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Abstract

This thesis presents a comprehensive study on the development and application of novel

numerical integration methods, particularly focusing on Gaussian-type cubature rules and

their implications in Finite Element Method (FEM). The research is structured into three pivotal

segments, each targeting different aspects of numerical integration to enhance the precision

and efficiency of cubature rules within computational geometries.

The first segment addresses the derivation of explicit consistency conditions for constructing

optimal fully symmetric cubature rules for tetrahedra. Utilizing a novel non-monomial fully sym-

metric polynomial basis, this work successfully defines the consistency conditions necessary

for determining the most efficient rule structures, thereby minimizing the number of integration

points required without compromising the accuracy.

In the second segment, the focus shifts to exploring rotational symmetry and multisymmetric

polynomials in the moment equations for cubature rules. This includes the development of a

new rotationally symmetric monomial basis, which simplifies the complicated system of mo-

ment equations. The resultant novel cubature rules, particularly for tetrahedra, demonstrate

fewer integration points compared to existing rules, thus enhancing computational efficiency.

The final segment investigates the formulation of FEM and the patch test for new elements.

It introduces a groundbreaking framework that leverages the established theory of cubature

formulas to devise rules that not only pass the patch test but do so with fewer integration

points. This framework is pivotal for advancing the blending of numerical methods into prac-

tical engineering applications, ensuring both reliability and efficiency.

Overall, the thesis encapsulates significant advancements in the field of numerical integration,

presenting new methodologies and algorithms that refine the creation of cubature rules. These

innovations provide substantial contributions to the domains of computational mathematics

and engineering, particularly in the optimization of FEM. The results published within this

thesis highlight the potential of these new approaches to set a foundation for future research

in numerical integration methods.
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Lay Summary

This thesis explores advanced numerical integration methods and their application in Fi-

nite Element Method (FEM), focusing on the development and validation of cubature rules-

mathematical formulas for evaluating integrals numerically. These rules are vital in engineering

and physics for calculating the properties of elements under various forces, a process central

to FEM.

The research is divided into three main parts, each addressing different aspects of cubature

rule development. The first part develops new consistency conditions for creating efficient and

accurate cubature rules for tetrahedra, a common geometric element in three-dimensional

modeling. The results, which are part of published research, streamline the process of identi-

fying the best rules that minimize computation without losing accuracy.

The second part of the research investigates other types of symmetry, such as rotational sym-

metry, and examines multisymmetric polynomials in the moment equations of cubature rules.

These studies refine methods for calculating cubature rules, allowing for greater flexibility in

adapting to various geometric configurations and enhancing their applicability.

The third segment of the study addresses the practical application of cubature rules in FEM,

particularly their performance in real-world engineering problems. It introduces a novel frame-

work that simplifies the development of new cubature rules and ensures they meet industry

standards by passing the patch test, which checks the convergence of new elements in FE

simulations.

This thesis outlines each step of cubature rule construction, from theoretical foundations in

polynomial mathematics to practical tests confirming their reliability in engineering applica-

tions. By combining innovative mathematical approaches with practical testing, the research

enhances our ability to perform precise numerical integrations in complex engineering ana-

lyses, resulting in more accurate and reliable FEM models.

This work is crucial for engineers and researchers involved in computational simulations

where precision and efficiency are paramount. It reduces computational costs and improves

the reliability of simulations used to predict material behavior under various conditions, which

is essential for designing safer and more efficient structures and components.
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Chapter 1

Introduction

1.1 Background and motivation

Numerical integration, known as quadrature in one dimension and cubature in higher dimen-

sions, has a history predating calculus. This field has engaged many eminent researchers.

Ancient Greek philosophers like Eudoxus and Archimedes developed methods for calculating

areas and volumes. Throughout history, scientists worldwide have contributed significantly to

numerical integration. For instance, as shown in Table 1.1, Liu Hui from ancient China used

the circle-cutting technique to estimate the area of a circle. Inspired by a salesman’s method

of measuring wine barrel volume with a gauging rod, Kepler authored "Nova Stereometria

Doliorum Vinariorum." At the end of his book, Kepler reflects on the balance between approx-

imations and precise calculations, stating, "Et cum pocula mille mensi erimus, Conturbabimus

ilia, ne sciamus" (translated as "When we have measured a thousand barrels, we will mix

them up, so that we do not know").

Numerical integration and calculus are closely intertwined, with numerical integration as a

practical application of calculus principles. The development of numerical integration evolved

alongside calculus. For calculus, early contributions include Fermat’s methods for finding

maxima and minima and Wallis’s introduction of limits in "Arithmetica Infinitorum," which

advanced integration for any real exponent. The 17th century was pivotal with Newton and

Leibniz independently formulating integration principles, laying the foundations of modern

calculus. Their work revolutionized mathematics, profoundly impacting science, engineering,

and economics, and cementing their status as central figures in mathematical history.

The advent of calculus enabled the addressing of intricate scenarios, such as solving bound-

ary value problems using the Finite Element Method (FEM) developed in the 1900s, where

the integrand may be non-polynomial and complex. This challenge led to the development of

approximation methods for definite integrals, termed numerical integration by Gibb in 1915.

Techniques like Simpson’s method for one-dimensional cases were developed, followed by

methods for multi-dimensional integrals. Notably, Ulam, Metropolis, and von Neumann pion-

1
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eered the Markov Chain Monte Carlo method in 1945 at Los Alamos National Laboratory,

foundational to Monte Carlo integration. Building on their work, Korobov introduced Lattice

rules, a form of quasi-Monte Carlo rules, for numerical integration over the d-dimensional unit

cube.

Gauss’s publication on numerical integration introduced the Gaussian quadrature method, sig-

nificantly enhancing prior methodologies and facilitating their application to higher-dimensional

problems. This method has inspired subsequent mathematical research. In 1877, Maxwell

presented the first cubature formula in its modern form. This thesis emphasizes Gaussian-type

cubature, which estimates integrals as weighted sums of evaluations at specific points, for its

computational efficiency. The goal is to approximate the integral accurately while minimizing

function evaluations. This approach has gained widespread adoption due to its effectiveness

in numerical computations. Despite the extensive collection of available cubature rules (Cools,

1999, 2003; Cools & Rabinowitz, 1993), ongoing research continues to uncover new results

(Jaśkowiec & Sukumar, 2020b; Wang & Papanicolopulos, 2023; Williams, Shunn, & Jameson,

2014; Witherden & Vincent, 2015; Xiao & Gimbutas, 2010a), and theoretical work suggests

many improvements on existing rules are yet to be discovered (Maeztu & Sainz de la Maza,

1995).

1.1.1 Numerical integration

In the 18th and 19th centuries, the challenge of solving integrals of basic functions analytically,

compared to the ease of deriving their derivatives, highlighted the significance of numerical in-

tegration. This distinction emphasized its importance in numerical analysis. Practical reasons

for favoring numerical integration include:

• The function f to be integrated may only be known at discrete points.

• Finding an elementary antiderivative may be difficult or impossible.

• Numerical approximation is often simpler than symbolic computation of the antiderivat-

ive.

The basic problem in numerical integration is to approximate a definite integral

∫
Ω

f (xxx)dΩ (1.1)

where f is integrand and Ω is the domain of integral. Numerical integration uses numerical

techniques to approximate integrals. Traditionally, "quadrature" refers to calculating the area

under a curve defined by one variable, though it is also used for multivariable cases by some

researchers. The Oxford English Dictionary defines quadrature as "the process of constructing

geometrically a square equal in area to that of a given figure, especially a circle," highlighting

its geometric origins and broader application. In higher dimensions, this concept is known as

"cubature."



1.1. Background and motivation 3

Table 1.1: Development of numerical integration prior to calculus.

Name Time Achievement
Eudoxus 4th Century BC Introduced abstract proofs for finding areas

and volumes.

Archimedes 3rd Century BC Explored volumes and areas from algebraic
curves; developed the method of exhaustion.

Babylonians Before 50 BC Employed the trapezoid rule for astronomical
calculations.

Hui Liu AD 263 Developed the circle-cutting technique to cal-
culate areas and volumes.

L. Valerio 16th Century Formalized the method for approximating
areas under curves with sums of rectangles.

J. Kepler 1615 Published "Nova Stereometria Doliorum
Vinariorum," exploring volume measurement
methods.

P. Fermat c. 1636 Derived a method for finding maxima or min-
ima of expressions.

R. Descartes 1637 Established analytic geometry in "Discourse
on the Method."

B. Cavalieri 1639 Introduced infinitesimals in geometric area cal-
culations.

J. Wallis 1656 Advanced the concept of limits in "Arithmetica
Infinitorum" and expanded integration theory.

I. Newton and R.
Cotes

1676 The Newton-Cotes integration formula was
introduced, enhancing numerical integration
methods.

I. Newton and G.
W. Leibniz

Late 17th Century Formulated the foundations of infinitesimal cal-
culus.
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Table 1.2: Development of numerical integration after calculus

Name Time Achievement
I. Newton and G.
W. Leibniz

17th Century Formalized the foundations of infinitesimal cal-
culus.

T. Simpson 1743 Introduced Simpson’s rule for estimating defin-
ite integrals.

J. C. F. Gauss 1815 Described the Gaussian quadrature method
for numerical integration, significantly enhan-
cing existing techniques.

J.C. Maxwell 1877 Introduced the first modern cubature formula.

E.T. Whittaker 1912 Published "The Calculus of Observations."

D. Gibb 1915 First used the term "numerical integration" in
"A Course in Interpolation and Numeric Integ-
ration for the Mathematical Laboratory."

S. Ulam, N. Met-
ropolis, and J. von
Neumann

1945 Developed the Markov Chain Monte Carlo
method at Los Alamos National Laboratory for
nuclear research.

J. Neumann and
H. Goldstine

1947 Discussed numerical matrix inversion in "Nu-
merical inverting of matrices of high order."

S.L. Sobolev 1950s Advanced the creation of invariant cubature
formulas.

N.M. Korobov 1959 Introduced Lattice rules.
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x

f(x)

f(b)

f(a)

a b

y

Figure 1.1: Integration of function f (x) from a to b

The advent of automatic computing established quadrature as a key numerical task, signific-

antly expanding the field of numerical integration of differential equations. This development

broadened the scope of computational problems that could be addressed.

Quadrature is the simplest case of numerical integration, evaluating the integral

I =
∫ a

b
f (x)dx (1.2)

which essentially calculates the area under a curve, as shown in Figure 1.1.

Numerous numerical integration methods have been developed, as shown in Figure 1.2.

These methods are categorized into improper and proper integrals. Improper integrals deal

with singularities in the integrand, for which the Tanh-Sinh method (Bailey, 2006) is a reliable

alternative when Gaussian quadrature is less effective.

For proper integrals with smooth integrands, methods vary by the number of dimensions. In

one dimension, classical integration formulas like the Newton-Cotes family, including trapezoidal

and Simpson’s rules, are notable for their historical significance. However, the trapezoidal

and midpoint rules are the most practical. In higher dimensions, Romberg’s method, using

Richardson extrapolation to extend the trapezoidal rule, improves applicability.

Gaussian quadrature enhances traditional methods by allowing flexible selection of weighting

coefficients and evaluation points, which need not be equally spaced. This increases degrees

of freedom compared to Newton-Cotes formulas, potentially doubling the accuracy with the

same number of evaluations. However, high-order integration does not ensure high accuracy

unless the integrand closely resembles a polynomial, emphasizing the importance of the

integrand’s smoothness for optimal results.
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Figure 1.2: Classification of different numerical integration methods (there might be others).
The methods marked in green are studied in this thesis.
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Table 1.3: Weight functions, intervals, and recurrence relations for part of classic orthogonal
polynomials.

Name Weight function Range Recurrence relations

Gauss-Legendre w(x) = 1 −1 < x < 1 ( j+1)Pj+1 = (2 j+1)xPj− jPj−1

Gauss-Chebyshev w(x) = (1− x2)−1/2 −1 < x < 1 Tj+1 = 2xTj−Tj−1
Gauss-Laugerre w(x) = xαe−x 0 < x < ∞ ( j+1)Lα

j+1 = (−x+2 j+α +1)Lα
j − (J+α)Lα

j−1

Gauss-Hermite w(x) = e−x2 −∞ < x < ∞ H j+1 = 2xH j−2 jH j−1

Gauss-Jacobi w(x) = (1− x)α(1+ x)β −1 < x < 1 c jP
(α,β )
j+1 = (d j + e jx)P

(α,β )
j − f jP

(α,β )
j−1

With coefficients are defined as:
c j = 2( j+1)( j+α +β +1)(2 j+α +β )
d j = (2 j+α +β +1)(α2−β 2)
e j = (2 j+α +β )(2 j+α +β +1)(2 j+α +β +2)
f j = 2( j+α)( j+β )(2 j+α +β +2)

Literature distinguishes two main approaches to constructing Gaussian quadrature formulas:

the indirect method and the direct method. The indirect method leverages existing quadrature

rules, while the direct method develops new rules by either solving nonlinear equations or

identifying polynomials that vanish at specific points using orthogonal polynomials and a

corresponding weight function. This weight function can be chosen to address integrable sin-

gularities. Common orthogonal polynomials, their weight functions, intervals, and recurrence

relationships are detailed in Table 1.3. When initial guesses for polynomial roots are uncertain,

the Golub-Welsch algorithm (Golub & Welsch, 1969) is more effective than traditional methods

like Newton’s method.

Integrating functions over multi-dimensional regions is challenging for two main reasons. First,

the number of function evaluations grows exponentially with the dimension n. For instance, a

one-dimensional integral requiring 30 evaluations might need 27,000 evaluations for a three-

dimensional cube using the product rule. Second, the integration domain in n-dimensional

space is bounded by a potentially complex (n− 1)-dimensional surface, which can be non-

convex or non-simply connected, unlike the simple boundaries in one-dimensional integrals.

Various methods have been developed to approximate multi-dimensional integrals. Iterated

integrals are the simplest approach and are especially effective when the function and do-

main exhibit symmetry, allowing for dimensional reduction. For example, in three dimensions,

integrating a spherically symmetric function over a spherical domain can be reduced to a

one-dimensional integral in polar coordinates.

Monte Carlo methods are preferred for complex boundaries, high-dimensional integration

(thousands of dimensions), non-peaked integrands, and when lower accuracy is acceptable.

They are well-suited for oscillatory or discontinuous integrands across many dimensions.

For lower dimensions (up to hundreds), Quasi-Monte Carlo methods, using low-discrepancy

sequences, offer faster convergence. Filon-type methods (Milovanović & Stanić, 2014) are

suitable for highly oscillatory integrands.
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x
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Square Tiangle

Figure 1.3: Gaussian type cubature rules for square and Triangle

Gaussian cubature is used for problems of moderate complexity. It becomes a product rule

when generated from one-dimensional integrals across each dimension. This method is most

effective for simple boundaries and smooth functions. For higher accuracy, Gaussian cubature

and related methods outperform Monte Carlo methods, which converge more slowly.

Gauss-Kronrod quadrature enhances accuracy by combining the lower-degree Gaussian rule

for primary estimates with the higher-degree Kronrod rule for error estimation or refined

results. Similarly, embedded cubature (Cools & Haegemans, 1994; Genz & Malik, 1983) uses

multiple quadrature rules of varying precision to estimate integrals over specified domains.

For strongly peaked integrands within well-defined regions, a compound rule can divide the

integral into smoother segments, allowing for more accurate and efficient processing.

This research focuses on Gaussian-type cubature rules, found by directly solving moment

equations, known for their accuracy and ease of implementation despite the challenge of

determining the abscissas and weights (Cools, 1997). To simplify finding these rules, the

study explores the invariance in cubature rules. Gaussian-type cubature rules are widely used

in many FEM software packages. Figure 1.3 illustrates two examples.

Developing cubature rules involves the challenge of solving strongly nonlinear moment equa-

tions. Research focuses on creating efficient methods to solve these equations, tailoring

cubature rules for specific needs like integration domain or accuracy level.
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Notable efforts have targeted triangular (Papanicolopulos, 2015, 2016a, 2016b; Witherden &

Vincent, 2015; Xiao & Gimbutas, 2010a; L. Zhang, Cui, & Liu, 2009) and tetrahedral domains

(Chuluunbaatar, Chuluunbaatar, Gusev, & Vinitsky, 2022; Jaśkowiec & Sukumar, 2020a, 2020b;

Shunn & Ham, 2012; Witherden & Vincent, 2015; L. Zhang et al., 2009), leveraging their sym-

metries. Preserving these symmetries optimizes computational effort and improves precision,

making these rules essential for engineering and scientific applications involving symmetric

domains (Begehr, Demidenko, & Matveeva, 2021; Sobolev, 1962).

Symmetry in cubature rules, ensuring invariance to transformations like vertex permutations,

is crucial for practical applications. This invariance guarantees that numerical integration

results are unaffected by vertex order and simplifies solving moment equations. Consequently,

most established rules for triangles and tetrahedrons exhibit full symmetry.

Symmetric polynomials are crucial in developing Sobolev’s invariant Gaussian-type cubature

methods, a topic of significant historical and contemporary interest in mathematics. The study

of symmetric polynomials began in the 18th century with Isaac Newton’s work on the symmet-

ric properties of equation roots. Early contributions by German researchers Schläfli (Schläfli,

1851; Schläfli et al., 1950) and Junker (1893) laid the foundation for this field.

Interest is growing in using symmetric polynomials and invariant theory to enhance cubature

formulas, particularly for efficiently solving stochastic partial differential equations (Heitzinger,

Pammer, & Rigger, 2018). These applications highlight the enduring importance and versatility

of symmetric polynomials in contemporary mathematical challenges.

The value of variables in symmetric polynomials are the roots of a polynomial equation using

elementary symmetric polynomials. The process of determining these roots can be signific-

antly streamlined by examining the associated Galois group.

Galois groups are a central concept in the field of Galois theory, which explores the re-

lationship between field extensions and polynomial roots. The theory provides a profound

connection between the structure of a polynomial’s roots and group theory, specifically through

automorphisms of field extensions.

For a given polynomial, the Galois group represents the symmetries of its roots. These sym-

metries arise from the automorphisms of the field generated by the roots, which map the roots

to one another while preserving the structure of the field. If the polynomial is irreducible over

a base field, its Galois group captures how the roots of the polynomial are permuted.

For example, the Galois group of a quadratic polynomial consists of two elements, corres-

ponding to swapping the two roots. Cubic and quartic polynomials have more complex Galois

groups, and their roots can still be expressed using radicals. The Galois group of the general

cubic polynomial is isomorphic to the symmetric group S3, which captures the permutations

of its three roots. In this thesis, we will study the Galois group of a quartic polynomial, which

is isomorphic to the symmetric group S4.



1.1. Background and motivation 10

Symmetry in cubature rules defines orbits, sets of integration points unchanged by spe-

cific transformations. Each symmetry introduces various orbits, forming a "rule structure"

specifying orbit counts. "Consistency conditions" (Mantel & Rabinowitz, 1977; Rabinowitz &

Richter, 1969) help identify optimal rule structures by predicting solvable moment equations

and estimating the most efficient point count.

Consistency conditions for fully symmetric rules on triangles are well-established and widely

used (Lyness & Jespersen, 1975). Maeztu and Sainz de la Maza (Maeztu & Sainz de la Maza,

1995) presented these conditions and optimal rule structures for tetrahedrons. However, their

limited detailed implementation has constrained their application in recent tetrahedron re-

search (Jaśkowiec & Sukumar, 2020b; Shunn & Ham, 2012; Witherden & Vincent, 2015;

L. Zhang et al., 2009), with (Chuluunbaatar et al., 2022) being a notable exception.

While fully symmetric cubature rules are common, they may not always be the most efficient in

terms of integration points for a given accuracy. Exploring other symmetries, such as rotational

symmetry and multisymmetry, could yield more efficient rules with fewer points. Research

on rotational symmetry in cubature is limited (Gatermann, 1988; Papanicolopulos, 2016b;

Xiao & Gimbutas, 2010b). Similarly, few studies address cubature for multisymmetric func-

tions (Heitzinger et al., 2018; Rigger, 2017), and none focus on multisymmetric polynomials

in cubature formulation. These gaps present intriguing research opportunities, explored in

Chapter 3.

1.1.2 Cubature rules for FEM

The Finite Element Method (FEM) is widely used in academia and industry. Its accuracy

depends on factors like the numerical integration method. The importance of numerical integ-

ration in FEM, particularly for problems with variable properties or coefficients in curvilinear

coordinate systems, has been extensively studied for decades (Ciarlet & Raviart, 1972; Fix,

1972; Fried, 1973; Hellen, 1972; B. Irons, 1966; B. M. Irons, 1969, 1971; Strang, 1972;

O. C. Zienkiewicz, 1971).

A crucial component of FEM is the stiffness matrix, integral to finite element formulation. Con-

structing this matrix involves integrating a potentially non-polynomial integrand if the Jacobian

matrix is not constant. The standard FEM process iterates over discretized elements, creating

an element stiffness matrix for each, which is then aggregated into the global stiffness matrix.

This matrix is essential for solving the system of linear equations in FEM simulations. An

example of an element stiffness matrix Ke is shown in Figure 1.4, where fi j are integrand

functions and Ωe is the element domain.
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Ke =



∫
Ωe

f11dΩe
∫

Ωe
f12dΩe . . .

∫
Ωe

f1(n−1)dΩe
∫

Ωe
f1ndΩe∫

Ωe
f21dΩe

∫
Ωe

f22dΩe . . .
∫

Ωe
f2(n−1)dΩe

∫
Ωe

f2ndΩe
...

. . .
...∫

Ωe
f(n−1)1dΩe

∫
Ωe

f(n−1)2dΩe . . .
∫

Ωe
f(n−1)(n−1)dΩe

∫
Ωe

f(n−1)ndΩe∫
Ωe

fn1dΩe
∫

Ωe
fn2dΩe . . .

∫
Ωe

fn(n−1)dΩe
∫

Ωe
fnndΩe


Figure 1.4: Example of element stifffness matrix

The complexity of creating the element stiffness matrix depends on the problem and ap-

proximation used. Each entry is theoretically obtained by evaluating integrals from the weak

form of the finite element problem. For simple elements and approximations, these integrals

can be precomputed analytically, reducing the creation of stiffness matrix entries to algebraic

operations. Here, element parameters like vertex coordinates are substituted into closed-form

formulas. Consequently, assembling the global stiffness matrix mainly involves these quickly

calculated element stiffness matrices (Fried, 1973).

In nonlinear problems (where coefficients depend on the solution) or with intricate curvilin-

ear elements, integrals cannot be precomputed, necessitating numerical integration. This in-

creases computational resources, especially for higher-order approximations. Thus, numerical

integration methods are crucial in FEM, and selecting the appropriate method is vital to avoid

significant issues.

Recent research on Gaussian-type cubature rules includes significant contributions from (Chu-

luunbaatar et al., 2022; Jaśkowiec & Sukumar, 2020a, 2020b; Papanicolopulos, 2016a, 2016b),

who use iterative algorithms to solve moment equations numerically for new cubature rules.

In contrast, Papanicolopulos (2015) addresses the moment equations for algebraic solutions.

Gaussian-type rules are also crucial in the XFEM model, as discussed by Kästner et al.

(2012).

Higher-order cubature rules which is the focus of this thesis play an especially important

role in higher order problems in numerical techniques. Methods like high-order FEM, spectral

element methods (Pozrikidis, 2005) offer significant advantages in terms of accuracy and

efficiency, especially for solving complex PDEs over complicated geometries. One critical

aspect of these methods is the accurate evaluation of integrals over elements (Banerjee &

Suri, 1992), which is central to both the assembly of system matrices and the computation of

physical quantities such as fluxes and stresses.

For hp-adaptive methods, solution is approximated using polynomials of varying degrees (de-

noted as "p") on elements of varying sizes (denoted as "h"). It enables modelling highly irregu-

lar solutions, inaccessible with standard finite element or finite difference approximations. For

example, Demkowicz (2007) gives an detailed introduction to FE codes for Maxwell equations

that support hp refinements on irregular meshes. Rachowicz and Demkowicz (2000, 2002)

describe an implementation of the hp-adaptive, mixed FE method for the solution of steady-
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state Maxwell’s equations and infinite element for three-dimensional, time harmonic Maxwell’s

equations(Cecot, Rachowicz, & Demkowicz, 2003). Ainsworth and Parker (2021a, 2021b,

2022) develop a mass conserving, high order, mixed finite element method for Stokes flow

using hp approximation. Approximation with high-order polynomial is common in hp-adaptive

methods (Binev, 2018; Düster, Demkowicz, & Rank, 2006; Zander, Bog, Kollmannsberger,

Schillinger, & Rank, 2015). Higher-order cubature rules on triangle and tetrahedral elements

are employed in the p-version of the finite element method, as shown by Solin, Segeth, and

Dolezel (2003), Yosibash (2012), and Schneider et al. (2018).

The accuracy of the method depends not only on the polynomial degree of the solution space

but also on the precision with which integrals over finite elements are computed. Inadequate

integration rules can lead to numerical instability, such as ill-conditioning of system matrices

or loss of convergence, even when the polynomial degree is increased.

Higher-order cubature rules allow for the accurate evaluation of integrals when higher-order

polynomials are used to approximate the solution. For example, if a finite element method uses

a polynomial of degree p, the corresponding integration rule must have sufficient accuracy to

exactly integrate the polynomial basis functions, which often requires rules that can integrate

polynomials of degree 2p or higher. Without such precision, errors in the numerical integration

could dominate the solution errors, making the method inefficient or even incorrect.

Higher-order cubature rules, while involving more integration points per element, often reduce

the overall computational cost due to the exponential convergence of high-order methods. For

a given accuracy, fewer degrees of freedom are required when using high-order elements,

and hence fewer elements may be needed. The more accurate integration provided by higher-

order cubature rules ensures that the method achieves its full potential in terms of accuracy

per degree of freedom.

Moreover, the use of high-order cubature rules can significantly reduce the dispersion and dis-

sipation errors in spectral element methods and high-order discontinuous Galerkin (DG) meth-

ods. This has been demonstrated in several finite element libraries such as MFEM(Anderson

et al., 2021), MoFEM(Kaczmarczyk et al., 2020), getFEM++(Renard & Poulios, 2020), deal.II(Bangerth

et al., 2016), FEniCS(Logg, Mardal, & Wells, 2012), FreeFEM++(Hecht, 2012), where efficient

implementations of high-order cubature rules are key to achieving high performance in hp-

adaptive frameworks.

Due to the limited precision with which the weights and coordinates of integration points can be

stored in computer memory, truncation errors accumulate as the number of integration points

increases, potentially leading to an unacceptable total error in the final result. Furthermore,

FEM involves iterating over all integration points during computation. Therefore, reducing

the number of integration points directly decreases the computational time required. This

advantage becomes even more pronounced in dynamic problems or time-dependent simu-
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Fully symmetric cubature rule
for tetrahedra

Explicit consistency condition

New cubature rule

Numerical integration

Other invariance in
cubature rule

Novel non-monomial basis Rotational symmetric
cubature rule

Multisymmetric polynomials
in moment equations

Cubature rules for
FEM

Criteria to pass patch test

Monomial set to be
integrated

Cubature rules passing
the patch test

Figure 1.5: Structure of research

lations, where repeated evaluations over multiple time steps are necessary. Consequently,

for accurate and efficient finite element simulations, it is crucial to develop cubature rules

that deliver precise results with a minimal number of integration points while maintaining high

quality.

Convergence is crucial in FE simulations, ensuring that an adequate number of elements yield

results that approach the analytical solution of the underlying PDEs. Patch tests, introduced

by B. Irons (1966), are essential for verifying simulation convergence. This concept has been

further developed by studies such as (W. Zhang & Chen, 1997) and (Stummel, 1979), though

Stummel’s findings have faced contestation. O. Zienkiewicz and Taylor (1997) explored error

estimation techniques’ asymptotic effectiveness for various element patterns, while Talischi

and Paulino (2014) addressed integration errors to meet patch test requirements for polygonal

finite elements.

Today, commercial element developers are expected to rigorously perform patch tests before

public release. Experts like MacNeal (1994) and O. C. Zienkiewicz, Taylor, and Zhu (2013)

have thoroughly discussed the patch test’s role in confirming FE simulation convergence and

provided detailed criteria for its successful application. A key criterion is numerical integration,

emphasizing its foundational role in convergence research, as discussed in Chapter 6.
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1.2 Thesis outline

This thesis focuses on novel numerical integration methods and their application to FEM.

Figure 1.5 shows the structure of the research, divided into three parts. Each part begins with

Gaussian-type cubature but targets different aspects. The first part focuses on the consistency

condition for constructing fully symmetric cubature rules in tetrahedrons, published in (Wang

& Papanicolopulos, 2023). The second part explores other symmetries, such as rotational

symmetry and multisymmetric polynomials in moment equations. The final part studies FEM

formulation and patch tests for new elements, developing a framework to create cubature

rules that pass patch tests with fewer integration points.

The remainder of this thesis is structured as follows. Chapter 2 covers foundational concepts

and traditional methods for establishing cubature rules, highlighting both indirect and direct

approaches. Indirect methods, like product and compound/copied rules, build on existing

cubature rules. Direct methods derive new rules by solving nonlinear equations or identify-

ing polynomials that vanish at integration points, a technique currently successful mainly in

quadrature. Constructing higher-order cubature rules through direct methods leverages the

symmetries and invariances of geometries and cubature rules. Symmetric cubature rules

simplify moment equations using symmetric polynomial bases. The consistency condition is

crucial for identifying the optimal rule structure, minimizing the number of integration points

required.

Chapter 3 presents the first derivation of explicit expressions for the consistency conditions

of fully symmetric cubature rules on the tetrahedron. Enhancing the method from previous

research (Papanicolopulos, 2015), symmetric polynomials are used to develop a new fully

symmetric basis for polynomial space. This innovation simplifies the analysis of moment

equations, leading to optimal and quasi-optimal rule structures. Additionally, new cubature

rules are developed, and the limitations of the current method for generating consistency

conditions are discussed. This part of work has been published in (Wang & Papanicolopulos,

2023).

Chapter 4 explores rotational symmetry in cubature formulations and multisymmetric poly-

nomials in moment equations. A new rotationally symmetric monomial basis is derived by

incorporating a Vandermonde polynomial into a fully symmetric polynomial basis, creating

a comprehensive system of moment equations. To achieve zero-dimensionality, additional

equations are derived from the relationship between the Vandermonde polynomial and the

discriminant. Using the Gröbner Bases method, algebraic solutions yield a novel degree

7 PI rule with fewer points than existing optimal fully symmetric PI rules. For higher de-

gree solutions, the PHG code and Levenberg-Marquardt algorithm are used. Additionally,

multisymmetric polynomials in cubature formulation for triangles are explored, simplifying the

moment equations with elementary multisymmetric polynomials.
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Chapter 5 discusses Finite Element formulation and the framework to evaluate an element,

essential in Finite Element Analysis (FEA). It starts with the direct formulation approach for

linear elasticity problems and examines the complexity of parametric element formulation. The

chapter evaluates integrals crucial for FEA accuracy and describes methods for assessing

new FEM elements through patch and standard tests. It also addresses issues from reduced

integration, such as spurious modes and zero energy modes, and their impact on FE simula-

tion accuracy and stability.

