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Abstract

The Standard Model (SM) of particle physics describes the strong and
electro-weak interactions with remarkable accuracy. Despite its success open
questions, such as the Naturalness problem of the Higgs boson’s mass, suggest
that the SM has to be considered an effective theory valid up to a certain cutoff

scale at least in the TeV range.

Models in which the Higgs boson emerges as a composite state extend the SM
in order to solve its issues in the Higgs sector. These theories postulate the
existence of new interactions and fundamental particles, offering a rich and
interesting phenomenology. A quantitative understanding of their dynamics
is crucial in order to aid the direct search of new physics. Due to the
non-perturbative nature of such interactions, analytical solutions are often
not reliable. Nonetheless, numerical simulations can be used within the
established framework of lattice gauge theories. Within this context, this
work develops numerical and analytical tools towards a quantitative, non-
perturbative understanding of composite Higgs models. The focus will be
centred around two gauge theories, described respectively by the gauge groups
SU(4) and Sp(4), with fermions transforming in multiple representations of
the gauge group. The discussion will be articulated around the phenomenology
of these theories, the strategies for simulating them on the lattice, and the

development of techniques that allow to unfold their dynamics.



Lay Summary

The Standard Model (SM) of particle physics is the mathematical framework
that describes three of the known fundamental forces: the electromagnetic, the
weak and strong nuclear forces. No experiment has been capable of detecting
solid deviations from its predictions, marking the astonishing success of the
SM in predicting the natural phenomena that it aims to describe. It is well-
established, however, that the SM cannot account for any observation: from
the lack of an explanation for gravity to the lack of accountability of dark
matter, many problems remain open. Among them, there is the puzzle of the

Higgs boson mass, the so-called Naturalness problem.

The Higgs boson, discovered in 2012, was the last missing fundamental
component to the SM. While its finding crystallised the success of the theory,
the experimental value of its mass of approximatively 125GeV clashes with
the number than a more 'natural’ theory would provide. In order to justify
the experimental value, in fact, the SM should engineer highly fine-tuned
cancellations. This and other reasons pushed towards the idea that the
observed Higgs might be not a fundamental but rather a light composite

objects: a bridge between the SM and a new, more fundamental theory.

This work arises in this context, with the idea of establishing tools to
explore and understand the vast landscape of composite models. Quantitative
knowledge about the dynamics of composite Higgs theories is in fact crucial
in order to understand whether they can be phenomenologically viable, and it
can provide inputs for the direct search of new physics in particle colliders.
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Chapter 1

Gauge Theories

We refer to gauge theories as field theories with a Lagrangian that is invariant
under transformations of a group of gauge symmetries, called “gauge group”.
The theory is specified by such group, together with field content transforming
in some of its representations. A key aspect is that such transformations are
taken to be local, i.e. they are functions of the spacetime coordinates. As we
shall see, gauge invariance can be achieved by coupling the original field content
to additional “gauge fields”. Such a construction turns out to be relevant for

the description of fundamental interactions.

1.1 (General aspects

Let G be a semi-simple, compact connected Lie Group with elements denoted
by g. A gauge transformation is a function that maps space-time points into
elements of the group = — g(x). The group G is referred to as “gauge group”.

Let ¢ be a collection of scalar fields transforming in the representation R of G

di(x) = Ur(g(x))ij ¢j(x) = Ur(x)ij pj(x), i=1...dimg, (1.1)



where the sum over indices is understood. The matrices U associated to group
elements connected to the identity can be represented in terms of the group

generators in the representation R, 1%,
Ur(z) = exp (iw"(x)Tg) , a=1...dimg, (1.2)
which form a Lie Algebra
79, T%) = i fobeTe (1.3)

where f¢ are the structure constant of the group. Writing a Lagrangian

density with a canonical kinetic term,
Lin = 0,0} 09 , (1.4)

results in a theory that is not invariant under gauge transformations. In order
to make this term gauge-invariant, one can introduce a covariant derivative
D, so that D,¢ transforms in the same representation as the field ¢. This
requires the introduction of a “gauge field” A, = AJT} that transforms, under

a gauge transformation, as
Au(z) = U(x)Au(2) UM (2) — iU (2)0,U () . (1.5)
It is useful to write explicitly an infinitesimal gauge transformation

i = ¢ +iw(Th)ijb; (1.6)
AT s AY — feP AT 0 (17)

Regardless of the representation in which the fields ¢ are accommodated, the
transformation of the gauge fields only depend on the structure constants. The

covariant derivative can be then defined as
Du¢ = 6u¢ + ZAM¢ s (18)

which allows to write a gauge-invariant kinetic term for the ¢ fields, at the

cost of introducing interaction terms between the ¢ and A, fields

L=D,p'D'e . (1.9)



A kinetic term for the gauge fields should be added. By defining the “field-
strength” tensor F,

)
F,, =i[D,,D,] = 9,4, — 0,A, +i[A,, A, (1.10)

one can define the gauge invariant “Yang-Mills” kinetic term for the gauge

fields
TroF F* . (1.11)

The field strength Fyj, transforms as
a a 77t
FL, = UF,U". (1.12)
The full gauge-invariant Lagrangian density we obtain in this setup is then
1 174
L =D,p'D'ep — 4—g2TrG (F,F"™) (1.13)

The importance of gauge theories can be understood by looking at specific
examples for the gauge group G, the field ¢ and the representation R to which
they belong. Gauge theories, in fact, provide a framework to build models
that describe the fundamental interactions between particles. To this end, it
is useful to parametrise the equations from this Section in order to explicitly
show the coupling between A, and ¢, that we denote as g. This is done by
simply rescaling A, — gA,, i.e.

D, = 8, +igA*Tg (1.14)

Fo = é[DM, D)) (1.15)

Fp, = (9,4, = 0,A,) + gf ™ ALA; (1.16)
1

Lyang—Mills = _ZTYG (Fu ™) . (1.17)

The discussion is easily extended to spinors, where the kinetic term is modified
to be il instead of ¢idi. Mass terms for the scalar or fermionic fields are
also easily added. It is important to notice, however, that the gauge fields are
not allowed a mass term in the Lagrangian. This is because a mass term for
spin 1 fields,

m?A, A" (1.18)



is not gauge invariant. In order to make contact with phenomenology, where
certain gauge bosons are found to be massive, a mechanism to generate a mass
for such particles while preserving gauge invariance must be provided. This
will be briefly discusses in the context of the Standard Model.

Abelian Example: Electrodynamic Lagrangian

Abelian theories are described by an Abelian gauge group. An example that
is already relevant for the description of natural phenomena is provided by
the Lie Group U(1) together with a massive Dirac field ¢ transforming as
Y — @) and goes under the name of Electrodynamics. The Lagrangian

density, according to the prescription of the previous Section, is

L= —lFWF‘“’ + 1 (i, D" —m)
4 (1.19)

1 - . "
= _ZELVFNV + w (l,}/uau - m) ¢ - €¢’yﬂw Ali :

By identifying A* with the electromagnetic potential, so that the electric and
magnetic fields are respectively E=—0A°—9°4 and B = d x /Y, the equation

of motions for the field A, are the inhomogeneous Maxwell equations
o F" =1J, , (1.20)

where J# = ¢yt) = (p,;) is the Noether current associated to the global U(1)
symmetry. The equation of motions for the 1 and 1 field are simply the Dirac
equations coupled to the electromagnetic field. This gauge theory therefore
describes the electromagnetic interactions between the electron field v, and
the photon field A,. The parameter e appearing in the Lagrangian is related

to the coupling of electromagnetism.

Non-Abelian Example: Chromodynamics Lagrangian

Chromodynamics describes the strong interaction between quarks and gluons.
It is characterised by the gauge group SU(3), corresponding to eight gauge
bosons (gluons) and Ny = 6 flavors of Dirac fermions in the fundamental

representation (quarks). The Lagrangian, according to the prescription given



above, is

| e N
L==72 (FLFX)+ D b (D —m) vy, (1.21)
a=1 f=1

where
D,=0,+ igAZT“ ) (1.22)

1.2 Quantisation

More than one approach can lead to the quantisation of gauge theories. Here
we adopt the path integral formalism, which is practical for the computations
ahead. Since details are not propaedeutical for this work, and are easily found
in the literature, this section only contains a sketch of the very delicate idea
of quantisation. Consider a gauge group coupled, for simplicity, to a single
fermionic field ¢. The quantum properties of the gauge theory are described

by the partition function
Z = /DA D@/; D oiS[AP Y] +iSgauge—six [A,0, Y] : (1.23)

where the action S[A,1,)] is obtained from the space-time integration of
the Lagrangian density of the theory. The gauge-fixing term, necessary in
the continuum, removes the redundant degrees of freedom due to the gauge
symmetry. The integration measure is intended as a sum over all possible
field configurations. In this formalism, the expression for the evaluation of a

correlation function is
1 _ _ ) _ ] _
(OlA,¥,¢)) = / DADYDY O[A, ), ] 10w iSme-a 40T (1.94)

Upon quantisation, the fields are understood as distribution-valued operators
fl, z;, zﬂ acting on the Hilbert space of the states of the theory. The expectation
value (O) of Eq. corresponds to the vacuum expectation value of the
time-ordered product (0|70|0).



1.3 Renormalisation

The quantities appearing in the (bare) Lagrangian of a quantum field theory
are the result of a choice in parametrising the interactions. A bare Lagrangian
can describe a universe with different physics depending on how the bare
parameters are set up to match a certain condition. This can be, for instance,
the matching of a physical observable computed in theory with its experimental
value. This procedure is called renormalisation: matching the predictions
obtained from a bare Lagrangian to the related physical quantities, allows the
renormalised Lagrangian to describe a specific universe (our, if the matching

is done to experimental quantities).

The first step of the renormalisation procedure is the addition of a regularisa-
tion, which introduces an ultraviolet (UV) cutoff A. An example is the lattice
regularisation: by defining the theory on a lattice of spacing a, momentum’s
components are bounded by 7/a in the UV. In addition, by working in a finite
volume of size L, the lattice regularisation provides an additional IR cutoff,
27/ L.

At fixed A, one then computes the quantity of interests and matches the theory
prediction to related experimental values at a certain energy scale p. For a
gauge theory, typical bare parameters requiring a matching condition are the
gauge coupling g (generally a set of) and the fermionic mass m (generally a set
of). Let Ca(go, mo) be a correlation function of n fundamental fields, that is
computed within the bare theory with UV cutoff A, and C'(g(u), m(u), p) the
renormalised correlator obtained by matching at the scale u. If the correlation
function renormalises multiplicatively, the relation between the two can be

expressed as

n mo K
Clg(),m(p), 12" (90,52 5 ) = Calgo.mo) (1.25)
The independence of C(go, mp) from the renormalisation scale y leads to the

Callan-Symanzik equation

0 0 0
(u@ + Ba—g + mmg m) Clg(p), m(p), p) =0, (1.26)

m



where

m Odlog Z
— ) = 1.27
7(9 u) o (1.27)
m 0logm
v (g u) o (1.28)
m dg
)= 1.29
5 (0™) =nit (1.29)

These quantities encode the running of the parameter of the theory with the
renormalisation scale. Of particular interest is the § function, dictating the
running of the gauge couplings. Different 5 functions can in fact lead to gauge
theories with drastically different phenomenologies, as we shall see in the next

section.

1.4 UV and IR scenarios

The behaviour of the g function at different energy scales characterises very
different types of gauge theories, which we examine in this section. Theories
for which the coupling vanishes towards the UV are called asymptotically-free,
a notable example being QCD. Asymptotic freedom can be understood by
looking at the perturbative expansion of the g function. Consider a gauge

theory with Npg, active Dirac flavors of fermions in the representation R

g9’ g9° 7

— Ly 1.

6(9) 1(47‘(‘)2 2(47’(’)2 +O(g ) ) ( 30)
with

11 4
bi = —Ca — sNp, AR,

334 ; (1.31)
b2 - 3031 - §(5CA —|— BCR) )\RNRZ' y

where Cr/4 are the quadratic Casimirs of the representation R and the adjoint,
while Ay is the normalization of the trace of the generators of the representation
R;,

Tr (Tf T},) = 0" Mg, - (1.32)



Appendix [A] contains additional group-theoretical details. When the number

of active flavors is such that

Npr, < Nar = (133)

the leading term in the UV expansion of the § function, by, is positive. As
a result, the § function has a trivial fixed-point at the origin, 5(0) = 0, and
the theory is free at high energy. When fermions in multiple representations
are present, with n; fermions in the representation R;, the equations for the

coefficients are easily modified

11 4
blzgcA—gg NRi )‘Riu

34
3

A (1.34)

Ch— =Y (5C4+3Cr,) Ng, Ar,

by = 3

(2

In this work, we will only be interested in asymptotically free theories. The
number of fermions is then bounded from above according to the previous

equations. Moving towards the IR, a number of scenarios can occur (cf.

Fig[L.1)).

- The theory confines: as the coupling g or equivalently a@ = ¢?/(4)
increases, a critical value a. can be reached at which the fermions
condensate, spontaneously breaking the flavor symmetry of the UV
theory. In this case, one can expect a set of Nambu Goldstone bosons
(NGB) lighter than the other states in the IR theory. In the small mass
and energy regime, predictions from chiral perturbation theory (ChPT)
are expected to be verified [20-23]. QCD is an example of such a scenario,
and one of the models that we analyse in this work falls into the same

category.

- The theory is IR conformal: approaching the IR, the coupling may reach
a fixed point aqr at which the coupling stops running. As a consequence,
the critical value at which the fermions condensate is not reached. ChPT
is not suitable to describe such a behaviour, which rather abides scaling

relations such as the ones described in [24-2§].

- The theory confines, but has a near-conformal dynamics. In addition
to the light pNGB due to the breaking of the flavor symmetry, which

still become massless at the chiral point, an additional scalar state, the
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Figure 1.1 Varieties of IR behaviours for the running coupling g with the
energy scale p. The continuous line corresponds to an IR
conformal scenario: the coupling stops running approaching the
IR, and the theory exhibits scale invariance. The dashed-dotted
line correspond to a confining theory: a scale is dynamically
generated, precluding conformality. The dotted line corresponds
to a nearly conformal scenario: the theory is still confining, but
scale invariance is approximately realised.

dilaton, is found to be light compared to the rest of the spectrum. Such
particle, interpreted as a Goldstone boson (GB) due to the breaking of
scale invariance, is described in the IR by dilaton effective field theory
[29-35].

It should be stressed that while the upper bound for asymptotic freedom can be
determined perturbatively, both a., and ag can be large, so that perturbative
predictions are affected by uncontrolled systematics. One therefore has to
turn towards other tools. While effective theories allow for a non-perturbative
description of the IR, lattice simulations provide a well-established way of
performing full non-perturbative studies of these models. This is partially
the context in which this work arises, and lattice results will find extensive
space in the next chapters. Despite analytical predictions not being reliable,
perturbation theory is still useful to introduce the concept of the conformal

window.



1.4.1 Conformal Window

The search for the conformal window corresponds to finding an IR fixed-
point that is not trivial, i.e. not at zero coupling, so that the theory is still
interacting. Following the seminal work of Banks and Zaks [36], we consider
a situation in which the 2-loop coefficient of the perturbative expansion of the

[ function,

34 4
by = 303 -3 > (5Ca+3Cr,) Ni, g, , (1.35)

is negative. Then there can be a value of b; such that the two-loop 8 function
vanished. This is referred to as a Banks-Zaks (BZ) fixed point,

47Tb1
by

QIR =~ aBz = — <1. (1.36)
This perturbative consideration suggests that, at small coupling, there can
be a number of fermions low enough to guarantee asymptotic freedom, yet
large enough that by < 1. As apy increases, non-perturbative effects greatly
complicate the estimate of the lower bound for the conformal window. This
can be understood, at fixed number of colors N, by decreasing the number of
fermions. The negative coefficient b, becomes smaller in magnitude, while by
remains positive. The value apgy consequently grows larger until the two-loop

result looses predictive power.

1.5 Flavor Symmetry and Breaking Patterns

In this section, we analyse symmetry breaking patterns of chiral symmetry that
are relevant for this work. A treatment of this problem is found e.g. in Ref. [37].
Consider a gauge theory coupled to N massless Dirac fermions, or equivalently
2N two-component spinors, in the representation R of the gauge group. Due to
the lack of the mass term, which would mix different chiralities, the fermionic
sector exhibits, classically, the global symmetry SU(N), x SU(N)g x U(1) x
U(1). Accounting for the Adler-Bell-Jackiw anomaly, we identify the flavour
symmetry group

SU(N)L x SU(N)gr x U(1) . (1.37)

We are interested in understanding what subgroup H is left unbroken when

such symmetry is broken, either spontaneously or explicitly. The former

10



case arises when the bilinear operator acquires dynamically a non-vanishing
vacuum expectation value (VEV). Different situations can arise depending on
the representation of the gauge group in which the fermions are accommodated.

The fermionic bilinear acquiring a VEV can be written as

(VrR) (1.38)

in terms of Dirac spinors 1z, where R is the conjugate representation of R.
For the purpose of this Section, such term can be expressed in terms of two-

component left-handed spinors y

(€apX2Xa) (1.39)

where «, 8 are spinor indices, and € is the antisymmetric Levi-Civita tensor.

e If the representation R is complex, R and R are distinct representations,
Eq. (1.39) is invariant under H = SU(N) transformations. The

symmetry breaking patterns is then

o If the representation R is real, the conjugate representation R is related
to R by a similarity transformation which involves a symmetric form 0,

a, b being color indices. The condensate
(casXFXR) = (eas(XH)a0" (XR)o) - (L.41)
is invariant under H = SO(2N). The symmetry breaking pattern is
SU(2N) — SO(2N) , (1.42)

which generated 2N? + N — 1 Goldstone bosons.

e If the representation R is pseudoreal, the conjugate representation
R is related to R by a similarity transformation which involves an

antisymmetric form Q,, = —Qy,, a, b being color indices. The condensate

(EasXBXn) = (Cas(XB)aQ (X)) - (1.43)

11



is invariant under H = Sp(2N). The symmetry breaking pattern is
SU(2N) — Sp(2N) , (1.44)

which generated 2N?— N —1 Goldstone bosons. Details about the various
groups are found in Appendix [A]

1.6 The Standard Model

The Standard Model is a gauge theory coupled to both fermionic and scalar
fields. It is associated with the gauge group

Gsv = SU(3) x SU2);, x U(1), (1.45)

modulo subgroups that act trivially on all fields. The SU(3) part taken
in isolation is known as Quantum Chromodynamics (QCD). Similarly, the
SU(2)r x U(1) sector is called Electro-Weak (EW). The total amount of
gauge bosons is 8 + 3 + 1. These are coupled to fermionic fields in various
representations (Rsy(s), Rsu(2),,Y) of Gsm, where Rgy(s) and Rsy(2), denote
the representations of the individual subgroups, and Y is the charge under the
U(1), referred to as “hypercharge”. The Higgs boson, whose coupling with
the other fields determine the masses of certain combinations of fermionic and
bosonic degrees of freedom, is also coupled to SU(2);, x U(1). The fermions
appear in three “generations” that are identical, apart from their couplings to
the Higgs. The first generation, written in terms of Weyl spinors and classified

by the representation of Gy, is the following

e Leptons: electric neutrino and left-handed electron, E = (v, er) €
(1,2,—-1/2). Right-handed electron eg € (1,1, —1).

e Quarks: left-handed up and down quarks, @Q = (ur,d;) € (3,2,1/6).
Right-handed up quark ug € (3,1,2/3). Right-handed down quark dg €
(3,1,-1/3).

The heavier generations of leptons consist of the muon and the tau, and their
respective neutrinos. The heavier generations of quarks consist of strange (s)
and charm (c), bottom (b) and top (t). (¢,s) and (¢,b) form SU(2) doublets
similarly to (u,d). The Higgs field is

12



o He(1,2,1/2).

