is given by Eq. (3.11). Switching from physical time t to ln a, Eq. (3.28)

at z = 0 is

q = − 1

6H2
0

[
fRR− 2f(R) + 3H2

0 ΩM − 12H2
0

]
− 1. (3.29)

As observed in Fig. 3.1, the model evolves towards smaller values of fR today, as

the exponential is suppressed by the larger values of R. Therefore, in Eq. (3.29)

the term (fRR) can be neglected.
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Figure 3.1 The background evolution predicted by the exponential f(R) model
compared to ΛCDM. R is plotted far into the future (z → −1),
to explicitly show that this solution asymptotically tends to the
minimum of the potential, V (R), which is also displayed. The
deceleration parameter q is also shown. The present-day matter
energy density is set to be Ωm = 0.30, and R? = 1 is in units of
H2

0 .

Then, from Eq. 3.24, it is noticeable that f(R) will be dominated by Λ?. Since

this parameter is determined from imposing a flat cosmology, Λ? ≈ −2Λ, where

Λ ≈ 2.1H2
0 is the actual cosmological constant. In light of these arguments,

Eq. (3.29) becomes

q ≈ − 2Λ

3H2
0

− ΩM

2
+ 1 ≈ −0.55. (3.30)

Fig. 3.1 demonstrates that this prediction matches remarkably well the numerical

values obtained for q today for different parameters of the exponential model.

Hence, this model should always predict an accelerated expansion today.
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3.3.2 The quadratic model

The second model is of quadratic shape, and is defined by the function

f(R) = Λ?

(
1 +R2/R2

?

)
, (3.31)

where Λ? and R? are a negative and positive constant of order H2
0 , just like in

the previous model. Computing the indefinite integral defined in Eq. (3.19) one

can find the associated effective potential:

V (R) = −1

3
Λ?R2 − 1

9
R3, (3.32)

which clearly has a global minimum at R = 0 and a maximum at R = 2Λ?.

Therefore, the solution for R is expected to asymptotically settle at the minimum

in vacuum, leading to an effective cosmological constant value of

Λeff ≡
1

2
[−2Λ?fR(0)− 2f(0)] = −Λ?. (3.33)

In Fig. 3.2, the evolution predicted by the quadratic model for H is shown,

compared to ΛCDM’s, for different values of fR(zi) and R. A negative fR(zi)

was chosen as this sets the initial R to be positive.

In this instance, it is observed that R rolls down the effective potential towards

the minimum from the beginning of the evolution, asymptotically settling there.

When compared to the behavior seen for the exponential model in Fig. 3.1, the

different dynamics are linked to the ratio fR/fRR multiplying the stress–energy

tensor in the dynamical equation for R.

For this particular setting of the quadratic model, this ratio is positive at early

times, meaning that R will be pulled down by the matter energy density term

towards the minimum of the potential, asymptotically settling there when the

matter contribution becomes negligible.

If a positive value for R(zi) had been chosen, the behavior wouldn’t qualitatively

change, with the matter term dictating R to evolve towards the minimum in a

symmetric manner, starting from R < 0.

Also, by setting the initial conditions for fR(zi) such that deviations from

standard GR are kept small, R starts its evolution already close to the minimum,
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Figure 3.2 The same as Fig. 3.1 for the quadratic f(R) model. The matter
density parameter has been fixed to Ωm = 0.30.

guaranteeing that it settles onto the minimum of the effective potential V (R).

Had the evolution started at a point such that the initial value of R would be

beyond the maximum observed for the effective potential in Fig. 3.2, R would roll

indefinitely, jeopardising the late-time achievement of an effective cosmological

constant in this model.

3.4 Background Observables

The present chapter discusses the late time effects of hybrid metric-Palatini

gravity. As such, it was decided against the need of calculating the full CMB

temperature anisotropies using camb. Instead, only the peak positions of Planck

were utilised. This was a motivator to create a different Metropis-Hastings

algorithm other than cosmomc, because using the latter would require adding

the changes to the linear perturbations of this model, which would have increased
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Table 3.1: Inverse covariance matrix for the distance information obtained from
Planck in the ΛCDM framework.

Planck
Best fit lA(z∗) R(z∗) z∗

lA(z∗) 301.77 44.077 −383.927 −1.941
R(z∗) 1.7477 −383.927 48976.330 −630.791
z∗ 1090.25 −1.941 −630.791 12.592

the difficulty of the analysis without much gain at this point. However, the

getdist code was utilised, as this part of the program works by providing a set

of chains and a file specifying the names of all parameters in them, irrespective

of how these were obtained.

3.4.1 Observables

To constrain the models parameters, several background-related observables

were utilised: the luminosity distance from Supernova type Ia (SNIa); the

baryon acoustic oscillations (BAO); the shift parameter, acoustic scale and

redshift of decoupling from the cosmic microwave background (CMB). A detailed

explanation on the statistics treatment of SNIa, BAO and CMB is detailed in

Sec. 1.8.

SNIa luminosity–redshift relation

For the supernovae analysis, the Union 2.1 SNIa catalog from the “Supernova

Cosmology Project” (SCP) [216] was utilised. These data set are a compilation

of 580 type Ia Supernovae located over the redshift interval 0.623 < z < 1.415. In

the Metropolis-Hastings algorithm, the nuisance parameter H0 was marginalised

using the procedure described in the appendix of Ref. [91].

Baryon Acoustic Oscillations peak

Following the Planck analysis [7], the BAO observations used were the 6dF Galaxy

Redshift Survey (6dFGRS) at low redshift, dobs(z = 0.106) = 0.336± 0.015 [30],

the Luminous Red Galaxies (LRG) sample of the Sloan Digital Sky Survey (SDSS)
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7-year data release at the median redshift, dobs(z = 0.35) = 0.1126± 0.0022 [171],

and the BAO signal from BOSS CMASS DR9, dobs(z = 0.57) = 0.0732± 0.0012 [18].

Cosmic Microwave Background

The Planck distance information for the ΛCDM model was also added to constrain

the two potential choices. In Table 3.1 it is possible to read the inverse covariance

matrix and best-fit values obtained from Planck [223].

3.4.2 Metropolis - Hastings Algorithm

The calculation of the χ2 of each observable and the probability distributions

of our models’ parameters was performed by means of a Metropolis–Hastings

algorithm, which is a Markov Chain Monte Carlo method based on a stochastic

sampling technique [162]. One of the main advantages of the Metropolis–Hastings

algorithm is its treatment of marginalised variables. When considering a subset

of the parameters that form a chain, the marginalisation over the remainder of

the parameters occurs immediately, therefore making the treatment of the chains

a simple process. This algorithm was developed by me, in a module using the

Python programming language, where the core steps where:

1. Define the maximum number of samples to have on each chain.

2. Provide a prior range of variation for the parameters considered.

3. Choose a likely value for the free parameters as a starting point for the

exploration.

4. Calculate the posterior distribution, X, as the sum of each survey χ2,

X =
∑
χ2, using the starting point defined in the previous step.

5. Define a set of new parameter values from a Gaussian random distribution

with center value µ = 0 and an appropriate width, σi, individually chosen

for each parameter.

6. Verify if the new parameters are within the given prior range. If they are

not, this evaluation is rejected and a new one set of parameters is randomly

chosen.
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7. If the parameters are in range, a new posterior probability distribution

Y =
∑
χ2 is calculated based on them.

8. Define the criteria α as the ratio between the new and old posterior

probability distributions, i.e. α = e−Y/2eX/2.

9. If α > 1, the new set of parameters are accepted and can be added to the

Markov chain. Otherwise, a random number β is chosen from an uniform

distribution: if α > β, the parameters are also considered towards the chain;

if α < β the parameters are rejected.

10. Repeat steps 5 − 9 until the number of samples initially defined for each

chain is achieved.

3.4.3 Priors

The two f(R) models share a set of three parameters: the present-day relative

energy densities of matter and baryons, ΩM and Ωb, and the present-day value

of the Hubble parameter, H0. The ranges chosen for them are, respectively,

[0.01, 0.99], [0.001, 0.080] and [40.0, 100.0].

For both models, Λ? is determined by the background evolution, assuming the

recovery of a flat cosmology today, at a = 1. As described in Sec. 3.3.1, this is

achieved using a Brent algorithm (see Ref. [39]) which ensures that the present-

day value of the numerical Hubble parameter obtained coincides with H0. The

background evolution starts at a redshift of zi = 108.

For the exponential model, two situations are studied. In the first case, fR at

zi is fixed to a very small value, 10−4, and R? varies between [1.0, 10.0]. This is

performed in order to test the data against a definitive modification of gravity

where the ΛCDM limit is not explicitly attainable.

In the second case, fR(zi) varies between [1 × 10−6, 0.1] and R? between

[0.01, 15.0]. The case fR(zi) = 0 cannot be considered due to the way the initial

conditions in this model are set, as this would lead to a logarithmic divergence.

Therefore, the deviations from standard GR plus ΛCDM at early times can only

be asymptotically minimised by taking fR(zi) → 0+. Nevertheless, the possible

size of the deviation could possibly be tested by considering an upper limit for

fR(zi) of order 10−1.

85



2 4 6 8

R

0.285

0.300

0.315

0.330
Ω

m

67.5 69.0 70.5

H0

2

4

6

8

R

0.285 0.300 0.315 0.330
Ωm

Figure 3.3 The 2-d contours of the combined constraints from the background
surveys considered for the exponential f(R) model with fR(zi)
fixed to 10−4. The individual marginalised posterior probability
distributions of each parameter is also plotted.

Lastly, for the quadratic model, R? is fixed to a chosen value and fR at zi

varies between [−0.1, 0.1]. Since the effective potential on which R evolves

is independent of R? in the quadratic model, this parameter is fixed. This

independence can be observed in Eq. (3.32).

3.4.4 Constraints

The following results depict the combined constraints of the three background

surveys described in Sec. 3.4.1. These figures were obtained in collaboration be-

tween Lima and myself, using the plotting functions available in cosmomc [133].

Figure 3.3 exhibits a triangular plot with the 2-d contours between H0, ΩM and

R?, as well as with the individualised posterior distributions of each parameter for
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the exponential model considering fR(zi) fixed to 10−4. The value of H0 obtained

is slightly higher than the recent Planck result [7]; this is an expected difference,

as the present analysis is limited to background observables.

The density parameter ΩM also presents a smaller value than in [7], which results

from the combination of the different surveys considered, as the Union2.1 and

BAO surveys do tend to prefer a slightly smaller Ωm value than Planck [7, 216].

The 1-σ limits on these parameters are H0 = 68.9± 0.7 and ΩM = 0.303± 0.009.

For the R? parameter the confidence limits cannot be clearly stated, as these are

completely prior determined. Interestingly, a preference towards smaller values of

R? is observed, possibly extending all the way to 0 had this limit been considered.

The initial conditions are set by imposing a fR value at the starting redshift

zi that is inverted to obtain the corresponding Ri. Hence, for this model,

Ri = −R? ln [−fR(zi)R?/Λ?]. Therefore, it is not possible to have a pure GR

plus ΛCDM for the exponential model because neither fR(zi) or R? can be set

exactly to zero.

However, the closest this model can get to ΛCDM, for a fixed fR(zi), is when

R? → 0+: in this limit, it is observed that Ri tends to decreasingly smaller

values as R? → 0+, while keeping the R/R? ratio considerably large such that

f(R) → Λ?. Hence, an almost ΛCDM like evolution is recovered, which can

be understood looking at the trace equation, Eq. (3.5), which tends increasingly

closer to the GR plus ΛCDM limit of R + κ2T = 4Λ.

Figure 3.4 presents the combined constraints on the exponential model consider-

ing the flat prior on fR(zi) between [1× 10−6, 0.1]. A clear upper limit on fR(zi)

of around 10−2 can be observed, limiting, therefore, the maximum deviation from

the actual gravitational constant G one can have at early times. However, now

R? appears even more unconstrained by the data, as larger values of R? are also

allowed since these can be compensated by the fR(zi) → 0+ values: this limit

pushes the model closer to the standard GR plus ΛCDM limit even for large

values of R?.