Chapter 6 introduces a new framework for deriving cubature rules that meet patch test stand-

ards. This approach begins with an integral to compute internal generalized forces, necessary

for passing the patch test. By mapping to parametric space and using various interpolation

techniques for displacement and geometry, the required monomial sets for exact integration

are specified. This leads to moment equations, whose solutions provide the coordinates and

weights for new cubature rules. Using a method similar to (Lyness & Jespersen, 1975),

many cubature rules for quadrilateral and hexahedral elements, including novel ones, are

independently obtained. However, passing the patch test does not guarantee successful real-

world FE simulations, so the cubature rules are evaluated using selected standard tests,

and the results are rigorously analyzed. This part of work is under review for publication

and preprint is available at SSRN: https://ssrn.com/abstract=4822034 or http://

dx.doi.org/10.2139/ssrn.4822034.

https://ssrn.com/abstract=4822034
http://dx.doi.org/10.2139/ssrn.4822034
http://dx.doi.org/10.2139/ssrn.4822034


Chapter 2

Methodology

2.1 Construction of cubature rules

This thesis focuses on cubature rules for precisely integrating a vector space of algebraic poly-

nomials, with approaches varying based on chosen quality criteria. Fundamental knowledge

is drawn from (Cools, 1997; Stroud, 1971).

The most general form of the approximation we consider in this thesis is

∫
. . .
Rn

∫
W (x1, . . . ,xn) f (x1, . . . ,xn)dx1 . . .dxn ≃

N

∑
i=1

wi f
(

x(i)1 , . . . ,x(i)n

)
(2.1)

where Rn is a real domain within n-dimensional Euclidean space En. W (x1, . . . ,xn) is a weight

function of variables x1, ...,xn. N is the number of integration points and wi is an independent

constant called the coefficients of the formulae or weights of the rules.

A weight function is often used in numerical integration (or cubature) to account for the specific

distribution of points or the geometric and functional properties of the domain over which the

integration is performed. It essentially adjusts the contribution of each point to the integral,

emphasizing some points more than others depending on the problem’s structure. In this

thesis, W (x1, . . . ,xn) ≡ 1 because the domain and function being integrated are treated as

uniform and focus the analysis on other aspects of the approximation, like the distribution of

points or the selection of coefficients wi, rather than on the intricacies of handling a weight

function.

Definition 1. Formulae (2.1) has degree d if it is exact for all polynomials in x1, ...,xn of degree

at most d and if it is not exact for at least one polynomial of degree d + 1.

Cubature rules are established through direct and indirect methods. Initially, a brief overview

of indirect methods is provided with two-dimensional examples, though their principles are

universally applicable. The main focus, direct methods, will be explored in depth in Section

2.1.2.

16
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x

y

(1, 1)

(1,−1)

(−1, 1)

(−1,−1)

are integration points

are element nodes

Figure 2.1: Product rule with Nx = Ny = 2.

Product rules

In FEM numerical integration, the "product rule" refers to applying quadrature rules in each

dimension. Quadrature has been more extensively researched than cubature, so many re-

searchers and commercial software use the product of two quadrature rules to estimate

integrals over squares.

Definition 2. The vector space of all algebraic polynomials in n variables of overall degree at

most d is denoted by Pd
n .

In product rules, different quadrature formulas can be applied to each one-dimensional integ-

ral, which may vary in limits. If the quadrature formulae in x has degree dx with Nx points and

the formulae in y has degree dy with Ny points, the resulting cubature rule will be exact for a

space of polynomial between Pd
n and PD

n with d := min{dx,dy} and D := max{dx,dy}, and has

N = Nx×Ny points.

For instance, let a Nx-point quadrature formulae with degree d be

∫ 1

0
f (x)dx≃

Nx

∑
i=1

wi f (xi) (2.2)

then a Nx×Ny cubature rule is:

∫ 1

0

∫ 1

0
f (x,y)dxdy≃

Nx

∑
i=1

Ny

∑
j=1

wiw j f (x(i),y( j)) (2.3)

which has algebraic degree d in each variable. Figure 2.1 shows an example for Nx = Ny = 2.

This strategy is favored in FEM calculations for 2D and 3D rectangular or box-shaped ele-

ments. It simplifies integral computation in the stiffness matrix and load vector by breaking the

integration into simpler, independent one-dimensional tasks.
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Compound and copy rules

For unconventional integration areas without existing cubature rules, the area can be divided

into smaller, standard regions with known cubature rules. Combining these rules forms a

compound rule. If the cubature rule for a standard region lacks accuracy, the region can

be further subdivided, and a scaled version of the cubature rule applied to each subregion,

repeating the process until the desired accuracy is achieved.

For areas divisible into congruent subregions, the copy rule is relevant. For example, a square

can be divided into m2 identical smaller squares, each with a side length of 1/m of the original,

applying the original cubature rule to each scaled square. Despite seeming costly, especially

in higher dimensions, this method is attractive due to the ease of obtaining an error expansion.

2.1.1 Direct formulation and moment equations

This thesis focuses on the direct approach to constructing cubature rules, outlined in the

following framework. A scaled integral of a function f (x1, ...,xn) over a domain Ω ⊂ Rn with

n-volume V is defined by:

I( f (x1, ...,xn)) =

∫
. . .
Ω

∫
f (x1, . . . ,xn)dx1 . . .dxn

V
. (2.4)

A cubature rule of Gaussian type is defined as:

Q( f (x1, ...,xn)) =
N

∑
j=1

w j f
(

x( j)
1 , ...,x( j)

n

)
(2.5)

where N is the number of integration points. Cubature rule (2.5) approximates (2.4) by a

weighted sum of the values of the function at specific integration points
(

x( j)
1 , ...,x( j)

n

)
:

I( f (x1, ...,xn))≈ Q( f (x1, ...,xn)). (2.6)

To develop a cubature rule precise for all polynomials in a given vector space, it is necessary

and sufficient to ensure accuracy for any basis of that space. Therefore, a cubature rule

must accurately integrate the basis functions fi(x1, ...,xn) of the vector space Pd
n across N

integration points as follows:

I( fi(x1, . . . ,xn)) = Q( fi(x1, . . . ,xn)) i = 1 . . .dim
(
Pd

n

)
. (2.7)

Solving Equations 2.7 derives cubature rules known as total degree rules.
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When the functions fi = fi(x1, ...,xn) are monomials, the left-hand side of Equation (2.7),

known as moments, can be known in closed form or directly evaluated. By expressing the

right-hand side as a weighted sum of the monomial values at specific points xxx( j)=
(

x( j)
1 , ...,x( j)

n

)
and fixing the number of points N, a system of nonlinear moment equations is established as

shown in Equations (2.8). Solving these equations provides the coordinates xxx( j) and weights

w j for the cubature rules.

I( fi(xxx)) =
N

∑
j=1

w j fi

(
xxx( j)
)

i = 1 . . .dim
(
Pd

n

)
(2.8)

In developing cubature rules directly, two distinct methods emerge:

• Identifying polynomials that vanish at the designated points of the formulae.

• Directly solving the system of nonlinear equations.

The former strategy, known as interpolatory cubature, has been successful in one-dimensional

quadrature. However, most published cubature rules use the latter approach, called direct

cubature. For non-interpolatory cubature rules, Steinitz’s Austauschsatz (Davis, 1967) allows

creating an interpolatory formula using a subset of the original points. The groundwork for

constructing direct cubature is detailed in Section 2.1.2, with the polynomial search approach

introduced here.

Definition 3. If the weights of a cubature rule of degree d are uniquely determined by the

points, the cubature rule is called an interpolatory cubature rule.

Theorem 1 (Tchakaloff Theorem). Let I be an integral over an n-dimensional region Ω with

a weight function that is non-negative in Ω and for which the integrals of all monomials exist.

Then a cubature rule of degree d with N < dim
(
Pd

n
)

points exists with all points inside Ω and

all weights positive.

Proo f : This theorem has been proved by many researches like (Bayer & Teichmann, 2006).

□

When the points of a cubature rule are known, Equation (2.8) presents a system of dim
(
Pn

d

)
linear equations for N unknown weights. According to Theorem 1, an interpolatory cubature

rule implies N < dim
(
Pn

d

)
, ensuring the existence of N linearly independent polynomials

U1, . . . ,UN ∈ Pn
d satisfying:

det
(

Ui

(
xxx( j)
)

i, j=1,...,N

)
̸= 0. (2.9)

These polynomials Ui span a maximal vector space of polynomials that do not vanish at any

of the given points. To fully span the vector space Pn
d , an additional set of k = dim

(
Pn

d

)
−N

polynomials p1, . . . , pk is required, forming a complete basis S = {U1, . . . ,UN , p1, . . . , pk} for

Pn
d , where:
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span(S) = Pn
d . (2.10)

All polynomials in Pn
d can be expressed as a linear combination of the basis S, leading to a

linear system:

pi

(
xxx( j)
)
=

N

∑
j=1

ci jU j

(
xxx( j)
)

i = 1, . . . ,k, (2.11)

with constant coefficients ci j. Solving these equations for ci j yields k linearly independent

polynomials

Ri = pi−
N

∑
j=1

ci jU j i = 1, . . . ,k (2.12)

which vanish at the cubature rule points. Substituting the polynomials pi in S with Ri fully

characterizes a cubature rule by Ri, with Ui polynomials defining the weights system.

These characterizing polynomials Ri bridge orthogonal polynomials and ideal theory with

cubature rules, a topic not covered in this thesis. Further details are available in (Stroud,

1971, Chapter3).

2.1.2 Symmetries and invariant theory for cubature rule

Solving the nonlinear Equations (2.8) directly determines the coordinates xxx( j) and weights

w j of cubature rules. However, as the degree d and number of total variables increase, the

complexity escalates due to the growing number ne = dim
(
Pn

d

)
of equations. This complexity

makes discovering new cubature rules challenging, highlighting the need to examine the

integrand and cubature rule properties to streamline the computational process.

This thesis focuses on domains like triangles, tetrahedrons, squares, and cubes, which have

geometric symmetries. Priority is given to cubature rules reflecting these symmetries in the

distribution of integration points and weights. Incorporating symmetries into cubature formu-

lations requires knowledge of group theory and invariant theory.

Let G be a finite group of transformations g : Rn→ Rn and |G| is the order of the group (also

called the cardinality of group) meaning the number of elements in the group.

Definition 4. A set Ω ⊂ Rn is invariant with respect to G if it does not change under any

transformation of the group, that is g(Ω) = Ω ∀g ∈G. A function f (xxx) is invariant with respect

to G if it does not change under any transformation of the group, that is f (g(xxx)) = f (xxx) ∀g∈G

Definition 5. The G-orbit of a point xxx ∈ Rn, denoted by G(xxx), is the set {g(xxx) : g ∈ G}. The

point xxx is called a generator of G(xxx).
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Generator G-orbit

Figure 2.2: A G-orbit generated by a generator xxx.

A G-orbit of a given point is obviously an invariant set w.r.t. G. The number of points in an orbit

depends on the position of generator xxx in the domain.

For example, consider a square C2 with {(x,y)|− 1 ≤ x,y ≤ 1}, G is a group of linear trans-

formation for which C2 is G-invariant. The elements gi with i = 1, . . . ,8 in the group G are

expressed as matrices:

g1 =

[
1 0

0 1

]
,g2 =

[
−1 0

0 −1

]
,g3 =

[
0 1

1 0

]
,g4 =

[
0 −1

−1 0

]
,

g5 =

[
−1 0

0 1

]
,g6 =

[
1 0

0 −1

]
,g7 =

[
0 −1

1 0

]
,g8 =

[
0 1

−1 0

]
.

(2.13)

For a generator

xxx =

[
α

β

]
, (2.14)

its G-orbit is generated by

OG(xxx) = {gi(xxx)|i = 1...8}, (2.15)

which written in the classic round brackets form is

{(α,β ),(−α,−β ),(β ,α),(−β ,−α),(−α,β ),(α,−β ),(−β ,α),(β ,−α)}. (2.16)

Figure 2.2 shows the G-orbit generated by the generator xxx.

Definition 6. A cubature rule is invariant with respect to the group G if the region Ω is G-

invariant (i.e. g(Ω) = Ω ∀g ∈ G), the set of integration points is a union of G-orbits, and all

points in the same orbit have the same weight.
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The value of symmetry groups to the construction of cubature rules was mentioned by Sobolev

in his work (Sobolev, 1962). Pn
d is a G-invariant vector space of algebraic polynomials, so that

g( f )∈ Pn
d for all f ∈ Pn

d and g∈G. The subspace Pn
d(G)⊂ Pn

d , is a vector space of G-invariant

algebraic polynomials

Pn
d(G) = { f ∈ Pn

d |g( f ) = f for all g ∈ G} (2.17)

Theorem 2. Let G be a finite group of linear transformations acting on Pn
d . Then, every G-

invariant linear functional on Pn
d is determined by its restriction to Pn

d(G).

To prove the Theorem 2, we need some derivations. Assume h ∈ G and f ∈ Pn
d then

h

(
∑
g∈G

g( f )

)
= ∑

g∈G
h(g( f )) (2.18)

and because hg ∈ G Equation (2.18) can be written as

∑
g∈G

h(g( f )) = ∑
g∈G

g( f ) (2.19)

which means that

fG = ∑
g∈G

g( f ) ∈ Pn
d(G). (2.20)

Let I be a G-invariant linear functional on Pn
d , we have

I(g( f )) = I( f ) (2.21)

for all f ∈ Pn
d and g ∈ G. Let M = |G|, then we have

I( f ) =
1
M ∑

g∈G
I (g( f )) = I

(
1
M ∑

g∈G
g( f )

)
= I
(

1
M

fG

)
(2.22)

From Equations (2.18), (2.19) and (2.22) we can see for any f ∈ Pn
d there is a fG ∈ Pn

d(G)

such that the G-invariant lineal functional gives the same result for both f and fG. Theorem 2

proved. □

For example, consider the group G = Z2, which consists of two elements: the identity trans-

formation and a reflection across the x-axis. This is a finite group of linear transformations

acting on R2.
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Now, let P2
1 be the space of linear polynomials in two variables, which includes polynomials of

the form

a1x+a2y (2.23)

where a1 and a2 are coefficients. The group G acts on these polynomials by applying the

reflection and identity transformations to the variables x and y.

A G-invariant linear functional is a linear functional that remains unchanged under the group

action of G. For example, the integral of the polynomial over a symmetric region (like a circle)

is invariant under reflections.

According to the theorem, every G-invariant linear functional is determined by its restriction

to P2
1(G), which refers to the subspace of G-invariant polynomials. In this case, a G-invariant

polynomial would be one that does not change under reflection, such as a polynomial of the

form

b1x2 +b2y2, (2.24)

where the linear terms vanish under the reflection action of G.

Thus, the invariant functional can be computed solely by considering the action on the space

of G-invariant polynomials, simplifying the overall problem of evaluating the functional.

Then we can have the so-called Sobolev’s theorem.

Corollary 2.1 (Sobolev’s Theorem). Let the cubature formula Q be G-invariant. The cubature

formula has degree d if it is exact for all G-invariant polynomials of degree at most d and if it

is not exact for at least one polynomial of degree d + 1.

A G-invariant cubature rule can be written as

Q( f (xxx)) =
N∗

∑
i=1

wiMi f
(

xxx(i)
)

(2.25)

where N∗ is the number of orbits and Mi is the number of points in orbit i which satisfy:

N =
N∗

∑
i=1

Mi. (2.26)

If we let w′i = wiMi, Equation (2.25) becomes

Q( f (xxx)) =
N∗

∑
i=1

w′i f
(

xxx(i)
)
. (2.27)
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Invariant theory is an important tool for the study of the vector spaces of invariant polynomials.

It helps to simplify the system of nonlinear equations.

Definition 7. If every invariant polynomial of G with degree up to at most d in n variables can

be expressed in a set of G-invariant polynomials { f1, . . . , fm}, then this set of polynomials is

said to be an integrity basis for the vector space Pn
d(G). Each polynomial fi is called a basic

invariant polynomial of Pn
d(G).

Leveraging the region’s symmetry to structure the cubature formula significantly aids in de-

veloping new rules. The necessary and sufficient conditions in (2.7) are simplified using a

G-invariant cubature formula (2.27), reducing the system of nonlinear equations to:

I( fi(xxx)) =
N∗

∑
j=1

w′j fi

(
xxx( j)
)
∀ fi ∈ BG. (2.28)

Here, fi is one of the basic invariant polynomials and BG represents a basis for the vector

space Pn
d(G), which includes all G-invariant polynomials of degree d in n variables. A larger

symmetry group G reduces the dimension of this space, simplifying the task of finding new

cubature rules by decreasing the number of variables and equations involved.

Since a linear transformation does not change a polynomial’s degree, homogeneous poly-

nomials are typically chosen as basic invariant polynomials. A homogeneous polynomial is

a polynomial in which all the terms have the same total degree. If the number of these

polynomials m exceeds the number of variables n, they are not algebraically independent,

and polynomial equations known as syzygies exist among { f1, . . . , fm}. Recognizing and

accounting for syzygies is crucial in determining the dimension of the invariant polynomial

vector space, aiding the development of new cubature rules.

A G-invariant cubature rule, also called a symmetric cubature rule, can exhibit full symmetry

or rotational symmetry, which are the two most important symmetries for this thesis.

Definition 8. A region and a cubature rule in an n-dimensional cube are termed fully sym-

metric when they are invariant with respect to the following group of transformations:

GCFS = {(x1, . . . ,xn)→ (s1xr1 , . . . ,snxrn)|si ∈ {−1,1}, i = 1, . . . ,n,{r1, . . . ,rn}= {1, . . . ,n}}.
(2.29)

Orbit (2.16) is a fully symmetric orbit (GCFS-orbit), and cubature rules consisting only of fully

symmetric orbits are fully symmetric cubature rules.

Definition 9. A region and a cubature rule for an n-simplex, expressed in barycentric coordin-

ates, are termed fully symmetric when they are invariant with respect to the following group of

transformations:

GFS = {(L1, . . . ,Ln)→ (Lr1 , . . . ,Lrn)|{r1, . . . ,rn}= {1, . . . ,n}}. (2.30)
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Figure 2.3: A GFS-invariant orbit on a triangle.

Figure 2.3 shows an instance of fully symmetric orbit on a triangle. The definition of barycentric

coordinates will be given in Section 3.1.1.

Let Si j with i ̸= j be an operation that switch ith and jth component of the coordinates, for

example, given a point (α,β ,γ), we have

S12((α,β ,γ)) = (β ,α,γ). (2.31)

Definition 10. A region and a cubature rule for an n-simplex, expressed in barycentric co-

ordinates, are termed rotationally symmetric when they are invariant with respect to the fol-

lowing group of transformations:

GRS = {(L1, . . . ,Ln)→{Si j(Skl((L1, . . . ,Ln)))|i, j,k, l ∈ {1, . . . ,n}, i ̸= j,k ̸= l,Si j ̸= Skl}}
(2.32)

For instance, consider a triangle with a generator (L1,L2,L3) has a rotationally symmetric

orbit:

GRS((L1,L2,L3)) = {(L1,L2,L3),(L3,L1,L2),(L2,L3,L1)} (2.33)

Figure 2.4 shows an example of rotationally symmetric orbit (GRS-orbit) for a generator xxx =

(L1,L2,L3) on a triangle. The cubature rules that consist of only rotationally symmetric orbits

are rotationally symmetric cubature rules.

2.2 Consistency conditions

The so-called rule structure of a symmetric cubature rule is defined as

[n0,n1, . . . ,np−1] (2.34)

where p is the number of orbit type, ni is the number of type-i orbit in the symmetric cubature

rule which satisfy
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(L1, L2, L3) (L2, L3, L1) (L3, L1, L2)

Figure 2.4: A GRS-invariant orbit on a triangle.

p−1

∑
i=0

ni = N∗. (2.35)

Equation (2.27) then can be rewritten as

Q( f (xxx)) =
p−1

∑
i=0

ni

∑
j=1

w′i j f
(

xxx(i j)
)
, (2.36)

and the moment equations (2.28) become:

I( fi(xxx)) =
p−1

∑
t=0

nt

∑
k=1

w′tk fi

(
xxx(tk)

)
∀ fi ∈ BG. (2.37)

For any given rule structure, the symmetric cubature rule involves fewer unknown parameters

than a generic cubature rule with a similar number of nodes. This disadvantage is offset by a

significant reduction in the number of moment equations that need to be satisfied, as indicated

by Theorem 2.1.

Developing a cubature rule requires solving a system of nonlinear moment equations, often

posing significant computational challenges due to their size. However, prior knowledge of

likely solution structures, encapsulated in consistency conditions, can guide the construction

of optimal cubature rules.
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Consistency conditions are based on assumptions about the number of integration points

required for a cubature rule of a given degree (though not definitively accurate). These assume

the moment equations and their subsystems are consistent only if not overdetermined. This

is expressed as:

ne ≥ me (2.38)

where ne is the number of unknowns in the system, and me is the number of moment equa-

tions.

Establishing rule structures that meet consistency conditions is crucial for constructing a cub-

ature rule with a specified degree of precision. The rule’s structure influences the number of

nodes and defines the relationships among the unknowns in the reduced moment equations.

These conditions, expressed as linear inequalities, ensure that each subsystem has at least as

many unknowns as equations. This aims to secure a certain precision d for the cubature rule.

However, due to the complexity and nonlinearity of the moment equations, these conditions

are neither necessary nor sufficient to guarantee a solution.

2.3 Solution of a polynomial system

Polynomial systems consist of equations set to zero, aiming to find variable values that satisfy

all equations simultaneously. This area is foundational in algebraic geometry and computa-

tional mathematics, focusing on finding polynomial roots. Polynomials are central in abstract

algebra and widely applicable in science and engineering, making this task a long-standing

focus for mathematicians.

Efforts to solve polynomial systems date back to the Babylonians, with significant advance-

ments during the Renaissance through solutions of cubic and quartic equations. In the 19th

century, Niels Henrik Abel and Évariste Galois showed that general solutions in radicals for

polynomials of degree five or higher are not feasible. This discovery led to Galois theory,

enhancing the understanding of symmetries and group structures in polynomial equations.

Today, the resolution of polynomial systems has advanced significantly due to computational

methods and algorithms, including:

• Homotopy Continuation: Transforms a complex polynomial system into a simpler one

with known solutions, tracking these solutions through a continuous deformation or

homotopy to the original system.

• Gröbner Bases: Converts a polynomial system into a simpler configuration, clarifying

the solution space structure and facilitating solution finding.
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• Iterative methods: Uses successive approximations to refine an initial guess towards

the solution, useful when direct solutions are unfeasible.

These modern computational strategies enable precise searching or approximation of solu-

tions, providing deeper insights into the solution space’s structure and the dynamics of system

solutions.

A generic system of m polynomial equations with n variables v1,v2, ..,vn and real coefficients

is overdetermined if m > n and underdetermined if m < n.

A solution to a polynomial system is a tuple (v1,v2, ...,vn) that satisfies all the system’s

equations. A system is inconsistent if it has no solution and consistent if it has at least one.

A consistent system is zero-dimensional if it has a finite number of solutions and positive-

dimensional if it has infinitely many. For more details, see (Lazard, 2009).

Iterative methods like Newton’s method can approximate individual solutions but not system-

atically find all solutions. We use the Levenberg-Marquardt algorithm, a refined version of

Newton’s method for optimizing nonlinear least squares problems. This method combines

gradient descent and the Gauss-Newton method, offering greater flexibility and broader ap-

plicability than standard Newton’s method.

Defining a complete solution set for positive-dimensional systems is challenging. Algebraic

geometry can simplify the system for numerical resolution, using methods like Gröbner bases

or, for zero-dimensional systems, rational univariate representation. However, the Homotopy

Continuation method has been ineffective in our cases.

The Gröbner bases method is selected for our symbolic computations, which are carried out

using the software Maple. A Gröbner basis for an ideal I in a polynomial ring is a set of

polynomials {g1,g2, . . . ,gt} that generates the same ideal as the original set of polynomials

but has desirable properties that simplify many algebraic operations. It is extensively used

in symbolic computations to manipulate polynomials algebraically, for instance, in simplifying

expressions or in determining properties of algebraic varieties.

Gröbner bases allow for the systematic elimination of variables from polynomial systems,

making it easier to find solutions. For instance, given a system of multivariate polynomial

equations, the Gröbner basis transforms the system into a simpler equivalent form, often

triangular in structure, which can be solved step by step, akin to back substitution in linear

systems. Besides, given a polynomial and an ideal, a Gröbner basis can be used to test

whether the polynomial belongs to the ideal. This is crucial for many applications in algebraic

geometry and coding theory.

Gröbner bases can also reduce polynomials into a canonical form with respect to a given term

ordering. This makes it easier to compare polynomials and perform operations like division,

simplification, and checking for redundancy in a set of generators for an ideal.
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2.4 Quality of cubature rules

Each cubature rule is evaluated based on two criteria, represented by two letters. The first

letter indicates the integration weights: ’P’ for all positive, ’N’ if at least one is negative (but all

real), and ’C’ if any weight is complex. The second letter describes the integration points: ’I’

if all points are inside the domain, ’B’ if at least one point is on the boundary (others inside),

’O’ if at least one point is outside the domain (but all real), and ’C’ if any point has complex

coordinates. Preferred qualities, in descending order, are PI, NI, PB, NB, PO, NO, PC, NC,

and CC.

For problems such as elliptic PDEs, the stiffness matrix is expected to be positive definite,

meaning all of its eigenvalues should be positive. This property ensures that the resulting sys-

tem of equations has a unique and stable solution. Positive definiteness reflects the physical

nature of the problem, for example, diffusion or elasticity, where the energy is expected to

increase as the solution moves away from equilibrium.

When cubature rules with negative weights are used to approximate the integrals, the resulting

stiffness matrix entries can be negative or improperly weighted. This can distort the matrix’s

structure and lead to negative eigenvalues. In physical terms, negative eigenvalues imply that

the system has an unstable mode or that the energy is not bounded from below, which is

unphysical in many cases (e.g., in elasticity or diffusion problems).

In FEM, matrices like the stiffness matrix need to be well-conditioned for stable and accurate

solutions. The conditioning of the matrix is highly dependent on the cubature rule’s ability to

correctly approximate the integrals. Negative weights can introduce instability in the form of:

• Spurious or non-physical oscillations in the solution.

• Poorly conditioned matrices that make iterative solvers (like Conjugate Gradient) ineffi-

cient or fail to converge.

Negative eigenvalues are a symptom of these instabilities because they indicate that the

system is no longer behaving as expected. For example, in structural mechanics, this could

indicate that the structure is unstable, and in fluid dynamics, it could lead to non-physical flow

patterns. Therefore, in practical FEM applications, positive weights are generally preferred

for quadrature and cubature rules to maintain matrix stability and accuracy, ensuring that the

discretized PDE behaves as expected.

What’s more, ensuring that the integration points lie inside the integration domain has several

important implications for accuracy, stability, and physical realism in FEM calculations. Except

the purpose of prevents numerical errors and instabilities like positive weights, inside-domain

integration points ensure that integrals are computed correctly and consistently over the

domain and respects the geometric and physical boundaries of the finite element domain,

ensuring that the numerical method remains consistent with the underlying PDE and its weak

form. Therefore, cubature rules with PI quality is the most favourable to FEM.
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Direct method

Target integrand

Basis to the polynomial space Consistency condition

Moment equations

Cubature rule

Rule structure

Figure 2.5: General idea to construct Gaussian type cubature rule

2.5 Summary

This chapter introduces the fundamental concepts and traditional methods for establishing

cubature rules. Indirect methods, like product and compound/copied rules, build on existing

rules. In contrast, novel cubature rules are mainly derived through direct methods, involving

solving nonlinear equations or identifying polynomials that vanish at integration points, though

this has been more successful in quadrature.

Constructing higher-order cubature rules from nonlinear equations is greatly enhanced by

leveraging symmetries and invariances in the geometries and rules. Symmetric cubature rules

use a symmetric polynomial basis, simplifying and resolving moment equations. Consistency

conditions help identify the optimal rule structure with the fewest integration points. Figure

2.5 illustrates the approach to constructing a Gaussian-type cubature rule by directly solving

moment equations.

Identifying a new cubature rule starts with defining the target integrand. For a total degree

cubature rule with degree d, the integrand includes all polynomials up to degree d within the

integration domain. Instead of generating moment equations for all polynomials, a basis of

the vector space formed by these polynomials is used. Monomials up to degree d generate

the moment equations. Considering the symmetries and invariances of the geometry and

cubature rule, integration points are categorized into orbits. Consistency conditions determine

the quantity of each orbit in the cubature formula. Solving these moment equations yields the

new cubature rules.



Chapter 3

Consistency Conditions for

Fully-symmetric Cubature on the

Tetrahedron

3.1 Theoretical background

3.1.1 Barycentric coordinates

Barycentric coordinates offer a transformative approach for defining point positions within sim-

plices, the fundamental polytopes in any dimension. Introduced by August Ferdinand Möbius

in the 19th century, they are essential in computer graphics, geometric modeling, numerical

analysis, and physics. Also known as area coordinates for triangles and volume coordinates

for tetrahedra, barycentric coordinates provide a system relative to a simplex, making them

invaluable for geometric challenges.

Central to barycentric coordinates is the idea that any point inside a simplex can be represen-

ted as a weighted average of the simplex’s vertices, with the weights summing to one. Figure

3.1 illustrates this with a triangle subdivided into three areas SABO, SACO and SBCO by a point

O.

The barycentric coordinates, denoted as weights Li, are calculated by the following equations:

BA

C

O

Figure 3.1: A triangle divided into three areas.

31
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L1 =
SABO

SABO +SACO +SBCO
(3.1a)

L2 =
SACO

SABO +SACO +SBCO
(3.1b)

L3 =
SBCO

SABO +SACO +SBCO
(3.1c)

(3.1d)

Barycentric coordinates, rooted in affine geometry, link algebraic expressions to geometric

constructions. Unlike Cartesian coordinates, which rely on a fixed reference frame, barycentric

coordinates are tailored to the simplex’s geometry, enhancing intuitive understanding and

manipulation of geometric relationships.

The generalization of Barycentric coordinates exists for shapes other than simplexes, al-

though the process and properties are more complex. Barycentric coordinates are typically

defined for simplexes because they offer a natural and convenient way of expressing a point

inside the shape as a weighted combination of its vertices. However, various extensions of

barycentric coordinates have been developed for polytopes and other more general shapes.

For exmaple, for convex polygons, generalized barycentric coordinates (often referred to

as harmonic, Wachspress, or mean value coordinates) can be used to express any point

inside the polygon as a weighted sum of its vertices. They retain several important properties

of classical barycentric coordinates, such as non-negativity (weights are positive inside the

shape) and partition of unity (the sum of the weights equals 1). However, they are often more

complicated to compute because of the more intricate geometry of the polytope.

In numerical methods like FEM, barycentric coordinates are crucial for formulating and solving

PDEs over varied domains. They precisely define functions and variables on the complex

geometries of mesh elements, enhancing numerical approximations’ precision and efficiency.

Consider a tetrahedron defined by four vertices with Cartesian coordinates (x|κ ,y|κ ,z|κ) where

κ = 1 . . .4. A point with Cartesian coordinates (x,y,z) can be described, in relation to the

tetrahedron, by the barycentric coordinates (L1,L2,L3,L4) such that

x = L1x|1 +L2x|2 +L3x|3 +L4x|4 (3.2a)

y = L1y|1 +L2y|2 +L3y|3 +L4y|4 (3.2b)

z = L1z|1 +L2z|2 +L3z|3 +L4z|4 (3.2c)

1 = L1 +L2 +L3 +L4 (3.2d)
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Barycentric coordinates are interdependent, as shown in Equation (3.2d). While they increase

the number of unknowns, they simplify calculations, especially with symmetry. Barycentric

coordinates can be defined without the normalization in Equation (3.2d), but with this normal-

ization, they are called volume coordinates.

In terms of polynomial representation, a polynomial of degree d in Cartesian coordinates can

be reformulated as a homogeneous polynomial in barycentric coordinates. Specifically, it can

be expressed as a linear combination of monomials Li
1L j

2Lk
3Ld−i− j−k

4 , where L1, L2, L3 and L4

are the barycentric coordinates.

