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ERRATA AND REMARKS

David J. Pym
University of Edinburgh
Scotland, U.K.*

Abstract

We give a list of errata, as known at the date of this report, for our Uni-
versity of Edinburgh LFCS Reports, published in the period March 1990 -
May 1993, including those authored jointly with Lincoln Wallen (University
of Oxford) and those authored jointly with James Harland (University of
Melbourne). We include also such clarifying or illuminating remarks as
have occurred to us. In chronological order, the reports are: ECS-LFCS-
90-111; ECS-LFCS-90-124; CST-69-90 (ECS-LFCS-90-125); ECS-LFCS-91-
146; ECS-LFCS-91-168; ECS-LFCS-92-212; ECS-LFCS-92-229; ECS-LFCS-
92-246; ECS-LFCS-92-248. This report should be regarded as a companion
to the aforesaid publications. Most of these papers have been published
elsewhere; where appropriate, full publication details are given. Whilst all
of the given (and known) errata are cither typographical or minor omissions
or oversights, we believe it is our scholarly responsibility to record all such
available information.

1 Investigations into Proof-search in a System of First-order Depend-
ent Function Types: ECS-LFCS-90-111, March 1990

David Pym and Lincoln Wallen, Investigations into Proof-secarch in a System of
First-order Dependent Function Types. Proc. 10th International Conference on
Automated Deduction, M. Sticke! (editor), Kaiserslautern, FRG, July 1990. Lec-
ture Notes in Artificial Intelligence 449, 236-250, Springer-Verlag, 1990. Also
University of Edinburgh LFCS Report ECS-LFCS-90-111.

1. In the second paragraph after the proof of Lemma 5.7, “f : B(a) — B(a)”
should be “f : B(a) —» A”.

2. In the third line of the second paragraph of Definition 5.10, “of those vari-
ables declared” should be “of those universal variables in vo declared”.

* Author’s address from 1 June, 1993: School of Computer Science, The University of Birm-
ingham, Edgbaston, Birmingham B15 2TT, England, U.K.



. In the first sentence after the proof of Lemma 5.9, “ground” should inserted
immediately before “instantiation”.

. In Definition 5.10, the sentence beginning with “Let wy,w,,...,w,,... "

should be “Let w;,w,,...,w, be an enumeration of those universal variables
declared in Dy(v) = I(v), Wev(wo)(Lo(w),u : T,(u)) such that if w; 9y, w;
then i < 5.”

. In Definition 5.10, “Dy(v) = I (v) kg T.(v) : Type” should be
“DO(U) = Ic(v)) MFV(ua)(Ia(u))u : Td(u)) }_E T((‘U) : Type”'

. In the sixth and seventh lines of the second paragraph of § 7, “any ground
extension ¢’ of” should be deleted and “I" =y A™ should be “I' =y A”.

The Uniform Proof-theoretic Foundation of Linear Logic Program-

1.

10.

ming: ECS-LFCS-90-124, November 1990

» <

On p. 2, in the line immediately after the displayed text, “D ::=...”, ‘con-
stants of linear logic and” should be deleted.

. In Definition 2.5, on p. 8, “0 | 1 | T | L |”, in the case for L, should be
deleted.

. On p. 21, two lines above Proposition 3.16, “dericted” should be “directed”.

On p. 21, in Proposition 3.16, the first sentence should be “Let = be a proof
of I'+ A in which T’ is a multiset of definite formulae and A is a multiset of
goal formulae.”

. On p. 26, in the penultimate line, “q,g—op F p” should be “{q,q—op} Fr p'.

. In Definition 6.1, on p. 32, “0 | 1 | T | L |” in the case for L, should be
deleted.

. On p. 38, in the 4th line, “{q(a), !(¢{(a)—op(a))” should be
“{q(a),(q(a)-op(a))}".

. On p. 38, in the 6th line, “{q(a),!(g(a)—op(a))” should be
“{q(a),!(g(a)—op(a))}” and “I g p(a)” should be 5 g(a)”.

. In the proofs of Lemmas 6.11, 6.12, 6.13 and 6.15 and Propositions 6.16 and
6.17, some of the brackets { and } and some of the subscripts R are missing
from the antecedents of sequents of the form P kg G. All such omissions are
obvious.

In Appendix A, on pp. 57 and 58, the side-condition on the quantifier rules
should be “where y is not free in ') A.”
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1.
2.

10.

11.

12.
13.
14.
15.

16.

Proofs, Search and Computation in General Logic: CST-69-90 (ECS-
LFCS-90-125), November 1990

On p. 3, “encouragment” should be “encouragement”.

The reference [Sm68], on pp. 14 and 76, is missing from the bibliography. It
is: Smullyan, R.M. First-order logic. Ergebnisse der Mathematik, Volume
43, Springer-Verlag, 1968.

. On p. 29, in the 7th line, “Types and type families” should be “Types and
Families of Types”.

. On p. 32, in the bottom line, each of the the Bs, As and AMs should be
decorated with '

. On p. 47, in the third line of the Proof sketch, “M : A, ., true” should be
“M : A true’.

. On p. 69, in each of the last two lines, “Ny/z," should be “N,/z,".

. On p. 70, in each of the fourth and fifth lines, “Ny/z,” should be “N,/z,”

«© ” & »
and “z,,_,” should be “z,,_,".

. On p. 70, in the seventh line, “Ay” should be “A,”, “zy” should be “z,”
and “N,” should be “N,”. On the ninth line, “Ny” should be “N,”.

. On p. 72, in the second and third last lines, “z,,” should be “z,, _,", “No/z;”
should be “N,/z,” and “N,,,_,/z:"_l" should be “N,,_y/zm_1".

On p. 73, in the third and fourth lines, “z,,_,” should be “z__," “Né/x:)”

m-2

should be “N,/z,” and “N,,_,/z! " should be “N,,_;/z,,_,".

On p. 73, in the sixth line, “A,” should be “A,”, “z,"” should be “z;” and
“N,” should be “N,”. On the eighth line, “N,” should be “N,”.

On p. 90, in the tenth line “— [” should be “(— 1)”.
On p. 91, in the seventh line “III” should be “(IT{)”.
On p. 107, in the third line, “Spring” should be “spring”.

In Definition 5.3.2 on p. 116, in the first indented paragraph, “a pair” should
be “pairs”, the second “either” should be deleted and “or succeed of fail”
should be moved to the end of the paragraph.

In the bottom line of p. 124 and in the first and third lines of p. 125, each
of the As and Bs should be followed immediately by o.



17.

18.

19.
20.

21.
22.

23.

24.

25.

26.
217.

On p. 126, the seventh and eighth lines should be
.(f)=F = ['[u' A'...u' : A

r ry
’ ’ ’
[1u”+l PA U, t A PP

Similarly, the tenth and eleventh lines should be

(9)=G = I'Iv;:A'l'...viq:A'r'
Mo, : A ? A" cP,...P

e S AV, A -

Similarly, the nineteenth line should be

My =ge Ay : A; o Awy, A:l [w,/u'l, ...,w,l_,/u:l_l].w!

and the twenty-second line should be -

My =g ) AL )\w; : A:’][w;/v;, ...,w;_l/v;_l].wg.

In the last, line of p. 126, “A,,4,” should be “A "“ " and “A,,” should

be "‘A . Similarly, in the first line of p. 127, “w,,,, : A,,;,” should be
1] " »

“w"+l : A”+l .

On p. 153, in the twelfth line, “below” should be “above”.

On p. 156, in the twenty-first line, “f : B(a) ~ B(a)” should be “f : B(a) —

A",

»

On p. 157, in the second line, “Pz;” should be “pz;”.

On p. 159, on the twentieth line, the first sentence should be “Let 3 be
compatible with the ground instantiation ¢.”

On p. 160, in the fourth line, the sentence beginning with “Let w,,w,, ..., w,,...

" should be “Let w,,w;,,...,w, be an enumeration of those universal vari-

ables declared in Do(v) = I(v), Wrv(vo) (£, (1), u : T, (u)) such that if w; <,
w; then i < 7.” Similarly, “Do(v) = I(v) tg T,(v) : Type” should be
“DO(v) = Ic(v)vwFV(va)(lo(u))u : Ta(u)) *-E Tz(v) : Type”'

On p. 166, the fourteenth line should end with a full stop rather than with
a semicolon.

On p. 169, in the twenty-first line, “f : B(a) — B(a)” should be “f : B(a) —
A”

On p. 172, in the sixteenth line, «SCE» should be “SCET,

On p. 182, in the statement of Lemma 7.3.13, “I,” should be “L”,



28. On p. 186, in the twelfth line, “homp(s, —)” should be “homp(—,r)” and
“homp(—,r)” should be “homp(s,—)".

29. (p. 187) We remark that Y/ =4, = Y, since C(L) is constructed from normal
forms. Of course, in the contruction of other models, similar quotients are
not necessarily trivial.

30. On p. 192, the reference [GB84] is missing from the Bibliography. It is:
Goguen, J.A., Burstall, R.M. Institutions: abstract model theory for com-
puter science. CSLI Report CSLI-85-30. Stanford University, 1985.

31. On p. 194, the reference [Go79] is missing from the Bibliography. It is:
Goldblatt, R. Topoi: the categorical analysis of logic. North-Holland, 1984.

32. Onp. 207, “f* B” (fourth line) should be “f*A”, “q(f, B)” (sixth line) should
be “¢(f, A)” and the range context of “eval” should be “I'” rather than “A”.

4 Proof-search in the All-calculus: ECS-LFCS-91-146, April 1991

David Pym and Lincoln Wallen, Proof-search in the All-calculus. In: Logical
Frameworks, G. Huet and G. Plotkin (editors), Cambridge University Press, 1991,
309-340. Also University of Edinburgh LFCS Report ECS-LFCS-91-146.

1. In Example 6.3, p. 22,“T(8) = A” should be “T(8) = B(a)”.

2. We remark that the definition of D, (Definition 6.4, p. 22) taken in this
report is equivalent to that of ECS-LFCS-90-111 (this document, § 1, 99 4,
5) because if v € Eig(y) then vo is empty.

5 The Uniform Proof-theoretic Foundation of Linear Logic Program-
ming (Extended Abstract): ECS-LFCS-91-168, June 1991

James Harland and David Pym, The Uniform Proof-theoretic Foundation of Linear
Logic Programming (Extended Abstract). In: Proc. International Symposium on
Logic Programming, V. Saraswat and K. Ueda (editors), MIT Press, 1991, 304-
318. Also University of Edinburgh LFCS Report ECS-LI"CS-91-168.

1. In Appendix A, the side-condition on the quantifier rules should be “where
y is not free in I, A.”

6 On Resolution in Fragments of Classical Linear Logic: ECS-LFCS-
212, May 1992

J.A. Harland and D.J. Pym, On Resolution in Fragments of Classical Lincar Logic.
Proc. LPAR 92, A. Voronkov (editor), Lecture Notes in Artificial Intelligence 624,
30-41, Springer-Verlag, 1992. Also University of Edinburgh LFCS Report ECS-
LFCS-92-212.



1.

In Definition 3.10, the following, in the second sentence, should be deleted:

, and is such that the resolution rule is applied only when no other
rule is applicable

As printed, this phrase can be interpreted to require that all of the elements
of the goal be reduced to atoms before a resolution step is permitted. Such
an interpretation, a strong condition, is permissible in the absence of par
(multiplicative disjunction) in definite formulae, as found in earlier work of
the authors on a similar topic (ECS-LFCS-90-124, ECS-LFCS-91-168). Un-
fortunately, we failed to delete the condition in the LPAR '92 presentation.
In fact, this phenomenon is just a manifestation of the failure of full per-
mutability for the universal and existential quantifiers — full permutability
holds just in certain fragments of the logic.

. In Appendix A, the side-conditions on the quantifier rules should be “(y not

free in T, A)”.

. On p. 13, (1), and p. 15, (4), each occurrence of *, (q; ® ¢2)—0s” on the right

hand branches above the conclusion should be deleted.

. On p. 15, in the proof figure numbered (4), “, p—0q” should be deleted from

the leftmost leaf. (Its presence is harmless, but unintended.)

7 A Unification Algorithm for the All-calculus: ECS-LFCS-92-229,
August 1992

David J. Pym, A Unification Algorithm for the All-calculus. Int. J. of Foundations
of Computer Science, Vol. 3, No. 3 (1992), 333-378. Also University of Edinburgh
LFCS Report ECS-LFCS-92-229.

1.
2.

In the footnote on p. 1, “Spring” should be “spring”.

The third paragraph from the bottom of p. 2 should end with a semicolon
rather than with a full stop.

. In Theorem 2.11 on p. 11, the range context of “evalr” should be “I'” rather

than “A”.

In Definition 3.2 on p. 18, in the first indented paragraph, “a pair” should
be “pairs”, the second “cither” should be deleted and “or succeed of fail”
should be moved to the end of the paragraph. ’

In reference {28] on p. 40, “Semantics” should be “Categorical Semantics”.



8 Logic Programming via Proof-valued Computations: ECS-LFCS-92-
246, November 1992

David J. Pym and Lincoln A. Wallen, Logic Programming via Proof-valued Coin-
putations. Proc. 4th UK Conference on Logic Programming, London, 1992 (K.
Broda, editor), 253-262, WICS, Springer, 1992. Also University of Edinburgh
LFCS Report ECS-LFCS-92-246.

1. § 6, p. 8: in clause T4, the subscript on “d4YP” should be ¥, not ¢.

2. We remark that the results of § 6 apply to Horn clauses only. Although
it is stated in § 3 that we are concerned with clauses and SLD-resolution,
this should have been emphasized at the beginning of § 6. We remark also
that in our claim, in the last sentence of § 4, that the two derivations of
Figure 2 are permutation variants of each other, we have elided some minor
subtleties. We further remark that in the first paragraph of § 6, we use the
terms “embed” and “embedding” informally.

9 A Synopsis on the Identification of Linear Logic Programming Lan-
guages: ECS-LFCS-92-248, November 1992

1. Onp. 4, (2), % (g1 ® g;)—0s” should be deleted from the right hand premiss.

Similarly, “, (q; ® ¢;)~0s” should be deleted from the right hand branch
above the conclusion of the figure at the bottom of p. 4.

Acknowledgments
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Insert

In this insert we give a summary of the proof systems presented in the body of the
thesis. The number and/or label of each rule in this insert corresponds exactly to

the first number given to that rule in the body of the thesis.



The System N

We first give the rules for the system without an explicit — and then give the

rules for an explicit —.

Valid Signature

2.1
F () sig .
FE sig Fy K kind c¢¢ Dom(Z) (2.2)
FX,c: K sig '
F ¥ sig kg A Type c¢& Dom(E) (2.3)
FX,c: Asig -
Valid Context X sig (2.4)
Fy () context .
Fe T context ['ky A: Type z ¢ Dom(T) (2.5)
Fse T,z : A context |
Valid Kinds Fe I' context (2.6)
'ty Type kind .
'y A: Type T',z:Aryg K kind (2.7)
Try e AK kind '
Valid Elements of a Kind
Fe T context c: K €X (2.8)
'y K .
'ty A: Type T,z:Abg B: Type (2.9)
I'g Iz : A.B: Type .
T'ky A: Type T,2:Aby B:K (2.10)
CkeAz: AB:llz: AK .
I'Fp B:llz: AK Thg N:A
(2.11)
[ Fy BN:K[N/a]
Pkg AAK Thg K' kind K =5 K’ (2.12)

Thy A: K/

1



Valid Elements of a Type
Fe ' context c: A€ X

F'kyc A
Fe I' context z: A€l
F'tygzx:A
(111) 'ty A: Type T,z:AbFy M:B
ChkgAde: AM:llz: A.B
I'ks M:Mlz: AB ThHg N:A
(IIE) z z >

'y MN:B[N/z]

kg M:A T g A Type A =g A
Cky M: A

Additional Rules for Explicit — s

Valid Kinds

'ty A: Type T,z:Abg Kkind z ¢ FV(K)
Ty A — K kind

Valid Elements of a Kind

'ty A: Type T 2:AbFg B:K z ¢ FV(K)
Tty o A B:A— K

'k BIA—- K TFgN:A
I'Fg BN: K

'ty A: Type T,z2:Atg B:Type z ¢ FV(B)
'Fy A— B:Type

Valid Elements of a Type

kg A: Type T,2:AFg M:B z ¢ FV(B)
(—=1)

ke de:A.M:A— B

Tre M:A— B ThFg N:A

(= E) Try MN: B

i

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)



The System G

Basic Rules

F () sig

FX sig Fg K kind c¢¢ Dom(X)
FX,c: K sig

X sig Fg A: Type c¢& Dom(X)
FX,c: Asig

FX sig
Fs () context

Fe IT' context T'Fg A: Type z ¢ Dom(T)
Fe I'yz : A context

Fe I' context
I' Fy Type kind

'y A: Type T',z:AbFg K kind =z ¢ FV(K)

'y A— K kind

kg A: Type T',z:AbFg K kind
ke Mle:A. K kind

Ity A: Type T',z:Atg B Type z ¢ FV(B)

'y A— B Type

'ty A: Type T,z:Ablg B Type
'k Iz:A.B Type

Fe [ context c:K € X
ke ce: K

e I’ context c:A€ X
r "'E c:A

Fe I context z:A €T
kg2 A

Operational Rules

kg A: Type T,z:Abg B:K 2z ¢ FV(K)
Ths Az AB:A— K

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)



kg A:Type T,z:AFgs M:B =z ¢ FV(B)

(=) TFg Ac:AM:A— B

I'kg A: Type T,z:Ably B:K
kg Az:A.B:llz: A K
(11r) 'ty A:Type T,z:AFy M:B
" TFy hz:AM:1lz:A.B

@A—-BeXUl' TFyN:A T,y:BFg M:D

ygFV(D)

(=) T g M[@N/y]:D

(3.21)

(3.22)

(3.23)

(3.24)

@:Mlz: A.BESUT TFyN:A B[N/2]=4,C T,y:CryM:D y¢FV(D)

(1) I' s M[@N/y]:D

ThsN:A TFgB:ASK
TFy BN:K

'k N:A Tt B:llz:AK
I'Fy BN:K[N/z]

Structural Rules
Fke M:A T,2:AAFsa
I A[M/z2] by a[M/z]

Equality Rules

Thg M:A Thg A: Type A=p A’

Thg M: A

kg A:K Thg K' kind K =5 K'
[ he A:K’

(3.25)
(3.26)

(3.27)

(3.28)

(3.29)

(3.30)



The System NV

The system N is obtained from the system N by replacing the rule (2.16) by the
rule

by N:A TrgM:[lz:A.B T kg B[N/z]:Type

(TIE?) TFy MN:BIN/2]

(3.31)

vl



The System L

(Azl)

Ie:A =25 A

Ax2 _—
(A=2) T Spoap A
I'zA=3B

(=) e
F =>E A—B
'z:A=s B

(Tr) T =g Nz:A.B

'3y A Iz2B=xC
(—=1)

F=>gc

Fz:D =5 C

vii

G\cut proves kg I',z:A,I" context

G\cut proves g 45 T context

(a) z ¢ FV(B)

(a) @A—-BeXUT
(b) z ¢ FV(C)

(a) Q:Mly:A.Be L UT

(b) 2 € FV(C)

(c) G\cut proves Ty N:A
(d) B{N/y] —g, D.



The Systems NR1 and NR2

The System NR1

The system NR1 is obtained from the system N by replacing the 2.23 and 2.16
rules by the rule

PFSMI:AI...Fl—zﬁf‘m:Am F}-‘ENI:DI"'FFENn:Dn
TFg @M, . M_N,. . N.:E ’

(4.4)

where @ : Ilz, : E, .. . llz,,: E,,.B, - (B, = (... = (B, = C)...)) € TUT,
Ai[Ml/xl,- --,Mi—l/xi—l] =pgn Ei for 1 S 1 $ m, Bi[Ml/xla'-',Mm/xm] =pBn Di
for 1 <i<nand C[M,/zy,..., M, /2] =p, E.

The rule 4.4 has the additional trivial premiss
Nae:EbFgz: F,

where z ¢ Dom(T'), but for simplicity of presentation we omit to write this premiss.

The System NR2

The system NR2 is obtained from the system N by replacing the 2.23 and 2.16
rules by the rule
kg MyE,...Trg M :E,, ThgNi:D,..TFgN.:D,, T,2:Etg P.F z¢FV(F)

TFy P[@M, ... M, N,...N,/z]: F ’
(4.6)

where @ : Ilz, : A4,...llz,, : A,,.B, = (B, = (... = (B, = C)...)) € LUT,
AiMy /2y, s My [2iq] =p, Ei for 1 < i <m Bij[My/z,,...,M,/z,] =pn D;
for 1 <i<nand C[M/2,,...,M, [2,] =5, E.

Vil



The Systems LR1 and LR2

The System LR1

The calculus LR1 is obtained from the calculus L by replacing the (— [) and (IIV)

rules by the rule 4.5.
'=>sD,...I'=>x D,

P#EE ’

(4.5)

where @ : Ilz, : A, ... Tlz,,: A,,.B; - (B, = (... » (B, = (C)...)) € TUT,
N proves I' kg M; : E; where A;[M,/x,...,M;_ /z;_] —p, E; for 1 <i < m,
Bi[M,/x,,...,M,/z,] =g, D; for 1 <i<nand C[M,/z,,..., M, /2] =3, E.

The rule 4.5 has the additional trivial premiss
Iz:FE =5 F,

where z ¢ Dom(T"), but for simplicity of presentation we omit to write this premiss.
The importance of this premiss is that if n = 0 then it is the only premiss that is

obtained.

The System LR2

The calculus LR2 is obtained from the calculus L by replacing the (— [) and (II{)
rules by the rule

F#le...FﬁgDn P,.’EIE;‘?EF
['se F ’

(4.7)

where @ : Ilz, : A, ...1lz,, 1 A,,.B; = (B, = (... = (B, — C)...)) € LUT,
G\cut proves I 5 M;: E; where A;[M,/z,,...,M;_i/z;_,] —p, E; for 1 <i < m,
Bi[M,/zy,..., My [2,] —p, D; for 1 <i<nand C[M,/z,,...,M,/z,] —s, E.

ix



The Systems U and R

The rules of U and R consist of the (— r), (— ) and (IIr) rules of L, with the side
conditions modified so that contexts are only extended with new variables,together

with the new form of (IIl) rule:

Iz:A B
(=) ﬁ;% (a) = ¢ Dom(T), z ¢ FV(B)
I'z:A B
(IIr) T =5 H=:::EA.B (2) = ¢ Dom(I')

' A I'z:B=xC
F=>EC

(— 1) (a) @A—-BeXUT

(b) z & Dom(T)

I z:Bla/y] =5 C
I' =y C

() (a) @:My:A.Be ZUT
(b) = & Dom(T)

where « i1s not introduced elsewhere in the derivation.
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Abstract

The Logical Framework (LF) is a formal system for the representation of logics and
formal systems as theories within it, which was developed by Harper, Honsell and
Plotkin. The LF consists of two components: the All-calculus, the A-calculus with
dependent function space (or product) types; and the principle of judgements
as types in which judgements, the units of inference in logics and other formal
systems, are identified with the types of the All-calculus. This work is strongly
influenced by the work of Martin-L6f on judgements in logic. The LF is suitable

for mechanical implementation because the All-calculus is decidable.

We present a theory of search and logic programming for the All-calculus and

. consequently for logics which are adequately represented in the LF.

The presentation of the All-calculus of Harper, Honsell and Plotkin is as a
(linearized) natural deduction system. The search space induced by such a system
is highly non-deterministic and so the first step is to define a Gentzenized system,
in which the natural deduction style Il-elimination rule is replaced by a sequent
calculus style II-elimination rule, which is sound and complete with respect to the

system of Harper, Honsell and Plotkin.

The Gentzenized system thus provides the foundation for a metacalculus, pos-
sessing an important subformula property, for the inhabitation assertions of the
MI-calculus which forms a suitable basis for proof-search in the All-calculus. By
exploiting the structure of a form of hypothetico-general judgement, we are able
to obtain (complete) calculi based on certain forms of resolution rule, the search
spaces of which are properly contained within that of our basic metacalculus.
Furthermore, we are able to further constrain proof-search in these calculi by con-

sidering a certain uniform form for proofs.

We develop a unification algorithm for the All-calculus by extending the work
of Huet for the simply-typed A-calculus. We use this unification algorithm to allow
us to eliminate non-deterministic choices of terms, when performing proof-search
with the (II!) or resolution rules. This is done by the introduction of a class

of universal variables which are later instantiated via the unification algorithm.



When unification is used to instantiate universal variables well-formedness may
not be preserved. However, by extending the work of Bibel and Wallen (for first-
order classical, modal and intuitionistic logics) to the All-calculus we are able to
obtain a theory which allows to accept as many such instantiations as possible
by detecting when the derivation can be reordered in order to yield a well-formed

proof.

We extend the theory described above to provide a notion of logic programming
by admitting universal variables in endsequents: these are analogous to the logical
variables of PROLOG. Finally, we provide a denotational semantics for our logic
programs by performing a least fixed point construction in a collection of Herbrand
interpretations — maps from |C(X)| to (families of) sets of terms in |F|, where
C(X) is the syntactic category constructed out of the AIl-calculus with signature
¥, and F is the category of families of sets. This construction is similar to one
of Miller, and exploits a Kripke-like satisfaction predicate. We characterize this
construction in terms of the model theory of the All-calculus using the Yoneda

functor.
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Chapter 1

Introduction

1.1 Introduction

In this chapter we introduce the ideas of general logic, of search, unification and
effective search, and of computation in the form of logic programming by intro-

ducing each of the subsequent chapters of this thesis.

There are two principal motivations for the construction of a general theory of

logics or formal systems:

1. The desire to learn more of the nature and properties of formal systems, in

particular to investigate their common “core”;

2. To provide a single formal system, capable of expressing in a uniform manner
a wide class of formal systems, which can be implemented on a machine.
Thus, by implementing one formal system we obtain implementations of

many formal systems.

Note that we have been deliberately vague about the notion of implementation —
there are many possible meanings. In this work, however, we have in mind the

implementation of a theorem prover or a logic programming system.

We refer to related work throughout the text of the thesis as appropriate.

10



1.2 The MAll-calculus and the LF

The Logical Framework (LF) of [HHP87], [AHMS87], [HHP89], [Sa90] is a theory
of general logic in which a wide class of mathematical logics can be represented.

This theory is suitable for mechanical implementation.

The syntactic part of the LF is the AIl-calculus — the A-calculus with dependent
function space (or product) types. Logics are encoded as theories of the AII-
calculus via the judgements as types principle — a development, inspired by the
work of Martin-Lof [ML85] and de Bruijn [deB80], of the Curry-Howard principle
of propositions as types. The most general form of judgement considered is the
hypothetico-general judgement, which provides the inspiration for the identification

of a certain class of clausal types.

In Chapter 2 we introduce the LF as presented in [HHP87]. Following [HHP87]
we summarize the language theory of the All-calculus and introduce the conser-
vative extension of the type system by the purely implicational — connective. We
call the resulting system N. The main judgement of N (with some notational sim-
plification) is the typing assertion: I' - M:A, meaning that the term M has type
A, given the type assignments for free variables and constants recorded in I'. This

relation is decidable [HHP87].

We discuss the paradigm for the representation of formal systems by consider-
ing the examples of first-order logic (Peano arithmetic) and higher-order logic as

presented by Church [Ch40].

In Appendix A we present the theory of conteztual categories, introduced by
Cartmell [Ca86] and developed by Streicher [St88], and its use as the algebraic
framework in which to provide the basic model theory for the All-calculus. The
syntax of the All-calculus over a given valid signature ¥ can be presented alge-
braically as a (syntactic) category C(¥) in which the objects are valid contexts and
the morphisms are substitutions (tuples of terms which satisfy certain well-typing

constraints). This category inherits the structure of a contertual category with

11



products from the syntactic presentation of the All-calculus. If V is a contextual
category with products, V-valued models of the AIl-calculus are functors from this
category to the ¥V which preserve ezactly the conteztual and product structure of
the syntactic category. Set-theoretic models can be obtained by taking V to be
the category F of sets, families of sets, etc.. We present the (closed) term model

construction in the value category F.

1.3 The Gentzenized All-calculus and Cut Elimina-

tion

The presentation of the All-calculus in Chapter 2 is that of [HHP87] which is a
system of (linearized) natural deduction, N. In Chapter 3 we present a Gentzen-
tized formulation of the All-calculus, called G, in which the —-elimination and
[I-elimination rules of the natural deduction system are replaced by (— [) and
(I11) (read respectively as arrow-left and pi-left) rules in the manner of the elimi-
nation rules of Gentzen sequents [Ge34], [Pr65], [How80]. The —-elimination rule

of the system N (with some notational simplification) is of the form:

'M:A—-B THFN:A

(= E) TFMN:B ’

and this is replaced by the (— ) rule which (with some notational simplification)

is of the form:

zr:A—-Bel THFN:A TLy:BFM:C
' M[zN/y]:C ’

(=)

where y is not free in C. The latter rule should be understood to say that if = is
a map from A to B, if we can construct the term N of type A in the context I'
and if we can construct the term M of type C in the context I', y: B, then we can
construct the term M[zN/y] of type C in the context I'. The II-elimination rule
of the system N (with some notational simplification) is of the form:

'+ M:(Ilz:A.B) 'FN:A

(TE) T F MN:B[N/z]

12



where B[N/z] denotes capture-avoiding substitution of N for free occurrences of z
in B, and this is replaced by the (IIl) which (with some notational simplification)

1s of the form:

z:lIz:A.BeT" THFN:A Thy:DFM:C
'+ M[zN/y]:C ’

(1)

where D is the normal form of B[N/z] and where y is not free in C. This rule is

read in manner similar to that for the (— ) rule.

The cut rule is not admissible in the system obtained from N by making just
these replacements and so must be taken explicitly in G in order to retain com-
pleteness. However, by working with 3-normal forms we obtain a cut elimination
theorem: this is a difficult theorem. This is related to the work of [MLT71al,
[ML71b] and [How80] in the setting of simple types.

1.4 Proof-search in the Al-calculus

The systems N and G which we present in Chapters 2 and 3 are both systems
for deriving assertions of the form I' F M : A which is read as “the object M has
type A in the context I'”, and the provability of these assertions is decidable. N
is a (linearized) natural deduction style system and G is a sequent style system of
equivalent strength. From the point of view of proof-search we are interested in
assertions or inhabitation sequents of the form I' =5 A which is read as “I" inhabits
A” with the meaning (IM)(I' - M:A): the provability of such assertions is semi-
decidable. The cut-free system G\cut of Chapter 3 provides a satisfactory basis
for a calculus for proof-search in the All-calculus, and in Chapter 4 we present
a calculus of inhabitation sequents which may be seen as a metacalculus for the

calculi of typing assertions of Chapters 2 and 3.