The Higgs field is self-interacting, with a potential

V(g) = P9’ — A(¢T9)? (1.46)
and it is coupled to the fermions a la Yukawa

‘CHfQuark = _)\dQ¢dR - )\uﬂL (202¢*)Q¢ + h.c. ’ (147>

where 09 is the second Pauli matrices with SU(2), indices.
ACH,LeptonS = —AeE¢eR -+ h.c. (148)

Similar terms describe the other two generations. Once the Higgs acquires a
VEV, (#) = (0,v/+/2), mass terms are generated for the fermionic degrees of
freedom arranged into Dirac fermions, e.g. m¢(érer + éger). The interactions
are engineered such that, in the SM, neutrinos are massless. The spontaneous
symmetry breaking of the EW symmetry, triggered by the VEV of the
Higgs, leaves invariant the U(1) symmetry responsible for electromagnetism.
The relation between quantum numbers is (Q = Y + t3, where () is the
electromagnetic charge, Y the hypercharge, and t3 is the eigenvalue of 03/2,
the third generator of SU(2)L.

13



Chapter 2

A composite Higgs

Attempting to explain certain limitations of the SM leads to the idea that
the Higgs could be a composite state. While this intuition can find many
realisations, this work focuses on a pNGB interpretation of the Higgs particle.
This Chapter is structured as follows. Section introduces the Naturalness
problem of the SM, together with the idea of composite Higgs. The example of
QCD, one of the best-known composite theories, is also reviewed. Section
introduces, following [19], the gauge theories that give rise, in the IR, to a
composite Higgs. Among these we describe, in Sections[2.3]and [2.4] a promising
candidate that will be the focus of the lattice studies in the next chapters. The
last Section, describes theories based on the gauge group Sp(2N), whose
physical properties are relevant for composite Higgs models and the study of

the conformal window. Part of the content of this Chapter is contained in
Refs [1, 2].

14



2.1 Naturalness, Nambu-Goldstone Higgs and
the example of QCD

The Standard Model (SM) of particle physics describes the strong and electro-
weak (EW) interactions with remarkable accuracy, and no clear deviation from
its predictions has been observed. There are however open problems pointing
towards the idea that the SM effectively describes Nature only up to a cutoff
energy scale Agy located at least in the TeV range. One of these issues,
known as “Naturalness problem”, lies in the Higgs sector, where quantum
corrections are expected to push the mass of the Higgs boson towards Agy.
The experimental value of approximatively 125 GeV [38, 39], however, lies well
within the EW range. This value could only be understood within the SM by
relying on fine-tuned cancellations [40], which are considered unsatisfactory
from a theoretical perspective. The solutions that have been proposed to
tackle this fine-tuning issue have been generating a vast and fertile literature,
including ideas such as supersymmetry and technicolor. Another popular
solution, and focus of this work, is the “composite Higgs” scenario, where the
Higgs boson’s mass is explained in terms of Goldstone dynamics [41]. In this
scenario, a gauge theory is postulated to describe a new strongly-interacting
sector and its dynamics. Depending on the fermionic content of the theory, a
global flavor symmetry is realised: if the fermions condensate, the spontaneous
breaking of such symmetry generates Goldstone bosons, among which there
would be the Higgs doublet. At this stage, with the new sector in isolation,
the Higgs would be massless. The couplings to the SM are supposed to break
such symmetry explicitly. As a consequence, the Higgs is a pseudo NGB: its
mass is non-zero, but still (comparatively) small due to the presence of an
approximate symmetry that is only broken by the coupling between the new
sector and the SM. This machinery is already present in the SM. QCD is, in
fact, a composite theory whose spectrum exhibits a lighter state, the pion, as
shown in Figure 2.1 The light mass of the pion can be understood with the
same mechanism described above, which we now work out for the example of
QCD, along the lines of Section [1.5

Consider two-flavor QCD, the approximation of QCD where only the lightest

quarks, the Dirac fermions u and d, are present. In the chiral limit, in which
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Figure 2.1 A summary of lattice (points) and experimental (lines) results
for the QCD spectrum taken from Ref. [3]. Different shapes
correspond to different discretisation of the QCD action, while
different colours correspond to increasing numbers of ensembles.
b-flavored mesons are shifted down by 4000 MeV. See Ref. [3] and

references therein for further details.

the masses of these quarks are zero, the chiralities are decoupled

£

L£75
UrL/R = 9 u, dL/R:

2

u, (2.1)

L = itigPur, + itigPur + idpdur, + idpdup = i Py + ivpdYr (2.2)

where, motivated by the symmetry between u and d, the two quarks have
been grouped in the doublets ¢y /r = (ur/r,dr/r). It is manifest that the
chiral limit of two-flavor QCD has a global SU(2)., x SU(2) g symmetry which

rotates independently the two chiralities

Yr/r = exp(iwy g T*)Yrr, a=1,2,3, (2.3)

where T are SU(2) generators in the fundamental representation. Equiva-
lently, on ¢ = b +1r

U exp(iwy T)y, ¥ exp(iyswiT)e (2.4)

with wy = (wr, + wgr)/2, wa = (wr, —wgr)/2. The Noether currents associated

16



to these symmetry transformations are

Ty = 00T, T4, = YT (2.5)

As pointed out in Section [1.5] when the fermions condensate, a VEV for the

fermionic bilinear breaks the symmetry by mixing chiralities,

(Yrvr) + hc. ;. (2.6)

The broken group depends on the representation of the fermion, and in this case
1 belongs to the fundamental representation of SU(2), which is pseudoreal.
The invariant subgroup is then Sp(2) = SU(2)y. According to the Goldstone
theorem, a Goldstone boson appears in the spectrum for each broken generator.

The annihilation operators for such states are given by the currents

Tho(@) = 0(@)v037"Y (@) | (2.7)

By using ¢ = (ud)” we can write the three NGB operators

1, _
Jig=m = 7 (wy075d + dyoysu)
1 . S
me =Ty = 7 (—ityoysd + idyoysu) | (2.8)
1 -
Jho =ms = —= (W075u — dyoysd)

S

Since there is a leftover SU(2) symmetry, called isospin, it is useful to express
the NGB degrees of freedom in terms of the eigenvalues 41,0, —1 of the third
generator of isospin, 1,

7T+:L\/§Z7r2, W_:_MTZMQ, Ty = —T3 . (2.9)
Away of the chiral limit, the v and d quark are massive, but light compared
to the hadronic scale Aqep. The SU(2), x SU(2)r symmetry is indeed
broken explicitly, but softly. It is therefore reasonable to still expect the pions
to behave as approximate NGB. Within this framework, the light value of
the pion’s masses are explained. In real life, the remaining isospin SU(2)y
symmetry is also broken by the mass difference between v and d and by
electromagnetism. These effects, however, are only important if the theory

is supposed to provide predictions at the subpercent level.
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The idea behind pNGB Higgs models stems from the speculation that the
Higgs boson is the lightest composite state of a strongly interacting sector,
and its mass is protected by an approximate symmetry, similarly to how the
pions are the lightest states of QCD.

2.2 UV completions for composite Higgs mod-

els

In this Section we analyse the gauge theories that can give rise to a pNGB
Higgs. Indeed, on top of the existence of a light composite state in the IR, a
number of other features can be required to discern between viable theories. An
important step forward in this direction was made in Ref. [19], where possible
UV completions for a composite Higgs scenario have been analysed, based on
symmetry arguments and phenomenological requirements. In this Section, we

review such a classification, in order to clarify the choices made in this work.

Following Ref [19], we consider a gauge theory G which describes the new
strongly-interacting sector, coupled to fermions transforming in arbitrary
representations of G. We denote by H the group left unbroken after
the fermions condensate. It is sensible, both from the point of view
of phenomenology and for the sake of simplicity, to ask the following

requirements.

2.2.1 Model requirements

Asymptotic freedom
We require the theory to be confining. Since this generally happens for

asymptotically free theories, we constrain the numbers of fermions to satisfy

the bound provided in Section [I.4] which ensures asymptotic freedom.
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Minimality

We limit our attention to simple Lie Groups for G. While more complicated
scenarios can be considered, the characteristic features of composite theories
are already appreciated at this level. In order to account for the matter content
coupled to G we consider, this time without loss of generality, left-handed
Weyl fermions only: n; of them in the representation R;, with ¢ = 1,...p.
We already appreciate a great simplification in the model landscape, since the

corresponding symmetry G without chiral anomaly is
G = SU(ny) x SU(ng) x ...SU(n,) x U(1)P~1. (2.10)

QCD at the chiral limit falls into this example. As discussed in Section [1.5]
assuming that the symmetry is broken spon‘czmeouslyﬂ7 the unbroken group H

will depend on the representations R;.

Custodial SU(2) Symmetry

In the SM, the W and Z-bosons masses are related to the gauge charges by a

residual “custodial” SU(2) symmetry that survives in the Higgs sector after

EW symmetry breaking. A parametrisation of its effect is given by the p
parameter,

2

my

= —— 2.11

p m?% cos? Oy (2.11)

where 6Oy is the Weinberg angle. In the SM, psq = 1 at tree-level, and
the custodial SU(2) prevents large loop corrections. Since the experimental
value [42]of p is approximatively 1, care is required while extending the SM
to theories with a larger field content, in order to ensure that the custodial
SU(2) justifying p ~ 1 is still present. A “safe” symmetry breaking pattern,
in this regard, should therefore lead to an invariant subgroup H that not only

contains Ggy (which would then be gauged), but an addition custodial SU(2)g
G — H D Geust. O Gsmr (2.12)

Geust. = SU(3) x SU(2);, x SU2)r x U(1)x . (2.13)

1 As long as we account for the new sector in isolation, as pointed out before.
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One of the NGB is to transform into the (1,2,2,0) of G.u. in order to
reproduce the Higgs.

Top partial compositeness

While not a strict requirement, it is tempting to chase models that yield a
composite state with the same SM quantum numbers as the heavy quarks.
This property could clarify the hierarchical structure of the quark masses: if the
composite partner of the top quark has a large enough anomalous dimension,
the mass hierarchy arises naturally. This idea goes under the name of partial
compositeness [43] and it has been the subject of several lattice studies in
recent years [I], 10, [13] 16, 44-50]. We briefly recall the idea. For a review on
the topic, we refer to e.g. Ref. [40].

Let Ayy be a high scale and Ayc the dynamically generated scale of the new
sector. In the effective field theory formalism, the coupling between the SM

fermions and composite states, at the high scale Ayy, is parametrised by

>\t _ L )\t -~ R
= AdL—L5/2 q.O" + AdR——RE)/QQRO + ... (2.14)
uv Uv

L

for fermionic operators QY% with similar terms for each quark. The
emergence of Yukawa interactions is determined by the couplings A, .. At

lower energy, assuming d; g > 5/2 [40], these couplings evolve to

A dp/r—5/2
/\tL/R[AHC] ~ /\tL/R (m) . (2.15)

If only the dimension of the heavy quark partners, in particular the top, are
close 5/2, even with a large separation between Ayy/Ape, a large Yukawa
coupling is possible for the heavy quarks. This mechanism could explain the

fermionic hierarchy.

2.2.2 Allowed models
In Ref. [I9] these constraints are extensively analysed. The solutions are

shown in Tables and for p = 2 and p = 3 fermionic representations,

respectively. These constitute a pool of reasonable models for the composite
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Higgs scenario. In order to further understand the phenomenological viability
of these theories, their non-perturbative dynamics has to be probed. Lattice
gauge theories are a strong option for this task. From the point of view of
lattice simulations, these models certainly pose many challenges. State-of-the-
art lattice simulations contain up to four dynamical flavors [51] and probing
the models with the large flavor content described in Tables [2.1] and [2.2] can be
difficult. On the other hand, simplified models with reduced flavor content can
provide first insights on the non-perturbative dynamics of multi-representation
theories, at a reduced computational cost. Another challenge is posed by the
very high dimensionality of many of the gauge groups appearing in Tables
and [2.2] which are unrealistic for modern HPC architectures. Finally, while the
simulation of SU(3) with fundamental fermions are well-established, numerical
simulations of different gauge groups, and in particular with multiple and/or
higher representations are still developing [1I, 13| [16] [44H50], [52-54].

As in Ref. [19], we notice that two cases arise due to the low dimensionality
of the gauge group. One is SU(4) with three (anti)fundamental fermions
and five two-index antisymmetric (2AS) fermions. The other is Sp(4) with
four fundamental and six 2AS flavors. The former will be the subject of the
lattice investigation of Chapter One of the objectives of this work is to
set a framework that allows to efficiently investigate composite Higgs models
on the lattice. For this reason, we developed new code within the lattice
software Grid [55] that allows simulations of Sp(2N): this will be discussed
in Chapters [3] and f| As a result Grid allows, with a single source-code,
to perform simulations of both SU and Sp gauge theories, with arbitrary
numbers of colors, and different fermionic representations (adjoint, two-indices
and fundamental). A great advantage of Grid lies in its portability across many
CPU and GPU architectures, which can be then exploited for numerical studies

of composite Higgs at the cost of maintaining a single source-code.
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H g n Ry no Ry Constraints H

Sp(2N) 5Adj 6F ON > 12
Sp(2N) 52AS  6F ON >4
Sp(2N)  4F  62AS 9N < 36
SO(N) 528 GF N> 55
SO(N) 5Adj GF N>15
SO(N) 5F 6Spin N =7,9,10,11,13,14
SO(N) 5Spin  6F N=179
SO(N) 4Spin  6F N =11, 13

Table 2.1 Table from Ref. [19] containing the gauge theories with two
representations that are compatible with the requirements listed in
this section.

H g ni Ry n9 Ry R Constraints H

SU(N) 52AS 3F 3 I N=4
SO(N) 5F 3Spin 3Spin’ N =8,10,12,14

Table 2.2 Table from Ref. [19] containing the gauge theories with three
representations that are compatible with the requirements listed in
this section.

2.3 Ferretti Model

We briefly recall the features of the model introduced by Ferretti in Ref. [56]
following the conventions of Ref. [I3]. Its UV completion is described by
the gauge group G = SU(4). The gauge field is coupled to three Dirac
fermions that we express in terms of Weyl doublets x% . x% respectively in the
fundamental and antifundamental representation of the gauge group, together
with five Majorana fermions ¢! in the 2AS representation, which is real
and dimension 6. The indices a = 1,2,3 and I = 1,...5 are flavor indices,
while m,n = 1,2, 3,4 denote the color. This matter content induces a global

symmetry described by the group G
G=SU((B)xSU3) x SUB) xU(1)x x U(1)". (2.16)

The charges of the fermions with respect to the flavor group are described
in Table 2.3l Neglecting couplings with the SM fermions, G is an exact
symmetry. Spontaneous symmetry breaking happens once the bilinears for
both representations acquire a non-vanishing expectation value, leaving the

unbroken subgroup H. The quotient group determining the low-energy
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SU(5) SU(3) SU(3) U)x Uy

% 5 1 1 0 1
X 1 3 1 -1/3 5/3
¥ 1 1 3 1/3 5/3

Table 2.3 Flavor charges of the fermions in the Ferretti model.

dynamics is

G _ SU(5) x SU(3) x SU3)' x U(1)x x U(L)’ (2.17)
i SO(5) x SU(3). x U(1)x ' '

This symmetry breaking pattern is interesting for several reasons. Given that
SO(5) D SU(2) x SU(2), the pattern is compatible with the requirement
of custodial symmetry H D Geuysy O Gsm, With Geysy = SU(3). x SU(2)p x
SU(2)pxU(1)x and Ggy being the SM gauge group SU(3).x SU(2), xU(1)y.
The unbroken group SU(3),, related to the fundamental sector, is responsible
for the strong interaction of QCD once it is gauged. The unbroken group
related to the 2AS fermions, SO(5), contains the EW group SU(2), x U(1)y.
In fact, SO(5) D SO(4) ~ SU(2), x SU(2)g. We then define an U(1)g as
the subgroup of SU(2)g generated by the generator of isospin rotation TS):
the correct hypercharges Y are then obtained by Y = TS) + X, X being the
charge under U(1)x. The quotient SU(5)/SO(5) is therefore the relevant one
for EW symmetry breaking: by writing its 14 Goldstone bosons in terms of
SM charges,

14 = 19+ 2412+ 30 £ 341 = (0, h, o, H) (2.18)

we identify an SU(2) doublet 2.5, h, that is compatible with the Higgs boson.

Turning to the composite partner for the top quark, this is introduced as a
Dirac fermion W [56] in the low energy theory that has charges (5, 3)y/3 with
respect to the unbroken subgroup H. States with these quantum numbers,
relevant for partial compositeness, are obtained in this theory by color singlet
combinations of fermions in different representations. Such baryonic content

is typical of theories with multi-representation matter.
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2.4 Two-flavor Ferretti Model

In this work we will focus on a simplified version of the Ferretti model,
which allows to explore the dynamics of multiple representation theories at
a reasonable computational cost. We will consider two Dirac fermions in
the fundamental and two Dirac fermions in the 2AS representation of the
gauge group SU(4), a model that has been already studied in [13] 48-50].
While retaining the multi-representation dynamics and some non-perturbative
features, this choice changes the global symmetries of the theory, thar we now

review.

It is important to understand the discrete symmetries of each sector in order
to give the correct interpretation to the lattice data. Isospin, in particular, is
useful in classifying scattering processes. The isospin group in the fundamental
sector is the well known SU(2). The symmetry breaking pattern is the same

as in massless two-flavor QCD, characterised by the quotient group

SU(Q)L X SU(2)R
SU(2)v ’

(2.19)

which has been discussed in Section 2.1 For completeness, we only mention
that the three Goldstone bosons 7, my, w3 arising from these cosets can be

labelled with eigenvalues of the azimuthal component of the isospin, +1,0:

T + @7
AV, A
i —71 +i7T2 (220)
\/i ’
g — —7T3 .

The multiplet (7,7, 7_) has eigenvalue —1 under the G-parity defined by

combining charge conjugation C with an SU(2)-isospin rotation,
G =exp (itm) C, (2.21)

7; being SU(2) generators. In the 2AS sector, instead, the symmetry breaking
pattern yields the cosets
SU(4)
— . 2.22
SO(4) (2:22)

Let T4 be the generators of SU(4), with A = 1...15, which can be found
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in[Al Let T} be the broken generators, with @ = 1...9 and 7}, the remaining
unbroken generators, with a = 1...6. These cosets are characterised by 9

Goldstone bosons I1;, @ = 1...9, that we represent exponentially as
U = exp(iT,I1;) | (2.23)

We wish to infer how the multiplet II transforms under an isospin, SO(4)

transformation. The field U transforms as
U—hUh', h=expliwT,), a=1...6. (2.24)

By considering an infinitesimal transformation of this type, we infer that the
transformation of II is generated by

(XY)5e = —ifos

abé *

(2.25)

X® are the unbroken generators of SU(4) generating SO(4), represented as
9 x 9 matrices. This is the two-index antisymmetric representation of SO(4),
for which explicit expressions for the generators are given in Appendix [A.3]
The maximum set of commuting generators here is two, therefore we choose
to diagonalise X; and Xg4. The Goldstone bosons in the isospin basis can be

then labelled as Il,, ,,, where a,, are eigenvalues of the generators X,

H—l,O = —iHl + Hg s

I o =l + 11y,
I I3 +ally + illg + II7
,%’,% — 2 )
I3 + oIl — illg + 115
I, 1 = ,
272 2
- g —dlly + illg + II7
TPz 2 ’ (2.26)
—1II3 — Il — illg + 115
Hl 1 = )
272 2

1 . /3
HO,—l = —EH5 — Z\/;Hg + Hg N

1 3
[y, = ———II +z\/jn + 1, |
0,1 \/5 5 5 8 9
Iloo = V215 + I, .