3.1.2 Symmetric polynomials

In algebra, symmetric polynomials are essential, connecting basic operations with fields like

algebraic geometry, number theory, and invariant theory. Defined by their invariance to vari-

able permutations, their complex structure impacts both theoretical exploration and practical

applications.

A symmetric polynomial is a multivariate polynomial that remains unchanged under any per-

mutation of its variables (Vinberg, 2003). For n variables v1,v2, . . . ,vn, the elementary sym-

metric polynomials, denoted ṽk, are defined as the sum of all products of k distinct variables

vi, with an alternating sign based on the parity of k:

ṽk = (−1)k
∑

1≤i1<i2<...<ik≤n
vi1vi2 . . .vik (3.3)

where ṽ0 = 1. This summation encompasses all possible combinations of k distinct indices

from the set {1 . . .n}. For example, consider n = 2 we have two elementary symmetric poly-

nomials:

ṽ1 =−(v1 + v2) (3.4a)

ṽ2 = v1v2 (3.4b)

A symmetric polynomial

V = v2
1v2 + v2

2v1 + v1v2− v1− v2 (3.5)

therefore can be expressed as

V =−ṽ1ṽ2 + ṽ1 + ṽ2. (3.6)
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Every symmetric polynomial in the variables vi can be uniquely represented as a polynomial

in the elementary symmetric polynomials ṽk. The actual values of vi are derivable from ṽk by

solving the polynomial equation for v:

n

∑
j=0

ṽn− jv j = 0. (3.7)

which, for instance, when n = 2 becomes

v2 + ṽ1v+ ṽ2 = 0 (3.8)

This foundational theorem highlights the universality and adaptability of symmetric polynomi-

als, allowing any symmetric polynomial to be reduced to a finite set of elementary symmetric

polynomials for analysis.

Symmetric polynomials are crucial in more than just mathematical theory. In equation theory,

they help eliminate variables and solve polynomial equations using symmetric functions of

the roots. In algebraic geometry, they are essential for classifying polynomial functions and

studying algebraic varieties, particularly using resultants and discriminants.

Furthermore, in representation theory, symmetric polynomials are key to invariant theory for

symmetric groups and the theory of Schur functions, which are important in combinatorics

and the representation theory of general linear groups. In number theory, they help explore

Galois groups and fields formed by polynomial roots, providing insights into the solvability of

equations and the structure of algebraic numbers.

3.2 Bases for cubature on the tetrahedron

Cubature bases rely on polynomial exactness, requiring accurate integration of polynomials

up to a specified degree, as stated in Theorem 2.1. Choosing the right polynomial basis is

crucial for efficiency and accuracy, simplifying the rule’s construction and enhancing numerical

stability.

In cubature formulation, a polynomial basis spans all polynomials up to a certain degree within

the integration domain. Common bases include:

• Monomial bases: Consisting of monomials xiy j, they are straightforward but can lead

to numerical instability due to ill-conditioning.

• Orthogonal polynomials: These are orthogonal with respect to a weight function

on the integration domain, resulting in well-conditioned systems and better numerical

properties.
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• Other bases: Depending on the integration domain’s geometry and specific problem

requirements.

This thesis discusses only monomial and non-monomial bases, as orthogonal polynomial

bases are more commonly used in quadrature than cubature.

3.2.1 Asymmetric basis

Consider the vector space of polynomials in three dimensions with degree up to d and no

symmetry, a basis of P3
d is the set of monomials xiy jzk with total degree i+ j+ k ≤ d, which

has dimension

masym =
(d +3)(d +2)(d +1)

6
. (3.9)

In this case there are four unknowns for every integration point (three coordinates and one

weight) so the consistency condition is

4nK ≥ masym. (3.10)

This consistency condition applies to any domain in R3 and is relevant for asymmetric cub-

ature rules, which are not necessarily invariant. Typically, for degree d = 9, the number of

points nK should be at least 55. However, exceptions exist, such as cubature rules using only

52 points on a cube (Mantel & Rabinowitz, 1977) and 53 points on a tetrahedron (Beckers &

Haegemans, 1990).

For tetrahedra, a practical basis is the set of monomials Li
1L j

2Lk
3Ld−i− j−k

4 of total degree d.

Barycentric coordinates facilitate describing integration points independent of tetrahedron

shape and streamline invariant rule formulation, as tetrahedral symmetry can be described

through vertex or barycentric coordinate permutations.

3.2.2 Fully symmetric basis

Fully symmetric bases simplify calculations, enhance numerical stability, and improve al-

gorithm efficiency for multidimensional problems. By leveraging problem domain symmet-

ries, they minimize unique evaluations needed for integration. Symmetric regions contribute

equally, allowing single computations to be replicated across all counterparts, significantly

reducing computational load.

Fully symmetric cubature rules often achieve higher accuracy with fewer points compared

to non-symmetric ones, especially for symmetric integrands. This efficiency arises because

symmetric bases effectively capture the behavior of symmetric functions, enabling precise

integration with fewer points.
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Using fully symmetric bases simplifies the formulation and resolution of problems, especially in

symmetric domains and functions. This congruence leads to more straightforward expressions

for the basis functions and their interrelations. In high-dimensional integration and approxima-

tion, the curse of dimensionality is a significant challenge. Fully symmetric bases mitigate this

by using problem domain symmetries to reduce the exponential increase in computational

resources.

We consider here fully symmetric rules on tetrahedra, which are invariant with respect to the

transformations of the symmetric group GFS in Definition 9.

For a specified degree d, the GFS-invariant polynomials are the symmetric polynomials formed

from the four barycentric coordinates. These polynomials can be represented by a basis

consisting of the products L̃t
1L̃i

2L̃ j
3L̃k

4, where t + 2i+ 3 j+ 4k = d. The elementary symmetric

polynomials in the barycentric coordinates are defined by equation (3.3) as

L̃1 =−(L1 +L2 +L3 +L4) =−1 (3.11a)

L̃2 = L1L2 +L1L3 +L1L4 +L2L3 +L2L4 +L3L4 (3.11b)

L̃3 =−(L1L2L3 +L1L3L4 +L1L2L4 +L2L3L4) (3.11c)

L̃4 = L1L2L3L4. (3.11d)

According to equation (3.11a), the GFS-invariant basis comprises products L̃i
2L̃ j

3L̃k
4 where 2i+

3 j+4k ≤ d. The number of elements in this basis, and consequently the number of moment

equations me, equals the count of non-negative integer solutions to 2i+ 3 j+ 4k ≤ d, which

can be calculated as per (OEIS A001400, 2022b):

me =

⌊
(d +4)3 +3(d +4)2−9(d +4)

(
(d +4) mod 2

)
144

⌉
(3.12)

where ⌊x⌉ denotes the nearest integer to x. Comparison between equations (3.12) and (3.9)

indicates that the fully symmetric case involves significantly fewer moment equations than the

asymmetric case, with the ratio reducing to 1/24 as d→ ∞.

The symmetric group GFS generates five orbit types, classified by the number of repeated

barycentric coordinates in the generator. These types, labeled 0 to 4, are detailed in Table 3.1,

which also shows the number of points and variables introduced in the moment equations for

each orbit type.

The total number of points nK for a rule with orbit structure [n0,n1,n2,n3,n4] is:

nK = n0 +4n1 +6n2 +12n3 +24n4 (3.13)
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Table 3.1: Types of orbits for fully symmetry in tetrahedron

Orbit type Generator Condition points variables

0 (1/4, 1/4, 1/4, 1/4) — 1 1
1 (α , α , α , 1−3α) α ̸= 1/4 4 2
2 (α , α , 1/2−α , 1/2−α) α ̸= 1/4 6 2
3 (α , α , β , 1−2α−β ) α ̸= β , 3α +β ̸= 1, α +β ̸= 1/2 12 3
4 (α , β , γ , 1−α−β − γ) all coordinates distinct 24 4

while the number of unknowns is

ne = n0 +2n1 +2n2 +3n3 +4n4 (3.14)

Equations (3.12) and (3.14) help derive a consistency condition for fully symmetric rules.

However, a more precise set of conditions can be achieved using an alternative basis that

maximizes the number of zero elements across as many orbit types as possible.

3.2.3 A simpler fully symmetric basis

Substituting L for the generic variable v in equation (3.7), and using equation (3.11a), gives

L4−L3 + L̃2L2 + L̃3L+ L̃4 = 0. (3.15)

Studying the multiplicity of the roots of (3.15), considered as a quartic function in L, gives

the relation between L̃2, L̃3 and L̃4 for each orbit type. This study is greatly simplified by

considering the depressed quartic, therefore we use the transformation

lκ = Lκ −1/4 with κ = 1 . . .4 (3.16)

so that the elementary symmetric polynomials are

l̃1 =−(l1 + l2 + l3 + l4) = 0 (3.17a)

l̃2 = l1l2 + l1l3 + l1l4 + l2l3 + l2l4 + l3l4 (3.17b)

l̃3 =−(l1l2l3 + l1l3l4 + l1l2l4 + l2l3l4) (3.17c)

l̃4 = l1l2l3l4 (3.17d)

and equation (3.7) becomes

l4 + l̃2l2 + l̃3l + l̃4 = 0. (3.18)
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The discriminant of (3.18) with respect to l is

∆ =−27l̃4
3 −4l̃2(l̃2

2 −36l̃4)l̃2
3 +16l̃4(l̃2

2 −4l̃4)2. (3.19)

We therefore have the following cases (Rees, 1922):

• Type-0 orbit (four equal roots, all zero) for l̃2 = l̃3 = l̃4 = 0

• Type-1 orbit (three equal roots) for 8l̃3
2 +27l̃2

3 = 0 and l̃2
2 +12l̃4 = 0, with l̃2 ̸= 0

• Type-2 orbit (two pairs of equal roots) for l̃3 = 0 and l̃2
2 −4l̃4 = 0, with l̃2 ̸= 0

• Type-3 orbit (only one pair of equal roots) for ∆ = 0 but none of the previous cases

holding

• Type-4 orbit (four distinct roots) for ∆ ̸= 0.

Note that the conditions given for orbits of types 0, 1 and 2 ensure that ∆ = 0. Further

simplification is achieved by introducing the quantities

p =−2l̃2
3
,q =−l̃3,r =

l̃2
2 +12l̃4

9
(3.20)

resulting in the following simpler conditions

• Type-0 orbit for p = q = r = 0

• Type-1 orbit for p3−q2 = 0 and r = 0, with p ̸= 0

• Type-2 orbit for q = 0 and p2− r = 0, with p ̸= 0

• Type-3 orbit for ∆ = 0 but none of the previous cases holding

• Type-4 orbit for ∆ ̸= 0

where now

∆ = 27
(
−q4 +2p(p2−3r)q2− (p2−4r)(p2− r)2) (3.21)

We therefore consider the fully symmetric monomial basis piq jrk with weighted degree 2i+

3 j + 4k ≤ d. This basis is simpler than the previous ones, as it is easier to express the

conditions holding on orbits of types 0 to 3.

3.2.4 Fully symmetric basis for consistency conditions

Adopting a basis with many zero elements for various orbit types yields more precise con-

sistency conditions. This can be achieved by starting with the monomial basis piq jrk and

then splitting and transforming these elements through linear combinations with constant

coefficients. This process is summarized in Figure 3.2 and detailed in the text.

Orbits of types 0 to 3 are identified using the condition ∆ = 0. As shown in Equation (3.21),

∆ is a polynomial of degree 3 in r. Consequently, we categorize the monomial piq jrk by the

degree of r into the following groups:
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piqjrk piqjrkr3 piqjrk∆

piqjr2 piqjr(p2 − r)

piqj piqjq2 piqj(p3 − pr − q2)

piq

pi pip2 pi(p2 − r)

p

1

piqjr piqjqr

pir

Figure 3.2: Diagram showing the derivation of the fully symmetric basis for consistency
conditions

[piq jrk]→ [piq jrkr3, piq jr2, piq j, piq jr] (3.22)

Here, i, j,k can assume different values for each term. For simplicity, we assume i, j,k ≥ 0

and that all monomials and polynomials are of a total weighted degree up to d. The swap of

the last two terms in the sequence will be clarified subsequently.

The terms piq jrkr3 can be transformed into piq jrk∆ by taking linear combinations with other

terms, rendering them zero for orbit types 0 to 3. The remaining terms, which have a degree

in r less than 3, cannot be linearly combined to include a ∆ factor, and thus do not zero out

for type-3 orbits.

To advance our analysis, we employ algebraic geometry methods (Cox, Little, & O’Shea,

2013) to establish that any polynomial in p,q,r that zeros out for orbit types 0 to 2 can be

expressed as a sum of polynomials with factors p3− pr− q2, r(p2− r), or qr. These three

polynomials are crucial as they generate the radical of the product of the ideals formed by the

polynomials that must zero out for each orbit type from 0 to 2.

The terms piq jr2 in Equation (3.22), when linearly combined with the terms piq jr, result in

the expression piq jr(p2−r). From the original split in Equation (3.22), this process separates

the remaining terms piq j and piq jr, which are further divided as follows:

[piq j, piq jr]→ [piq jq2, piq, pi, piq jqr, pir] (3.23)
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Table 3.2: Fully symmetric basis for consistency conditions. The column “orbit types” lists the
orbit types for which the elements are not necessarily zero.

elements orbit types weighted degree number of elements

piq jrk∆ 4 2i+3 j+4k+12 mp3(d−12) m4
piq jr(p2− r) 3,4 2i+3 j+8 mp2(d−8) }

m3piq jqr 3,4 2i+3 j+7 mp2(d−7)
piq j(p3− pr−q2) 3,4 2i+3 j+6 mp2(d−6)
pi(p2− r) 1,3,4 2i+4 mp1(d−4) }

m1piq 1,3,4 2i+3 mp1(d−3)
pir 2,3,4 2i+4 mp1(d−4) m2
p 1,2,3,4 2 mp0(d−2) m12
1 0,1,2,3,4 0 1 m0

In Equation (3.23), combining the first term on the right-hand side with the second, fourth, and

fifth terms results in piq j(p3− pr−q2), effectively utilizing these components. Meanwhile, the

fourth term piq j(qr) already matches the required form, collectively covering all terms that

zero out for orbit types 0 to 2.

The third term on the right-hand side of Equation (3.23), represented as [pi], is further sub-

divided into the following components:

[pi]→ [pi p2, p,1] (3.24)

In this breakdown, combining the terms pi p2 with the terms pir produces pi(p2− r), which

are zero for orbit types 0 and 2.

Compiling all the terms derived from the splits and combinations provides a new fully sym-

metric basis, detailed in Table 3.2, which moves beyond solely monomial terms. The method

of developing this new basis from the monomial structure in p,q,r guarantees that it remains

a basis for the same vector space of polynomials. Moreover, this basis optimizes the number

of elements that are zero for various orbit types. This is because no linear combination of

elements that are zero for fewer orbit types can yield a polynomial that is zero for more orbit

types, thereby maximizing efficiency in addressing symmetries within the polynomial space.
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3.3 Consistency conditions and (quasi-)optimal rules

In the previous section, we developed a new fully symmetric basis for the vector space of

GFS-invariant polynomials, optimized to maximize zero elements across many orbit types.

This configuration aids in deriving consistency conditions and establishing estimated lower

bounds on the number of integration points required for cubature rules in tetrahedra.

3.3.1 Number of basis elements equations

The last column in Table 3.2 lists the number of basis elements for each element type,

representing the count of non-negative integer solutions to the indices in the weighted degree

equation, where the weighted degree does not exceed the degree d. This enumeration reflects

the scope of possible configurations within the constraints of the given polynomial degree.

Specifically, mp3(d) is given by eq. (3.12), extended to also cover negative values of d

mp3(d) =

⌊
(d +4)3 +3(d +4)2−9(d +4)

(
(d +4) mod 2

)
144

⌉
Jd ≥ 0K (3.25a)

where the Iverson brackets J. . .K are defined as Knuth (1992)

JSK =

0 if S is false

1 if S is true
(3.25b)

Similarly, mp2(d) is the number of non-negative integer solutions of 2i+3 j≤ d, given by OEIS

A001400 (2022a)

mp2(d) =
⌊
(d +3)2

12

⌉
Jd ≥ 0K (3.25c)

and mp1(d) is the number of non-negative integer solutions of 2i≤ d, that is

mp1(d) =
⌊

d +2
2

⌋
Jd ≥ 0K (3.25d)

where ⌊x⌋ is the largest integer that is smaller or equal to x. Finally, mp0(d) is simply given by

mp0(d) = Jd ≥ 0K (3.25e)

Table 3.2 organizes the basis elements into six groups based on the orbit types for which they

may be non-zero. These groups are: {4},{3,4},{2,3,4},{1,3,4},{1,2,3,4} and {0,1,2,3,4}
containing m4,m3,m2,m1,m12 and m0 elements, respectively. Using the information in Table 3.2

and the equations referenced as (3.25), the count of basis elements in each category is

accurately determined by equations:
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Table 3.3: Number of basis elements for fully symmetry in each orbit group

Degree m0 m12 m1 m2 m3 m4 me

0 1 0 0 0 0 0 1
1 1 0 0 0 0 0 1
2 1 1 0 0 0 0 2
3 1 1 1 0 0 0 3
4 1 1 2 1 0 0 5
5 1 1 3 1 0 0 6
6 1 1 4 2 1 0 9
7 1 1 5 2 2 0 11
8 1 1 6 3 4 0 15
9 1 1 7 3 6 0 18
10 1 1 8 4 9 0 23
11 1 1 9 4 12 0 27
12 1 1 10 5 16 1 34
13 1 1 11 5 20 1 39
14 1 1 12 6 25 2 47
15 1 1 13 6 30 3 54
16 1 1 14 7 36 5 64
17 1 1 15 7 42 6 72
18 1 1 16 8 49 9 84
19 1 1 17 8 56 11 94
20 1 1 18 9 64 15 108

m4 = mp3(d−12) (3.26a)

m3 =

⌊(d
2
−2
)2
⌋
Jd ≥ 6K (3.26b)

m2 =

⌊
d
2
−1
⌋
Jd ≥ 4K (3.26c)

m1 = (d−2)Jd ≥ 2K (3.26d)

m12 = Jd ≥ 2K (3.26e)

m0 = 1 (3.26f)

Table 3.3 lists the number of basis elements in each element group, and the total number of

elements, for degrees d ≤ 20.



3.3. Consistency conditions and (quasi-)optimal rules 43

3.3.2 Consistency conditions

Every basis element must fulfill Equation (2.28), making each element group a subsystem

within the moment equations. For consistency, the number of unknowns for all orbits in any

group must be at least equal to the number of equations exclusively involving those orbits. By

applying this rule to each group, we derive the consistency conditions

n0 +2n1 +2n2 +3n3 +4n4 ≥ m4 +m3 +m2 +m1 +m12 +m0 (3.27a)

2n1 +2n2 +3n3 +4n4 ≥ m4 +m3 +m2 +m1 +m12 (3.27b)

2n1 +3n3 +4n4 ≥ m4 +m3 +m1 (3.27c)

2n2 +3n3 +4n4 ≥ m4 +m3 +m2 (3.27d)

3n3 +4n4 ≥ m4 +m3 (3.27e)

4n4 ≥ m4 (3.27f)

An additional condition is that there can be at most one orbit of type 0, i.e. n0 ∈ {0,1}. This

means, since m0 = 1, that equation (3.27b) can be omitted as it is implied by equation (3.27a).

The consistency conditions can then be written as

n0 ∈ {0,1} (3.28a)

n0 +2n1 +2n2 +3n3 +4n4 ≥ m4 +m3 +m2 +m1 +m12 +m0 (3.28b)

2n1 +3n3 +4n4 ≥ m4 +m3 +m1 (3.28c)

2n2 +3n3 +4n4 ≥ m4 +m3 +m2 (3.28d)

3n3 +4n4 ≥ m4 +m3 (3.28e)

4n4 ≥ m4 (3.28f)

3.3.3 Consistent rule structures

For a given degree d, a rule structure [n0,n1,n2,n3,n4] is consistent if it satisfies the consist-

ency conditions (3.28). Consistent rule structures with a given maximum number of points can

be easily calculated using algorithm 1.

A rule structure is considered optimal for a given degree d if no other consistent structures

for that degree exist with fewer points. Typically, identifying optimal consistent rule structures

is framed as an integer linear programming problem (Mantel & Rabinowitz, 1977). However,

we suggest a more straightforward method to tackle this optimization challenge. Considering

the consistency conditions (3.28) in reverse order, we estimate an optimal consistent rule

structure as
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Algorithm 1 Pseudo code for consistent rule structures

d← cubature rule degree
nm

K ← desired maximum number of integration points

for n4←
⌈m4

4

⌉
to
⌊

nm
K

24

⌋
do

for n3←max
{⌈

m4+m3−4n4
3

⌉
,0
}

to
⌊

nm
K−24n4

12

⌋
do

for n2←max
{⌈

m4+m3+m2−4n4−3n3
2

⌉
,0
}

to⌊
nm

K−24n4−12n3
6

⌋
do

for n1←max
{⌈

m4+m3+m1−4n4−3n3
2

⌉
,0
}

to⌊
nm

K−24n4−12n3−6n2
4

⌋
do

for n0←max{me−4n4−3n3−2n2−2n1,0} to
min{nm

K−24n4−12n3−6n2−4n1,1} do
save [n0,n1,n2,n3,n4]

end for
end for

end for
end for

end for

n∗4 =
⌈m4

4

⌉
(3.29a)

n∗3 =
⌈

m4 +m3−4n∗4
3

⌉
(3.29b)

n∗2 =
⌈

m4 +m3 +m2−3n∗3−4n∗4
2

⌉
(3.29c)

n∗1 =
⌊

me−2n∗2−3n∗3−4n∗4
2

⌋
(3.29d)

n∗0 =me−2n∗1−2n∗2−3n∗3−4n∗4 (3.29e)

Algorithm 1, set with a maximum number of points equal to those of the rule structure outlined

in Equation (3.29), demonstrates that this rule is not only optimal but also unique, at least for

degrees up to an impractically high d = 200.

Table 3.4 shows the optimal consistent rule structures for degree d ≤ 20, and the correspond-

ing number of points. This number of points represents an estimate of the lower bound for the

number of integration points.

It is crucial to note that consistency conditions merely offer an estimate of which cubature rule

structures might result in actual cubature rules. Meeting these conditions does not ensure that

the system of moment equations is consistent or that a cubature rule with a given structure

definitively exists.
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Table 3.4: Optimal consistent rule structures for tetrahedra

Degree Number of points n0 n1 n2 n3 n4

0 1 1 0 0 0 0
1 1 1 0 0 0 0
2 4 0 1 0 0 0
3 5 1 1 0 0 0
4 11 1 1 1 0 0
5 14 0 2 1 0 0
6 24 0 3 0 1 0
7 30 0 3 1 1 0
8 43 1 3 1 2 0
9 52 0 4 2 2 0
10 68 0 5 2 3 0
11 81 1 5 2 4 0
12 117 1 5 2 5 1
13 133 1 6 2 6 1
14 163 1 6 3 8 1
15 190 0 7 3 10 1
16 233 1 7 4 11 2
17 266 0 8 3 14 2
18 318 0 9 3 16 3
19 355 1 9 3 19 3
20 415 1 9 5 21 4
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Table 3.5: The definition of p, q and r in barycentric coordinates for type-1, -2 and -3 orbit

Type of orbits p q r

type-1 4l2
1 −8l3

1 0
type-2 4l2

4/3 0 16l4
4/9

type-3 4l2
1 +2(l1 + l4)2/3 −2l1(l1 + l4)2 (4l2

1 − (l1 + l4)2)2/9

In practical applications, only cubature rules of quality PI, or possibly NI, are typically deemed

acceptable. Thus, even if rules with an optimal consistent structure exist, their quality may not

meet these standards. In such cases, it is worthwhile to explore quasi-optimal consistent rule

structures, which adhere to the consistency conditions but may have slightly more integration

points than the optimal ones. For a given degree, the search generally focuses on rules with

fewer integration points than any known PI rule. These quasi-optimal structures can be easily

computed using Algorithm 1.

3.4 New results for cubature rules

Consistency conditions effectively narrow the search space for higher-quality cubature rules or

those with fewer points than currently known. Additionally, selecting an appropriate polynomial

basis simplifies the computations required to solve the moment equations and formulate

specific rules.

3.4.1 Moment equations simplification

The fully symmetric basis in Table 3.2 establishes explicit consistency conditions. However,

further simplification is needed to effectively address the derived moment equations.

For orbits of type-1, -2, and -3, the definitions in (3.20) are applied, and the elementary

symmetric polynomials are expressed in terms of barycentric coordinates using the formulas

in (3.17). The definition of these orbits in Table 3.1 indicates that barycentric coordinates may

repeat for orbits 1, 2, and 3, which allows for additional simplification of the expressions. The

specific definitions of p, q and r in barycentric coordinates for these types of orbits are detailed

in Table 3.5.

For example, using the definition (2.37), the moment equations derived from the fully symmet-

ric basis in Table 3.2 for a degree 7 cubature rule with the structure [1,1,1,2,0] (the optimal

PI rule identified in (Jaśkowiec & Sukumar, 2020b)) are as follows:

I(1) =
1

∑
k=1

w0,k +4
1

∑
k=1

w1,k +6
1

∑
k=1

w2,k +12
2

∑
k=1

w3,k (3.30a)



3.4. New results for cubature rules 47

I(p) = 4
1

∑
k=1

w1,k p1,k +6
1

∑
k=1

w2,k p2,k +12
2

∑
k=1

w3,k p3,k (3.30b)

I(q) = 4
1

∑
k=1

w1,kq1,k +12
2

∑
k=1

w3,kq3,k (3.30c)

I(r) = 6
1

∑
k=1

w2,kr2,k +12
2

∑
k=1

w3,kr3,k (3.30d)

I
(

p2− r
)
= 4

1

∑
k=1

w1,k
(

p2
1,k− r1,k

)
+12

2

∑
k=1

w3,k
(

p2
3,k− r3,k

)
(3.30e)

I(pq) = 4
1

∑
k=1

w1,k p1,kq1,k +12
2

∑
k=1

w3,k p3,kq3,k (3.30f)

I(pr) = 6
1

∑
k=1

w2,k p2,kr2,k +12
2

∑
k=1

w3,k p3,kr3,k (3.30g)

I
(

p2q
)
= 4

1

∑
k=1

w1,k p2
1,kq1,k +12

2

∑
k=1

w3,k p2
3,kq3,k (3.30h)

I
(

p
(

p2− r
))

= 4
1

∑
k=1

w1,k p1,k
(

p2
1,k− r1,k

)
+12

2

∑
k=1

w3,k p3,k(p2
3,k− r3,k) (3.30i)

I
(

p3− pr−q2)= 12
2

∑
k=1

w3,k
(

p3
3,k− p3,kr3,k−q2

3,k
)

(3.30j)

I(qr) = 12
2

∑
k=1

w3,kq3,kr3,k (3.30k)

where wi,k, pi,k, qi,k and ri,k are the values of w, p, q and r for kth type-i orbit.

Let li, j,k be the ith barycentric coordinate for the kth type- j orbit. Equation (3.30) forms a

positive-dimensional system due to the interdependence of p, q, and r. This redundancy can

be eliminated by substituting the definitions from Table 3.5. To further simplify and solve the

moment equations, new variables are introduced as follows:

ak =−2l1,1,k (3.31a)

bk =
4l2

4,2,k

3
(3.31b)

ck =−2l1,3,k (3.31c)

dk = (l1,3,k + l4,3,k)2 (3.31d)

The variables for type-1, -2, and -3 orbits are significantly simplified, as shown in Table 3.6,

reducing the number of variables and making the moment equations easier to solve.

The moment equations (3.30) then can be written as
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Table 3.6: Substitution of pi,k, qi,k and ri,k with ak, bk, ck and dk for type-1, -2 and -3 orbit

Type-i orbits pi,k qi,k ri,k

type-1 a2
k a3

k 0
type-2 bk 0 b2

k
type-3 (c2

k +2dk)/3 ckdk (c2
k−dk)

2/9

I (1) =
1

∑
k=1

w0,k +4
1

∑
k=1

w1,k +6
1

∑
k=1

w2,k +12
2

∑
k=1

w3,k (3.32a)

I (p) = 4
1

∑
k=1

w1,ka2
k +6

1

∑
k=1

w2,kbk +12
2

∑
k=1

w3,k

(
c2

k +2dk
)

3
(3.32b)

I (q) = 4
1

∑
k=1

w1,ka3
k +12

2

∑
k=1

w3,kckdk (3.32c)

I (r) = 6
1

∑
k=1

w2,kb2
k +12

2

∑
k=1

w3,k

(
c2

k−dk
)2

9
(3.32d)

I
(

p2− r
)
= 4

1

∑
k=1

w1,ka4
k +12

2

∑
k=1

w3,k

((
c2

k +2dk
)

3

2

−
(
c2

k−dk
)2

9

)
(3.32e)

I (pq) = 4
1

∑
k=1

w1,ka5
k +12

2

∑
k=1

w3,k

(
c2

k +2dk
)

3
ckdk (3.32f)

I (pr) = 6
1

∑
k=1

w2,kb3
k +12

2

∑
k=1

w3,k

(
c2

k +2dk
)

3

(
c2

k−dk
)2

9
(3.32g)

I
(

p2q
)
= 4

1

∑
k=1

w1,ka7
k +12

2

∑
k=1

w3,k

(
c2

k +2dk
)

3

2

ckdk (3.32h)

I
(

p
(

p2− r
))

= 4
1

∑
k=1

w1,ka6
k +12

2

∑
k=1

w3,k

(
c2

k +2dk
)

3

((
c2

k +2dk
)

3

2

−
(
c2

k−dk
)2

9

)
(3.32i)

I
(

p3− pr−q2)= 12
2

∑
k=1

w3,k

((
c2

k +2dk
)

3

3

−
(
c2

k +2dk
)

3

(
c2

k−dk
)2

9
− ckd2

k

)
(3.32j)

I (qr) = 12
2

∑
k=1

w3,kckdk

(
c2

k−dk
)2

9
(3.32k)

Because integral is a linear functional, the left-hand side of equations (3.32) are the linear

combination of integrals

Ii, j,k =
1
V

∫
Ω

piq jrkdΩ (3.33)
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whose integrand piq jrk can be expanded into a polynomial in the barycentric coordinates L1,

L2, L3 and L4. Using the formula

Îi, j,k,l =
1
V

∫
Ω

Li
1L j

2Lk
3Ll

4dΩ =
6i! j!k!l!

(i+ j+ k+ l +3)!
, (3.34)

we can integrate separately each term of the polynomial and add the results which leads to

I0,0,0 = 1, I1,0,0 =
1

20
, I0,1,0 =

1
120

, I2,0,0 =
19

5040
, I0,0,1 =

1
1260

, I1,1,0 =
1

1120
, ....

(3.35)

and the left-hand side of equations (3.32) are

I (1) = 1, I (p) =
1

20
, I (q) =

1
120

, I (r) =
1

1260
, I

(
p2− r

)
=

1
336

, I (pq) =
1

1120
,

I (pr) =
1

19440
, I

(
p2q
)
=

67
604800

, I
(

p
(

p2− r
))

=
59

181440
, I

(
p3− pr−q2)= 1

22680
,

I (qr) =
1

151200
(3.36)

3.4.2 Solution strategy

The moment equations (3.32) can be further simplified by applying the technique outlined

in (Rabinowitz & Richter, 1969). According to Table 3.2, the variables w1,k and ak for type-1

orbits are included solely in the equations Q
(

pi
(

p2− r
))

, Q
(

piq
)
, Q(p) and Q(1). Similarly,

the variables w2,k and bk for type-2 orbits appear only in the equations Q
(

pir
)
, Q(p) and

Q(1). This focused inclusion simplifies the computational process by reducing the interaction

between variables across different types of equations.