This system, called L, is sound and complete relative to G\cut for the semi-
decidable relation of inhabitation: I' = A. The judgements of L assert the ez-

istence of proofs of the judgements of G\cut. L is the starting point for our

13



investigation into proof-search. A typical rule of L is the II-left rule:

I'z:D
(I10) ;—=>='>c‘£ (a) w: (Mz:A.B) €T
(b) z € Dom(TI'), the variables occurring in T’
(c)THN:A

(d) B[N/z] =, D, — g, the usual Bn-reduction. -

A similar rule arises when the type of w is of the form A — B. L is almost a
logicistic system, in the sense of Gentzen, meaning that there is only one localized
appeal to an external notion, that notion being an appeal to the system G\cut in side
condition (c) of the rule above. Indeed, with respect to the II-type structure of
terms in the language, L has a subformula property [Ge34]. As a consequence, if
the inference rules are used as reduction operators from conclusion to premisses
then L induces a search space of derivations of a given sequent.! Notice that if
the (II1) rule is used as a reduction, the choice of term N to use in the premiss
is unconstrained by the conclusion of the rule. The subformula property of the
I[I-types does not extend to a full subterm property (cf. the quantifier rules of the
predicate calculus). The aziom sequent (or closure condition for the reduction
system) is:

Tz:AT'= A

i.e., the conclusion occurs as the type of a declaration in the context.

We present also two calculi which exploit clausal form types in order to utilize
forms of resolution rule which encode several applications of the —- and II-left rules
in a single inference step, c¢f. the resolution rule of first-order Horn clause logic
programming [L184]. We consider also a class of uniform proofs [MNPS89]. Some
of the ideas of Chapter 4 were first introduced in [P187].

1Kleene [K168] explains this in the case of the predicate calculus. Sequent systems

used in this way are systems of block tableauz [Sm68].
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1.5 Unification for the All-calculus

In Chapter 5 we develop a unification algorithm for the AIl-calculus . This algo-
rithm is a development of the algorithm of Huet [Hu75] so that we unify not only
objects, but their types as well.

For example consider the pair of terms
Az:0.y(z,u) : llz:0. f(z,u) (1.1)
where the constant symbol f : 0 — o — Type, and
Az:o.z(z,v) : lz:0.g(z,w), (1.2)

where the constant symbol g : 0 — 0 — Type. The types in 5.1 and 5.2 are unified
if f is substituted for ¢ and u is substituted for w. In general we shall have to
unify the types of the II-abstracted variables as well, but in this case they are both
just the constant o. Applying this substitution to the objects, we are left with the
problem of unifying

Az:o.y(z,u)

and

Az:o.z(z,v),

which now have the same type. These are unified if u is substituted for v and y is

substituted for z.

The problem of unifying a pair of well-typed objects and their types is reduced
to that of unifying a set of pairs of objects, provided the original pair satisifies a

certain similarity condition.
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1.6 Effective Search in the All-calculus

In Chapter 6 we introduce two metacalculi for L. The system U is formed from L
by removing the appeal to G\cut in the (II!) rule. The (II!) rule of U is thus:

I'yz:Bla/z] = C
'>C

(Im) (a) w: (Iz:A.B) € T

(b) z & Dom(T’).

This rule introduces a free, or universal variable into the proof, denoted here by
a. Universal variables are distinct from the usual eigenvariables that are bound
by the derivation (and explicitly declared in contexts). The axiom sequent of U
is used to compensate for the omission of term information in the (II!) rule as

follows:

I,z:B,["= A (a) (3o) Bo = Ao

where o is an instantiation of the universal variables of the sequent, and Bo
denotes the normal form of the term resulting from the application of o (as a
substitution) to B. The calculation of instantiations can be performed by the

unification algorithm of Chapter 5.

A U-proof is a pair (1, o) consisting of a U-derivation ¢ and an instantiation o
such that Yo (the application of o as a substitution to ) is an L-proof. Not every
instantiation that closes the leaves of a given U-derivation will yield an L-proof
when applied. It is sufficient to check that the instantiation can be well-typed in
the derivation to ensure that the result is an L-proof. If ' is the context and A
the type of the universal variable a when introduced into the U-derivation, the

well-typing condition for & amounts to:
I'o bk ao: Ao

ensuring that side condition (c) of the (II{) rule of L — the condition omitted from
the (II) rule of U — is nevertheless satisfied in 1. The unconstrained choice of
term in the (II!) rule of L is replaced by a highly constrained choice in U. This
wholesale reduction in the search space is analogous, of course, to that obtained

by Robinson in the context of the predicate calculus [Ro65].
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The well-typing of an instantiation depends on the structure of the derivation
from which it is calculated. However, even if it fails to be well-typed in that
derivation it may be well-typed in some permutation of the derivation, since rule
applications (or reductions) can sometimes be permuted whilst leaving the endse-
quent (i.e., root) of the derivation and its leaves unchanged. The degree to which
this can be done is summarized in the form of a Permutation Theorem, in the sense
of Kleene [K152] and Curry {Cu52], and underlies the second of our metacalculi, a
system called R.

The rules of R are just the rules of U (so the derivations are the same) but
the condition for instantiations to yield a proof is weakened. An R-proof is again
a pair consisting of a derivation ¥ and an instantiation ¢ under which % is closed,
but now we require only that there exist perhaps another (closed) derivation 1"
in which the instantiation is well-typed; i.e., ¥*o is an L-proof. Of course the
crucial computational question is whether the existence of at least one suitable
", given ¢ and o, can be determined as the search progresses. We show that this
is indeed the case using a reduction ordering: a notion which was introduced by
Bibel [Bi81] for classical connectives and extended by Wallen in {Wa89] to various
non-classical connectives. An R-proof therefore corresponds to an equivalence
class of U-proofs of the same endsequent consisting of all permutation variants of

the original derivation in which the calculated instantiation is well-typed.

Some of the ideas of Chapter 6 were first introduced in [P187].

1.7 Computation and its Semantics

There is an important sense in which hypothetico-general judgements

Ao N LF (k)

T1:A1 TniAn ’
are an appropriate notion of (higher-order) Horn clause. In first-order logic, a

Horn clause is an expression of the form

Ve,...Vz,(AC BiA...ABy)

17



where A is a positive literal and By, ..., B; are all negative literals and all of the
variables occurring in these literals are among z,,...,z, [L184]. If we ignore for
the time being the fact that not all of the variables in the hypothetico-general
judgement are quantified (later in the thesis we shall see that this unimportant),
and consider that the conjunctions of the first-order Horn clause may be viewed
as implications, via “Currying”, the correspondence is clear. We shall consider
these ideas further in later chapters where they will provide us with a good deal
of intuition to support our notion of logic programming. For the purposes of this
chapter, however, we shall content ourselves with a brief consideration of the work
of Amy Felty [Fe87]. Felty considers the encoding of LF signatures in Miller and
Nadathur’s higher-order logic programming language APROLOG [MN86], [NM8S|.

Felty translates the constant declarations of LF signatures into APROLOG
clauses. As a simple example consider a possible LF encoding of the A-introduction

rule of first-order logic (this is the formulation taken by Felty):
Al : TLA:bool. IIB:bool . T(A) — T(B) — T(A A B),

in the obvious notation. This is encoded as the APROLOG clause
proof ( A and B ) :- proof A , proof B.

Thus the \APROLOG predicate proof is the counterpart in this setting of the judge-
ment T : bool — Type, and the program variables A and B are the counterparts of

the universally quantified objects in the LF type.

The reader is referred to [Fe87] for details of the general translation of LF

expressions into APROLOG clauses.

In Chapter 7 we describe how All-calculus sequents, when extended with a
notion of program variable or logical variable which is suggested by the universal
variables of Chapter 6, yield a notion of logic programming in which the compo-
nents of a AIl-calculus context are considered to be the program clauses. We are
able to describe an analogy with (pure) PROLOG programs which provides us with

valuable intuition. We provide an operational semantics for this notion of logic
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programming by extending the procedures of Chapter 6 to apply to non-ground
endsequents, which correspond to a program (the context) together with a query
(the succedent type of the sequent). This operational semantics is both sound and

complete in an appropriate sense.

We provide a denotational semantics by performing a least fixed point construc-
tion in the manner of Miller [Mi89] over a collection of Herbrand interpretations,
with respect to a Kripke-like satisfaction predicate [Sm73], [Mi89]. Unfortunately,
the least fixed point construction fails to yield a model in the sense of Appendix

A; it can only be defined on the objects of C(X).

However we observe that the Yoneda functor yields a model which, in an ap-
propriate sense, contains the least fixed point construction and for which a suitable

completeness theorem holds.

1.8 Encoded Logics

Appendix B contains the LF signatures as presented in [AHMS87]. A wide class of

logics is included:
o Kleene’s three-valued logic;
e First-order logic with a choice operator;
¢ Hilbert style modal logics;
e Natural deduction style 54;
o Classical lambda calculus;
¢ Call-by-value lambda calculus;
e Lambda I calculus;

e Linear lambda calculus;

19



e Hoare logic.

Representation theorems (in the LF) for each logic are included.

1.9 Insert

We include an insert (placed in a pocket attached to the inside of the back cover)
which contains a list of (the rules of) the proof systems introduced in the body of

the thesis. This insert is provided for the convenience of the reader.

20



Chapter 2

The MI-calculus and the Logical Framework

2.1 Introduction

In Chapter 1 we motivated the need for a general theory of logic(s) and in particular

the need for such a theory to satisfy the following important criteria:

e The theory should provide a uniform paradigm or mechanism for the repre-

sentation of a wide class of formal or mathematical logics;

e The theory should, in an appropriate sense, be suitable for implementation

on a machine.

The Logical Framework (LF) of [HHP87], [AHMS87] and [HHP89] is an attempt
to provide a general theory of logic(s) which satisfies these criteria. In this respect
the LF is substantially successful in that a wide class of logics has been repre-
sented within it [AHMS87] and in that the language of the LF is decidable. There is
a machine-implemented proof-editing system due to Pollack [Po89], which imple-
ments the type theory of the LF; actually, Pollack’s system implements Generalized
Type Systems [Ba89).

The LF consists of two components, one formal and the other not:
o A language;
e A paradigm for representing (by encoding) logics in that language.
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The language of the LF is the All-calculus. The All-calculus is a weak type theory
that is closely related to AUT-PI and AUT-QE [vD80], to Martin-L6f’s early type
theory [ML73], to Huet and Coquand’s Calculus of Constructions [CH85] and to
Meyer and Reinhold’s A™ [MR86]. The AllI-calculus is called AP by Barendregt in

[Ba89], where he systematically places it in the “A-cube” of type theories.

As used in the LF, the AI-calculus is able to specify both the language of a logic
— its formulae and its axiom and rule schemes — and its proofs. The language of
a logic is defined in a general theory of expressions which exploits the A-calculus
structure to provide binding operators, substitution, capture, a-conversion, and

schematic abstraction and instantiation.

The treatment of rules and proofs adopted by the LF is based on the notion
of a judgement [ML85], the unit of assertion in a logical system.! A logic is a
system for asserting basic judgements and, according to Martin-Lof’s analysis, the
set of judgements is then closed under two higher-order judgement forms that are
used to specify inference rule schemes and to model discharge and variable occur-
rence conditions such as arise in Hilbert systems or systems of natural deduction.
Rules are viewed as the proofs of (possibly higher-order) judgements that specify
them. There is no distinction between primitive and derivable rules, although ad-
missible rules (to be defined later) are rather different and are not susceptible to
the same analysis. The extension to higher-order judgements allows for a natural

presentation of many logical systems that avoids side conditions on rules.

Judgements, rules and proofs are represented in the LF type theory by applying
the judgements as types principle of [HHP87] in which each judgement is identified
with the type of its proofs. Each basic judgement is represented by a base (or
non-functional) type of the LF type theory, and the higher-order judgements are
represented in a logic-independent way by higher (or functional) types. Proofs,

and hence (derived) rules, are represented as terms of the LF type theory, with

1See also Schroeder-Heister [SH84] for a related point of view.
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the computationally important consequence that proof checking is reduced to type

checking.

In this chapter we present the basic syntactic theory of the All-calculus and
the LF. The basic model theory of the All-calculus is presented in Appendix A. In
Section 2.2 we present the All-calculus, along with some of its important proof-
theoretic properties. In Section 2.3, we introduce the LF’s theory of expressions and
formulae. In Section 2.4 we consider the treatment of judgements, rules (including
derived rules), and proofs in the LF. The method is illustrated for first-order logic
(over the language of Peano arithmetic) and higher-order logic (over the language
of Peano arithmetic). The presentation of Sections 2.2, 2.3 and 2.4 is closely based

on that of [HHP87].
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2.2 The MlI-calculus

The type theory of the LF is closely related to the II-fragment of AUT-PI, a lan-
guage belonging to the so-called AUTOMATH family. The LF type theory is a
language with entities of three levels: objects, types and families of types, and
kinds. Objects are classified by types, types and families of types by kinds. The
kind Type classifies the types; the other kinds classify functions f which yield a
type f(z,)...(z,) when applied to objects z,,...,z, of certain types determined
by the kind of f. Any function definable in the system has a type as domain,
while its range can either be a type, if it is an object, or a kind, if it is a family of

types. The All-calculus is therefore predicative.

The theory we shall deal with is a formal system for deriving assertions of one

of the following shapes:

FX sig ¥ is a signature
Fs I' context I' is a context
'y K kind K is a kind
'k A K A has kind K
F'Fy M: A M has type A

where the syntax is specified by the following grammar :

Signatures E = ()| Zc:K | Ec:A
Contexts r == ()| lz:A

Kinds K := Type | llz:A.K

Types and Famzilies of Types A = c¢|lz:A.B | A\z:A.B | AM
Objects M 2= clz| ) :AM | MN.

We let M, N etc. range over expressions for objects, A, B etc. range over
expressions for types and families of types, K, L etc. range over expressions for
kir;ds, z, y etc. range over expressions for variables, and ¢, d etc. range over
expressions for constants. We let @ range over both constants and variables and

U,V etc. range over expressions for objects, types and families of types and kinds.
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A and II are binding constructs, and we write A — B for Ilz: A. B when z does
not occur free in B and A — K for [Iz: A. K when = does not occur free in K.
We write U(M) when we wish to emphasize that the expression U depends on the
object M and write U[M/z] for the usual notion of capture-avoiding substitution

in which the variable = in the expression U is replaced by the object M.

A term is said to be well-typed in a signature and contezt if it can be shown
to either be a kind, have a kind, or have a type in that signature and context. A

term is well-typed if it is well-typed in some signature and context.

The notions of #- and fn-reduction, written —4 and —4,, can be defined both
at the level of objects and at the level of types and families of types in the obvious
way, for details see [HHP89)] and [Sa90]. We define U =4 V if and only if U =5 W
and V =5 W for some term W and U =g, V if and only if U — 6 W' and

V =5, W' for some term W', where * denotes transitive closure. For simplicity

*

Bn
We shall write = to denote syntactic identity and NF(U) to denote the normal

we shall write — 4 for —>; and —g, for -7 . We assume a-conversion throughout.
form (usually the fn-normal, but the -normal form where stated) of the term U.
We write FV(U) to denote the collection of free variables of the expression U. We
write Dom(X) and Dom(T") to denote the collections of constants and variables

that occur as labels in the signature £ and the context I' respectively.

We shall need to distinguish between derivable rules and admissible rules for
a given proof system. A rule is derivable in a given proof system if there is
a derivation of its conclusion from its premisses in that proof system. A rule is
admissible in a given proof system if the provability of its premisses in that system

implies the provability of its conclusion in that system. The reader is referred to

[HS86] and [Tr73] for further discussion of these definitions.

The inference rules which we take to define the All-calculus appear in Table

2.1.
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Valid Signature
F () sig
FX sig Fg K kind c¢¢g Dom(X)
FX,c: K sig
F X sig kg A: Type ¢ ¢ Dom(X)
F3X,c: Asig

Valid Context F Y osig
Fs () context

s ' context T'Fg A: Type z ¢ Dom(T)

e I',z : A context

Valid Kinds ks T' context
'y Type kind
'ty A: Type [,z:AFg K kind
TFpliz: AK kind

Valid Elements of a Kind
Fe T context c: K e€X

FClge K
I'kg A: Type T,z:AbFg B: Type
kg Iz : A.B: Type
F'tg A: Type Tz: Abg B: K
Chg Az : AB:llz : A K
'ty B:llz: AK Ty N:A
'ty BN: K[N/z]
F'tg AiK Thyg K’ kind K =4, K'
['kg A: K’

Valid Elements of a Type
Fs I context c:A€X

kg A
Fe ' context z:A€T
IF'kpz:A
'ty A: Type Tyz:Abg M:B
Fks Az : AM:Illz: A.B
ks M:Mlz:A.B Ty N:A
I'Fg MN:B[N/z]
ks M:A Tty A': Type A=p, A

Clg M: A

Table 2.1
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Bn-conversion over K U AU M is not Church-Rosser, so the order of technical
priority in which the basic metatheoretical results are proved is crucial. The next
theorem summarizes these results in a convenient order (here o ranges over the

basic assertions of the type theory).
THEOREM 2.2.1 (THE BASIC METATHEORY OF THE AII-CALCULUS)

1. Thinning is an admissible rule: if I' Fg o and kg5 T, I’ context, then

F, F’ }’2,21 «.

2. Transitivity is an admissible rule: if ' Fy M: A and ',z : A,A kg a, then
T, A[M/z] by a[M/z].

3. Uniqueness of types and kinds: if [ gy M: Aand T by M: A', then A =, A,

and similarly for kinds.

4. Subject reduction (or closure): if I' by M:A and M <5, M’, then T by
M': A, and similarly for types.

5. All well-typed terms are strongly normalizing.
6. All well-typed terms are Church-Rosser.

7. Each of the five relations defined by the inference system of Table 2.1 is
decidable, as is the property of being well-typed.

8. Strengthening is an admissible rule: if T, z: A,I' by « and if z ¢ FV(I') U
FV(a) then I,V Fy . O

The proof of this theorem, due to Salvesen [Sa90], is rather complicated. The
methods developed by van Daalen in his thesis [vD80] can be adapted to this
type theory. The main difficulty lies in obtaining the Church-Rosser property and
the essential step in obtaining the proof of this property is to first reformulate
the All-calculus as a system with equality judgements in which type labels are

explicit, i.e., the assertions of equality have shape I' Fy M = N : A, etc.. This
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move is sufficient to allow the methods of van Daalen to go through. The reader
is referred to [Sa89] for the details of the proof.? Similar properties are proved for
the system with just B-reduction in [HHP89]. We note that for the proof of Part
8 we must first prove decidability. We note that we must prove the Church-Rosser
property, strong normalization and have presence of type labels in order to prove

the decidability of the type theory.

Following [HHP87] we outline only the proof of strong normalization (Part 5)
since it can be proved independently of the other metatheoretic results. Moreover
it yields a corollary that is useful for characterizing the terms that are definable

in the AIl-calculus.

We define a translation 7 of the All-calculus types and kinds into S, the set
of simple types over a base type w, and a translation | — | of All-calculus type
families and objects into A(K), the set of untyped A-terms with a set of constants
K = {n,|lc € S}. These translations are extended to signatures and contexts in

the obvious way.

2Harper [Ha88] also considers an equational formulation of the All-calculus as a basis

for the construction of environment models [Me82] of the All-calculus.
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DEFINITION 2.2.2 (TRANSLATION TO SIMPLE TYPES)

The definition of the translation divides conveniently into two clauses:

e The 7-clause:
— Kinds
7( Type) =w
7(llz: A.K) = 7(A) — 7(K)

— Types and type families

7(c) =w

7(Ilz: A.B) = 7(A) — 7(B)
7(Az:A.B) = 7(B)

T(AM) =7(A)

e The | — |-clause:

— Types and Families of Types
e] =c
[Tz :A.B| = 7, (4)|A|(Az.| B)
|[Az:A.B| = (M\y.2z.|B|)|A| (y € FV(Az.|B}))
|[AM| = |A||M]

where we assume that z and y are distinct.

— Objects
|| =c
|z| =z
|Az: A.M| = (Ay. Az |M|)|A| (y € FV(Az.|M|))
IMN| = |M[|N|

where we assume that z and y are distinct. O

The precise sense in which this definition is consistent is stated in the following

lemma.:
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LEMMA 2.2.3 (TRANSLATION CONSISTENCY)

1. €T kg A:K, then 7(T') b5y (rolrew—(e—w)ow) |Al:T(K) in Curry’s type
assignment system, i.e., simply-typed A-calculus [HS86).

2. f T by M: A, then 7(T') Fr(s) (rolrew—(c—w)=w} [M|:T(A) in Curry’s type

assignment system.

ProoOF

By induction on the structure of the proof of I' by A: K and I' g M: A. We
have only to notice that any derivation of gy I';z: A context contains as a sub-

derivation a derivation of T' kg A: Type. O

The translation has been carried out in such a way that the extra combinatorial
complexity in the All-calculus terms due to the presence of type labels is not lost.

We then have the following result :

LEMMA 2.2.4 (REDUCTION UNDER TRANSLATION)
1. If A—p, A, then |A| =5, |A';
2. f M —4, M, then |M| =5, [M'].

PRrOOF

By induction on the derivation of A — A"and M — M'. D

Now since the Curry typable terms are strongly normalizing, so too are the

terms of the All-calculus. For more information concerning these arguments the

reader is referred to [HHP89).

Moreover, it can be easily seen that |A| =, erase(A), and |M| =5, erase(M),
where erase(M) denotes the term obtained from M by removing the type labels
from the A-abstractions, so that we obtain the following corollary, which charac-

terizes the terms that are definable in the AIl-calculus:
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COROLLARY 2.2.5 (DEFINABILITY CHARACTERIZATION (PREDICATIVITY))

IfT g M: A, then erase(M) can be typed in Curry’s type assignment system. O

From the point of view of the LF it is important that the type theory be
decidable so that the checking of object-logic proofs, which correspond to objects
in the All-calculus, is reduced to type checking at the level of the framework. This
reduction is very important for the construction of machine implementations of the
LF. In particular, our work on effective search and logic programming in Chapters

6 and 7 depends on decidability.

Before proceeding to discuss the LF we consider a conservative extension of the
MI-calculus as defined above. We add an explicit — connective. This extension

requires the following extension to the list of inference rules in Table 2.1:

Valid Kinds
'y A: Type T,z:Atg Kkind z ¢ FV(K)

Tty A— Kkind (2.18)
Valid Elements of a Kind
kg A: Type T,z2:Atg B:K =z ¢ FV(K) (2.19)
Trg Az:A.B:A— K '
'ty B:A—- K TFgN:A
Ity BN: K (2.20)
'y A: Type T,z:AFg B:Type z ¢ FV(B) (2.21)
'y A— B:Type '
Valid Elements of a Type
kg A: Type T,z:AFg M:B =z ¢ FV(B) (2.22)
TkyAz:A.M:A— B '
'y M:A— B Tty N:A (2.23)

' MN: B
We call this extended system N, and remark that all previously established prop-

erties continue to hold.

We write

N proves I'Fy
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to denote that the assertion I' k5 «a is provable in the system N, etc..

Finally, we note the shapes of the normal forms of the All-calculus.

LEMMA 2.2.6 (CHARACTERIZATION OF NORMAL FORMS)

Terms in 8- and BAn-normal form have the following shapes:
1. A normal form kind has shape Ilz,: A, ...z, : A,, . Type;

2. A normal form family of types has shape
Az Ay Azt Ay By . My, B, .@M, ... M,
for some m, n, p > 0;

3. A normal form object has shape Az;: A;... Az, : A, .@QM, ... M, for some

m, p> 0.

PRrROOF

By induction on the structure of terms, bearing in mind that a normal form is a
term with no subterms of the form (Az: A.U)M (for the S case) or of the form
Az:A. Mz (for the n case). O

We note that it is possible to define a notion of long Bn-normal form. Suppose
that the object
Az i Ay . Az A, QM M, (2.24)

is in fn-normal form and that
Q:My,:B,...1ly,:B,. B,
where g > p. The long Bn-normal form of the object 2.24 is the object

/\$q:Bq"'Awp+l:Bp+l'AQ:I:AI"'/\zm:Am'@MI"'Mpm}r{-l"'xq'
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2.3 The Logical Framework

2.3.1 Introduction

In Sections 2.3.2 and 2.3.3 we describe and illustrate the LF’s paradigm for en-
coding expressions and formulae by considering first-order logic and higher-order
logic. (In Section 2.4.3 and 2.4.4 we describe and illustrate the LF’s paradigm for
encoding rules and proofs by considering the encoding of the rules and proofs of

these logics.)

The LF does not deal with proof equality in the sense of Prawitz [Pr65]: the

only counterpart to definitional equality is B7n-conversion.

We use Bn-conversion, rather that just S-conversion, in order to make the
encoding of syntax more transparent. In [HHP87] the LF is presented using B7-
conversion, but in [HHP89] it is presented using just -conversion, so that there it
is necessary to consider a notion of canonical form in order to replace the notion

of long Bn-normal form.

2.3.2 Theory of Expressions and Formulae

Closely following [HHP87}, [HHP89] we describe the representation of the expres-

sions and formulae of a given logic in the All-calculus.

The paradigm for the formalization of the syntax of a language in the LF is
inspired by Church’s presentation of higher-order logic [Ch40] and Martin-Lof’s
system of arities [NPS86]. A syntactic category of a logic is represented by a
type and the expressions of each category are built up using expression-forming
constructors, which are represented by suitable constants of the AII-calculus. Thus
expressions of a given syntactic category are represented by objects which inhabit

the type which represents the given syntactic category. In this way an expression
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is encoded as an object of the type associated with its category, given a context

which provides suitable declarations for the free variables of the expression.’

Variable-binding operators are represented by constants whose domain is a
higher type, so that binding is handled by the A-calculus of the AIl-calculus. An
immediate consequence of this is that in a machine implementation of the AII-
calculus it is necessary to implement a-conversion and variable-capture-avoiding

substitution just once, at the level of the All-calculus.

2.3.3 First-order Logic and Higher-order Logic

We illustrate the representation of syntax within the All-calculus by considering

two examples :

1. First-order logic with the language of individuals that of Peano arithmetic

(as defined in Schoenfield [Sh67]).

2. Higher-order logic with the language of individuals that of Peano arithmetic,

as defined in [Ch40).

The presentation of the syntax of Peano arithmetic will form a part of the signa-

tures which correspond to both of these, ¥p, and Xyop respectively.

In a first-order language there are two syntactic categories: the individual ez-
pressions, which stand for individuals — the objects in the domain of quantifica-
tion — and the formulae, which stand for propositions. These syntactic categories
are represented in the All-calculus by the type ¢ of individuals, and the type o of

propositions. Thus ¥p, begins with

¢ : Type
o: Type

31n precisely this sense there are no free variables in a All-calculus assertion I' Fg M: A

which is well-formed : all of the free variables in M: A must be declared in I'.
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The individual expression constructors of Peano arithmetic are formalized in

Ypa by the following All-calculus constants:

0 )
succ 1t —t
+ L= L=

X =Lt

Objects of type ¢ in ¥p, represent the individual expressions of Peano arithmetic.
There are no declarations for the variables of first-order logic: the variables of the
object language are identified with the variables of the All-calculus, so that an
open term of type ¢ in Xp,, all of whose free variables are of type ¢, represents an
open individual expression. For example, in a context containing z : ¢, the term
succ(z) has type ¢ as well, i.e., the assertion I'y,z:¢,T'; kg succ(x) : ¢ is provable

(for suitable I'; and T'y).

This representation is compositional and is defined by: z° = z, 0° = 0,

succ(t)® = succ(t®), t + u® = +(¢t°)(u’), and t x v’ = x(t°)(u°),

THEOREM 2.3.1 (ADEQUACY FOR SYNTAX, I)

The correspondence ° is a bijection between the expressions of Peano arithmetic
and the normal forms of type ¢ in ¥p, with all free variables of type ¢.

PROOF SKETCH

The translation is evidently well-defined and one-one. Surjectivity is proved by
induction on the structure of the normal forms. The reader is referred to [HHP89]
for the details of a similar proof for canonical forms rather than long Sn-normal

forms. O

The following are the other constant declarations for the formulae of Peano

arithmetic:
=:!lL—L—0 <:t—=tLt—o0
= :0—0 A:o—o0o—o0
V:o—0—o0 D:o—0—0
Vi(tk—o0)—o 3:(t—0)—o0
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The encoding of formulae in the All-calculus may be summarized by the map-
ping °. This mapping is defined by induction on the structure of formulae as

follows:

t=u) = =(")(«")
(t<u)® = <(°)(u)
(~¢) = ~(¢°)
(6A) = N¢)¥°)
(eVve)° = V(¢°)(¥°)
(629)" = D (¢")¥°)
(Vz.¢)° = V(Az:e.(4°))
(3z.¢)° I(Az:e.(8%))

Note that the formula 3 = Vz.$[z] is represented by the term %° = V(Az : .¢°).
As remarked earlier, this approach allows a-conversion and capture-avoiding-
substitution to be factored out of the definition of each individual logic, leaving
it to be implemented just once at the level of the framework. This treatment of
binding operators relies on the variables of the first-order language being identified
with the variables of the All-calculus type theory. For example, if  and y are vari-
ables of type ¢, then z < y is a term of type 0.* We can bind z by A-abstraction,
thereby obtaining Az : t.z < y, and existentially quantify it by applying to it the
constant 3, thereby obtaining 3(Az : ¢.z < y), which represents the first-order

formula Jz.2 < y.

In this manner, each formula ¢ of Peano arithmetic is represented by a term ¢°
of type o in Xp,, all of whose free variables are of type ¢: sentences are represented
by the closed terms of type 0. An open term M of type o is called an incomplete
formula, and the A-abstraction of an incomplete formula is a called formula scheme.

For example,

M=Xp:010:1—> 0.¢D3I?)

4We use infix and postfix application as appropriate.
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is a formula scheme which can be instantiated by application to a formula ¢ and

a matrix ®, so that the fn-normal form of the application
MMz :tz=1z))(Az: vz =1x)
represents the first-order formula

Vz.x =z D 3z.z ==x.

The next theorem makes precise the relationship between the formulae of Peano

arithmetic and AlI-calculus terms in the signature Xp,.
THEOREM 2.3.2 (ADEQUACY FOR SYNTAX, II)

The compositional translation ° is a bijection between the formulae of Peano
arithmetic and the long Bn-normal forms of type o in ¥p, with all free variables
of type ¢.

PROOF SKETCH

The proof is similar to that of Theorem 2.3.1. O

The réle of n-conversion in the above proof is mainly to ensure that the well-
typed terms of type o in ¥p, are, up to the notion of definitional equality built
in to the representation of the system, exactly the formulae of Peano arithmetic:
there is no intrinsic difference between V(< (0)) and V(Az : ¢«. < (0)(z)), and
indeed V(\z : 1. < (0)(z)) — 4, V(< (0)). '

The representation of the syntax of higher-order logic is given below. Quan-
tification in higher-order logic is over a type drawn from the hierarchy of simple

types with two base types ¢ (of individuals) and o (of propositions).