It is reinforced that setting the deviation from standard GR exactly to zero would

lead to a logarithmic divergence in the initial conditions of this model. However,

the lower limit chosen for the fR(zi) prior is much smaller than the current

precision with which one can measure early deviations from the gravitational

constant [87, 219].
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Figure 3.4 The 2-d contours of the combined constraints from the background
surveys considered for the exponential f(R) model by considering
a prior range for fR(zi) between [1 × 10−6, 0.1]. The individual
marginalised posterior probability distributions of each parameter is
also plotted.

Lastly, in Fig. 3.5 a triangular plot with the confidence contours and 1-d

marginalised posterior probability distributions for the f(R) quadratic model

is shown. The results obtained are very similar for the standard cosmological

parameters H0 and Ωm as the ones observed in the exponential model in

both situations, with the 1-σ limits on them being H0 = 68.9 ± 0.8 and

ΩM = 0.303± 0.010.

For the quadratic model, R? is kept fixed because it would not have a significant

impact on the background evolution predicted by this model since it does not

alter the shape of the potential on which R evolves. Hence, the third parameter

that constraints are shown for is the initial value imposed for fR at the starting

redshift, zi. This, as detailed before, sets the maximum deviation from the
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Figure 3.5 Similar as Figs. 3.3 and 3.4 for the quadratic f(R) model.

standard gravitational constant G one can have at early times in this model,

since fR evolves asymptotically to 0 from its starting value.

It is clear that as fR(zi)→ 0 the background description gets closer to a ΛCDM

like evolution. Given that it would be numerically hard to evolve the model if

fR(zi) = 0, an approximation was coded into the Metropolis–Hastings algorithm.

If the program encountered such value, the resulting evolution will be exactly

ΛCDM.

The results obtained show a preference for a standard GR plus ΛCDM scenario,

as can be seen in the 1-d posterior probability distribution for fR(zi) in Fig. 3.5.

The corresponding 1-σ confidence limits are fR(zi) = −0.001±0.006. A symmetry

on the posterior distribution of this parameter is also observed, which could be

expected given that the evolution of R is symmetric under the change of sign of

fR, as discussed in Sec. 3.3.2.

In this context, the constraints that affect quintessence models coupled directly

to matter are worth mentioning. For the case of the QCD axion, the width of the
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potential f is only mildly constrained by standard model interactions, leading to

a range of allowed masses 10−10eV ≤ M ≤ 10−3eV, where M is the mass of the

PNGB particle given as M = µ2/f , µ4 ∼ muΛ3
QCD and mu is the u-quark mass.

For a generic axion the parameters µ and f are related by the actual mass of

the scalar particle expected to be of the order µ2/f ≈ 10−22eV. If the condition

f < MPl is imposed, the scale of the explicit symmetry breaking is restricted to

be less than around a keV to obtain the acceptable mass [68].

3.5 Conclusion

In this chapter, the study of hybrid metric-Palatini gravity is put forward as a

powerful alternative to the better known f(R) theory. The main cosmological

results were partially re-derived and explained.

The scalar field expression, for the additional degree of freedom introduced by

this theory, was rewritten as a dynamical equation for the actual Palatini Ricci

scalar R. The initial conditions were defined by imposing the deviation one has

from standard GR at early times. Hence, fR(zi) was set to a small value and

later was inverted to obtain R(zi), while keeping Ṙ(zi) = 0.

An effective potential V (R) is also defined, where the Palatini Ricci scalar evolves.

If a minimum exists, R should asymptotically settle there in vacuum, so that one

recovers standard GR plus an effective cosmological constant at late times.

Afterwards, two f(R) models, of exponential and quadratic shape were intro-

duced. The potential V (R) could potentially have a complicated form in this

theory, but, for the models introduced here, that is not the case.

It was shown that the background evolution predicted by them does not deviate

much from ΛCDM. This could be different, had it been decided to set the

deviation from the gravitational constant G in the high-redshift regime to be

large. Also, it was explicitly shown that the effective potential V (R) for both

models and R asymptotically tend to its minimum at late times. This is less

obvious in the exponential model as the matter term in Eq. (3.16) initially drives

the Palatini Ricci scalar up the potential, only for it to later slowly fall down

towards the minimum due to the potential slope.

The set combination of background CMB, BAO and Supernovae data were used to
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constrain the models. Keeping fR(zi) fixed to 10−4 for the exponential scenario,

an actual constraint on the R? parameter could not be stated. However, as

expected, the data seem to tend towards the ΛCDM limit. If the prior range had

not been restricted, in order to have a definitive modification of gravity without

the ΛCDM limit, it would be possible to observe the lower range of the confidence

contours in Fig. 3.3 tending to 0+ in R?.

Still for the exponential model, when a flat prior on fR(zi) between [1×10−6, 0.1]

was imposed, a clear upper limit of order 10−2 was observed. This value marks

the maximum deviation one can have at early times from the actual gravitational

constant G. Also, the data exhibited a marked tendency towards the lower

limit of fR(zi), as fR(zi) → 0+ minimises the early time deviations from the

gravitational constant G, allowing the model to get asymptotically closer to the

standard GR+ΛCDM limit.

For the quadratic case, the initial value of fR is constrained while keeping R?

fixed which means that, effectively, the maximum deviation from the gravitational

constant at early times is being constrained. As expected, the results indicate a

preference towards no deviation at all, as in the standard GR plus Λ limit. The

confidence limits for this parameter are fR(zi) = −0.001± 0.006.

Hence, this work demonstrates that fR(zi) could play an important role in the

constraining of this theory, as it sets the deviation one observes from standard

GR at early times. The value obtained for this parameter restricts the maximum

variation of the effective gravitational constant Geff to 1% of the Newtonian case,

which is in excellent agreement with constraints available from the big bang

nucleosynthesis and the CMB [87, 219].

This, combined with the fact that the Newtonian potentials also exhibit a

departing behavior from ΛCDM at early times [138], suggests that it would be

very interesting to constrain these models using the latest Planck data available

by enhancing the formalism developed so far with the inclusion of perturbation

observables.
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Chapter 4

Constraints on decaying early

modified gravity from cosmological

observations

4.1 Introduction

Einstein’s Theory of General Relativity (GR) has been well tested in the Solar

System, where, however, potential large-scale deviations may be suppressed due

to screening effects [60, 113, 129]. There is now a complementary effort in

obtaining competitive constraints on larger scales, with a surge of surveys that

will significantly improve our knowledge of the cosmological regime, such as the

Dark Energy Survey (DES) [3], the extended Baryon Oscillation Spectroscopic

Survey (eBOSS) [65] and the Euclid survey [132]

Much of the interest in modified gravity theories has arisen in the search for

alternative explanations for the observed late-time accelerated expansion of our

Universe [15, 111, 175, 183], possibly avoiding the fine-tuning problem of the

cosmological constant Λ adopted in the standard model of cosmology ΛCDM.

However, in Ref. [148] it has recently been shown that scalar-tensor theories

of gravity such as Brans-Dicke [35], Galileon [166], and f(R) gravity [207],

or any other models embedded in the Horndeski action [101] cannot yield an

observationally compatible self-acceleration effect due to modified gravity that

its genuinely different from Λ or dark energy, unless the cosmological speed of
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gravitational waves differs substantially from the speed of light. While such a

deviation is unlikely [152], modified gravity theories are nevertheless relevant to

test gravity and understand how it acts across all scales and epochs in cosmic

time.

However, given the original interest in cosmic acceleration, the study of modified

gravity has predominantly focused on late-time effects with a recovery of GR at

high redshifts.

Hence, early-time modifications have, so far, evaded a thorough investigation and

when they have been studied (e.g. [36, 146]), their effects at early times have not

been clearly separated from their late-time effects. The missing analysis of early-

time modifications and their impact on cosmological observables constitutes a gap

in our current understanding of the gravitational processes at work and we lack

a consistent quantitative analysis of the constraining power current (and future)

cosmological surveys have over this regime of gravity. Generally, the assumption

of GR at early times without a test against alternatives is a strong extrapolation

from its exclusive validity in the late-time time Solar-System region (or even from

late-time cosmology).

This investigation is also important to quantify the improvement on our current

understanding of the cosmological model that can be expected with future

surveys such as 21-cm intensity mapping (see, e.g., [124] for expected dark energy

constraints), the use of gravitational waves as standard sirens at high redshifts,

or constraints from surveys such as the Square Kilometer Array (SKA) on the

horizon [190].

This chapter explores to what extent modifications of gravity that may arise after

recombination and decay towards the present can be constrained with current

cosmological observations that stem either from their impact on the late-time

large scale-structure or changes in the imprint of early-time inhomogeneities on

the cosmic microwave background. For this purpose, the decaying mode of a

hybrid metric-Palatini gravity model is adopted, which enables to separate early-

from late-time effects. This is introduced in Section 4.2, and the advantages of

choosing a f(R) theory over a f(R) one that were described in sections 3.1 and 3.2

also apply for this study.. Afterwards, Sec. 4.3 describes the linear perturbations

on this theory. In Sec. 4.6, the observational bounds obtained are discussed.

These are then compared to future 21-cm intensity mapping and standard sirens

in Sec. 4.6.3.
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The results of the present chapter are included in a publication of the same name,

which was co-authored with Nelson Lima and Lucas Lombriser [139]. Individual

and collective contributions will be mentioned in the appropriate sections.

4.2 Designer f (R) Model

While metric f(R) theory, where the connection is not independent, is much

more frequently adopted as toy model to study modifications of gravity, and

also possesses a decaying mode [178], it naturally predicts a 4/3 enhancement

of the effective gravitational coupling in unscreened observables at late times

and small scales. There always exists a small enough object in a late-time, low-

density environment that is not screened and hence exhibits a modified gravity

effect that could potentially be used to constrain the modification, for instance,

a dwarf galaxy in a void [109]. Similarly, an upweighting of low-density regions

in statistical observations of the large-scale structure can be used to effectively

unscreen the modifications [149]. Hybrid metric-Palatini gravity evades these

constraints as the unscreened effective gravitational coupling itself tends to the

Newtonian value at late times (this argument will be explained in more detail in

Sec. 4.3.1).

The model adopted to describe the evolution of the decaying early modification

of gravity is now presented. It was first introduced by Lima, 2014; henceforth,

the results of Secs. 4.2- 4.3.2 reproduce the results of his work. Recalling Eq. 3.8

from the previous chapter, an effective equation of state can be defined as

wEff =
f(R)− 2fR(Ḣ + 3H2)− 5H ˙fR − f̈R

−f(R) + 6fR(H2 + Ḣ)− 3 ˙fR
2
/fR + 3H ˙fR + 3f̈R

. (4.1)

Taking weff = −1, a non-linear second-order equation for fR is obtained

f ′′R + f ′R

(
E ′

2E
− 1

)
+ fR

E ′

E
− 3

2

f ′2R
fR

= 0 , (4.2)

where the primes represent a differentiation with respect to ln a. The background

evolution is fixed through E (a) ≡ H2/H2
0 = ΩMa

−3 +Ωra
−4 +ΩEffa

3
∫ 1
a (1+wEff)d ln a.

In a flat Universe, ΩEff = 1−ΩM−Ωr, the solution of Eq. (4.2) retrieves a family

of f(R) functions that produce a background evolution indistinguishable from

ΛCDM.
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Figure 4.1 Evolution of the absolute value of the additional scalar degree of
freedom introduced in f(R) theories, fR, as a function of the scale
factor, a, with zi = 1000. The density parameter has been fixed to
Ωm = 0.30.