From these expressions it can be shown that the operation of charge conju-
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gation acts on this multiplet as a transformation of SO(4). Under a charge

conjugation, in fact,

(2.27)

The matrix representing this transformation, in the isospin basis, is given by

010000000
1000000TO0O
000001000
000010000

c=looo100000], (2.28)
001000000
000000010
000000T1O00
00000O0GO0GO01

which belongs to SO(4), the isospin group itself. As a consequence, any G-
parity is equivalent to an isospin rotation and does not provide selection rules

for transition amplitudes. Implications of this feature will be discussed in
Chapter [4]

2.5 Beyond a composite Higgs: Sp(2N) and

conformality

We have seen in Section that reasonable composite models rely on gauge
theories based on the gauge group Sp(N,.) with N. = 2N, which is introduced
in Appendix [A] The theory described by Sp(4) with Ny = 2 and N,s = 3
Dirac fermions provides a simple example of partial compositeness, granting
an explanation to the microscopic origin of two of the heavier particles of the

SM, the top quark and the Higgs, identifying them as portals to new physics.
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Higgs compositeness alone motivates the development of tools that allow to
probe the non-perturbative dynamics of Sp(2N) gauge theories. Adding to
that, we mention that these theories have been proposed in many other
contexts. The theory with Ny = 2 and N,y = 0 Dirac fermions finds
applications in the simplest realisation of the strongly interacting massive
particle scenario for dark matter (see e.g. [57H59] or even more recently [53), (60,
61]). In addition, Sp(2N) gauge theories might have implications in the physics
of the early universe, which can be tested in present and future gravitational
waves experiments[62-67]. This is because they give rise to a relic stochastic
background of gravitational waves [68H72]. Sp(2N) gauge theories also offer
an additional environment in which features of strongly-interacting quantum

field theories can be studied, from confinement [11] to conformality.

The concept of the conformal window has been introduced in SectionI.4, The
determination of its boundaries in strongly-interacting gauge theories coupled
to matter remain an open problem of great importance, with implications for
technicolor, Higgs and partial compositeness, dark matter, see [40} [73H77] and

references therein.

Lattice studies of the extent of the conformal window have mostly focused on
SU(N.) gauge theories. Results for SU(3) coupled to eight fundamental Dirac
fermions [7T8-83] and SU(3) coupled to two two-index symmetric (sextet) Dirac
fermions show some evidence of a light scalar state, which could be identified
as a dilaton [84], 85], whose existence could have important phenomenological

implications [86].

The idea of carrying similar studies in order to identify the extent of the
conformal window in Sp(2N) gauge theories is very tempting. Conformal
theories, however, are a challenging subject for lattice studies, since their
dynamics needs to be probed at very small masses, as well as at very large

volumes, in order to reproduce scale invariance.

With these many motivations, this work will also cover the effort of imple-
menting Sp(2N) gauge theories in Grid [55], 87], a high level, architecture-
independent, C++ library for lattice gauge theories. The portability of Grid’s
single source-code across many architectures that characterise the exascale
platform landscape makes it an ideal tool for a long-term computational
strategy. The goal is to extensively study composite Higgs models and

determine the extent of the conformal window.
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2.5.1 Symplectic gauge theories

Since symplectic gauge theories are less common, in the literature, compared
to theories based on SU(N.), we spend some lines writing down their features.
The Sp(2N) continuum field theories of interest (with N > 1), written in
Minkowski space with signature mostly ‘—’, have the following Lagrangian

density (we borrow notation and conventions from Ref. [45]):

Nt
1 v 1 — i\ a N NG 1a
L = —3Tr GuG™ + 5; ({@" (D,Q)" ~ D,Q Q")
Nf o 1 Nas o b
—m' Z Q1R + 92 Z <i@kab7u (Duq’k)a - iDuq/kabVM\Pkab>
i k
Nas _
—m® Y W,k (2.29)
k
The fields Q?, with ¢ = 1, ---, N, are Dirac fermions that transform in
the fundamental representation of Sp(2N), as indicated by the index a =
1, ---, 2N, while the U¥ ones, with k = 1, - - - , Ny, transform in the 2-index

antisymmetric representation of the gauge group, (ab) being the color multi-
index. More details about higher representations are provided in Section [3.2.6|
The covariant derivatives are defined by making use of the transformation

properties under the action of an element U of the Sp(2N) gauge group,
Q—-UQ, and ¥ —UWU"T. (2.30)

They can be written in terms of the gauge field A, = AJT“, where T are the
generators of Sp(2N) (see Appendix |A]) to read as follows:

DuQi = (%Qi —|—z’gAuQi, (2.31)
D, Wi 0,V + igA W + igW AT (2.32)

where ¢ is the gauge coupling. The field-strength tensor is given by
Gw = 0,A, —0,A,+1ig[A,, A, (2.33)
where [, -] is the commutator.

The SU(N¢)p, x SU(N¢)g and SU(Ngs)r, X SU(Nas)r global symmetries acting
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on the flavor indexes of Q% and U* of Eq. , respectively, are enhanced to
SU(2N¢) and SU(2N,s) once the Lagrangian is expressed in terms of two-
component spinors, which brings us into the context of Section The
mass terms break the symmetries to the maximal Sp(2N;) and SO(2N,)
subgroups. Bilinear fermion condensates arise non-perturbatively, breaking the
symmetries according to the same pattern, and hence one expects the presence
of N¢(2Ny —1) —1 PNGBs in the (f) sector (for Ny > 1), and Nos(2N,s+1) —1

in the (as) sector.

The main parameters governing the system are hence N, N¢, and N, and in
most of this work we refer to the theory with N =2, Ny =0, and N,;, =4 as a
case study. The running coupling, g, obeys a renormalisation group equation

(RGE) in which the beta function at the 1-loop order is scheme-independent,

E
B = —th (2.34)

and is governed by the coefficient by, which for a non-Abelian theory coupled

to Dirac fermions can recall the expression:

11 4  dimg 4  dim,g

by = — — =N, f) = =Nps—— 2.
! 3 (G) 3 fdimGCZ( ) 3 “dimg Cafas) (2:35)
(2.36)

and, specifically for Sp(2N) groups, becomes
11 2 4  N(2N-1)-1

by = —(N +1) — =Nt — =Ny 2.37
1= g WD = aN -3 N(2N +1) (2.37)

The coefficients Cy(G), Cy(f), Cy(as) are quadratic Casimir operators in the
adjoint, fundamental and antisymmetric representations, while dimg, dimyg,
dim, are the dimensions of these representations, respectively. As for SU(N,)
theories, here we also restrict our attention to asymptotically free theories,
for which b; is positive. For Sp(2N) theories with Ny = 0, this requirement
sets the upper bound N, < T&lel)), which for N = 2 yields N, < 33/4—
perturbatively. The spectrum of mesons depends on the mass, m!'®, of the

fermions, by varying which we can test the IR behaviour, as described in

Section [L.4]

Before embarking in a lattice study, it can be useful to check the deter-

minations on the bounds of the conformal window available from various
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Figure 2.2 From Ref. [2]: estimates of the extent of the conformal window
in Sp(4) theories coupled to Ny Dirac fermions transforming
in the fundamental and N5 in the 2-inder antisymmetric
representation. The black solid line denotes the upper bound
of the conformal window, while different coloured and shaped
lines denote alternative analytical estimates of the lower bound,
obtained with different approximations. The dashed line is
obtained by imposing the constraint ba(Nf, Nas) = 0. The
dot-dashed line is the result of the all-order beta function with
the assumption that the anomalous dimensions of the fermion
bilinears are vgy = vg5g = 1. The dotted line is the result of the
Schwinger-Dyson analysis. The Banks—Zaks expansion leads to
the lower (blue) solid line [])]. Details about these approrimations
can be found in [2, [5] and individual results are found in [{HY].

approximations[4H9]. The idea is to identify candidates in the (N, N, Na)
space. Indeed, this is only a guide, since the various approximations do not
allow to control the systematics of the predictions. For this reason, here we
do not go into any detail, but we show a summary of such results in Fig. [2.2]

referring to [2, 4H9] and references therein for additional details.

The theory with Ny = 0 and N,s = 4 appears to be a reasonable candidate: it
is close to estimates of lower bound for the conformal windows, and it contains
a minimal number of flavors, making it possible to explore the dynamics of
these theories at a reasonable computational cost. For this reason, Sp(4) with
N,.s = 4 will be the main focus in the validating tests we performed in our

implementation of symplectic gauge theories in Grid.
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Chapter 3

Lattice Gauge Theories

The previous chapters identified the gauge theories that we intend to study,
with motivations including the phenomenology of the Higgs sector and the
determination of the conformal window. We narrowed the focus of this
work down to the Ferretti model and its two-flavors simplification, which
provide a non-trivial yet accessible environment to develop theoretical and
computational tools for composite Higgs models, and Sp(4) with four flavors
in the two-index antisymmetric. In order to probe the confining regime of
these models, where perturbation theory is not reliable, lattice simulations
must be used. With this motivation we briefly introduce, in this Chapter,
lattice methods to study gauge theories. The final goal is the evaluation of

expectation values of the type

J DpOlg] e 51
O = T pge e

(3.1)

where ¢ are the degrees of freedom of the system, and S its action.

In this work, we adopt the Hybrid Monte Carlo (HCM) algorithm [88]. After

some introductory sections, this chapter will develop around the Hybrid Monte
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Carlo (HCM) algorithm [88] as it was implemented in order to study SU(N,)
and Sp(N.) gauge theories in Refs. [1, 2].

3.1 The Lattice Regularisation

We define a gauge theory on a Euclidean four-dimensional lattice with spacing
a, L/a sites in the space directions and T'/a sites in the time direction. Field
variables are analytically continued to Euclidean space by performing a Wick
rotation, for which we refer to Appendix [B] Formulating the theory on a
lattice is by all means a regularisation, since %’r is an ultraviolet cutoff for
the absolute value of the momentum, in any direction. Additionally, 27/L

and 27 /T regulates the IR.

Derivatives are replaced by discrete differences. We introduce

[z +ap) — f(x)

Ouf(z) = , , (3.2)
g (o) = L) = Sa =) .

As a goes to zero, both 9, and 9y, reproduce the derivative in the continuum up
to O(a). The symmetric derivative (9,+0);)/2 is preferred, since the continuum
limit is reached faster, as O(a?). For an irreducible representation R of the
gauge group, fermionic fields ¥® are defined on lattice sites, which we denote
by x, while gauge fields are defined from links variables between sites, denoted

as U(z): these are an analogue of the continuum Wilson line T

W(z,y) = Pexp (ig / ’ AZ(Z)T“dz“) | (3.5)

P being the path-ordering operator. Link variables where the representation

is not specified will be assumed to be in the fundamental representation.

Let G be the gauge group, and V' € G. The transformation property of the
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fermion field and the link variable under G are

Vi) = V()pw(e),  d@) = oM @) V() (3.6)
Uf(x) > V(x)Ui‘(x)V(x +ap)', (3.7)
UE,(z) = V(2)UE (2)V (z — ap)’ . (3.8)

Notice that, for consistency,

UL (2) = Uz — p)' . (3.9)

w

With these definitions a naive discretisation of the Dirac action,

R P R T N _ 77R T R T —
S‘;}aive — a4Z&R(x) (,.)/MUM( )w ( +H’) 2aU—u( ),lvb ( H) +me<l’>> :
’ (310)

is gauge invariant. The interpretation of the gauge links in terms of continuum

gauge fields is clarified by the relation
R\ _ AR
U, () = exp(iad,(z)) , (3.11)

where AJ}(x) = Af(x)Tg is now a member of the Lie algebra of G, with
generators T§. In this work we consider SU(N) or its subgroups, so we will
always assume that Af'(z) = Af(z)!. By expanding all fields around = in
powers of the lattice spacing into Eq. , we recover a continuum fermionic
action compatible with the one defined in Chapter [I plus O(a?) due to the

symmetric derivative.

In order to define the gauge action, gauge invariant operators of link variables
are needed. The trace of any close loop of such variables is indeed gauge
invariant. With this motivation, the minimal non-trivial closed loop of link

variables, called plaquette, is introduced:
U () = U (2)U,(z + @)U, (z + D) U, (z)" . (3.12)

The Wilson gauge action [89] is in fact a sum over plaquettes at all lattice

sites, with an additional sum over Lorentz indices 1 < u < v < 4.

B
S, = FZZ Re Tr {1 — U, (z)} , (3.13)

x  p<v
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Figure 3.1 Two-dimensional example of a lattice.  The figure displays
fermionic fields defined at points x and x + af, a gauge link
connecting the sites, as well as a plaquette Uy, at another lattice
site .

where 3 = 2N,/g* is the lattice coupling, related to the gauge coupling g
Again, an expansion of the link variables provide the Yang-Mills action from

Chapter [1] plus O(a?).

A plaquette, together with gauge link and fermionic variables, are depicted in
Fig. [3.1] on a two-dimensional lattice.

3.1.1 Doubling problem and the Wilson action

We illustrate the doubling problem in the simple case of a free theory.
Consider the Dirac operator introduced in Eq (3.10) by naively discretising

the continuum fermionic action. In the free theory, with U,(x) = 1,

0.+
2

naive __
Dm - 7}1

+m, (3.14)

where the differential operators are defined in Eq (3.2). Plane waves are

eigenfunctions of the free D™V¢ with eigenvalues given by

sin(apy,)

D:;lawe (p) — Z’YM "

+m. (3.15)
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By defining p,, as

. sin(ap
Pu = —(a ) : (3.16)
which satisfies
}}L%p;x =DPu s (317)

the fermionic propagator obtained in this setup reads

o —YuDu+m
S(p) = ﬁ;:r—“w . (3.18)
The periodicity of p implies that, in four dimension, the physical pole is
accompanied by 15 extra, unphysical poles which do not vanish in the
continuum. This is a manifestation of the doubling problem. Under the
condition for which the Nielsen Ninomiya theorem applies [90], a lattice
regularisation for the fermionic action that does not break either chirality,

translation invariance or analyticity comes with doublers.

One way to overcome the doublers is by breaking chirality explicitly. A popular
way of doing so is by adding to the naive fermionic operator of Eq. (3.14]) a so-
called “Wilson term”, which is proportional to the discretised Laplace operator
0,0;. In order to compare with Eq. (3.18) we compute the propagator in the

free theory, in which the Wilson operator reads

O+ 0
2

Dw =, - gaua; +m, (3.19)

which is again diagonal on plane waves, with the resulting eigenvalues

~ o a. .
Dw (p) = 3" +m+ 5" (3.20)
where p is defined in Eq. (3.16)), and

2
Pu = —sin (%) . (3.21)

While the physical pole is preserved, the doublers gain a mass proportional to

1/a and they decouple in the continuum. Moving away from the free theory,
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the Wilson operator reads

(D), (@) = +m)"a)
- % > {1 = 7) U@ (@ + af) + (1 +7,) U (@ — ap) (@ — aft) } .
(3.22)

While solving the issue posed by the doublers, the Wilson discretisation of
the fermionic action comes with some disadvantages. By breaking chirality
explicitly, the fermionic mass m renormalises no longer multiplicatively, but it
comes with an additive term proportional to a=!. Moreover, compared to the

naive action, discretisation effects are here O(a) due to the Wilson term.

3.1.2 Symanzik improvement

The Symanzik improvement programme [91, 92] is a systematic procedure
that allows the reduction of discretisation effects from a given lattice action.
One considers an effective theory based on an expansion in powers of a. In
proximity of the continuum, the theory on the lattice can be described by the

effective action

Set = So + a5 + CL2SQ + ... (323)

where each term is of the type

Sy = / d*zLy (3.24)

where L are local operators of dimension 4 + k that are allowed by the
symmetries of the theory, both local and global. The action term S is tuned
to exactly cancel the O(a) discretisation effects from Sy, and so on. In this
work, Sy will be the Wilson action, and we will not improve the gauge action,

which is already O(a?). The choices for the irrelevant operators composing S
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are

- QZ_JRZ'O-,LLI/Fﬁ R’ ) (325)
_ _ —
Oy = ¢"D, D" +¢"D,D, " | (3.26)
O3 = mTrF,, F" | (3.27)
_ _ <
= m@bR'V,uD“@Z}R - m¢R7uDu¢R ) (3-28)
Os = m*yfiyt . (3.29)

The operators O3 and Oy are already present in the Lagrangian, and their
inclusion would amount to a redefinition of the bare coupling and the bare
mass. Moreover, Oy and O4 can be eliminated by using the equations of
motion. The Wilson action can be therefore improved by adding O;. In terms

of lattice variables, the Wilson action would take the contribution
R 7R R 5 R TR/ R R
Sclover[U 7w 7w ] =a Z Cow (l‘)ZUuquy(l‘)w (i[)) ) (330>

where Fﬁ(x) is a lattice representation of the gauge boson’s field strength.

Following [93], we use

FR 8a2 {QF(x) = QL (2)} (3.31)

where QF is the clover combination of plaquettes given by the following

expression, where we suppress the representation index for simplicity:

U(@) Uy(x + ap) U, (x + a2) U, ()

U(2) U,z + afi + av) U, (2 — aft) Uu(z — ajt) (3.32)
U, 'z —ap) U, Nz — aji — ap) Uy (x — afp — a0) U, (z — ab)
e —av) Uy(z — av) Uy (x4 afp — a0) U, (z) .

I/

The coefficient that has to be tuned, c%

and, more generally, of the fermionic representation. In perturbation theory

is a function of the bare coupling

cw)

c® =1 at lowest order.
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3.1.3 Path Integral and the Monte Carlo evaluation

This Chapter has been building up towards the evaluation of expectation values
such as the one in Eq. , to which we now turn our attention. In the
cases of interest here, the degrees of freedom of the system are the gauge and
fermionic fields (in any representation, which we do not specify in the following

equations). The Euclidean partition function reads
Z = /DUD@Z)DQZ@‘SQ[U]—SJ‘[UWW] , (3.33)

The path integral will be evaluated with Monte Carlo methods. As a first step,
we integrate over the fermionic variables. Due to their spin statistics, these
are Grassman variables in the path integral. Since their action is quadratic,

they can be integrated exactly,
/ DyDipe PPV — det D[U] (3.34)
where D is the discretised Dirac operator. The partition function then reads
Z= / DUe 5 det D[U] . (3.35)
Similarly, in the evaluation of the expectation value of an operator O[U, 1, ],
(0) = % / DUDYDY O[U, ), 1) e~ SolVI=SslU4.9] (3.36)

the integration over fermionic variables can be performed analytically by using
Wick’s theorem,

(W) - Dy (@r) (), =

= (—=1)F Zsign(P) DY zy,yp,) ... D Nag, yp,) . (3.37)

In the previous expression, (-)  represents the fermionic expectation value
only, and Zg the fermionic partition function. P represents the set of all
permutations of the integers 1...k. The integration of the fermionic variable

then amounts to the evaluation of propagators, which depend on the gauge
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fields. As a consequence, the expectation value of Eq. (3.36) amounts to an

integration over the gauge degrees of freedom only
1
0) = = [ DU Owia(D7[U]) det(D) e~V | 3.38
Z

the function Owje is condensing, for convenience, all the Wick contractions

that result from integrating out the fermions.

The remaining integration over the gauge variables is performed by importance
sampling. Suppose we are able to obtain N, independent random variables
Un, n = 1... Nenge describing the gauge field U. Suppose that such variables
are distributed with the probability density induced by Eq.

1
dP[U] = ZDU det(D) e~Selll (3.39)

The expectation value of O can be then estimated statistically,

1 1
0) = O ic D_l Un + O
(0) Nom En wiek[ D™ [Un]] + O( o

). (3.40)

For non-fermionic observables the expectation value is simply

1 1

(0) = > o[, +O(m

Ncnfg
Such an evaluation is enabled by the possibility to interpret (O) as a statistical

). (3.41)

average over a probability density. Wick rotating into the Euclidean sector
was crucial in this respect. For certain systems, such as theories at finite
chemical potential, the Wick rotation is not enough to guarantee a statistical
interpretation of the path integral; a problem that is beyond the interest of

this work.

We are missing a prescription for drawing the gauge configurations U, needed
to evaluate Eq. (3.40). We use the Hybrid Monte Carlo (HMC), a well
established algorithm for generating field configurations for systems that

include fermions. The algorithm is described in the next Section.