In order to avoid confusion with the types of the All-calculus, we call the types
of higher-order logic “sorts”, and we shall write 0 = 7 for the sort of functions
from sort o to sort 7. In the formalization of higher-order logic the collection

of sorts is represented as a type with members ¢ and o, closed under =. The
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signature oL, thus begins as follows:

sorts : Type

L : sorts

o : sorts

= :sorts — sorts — sorts

To each sort is associated the type of objects of that sort. For pedagogic
purposes we take the objects of sort ¢ to be the natural numbers. The objects
of sort o are the propositions of higher-order logic. The quantifiers range over
an arbitrary sort, rather than the fixed sort of individuals as in first-order logic.
The objects of higher sort are given by typed A-terms, and there is a form for

expressing application.
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obj :sorts — Type
0 :obj(e)
succ : obj(¢ = ¢)

: Io : sorts.obj(o = o = o)

- :obj(o= o)

: obj(o = 0= 0)

: obj{o = 0= 0)

: obj(o = 0 = o)

: Il : sorts.obj((c = 0) = o)
: Il : sorts.obj((c = o) = o)

> W <<y < >

: Ilo : sorts.Il7 : sorts.
(obj(a) — obj(7)) — obj(o = 1)
ap : Ilo :sorts.Il7 : sorts.

obj(o = 7) — obj(o) — obj(r)

The representation of equality and the quantifiers makes use of the dependent
function types of the All-calculus. For each sort o, the equality relation for objects
of sort o is written =, ; it is an object of sort ¢ = o = o. Similarly, the quantifiers
ranging over sort o are written V, and 3,; they are objects of sort (¢ = 0) = o,
just as in Church’s formulation. The A and ap forms must similarly be tagged
with types, which we write as subscripts. The A form must be tagged with both

the domain and range types, unlike in Church’s definition.

Adequacy theorems similar to Theorems 2.3.1 and 2.3.2 can be proved.
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2.4 Theory of Rules and Proofs

The representation of inference rules and proofs is the central idea of the LF,
and is inspired by the basic philosophical theory of logic presented by Martin-Lof
in [ML85]. Martin-Lof isolates the essential logical notion as being that of the

judgement, the unit of inference in a logic.

We present a brief survey of the ideas and following closely the development
offered by [HHP87] and [AHM89], we provide an analysis of each of the notions

pertinent to rules and proofs.

2.4.1 Basic Judgements

Each logic comes with a set of basic judgements: the reader is referred to appendix
A or [AHMST7] for a list of encoded logics. In first-order logic there is just one
form of basic judgement — the assertion ¢ true that a formula ¢ is (logically) true
(usually written as F ¢ or just ¢); in the modal logic S4 there are two judgements
— the assertion that a formula is true (logically) and the assertion that a formula
is valid (logically). Sequent calculi also have one basic judgement, written I' = A,
the assertion that some formula in A is a logical consequence of all the formulae in
I". In Martin-Lof’s system of type theory, there are four basic judgements, A type,
A=B,a€ A and a = b € A.

2.4.2 The Notion of Proof

Having identified the basic notion of judgement we must now consider the notion of
proof. There are several approaches to the definition of a proof in a formal system
[Sh67], [Pr65). One view of proofs is as sequences of formulae that satisfy the
condition that each formula is obtained from previous formulae by application of a
rule: another view is that proofs are trees satisfying certain (formation) conditions.

In traditional presentations of logical systems the inference rules determine the
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set of proofs of basic judgements, and thereby also determine the set of “correct”
or “evident” [ML85] basic judgements, namely those that have proofs; and such
presentations are consistent with the definitions of proofs described above. The
essential point is that the notion of a proof is independent of the particular rules

of inference.

2.4.3 The Notion of Proof in the LF

In the LF the notion of proof is extended to include the view that rules are proofs of
higher-order judgements. There are two forms: the hypothetical and the schematic.
The hypothetical judgement

JiF Jy

is the assertion that J, is a logical consequence of J;, according to the rules of
the logic. It is proved by a function mapping proofs of J; to proofs of J,. The

schematic judgement
N J()
z:A

represents the idea of generality: the judgement J(z) is evident [ML85] for any
object = of type A: it is proved by a function mapping objects = of type A to
proofs of J(z). Thus rules and proofs are represented in the LF as terms of the
MI-calculus : rule schemes are represented as proofs of schematic judgements and

instantiation is represented by application.

Since a proof is viewed as evidence for a judgement, it is natural to identify
judgements with the type of their proofs: a judgement is evident if and only if it
has a proof if and only if there is a term of that type (in the signature of the logic).
The type of proofs of a basic judgement is determined by the inference rules of
the logic. The types of proofs of the higher-order judgement forms are defined by
the type theory of the AIl-calculus. Thus we define

JFJ, tobe J,— J,,
the type of functions mapping J; to J,. Similarly, we define

A J(z) tobe Mz:A.J(z),

z:A
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the type of functions mapping objects = of type A to J(z). This is called the
judgements as types principle, by analogy with the propositions as types principle
of Curry, deBruijn, and Howard.

It is convenient to write
Jla seey Jm }_zlel,...,z,.:A,. ']

for

Ao N AF--(aFJd).

r1:A1 TniAn
This latter form generalizes Martin-Lof’s hypothetico-general judgements [ML85]

in that Martin-Lof’s form is defined only for the basic judgements prop and true.

Note that this mode of representation makes no commitment to the semantics
of a logic. It merely formalizes the idea that to make an assertion in a logical

system, one must have a proof of it.

A Ml-calculus type encodes an open concept i.e., weakening is admissible (see
Theorem 2.2.1). A judgement J, which is used in the representation of a formal
system, corresponds to a consequence relation which is definable in that system.
An object of type J(¢) — J(v) encodes not only a function from proofs of J(¢) to
proofs of J(v), but also the information that ¢ follows from ¢ in the given system.

Consequence relations are discussed very fully in [Av87a] and [Av8T7c].

The consequence relations that are encoded by the judgements of the AII-
calculus are the ordinary, single-conclusioned consequence relations described in
[Av8T7a). We note that it is a corollary of Theorem 2.2.1 that judgements in the
LF encode consequence relations that satisfy weak forms of thinning, transitivity,

and contraction.

As noted in Section 2.3 and earlier in this section, we attempt to achieve as
much uniformity in the representation of formal systems in the LF as possible;
the attempt to identify the variables of the system to be represented and the
variables of the AIl-calculus is one manifestation of this policy; encodings in which
this identification is made are called natural encodings. Another is the general

paradigm for the encoding of rules in which all the purely deductive aspects of
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the form of a rule are encoded by the — connective of the All-calculus, and in
which" all schematic aspects of the rule are encoded by the II connective of the
AMl-calculus. For example, consider the formulation of the disjunction elimination

rule for classical logic taken in [AHM87]

I,oFd Tyuypbd TakeéVey
r,Ty,T3Fd

in which F is the consequence relation between sentences and in which the hori-
zontal bar of the rule is the consequence relation on sequents. Both of these are
represented using —, and the fact that this is a rule for all suitable ¢, 1 and 9 is
represented by quantifying (with II) over each of these. Thus this rule is encoded
by introducing a constant VE of type

[I¢: 0.1y : 0.1T9 : 0.(true(p) — true(d)) — (true(yp) — true(d))

—true(d V ) —true(d).

We take incomplete proofs to be open terms of judgement type J. They can
be completed by substitution or by A-abstraction, yielding proofs of schematic
judgements. Abstraction on judgement type variables not occurring in J yields

proofs of hypothetical judgements.

An important consequence of the judgements as types principle is that proof
checking is reduced to type checking. A term M is a proof of a judgement J if
and only if M has type J in the signature of the logic. This reduction is the
most important reason for insisting that the type theory of the All-calculus be
decidable, for otherwise one could not construct a mechanical proof checker for
a logic. Indeed many of the techniques that we develop in this thesis, especially

those of Chapters 6 and 7, depend on decidability.

An encoding of a logic £ is said to be adequate if there is a compositional
bijection® between the formulae and theorems of £ and a class of All-calculus

terms in the signature of the encoding.

5Here “compositional” means that substitution commutes with the bijective map.
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2.4.4 First-order Logic and Higher-order Logic

To illustrate these ideas we continue with the representation of first-order and
higher-order logic and include the representations of an illustrative selection of
rules from first-order and higher-order logic formalized as systems of natural de-

duction, as presented in [HHP87].

First-order logic Returning to p,, the single judgement form ¢ true of
first-order logic is represented by introducing a family of types indexed by the
propositions:

true : 0 —» Type

So we see that for any formula ¢ (i.e., any term of type o in Lp,), the type ¢ true
where appropriate we write “¢ true” for “true(¢)”) is the type of proofs of ¢.
p P

Table 2.2 contains some rules of Peano arithmetic.
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¢(z)
Vz.¢(z)

where z is not free in any assumption on which ¢ depends.

(VI)

(¢)
P

¢

(30D

Vz.¢(z)

VE) /4]

(4)
3z.4(z) ¢

(4

where z is not free in any assumption on which 1 depends.

(3E)

(¢(z))
#(0) é(succ(z))

¢(z)

where z is not free in any assumption, other than ¢(z), on which @(succ(z))

(IND)

depends.

Table 2.2

(Some rules of Peano Arithmetic)
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Each rule in Table 2.2 is represented by a constant whose type is the specifi-
cation of the rule, a higher-order judgement. For instance, the double negation

elimination rule is given by:
-=E: ¢ true k4, ¢ true

The judgement is schematic in propositions ¢, reflecting the fact that there is an
instance of the =—E rule for each proposition ¢, and hypothetical in proofs of ~—¢,
so if ¢ is a formula and M is a proof of —=—¢ true, then ~—~E($)(M) is a proof of
¢ true.

The implication introduction rule makes use of the hypothetical judgement
form to model discharge. The formulation of DI in Table 2.2 takes a hypothetical
proof of ¢ as premiss, and discharges the hypothesis. In the LF representation DI is
treated as taking a proof of a hypothetical judgement so that the general intention
is that a sufficient condition for establishing the truth of ¢ D 1 is to establish that

1 is a logical consequence of ¢. The formalization of DI, which is schematic in ¢
and ¥, is
DI: (¢ true k- 9 true) by, 4., & D P true

So, for example, DI(¢)(¢)(Az : ¢ true.z) is a proof of ¢ D ¢ true.

Universal elimination is given by
VE : V(@) true bFg.,—0 4., ®(a) true

The rule is schematic in ®, the matrix of the universally quantified formula, and
a, the instance. Given such and a proof M of V(®) true, VE(®)(a)(M) is a proof
of ®(a) true. The action of substitution is modelled by applying the matrix to the

instance.

Universal introduction is formalized like implication introduction. A condition
for the truth of V(®) is that ®(z) is true for arbitrary . In Table 2.2 variable

occurrence conditions are used for a schematic proof of the judgement ®(z).

In the LF representation a proof of the schematic judgement, A,., ®(z), is used.

The rule is given by

VI: (Ag. ®(z) true) Fg.,,, V() true
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Existential elimination uses both hypothetical and schematic judgements, and

makes use of scoping to avoid side conditions:

JE: 3(®) true, (®(z) truek,, ¥ true)
i—<I>:1.—»o,1,b:o "/) true

Since 9 is bound outermost, there is no possibility that the z of the schematic

judgement form occur free in an instance.
Induction makes use of scoping and higher-order judgements:

IND : @(0) true,
(®(z) true k., ®(succ(z)) true)

}_Q:L—»o,xu o ((B) true

The correctness of the formalization is expressed by the next theorem.
THEOREM 2.4.1 (ADEQUACY FOR THEOREMS)

There is a compositional bijection between first-order natural deduction proofs of
a formula ¢ of Peano arithmetic from assumptions ¢,,..., ¢, and long Bn-normal
forms Mof type ¢° true in £p,, all of whose free variables are of type ¢ or ¢; true
(1 <zi<n).

PROOF SKETCH

It is straightforward to prove by induction on the length of derivations, that if

Ay, ..., A, Fpa A is derivable, then
[,z : A true,...,z,: A, truetyg,, M: A, true

is derivable, where I' contains assignments of the form z : ¢ for the free object
variables z occurring in the A;s and in M, and where M faithfully encodes in-
stantiation and application of rules. Surjectivity can be proved by induction on
the structure of the normal forms of type ¢ true (for ¢ : 0), keeping in mind the
uniqueness of types and the Church-Rosser property. The reader is referred to
[HHP89] for the details of the proof of a similar proof for canonical forms rather

than long An-normal forms. O
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Note that it is possible for M in the above proof to have free variables of type
¢, even when n = 0 (i.e., when there are no assumptions) and when ¢ has no free

variables. This is true, for example, in a proof of

Vz.¢(z) D Jz.¢(x).

It is a peculiarity of informal presentations of first-order logic that the assumption

that the domain of quantification is non-empty is not made explicit in proofs.®

We include two examples of proofs as All-calculus terms which are taken from
[HHP87]. The first is a proof of ¢ D (¥ D ¢) true as a well-typed term in the
signature Yp,. Let z have type ¢ true, and let y have type 1 true. Abstracting
the incomplete proof z with respect to y, we obtain a proof Ay : ¢ true.x of
¥ true F ¢ true. Applying DI to this proof, we obtain the (incomplete) proof
DI(¥)(¢)(\y : ¥ true.z) of » D ¢ true. Abstracting with respect to z, and
applying DI again, we obtain the complete proof

DI(@) (¢ D ¢)(Az : ¢ true.DI(P)(#)( Ay : ¢ true.z))

of ¢ D (¥ D ¢) true.

The second example illustrates — and indeed as claimed in [HHP87], provides
evidence for — the claim that the traditional notion of a derivable rule has a

formal counterpart in the All-calculus.” We show that in the signature Zp, the

Without this assumption the transitivity of entailment is lost, see for example

[Hod77].

“A full study of the encoding of derivable (and admissible) rules in type theories is
beyond the scope of this chapter — indeed, it is a current research problem. However,
we recall that since thinning is an admissible rule in the All-calculus, judgements are
“open” concepts, which implies that an induction principle on proofs is not available.
Consequently, typical admissible rules for a given logic £, or metarules such as the
deduction theorem for a Hilbert-style presentation of first-order logic, are not directly

derivable in certain adequate signatures for L.

48



elimination rule for the universal quantifier in Schroeder-Heister’s style can be

derived. The Schroeder-Heister rule is specified by the following type:

V(®) true, ((/\ ®(z) true) F 1 true) kg, oy ¥ true.
It can be verified easily that the term:
AD : ¢ — 0.0¢ : 0.p : V(D) true.
Aq : ((Az.. ©(z) true) F 9 true).

q(Az : . YE(®)(z)(p))
has the above type.

Higher-order logic The inference rules of higher-order logic are represented
in the All-calculus in a manner which is quite similar to the representation of
first-order logic. There is one judgement form, the assertion that ¢ is true, for ¢

an object of sort o.

true : obj(o) — Type

The rules of 8- and n-conversion for the A-calculus appear as axioms about
equality : they are schematic in the domain and range sorts of the functions, and
in the terms themselves:

B i Aoisorts,risorts, f:0bj(c)—obj(r),a:0bj(c)
2P (Aos(£),0) =, f(a) true
M ¢ Aoisorts,risorts, f:obj(o=>7)
Ron(Az : 0bi(0). 2Py (£,2)) =y f true
Strictly speaking, the equations in the above axioms should be written using ap,

for the type of =, is obj(7r = 7 = o).

The formalization of the logical rules is similar to that of first-order logic. The
universal introduction and elimination rules are formalized as follows:
VI @ (Aziobj(o) @Po,o(f, ) true)
F gsorts, f:0bj(o=0) V,(f) true
VE : V,(f) true by qoris, f:0bj(o= o) ai0bi(e)
3P, ,(f,a) true

The adequacy of this representation of higher-order logic can be established by

means similar to that for Peano arithmetic.
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2.5 Summary

In this chapter we have presented the basic syntactic theory of the All-calculus
— including the major syntactic metatheorems — and the LF — including two
important examples of the representation paradigm. The basic model theory of
the All-calculus, including the definition of the (closed) term model is presented in
Appendix A. We shall need this model theory in order to provide a model-theoretic
characterization of the semantics for the notion of logic programming which we

develop in Chapter 7,

We note that the problem of providing a theory of the embedding of models of
object-logics in models of the type theory is open.
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Chapter 3

The Gentzenized All-calculus

3.1 Introduction

The inference rules of the system N represent a linearized natural deduction pre-

sentation of the All-calculus. The system is said to be:
e Linearized because the hypotheses are recorded in the context;

e Natural deduction because of the form of the application rules — they re-

semble the implication elimination rule of natural deduction formulations of

intuitionistic logic [Ge34], [Pr65], [How80].

In this chapter we present a system G that is a formulation of the inference rules
of the All-calculus that resembles a sequent calculus in the style of Gentzen’s
LJ [Ge34], [Av87a). This resemblance is elucidated in the light of the formulae-
as-types isomorphism between proofs in intuitionistic propositional logic and the

terms of the simply-typed lambda calculus [How80].

In this setting, the (—E) rule of the system N:

Tt M:A—B ThryN:A
Ty MN:B

(— E) (3.1)

corresponds to the sequent calculus rule:

'r¢ THEHeDYP
Lk

(3.2)

)

“é-%t\,

o SRS
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of intuitionistic propositional logic (in the obvious notation, see [How80]). In the
system G the (—E) rule is replaced by the (— {) rule:

@:A—-BeXUul' Ttz N:A T,y:BFgM:D y¢FV(D)

(=1 T Fg M[@N/y]:D

» (3.3)

which says that given some constant or variable @ : A — B € ¥ UT', some object
N of type Ain the context I', then given an object M which inhabits the type D in
the context I',y: B, (— [) constructs an object M[@N/y] which inhabits the type
D in the context I'. Under the formulae-as-types isomorphism, the corresponding

sequent calculus rule of intuitionistic propositional logic is

'c¢ ¢Y,Aky

) 3.4
¢ DY, Ak y (34)
see [How80), §5.
In a similar way, the (IIE) rule of the system N:
'ty M:Mlz:A.B T'hg N:A
(IIE) —= i z (3.5)

'ty MN:B[N/z] ’
is replaced in the system G by the (II!) rule:

Q:Mlz:ABeXUT TI'kgN:A B[N/z]=;5,C T,y:C kg M:D y¢FV(D)
'ty M[@N/y]:D ’
(3.6)

(1)

which is understood in a manner similar to the (— [) rule.

The extension of the formulae-as-types correspondence to universal quantifiers
and dependent types in the setting of Generalized Type Systems is reported in
the work of Barendregt [Ba89]. This work is due variously to Berardi (1988),
Terlouw (1988), Geuvers (1988) and Barendsen (1989). The extension of this
correspondence to Gentzen-style Generalized Type Systems and sequent calculi is

work in progress.

The system G includes the cut rule:

Iz:AFsa TFgN:A
I'ts a[N/z]

We prove the soundness and completeness of the system G with respect to the

system N, and prove a cut elimination theorem for the All-calculus by proving
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that the system G\cut is complete with respect to the system N provided we
work with inhabiting objects in B-normal form. While this might seem surprising
at first sight, as we might expect completeness for all inhabiting objects, by analogy
with usual completeness of systems without cut, it actually corresponds to the fact
that in such systems we do not get completeness for proofs, but rather for every
proof in the system with cut which is in normal form we get a proof in the system
without cut. Indeed, our proof of the completeness of the system without cut may
be considered to be analogous to that given by Prawitz [Pr65] for proofs in normal

form.
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3.2 The Gentzenized MI-calculus

3.2.1 The System G

We present the inference rules of the Gentzenized All-calculus. Just as in sequent

calculus presentations of intuitionistic first-order logic, the rules divide in several

distinct groups.

1. Basic Rules

F () sig

FY sig kg K kind c¢¢ Dom(X)
FX,c: K sig

FX sig kg A: Type ¢ & Dom(X)
FX,c: Asig

FX sig
Fs () context

Fe I' context I'ty A: Type z & Dom(T)
Fs I,z : A context

Fs I' context
'y Type kind

I'Fg A: Type T,z:AFg K kind z € FV(K)
'y A— K kind

'y A: Type T'yz:Aly K kind
kg Hz:A. K kind

'ty A: Type T,z:Abg B: Type =z ¢ FV(B)

'y A— B: Type

'ty A: Type T,z:Abg B: Type
'y llz:A.B: Type

b5 T context c:K €X
ke K

Fg T context c:A€X
'ty c:A
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(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)



Fs [ context z:A €Tl

3.19
'Fgz:A ( )

The basic rules are precisely the rules for valid signatures and valid contexts
of the system N. Several other equivalent formulations of these rules are

possible.

2. Operational Rules
'y A: Type T,z:AFg B:K z &FV(K)

2

F'Fg Az:AB:A—- K (3.20)

kg A:Type T,z:AFs M:B =z ¢FV(B) (3.21)

Thg Az:AM:A— B '

'k A: Type TI'jz:Ablg B:K (3.22)

Fky Az:A.B:llz: A.K )

'Fy A:Type T,z:AFg M:B (3.23)

by Az:AM:Ilz:A.B '

@A—-BeXUl ThrgN:A T,y:BFs M:D y¢FV(D) (3.24)

'ty M[@N/y]:D

@:Mlz: ABeXLUT TFgN:A B[N/z]=4,C T,y:CFgM:D y¢FV(D)
'ty M[@QN/y]:D

(3.25)
F : I'ke B:A— K
Lre N:A r 27 (3.26)
'y BN:K
F : F lz: A.

'ty BN:K[N/z]
All of these rules are the same as those in N, except for the (— ) 3.24 and
(I17) 3.25ruleswhichreplacethe (—E) 3.1 (and 2.23) and (IIE) 3.5 (and 2.16)

rules.

3. Structural Rules

ke M:A T,2:AAbga
I'A[M/z] by a[M/z]

(3.28)

We include the cut 3.28 rule explicitly in the system G. It is not admissible
in the system G\cut. To see this, note that the rules of G\cut allow the
derivation of B-normal forms only, whereas the cut rule allows the derivation

of B-redexes, since the term M (in 3.28) can be of the form Ay:E . P.
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4. Equality Rules

I'ts M:A T kg A': Type A=, A
F'Fg M: A

(3.29)

P"z A:]( F *‘2 Kl kind K =pn K’
TFy A:K'

(3.30)

The equality rules are the same as those taken in the system N.

We remark that we should like to present Gentzen-style replacements for the
application rules for kinds, 3.26 and 3.27. However, for the given syntax of the
All-calculus this is not possible because kind declarations are not permitted in
contexts. In particular this means that we are not able to have a premiss of the
form I',z: K ks a, where K is a kind expression, which is essential for such a
rule. However, if we reformulate the AII-calculus without signatures but with kind
declarations in contexts, such rules are available. In particular, the (II!) rule for
both kinds and types may then take the form:

@:Iz:A.RESUT ThyN:A R[N/z]=4,8 T,y:S+sU:V y&FV(D)
T s U[@N/y]:V

where R and S are either kind expressions or type expressions and where U : V
asserts either that the type U has kind V or that the object U has type V. The

corresponding (— [) rule is similar.

A natural deduction presentation of such a system without signatures but with
kind declarations permitted in contexts may be found in [HHP89]; and for this
system it is possible to prove all of the results of this chapter for a Gentzen-style

system with rules of the form described above.

We note that weakening, contraction and permutation rules are admissible in

G.

PROPOSITION 3.2.1 (ADMISSIBILITY OF WEAKENING)

The weakening rule:
I'tga Fgg TLTY context

F, F, l_z’zl [0 4 ’
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is admissible in G.

ProOOF

The proof is by induction on the structure of proofs in G, and we omit the details.

a

PROPOSITION 3.2.2 (ADMISSIBILITY OF CONTRACTION)

The contraction rule:

Iz:A,A,y:A,0Fy
T z:4,A,0[z/y] s afz/y]’

is admissible in G.

PROOF

We note that the admissibility of the contraction rule is inevitable in the pres-
ence of the cut rule: the contraction rule is merely the cut rule for the special case

in which the substituting object is a variable. O
PROPOSITION 3.2.3 (ADMISSIBILITY OF PERMUTATION)
The permutation rule:

Iz:A,y:B,AFrga z¢FV(B)
y:B,z: A, Ay ’

is admissible in G.

PROOF

The proof is by induction on the structure of proofs in G, and we omit the details.

O

We remark that this permutation rule is a very weak one compared to that
which obtains in first-order logic. This is, of course, due to the partial ordering
of our contexts which is due to the presence of Il-types in the language. The
weakness of this rule adumbrates much of the work which we shall do in Chapter

6, where we consider very precisely the order of construction of contexts.
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3.2.2 Soundness and Completeness of G

In this section we prove the soundness and completeness of G with respect to N.

These results crucially depend upon the cut rule.
THEOREM 3.2.4 (SOUNDNESS OF G)

If G proves ' 5 U:V then N proves I'5x U: V.

PROOF

The proof proceeds by induction on the structure of proofs in the system N.

Since by Theorem 2.2.1 the cut rule is admissible in N, the only remaining
differences between N and G are that the (—E) 3.1 and (IIE) 3.5 rules of N are
replaced in G by the (— 1) 3.24 and (IIl) 3.25 rules. Thus there are several simple
cases in the induction, which correspond to the basic rules and to the (— r) and
(IT'r) rules and which we omit; and two more difficult cases, which correspond
to the (— [) and (II!) rules and which we include. Since the systems are only

different for assertions that an object inhabits a type, we assume that U:V is of

the form M:A.

Suppose the last rule of G applied is (— 1):

'FyN:A @:A—- BeX Ul TI'y:BFgM:D y¢FV(D)
'ty M[@N/y]:D '

By the induction hypothesis we have that

N proves 'y N:A,

that

N proves I''y: Bty M:D

and that

N proves 'y @: A — B.
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From N proves I'Fy @: A — B and N proves I' 5 N:A we obtain
N proves 'y QN: B
by 3.1. From this and N proves I' by M :D we obtain
N proves T'ty M[@N/y]: D

by the cut rule (which is admissible in N by Theorem 2.2.1). This argument is

summarized conveniently by the following proof figure:

@:A—-BeXuTl

[Fy@A—-B TFgN:A

I'y:BFy M:D 'z @QN:B
'ty M[@N/y]:D

(3.1)

(cut)

Suppose the last rule of G applied is (II!) 3.25:

g N:A @:Tlz:A.B€XUT B[N/z]=4,C T,y:CrFxyM:D y¢gFV(D)

.

By the induction hypothesis we have that

N proves I'Fy N:A,

N proves I',y:C kg M: D,

N proves I' g @ : [Iz: A. B(z)

and that B[N/z] =5, C. From N proves T' Fy @ : Ilz: A. B(z) and N proves
I' Fy N:A we obtain

N proves I' Fy QN:B[N/z],
and so obtain
N proves 'y QN :C

by the equality rule for types. From this and N proves I' by M : D we obtain
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N proves 'y M[@N/y]: D

by the cut rule (which is admissible in N by Theorem 2.2.1). This argument is

summarized conveniently by the following proof figure:

Q:Ilz:A.B(z) e XUT
'ty @Q:Mlz:A.B(z) TFgN:A
B[N/z]) =4, C 'y QN:B[N/z]
I'y:Cks M:D 'ty QN:C
I'Fg M[@N/y]: D

(3.5)

(3.29)

(cut)

Note that the equality rule for types requires the premiss I' -y C:Type. This is
readily obtained by induction on the structure of the proof in IN of the assertion
I'y:C kg M: D, and for clarity we omit this from the figure. This completes the

proof. O
THEOREM 3.2.5 (COMPLETENESS OF G)

If N proves I' by U:V then G proves I'ts U: V.

PROOF

The proof proceeds by induction on the structure of proofs in the system IN.
The only differences between N and G are that the (—E) 3.1 and (IIE) 3.5 rules
of N are replaced in G by the (— ) 3.24 and (IIl) 3.25 rules. Thus there are
several simple cases in the induction, which correspond to the basic rules and to
the (—I) and (III) rules and which we omit; and two more difficult cases, which
correspond to the (—E) and (IIE) rules and which we include. Again, since the

systems are only different for assertions that an object inhabits a type, we assume

that U:V is of the form M:A.

Suppose the last rule of N applied is the (—E) rule 3.25:

TFeM:A—B ThrgN:A
TFy MN:B ‘

By the induction hypothesis we have that
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G proves 'y M: A—> B
and
G proves 'y N: A,
and from these two assertions we obtain, by induction on the structure of their
proofs in G, that G proves I' Fy A: Type and G proves I' 5 B: Type, so that
we obtain
G proves I''/y: A — B,z:A,z:BtFg z2:B

and

Gproves I'Nfy: A— Bjz:AFg z:A,

where without loss of generality we assume that y, Dom(I'). Therefore by the
(ITI) rule 3.25 we obtain

G proves I''Ty: A— Byz:Algyz:B.

From this assertion and the assertion that

G proves 'Fy N: A

we obtain

G proves I',y: A— Bty yN:B

by the cut rule 3.28. From this assertion and the assertion that G proves T kg
M : A — B we obtain

G proves 'y MN:B
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by the cut rule 3.28.

Suppose the last rule of N applied is the (IIE) rule 3.5:

F'Fe M:llz:A.B TlFgN:A
'kFg N:A '

By the induction hypothesis we have that
G proves 'y M : llz:A. B
and
G proves 'y N: A,

and from these two assertions we obtain, by induction on the structure of their
proofs in G, that G proves I' by A: Type and G proves I' by B : Type, so

that we obtain
G proves I,y :llz:A. B,z: A, z: B(z) kg z: B(z)

and

G proves 'y :llz:A.B,z: Aty z:A.
Therefore by the (IIl) rule 3.25 we obtain

G proves I',y :llz:A.B,z: Aty yz: B(z).

From this assertion and the assertion that G proves I' Fx N:A we obtain

G proves I'y :lIz:A. B k5 yN:B[N/z]

by the cut rule 3.28. From this assertion and the assertion that G proves I' Fy
M :1lz:A. B we obtain

G proves I' g M N:B[N/z]

by the cut rule 3.28. This completes the proof. O
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3.2.3 Cut Elimination

In this section we prove the cut elimination theorem for the All-calculus. Just
as in other A-calculi, this result obtains only for S-normal forms, see for example
[ML71a), [ML71b] and [ML73] for the relevant normalization theorem. We write
G\cut for the system obtained by removing the cut rule from the system G.

First we prove the soundness and completeness of G\cut with respect to N.

The completeness part of this is the core of the cut elimination result.
THEOREM 3.2.6 (SOUNDNESS OF G\CUT)

If G\cut proves I' k5 U:V then N proves 'y U:V.

PROOF

This is an immediate consequence of the soundness of G with respect to N. O

The next theorem is the completeness of the system G\cut with respect to the
system IN. The proof of this theorem depends crucially upon a simple technical
device. This device consists in the replacement of the (IIE) 3.5 rule of the system
N by a weaker version of this rule which we shall call (ITE®):

'y N:A ThrgM:lz:A.B Tty B[N/z]:Type

(IE?) T by MN:B[N/z]

(3.31)

This rule is weaker than (IIE) because it requires the extra premiss, however it
is a relatively straightforward matter to prove that system N which is obtained

from N by the replacement of (IIE) by (HEO) is equivalent to N.
LEMMA 3.2.7 (EQUIVALENCE OF (IIE®) aND (IIE))

N® proves I't5 M: A if and only if N proves T'Fg M:A.