The initial conditions for solving Eq. (4.2) are set at an initial scale factor,

ai = (1 + zi)
−1 � 1, by [138]

fRi = C1a
−aaux
i

[
cosh

(
1

2
[ln ai + C2]

√
d

)]−2

, (4.3)

f ′Ri = −C1
a−aaux

i

cosh (...)2

[
aaux +

√
d tanh (...)

]
, (4.4)

where d = a2
aux − 2b, aaux = (5 + 6ri) / (2 + 2ri) and b = (3 + 4ri) / (1 + ri),

with ri = Ωγ (ΩMai)
−1. The dotted argument of the hyperbolic tangent refers

to the same argument as in the hyperbolic cosine. Throughout the chapter,the

constant C2 is defined large in order for the absolute value of the hyperbolic

tangent to be close to unity. The constant C1 is then fixed by choosing a value

for fRi ≡ fR(z = zi). Hence, one then just has to numerically evolve the model

using Eq. (4.2), and make use of the background equations to recover further

quantities of interest, such as f(R), at each step of the iteration.

In Fig. 4.1 the evolution of the absolute value of fR is plotted as a function of the

scale factor for different initial values fRi set at a redshift zi = 1000. The scalar

field fR decays with time and is strongly suppressed as a→ 1.

As presented in Chapter 3, possible deviations at the background level from
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ΛCDM have already been tested against observational data in Ref. [137] for other

choices of the f(R) function that do not recover the ΛCDM expansion history.

Modifications introduced in the linear cosmological perturbations have not yet

been tested for f(R) gravity. Hence, the designer model discussed here suits this

purpose, as it allows us to separate the modifications introduced between linear

perturbations from background effects.

4.3 Linear Perturbations in f (R) Gravity

It is necessary to present a review of the main aspects concerning the evolution of

linear perturbations in the hybrid metric-Palatini theory. The full set of linearly

perturbed Einstein and scalar field equations can be found in Ref. [138]. Typically

for modified gravity theories (however, see [150, 152]), the hybrid metric-Palatini

theory introduces a non-zero slip between the gravitational potentials in the

Newtonian gauge, Φ = δg00/2g00 and Ψ = −δgii/2gii.

Reference [46] introduces the perturbed Einstein equations in the Newtonian

gauge. For this case the anisotropy equation is

Φ−Ψ =
δfR

1 + fR
, (4.5)

The evolution of δfR is dictated by the linear perturbation of the scalar field

equation of motion,

¨δfR + ˙δfR

(
2H−

˙fR
fR

)
+

δfR

(
k2 +

˙fR
2

2fR
2 + a2m2

fR
− κ2

3
a2T

)
+

Ψ

(
˙fR

2

fR
− 2f̈R − 4 ˙fRH

)
− ˙fR

(
3Φ̇ + Ψ̇

)
=

fR
3
a2κ2δT,

(4.6)

where δT denotes the linear perturbation of the trace of the stress-energy tensor,

T = −ρ+ 3p, and for this equation only, the overdots represent derivatives with

respect to conformal time τ with dt = a dτ , and H ≡ aH.

It has been shown in Ref. [138] that the evolution of δfR is characterised by
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quick oscillations around zero, which end up reflecting in the ratio between the

Newtonian potentials, γ ≡ Φ/Ψ. These fluctuations are scale dependent, moving

faster and with larger amplitude at smaller scales. They can produce noticeable

oscillations at near-horizon scales, depending on the initial value of the scalar

field at early times that, for instance, have an impact on the Poisson equation.

Due to the Hubble friction term in Eq. (4.6), these modifications eventually get

damped as one approaches a ≈ 1, becoming fairly negligible at the present with

no signs of significant subhorizon changes.

The behavior of δfR is explored further in Secs. 4.3.1 and 4.3.2, focusing on

its subhorizon and early-time evolution behaviour, respectively, where accurate

approximations for these regimes are developed. In order to test these approxima-

tions, Ref. [138] is followed and the exact numerical evolution of the gravitational

potentials and δfR is solved, using the linearly perturbed conservation equations

for the stress-energy tensor and the first-order differential equations for the lensing

potential, Φ+ ≡ (Φ + Ψ) /2.

4.3.1 Subhorizon Approximation

The wavemodes that are deep within the Hubble radius with wavenumber

k � aH are considered first. To describe this limit, the quasistatic approximation

is adopted, discarding time derivatives of perturbations when compared to their

spatial variation. Generally, for Horndeski scalar-tensor theories, this is a good

approximation on small scales [151]. In practice, this allows one to keep the terms

proportional to k2/a2H2 as well as those related to the matter perturbation δρm

and the scalar field effective mass m2
fR

. The latter sets a modified length scale

that can be compared to that of the perturbations.

Applying the sub-horizon regime to Eq.(47) in Ref. [138],

k2

a2
Φ ≈ 1

2 (1 + fR)

[
δfR

(
k2

a2

)
− κ2δρM

]
, (4.7)

where δρM ≡ ρMδM. Using this approximation in the anisotropy equation (4.5),

k2

a2
Ψ ≈ − 1

2 (1 + fR)

[
δfR

(
k2

a2

)
+ κ2δρM

]
. (4.8)
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Figure 4.2 Relative difference |γnum − γQS|/γnum between the numerical ratio
γ ≡ Φ/Ψ and its quasistatic (QS) approximation given by Eq. (4.14).
The redshift considered was zi = 1000 and the matter density
parameter was fixed to Ωm = 0.30.

A similar approach can be calculated for δfR, from Eq. (4.6),

δfR ≈ −
H2

0EM

k2/a2 +m2
fR

fRδM , (4.9)

which can be inserted back into Eqs. (4.7) and (4.8) such that

k2

a2
Φ ≈ − H2

0EMδM

2 (1 + fR)

[
k2/a2 (fR + 3) + 3m2

fR

k2/a2 +m2
fR

]
, (4.10)

k2

a2
Ψ ≈ − H2

0EMδM

2 (1 + fR)

[
k2/a2 (3− fR) + 3m2

fR

k2/a2 +m2
fR

]
, (4.11)

where EM ≡ ΩMa
−3.

These approximations can, in turn, be used to obtain an expression for the lensing
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potential, Φ+, in this regime:

k2

a2
Φ+ ≈ −

3H2
0EM

2 (1 + fR)
δM (4.12)

whereas the slip between the potentials, δfR, is given by

δfR ≈
2

3

k2

a2

fRΦ+

k2/a2 +m2
fR

. (4.13)

As mentioned in Sec. 3.1, the background value of the scalar field is required to

be small in order for the metric-Palatini theory to avoid Solar-System tests. In

these circumstances, the quasistatic modifications will be almost unnoticeable,

even if the range of the modifications, given by the effective Compton wavelength

λC = 2π/mfR , is relevant. For instance, note that for fR → 0, δfR → 0 since δfR

is proportional to the background value of the scalar field fR in the quasistatic

regime, as can be seen in Eq. (4.13).

The f(R) models that have been analysed so far [137, 138] evolve towards smaller

deviations from ΛCDM as the present approaches, with fR tending to negligible

values. This renders the modifications in the quasistatic regime subdominant,

as was explicitly shown in Ref. [138] for the designer f(R) model, with no

mentionable enhancement of the perturbations in this regime when compared

to ΛCDM.

In Fig. 4.2 the numerical evolution of the ratio between the Newtonian potentials,

γ, is compared with its quasistatic approximation,

γQS ≡
Φ

Ψ
=
k2/a2 (3 + fR) + 3m2

fR

k2/a2 (3− fR) + 3m2
fR

. (4.14)

The aforementioned figure shows that it is an accurate approximation at late

times, as a consequence of large k/aH values. As the present time comes near,

the subhorizon modifications of the model become suppressed, leading in turn to

a very small difference between the compared values. This accuracy holds even

when larger initial displacements for the scalar field fRi are considered.

However, the quasistatic approximation breaks down at earlier times, due to the

oscillatory behavior of δfR discussed in Sec. 4.3. This becomes more evident for

the smaller scales, where the amplitude of the oscillations are larger. For large

initial values of the scalar field the error can be of order unity and decreases as
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smaller values for the initial displacement are tested. Hence, for an accurate but

computationally efficient description of the evolution of γ in the designer f(R)

model that is valid across a large range of redshifts and scales, some corrections

must be applied to the subhorizon approximation (see Sec. 4.6.2).

These procedures will be explained in Sec. 4.4. Lastly, it is important to

emphasise that in the hybrid metric-Palatini model, fR and δfR are strongly

suppressed at the present, and (Geff − G)/G � 1 at any scale, consistent with

Solar-System tests. In contrast, in metric f(R) gravity, for modes well within the

Compton radius, we have (Geff−G)/G = 4/3 at linear order, and the model needs

to employ a nonlinear chameleon mechanism [37, 120, 147] to restore Geff/G→ 1

at the small scales probed by Solar-System tests.

Unlike the chameleon mechanism, however, the suppression in the hybrid metric-

Palatini model is independent of environment and cannot be tested by unscreened

small objects in voids [109] or unscreened by environment-dependent statistical

measurements of the large-scale structure [149]. It is for this aspect that we adopt

the decaying early-time gravitational modification characterised by the hybrid

metric-Palatini model rather than the decaying mode of metric f(R) gravity,

where an effective 4/3 enhancement of the gravitational coupling at late times

would always be present at some level.

4.3.2 Early–Time Corrections

The dynamics of δfR are dictated by Eq. (4.6), which is the equation of a damped

harmonic oscillator with a driving force proportional to the matter perturbation.

The frequency of the oscillation depends on the mode wavenumber k, while the

damping term is dominated by the Hubble parameter at early times, and δfR

quickly becomes negligible towards late times, where the oscillations are no longer

observable.

The driving term could deviate the equilibrium position of the oscillations.

However, note that it is proportional to fR, which not only is fixed to a small

value at early times as the focus of this study are small deviations from GR, but

also evolves towards zero at late times, rendering the external force term almost

negligible.

Hence, rewriting Eq. (4.6) to depend on ln a, assuming fR, ˙fR � 1, but not
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neglecting terms proportional to ˙fR/fR, the resulting approximation is,

δf ′′R + δfR

(
k2

a2H2
+

f ′2R
2f 2
R

+
H2

0 Ωma
−3

H2

)
+ δf ′R

(
3 +

H ′

H
− f ′R
fR

)
≈ 0 , (4.15)

for which a solution under the Wentzel–Kramers–Brillouin (WKB) approximation

is given by

δfR ≈
A√
2w

a−γexp cos

(∫
wd ln a+ θ0

)
. (4.16)

The approximation is expected to be valid as long as the adiabatic condition

|ẇ| � w2 holds, where w2 is the term multiplying δfR in Eq. (4.15); and γexp

is the quantity multiplying the δf ′R term in Eq. (4.15). The constants θ0 and A

can be fixed by imposing suitable initial conditions for δfR and δf ′R at a chosen

redshift.

For the f(R) designer model, the ratio between f ′R and fR can be easily calculated

at early times using the initial conditions presented in Sec. 4.2. This yields

f ′R
fR
≈
√
d− aaux , (4.17)

Using Eq. (4.17), the w term of Eq. (4.16) can be simplified as

w ≈

k2a−2

H2
0E

+

(
aaux −

√
d
)2

2
+

ΩM

ΩM + ΩΛa3


1/2

, (4.18)

where the presence of radiation has been neglected in the Hubble factor H ≡
H0

√
E since this approximation applies only for redshifts deep within the matter-

dominated era. For k � aH, Eq. (4.18) can be further approximated by

w ≈
(

k2

a2H2
0E

)1/2(
1 +

ba2H2
0E

2k2

)
, (4.19)

where

b =
(
aaux −

√
d
)2

/2 + ΩM/
(
ΩM + ΩΛa

3
)
, (4.20)

which allows to perform an analytic integration of Eq. (4.16).