39



3.2 The HMC

3.2.1 Preliminaries

The (R)HMC algorithm generates ergodic Markov chains of gauge fields that
have equilibrium distribution given by dP[U] of Eq. (3.39)). Let us first discuss
how to handle the determinant of the fermionic operator D, where R denotes

the fermionic representation.

It is convenient to introduce an associated Hermitian operator, QF,
Q" = D" | (3.42)

When the number of fermions n(R) in the representation R is even, the
determinant can be expressed in terms of bosonic degrees of freedom, called

pseudofermions, defined by
(det DEYW (B — (det QF)s (B / D¢Dple 5" | (3.43)

where

f—azw QP g(x) (3.44)

For odd values of ny, the rational approximation is used to compute odd powers
of the determinant above, resulting in a variation of the algorithm known as
RHMC.

3.2.2 Molecular Dynamics

The main body of the HMC consists in the molecular dynamics, which we now
describe. A fictitious classical system is introduced. Its generalised coordinates

are the angular parameters of link variables U,
U,(z) = exp (wTy) , (3.45)
with conjugated momenta = living in the Lie Algebra of the gauge group

mu(x) = m(2)TE . (3.46)
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The associated classical Hamiltonian is

H= % Z m(z)mi () + Sy + Z Sk (3.47)
R

Z,[,a

Let 7 be the fictitious time of the classical system. The equations of motions

LU () = 7 () Uy (o) (3.48)
d dH
() = = g = Fulo) (3.49)

where the classical force F,(x), drives the evolution of the momenta. From
the previous equation, it is clear that the force, like the momenta, is defined in
the Lie Algebra of the gauge group. Since the Hamiltonian is the sum of the
different actions, the force takes factorised contributions from the gauge and
the fermionic parts, i.e. F* = (F,)* + > 5(Ff)*. Each part of the fermionic

force, (F' f)“, depends on the fermionic representation though the fields
Ui(z) = exp (iw"TH) | (3.50)

that appear in the fermionic operators (for instance the Wilson operator of
Eq. ) Expressions for the gauge and fermionic forces, including the clover
term, can be found in Refs. [I3] 04]: we stress, however, that the evaluation
of the fermionic force relies on the inversion of the fermionic operator. As a
consequence, the evaluation of the fermionic force is much more expensive, in

terms of computing time, than the evaluation of the gauge force.

The Molecular Dynamics (MD) consists in the numerical integration of the
Hamilton equations ([3.48). At the end of the integration, a Metropolis step
is performed. This consists in accepting the resulting configuration U’ with

probability
P=min{l,e*"} | AH=H[U]-H[U], (3.51)

U being the configuration of the gauge fields at the beginning of the trajectory.
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3.2.3 The Algorithm
The HMC [88] algorithm consists of the following steps:

e A starting configuration U; is selected. For each link, a canoni-
cally conjugated momentum is extracted from a Gaussian distribution.
Pseudofermions distributed according to the integrand in Eq. are
generated with the Heat Bath algorithm.

e The gauge fields are evolved by integrating, numerically, the equations
of motion of a fictitious classical system. This step is referred to as
Molecular Dynamic (MD) evolution, and an iteration of these steps is

called “trajectory”.

e A Metropolis test accepts or rejects the resulting field configurations,
eliminating systematic effects due to the finite step of the numerical
integration of the MD.

Iterating this procedure for N trajectories, one ends with Ngn con-
figurations of gauge fields distributed according to the chosen probability

distribution.

3.2.4 Tuning and parameters

We briefly discuss the parameters entering the HMC. The theory is defined
by the lattice coupling [, and the numbers of fermions in the various
representations R;. These come with bare masses m{!, which in our case will
have to be tuned due to the additive renormalisation induced by the Wilson

& je. the

c?

term. Particularly important is the value of the critical mass m
bare mass at which the renormalised mass vanishes. While its value has to
be found by extrapolating the fermionic masses to zero, a first guess can be
provided by the perturbative prediction for m%. This can make the exploration

in parameter space quicker. As shown in Chapter [4] perturbative predictions

R

for m,

can lie surprisingly close to their non-perturbative counterparts.

In the molecular dynamics, the integration step for the classical equations
of motions, as well as the length of the trajectory, have to be chosen. A

shorter trajectory will result in a slower exploration of the phase space,
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and it potentially leads to high correlation between observables evaluated at
subsequent trajectories (autocorrelation). The integration step is also crucial.
The continuous equations of motions preserve the Hamiltonian, and within the
molecular dynamics the energy violations, i.e. differences in the Hamiltonian
at the beginning and at the end of the trajectory, are induced by the finite
integration step. This has to be tuned so that violations in the Hamiltonian
are small enough to guarantee a good acceptance rate for the Metropolis test.
In this work, we tuned the acceptance rate to be roughly 80%. One should be

wary of a higher rate, which can be accompanied by a strong autocorrelation.

3.2.5 Implementation details

In order to simulate SU and Sp gauge theories, we used the lattice library
Grid [55]. While the simulation of SU(N.) was already established within
the Grid framework, the necessary software for the simulation of Sp(2N) was
added and tested as part of this work. Adding to the fact that simulations
of the symplectic group are far less common, it is worth to spend some lines
discussing salient differences between more familiar functions used to simulate

QCD.

In the numerical integration of Eq. , it is required to project the HMC
force on the Lie algebra of the gauge group. In Grid, the embedding of the
force-projection within the integrator requires the forces to be anti-hermitian.
Hence, a projection operation to the matrices of the algebra sp(2/N) must be
defined. This can be done in analogy with the projection to su(N,), defined

for a generic matrix M as

PtrPaHM 3 (352)
where
P.M=M-— 1NCT1r(M)/Nc , (3.53)
and
PuM = (M — M")/2, (3.54)

are the projectors to its traceless and to its anti-hermitian parts, respectively.

For sp(2N), the projection is instead defined as,

PPy, P M, (3.55)
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Figure 3.2 Figure taken from Ref. [10]: average plaquette computed
with (right panel) and without (left panel) applying the re-
sympletification procedure at each wupdate. The orange line
represents the corresponding value for the plaquette obtained in
Ref. [11)]. The green line is the fit of the plaquette to a constant.

where

M £ QM*Q
5 .

Notice that P, returns an anti-hermitian matrix, while PSJ; projects on a space

Py M = (3.56)

of hermitian matrices.

The re-sympletification of gauge links to the Sp(2N) group manifold has also
been implemented in Grid. By re-sympletification, named in analogy with
the re-unitarisation process of SU(N,) simulations, we refer to the projection
of gauge links on the Sp group manifold that is performed at every update.
The necessity for such procedure can be appreciated from Fig. which we
borrow from Ref. [I0]. On the left panel, the simulation is done without re-
sympletification: due to the finite machine precision of the simulation, the
average Plaquette drifts as the gauge links are driven away from the group
manifold. Conversely on the right panel, where the projection is performed,

the Plaquette fluctuates around a stable value along the trajectories.

The algorithm, described in Ref. [10], is a modification of the Gram-Schmidt
process designed to take into account the condition in Eq. . After
normalising the first column of the matrix U, the (N + 1)-th column is set
to

col(U)jen = —Qcol(U); . (3.57)

J

The second column is then obtained by orthonormalisation with respect to
both the first and the N 4 1-th column. An iteration of this process leads to

a symplectic matrix. At the end, the matrix can be normalised to have unit
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determinant.

3.2.6 More on Higher Representations

In this Section we discuss some aspects of higher representations that have
been useful to develop and understand the HMC in the context of BSM
theories. It is known that any irreducible group representation can be obtained
from the defining, fundamental representation (F). For most phenomenological
applications, the fermionic representations of interest are the adjoint (Adj), the
two-index symmetric (2S) and antisymmetric (2AS). The adjoint is obtained by
the product of the fundamental with the anti-fundamental, which also contains

a singlet. For SU(N,),

N.@N=N’-1a@1. (3.58)
N—_——

Adj

The two-indices are instead obtained from the product of two fundamental

representations

N.® N, = N,(N, +1)/2® N.(N, — 1)/2 . (3.59)

—
2S 2AS

For Sp(2N) = Sp(N.) the composition is slightly different. N’ is not
independent of N.: the adjoint will be then equal to one of the two-indices.
In fact, the invariant tensor of Sp(2N) is the antisymmetric tensor ¢;;, which

causes the singlet to separate from the 2AS representation

N.® N, = NN, —1)/2 = 1®1 & N,(N. +1)/2 . (3.60)
(. ~~ - N’
2AS 2S=Adj

For completeness we mention that SO(2N) has a similar decomposition. The

invariant tensor is now the symmetric J;;, causing the singlet to separate from

the 2S

Rl

N,® N, = N.(N, — 1)/2®1 & N,(N. +1)/2 — 1 (3.61)

2AS=Adj 28

Numerically, the upgrade from fundamental to higher representation is done
as described in Ref. [04]. 1In this work we use, for both gauge groups,

fundamental and 2AS fermions. We therefore recall the procedure for the
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case of interest. Link variables U\ (z) are obtained from the links in the

fundamental according to

U}f‘?;b)(cd) = Tt (DT lDYOTY | (3.62)

) are the elements of an orthonormal basis in the dimg-dimensional

where el
space of N, x N, antisymmetric matrices. For SU(N,), the multi-index is (ab)

with 1 <a < b < N, and the entry 75 of the base is

ay 1

(eRs)ij = NG (0aifb; — 0qj0b) - (3.63)

For SU(4) the representation is dimension six and the multi-index takes value
(ab) = (12), (13), (14), (23), (24), (34).

For Sp(2N), the basis is additionally (2-traceless, and the multi-indices (ab)
run over the values 1 < a < b < 2N. The entry ij of each element of the basis
is defined as follows. For b # N + a,

1
el = 7 (0ajObi — 0aidb;) (3.64)

v

while for b= N 4+aand 2 <a <N,

(ab) (ab) ey 0 v i<,
CiitN = “CitN,i = a for i (3.65)

—— or 71 =a

2a(a—1) ’ ’

and zero otherwise. It is easy to verify that each element of this basis satisfies
the Q-traceless condition Tr(e(® Q) = 0, where the symplectic matrix €2 is
defined in Eq. . For Sp(4) the representation is dimension five, and the
multi-index takes the values (ab) = (12), (14), (23), (24), (34).

Expression for the generators can be easily obtained by expanding the gauge
links:

(T:S)(ab)(cd) B (e(ab) TTfae(cd) + e(ab) Te(cd)jvfaT) ) (366)

These equations correspond to the one adopted in the code.
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Chapter 4

Results for SU(4)

This Chapter presents a lattice study of the SU(4) gauge theory with two
Dirac fermions in the fundamental and two in the two-index antisymmetric
representation, which has been introduced in Section as a prototype for
the model of partial compositeness proposed by Ferretti [56] which we briefly
described in Section [2.3] The focus of this work has been the methodologies
behind the computation of the spectrum and the extrapolation to the chiral
point for a theory with matter in multiple representations. While being still
technical, this study provides important steps towards a non-perturbative
understanding of the spectrum of theories of partial compositeness, which
present a richer dynamics compared to single-representation theories. The
multi-representation features are studied first in perturbation theory, and
then non-perturbatively by adopting a dual outlook on lattice data through a
joint analysis of time-momentum correlation functions and smeared spectral

densities.
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4.1 Perturbative Results

In this work we adopt a Wilson-type discretisation of the Dirac action with
a clover term, the details of which will be given in Sec. 4.2l This choice
for the action breaks chiral symmetry. The critical mass, i.e. the value
of the bare mass of a fermion corresponding to a vanishing renormalised
mass can be first estimated in perturbation theory, suggesting values for the
numerical simulations, and providing first insights on the multi-representation
dynamics. The perturbative expansion of the Wilson action generates, for
each representation, the same vertices that appear in lattice QCD up to group
theoretical factors, making it easy to generalise the existing result. To this
end, we will refer to the calculation of the critical mass of Wilson fermions at
two loops [12] in lattice QCD, the cactus resummation at one loop [95] and
their generalisation to a generic representation of SU(N) [52]. These results
will be extended to the case of multiple representations in the reminder of this

section.

4.1.1 Multiple representations

In this section we analyse the effect of multiple representations in the
computation of the fermionic self-energy. The motivation is to gain insights
about the way a representation can affect the other. For simplicity we use, for
this task, Wilson-type fermions, delegating the discussion of the clover term

and cactus improvement to the next section where we estimate critical masses.

For a given representation R, we write the perturbative expansion of the one-

particle irreducible two-point function as

Sk (9, g0, m) = 2% (p,mF) + giS (p,mE) + Ol . (4.1)

In evaluating the Feynman diagrams contributing to the elements of the
perturbative expansion, we set the fermion masses to their tree level values,
m& = 0. The one-loop contribution ¥4, for instance, comes from two diagrams,
a tadpole and a sunset. It is useful to parametrise X} in terms of powers of

the lattice spacing,
€]

5
1 R,a . 1
D (p,0) = = ipoy, (4.2)
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Imposing the vanishing of the renormalised mass for the fermion yields an

expression for the critical mass at one loop

2592 22(1)21
mglgzgo R(u):go Ra (4.3)
’ a a

The same can be done order by order in powers of the coupling g2, which is
related to the usual lattice coupling by

2N
="
90

(4.4)
The result for ES) can be written in terms of the contribution of each
diagram [12]

252(0,0) = 265(R) [ + ] (4.5)

where Cy(R) is the quadratic Casimir defined in Eq. (A.3]), and
(1) 1 _
A g o) = 0.162857058711(2) . (4.6)

In the following we omit, in the expansion terms of the self energy, the
dependence from p and mg which are set to zero. The result of Eq. ,
plugged into Eq. , provides the one-loop estimate of the critical mass.
However, it contains no information about the multi-representation dynamics,
for which we need at least the O(gg) result. In Wilson lattice QCD, X®) takes
contribution from 26 diagram [12]. If the theory has fermions in two different

representation R and R’, there are four additional diagrams contributing to

oo 2 A

Il I2 I3 4

Figure 4.1 Two-loop diagrams in which the representation R' (solid line) can
contribute to the self energy, and therefore the critical mass, of
the fermion in the representation R (double solid line). These
diagrams, apart from group theoretical invariants, depend on
factors that have been computed in Ref. [12)].
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the self-energy of R due to loops of R’. These are shown in Fig. and
their contribution is the same as their single-representation counterparts [12]
up to some group theory factors. The diagrams I; and I in Fig. must be

evaluated together in order to be infrared finite. Their value is
IR 4 I = np(RNACH(R) T &7, (4.7)

where ¢{? = 0.00079263(8) [95] is representation independent, and ng(R) is
the number of fermions in the representation R. Similarly, I5 + I, gives the

infrared-finite result
IR 4+ IF = ny(RYACH(R)Tw &7 (4.8)

where c§2) = 0.000393556(7). The two-loop part of the self energy for the

representation R due to the presence of R’ is then
B mtirer _ o (R)AC,(R) T 0.00118619(9) . (4.9)

We then add to this contribution the 26 single-representation diagrams
2(2), one—rep r=r,
R—R [ ]

nEhonexe _ o0 (R)N ky + 2C,(R)Trns(R) ks
+ Cy(R)Cy(Fund) ks + Co(R)? ky ,  (4.10)

with

ky = —0.001940(6), ks = 0.00237236(16) ,

(4.11)
ks = —0.081429(8) , ks = 0.01516325(12) .

The total two-loop self energy is given by the sum of Egs. (4.9)) and (4.10))

22 = Co(R)N ky + 2C5(R) [Tans(R) + Trmys(R)] ko
+ Cz(R)Cg(FUHd) k‘g + OQ(R)2 k4 . (412)

Unsurprisingly if R = R’ the extra term is equivalent to the addition of extra

flavor content.
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We can now list results for N = 4, ny(Fund) = ns(2AS) = 2. One loop values,

1
») = —0.610713970166(8) ,

o (4.13)
B = —0.814285293555(10) |

and two-loop values,

2
) = —0.220826(53) ,

(4.14)
22 = —0.270743(71) .

We are interested, in particular, in the contributions from one representation
to the other. These are

R _ () 0213512(14)

| (4.15)
(@ miltieb _ ) ()355854(24) .

The multi-rep contributions alone are small compared to the rest of the terms,
providing about 10 — 13% of the two-loop part. Although these results are

only perturbative, they will find a non-perturbative counterpart in Sec. [£.4]

4.1.2 Critical mass

A perturbative prediction that compares to our numerical results can be
obtained by including the clover term into the action, resulting into an
additional interaction vertex. The prediction can be further improved by
resumming an infinite series of a specific type of gauge invariant (cactus)

diagrams [95]. For this analysis, we consider one-loop results.

The critical mass m(% of Wilson fermions can be computed from Eq. (4.5).

C

Considering the clover term yields new contributions in powers of ¢, [96],

~ 95Ca(R)

T (€0 + erch, + 62(05)2) ) (4.16)

where the coefficients ¢; can be read from Table 2 of Ref. [06]. Concerning the
Wilson term, the cactus resummation is performed by rescaling the self-energy

¥ — X /¢y, where ¢ is a function of N and g2 but not of the representation.
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902

Figure 4.2 The solution of Eq. (4.17) for different number of colors N =
2,3,4 and B = 11, the value used in the numerical simulations,
as will be described in Sec. @

¢o can be found by solving the following equation,

N -1 (N2 -1
ue e (N2 ) o (] = 921
(4.17)
2
éo = g_(]
du’

where LY, are generalised Laguerre polynomials of degree N. The solution for
B =11 and N = 2,3,4 is shown in Fig. as the intersection between the

various curves and the vertical line. For SU(4) we find
Gy = 0.731607 . (4.18)

The resummation with the clover improvement term corresponds to rescaling

g8 — g2 /o and cft — B & [97]. The prediction for the critical mass is then

2
1—loop+-cactus __ g_OC2(R)

o f G, 1672 (€0 + exclléo + ea(clh)’E) - (4.19)
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The numerical values for SU(4) with two fundamental and two antisymmetric
fermions are listed in Table We find the one-loop result with cactus

resummation to be the closest one to non-perturbative results.

Wilson (W) W 2 loops W clover W+cactus W clover+cactus

amT Y _0.4442 —0.5609 —02762 —0.6063  —0.4524
amP*S) _0.5922 —0.8027  —0.3683 —0.8089  —0.6032

Table 4.1 Critical masses for different lattice actions and improvements.
When not specified, the results are obtained at 1 loop. These values
are to be compared with the non-perturbative results of Sec. .

4.2 Lattice Setup

The lattice setup has already been discussed in Ref. [13], and here we only
recall the main ideas. We generate gauge configurations by using the HMC
algorithm [88] with a second order integrator [98]. The integration scheme has
two levels, one updating the gauge force and one updating the fermionic force.
The lattice action can be decomposed into gauge and fermionic part. The

latter is further decomposed into contributions from each representation [94]
S=8,+S5, S =gtmd g@AS (4.20)

For the gauge part we use the Wilson plaquette action

s
S, = N > ) ReTr{l-Pu(x)} . (4.21)

x  u<v

The fermionic action for the representation R is
SE = Z () DY, (@), (4.22)

where, for both representations, we collect the fermionic degrees of freedom
into a doublet of Dirac fermions . We adopt a Wilson discretisation for the

Dirac action D' in each representation R, plus a clover improvement term

DR = D\]/%Vilson + DR : (423)

clover
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The Wilson term in position space is

4
DI =00y — ") (L= 7) U ()00t
pn=1
+ (L4 %) U () 00—apy] » (4.24)

where
UB(z) = exp(i wi(z) Ty, (4.25)

m a

and k% is related to the bare mass mf of the fermion in the representation R,

1

R
=— 4.26
" 2(amt + 4) (4.26)
The order a clover improvement term is
R ia R
(Dclover) z,y Y Csw gO Z UMV T,y (427)

where 0, = £[y,,7,] and

Fou () = % Q@) — Quu(@)] . Qi) = Qlu(x),  (4.28)

Qv () being the clover combination of plaquettes around the point z [17].