ProOOF
It follows immediately that if N° proves 'y M:A then N proves I' gy M: A.
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Conversely, suppose that N proves I' b5 M : A: we must prove that N
proves I' by M: A. The proof is by induction on the structure of proofs in N and
the only case of interest is when the last rule applied is (IIE) 3.5:

I'Fs N:A Tk M:Ilz:A.B
'ty MN:B[N/z]

(IIE)
By the induction hypothesis we have that
N° proves 'y M : 1lz:A. B, (3.32)

and that
N° proves T k5 N:A. (3.33)

From 3.32 we obtain, by induction on the structure of proofs, that
N° proves I',z: A by B : Type. (3.34)

It 1s easy to see that the cut rule is admissible in Nm, and so from 3.34 and 3.33

we obtain by the cut rule that
N° proves I by B[N/z] : Type. (3.35)

We then obtain
N° proves T by MN :B[N/z] (3.36)

by the (IIE) rule. O

The proof of the completeness theorem is facilitated by the next lemma.
LEMMA 3.2.8 (APPLICATION IN 3-NORMAL FORM)

If M is a f-normal form and if the last rule applied in the proof in the system N
of ' by M: A is either (—E) or (IIE), then M is of the form @M, ... M, for some
@ € Dom(X) U Dom(T).

PROOF

1The proof is essentially the same as that for N.
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We illustrate a simple case of the proof. Suppose the last rule applied is the
(—E) rule:
' N:A—-B Tt P:A
'y NP:B )

If NP is a $-normal form, then N can not be of the form Az:A.Q. Therefore N
is of the form @M, ... M,, for some @ of appropriate type. O

We are now ready to prove the completeness of the system G\cut with respect
to the system IN. However, the proof is rather complex, so first we give an example
of the essential part of the argument. The proof proceeds by induction on the
structure of proofs in N, although in fact we shall have to consider these to be

proofs-in N°.

Suppose that the last inference (in IN) is of the form

Ity @V,N,:B—C TtgN:B
T kg @N,N,N:C ’

where @ : [lz,:B,.B, - B* - C* € XUT and (B" — C")[N,/x,] =5, B — C.

By induction on the structure of proofs we have that
G\cut proves I' kg N, : B,

and, also by induction on the structure of proofs, we have that
G\cut proves I' by Ny: By[Ny/z,].

Again, by induction on the structure of proofs, we have that
G\cut proves I' -3 B — C : Type

and that

G\cut proves I' g C : Type,

and by Lemma 3.2.7 we have that
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G\cut proves I by (B, — (B* — C™))[N,/z,] : Type.
Therefore we have that
G\cut proves I, z, : (By = (B* = C*)[Ny/zy),y: B> C,z:Clkg 2:C,
where y, z ¢ Dom(T’). By the induction hypothesis we have that
G\cut proves ' g N: B,
and so by the (— ) rule we obtain
G\cut proves ', z, : (B, — (B” — C"))[N,/z,],y: B—=CFgyN:C.
By the (— !) rule again, we obtain
G\cut proves I',z, : (B, — (B" — C™))[Ny/z4],Fg 2, N,N : C,
and so by the (II!) rule we obtain
G\cut proves ' Fy QN,N,N : C,
as required. This completes the example.

THEOREM 3.2.9 (COMPLETENESS OF G\cuT)

If N proves I' by U:V and if U is a f-normal form then G\cut proves I' -5 U:V .

PROOF

The proof follows a pattern that is analogous to that employed by Prawitz [Pr65]
in his proof of the completeness of a sequent calculus formulation of first-order
logic (without the cut rule) with respect to a natural deduction formulation. The

idea is to proceed by induction on the structure of proofs in N and to exploit the
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structure of the B-normal form U.? The only differences between N and G\cut
are that the (—E) 3.1 and (IIE) 3.5 rules of N are replaced in G\cut by the (— )
3.24 and (IIl) 3.25 rules. Thus there are several trivial cases in the induction,
which we omit, and two rather difficult cases, which we include. Again, since the

systems are different only for assertions that an object inhabits a type, we assume

that U:V is of the form M:A.

Before proceeding with the cases for the (—E) and (IIE) rules, it is convenient
to introduce some notation for the type of an atom @. We denote the type of an

atom @ by a string of the form
Ay Agry .oy A, Bz, .., 2,),

in which each r;, 1 <z < n, denotes either a II-connective, in which case the vari-
able associated with it is z;, or a —-connective, with association to the right: e.g., if

ry denotes a I, r, denotes an — and r3 denotes an — then A;r, AyryAsrs B(z,, x4, ©3)

denotes the type Ilz;: A, .(A; — (A3 — B(z,))).

Suppose the last rule of N applied is the (—E) rule 3.1 (this is the first difficult
case):
I'rs M\:B—-C T'FgN:B
'y MN:C

We have by hypothesis that M N is a 3-normal form, so that by Lemma 3.2.8 M
must be of the form @QN, ... N,,, where @ is in ¥ UI'. Thus we must prove that

G\cut proves I' -y QN,...N, N :C,

given that

G\cut proves 'y QN;...N,,: B— C

and

2See also the remarks in §§1 - 5 of [How80)].
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G\cut proves ' -y N:B.

This is proved by exploiting the structure of the type of Q.

Using the notation introduced above, we represent the type of @ by the string:
Bl T B27'2 B3 T3.. 'Tm—l Bm rm B* — C*,

where (B* — C*)[Ny/z,,...,Nn/zy] =g, B — C. We assume that the variable

associated with r,, if it occurs, is z;.

By Lemma 3.2.7 we may replace the system N by the system No, so given
that

N° proves '3 @N,...N,,: B— C,
then by induction on the structure of proofs we have that, for 1 <: < n,
N° proves I'ty N, : Bj[N;/zy,...,Nioi/zi_a],
by shorter proofs: therefore by the induction hypothesis we have that
G\cut proves Tty N;:B;[Ny/zy,...,N;_1/z;_4],
and that the N; are #-normal forms, for 1 <7 < m. From this we obtain that
G\cut proves I kg B;[N,/zy,...,N;_1/z;_41] : Type .

From this it follows that we are able to construct a finite set of contexts which

progressively extend I':

Ay =g Tzy: BZ[Nl/ml]r2 <o T Bm[Nl/xl] Tm (B* - C*)[Nl/%]
Ay =g A,z BS[Nl/wla Nyfz,]rg. . Ty Bm[Nl/ml)NZ/w2] Tm
(B* - C*)[Nl/xl’ Nz/wz]

Am Zdef Am—la Ty :Bm[Nl/xla R ’Nm—l/mm—l]rm
(B‘ - C')[Nl/xla e 1Nm—1/xm—1]‘

It is easy to verify, for 1 < : < m, that
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G\cut proves kg A; context,

and we remark that no confusion can arise between the z;s used to construct the

A;s and those that occur bound in the type of Q.

By the induction hypothesis and the admissibility of weakening we have that
G\cut proves A, Fyx N:B. Since

N° proves I'ts @N;...N,, : B— C,
we obtain, by the induction hypothesis, that
G\cut proves A,, Fs B — C : Type
and that
G\cut proves A, s C: Type.
Therefore we have that
G\cut proves A,,,y: B> C,2:Ctg2z:C,

where y, z € Dom(T').

Therefore, by the (— [) rule we obtain
G\cut proves A,,,y:B - CtgyN:C.
By the induction hypothesis we have that
G\cut proves A, Fg N,.:B,[Ny/zy,...,Np_1/Tm_1]
and so by either the (— [) or the (II{) rule we obtain
G\cut proves A, _;,Zm_1: Bn[No/Toy- s Npp1/Tmci] T

(B‘ - C*)[NO/'TO" . ,Nm-—I/xm—l] }_E $m—1NmN:C'
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By the induction hypothesis we have that

G\cut proves A,, kg N,._1:B,._;
and so by either the (— [) rule or by the (II!) rule we obtain

G\cut proves A, _2,Z,_1: B, _[No/To,-.., N2/ Tm_3] T
(B* — C™)[No/zoy- -y Npp_o/Tm_2] Fg Ty N1 Ny N:C.
We proceed similarly until we obtain
G\cut proves Ay tFg zogN,...N, ,N:C.

By either the (— ) rule or by the (II/) rule we obtain

G\cut proves 'ty @QNy...N_ N:C,

as required.

Suppose the last rule of N applied is the (IIE) rule 3.5 (this is the second

difficult case):
'ty M:llz:B.C TFgN:B
I'kFy MN:C[N/z]

We have by hypothesis that M N is a -normal form, so that by Lemma 3.2.8
M must be of the form @QN,; ... N,,, where @ is in £ UT'. Thus we must prove
that

G\cut proves I' gz @QN,...N,,N : C[N/z],

given that

G\cut proves ' s QN,...N,, :lIz:B.C

and
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G\cut proves I'x N:B.

Again, this is proved by exploiting the structure of the type of @.

Using the notation introduced above, we represent the type of @ by the string:
B,ry Byry Byrsy...1_y B, 7, B- = C7,

where (Ilz: B*.C")[N,/zy,...,N/2] =p, Oz : B.C. We assume that the

variable associated with r;, if it occurs, is z;.

By Lemma 3.2.7 we may replace the system N by the system NO, so given
that

N° proves ' s QN, ... N, :llz:B.C,
then we have that, for 1 <1 < n,
N proves T' kg N; : BiN,/zy,...,Ni_1/zi1],
by shorter proofs: therefore by the induction hypothesis we have that
G\cut proves I' by N;:B;[N,/zy,...,Ni_1/z;_4],
and that the N, are B-normal forms, for 1 < z < m. From this we obtain that
G\cut proves T Fy B{[N,/zy,...,N;_y/z;_4] : Type .

From this it follows that we are able to construct a finite set of contexts which

progressively extend T':

Ay Zqe T,z 0 By[Ny/xy]7ry ... Ty B[Ny /2] 7y, (Ilz: B 'C*)[Nl/zl]
A; Zde ATy BS[Nl/xb Nz/%] T3...Tm-1 Bm[Nl/fch Nz/%] Tm
(Oz:B".C")[N,/z,, Na/z,]

Am Zdef Am—la xm—l:Bm[Nl/mla ety Nm—l/xm—l]rm
(Hz:B*.C™)[Ny /21,y Niper [Ty ]

It is easy to verify, for 1 <: < m, that
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G\cut proves kg A; context,

and we remark that no confusion can arise between the ;s used to construct the

A;s and those that occur bound in the type of Q.

By the induction hypothesis and the admissibility of weakening we have that
G\cut proves A,, Fy N:B. Since

N° proves I'Fs @N,... N, :lIz:B.C,

we obtain, by the induction hypothesis, that

G\cut proves A,, Fg lIz:B.C : Type
and, relying once again on the (IIE®) rule, that

G\cut proves A, by C[N/z]: Type.
Therefore we have that

G\cut proves A,,,y:lIz:B.C,z:C[N/z]Fg z: C[N/z],
where y, z € Dom(I"). Therefore, by the (Ill) rule we obtain
G\cut proves A,y :lz:B.CFg yN:C[N/z].
By the induction hypothesis we have that
G\cut proves A, Fy N,,:B,,

and so by either the (— ) or the (IIl) rule we obtain

G\cut proves A,,_,,Z, : B;[No/x:), ... ,Nm_l/a::n_l] T
(Mz:B*.C")[No/zy, ..., Np_y /2. _ ] Fs 2o N, N:C[N/z].

By the induction hypothesis we have that
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G\cut proves A,,_; Fs N,_1:B,._1
and so by the either the (— [) rule or by the (II!) rule we obtain
G\cut proves A, _5,Z,_1: B;_I[No/x;, e, Nm-z/il?:n_2]7'm-1
(z: B*.C*)[No/x, - .. ,Nm_z/:c:n_z] Fe i Npot N N:C[N/z] .

We proceed similarly until we obtain

G\cut proves Agtg zoN;...N,,N:C[N/z].
By either the (— [) rule or by the (II!) rule we obtain

G\cut proves I' by QN;...N, N:C[N/z],

as required. This completes the proof. O

Clut elimination is a simple corollary of this theorem.
COROLLARY 3.2.10 (CuT ELIMINATION)

Suppose that G proves I' b5 M: A. If M is a S-normal form then G\cut proves
'y M:A.

PROOF

By Theorem 3.2.4, if G proves I' Fy M : A then N° proves ' Fy M : A.
By Theorem 3.2.9, if M is a §-normal form then G\cut proves 'y M:A. O

An alternative way to obtain the result of 3.2.10 is to prove the completeness
of G\cut with respect to G. The proof then centres on the need to eliminate

instances of the cut rule 3.28, and is very similar in character to the proof given

above, cf. [Ge34].
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3.3 Summary

In this chapter we have reformulated the All-calculus as a Gentzen-style system,
G. We have proved the soundness and completeness G with respect to the natural
deduction system N of Chapter 2. We have proved the cut elimination theorem
for the All-calculus by proving the completeness of the system G\cut with respect
to the system N (for f-normal forms). This cut-free system will be of some

considerable utility in subsequent chapters.
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Chapter 4

Proof-search in the All-calculus

4.1 Introduction

In this chapter we present a sequent calculus L of All-calculus types. Sequents are
assertions of the form I' =5 A. This calculus is sound and complete (relative to
the system G\cut) for the semidecidable relation of inhabitation: I' =5 A, with
the intended reading (3M)(I' kg M:A).! Note that we require that G\cut proves
I' s A : Type. This restriction is motivated by the principal of judgements as
types. For example, we might be interested in proving that I' =, true(¢) but not
that “I' =y 0 — Type”.

L is a metacalculus for the system G\cut in the sense that inhabitation judge-
ments of L assert the ezistence of proofs of the type assignment judgements of

G\cut.

L is the starting point for our investigation into proof-search for the AII-

calculus.

A characteristic rule of L is the (II!) rule which corresponds to the (II{) rule

of G, the counterpart of the II-elimination rule of N:
Io:D =5 C

(1) '=s:C

(a) @:Nly:A.Be £2UT
(b) z ¢ FV(C)
(c) G\cut proves I' Fy N:A

(d) BIN/y] —p, D.

In fact, we prove that M is the extract-object of the sequent I' =5 A.
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This rule should be read to assert that if there is some variable or some constant
@Q:Ily:A.B € L UT and if the inhabitation of the type C can be proved in the
context I';z: D and there is some object N which can be proved to have type A
such that B[N/y] —, D, then the inhabitation of the type C can be proved in the
context I': that is, the assumption of the type D can be dispensed with provided

it 1s possible to “calculate” D from the components of X UT.

L is almost a logicistic system, in the sense of Gentzen, meaning that there is
only one localized appeal to an external notion, that notion being an appeal to
G\cut in side condition (c) of the rule above. Indeed, with respect to the II-type
structure of terms in the language, L has a subformula property [Ge34]. As a
consequence, if the inference rules are used as reduction operators from conclusion
to premisses then L induces a search space of derivations of a given sequent.’
Notice that if the (II!) rule is used as a reduction, the choice of term N to use in the
premiss is unconstrained by the conclusion of the rule. The subformula property
of the II-types does not extend to a full subterm property (¢f. the quantifier
rules of the predicate calculus). The aziom sequent (or closure conditions for the

reduction system) is:

'z A @AeXuT

i.e., the conclusion occurs as the type of a declaration in the signature or the

context.

L determines our basic search space, but we are able to constrain this space

by two further developments:

1. We consider a notion of uniform proof in which the top-level connective of
the succedent of a goal (a sequent for which we search for a proof) is always
reduced as soon as possible. This notion of uniform proof corresponds to that

introduced for hereditary Harrop formulae by Miller et al. in [MNPS89].

2Kleene [K168] explains this in the case of the predicate calculus. Sequent systems.

used in this way are systems of block tableauz [Sm68).
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2. We consider two calculi, of strength equivalent to L, in which the left rules

are replaced by forms of resolution rule.

Finally we demonstrate, by considering the example of first-order logic, how
one of the resolution rules can be used to simulate the proofs of a logic which is

encoded in the LF.
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4.2 A Metacalculus for G\cut

4.2.1 Sequents and the Sequent Calculus L

We define a notion of sequent for the All-calculus. The antecedent of a sequent is

a Al-calculus context and the succedent is a All-calculus type.
DEFINITION 4.2.1 (SEQUENT)

A sequent is a triple (X, T, A), written I’ =5, A, where ¥ is a signature, I a context
and A a type (family). O

The intended reading of such a sequent is “I" inhabits A in the signature ¥”.
DEFINITION 4.2.2 (WELL-FORMED SEQUENT)

A sequent ' =5 A (or (£,T, A)) is said to be well-formed just in case
G\cut proves I' by A: Type. O

By Theorem 2.2.1 we have that the well-formedness problem for sequents is

decidable.

We define a semi-logicistic calculus, L, for deriving well-formed sequents. The
system is comprised of two aziom schemata and four operational rules, one left

and one right for the each of the —-types and Il-types.

We include no structural rules and indeed, provided we work with S-normal
forms, the calculus is sound and complete with respect to G\cut in their absense.
Appropriate forms of the structural rules of weakening, permutation, contraction
and cut are admissible in L. We write NF(U) to denote the fn-normal form of the
expression U. Note that if the rules are read as reduction operators then we must
also require that any variables that extend a given context do not already occur

in that context, e.g. in (— r) we must require that z € Dom(T’).
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DEFINITION 4.2.3 (THE CaALcuLUS L)

The rules of the sequent calculus L are given below :

(Azl) T oAl oo A (G\cut proves ks I',z:A,T" context)
s LA,y =
(Az2) m (G\cut proves kg .45 I' context)
Iz:A=ys B
(=7) F:;E_Z'_E_)E (a) z ¢ FV(B)
I'z:A=y B
II
(Iir) T =4 Hz:A.B
r A I',z:B
(=) == I‘=>,é' =2 C (a) @ A»BeSUT
>
(b) z ¢ FV(C)
I,2z:D C
(I10) ;é—z”é (2) @ Ily:A.B € SUT
>

(b) 2 ¢ FV(C)

(c) G\cut provesI' by N:A

(d) BIN/y] —>g, D.
For simplicity, we work exclusively with fn-normal forms, and for such terms
syntactic identity is taken up to a-congruence (change of bound variable). Conse-
quently, often we shall write just B[N/y] rather than write D such that B{N/y] —,
D.

As usual we refer to the variable z of the (— r) and (IIr) rules as the eigenvari-
able of the inference. We can ensure that in any derivation eigenvariables occur
only in sequents above the inference at which they are introduced. A — B and
IIz:A.B are said to be the principal formulae of the operational rules. A and B
are the side formulae of the (— r) and (IIr) rules, A and B[N/z]| are the side
formulae of the (II) rule and A and B are the side formulae of the (— [) rule.
L-derivations are trees of sequents regulated by the operational rules such that
the sequent at the root of the tree is well-formed, and L-proofs are L-derivations

whose leaves are axioms. O
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L is not fully logicistic since an appeal is made to G\cut for each application

of the (II1) rule (third side condition).

In practice, derivations are constructed from the root, or endsequent, toward
the leaves, in the spirit of Kleene [K168] and systems of tableaux [Sm68]. However,
L may be considered either as a forward calculus or as a calculus of reduction
operators, and we shall adopt whichever view is appropriate at any given point in

our development.

We have shifted our attention from a decidable judgement (type assignment) to
a semi-decidable judgement (inhabitation) since the former is uninteresting from
the point of view of general theorem proving. Indeed, in the LF the type which
is the succedent of a well-formed sequent is considered to be an encoding of a
judgement in some logic. Thus, by searching for a proof of such a sequent we are

searching for a proof of an encoded judgement.

4.2.2 The Extract-object of an L-proof

Given a proof 9 of a sequent I' =5 A in the system L, an object M, in normal
form, such that ' y M : A is provable in the system G\cut, can be extracted from
the proof in L in a simple inductive manner. We call this object the eztract-object
of the L-proof ¢ of ' =5 A. We write L proves” T' =5 A to denote that % is an
L-proof of I' =5 A. We shall speak of the eztract-object of a sequent when the

L-proof is clear from the context.
DEFINITION 4.2.4 (EXTRACT-OBJECT)

Suppose L proves¥ T =5 A. The eztract-object of I' =5 A is defined by induction
on the structure of its L-proof, 1.

e If the sequent is an axiom, then either it is

—— (G\cut proves g 45 I' context),
r,c:AX!
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in which case the extract-object is ¢, or is of the form

(G\cut proves Fys I',z:A,T context),

FLz:Al"=5 A

in which case the extract-object is z.

If the last rule of L applied is (— )

I‘,:IJIA=$2.B
TSy Ao B

(z ¢ FV(B)),

and if the extract-object of the proof of the premiss is M, then the extract-
object of the proof of the conclusion is Az: A.M .

If the last rule of L applied is (IIr)

Iz:A=s B
I'=>y lz:A.B’

and if the extract-object of the proof of the premiss is M, then the extract-
object of the proof of the conclusion is Az: A.M .

If the last rule of L applied is (— 1)

'y B T,z:C=3 A
'=z A

(@:B— CeXul,z ¢FV(4)),

and if the extract-objects of the proofs of the left and right premisses are re-
spectively M and N(z), then the extract-object of the proof of the conclusion
is N(QM).

If the last rule of L applied is (I11)

[ z:D =5
I'sy A

A
(@:My:B.C € XUI',z ¢ FV(A),T kg M:B,C[M/y] —4, D),

and if the extract-object of the proof of the premiss is N(z), then the extract-
object of the proof of the conclusion is N(@QM).
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4.2.3 Soundness and Completeness of L

We prove soundness and completeness results for L with respect to G\cut. In
particular, the inhabiting objects that we obtain arise as extract-objects of the

appropriate sequents in L.

PROPOSITION 4.2.5 (SOUNDNESS OF L)

If L proves ' =5 A then G\cut proves I' by M: A, where M is the extract-
object of ' =5 A.

PROOF

The proof proceeds by induction on the structure of the proof in L of I' =5 A.

For the first part of the base case, suppose the last rule of L applied is the
(Azl) rule:

(G\cut proves kg .45 I context).
I=gcas A o

The extract-object of the sequent is ¢, and we have immediately that G\cut

proves 'ty a5 c:A.

For the second part of the base case, suppose the last rule of L applied is the
(Az2) rule:

(G\cut proves k5 I',z:A,I' context).

Iz:Al"=>5 A
The extract-object of the sequent is z, and we have immediately that G\cut

proves ['z: AT kg z:A.

Suppose the last rule of L applied is the (— r) rule:

z:A=y B
I'sy A—-B

(z ¢ FV(B)).

Suppose that the extract-object of the premiss is M. By the induction hypothesis
we have that G\cut proves I',z:A 5y M:B. The extract-object object of the

conclusion is Az: A. M, and by the (— r) rule of G\cut we obtain G\cut proves
I'kFs Az:A.M: A— B.
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Suppose the last rule of L applied is the (II7) rule:

T,z:A=y B
'y Mz:A.B’

Suppose that the extract-object of the premiss is M. By the induction hypothesis
we have that G\cut proves I';z: Ay M :B. The extract-object object of the
conclusion is Az: A. M, and by the (IIr) rule of G\cut we obtain G\cut proves
'k Az:A.M: Ilz:A.B.

Suppose the last rule applied is the (— !) rule:

'y F T,z2:G=3 E
'=ss FE

(@:F—-GeXUl, z¢FV(F)).

Suppose that the extract-object of the left premiss is M and the extract-object
of the right premiss is N(z). By the induction hypothesis we have that G\cut
proves I' by M :F and G\cut proves I';z:G kg N(z):E. The extract-object
of the conclusion is N[@M/z], and by the (— !) rule of G\cut we obtain G\cut
proves 'ty N[@QM/z]: E .

Suppose the last rule of L applied is the (II!) rule:

F,.’E:D =>E E
P=>EE

(@:My:F.G(y)eXUI', e ¢ FV(E),I'+g P: F, G[P/y] —p, D).

Suppose that the extract-object of the premiss is N(z). By the induction hypothe-
sis we have that G\cut proves I' g P:F and G\cut proves I',z:H gy N(z):E,
where G[P/y] —4, H. The extract-object of the conclusion is N[@P/z], and by
the (II) rule of G\cut we obtain G\cut proves I' kg N[@P/z}: E. This com-

pletes the proof. O
PROPOSITION 4.2.6 (COMPLETENESS OF L)

If G\cut proves I' -y M:A, where M, A and each @: B e S UT are Bn-normal
forms, then L proves I' =3 A where M is the extract-object of I' =5 A.

Proor

The proof proceeds by induction on the structure of the proof in G\cut of T Iy
M:A.
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For the first part of the base case suppose that the last rule of G\cut applied

is the basic rule:

by I'context c:A€X
F'kgec:A ’

We note that I' =>5 A is an axiom of L if c: A € ¥ UT and that the extract-object

of this sequent is c.

For the second part of the base case suppose that the last rule of G\cut applied

is the basic rule:

Fy Fcontext z:A€Tl
FFyz:A '

We note that I' =5 A is an axiomof Lif z: A € ¥UT', and that the extract-object

of this sequent is z.

Suppose that the last rule of G\cut applied is the equality rule for types:

F'Fge M:A Ttg A:Type A=, Al
r l_E M:A '
By the induction hypothesis we have that L proves T' =5 A, so that A is a 8y-
normal form. Since A’ is a An-normal form and A =g, A" we have that A = A,

and so we have that L proves I' =5 A’, and the extract-object of this sequent is

M.

Suppose that the last rule of G\cut applied is the (— r) rule:

'ty A:Type T,z:AFs M:B =z ¢ FV(B)
'k Az:AM:A—- B '

By the induction hypothesis we have that L proves I',z:A =5 B, with extract-
object M. By the (— r) rule of L we obtain L proves I' =y A — B, and the
extract-object of this sequent is Az: A. M .

Suppose that the last rule of G\cut applied is the (IIr) rule:

kg A:Type T,z:Abg M:B
'ty Az:AM:1lz:A.B

By the induction hypothesis we have that L proves I',z:A =y B, with extract-
object M. By the (IIr) rule of L we obtain L proves I' = Ilz: A. B, and the
extract-object of this sequent is Az: A. M .
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Suppose that the last rule of G\cut applied is the (— ) rule:

'y N:A @:A—-BeXUTl T,y:BbFgM:D y¢FV(D)
'y M[@N/y]:D

By the induction hypothesis we have that L proves I' =y A and L proves
I,y : B =5 D, with extract-objects N and M(y) respectively. By the (— )
rule of L we obtain L proves I' =y D, and the extract object of this sequent is

M[@N/y].

Suppose that the last rule of G\cut applied is the (II!) rule:

'FgN:A @Q:Nlz:A.BeELUT B[N/z]|=4,C T,y:CrgM:D ygFV(D)
'ty M[@N/y]:D '

By the induction hypothesis we have that L proves T',y:C =y D, with extract-
object M(y) and that G\cut proves I' =g N:A . By the (Ill) rule of L we
obtain L proves I' =5 D, and the extract object of this sequent is M[@QN/y].
This completes the proof. O

From Proposition 4.2.5, Proposition 4.2.6 and the theorems of Chapter 3, we

obtain :
COROLLARY 4.2.7 (EQUIVALENCE OF L AND N)

For 8-normal forms M, N proves I' Fs M: A if and only if L proves I' =g A. O

We note the admissibility in L of the basic structural rules: permutation,

weakening and contraction.
LEMMA 4.2.8 (ADMISSIBILITY OF PERMUTATION)

If L proves T',z:A,y: B,A =5 C, and if z ¢ FV(B) then L proves I',y:B,z:
A,A =5 C. PROOF

By induction on the structure of proofs. We omit the details. O
LEMMA 4.2.9 (ADMISSIBILITY OF WEAKENING)
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If L proves I' =5 A, and if by I', z: B context, then L proves I';z: B =5 A.
PROOF

By induction on the structure of proofs. We omit the details. O

LEMMA 4.2.10 (ADMISSIBILITY OF CONTRACTION)

If L proves I',z: A,0,y: A,A =5 C then L proves I',z:A,0,A[z/y] =5 Clz/y].

PROOF

By induction on the structure of proofs. We omit the details. O

4.2.4 TUniform Proofs

In this section we define a notion of uniform proof for L. This notion corresponds

to that introduced by Miller et al. for a system of hereditary Harrop formulae in

[MNPS89).

DEFINITION 4.2.11 (UNIFORM L-PROOFS)

An L-proof, with L considered as a system of reduction operators, is said to be
uniform if the (— r) and (IIr) operators are applied wherever it is possible to do

so. O

We prove that any sequent that has an L-proof has a uniform L-proof. Of
course the (— r) and (IIr) operators are sometimes applicable to axiom sequents
and indeed it is possible to construct uniform proofs of such axiom sequents. We
remark that, in practise, it is not very sensible to construct a uniform proof of an

axiom sequent.

Before proceeding with the next two propositions we recall some notation that
we introduced for Theorem 3.2.9. We denote a type (of kind Type) by a string of
the form

AyriAgry . T Apr B2y, -, Z0)
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in which each r;, 1 <7 < n, denotes either a I[I-connective, in which case the vari-
able associated with it is z;, or a —-connective, with association to the right: e.g., if
r, denotes a Il, r, denotes an — and r; denotes an — then A,r, A7y, Asra B(z,, 74, 23)

denotes the type Ilz,: A, .(A; — (A3 — B(z,))).
PROPOSITION 4.2.12 (UNIFORM PROOFS OF AXIOMS)

If T =5 Ais a well-formed axiom sequent, then there is a uniform L-proof of
I' 55 A

PRrOOF

If I' =5 Ais an axiom sequent then there is some @ : A € X UT. We write
A in the form

AriAgry ..oy AT Bz, ..., 2,),

in which each r;, 1 < ¢ < n, denotes either a II-connective, in which case the
variable associated with it is z;, or a —-connective, with association to the right.

Now it is easy to see that we must prove that the sequent
I z,:Aq,...,z,: A, =5 B(zq,...,2,), (4.1)

in which we assume without loss of generality that z; ¢ Dom(T') for 1 <z < n,
has a uniform proof. We do this by showing that we can recover an axiom sequent
from the sequent 4.1 by the use of (— ) and (IIl) operators only. The argument
is rather complex and difficult to present, so we assist the reader by including a

simple example. Suppose the axiom sequent in question is of the form
Ne:A-(B-C),A=>s A— (B—-C).

In order to show that this sequent has a uniform proof we must show that the
sequent

Ne:A—-(B—0),Ay: A,z: B=>3C,

where y and z are new variables, has a uniform proof. We construct such a proof

as follows: by applying the (— I) operator to the sequent

FNe:A—-(B—-0C),Ay:A,z: B=>3xC
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we obtain the subgoals
z:A—-(B—-0C),A,y:A,z: B=>g A,
which is an axiom sequent, and
Iz:A—-(B—-C),A,y:A,z: Bjv: B—C=3C,

where v is a new variable. By applying the (— [) operator, using v, to this last

sequent we obtain the subgoals
Ne:A—-(B—-C),Ay:A,2:B,v: B—C =3B,
which is an axiom sequent, and
lz:A-> (B—-0),Ay:A,z:Bv:B—-C,w:C=3C,

where w is a new variable, which is also an axiom sequent. This concludes the

example.