The result depends on hypergeometric functions that can, however, be approx-

imated as unity. For simplicity, the result is presented without the presence of

these functions:
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Figure 4.3 The top panels show the numerical evolution (solid lines) of the
perturbation δfR against the evolution predicted by the analytical
approximation (dashed lines) given by Eq. (4.16). The two largest
scales have been enhanced by a factor of 100 and 1000 to be
noticeable. The bottom panels show the absolute difference between
the analytical approximation and the numerical results. The matter
density parameter was fixed to Ωm = 0.30.
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∫
wd ln a ≈ 2

(
k2a

H2
0 ΩM

)1/2

+

[
aaux −

√
d
]2

4

(
ΩMH

2
0

k2a

)1/2
(√

ΩM

ΩΛ

a3 + 1− 3

)

− ΩM

(
H2

0

k2a

)1/2

. (4.21)

In the limit of k � aH, w can instead be approximated as

w ≈
√
b

(
1 +

1

2

k2

a2H2
0Eb

)
. (4.22)

To perform an analytic integration, the approximation b ≈
(
aaux −

√
d
)2

/2 + 1

is used, which results in ∫
wd ln a ≈

√
b+

1

2
√
b

k2a

H2
0 ΩM

. (4.23)

The implementation of these approximations was compared in Eqs. (4.22)

and (4.23) against numerical results in Fig. 4.3.

The initial conditions for δfR are set by determining θ0 such that δfR is zero at

the chosen initial redshift zi = 1000. This is a completely arbitrary choice, but

not particularly relevant for the overall evolution of δfR since it quickly oscillates

around zero. Afterwards, Eq. (4.15) is differentiated with respect to ln a and the

constant A is computed by calculating the numerical value of δf ′R using Eq. (67)

of Ref. [138] at the same redshift.

It can be observed from Fig. 4.3 that the analytical approximation works

remarkably well, considering the complexity of the equation describing the

dynamics of δfR. Even though it may fail in predicting the exact amplitude of

the oscillations, the relative difference to the numerical results is insignificantly

small compared to the precision available with current experiments.

Also, it clearly encompasses the desired dependence on the scale of the modes of

the perturbations, as for smaller scales (higher k) the amplitude and frequency

of the oscillations grow higher.

Lastly, Fig. 4.3 serves as further confirmation of the viability of the subhorizon

approximations derived in Sec. 4.3.1 at late times. As Eq. (4.13) dictates, δfR

should be strongly suppressed in the subhorizon regime following the behavior of

103



the background scalar field value and with k � aH.

4.3.3 Embedding in Horndeski Gravity and Effective Field

Theory

The hybrid metric-Palatini modification of gravity needs to decouple at high

redshifts in order not to violate stringent high-curvature constraints from the

CMB. However, the goal is to determine below which redshift zon the modification

can be introduced and to which degree a decaying early-time modification

motivated by the evolution of hybrid metric-Palatini gravity at z ≤ zon can be

constrained by the CMB radiation observed today.

In order to formulate an explicit realisation of the decaying early modified gravity

model, the designer hybrid metric-Palatini scenario with high-redshift decoupling

was embedded in the Horndeski scalar-tensor theory [101] using the effective

field theory of cosmic acceleration, where the notation adopted is as in Ref. [25].

Reference [92] gives a very good review on EFT in this context. This calculation

was performed and discussed by Lima, Lombriser and myself.

Given the ΛCDM background expansion history of the designer hybrid metric-

Palatini model, its modifications are fully specified by the effective parameters

characterising the linear perturbations,

αM =
f ′R

1 + fR
, αK = −3

2

f ′R
fR
αM, αB = −αM, (4.24)

where αM ≡ (M2
∗ )
′/M2

∗ describes the running of the Planck mass κ2M2
∗ ≡ 1 +fR;

αK denotes the contribution of the kinetic energy of the scalar field; and αB

determines the mixing of the kinetic contributions of the metric and scalar fields.

The decaying early modifications of gravity constrained here are therefore realised

in a Horndeski scalar-tensor model with

αX,model =

{
αX, z ≤ zon,

0, z > zon,
(4.25)

where the αX are given by Eq. (4.24) according to hybrid metric–Palatini gravity.

Note that αX,model(z > zon) = 0 recovers a ΛCDM universe at high redshifts,

avoiding the rigorous high-curvature bounds at very early times.
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In the code, this translates as setting the variable χ = δfR = 0, and allowing

its evolution to commence after a given redshift. A question may be raised

about the sensitivity of the solutions given their step function behaviour. To

test for this, first the code was run with z = 1000, 500, 100. Upon running the

three cases, for z = 1000 the transition was very smooth. For z = 500 and

z = 100, the discontinuity existed, but it was very small. In all three attempts

the program finished all calculations without breaking down. In order to smooth

the transitions, tests were carried out using a hyperbolic tangent function instead

of a step. For all three cases, the results were the same. Therefore, it was decided

to drop the hyperbolic tangent case and continue without it.

Stability of the background solution of the Horndeski model with respect to the

scalar mode requires [25]

Qs ≡
2M2

∗D

(2− αB)2
> 0 , (4.26)

where

D ≡ αK +
3

2
α2

B = − 3f ′2R
2fR(1 + fR)2

. (4.27)

With the evolution of fR given by hybrid metric-Palatini theory, Qs is

Qs =

{
< 0 , for fR > 0 ,

> 0 , for fR < 0 .
(4.28)

Hence, −1 < fR < 0 is required to prevent ghost instabilities. To avoid a gradient

instability or a superluminal sound speed cs of the scalar field perturbation, it is

required that 0 < c2
s ≤ 1. To check this, c2

s is computed in the hybrid metric-

Palatini theory,

D · c2
s =

κ2

H2(1 + fR)

(
4

3
ρr + ρM

)(
fR +

f ′R
2

)
+
αM

2

(
f ′R + 2(1 + fR)

1 + fR

)
− f ′′R − (f ′R)2

1 + fR
. (4.29)

Furthermore, for the designer model used in this work

f ′R =

{
> 0 , for fR < 0 ,

< 0 , for fR > 0 ,
(4.30)

and |f ′R| � |fR|. Therefore, for fR < 0, fR+f ′R/2 > 0. Also, f ′′R will be negative-

definite (as can be verified by differentiating Eq. (4.4)) for negative values of the
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scalar field. All of this, in conjunction with the fact that αM > 0 and D > 0,

ensures that c2
s > 0 for −1 < fR < 0.

It has also been confirmed numerically that cs is subluminal for the range of

values considered for fRi. Whereas the condition for avoiding ghost instabilities

applies to all hybrid metric-Palatini gravity models and should be respected when

designing any other f(R) models, the condition for avoiding gradient instabilities

may be model dependent and should be studied in more detail for other choices

of f(R).

For completeness, the stability of tensor modes [25] with QT ∝ κ2M2
? = 1+fR > 0

whenever fR > −1 was also verified. In f(R) models, the propagation speed of

gravitational waves equals the speed of light cT = 1.

4.4 Implementation in mgcamb

In order to compute the CMB observables, the early decaying modified gravity

model was implemented in the publicly available mgcamb code [98], a modified

version of the also public camb code [134] that allows one to study the effects

of modified gravity models on the CMB through modifications of the linear

equations describing the growth of perturbations. This code implementation

was programmed by Lima and myself, and it was heavily based on the modules

I developed for the study presented in Chapter 3.

mgcamb works by parametrising the evolution of the gravitational potentials

through two time- and scale-dependent functions: the ratio of the metric

potentials γ(a, k) ≡ Φ/Ψ and the effective modified gravitational coupling in

the Poisson equation, µ(a, k) = GEff/G. The framework of mgcamb is general

enough to include possible early-time effects, hence it is well-suited for testing

the hybrid metric-Palatini theory. Moreover, mgcamb accepts the use of the

approximations described in Secs. 4.3.1 and 4.3.2 to improve computational

efficiency without loss of accuracy.

The model was implemented by modifying both γ and µ in the code. For γ the

subhorizon approximation described in Eq. (4.14) was used and an oscillatory

term described by δfR was added to account for the early-time oscillations. From
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Figure 4.4 Relative difference between the numerical evolution of γ ≡ Φ/Ψ and
the approximation in Eq. (4.32). The top panel shows |fRi| = 10−4

and the lower panel shows |fRi| = 10−2. Once more, the matter
density parameter was fixed to ΩM = 0.30.

Ref. [138] the gravitational potentials can be expressed as

Φ = Φ+ +
δfR

2(1 + fR)
, Ψ = Φ+ −

δfR
2(1 + fR)

, (4.31)

which uses the observation that the early-time oscillations in δfR do not affect the

lensing potential Φ+ for small-enough values of the amplitude of the oscillations.

The potential Φ+ has an approximately constant value of unity throughout the

matter dominated era. Therefore, with Φ+ � δfR one can perform a Taylor

expansion on the ratio between the potentials that results in

γ =
Φ

Ψ
≈ 1− δfR

(1 + fR)
. (4.32)

This approximation was compared against numerical results in Fig. 4.4, finding

good agreement between the two, at an accuracy comparable to that observed

in Fig. 4.3 for the slip between the metric potentials. Given this result, γQS is

generalised with the simple modification

γMG ≈ γQS +
δfR

1 + fR
, (4.33)
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where γQS can be found in Eq. (4.14). Correspondingly, µ is modified to include

the effect of the oscillations in the Poisson equation such that

µMG = µQS +
δfR

2(1 + fR)
, (4.34)

where µQS is given in Eq. (4.11). Finally, the initial conditions required to solve for

the background evolution of the models were always set at the redshift zi = 1000.

As described in Sec. 4.3.3, through an embedding in the effective field theory

of Horndeski gravity, the model is designed to behave as ΛCDM at the level

of linear perturbations down to a redshift zon, at which point the modifications

are introduced. At redshift zi, δfR = 0, with its subsequent evolution being

determined by Eq. (4.16).

4.5 Cosmological Observables

After specifying a theoretically consistent decaying early modified gravity model

in Sec. 4.2, the different probes used in this analysis are introduced. The results

of Secs. 4.5- 4.6.2 were obtained by Lima and myself.

4.5.1 Geometric Probes

The comparison between the luminosity magnitudes of high-redshift to low-

redshift supernovae Type Ia (SNe Ia) provides a relative distance measure affected

by the Universe’s expansion rate. Complementary absolute distance measures are

obtained from measuring the local Hubble constant H0 and the baryon acoustic

oscillations (BAO) in the clustering of galaxies.

These probes constrain the cosmological background evolution and since the f(R)

models considered here are designed to match the ΛCDM expansion history,

they only serve to constrain the standard cosmological parameters and prevent

degeneracies with the effect of the additional scalar degree of freedom on the

fluctuations.
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Figure 4.5 The lensed CMB temperature anisotropy power spectrum predicted
by the designer hybrid metric-Palatini model for |fR(zi)| = 5× 10−2
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4.5.2 Cosmic Microwave Background

In addition to the geometric probes, the acoustic peaks in the CMB also contain

information on the absolute distance to the last-scattering surface. These peaks

are affected by early-time departures from GR at high curvature, i.e., in the case

of f(R) modifications, where zon is sufficiently large. Gravitational modifications

can generally further manifest themselves in the CMB temperature and polarisa-

tion via secondary anisotropies. Details on the numerical computation of these

effects in the designer hybrid metric-Palatini model were covered in Sec. 4.4.