The improvement coefficient cZ can be computed in powers of the coupling,
chi(95) =1+ iV g5 + O(g5) - (4.29)

A discussion on the O(g?) coefficient can be found in [99]. In this work, we set
the coefficient to its tree level value, ¢t = 1, for both representations. This
choice for the discretisation action breaks explicitly chiral symmetry, resulting
in an additive term to the renormalisation of the fermion masses. Simulations
at the chiral point are performed indirectly by extrapolating the observables.

R

The critical masses m,', i.e. the value of the bare masses at which each fermion

has a renormalised vanishing mass

1 1 1
am® = amll — aml = 3 (K_R — ?f) . (4.30)

Direct simulations at the chiral point are in fact impossible in our setup due

to the spectral properties of the Dirac operator. The lowest eigenvalue of
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Figure 4.3

Lowest eigenvalue distribution
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Distribution of the lowest eigenvalue of the Wilson-clover

operator for bare parameters améFund) = —0.45, 8 = 11 and

different masses for the 2AS fermions: am(()zAS) = —0.59 on the

top and améZAS) = —0.60 on the bottom. Both distributions are

far enough from the origin to ensure no exceptional configurations
enter the ensemble.

the Dirac operator approaches zero in the chiral limit, meaning its inverse

becomes increasingly ill-conditioned. When extrapolating to the critical point

(see Eq. (4.30])) one needs to care that exceptional configurations do not occur

in the gauge average [100]. These are configurations with exceptionally small

eigenvalues that can jeopardise the inversion of the fermionic operator. For

this reason, we monitor the gauge distribution of the lowest eigenvalues of the

Wilson-clover operators in both representations as in Fig. making sure

that they remain sufficiently far from the origin. In order to parametrise the
breaking of chiral symmetry, we compute the PCAC mass, which yields a
definition of the quark mass through the axial Ward identity.
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Our starting point is the work done in [13], where the space of bare parameters
for this model has been explored. The lightest ensemble of that work is present
in this analysis under the name AQ. Details about the ensembles generated in
this work are found in We have performed simulations for increasingly
lighter masses, allowing the extrapolation of chiral points for both the fermionic
representations. We generate gauge configurations at single lattice spacing,
using $ = 11, and at a single volume corresponding to a lattice of dimensions
(L/a)® x T/a = 16® x 32. For the production of gauge configurations and the

measurements of observables, we use the software Grid [55] and Hadrons [101].

4.3 QObservables

In this section, we give a description of the observables that are targeted
in this work. These include two point functions that will enable us to
compute parameters for the chiral symmetry breaking, mesonic masses and
smeared spectral densities. We compute correlation functions of the following

interpolators,

OF(2) = ¥f, (2) 15 ¥ (2),

: (4.31)
) = VF () Y075 Y1 () fi# fa.

)
>
=

In the previous equation we use the same notation of Sec. i.e. Y% collects
the fermionic degrees of freedom of the representation R into a flavor doublet
of Dirac spinors. The flavor indices are denoted by fi, fo. In this work we
only consider isospin-vector operators, and we build the following two-point

functions

CR(t) = %Z(Of(m,t)OfT(O» . ab=P,A. (4.32)

x

The two-point functions encode information about finite volume matrix ele-
ments and energy levels. This can be seen by expanding the previous expression

on a complete set of states. Considering for instance the pseudoscalar-
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pseudoscalar ¢

(c

Crp(t)

Probability densities for the lowest eigenvalue of the fermionic
operator (upper panel), the PCAC mass (central panel) and
the pseudoscalar mass (lower panel) for both representations.
These values are especially interesting since they are based on
the ensemble SO, where we find compatible values for the lowest
eigenvalues and, within lo, the PCAC masses. Nonetheless, a
difference arises in the pseudoscalar masses. The distributions
of the PCAC and the pseudoscalar masses are obtained from a
resampled set of configurations.

orrelator, we obtain

—tME

PP 4 6(—T+t)M1I§P>

(O[OF ()| MFp) , (MEp|OF (0)[0)

X
2ME,

+o., (4.33)

where the ellipsis denotes terms that do not correspond to the state |Mpp),

and that are exponentially suppressed. The mass M5, can be then obtained
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by the asymptotic behaviour in the Euclidean time of the effective mass

CE(t+a) + CE(t — a)
20%5(1)

aME(t) = cosh™ (4.34)

Similarly the PCAC mass, defined through the axial Ward identity, is obtained

from the pseudoscalar-pseudoscalar and axial correlators

V:.CLE — _
Micac = ﬁi(t) . Vif(t) = ft+a) Qaf(t 2 ) (4.35)

which has O(a) effects for our choice of the unimproved axial operator.

In the chiral limit, the pseudoscalar mass aM®Z, for each representation
vanishes. In our ensembles we generated configurations describing mesons of
antisymmetric fermions being generally heavier: this can be understood from
Fig. [4.4 where we show the gauge distributions of the lowest eigenvalue of the
fermionic operator, the fermionic masses and the pseudoscalar masses for both
representations from the ensemble S0. In this ensemble, differently from the
case shown in Fig the lowest eigenvalues of the Wilson operators in the
two representations are the same, and the fermionic masses are also compatible
within one . Nonetheless, an unambiguous gap appears in the masses of the
mesons. The Gell-Mann—Oakes—Renner relation predicts this behaviour to be
the result of different chiral condensates and pseudoscalar decay constants for

the two representations.

Ground state energies can be estimated from lattice correlators according
to the large time behaviour of Eq. (4.34). Other energy levels and matrix
elements can be estimated by fitting sums of exponentials, as in Eq. .
The extraction of excited states from these fits is in general hindered by the
increasing number of degrees of freedom that are needed in order to perform
the fit when more excited states are being targeted, with a given number
of data points. This becomes particularly problematic when dealing with
highly correlated data, which limits the information provided. Moreover, as
the infinite volume limit is approached, the spectrum above the multi-particle
threshold becomes denser and resolving energy levels becomes exponentially
harder. For these reasons, it is desirable to have many correlators in order
to perform simultaneous fits. Alternatively, variational methods such as the
generalised eigenvalue problem (GEVP) are a well established way to obtain

finite volume spectra [102].
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Other observables that allow the extraction of finite volume energies and
matrix elements are spectral densities. These are related to lattice correlators

by a Laplace transform
Chip(t) = [ dEpfip(E) (¢ e 1408 (4:36)
0

where we neglect the thermal effects inside p&p(E ) Spectral densities contain
the same information as lattice correlators, with the difference that for the
spectral densities the information is encoded in a function of the energy rather
than Euclidean time. A finite volume spectral density pZ (F) can in fact be

expanded as

n

In order to cope with the distributional nature of the spectral density, we smear
it [104] with a Gaussian function, A,(E) = exp (—E?/20%) /270

pto(B) = [ B AL(E ~ B) pEE). (433)
0

so that the smeared spectral density p2 % (E) is a continuous function even at
finite L.

In this work, we will focus on the extraction of the finite volume energies
and matrix elements from smeared spectral densities. This task does not
require us to take the infinite volume limit, neither to remove the regularisation
by extrapolating at zero smearing radius . By rewriting Eq. for the

smeared spectral density,

R n n R
ot = 3 ORI 0RO 5, (- ) a3

n

it is clear that this function can be fitted against sums of Gaussians in order to
obtain the energies and the overlaps, similarly to how Eq. is commonly
used to extract the same quantities by fitting sums of exponentials. This offers
a dual picture with quite different features that will be described in the next

sections.

Tn Sec. 3 of Ref. [103] is shown that Eq. (#.36]) is valid up to thermal effects in p&,(E)
that are exponentially suppressed, and that we neglect in our discussion.
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4.4 Chiral Limit

At the chiral point, both pseudoscalar mesons become massless. The
discretisation of the lattice action that we adopt breaks chiral symmetry
explicitly. We therefore compute the PCAC masses from the axial Ward
identity in order to quantify the breaking of chiral symmetry, and we scan the
space of bare parameters until we are able to locate the bare masses for which
the PCAC masses vanish. Around the chiral point we also expect the Gell-
Man—Oakes—Renner relation to be valid, with the pseudoscalar mass squared
(ME,)? scaling as mB . for the representation R. The correlation functions of
fermions in the fundamental representation that we use to extract the masses
are more affected by autocorrelation, which translates into usually larger
statistical errors for the masses of the mesons related to that representation.
The measurements of the PCAC masses are listed in Tables[C.2l and [C.3] of [C.4]
In order to perform a linear extrapolation for the vanishing of the PCAC mass
in a given representation, the bare mass of the other must be kept fixed.
Fig. [4.5 shows three of these extrapolations. In the top panel, we extrapolate
the chiral point for the fundamental fermions by fixing am(()zAs) = —0.45. In the
bottom panel, the two lines represent different extrapolations for the 2AS chiral
point taken at different values of the bare fundamental mass, am(()Fund) = —0.45
and am{™*Y = —0.47. The chiral point of antisymmetric fermions does not
show a strong response to the shift in the bare mass of the fundamental
fermions. This is in line with the perturbative prediction at two loops of
Sec. [4.1] where we have found the critical mass to only mildly depend on the

other representation. The critical masses for g = 11.0 are

amFnd) — —0.486(3) ,
am{**®=—0.45

am{**%) = —0.637(3) , (4.40)
am{™ D =—0.45

am{*S) = —0.630(4) .
améFund) —0.47

Comparing these values to the perturbative results in Table[d.1] we see that the
prediction improved by resumming cactus diagrams is the closest to the non-
perturbative values. We can also observe from Tables and that taking
a fermion in the representation R towards the chiral point pushes the fermion

in the representation R’ to be also lighter. Figure 4.6 shows the dependence
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Figure 4.5 Three chiral extrapolations, one on the top for fundamental
fermions and two on the bottom for antisymmetric fermions. The
bands correspond to linear fits. The heavier point in the plot
on the top was also present in [13]. In the top panel, the fit

has x*/d.o.f. = 0.23. In the bottom panel, x*/d.o.f. = 2.22 for

mgFund) = —0.45 and x?/d.o.f. = 0.48 for amg)Fund) =047

of the pseudoscalar masses MZ, with respect to the quark masses. For both
representations R the scaling is compatible with the one predicted by the
chiral Lagrangians, (M{%)? ~ m& .o, with the pseudoscalar mesons becoming
massless in the chiral limit. The pseudoscalar masses, reported in Table [C.4]
are obtained by fitting the effective masses of the pseudoscalar-pseudoscalar

correlators.
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Figure 4.6 Scaling predicted by the Gell-Man—QOakes—Renner relation, with
the squared mass of the pseudoscalar Goldstone boson scaling
linearly with the quark mass, here estimated from the PCAC
relation. The extrapolation is compatible with the Goldstone
bosons becoming massless at the chiral point. In the top panel,
the fit has x?/d.o.f. = 1.68, while in the bottom panel x?/d.o.f. =
1.50.

4.5 Smeared Spectral Densities from Lattice

Correlators

The non-perturbative calculation of spectral densities has been receiving
increasing attention [I03HI09]. In this work we will analyse spectral densities
obtained from lattice correlators, for the first time to our knowledge, in the
context of BSM and multi-representation theories. In order to facilitate the
discussion, it is useful to recall the computational details of the calculation,

aiming to a self-contained discussion.
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4.5.1 The numerical procedure

Since we are interested in finite volume energies we will omit, in this section,
the dependence on the spatial volume L that we will assume to be finite.
Computing the spectral density p%,(E) from the Euclidean correlator CEp(t)

involves the inversion of the Laplace transform,

Chp(t) = [ dE (e 4 e 7T08) (), (4.41)
Emnin

where E,,;, can range between zero and the energy of the ground state, since
pBp vanishes in that interval. The inversion of Eq. is in this context
an ill-posed problem which needs to be regularised. Recalling from Sec.
that we are interested in the smeared version of pR,(FE), it is especially
convenient to approach the inverse problem using the Backus—Gilbert type
regularisation [I10] introduced in [I05], which yields spectral densities smeared

with a chosen smearing function f(E),

elf) = [ 4B £(B) (). (4.42)

An important observation is that a fixed smearing kernel is crucial in order
to perform fits and extrapolations of the results. The idea of the algorithm
is to generate the target smearing kernel, the Gaussian A, (F) of Eq. (4.38),

as a linear combination of the same exponentials appearing in the Laplace

transform of Eq. (4.41)),

AJE—-E)=> g (7 4 TH0E) (4.43)

T=1

where t = Ta, a being the lattice spacing. Once the coefficients g, = g, (o, ')

are known one can simply obtain an estimator for the smeared spectral density,
R R
pppo(E') = Z 9- Cpplat) . (4.44)
=1

On the lattice the correlators CE, are available for a finite number of
times, therefore the sum in Eqs. (4.43) and (4.44)) must be truncated at the

appropriate cutoff 7,,.,. Since our lattices have temporal length 7" and periodic
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boundaries, we have ary,.x = 1/2. The reconstructed smearing kernel,

Tmax

f(E.g)=) g (e 4l THenE) (4.45)
=1

will necessarily differ from the Gaussian A,(FE) at finite 7., inducing a
systematic error on the final result. The computation of the coefficients g

is achieved through the minimisation of the functional W,[g]

Aulg]
A, [0]

Walgl = +ABlgl, (4.46)
where )\ is a trade-off input parameter that we will discuss later in this section.
The functional A,[g], introduced in [I05], measures the difference between the

exact smearing kernel and the one we can reconstruct with the available data

Adgl= [ B If(Bg - AE-BY . (@D
Emin

The parameter o < 2 enables the selection between a class of norms in order

to measure the distance between the target and the exact function. Choosing

larger values of « allows for the integrand to decay faster at high energies. The

functional Blg] is needed to regularise the problem [I10], making it numerically

stable. We define B[g] to be dimensionless, namely

E2 Tmax
Blg| = —— - Covors g | 4.48
lq] TR0 TTZJQ OVrrr g (4.48)

where Cov is the covariance matrix of the correlator C(ar) estimated over N

bins (see [C.1]),

Clar) = 2 3 Cular)
S (4.49)
Covrr[C] = 5 O [Cular) — Clar)] [Calar’) — Clar')]

The algorithmic parameters can be gathered to simplify the notation

p= (057 )\7 Emim Tmax) . (450)
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The minimisation of W,[g] corresponds to solving the following linear problem,

Walgl
0Gr | gegr

—0, (4.51)

which has to be performed at each energy and smearing radius for which we
want to estimate pfp ,(E’). The nature of the functionals appearing in these
definitions is intimately related to the uncertainties on the estimator pft po(E).

The statistical error is in fact estimated by

Awu(E', gP) = O%(,l)\/za[g I (4.52)

The systematic error, unavoidable at finite 7,,4., is estimated by monitoring
the quantity

d(g”) = ‘ifo[ﬁ;] : (4.53)

as we now describe. Regions where d(gP) is small are dominated by the
statistical uncertainty; on the other hand, the reconstructed smearing function
of Eq. will be as close as possible to the exact one. For these reasons,
it is not surprising that where d(g®) is small, the results for pgp , are Stableﬂ
in response to variations of the algorithmical, unphysical parameters p, within

statistical error, see for instance Fig. If we define the coefficients g* as
Aalg7]/Aa[0] = k Blg™], (4.54)

we find, with the given normalisations of the functionals and with the quality
of our data, that in the range 0.1 < k£ < 5 and a = 1 the outcome of the
reconstruction is in a region of algorithmical stability: d(gP) is small, and
systematic fluctuations are well within the statistical uncertainty. When this

is not realised, the systematic error is estimated as

Ays(E') = 10Epo(E'.g") = pEpo(E' g™ | (4.55)

where g** is defined through Eq. (4.54)) at a different value of &k that allows us to
account for the systematic fluctuations. In this work, we find that a definition
of g** at k/10 provides a conservative estimate of Ays(E’) for a reconstruction

performed with ¢* at the value k. Fig. |4.7] shows an example, for a specific

2Ref. [T05] shows that, with the value of Ty used in this work, we can expect a well
reconstructed smearing kernel, at vanishing A.
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energy F,, of a stability regime where the spectral reconstruction for different
values of A (black points) does not fluctuate outside the statistical error (black
bars). Three points on the plot are highlighted: the ones corresponding to
the choices of Kk = 0.1, £k = 2.5 and £k = 1 in Eq. , showing that indeed
no systematic component affects the uncertainty on the result. The value
corresponding to k = 1 is associated to the value of A\ at which one achieves
the optimal balance A,[g*]/A,[0] = Blg*], in agreement with the prescription
from Refs. [103], 105].
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Figure 4.7 FExzample of region of algorithmical stability at a given energy
E,. Different values of A, which translate into different values of
d(gP) on the z-azis, produce predictions for the smeared spectral
density pI@P o(Ex) that are compatible within statistical error
(black bars)j In this case, R = 2AS, 0 = 0.21/a and E, ~

M1(32PAS)‘ The green and orange points correspond, according to
Eq. , to values of k = 0.1 and k = 2.5 respectively. The red
point, extended in the horizontal band, is obtained at k = 1 and
it corresponds to the value of \ at which one achieves the optimal
balance Ay[g*]/Aq[0] = Blg*].
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4.5.2 Excited states in the antisymmetric sector

The excited states created by hadronic interpolators have a big impact on the
extraction of the effective masses, since it can be hard to distinguish them
from the ground state. In theories with multiple representations (or even
just more flavors of a single representation) this effect is amplified when all
the fermions are approaching the chiral limit. An interpolator can now create
states containing particles from both representations. Since we simulate lighter
fundamental fermions, we can expect this feature to be more visible in the
2AS sectors rather the in the fundamental one. Moreover, the 2AS sector does
not have G-parity selection rules preventing certain states to mix, and we thus
expect this channel to have a richer dynamics. In order to go into more details,
it is useful to set the notation for the pseudoscalar interpolators of Eq.

~ 7 (Fund Fund
w() = 05" (@)s v, (@)

. - (4.56)
M(z) = 02 (@) 0 89@) . [ # e,
and the correlation functions
un 1 A ~
Crp"™ (1) = 75 ) (@, D71 (0)) .
i (4.57)

Crn () = 75 > (. HIT(0)) .

The importance of both identifying and controlling the excited states can be
appreciated by looking at the smeared spectral density, for instance, in the

pseudoscalar channel

R n n RY
ot = Y LRI O OO o (5 - mw) . a3

n

The magnitude of each matrix element (n|OE(0)|0), determines the weight
of each Gaussian A, located at the energy E,(L). If these energies are too
close, or the matrix elements are too large, resolving different states can become
laborious. With this motivation, in order to control the excited states we build
correlation functions including two different types of fermionic field: local,
point-like operators and Gaussian-smeared onesﬂ Operator smearing allows

working with interpolating operators that have a weaker overlap with excited

30perator smearing is not to be confused with the smearing of spectral densities.
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states. Details concerning the measurements of the correlation functions and

operator smearing can be found in [C.1]

The states created by each operator can be identified, as we have seen,
by means of its symmetries. In the fundamental sector, at zero angular
momentum, a pseudoscalar meson can induce the following transitions from
the vacuum

O|z|y ,  (Ox|7rw) , (O]« |«IIII) ... (4.59)

that will enter in our analysis through Eq. . Since in our simulations
Ml(prs) > Ml(ngund) this phenomenology is reminiscent, up to Es., of QCD,
and one can expect computational aspects to be also similar. Conversely, due
to the triviality of its G-parity, the 2AS sector has a multi-particle threshold
located at Fopp. In addition, since the other representation has lighter particles,
states containing pseudoscalar mesons from the fundamental sector are not
guaranteed to have energies far from the ground state. Possible overlaps with

a pseudoscalar meson are in fact
(O[TI|TT) , (O|TI|IIII), (O|f|IIax) , (O[d|rans) ... (4.60)

The aforementioned features complicate the extraction of MI%AS), as it can
be understood from Fig. [4.8 where we show two different types of signal
from a correlator built with local, unsmeared operators. The excited states
contaminate the signal for the ground state resulting, in the left panel, in
an effective mass that does not reach a clear plateau. The problem is also
manifest in the energy picture, as it is shown in the right panel of the same
figure, where the smeared spectral density ﬁgﬁj i) does not exhibit the expected
Gaussian peak around the mass of the pseudoscalar meson, but it rather grows
monotonically. Indeed, by decreasing the smearing radius ¢ of Eq.
one should be able to resolve such peak, but this cannot be realised with
the current quality of the data. While the temporal length of the lattice
poses an intrinsic obstacle to the thermalisation of the effective mass, the
spectral reconstruction in principle allows obtaining smaller smearing radii
also by increasing the number of configurations, since the systematic and the

statistical error are related by Eq. (4.46]).
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Figure 4.8 Results from a two point function of pseudoscalar operators built
with point-like antisymmetric fermionic fields. The correlator
is estimated from the ensemble B1. The left panel exhibits the
effective mass as a function of time. Due to the nature of the
excited states in the 2AS sector, the mass does not reach a plateau
in the available time. The dominance of the excited states can
also be understood from the smeared spectral density in the right
panel. The overlap between the interpolator and the excited states

it creates is too large: the spectral density smeared according to
Eq. (4.38)) is dominated by contributions above the multi-particle
threshold, preventing the identification of the ground state.