We now proceed with the detailed argument. Let A =" z,: A;,...,2,: A,.
For each r; we have to apply either the (— [) operator if r; is an — or the (III)

operator if r; is a I
The first step concerns r,.

If r, is a — then by applying the (— [) operator to the sequent
A =>E B(:L‘l, oo ,:L'n)

we obtain the subgoals

A=y 4,
which is an axiom sequent, and
Ay, Agry ...y yAra B(zy,. .., 2,) =5 Bz, ..., 2,), (4.2)
where y, ¢ Dom(A).

The next step divides into two cases; we apply, using the atom y,, either the

(— 1) operator, if r, is an —, or the (IIl) operator, if r; is a II.
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If r; is a — then by applying the (— [) operator, using y,, to the sequent
A,yp:Agry ...y 1 ApraB(2y,...,2,) =5 B(zy,...,2,)
we obtain the subgoals
Ay, Agry ... A m, B(z4,...,2,) =5 A,,
which is an axiom sequent, and
A, yy:Agry .oy 1A B(zy,. .., 2,),
Y3: Asra...Tn_1 A, B(z4,...,2,) =25 B(zq,...,2,),

where y3 € Dom(A,y, :...). If r, is a II then by applying the (Il/) operator, using
Y., to the sequent

A,y i Agry .o A T, B2y, ... ,2,) =5 B(zy,...,2,)
we obtain the subgoal
A ys:Agrg...r A By, ..., 2,),
Y3:Aars ...t 1 Aprn B(zy, ..., 2,) =5 B(zy, ..., 2,),

where y; ¢ Dom(A,y, : (...)).
If ry is a II, we proceed similarly.

We proceed in a similar manner until we have performed either a (— [) operator
or (IIl) operator for each r; for 1 < 7 < n. It is easy to see that the final step

yields an axiom sequent of the form

Ayyr i (o) syn i (b2 )z B,y 2y) =5 B(Zh, -4, 2,)

This completes the proof. O

PROPOSITION 4.2.13 (COMPLETENESS OF UNIFORM L-PROOFS)
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If ' =5 A has an L-proof, then I' =5 A has a uniform L-proof.

PROOF

The proof is by induction on the structure of L-proofs, with L considered as a

system of reduction operators.

First the base. If ' =3 A is an axiom sequent, then the result follows by
Proposition 4.2.12.

If the first operator applied in the L-proof of the sequent I' =5 A is either the

(— r) operator or the (IIr) operator then the result is immediate.

Suppose that the first operator applied in the L-proof of the sequent I' =5 A
is the — [ operator:

'y D Tz:C=>z A
=g A

(@:D—-CexuUT, z ¢ FV(A)).

By writing A in the form
AriAgry . or AT, B2, ..., 2,),
we see that it is sufficient to show that the sequent
L z,:4,,...,2,: A, =5 B(zq,...,2,),

in which z; € Dom(T") for 1 < ¢ < n, has a uniform proof. By the induction
hypothesis we have that I' =5 D and I';z : C =5 A have uniform L-proofs.

Therefore we have that
[,z:C,z,:Ay,...,2,: A, =5 B(zy,...,2,)

has a L-uniform proof. Since z; € FV(C) for 1 < ¢ < n, we obtain by Lemma
4.2.8 (admissibility of permutation) that

L,zy:Ay,...,2,: A, 2:C =5 B(zy,...,z,)
has a uniform L-proof; but by applying the (— [) operator to the sequent

Iyz,:A4,...,2,: A, =5 B(zq,...,2,),
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we obtain the sequent
Iz,:A4,...,2,:A,,2:C =5 B(zy,...,2,).-
Therefore the sequent
T,z,:A4,...,2,: A, =5 B(zq,...,2,)
has a uniform L-proof.

Suppose that the first operator applied in the L-proof of the sequent I' =5 A

is the IIl operator:
Fz:D=>z A

F=>2 A ’
(@:1z:B.C € ZUT',G\cut proves 'y N:B,D — 4, C[N/z],z ¢ FV(A)).

By writing A in the form
AyriAgrgy . or A ra B(2y, ..., 2,),
we see that it sufficient to show that the sequent
Tyz,:Aq,...,2,: A, =5 B(zq,...,1,),

in which z; € Dom(T) for 1 < ¢ < n, has a uniform proof. By the induction
hypothesis we have that I'; z: D =5 A has a uniform L-proof. Therefore we have
that

[,z:D,z,:Aq,...,2,: A, =5 B(zq,...,2,)

has a L-uniform proof. Since z; ¢ FV(D) for 1 < ¢ < n, we obtain by Lemma
4.2.8 (admissibility of permutation) that

[ z,:Ay,...,2,: A, 2:D =5 B(zq,...,2,)
has a uniform L-proof; but by applying the (— [) operator to the sequent
Iz,:Ay,...,2,: A, =5 B(z,q,...,z,),
we obtain the sequent

Iz,: Ay, ..., 2,0 AL, 2: D =5 B(zy,...,2,).
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Therefore the sequent
Dyz,:Ay,...,2,: A, =5 B(zy,...,2,)
has a uniform L-proof. This completes the proof. O

We remark that the extract-object of a uniform L-proof is a long fn-normal
form. To see this, consider the example of a uniform L-proof of the axiom sequent
z:A—-> B=>yA— B:

t:A—-By: A=y A z:A—> B,y:A,2: B=>3 B
z:A—>B,y:A=>s B
z:A—-B=>gA—- B

It is easy to see that the extract-object of this proof is Ay : A.zy, which is the

long An-normal form of z.

4.2.5 The Choice of L for Proof-search

Having established the basic properties of L, and before proceeding to discuss
clausal form and the resolution rules, we pause to consider the choice of L for

proof search.

L is a sequent system with a limited subformula property. An alternative
choice would have been to formulate a natural deduction system for inhabitation

assertions which would have given us a Il-elimination rule of the form:

I =>50z:4.B
T =5 B[M/z]

(IIE) () NprovesT' gy M: A

which is similar to the usual natural deduction rule for quantifiers, and a —-

elimination rule of the form:

T2y A T3 A— B

which is similar to the usual natural deduction rule of modus ponens. The fact
that the type A in the premiss is not a subformula of the conclusion means that
a proof procedure based on such a calculus would have to invent the type. The
limited subformula property of L restricts the non-determinism to the choice of

term M in the (II!) rule.
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4.3 Two Resolution Rules

4.3.1 Clausal Form

In this section we introduce a clausal form for both types and for sequents.

This form is of particular interest because if we restrict our attention to se-
quents in this clausal form we are able to obtain a completeness theorem, with
respect to the calculus L, for two calculi in which the (— ) and (II!) rules are
replaced by rules which resemble the resolution rule found in first-order logic theo-
rem proving and logic programming, [Ro65], [Bu83], [L184]. This form is suggested
by the form of Martin-Lof’s hypothetico-general judgements [ML85] and also by
the encoding of logical rules in the LF, c¢f. Felty [Fe87].

DEFINITION 4.3.1 (CLAUSAL FORM FOR TYPES)

A type (which is well-typed in some signature and context) is defined to be in

clausal form if it is of the following recursively defined form:
Mzy:B, ...z, :B,,.C;y = (Cy — (... (C, = D)...), (4.3)

where D is atomic and each B; (1 <¢ < m) and each C; (1 < j <n) is in clausal

form. O

We are now able to define clausal form for sequents.
DEFINITION 4.3.2 (CLAUSAL FORM FOR SEQUENTS)

Let I' =5 A be a well-formed sequent. The sequent is defined to be in clausal

form if Ais in clausal form and for each @: B € £UT, B is in clausal form. O

We note that any type (which is well-typed in some signature and context) can

be put into clausal form. To see this, consider the type

E=Mz:Ally:B.C, — (I:D.C, — D).
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It is easy to see that any proof which uses some @ : FE can be replaced by a proof

which uses some @' : E’ instead, where
E'=Nz:Ally:BNz:D.C, - (C, — D),

since z ¢ FV(C,), and that any proof which uses @' : E’ can be replaced by a
proof which uses @ : F instead.

We note that all of the types declared in the signatures given in Appendix B

are in clausal form.

Note that in the definition of clausal form for types and sequents we require not
only the top-level structure to have a certain form, but also each subcomponent
to have the same form. This is essential because the use of (— r) and (IIr) rules
introduces these subcomponents to the context, thereby making them available

for use with the resolution rules, which we define below.

4.3.2 The Calculus NR1

In this section we introduce the first of our two “resolution” rules. We suppose

that all types and sequents are in clausal form.

Consider the rule:

Thg M:A,..Trg M, :A, ThrgN;:D,...Ttg N,:D,
Tty @M,...M,N,...N,: E ’

(4.4)

where @ : Iz, : E,...Nlz,:E_ .B, —» (B, = (... » (B, — C)...)) € ZUT,
Ai[Ml/xlv' 'aMi—l/mi—-I] =pBn Ei for 1 S t S m, Bi[Ml/xl" '°’Mm/$m] =Bn Di
for 1 <i<nand C(M,/2y,...,M,/z,] =p, E.

We define the system NR1 to be that system which is obtained from the
system N by replacing the (—E) 3.1 and (IIE) 3.5 rules by the rule 4.4.

Actually, the rule 4.4 has the additional trivial premiss
Ne:Ebgax: F,

where z ¢ Dom(T"), but for simplicity of presentation we omit to write this premiss.
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THEOREM 4.3.3 (SOUNDNESS oF NR1)

If NR1 proves I' -5 M : A then N proves I' by M: A.

ProoFr

A straightforward induction on the structure of proofs. We omit the details. O
THEOREM 4.3.4 (COMPLETENESS OF NR1)

Let M be a B-normal form. If N proves I -z M : A then NR1 provesI' 5 M: A.

ProOOF

The proof proceeds by induction on the structure of proofs in N. The only in-
teresting cases are where the last rule of N applied is either the (—E) rule or the

(IIE) rule. We sketch the argument.

If the last rule of N applied is the (—E) rule, and if the conclusion of this rule
is a B-normal form, then the last inference in N is of the form

Tty @M,...M,N,...N,:A—»B Thrg N:A
Ty @QM,...M_N,..N,N:B ’

where @ : [Iz,: A, ...z, : A,,. B, = (B, = (... » (B, = (A" — BY))...)) €
2 UT and (A" - B")[M,/=,,...,M,,/z,] =, A — B. By induction on the

structure of proofs in N we have by the induction hypothesis that
NR1 provesI'Fy N: A,

and by induction on the structure of proofs that
NR1 proves ' Fy M, : E;

where A;[M,/xy,...,M;_y/z;_,] =p, E; for 1 <i < m, and that
NR1 provesT' g N; : D;

where B;[M,/z,,...,M,,/z,] =5, D; for 1 < ¢ < n. By an argument similar to

that used in the proof of Theorem 3.2.9 we can prove that

NR1 proves I',z : B’ [M,/z,,...,M,,/z,) Fs 2 : B [My/zq,...,M,,/z,],
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where as in the proof of Theorem 3.2.9 the difficulty is to prove that
NR1 proves I' by B*[M,/z,,...,M,,/z,.] : Type.
We now obtain
NR1 proves 'y @M, ... M N,...N,N : B

by rule 4.4.

The case in which the last rule of N applied is the (IIE) is similar to that for
the (—E) rule. O

Consider the rule:
'=>yD,..T=>xD,

'y E ’
where @Q : Iz, : A, ... Iz, 1 A,,.B, - (B, = (... = (B, — C)...)) € TUT,
N proves I b5 M;: E; where A[M,/x,,...,.M;_,[/z;_,] =4, E; for 1 < i < m,
Bi[M,/z,,...,M,,[z,] —p, D; for 1 <i<nand C[M,/z,,...,M,/z,] =4, E.

(4.5)

Actually, the rule 4.5 has the additional trivial premiss
lz:EFE=x F,

where z ¢ Dom(I"), but for simplicity of presentation we omit to write this premiss.
The importance of this premiss is now rather clear: if n = 0 it is the only premiss

that is obtained.

Let LR1 be that calculus which is obtained from the calculus L by replacing
the (— [) and (III) rules by the rule 4.5. It is easy to see that if the extract-object
of the conclusion of the rule 4.5 is defined to be @M, ... M, N, ... N, where, for
1 < < n, N; is the extract-object of the premiss ' =y D,, then LR1 is sound

and complete with respect to NR1 in the following sense:
PROPOSITION 4.3.5 (SOUNDNESS AND COMPLETENESS OF LR1)

LR1 proves¢ I' =5 A if and only if NR1 proves I' Fy M : A, where M is the

extract-object of 3. O

It follows immediately that LR1 is sound and complete with respect to L.
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4.3.3 The Calculus NR2

In this section we introduce the second of our two “resolution” rules. We suppose

that all types and sequents are in clausal form.

I'ks My:E,.. Tt M, :E,, THsNyi:D,...TFgN,.:D, T z:Etg P:F z¢FV(F)
'ty P[@M,...M_N,...N,/z]: F ’
(4.6)

where @ : Ilz, : A,... Iz, : A,,.B, = (B, = (... = (B, = C)...)) e ZUT,
AM, [z, ..., M;_ [z 1] =p, E; for 1 < i < m Bj[M,/z,,...,M,/z,] =, D;
for 1 <i¢<nand C[M,/z,,...,M,,/z,] =4, E.

We define the system NR2 to be that which is obtained from the system N
by replacing the (—E) 3.1 and (IIE) 3.5 rules by the rule 4.6.

THEOREM 4.3.6 (SOUNDNESs oF NR2)

If NR2 proves I' g M : A then N proves I' g M : A.

Proor

A straightforward induction on the structure of proofs. We omit the details. O
THEOREM 4.3.7 (COMPLETENESS OF NR2)

Let M be a f-normal form. If N proves I' by M : A then NR2 proves I' 5y M : A.

PRroOOF

The proof proceeds by induction on the structure of proofs in N. The only in-
teresting cases are where the last rule of N applied is either the (—E) rule or the

(IIE) rule. We sketch the argument.

If the last rule of N applied is the (IIE) rule, and if the conclusion of this rule
is a B-normal form, then the last inference in N is of the form

'ty @M,...M_ N,...N,:llz:A.B TFy N: A
'ty @M, ... M N,...N,N : B[N/z] ’
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where @ : Iz, : A, ...Mlz,,: A,,.B, = (B, = (... = (B, — (Ilz: A*.B"))...)) €
YUT and (Iz:A". B")[M, /x,,..., M, [z,] =, [Iz: A. B. By induction on the
structure of proofs in IN we have by the induction hypothesis that

NR2 proves'Fy N: A,

and by induction on the structure of proofs that
NR2 proves I' g M; : E;

where A;[M;/zy,...,M;_y/z;_,] =p, E; for 1 < i < m, and that
NR2 proves ' Fg N; : D;

where B;[M;/z,,...,M,,[/z,.] =5, D; for 1 <2 < n. By an argument similar to

that used in the proof of Theorem 3.2.9 we can prove that

NR2 proves I',z:B*[M,/zy,...,M,/z,,, N/z]
by z: B*[M;/z,,...,M,, [z, N/z],

where as in the proof of Theorem 3.2.9 the difficulty is to prove that
NR2 proves I by B*[M,/z,,...,M,,/z,,,N/z] : Type.
We now obtain

NR2 proves 'y @QM, ... M, N,...N,N : B

by rule 4.6.

The case in which the last rule of N applied is the (—E) is similar to that for
the (IIE) rule. O

Consider the rule:

'y D,..T=>xD, Thae:E=xF
=y F ’

(4.7)

where @ : IIz,: A;...llz,,: A,,.B, = (B, = (... = (B, — (C)...)) €e ZUT,
G \cut proves I' g M;: E; where A;[M;/zy,...,M;_y/z;_1] —p, E; for 1 <i<m,
Bi[M,/z,,...,M,,|z,]) —p, D; for 1 <i < nand C{M,/z,,...,M,/z,] —4, E.
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Let LR2 be that calculus which is obtained from the calculus L by replacing
the (— {) and (II) rules by the rule 4.7. It is easy to see that if the extract-object
of the conclusion of the rule 4.7 is defined to be P[@M, ... M, N, ... N, /z] where,
for 1 < i < n, N; is the extract-object of the premiss I' =5 D; and where P is
the extract-object of the premiss I',z: F =5 F', then LR2 is sound and complete
with respect to NR2 in the following sense:

PROPOSITION 4.3.8 (SOUNDNESS AND COMPLETENESS OF LR2)

LR2 proves'p I' =5 A if and only if NR2 proves I' kg M : A, where M is the
extract-object of ¢. O

It follows immediately that LR2 is sound and complete with respect to L.

We note that we have the obvious notion of uniform LR2-proof and remark

that the strategy of constructing uniform LR2-proofs is complete.
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4.4 Object-logic Proofs

In this section we consider the relationship between the structure of proofs of the
Al-calculus with a given signature ¥, as determined by the calculus L and the
proofs of the logic which is encoded in the LF by ¥. A full treatment of such
relationships is beyond the scope of this thesis, but we are able to demonstrate
that for a certain quite general class of rules in logics with a sufficiently strong
adequacy theorems the resolution calculus LR1 is able to simulate, in a certain

sense, proofs in the (unencoded) object-logic.

We consider two quite general classes of natural deduction rules, namely the
introduction and elimination forms described by Martin-Lof in Hauptsatz for the

Intuitionistic Theory of Iterated Inductive Definitions [MLT1].

4.4.1 Introduction Rules

Following Martin-L6f [ML71], we take the introduction rule for the symbol # to

be an inference of the form:

Pl(fiy) e Pp(iay)
#(7)

where T and ¥ respectively denote z,,...,z,, and y,,...,y, . We assume that this

(4.8)

rule is encoded in the LF, via suitable types A;, 1 < ¢ < p, as a constant of the

form

#1:AZ,9) F (AEF,9)F (.. F(A4,3.7)-..) Fz5 356 J(#(@))°

where J is the appropriate basic judgement, eg. true, valid, etc. and where we
assume that the encoding is natural. In particular we assume that the variables

of the object-logic are identified with those of the LF.

3We use the usual notational abbreviations, Z: A for z, : A,,...,z, : A, for some 7,

etc..
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We ask the following question: when can we simulate an instance of such an
object-logic inference step 4.8 by a corresponding instance of a single inference
rule R of some system which is equivalent to L so that if the succedents of the
sequents of the premisses of the instance of R are exactly the encoded versions of
the premisses of the instance of the object-logic inference rule then the succedent
of the sequent which is the conclusion of the instance of R is exactly the encoded

version of the conclusion of the instance of the object-logic rule 4.8 ?

A candidate for such a rule is the resolution rule 4.5; for the instance of this
rule that is generated by the constant #I is given by

[ =y NF(A,(Z,9)(M/7]) ... T =5 NF(4,F7)[M/3)
' =y NF(J(#(2))M /7)) ’

where the objects M are those which select an instance which corresponds to the

required instance of the object-logic rule.

Recall the LF signature ¥p, of Chapter 2 which encodes the first-order theory
of Peano arithmetic. By the adequacy theorem for the encoding of this theory

2.4.1, we have that
Y1 Pm
P

is an instance of an introduction rule of Peano arithmetic if and only if there is

(4.9)

a (n-normal form M of type ¢° true in Xp, the free variables of which are all of
type ¢ or ¢ true. Let ' be a context in which M is well-typed. By applying the
instance of the 4.5 rule generated by the constant which encodes the rule of which
4.9 is an instance (considered as a search rule or reduction operator [K168]) to the
instance of the succedent of its conclusion which is determined by 3°, we obtain
the premisses

I' =5, ¥; true ... T =5, 4 true.

By Proposition 4.3.5 we have that
LR1 proves I' =y, 9. true

for each 1 <7 < m if and only is there is a fp-normal form M;:%); true which is

well-typed in I'. But then by the adequacy theorem (Theorem 2.4.1) of Chapter
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2 we know that there are proofs of each ¥; if and only if there are normal forms
of type 1, true. Thus we have shown that the introduction rules of the first-order

theory of Peano arithmetic can be simulated in the LF by the single rule 4.5.

In the analysis above the premisses of the encoded rule were assumed to be
ground, as is the case for A-introduction, V-introduction etc., and not hypothet-
tcal, as is the case in D-introduction. Hypothetical premisses are encoded as
hypothetico-general judgements so that in order to obtain the simulation required
it is necessary to construct uniform proofs. For example, the DI rule of first-order

logic is encoded in the LF as the constant
DI: (ftruek tptrue) by, 4 ¢ D P true,
(see Appendix B or [AHMS8T]). Suppose that we have a goal of the form
I' =g, a D btrue.

By applying the instance of the 4.5 rule

I' =y, atrue — btrue
I' =g, a D btrue

we obtain the goal:

I' =y, atrue — btrue.

If we apply the (— r) rule to this goal, thereby putting it in uniform form, we
obtain the premiss

I',z:atrue =5, btrue,

so that the composition of these two rules gives us a rule:

[,z:atrue =y, btrue
I' 35, a D btrue

(z ¢ Dom(T)),

which corresponds exactly to the DI rule because under the principle of judgements
as types the hypothetical proof which constitutes the premiss of the DI rule is
encoded as a hypothetical judgement. In other words, if we are performing search
directly in a natural deduction presentation of first-order logic and we are faced

with a goal of the form a D b and if we wish to use the DI rule:

(¢)
¥

$D%
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then we add the assumption ¢ to our list of assumptions and proceed to search
for a proof of ¥). We are able to simulate this situation by using the instance of
the 4.5 rule generated by the constant DI and by maintaining the sequents of the

LR1-proof in uniform form.

The VI rule of first-order logic is encoded by the constant
VI: (k. P(z)true) Fp,, V(P)true.

By using the instance of the 4.5 rule generated by this constant and by maintaining

the sequents of the LR1-proof in uniform form we obtain the composite rule

[ z: =g, p(z)true
I' =5, V(p)true

(z ¢ Dom(T))
which simulates, in the sense discussed above, the VI rule of first-order logic.

The I rule of first-order logic is encoded by the constant
dl: P(z)true Fp,, .., 3(P)true.

By using the instance of the 4.5 rule generated by this constant and by maintaining

the sequents of the LR1-proof in uniform form we obtain the composite rule

I' =5, p(M)true
I' =g, 3(p)true

where I' by M : ¢, which simulates, in the sense discussed above, the 3I rule of

first-order logic.

4.4.2 Elimination Rules

Following Martin-L5f [ML71], we take the elimination rule for the symbol # to be

K (7, o)

(4.10)

where J is a suitable basic judgement, eg. true, valid, etc. and P;, for 1 <: < m,

abbreviates the formula

(Q:(Z,w,%) b K(Z,0))

B
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in which we use the usual notation for hypothetical and general judgements. This

rule is encoded in the LF, again via suitable types, as a constant of the form
#E:Nz:Allw:D(Z). J(#(F)) —» (Iy7: B,(Z,@) . C,1(Z, @, %1) — K(Z,®))
— ... = (1§ : B.(Z,@) . Cu(Z, ®,T) — K(ZT,®))

where J and K are suitable basic judgements.* Again, we assume that the encod-
ing is natural, and in particular that the variables of the object logic are identified

with those of the All-calculus.

Again, we ask the following question : when can we simulate an instance of such
an object-logic inference step 4.10 by a corresponding instance of a single inference
rule R of some system which is equivalent to L so that if the succedents of the
sequents of the premisses of the instance of R are exactly the encoded versions of
the premisses of the instance of the object-logic inference rule then the succedent
of the sequent which is the conclusion of the instance of R is exactly the encoded

version of the conclusion of the instance of the object-logic rule 4.10 ?

In this case the resolution rule 4.5 is such a rule provided we work with uniform

LR1-proofs. Suppose that we are to search for a proof of the sequent
I =5 NF(K(Z,%)[M/z))
for some suitable M. By applying the 4.5 rule, using # E, we obtain the subgoals
T =5 J(#(2)[M/7]

and

P=>E PI[M/EE]V"’ F=>E Pm[M/E]

The premisses ' =5 P;[M/Z] do not yet correspond to the subgoals obtained in

the object-logic. This situation is recovered if we take the uniform forms of the

4We use the usual notational abbreviations, T: A for z, : A,,...,z, : A, for some r,

etc..
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premisses [ =y P,[M/Z], and we know that if the original premisses are provable

then so are their uniform forms.

For example, in the first-order theory of Peano arithmetic the JE rule is

(4)
3z.4(z) ¢
¥

where z is not free in any assumption on which ¥ depends. By the adequacy
theorem for the encoding of this theory (Theorem 2.4.1) we have that there is a

proof in Peano arithmetic of the conclusion % from the assumptions:
e a proof in Peano arithmetic of ¥ from ¢, and
e a proof in Peano arithmetic of 3z.¢(z)

if and only if there is a normal form M of type i true, the free variables of which
are all of type ¢ or 3z.¢(z) true or ¢ true — 3 true. Thus, by an argument similar
to that for introduction rules, we see that the resolution rule 4.5, in conjunction
with the strategy of maintaining proofs in uniform form, is able to simulate the

elimination rules of the first-order theory of Peano arithmetic.

For example, the DE rule of first-order logic which is encoded in the LF as the

constant
DE: ¢ Deptrueb ((ftrue b ¢ true) b x true) by p000 X true,
(see Appendix B or [AHMS8T7]). Suppose that we have a goal of the form
I' =y, ctrue,

then by applying first the instance of the 4.5 rule generated by the constant DI
and then applying (— r) rule, so that both subgoals are in uniform form

I',z:atrue — btrue =5, ctrue

=y, a Dbtrue
Zea I' =g, (atrue — btrue) — ctrue

I' =y, ctrue

we obtain the composite rule which yields the subgoals

I' =y, a D btrue
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and

I',z:atrue — btrue =5, ctrue,

which, by an argument similar to that given for the DI rule, simulates the DE rule

in first-order logic.

We note that these techniques can also handle more ad hoc formulations of

elimination rules such as modus ponens.

We remark that from the point of view of proof-search the given natural deduc-
tion form for elimination rules is rather unfortunate. Frequently it happens that
in such rules the conclusion is simply a propostion with no necesary structure, e.g.

= ) ()
oVY  x X

X

VE

The encoded version of such a rule is applicable, via the rule 4.5, whenever the

succedent type of a given goal is of the form a true where a : 0 and true : 0 — Type.

4.5 Summary

In this chapter we have considered a sequent calculus which forms the basis for
proof-search in the All-calculus. We have considered the notion of uniform proof
and have considered two resolution calculi and proved them complete. We have
begun to consider the relationship between the proofs of an object-logic and the

proofs in the AIl-calculus of the LF-encoded version of the logic.
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Chapter 5

A Unification Algorithm for the All-calculus

This work of this chapter was completed whilst the author was visiting
the Center for Study of Language and Information (CSLI), Stanford
University, during the Spring quarter of 1988.

5.1 Introduction

In this chapter we present a unification algorithm for the All-calculus.

There are three important existing works on higher-order unification, namely
Pietrzykowski’s algorithm for the complete-enumeration of unifiers in second-order
logic, Jensen and Pietrzykowski’s fundamental paper on the extension of this work
to an algorithm for the complete-enumeration of unifiers in w-order logic (simply-
typed A-calculus) [JP76] and Huet’s seminal work on searching for the existence
of unifiers in simply-typed A-calculus [Hu75]. The work of Huet [Hu75] forms the

basis of this chapter.

In order to give a full account of effective search and logic programming in the
setting of the AMI-calculus, we need a unification algorithm for AIl-calculus terms.
We need a unification algorithm in order to eliminate the non-deterministic choice

of object in the (II!) operator. This idea is explored in Chapter 6.
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In the simply-typed A-calculus we attempt to unify terms of the same type.
However in the All-calculus we must unify not only objects, but their types as

well. We must adapt the approach of [Hu75] to allow this.

For example consider the pair of terms
Az:o0.y(z,u) : Hz:o0. f(z,u) (5.1)
where f : 0 —» 0 — Type, and
Az:o.z(z,v) : [z:0.g(z,w), (5.2)

where g : 0 — 0 — Type. The types in 5.1 and 5.2 are unified if f is substituted
for g and u is substituted for w. In general we shall have to unify the types of the
IT-abstracted variables as well, but in this case they are both just the constant o.

Applying this substitution to the objects, we are left with the problem of unifying
Az:o0.y(z,u) and Az:o.z(z,v),

which now have the same type. These are unified if u is substituted for v and y is

substituted for z.

The differences between the work of this chapter and that of [Hu75] may be

summarized as follows:

o The need to unify not only objects but their types as well forces us to devise a
procedure which reduces the problem of unifying a pair of objects (and their
types) to that of unifying a set of pairs of objects. A further complication
at this point is that the components of such pairs are not of equal type;

although their types are similar in a certain technical sense to be defined.

e Considerable extra difficulty in proving that “flexible-flexible” pairs are al-

ways unifiable;

o The need to keep track of the variables that have been introduced during
by the algorithm: we want to know in what context our unified terms are
well-typed. This need arises when unifying “flexible-flexible” pairs and in

the procedure match;
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e The need for the procedure match to introduce new disagreement pairs to

the disagreement set so that certain types are unified;

e The need to maintain an ordering on disagreement sets so that the unifiability

of flexible-flexible disagreement sets can be guaranteed;

e Our notion of substitution is categorical — this is the natural notion in this
setting : fortunately, this does not affect the applicability of the methods of
[Hu75], although a little more work is required.

Thus the work of this chapter is to show that the work of [Hu75] is applicable

provided we take care in handling these extra difficulties.

We first provide the necessary syntax, notation and a suitable definition of
substitutions. We then proceed to give a unification algorithm in the style of
Huet [Hu75], which tests for the ezistence of unifiers, and returns a complete
set of “initial segments” of the unifiers of a pair of All-calculus terms; of course
this algorithm is in general non-terminating — higher-order unification is semi-

decidable even in the case of simple types.

Just as in [Hu75] we first consider an algorithm for the All-calculus with just
(B-equality and then consider the simplifications that arise in the presence of fn-

equality.

Finally, we consider how to obtain an algorithm based on that of Jensen and
Pietrzykowski [JP76], for the complete enumeration of the set of unifiers of a pair
of All-calculus terms. It is of some theoretical importance that such a procedure

exists.

Elliott [EI89] has also studied unification algorithms for the All-calculus, inde-
pendently, and at the same time as us. His solution is similar to ours, although his
presentation diverges from the format of [Hu75] rather more in that it exploits a
notion of unification problem. Such unification problems are used to successively
approximate a solution via rigid-rigid transformations and flexible-rigid transfor-

mations.
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5.2 Syntax and Substitutions

5.2.1 Syntax

We consider the type theory of the All-calculus as defined in Chapter 2, along
with the various abbreviations defined therein. Henceforth, we shall assume that
we have a fixed valid All-signature ¥, and when we write expressions such as
I' by M : A etc., we refer to such expressions derived in the system N (without

explicit —-types).