In Fig. 4.5, the predictions for the CMB temperature anisotropy power spectrum

(TT) for three different choices of zon are shown. Hence, the oscillations

are introduced between the Newtonian potentials in distinct epochs of the

cosmological evolution which in turn produces different effects in the observed

power spectrum. The first immediate observation is that, the later these

oscillations are introduced, the less significant is their impact on the TT power

spectrum. This is mainly due to the fact that, at later epochs, the amplitude of

the oscillations have already been considerably damped out, reducing their effect

on the TT power spectrum.
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The second noticeable modification of the spectrum is in the Sachs-Wolfe plateau,

on scales around ` < 100, where a shift towards higher or smaller values compared

to ΛCDM is observed. A combination of gravitational redshift and intrinsic

temperature fluctuations at angular last-scattering, can lead to a variation of

the temperature power spectrum like: [16, 186]

δT

T

∣∣∣∣
O

=
δT

T

∣∣∣∣
E

+ eivi|EO + ΨE +

∫ O

E

(
∂Ψ

∂η
− ∂Φ

∂η

)
dη, (4.35)

where the first term on the r.h.s. is the intrinsic temperature fluctuation, the

second is the Doppler shift, the third is the Sachs-Wolfe (SW) effect and the

fourth is the integrated Sachs-Wolfe (ISW) effect. In general, the SW effect does

not contribute much to dark energy models because at early times ρDE is mostly

negligible. However, the ISW term is a line-of-sight term and does therefore

contain potentially much information on the recent Universe. Moreover, the

gravitational potential is constant for a matter-dominated Universe and therefore

yields no ISW signal. This shows that the ISW effect is a direct diagnostic of

something which is not ordinary pressureless matter: Dark Energy! [16]

The designer hybrid-metric Palatini model introduces modifications close to the

surface of last-scattering. Therefore, depending on the redshift chosen to start

the oscillations, the Newtonian potential Φ will be displaced toward larger or

smaller values compared to ΛCDM, leading to the shift observed in the power

spectrum. Then, at low `, the traditional increase in power due to the ISW

effect in the presence of late-time dark energy is seen. The designer model clearly

mimics ΛCDM due to the fact that the background evolution is fixed to match

the standard cosmological scenario, even if the power can be deviated toward

lower or smaller values due to the ISW effect discussed before.

Finally, when the oscillations are introduced at zon = 1000, a significant decrease

in the amplitude of the first peak becomes noticeable. Traditionally, at early

times, the non-negligible presence of radiation after the epoch of last-scattering

can cause a decay of the gravitational potentials before these become constant,

contributing to an early ISW effect that can influence the amplitude and position

of the peaks. Therefore, if modified gravity is allowed to be relevant close to

the epoch of recombination, not only is this decay modified, but it also causes

an additional variation, influencing the acoustic phenomenology of the CMB. Of

course, as lower values of zon are tested, this effect becomes increasingly negligible.
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4.6 Cosmological Constraints

Before presenting the current cosmological constraints on decaying early modified

gravity, the astrophysical datasets used in this analysis are briefly described.

Later on, the constraints are presented. Finally, an outlook on constraints

that can be obtained with 21 cm surveys and gravitational wave observations

is analysed.

4.6.1 Datasets

For the SN Ia luminosity-redshift relation, the dataset compiled in the Joint

Lightcurve Analysis (JLA) [29] was used. This includes records from the full three

years of the Sloan Digital Sky Survey (SDSS) survey plus the “C11 compilation”

assembled by Conley et al. (2011); comprising supernovae from the Supernovae

Legacy Survey (SNLS), the Hubble Space Telescope (HST) and several nearby

experiments. This whole sample consists of 740 SNe Ia.

For H0, the information provided by the Wide Field Camera 3 (WFC3) on

HST was included. The objective of this project was to determine the Hubble

constant from optical and infrared observations of over 600 Cepheid variables in

the host galaxies of 8 SNe Ia, which provide the calibration for a magnitude-

redshift relation based on 240 SNe Ia [184]. Hence, the Gaussian prior of

H0 = 73.8± 2.4 km s−1 Mpc−1 was used.

BAO observations were also included. These were the 6dF Galaxy Redshift

Survey (6dFGRS) at low redshift zEff = 0.106 [30], as well as DR7 MGS from

SDSS at zEff = 0.15, from the value-added galaxy catalogs hosted by NYU (NYU-

VAGC) [185] and the BAO signal from the Baryon Oscillation Spectroscopic

Survey (BOSS) DR11 at zeff = 0.57 [19].

Lastly, the Planck 2015 data for the CMB was added. The Planck temperature

and polarisation and Planck lensing likelihood codes may be found in the Planck

Legacy Archive [5].
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zon sgn(fR) |fRi| ≡ |fR(zi)| |fR(zon)| |fR(z = 0)|
1000 ± < 1.3× 10−2 < 1.3× 10−2 < 1.3× 10−8

500 ± < 4.7× 10−2 < 1.2× 10−2 < 4.7× 10−8

100 ± — — —
1000 − < 1.1× 10−2 < 1.1× 10−2 < 1.1× 10−8

500 − < 4.8× 10−2 < 1.2× 10−2 < 4.8× 10−8

100 − — — —

Table 4.1: Current constraints (95% C.L.) on fR(zi = 1000) from the combination
of surveys discussed in Sec. 4.6.1. Note that models with a positive sign of
fR suffer from a ghost instability (see Sec. 4.3.3) and models with zon = 100
cannot be constrained within the prior |fRi| < 0.1 required for the viability of the
approximations performed in Sec. 4.3.2. However, a constraint of |fRi| . 10−3 on
all models will be achievable with 21 cm intensity mapping (see Sec. 4.6.3). We
also present constraints on the value of fR at the redshift of decoupling, zon, and
at the present time, z = 0.

4.6.2 Constraints

Using the datasets described above, an MCMC parameter estimation analysis was

conducted with cosmomc [133], with the approximations described in Sec. 4.4.

The constraints are summarised on the early-time decaying modified gravity

model in Table 4.1. It is easily noticeable that the constraining power of the

data over the model changes significantly the later the oscillations between the

Newtonian potentials (z ≤ zon) are introduced.

For zon = 1000, allowing both signs for fRi ≡ fR(zi = 1000), a 1D-marginalised

constraint of |fRi| < 1.3 × 10−2 (95% C.L.) is inferred, where a flat symmetric

prior fRi ∈ [−0.1, 0.1] was adopted. However, positive values of fRi are affected

by the ghost instability discussed in Sec. 4.3.3. Considering the stable branch

only with a negative flat prior, it is found that |fRi| < 1.1× 10−2.

These values are comparable to the constraints obtained in Ref. [137] on f(R)

models that deviate from the ΛCDM expansion history, using background data

alone. Although these constraints have been inferred for initial modifications at

much higher redshift. ΛCDM is clearly the favored model and no evidence for

early-time modifications in the observations was found.

The constraints derived are mostly driven by two prominent effects on the CMB

that were observed in Sec. 4.5.2: a modification of the Sachs-Wolfe plateau

and of the amplitude of the first peak. However, there is also a non-negligible
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contribution of CMB lensing, which is sensitive to percent-level modifications at

high ` [43] and can constrain the effects of zon = 1000 shown in Fig. 4.5. Also,

the present absolute value of the scalar field, |fR0| ≡ |fR(z = 0)|, is very small

and of order 10−8. This implies that modifications are strongly suppressed at

the smallest scales, where these are proportional to the background value of the

scalar field [96], as was discussed in Sec. 4.3.

Finally, decreasing zon leads to a considerable weakening of the constraints on

the early-time deviation from GR. With zon = 500, constraints on the scalar field

value at equal redshift weaken by a factor of approximately 4. For zon = 100,

the scalar field value within the prior |fRi| < 0.1 can no longer be constrained.

This is due to the oscillations on the slip between the gravitational potentials

being significantly damped out by z = 100, hence only introducing very small

deviations from GR.

4.6.3 Outlook: 21 cm and Gravitational Waves

Finally, rough estimates on future constraints on early decaying modified gravity

are provided. These will be achievable with 21 cm intensity mapping [38, 95, 160]

and standard sirens [100, 152, 195] using gravitational waves emitted by events

at cosmological distances. These constraints were derived by Lombriser.

To estimate constraints obtainable with 21 cm surveys, the deviations in the

matter power spectrum between the model and ΛCDM are compared to bounds

on modified gravity reported in Ref. [38] at z = 11 and Ref. [95] at z = 2.5. It was

found that |fRi| . 10−3 and |fRi| . 5× 10−2 for zon = 1000, which is competitive

with the CMB constraints in Table 4.1.

Standard sirens will constrain the luminosity distance at z ∼ (1− 2) at the ∼ 1%

level, and at the ∼ 10% level for z ∼ 7 [64, 217]. In modified gravity models, this

constraint can be used to set a bound on the evolution of the Planck mass [152],

which for the present model corresponds to a constraint of |fRi| . 103, which will

not be competitive with the constraints in Table 4.1.
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4.7 Conclusions

This chapter explored the current cosmological constraints that can be inferred

on modifications of gravity which may become significant at early times after

recombination and decay towards the present.

The designer hybrid metric-Palatini model was chosen as a specific example of

an early-time modification of gravity. Fixing the background evolution to exactly

match ΛCDM, allows one to separate background constraints from constraints

inferred from the modified dynamics of linear perturbations due to the impact

that these have on the CMB.

It is also described how this model can be realised in the more general context

of the effective field theory formalism of Horndeski gravity, including a study

of its stability. The outcome shows that the model is stable as long as the

additional scalar degree of freedom introduced by the hybrid metric-Palatini

theory remains negative with an amplitude smaller than unity, which implies

an effective enhancement of the gravitational coupling.

In order to perform efficient numerical computations, an approximation for the

evolution of the slip between the Newtonian potentials has been developed. This

extension is valid beyond the standard quasistatic subhorizon approximation, and

becomes important at high redshifts, where it is shown that a quasistatic approach

alone breaks down due to the known oscillations of the linear perturbations of

the model [138].

Using a combination of observational data on the background evolution and of

the CMB anisotropies, constraints on the allowed early-time deviations from GR

were inferred. The results obtained are dependent on the redshift at which the

oscillations are introduced in the slip between the gravitational potentials. If these

are set at zon = 1000, the absolute deviation from GR at zon can be constrained to

. 10−2 at the 95% confidence level. This result is comparable to the constraints

obtained from background data alone in Ref. [137] for f(R) models that depart

from the ΛCDM expansion history.

The constraints achieved at this redshift can be attributed to noticeable effects

on the CMB power spectrum. A substantial shift in the Sachs-Wolfe plateau

is observed due to a modification of the Newtonian potential Φ at a time close

to recombination. There is also a significant suppression of the first peak due
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to complementary variation of the gravitational potentials close to the epoch

of recombination that, together with the non-negligible presence of radiation,

contributes to an early integrated Sachs-Wolfe effect that can alter the amplitude

and position of the peaks. Smaller contributions to the constraints can be

attributed to CMB lensing which is sensitive to the percent-level modifications

observed at high `. Finally, it is found that the future 21 cm survey data will

significantly improve upon the CMB constraints, whereas using gravitational wave

events as standard sirens will not provide competitive bounds.
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Chapter 5

Constraints on the field-roll during

inflation

5.1 Introduction

The present chapter, in the same manner as the ones before, describes a project

based on data analysis. However, in contrast to the late-time acceleration

characterisations of the previous pages, it is centred around the theory of inflation.

The spatial flatness of the Universe, and its density perturbation before cosmo-

logical scales enter the horizon, strongly point to a period of almost exponential

inflation as its initial condition. This could have begun much earlier than the

time when the observable Universe leaves the horizon and it most likely lasted

for at least 50-60 e-folds.

Inflation is also expected to have generated tensor perturbations, also known as

gravitational waves. A detection of the latter would be compelling evidence of the

existence of inflation. In terms of the standard parametrisation used in cosmology,

this can be achieved by measuring the ratio of tensor to scalar perturbations,

r [103].

One of the most attractive inflation frameworks is the slow-roll mechanism. In it,

the energy density is dominated by the almost constant inflaton potential V (φ).

This guarantees that the inflaton field φ rolls very slowly [34].

As mentioned in Section (1.3.2), slow-roll inflation is identified with two
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parameters, ε and η. During inflation ε < 1, and this period ends when ε = 1.