Having established that the excited states present a challenge in the 2AS sector,
it is natural to look at correlation functions of smeared operators defined in[C.1]
which have suppressed overlap with the excited states. Fig. 4.9 shows the
effective mass and the spectral reconstruction from the correlation function of
such operators. On the left panel, the plateau in the effective mass shows an
improvement compared to the corresponding result in Fig. [4.8 The effective
mass is independent of time, within its statistical errors, for ¢/a > 10. The
smeared spectral density, shown in the right panel, demonstrates again the
suppression of the excited states, with contributions from higher-energy states
becoming smaller. As a result, a single peak is clearly visible at £ ~ 2MSPAS).
The observed smeared spectral density is the result of two contributions coming
mainly from the energy levels MF(,2PAS) and Fpp o~ 2M1£2PAS), which cannot
be resolved because the smearing radius is too large, o ~ MP()ZPAS). These

energies can be nonetheless estimated by fitting the spectral density to a sum
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Results from Fig. @ this time wusing Gaussian-smeared
interpolators according to [Cl.  These operators are tuned to
have smaller overlaps with the excited states. Consequently,
the effective mass plot on the left reaches a plateau, providing
an estimate for aMl(DQPAS). The right panel similarly shows how
suppressed excited states allow for a clear peak to emerge in the

spectral reconstruction smeared with o = MP()QPAS) according to

Eq. (4.38). The peak includes contributions from mainly M and

of Gaussians. This idea will be expanded in the next section.

4.5.3 Fits of spectral densities

In this section we describe fit strategies for spectral densities.

A parallel

discussion on fits of correlators will highlight the differences between the two

methodologies and will lead to a quantitative comparison between predictions

for the pseudoscalar masses obtained from the two approaches, which is

presented in detail at the end of the section. The model functions used in

the fits are g (¢) for correlators and £ (t) for the smeared spectral densities

k
g(k) (t) _ Zan (eftE‘n + 6(7T+t)E") 7
=l (4.61)

k
FOE) = 3 B
n=1
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where o is the smearing radius defined by Eq. (4.38). The integer k encodes
how many states are included in our model function. F,,, a, and b, are the fit
parameters which relate to finite volume energies and matrix elements. These

are estimated by minimising appropriate x? functions

oo = Y (9®(1) = C(1) Cov, (O] (¢W(r) = C(r)) (4.62)
o = D (SE) = ps(E)) Coviplps] (f8V(E") = po(E) , (4.63)

where covariance matrices are estimated as in Eq. (4.49)) both for correlators

and spectral densities.

On the lattice, the temporal length T" constrains the maximum number of data
points and hence degrees of freedom for fitting a correlator Cf%(t). The effect
of correlation between times ¢ and ¢’ is taken into account by the covariance
matrix appearing in X;(k)‘ The smeared spectral density pfp ,(F) depends
on the correlator at all lattice times ¢, and it can be in principle evaluated
for any energy E. Not all points in energy, however, provide independent
information. Indeed, the information contained in pZp,(E) and pgp ,(E') for
|E — E'| < o is essentially the same, from both the physical and the statistical
viewpoint. With this motivation, it is interesting to study the number of
degrees of freedom we can exploit in each correlated fit. While the correlators
can only be evaluated at integers 0 < t < T, we have freedom to choose the
energies in a given interval at which we evaluate the spectral densities. Our
criterion is to select those that minimise the condition number of Cov|p,| in
order to maximise the information that is passed to the y2. We observe that
correlated data in time does not necessarily translate into correlated data in
energy space, as shown in Fig. [4.10, where we compare covariance matrices

for C’I(DQPAS) (t) and pgﬁ ?(E ) from the ensemble B3 with a smearing radius o =

0.2/a.

In both cases, the number of data points is enough to fit at least two states.
The matrix Cov;,'[C], in particular, is evaluated from correlators measured
from t/a = 8 to t/a = 16 with an interval of two. Regardless of the thinning
in time, adjacent points shows a very high correlation. If the covariance
matrix of the correlator Cov[C] is ill-conditioned, it needs to be regularised by

applying a cutoff on its smaller eigenvalues before sz is evaluated, a problem
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Figure 4.10 Covariance matrices for the lattice correlator C(QAS)( t) at five

time slices (top) and the smeared spectral density p%,AS)(E)

evaluated at sixz energies (bottom) from C(2AS) (t). The points
at which the spectral density is evaluated are chosen in order to
minimise the condition number of its covariance matrixz. Due
to this freedom, we obtain a matriz for the spectral density that
18 better conditioned than the one for the correlator.

that is not faced when fitting spectral densities, whose covariance matrix is
easier to invert. Indeed, one has to invert the covariance of the correlators in
order to compute the spectral density, but only in the combination defined by
Eq. (4.46)): the matrices obtained from the functionals A,[g] and Bg], if both
ill conditioned, regularise each other for suitable values of A. The choice of a
cutoff for the covariance matrix Cov[C] is therefore absorbed into the choice

of the parameter .

Fig.|4.11|shows two examples of correlated fits of the smeared spectral densities.
On the top panel, the correlator used to extract Pép is built with smeared

interpolating fields. The model function is ft7 from Eq. (4.61 . The plot shows
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Figure 4.11 FEzamples of fits of spectral densities, showing the breakdown
of the contribution of each Gaussian. On the top panel, a
three Gaussian fit of a smeared spectral density extracted from a
correlator that uses smeared, non-local fields. Due to this choice
for the interpolator, the Gaussians in the plot are shorter as we
go higher in the energy range. On the bottom panel, we show a
similar plot obtained from local interpolators: the two-Gaussian
fit is still able to isolate the ground state even if the effective
mass does not plateau. Both plots correspond to the pseudoscalar
2AS8 channel. The top panel is obtained from the ensemble B3
and the spectral density has smearing radius o = 0.24/a. The
bottom panel is derived from the ensemble B2 and the smearing
radius of the spectral density is o = 0.3/a.

each individual Gaussian, which correspond to the contribution of different
energy levels: as each of them becomes decreasingly important, we clearly
see the excited state suppression achieved by the choice of smeared operators
in the correlation function. At low energies, the spectral density is almost
entirely dominated by the first energy level, therefore the corresponding fit
parameter is mainly constrained by energies near the origin. Cancellations
between the three correlated contributions combine in an error on the fit result
that is generally smaller than the one on the single Gaussians. We identify
the first peak as the value of aMlgpAS) and the second with aEry. The bottom
panel of Fig. [£.11] is instead obtained from local interpolators, which have a
larger overlap with excited states. As shown in Fig. [1.8] the effective mass of
Eq. does not reach a clear plateau in this case, yet the fit of the spectral
density is able to isolate the ground state. The error on the fit, however, is
at best one order of magnitude larger than the corresponding one obtained in

the top panel. The choice of smeared operators is therefore preferred.

We now turn to the comparison of the fit results. As described in Sec. [£.5.2]

the extraction of the ground state presents challenges in the antisymmetric
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sector, which therefore provides an interesting testbed to compare the two
frameworks. We use for the comparison the ensembles B1-B4, where the PCAC
masses of both representations are below 0.1 in lattice units, see [C.1l We
begin by discussing the estimate of aMF(,ZPAS) from lattice correlators. In some
cases, the covariance matrix of the two point function had to be regularised
by introducing a cutoff on its lower eigenvalues, in order to invert it in the x2.
The choice of this cutoff can translate into fluctuations in the estimate of the
pseudoscalar mass outside the statistical error, that have been accounted for
by adding a systematic component to the uncertainty. This problem does not
appear while fitting spectral densities, because the covariance of the spectral
density is better conditioned. We have also ensured that no contamination
was present in the estimate for the pseudoscalar mass by comparing fits of one
and more exponentials. The values of the pseudoscalar mass obtained with
this approach can be found in Table [C.4] In this framework the smearing
of the interpolators has been crucial, as it is clear from Fig. where the
effective mass of Eq. does not plateau due to the short temporal extent
of the lattice. The spectral density, on the other hand, does not rely on any
large time behaviour. Its limit lies in the high energy range, where its error
becomes large. In order to perform the reconstruction, the algorithmic inputs
are chosen in the region of stability as described in Sec. Fig. updates
the plot from Fig. showing that stability for the reconstruction translates
into stability for the fits: the blue band, which is the fit result for the smeared
spectral density at the energy FE,, is compatible with all the values generated

by different choices for the unphysical parameter \.

The choice of the smearing width is dictated by the quality of the data.
In this work, we managed to obtain values ranging from ¢ = 0.18/a to
0.33/a. Since the separation between finite volume energies should be roughly
27 /L ~ 0.4/a, these values can be considered acceptable. For each ensemble,
we have performed the fit at a fixed value of o, obtaining a prediction for the
pseudoscalar mass aMS;‘}i). We then performed a scan over different smearing
radii to check for systematic effects. As shown in the example of Fig. [4.13]
the smearing radii adopted were found to be small enough to identify the
ground state; in most cases, still, we have observed fluctuations for aMl(fP/iST) as
o varies. When they occurred, we added half the spread of these fluctuations
as a systematic error. Fig. |4.13| also shows a comparison between fits that
include two and three states: the results are in good agreement, signalling that

no contamination from excited states is affecting the estimate of the mass.
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Figure 4.12 The plot updates Fig. @ which shows that the reconstruction
(red band) does not change outside the statistical error (black
bars) for different choices of the unphysical parameter \, in the
given range of d(gP) (cf. FEq. ) The blue band is the
fit result of the smeared spectral density to a sum of Gaussians
at the point E,. FEncouragingly, the fit is compatible with all
points in the scan, showing that stability in the reconstruction
translates into stability for the fits.

Ensemble aMP(?PAS) from C’ffPAS) (1) ‘ aMI%A;?) from pgﬁ ?(E)
Bl 0.4638(33) 0.4607(71)
B2 0.4035(24) 0.3996(88)
B3 0.3600(38) 0.3550(31)
B4 0.3407(48) 0.3420(71)

Table 4.2 Predictions for the pseudoscalar mass in the 2AS sector from
different ensembles. The values are depicted in Fig. |4.14}

The comparison between fits of spectral densities and correlators is shown in
Fig. [4.14L The predictions are always compatible, and the errors are of the
same order of magnitude, but the uncertainty from the correlator is generally

smaller, up to a factor of approximately two.

The numerical values used in this comparison are listed in Table 4.2} It should
be noticed that the outcome of this comparison holds with the given amount
of statistics and time extent of the lattice. These quantities, in fact, heavily
influence the analysis both on the side of the correlators and the spectral
density, yet the way in which the two methodologies are affected can be
different.
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Figure 4.13

aM®L, from  ppp (2AS) (Ens. B3)
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Fit results for aMP(,QPAS) from the ensemble B3, obtained from
two (green) and three (red) Gaussian fits of smeared spectral
densities at different smearing radii o. Fluctuation at different
values of the smearing radius translate into a systematic
component of the uncertainty. This is summed in quadrature
to the statistical error in the gray, horizontal band, the estimate

for the pseudoscalar mass aMI%AS) = 0.3550(31).
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Figure 4.14 Graphical comparison between the two predictions for aMpp

for the ensembles B1-B4.
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Chapter 5

Results for Sp(4)

In this Chapter, we analyse the physics of the Sp(4) gauge theory with four
fermions in the 2AS representation. This model, as motivated in Chapter [2.5]
can be important for the understanding of the conformal window. The
implementation of symplectic theories in Grid, more generally, opens the door
to non-perturbative studies with a range of phenomenological applications:
composite Higgs, Dark matter, top partial compositeness, and of course
conformality. This Chapter reproduces parts of Ref. [2], a work done in
collaboration with many people. The main contribution of the author of this
thesis was to develop the code that has been used to simulate Sp(2N) gauge

theories.

Since we use new software, we first perform some checks in Section 5.1 We
then show, in Section the study of the bulk phase transition of Sp(4) with
four 2AS fermions. Finally, in Section [5.3] we discuss aspects of scale setting

and topology.
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Figure 5.1 Test of Creutz equality, (exp(—AH)) = 1; dependence of

(exp(—AH)) on the time-step At in the MD integration, for
N = 2, Ntp = 0, and Nys = 4. The relevant parameters
of this study are the trajectory length T = 1, number of steps
Nsteps = 14,16,18,22,26 (AT = 7 /Ngteps ), for an ensemble with
lattice volume f//a4 =8 5 =6.8, and am{® = —0.6.

5.1 Tests of the Algorithm

In this Section, which reproduces results shown from Ref. [2], we follow closely
Sects. III and IV of Ref. [94] in order to validate our implementation of
the HMC. The MD evolution is implemented using a second-order Omelyan
integrator [I11].

Given that the Sp(2/N) implementation is new, we focus here on testing the
HMC for a Sp(4) gauge theory, with Ny = 0, and N,s = 4 as a case study. We

present the results in Figs. [5.1] [5.2] [5.3} [5.4] and [5.5], obtained, for convenience,

setting the lattice parameters to § = 6.8, and amg = —0.6, on an isotropic

lattice with volume V = (8a)*.

The first test pertains to Creutz equality [112]: by measuring the difference in
Hamiltonian, AH, evaluated before and after the MD evolution, one should
find that

(exp (—AH)) - 1. (5.1)

This is supported by our numerical results: Fig. shows the value of
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Figure 5.2 Test of independence of the plaquette on the time—step AT used
for the MD integration, for N = 2, Ny = 0, and N,s = 4. The
relevant parameters of this study are the trajectory length T =1,
number of steps Nsteps = 14,16, 18,22,26, AT = T /ngteps, for an
ensemble with lattice volume f//a4 =8 B =6.8, and amg® =
—0.6. The horizontal line corresponds to the plaquette value
obtained averaging over trajectories having different a number of
step values, Ngteps-

<exp (— AH )> for five different choices of the time-step used in the MD
integration, with A7 = 7/ngeps, and the choice 7 = 1. The numerical
results are obtained by considering a thermalised ensemble consisting of 3400
trajectories. A closely related test is shown in Fig. [5.2} the value of the

ensemble average of the plaquette is independent of Ar.

A third test pertains to the dependence of (AH) on A7, which for a second-
order integrator is supposed to scale as (AH) o< (A7)*—see the discussion in
Ref. [113]. In Fig. 5.3 we show our measurements, together with the result
of a best-fit to the curve log(AH) = K log(A7) + Ko, with £; = 3.6(4)
determined by minimising a simple y2. We find good agreement, as quantified
by the value of the reduced x?/Ngo¢ = 0.6, and K; is compatible with 4. A
closely related test is displayed in Fig. 5.4} confirming the prediction that the
acceptance probability of the algorithm, P,.., obeys the relation [114]:

Pe = erfc (% <AH>). (5.2)

The final test of this section is displayed in Fig. [5.5. We refer the reader
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Figure 5.3 Dependence of (AH) on the time-step, AT, used for the MD
integration, for N = 2, Ny = 0, and N,y = 4. The expectation
value (AH) is proportional to (AT)*, consistently with the use
of a second-order integrator. The plot is shown in log-log scale.
The relevant parameters of this study are the trajectory length
T = 1, number of steps ngteps = 14,16, 18,22,26 (AT = T [ngteps ),
for an ensemble with lattice volume f//a4 =8 B =68, and
amg = —0.6.

to Ref. [94] for discussions, rather than reproduce them here. The quantity
|0H| is the average difference of the Hamiltonian evaluated by evolving the
MD forward and backward and flipping the momenta at 7 = 1. Since the
Hamiltonian in these tests is of order ~ 10° and the typical 6H ~ 107!, the
results show that the violation of reversibility is consistent with having |0 H|/H
of the order of the numerical accuracy. This is the expected relative precision
for double-precision floating-point numbers. Moreover, the violation |0H]| is

independent of Ar.

For illustration purposes, we find it useful to monitor the contribution to the
MD of the fields, and how this changes as we dial the lattice parameters. We
focus on the theory with N = 2, N; = 0, and N,s = 4, and consider a few
ensembles with isotropic lattice with V = (8a)?, and lattice coupling 8 = 6.8,
but vary the mass am{®>. We show in Fig. the force, F', from Eq.
divided in its contribution from the gauge and fermion dynamics, the latter
computed using the HMC for all fermions. The results are normalised so
that the gauge contribution is held constant. As can be clearly appreciated,
for large and positive values of amf® the fermions can be neglected, as for

these choices of the mass, one expects to be in the quenched regime. When
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Figure 5.4 Test of the relation between acceptance probability and AH,
for Sp(4), Ny = 0, and N,s = 4. The expected behaviour
Puee = erfe(vVAH/2) is supported. The relevant parameters
of this study are the trajectory length T = 1, number of steps
Nsteps = 14,16,18,22,26 (AT = T /nNgteps), for an ensemble with
lattice volume f//a4 =8%, 3 =6.8, and amg = —0.6.

decreasing the mass, the fermion contribution increases. For large, negative
values of the Wilson bare mass, the fermion contribution is even larger than

the contribution of the gauge part of the action.

While in this work we are mostly interested in the theory with N = 2, Ny = 0,
and N,s = 4, and hence we can use the HMC algorithm, for the general
purpose of identifying the extent of the conformal window in this class of
lattice gauge theories it may be necessary to consider also odd numbers of
fermions, for which we resort to the RHMC algorithm. The latter relies
on a rational approximation in the computation of the fermionic force, but
the presence of a Metropolis accept-reject step ensures that the algorithm is
exact. Thus, a preliminary test must be made to check the consistency of the
implementation—as was done for SU(3) theories, see for instance Ref. [115].
To gauge whether the numerical implementation is working at the desired level
of accuracy and precision, we performed the exercise leading to Fig. [5.7 We
computed the average plaquette, (P), where P is defined as

P= % >N {%Re Tr UMV(:E):| (5.3)

xr  pu<v
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Figure 5.5 Reversibility test, showing |0H| for various choices of At, for
N = 2, Nt = 0, and Nps = 4. The relevant parameters of
this study are the trajectory length T = 1, number of steps
Nsteps € [16,26] (AT = T/ngteps), for an ensemble with lattice
volume V/a4 =8 3 =6.8, and amg = —0.6.

for ensembles having lattice volume V = (8a)* and coupling 3 = 6.8, for a
few representative choices of the bare mass —1.4 < amf® < 0.0. We repeated
this exercise three times: at first, we treated all fermions with the HMC, then
we treated them all with the RHMC, and finally we used a mixed strategy,
treating two fermions with the HMC, and two with the RHMC. We display, in
the two plots in the figure, the differences of the second and third approaches
to the first one, respectively. We detect no visible discrepancies, the differences

being compatible with zero within the statistical uncertainties.
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Field contribution to the MD force for the theory with N = 2,
Nt = 0, and Nus = 4, on isotropic lattice with V. = (8a)%,
and lattice coupling f = 6.8.
indicating the gauge (light shading, left) and the fermion (dark
shading, right) contribution, the latter computed with the HMC
algorithm. Fermion contributions are summed over flavor. The

stz panels correspond to different choices of bare mass: amg®

The two blocks are respectively

—0.9, —0.1, 40.6, +1.8, +15, +50 (left to right, top to bottom,).
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Figure 5.7 Compatibility between plaquette averages (P) obtained with HMC
and RHMC algorithms for the theory with N = 2, Ny = 0,
and Nps = 4. (P)umc is obtained running two couples of
fermions with HMC. For (P)rumc (top panel), RHMC was
applied individually to each of the fermions. (P)opMc+2RHMC
(bottom panel) is obtained running two fermions with HMC,
while the other two were run with RHMC. The lattice coupling
is B = 6.8, with the bare mass in the range —1.4 < amf® < 0.0.
The lattice is isotropic and has volume V = (8a)*.
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5.2 Investigation on the bulk phase transition

For Sp(4) with four 2AS fermions, we performed a coarse scan of the lattice
parameter space, to identify phase transitions in the (3, mg) space, by studying
the average plaquette, (P), its hysteresis, and its susceptibility. We provide
an approximate estimate of the value of 5 above which there is no bulk phase
transition. Above this value, that we refer to as 3*, one can safely perform
lattice numerical calculations at finite lattice spacing, yet confident that the
results can be extrapolated to the appropriate continuum limit.