When dealing with cubature rules that include a type-0 orbit (n0 = 1), the equation Q(1) is

primarily utilized to compute the weight w0,1 assuming other weights are known. The weight

w1,k can be eliminated from Q
(

pi
(

p2− r
))

, Q
(

piq
)
, Q(p) and Q(1) by the method described

in (Papanicolopulos, 2015) which returns a system of equations:

n1

∑
k=0

Ji−kãk = 0 i = n1 +2..d (3.37)

where Ji is a new variable which is defined as

Ji = 4
n1

∑
k=1

w1,kai
k i = 2..d (3.38)

and ãm are elementary symmetric polynomials
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ã0 =1

ã1 =a1 +a2 + ...+an1

ã2 =a1a2 +a1a3 + ...+an1−1an1

...

ãn1 =a1a2a3...an1

(3.39)

Similarly, the weight w2,k can be eliminated from Q
(

pir
)
, Q(p) and Q(1). The system of

equations returned is

n2

∑
k=0

Ki−kb̃k = 0 i = n2 +1..⌊d
2
⌋ (3.40)

where

Ki = 6
n2

∑
k=1

w2,kbi
k i = 1..⌊d

2
⌋ (3.41)

and b̃k are symmetric polynomials

b̃0 =1

b̃1 =b1 +b2 + ...+bn2

b̃2 =b1b2 +b1b3 + ...+bn2−1bn2

...

b̃n2 =b1b2b3...bn2

(3.42)

Moment equations (3.32) then can be further simplified as

1 =
1

∑
k=1

w0,k +4
1

∑
k=1

w1,k +6
1

∑
k=1

w2,k +12
2

∑
k=1

w3,k (3.43a)

1
20

= J2 +K1 +12
2

∑
k=1

w3,k

(
c2

k +2dk
)

3
(3.43b)

1
120

= J3 +12
2

∑
k=1

w3,kckdk (3.43c)

1
1260

= K2 +12
2

∑
k=1

w3,k

(
c2

k−dk
)2

9
(3.43d)
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1
336

= J4 +12
2

∑
k=1

w3,k

((
c2

k +2dk
)

3

2

−
(
c2

k−dk
)2

9

)
(3.43e)

1
1120

= J5 +12
2

∑
k=1

w3,k

(
c2

k +2dk
)

3
ckdk (3.43f)

1
19440

= K3 +12
2

∑
k=1

w3,k

(
c2

k +2dk
)

3

(
c2

k−dk
)2

9
(3.43g)

67
604800

= J7 +12
2

∑
k=1

w3,k

(
c2

k +2dk
)

3

2

ckdk (3.43h)

59
181440

= J6 +12
2

∑
k=1

w3,k

(
c2

k +2dk
)

3

((
c2

k +2dk
)

3

2

−
(
c2

k−dk
)2

9

)
(3.43i)

1
22680

= 12
2

∑
k=1

w3,k

((
c2

k +2dk
)

3

3

−
(
c2

k +2dk
)

3

(
c2

k−dk
)2

9
− ckd2

k

)
(3.43j)

1
151200

= 12
2

∑
k=1

w3,kckdk

(
c2

k−dk
)2

9
(3.43k)

(3.43l)

System generated by Equations (3.43b) to (3.43l) is positive-dimensional because variables

Ji and Ki are not independent themselves. They must satisfy the following constraints:

0 = J2ã1 + J3 (3.44a)

0 = J3ã1 + J4 (3.44b)

0 = J4ã1 + J5 (3.44c)

0 = J5ã1 + J6 (3.44d)

0 = J6ã1 + J7 (3.44e)

0 = K1b̃1 +K2 (3.44f)

0 = K2b̃1 +K3 (3.44g)

After eliminating the weights w1,k and w2,k, the system, governed by Equations (3.43) and

(3.44), has 18 unknowns, matching the number of equations. This elimination process adds

more equations but introduces invariance among orbits of the same type, reducing the number

of algebraic solutions and simplifying the system.

Considering the case where the cubature rules have no type-0 orbit (n0 = 0), it would be

easier for calculation by introducing an additional equation
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J1 =
n1

∑
k=1

w1,kak (3.45)

where J1 is a new variable defined similar to (3.38). Eliminating the weights w1,k from equa-

tions Q
(

p′i
(

p′2− r′
))

, Q
(

p′iq′
)
, Q(p′), Q(1) and (3.45) will result in a system of equations

like (3.37), except that the index i in (3.37) is now ranging from n1 +2 to d instead of n1 to d.

Cubature rules exhibit symmetry under the permutation of orbits of the same type, as reflected

in the moment equations (3.32). These equations are invariant under the permutation of

the pairs (w1,k, ak), (w2,k, bk), and the triplets (w3,k, ck, dk). This symmetry is also present

in the system (3.37). When w1,k is eliminated, the resulting polynomials, represented by

elementary symmetric polynomials ãk, remain symmetric in ak. Similarly, eliminating w2,k

allows the moment equations to be expressed in terms of the symmetric polynomials b̃k.

Eliminating w1,k and w2,k from the moment equations (3.32) and expressing the results in

terms of ãk and b̃k results in a longer system. However, this transformation simplifies the

solution when one is found.

3.4.3 Summary of new results

Table 3.7 displays the estimated lowest number of integration points and the actual lowest

number achieved in known cubature rules of varying quality, for degrees up to 20. For NI

or *O (i.e., PO or NO) quality cubature rules, and PI quality rules up to degree 6, existing

results are detailed in (Cools, 2003). More recent findings, all of PI quality, include results

from (L. Zhang et al., 2009) for degree 8, (Witherden & Vincent, 2015) for degrees 7 and 9,

and (Chuluunbaatar et al., 2022) for degrees 12 to 20. Additionally, results for degrees 10

and 11 are sourced from version 0.9.7 of the PHG (Parallel Hierarchical Grid) software, avail-

able at http://lsec.cc.ac.cn/phg/download.htm, and were derived using an enhanced

version of the methodology described in (L. Zhang et al., 2009).1

For degrees 1 to 6 and 8, the literature already provides rules of PI or NI quality that meet

the estimated lowest number of points. For other degrees, there is an increasing gap between

the estimated and actual lowest number of points as the degree increases. By applying the

methods discussed in previous sections and extending the approach from (Papanicolopulos,

2015), we have obtained some new results, which are underlined in Table 3.7.

For degrees 7 and 9, we have derived rules that achieve the optimal number of points;

however, these feature complex point coordinates. Although these results may not be prac-

tically useful, they validate the accuracy of the consistency predictions made for these rule

structures. Given that the moment equations for both cases are zero-dimensional and all

1. L. Zhang, personal communication, 14 Sep. 2022.

http://lsec.cc.ac.cn/phg/download.htm
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Table 3.7: Estimated and known lower bounds for number of integration points in fully
symmetric rules on the tetrahedron. Rules of worse quality are not shown if any rules of better
quality with the same or lower number of integration points are known. Underlined results are
newly obtained in this work.

degree optimal PI NI *O *C

1 1 1
2 4 4
3 5 8 5
4 11 14 11
5 14 14
6 24 24
7 30 35 31 – 30
8 43 46 43
9 52 59 55 53 52
10 71 79
11 86 96 – 87
12 117 123
13 133 145
14 163 175
15 190 209
16 233 248
17 266 284
18 318 343
19 355 383
20 415 441
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Table 3.8: Degree 9, 55-point NI rule generators and weights. The barycentric coordinates of
the generators in terms of α and β are given in table 3.1.

Orbit type weight α β

0 -4.6296861376723131
1 1.2150353004018342 0.23962566193927949
1 -0.22747436971238236 0.11018941963473842
1 0.012202966891188984 0.049553558692414900
2 0.016884869064330526 0.45159058017363670
3 0.021517480296540043 0.39673341203779513 0.18159662632542559
3 0.10182368310953738 0.13432467380123244 0.65894809355477895
3 0.0041022810075698088 0.011921405727783134 0.71336869297190663

solutions have been computed using Gröbner bases, we confirm that there are no optimal

rules of higher quality available. Additionally, for degree 9, we have developed a new 55-point

NI rule with the structure [1,3,1,3,0], improving upon the existing 59-point PI rule, as detailed

in Table 3.8.

For degree 10, the optimal consistent rule structure, as detailed in Table 3.4, is [0,5,2,3,0],

which accounts for 68 points. The corresponding moment equations, derived using the non-

monomial basis from Section 3.2.4, include a subsystem for type-3 orbits with 9 equations

and 9 unknowns, which turns out to be inconsistent. Consequently, there are no degree-10

rules with the structure [∗,∗,∗,3,0]; excluding these from consideration leads to identifying

an optimal consistent structure of [1,4,1,4,0] with 71 points. Similar analysis for degree 11

reveals that no rule with the structure [∗,∗,∗,4,0] exists, thereby establishing the optimal

consistent structure as [0,5,1,5,0] with 86 points.

3.4.4 Details on the consistency conditions for degree 10

For a degree-10 rule with structure [∗,∗,∗,3,0], table 3.2 shows that there are 9 basis ele-

ments that only involve type-3 orbits, namely

[g1, . . . ,g9] = [p3− pr−q2,qr, p
(

p3− pr−q2) ,r(p2− r
)
,q
(

p3− pr−q2) ,
pqr, p2 (p3− pr−q2) ,q2r, pr

(
p2− r

)
]

(3.46)

Therefore the corresponding subsystem of the moment equations becomes

Qi = Ii i = 1 . . .9 (3.47)

where
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Qi = 12
3

∑
j=1

w jgi(p j,q j,r j) (3.48)

and Ii are the exact integrals (2.4) evaluated for the elements gi, resulting in

[I1, . . . , I9] = [1/22680,1/151200,19/4989600,23/9979200,1/1108800,

13/19958400,1/2620800,29/172972800,17/74131200]
(3.49)

The quantities p j,q j,r j for every orbit satisfy ∆ j = ∆(p j,q j,r j) = 0, where the discriminant ∆

is given by equation (3.21). Therefore the system (3.47) is essentially a system of 9 equations

with nine unknowns, which we therefore assume to be consistent.

Despite assumptions, computing a Gröbner basis for the system reveals it to be inconsistent,

indicating a failure of the consistency conditions to accurately predict the behavior of the

moment equations in this instance. This inconsistency is not attributed to the choice of non-

monomial basis described in Section 3.2.4. Rather, it stems from a more intricate relationship

among the quantities Qi, highlighting that in this case, the Qi are not independent but are

interconnected by specific equation

Q1Q3Q2
7 +Q1Q3Q7Q8−5Q1Q3Q7Q9 +4Q1Q3Q2

9−4Q1Q4Q2
7−4Q1Q4Q7Q8

+20Q1Q4Q7Q9−16Q1Q4Q2
9−Q1Q2

5Q7 +8Q1Q5Q6Q7−8Q1Q5Q6Q9

−12Q1Q2
6Q7 +4Q1Q2

6Q8 +12Q1Q2
6Q9 +4Q2

2Q2
7 +4Q2

2Q7Q8−20Q2
2Q7Q9

+16Q2
2Q2

9 +8Q2Q3Q5Q9−8Q2Q3Q6Q7−8Q2Q3Q6Q8 +8Q2Q3Q6Q9

−8Q2Q4Q5Q7 +32Q2Q4Q6Q7−32Q2Q4Q6Q9−Q3
3Q7−Q3

3Q8 +5Q3
3Q9

+4Q2
3Q4Q7 +4Q2

3Q4Q8−28Q2
3Q4Q9 +Q2

3Q2
5−8Q2

3Q5Q6 +16Q2
3Q2

6

+4Q3Q2
4Q7 +32Q3Q2

4Q9 +8Q3Q4Q5Q6−32Q3Q4Q2
6−16Q3

4Q7 +16Q2
4Q2

6 = 0 (3.50)

Equation (3.50) is non-linear, and does not hold for n3 > 3. It is therefore clear that deriving

consistency conditions that correctly indicate that there are no degree-10 rules with structure

[∗,∗,∗,3,0] requires a different approach to the one in this paper (and in general in the

literature) which is based on linearly independent basis elements.
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Novel non-monomial basis Consistency condition

Moment equations

Cubature rule

Optimal rule structure

Tetrahedral element

Elementary fully symmetric polynomials

Discriminant analysis

Figure 3.3: Flowchart to construct optimal fully symmetric cubature rules for tetrahedra

3.5 Summary

In this chapter, we have rigorously developed a new non-monomial fully symmetric polynomial

basis for the tetrahedron, designed to maximize the number of zero elements across various

orbit types. This innovative basis facilitates the direct formulation of consistency conditions.

For the first time, we have derived explicit formulas for these conditions, enabling us to estim-

ate the optimal consistent rule structures. Figure 3.3 illustrates the flowchart for constructing

optimal fully symmetric cubature rules for tetrahedra using the newly derived consistency

conditions. Additionally, we introduce an algorithm designed to generate optimal and quasi-

optimal rule structures.

The newly developed non-monomial fully symmetric polynomial basis improves the calculation

of specific cubature rules by decomposing the moment equations into smaller, independent

subsystems. This decomposition enables more efficient solution methods. Using this ap-

proach, we derived a new NI cubature rule of degree 9 with 55 points, surpassing existing

PI/NI quality rules. Additionally, we identified optimal rule structures for degrees 7 and 9,

though these are not practically applicable due to their complex point coordinates.



3.5. Summary 57

Additionally, we demonstrated that the optimal rule structures predicted by our formulas for

degrees 10 and 11 result in inconsistent moment equations. This inconsistency is not due to

errors in the consistency conditions but arises from a intricate non-linear relationship among

the moment equations that traditional assumptions fail to capture.

The quasi-optimal rule structures identified are valuable starting points for deriving additional

cubature rules. For higher degrees with many equations and unknowns, advanced solving

techniques, similar to those used for triangles, may be necessary. The methodologies in this

chapter provide a foundation for extending these approaches to derive consistency conditions

for various domains and symmetries.

In summary, while the novel basis derived from analyzing the quartic function’s root distribu-

tion offers significant advantages in eliminating redundant orbits and formulating consistency

conditions, it also introduces complexity due to the interdependence of the basis variables p,

q, and r. This redundancy complicates solving the moment equations, necessitating further

simplification and sometimes preventing a solution altogether.



Chapter 4

Other Invariance in Cubature Rules

4.1 Rotational symmetry in cubature rule

Rotationally symmetric cubature rules can be derived similarly to fully symmetric rules, as

described in the previous chapter, but require a rotationally symmetric basis. This basis,

unchanged under rotations around a central point or axis, ensures the configuration and prop-

erties of the basis functions or cubature points remain consistent, as described in Definition

10.

A rotationally symmetric basis, like a fully symmetric basis, reduces the number of unique

points needed for precise numerical integration or function approximation in rotationally sym-

metric domains or functions. Figure 4.1 illustrates examples of rotationally symmetric and fully

symmetric orbits.

4.1.1 Rotationally symmetric basis

The explicit consistency conditions detailed in Chapter 3 facilitate the search for new fully

symmetric cubature rules for tetrahedra. For illustrative purposes, consider a type-4 orbit in

such a cubature rule. This orbit includes a point defined by volume coordinates (L1,L2,L3,L4)

and the 23 additional points generated the transformations in GFS. Using Equation (2.36) for

a polynomial f̂ (L1,L2,L3,L4) in volume coordinates which yields only sums of the form

Ts = ∑
GFS(i1,i2,i3,i4)

f̂ (Li1 ,Li2 ,Li3 ,Li4). (4.1)

Ts remains invariant under any permutations of barycentric coordinates. Using Definition 10,

we introduce a type-5 orbit specific to rotational symmetry, which includes a generator with

four distinct variables and comprises 12 points. Table 4.1 lists all possible orbits for rotationally

symmetric cubature rules. Consequently, the sum specified in (4.1) for rotational symmetry is

adjusted accordingly as

Tr = ∑
GRS(i1,i2,i3,i4)

f̂ (Li1 ,Li2 ,Li3 ,Li4) (4.2)

58
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Generator Rotationally symmetric orbit

Generator Fully symmetric orbit

Figure 4.1: GRS-invariant orbit and GFS-invariant orbit for triangle

Table 4.1: Types of orbits for rotational symmetry in tetrahedron

Orbit type Generator Condition points variables

0 (1/4, 1/4, 1/4, 1/4) — 1 1
1 (α , α , α , 1−3α) α ̸= 1/4 4 2
2 (α , α , 1/2−α , 1/2−α) α ̸= 1/4 6 2
3 (α , α , β , 1−2α−β ) α ̸= β , 3α +β ̸= 1, α +β ̸= 1/2 12 3
4 (α , β , γ , 1−α−β − γ) all coordinates distinct 24 4
5 (α , β , γ , 1−α−β − γ) all coordinates distinct 12 4
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which means the system polynomial equations now contain only the polynomials in bary-

centric coordinates in the form of Tr. Thus, we first need to find a rotationally symmetric basis

for the vector space of polynomials in the form of Tr.

Compare Equation (4.1) and (4.2) and use the method mentioned in (Papanicolopulos, 2016b)

we can rewrite (4.2) as

Tr =
Ts +Ta

2
(4.3)

where Ta is an anti-symmetric polynomial

Ta = 2 ∑
GRS(i1,i2,i3,i4)

f̂ (Li1 ,Li2 ,Li3 ,Li4)− ∑
GFS(i1,i2,i3,i4)

f̂ (Li1 ,Li2 ,Li3 ,Li4) (4.4)

which can be expressed in the product of symmetric polynomials and Vandermonde polyno-

mial. Thus, according to Equation (4.3), Tr can be expressed as a polynomial in symmetric

polynomials and Vandermonde polynomial.

A general Vandermonde polynomial is defined as

Vn = ∑
1<i< j<n

(Xi−X j) (4.5)

where Xi are variables.

In chapter 3, we have mentioned that in the case of tetrahedra, a symmetric polynomial can be

expressed in elementary symmetric polynomial l̃2, l̃3 and l̃4 and the commonly used monomial

basis consists of

l̃i
2 l̃ j

3 l̃k
4 2i+3 j+4k ≤ d (4.6)

In this case, consider the four barycentric coordinates for tetrahedra, Vandermonde polyno-

mial has the form

v =V4 = (L1−L2)(L1−L3)(L1−L4)(L2−L3)(L2−L4)(L3−L4) (4.7)

which is a polynomial in barycentric coordinates with degree 6. The rotationally symmetric

basis in the form of monomial can therefore be expressed as

l̃i
2 l̃ j

3 l̃k
4vs with 2i+3 j+4k+6s≤ d and s ∈ {0,1} (4.8)
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Table 4.2: Rotationally symmetric basis. The column “orbit types” lists the orbit types for which
the elements are not necessarily zero.

elements orbit types weighted degree number of elements

piq jrk∆ 4,5 2i+3 j+4k+12 mp3 (d−12) m4
piq jr

(
p2− r

)
3,4,5 2i+3 j+8 mp2 (d−8) }

m3piq jqr 3,4,5 2i+3 j+7 mp2 (d−7)
piq j

(
p3− pr−q2

)
3,4,5 2i+3 j+6 mp2 (d−6)

piq jrkv 5 2i+3 j+4k+6 mp3 (d−6) m5
pi
(

p2− r
)

1,3,4,5 2i+4 mp1 (d−4) }
m1piq 1,3,4,5 2i+3 mp1 (d−3)

pir 2,3,4,5 2i+4 mp1 (d−4) m2
p 1,2,3,4,5 2 mp0 (d−2) m12
1 0,1,2,3,4,5 0 1 m0

The reason s ∈ {0,1} is that v relates to the discriminant (3.19) in the form

v2 = ∆ (4.9)

where ∆ is a polynomial in elementary symmetric polynomials l̃i, so if s≥ 2, monomials l̃i
2 l̃ j

3 l̃k
4vs

becomes

l̃i′
2 l̃ j′

3 l̃k′
4 vt with 2i′+3 j′+4k′+6t ≤ d and t = s mod 2. (4.10)

which is identical to (4.8). Similarly, using the quantities p, q and r defined in (3.20) of Section

3.2.3, the refined rotationally symmetric basis is outlined in Table 4.2.

4.1.2 Moment equations for rotationally symmetric cubature rules

Comparing Table 3.2 and Table 4.2 shows that the rotationally symmetric basis is more extens-

ive than the fully symmetric basis. All fully symmetric polynomials are rotationally symmetric,

but not all rotationally symmetric polynomials are fully symmetric. Thus, the vector space

of rotationally symmetric polynomials is broader. Consequently, constructing a rotationally

symmetric cubature rule could involve more moment equations than a fully symmetric rule.

Table 4.3 details the number of basis elements for each orbit group under rotational symmetry,

with m5 representing the group exclusive to type-5 orbits. Since V4 is a degree-6 polynomial

non-zero only for type-5 orbits, the number of equations m5 for these orbits can be calculated

by

m5 = mp3(d−6). (4.11)
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Table 4.3: Number of basis elements for rotational symmetry in each orbit group

Degree m0 m12 m1 m2 m3 m4 m5 me

0 1 0 0 0 0 0 0 1
1 1 0 0 0 0 0 0 1
2 1 1 0 0 0 0 0 2
3 1 1 1 0 0 0 0 3
4 1 1 2 1 0 0 0 5
5 1 1 3 1 0 0 0 6
6 1 1 4 2 1 0 1 10
7 1 1 5 2 2 0 1 12
8 1 1 6 3 4 0 2 17
9 1 1 7 3 6 0 3 21
10 1 1 8 4 9 0 5 28
11 1 1 9 4 12 0 6 33
12 1 1 10 5 16 1 9 43
13 1 1 11 5 20 1 11 50
14 1 1 12 6 25 2 15 62
15 1 1 13 6 30 3 18 72
16 1 1 14 7 36 5 23 87
17 1 1 15 7 42 6 27 99
18 1 1 16 8 49 9 34 118
19 1 1 17 8 56 11 39 133
20 1 1 18 9 64 15 47 155
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Table 4.4: Comparison of orbit efficiency ratio Ri for orbit type i = 1..5

Type-i orbit i = 0 i = 1 i = 2 i = 3 i = 4 i = 5

Ri 1 2 3 4 6 3

While rotationally symmetric cubature rules generate more moment equations for degrees

higher than five (see Table3.3 and 4.3), they can require fewer integration points than their

fully symmetric counterparts for the same degree and quality.

Defining the structure of a rotationally symmetric cubature rule as [n0,n1,n2,n3,n4,n5], with

n5 representing the number of type-5 orbits. Similar to Equation (4.12), the total number of

points nK for a rotationally symmetric rule with orbit structure [n0,n1,n2,n3,n4,n5] is:

nK = n0 +4n1 +6n2 +12n3 +24n4 +12n5 (4.12)

while the number of unknowns is

ne = n0 +2n1 +2n2 +3n3 +4n4 +4n5. (4.13)

For analysis, we introduce orbit efficiency ratio Ri defined as:

Ri =
ai

bi
(4.14)

where ai and bi are the number of points and variables for a type-i orbit, respectively. Ri

indicates type-i orbit’s contribution to the number of integration points per variable. A smaller

Ri value indicates greater efficiency, as it requires fewer integration points for the same number

of variables.

As shown in Table 4.1, a type-5 orbit uses 12 fewer integration points than a type-4 orbit

with the same number of variables. Compared to a type-3 orbit, a type-5 orbit involves one

more variable but the same number of integration points. Type-3 and type-4 orbits have

higher Ri values than type-5, as shown in Table 4.4. Thus, a rule structure [∗,∗,∗,0,0,∗]
is advantageous, often yielding cubature rules with fewer points. For instance, using the

same method described in the last chapter but with a different basis, a degree 7 rotationally

symmetric cubature rule with the structure [0,2,0,0,0,2] results in the following moment

equations:

1 = 4
2

∑
k=1

w1,k +12
2

∑
k=1

w5,k (4.15a)
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1
20

= 4
2

∑
k=1

w1,ka2
k +12

2

∑
k=1

w5,k p5,k (4.15b)

1
120

= 4
2

∑
k=1

w1,ka3
k +12

2

∑
k=1

w5,kq5,k (4.15c)

1
1260

= 12
2

∑
k=1

w5,kr5,k (4.15d)

1
336

= 4
2

∑
k=1

w1,ka4
k +12

2

∑
k=1

w5,k
(

p2
5,k− r5,k

)
(4.15e)

1
1120

= 4
2

∑
k=1

w1,ka5
k +12

2

∑
k=1

w5,k p5,kq5,k (4.15f)

1
19440

= 12
2

∑
k=1

w5,k p5,kr5,k (4.15g)

67
604800

= 4
2

∑
k=1

w1,ka7
k +12

2

∑
k=1

w5,k p2
5,kq5,k (4.15h)

59
181440

= 4
2

∑
k=1

w1,ka6
k +12

2

∑
k=1

w5,k p5,k
(

p2
5,k− r5,k

)
(4.15i)

1
22680

= 12
2

∑
k=1

w5,k
(

p3
5,k− p5,kr5,k−q2

5,k
)

(4.15j)

1
151200

= 12
2

∑
k=1

w5,kq5,kr5,k (4.15k)

0 = 12
2

∑
k=1

w5,kvk (4.15l)

Moment equations (4.15) form a positive-dimensional system because v is connected to the

discriminant by the relationship (4.9) and is not an independent variable. To make this system

zero-dimensional and obtain finite solutions, additional n5 equations are required:

(v1)
2 = 27

(
−q4

5,1 +2p5,1
(

p2
5,1−3r5,1

)
q2

5,1−
(

p2
5,1−4r5,1

)(
p2

5,1− r5,1
)2
)

(4.16a)

(v2)
2 = 27

(
−q4

5,2 +2p5,2
(

p2
5,2−3r5,2

)
q2

5,2−
(

p2
5,2−4r5,2

)(
p2

5,2− r5,2
)2
)

(4.16b)

The system formed by Equations (4.15) and (4.16) includes 14 equations and 14 variables.

The solutions provide coordinates and weights for the cubature rule generators. As discussed

in Section 2.3, there are two main approaches to solve such polynomial systems: algebraic

and numerical methods. Algebraic solutions enumerate all possible rules, while numerical
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algorithms typically converge to a single solution. Algebraic methods are feasible for lower

degree cubature rules, such as [0,2,0,0,0,2] for degree 7, but for higher degrees, the moment

equations become too intricate. Thus, numerical methods are recommended for higher degree

cases.

4.1.3 Numerical algorithm

To obtain a numerical solution, we adapted the approach from (L. Zhang et al., 2009) to

convert the algebraic system into a nonlinear least squares problem. This is solved using the

PHG code, which employs the MINPACK routines lmder1 and lmdif1, described in (More,

Garbow, & Hillstrom, n.d.). These routines implement the Levenberg-Marquardt algorithm,

which efficiently finds local minima of nonlinear least squares problems.

The Levenberg–Marquardt algorithm is a popular optimization technique used to solve non-

linear least squares problems. It is particularly useful in cases where the goal is to minimize

the sum of squared residuals between observed data and model predictions. The algorithm

combines the features of two classical optimization methods: Gauss-Newton and gradient

descent methods, making it effective for a wide range of problems, especially in curve fitting

and parameter estimation.

The Levenberg–Marquardt algorithm is designed to minimize a cost function of the form:

R(xxx) =
m

∑
i
( fi(xxx))2 (4.17)

where fi(xxx) represents the residuals (the difference between observed and predicted values),

and xxx is the vector of parameters to be optimized. The objective is to find the parameter vector

xxx that minimizes the total squared error. At each iteration, the Levenberg–Marquardt algorithm

updates the parameter vector xxx by solving the following modified normal equation:

(JJJT JJJ+λ III)∆xxx =−JJJT rrr (4.18)

where J is the Jacobian matrix of partial derivatives of the residuals fi(xxx), rrr is the vector

of residuals, III is the identity matrix, is a damping parameter that controls the step size,

λ is a damping parameter that controls the step size, ∆xxx is the parameter update step.

The damping parameter λ governs the transition between the Gauss-Newton (small λ ) and

gradient descent (large λ ) steps. If the update improves the solution, λ is reduced, allowing

the algorithm to move toward the Gauss-Newton method. If the update worsens the solution,

λ is increased, making the algorithm behave more like gradient descent.
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Algorithm 2 Algorithm to compute rotationally symmetric cubature rule in tetrahedron

d← degree of the cubature rule
n← target number of points
1) Generate bases for degree d rotationally symmetric polynomials
for each decomposition n = n0 +4n1 +6n2 +12n5 do

while Number of tries≤Maximum number of initial guesses do
2) Randomly choose an initial guess.
3) Find least square solution to the algebraic equations for the

given decomposition[n0,n1,n2,0,0,n5].
4) Break when a "good" solution is found.

end while
end for

The outcomes depend heavily on the initial parameter estimates. The key difference between

lmder1 and lmdif1 is their handling of Jacobians: lmder1 requires an analytical Jacobian, while

lmdif1 calculates Jacobians using finite differences. We chose lmdif1 for its ability to handle

Jacobians automatically, making it suitable for our applications.

In the solution process, we consider n0 +n1 +n2 +n5 weights as independent variables (with

n3 and n4 being zero). The other unknowns are coordinate variables in different orbits: n1 for

type-1 orbits, n2 for type-2 orbits, and 3n5 for type-5 orbits. Therefore, we need to solve a

nonlinear least squares problem involving n0 +2n1 +2n2 +4n5 unknowns.

Algorithm 2 details the computation of cubature rules, defining a "good" solution as one with

"zero" residual and PI quality. To expedite the search, the algorithm uses MPI for paralleliz-

ation, testing varied initial guesses across different processes. Computation stops across all

processes once a "good" solution is found.

For the step 1) in Algorithm 2, the fully symmetric basis generated in (L. Zhang et al., 2009) is

BFS = {⟨i, j,k, l⟩|i+ j+ k+ l = d, i≥ j ≥ k ≥ l ≥ 0} (4.19)

where i, j, k and l are the integer exponents of monomial Li
1L j

2Lk
3Ll

4. Let

Bd = {⟨i, j,k, l⟩|i+ j+ k+ l = d} (4.20)

be the asymmetric basis of degree d, fully symmetric bases BFS satisfy

GFS(BFS) = Bd . (4.21)

Similarly, in the case of rotational symmetry, we need to find a rotationally symmetric basis

BRS such that



4.1. Rotational symmetry in cubature rule 67

GRS(BRS) = Bd . (4.22)

Because fully symmetric bases BFS is GRS-invariant, we can divide BRS into two parts

BRS = B′RS +BFS. (4.23)

where B′RS is the discrepancy between fully symmetric basis BFS and rotationally symmetric

basis BRS. Substitute (4.23) back into (4.22) we can get

GRS
(
B′RS
)
= Bd−GRS(BFS) (4.24)

which can be used to calculate B′RS. Then, the complete rotationally symmetric basis BRS can

be achieved by Equation (4.23).

Let |B| be the cardinality of set B. For example, consider a degree 7 cubature rule for tetra-

hedron, fully symmetric basis BFS is

{⟨2,2,2,1⟩,⟨3,2,1,1⟩,⟨3,2,2,0⟩,⟨3,3,1,0⟩,
⟨4,1,1,1⟩,⟨4,2,1,0⟩,⟨4,3,0,0⟩,⟨5,1,1,0⟩,
⟨5,2,0,0⟩,⟨6,1,0,0⟩,⟨7,0,0,0⟩}.