In addition to the syntax of Chapter 2, we allow f to range over variables
(where the intention is that these will have, in general, functional types), and if
the object M is well-typed in some given context I' we let 7,.(M) denote the type
of M. The relation of a-equality between terms is denoted by =. Recall from

Chapter 2 that we write NF(U) to denote the 3-normal form of the expression U.

5.2.2 Substitutions
DEFINITION 5.2.1 (SUBSTITUTIONS)
Let the contexts I and A be given by I' = z,: 4,, ..., z,,: A, (24, -, Z;n_y) and

AEyl:Bla LR yn:Bn(y17'--ayn—l)'

A substitution is a morphism' p : ' — A in which we call A the domain

context and I" the range contezt, given by a finite tuple of substitution pairs

P = ((My,91), s (M, 90))

such that T' kg M;:B;[M,/y1,...,M;_;/y;_{] for 1 <i<m.? O

1Cf. Appendix A and [Ca86] for the definition of the category C(X) with Sn-equality;
the definition with just S-equality is similar.

2Note that this is the same as the definition of substitution (realization) given in Ap-
pendix A apart from the fact that here we assume in the first instance only 3-equality. We
take tuples of pairs here because this is both standard in the presentation of unification

and pedagogically helpful.
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The definition of substitution taken here is slightly different from that taken
in [Hu75]. The reason for this is that the presence of dependent types makes the
definition taken in [Hu75] rather awkward because it is difficult to define the range

context in a simple manner. The categorical definition is the natural one.

However, the requirement that we must unify types means that we shall need
a slightly weaker notion of substitution than this. In order to define this weaker

notion of substitution we shall need the notion of similar types.
DEFINITION 5.2.2 (SIMILAR TYPES)
Let the types A and B be given by the expressions:

A=z :A, ..z, A, .c)M,... M,
B=1y,:B,... My,,:B,,.cocN,...N,, ,

where the kinds of ¢; and ¢, have respectively ¢, and ¢, [I-abstractions. The types
A and B are said to be similar, written A ~ B, if n, = ny(= n), ¢, = ¢;(= ¢),

@1 =q(=¢%andfor 1 <i<n, A, ~B;. O

We now define the notions of pobject, ptype and pcontext and psubstitution
by allowing the replacement of free variables in objects, types and contexts by
objects of similar, not equal, type. Recall the translations 7 and | — | of Chapter

2, Definition 2.2.2, of Ml-calculus-terms into Curry-typable terms.
DEFINITION 5.2.3 (PCONTEXTS)

We define the notion of pcontezt inductively as follows:

e (Valid) contexts are pcontexts;
e f I'=T,,z: AT, is a pcontext, if N, C and the pcontext I';,©, where
Dom(®) N Dom(T'y) = @, are such that
T(Fl, @) F,(E),{ﬂalﬂa:w_,((,_.w)_,w} |N| : T(C)

is provable in Curry’s type assignment system (c¢f. Lemmas 2.2.3 and 2.2.4

of Chapter 2) and if C ~ A, then I';,0,T,[N/z] is a pcontext. O

3Note that we have required only the given syntactic shapes; we have not required

that the expressions be well-typed of kind Type (in a given context).
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DEFINITION 5.2.4 (PSUBSTITUTIONS)

We define the notion of psubstitution inductively as follows:

e A substitution o : " — A is a psubstitution;

o Leto:T,,z:A,T; — A be a psubstitution. If N, C and the pcontext
I',, ©, where Dom(©) N Dom(I';) = @, are such that

T(Fl’ e) l_T(E),{m,kra:w-—o(a—»w)—»w} |N| : T(C)

is provable in Curry’s type assignment system and if C ~ A then o[N/z] :
Ty, 0,T,[N/z] — A is a psubstitution from the domain pcontext A to the
range pcontezxt I';,0,T,[N/z]. O

We shall refer to the components of psubstitutions and pcontexts respectively as
pobjects and ptypes and given a pobject M we shall write 7,.(M) for a ptype A

such that, for some pcontext T,
T(F) I_T(E),{wa-hr,:w—,(a—»w)_,w} |M| : T(A)

is provable in Curry’s type assignment system. Lemmas 2.2.3 and 2.2.4 of Chapter
2 will guarantee the existence of head normal forms for these entities: recall that

a A-term is said to be in head normal form if it is of the form

Az iAoz A, QM LM,

and note that this notion extends to the ptypes of the All-calculus in the obvious
way. We denote the head normal form of the expression U by HNF(U).

A psubstitution is said to be in head normal form if each of its components is
in head normal form. A pcontext is said to be in head normal form if each of its

components is in head normal form.
DEFINITION 5.2.5 (HEADINGS; RIGID AND FLEXIBLE POBJECTS)

Consider the pobject M in head normal form given by:

M = Az, : A, .. Az, AL,.GM, ... M,.

We call the heading of the pobject M the expression Az;:A,...Az,,:A,,.@, and
call @ the head of M. If @ is a constant or one of the variables z,,...,z,, then M

is said to be rigid; otherwise M is said to be flezible. Let A be a ptype given by
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the expression: Ilz,:A;...Ilz,:A,.cN;... N, . We call the heading of the ptype
A the expression Ilz;, : A,...Ilz,: A, .c, and call ¢ the head of A and N,... N,
the matriz of A. O

The Church-Rosser and strong normalization properties fail for pobjects and
ptypes, but the next lemma summarizes the properties that we need.

LEMMA 5.2.6 (HEAD NORMAL FORMS)

Every pobject (and every ptype) has a head normal form, and every head normal
form of a given pobject has the same head.

PROOF SKETCH

The proof proceeds by translating the All-calculus objects and types into Curry-
typable terms via the translations 7 and | — | of Chapter 2, see Definition 2.2.2,
and is similar to Lemmas 2.2.3 and 2.2.4. Reductions in the Curry-typed terms
are mimicked in the Al-calculus-terms. See also [HHP87] and [HHP89]. O

DEFINITION 5.2.7 (THE MEASURE 7)

As in [Hu75], let 7#(M)€ IN denote the number of applications in the pobject M
(in head normal form): 7(Az;: A4, ... z,: A, .QM, ... M,)=p+ 3"  =(M;). O

The application of the psubstitution p(=((My,y1),- .., (M, ¥,))) (= z,: Ay,
cesTmiAn) — A= y1: By, .., Yn: By) to a pobject M and a ptype (family) A
is given by, respectively, Mp =4 HNF((Ay,: By...Ay,: B, . M)M, ... M,) and
Ap =43¢ HNF((Ayy: By ... Ay,: B, . A)M, ... M,) .

LEMMA 5.2.8 (APPLICATION OF SUBSTITUTIONS)

If p: T — Ais a substitution, and if Ay M: A, thenT'tg Mp:Ap.
PrROOF

An easy exercise in the manipulation of proofs. O

DEFINITION 5.2.9 (EQUIVALENCE OF PSUBSTITUTIONS)
Let 0 : T — A and p : I' — A be psubstitutions. We write o =, p if HNF(0)

= HNF(p), defined componentwise.! O

4Although the subscript is technically unnecessary in this setting, we leave it in place
(cf. [Hu75]) because we believe it is of some pedagogic value in the presentation of many

of the proofs of this chapter.
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We need a lemma which says that rigid pobjects and ptypes keep their heading
essentially unchanged under the application of substitutions.
LEMMA 5.2.10 (PROPERTIES OF PSUBSTITUTIONS)

1. A rigid pobject keeps its head and the number of abstractions in its heading

unchanged under the application of any psubstitution.

2. A ptype keeps its head and the number of abstractions in its heading
unchanged under the application of any psubstitution.

ProOOF

Immediate from the definitions . O

DEFINITION 5.2.11 (COMPOSITION OF PSUBSTITUTIONS)

Suppose that the pcontextsI'and A are respectively given by I'=z,: A,,...,z,,: 4,,
and A =y,:By,...,y,: B, , and that p : ' — A is the psubstitution given by
p={(My,y),...,(M,,y,)) and that o : A — © is the psubstitution given by ¢ =
({(N1,21)..+,{Ny, z,)) where © is the pcontext © = 2,:C},...,2,:Cp(21,- - -, 2p-1)-
The composite psubstitution, po o : I' — O, is the psubstitution given by

poo= ((Nl[Ml/yla' . ’Mn/yn]’zl>" ) (Np[Ml/yla" . )Mn/yn]azp» .0

DEFINITION 5.2.12 (ORDERING PSUBSTITUTIONS)
Let 0 : T' — A and p : ' — O be psubstitutions. We say that o is less
general than p on I', and write o < p, if and only if there exists a psubstitution

n:® — A such that o = po7.® O

DEFINITION 5.2.13 (UNIFIERS)

Suppose that A Fy M : A and A ks N: B. The substitution p : I' — A is a
unifierof M: A and N:B if Ap = Bp and Mp = Np.

We let Up(M : A, N : B) denote the set of all unifiers of the terms M : A and

N :B. We omit the subscript A where no confusion can arise by doing so. O

S Although the subscript is technically unnecessary in this setting, we leave it in place
(¢f. [Hu75]) because we believe it is of some pedagogic value in the presentation of many

of the proofs of this chapter.
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5.3 An Existence Algorithm

5.3.1 Outline

Wherever it is possible we shall follow the structure, style and notation of Huet’s
presentation of the unification algorithm for the simply-typed A-calculus, which
is found in [Hu75). The reason for this approach is that many of the proofs and
arguments needed in our work are very similar to those needed in [Hu75] and it is
therefore useful to be totally explicit about this so that our necessary additional

work is clearly seen.

As in [Hu75], we are interested in the existence of unifiers for M: A and N:B.
To this end, we construct a tree, called a matching tree, for M: A and N:B. We

need the definitions below.
DEFINITION 5.3.1 (DISAGREEMENT SETS AND DISAGREEMENT PAIRS)

A disagreement set is any finite set of pairs of pobjects of similar ptype (called

disagreement pairs),

{(Mi’Ni)IT‘T(Mi) ~ TT(Ni) ’ 1< t < n}

Pairs (M, N) in which both M and N are rigid will be referred to as rigid-
rigid pairs, and those in which both M and N are flexible will be referred to as
flexible-flexible pairs, etc..

A simplified disagreement set is a disagreement set that contains only flexible-

rigid pairs and flexible-flexible pairs and contains at least one flexible-rigid pair.

The psubstitution o is said to be a unifier of the disagreement set D if for
all pairs (M,N) € D, Mo = No. We let U(D) denote the set of unifiers of the

disagreement set D. O
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DEFINITION 5.3.2 (MATCHING TREES)
Matching trees are trees whose nodes and arcs are labelled as follows:

o Nodes are labelled either with a pair in which the first component is either
a simplified disagreement set or succeed or fail and the second component

of which is a pcontext;

o Arcs are labelled with psubstitutions as follows: if A/ and A are nodes and
if there is an arc from N to N then the arc is labelled by a psubstitution
o : I' — T where T is the pcontext that labels A" and I' is the pcontext
that labels N’

Nodes labelled with either succeed or fail are called terminal and those labelled

with simplified disagreement sets are call non-terminal. O
DEFINITION 5.3.3 (CURRENT PCONTEXT)

Suppose that a node N of a matching tree M is labelled by a pair in which the
second component is the pcontext I'. We say that I is the current pcontezt for the

node N. O

5.3.2 Construction of a Matching Tree

The construction of a matching tree M for two terms M: A and N:B (which are

well-typed in some context A) is based on the three functions described below:

o reduce, which takes as arguments two ptypes (initially A and B) and returns

either a disagreement set or fail;

o simplify, which takes as argument a disagreement set, and returns a simplified

disagreement set or succeed or fail;

e match, which takes as arguments a flexible pobject M, a rigid pobject N of
similar ptype, a pcontext A and a disagreement set D,; it returns a finite

set § of psubstitutions, a pcontext and a disagreement set.
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The initial node in M is simplify(reduce(A, B) U {(M,N)}). Let N be the
current node in M. If NV is labelled with (a pair in which the first component
is) succeed or fail then A has no successor; otherwise, choose a pair (M’, N') in
the set which labels A such that N' is rigid, and let the set of psubstitutions S =
match(M',N’, A, D)), with some abuse of notation. If S = ), replace the label of

N by fail; otherwise, for every o € S, grow an arc, labelled with o, from A/ to the
new node N’ labelled with

Dy = simplify({{M'a, N'a)|(M', N') € Dy} Ureduce(H,, H,)),

where D), denotes the simplified disagreement set which labels the node N and

where H,; and H, are certain ptypes generated by match.

5.3.3 The Procedure reduce

The procedure reduce implements® the function reduce described in Section 5.3.2
which is used to reduce the problem of unifying two All-calculus ptypes (in head
normal form) to that of unifying a finite set of pairs of All-calculus pobjects (where
in each pair the pobjects have similar ptype). Thus, given a pair of ptypes A and

B, reduce returns a disagreement set D.
Let the head normal forms of M: A and N:B be given by
Azy Ay Az, AL QML M, s Ty AL Ty, 5An1-01M1, cee M:l
and

Ay1:By ... MYy, By, @QoN; ... N, :Ily,: By ...Hyn2:Bn2.c2N’ ...N

1 r2

respectively, where the kinds of ¢, and ¢, are given by
Nw,:D,;...Iw,, : D, .Type

and

Oz :E; ... lz,:E,, Type

6As an algorithm.
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respectively.

The procedure reduce first checks that the ptypes are similar, that is that
n; = n, and ¢, = ¢, (and so r; = 1y, since ¢, M| Mr'1 and ¢, N; ...Nr'2 must

both be of kind Type). If they are not then there is no hope of unification, e.g.,
M :Tlp:0 Mp:o.true(x) and N :Il¢:o0.valid(x)

are not unifiable. It then proceeds, recursively, to reduce each pair of ptypes arising
from the headings of A and B, taking care to maintain all variable bindings; it
then adds to the (putative) disagreement set, D, each pair of pobjects arising from
the matrices of A and B, again taking care to maintain all variable bindings, cf.

the example in Section 5.1.
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reduce( A, B)

Step 1
If A and B are not similar (A # B) then return fail; otherwise let ¢ = ¢,(= ¢,),

r =r,(=r,;) and n = n,(= n,).

Step 2

If n = 0 then perform Step 3; otherwise, for : = 1 to n make the assignment:

D:=DU (Azy:Ay... Ax;_1:A;_1,  y1: By ... Ayi_q: B;_1)(reduce(A;, B;)),

where (Az;: A;... Az, 1 A, Ayp - By ... Ay, B,)(reduce( A, B)), etc. denotes that

all of the disagreement pairs added to D as a result of the application of reduce

to A and B must be A-abstracted with respect to z,,...,z, in the first argument,
and with respect to y,,...,y, in the second argument.
Step 3

For j =1 to r, make the assignment :
D:=DU{{(\z;:4,... Aa:n:An.M;., Ay B ... /\yn:Bn.NJ'.)}.

Step 4
Return D. O
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For example, given the pair of objects and (similar) types
M :Mz:A.cP and N :Ily:B.cQ,

where c is a constant, reduce returns the set

{{(Ax:A. P, y:B.Q)} Ureduce(A, B).
PROPOSITION 5.3.4 (TERMINATION OF REDUCE)

The procedure reduce terminates, and returns a disagreement set, D.

ProOF

A simple inductive argument. O
PROPOSITION 5.3.5 (FAITHFULNESS OF REDUCE)

If o : T — A unifies M: A and N:B and if D = reduce(A, B) U {(M, N)}, then
for all (M',N') € D, M'sc = N'o.

PRrROOF

The proof is by an analysis of the structure of the set D. If o unifies M : A
and N :B then we must have that Ac = Bo, so that we must have, for 1 <: < n,
that

A;0 = B;o

and, for 1 < j < r, that
Az A ... /\:BnIAn.M;.O' = Ay : By ... )\yn:Bn.N;a .

Now, each pair (A;, B;), on which reduce is called, has the same general form as
the pair (A, B), so that if A; and B; are unified by o, then each of the pairs of
ptypes arising from the headings of A; and B; must be unified by o, et seq.. This
decomposition, along with the addition of the pairs of ptypes arising from the

matrices of A and B, is exactly that performed by reduce, so that the constructed
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disagreement set, D, contains exactly those pairs which must be unifed by o if the

types A and B are unified by o. Therefore M'c = N'o for all (M’,N') € D. O

Before proving the adequacy of reduce, we introduce a function r that assigns
to each pair of pobjects in reduce( A, B) (provided this is not fail) a unique level,

as follows:
DEFINITION 5.3.6 (THE FUNCTION r)

Suppose that A and B are ptypes, with their head normal forms given respec-
tively by A = Iz, : A;... llz,, : A,,.cM;...M,, and B=1ly,:B,...1ly,:B,,
.cN;y...N,. Suppose further that A, = Ilz,,: Ay, ... lzy,, 1 Ay, - cMyy ... My,
and that By = Ilyy;: By ... Hyym, : By, - €Ny - - . Ny, , and that, similarly

A,'j = Hilf,'jl :Aijl v H:Bijm.'j :Aijm.-,- . CMijl ‘e Mi

Jnij
and

.cN.

151 Nijn.‘j 9

Bij = Hyijl :Bijl ... Hyijm;,- :B

1ymij

etc.. The function r assigns the level 0k to each of the pairs (M, N;) (1 < k < n);
r assigns the level 1k to each of the pairs (M, Nyi) (1 < k < n,y); r assigns the
level 25k to each of the pairs (M;;, N;;) (1 < k <n,), etc.. O

PROPOSITION 5.3.7 (ADEQUACY OF REDUCE)

Let Abg M:Aand Abg N:B.

1. Let ¢ : I' — A be a substitution and let D = reduce(A, B) U {{M, N)}.
If for all (M’',N') € D, M'c = N'o, and if Mo = No, then o unifies M : A and
N:B.

2. If reduce returns fail, then Uy(M:A,N:B) = 0.

PRrROOF

1. We observe that the levels assigned to the elements of D by the function r

can be ordered (3,) as follows:
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11...1113,11...1123,...3,11...113,11...12 3, ... 7,
13,1273,...3,013,023,...3,00 3,0,
with the pair (M, N) assigned the level 0.

For example, suppose that A = Iz, : A,.cM; and B = Ily, : B, .cN,, where
A, = lz,,: Ay, .dM;; and B, = My, : Byy .dNyy, Ay = eMy;, and By, = eNyyy,

then the ordering can be considered to be

(My11, Nypp) 3, (M, Ny ) 3, (My, N,) .

We can consider this order to be a finite segment of the natural numbers with
their usual ordering, the highest number being labelled by 11...111 and the lowest
being labelled by 0.

The result now follows by a simple inductive argument on the structure of A

and B.

If the pairs at all levels down to and including level ;7 4+ 1 have been unified,
then the components of the pair at level j have unified ptypes, but this pair is also

unified, eic..

2. The procedure reduce(A, B), for some pair (A, B) occurring in the pair of
ptypes to be reduced, returns fail just in case A and B are not similar, so that
either n; # n, or ¢; # ¢, and so by Lemma 5.2.10 M : A and N : B are not

unifiable. O

Henceforth we shall consider J, to be an order on disagreement pairs and drop
the subscript r, so that we write (M', N’y O (M"”, N"), etc.. Also, we shall write
(M',Ny 2 {(M",N"y for (M',N'ya...3(M",N"), etc..

5.3.4 The Procedure simplify

The purpose of the procedure simplify is to remove from the input disagreement
set any rigid-rigid pairs, and to check for nodes containing only flexible-flexible

pairs. Let D be the disagreement set input to simplify.
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simplify(D)

Step 1
If there does not exist a pair (M, N) € D such that M and N are both rigid then

perform Step 2; otherwise write
D={(M,N)}wD

where

M =Xz 1A, .. Az, 1A, QM ... M,

and

N - Ayl:Bl . e Ayn2 :an'@2Nl ces sz.
We now check that the heading of M is equal to the heading of N:

if @, # @,, then return fail, otherwise let p = p,(= p,), (note that M and N
have similar types so that if @, = @, then we must have that n, = n, (= n) and

p1 = p2 (= p)), and make the assignment :

D= {(M;, N)1<i<pluwD
where M; = Az,: A, ... Az,: A,.M; and N; = Ay;: By ... \y,: B,.N;. Extend the
order 1 to D by making the assignment
3:=2 U{(M,N;) 3(M;,N;)|1<i<j<p}.
Repeat Step 1.

Step 2
Replace in D each pair (M, N) where M is rigid and N is flexible by the pair
(N, M).

Step 3 If there exists (M, N) € D such that N is rigid, then return the set D;

otherwise return succeed. O
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DEFINITION 5.3.8 (THE MEASURE §)

Let D = {(M;, N;)|1 <i < n}, and define the measure §(D)e IN by
5(D) = n+ 3o w(M)
i=1
where 7 is the measure given in Definition 5.2.7. O
Let D be a disagreement set that is input to simplify. We show that simplify

terminates after a finite number of steps, and returns a simplified disagreement

set possessing the properties described by the three results given below.

PROPOSITION 5.3.9 (CORRECTNESS OF AND TERMINATION OF SIMPLIFY)

Let D be a disagreement set.
1. If simplify(D) = fail, then U(D) = 0.

2. If simplify(D) = D', where D’ is a disagreement set, then U(D) = U(D').
Furthermore, the procedure terminates after a finite number of applications of
Step 1.

PRrROOF

The proof of Part 1 is essentially the same as that of the corresponding result in
[Hu75] (Lemma 3.4). Let Dy, for some k > 0, be the set obtained after k£ successful
applications of Step 1. We assume that ¢(D,) = U(D), which is immediately true
for £ = 0. If there exists a rigid-rigid pair in Dy, let (M, N) be the pair selected.
If M and N have distinct heads then the algorithm stops and returns the answer
fail; but if M and N have distinct headings, we know, by Lemma 5.2.10, that
U(Dy) =0, and therefore that U (D) = @, which proves Part 1.

The proof of Part 2 also is essentially the same as that of the correspond-
ing result in [Hu75] (Lemma 3.6). Suppose that M and N do not have distinct
headings, and that ¢ : I' — A is a unifying psubstitution. Assume that for all
v € FV(M)UFV(N) and for all 1 < i < n, z; € FV(vo) and y; &€ FV(vo),

(otherwise we can simply rename the z(y); s by a-conversion), so that we have

Mo =Xz :A,... Az, A,.@QM,0... M,0
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and

No = MAy,:B, ... y,:B,.@N,0... N,o.
Now, Mo = No if and only if for all 1 <: < p,
Az i Ay . Az, AL(Mo) = Ayt By .. Ay, B .(N;o),

that is, if and only if Mo = N,o. It is immediate that Dy4, differs from Dy, only in
that the pair (M, N) is replaced by the set of pairs {(M;, N;)|1<i<p}. Therefore
U(Dyy1) =U(Dy) = U(D). We note further that the procedure terminates after a

finite number of applications of Step 1, since
6(Dy41) = 6(Dy) — 1.

If fail has not been returned, we proceed to Step 2 with a set D) such that
U(D,) =U(D), and in Step 2 the only operation we perform is to swap the order
of some of the pairs in Dy, which has no effect on unification. This proves Part 2.

O

We must now prove that disagreement sets in which all pairs are flexible-flexible
are always unifiable. This is significantly more difficult than the corresponding
result in [Hu75] (Lemma 3.5), and indeed we must delay the proof of this fact
until we have proved the correctness of match. However, we begin by proving the

result for pairs in which the components are of common type, ¢f. [Hu75] (Lemma

3.5, Part 2).
LEMMA 5.3.10 (FLEXIBLE-FLEXIBLE UNIFIABILITY FOR COMMON TYPES)

If D is (asubset of) a disagreement set in which each pair is flexible-flexible and

such that for each pair the components of that pair are of common type then
UD) #0.
Proor

We proceed in a manner similar to the elementary construction given in the proof

of Lemma 3.5 of [Hu75]:
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Suppose the pair (Q, R) is such that the head normal forms @ and R have the

same ptype (up to a-conversion) and that they are given by

Q=Auy:A; .. Ayt A, Q... @y

and
R=Mv:A ... v, A, 9R,...R,,,
where
T (f)=F = Tu, ;1: A, 4. - Tu, 1A
Mu, 41: A 4. Hug DA, LcPy ... P,
and

7(9)=G = v, Ay .. v, A,
v, p1:Ar, 41 .. Tvg, 1A, . cPy ... P,

Suppose that
A= Alaf:F)A2ag:G,A3

is the current pcontext. We assume, without loss of generality, that f precedes ¢

in A — of course there is a trivial case in which they are equal.

Define (o(Q, R) to be the psubstitution
Ca(@,R) Zges (- - - (M, f)y ..., (Mg, 9),...)
where M, is given by:
Mg =geg Mgy 411 A 41 -+ Awg, T A [wn1+1/vn1+17 e Wy [V, 4] - Wy

for w; a distinct canonical variable of appropriate type (we assume that for a giQen

type, just one such choice of variable is available), and

Mg =def Au)'n,z+l :An2+1 e Awsz :Asz [wn2+1/vn2+1a ERICN } wsz—l/vsz-l] . wg
for w, a distinct canonical variable of appropriate type.

¢A(Q,R) unifies Q and R: to see this, consider the application of {4 (Q, R) to
Q and R:

QCA(Q,R) = Auy:i Ay Ay AL Aw, gt AL 4 Aw, t A wy
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and
R{A(Q,R) = Ayt Ay v, i A, AW,y 00 Apy -+ - Awg, T A, wy

Here we assume that the u;s and v;s do not clash with w; and w,. Since @ and R
have the same type, we must have that n; +s; —r) =ny + s, — 75, and 7, (wy) =

7.(w,), so that we have w; = w,(= w, say). Therefore Q(o(Q, R) = R(s(Q, R) .

It remains to note that if the domain pcontext A of the psubstitution {,(@, R)
is given by:

ALf:F A, g9:G, A,
then the range pcontext of the psubstitution is given by :
A1>w:CP1"'Pr‘)A?[Mf/f]’AS[Mf/f’Mg/g] .

It is a straightforward matter to verify that (5 (Q, R) is well-defined.

In order to unify a set of flexible-flezible pairs, such that for each pair the
components of the pair are of common type, we simply compose psubstitutions of

the above form. O

5.3.5 The Procedure match

Following [Hu75], the procedure match is presented in an informal algorithmic
style. The procedure match is not very different from the procedure MATCH of
[Hu75]. However, we must take care to maintain the current pcontext — as match
introduces new variables — and the disagreement set — as match introduces new
pairs of types that we must unify. Such new pairs arise because match does not
construct an object whose type is the same as the variable it is to replace, as
in the procedure MATCH of [Hu75], but yields an object whose type is merely
similar to that of the variable it is to replace. Our procedure reduce guarantees
only similarity of types, and not equality. We must take care to extend the order
3 to these new pairs. This ordering allows us to demonstrate that flexible-flexible

pairs are always unifiable.
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match(M,N,A,Dy)

Let Dy be the reduced disagreement set labelling the current node A in the
matching tree M, and let the current pcontext be A. Let M be a flexible pobject
and N be arigid pobject such that (M, N) € D (and so 7,(M) ~ 7,(N)). We take

the given pobjects M and N to have the following head normal forms:
M =z :Ay . Az, AL ML M,
N = Ay;:B,...Ay,,:B,,.@N, ... N,
where m, n, p, ¢ > 0, and where the ptypes of f and @ are given by:
follug: By Muy, By M,y i Epyy .. Ju B L cPy .. Py,

and

Q:Mw:Fy...MIw,: F w1 F . . Twg: Fy.cQy ... Qy,
where c is a constant and where cP; ... P, and ¢Q, ...Q,; are not of higher kind.

The purpose of the procedure match is to adjust the heading of the flexible
pobject M, and to this end we shall consider psubstitutions for f of a pobject
with a heading of the form Az, : C;... Az, : C,.@", for some t. @' will be either
@, in which case the most general such psubstitution will be given by the rule
of imitation, (Case 1, below), or z, for some 1 < k < ¢, in which case the most
general such psubstitution will be given by the rule of projection, (Case 2, below).
In imitation, we attempt to substitute for f a pobject with the same head as N.

In projection, we attempt to project f on to one of its arguments.

Since the number of abstractions in a pobject cannot be reduced by psubsti-
tution, and since the number of abstractions in the heading of rigid pobjects is
unchanged under psubstitution, we must require that m < n. So if m > n return

S = 0; otherwise n —m > 0.7

"The applicability of this argument rests on the similarity of the types of M and N.
In [Hu75] it is the case that their types are equal, which is a stronger condition.
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Case 1 : imitation
The i¢mitation construction applies where either @ is a constant, or where @ = y;

for some m < ¢ < n. Following [Hu75], we distinguish two cases.

1. n —m > 0. In this case the pobject which we substitute for f is given

uniquely by:
M; =4 A0y Ey .. AVt EJAY 0 i B -+ - Ay, i By .@N{ ...N;
where for 1 <: < g, N'.' = hV1 ... Vp¥my1 - - - Yn With each h; and v; distinct
and such that each h; and each v; is not in Dom(A).
For each h;, 1 <1 < ¢, we require that

T.(h;) = v E; ... v,  E,
Yy :Brgr -~ -y, : B, .7, (N;).

We must maintain the condition that H, = 7,(M;) and H, = 7,(f) are to
be unified. We have

H, = Iv:E;...Nv,:E,y,,41:Bppq.--ly,: B,
Mwg : Fpyy .. Tw, Fy.cQy...Q [Nl'/wl,...,N;/wq]

and
Hy, = Huy:Ey.. Tug: By Mluy By oo ou i B ocPy LB
We make the assignment
Dy = ’Djv U reduce(H,, H,),
where ’Djv is obtained by applying the returned psubstitution
(...(Ms, f)...): T = A,

to the input disagreement set D,s, and where the range pcontext I' is con-
structed as described below. Finally, we extend the order 1 to the disagree-
ment set Dy by making the assignment J:=21" U 1,,, where the order
1, is defined on reduce(H,, H,) just as in Definition 5.3.6 and Proposition
5.3.7 and where the order 3’ is just the order 3 on D, under the returned

psubstitution.
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2. n—m = 0. In this case it must be that @ is a constant. The pobject M,
substituted for f is of the form:

Mf =def /\vl:El ...A'Uk:Ek.@N{ "'N(;—p+k’

provided that max(0,p — ¢) < k < p, and where N; = h;v, ... v, for 1 <7 <
g— (p— k), for suitable h;s, etc.. To ensure type-compatibility we necessarily
require that

1.(h;) =vy: E; .. . Tug: B .1, (N;) .
We must maintain the condition that

Hy =7,0v:E ... Mo B QN ... N,__ )

and H, = 7,.(f) are to be unified. We have
Hy = Iv:Ey.. Mg B Tlwg pypq i Fypiggr -
Ow,:F,.cQ;...Q [N /w,,... ,N;_p+k/wq_p+k]
and

H2 = HUI:EI...Huk:EkHUk+1:Fk+1...uT:E,..CPI...PI.