The tensor to scalar ratio r is only dependent on ε [103]. If ε is assumed to

increase monotonically (as is the case with many inflationary models) then it is

possible to derive a connection between r and the change in the inflaton field

value ∆φ, over a range of e-folds ∆N . This relationship places an upper limit on

the value of r,

r ∼ 0.0032

(
50

∆N

)2(
∆φ

MPl

)2

. (5.1)

This is known as the Lyth bound [156]. Moreover, from an observational point

of view, the idea that ε is increasing during inflation is favoured, as the evidence

shows that for a certain number of e-folds, the scalar power spectrum is tilted to

red. Nonetheless, the application of the Lyth bound is difficult for two reasons:

1. It is not known for how many e-folds ε is increasing.

2. In many theories (e.g. supergravity), quantum corrections to a potential

are expected to be of the form (φ/MPl)
n. As such, the value that the bound

on the tensor to scalar ratio r imposes on ∆φ can have different effects:

• φ�MPl: no changes. The corrections to the potential can be ignored.

• φ < MPl: still solvable. The corrections to the potential can be

included, or a symmetry can be found for them that excludes them

for low values of n.

• φ ≥ MPl: no solution. The quantum corrections would lead to a non-

flat inflationary potential.

Some of the attempts to apply the Lyth bound have assumed that ε increases

during the whole duration of the inflationary epoch. An example of this is “hilltop

inflation” [34]. However, the tensor fraction achieved with this model is so tiny

(r . 0.002), that the data will never tell us if this model is visible or not.

On the other hand, there exists a variety of potentials of phenomenological nature

where ε can increase for an e-fold period, and decrease rapidly outside of the

range where the scalar power spectrum is observed. This behaviour weakens the

restrictiveness of the Lyth bound, because for most of the inflationary period ε

can be very small, and therefore the scalar field rolls very little, avoiding the

dangers of quantum corrections for such potentials.

At the time of the detection of primordial curl patterns (first interpreted as due to

tensors) by the Bicep2 experiment [6] (later proved erroneous) the development
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of these kind of theories achieved a peak, with many of them claiming to have

found a model that fitted the observations [26, 58, 168, 182, 197].

Unfortunately, such models tend to be tested by comparing the amplitude As

and spectral index ns at the pivot scale given by Planck. This is insufficient proof

that these theories fit the observations, because the constraints given by Planck

are obtained by assuming a power law shape of the initial power spectrum P (k).

In contrast, the tested models have a power spectrum that is necessarily different

from a power law, in order for ε to decrease unusually rapidly outside the range

of visible multipoles, or even within the observable range of scales, in some cases.

In fact, for these cases, Ps(k) changes dramatically outside of the observation

span. It would then be most desirable to have a test of the initial power spectrum

for every model, which can be used to verify if the model matches the CMB’s

range, or not. But doing this in a rigorous manner is very hard, because, as

mentioned before, it is not known exactly up to which scale the red-tilted power

spectrum behaviour of the scalar power spectrum ends. [102].

Instead of focusing on specific models, the purpose of this project is to measure

the minimum rolling of the field ∆φ that can still fit the CMB temperature data,

given a certain value of the tensor to scalar ratio r. If, in the future, a detection of

r occurs, it will provide information about the tensor modes, which, joined with

the scalar ones, can be used to obtain the acceleration trajectory of inflation. The

latter can then be employed to get φ(k) given an initial φi.

The upper limit of ∆φ is not interesting, because ε, which is always positive, could

become so large that ∆φ � 1 is always a possibility. However, the lower limit

∆φ found in this project will provide a restriction that, for a hopefully detected

constraint on r, every viable model will have to reproduce.

This chapter is an ongoing piece of research conducted in collaboration with

Shaun Hotchkiss, Sam Young, Christian Byrnes and Andrew Liddle. The

individual and joint contributions to this work will be highlighted in each segment.
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5.2 The shape of the acceleration during the

inflationary epoch

The first step towards achieving a constraint on ∆φ is to have a suitable

parametrisation of the Universe’s acceleration history during inflation. In order

to characterise this, the formalism described in Contaldi 2014 [61] has been set up

in the July 2015 version of camb/cosmomc [133, 134], introducing changes in

the methodology equations plus a different choice of prior, parametrisation and

dataset combination. The backbone of this project, is, however, heavily based on

the work depicted in Ref. [61].

Assuming a Friedmann-Robertson-Walker background with scale factor a(t), the

quantity ε measures the acceleration in the scale factor a

ε = − Ḣ

H2
, (5.2)

where H = ȧ/a is the Hubble rate and overdots represent derivatives with respect

to time t.

Assuming single field inflation, as described in Section (1.3.2), Eq. (1.39)

describing the motion of the inflaton can be combined with Hubble Eq. (1.40),

to relate the acceleration parameter εacc to the time derivative of the inflaton

ε =
1

2M2
Pl

(
φ̇

H

)2

. (5.3)

Substituting the above into Eq. (1.40), a relationship is obtained between εacc, H

and the scalar potential

V [εacc(N)] = 3M2
PlH

2(N)

[
1− εacc(N)

3

]
, (5.4)

where quantities have been expressed in terms of e-folds defined as N = ln(a/a0).

In turn, φ can be related to εacc by Eq. (5.3)

φ− φ0

MPl

=
∆φ

MPl

=
√

2

∫ N

0

√
εacc(N ′)dN

′. (5.5)

The integration of εacc results in an expression for the Hubble rate valid at every
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e-fold N

ln(H)− ln(H0) = −
∫ N

0

εacc(N
′)dN ′. (5.6)

And using k = aH, the scale of the mode exiting the horizon at each e-fold N is

ln k(N)− ln k0 = N −
∫ N

0

εacc(N
′)dN ′. (5.7)

To first order in slow-roll expansion [213], the primordial curvature and tensor

spectra are

∆2
s =

k3

2π2
Ps(N) = As

H2(N)

H2(Np)

εacc(Np)

εacc(N)
(5.8)

and

∆2
t =

k3

2π2
Pt(N) = 16Asεacc(Np)

H2(N)

H2(Np)
, (5.9)

where Np is the e-fold at which the mode corresponding to Fourier wavenumber

k exits the horizon and As is the primordial normalisation of the perturbations

at the scale kp.

The tensor to scalar ratio is calculated as

r(N) ≡ ∆2
t

∆2
s

= 16εacc(N). (5.10)

The Lyth bound comes from combining the latter Eq. (5.10) with Eq. (5.5); plus

assuming εacc and r have some lower bound for some range of e-folds. Finally,

the scalar and tensor spectral index are defined as

ns ≡ 1 +
d ln ∆2

s

d ln k
= 1− 4εacc + 2ηacc, (5.11)

nt ≡
d ln ∆2

t

d ln k
= −2εacc, (5.12)

ηacc = εacc +
1

2

d ln εacc

dN
, (5.13)

where the notation is taken as in Ref. [61]. These parameters complete the model

independent analysis that aims to find a minimum constraint in ∆φ given a bound

in r. For small εacc, Eq. (5.11) can be approximated as

ns ≈ 1 +
d ln εacc

dN
. (5.14)

120



Equation (5.14) can in turn be used to relate εacc values separated by a certain

range of e-foldings,

ln εi+1
acc ≈ ln εiacc + ∆N(ns − 1). (5.15)

The latter approximation is an important point of reference to develop the

numerical analysis to sample the inflationary trajectories later on.

5.3 The acceleration sampling

Instead of varying the usual primordial parameters ns, r, nt, n
′
s and so on,

the method implemented here utilises a functional space εacc(N) as the core of

the MCMC exploration of the parameter space. This is sampled using random

amplitudes in ln εi at equally spaced e-folds Ni which are then splined over using

Fortran’s cubic spline and splint routines.

A logarithmic definition of the parameters is favoured as a way of guaranteeing

that all points of the trajectory will be positive after the splining result is

converted to linear scale. Because at some stages the spline routine needs to

interpolate between rapidly oscillating points, in linear scale this can lead to

inconsistencies in the algorithm, and getting a less accurate calculation as a result.

This piece of code was implemented with contributions from all five collaborators.

Reference [61] implemented this method and tested the Monte Carlo exploration

with different numbers of ln εi parameters ranging from 4 to 7. Whilst the case

with four ε’s did not converge due to under sampling of the boundary point at

low e-folds N , it was found that the model with 5 amplitudes worked the best,

as it achieved a description of the data with minimum information.

Version six worked similarly to number five; number seven was disfavoured

because of having too many parameters to reproduce the inflationary trajectory,

causing an oversampling of the interpolation method which relies on so much

complex structure that it was disfavoured by the data. Hence, for this project it

was decided to attempt the parametrisation using five amplitudes ln εi. All the

results were first carefully performed with two splines, comparable to a slow-roll

model. These were in excellent agreement to the power-law case.

As usual, the main parts of the implementation occur in camb. The spline point

amplitudes ln εi were positioned evenly between e-folds 0 < N < 14. It is worth
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noting that in here, N = 0 does not corresponds to the beginning of inflation,

but to the time when the current horizon left the horizon during inflation.

This range was chosen to match the largest wavelength k required by camb to

the largest value of εacc allowed by the prior distribution. As seen in Eq. (5.7),

the mode k that corresponds to every e-fold N is dependent on the integration of

the acceleration trajectory. The range of the CMB power spectrum observations

is 2 ≤ l ≤ 2500 corresponding to O(10−5) ≤ k ≤ O(10−1), which is smaller than

the span of the scales computed by the software, O(10−6) ≤ k ≤ O(100), where

k is in units of Mpc−1.

However, camb needs this range to compute the radiation transfer functions

accurately. This means the spacing used is not the most logical choice with

respect to the data, but it avoids extrapolating the functions beyond the splining

region. Figure 5.1 illustrates the (k,N) relationship for the best-fit model of the

posterior distribution analysis.

  

7x10-6                            2.3x10-4                                     7.6x10-3                                      0.25                      8.37         k

 0.0                            3.5                             7.0                         10.5                      14.0          N

                                         k=0.002                                          k=0.05                                   Pivot
                                         WMAP                               Planck points 

Figure 5.1 One-to-one correspondence between the wavenumber k required by
camb and the e-fold N where each of the amplitudes ln εi is
positioned for the best-fit model found in the MCMC sampling
presented in Section 5.4. The approximate positions of the multipoles
plus the pivot scales for Planck and WMAP are also labelled.
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The parametrisation was chosen considering the constraining range of the CMB

data. At first, the analysis was performed giving each of the five εacc amplitudes

the same prior. However, because of the high correlation that exists between

adjacent points, the sampling was extremely inefficient, as the allowed models lie

in a narrow linear curve that every jump of the MCMC exploration would have

a hard time to emulate.

Instead, it was decided to allow a wide range of variation of ε3 and make the

rest of the amplitudes dependent on this parameter whilst still allowing them to

vary using a shift δi. This means the MCMC search is performed from parameter

definitions

δ1 = ln ε1 − ln ε3 (5.16)

δ2 = ln ε2 − ln ε3

δ4 = ln ε4 − ln ε3

δ5 = ln ε5 − ln ε3

Table 5.1 lists the prior distributions. These were chosen centred in the value

predicted by Eq. (5.15) by considering a likely ns and the e-fold separation ∆N .