(4.25)

By addressing a linear integer programming problem in (4.20), we establish that the cardinality

of Bd is 120. The rotationally symmetric linear transformations applied to the fully symmetric

bases yield |GRS(BFS)| = 108. Consequently, this leads to the following relation for the rota-

tionally symmetric basis:

|GRS
(
B′RS
)
|= |Bd |− |GRS(BFS)|= 12. (4.26)

In this example, GRS (B′RS) represents a single complete set containing twelve elements gen-

erated by all transformations in GRS:

{⟨0,1,4,2⟩,⟨0,2,1,4⟩,⟨0,4,2,1⟩,⟨1,0,2,4⟩,
⟨1,2,4,0⟩,⟨1,4,0,2⟩,⟨2,0,4,1⟩,⟨2,1,0,4⟩,
⟨2,4,1,0⟩,⟨4,0,1,2⟩,⟨4,1,2,0⟩,⟨4,2,0,1⟩}.

(4.27)

The generator could be any element from this set, such as ⟨0,1,4,2⟩, which means
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Table 4.5: Comparison between the fewest number of integration points in fully symmetric
PI rules and rotationally symmetric PI rules on the tetrahedron. Underlined results are newly
obtained in this work.

degree Fully symmetric Rotationally symmetric

7 35 32
8 46
9 59 58
10 79 78
11 96 96

B′RS = ⟨0,1,4,2⟩, (4.28)

then the complete rotationally symmetric basis BRS is constructed using Equation (4.23) and

the final result is:

{⟨2,2,2,1⟩,⟨3,2,1,1⟩,⟨3,2,2,0⟩,⟨3,3,1,0⟩,
⟨4,1,1,1⟩,⟨4,2,1,0⟩,⟨4,3,0,0⟩,⟨5,1,1,0⟩,
⟨5,2,0,0⟩,⟨6,1,0,0⟩,⟨7,0,0,0⟩,⟨0,1,4,2⟩}.

(4.29)

4.1.4 Rotationally symmetric cubature rules

Using the algorithm in Subsection 4.1.3, we obtained several new rotationally symmetric

cubature rules. Table 4.5 lists the lowest number of integration points for fully symmetric and

rotationally symmetric PI rules for degrees 7 to 11, with data for fully symmetric PI rules

sourced from Table 3.7.

For degree 7, we found a new 32-point PI rule with the structure [0,2,0,0,0,2], detailed in

Table 4.6. This rule uses 3 fewer points than the optimal fully symmetric PI rule. No PI rules

with fewer points than the existing fully symmetric PI rule were found for degree 8. For degree

9, we developed a 58-point PI rule with the structure [0,4,1,0,0,3], detailed in Table 4.7, using

one fewer point than the previous optimal fully symmetric PI rule. For degree 10, we introduced

a 78-point PI rule with the structure [0,3,1,0,0,5], detailed in Table 4.8. For degree 11, we

found a unique 96-point PI rule with the structure [0,3,0,0,0,7], matching the point count of

the optimal fully symmetric PI rule, detailed in Table 4.9.
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Table 4.6: Degree 7, 32-point PI rule generators and weights. The barycentric coordinates of
the generators in terms of α , β and γ are given in table 4.1.

Orbit type weight α β γ

1 0.0203319531327237 0.0593471101264938
1 0.0455596863797766 0.19804620211073
5 0.0343803492023788 0.0414352322990194 0.48378638391719 0.234996960850308
5 0.0268880910017775 0.606335249960351 0.0509373110576675 0.0459752056658163

Table 4.7: Degree 9, 58-point PI rule generators and weights.

Orbit type weight α β γ

1 0.00653162827530929 0.0405197694131099
1 0.0413745817197838 0.152919308605651
1 0.0483444012894103 0.297459101293375
1 0.00648356477307691 0.33332365529637
2 0.00326830253568522 0.00667361004635429
5 0.0225528607623228 0.123529961995743 0.447935263469537 0.0410746122583638
5 0.0126206504251977 0.718246812066329 0.0352339035614949 0.0434849786603688
5 0.0122809455254433 0.224036097221082 0.014754144096144 0.167637727995568

Table 4.8: Degree 10, 78-point PI rule generators and weights.

Orbit type weight α β γ

1 0.0281951930587875 0.159857819792385
1 0.000388086245773334 0.00471408676386377
1 0.0303619819792753 0.291403856648543
2 0.0224810411428727 0.116713796273249
5 0.0144377307043309 0.416108442130229 0.3589881550926 0.20137211643434
5 0.0103036281440898 0.0269407779999434 0.562063809098776 0.321320801565786
5 0.00556999803005424 0.35011918560089 0.598422574481169 0.013360955835962
5 0.00665292857714934 0.810671262448602 0.127299261998876 0.0281593952301471
5 0.0154801068783271 0.630674524119898 0.181920694630335 0.153397891101455

Table 4.9: Degree 11, 96-point PI rule generators and weights.

Orbit type weight α β γ

1 0.0202494603204022 0.154850739615501
1 0.0278120469783064 0.288179247566595
1 0.0140720316875435 0.325172326555607
5 0.00618849446361804 0.379139457038439 0.561756035433476 0.0207803335884142
5 0.00323105817314915 0.757357255478599 0.200766966848501 0.00970488192494772
5 0.0149757360808016 0.133480561919289 0.537526571473883 0.0299885993542045
5 0.0111006954610384 0.713934127575933 0.101131083868683 0.0334947401906106
5 0.00158107598710846 0.891842704603017 0.00903623899783386 0.0598626558204338
5 0.00643025000626648 0.161678676429346 0.516845922370527 0.311345181128638
5 0.019114843499267 0.151211470673164 0.305701661532563 0.0872889549382812



4.2. Multisymmetric polynomials in cubature formulation 70

4.2 Multisymmetric polynomials in cubature formulation

Multisymmetric polynomials extend symmetric polynomials to multiple sets of variables, re-

flecting symmetry in algebraic expressions. They explore the invariance and patterns when

multiple variable sets undergo permutation symmetries. Advances in multisymmetric polyno-

mials have been driven by invariant theory and group theory, notably through Briand’s work,

which examines them as invariants under the symmetric group Sn. His research provides com-

putational tools and theoretical insights into their structure and applications (Briand, 2002).

Briand also discusses whether the ring of multisymmetric polynomials can be generated by

elementary multisymmetric polynomials or multisymmetric power sums (Briand, 2004).

The study of the minimal generating set for the multisymmetric polynomial ring has been

pivotal in advancing algebraic theory. Fleischmann (1998) provided foundational insights,

which Vaccarino expanded into a general framework for generating multisymmetric functions

within the polynomial ring AR(n,m) under the action of the symmetric group Sn (Vaccarino,

2005). Domokos contributed fundamental theorems on polynomial invariants of pseudo-reflection

groups like Weyl groups of type Bn, offering a detailed presentation of multisymmetric poly-

nomials and proving the reducedness of the invariant commuting scheme for any base ring

(Domokos, 2007). He also demonstrated that the ideal of relations among a minimal generat-

ing system is mainly generated by polarizations of specific relations in both three-dimensional

and n-dimensional vector variables (Domokos & Puskás, 2012). Lopatin and Reimers (2021)

recently examined the differences between generating and separating invariants in multisym-

metric polynomials.

However, despite extensive research, there has been no connection to the formulation of

cubature rules. In Section 3.4.2, invariance under the permutation of orbits of the same type

was introduced to simplify algebraic solutions. Extending this concept to general cubature

rules and treating each point as an orbit allows the formulation to inherently exhibit multisym-

metry, remaining unchanged under any permutation of points. Incorporating multisymmetric

polynomials into the moment equations can simplify them, making the nonlinear systems more

manageable for algebraic solutions. Additionally, using multisymmetric polynomials eliminates

permutation invariance within each orbit type, potentially simplifying numerical solutions.

4.2.1 Multisymmetric polynomials in moment equations

To develop new Gaussian-type cubature rules, deriving and solving moment equations is

crucial. For a cubature rule with degree d, the general form of the moment equations for

non-negative integers i is:

Ii1,i2,...,in =
N

∑
k=1

wkxi1
1,kxi2

2,k . . .x
in
n,k. (4.30)
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Here, Ii1,i2,...,in represents the exact integral of the monomial xi1
1,kxi2

2,k . . .x
in
n,k over the domain

satisfying i1+ i2+ · · ·+ in≤ d, n is the dimension of the domain, N is the number of integration

points, wk is the weight of the kth point, and (x1,k,x2,k, . . . ,xn,k) are the coordinates of the kth

point.

Consider a degree two asymmetric cubature rule for a triangle using three integration points.

The corresponding moment equations involving the weights wk and coordinates (xk,yk) with

k = 1 . . .3 are structured as follows:

w1 +w2 +w3 = I0,0 (4.31a)

w1x1 +w2x2 +w3x3 = I1,0 (4.31b)

w1x2
1 +w2x2

2 +w3x2
3 = I2,0 (4.31c)

w1y1 +w2y2 +w3y3 = I0,1 (4.31d)

w1x1y1 +w2x2y2 +w3x3y3 = I1,1 (4.31e)

w1y2
1 +w2y2

2 +w3y2
3 = I0,2 (4.31f)

In analyzing the moment equations (4.31), the right-hand side remains invariant under per-

mutations of integration points and their weights, {wk,xk,yk}. Consequently, the left-hand side

forms multisymmetric polynomials. This study emphasizes the practical application of these

polynomials in numerical methods and computational engineering, rather than their purely

mathematical properties.

Definition of multisymmetric polynomials

Multisymmetric polynomials extend the concept of symmetric polynomials to multiple sets

of variables. Instead of dealing with symmetric polynomials in a single set of variables x1,

x2,...,xn, multisymmetric polynomials handle tuples of these variables across m≥ 2 groups. In

the context of invariant theory, considering a field K, a symmetric group Sn, and its standard

representation on Ω = Kn, symmetric polynomials form the elements of the ring K[Ω]Sn .

Similarly, multisymmetric polynomials belong to the invariant ring K[Ωm]Sn , which captures

the action of Sn diagonally across the m groups of Ω.

Let m and n be positive integers defining the dimensions of a matrix X , which organizes the

arguments of a polynomial P as follows:

X =


x11 . . . xn1
...

. . .
...

x1m . . . xnm

 (4.32)
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where xi j with i = 1..n and j = 1..m are complex numbers. The polynomial P is defined as

multisymmetric if it remains unchanged under any permutation of the rows or columns of X .

For instance, in the scenario of a degree 2 cubature rule in a triangle with three integration

points, the matrix X might look like:

X =

w1 x1 y1

w2 x2 y2

w3 x3 y3

 (4.33)

and the permutation of points is equivalent to the permutation of rows.

Elementary multisymmetric polynomials

Elementary multisymmetric polynomials form the generating set for the invariant ring K[Ωm]Sn .

This means multisymmetric polynomials with rational coefficients can be represented using

elementary multisymmetric polynomials. This theoretical foundation, first established by Sch-

lafli (1852) and further developed by MacMahon (1916); Noether (1915); Weyl (1946), allows

the multisymmetric polynomials in the moment equations to be expressed using elementary

multisymmetric polynomials. Considering 1≤ t ≤ n,

t =
m

∑
i=1

αi, (4.34)

the elementary multisymmetric polynomials eα1,...,αm used in our work are defined as

eα1,...,αm = ∑
1≤i1≤i2···≤it≤n

xxxk̃1
i1 xxxk̃2

i2 . . .xxx
k̃t
it (4.35)

where

xxxk̃v
iv =

m

∏
u=1

xku,v
u,v for v = 1 . . . t (4.36)

and ku,v satisfy

ku,v =

1 if ∑
v
l=1 ku,l < αu and ∑

m
w=1 kw,v = 0

0 otherwise
(4.37)

Elementary multisymmetric polynomials can be computed using the formula provided in (Vac-

carino, 2005):
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∑
∑

m
j=1 α j≤n

vα1
1 . . .vαm

m eα1...αm =
n

∏
i=1

(
1+

m

∑
j=1

v jx j,i

)
(4.38)

In this equation, v represents commuting independent variables. Specifically, when m = 1, the

equation simplifies to the elementary symmetric polynomials:

n

∑
k=0

vkek =
n

∏
i=1

(1+ vxi) (4.39)

The multisymmetric polynomials in the moment equations for the three-point cubature rule on

a triangle belong to the invariant ring R[Ω3]S3 . Here are the formulas calculated by (4.38) for

the complete elementary multisymmetric polynomials eα1,α2,α3(w,x,y):

e0,0,0 = 1 (4.40a)

e0,0,1 = y1 + y2 + y3 (4.40b)

e0,0,2 = y1y2 + y1y3 + y2y3 (4.40c)

e0,0,3 = y1y2y3 (4.40d)

e0,1,0 = x1 + x2 + x3 (4.40e)

e0,1,1 = x1y2 + x1y3 + x2y1 + x2y3 + x3y1 + x3y2 (4.40f)

e0,1,2 = x1y2y3 + x2y1y3 + x3y1y2 (4.40g)

e0,2,0 = x1x2 + x1x3 + x2x3 (4.40h)

e0,2,1 = x1x2y3 + x1x3y2 + x2x3y1 (4.40i)

e0,3,0 = x1x2x3 (4.40j)

e1,0,0 = w1 +w2 +w3 (4.40k)

e1,0,1 = w1y2 +w1y3 +w2y1 +w2y3 +w3y1 +w3y2 (4.40l)

e1,0,2 = w1y2y3 +w2y1y3 +w3y1y2 (4.40m)

e1,1,0 = w1x2 +w1x3 +w2x1 +w2x3 +w3x1 +w3x2 (4.40n)

e1,1,1 = w1x2y3 +w1x3y2 +w2x1y3 +w2x3y1 +w3x1y2 +w3x2y1 (4.40o)

e1,2,0 = w1x2x3 +w2x1x3 +w3x1x2 (4.40p)

e2,0,0 = w1w2 +w1w3 +w2w3 (4.40q)

e2,0,1 = w1w2y3 +w1w3y2 +w2w3y1 (4.40r)

e2,1,0 = w1w2x3 +w1w3x2 +w2w3x1 (4.40s)

e3,0,0 = w1w2w3 (4.40t)
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These polynomials encapsulating intricate relationships in a structured manner suitable for

algebraic manipulation and analysis.

4.2.2 Simplifying moment equations

For the three-point cubature rule in a triangle, only a subset of the elementary multisymmetric

polynomials from (4.40) is needed. Specifically, we select polynomials where the index α1 is

0 or 1, as only one weight is required for each set of variables. Additionally, the sum of indices

α2 and α3 does not exceed 2, reflecting the need for two independent coordinate variables in

a triangle. The relevant elementary multisymmetric polynomials for this scenario are:

e0,0,1 = y1 + y2 + y3 (4.41a)

e0,0,2 = y1y2 + y1y3 + y2y3 (4.41b)

e0,1,0 = x1 + x2 + x3 (4.41c)

e0,1,1 = x1y2 + x1y3 + x2y1 + x2y3 + x3y1 + x3y2 (4.41d)

e0,2,0 = x1x2 + x1x3 + x2x3 (4.41e)

e1,0,0 = w1 +w2 +w3 (4.41f)

e1,0,1 = w1y2 +w1y3 +w2y1 +w2y3 +w3y1 +w3y2 (4.41g)

e1,0,2 = w1y2y3 +w2y1y3 +w3y1y2 (4.41h)

e1,1,0 = w1x2 +w1x3 +w2x1 +w2x3 +w3x1 +w3x2 (4.41i)

e1,1,1 = w1x2y3 +w1x3y2 +w2x1y3 +w2x3y1 +w3x1y2 +w3x2y1 (4.41j)

e1,2,0 = w1x2x3 +w2x1x3 +w3x1x2 (4.41k)

As discussed, moment equations like (4.31) can be interpreted as multisymmetric polynomi-

als. To represent these equations using elementary multisymmetric polynomials, we apply the

product rule detailed in (Vaccarino, 2005). For k,h ∈ N, the product rule is given by:

eα1,...,αk( f1, . . . , fk)eβ1,...,βh(g1, . . . ,gh)=∑
γ

eγ( f1, . . . , fk,g1, . . . ,gh, f1g1, f1g2, . . . , fkg1, . . . , fkgh)

(4.42)

where

γ = (γ10, . . . ,γk0,γ01, . . . ,γ0h,γ11,γ12, . . . ,γk1, . . . ,γkh). (4.43)

The indices γ satisfy the conditions:
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

γi j ∈ N

|γ| ≤ n

∑
h
j=0 γi j = αi, for i = 1..k

∑
k
i=0 γi j = β j, for j = 1..h

(4.44)

The product rule facilitates expressing moment Equations (4.31) using elementary multisym-

metric polynomials (4.41). For instance, Equation (4.31b) can be transformed to:

I1,0 = e0,0,1(w,x,wx) = e1,0,0(w,x,wx)e0,1,0(w,x,wx)− e1,1,0(w,x,wx) (4.45)

where according to the definition of elementary multisymmetric polynomial we have

e1,0,0(w,x,wx) = e1,0,0 (4.46a)

e0,1,0(w,x,wx) = e0,1,0 (4.46b)

e1,1,0(w,x,wx) = e1,1,0 (4.46c)

Therefore, Equation (4.45) rewrites as:

I1,0 = e1,0,0e0,1,0− e1,1,0 (4.47)

Similar transformations allow the moment equations (4.31) to be restated as:

e1,0,0 = I0,0 (4.48a)

e0,1,0e1,0,0− e1,1,0 = I1,0 (4.48b)

e2
0,1,0e1,0,0− e0,1,0e1,1,0− e0,2,0e1,0,0 + e1,2,0 = I2,0 (4.48c)

e0,0,1e1,0,0− e1,0,1 = I0,1 (4.48d)

e0,0,1e0,1,0e1,0,0−
1
2

e0,0,1e1,1,0−
1
2

e0,1,0e1,0,1−
1
2

e0,1,1e1,0,0 +
1
2

e1,1,1 = I1,1 (4.48e)

e2
0,0,1e1,0,0− e0,0,1e1,0,1− e0,0,2e1,0,0 + e1,0,2 = I0,2 (4.48f)
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The revised system of equations (4.48) features simpler polynomials of the same order as

those in the original system (4.31), making them easier to solve. This streamlined structure

suits algebraic solvers better and may facilitate the development of new cubature rules. Com-

puting the Gröbner basis for system (4.48) yields 6 equations, compared to 21 from the original

system (4.31). This significant reduction in complexity in this very simple example potentially

suggests an even larger gap with more points or higher dimensions.

While the reformulated moment equations reduce complexity, they introduce a new challenge:

the system now has 6 equations with 11 unknowns, compared to the original’s 9 unknowns.

This implies that the 11 elementary multisymmetric polynomials are not independent, requiring

two additional equations to define their relationships.

To identify these supplementary equations, one can use the Gröbner basis method on the

system (4.41) to isolate independent equations excluding the variables x, y and w. The res-

ulting relationships between elementary multisymmetric polynomials are shown in Equations

(4.49), (4.50) and (4.51).

e2
0,0,1e2

1,1,0−2e0,0,1e0,1,0e1,0,1e1,1,0−2e0,0,1e0,1,1e1,0,0e1,1,0 +4e0,0,1e0,2,0e1,0,0e1,0,1

+4e0,0,2e0,1,0e1,0,0e1,1,0−4e0,0,2e0,2,0e2
1,0,0 + e2

0,1,0e2
1,0,1−2e0,1,0e0,1,1e1,0,0e1,0,1 + e2

0,1,1e2
1,0,0

−4e0,0,1e1,0,1e1,2,0 +2e0,0,1e1,1,0e1,1,1 +4e0,0,2e1,0,0e1,2,0−4e0,0,2e2
1,1,0 +2e0,1,0e1,0,1e1,1,1

−4e0,1,0e1,0,2e1,1,0−2e0,1,1e1,0,0e1,1,1 +4e0,1,1e1,0,1e1,1,0 +4e0,2,0e1,0,0e1,0,2−4e0,2,0e2
1,0,1

+12e1,0,2e1,2,0−3e2
1,1,1 = 0

(4.49)

2e2
0,0,1e0,2,0e1,0,0−2e0,0,1e0,1,0e0,1,1e1,0,0 +2e0,0,2e2

0,1,0e1,0,0−2e2
0,0,1e1,2,0 +2e0,0,1e0,1,0e1,1,1

+ e0,0,1e0,1,1e1,1,0−2e0,0,1e0,2,0e1,0,1−2e0,0,2e0,1,0e1,1,0−4e0,0,2e0,2,0e1,0,0−2e2
0,1,0e1,0,2

+ e0,1,0e0,1,1e1,0,1 + e2
0,1,1e1,0,0 +6e0,0,2e1,2,0−3e0,1,1e1,1,1 +6e0,2,0e1,0,2 = 0 (4.50)

2e4
0,0,1e0,2,0e2

1,1,0−2e3
0,0,1e0,1,0e0,1,1e2

1,1,0−4e3
0,0,1e0,1,0e0,2,0e1,0,1e1,1,0+2e2

0,0,1e0,0,2e2
0,1,0e2

1,1,0

+4e2
0,0,1e2

0,1,0e0,1,1e1,0,1e1,1,0 +2e2
0,0,1e2

0,1,0e0,2,0e2
1,0,1−4e0,0,1e0,0,2e3

0,1,0e1,0,1e1,1,0

−2e0,0,1e3
0,1,0e0,1,1e2

1,0,1 +2e0,0,2e4
0,1,0e2

1,0,1−4e3
0,0,1e0,1,1e1,1,0e1,2,0 +4e3

0,0,1e0,2,0e1,1,0e1,1,1

+8e2
0,0,1e0,0,2e0,1,0e1,1,0e1,2,0−8e2

0,0,1e0,0,2e0,2,0e1,0,0e1,2,0−12e2
0,0,1e0,0,2e0,2,0e2

1,1,0

+4e2
0,0,1e0,1,0e0,1,1e1,0,1e1,2,0−4e2

0,0,1e0,1,0e0,2,0e1,0,1e1,1,1−8e2
0,0,1e0,1,0e0,2,0e1,0,2e1,1,0
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+2e2
0,0,1e2

0,1,1e1,0,0e1,2,0+3e2
0,0,1e2

0,1,1e2
1,1,0+8e2

0,0,1e2
0,2,0e1,0,0e1,0,2−8e0,0,1e0,0,2e2

0,1,0e1,0,1e1,2,0

−4e0,0,1e0,0,2e2
0,1,0e1,1,0e1,1,1 +8e0,0,1e0,0,2e0,1,0e0,2,0e1,0,0e1,1,1

+24e0,0,1e0,0,2e0,1,0e0,2,0e1,0,1e1,1,0 +4e0,0,1e0,0,2e0,1,1e0,2,0e1,0,0e1,1,0

−8e0,0,1e0,0,2e2
0,2,0e1,0,0e1,0,1 +4e0,0,1e2

0,1,0e0,1,1e1,0,2e1,1,0 +8e0,0,1e2
0,1,0e0,2,0e1,0,1e1,0,2

−2e0,0,1e0,1,0e2
0,1,1e1,0,0e1,1,1−6e0,0,1e0,1,0e2

0,1,1e1,0,1e1,1,0−8e0,0,1e0,1,0e0,1,1e0,2,0e1,0,0e1,0,2

− e0,0,1e3
0,1,1e1,0,0e1,1,0 +2e0,0,1e2

0,1,1e0,2,0e1,0,0e1,0,1−8e2
0,0,2e0,1,0e0,2,0e1,0,0e1,1,0

+4e0,0,2e3
0,1,0e1,0,1e1,1,1−12e0,0,2e2

0,1,0e0,2,0e2
1,0,1 +2e0,0,2e0,1,0e2

0,1,1e1,0,0e1,1,0

+4e0,0,2e0,1,0e0,1,1e0,2,0e1,0,0e1,0,1−4e3
0,1,0e0,1,1e1,0,1e1,0,2 +2e2

0,1,0e2
0,1,1e1,0,0e1,0,2

+3e2
0,1,0e2

0,1,1e2
1,0,1− e0,1,0e3

0,1,1e1,0,0e1,0,1 +8e2
0,0,1e0,0,2e2

1,2,0−4e2
0,0,1e0,1,1e1,1,1e1,2,0

+24e2
0,0,1e0,2,0e1,0,2e1,2,0−6e2

0,0,1e0,2,0e2
1,1,1−8e0,0,1e0,0,2e0,1,0e1,1,1e1,2,0

+8e0,0,1e0,0,2e0,1,1e1,1,0e1,2,0−8e0,0,1e0,0,2e0,2,0e1,1,0e1,1,1−24e0,0,1e0,1,0e0,1,1e1,0,2e1,2,0

+10e0,0,1e0,1,0e0,1,1e2
1,1,1−4e0,0,1e2

0,1,1e1,0,1e1,2,0−2e0,0,1e2
0,1,1e1,1,0e1,1,1

+8e0,0,1e0,1,1e0,2,0e1,0,1e1,1,1 +12e0,0,1e0,1,1e0,2,0e1,0,2e1,1,0−24e0,0,1e2
0,2,0e1,0,1e1,0,2

−16e2
0,0,2e0,1,0e1,1,0e1,2,0+24e2

0,0,2e0,2,0e1,0,0e1,2,0+16e2
0,0,2e0,2,0e2

1,1,0+32e0,0,2e2
0,1,0e1,0,2e1,2,0

−6e0,0,2e2
0,1,0e2

1,1,1 +8e0,0,2e0,1,0e0,1,1e1,0,1e1,2,0 +8e0,0,2e0,1,0e0,1,1e1,1,0e1,1,1

−8e0,0,2e0,1,0e0,2,0e1,0,1e1,1,1−8e0,0,2e0,1,0e0,2,0e1,0,2e1,1,0−6e0,0,2e2
0,1,1e1,0,0e1,2,0

−4e0,0,2e2
0,1,1e2

1,1,0−12e0,0,2e0,1,1e0,2,0e1,0,0e1,1,1−16e0,0,2e0,1,1e0,2,0e1,0,1e1,1,0

+8e0,0,2e2
0,2,0e1,0,0e1,0,2 +16e0,0,2e2

0,2,0e2
1,0,1−4e2

0,1,0e0,1,1e1,0,2e1,1,1−2e0,1,0e2
0,1,1e1,0,1e1,1,1

−4e0,1,0e2
0,1,1e1,0,2e1,1,0 +12e0,1,0e0,1,1e0,2,0e1,0,1e1,0,2 +3e3

0,1,1e1,0,0e1,1,1 +4e3
0,1,1e1,0,1e1,1,0

−2e2
0,1,1e0,2,0e1,0,0e1,0,2−4e2

0,1,1e0,2,0e2
1,0,1−24e2

0,0,2e2
1,2,0 +24e0,0,2e0,1,1e1,1,1e1,2,0

−72e0,0,2e0,2,0e1,0,2e1,2,0 +12e0,0,2e0,2,0e2
1,1,1 +12e2

0,1,1e1,0,2e1,2,0−9e2
0,1,1e2

1,1,1

+12e0,1,1e0,2,0e1,0,2e1,1,1 = 0 (4.51)

While feasible for a degree-two cubature rule in a triangle with three integration points, the

computational cost of this method increases sharply with the cubature rule’s degree. Thus,

finding a direct formula to describe the relationships among elementary multisymmetric poly-

nomials would be valuable.

Current literature, including John Paul Dalbec’s 1995 PhD thesis (Dalbec, 1995), does not

offer such a formula. Dalbec proposed an algorithm to calculate a Gröbner basis, similar to

the method used here. This gap highlights a significant challenge: although using elementary

multisymmetric polynomials to simplify moment equations is theoretically appealing, it is im-

practical without a method to maintain the system’s dimensionality. Maintaining dimensionality

ensures no critical information is added or lost, which is essential for accurately solving the

system. A positive-dimensional system often has infinitely many solutions, making it difficult

to pinpoint a specific solution without additional constraints. In polynomial algebra, especially



4.2. Multisymmetric polynomials in cubature formulation 78

Fully symmetric basis

Moment equations

Cubature rule

Tetrahedral element

Vandermonde polynomial

Rotationally symmetric basis

Figure 4.2: Flowchart to construct rotationally symmetric cubature rules for tetrahedra

when using Gröbner bases, the system’s dimensionality affects the computation and com-

plexity of the bases, impacting both feasibility and computation time. If an explicit formula or

technique to express moment equations in elementary multisymmetric polynomials without

increasing system dimension emerges, it could revolutionize solving moment equations and

discovering new cubature rules.

4.3 Summary

In this chapter, we explored rotational symmetry in cubature formulation and the role of

multisymmetric polynomials in the moment equations for asymmetric cubature rules. We de-

veloped a new rotationally symmetric monomial basis by incorporating a Vandermonde poly-

nomial within a non-monomial, fully symmetric polynomial basis. This led to a comprehens-

ive system of moment equations, augmented by additional equations from the relationship

between the Vandermonde polynomial and the discriminant, to achieve zero-dimensionality.

The process for constructing rotationally symmetric cubature rules for tetrahedra is outlined in

Figure 4.2.
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Using the Gröbner Bases method, we derived a novel degree 7 PI rule with three fewer

points than the optimal fully symmetric PI rule. For higher degrees, numerical solutions were

achieved using the PHG code and the Levenberg-Marquardt nonlinear least-squares algorithm.

This approach successfully identified three PI rules for degrees 9 to 11, improving point

efficiency with a 58-point rule for degree 9 and a 78-point rule for degree 10, and matching

the best fully symmetric rule with a 96-point rule for degree 11.

Solving moment equations for degrees above 11 is challenging due to the increased number

of equations and variables, requiring enhanced computational capabilities. This adaptable

methodology can extend to derive rotationally symmetric cubature rules for various symmetric

domains, providing a robust framework for future higher-dimensional cubature rule formula-

tion.

While rotationally symmetric cubature rules offer advantages by reducing the number of in-

tegration points and aligning with FEM vertex numbering in specific cases, their complexity

and reliance on non-optimal basis structures pose challenges for establishing consistent and

accurate rule structures. Fully symmetric cubature rules, despite requiring more integration

points, remain preferable for most applications due to their robustness and independence

from vertex numbering.

This chapter also examines the use of multisymmetric polynomials in three-point cubature

for triangles, showing they can be systematically expressed in elementary multisymmetric

polynomials. However, this introduces redundancy, as these polynomials are not mutually

independent. Currently, no comprehensive formula describes this interdependency.

Analyzing and computing multisymmetric polynomials is challenging, especially as variable

sets become more intricate. Ongoing research aims to develop algorithms to simplify these

expressions and identify their canonical forms. Exploring their algebraic properties, such as

factorization patterns and zero structures, offers significant mathematical insights. Despite the

complexities, studying multisymmetric polynomials in cubature formulations holds substantial

potential for advancing numerical integration methods.



Chapter 5

Framework of evaluation for cubature

rules

The finite element method involves approximation errors, so various tests are designed to

validate new finite elements. The proposed problem set aims to help users and developers

of finite element programs assess the accuracy of specific elements in different applications.

These problems are not intended as benchmarks for cost comparisons, as they are generally

too small to be meaningful for that purpose (O. Zienkiewicz & Taylor, 1997).

New finite elements are tested with small problems, and the results are usually published in

literature or FEM program documentation (Hughes, 2012). These test results are intended to

help users evaluate elements before use, but they are often inadequate because:

a) They test an insufficient number of conditions.

b) Few, if any, bad results are reported (not by design, but because developers fix only the

bugs they discover).

c) They cannot usually be compared with results for other elements, especially those in

different programs.

These defects would be absent in a well-designed set of standard test problems applied to

various finite elements and widely circulated (Chapelle, Bathe, et al., 2011).

The importance of verifying finite element methods through independent testing and com-

parative assessments is increasingly recognized. This is underscored by actions such as the

Nuclear Regulatory Commission’s mandates for validating structural analysis software in the

U.S. and the establishment of the National Agency for Finite Element Methods and Standards

(NAFEMS) in the UK (Hinton et al., 1992). While the Nuclear Regulatory Commission typically

uses verification tests from software developers, NAFEMS is moving towards conducting its

own independent tests. This shift emphasizes the need for rigorous, unbiased evaluations in

finite element analysis.