We verify that £k +s — (¢ —p+ k) = r (from m = n and the similarity of the
types of M and N we have that s — ¢ = r — p), and make the assignment

Dy = D;\/ U reduce(H,, H,),
where D:v is obtained by applying the returned psubstitution
(...(Mg, fy...): T = A,

to the input disagreement set D), and where the range pcontext I' is con-
structed as described below. Finally, we extend the order 1 to the disagree-
ment set D), by making the assignment J3:=2" U 1, , where the order
1, is defined on reduce(H, H,) just as in Definition 5.3.6 and Proposition
5.3.7 and where the order 1’ is just the order 1 on D,  under the returned

psubstitution.
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Case 2 : projection .
Following [Hu75], we distinguish three cases for the heading of the object that we

may substitute for f. We take the union of their solutions.

1. Avg:Ey ... Av: By v, forl<k<pand1<:<k.
In this case the pobject that we substitute for f is given by:
My =44 A0y Ey ... Mg EpopN, ... N,

where for 1 <: < ¢/, N‘.' = h;vy...v;, with each h; and v; distinct and such
that each h; and v; is not in Dom(A), and where 7,(h;) is determined as

described below.

We have that E; = I1z,:Gy...llz,u: G, .dR, ... Ry, say. We must maintain
the condition that H, = 7,(M;) and H, = 7,(f) are to be unified.

We have that

Hl = Hvl:El...Hvk:Ek
H2311_51+1 :Gs"—-s'-}-l . stll :Gsu .
de e Rl'[Nll/zl7 o e N;,/Zsl]

and
H2 = Hul:El"'Huk:EkHuk+l:Fk+l"'uT:ET'CPl"°PI'

For it to be possible for a solution to exist we must require (for similarity)

that
k+s"—s'=r and d=c¢
so that we must have that [ = I'. So in this case we take
T.(h;) =lvy Ey .. . v B .G,
for 1 < i < s, and make the assignment

Dy i= ’D:v U reduce(H,, H,),
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where ’D:v is obtained by applying the returned psubstitution
(...(My,f)...): T = A,

to the input disagreement set D,;, and where the range pcontext I' is con-
structed as described below. Finally, we extend the order 1 to the disagree-
ment set Dy, by making the assignment J:=23" U 1,., where the order
0, is defined on reduce(H,, H,) just as in Definition 5.3.6 and Proposition
5.3.7 and where the order ' is just the order 3 on D,  under the returned

psubstitution.

AV B At B AY g i By - AYmgk Bk - v, for 1 <k <n—m and
1 <1< p. Just as in [Hu75], this case is almost identical to the previous

one.

In this case the pobject that we substitute for f is given by:
My =gos M1t Ey . A0, B Ay By -+ - MYk 1 B - 0N, ... N,

where for 1 < i < &, N: = h;v,...v,, with each h; and v; distinct and
such that each A; and v; is not in Dom(A), and where 7,(k;) and s are
determined in a manner similar to that of the previous case. We extend the
disagreement set Dy and the order 1 in a manner similar to that of the

previous case.

A By A, i By A Y s By - AYmak Bk - Ymgis for 1 <k <n—-m
and1 <:<k.

Following the substitution of the pobject for f, we are required to unify
’\xl : Al T ’\zm :Am’\ym+1 :Bm+1 ce Aym+k :Bm+k'ym+i:Bm+i(‘ . )

with
Ay1: By MY i B Ay B - - Ay 1 BRQ(. L)

and this will be rejected by simplify unless k = n —m and @ = y,,.;, and

this case has already been considered in Part 1 of the imitation case .
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This concludes the description of the imitation and projection cases of the
procedure match. For an analysis of the number of solutions calculated in the case

of each of imitation and projection, the reader is referred to [Hu75].

It now only remains to construct the image pcontext of the psubstitution de-

termined by the two cases given above.

In each of imitation and projection an object M, is substituted for the variable
f. Let N be the current selected node and let A be the current pcontext for A/,
so that A has the form
A=A A A,

where A denotes the ptype of f.

Suppose that all of the free variables of the object M, are contained in the
pcontext A,, O, where © contains just the new variables introduced by match,

then the range pcontext of the psubstitution o given by o = (..., (My, f),...) is

I'= AIaG’AZ[Mf/f] .

It follows immediately that the definition of a psubstitution is satisfied. O

We now proceed to prove the correctness of the procedure match. The proof
is similar to that of the corresponding result of [Hu75], although since our psub-
stitutions are (ordered) tuples there are some differences. Just as in [Hu75], we.
introduce a complexity measure for psubstitutions. The measure is defined on the

head normal forms of the pobjects constructed.
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DEFINITION 5.3.11 (THE MEASURE 6)

Let the psubstitution £ : ' — A be given by

6 = (<Mlay1)" R (Mi)yi)" M <Mr’ yr))

then the measure 6(¢) € IN is given by

0(¢) =7+ }::lvr(M,-),

where the measure 7 is given by Definition 5.2.7. O
PROPOSITION 5.3.12 (CORRECTNESS OF MATCH)

Suppose that the terms M and N form the pair (M, N) which occurs at the node
N which has current pcontext A. Suppose further that M is flexible and that N
is rigid. If there exists p : I' — A € U({(M, N)}), then match(M,N,A,Dy)
returns a non-empty set S in which there is a psubstitution o such that p <, o,
and we can find a psubstitution 7 such that p =, 7 0 o with 8(n) < 6(p).

PROOF

The proof is very similar to that of the corresponding result in [Hu75]. Let z;
be the head of M, and let @ be that of N. If p unifies M and N, then there must
exist in (the tuple) p a pair pertaining to z;. Suppose then that

Tip=Az;:B;... /\zk:Bk,@'N; .. .Nl'(= M.},
that is p is of the form
(oo s Mgy, z4)s0 )
As with the proof of the corresponding result in [Hu75], there are two cases to
consider :

1. @ is @ or some z;, 1 <4 < k. In match we considered all possible cases of
such headings, so that there must exist in § = match(M, N,A,Dy) a psubstitu-

tion o with a component

(Aw,: B ...  wy: Bk.@”N{' ... Nl",wf)
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where @" = @'[w,/z,...,w;/z] and N = hjw;...w; for 1 < j < I; such a

o:© — Ais given by
(1, 1)y -+, (Awy: By ... Awy Bk.@”N{' - NI", Tp)yonoy (T Tn)) s

where the pcontext O is constructed from the pcontext A by removing the com-

ponent labelled by f and adding suitable components labelled by h,,...,A;.

Let  : ' — O be the psubstitution given by

1 = ((Ml’xl>""’<Pl’hl),'°')(Bahl>,""(Mn7xn))a

where P; = Az,: B, ... Az;: Bk.Ni’, 1 <: <, and where we assume that p is given
by
((Ml,xl),...,(sz,:vf),...,(Mn,xn)).

We note that it is a straightforward calculation to show that o and 7 are well-

defined, that p =, 7o o, and that

6(n)

-1 + Z:;;ll W(Mj) + E;':f_*_] 7r(MJ) +
L+ T, ™(P)
= 0o~ 1<0p).

This construction may be elucidated by the following commuting diagram of psub-

stitutions:

N.B. This diagram is of psubstitutions and so is not in the syntactic category that
is related to the syntactic category C(X) (see Appendix A) that is constructed

using just B-equality. Do psubstitutions have an interesting categorical structure ?
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2. @' is neither @ nor some z;. In this case we must have that
Mp=2Az,:A,... )z,:A,.Q" ...,

where, for 1 < j < n, @ is distinct from @, z; and z;, so that Mp # Np, and so
this case can never arise. As in [Hu75], this proves that the rules of imitation and

projection are sufficient for the existence algorithm. O

We are now able to prove the unifiability of simplified disagreement sets in

which all the pairs are flexible-flexible.
PROPOSITION 5.3.13 (FLEXIBLE-FLEXIBLE UNIFIABILITY)

Let simplify(D) be a simplified disagreement set that labels some node NV of a
matching tree M for M : A and N: B (well-typed in some context). If ssmplify(D)
= succeed, then U(D) # 0.

PRroOOF

We must show that if simplify returns succeed then the input disagreement set

is always unifiable.

simplify returns succeed when all pairs in the disagreement set are flexible-
flexible, so we must show that such a set is always unifiable. We cannot simply
apply the elementary construction of [Hu75] to flexible-flexible pairs since the
components any given pair may have types which are only similar, not equal.

However the ordering 1 on D allows us to construct a suitable substitution.

The first step is to note that we extended the order 1 to all of the elements
of D by extending its definition each time we added new disagreement pairs to D,
in the procedures simplify and match, so that 1 was preserved on the existing,

although modified, pairs.

We now observe that the following property of 1 is preserved by the procedures
simplify and match: if the pair (M', N') is such that each pair (M"”, N") such that
(M",N"y2 (M',N') is unifiable, then 7,(M’) and 7,(N') are unifiable.
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The result now follows by a simple inductive argument on 3. It is easy to
see, by induction on the structure of ptypes, that in the pair that is assigned the
highest level the two components are of common ptype. Therefore the pair at this
level may be unified by the psubstitution & which is constructed as in Lemma

5.3.10

So £, unifies the pair of highest level in the induced ordering 3. But now,
under £,, the components of the pair of level one lower in J than those unified by
&, are of common ptype (&, unifies their ptypes), and so we may apply a similar
construction to unify them; of course the pcontext has changed, it is now the range

pcontext of the previous psubstitution.

By repeating this process we unify all the pairs of D and obtain a psubstitution

€p =qger £a0---0&;,

where d is the number of levels in D, which unifies the succeed node labelled with

D. O

5.3.6 Correctness of the Unification Algorithm

We now prove the correctness of the unification algorithm. This means that we
prove a soundness theorem, that if a matching tree for two terms M: A and N:B
has a success node, then M : A and N : B are unifiable, and a completeness theorem,
that if M :A and N: B are unifiable, then every matching tree for M: A and N: B
has a success node. In this setting, as opposed to that of [Hu75], we must take

account of our procedure reduce and of the more complex match procedure.
THEOREM 5.3.14 (SOUNDNESS OF THE UNIFICATION ALGORITHM)

Let M be a matching tree for the pair of terms M : A and N:B. For any success
node NV in M,

ooy, :I' — A

unifies M:A and N:B, where A is given by the construction given in match and

where oy, and (, are given by the constructions of the proof given below.
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PROOF

As usual, the proof is very similar to that of the corresponding result in [Hu75].
Suppose that we have constructed a matching tree for reduce(A, B) U {{(M,N)}

which possesses a success node on some branch:
(-3 o g
No—> M-S ...-5N, p>0,

such that Dy, = succeed. Let (, be defined as a psubstitution which unifies Dy,

as constructed in (the proof of) Proposition 5.3.13:
Cp =def é'DNp

Ci =def Ci41° 0ip1, 052 < p,

and prove by descending induction on : that §; unifies Dy;. The base case of this
induction is contained in Proposition 5.3.13; for the induction step, assume that

§i+1 unifies Dy, and let
DJV:’+1 = {<M’ai+l’Nlai+1> | (M,v NI) € DJV.} U reduce(Hl’HZ)
By Proposition 5.3.9 (Part 2) and the induction hypothesis we have that since
Dy, = simplify(Dy;,,,),
£i41 unifies Dy, ; that is, for every (M',N'y € Dy., and every (M",N") €
reduce(H,, H,)

! ! " n
M Ui+1€i+1 =N Ui+1§£+1 and M Ui+l€i+1 =N Ui+1€i+1-

Therefore ¢; unifies NV;. This completes the induction step.
In particular we now get that { = {,00,0...00; unifies
Dy, = simplify(reduce(A, B) U {(M,N)})
so that by Proposition 5.3.9 (Part 2), &, unifies
reduce(A, B) U {{M, N)}.

By setting oy, =gef 0,0...00; and applying Proposition 5.3.7, the result follows.
a
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THEOREM 5.3.15 (COMPLETENESS OF THE UNIFICATION ALGORITHM)

HU(M:A/N:B) #0, then every matching tree for the pair of terms M : A and

N : B possesses a success node.

ProOOF

Again, the proof is very similar to that of the corresponding result in [Hu75].
We assume that M : A and N : B are unifiable by the psubstitution p: I' — A,

and consider an arbitrary matching tree for
reduce(A, B) U {{M,N)}.
As in [Hu75], we construct a branch
Ny S8 A, 2

of this tree, together with a sequence of psubstitutions &,...,&; such that for all
t >0, & €U(Dy,) or Dy, = succeed, and of strictly decreasing complexity. As in
[Hu75], this is proved by ascending induction on :. The base case of the induction

is immediate, taking €, = p, since if

Dy,

(]

= simplify(reduce(A, B) U {{M, N)}) # succeed

then by Proposition 5.3.9 (Part 2), p € U(D,,). For the induction step we assume
that ¢; € U(Dy;). Either Dy, = succeed, in which case we stop the construction,
or we are considering in Dy, a pair (M', N') such that N' is rigid. By Proposition
5.3.9 (Part 1) Dy, cannot be fail since by the induction hypothesis ¢; € U(Dy..). By
Proposition 5.3.12, match(M,, My, Ay, Dy;,), where Ay, is the current pcontext

for NV, returns some o such that there exists 7 with

éi =AN'» nooao,

so that there exists in the tree a branch V; =~ N’. Choose &1y =17, 0;41 = 0

and N4, = N'. By construction, Dy;,, = simplify(Dy,,), where

Dy. ={(M'o,No) | (M',N'Y € D).} U reduce(H,,H,).
41 M

139



By the induction hypothesis, M'¢; = N'¢; for all (M', N') € Dy, so that
Mlai+1fi+1 = N’O'i+1§i+1,

since Ay, contains all the free variables of M’ and N ’. Since &;,, unifies each such
(M'o;y1,N'o;,,) it follows that 0;,,¢;,; unifies reduce(Hy, H,). This shows that
&; 41 unifies Wm’ so that by Proposition 5.3.9 (Part 2), either Dy, , = succeed
or ¢ unifies Dy,,,. By Proposition 5.3.12, we have that 6(&;,,) < 6(§;). This
concludes the induction step. Therefore our construction yields a succeed node

of complexity at most 6(p) and the result follows by Proposition 5.3.7. O

5.3.7 Complete Unification

Following [Hu75], we investigate the extent to which we are able to enumerate
all unifiers of two terms M : A and N : B, which are well-typed in some given
context A, using our existence algorithm. As in [Hu75], we aim to strengthen the
completeness theorem. In fact we have already done all of the necessary work, and

indeed the arguments of Section 4.3 of [Hu75] go through almost unaltered.
DEFINITION 5.3.16 (COMPLETE SETS OF UNIFIERS)

Suppose that Ay M:A and A by N:B. A complete set of unifiers of M: A and
N :B on A is any set S of psubstitutions such that:

1. SCU(M:A,N:B);
2. Forall p € U(M: A, N:B), there exists 0 € S such that p <, 0. O

Now, in [Hu75], Huet defines the notion of a complete matching tree. A com-
plete matching tree is distinguished from a matching tree in that the third ar-
gument given to his procedure MATCH at each node N is given by a recursive
construction which ensures that this set contains all the new variables introduced
on the branch leading to /. In our case however, by construction, the pcontext
given as the third argument to match already has this property, so that we need no
further definitions. Indeed, the proof of Theorem 4.4 of [Hu75] now goes straight
through.
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THEOREM 5.3.17 (COMPLETE UNIFICATION)

Let M be any complete matching tree for the pair M: A and N:B on A. For any
o € U(M: A, N :B) there exists a succeed node N in M such that o <, oy

PROOF

As for the corresponding result in [Hu75], we adapt the proof of our earlier com-
pleteness theorem. To this end we add the condition p =4 00y to the induction

hypothesis.

The base case is trivially obtained; o, is the identity, {;, = p. For the induction
step, we have that ¢ =, v, &iv1 00441, and we note that, since this property is
true of 0,,0,,...,0;, for all of the pairs (M, z) of oy, FV(M) C Dom(Ay;). This
implies that

Liooy, =ay; §iy100i1 00y, =& 0 ONig1?

and therefore, since Dom(A) C Dom(Ayy;), that p =5 €iy104;,, - This concludes
the induction step. Therefore for the node N, labelled with succeed, we have

that p =4 &, o on,. Hence result. O

5.3.8 7n-reduction

Just as in [Hu75}, the addition of n-reduction enables us to simplify the unification
algorithm. In particular the procedure match is greatly simplified. As in [Hu75],

the following simplifications in match are possible:

e We have in match that m = n, so that we can eliminate Case 1 in imitation

and Case 2 in projection;

o In Case 2 in tmitation and in Case 1 in projection we can restrict to the

solution k¥ = p.

We note that in this case we need to consider long head normal forms in Lemma

5.2.6
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5.4 Complete-enumeration Algorithms

In contrast to [Hu75], the work of Jensen and Pietrzykowski [JP76] provides an
algorithm which enumerates all of the unifiers of a pair of simply-typed A-terms.
This algorithm enumerates all of the unifiers instead of reporting that unifiers exist
(with the possibility of constructing certain instances). This is achieved by taking
approximation rules of elimination, iteration and identification in addition to the
rules of imitation and projection. The reader is referred to [JP76] for a detailed

explanation of these rules.

If we take this algorithm as our basis, we conjecture that it is possible to
obtain an algorithm for the complete enumeration of all of the unifiers of a pair of
well-typed All-terms in a remarkably simple manner. We outline the steps which
are necessary in order to enumerate all of the unifiers of a pair of terms which are

well-typed in some given context.
1. Suppose the well-typed terms are given by Ay M:A and Ay N:B.
2. Apply the procedure reduce to the given pair of well-typed terms.

3. Enumerate all unifiers of the pairs of objects resulting from the reduction
of A and B and by utilizing the ordering given in the proof of Proposition
5.3.7 (Part 2) and the modified Jensen and Pietrzykowski algorithm; thereby

enumerate all unifiers of A and B.

4. Each time a unifying substitution, o, for A and B is calculated, apply it
to the objects M and N, and proceed to apply the modified Jensen and
Pietrzykowski algorithm to the resulting pair of terms (which now have the

same type); thereby enumerate all the unifiers of Mo and No.
5. If p unifies Mo and No, then op unifies M: A and N:B.

142



Although of little practical value, the existence of such a procedure is important
if we wish to state a sufficiently strong completeness theorem for AIl-calculus search

and computation procedures.

5.5 Summary

In this chapter we have shown how to extend the unification algorithm for the
simply-typed A-calculus to the All-calculus. Further work based on this chapter

falls into four main groups:
1. A study of decidable subproblems;

2. Extensions of the algorithm to cope with more complicated systems of de-

pendent types;

3. An algebraic study of unification in Generalized Algebraic Theories [Ca86),
perhaps in the manner suggested by the work of Burstall, Rydeheard and
Stell [RS87];

4. Heuristic improvements to the algorithm for efficiency.
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Chapter 6

Effective Search in the All-calculus

The main part of the work of this chapter was performed at the B.P.
Research Centre, Sunbury-on-Thames, during the Autumn of 1988 in
collaboration with Lincoln Wallen of the University of Oxford [PW90].

6.1 Introduction

So far we have reduced the amount of non-determinism in proof search in the

Al-calculus by:
e Using the calculus L as the basis for proof search;
° Considering uniform proofs; and
o Considering the resolution rules.

In this chapter we show how to remove a further source of non-determinism in
proof-search — that due to the choice of object for use with the (II!) rule, by
introducing a metacalculus U for L in which the (II!) rule has the form:

I',z:Bla/y] = C
' C

(1) (a) @:Mly:A.Be L UT

(b) ¢ & Dom(T).
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This rule has no appeal to the external calculus G\cut, but introduces a free or
universal variable into the proof, denoted here by a. Universal variables are dis-
tinct from the usual eigenvariables that are bound by the derivation (and explicitly
declared in contexts). The following closure condition for U is used to compensate

for the omission of object information in the (IIl) rule:
'z A (a) (30) Bo = Ao,@:Be X UT,

where o is an instantiation of the universal variables of the sequent, and Bo
denotes the normal form of the term resulting from the application of o (as a
substitution) to B. The calculation of instantiations can be performed by the

unification algorithm for the All-calculus given in Chapter 5.

A U-proof is a pair (¥, o) consisting of a U-derivation 1 and an instantiation o
such that yo (the application of o as a substitution to ) is an L-proof. Not every
instantiation that closes the leaves of a given U-derivation will yield an L-proof
when applied to that U-derivation. It is sufficient to check that the instantiation
can be well-typed in the derivation to ensure that the result is an L-proof. If T is
the context and A the type of the universal variable @ when introduced into the

U-derivation, then the well-typing condition for a amounts to:
o by ao: Ao

ensuring that side condition (c) of the (II!) rule of L — the condition omitted from
the (I1!) rule of U — is nevertheless satisfied in ®o. The unconstrained choice of
object in the (II!) rule of L is replaced by a highly constrained choice in U." This
wholesale reduction in the search space is analogous, of course, to that obtained

by Robinson in the context of the predicate calculus [Ro65].

!The inference system that corresponds to the calculation of instantiations by uni-
fication does indeed have a subterm property. The soundness and completeness result
for U is a form of Herbrand Theorem for the theory. The unification algorithm searches
amongst the terms of a “Herbrand universe” defined by each leaf sequent. This aspect

is not explored in detail here, see Chapter 7.
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The well-typing of an instantiation depends on the structure of the derivation
from which it is calculated. However, even if it fails to be well-typed in that
derivation it may be well-typed in some permutation of the derivation, since rule
applications (or reductions) can sometimes be permuted whilst leaving the endse-
quent (i.e., root) of the derivation and its leaves unchanged. The degree to which
this can be done is summarized in the form of a Permutation Theorem, in the
sense of Kleene [K152] and Curry [Cu52], and underlies a system, called R, which

is a metacalculus for U.

The rules of R are just the rules of U (so the derivations are the same) but
the condition for instantiations to yield a proof is weakened. An R-proof is again
a pair consisting of a derivation 1 and an instantiation o under which ¥ is closed,
but now we require only that there exist perhaps another (closed) derivation ¥~
in which the instantiation is well-typed; i.e., o is an L-proof. Of course the
crucial computational question is whether the existence of at least one suitable
¥, given ¥ and o, can be determined as the search progresses. We show that this
is indeed the case using a reduction ordering: a notion which was introduced by
Bibel [Bi81] for classical connectives and extended by Wallen in [Wa89] to various
non-classical connectives.? An R-proof therefore corresponds to an equivalence
class of U-proofs of the same endsequent consisting of all permutation variants of

the original derivation in which the calculated instantiation is well-typed.

2The condition is equivalent to an enhanced “occurs-check” in the unification algo-
rithm if a suitable notion of Skolem function were introduced. The suitable notion is not
the obvious one that the reader might suppose from experience of classical quantifiers,
not least because the logic under investigation here is intuitionistic; actually, the logic —
lacking negation — is minimal, but the distinction is not important in this context. In
general, the theoretical diversion via Skolemization is unnecessary and can be difficult to
justify semantically, even in simple type theory (cf. [Mi83]). Our approach follows Her-
brand’s Theorem (which is finitary) rather than the Skolem-Herbrand-Goédel Theorem
(which is not).
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6.2 A Metacalculus for L

We introduce a new syntactic class of universal variables denoted by lowercase
Greek letters a,f,..., and extend the syntactic category of objects to include
them thus:

Objects M == c|a |z | AXz:AM | MN.

Notice that universal variables cannot appear A-bound. By virtue of this extension,
entities of all syntactic classes may now contain universal variables as subterms.
When we wish to emphasize that a syntactic entity does not contain universal

variables we shall refer to it as being ground.

We define a calculus for sequents, which is to be read as a system of reduction
operators, by dropping the axiom schemata of L and modifying the (IIl) rule as

follows:
DEFINITION 6.2.1 (THE CaLcuLus U)

The rules of U consist of the (— r), (— ) and (IIr) rules of L, with the side
conditions modified so that contexts are extended only with new variables when
the rules are read as reduction operators, together with the new form of (II!) rule,

as given below:

I'z:A=y B
I''©:A=ys B
(TIr) T =5 z:AB (2) @ ¢ Dom(T')
(= I=s4 T =>I;Z,:B 220 (a) ¢  Dom(TI)
(b) @A—-Be XUl
I'yz:B
(1) 2iBlafyl =5 C (2) @: My:ABeSUT

'=yC
(b) z & Dom(T").

In the (IIl) rule we assume that « is not introduced elsewhere in the derivation.

a
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DEFINITION 6.2.2 (U-DERIVATION)

U-derivations are trees regulated by the rules of Definition 6.2.1 such that the
sequent at the root of the tree is well-formed. In applications of the (IIl) rule we

call ' the typing context of o and A the type of a. O
Note that we have not yet defined U-proofs; as yet there are no axiom schemata.

The system U thus consists of four operational rules. Notice that the (IlI)
rule no longer contains an external appeal to G\cut or a choice of term, but is

otherwise identical to the (III) rule of L.
DEFINITION 6.2.3 (INSTANTIATION)

An instantiation is a mapping from universal variables to objects. The capture-
avoiding application of instantiations to all of the constructs of the language is
defined in the obvious way. The notation that we use for instantiations is the

same as that which we use for substitutions in Chapter 5. O

The following notion compensates for the absence of axiom schemata in U:
DEFINITION 6.2.4 (CLOSURE)

A sequent I' =5 A is said to be closed under an instantiation o just in case, for
some declaration @:B € ¥ UT such that Bo —;, D and Ao -4, C, D =C. A
U-derivation is said to be closed under o just in case all of its leaf sequents are

closed under 0. O

We are interested in instantiations that are well-typed in the following sense:
DEFINITION 6.2.5 (WELL-TYPING)

An instantiation o is said to be well-typed in an U-derivation just in case for every
universal variable a of the derivation, with typing context I' and type A, we have:

G\cut proves I'c Fy ag:Ac. O

We are now in a position to define a notion of proof for U.
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DEFINITION 6.2.6 (U-PROOF)

An U-proof is a pair (3, o), where 9 is an U-derivation and o an instantiation,

such that (1) ¥ is closed under o, and (2) o is well-typed in 4. O

THEOREM 6.2.7 (U-PROOFS YIELD L-PROOFS)

If (¢, 0) is an U-proof then o is an L-proof.

PRrROOF

By induction on the structure of U-derivations. The closure condition (1) en-
sures that the leaves of {0 are L-axioms. The well-typing condition (2) ensures
that the image under o of each instance of a (II!) rule (of U) in % satisfies the side
conditions on the (II!) rule of L. The remaining operational rules are common to

the two systems. O

We remark that it is immediate that any L-proof arises as a U-proof: this is the

converse of Theorem 6.2.7.

We shall postpone discussion of proof-search in U until we have introduced a
further refinement. One could stop here. However, using the unification algorithm
developed in Chapter 5 (based on that of [Hu75]) to calculate instantiations when
a putative leaf has been reached, then checking the well-typing condition using
G\cut (recall that G\cut is a decidable system for well-typing). The search space
induced by U is a proper subspace of that induced by L since the choice of object
at (II1) reductions in the former is constrained by the syntactic content of the leaf
sequents (c¢f. [Ro65]). The main reason for considering a further refinement is
that U distinguishes between derivations that are intrinsically identical in a sense
made precise below. Consequently the search space induced by U still contains a

major source of redundancy.
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6.3 A Metacalculus for U

The content of the typing contexts of universal variables in a U-derivation depends
on the structure of the derivation. For example, the two U-derivations below differ
in the order in which the (II!) and (IIr) rule have been applied (remember the

figures should be read from endsequent to premisses):

(TIr) I, z:B(a),z:A =5 B(z) I',z:A, z:B(a) =5 B(z) (111)
T, z2:B(a) =5 llz:A.B(z) I, z:A =5 B(z)
() =T 5 z:A.B(z) T =5 1z:A.B(z) (IIr)

in which the principal formula of the (IIl) reduction in each derivation is the
declaration @ : [Iy:A.B(y) assumed to be an element of the context I'. We also
assume that z,z ¢ Dom(I'). The instantiation o that maps a to z closes both
derivations. The typing context of « in the first derivation is I, while in the second
it is ', z:A. Since ao = z, in order to check the well-typing condition for a we
must show ' by z:A for the first derivation and I',z:A kg z:A for the second.
Consequently o is well-typed in the second derivation but not in the first (since

z ¢ Dom(T)).

Our second refinement is to introduce a calculus, R, in which the existence of
the U-derivation on the left, together with the closing instantiation, is sufficient to
infer the existence of the U-proof on the righﬁ. That is, we investigate conditions
under which rule instances may be permuted whilst leaving the endsequent and

leaves of the derivation essentially unchanged.
DEFINITION 6.3.1 (R-DERIVATION)

The rules of R are exactly the rules of U; consequently the derivations of R are
exactly those of U. (The notion of R-proof however differs from that of U-proof;

see below.) 0O
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Let 1 be an R-derivation of a given endsequent and let ¥,, denote the collection
of inferences that comprise 1°. We use F4(Z2)(E F,) to denote the inferences of a
given type =, for = one of the following: (— [), (— r), (IIl) or (II*). Let o be an

instantiation for 1.
DEFINITION 6.3.2 (RELATIONS ON F,,)

The following binary relations are defined on ¥, :
1. R<y R’ if and only if a side formula of R is the principal formula of R'.*
2. R, R’ if and only if R occurs below® R’ in .

3. R, R if and only if the universal variable or eigenvariable introduced by

R is a free variable of ao, where « is the universal variable introduced by

R. 1o

Notice that <, decomposes into sixteen subrelations: <<i'n C Fyu(Z) x Fy() for
=, amongst (— [), (— r), (II!) and (IIr). The relation <, and its subrelations
are called the skeletal orderings of the derivation . Notice also that <, is a

subrelation of <.

3That is, individual occurrences of rules in .

“More accurately : if and only if a side formula of R is a subformula [K168] or “de-
scendent” of the principal formula of R’: this is defined just as in [K168] or [Gi89] for
first-order terms: the immediate subformulae of A — B are A and B and the immediate
subformulae of Iz : A. B are (the normal forms of) the B[M/z], for suitable M. We

distinguish the “occurrences” of a formula in a derivation [K168].

®That is, nearer to the endsequent (§4.2.1).
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DEFINITION 6.3.3 (REDUCTION ORDERING)

The reduction ordering <, induced by an R-derivation 9 and a instantiation o

is defined by:
41/1,0 =def (<¢, U*,{,U Ca)+ 9

where + indicates transitive closure and the relation <, is defined by :

mz,, =M
<o =ar <y \ U, TU);

= ranges over the operational rules of R. 0O

The presence of a relation in <, indicates that that relationship between
specific inferences may not be altered by permutation. Consequently, the definition
of <, fixes the relative positions of all rule applications in % exzcept (IIl) rule

applications (since they are removed from <, to form <,,).

DEFINITION 6.3.4 (COMPATIBILITY AND DEGREE)

1. (Compatibility) A derivation is said to be compatible with an instantiation

just in case the reduction ordering induced is irreflexive.

2. (Degree) The degree of a compatible derivation and an instantiation is the
number of pairs of inferences in the derivation whose skeletal order is incon-
sistent with the reduction ordering. That is, <R, R'> for which both R <, R’
(R is below R’ in ¢) and R’ <, R. If a derivation is compatible with an

instantiation with degree n, we say it is n-compatible. o
THEOREM 6.3.5 (PERMUTATION THEOREM)

If 3 is compatible with o, then there is a 0-compatible R-derivation ™ of the
same endsequent. Moreover, if 1 is closed under o, so is ¥*. We say that ¥* is a
permutation of .