However, after cosmomc chooses to try a selected set of parameters, before these

are sent to compute the scalar and tensor power spectrum, they are re-defined as

ln ε1 = δ1 + ln ε3 (5.17)

ln ε2 = δ2 + ln ε3

ln ε4 = δ4 + ln ε3

ln ε5 = δ5 + ln ε3

These are then sent to camb to perform the Cl predictions. Most of the

information is contained in:

• equations.f90: This file receives the ln εi values from cosmomc and

uses them to build a table containing all the information needed for the

calculation of the initial scalar and tensor power spectrum. First, the full

function ln ε(N) is constructed using a cubic spline. This is the most efficient

manner to proceed because this calculation can later be used to compute the

rest of the equations without needing to spline anything else. Afterwards,

Eq. (5.7) is integrated in order to obtain a relationship between the e-

folds N and the wavenumber k. The table is completed by calculating
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Parameter Prior range
δ1 [ -0.5, 0.5 ]
δ2 [ -0.3, 0.3]
ε3 [-10, -3 ]
δ4 [ -0.3, 0.3]
δ5 [ -0.5, 0.5]

Ωbh
2 [0.005, 0.1]

Ωch
2 [0.001, 0.99]

τ [0.01, 0.8]
100θMC [0.5, 10]

ln(1010As) [2, 4]
ns,k=0.05 ...
ns,k=0.05 ...
rk=0.002 ...
nt,k=0.05 ...

Table 5.1: Prior ranges for amplitudes ln εi and baseline parameters. The meaning
of the cosmological parameters is as in the Planck collaboration papers [8, 11].
The final four parameters listed are derived from the others.

Eqs. (5.6)-(5.9). Finally, the tensor-to-scalar ratio r, the spectral index ns

and the tensor spectral index nt are calculated at the pivot scale k = 0.002

or k = 0.05 Mpc−1 by using Eqs. (5.10)-(5.12). This procedure is performed

once for every choice of parameters tested by cosmomc.

• power tilt.f90: The table calculated in equations.f90 is utilised by this

file. The functions ScalarPower and TensorPower usually calculate the

initial scalar power spectrum and tensor power spectrum, respectively with

a power law, by receiving the amplitude As and wavenumber k from

cosmomc. In this case, instead of the power law, the wavenumber k

received by camb is positioned in the table and the Ps and Pt are obtained

by interpolating between the two closest nearby points.

The calculations later proceed as usual and the MCMC is continued until a R-1

convergence statistic [17] of order 10−2 has been reached. From comparing the

left and right hand sides of Fig 5.2 it can be observed that a considerable number

of trajectories are eliminated by the data combination on the upper end of the

prior, however the best-fit case (red points) is made of very small ε values. The

figure on the left was made of 100 ε trajectories taken from random prior values,

whereas the values for the plot on the right were evenly chosen from the posterior

distribution using the same burn-in of 0.5, as in the rest of the results.
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Figure 5.2 Density plots for a random sample of the prior distribution
of (δ1, δ2, ε3, δ4, δ5) on the left. Similar plot with chosen
values of the posterior distribution on the right. The best
fit ln εi = (−7.90,−7.80,−7.91,−7.82,−8.07) are depicted in red
points.

5.4 Cosmological Constraints

In this section, the data combination and probability distributions obtained from

the MCMC exploration previously described are introduced. The results of this

segment were obtained by myself, however I received generous feedback and advice

from all members of the project. The descriptions of the results are heavily based

on the insight from Hotchkiss, Byrnes and Liddle.

5.4.1 Datasets

Planck likelihood

The Planck best-fit CMB temperature power spectrum provides the main

constraints in this project. Two files were used: TT, which covers the wide

range multipoles l = 2− 2508 and TEB, which allows for the computation of the

CMB joint TT,EE, BB and TE likelihood in the range l = 2− 29 [8, 10].

BAO data

Baryon acoustic oscillations (BAO) are the counterpart in the late time matter

power spectrum of the acoustic oscillations seen in the CMB multipole spec-

trum [74]. Here the combination of 6dFGRS data [30] and the SDSS-MGS

data [185] were used.
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5.4.2 Acceleration trajectories

We start by looking at the 1-D marginalised posterior distributions for the

baseline parameters and the derived ones depicted in Fig. 5.3. All the cosmological

parameters are in good agreement with ΛCDM. Notice that the spectral index

has been calculated at two scales: k = 0.002, corresponding to WMAP’s pivot

point [214]; and k = 0.05, which is Planck ’s choice [8]. Whilst the latter is

centered in ns(k=0.05) ∼ 0.96, in agreement with the usual constraint, it can be

observed that ns(k=0.002) > 1.0 for most of the probability.

Comparing this observation to the bound found by WMAP when the running ns′

is allowed to vary, it was shown that for non power law behavior the best fit of

the spectral index lies above 1. However, in Planck’s pivot scale case, for both

power law and non power law, the constraint stays centered at 0.96. This is a

subtle difference that our parametrisation is able to reproduce.

0.0216 0.0222 0.0228

Ωbh
2

0.114 0.117 0.120 0.123

Ωch
2

0.04 0.08 0.12 0.16

τ

3.0 3.1 3.2 3.3

ln(1010As )

1.040 1.041 1.042

100θMC

0.95 1.00 1.05 1.10

ns,k=0.002

0.94 0.95 0.96 0.97 0.98

ns,k=0.05

0.00 0.04 0.08 0.12 0.16

rk=0.002

0.016 0.012 0.008 0.004 0.000

nt,k=0.05

Figure 5.3 1D marginalised posterior distributions for the baseline cosmological
and derived parameters with priors given in Table 5.1 for data
combination Planck + BAO.
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The causes for the ns behaviour become more apparent in the triangular Fig. 5.4.

Because of its positioning at the largest scale, δ1 appears unbounded by the data.

The centered value for δ4, when re-defined to ε4 is larger than ε3. This means the

power spectrum is blue shifted near N ∼ 7, which corresponds to k ∼ 10−3 and

goes back to be red tilted shortly afterwards; in accordance to ns(k=0.002) ≥ 1 and

ns(k=0.05) ∼ 0.96.
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Figure 5.4 The 68% and 95% 2D confidence contours depicting the
(δ1, δ2, ε3, δ4, δ5) parameter definitions analysed directly from the
getdist software chains.

The last parameter δ5 slightly prefers smaller values, although it lies very far

away from the CMB multipole span and is therefore largely unconstrained, which

means not very meaningful conclusions can be obtained from it. The height in
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the constraint power is appreciated in the (δ2, ε3, δ4) region. It can be observed

that the data do not discriminate from the prior at the upper end of δ2 which

encourages a widening of the values allowed for this parameter for the next stage

of the results.

Re-defining the parametrisation as in Eq. (5.17), Fig. 5.5 depicts the correlations

between spline point amplitudes for the ε run. This is a schematic representation

that should be observed with caution. In reality the contours of this figure are

much narrower than they appear, but the smoothing features of the getdist

program make them look wider than they are. However, the strength of the data

in comparison to other regions can be observed in the (δ2, δ4) duplet, which is

thinner than the rest of the contours.
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Figure 5.5 The 2D contours of the splined points ln εi as re-defined by
Eqs. (5.17) taken from the original values in Fig. 5.4.
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5.4.3 The rolling of the scalar field ∆φ

With the chains resulting from the MCMC analysis described in the previous

sections it is now possible to determine the rolling of the scalar field during the

acceleration trajectory. This is performed by calculating Eq. (5.5) for each of

the chain elements produced by the MCMC search and evaluating the resulting

column as a new derived parameter. This result is depicted in Figure 5.6. It can

be observed that the shape of the posterior distribution mimics a quadratic type

of behavior, in accordance with the expectation from the Lyth bound, Eq. (5.1),

applied for ∆N = 14 rather than 50.

0.4 0.8 1.2 1.6

∆φ/MPl

0.00

0.04

0.08

0.12

r

Figure 5.6 The 68% and 95% confidence contour for the tensor-to-scalar ratio
r and the rolling of the scalar field ∆φ for the same models as in
Fig. 5.4.

In general, such an assumption is not valid (the usual Lyth bound assumes

that epsilon is monotonically increasing towards the end of inflation), but it is

acceptable in our circumstances because we are interested in the lower bound

of r and the values of εacc are being forced towards a dramatically small number

(which we show is observationally allowed). Hence even if we were considering the

∆N=50 case the measurement of ∆φ would not change significantly. Moreover,

this analysis allows one to make a schematic measurement of the relationship

between the rolling of the field ∆φ and the tensor-to-scalar ratio by separating r

into eight compartments to give a histogram for each of the ranges of r, between

the smallest found of 7.06× 10−4 to the largest 0.1565 as seen in Fig. 5.7.
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Figure 5.7 Histogram representation of the relationship between the tensor-to-
scalar ratio r and the rolling of the scalar field ∆φ from the smallest
to the largest values obtained in the posterior distribution. 130



The histograms take into consideration the sample weight, or number of iterations

staying at a certain parameter array values for each chain element. With our

logarithmic prior, 99% of the samples lie below r < 0.11, which is Planck’s

constraint at 95% [8]. This discrepancy is expected because of the different prior

used (Planck’s is linear).

5.5 Discussion

The models are more copious in the first histogram of Fig. 5.7, corresponding

to (7.06× 10−4 < r < 0.00125). This is relevant because studies of the limit on

the detectability of the energy scale of inflation have demonstrated that, for a

detector of sensitivity s uniformly observing the entire sky for time t [121]

rlim = 10−2

(
s

µK
√

sec

)2(
t

1 year

)−1

. (5.18)

However, Eq. (5.18) [116] does not consider certain contamination effects from

the lensing of the E mode [227]. Taking those into account, the detectability

limit is set at rlim = 6× 10−4 [121, 135]. Stage 3 of the Dark Energy Task Force

(DETF) [13] CMB experiments commencing in 2017 will already improve the

constraint given by Planck to r ≤ 0.01; and by 2021 the 500,000 detectors of

CMB-S4 will reach r ≤ 0.001 [1].

The histogram scheme predicts that for a 5 point spline representation, the rolling

of the scalar field ∆φ has to be of the order predicted by the Lyth bound.

Figure. 5.8 presents the smallest ∆φ for each of the eight histograms. The blue

line corresponds to the prediction of Eq. (5.1) for 14 e-folds,

r ∼ 0.0408

(
∆φ

MPl

)2

. (5.19)

The closeness between Lyth’s prediction and the minimum ∆φ displacements

found by the MCMC exploration is evident. This is an important finding as it

shows that the data favour a value of ∆φ that corresponds to Eq. (5.1). However,

this result does not only assume that five points are sufficient to describe the

acceleration trajectory, but its also due to the limited impact of the priors, which

significantly restrict the increase of εacc.

Widening the priors would permit us to draw comparisons with the numerous
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Figure 5.8 The minimum (r,∆φ) for each of the 8 bins described in Fig. 5.7.
The blue line is the Lyth bound prediction Eq. (5.5). This is the
chapter’s main result.

papers [26, 58, 168, 182, 197] published post-bicep2 presenting a model able to

achieve a substantially smaller ∆φ than the one predicted by Lyth’s postulate.

Nonetheless, the latter could not be needed for cases where the proposed

framework gives a δφ over 50 e-folds that is smaller than the lower bound found

from just 14, because the integrand is always positive.

Moreover, a finer version of Figs. 5.7 and 5.8 can be used for reference when

new datasets provide a tighter constraint on r, hence influencing future model

selection.

5.6 Conclusions

This chapter introduced a question about the plausibility of publications that

present an inflationary model able to avoid quantum corrections and alleviate the

Lyth bound. Nonetheless, the studies that argue this restrict their measurements

to Planck’s pivot points.

In order to prove whether or not their results were appropriate, it is necessary

first to investigate the behaviour the full CMB power spectrum data permit for

the acceleration trajectory during inflation. A mechanism to explore this was

implemented in cosmomc where a MCMC search was performed based on 5

ln εacc parameters. The posterior distributions of the free parameters in this
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slow-roll approximation were analysed. Then, the study was extended to include

a calculation of the rolling of the scalar field ∆φ for each of the allowed chain

elements.

This allowed us to visualise the array of values of ∆φ that are possible for a

certain range of r. The minimum ∆φ found on each histogram is the main result

of this chapter, and it has the potential to be a helpful point of reference in the

future when more powerful surveys achieve a tighter constraint on the tensor-to-

scalar ratio r. However, it must be noted that the analysis here considered an

observable range that allows very small variation between the ln ε amplitudes.