80
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The most critical accuracy issues in modern finite elements are spurious mechanisms (rank

deficiencies) and locking (excessive stiffness under certain loads or shapes). Most elements

exhibit one of these issues, but not both. A major challenge is designing elements free from

both problems. While elementary defects like violating rigid body properties and node renum-

bering invariance are rarer today, they remain problematic when they occur.

Developing a comprehensive set of test problems for finite elements involves considering

parameters like loading, element and problem geometry, and material properties. The test

suite should challenge each element type under different deformation scenarios. Typically,

elements are tested in standard geometric configurations (squares for quadrilaterals, cubes

for hexahedra, and isosceles right triangles for triangular elements). However, accuracy is

also influenced by common geometric features like curvature. To effectively assess element

performance, a diverse array of tests, including patch tests, beams, plates, and shell problems,

is essential to cover a wide range of conditions.

5.1 Introduction to patch test

The patch test, devised by Irons (Bazeley, Cheung, Irons, & Zienkiewicz, 1966; B. Irons,

1966; B. M. Irons & Razzaque, 1972), was initially created to validate elements that breached

continuity requirements and evolved into a mandatory assessment for all elements. It often

identifies simple coding errors and can determine the convergence order of any finite element

type. The test involves applying simple load or displacement conditions to a small cluster of

adjacent elements and checking if the model accurately replicates the expected response.

Figures5.1 and 5.2 illustrate common two- and three-dimensional patch tests. The element

shapes and load orientations in the patch test lack specific symmetries, indicating that an

element type passing this test will likely yield correct results in any scenario involving uniform

stress states.

In theory, finite elements are repeatedly subdivided within an idealized model, achieving

more uniform strain distribution as smoothness criteria are met. As subdivision progresses,

strain nonuniformity within each element becomes negligible. The patch test ensures precise

outcomes for any constant strain state across various element shapes, minimizing errors due

to nonuniform strain. Passing the constant strain patch test is a fundamental indicator of an

element’s convergence to accurate simulation results. The sufficiency and necessity of this

test are discussed in (de Arantes e Oliveira, 1977; Strang, 1972; Taylor, Simo, Zienkiewicz, &

Chan, 1986). Table 5.1 lists part of key works in the development of the patch test.
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Figure 5.1: Patch test for plane elements. a = 0.24; b = 0.12; thickness t = 0.001; Young’s
modulus E = 1.0× 106; Poisson ratio ν = 0.25. Boundary conditions: u = 10−3(x + y/2),
v = 10−3(x/2+ y). Theoretical solution: σx = σy = 1600, τxy = 400, εx = εy = γ = 10−3.
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Figure 5.2: Patch test for solid elements. Outer dimension: unit cube. Young’s modulus E =
1.0×106; Poisson ratio ν = 0.25. Boundary conditions: u = 10−3(2x+y+ z)/2, v = 10−3(x+
2y+ z)/2, w = 10−3(x+ y+ 2z)/2. Theoretical solution: σx = σy = σz = 2000, τxy = τyz =
τxz = 400, εx = εy = εz = γxy = γyz = γxz = 10−3.
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Table 5.1: Part of important work in the development of patch test.

1966 · · · · · ·• Irons: Introduction of patch test.

1971 · · · · · ·• Babuska: Inf-sup condition for mixed formulation.

1974 · · · · · ·• Veubeke: Variational interpretation of patch test.

1980 · · · · · ·• Stummel: Limitations of patch test.

1986 · · · · · ·• Taylor: Patch test and convergence.

1989 · · · · · ·• White & Abel: Shell finite elements testing.

1993 · · · · · ·• Chapelle & Bathe: Inf-sup test.

1995 · · · · · ·• Felippa & Haugen: Individual element tests.

1997 · · · · · ·• Zienkiewicz & Taylor: Patch test revisited.

1998 · · · · · ·• Zhang: Patch test and FEM convergence.

The patch test’s evolution from a basic validation tool to a pivotal element in finite element

methods underscores its crucial role in computational mechanics. Initially emphasized by

De Veubeke (1974) for developing non-conforming elements, Taylor, Beresford, and Wilson

(1976) and de Arantes e Oliveira (1977) extended its use to improve stress analysis and en-

sure convergence. These studies demonstrated its effectiveness in reducing errors in complex

element configurations.

Further advancements by B. M. Irons and Razzaque (1972) and B. Irons and Loikkanen

(1983) addressed limitations by introducing alternative approaches for reduced integration

and derivative smoothing. The patch test was also applied to Babuska-Brezzi conditions by

O. C. Zienkiewicz, Qu, Taylor, and Nakazawa (1986), handling instabilities in incompressible

and mixed displacement-strain formulations.

In summary, the patch test has significantly enhanced theoretical and practical understanding

in finite element analysis, confirming its indispensable role in ensuring stability, consistency,

and convergence of solutions. Research into its application, especially concerning inf-sup

conditions and mixed formulations, remains active (Bathe, 2001; Bertrand & Boffi, 2024;

W. Chen, Wang, & Zhao, 2009; X. Chen & Hisada, 2006; Ortner, 2012; Srinivasan, Dattaguru,

& Singh, 2020). The tool continues to drive advances in element design and system beha-

vior simulation. Ongoing research aims to improve its implementation in three-dimensional

problems and refine its capabilities for modern computational demands. This will be further

explored in Chapter 6, focusing on the synergy between numerical integration and patch test

effectiveness in finite element simulations.
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(a) (b) (c)

Figure 5.3: Different types of patch: (a) single element patches; (b) multi-element patch; (c)
fully connected patch

5.2 Consistency and stability assessment

A patch consists of one or more finite elements sharing common interfaces. A fully connected

patch includes at least one fully connected vertex node. Even a single element qualifies as

a patch. Figure 5.3 illustrates various types of patches, including common triangular and

quadrilateral elements.

To guarantee convergence, the approximation must satisfy both consistency and stability

conditions (Ralston, 1965):

5.2.1 Consistency assessment

The initial phase of the patch test evaluates consistency. This involves ensuring the approx-

imation accurately reproduces fundamental responses under all relevant boundary conditions

across all patches. While it’s impractical to validate every solution and patch, the selected test

should convincingly demonstrate compliance across all scenarios.

For a small region about twice the size of element h, the unknown function φφφ can be expanded

into a Taylor series around a point a at the origin. To ensure convergence of the function and its

first derivatives in typical second-order equations in two dimensions, the series must include

terms up to p≥ 2:

φφφ = φφφ a +
∂φφφ

∂x

∣∣∣∣∣
a

x+
∂φφφ

∂y

∣∣∣∣∣
a

y+ · · ·+O(hp) (5.1a)

∂φφφ

∂x
=

∂φφφ

∂x

∣∣∣∣∣
a

+ · · ·+O
(
hp−1) (5.1b)

∂φφφ

∂y
=

∂φφφ

∂y

∣∣∣∣∣
a

+ · · ·+O
(
hp−1) (5.1c)
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As the mesh size h approaches zero, the finite element approximation should exactly repro-

duce the posed problem for any linear forms of φφφ . Therefore, the consistency requirement

ensures that the approximation in Equation (A.7) converges to the exact differential equation

as the element size approaches zero:

Luuu+bbb = 0 (5.2)

where L is a differential operator and bbb is the vector of external forces or source terms. The

corresponding boundary conditions are also satisfied, as given by:

Buuu = 0 (5.3)

where B is a boundary operator.

5.2.2 Stability assessment

The stability test ensures that the solution to the discrete equation system (A.7) is unique

and free from spurious mechanisms, which can corrupt the solution regardless of the element

size. For any given patch, the matrix of Equation (A.7) simplifies to:

KKK pũuup = PPPp. (5.4)

This process includes considering relevant boundary conditions. Assuming these conditions

are sufficient (e.g., eliminating rigid body modes), the patch equations must be solvable.

Solvability is verified by computing the eigenvalues of KKK p to ensure there are no spurious

zero eigenvalues. It’s unnecessary to perform a complete eigenvalue test for every assembly.

For structural or irreducible displacement elements, it is enough to ensure that any single

element does not have excess zero eigenvalues beyond those associated with rigid body

modes. Thus, zero eigenvalues will not appear in assemblies of two or more elements. This

procedure applies to any type of element, including mixed ones.

Consider a patch of elements as shown in Figures 5.1 and 5.2. By fixing the minimum ne-

cessary parameters in ũuup to ensure a physically valid solution—such as eliminating rigid body

motion in elasticity or setting a constant temperature in heat conduction—we solve for the

remaining ũuu values. These solutions are then compared with a presumed exact base solution.

This approach detects any singularity in the KKK matrix, ensuring the validity of the finite element

model under test conditions.
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5.3 Remarks on patch tests

Before discussing specific applications of the patch test, note that passing all components of

the patch test is necessary and sufficient for model convergence. However, in many practical

applications, convergence can be slow, requiring many elements for precise results. Satisfying

the consistency condition ensures that each primary variable φi satisfies

|φi− φ̂i| ≤Cihp+1 (5.5)

as h approaches zero, with p representing the polynomial order used in the solution. Higher

order polynomials in element construction often enhance convergence rates, quantifiable

through higher-order patch tests. Additional insights are discussed in (O. C. Zienkiewicz et

al., 2013).

5.4 Standard tests

To evaluate the cubature rules and ensure accurate finite element (FE) simulations, we used

standard tests based on widely recognized benchmarks from (Macneal & Harder, 1985)

and (Rao & Shrinivasa, 2001). These benchmarks are crucial for validating new element

formulations.

The precision of cubature rules in each test is quantified by the relative error, defined as:

er =
dt −de

de
×100% (5.6)

where de is the expected displacement at a characteristic point, and dt is the test-calculated

displacement. The expected displacement is obtained using a highly refined mesh, subdivid-

ing each original element into 10,000 smaller elements, with Abaqus quadratic serendipity

elements and full integration for enhanced accuracy.

To streamline the presentation of loading and boundary conditions, a notation A/B is used,

where A specifies the loading conditions and B specifies the boundary conditions. The follow-

ing abbreviations are used for loading conditions:

• S: Shear load

• IS: In-plane shear

• OS: Out-of-plane shear

• T : Tension

• C: Concentrated force

• IC: In-plane concentrated force
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Table 5.2: Summary of standard tests for quadrilateral elements

Test number Name Load Boundary

1 Regular beam IS F
3 Regular beam T F
4 Parallelogram beam IS F
6 Parallelogram beam T F
7 Trapezoidal beam IS F
9 Trapezoidal beam T F
10 Axially loaded plate IC F
11 Curved beam IS F

• OC: Out-of-plane concentrated force

• U : Uniformly distributed load

• SW : Self-weighted load

For boundary conditions, the following abbreviations are used:

• F : Fixed end

• C: Clamped boundary

• S: Simply supported boundary

• FB: Free boundary

• SY M: Symmetric boundary

In this notation, a curved beam subjected to in-plane shear load with fixed ends is represented

as IS/F . Here, "IS" indicates the in-plane shear loading condition, and "F" denotes fixed

boundary conditions at the ends of the beam. This concise representation simplifies the

description of complex loading and support scenarios in structural analysis.

5.4.1 Tests for quadrilateral elements

A series of tests have been selected to evaluate the performance of cubature rules for quad-

rilateral elements in real finite element (FE) simulations. The details of boundary conditions

and load conditions for these tests are summarized in Table 5.2. The geometrical and material

properties, such as dimensions, Young’s Modulus, and Poisson’s ratio for each test, illustrated

in Figures 5.4 to 5.6. The tests include three types of geometries: straight cantilever beams

(Tests 1, 3, 4, 6, 7, 9), plates (Test 10), and curved beams (Test 11). All tests were performed

using ABAQUS, utilizing the user-defined subroutine UEL to implement the behavior of the

newly developed elements.
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Figure 5.4: Test 1-9: straight cantilever beam with regular, trapezoidal and parallelogram
elements. Length =6.0; width =0.2; depth=0.1; Young’s modulus E = 1.0×107; Poisson ratio
ν = 0.3; mesh=6×1. Load is unit force at free end.

P
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Figure 5.5: Test 10: axially loaded plate. Load P = 1, thickness t = 0.1, Young’s modulus
E = 1×107, Poisson ratio ν = 0.2.

x
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z

Figure 5.6: Test 11-12: curved beam. Inner radius = 4.12; outer radius = 4.32; arc = 90◦;
thickness = 0.1; Young’s modulus E = 1.0×107; Poisson ratio ν = 0.25; mesh=6×1. Load is
unit force at tip.
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Table 5.3: Summary of standard tests for hexahedral element

Test number Name Load Boundary

1 Regular beam IS F
2 Regular beam OS F
3 Regular beam T F
4 Parallelogram beam IS F
5 Parallelogram beam OS F
6 Parallelogram beam T F
7 Trapezoidal beam IS F
8 Trapezoidal beam OS F
9 Trapezoidal beam T F

11 Curved beam IS F
12 Curved beam OS F
13 Twisted beam IS F
14 Twisted beam OS F
15 Rectangular plate aa OC C
16 Rectangular plate aa OC S
17 Rectangular plate aa U C
18 Rectangular plate aa U S
19 Rectangular plate ab OC C
20 Rectangular plate ab OC S
21 Rectangular plate ab U C
22 Rectangular plate ab U S
23 Scordelis-Lo roof SW S
24 Pinched cylinder C C
25 Holed semi-sphere C FB

5.4.2 Tests for hexahedral elements

To assess the effectiveness of cubature rules for hexahedral elements, a series of standard

tests has been selected. Table 5.3 summarizes these tests, while Figures 5.4 to 5.11 illustrate

the geometrical configurations and material properties, such as size, Young’s Modulus, and

Poisson’s ratio, for each test case. These tests encompass a range of structures including

straight cantilever beams (Tests 1-9), curved beams (Tests 11-12), twisted beams (Tests 13-

14), plates with varying dimensions and meshes (Tests 15-22), the Scordelis-Lo roof (Test

23), a pinched cylinder (Test 24), and a holed semi-sphere (Test 25).
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Figure 5.7: Test 13-14: twisted beam. Length = 12.0; width = 1.1; depth = 0.32; twist = 90◦

from root to tip; Young’s modulus E = 29.0×106; Poisson ratio ν = 0.22; mesh=12×2. Load
is unit force at tip.
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Figure 5.8: Test 15-22: rectangular plate. a = 2.0; b = 2.0 or 10.0; thickness t = 0.01; Young’s
modulus E = 1.7472×107; Poisson ratio ν = 0.3; boundary conditions = simply supported or
clamped; mesh=N×N. Load is uniform pressure q = 10−4 or central force P = 4.0×10−4.
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Figure 5.9: Test 23: Scordelis-Lo roof. Radius R = 25; Length L = 50.0; thickness t = 0.25;
Young’s modulus E = 4.32×108; Poisson ratio ν = 0.01; boundary conditions: u = v = 0 for
curved sides and free for straight sides. Load is self-weight: 90/area.
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Figure 5.10: Test 24: pinched cylinder. Radius R = 300; Length L = 600.0; thickness t = 3.0;
Young’s modulus E = 3.0×107; Poisson ratio ν = 0.3; boundary conditions: rigid end. Load
is central load P = 1.
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Figure 5.11: Test 25: holed semi-sphere. Radius R = 10.0; thickness t = 0.04; Young’s
modulus E = 6.825× 107; Poisson ratio ν = 0.3; mesh = 6× 6 (on quadrant). Load is
concentrated force F = 2.
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3x3 2x2

Figure 5.12: Full and reduced integration for 8-node quadrilateral element.

5.5 Reduced integration and spurious modes

5.5.1 Full and reduced integration

To understand reduced integration, it is essential to first define full integration. Bathe (1996)

describes full numerical integration in displacement-based or mixed finite element formula-

tions as using an integration order that accurately reproduces exact matrices for geometrically

undistorted elements. For Gaussian-type product rules, an integration order lower than that

of full integration in each direction is termed reduced integration. Figure 5.12 illustrates a

reduced integration product rule for an 8-node quadrilateral element. When a lower integration

order is applied selectively to specific terms or directions, it is known as selective reduced in-

tegration. Reduced integration is not applicable to triangular elements, as it does not enhance

accuracy in these cases.

The primary advantage of reduced integration is the decreased computation time due to fewer

multiplications needed to compute an element’s stiffness matrix. For commonly used product

rules, this efficiency is quantified by the formula:

r =
(

p+1
p

)d

(5.7)

where p represents the number of integration points per direction, and d is the problem’s

dimensionality. These efficiency improvements can be substantial. In nonlinear analysis, eval-

uating stress components at integration points consumes significant time. Reducing from four

integration points to one would be a major accomplishment. Reduced integration can also

address locking problems, such as shear and dilation locking, caused by interpolation failure

(Barlow, 1989). Since Barlow’s work (Barlow, 1976), it has been recognized that strains

computed with reduced integration are often more accurate than those computed with full

integration.
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5.5.2 Spurious zero energy modes

A notable disadvantage of reduced integration is the potential decrease in integration accur-

acy. As Barlow discusses, reduced integration can yield more accurate strains in configur-

ations like eight-node quadrilaterals and twenty-node bricks, but this may be offset by the

overall reduction in integration accuracy. Additionally, a significant drawback is the emergence

of spurious zero energy modes (SZEM), which can severely impact the solution’s reliability.

SZEMs are particular solutions or eigenvectors of the stiffness matrix, represented as:

KKKφφφ S = 0 (5.8)

where KKK is the stiffness matrix and φφφ S denotes a SZEM. Differing from a rigid body mode φφφ 0,

the modal strain state for a SZEM is given by

εεεS = BBBφφφ S. (5.9)

This strain state does not vanish across the entire domain but evaluates to zero at integra-

tion points, satisfying Equation (5.8). SZEM arises when the number of strain evaluations

at integration points is fewer than the independent strain states determined by the nodal

displacements, as shown in inequality:

Ns×Np ≤ Nd×Nn−Nr (5.10)

where Ns is the number of strain state, Np is the number of integration points, Nd is the number

of dimension, Nn is the number of nodes and Nr is the number of rigid body modes.

In this scenario, specific linear combinations of strain states result in zero strains at all in-

tegration points. The mismatch between independent strain states and strain evaluations at

integration points sets a lower bound for the emergence of SZEMs. While additional spurious

modes may occur due to redundant strain evaluations, this fundamental mismatch is a key

predictor. Figure 5.13 illustrates a rigid body mode compared with a SZEM, highlighting these

concepts visually.

SZEMs occurring within the fields of elements are often termed "communicating" modes.

Figure 5.14 provides an illustration of a rigid body mode alongside an SZEM within these

element fields.
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Rigid body mode Spurious zero energy mode

Figure 5.13: A rigid body mode and a SZEM. Black dash line: before deformation; Blue line:
after deformation.

Rigid body mode Spurious zero energy mode

Figure 5.14: Rigid body mode and SZEM in element fields.

A spurious mode that propagates uniquely across the entire field is defined as a Global

Spurious Zero Energy Mode (GSZEM). Figure 5.15 depicts an example. The mode shape in

one element sets the mode shapes of adjoining elements to ensure displacement continuity,

causing a chain reaction that sequentially determines the mode shapes of all elements in the

system.

Conversely, multiple instances of a spurious mode are designated as Local Spurious Zero En-

ergy Modes (LSZEMs). SZEMs that remain isolated within element fields and do not propag-

ate are termed non-communicating modes. Figure 5.16 illustrates an example of an LSZEM.

Figure 5.15: A global spurious zero energy mode.
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Figure 5.16: A local spurious zero energy mode.

The phenomenon of "near mechanism," attributed to LSZEMs, was investigated by (Bićcanić

& Hinton, 1979). This study demonstrated that reduced integration can significantly impair

the performance of four-node membrane elements, even when restrained. Figures 5.17 to

5.20 display the lowest six eigenvectors for a cantilever beam using both four- and eight-

node elements, illustrating that reduced integration in four-node elements results in inferior

performance.

A spurious mode that exists within a single element but disappears in a field of elements

is categorized as a non-communicating mode. For example, the SZEM in Figure 5.13 is

non-communicable because two adjacent elements cannot simultaneously exhibit this mode,

causing it to vanish in the assembled configuration. An assembly of two or more elements will

not exhibit this spurious mode. Proper boundary conditions can also eliminate SZEMs.

The presence or absence of spurious modes depends on factors like element formulations,

numerical integration methods, mesh quality, and problem setup. GSZEMs often arise during

the assembly of the global stiffness matrix, which integrates contributions from multiple ele-

ments. Even if individual elements perform well, their assembly can produce global spurious

modes.

5.6 Summary

In this chapter, a comprehensive framework is presented for evaluating the performance

of new elements in FE simulations. The patch test is emphasized as an essential tool for

assessing the consistency and stability of finite elements under various boundary conditions.

This introduction explains the nature of patches, the execution of patch tests, and their role

in verifying element formulation correctness. Additionally, standard tests for quadrilateral and

hexahedral elements are detailed, validating finite element performance across intricate geo-

metries and conditions.
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Figure 5.17: Lowest six eigenvectors for cantilever beam with four-node elements and full
integration.

Figure 5.18: Lowest six eigenvectors for cantilever beam with eight-node elements and full
integration.

Figure 5.19: Lowest six eigenvectors for cantilever beam with four-node elements and
reduced integration.

Figure 5.20: Lowest six eigenvectors for cantilever beam with eight-node elements and
reduced integration.
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In addition, we discuss the accuracy of integration methods in finite elements, contrasting

full and reduced integration techniques and their impact on computational efficiency and

error control. We also explore spurious zero energy modes—undesirable artifacts of reduced

integration that compromise solution accuracy. This section underscores the balance between

computational efficiency and result precision in engineering simulations, highlighting the nu-

anced decisions involved in finite element method applications.



Chapter 6

Cubature Rules for Finite Element

Method passing the Patch Test

6.1 Criteria to pass patch test

The essential requirement in a patch test is that the theoretical solution is precisely replicated

within the patch, as detailed in Section 5.2.2. This involves accurately calculating strains

and stresses from nodal displacements and ensuring that forces on interior nodes are in

equilibrium. Specifically, the forces due to displacements imposed on interior nodes must

cancel out, satisfying the condition:

∑
e

FFFeee
iii = 0. (6.1)

Here, FFFeee
iii represents the vector of generalized forces exerted by the element on a node i. Thus,

fulfilling Equation (6.1) necessitates exact computation of the integral in Equation (A.23).

According to (MacNeal, 1994), the necessary condition for conforming elements derived from

a presumed displacement field to satisfy the patch test includes:

1) Strains computed from nodal displacements are correct to the desired order in Equa-

tions (5.1b) and (5.1c).

2) The integral

fff =
∫

Ve

BBBT
σdV (6.2)

relating the generalized forces on nodes to stresses is exact for the desired order of σ .

98
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6.2 Integration requirement

In the context of a constant-stress patch test, the equilibrium condition (6.2) can be expressed

as:

fff =
∫

Ve

BBBT dV σ (6.3)

where the matrix BBB comprises elements from the gradient of displacement shape functions

∇xxxNNN. For instance, in a two-dimensional setting, BBBT takes the form:

BBBT =

[
∂xNNN · ∂yNNN

· ∂yNNN ∂xNNN

]
. (6.4)

The accuracy of this integration, crucial for the integrity of the solution, depends on the exact

integration of:

ggg =
∫

Ve

∇xxxNNNdV (6.5)

by the selected cubature rule. Typically, finite element analyses employ polynomial cubature

rules, which are designed to integrate a specific set of polynomials exactly. These rules are

often characterized as either total-degree or product rules, where a total-degree rule of degree

d precisely integrates all polynomials up to a total degree d, and a product rule of degree d

does so for each variable independently. MacNeal (1994) provides guidelines for the minimum

number of integration points required by product rules for different elements.

6.2.1 Parametric elements

In the framework of finite element analysis, parametric elements are described in a parametric

space, designated by parent elements. Here, the displacement shape functions are functions

of parametric coordinates ξξξ . Concurrently, the geometric representation of the element is

provided in a parametric format where Cartesian coordinates are interpolated through the

Equation (A.25) for example. In this context, NNN′ represents the geometric shape functions that

are also dependent on the natural coordinates ξξξ .

Transforming the domain of integral (6.5) into parametric space V ′, we can express it as:

ggg =
∫

V ′e
det(JJJ)∇xxxNNNdV ′. (6.6)
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Here, det(JJJ) represents the determinant of the Jacobian matrix JJJ = ∇ξξξ xxx, which is the gradient

of the Cartesian coordinates with respect to the natural coordinates. By employing the chain

rule, the integrand in (6.6) simplifies to:

ḡgg = det(JJJ)∇xxxNNN = det(JJJ)
(
∇ξξξ φφφ

)
JJJ−1 = ∇ξξξ NNN adj(JJJ) = ∇ξξξ NNN adj

(
XXX∇ξξξ NNN′

)
(6.7)

where adj( ) denotes the adjoint of a matrix. This formulation aids in accurately transforming

derivatives from the parametric space to the Cartesian coordinate system.

6.2.2 Polynomial interpolation

In the common scenario where both the displacement shape functions NNN and the geometry

shape functions NNN′ are polynomials of the natural coordinates ξξξ , the expression derived in

Equation (6.7) indicates that the integrand ḡgg is also polynomial in ξξξ .

The shape functions NNN and NNN′ can be expressed as linear combinations of monomials through

the equations:

NNN = MMMvvv (6.8)

NNN′ = M̂MMv̂vv (6.9)

where vvv and v̂vv represent vectors of monomials, and MMM and M̂MM are matrices of coefficients that

are typically square and invertible in the context of finite element applications. Consequently,

Equation (6.7) can be reformulated as:

ḡgg = MMM∇ξξξ vvv adj
(
XXXM̂MM∇ξξξ v̂vv

)
. (6.10)

In two-dimensional parametric space, equation (6.10) can be represented using index notation

as follows:

ḡ(2)p j = ∑
q,s,t

(
εkl

∂vs

∂ξk

∂ v̂t

∂ξl

)
ε jdMpsM̂qtXdq. (6.11)

Here, εkl denotes the Levi-Civita symbol. Given the arbitrariness of the nodal coordinates XXX

and the invertibility of the matrices MMM and M̂MM, it is essential to ensure that the polynomial in

the parentheses is integrated precisely for the finite element integration to be accurate.

Using multi-index notation ααα = (α1,α2), we express monomials as follows:
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vs = ∏
i

ξ
αsi
i = ξξξ

αααs , v̂t = ∏
i

ξ
α̂ti
i = ξξξ

α̂ααs . (6.12)

The integrand then simplifies after some algebraic manipulations to:

h(2)st = εkl
∂vs

∂ξk

∂ v̂t

∂ξl
= · · ·=

∣∣∣αααs α̂αα t

∣∣∣ξξξ αααs+α̂αα t−111 (6.13)

where 111 = (1,1) represents a vector of ones and
∣∣∣αααs α̂ααt

∣∣∣ denotes the determinant of a 2×2

matrix formed from the multi-indices αααs and α̂ααt. The term ξξξ
αααs+α̂ααt−111 indicates the monomials

that must be exactly integrated, applicable for all combinations of αααs and α̂ααt where these

indices are linearly independent. This results in a straightforward method for deriving the

necessary monomials for integration without the need for complex symbolic operations.

6.2.3 Monomial sets

Based on the discussions in section 6.2.2, constructing monomial sets required for specific

interpolations of displacement and geometry becomes straightforward. This paper focuses

specifically on quadrilateral elements employing serendipity interpolation. These monomial

sets are denoted using the notation m2
i, j, where 2 represents the spatial dimension. Here, i

indicates the order of the displacement interpolation, and j ≤ i represents the order of the

geometry interpolation. This notation systematically captures the relationship between the

interpolation orders and their dimensional context.

In cases of higher-order interpolation, the monomial sets expand considerably. To succinctly

describe these sets, we introduce a shorthand notation ⟨m⟩ for each monomial set m. This

notation allows for a more compact representation, facilitating easier reference and discussion

within the text.

1. Each monomial is indicated by its multi-index, as the variables are always the natural

coordinates ξξξ .

2. Only multi-indices with indices in non-increasing order are given, as symmetry ensures

all other permutations of indices are also included in the set.

3. Only the largest multi-indices (according to the partial ordering ≤) are given. For any

multi-index ααα , all multi-indices βββ ̸= ααα for which ααα ≤ βββ are included in the set, and are

thus omitted from the short form.

As an example, the monomial set

m2
2,2 = {1,ξ ,η ,ξ 2,ξ η ,η2,ξ 3,ξ 2

η ,ξ η
2,η3,ξ 2

η
2} (6.14)

has the short form
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⟨m2
2,2⟩= {(3,0),(2,2)}. (6.15)

For quadrilateral elements with serendipity interpolation, the first few sets are

⟨m2
1,1⟩= {(1,0)} (6.16a)

⟨m2
2,1⟩= {(2,1)} (6.16b)

⟨m2
2,2⟩= {(3,0),(2,2)} (6.16c)

⟨m2
3,1⟩= {(3,1)} (6.16d)

⟨m2
3,2⟩= {(4,1),(3,2)} (6.16e)

⟨m2
3,3⟩= {(5,0),(4,1),(3,3)}. (6.16f)

6.3 Cubature rules for quadrilaterals

6.3.1 Summary of theoretical background

Gaussian cubature rules approximate the scaled integral of a function f (xxx) over a domain Ω

as a weighted sum of function values at specific integration points xxxi:

∫
V f (xxx)dΩ∫

V dΩ
≈

N

∑
i=1

wi f (xxxi). (6.17)

Requiring that equation (6.17) is exact for a specific set of functions f and number of integra-

tion points N, leads to a system of so-called moment equations, which can be solved to obtain

the coordinates xxxi and corresponding weights wi of individual cubature rules.

The requirement for equation (6.17) to be exact for a specific set of functions f and a defined

number of integration points N results in a system of moment equations. Solving these equa-

tions yields the coordinates xxxi and corresponding weights wi necessary for constructing pre-

cise cubature rules.

Most cubature rules described in the literature are total-degree rules, designed to exactly in-

tegrate all monomials up to a specified total degree. An alternative approach involves product

rules that integrate monomials up to a given degree in each variable precisely. In this chapter,

we compute cubature rules tailored to the monomial sets identified as necessary for passing

the patch test, as detailed in Section 6.2.3. These specifically designed rules are expected to

be more efficient, requiring fewer integration points compared to the total-degree and product

rules that integrate the same sets of monomials exactly.
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Table 6.1: Types of orbits for full symmetry in square

Orbit type Generator Condition points variables

0 (0, 0) — 1 1
1 (α , 0) α ̸= 0 4 2
2 (α , α) α ̸= 0 4 2
3 (α , β ) α ̸= 0, β ̸= 0 8 3

To achieve exact integration of a specific monomial set, we solve a system of polynomial

moment equations. This system can be inconsistent (offering no solutions), zero-dimensional

(yielding a finite number of solutions), or positive-dimensional (providing an infinite array of

solutions). Within finite element analysis, we focus on real solutions where all integration

points xxxi are within the domain Ω. While we prioritize cubature rules with all positive weights

(PI quality), it is possible to use rules with some negative weights (NI quality). In this study, we

employ Gröbner bases to solve the moment equations. Although this method is computation-

ally demanding compared to iterative numerical techniques, it has the advantage of identifying

all possible solutions.

In this chapter, we focus exclusively on fully symmetric cubature rules, which align the in-

tegration points and their weights with the symmetry of the domain, whether a square or

a cube. These rules accurately integrate all even monomials, which are monomials where

all powers are even. Consequently, we consider only the sets of even monomials, denoted

as md∗
i, j , derived from the complete monomial sets md

i, j. The corresponding short forms are

represented as ⟨md∗
i, j⟩.