Figure displays the average plaquette, (P), defined in Eq. , ob-
tained in ensembles generated using a cold start. The lattice size is V =
(8a)?, and each point is obtained by varying the lattice coupling 3 =
7.0,6.8,6.6,6.5,6.4,6.3,6.2,6.0,5.8,5.6 and the bare mass —1.4 < amj® < 0.0.
The figure shows that, for small values of 5 and large, negative values of the
bare mass, the average plaquette displays an abrupt change at a particular
value am{®*, while being a smooth, continuous function elsewhere. This is a

first indication of the existence of a first-order bulk phase transition.

To better understand whether a first-order phase transition is taking place, we
study the effect of adopting different starting configurations in the HMC: we
use both random (hot), and unit (cold) configurations. Figure shows the
comparison of the average plaquette, (P), computed for several fixed choices
of the coupling 3, while varying the bare mass —1.4 < am{® < 0.0 depending
on the starting configuration used. The two curves in the plots represent
the behaviour measured in ensembles obtained from a cold and hot start
configuration. The effects of hysteresis are clearly visible for § < 6.4 and
are an indication of the presence of a first-order phase transition taking place

as *x

at a critical value of the bare mass amj

The final test of the nature of the phase transition is shown in Fig. [5.10, For
illustration purposes, we choose two values of the coupling for which we have
evidence of a phase transition (5 = 6.2), or of smooth behaviour of (P) for all

value of am{® (8 = 6.5), respectively. We compute the plaquette susceptibility,
defined as

((P%) = ((P))") . (5.4)

%;l <

XP
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Figure 5.8 Parameter scan of the Sp(4) theory with N,y = 4 fermions
transforming in the 2-index antisymmetric representation, with
ensembles generated from a cold start, using the HMC. We show
the value of the average plaquette, (P), as a function of the bare
mass, for a few representative values of the coupling. The lattice
size is V = (8a)*, and each point is obtained by varying the lattice
coupling f = 17.0,6.8,6.6,6.5,6.4,6.3,6.2,6.0,5.8,5.6 and the bare
mass —1.4 < amf® < 0.0.

and compare the numerical results obtained with ensembles having two
different volumes, V = (8a)* and V = (16a)*. The results indicate that the
peak height scales as the 4-volume when f is small, in which case the position of
the peak also moves to a different value of amf®. These are indeed the expected
signature of a first order phase transition. For large (3, the curves obtained
for different volumes are compatible with one another, a clear indication of
a smooth crossover. We hence conclude that, in the theory with N = 2,
N; = 0, and N,s = 4, there is numerical evidence of a line of first-order phase

transitions turning into a crossover at 8 > (5, = 6.4.
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Figure 5.9 Hysteresis between hot (red) and cold (other colors) starts

xXp

for the Sp(4) theory with N,s = 4 fermions in the 2-index
antisymmetric representation.  The lattice coupling is B =
6.4,6.3,6.2,6.0,5.8,5.6 (left to right, and top to bottom). The
lattice size is V = (8a)*, and each point is obtained by varying
the bare mass —1.4 < amg® < 0.0.
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Figure 5.10 Plaquette susceptibility, xp, in the Sp(4) lattice theory with

Nas = 4 fermions in the 2-index antisymmetric representation.
We use two values of the lattice size, V = (8a)* and V = (16a)*.
The ensembles have f = 6.2, —1.18 < amg < —1.04 (left panel),
and B =6.5, —1.01 < amg < —0.91 (right panel).
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5.2.1 Varying Ng

We repeat the parameter scan for other choices of N,q, using the RHMC for
all fermions when N, is odd, and the HMC algorithm otherwise. The purpose
of the exercise is to study the dependence of the upper bound coupling for
the bulk phase 3, on the number of fermions, N, Indeed, for small N,s we
expect the theory to confine, while for larger values of N,s ~ Ng, the theory
should approach the lower end of the conformal window, and eventually lose
asymptotic freedom. We recall that the latter scenario requires to impose
the bound N, < 33/4 in Sp(4), while setting the stage for a first truly non-
perturbative determination of the lower bound of the conformal window is the

main motivation for this study.

The results of these studies are shown in Fig. [5.11] which displays our
measurements of the average plaquette, (P), as a function of the bare
parameters of the theories. For the pure gauge Sp(4) theory, we get
plaquette values that are in agreement with the ones shown in Ref. [I1]. The

corresponding upper bound value of the coupling is roughly estimated to be
By >~ T7.2.

For theories with dynamical fermions, we vary both the masses and the
coupling of the theories. As can be seen from Fig for N, = 1 the upper
bound is f, ~ 6.8. For N,, = 2 the upper bound is 8, ~ 6.7, and for N, = 3
it is B, ~ 6.5, in agreement with the values found in Ref. [116]. At a larger
number of fermions species, we obtain progressively smaller values of § for the
upper bound of the bulk phase 3: for N, = 5, we get £, ~ 6.3. For N,, = 6,
the upper bound coupling is 8, ~ 6.2. For N,s = 7, we get 8, ~ 6.1 = 6.2 and
for Ny = 8, B, >~ 6.1.

Overall, we notice a trend according to which the more fermion flavors are
present in the Sp(4), the smaller the upper bound value of the coupling we

find and the bigger is the corresponding critical bare mass am(()as)*

5.3 Scale setting and topology

We return now to the theory with N = 2, Ny = 0, and N, = 4. We

discuss a scale setting procedure that uses the Wilson flow. We also monitor
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the evolution of the topological charge, to show that topological freezing
was avoided. We focus the discussion on a few representative examples,
although we checked that our conclusions have general validity for all choices

of parameter relevant to this study.

The gradient flow [14], and its discretised counterpart, the Wilson flow [15],
are useful for two complementary purposes. On the one hand, the Wilson
flow provides a universal, well-defined way to set the scale in a lattice theory.
On the other hand, the process we will describe consists of taking gauge
configurations and evolving them with a flow equation, which results in
the smoothening of such configurations, and the softening of short-distance
fluctuations. The former property is beneficial because it allows to compare
to one another different theories for which no experimental information is
available, and that might have different matter content. The latter feature
allows, in practical terms, to reduce the short-distance numerical noise and
the effects of discretisation in the lattice calculation of observables, such as

the topological charge, (), which are sensitive to fluctuations at all scales.

We follow Refs. [10],[16] (and references therein). One introduces the flow time,
t, as an additional, fifth component of the space-time variables, and solves the

defining differential equation

dB,(z, t)

= D .
dt l/Gl/M<x7 t) 3 ('5 5)

subject to the boundary conditions B,(x, 0) = A, (z). Here A,(x) are the
gauge fields, and the covariant derivatives are D,, = 0, + [B,,, -], and G, (t) =
[D,, D,]. As anticipated, the main action of the flow is to introduce a Gaussian
smoothening of the configurations, with mean-square radius v/8¢. In order to

use this object to introduce a scale, one defines the quantities

£0) = (T GG 56
W) = t%é’(t), (5.7)

and introduces a prescription that defines the scale on the basis of a reference
value for either of the two. Two common choices in the literature are the scale,
to, defined by setting

S(t)|t:t0 =&, (5.8)
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or the scale, wy, defined implicitly by the condition
W)z = Wo - (5.9)

Both & and W, are set on the basis of theoretical considerations. For example,
Ref. [16] advocates to set Wy = ¢,Co(F), where Co(F) = (1 + 2N)/4 is
the quadratic Casimir operator of the fundamental representation in Sp(2N)

theories, and one sets ¢,, = 0.5, though other choices are possible.

On the discretised lattice, one replaces the gauge field, A,(x), with the link
variable, U, (z), and the flow equation is rewritten by replacing B, (z, t) with
the new V,(x, t) (with V,(z, 0) = U,(z)). There are then at least two ways
to replace G, with a discretised variable. We introduced the elementary
plaquette P,, when defining the lattice action in Chapter . The clover-leaf
plaquette operator, C,,, provides an alternative to the elementary plaquette,
and can be seen as a simple form of improvement. This was defined in
Section [B.1.2] and we recall the definition here:

Cule) = 3 { UV + UG + UL+

+U, () Ul (x + 0 — p)UJ(x — @)U, (x — 1) + (5.10)
+ UMz — )U(x — 0 — @)U (x — 0 — @)U, (& — D)+

U@ — YU, (x — 2)U, (z — 0 + ()U} () — hec. } .

I

One would like to set the scale in a way that does not depend crucially on
microscopic details. To this purpose, in Fig. we consider the Sp(4)
theory with Ny = 0 and N,s = 4, for two representative choices of 3, and
a representative choice of volume, V, and bare mass, am§®, and we show
E(t) and W(t) as functions of the flow time, ¢, by comparing explicitly the
results obtained by adopting either the elementary or the clover-leaf plaquette
as defining the lattice regularisation of the action. The plots illustrate the
general trend evidenced elsewhere in the literature, according to which the
function W(t) displays a milder dependence on the short distance regulator.

In the following, we set the scale wy by conventionally setting W, = %CQ(F ).
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The topological charge density is defined as

1
qr(z,t) = %QWPUTI [Cov(x,t)Cpo (2, )] , (5.11)

and the topological charge is Qr(t) = ) __ qr(x,t), where, again, ¢ is the flow
time. In general, the topological charge on the lattice is not quantised, and
in cases where it is the physical quantity of interest—for example because
one is working towards a determination of the topological susceptibility, as in

Ref. [I6] and references therein—one needs to evolve to large t.

For the current purposes, we do not need a discretisation algorithm: what
we want to verify is that there is no evidence of topological freezing, and
to this purpose we perform three simple tests. In Fig. [5.13 we display the
value of Qr(t = w?) in the Sp(4) theory coupled to Ny = 0 and N, = 4
fermion species, for two values of the coupling, 4, and a common value
of the bare mass. We show how the topological charge evolves along the
trajectories, and supplement it with a histogram displaying its distribution.
Both visual tests confirm that there is no evidence of topological freezing. We
can make these tests more quantitative by applying the standard Madras-
Sokal windowing algorithm [I17], and provide estimates of the integrated
autocorrelation time 7o of the topological charge, which in both examples,
as shown in Fig. [5.13] turns out to be many orders of magnitude smaller than
the number of trajectories. Furthermore, fits of the histograms are compatible

with a Gaussian distribution centred at (Qr(t = w3)) = 0.

The main message from this section is that the behaviour of the Wilson flow
and of the topological charge, computed using the new software based on Grid,
and tested on GPU architecture machines, to examine the properties of the
lattice Sp(2N) gauge theory with N = 2, Ny = 0, and N,s = 4, provide
results that are broadly comparable to those in the literature for related,
though different, field theories. This suggests that the implementation of the

simulation routines and of the observables are both consistent.
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Parameter scan in the Sp(4) theory with Nus = 0...8 (left
to right and top to bottom panels) fermions in the 2AS
representation, obtained with ensembles generated from a cold
start. For Nas > 0, we show the value of the average plaquette,
(P), as a function of the bare mass, for a few representative
values of the coupling. For pure gauge, we just vary the
value of B. The lattice size is V. = (8a)* and the base mass
is chosen in the range —1.4 < ami® < 0.0 for Nps > 2,
and —1.5 < ami® < 0.0 for Nus = 1. For the pure gauge
theory, the coupling is chosen to be 1.0 < g < 16.0. For
Nas = 1, we have chosen 8 = 7.1,7.0,6.9,6.8,6.7,6.6, while
for Nas = 2 we have 5 =6.8,6.7,6.6,6.5,6.4,6.2. For N, = 3,
the coupling is 8 = 6.8,6.7,6.6,6.5,6.4,6.2,6.0,5.8, while for
Nas = 5 we have chosen 8 = 6.6,6.5,6.4,6.3,6.2,6.1,6.0,5.8.
For Ny 6, 5 6.4,6.3,6.2,6.1,6.0,5.8.  For Ngq
7, B 6.4,6.2,6.1,6.0,5.9,5.8 and for Ny 8, B
6.3,6.1,6.0,5.9,5.8,5.7.
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Figure 5.12

1.25 1

1.00

E(t)

0.75 1

0.50

0.25 A

0.00 4

1.75 1
— 3 = 6.8, pl.

1.50 4 ™3 =6.8,cl
— 3 = 6.9, pl.

1.25 A B =6.9,cl

1001
= 0.75
0.50

0.25 A

0004 /

Wilson Flow [T, [15] energy density E(t) (left panel) and W(t)
(right), computed as in Refs. [10, [16], from the standard (pl)
and the clover-leaf (cl) plaquette defined in Refs. [17,[18], for the
Sp(4) theory with Nas = 4 fermions transforming in the 2-index
antisymmetric representation. The lattice size is V= (12a)4,
and we display two representative choices of bare parameters,
with B = 6.8 or 6.9 and common bare mass ami® = —0.8. The
time step is 0.01, tyae = 4.5 to reduce finite-size effects. Errors
are computed by bootstrapping. We have chosen Wy = %CQ(F)
for the topological charge. The corresponding values of wgy
from the plaquette and the clover-leaf are wo . = 1.485(3)
and wo . = 1.495(2) for B = 6.8 and woy. = 2.005(2) and
wo 1. = 2.026(2) for f=6.9. We have set a = 1, for notational
convenience.
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Figure 5.13 FEvolution with the ensemble trajectories of the topological

charge Qr(t = w3) =", 32;2 eMPoTr [Cpu (2)Cpo ()], computed
(without rounding) at flow time t = w3 for the Sp(4) theory with
Nos = 4 fermions transforming in the 2-index antisymmetric
representation. The lattice size is V. = (12a)*. The lattice
parameters characterising the ensembles are [ = 6.8 (top
panel) and B = 6.9 (bottom), with bare mass am}® =
—0.8. The histograms of the measurements (right panels) are
compatible with a normal distribution centred at zero, with
reduced chi-square XQ/Nd.O.f = x? = 1.1 for both panels. The
integrated autocorrelation time computed using the Madras-
Sokal windowing algorithm as in Ref. [16] is g = 7.11(64) (top)
and Tg = 59.58(92) (bottom).
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Chapter 6

Conclusions

This thesis discusses some of the progress made towards the understanding
of theories beyond the Standard Model on the lattice, in particular models of
composite Higgs, and conformal field theories. We have shown results for an
SU(4) gauge theory, close to a model of partial compositeness, and an Sp(4)

theory that could lie on the lower edge of the conformal window.

The SU(4) model, studied in Chapter [4] allows us to understand the dynamics
of partial compositeness better, by extending the effort started in Ref. [13]
at a reasonable computational cost. In order to make contact with the
phenomenology of these theories from a lattice perspective, the systematics
related to the computation of the spectrum and to the extrapolation to the
chiral limit need to be under control. Our analysis has been developed in
this context. We have explored the perturbative structure of the theory,
extending previous computations of the critical mass [12] 52, 05-97] to the
case of multiple fermionic representations. We have computed the self-energy
of a fermion in a given representation, focusing on the dynamical effects due
to the presence of more fermionic fields in a different representation of the

gauge group. While leaving a clear footprint, the second representation has
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only a minor numerical impact on the value of the critical mass. This result,
while perturbative, found a counterpart at the non-perturbative level in the
outcome of our simulations, as it is shown in Tables [C.2HC.4 By approaching
the chiral limit in a given representation, in fact, we found a weak dependence
on the bare parameters of the other one. The extrapolation to the chiral
limit was based on several ensembles that were generated for this study. This
task was hindered by a strong autocorrelation affecting observables built from
the fermion fields in the fundamental representation, the lightest in terms of
pseudoscalar masses. A great portion of this work focused on the extraction
of the spectrum, a crucial task in order to understand if these models are
realistic from a phenomenological perspective. We have shown that the 2AS
sector is characterised by complicated dynamics, due to the interplay between
different representations, and the lack of selection rules dictated by discrete
symmetries. We have found operator smearing to be essential, in this context,
to provide a reliable analysis of the lattice data. In our analysis, we have taken
advantage of recent progresses [103, [105] in the numerical solution of the inverse
problem that allow precise reconstructions of smeared spectral densities. Our
approach, introduced in Ref. [105], yields spectral densities smeared with a
chosen function and with controlled systematics. Due to these features it was
possible, for the first time, to explore in this work the extraction of finite
volume energies from fits of spectral densities. Our results, compared to other
established approaches, provide complementary insights and fully compatible

results.

Encouraged by these conclusions, we invoke the possibility of extending this
computational setup to the study of baryonic operators, as well as to other
theories of composite Higgs. Our choices, both in terms of software [55, [101]
and computational framework, are general and easy to adapt for the study
of other theories, whether they contain different number of colors, fermionic
content or gauge groups. Moreover, our work clarified technical aspects of the
partial compositeness dynamics: this important step will allow moving towards
studies of more phenomenological relevance. Theories of partial compositeness
provide a rich set of new particles, from pseudo Goldstone bosons to heavy-
quark partners, that are charged under the Standard Model and could be
important for direct and indirect search of new physics. The extraction of
spectral densities, validated in this context by our work, can be used not only to
extract energy levels but also to directly compute inclusive cross-sections [104]

118], a possibility that we leave for future studies. The knowledge of inclusive
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processes can be important for the indirect search of new physics, with particles
from the new sector leaving footprints in observables precisely measured both

at present and future colliders.

Another step done in this work, towards a better understanding of the
composite Higgs dynamics, has been the developing of the necessary software to
perform simulations of gauge theories based on Sp(2/N) with the lattice library
Grid. Sp(2N) theories are in fact relevant for the composite Higgs scenario,
as well as many other extensions to the Standard model. The future prospects
for this project rely on the high performance and platform-independence of
Grid, which will allow to perform simulations on many exascale architectures.
In this thesis, we have discussed details of the implementation in Section [3.2.5
and perform extensive tests on the algorithm in Section [5.1] As a case study,
we explored the phase structure of Sp(4) with four fermions in the two-index
antisymmetric representation, a model that could lie on the lower edge of the
conformal window. By developing the numerical tools needed to explore these
models, this work sets the stage for future studies on the conformal window in

Sp(2N) gauge theories.
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Appendix A

Group theory

A.1 Conventions

The groups that are discussed, or at least mentioned in this work are SU(N,)
and, for even N. = 2N, its subgroups Sp(2N) and SO(2N). The normalisation

of their generators in the representation R are fixed by the following expression
[Th, Tg) = if T, (A1)

where the structure constant are fully antisymmetric. We further establish the

following conventions

Tr (TETy) = AR 6™, (A.2)
Y (TRTR),; = Ca(R) 6y (A.3)
implying
Ap = SR oy (A.4)
R dimAdj 2 ’ ’

We will use A\p = %
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A.2 On Unbroken Groups

In this Section we describe the features of groups that commonly arise in the
building of model building for BSM physics. From the discussion in Ref.
about symmetry breaking patterns, it is clear that great interest lies on certain
subgroups of SU(2N) leaving invariant respectively and antisymmetric and a
symmetric form. These are Sp(2N) and SO(2N).