The reproduction of the Lyth bound by the chains shows the results are correct for

the restricted δ range, and it will be very exciting to run with increased priors on

δ1,2,4,5. Then it will be possible to make more robust statements on the absolute

minimum ∆φ allowed.

Another step to add strength to this study would consist of adding more ln ε

amplitudes. This would allow us to measure the maximum deviations the data

permit on the power spectrum more accurately, hence answering one of the

original questions of the project: for how many e-folds is εacc increasing?

In this sense, one helpful factor will be the addition of primordial black hole

(PBH) [50] and ultra compact mini halo (UCMH) [40] constraints, which affect

the smaller scales and provide upper bounds on the power spectrum of order

10−2. Nonetheless this effect is quite restrictive and would seriously affect ∆φ,

so it would be most convenient to draw a comparison both with its inclusion and

without it.
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Chapter 6

Conclusions

During the history of the Cosmos there are two distinguishable periods in

which gravity acts in a repulsive manner. The first one occurs very early on,

before the radiation domination epoch and is named inflation. This paradigm

solves the flatness and horizon problems mentioned in Section 1.2 and generates

density perturbations that became the seeds for the anisotropies in the primordial

radiation and the inhomogeneous distribution of galaxies on large scales. Close

observation of the CMB temperature and polarisation fluctuations provide

information about cosmic inflation.

Some 10 billion years later, the Universe is again undergoing an accelerated

expansion induced by dark energy, the component of mysterious origin that

dominates the Cosmos at present. Theories that deviate from ΛCDM by means

of proposing new matter sources or modifications to gravity are regularly being

put forward to try to explain this phenomenon using the latest observations

available. Moreover, numerous international collaborations continue to take place

with the aim of achieving ever more complete sky explorations that will give

further information about the dynamics of cosmic expansion.

Right now, 13.8 billion years after inflation (if ΛCDM is correct), this thesis

explores the cosmological consequences of: a model described by a quintessence

scalar field as an alternative to dark energy; the background and perturbative

implications of a hybrid f(R) modified theory of gravity; and the acceleration

history under slow roll assumptions during inflation. With the use of MCMC

techniques it was possible to place estimates on the range of parameters of these

models. In turn, this information was used to answer important questions about
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the viability of these theories to describe the Universe and their contribution to

the discussion of the problems faced by the standard model of cosmology.

Thawing quintessence was studied first. This family of theories offers a slightly

more natural alternative to Λ [193] in the sense that it provides a trajectory of

the energy density different from a constant, alleviating the cosmic coincidence

issue mentioned in Section 1.2.4.

In addition, the thawing cases are preferred over the tracking type given that

the latter arguably require a sharp change in the curvature of the potential at

present. This effect worsens the cosmic coincidence issue, as it not only has to

explain the similarity between the energy densities ρDM and ρDE but also why the

field is entering such a special region of the potential at the same time [33].

In Chapter 2 the pseudo-Nambu-Goldstone-Boson (PNGB) potential, which is of

cosine shape and thawing nature, was utilised to describe a scalar field that

substitutes the cosmological constant Λ as the source of dark energy. This

corresponds to a scenario where the equation of state wDE is always ≥ −1.

The Planck CMB anisotropy temperatures along with BAO and Supernovae

observations were used to improve the existing constraints on the amplitude M4,

the initial field slope φi/f and the width f/MPl of the PNGB potential, as well as

the baseline cosmological parameters. The constraints reproduce the ΛCDM case

at the edge of the posterior distribution. Furthermore, the present equation of

state for this framework was restricted to be w0 < −0.88 for 95% of the models.

Comparing these results to the semi-analytical equation of state for thawing

quintessence [55], the application of the PNGB potential achieves much tighter

bounds on the curvature parameter K as described in Eq. (2.38). After examining

different dataset combinations and parameter choices from f/MPl to 1/f , it was

observed that the data are tightly linked to the choice of parametrisation. The

quintessence code used to obtain these results could be extended to include k-

essence models.

It is important to be aware of the constraining power that future surveys will have

on this model. According to the Dark Energy Task Force (DETF) report [13],

the most stringent constraints on DE are placed by the observational techniques

Baryon Acoustic Oscillations (BAO), Galaxy Cluster (CL), Weak Lensing (WL)

and Supernovae (SN), of which the latter is the most important. The Dark Energy

Survey (DES), which started observing in 2013 and will continue until 2018, uses
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the latest technologies that increase the accuracy of these four probes [179].

When Stage 4 of the DETF methodology is achieved, it is possible that several

quintessence models will be eliminated [23]. In fact, Abrahamse et al. [4]

published a forecast study of PNGB quintessence for Stages 2 to 4 of the DETF;

when the predicted Stage 4 data arrive, this debate will be revived

Moving on from modifications of matter to explain cosmic acceleration, the next

two chapters of this thesis focused on the theory of hybrid-metric Palatini gravity.

The phenomenology of f(R) gravity has been extensively studied in order to

attain cosmic acceleration. Both the metric and Palatini versions have been

considered; however, the two manifest severe downsides.

Moreover, hybrid f(R) avoids many of the drawbacks of its precursor models and

most possibly, does not need to invoke a screening mechanism. Nonetheless, this

has not been considered in depth yet and hence is worth noting as a possible

further area of development. The theoretical strength of this theory, and its

novelty make it a very interesting investigative prospect.

Authors Capozziello, Harko, Koivisto, Lobo and Olmo provided a complete

description of the cosmological formalism of this theory. Chapter 3 of this thesis

builds on their work to study two specific models of hybrid-metric Palatini gravity

characterised by a quadratic and exponential function f(R) that modifies the

standard Einstein-Hilbert action 1.16.

Their background history is predicted, showing that it does not deviate much from

ΛCDM. However, this is because the deviation from the gravitational constant

G in the high-redshift regime is set to be small. Later on, the models’ free

parameters are constrained applying a Metropolis-Hastings MCMC algorithm

using background observables only: the shift parameter of the CMB, baryon

acoustic oscillations and the supernovae luminosity-redshift function.

The Starobinsky case is in close proximity to Λ. For the exponential scenario a

10−2 limit on fR(zi) was found, which marks the maximum possible deviation from

the gravitational constant G at 1%, in accordance to early-time constraints on

scalar-tensor theories of gravity from BBN and CMB [87, 219]. This demonstrates

that fR(zi) is an appropriate parametrisation for these theories.

Whilst studies of modified gravity have focused on the search for alternative

explanations for the late-time accelerated expansion or on testing gravity at large
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scales [15, 111, 175, 183], early-time modifications have mostly been ignored [36,

146]. This means there is a lack of understanding of high-redshift MG effects on

cosmic observables and the constraining power that current data have on them.

Chapter 4 uses a phenomenological model introduced in Ref. [138] to study early

time modifications of gravity. This designer model has the same background

evolution as ΛCDM, but inserts a decaying correction early on. This constitutes

an advantage to probe modifications of gravity introduced after recombination

and their effects on the CMB features.

The analysis was performed using the mgcamb code. This software parametrises

deviations from the linear perturbations using the function of time µ, that appears

in the modified Poisson equation; and γ, that defines the ratio between the

Newtonian potentials. Lima developed an analytic approximation to describe the

evolution of the slip between the potentials to reproduce the oscillatory behaviour

observed in the ratio between the gravitational potentials at early times [139].

It was observed that there is a strong correlation between the redshift at which the

modifications are introduced and the bounds obtained. The higher the redshift,

the stronger the constraints on the initial displacement of the scalar field will be.

For instance, at redshift z = 1000, fR(zi) ≈ 10−2. This constraint is linked

to strong effects on the CMB power spectrum such as a shift in the Sachs-

Wolfe plateau because of the modification of the Newtonian potential close to

the recombination epoch.

Furthermore, the first peak is considerably suppressed, an effect caused by a

variation of the gravitational potentials near the decoupling time that, joined to

the radiation energy density of that age, adds on an early integrated Sachs-Wolfe

effect that alters the amplitude and position of the CMB peaks. Forecasts of

observations using 21 cm survey data and standard sirens were also investigated.

The first will improve the present constraints considerably, while the latter will

not be useful in this regard.

Even if hybrid f(R) is a compelling theory to study, it is lacking in the same

aspect as the rest of the MG models in the literature. That is, they are all

plagued with additional problems to achieve self-acceleration or are in need of a

cosmological constant or a potential playing the role of the former. Two routes

can be followed here: either MG theories continue to be developed with the

purpose of testing gravity at different scales or new models are created that can

achieve self acceleration by their own modifications, without the need for extra
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sources.

Finally, chapter 5 focuses on constraining the parameters that describe the

very early Universe. This study was motivated by the controversy surrounding

the bicep2 experiment, when a number of authors [26, 58, 168, 182, 197] put

forward a model capable of both alleviating the Lyth bound and fitting the

observations. However, we would argue that these investigations had been tested

in an incomplete manner, as they only took into consideration the amplitude

As and the spectral index ns at Planck’s pivot scale, instead of analysing the

behaviour of their model for the whole of the CMB power spectrum.

In Chapter 5, a slow-roll based parametrisation of the acceleration trajectory ε

was explored with the aim of finding the rolling of the scalar field ∆φ that an

inflationary theory must reproduce in accordance with a specific value of the

tensor-to-scalar ratio r. This was performed using Planck’s cosmological data

and baryonic acoustic oscillations. Several features of the inflationary paths were

analysed and later, the posterior distributions were altered to obtain bounds on

(∆φ,r), a histogram representation of inflaton values according to potential r

measurements and the minimum displacement allowed for each of them.

It was found that the (∆φ,r) correspondence is in very good agreement with the

Lyth bound, a reassuring fact that shows the methodology implemented in camb

is working properly. In the near future, this study is to be extended to calculate

the ε trajectories for at least 50-60 e-folds, which is the lower bound prediction for

the duration of inflation. The behaviour of the acceleration history will also be

extended by the inclusion of more amplitudes, hence allowing the measurement

of changes more accurately.

This will enable the team to draw comparisons with the values of (r,∆φ) for

models that claim to evade the Lyth bound and fit the observations. The addition

of PBH [50] and UCMH [40] likelihoods could improve the precision of the power

spectrum prediction.

Thanks to international projects such as the Dark Energy Survey (DES) [3], the

extended Baryon Oscillation Spectroscopic Survey (eBOSS) [65] and Euclid [132],

the knowledge of the cosmological structure will continue to be refined in the

coming decades. This will enrich the research carried out in dark energy and

inflation, helping to unravel complexities in the nature of the Universe.

The research on cosmological models included in this thesis has provided me with
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experience in the study of theory, data analysis and extraction of information

about the viability of inflation, dark energy and modified gravity frameworks.

However, the amount of gravity modifications one can come up with is large, and

investigating one by one is an almost infinitely time consuming task.

Due to this, I am interested in constraining theories of gravity through general

frameworks, in particular: Parametrised Post-Friedmann (PPF) [21], links

between Parametrised Post-Newtonian (PPN) and cosmology [189], and Effective

Field Theory (EFT) [25, 93]. For instance, the implementation of eftcamb [104]

allows to test late-time acceleration in a model independent way that includes

most DE/MG gravity models of cosmological interest.

In this regard, the analysis of theories where dark energy is coupled to dark

matter is attractive too, given the ability of such models to alter the background

evolution of the involved cosmological components, and possibly provide a natural

solution for the coincidence problem.

On one side, a general parametrisation of dark energy models coupled to

dark matter has been added to the PPF formalism [204]. On the other, this

prescription for dark energy perturbations has already been implemented in

camb [105]. It would be desirable to constrain scalar field theories coupled to

dark matter by implementing the necessary free functions in the PPF code. This

would be an important step towards a complete understanding of the capabilities

of the aforementioned models, under the PPF formalism.
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