In our analysis of fully symmetric cubature rules on the square, we identify integration points

according to four distinct types of orbits. Table 6.1 details the number of points for each orbit

type and the corresponding number of variables present in the moment equations for each

orbit. The number of variables in these equations aligns with those needed to define the

generator point, from which all other points in the orbit are derived through the transformations

in GCFS defined in Section 2.1.2. Additionally, a separate variable is included to represent the

weight, which is consistent across all points within the same orbit.

6.3.2 Results for quadrilaterals

The even monomial sets corresponding to the sets in equation (6.16) are

⟨m2∗
1,1⟩= {(0,0)} (6.18a)

⟨m2∗
2,1⟩= {(2,0)} (6.18b)

⟨m2∗
2,2⟩= {(2,2)} (6.18c)
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⟨m2∗
3,1⟩= {(2,0)} (6.18d)

⟨m2∗
3,2⟩= {(4,0),(2,2)} (6.18e)

⟨m2∗
3,3⟩= {(4,0),(2,2)} (6.18f)

The monomial sets m2∗
1,1, m2∗

2,1 = m2∗
3,1 and m2∗

3,2 = m2∗
3,3 include all even monomials of total de-

grees up to 1, 3, and 5, respectively. These sets are precisely integrated by the fully symmetric

cubature rules of total degrees 1, 3, and 5, as outlined by Stroud (1971). Additionally, the set

m2∗
2,2, encompassing all even monomials of individual degree up to 3, is accurately integrated

by a 2× 2 product rule of degree 3. It is notable that the set m2
3,1 reaches a total degree of

4, yet contains no even terms at degree 4; similarly, m2
3,3 reaches a total degree of 6 without

even terms at this level. For these sets, existing cubature rules suffice, and we have identified

the minimal necessary rules for each case. Table 6.2 provides the recommended integration

orders for stiffness matrix computations and patch tests for quadrilateral and serendipity

elements based on different orders of element geometry. For interpolation orders of 4 and

higher, the monomial sets become more complex, rendering the minimal rules beyond simple

total-degree or product rules.

The monomial set m2
1,1 is precisely integrated using a 1-point 1× 1 product rule, which cor-

responds to the widely recognized reduced-integration bi-linear quadrilateral element. This

element exhibits two spurious zero-energy modes. Given our focus on fully symmetric cub-

ature rules, the subsequent viable rules utilize 4 points. Consequently, employing the 2× 2

product rule is logical, resulting in the conventional full-integration bi-linear element.

The most efficient cubature rule for the set m2
2,2 is the 4-point 2× 2 product rule, which

corresponds to the well-recognized reduced-integration serendipity quadratic element. This

element exhibits one spurious zero-energy mode; however, it remains practical and is com-

monly used because this mode does not communicate within the element field. Similarly, the

set m2
2,1 necessitates a 4-point rule. Although a fully symmetric 4-point rule of total degree 3

is documented by Stroud (1971), it does not provide advantages over the 2×2 product rule in

terms of efficiency. For both m2
2,1 and m2

2,2, a 5-point rule will remove the spurious zero-energy

mode.

For the cubic serendipity element, the set m2
3,3 requires at least an 8-point rule of total-degree

3, denoted as m2
3,3|8, which is detailed in Table 6.3 and depicted in Fig. 6.3 alongside the 9-

point 3×3 product rule m2
3,3|9∗. Product rules will henceforth be marked with the symbol ∗ like

m2
3,3|9∗. The rule m2

2,1|4 and m2
3,1|4 are both four-point rules of degree 3 found by Stroud but

are unsuitable for these elements as they fail to adequately model normal deformation during

testing. The m2
2,1|4 rule leads to GSZEM that result in abnormal deformations as illustrated in

Figure 6.2. The rule m2
3,1|4 induces SZEM because it satisfies the inequality shown in (5.10),

causing singularity issues in the stiffness matrix.
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Table 6.2: Recommended integration order of product rule for stiffness matrix and patch test
in quadrilateral serendipity element with different element order and geometry

Element order Geometry Stiffness matrix Patch test Example

Linear Undistorted 2x2 1x1

Linear Distorted 2x2 1x1

Quadratic Undistorted 3x3 2x2

Quadratic Distorted 3x3 2x2

Cubic Undistorted 4x4 2x2

Cubic Distorted 4x4 3x3
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Figure 6.1: Original geometry of cantilever beam

Figure 6.2: Abnormal deformation in test 1 caused by GSZEM with m2
2,1|4.

Table 6.3: Eight-point symmetric cubature rule m2
3,3|8 in (Stroud, 1971)

Orbit type w α2

1 40/49 7/15
2 9/49 7/9

Figure 6.3: Location of integration points for cubature rules for m2
3,3|9∗ and m2

3,3|8 (left: 9-point
product rule, right: 8-point rule)
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Table 6.4: Summary of the cubature rules for quadrilateral elements and the corresponding
properties.

Cubature rule Has SZEM? Stable?

m2
1,1|1∗ YES YES

m2
1,1|4∗ NO YES

m2
2,1|4 YES NO

m2
2,1|4∗ YES YES

m2
2,2|4∗ YES YES

m2
3,1|4 YES NO

m2
3,3|8 NO YES

m2
3,3|9∗ NO YES

The monomial set m2
3,2 is equivalent to m2

3,3, leading to the same cubature rules and corres-

ponding finite elements. Similarly, m2
3,1 mirrors the requirements of m2

2,1; however, employing

4-point and 5-point rules for these sets results in elements burdened by an excessive number

of spurious zero-energy modes, rendering them impractical. Consequently, at least an 8-point

rule, specifically the m2
3,3|8, is necessary to produce viable elements for the cubic serendipity

element, regardless of the geometry interpolation used.

Table 6.4 provides a summary of the cubature rules and their properties for various monomial

sets. The second column identifies whether each rule is associated with SZEM. The third

column indicates the stability of each rule in finite element simulation, regardless of the rule’s

accuracy in integration.

6.4 Performance evaluation for quadrilaterals

While satisfying the integration requirement is necessary for passing the patch test, it alone

does not guarantee the optimal numerical behavior of finite elements. To evaluate the behavior

of the cubature rules detailed in Section 6.3, a selection of standard tests from section 5.4.1

has been employed to assess the performance of quadrilateral elements. Figure 6.4 presents

a flowchart that outlines the process for evaluating a cubature rule.

Table 6.5 compares the relative error of the m2
3,3|8 and m2

3,3|9∗ elements. The m2
3,3|8 rule

shows performance similar to the m2
3,3|9∗ product rule but with one fewer integration point.

This can make the m2
3,3|8 rule more preferable in scenarios where reducing computational

cost is crucial.
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Cubature rule

Check SZEM

Input fileUser defined element

ABAQUS solver

Stiffness matrix

Accuracy analysis

Figure 6.4: Flowchart of cubature rule analysis.
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Table 6.5: Summary of standard tests and relative error of results for the 12-node cubic
serendipity quadrilateral element with general geometry for rules m2

3,3|9∗ and m2
3,3|8

Test Mesh Load de m2
3,3|9∗ m2

3,3|8
1 Regular beam S 1.06E-01 -7.57% -7.56%
3 Regular beam T 2.73E-05 0.00% 0.00%
4 Parallelogram beam S 1.06E-01 -7.23% -7.21%
6 Parallelogram beam T 3.06E-05 -10.84% -10.84%
7 Trapezoidal beam S 1.07E-01 -14.32% -14.19%
9 Trapezoidal beam T 3.06E-05 -10.81% -10.84%
10 Axially loaded plate C 4.16E-06 -4.06% -2.67%
11 Curved beam S 8.31E-02 -0.11% -0.09%

6.5 Hexahedral elements

6.5.1 Integration requirement

The calculations from Section 6.2.2 extend to three dimensions with a modified expression for

the integrand:

ḡ(3)p j = ∑
q,r,s,t,u

h(3)stuε jdeMpsM̂qtM̂ruxdqxer (6.19)

where the quantity to be integrated exactly is

h(3)stu = εklm
∂vs

∂ξk

∂ v̂t

∂ξl

∂ v̂u

∂ξm
= · · ·=

∣∣∣αααs α̂αα t α̂ααu

∣∣∣ξξξ αααs+α̂αα t+α̂ααu−111 (6.20)

with 111 = (1,1,1). Therefore, in three dimensions, there is a qualitative difference in the contri-

bution of the displacement and geometry terms compared to the two-dimensional case, where

the two terms contribute equally. This difference makes elements with lower interpolation order

for the geometry more attractive in three dimensions.

For hexahedral elements with serendipity interpolation, the first few monomial sets are

⟨m3
1,1⟩= {(2,1,1)} (6.21a)

⟨m3
2,1⟩= {(3,2,1)} (6.21b)

⟨m3
2,2⟩= {(5,1,1),(4,3,1),(4,2,2),(3,3,3)} (6.21c)

⟨m3
3,1⟩= {(4,2,1)} (6.21d)

⟨m3
3,2⟩= {(6,2,1),(4,4,1),(5,3,2),(4,3,3)} (6.21e)

⟨m3
3,3⟩= {(8,1,1),(7,2,1),(6,4,1),(6,3,2),(5,4,2),(4,4,4)}. (6.21f)
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Table 6.6: Types of orbits for full symmetry in cube

Orbit type Generator Condition points variables

0 (0, 0, 0) — 1 1
1 (α , 0, 0) α ̸= 0 6 2
2 (α , α , 0) α ̸= 0 12 2
3 (α , β , 0) α ̸= 0, β ̸= 0 24 3
4 (α , α , α) α ̸= 0 8 2
5 (α , α , β ) α ̸= 0, β ̸= 0 24 3
6 (α , β , γ) α ̸= 0, β ̸= 0, γ ̸= 0 48 4

6.5.2 Cubature rules for hexahedrals

In the context of cubature on a cube, there are seven distinct types of orbits, each described

in detail in Table 6.6.

The even generators corresponding to those specified in equation (6.21) are detailed as

follows:

⟨m3∗
1,1⟩= {(2,0,0)} (6.22a)

⟨m3∗
2,1⟩= {(2,2,0)} (6.22b)

⟨m3∗
2,2⟩= {(4,2,2)} (6.22c)

⟨m3∗
3,1⟩= {(4,2,0)} (6.22d)

⟨m3∗
3,2⟩= {(6,2,0),(4,4,0),(4,2,2)} (6.22e)

⟨m3∗
3,3⟩= {(8,0,0),(6,4,0),(6,2,2),(4,4,4)}. (6.22f)

The multi-indices in each short form are listed in decreasing lexicographical order, with the

first index, α1,1, representing the highest even power in the monomial set. Consequently, the

minimal product rule necessary would have α1,1/2+ 1 integration points per spatial dimen-

sion. Given this, equation (6.22) suggests that product rules may be suboptimal because

they integrate more monomials than strictly necessary. Therefore, our goal is to identify non-

product symmetric rules, of PI quality or possibly NI quality, that require fewer points than the

least extensive product rule capable of achieving the same accuracy.

The monomial set m3
1,1 necessitates an 8-point 2×2×2 product rule, unlike its two-dimensional

equivalent, which only requires a 1-point 1× 1 product rule. For this set, the only rules with

fewer points are a 6-point PB rule, which is the minimal rule of total degree 3 with integration

points at the face centers, and a one-parameter family of 7-point rules of at most NI quality.
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Table 6.7: Symmetric cubature rules for m3
1,1

Name Points Quality Dimension Orbit w α2

m3
1,1|6 6 PB 0 1 4/3 1

m3
1,1|7 7 NI 1 0 -1 —

1 3/2 8/9

These rules are summarized in Table 6.7. In cases of positive-dimensional rule families, which

encompass an infinite number of solutions, only a representative example is provided. Both

the 6-point and 7-point rules are known to introduce spurious zero-energy modes and typically

exhibit poor performance in practical applications.

For the monomial sets m3
2,1 and m3

2,2, the minimal product rules required are 2× 2× 2 and

3× 3× 3, respectively. In both instances, there are no alternative fully symmetric cubature

rules that require fewer points than these minimum product rules.

The minimal product rule for the set m3
3,1 is a 3×3×3 rule, utilizing 27 points, characterized

by the structure [1,1,1,0,1,0,0], where all nonzero coordinates have α2 = 3/5. Table 6.8

presents the recommended integration order of preduct rule for the stiffness matrix and patch

test for hexahedral serendipity elements across various orders of element and geometry.

Eliminating one of the four orbits results in four different rules that have identical coordinates

but different weights for the remaining orbits, as shown in Table 6.9 and Figure 6.5. These

rules were initially calculated by Franke (1971) as total degree 5 rules, but here they are

derived independently based on their ability to precisely integrate the set m3
3,1, which includes

the degree-6 even monomial (4,2,0).

The 15-point and 19-point NI rules presented in Table 6.9 represent the minimal rules for the

set m3
3,1. Additionally, the 21-point rule is the minimal rule of PI quality, and is not unique; a

second PI rule m3
3,1|21b also exists, with details shown in Table 6.10 and Figure 6.6. Rules

with 20 to 23 points, categorized as positive-dimensional, are also listed in Table 6.10; these

achieve NI quality at 20 and 21 points, and PI quality at 22 and 23 points. The 15, 19, 20, and

21c rules are known to introduce spurious zero-energy modes, leading to poor performance

in elements. Conversely, the 22-point and 23-point rules, while free from spurious zero-energy

modes in a mesh of elements, exhibit singularity when tested in a single element scenario.
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Table 6.8: Recommended integration order of product rule for stiffness matrix and patch test
in hexahedral serendipity element with different element order and geometry

Element order Geometry Stiffness matrix Patch test Example

Linear Undistorted 2x2x2 2x2x2

Linear Distorted 2x2x2 2x2x2

Quadratic Undistorted 3x3x3 2x2x2

Quadratic Distorted 3x3x3 3x3x3

Cubic Undistorted 4x4x4 3x3x3

Cubic Distorted 4x4x4 5x5x5
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Table 6.9: Summary of cubature rules for m3
3,1 with all non-zero coordinates α2 = 3/5

Name Points w0 w1 w2 w4 Quality

m3
3,1|15 15 -32/81 80/81 — 25/81 NI

m3
3,1|19 19 168/81 -20/81 50/81 — NI

m3
3,1|21a 21 128/81 — 40/81 5/81 PI

m3
3,1|26 26 — 64/81 8/81 21/81 PI

m3
3,1|27∗ 27 512/729 320/729 200/729 125/729 PI

m3
3,1|15 m3

3,1|19

m3
3,1|27∗ (3×3×3) m3

3,1|26 m3
3,1|21a

Figure 6.5: Location of integration points for the cubature rules for m3
3,1 in Table 6.9
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Table 6.10: Symmetric cubature rules for m3
3,1. Does not include rules from Table 6.9.

Name Points Quality Dimension Orbit w α2

m3
3,1|20 20 NI 1 1 128/81 3/4

1 -160/243 9/10
4 25/81 3/5

m3
3,1|21b 21 PI 0 0 8/5 —

2 2/5 2/3
4 1/5 1/3

m3
3,1|21c 21 NI 2 0 -38/81 —

1 5/9 8/15
1 4/9 2/3
4 25/81 3/5

m3
3,1|22 22 PI 1 1 4/5 2/3

4 1/5 1/3
4 1/5 2/3

m3
3,1|23 23 PI 2 0 4/9 —

1 5/9 4/5
4 3/7 1/3
4 25/252 4/5

m3
3,1|20 m3

3,1|21b m3
3,1|21c

m3
3,1|22 m3

3,1|23

Figure 6.6: Location of integration points for the cubature rules for m3
3,1 in Table 6.10
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Table 6.11: Symmetric cubature rules for m3
3,3

Name Points Quality Dim. Orbit w α2 β 2

m3
3,3|83 83 PI 0 0 0.3526408581 — —

1 0.2237202525 0.4229513246 —
2 0.1425196417 0.3679763044 —
4 0.1376479994 0.2985164130 —
4 0.0417939413 0.7414771754 —
5 0.0698745156 0.1333132496 0.9161547004
5 0.0617615842 0.7712307871 0.1172769993

m3
3,3|87 87 PI 0 0 0.3008925476 — —

1 0.1369148181 0.7066924737 —
2 0.0846840676 0.7398384443 —
2 0.2186465681 0.2580917388 —
4 0.1130100578 0.4296380890 —
5 0.0214047877 0.8798335790 0.4292351773
5 0.0758273144 0.1832825313 0.8817232250

For the monomial set m3
3,2, the minimal product rule required is a 4× 4× 4 configuration,

totaling 64 points. As the order of interpolation increases, solving the corresponding mo-

ment equations becomes progressively challenging, particularly when dealing with positive-

dimensional cases where deriving PI or NI quality rules is notably difficult. In the specific case

of m3
3,2, although the moment equations are technically solvable for the 47-point structures

[1,1,0,1,2,0,0] and [1,1,0,0,2,1,0], all obtained solutions are complex. The simplest NI rule

that could be determined is a 51-point rule with the structure [1,1,1,0,1,1,0].

For the monomial set m3
3,3, the minimum product rule requires a substantial grid of 5× 5×

5, totaling 125 points. Addressing the moment equations for this set demands considerably

more computational resources than for lesser sets, although the developed rules significantly

reduce the number of points required compared to the baseline product rule. Notably, the

best performing PI rules identified, containing 83 and 87 points, are detailed in Table 6.11

and illustrated in Figure 6.7. It is feasible to solve the moment equations for configurations

with even fewer points, such as a 76-point rule with the structure [0,2,2,0,2,1,0], but these

solutions often involve complex numbers, rendering them impractical. Table 6.12 provides a

comprehensive summary of the cubature rules and their attributes for various monomial sets.
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m3
3,3|125∗ (5×5×5) m3

3,3|83 m3
3,3|87

Figure 6.7: Location of integration points for cubature rules for m3
3,3

Table 6.12: Summary of the cubature rules for hexahedral elements and the corresponding
properties.

Cubature rule Has SZEM? Stable?

m3
1,1|6 YES NO

m3
1,1|7 YES NO

m3
1,1|8∗ NO YES

m3
2,1|8∗ YES YES

m3
2,2|27∗ NO YES

m3
3,1|15 YES NO

m3
3,1|19 YES NO

m3
3,1|20 YES NO

m3
3,1|21a NO YES

m3
3,1|21b NO YES

m3
3,1|21c YES NO

m3
3,1|22 NO NO

m3
3,1|23 NO NO

m3
3,1|26 NO YES

m3
3,1|27∗ NO YES

m3
3,2|64∗ NO YES

m3
3,3|83 NO YES

m3
3,3|87 NO YES

m3
3,3|125∗ NO YES
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Table 6.13: Relative error of test results for cubature rules for m3
3,1

Test de m3
3,1|27∗ m3

3,1|26 m3
3,1|23 m3

3,1|22 m3
3,1|21b m3

3,1|21a

1 1.08E-01 0.00% -0.09% 0.00% 0.00% 0.00% 0.00%
2 4.32E-01 0.05% -0.39% -0.19% 0.07% 0.23% 0.05%
3 3.00E-05 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
4 1.08E-01 -0.28% -0.37% -0.37% -0.37% -0.37% -0.28%
5 4.32E-01 -0.09% -0.86% -0.46% 0.05% 0.16% -0.02%
6 3.00E-05 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
7 1.08E-01 -6.75% -6.75% -7.12% -6.94% -6.94% -6.66%
8 4.32E-01 -2.99% -2.20% -1.02% -0.56% -0.72% -1.92%
9 3.00E-05 0.00% 0.00% 0.00% 0.00% -0.23% 0.00%
11 8.73E-02 -1.87% -1.88% -11.26% -1.96% -1.90% -1.85%
12 5.02E-01 -2.97% -0.91% 19.98% 81.19% 61.76% 3.10%
13 5.42E-03 -0.12% -0.13% -0.12% -0.11% -0.07% -0.08%
14 1.75E-03 0.49% 0.51% 0.57% 0.63% 0.74% 0.49%
15 5.60E-06 -7.74% -8.29% -9.98% -8.80% -7.30% -6.28%
16 1.16E-05 -0.71% -0.95% -1.55% -1.47% -0.68% -0.07%
17 1.26E-06 -9.68% -9.68% -9.76% -9.76% -9.55% -9.47%
18 4.06E-06 0.11% 0.12% -0.27% -0.22% -0.15% 0.14%
19 7.23E-06 -19.89% -21.13% -32.31% -29.97% -21.56% -11.59%
20 1.70E-05 -7.60% -7.43% -14.27% -13.15% -9.73% -3.40%
21 2.56E-06 -2.33% -1.29% -2.07% -2.38% -2.26% -2.31%
22 1.30E-05 1.52% 1.46% 2.00% 1.85% 1.76% 1.40%
23 3.09E-01 -6.30% -6.32% -6.50% -6.47% -6.90% -6.28%
24 1.82E-05 -45.42% -46.22% -48.19% -47.62% -45.68% -17.12%
25 9.24E-02 -7.43% -1.34% -21.14% -20.22% -19.90% -9.37%

6.5.3 Performance evaluation for hexahedrals

To evaluate the performance of the cubature rules detailed in Section 6.5.2 for hexahedral

elements, we have selected a series of standard tests in section 5.4.2. Table 6.13 presents

the performance results for rules used with tri-linear geometry interpolation, focusing on

those that do not introduce spurious zero-energy modes. The cubature rules m3
3,1|26 and

m3
3,1|21a show comparable performance to the standard product rule m3

3,1|27∗ across most

tests, though some variations are observed. Notably, m3
3,1|21a excels in tests 19 and 20, while

m3
3,1|26 shows superior results in tests 12 and 25. These observations underscore the variable

effectiveness of these rules in different testing scenarios.

Table 6.14 presents performance data for cubic-serendipity geometry interpolation, highlight-

ing the new rules m3
3,3|83 and m3

3,3|87. These rules perform comparably to the traditional

product rule m3
3,3|125∗ across all tested scenarios. This similarity in performance, achieved

with significantly fewer integration points, demonstrates the efficiency and potential utility of

the new rules in practical applications.
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Table 6.14: Relative error of test results for cubature rules for m3
3,3

Test de m3
3,3|125∗ m3

3,3|83 m3
3,3|87

1 1.08E-01 0.00% 0.00% 0.00%
2 4.32E-01 0.05% 0.05% 0.05%
3 3.00E-05 0.00% 0.00% 0.00%
4 1.08E-01 -0.37% -0.37% -0.37%
5 4.32E-01 0.16% -0.09% -0.09%
6 3.00E-05 0.00% 0.00% 0.00%
7 1.08E-01 -7.22% -7.22% -7.22%
8 4.32E-01 -3.10% -3.10% -3.10%
9 3.00E-05 0.00% 0.00% 0.00%
11 8.86E-02 -0.97% -0.97% -0.97%
12 5.08E-01 -2.75% -2.75% -2.76%
13 5.42E-03 -57.66% -57.73% -57.65%
14 1.75E-03 -49.46% -49.45% -49.11%
15 5.60E-03 -9.11% -9.11% -9.11%
16 1.16E-05 -1.56% -1.56% -1.55%
17 1.26E-06 -9.88% -9.88% -9.92%
18 4.06E-06 -0.30% -0.30% -0.30%
19 7.23E-06 -36.79% -36.79% -36.79%
20 1.70E-05 -16.09% -16.09% -16.10%
21 2.56E-06 -2.21% -2.21% -2.19%
22 1.30E-05 1.96% 1.96% 2.00%
23 3.23E-01 2.20% 2.20% 2.20%
24 4.73E-05 -21.08% -21.08% -21.08%
25 1.85E-01 -13.89% -13.89% -13.87%
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The tables offer a detailed comparison of relative error performance across various cubature

rules. The findings reveal that the rules m3
3,3|26, m3

3,3|21a, m3
3,3|83, and m3

3,3|87 match or

exceed the accuracy of their respective product rules. This consistent performance highlights

their viability for practical use in finite element applications.

6.6 Contribution analysis of deformation modes

Despite having no SZEMs, the rule m3
3,1|21b displayed relatively large displacement errors,

as noted in the preceding section. This discrepancy is linked to imprecise integration of the

stiffness matrix, affecting the accuracy of the eigenvectors and altering expected deforma-

tion patterns. Consequently, these integration inaccuracies likely contribute to the increased

displacement errors observed with this rule.

In test 12, rule m3
3,1|21b demonstrated a relative error of 61.76%, significantly higher than

the errors for other rules in Table 6.13. This discrepancy can be examined through FEM-

related eigenproblems, as outlined in (Bathe, 1996, Sec. 10.2). Analyzing the real symmetric

global stiffness matrix KKK using eigendecomposition helps understand the issues causing the

observed errors in deformation patterns and displacement calculations.

The global stiffness matrix KKK can be decomposed as follows:

KKK = ΦΦΦΛΛΛΦΦΦ
T . (6.23)

In this representation, ΦΦΦ is the matrix where each column i represents the eigenvector φφφ i of

KKK, often referred to as a deformation mode. The matrix ΛΛΛ is diagonal

ΛΛΛ =


λ1 0 . . . 0

0 λ2 . . . 0
...

. . .
...

0 . . . 0 λn

 , (6.24)

with its diagonal elements Λii = λi representing the corresponding eigenvalues.

Eigenvectors are orthogonal, meaning φφφ
T
i φφφ j = 0 for i ̸= j. Figure 6.8 illustrates the ortho-

gonality of eigenvectors for rules m3
3,1|21b and m3

3,1|22, compared to m3
3,1|27∗, focusing on

the fifteen smallest eigenvalues of the global stiffness matrix in test 12. When the stiffness

matrices derived from two different cubature rule a and b are equivalent or very similar, the

matrix plot ΦΦΦ
T
a ΦΦΦb approaches an identity matrix. This analysis shows that the stiffness matrix

derived from rule m3
3,1|22 more closely aligns with that from rule m3

3,1|27∗ than does m3
3,1|21b.
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Figure 6.8: The orthogonality of m3
3,1|21b (above), m3

3,1|22 (below) w.r.t. m3
3,1|27∗ for the

eigenvectors correspond to the smallest fifteen eigenvalues of global stiffness matrix of Test
12.
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In structural analysis, PPP denotes the load vector and ΓΓΓi represents the contribution factor of

the ith eigenvector to the applied loading. The contribution factor ΓΓΓi is calculated using the

formula:

ΓΓΓi = φφφ
T
i φφφ iPPP. (6.25)

Table 6.15: The contribution factors at the nodes j = 1, ..,4 for the smallest five eigenvalues
for m3

3,1|21b in test 12

λ1 λ2 λ3 λ4 λ5

γi1 0.0313854444 2.6413433685E-9 0.0220778308 -5.1768138903E-10 0.0138996821
γi2 0.0313011979 2.0901770466E-11 0.0171853314 5.3207441970E-10 0.0039146494
γi3 0.0313574672 1.5499251701E-9 0.0204473622 -8.0404556359E-11 0.0105712994
γi4 0.0313293288 1.1052794173E-9 0.0188163267 9.6221738310E-11 0.0072414211

Table 6.16: The contribution factors at the nodes j = 1, ..,4 for the smallest five eigenvalues
for m3

3,1|22 in test 12

λ1 λ2 λ3 λ4 λ5

γi1 0.0277925559 2.1319633186E-10 0.0221341008 -2.0567802866E-14 0.0141975165
γi2 0.0284020258 2.1152474008E-10 0.0197350014 6.8161413449E-12 0.0089660648
γi3 0.0279953737 2.1196662286E-10 0.0213348132 1.1903022679E-12 0.0124485456
γi4 0.0281984990 2.1030212577E-10 0.0205349936 3.5661152137E-12 0.0107053234

Table 6.17: The contribution factors at the nodes j = 1, ..,4 for the smallest five eigenvalues
for m3

3,1|27∗ in test 12

λ1 λ2 λ3 λ4 λ5

γi1 0.0265527498 1.3002892468E-9 0.0219823044 5.3578558295E-11 0.0141567783
γi2 0.0273392757 1.6541760715E-9 0.0205459558 -4.4773983391E-11 0.0107119388
γi3 0.0268149113 1.4171232358E-9 0.0215032697 2.1272414496E-11 0.0130073584
γi4 0.0270770830 1.5346425531E-9 0.0210244641 -1.2229631388E-11 0.0118589069

Tables 6.15 to 6.17 detail the contribution factors γi j for the ith eigenvalue λi at the Degrees

of Freedom (DoFs) j = 1, ..,4 as illustrated in Fig. 6.9. Here, the loads PPP are applied using

equivalent nodal forces at the edge with four nodes for cubic elements. These contributions

are calculated for the smallest five eigenvalues from the rules m3
3,1|21b, m3

3,1|22, and m3
3,1|27∗.

The nodal forces, denoted as Pi, are determined by integrating the pressure p over the area

A, weighted by the shape functions Ni, as shown in the following equation:

Pi =
∫

A
Ni pdA. (6.26)

Table 6.18 lists the inverses of the five smallest eigenvalues for the cubature rules m3
3,1|21b,

m3
3,1|22, and m3

3,1|27∗, which are critical for evaluating the structural response under the

applied load.
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Table 6.18: The inverse of the five smallest eigenvalues of global stiffness matrix in test 12
for m3

3,1|21b, m3
3,1|22 and m3

3,1|27∗.

m3
3,1|21b m3

3,1|22 m3
3,1|27∗

1/λ1 25.18346483 19.07142081 17.84936528
1/λ2 4.570843825 4.564883442 4.566799369
1/λ3 1.245101291 0.907700153 0.791815246
1/λ4 0.203563427 0.202937535 0.203715568
1/λ5 0.105064473 0.085353467 0.079301036
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Figure 6.9: In plane and out of plane load for curved beam.
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In Tables 6.15 to 6.17, we note that the second and fourth smallest eigenvalues contribute

minimally to the response under the specified loading conditions. Therefore, the closeness of

these particular eigenvalues across the three integration rules does not significantly impact

their performance. However, as shown in Table 6.18, there are notable differences in the first

and third eigenvalues between m3
3,1|21b, m3

3,1|22, and m3
3,1|27∗. These eigenvalues are more

critical under the given loading scenario.

As mentioned in Section A.1, the general algebraic form of the problem to be solved is

KKKũuu = PPP. (6.27)

Substitute Equation (6.23) into Equation (6.27) returns

ΦΦΦΛΛΛΦΦΦ
T ũuu = PPP. (6.28)

The deformation modes ũuui are computed using Equation (6.28), yielding:

ũuui =
1
λi

φφφ
T
i φφφ iPPP =

1
λi

ΓΓΓi (6.29)

which satisfy

∑
i

ũuui = ũuu. (6.30)

This equation strategically adjusts each mode’s contribution based on its eigenvalue. The

calculated displacements (ũuu) at DoFs j = 1, ..,4 are detailed in Table 6.19.

Table 6.19: The final response at DoFs j=1,..,4 for m3
3,1|21b, m3

3,1|22 and m3
3,1|27∗ in test 12.

m3
3,1|21b m3

3,1|22 m3
3,1|27∗

u1 0.8193624707 0.5513728033 0.4926617678
u2 0.8103823282 0.5603891473 0.5052557046
u3 0.8163724063 0.5543726104 0.4968597330
u4 0.8133776758 0.5573774003 0.5010575958

Table 6.20 shows the relative error in the contribution of the first deformation mode compared

to the final responses at DoFs j = 1, ..,4. Furthermore, Table 6.21 displays the relative errors

for the combined contributions of the first and third deformation modes.
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Table 6.20: The relative error of first deformation mode i=1 w.r.t. final response at DoFs j=1,..,4
for m3

3,1|21b, m3
3,1|22 and m3

3,1|27∗ in test 12.

m3
3,1|21b m3

3,1|22 m3
3,1|27∗

u11 -3.53% -3.86% -3.79%
u12 -2.72% -3.34% -3.41%
u13 -3.26% -3.69% -3.66%
u14 -2.99% -3.51% -3.54%

Table 6.21: The relative error of the summation of first and third deformation modes i=1,3
w.r.t. final response at DoFs j=1,..,4 for m3

3,1|21b, m3
3,1|22 and m3

3,1|27∗ in test 12.

m3
3,1|21b m3

3,1|22 m3
3,1|27∗

u11 +u31 -0.18% -0.22% -0.26%
u12 +u32 -0.08% -0.14% -0.19%
u13 +u33 -0.15% -0.19% -0.24%
u14 +u34 -0.12% -0.17% -0.22%

The analysis reveals that accounting solely for the smallest eigenvalue of KKK results in a

relative error close to 4% in each case when compared to the numerical solution. However,

incorporating both the smallest and the third smallest eigenvalues of KKK substantially lowers

the relative error to about 0.3% in each instance. This suggests that the deformation modes

corresponding to these specific eigenvalues are critical for precisely predicting the final re-

sponses.