A.2.1 SU(N,)

SU(N), the special unitary group of degree N. The explicit form of the
generators that were used in this work is as follows. For the fundamental

representation, the N — 1 Cartan generators are defined as

1
Ty = ——=diag(1,...,1,—k, 0,...,0 ), (A.5)
2k(k +1) ~—— ~——
k terms N — k —1 terms
for 1 < k < N — 1, whereas the remaining N? — N non-diagonal generators

are defined as

L 1
(76)) | = 5 (aado + 0usbs) (A.6)

o 1
2. 72
(T((I;Lujnd))> = — (0q,i06,j — 6a,j0b,) , (A.7)
ab 20
for 1 <i < j < N. Note that, with these conventions, for N = 2 the generators
in the fundamental representation reduce to %U“ (o denoting a Pauli matrix),
while for N = 3 the generators in the fundamental representation are %)\“

(where \* denotes a Gell-Mann matrix).

R | dim(R) g Cy(R)
2_
Fund N % N2 ~ 1
2As | MIZU - No2 0, (Fund) 2022

Table A.1 Group-theoretical factors for SU(N), used in Chapter .

Explicitly, with these conventions the SU(4) generators in the fundamental
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representation take the form:
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00 0O 000 O
0 0 01 11 00 0 —2
11 12
T =51 g 000 [0 T3] g0 0 ’
01 00 0 2 0
00 0O 000
1100 00 11 000
T13 _ = T14 _ -
(Fund) 2 O 0 O 1 ) (Fund) 2 O 0 O —Z )
0010 00 ¢« O
1 00
s L o1
(Fund) 2\/6 0 0 1 ?
00 0 =3

while the SU(4) generators in the two-index antisymmetric representation

read:
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, (A9)

- 0 0 O

0 0

0 0 O

0

1
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2
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00 0 0 O0O
001 0O0O0
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000 01O

0001 0O
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01 0000
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0
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0 0 0 0
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0
1

0
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0 0 0
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0 0 0 0 —
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0
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0 0 0 0

0

1

1

0 0 0

0 0 0 0

0 0 0 0O
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0

0 0 00
0 0 00
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0 0 -1
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0 0 O
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1
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- 0 0
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0
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0

-1 0 0
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11
T(QAS)

(A.10)
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000000 000 0 0 O
000100 000 —i 0 O
pis 1| 0000 10 i 1| 000 0 —i0
T2 g1 000 0 | 2] 00 0 0]’
001000 00i 0 0 0
000000 0 0 0 0 0

100 0 0 0

010 0 0 O

s _a 001 0 0 0

GAST V6L 000 -1 0 0

000 0 -1 0

000 0 0 -1

A.2.2 Sp(2N)

We denote as Sp(2N) the subgroup of SU(2N) preserving the norm induced

by the antisymmetric matrix €2,

0 1y
- (2 ). "

where 1y is the NV x N identity matrix. This definition can be converted into

a constraint on the group element U

UrQu = Q. (A.12)
Due to unitarity, the previous condition can be also written as

UQ=QU~, (A.13)

which implies the following block structure

(1) (A1)
—B* A*

where Eq. (A.12)) implies, for A and B, that

ABT = BAT | AAT4+ BB =1y . (A.15)
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The algebra can be defined by expanding U2 = QU™ in terms of the hermitian
generators t, i.e. U = exp(iw®®) for real parameters w®. We arrive at the

following condition on the generic element of the algebra 7' = " wt®

7O = —QT" (A.16)

T = (X Y ) . (A.17)
Yr X7

Hermiticity impose the conditions X = X' and Y = Y7. The number of

which also implies that

degrees of freedom is then 2N (NN + 1), the dimension of the group.

Implementation of the generators in the fundamental

We show how the generators can be implemented in a numerical library, follow-
ing what has been done in Grid. Let 7§ be the generators of the Lie Algebra of
Sp(2N) in the fundamental representation, a = 1,...dim(Sp(2N)) = 2N?+N.
When implemented as hermitian, they follow the block structure of Eq. .
The following scheme can therefore be used. The 2N? off-diagonal generators

are identified by the following six relations among their matrix elements

1
T;:IH'N = j—ﬁi—N,i = 5 9 1= 1a"'7N7 (A18)
witha=1,..., N(N —1)/2,
a a Z .
Tion = TN = 5 = L...,N, (A.19)

with a = N(N —1)/241, ..., N(N — 1),

1
a __q4a __ __a _ _4a _
Ty =t = —Tinjen = ~tjinin = ok

(A.20)
witha=N(N—-1)+1,...,3N(N —1)/2,
a a __ a . a . 2 . . .
Tz’,j:_tj,z'—Ti+N,j+N—_tj+N,z‘+N—ﬁa i=1,...,N-1, 1 <jJ< N,
(A.21)
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with a = 3N(N —1)/241, ..., 2N(N — 1),

a a a a ]‘ . . .
Ti7j+N:Tj,i+N:Ti+N,j:Tj+N,i:m7 i=1...,N=1, i<j<N-1,
(A.22)
witha =2N(N —-1)+1,...,2N(N —1)+ N,
a a a a Z . . .
Tz',jJrN:Tj,iJrN:_T;JrN,j:_TjJrN,i:ﬁv i=1,...,N-1, i<j<N-1.
(A.23)

witha =2N(N—-1)+N+1, ..., 2N(N—1)+2N. The remaining N generators

in the Cartan subalgebra are

1 :
(tii = =(tisnisn =5, i=1...N, (A.24)

with a =2N(N —1) +2N +1, ..., 2N(N — 1) + 3N = 2N? + N. It is useful

to provide an explicit representation for 2N = 4:

0 1 0000
) 1 |10 s 110001
tf:_ tf:_
2210 0 ~1 0 0 0
00 —1 0 0100
0 4 0 0 0 0 i 0
) 1 |—=i 0 0 0 - 110 000
th =7 =51 .
2210 0 0 i 21— 0 0 0
0 0 —i 0 0 000
0001 0 0 00
1 o010 110 0 0 i
O == ! (A.25)
2210 1 0 0 210 0 0 0
1000 0 —i 00
0 0 0 i 10 0 0
. 1 0 0 7 0 s 1100 0 0
by == . tr =3
221 0 —i 0 210 0 -1 0
—i 0 0 00 0 0
0010 000 O
s 110000 " 010 0
2110 0 0 000 O
0000 000 —1
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A.3 TIsospin Generators for SO(4)

The isospin group of the 2AS sector in the 2-flavor Ferretti model is SO(4).
The Goldstone bosons arising from the SU(4)/SO(4) cosets transform in a
9-dimensional representation of the isospin, whose generators X,,, n =1,...6
are listed in this appendix. These are obtained according to the convention of

[13] regarding the generators and the structure constants of SU(4).

0 —2 00 0 000
2 0 00 0 000
0 0 10 0 00 0
1o o =100 0 00 0
Xlz—% 00 0000 00O, (A.26)
00 0 00 0 100
00 0 00 11000
00 0 00 0 000
00 0 00 00 0
01 0 0 000
10 0 0 000
-1 0 0 —/3 0 00 0
1=1 0 00 0 0 000
X2:—% 0 0 v30 0 0 000}, (A.27)
0 0 00 0 0 010
0 0 00 0 0 000
0 0 00 0 —-1000
0 0 00 0 0 000
0 01 0 0 00 00
0 00 -1 0 0 0 00
100 0 0 0 0 00
10 10 0 —/3 0 0 00
Xy==3|0 003 0 0 0 00, (A.28)
0 00 0 0 0 0 00
000 0 0 00 10
000 0 0 0 -100
0 00 0 0 0 0 00
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(A.29)
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Appendix B

Gamma Matrices and Euclidean
rotation

In this Appendix, we set the notation for the ~-matrices, both with the
Minkowski and the Euclidean metric. We discuss the convention used in
the Software and conversions with other basis. Alongside, it is convenient

to discuss the transformation from Minkowski to Euclidean.

We define the FEuclidean y—matrices as the generators fyf = 1,2,3,40f a
Clifford algebra satisfying

Vet T = 20 La (B.1)

We define ~5, at this stage, up to a complex factor cg

VW =CcE VRV - (B.2)

This definition satisfies
WL ==y, (B.3)
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and
(75)=cp 1. (B.4)

If ¢ = 1, the matrix 7£ can be used to form the projectors

14+~F
Prjp = 275 . (B.5)
B.1 From Minkowski to Euclidean
The Dirac action in Minkowski space is
iS = i/d4x Y(iv,0™u — m)y (B.6)

where we do not specify the representation of the y-—matrices. We define the
Euclidean fields

Vp(re) = ¢(z), (B.7)

and we perform a Wick rotation, resulting in

$4E = ixo ) 8E = _Zao ) aE = 82 ) (B8)

(2

With this premise, the following relation between Euclidean and Minkowskian

gamma matrices

5 = 752,3 = 171,23 5 (B.9)

returns the expression for the Euclidean action,
iS — —Sp = /d%E VP (770F +m)p” (B.10)

where ¢ = 1,2,3,4. Eq. implies that if 75273 are hermitian, the corre-
spondent quantities in Minkowski space will be anti-hermitian. Concerning

Y5, suppose we have

Y5 = CY0V17273 - (B.11)
Then, Eq. imply
V=ACUN R Y = IR - (B.12)
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Therefore if we define —ic = cg we have
V5 = 75? ) (B.13)

We use ¢ = ¢ and cg = 1. We now give an explicit representation for the

y-matrices

B.2 An explicit representation of the Euclidean

vy—matrices

We define the DeGrand-Rossi basis as follows,

0 7:0'1 0 —iUg
wh=| | W=
—107 0 103 0

(B.14)
0 o 0 I
DR _ DR _ ‘
K (—wl 0 ) B (1 0>
This is the basis used in Grid. 7 is defined to be
DR DR, DR, DR, DR 0
Bo=we s = ] (B.15)

The correspondent y—matrices back to Minkowski are obtained by Eq.

0 01 .
R A B
—01 0
0 —oo .
#rom= (8 ) = mp
()] 0
(B.16)
0 O3 .
T A B
—03 0
0 I
DR DR
— Y = = .
V4 Yo <[ 0> V4

The spatial ones are anti-hermitian. Since we defined v% with cg = 1 the

fiftth matrix will be unchanged in Minkowski space.
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Appendix C

Ensembles properties of the
SU(4) study

C.1 Measurements of Correlation Functions

In this section we discuss the details behind the measurement of correlation
functions CE(t) = CE(t,0)

1
Coj(t.0) = 75 > (0@, )0 (0,t.)) . ab=P.A,  (C)

T

where R denotes the representation of the fermionic fields. For each gauge

configuration n = 1,... N,y we average measurements performed every 4
source-times t;, resulting in the correlator C’ﬁjn(t),
g I
R R
Cab,n(t) - f Z Cab,n<t7ti) . (02>
t;=0,4,...
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The gauge average CE,(t) and its variance §CE(t)? are then estimated from

a new set of N correlators, C% ab,n'» Tesampled with a bootstrap procedure from

Cch

ubn- In this step, trajectories are discarded in order to account for the

autocorrelation that is monitored across observables and ensembles according

to [C.2

N’'—1

Z Cab n’ 50 - Z ab n’ (t)] ’ (CS>

In order to suppress the excited states created by the hadronic operator in
Eq. (C.1)), we compute the two point functions by using different types of
smearing on the fermionic fields. The procedure is not gauge invariant and
requires working at fixed gauge. In particular, we adopt local (¥ (z)) and
smeared (F(z)) fields

¢R($)g:/d?/5(37— ) aa’écc w ( ) 2R
e~ (@=y)*/2g°

V2mg

where ¢, ¢ are color indices, a,«’ are Dirac indices and a sum is intended

(C.4)

1;5(1.)2 = dy 5040/ cc! ¢R( ) )

over o/, . The parameter g can is tuned according to Section in order
to suppress the excited states in the spectral reconstruction. By combining
local and smeared operators, we obtain three types of correlators: local-local,
smeared-smeared, local-smeared. In the latter, the operators at the source
and the sink are different, and this can produce negative contributions to the
spectral density. As demonstrated in the Appendix of [105], such terms do not

jeopardise the extraction of the spectral density from the correlators.

C.2 Autocorrelation Times

In an HMC algorithm, gauge configurations are generated through a Markov
chain process. As a consequence, subsequent configurations can be correlated.
Accounting for autocorrelation is essential in the estimation of observables
through the Monte Carlo average. Consider a succession a; of measurements

of an observable A. We estimate the integrated autocorrelation time 7;,; of
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the observable A as

[\.’JI»—l

Tint =

Z Lé (C.5)

where ¢ is the Monte Carlo time, IV is the summation window, and I'(¢) is our

approximation of the autocorrelation function of the series:

0= o D (o0 (@) e = 0) o)
0<t< chg .

(a_) and (ay) are the averages over N s, — t measurements, respectively the
first and the last ones (see Section 4 of Ref. [I19] for more details). In order
to choose a summation window W of Eq. , we check at which Monte
Carlo time ¢ the function I'(¢)/T'(0) is smaller than twice its variance, which
is estimated within the Madras Sokal approximation [I17, [119]. Typical plots
that we obtain for these quantities are shown in Fig. for the pseudoscalar-
pseudoscalar correlator of fundamental fermions at different lattice times.
In the top panel, our estimation of the autocorrelation function I'(¢)/T'(0)
is plotted as a function of Monte Carlo time, showing the typical decaying
behaviour. The bottom panel shows the integrated autocorrelation time 7;,;
of Eq. for an increasing summation window W. The error is computed

in the Madras Sokal approximation,

(572 AW +2

int) = N Tint - (C.7)

In both panels, the correlation functions are computed for operators at different
lattice times in order to monitor both the short and long distance behaviour.
By knowing the correlation of an observable between trajectories in the HMC,
we can establish how many of them have to be skipped performing the
measurement. This is our strategy for the computation of the correlators
on our ensembles. Alternatively, the naive estimate for the statistical error og
of a given observable can be corrected to be 02 = 27;,,0%.

Accounting for autocorrelation has been essential in the following analysis,
especially for those quantities computed in the proximity of the chiral limit,

where the autocorrelation was more significant.
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Figure C.1 Top panel: autocorrelation function I'(t)/T'(0) computed for the
two point function of two pseudoscalar mesons with fermions

in the fundamental representation.

Different colors represent

different intervals in lattice time between the source and the sink.
Bottom panel: integrated autocorrelation time as a function of
the summation window, computed for the same correlator on the
top at several times. The two point function is obtained from the
ensemble AQ.

115



C.3 Ensembles for SU(4)

Details about the gauge ensembles used for the study described in Chapter
are reported in Table [C.1]

C.4 Masses for SU(4)

C.4.1 PCAC masses

Details about the PCAC masses measured within the study described in
Chapter [4] are reported in Table [C.1]

C.4.2 Meson masses

Details about the mesonic masses measured within the study described in
Chapter [4] are reported in Table [C.1]
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am™ am{*P () Nepg — amiiing amilin
A0 -0.45 -0.45 0.60893(2) 216  0.0468(23)  0.2327(37)
Al -0.455 -0.45 0.60896(3) 99 0.0386(17)  0.2311(13)
A2 -0.46 -0.45 0.61392(2) 694  0.0332(26)  0.2290(30)
A3 -0.465 -0.45 0.60917(4) 82 0.0262(14)  0.2280(19)
A4 -047 -0.45 0.60942(1) 446  0.0209(29)  0.2277(35)
BO -0.45 -0.54 0.61181(4) 65 0.0321(78)  0.1200(53)
Bl -045 -0.56 0.61259(2) 232 0.0338(94)  0.0988(40)
B2 -0.45 -0.58 0.61344(4) 243  0.0313(16)  0.0691(35)
B3  -0.45 -0.59 0.61392(2) 180  0.0306(36)  0.0544(19)
B3 -0.45 -0.60 0.61427(2) 176  0.0480(17)  0.0292(12)
co -047 -0.48 0.61011(3) 116 0.0205(34) 0.1962(54)
Cl  -047 -0.52 0.61148(3) 78 0.0170(67)  0.1415(41)
C2  -047 -0.53 0.61203(3) 90 0.0143(56)  0.1279(39)
03 -0.47 -0.54 0.61248(3) 92 0.0114(45)  0.1126(32)
C4  -0.47 -0.58 0.61398(6) 53 0.0068(15)  0.0651(27)
SO -0.44 -0.60 0.61403(5) 43 0.0454(10)  0.0495(20)

Table C.1 Ensembles used to extrapolate the chiral limit of the SU(4) gauge
theory with two fundamental and two two-index antisymmetric
fermions. The coupling is B = 11, and the volume of the lattice

Table C.2

is 163 x 32.
A R
-0.45  0.0468(23) 0.2327(37)
-0.455  0.0386(17) 0.2311(13)
-0.46  0.0332(26) 0.2290(30)
-0.465  0.0262(14) 0.2280(19)
-0.47  0.0209(29) 0.2277(35)

PCAC masses for the fundamental representation used in the
chiral extrapolation. The bare mass of the antisymmetric fermions

s fized at améms)

A0-AJ.

= —0.45. They correspond to the ensembles

117



2AS 2AS Fund 2AS 2AS Fund
amg ) EDC’A)C mEDC’AC)' ‘ E) ) amEDC’A)C mEDC’AC)'
-0.54  0.1200(53) 0.0321(78) ‘ -0.48  0.1962(54) 0.0205(34)
-0.56  0.0988(40) 0.0338(94) ‘ -0.52  0.1415(41) 0.0170(67)
-0.58  0.0691(35) 0.0313(16) ‘ -0.53  0.1279(39) 0.0143(56)
-0.59  0.0544(19) 0.0306(36) ‘ -0.54  0.1126(32) 0.0114(45)
-0.60  0.0480(17) 0.0292(12) ‘ -0.58  0.0651(27) 0.0068(15)
Table C.3 PCAC masses for the antisymmetric representation used in the
chiral extrapolation. The values on the left are obtained with
améFund) = —0.45 (ensembles B0-B4), the ones on the right with
améFund) —0.47 (ensembles C0-C4).
am(()Fund) a MI(DE;md) a M](JZ;XS) ‘ m(()QAS) a M](J2AS) a MI(DE;md)
-0.45 0.3555(38) 0.8037(14) ‘ -0.54  0.5426(22) 0.375(36)
-0.455 0.290(60)  0.7701(31) ‘ -0.56  0.4638(33) 0.3114(69)
-0.46 0.280(16)  0.7640(28) ‘ -0.58  0.4035(24) 0.3147(40)
-0.465 0.254(16)  0.7635(29) ‘ -0.59  0.3600(38) 0.3038(67)
-0.47 0.255(10)  0.7634(20) ‘ -0.60  0.3407(48) 0.321(13)
Table C.4 Masses of the pseudoscalar mesons. On the left, we vary the bare
fundamental mass while keeping am(()zAS) —0.45 (ensembles A0-
AY). Conversely, on the right the fundamental bare mass is fized
at am(Fund) —0.45 (ensembles B0O-B4).
ac  aME® ch(n) / dof. n
0.18 0.3558(30) 0.61 2
0.19 0.3505(33) 0.75 2
0.2 0.3550(23) 1.36 2
0.21 0.3554(22) 0.81 2
0.22  0.3523(26) 1.18 2
0.23 0.3580(22) 2.13 2
0.24 0.3557(24) 1.58 2
0.19 0.3498(37) 0.71 3
0.2 0.3516(32) 0.96 3
0.21 0.3534(29) 1.80 3
0.22  0.3505(33) 1.38 3
0.23  0.3592(25) 2.04 3
Table C.5 Fit results for aM }(32134 5) from smeared spectral densities for

different smearing radii o and different number of states n. These
values appear in Fig. [{.15
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