On the other hand, the performance of m3
3,1|21b and m3

3,1|22 in Test 11 is much better than

in Test 12. If we look at the contribution factors γi j at the DoFs j = 4, ..,7 as shown in the

Tables 6.22 to 6.24, it is interesting to observe that for the given loading, the contribution of

the first, third and fifth (smallest) eigenvalues is very small compare to the second and fourth

which means the proximity of the corresponding eigenvalues among the three cases is not

important. In Table 6.18, three integration schemes have similar value for the second and

fourth eigenvalues which are the most relevant for this loading and Table 6.25 and 6.26 shows

that the deformation modes correspond to the second and fourth smallest eigenvalues have

significant influence on the final responses.

Table 6.22: The contribution factors at the nodes j = 4, ..,7 for the smallest five eigenvalues
for m3

3,1|21b in test 11

λ1 λ2 λ3 λ4 λ5

γi4 2.6093050331E-9 -0.0180379649 6.0817642631E-8 -0.0249883158 2.1390289690E-8
γi5 -3.7769473042E-9 -0.0180378863 -6.0915651021E-8 -0.0249882078 -2.1391594731E-8
γi6 4.3484867280E-10 -0.0180378683 2.0283406787E-8 -0.0249885982 7.1216148473E-9
γi7 -1.6024854930E-9 -0.0180378421 -2.0381415394E-8 -0.0249885622 -7.1229199150E-9
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Table 6.23: The contribution factors at the nodes j = 4, ..,7 for the smallest five eigenvalues
for m3

3,1|22 in test 11

λ1 λ2 λ3 λ4 λ5

γi4 -5.0810842732E-9 -0.0180570701 3.5024211607E-8 -0.0249951189 4.1651733651E-9
γi5 5.0193836087E-9 -0.0180570378 -3.5167333660E-8 -0.0249950812 -4.1654077149E-9
γi6 -1.7118160177E-9 -0.0180570439 1.1629903496E-8 -0.0249949800 1.3920215794E-9
γi7 1.6501153000E-9 -0.0180570331 -1.1773025170E-8 -0.0249949674 -1.3922559259E-9

Table 6.24: The contribution factors at the nodes j = 4, ..,7 for the smallest five eigenvalues
for m3

3,1|27∗ in test 11

λ1 λ2 λ3 λ4 λ5

γi4 -2.8792896300E-8 -0.0180362685 2.7740594588E-8 -0.0249836482 8.4111343957E-9
γi5 2.7683459209E-8 -0.0180362956 -2.7997131757E-8 -0.0249836056 -8.4135267366E-9
γi6 -9.9673720669E-9 -0.0180362720 9.1620321818E-9 -0.0249835445 2.8035816427E-9
γi7 8.8579351902E-9 -0.0180362810 -9.4185691315E-9 -0.0249835303 -2.8059739660E-9

In Test 11, the performance of the integration rules m3
3,1|21b and m3

3,1|22 is markedly better

than in Test 12. Analyzing the contribution factors γi j for degrees of freedom (DoFs) j = 4..7,

as presented in Tables 6.22 to 6.24, it is notable that the contributions of the first, third, and

fifth smallest eigenvalues are minimal compared to those of the second and fourth. This

indicates that the closeness of the corresponding eigenvalues among the three integration

schemes is less crucial for this specific loading. Tables 6.18 confirm that the three schemes

yield similar values for the second and fourth eigenvalues, which are more significant for this

loading scenario. Furthermore, Tables 6.25 and 6.26 illustrate that the deformation modes

associated with the second and fourth smallest eigenvalues significantly impact the final

responses, underlining their importance in this context.

Table 6.25: The relative error of second deformation mode i=2 w.r.t. final response at DoFs
j=4,..,7 for m3

3,1|21b, m3
3,1|22 and m3

3,1|27∗ in test 11.

m3
3,1|21b m3

3,1|22 m3
3,1|27∗

u24 -6.18% -6.14% -6.19%
u25 -6.18% -6.07% -6.19%
u26 -6.18% -6.12% -6.19%
u27 -6.18% -6.09% -6.19%

Table 6.26: The relative error of the summation of second and fourth deformation modes i=2,4
w.r.t. final response at DoFs j=4,..,7 for m3

3,1|21b, m3
3,1|22 and m3

3,1|27∗ in test 11.

m3
3,1|21b m3

3,1|22 m3
3,1|27∗

u24 +u44 -0.39% -0.36% -0.39%
u25 +u45 -0.39% -0.29% -0.39%
u26 +u46 -0.39% -0.34% -0.39%
u27 +u47 -0.39% -0.31% -0.39%
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Figure 6.10: Framework to find minimum cubature rules passing the patch test

These findings explain the larger deformation errors observed in Test 12 for m3
3,1|21b and

m3
3,1|22 when compared to m3

3,1|27∗. The difference between the outcomes of Tests 11 and 12

suggests that specific loading conditions can activate inaccurate deformation modes, which

significantly impact the final response, primarily due to inadequate integration in the stiffness

matrix.

6.7 Summary

This chapter introduces a new methodology, depicted in Figure 6.10, for generating cubature

rules that ensure finite elements pass the patch test. This process efficiently identifies the

exact monomial sets needed for integration, forming the basis for deriving the moment equa-

tions for specific cubature rules. Our versatile framework accommodates different element

shapes and various interpolations of displacement and geometry, extending to patch tests with

non-constant stress interpolation. We focus on quadrilaterals and hexahedra with serendipity

interpolation. Initially, we check the cubature rules for the absence of spurious zero-energy

modes, then evaluate their performance through classic finite element tests.
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Many new rules are successfully developed, especially for cubic serendipity interpolation of

displacements in hexahedral elements. These rules use up to 34% fewer integration points

than standard product rules when geometry is also interpolated with cubic serendipity shape

functions. This reduction demonstrates the efficiency of our approach in reducing the compu-

tational demand of finite element analyses.

For interpolation orders greater than three, the proposed method produces rules that out-

perform product rules in point count while maintaining similar accuracy. However, benchmark

tests are essential to evaluate each proposed rule, as performance can vary even among

rules that pass the patch test. The suboptimal performance of some rules is explained through

deformation mode contribution analyses, relying on eigendecomposition of the global stiffness

matrix.

In conclusion, our method offers clear advantages for serendipity interpolation by utilizing

fewer basis functions than Lagrange interpolation. However, its current application is limited

to linear problems, and further investigation is needed to assess its effectiveness in higher-

order and nonlinear contexts.



Chapter 7

Conclusions

Numerical integration approximates integrals of functions that are difficult to integrate analytic-

ally, especially over intricate or irregular domains where exact solutions are unattainable. It is

essential for precise calculations of areas, volumes, and other integral properties, supporting

accurate and reliable results in various scientific and engineering applications.

In FEM, numerical integration is crucial for computing each element’s contribution to the

overall system equations, affecting the model’s behavior. Proper integration ensures the sta-

bility and accuracy of FEM solutions by accurately calculating element properties like the

stiffness matrix. Therefore, studying numerical integration and its application in FE simulations

is essential.

In this thesis, we present significant contributions to Gaussian-type cubature rules and their

application to finite element simulation. First, we establish an explicit consistency condition

for fully symmetric cubature rules in tetrahedra using a novel basis. Second, we identify new

rotationally symmetric PI rules for tetrahedra and investigate multisymmetric polynomials in

cubature rule moment equations. Third, we develop a framework to identify cubature rules

with the minimum integration points needed to pass the patch test by exactly integrating only

the necessary monomial sets.

In Chapter 3, we developed a new non-monomial fully symmetric polynomial basis for the

tetrahedron. This basis maximizes the number of zero elements across various orbit types,

allowing for explicit formulas and identification of optimal and quasi-optimal consistent rule

structures for the first time. This approach simplifies moment equations into smaller, inde-

pendent subsystems, improving solution efficiency. Using this method, we derived a new NI

rule of degree 9 with 55 points, reducing the number of points compared to existing PI/NI rules.

However, optimal rule structures for degrees 7 and 9 were impractical due to complex point

coordinates, and degrees 10 and 11 resulted in inconsistent moment equations. Quasi-optimal

rule structures serve as a foundation for computing additional cubature rules, with higher

degrees requiring advanced solving techniques due to equation complexity. This approach

has potential applications in deriving consistency conditions across various domains and

symmetries.

128
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The primary advantage of the method employed in this section lies in its ability to explore

the root distribution properties of the quartic function governing the barycentric coordinates,

through the analysis of its discriminant. By examining the relationship between the roots

and the distribution of points, we derive a novel basis that eliminates redundant orbits in the

moment equations. This, in turn, facilitates the formulation of accurate consistency conditions

and optimal rule structures. However, despite the benefits of this new basis, it introduces

challenges in solving the moment equations due to the interdependence between the basis

variables p, q and r, which creates redundancy. To render the moment equations solvable,

further simplifications are necessary. Moreover, as discussed in the concluding section of this

chapter, this redundancy can occasionally prevent the existence of a solution altogether.

In Chapter 4, we explore rotational symmetry in cubature formulation and the role of multisym-

metric polynomials in moment equations. By developing a new rotationally symmetric monomial

basis that incorporates the Vandermonde polynomial into the fully symmetric polynomial basis

from Chapter 3, we created a comprehensive system of moment equations. Augmented by

equations from the relationship between Vandermonde polynomials and discriminants, this

system becomes zero-dimensional. Using Gröbner bases, we found a novel degree 7 PI

rule requiring three fewer points than the optimal fully symmetric PI rule. For higher degrees,

numerical solutions computed with the PHG code using the Levenberg-Marquardt algorithm

yielded three PI rules for degrees 9 to 11, each with fewer or equal points compared to

their fully symmetric counterparts. Degrees beyond 11 face convergence challenges due

to the complex system of moment equations and numerous variables, indicating a need

for enhanced computational capabilities. This methodology can extend to derive rotationally

symmetric cubature rules for other symmetric domains.

The optimal rotationally symmetric cubature rules for a given degree may require fewer integ-

ration points than fully symmetric cubature rules, as demonstrated in our work. This is due

to the reduced constraints on the distribution of integration points in rotationally symmetric

rules. We achieve rotational symmetry by employing the Vandermonde polynomial, leveraging

its anti-symmetry property. When combined with a fully symmetric basis, this results in a

rotationally symmetric basis. However, this derived basis is not optimal for establishing accur-

ate consistency conditions or constructing optimal rule structures. Furthermore, the moment

equations generated by the new rotationally symmetric basis form a positive-dimensional

system. The interdependence of the Vandermonde polynomial and other basis variables,

governed by the discriminant of a quartic function, complicates the solution process when

using symbolic methods such as Gröbner bases. The Levenberg-Marquardt algorithm, by

contrast, is a well-established numerical method capable of finding local optima. However, it

identifies only a single solution at a time, and there is no guarantee that the solution is globally

optimal.
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Rotationally symmetric cubature rules could be particularly beneficial in FEM when the num-

bering of element vertices aligns with the rotational symmetry of the cubature rule. Moreover,

in certain finite element simulations, variations in vertex numbering require differing rule per-

formance, highlighting the value of rotationally symmetric cubature rules. However, in general

applications, fully symmetric cubature rules are often preferable due to their invariance to

vertex numbering.

Additionally, we examined multisymmetric polynomials within cubature rule moment equa-

tions, expressing them in terms of elementary multisymmetric polynomials and revealing

dimensional redundancies. Developing effective algorithms to manage and simplify these

expressions and explain their canonical forms remains an active research area, enhancing

our understanding of their algebraic properties and their potential in cubature formulations.

In Chapter 6, we developed a framework to derive cubature rules that ensure finite elements

pass the patch test. This framework identifies and integrates necessary monomial sets, sim-

plifying the generation of moment equations. It accommodates various element shapes and

interpolations of displacement and geometry. Focusing on quadrilaterals and hexahedrals with

serendipity interpolation, the derived rules are validated for the absence of spurious zero-

energy modes and evaluated through finite-element test simulations. The research introduces

many new rules, notably for cubic serendipity interpolation in hexahedral elements, achieving

up to a 34% reduction in integration points compared to traditional product rules. For interpol-

ation orders above three, the method consistently reduces integration points while maintaining

accuracy. However, benchmark tests are necessary to assess each new rule, as performance

can vary even among those passing the patch test. This highlights the importance of thorough

testing in developing and applying new cubature rules in finite element analysis.

Our method demonstrates advantages specifically in the context of serendipity interpolation

due to its use of fewer basis functions compared to Lagrange interpolation for Lagrange

elements. However, this study is limited to linear problems. To fully explore the potential of

our framework, it is necessary to extend the analysis to higher-order cases and nonlinear

problems. For example, our method can be extended to consider higher order patch tests with

non-constant interpolation of the stress.

Verification and validation are critical processes in ensuring the accuracy and reliability of

FE codes, as they address different aspects of the computational model’s fidelity. Validation

assesses whether the mathematical model implemented in the FE code accurately represents

the physical phenomena of the real-world problem. It focuses on ensuring that the simulation

produces reliable predictions when compared to experimental or empirical data. In our work,

we assumed that the mathematical model has been validated.
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Verification, in contrast, ensures that the numerical implementation of the FE method is cor-

rectly executed. It verifies that the mathematical equations, derived from theoretical principles,

are accurately represented and solved by the software. This process involves checking that

the FE code properly assembles stiffness matrices, applies boundary conditions, and solves

the governing equations (such as equilibrium equations in structural analysis). Verification

is typically performed by comparing the FE results with exact analytical solutions for simple

problems (e.g., beam bending or plane stress) or through methods such as the patch test and

unit testing. While unit tests are now widely preferred for verifying individual components of

FE code, the convergence properties ensured by the patch test remain an essential aspect of

comprehensive verification.

In conclusion, this thesis investigates the invariance of Gaussian-type cubature rules, leading

to several innovative results. Additionally, it establishes a comprehensive framework for identi-

fying cubature rules tailored for finite element analysis. The outcomes demonstrate significant

advancements in numerical integration and its application to FE simulation.

This thesis makes significant contributions to the field and also identifies several opportunities

for further research, among which four directions are particularly compelling. The first op-

portunity highlighted is the construction and simplification of moment equations. We derived

fully symmetric and rotationally symmetric bases for tetrahedra. The fully symmetric basis

simplifies the moment equations, making the solutions easier to express, and enables explicit

formulas for calculating consistency conditions necessary for estimating optimal cubature

rules. This suggests that exploring the invariances inherent in the integration domain and

cubature formulation can significantly aid in finding superior cubature rules. Consequently,

we generalized this idea to include multisymmetric polynomials in the moment equations,

expressed using elementary multisymmetric polynomials, similar to symmetric polynomials.

However, redundancies emerged in the newly expressed moment equations. Although ex-

plicit formulas involving elementary multisymmetric polynomials can be obtained using the

Gröbner basis method, the computational load increases with the problem’s complexity. Thus,

mathematically deriving closed-form relationships is an essential next step for advancing this

research area.

The rotationally symmetric basis developed in Chapter 4 has led to the discovery of novel

cubature rules that require fewer integration points. However, the consistency conditions for

the optimal rule structure have not been identified because those derived from the rotationally

symmetric basis result in more points than the optimal rules calculated using the fully sym-

metric basis in Section 3. This discrepancy is irrational, as fully symmetric polynomials are

inherently rotationally symmetric. Therefore, the optimal rule structure for a fully symmetric

cubature rule must also be a rotationally symmetric cubature rule. The fact that the optimal
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rule structure calculated using the rotationally symmetric basis requires more integration

points than the optimal fully symmetric cubature rules indicates a need for a better method

to calculate the consistency conditions for optimal rotationally symmetric cubature rules. This

presents the second opportunity for further research.

The third opportunity lies in the analysis of the integrand. We have successfully identified the

sets of monomials that must be integrated exactly to pass the patch test for FE simulation. This

approach can be extended to various elements and interpolations for geometry and assumed

fields used in FEM. Therefore, it would be beneficial to establish a library to compare the

performance of different cubature rules within our framework under various conditions in FE

simulations. This library would particularly assess their ability to integrate the stiffness matrix

properly and ensure they facilitate passing the patch test for convergence.

The fourth research opportunity arises from the methodology used to solve moment equa-

tions. We have discussed that polynomial systems can be solved either algebraically or nu-

merically. For the algebraic approach, we emphasized the benefits of exploiting invariance

in the integration domain and cubature formulation, which simplifies the algebraic solutions

and facilitates the resolution of moment equations. For the numerical approach, particularly

iterative methods, there is significant potential for addressing higher-dimensional problems. It

is valuable to explore strategies that enhance the convergence of these algorithms, either by

improving initial guess methods to ensure they reach the optimal solution or by accelerating

their convergence rate with high-performance computing (HPC) algorithms.

The progression of these areas relies heavily on advances in mathematical research and

computational capabilities, which are expected to evolve rapidly to meet future development

needs.



Appendix A

FE formulation for linear elasticity

A.1 Direct formulation to linear elasticity

The finite element method (FEM) simplifies continuum problems by dividing them into discrete

elements, each defined by specific parameters. This approach allows solving complex con-

tinuum problems using discrete structural engineering methods. While FEM can be extended

to nonlinear problems, our research focuses on linear elasticity. Key definitions are based on

(Bathe, 1996; MacNeal, 1994; O. C. Zienkiewicz et al., 2013).

Consider a typical triangular finite element, labeled as e in Figure A.1, with nodes at 1, 2,

and 3 connected by straight edges. A crucial aspect of FEM is the choice of displacement

functions to approximate displacements within an element. Let the displacements uuue at any

point within the element be approximated by a column vector ûuue:

uuue ≈ ûuue = ∑
i

NNNiũuue
i = NNNũuue. (A.1)

The functions NNNi = [N1,N2, . . . ] are shape functions (or interpolation functions) for displace-

ments. They must be chosen to yield appropriate nodal displacements when the coordinates

of the corresponding nodes are inserted into Equation (A.1). For example, a linear function for

a triangular element will yield the shape of N3 as shown in Figure A.2.

In finite element analysis, once displacements are known across the element, the strains at

any point can be calculated using a matrix relationship expressed as:

ε = SSSuuue (A.2)

where ε represents the strain tensor at a point, and SSS is a linear differential operator. Using

the displacement approximation from Equation (A.1), the strain equation becomes:

ε ≈ ε̂ = BBBũuue. (A.3)

Here, BBB, known as the strain-displacement matrix, is defined as:

133
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Figure A.2: Shape function N3 for triangle
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BBB = SSSNNN. (A.4)

The strain-displacement matrix BBB can be derived from assumed strain distributions, stress

distributions, or a combination of both. The applications and implications of these derivations

will be discussed in subsequent sections.

In linear elasticity, the relationship between stress and strain is expressed linearly as follows:

σ = DDD(ε− ε0)+σ0. (A.5)

Here, DDD represents the elasticity matrix, which contains material properties relevant to the

stress-strain response. ε0 accounts for initial strains, which may arise from factors like tem-

perature changes or structural changes at the microscopic level. σ0 denotes any initial residual

stress present in the material.

Correspondingly, let the vector FFFe denote the nodal forces on an element, which are equival-

ent to the effects of boundary stresses and distributed body forces:

FFFe =


FFFe

1

FFFe
2

...

 (A.6)

Each vector FFFe
i in this matrix corresponds to the forces at node i and matches the number

of displacement components ũuue
i for that node, ensuring correct force application according to

the element’s orientation and properties.

This thesis considers distributed body forces ppp acting per unit volume and aligned with dis-

placement directions uuu. However, their impact is not explicitly included in the analysis. Without

body forces, equivalent nodal forces are determined solely based on equilibrium, simplifying

the computational model and focusing on other structural aspects.

The matrix equation

KKKũuu = PPP (A.7)

defines the general relationship in finite element analysis, where KKK is the global stiffness

matrix and PPP is the load vector, including all forces except those from linear elasticity. For

linear static analysis, PPP simplifies to a constant vector.
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Figure A.3: A representative Finite Element.

The overall system equation for finite element analysis is derived by aggregating the contribu-

tions from each element:

KKK = ∑
e

KKKe (A.8)

In parallel, the total load vector is formulated as:

PPP = ∑
e

PPPe +PPPd (A.9)

Here, ∑e PPPe represents the load vector contributions from the individual elements, while PPPd

pertains to the contributions from displacement-related variables, with the summation extend-

ing across all elements.

The element in Figure A.3 models both 2D and 3D finite elements. It includes body force

density ppp and surface or edge traction ttt. The vector ũuu represents boundary variables, mainly

displacement-like quantities at discrete nodal points.

When adjacent elements interact solely through shared boundary displacements, it is ad-

vantageous to substitute the surface tractions ttt with generalized forces FFFeee. These forces are

exerted on the element due to the boundary displacements ũuu.

To determine the element stiffness matrix KKKe and the corresponding load vector PPPe, principles

of energy conservation are applied. The principle of virtual work uses virtual displacements

δ ûuue and virtual strain δ ε̂ . This principle equates the virtual work done by applied forces δWa

with the change in stored potential energy δWs, expressed as:

δWa = δWs. (A.10)
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The virtual work done by the applied forces, which include the generalized forces from the

boundary displacements, is expressed as:

δWa =
∫

Ve

pppT
δ ûuuedV +(FFFeee)T

δ ũuue. (A.11)

Here, Ve denotes the volume of the element. The increase in stored energy due to these forces

is calculated as:

δWs =
∫

Ve

σ
T

δ ε̂dV. (A.12)

Consequently, the principle of virtual work (Equation A.10) can be rewritten to establish equi-

librium between the internal and external work:

∫
Ve

σ
T

δ ε̂dV =
∫

Ve

pppT
δ ûuuedV +(FFFeee)T

δ ũuue. (A.13)

Using Equations (A.1) and (A.3), substitutions are made as follows:

δ ε̂ = BBBδ ũuue (A.14a)

δ ûuue = NNNδ ũuue (A.14b)

This leads to the reformulation of the virtual work equation:

(
∫

Ve

σ
T BBBdV )δ ũuue = (

∫
Ve

pppT NNNdV +(FFFeee)T )δ ũuue. (A.15)

Since the elements of δ ũuue are arbitrary and independent, δ ũuue can be cancelled from both

sides of Equation (A.15). By transposing both sides, we obtain:

∫
Ve

BBBT
σdV =

∫
Ve

NNNT pppdV +FFFe. (A.16)

We consider only the homogeneous part of the stress-strain relationship from Equation (A.5):

σ = DDDε. (A.17)

Substituting this into the left-hand side of Equation (A.16), we derive:

∫
Ve

BBBT
σdV =

∫
Ve

BBBT DDDεdV = KKKeũuue (A.18)
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where

KKKe =
∫

Ve

BBBT DDDBBBdV (A.19)

represents the element stiffness matrix. Additionally, the element-associated vector of nodal

loads is defined as:

PPPe =
∫

Ve

NNNT pppdV (A.20)

Consequently, Equation (A.16) simplifies to:

KKKeũuue = PPPe +FFFe (A.21)

Considering the equilibrium requirement:

∑
e

FFFe = PPPd , (A.22)

Equation (A.7) represents the aggregation of Equation (A.21) across all elements linked to

ũuu. Here, KKK and PPP are defined in Equations (A.8) and (A.9). When considering FFFe and PPPe as

directly applied to ũuue, Equation (A.16) simplifies to:

fff =
∫

Ve

BBBT
σdV (A.23)

This results in a homogeneous equation that succinctly captures the static equilibrium of

forces in the finite element model, aligning with fundamental principles of structural mechan-

ics. This equation is central to our research as it delineates how the generalized nodal forces

fff can be computed from the stress fields and strain-displacement matrix, bridging theoretical

mechanics with practical computational applications.

A.2 Parametric element formulation

When working with parametric elements, performing integration in parametric space is be-

neficial due to the simpler shapes, such as triangles and cubes. This approach requires

establishing a one-to-one mapping between Cartesian and natural coordinates. In three-

dimensional problems, this mapping converts natural coordinates (ξ ,η ,ζ ) into Cartesian

coordinates (x,y,z):
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Figure A.4: Two dimensional mapping of a quadrilateral element.

x

y

z

=

 fx(ξ ,η ,ζ )

fy(ξ ,η ,ζ )

fz(ξ ,η ,ζ )

 (A.24)

Figure A.4 illustrates a two-dimensional example of mapping, showing the transformation of a

quadrilateral element from natural to Cartesian coordinates.

Using this mapping, shape functions are defined in natural coordinates, allowing the trans-

formation of element properties to the Cartesian system. This method optimizes numerical

integration by exploiting the geometric simplicity of elements in parametric space. The co-

ordinate transformations (A.24) are specified as:

x = N′1x1 +N′2x2 + · · ·+N′nxn = NNN′xxx (A.25a)

y = N′1y1 +N′2y2 + · · ·+N′nyn = NNN′yyy (A.25b)

z = N′1z1 +N′2z2 + · · ·+N′nzn = NNN′zzz (A.25c)

Here, NNN′ denotes the vector of shape functions mapping natural coordinates to Cartesian

coordinates. This ensures each Cartesian coordinate (x,y,z) is a linear combination of the

nodal coordinates (xi,yi,zi) weighted by the shape functions. This method seamlessly links

the element’s geometry with its nodal definitions, simplifying its application in computational

models.

To define an element’s properties, it is crucial to describe the variation of the unknown, like

displacement uuu, within the element. This is done in (A.1) using the expression:

ûuue = NNNũuue. (A.26)
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This formulation approximates the displacement field within the element using nodal displace-

ments ũuue, significantly simplifying the computation of element properties.

In finite element analysis, nodal values may differ from those defining the geometry. When

shape functions for geometry and physical quantities, like displacements, are identical, the

elements are called isoparametric, represented as:

NNN = NNN′ (A.27)

This means the same points define both the geometry and analysis properties of the element.

Conversely, elements are subparametric if they use more nodes for field variables than for

geometry, and superparametric if they use fewer nodes for field variables than for geometry.

Defining matrices that characterize element properties is critical for finite element analysis.

The element stiffness matrix (A.19) depends on the derivatives of shape functions NNN with

respect to Cartesian coordinates. Similarly, the body force vector integral (A.20) crucial for the

analysis, also depends on NNN.

To correctly evaluate these matrices, two key transformations are needed. First, express the

derivatives with respect to Cartesian coordinates in terms of natural coordinates. Second, con-

vert the element’s volume (or area) for integration into natural coordinates. These adjustments

ensure accurate limits for numerical integration.

Considering natural coordinates ξ , η , and ζ and their corresponding Cartesian coordinates x,

y, and z, the derivative of a shape function Ni with respect to a natural coordinate, such as ξ ,

can be described using the chain rule for partial differentiation. This derivative is represented

by:

∂Ni

∂ξ
=

∂Ni

∂x
∂x
∂ξ

+
∂Ni

∂y
∂y
∂ξ

+
∂Ni

∂ z
∂ z
∂ξ

(A.28)

Performing similar differentiation with respect to the other natural coordinates, η and ζ , and

expressing it in matrix form results in:


∂Ni
∂ξ

∂Ni
∂η

∂Ni
∂ζ

=


∂x
∂ξ

∂y
∂ξ

∂ z
∂ξ

∂x
∂η

∂y
∂η

∂ z
∂η

∂x
∂ζ

∂y
∂ζ

∂ z
∂ζ




∂Ni
∂x
∂Ni
∂y
∂Ni
∂ z

= JJJ


∂Ni
∂x
∂Ni
∂y
∂Ni
∂ z

 . (A.29)

Here, JJJ denotes the jacobian matrix of the transformation. To compute the derivatives of Ni

with respect to Cartesian coordinates, JJJ is inverted:
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Figure A.5: Parametric mapping of an infinitesimal area.


∂Ni
∂x
∂Ni
∂y
∂Ni
∂ z

= JJJ−1


∂Ni
∂ξ

∂Ni
∂η

∂Ni
∂ζ

 . (A.30)

The jacobian matrix JJJ can be derived using the shape functions specified in Equations (A.25)

by substituting the Cartesian coordinates x, y, and z:

JJJ =


∑i

∂N′i
∂ξ

xi ∑i
∂N′i
∂ξ

yi ∑i
∂N′i
∂ξ

zi

∑i
∂N′i
∂η

xi ∑i
∂N′i
∂η

yi ∑i
∂N′i
∂η

zi

∑i
∂N′i
∂ζ

xi ∑i
∂N′i
∂ζ

yi ∑i
∂N′i
∂ζ

zi

=


∂N′1
∂ξ

∂N′2
∂ξ

. . .
∂N′1
∂η

∂N′2
∂η

. . .
∂N′1
∂ζ

∂N′2
∂ζ

. . .




x1 y1 z1

x2 y2 z2
...

...
...

 . (A.31)

In two-dimensional problems, components associated with z and ζ in the transformation

matrices can be omitted, simplifying (A.31). This reduction aligns with the fewer spatial di-

mensions, focusing computations on planar domains.

In parametric element analysis, integrands are best expressed in natural coordinates ξ , η ,

and ζ . Establishing the relationship between infinitesimal measures in metric and parametric

spaces is essential. For instance, this relationship is illustrated through a two-dimensional

mapping in Figure A.5. This approach simplifies integration by leveraging the geometric regu-

larity of parametric elements.

In parametric space, the infinitesimal area is defined by the equation:

dA′ = dξ dη (A.32)

Correspondingly, the area in metric space is determined by:

dA = (eeeξ × eeeη)dξ dη (A.33)
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Figure A.6: Parametric mapping of an infinitesimal volume.

where eeeξ and eeeη are vectors in metric space corresponding to the unit vectors in the ξ and η

directions of parametric space:

eeeξ = iiixξ + jjjyξ (A.34a)

eeeη = iiixη + jjjyη (A.34b)

(A.34c)

Here, iii and jjj are unit vectors in metric space. The two-dimensional Jacobian determinant J2

is given by:

J2 =

∣∣∣∣∣xξ yξ

xη yη

∣∣∣∣∣= xξ yη − yξ xη . (A.35)

Substituting into Equation (A.33), we have:

dA = (xξ yη − yξ xη)dξ dη = J2dξ dη . (A.36)

In three dimensions, consider a mapping as illustrated in Figure A.6. The infinitesimal volume

in metric space can be expressed as:

dV = (eeeξ × eeeη) · eeeζ dξ dηdζ (A.37)

This operation involves both the cross product and dot product, leading to:

dV = J3dξ dηdζ (A.38)
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2D 3D

Figure A.7: Distorted elements.

where J3 is the determinant of the three-dimensional Jacobian matrix. Therefore, integrals

such as those in (A.19) and (A.20) can be reformulated as:

∫
Ω

f dΩ =
∫

Ω′
f JdΩ

′ (A.39)

Here, f represents the integrand, Ω is the metric space, Ω′ is the parametric space, and

J is the Jacobian determinant. For elements with a linear Cartesian-to-natural coordinate

transformation, the Jacobian matrix remains constant. However, for distorted elements (like

Figure A.7), the Jacobian matrix may vary or become negative if the distortion is significant.

Hence, most finite element analysis software checks for negative Jacobian values and issues

warnings if detected.
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