PROOF



By induction on the degree of 1. We interchange (II!) inferences with other infer-
ences to reduce the degree. One such case was given as an example at the start
of this section ((II!) over (IIr)). One must check that the leaves of the permuted

derivation contain the same declarations (though in a different order).

In order to simplify the presentation of the argument we distinguish two cases:
1. In which we consider the exchange of (II!) rule with the binary rule (— {);

2. In which we consider the exchange of the (IIl) rule with each of the unary
rules (— r), (IIr) and (II!) itself.

The first case divides into two subcases:

e R'is (— 1) and R is (IIl). Here we must assume that the (IIl) occurs on
one of the branches of the proof, and then add an instance of (II7), with the
same existential variable, to the other branch immediately below the (— ).
This addition introduces no new inconsistencies and preserves closure. If we
did not introduce this copy of the inference, the reordering of these two rules
would introduce many new inconsistencies, thereby destroying our inductive
argument. Consequently, we may assume that, locally, the original derivation

tree is of the form:
Iz:Cla)=>x D I'y:E,z:C(a) =>5 A

=y D Ly:E=z A
= A ’

where there is some @: D — E € ZUT and some @ : [1z: B.C(z) € TUT.
(The substitution ordering, ,, ensures that @’ # y.) Locally, the reordered
derivation is of the form:

I'z:C(a) = D Iz:C(a),y:E =5 D

Iz:Cla) >z A
= A

We must show that if each branch of the original derivation leads to a closed
leaf under o, then each branch of the reordered derivation leads to a closed

leaf under o. It is immediate that this holds for the left hand branch of
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the derivation, since the reordering leaves the bottom, left hand sequent
unchanged. As for the right hand branch, we note that the components
of the context of the bottom, right hand sequent are altered only in order.
Therefore the right hand branch of the reordered derivation is closed under
o . Since C, is a subrelation of «,, , and because <,, , is irreflexive, y is not a
subterm of C(a). Therefore the reordering of the context is consistent with
the reordered derivation. Therefore the degree of the reordered derivation is

one less than that of the original derivation;

e R is(I1l) and R is (— ). Locally, the original derivation is of the form:

I'z:C(a) =5 D I'z:C(a),y:E =5 D
I'z:Cla) =25 A
' A

where there is some @: D — E € ZUT and some @ : [12: B.C(z) € TUT.

(The substitution ordering, [, ensures that @’ # y.) Locally, the reordered

derivation is of the form:
I'z:C(a) =>s D I'Ny:E,z:C(a) >z A
F #E D F,y:E =>E A
r =y A ’

We must show that if each branch of the original derivation leads to a closed
leaf under o, then each branch of the reordered derivation leads to a closed

leaf under o. This follows by an argument similar to the one given above.

The exchange of (IIl) with the unary operators divides into five subcases (we give

the details of the proof in just two cases):

e R is(—r) and R is (II!). Locally, the original derivation is of the form:

Iy:D(a),z:A=x B
I''y:D(a) = A— B
'y A—- B ’

where there is some @ : [lz : C.D(z) € ¥ UT. Locally, the reordered

derivation is of the form:
I'z:A,y:D(a) =5 B
I''z:A=y B
'syA— B
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We note that components of the bottom sequent are altered only in order,
so that if the original derivation is closed under o, then so is the reordered
derivation. Since C, is a subrelation of <, and because <, is irreflexive,
y is not a subterm of A. Therefore the reordering of the context is consis-
tent with the reordered derivation. Therefore the degree of the reordered

derivation is one less than that of the original derivation;
o R is (IIr) and R is (I1l). We omit the argument;
e R is (IIl) and R is (— r). We omit the argument;
e R is(Il]) and R is (IIr). We omit the argument;

e R is (Ill) and R is (I). Locally, the original derivation is of the form:

I, z:C(a),y:D() 55 A
Iz:Cla) > A
=z A ’

for suitable instances of (II!). Locally, the reordered derivation, which has
degree 1 less than that of the original derivation, is of the form:
I,y:D(B),z:C(a) =5 A

F’yD(ﬁ) =3 A
F#zA

Once again we note that the components of the bottom sequent have altered
only in order, so that if the original derivation is closed under o, then so is
the reordered derivation. Since CC, is a subrelation of <, , and because <, ,
is irreflexive, z is not a subterm of D(f3). Therefore the reordering of the
context is consistent with the reordered derivation. Therefore the degree of

the reordered derivation is one less than that of the original derivation.

This completes the proof. O

We have as a corollary to the construction performed in the proof of the Per-

mutation Theorem:

COROLLARY 6.3.6 (PRESERVATION OF <)
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Ly, o =y0-
PRrOOF

The only relationships changed in the permutation are those excluded from <, ,.

a

The following lemma shows that the 0-compatibility of a derivation and in-

stantiation is a necessary condition for the well-typing of the latter in the former.
LEMMA 6.3.7 (0-COMPATIBILITY YIELDS WELL-TYPING)

If o is well-typed in % then ¢ is 0-compatible with o.

PROOF

An inconsistency between the skeletal ordering of i and the reduction order-
ing arises from an inconsistency between [, and the skeletal ordering. Since
CoC Fy(E) x Fy(IIl), it must arise from a (II!) inference, introducing a say, being
nearer the root of the derivation than a (Il!) or (IIr) inference that gives rise to a
variable, v say, free in ao. But then v cannot be declared in the typing context of
a since it is introduced above «, and therefore o is not well-typed, contradicting
our hypothesis. Therefore there can be no inconsistencies and 1 is 0-compatible

witho. O

We give a simple example of an R-derivation and a closure instantiation which
fails to be well-typed in the given derivation, but which is well-typed in a reordering

of that derivation.

Let ¥ =44 A : Type,B : A — Type,C : Type,p : A — Type, f : B(a) —
B(a),a: A and let T =4 z; : [Iz,: A Ilz5: B(z,) . pz3 .

We search for a proof of the endsequent I' =g Iz, : B(a).C — p(fz,).

Consider the following R-derivation, ¥ :
[, zg : llzs: B(a). pz3, z7 : pB,z4:B(a),z5:C =5 p(fzy) (—71)
[,z : z5: B(a). prs,z7 : pB,z4:B(a) =5 C — p(fz,) (IIr)
I',zg: Hzs: B(a).pzs, z7: pf =5 Hz,:B(a).C — p(fz,)
[, zg: lzg: B(a). pzy =5 lz,: B(a).C — p(fz,) (Im)
I' >y Iz,:B(a).C — p(fzy) (I10)
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The leaf sequent is closed by the instantiation o = ((a, a), (fz4,8)), but fz, is
not well-typed in I';z¢ : lz5: B(a) . Px3. However, if we reorder the rules in the

derivation so that the (II!)s are used after the (— r) and (IIr) we obtain the

derivation :
I,z4:B(a),z5:C,z¢ : llzy: B(a) . pz3,z7 : pB =5 p(fz,) (IL)
I',z,:B(a),z5:C,zg : Nzy: B(a).pzz =5 p(fz,) (1)
I',z4:B(a),z5:C =5 p(fz4)
I' z,:B(a) =5 C — p(fz,) (=7)
I' 3¢ Nz,:B(a).C — p(fz,) (Ir)

The leaf sequent of this derivation also is closed by the instantiation o and fz,
is well-typed in the context I',z,: B(a),z5:C, ¢ : lz3: B(a).pzs. It is a simple

matter to verify that this reordering is consistent with the reduction ordering.

We stress that in general the situation is rather more complicated than is
illustrated by the example given above; in general we must consider the migration

of (II1) rules over (II!) rules as in the reordering of
I'z:C(a),y:D(B) =z A

I'z:Cla) =5 A
'>s A ’

to yield
[,y:D(B),2:C(a) >y A

[y:D(B) =5 A
FﬁEA

From a computational point of view testing for compatibility is a simple matter
given a derivation and an instantiation: it is an acyclicity check in a directed graph.
Compatibility is not, however, a sufficient test for well-typing: this arises because
the (sub)formula ordering fails to exclude certain permutations which introduce
non-well-formedness in the context. For example, suppose that for the (non-well-

formed) sequent
[, z:NF(B([M(y)/a])),z:A,y:NF(C[N/B)), A = NF(D[M(y)/e, N/B]),

in which the type of N depends on z, compatiblity requires that we reorder the
derivation (¥, say) so that the component y : NF(C[N/S]) is moved so that it
precedes the component z:NF(B[M (y)/a]):

I, y:NF(C[N/B]),z:NF(B[M(y)/e]),z: A, A =5 NF(D[M(y)/a, N/B]).
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The expression fails to be a well-formed context because = appears after y, the
type of which depends on z. The (sub)formula ordering <,, and the substitution
ordering C, fail, in general, to prohibit this reordering. Thus we can achieve

0-compatiblity and fail to achieve well-typing.

The Permutation Theorem gives us the existence of 0-compatible derivations
in which we might test for well-typing of the instantiation incrementally (i.e., as
it is found) but this involves repeatedly constructing permutations using the con-

structive proof of the theorem. This is inelegant and computationally expensive.

Another alternative would be to ignore well-typing until a closed, compatible
derivation and instantiation have been found, and then utilize the permutation
theorem once and check well-typing. We reject this option on the grounds that

typing constraints reduce the search space of the unification algorithm drastically.

We develop instead a computationally tractable test on a derivation and in-
stantiation that, if passed, guarantees the well-typing of the instantiation in all
0-compatible permutations of the derivation. OQur ability to define such a notion is
a corollary of the normalization (cut elimination) result for All-calculus [HHP87)
with its attendant (partial) subformula property, just as the results obtained in

[Bi81] and [Wa89] for other logics rely on metatheorems of this sort.

Henceforth we treat contexts as ordered structures or DAGs® rather than se-
quences since the dependencies between declarations form such an order. Conse-
quently the implicit union, denoted above by a comma, such as in “I', z: A”, should
be understood as an order preserving union of the order (DAG) I and the singleton
order z:A. The latter will be higher in the resulting order than the declarations
of the free variables in A, and incomparable with the other maximal elements of

I'. This assumption simplifies our discussion.

The reduction ordering <, , is defined, for given v and o, on pairs of inferences
in the derivation %. In our subsequent development it will be helpful to consider

it to be defined on (eigen- or universal) variables. Accordingly we shall write

®Directed Associative Graphs.
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w <y, v just in case R(w) <y, R(v), where we write R(u) for the inference with
which the variable u is associated : u is associated with the inference R just in case
u is an eigen- or universal variable introduced to the derivation by R (considered

as a reduction operator).

The following notions are introduced for an R-derivation % of a well-formed
endsequent. We use u, v, w possibly subscripted to denote universal and eigenvari-

ables of 3. Let T'(v) denote the type of the variable v in .
DEFINITION 6.3.8 (INTRINSIC TYPING CONTEXT)

The intrinsic typing context I(v) for each eigen- or universal variable v of ¥ is

defined inductively on the structure of the endsequent as follows:

Iv) =ax B ((w),w:T(w)).
weFV(T(v)) .

|#) denotes order preserving union of orders; FV(M) denotes the set of free variables

of theterm M. QO

I(v) is well-defined since the endsequent is well-formed. Indeed, we have:
LEMMA 6.3.9 (WELL-FORMEDNESS IN /(v))

I(v) kg T(v): Type.
PROOF

By construction and the well-formedness of the endsequent (see Chapter 2 for

the notion of a well-formed context). 0

Let ¥ be compatible with the instantiation . We give an inductive definition
of the intrinsic typing context and type of a variable of ¥ under a compatible
instantiation o. The induction is on the (well-founded) reduction ordering (<, ,)

over the domain of 0.

DEFINITION 6.3.10 (I,(v) AND T,(v))
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Base. For all v € FV(v), define I .(v) = I(v) and T,(v) = T(v). (e is the empty

instantiation.)

Step. Given v € Dom(o), we assume that we have defined I,(w) and T,(w)
for all w € Dom(o) such that w <, , v (Inductive Hypothesis). Let w,,w,,...,w,
be an enumeration of those variables declared in I (v). By definition of <, and

I(v), we have w; 9, v for 0 <7 < n + 1. Define

Do(v) = I(v) Fg T.(v):Type
Diya(v) = CUT( L(wi)bgwpo:T,(we) , Di(v) ), 0<k<n.

If D,(v) is the assertion: A g C:Type, then define

I,(v) =4 A
Ta(v) =def C o

The “CUT” operation in the above definition is determined by the admissible
rule of transitivity (see Chapter 2). That is, Dy ;(v) is defined in terms of Dy(v)
by the following inference figure:

I, (wy) by wioT,(wy)  Dy(v)
Diy1(v)

The cut rule is being used to effect substitution of the values (under o) of universal

7
cut’.

variables throughout the judgement starting from the “uninstantiated” intrinsic
typing context and type. The definition is well-formed since the context of the
left premiss of each cut is a subcontext of the right premiss. (This follows from
the construction of I(v).) The cut above then serves to eliminate the declaration
wy: T, (w;) from the context of D (v), replacing w; by w,o throughout the rest of

the assertion.

The enumeration taken is irrelevant since independent cuts commute. Consider
Ia(ul) t—E ula:Ta(ul) Dk(v)
Diqa(v)

Ia(U’Z) i_E UZU:Ta(UZ)

Diy2(v)

7Actually, this is by a trivial variant of the cut rule.
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and ,
I,(uy) by uy0:T,(u;) D, (v)

Ia(ul) l_E UIO'ZTU(UI) D' ('U)
k+1

D; +2('v)
In the first derivation w, = u, and wg,, = uy. In the second, wy = u, and
Wiy = uy. If u; and u, are assumed independent (i.e., unrelated via < ,), we

have u; & Dom(/,(u;)), i # j. Hence substitution of the value u,0 for u; does not

!

interfere with substitution of the value u,0 for u,, and Dyyp = D, ,.

We can now state the desired well-typing condition for ¢ in .
DEFINITION 6.3.11 (INTRINSIC WELL-TYPING)

o is said to be intrinsically well-typed in % just in case for all universal variables

a of P, wehave: [ (a)lgac:T,(a). O

The importance of the definition is summarized by :
PROPOSITION 6.3.12 (INTRINSIC WELL-TYPING AND COMPATIBILITY)

If o is intrinsically well-typed in v, then it is intrinsically well-typed in all compati-
ble permutations of . In particular it is well-typed in 0-compatible permutations.

PRrooOF

Reference to the definition will show that the intrinsic well-typing of ¢ in ¥ does
not depend on the (II!) structure of #. (In fact we deliberately forbade such
dependence by our definition of <, ,.) Hence the conditions are unaffected by
permutations allowed by the reduction ordering <, ,, which is itself unaltered by
permutation (Corollary 6.3.6). For a 0-compatible permutation 3" of %, the in-
trinsic typing context for a variable is a subcontext of the typing context in %”o.

Since “Thinning” is admissible (Chapter 2), o is well-typed in ¥*. 0O

In a similar vein, we state without proof the following:

PROPOSITION 6.3.13 (COMPATIBILITY AND INTRINSIC WELL-TYPING)
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If o is well-typed in a 0-compatible derivation %, it is intrinsically well-typed in

Y. O

We can now define a computationally acceptable notion of R-proof.
DEFINITION 6.3.14 (R-PROOF)

An R-proof is a pair (3, 0) such that (1) 9 is closed under o; (2) ¥ is compatible
with o, and (3) o is intrinsically well-typed in ¥. DO

THEOREM 6.3.15 (R-PROVABLE IF AND ONLY IF U-PROVABLE)

For well-formed sequents I' =5 A,

RprovesI' =3 A if andonlyif U provesI' =5 A.

PROOF

Suppose (¥,0) is an R-proof of I' =5 A. The Permutability Theorem gives
us a permutation 1" of 9, closed under (hypothesis 1), and compatible with (hy-
pothesis 2), the instantiation 0. Hypothesis (3), via Proposition 6.3.12, ensures

that o is well-typed in ¢". Hence (¥, ) is an U-proof.

Conversely, let (1, o) be a U-proof of I' =5 A. By definition 1 is closed under
o and o is well-typed in ¢. Compatibility follows from Lemma 6.3.7, and intrinsic

well-typing from Proposition 6.3.13. 0O

The reduction ordering, as formulated, is insufficiently subtle to yield well-
typing as a consequence of 0-compatibility. The notions of intrinsic typing context
and intrinsic well-typing are necessary in order to correct this situation and indeed
these constructions could be built in to the definitions of <, and C, in order
to yield well-typing as a consequence of 0-compatibility. (We believe that our
presentation is clearer.) Thus these constructions may be considered to be those
required in order to modify <, , from being simply “logical” to being “type-

theoretic”.
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6.4 Some remarks

Instantiations are generated by a unification algorithm acting on putative axiom
sequents. They are first checked for compatibility (occurs-check) and then for
intrinsic well-typing. The incremental nature of intrinsic typing means that the
unification algorithm can use the typing information to constrain its search. New
values for previously uninstantiated variables may be used to eliminate those vari-
ables from the typing contexts of the remaining ones. No permutations need be

calculated.

Some remarks on the use of unification to calculate instantiations are in order.
The unification algorithm of Chapter 5 takes as input two typing assertions which
have N-proofs. However, it can be used to calculate instantiations for the universal
variables that occur in a leaf of a derivation % by assuming that their types are
those required by 1. The procedures of the algorithm then calculate objects in the
normal way. This process is justifiable by the reordering and well-typing arguments

of this chapter. For example, suppose that the sequent :
I'),Ty,z:A(e), A =5 B(B),

in which we assume that o and 8 are the only universal variables and in which
we assume that a occurs only in the type-expression T'(8) and in B and that
occurs only in B, is closed under the ground instantiation o, i.e. NF(A(a)o) =
NF(B(B)o). If o is well-typed in the reordering of the derivation which yields the
sequent :

Fl,:l::A(CY), F23 A =z B(a’ )8) )
then we could have considered the input to unification to be the pair of sequents:

Iy,2,:T(a),z: Alg, /o], A, 25:T(B)[z4/0] =5 Blea/a,z5/8)

and

Iy, z0:T(a),z: Alzo /0], A, 25:T(B)[za/a] =5 Alza/a],
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where z, and z; are new (non-universal) variables. (Strictly speaking, unification
requires inhabitation assertions as input, but since we know that these sequents
are provable in L, then we know that there are objects, whose inhabitation of the
succedent types is provable in N.) Then we have that unification has calculated a
substitution p with domain context I'), z,: T(a), z: A(z,), A, z5:T(B)[z,/ ] and
range context I';, z:NF(A(a)o), A such that

L proves T'y,z:NF(A(a)o),A =5 NF(Alz,/a]p),

L proves T,z:NF(A(a)o),A =g NF(B[z,/a,zs/8]p)

and NF(A[z,/a]p) and NF(B[z,/a,z3/6]p) have a common B7n-reduct. (We con-
strain the unification algorithm to calculate substitutions for those variables which

arise from non-universal variables (z, and zz) only.)

It is a straightforward but tedious argument to show that this use of the uni-
fication algorithm is correct. Of course such a use of unification may not return a
ground instantiation. In such situations we attempt to find ground instantiations

by performing further search (this point is discussed further in Chapter 7).

We have been somewhat cautious in this development and allowed only (III)
rules to migrate. As a consequence the basic structure of a derivation is largely
fixed. The next step is to remove the ordering constraints induced by the proposi-
tional structure of the logic, perhaps using unification here as was done in {Wa89]

for first-order intuitionistic logic. The final result would be a matriz method in

the style of Bibel [Bi81] or Andrews [An81].
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6.5 The Resolution Rule LR2

The methods of this Chapter are applicable to the resolution rule of the calculus
LR2 of Chapter 4. We illustrate this by considering the calculus LR2, for types
in clausal form, which replaces the (— ) and (Il!) rules by the rule:

F=>2E1 F=>2En F,.‘IIZE'—‘>2F
=y F ’

where @ : Iz, :B,...Nlz,,: B,,.C; —» (C, —» (...(C, = D)...)) e XUT, LR2
proves I' by M;:Bi[M,[z,...,M;_ [z, ) for 1 <i:<m, C;[My/zy,...,M,[z,]
—gy Ejforl1 <j <n,z¢Dom(l') and D[M,/z,,...,M,,/z,] =4, E.

The corresponding metacalculus replaces this rule by the rule:

=y CI(E)I‘ =) Cn(a) F,:L‘.D(a) =>5 F
’ 'y F i ’

where @ : Iz, : B,...Nllz,, : B,,.C;, — (C, — (...(C, — D)...)) € ¥UT,
z ¢ Dom(I"), C;(@) denotes Cila;/z,,...,an,/T,] for 1 < i < n, D(@) denotes
Dla;/z,,-..,0,/2,,] and each ¢; is distinct and not introduced elsewhere in the

derivation.

Essentially, an application of the resolution rule of the calculus LR2 combines
several applications of the (— [) and (II!) rules in a single rule, and consequently
the reduction ordering for the metacalculus is defined in a manner that is similar

to that for the metacalculus U.

6.6 Summary

In this chapter we have shown how to remove the non-deterministic choice of
objects from uses, in proof-search, of the (II/) rule as a reduction operator. We
have extended the methods of Wallen {Wa89] and Bibel [Bi81] to the All-calculus,
and we have indicated that further work in this area might be to develop a matrix

method for proof-search in this (and similar) languages.
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Chapter 7

Computation and Its Semantics

7.1 Introduction

In Chapter 6 we considered the effective computation of proofs of ground end-
sequents. In this chaper we consider how the admission of universal variables
(which we might now also call logical variables or program variables) into endse-
quents yields a simple notion of logic programming. We provide an operational

semantics for this notion of logic programming.

We proceed to construct a denotational semantics for logic programs. The
basic framework for this construction is the categorical models for the AIl-calculus

described in Appendix A, based on the work of Cartmell [Ca86].

There is a “standard pattern” for the construction of models of logic programs

(¢f. [L184], [Mi89]), which we follow, and which can be summarized as follows:
¢ Identify the general notion of model for the given logic;

o Construct a term model by performing a least fixed point construction, which
is determined by computation steps, on a collection of Herbrand interpreta-

tions — in our case maps from |C(X)| to |F| (see Appendix A);

Unfortunately, this least fixed point construction does not determine a model of the
All-calculus in the sense of Appendix A. However we observe that we can obtain a
sensible denotational semantics for logic programs, in terms of the Yoneda functor,
which generalizes the least fixed point construction and which is a model of the

Ml-calculus.
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7.2 Logic Programs and Operational Semantics

7.2.1 Programs

We define non-ground endsequents — sequents which contain universal variables
which were not introduced as the result of a (IIl) reduction in the calculus U.
A universal variable that is introduced by a (I1l) comes along with some typing
information, and it is possible to compute an intrinsic typing context for it. For
universal variables that occur in an endsequent, we must supply both of these
entities and tmpose a well-formedness condition. We replace the typing information

with a declaration.
DEFINITION 7.2.1 (DECLARATION)

Let o,,...,a,, be universal variables. A declaration for the typing expressions of

Q- .., 0y is an expression of the form o, :T(a;),..., 00 :T(a,,). O
DEFINITION 7.2.2 (NON-GROUND SEQUENT)

A non-ground sequent is an ordered quintuple (¥,6,I'; A,Z), which we write as
(6,Z).T =5 A, where: ¥ is a valid MI-signature; § = oy : T(), ..., an:T(ay,) is
a declaration of the typing expressions for the universal variables ¢, ..., a,, , upon
which the context and type expressions I' = z,:4,,...,z,: A, and A depend; and
T is a set of intrinsic typing contexts, one for each of the ; (1 < ¢ <m). (§,Z).T

is said to be a non-ground contezt. O
DEFINITION 7.2.3 (WELL-FORMED NON-GROUND SEQUENT)

Let ¥ be valid All-signature and let (6,Z7).I =y A be a non-ground sequent.
(6,Z).T =5 Ais said to be well-formed just in case I(v) kg T'(v): Type for each
variable v that occurs in (6,Z).T =5 A. The expression (6,Z).T is said to be a

well-formed non-ground context. O
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We shall omit the (§,Z) prefix from sequents where such information is unambigu-
ous. We refer to a well-formed non-ground context as a program; ground programs

correspond therefore to (ground) contexts.

We summarize the logic programming interpretation of non-ground endse-

quents. Consider the well-formed non-ground sequent :
(6,7) .T(ay,...,an) =g Alay,...,a,).

This sequent may be interpreted as a logic program together with a query in the

following sense:
o ¥ determines a language — in the LF, an encoded logic;

o I'(ey,...,0,,) determines a list of program clauses written in the language

Y — programs are either ground or non-ground,
o A(ay,...,qa,,) determines a query written in the language X.

The universal variables a4, ..., q,, are program variables or logical variables; these
correspond to the logical variables of the programmming language PROLOG [Ko74],
[CM84]. The sequent represents a request to compute an instantiation p for the
universal variables of the sequent such that L proves ['p =y Ap. Such an

instantiation is an aenswer instantiation.

We give a program to calculate the nth Fibonacci number (see [Mi89]), where

Y is the LF signature of Peano arithmetic [HHP87]. The context I is:

fibe—(c—0),z:f1b(0,0)true, y: fib(1,1)true,
Z: 1IN 0 JIN e JTF o JTF 0 JTF 0 JIN 2.
= (N3, N = 1)true == (N,, N — 2)true —= (F, F, + F,)true
— fib(Ny, Fy)true — fib(N,, Fy)true — fib(N, F)true

The query A is fib(n,a)true where « is an universal variable. The resulting
sequent I' =5 A is a request to compute an instantiation for a, the nth Fibonnacci

number.
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7.2.2 Operational Semantics

The operational semantics of X-All-logic programs is provided by extending the

search procedures of Chapter 6 to include the case of non-ground endsequents.

In fact we have very little work to do. Our syntactic treatment of universal
variables for non-ground endsequents is, manifestly, independent of whether they

are introduced during a derivation or are present in the endsequent.

THEOREM 7.2.4 (SOUNDNESS AND COMPLETENESS OF THE OPERATIONAL SE-

MANTICS)

Let ¥ be a valid All-signature and let (6,Z).T =5 A be a well-formed non-ground
sequent. R proves (6,Z).T =5 A if and only if there is a ground instantiation o
of the universal variables of § such that R proves I'oc =5 Ao.

PROOF SKETCH

We remark that R-derivations are well-defined for well-formed non-ground endse-
quents and that the notions of closure, compatibility and intrinsic well-typing are
well-defined for such derivations. Consequently, R-proofs are well-defined for such

endsequents. Intrinsic well-typing for the endsequent ensures well-typing of o. O

We remark that a mechanical implementation of a logic programming system
should exploit the resolution calculus LR1 of Chapter 4. The appropriate “re-
ordering calculus” for this calculus can be considered to be given by a matric

method." Such a method is beyond the scope of this thesis.

As an example of the evaluation of a program and a query consider the signa-
ture ¥ = A: Type,B: A — Type,C : Type,p: A — Type,a: A, f : B(a) — B(a)
and context (ground program) I' = z, : Ilz,: A .Ilzs: B(z,) . pzs.

We search for a proof of the non-ground endsequent

(6,7).T =5 Hz,:B(a).C - p(fa),

1Cf. the last paragraph of Section 6.4.
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where § = a: B(a) and 7 = {I(a)}, where I(a) =T.
Consider the following R-derivation, % :

I',z,:B(a),z5:C, g : Hzs: B(B) . pz3, 27 : py =5 p(f)

[,z4:B(a),z5:C,zg : llz3: B(B) . pr3 =5 p(fe) (1) )
I',z4:B(a),z5:C =5 p(fa) (— 1)
I'z,:B(a) =5 C — p(fe) (Ilr) .

I' =y [z :B(a).C — p(fa)
The leaf sequent is closed by the instantiation {(z,, ), {(a, 8), (fz4,7)), so that the

answer instantiation for a is (z4, ).

Note that unification alone may not always be sufficient to calculate closure

instantiations. For example, suppose that the non-ground endsequent
(6,7).T,z:ca,A =5 cf

is well-formed. Unification produces a closure instantiation by the identification
of a and B. In order to obtain a proof we must find a ground instantiation for «

by solving the further subgoal I(a) =5 T(a).

7.2.3 Some Remarks

A weakness of this work is that we have ignored computation rules and

termination criteria. We should like to develop such rules and criteria.

e Further, we should like to develop an abstract interpreter for our programs

with a view to the mechanical implementation of these ideas.

e We remark that our work includes a notion of modularity which is similar
to the notion of modularity introduced by Miller [Mi89]. We should like to
develop this idea.

e The formulation of the All-calculus used by Harper [Ha87] and Salvesen
[Sa89] includes equality judgements. The extension of our techniques to such
a system would yield a combination of logic programming and functional

programming for the AI-calculus. This would require the extension of the
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unification algorithm to handle equality judgements, ¢f. [P172]. We should
like to develop this idea.
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7.3 The Denotational and Model-theoretic Seman-

tics of ¥-All-logic Programs

7.3.1 Introduction

In this section we present the construction of a set-theoretic interpretation of X-

AMI-logic programs.

The “execution” of a program consists of the application of the rules of L
considered as reduction operators, so the form of the (— r) and (IIr) rules implies
that in order to determine whether I' =5 A it might be necessary to determine
that I'y) A =5 B for some extension A of I'. In semantical terms this means
that the interpretation of a program I' depends on the interpretation of larger
programs. We solve this problem by constructing a single interpretation which
interprets all (ground) programs simultaneously. This construction is effected by
defining a satisfaction relation f=y for each signature ¥ which resembles the forcing

relation in the theory of Kripke models [Tr73]. Our construction is similar to that

of Miller [Mi89].

We show that, subject to a suitable notion of forcing, our construction can
be characterized in model-theoretic terms via the Yoneda functor. However, this
characterization requires that we abandon the value category F in favour of the
presheaf topos S°), where S is the category of (small) sets and C(X) is the

syntactic category given in Appendix A.

7.3.2 Construction of the Interpretation

We define the Herbrand universe for a signature ¥ in the usual way. Here it is the
set of all morphisms of the form (z,,...,z,,, M) which realize I', z: A in terms of

I' and extension I',z: A of I' which are well-formed in . Informally, this is the set

of all objects M which can be constructed in some context I' over the signature

.
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DEFINITION 7.3.1 (HERBRAND UNIVERSE)

Let ¥ be a valid All-signature and let N proves Fy I’ context. The Herbrand
universe of ¥, Hy is defined by:

HS =def U{PIN proves kg context} U{A|N proves '3 A: Type}
{o € homgg)(T,T,z: A)|o o p(T',z: A) = 1},

where 1p denotes the identity morphism on T, ¢f. [Ma71]. O

A Herbrand interpretation is, essentially, just a mapping which assigns to each
valid context I' over a signature ¥ a subset of the Herbrand universe. Formally, it
is a mapping from the objects of C(X) to the objects of F: this additional structure
indicates the extent to which the denotational semantics that we construct is a
model of the All-calculus: it reflects the fact that a Herbrand interpretation can
be considered to be an ordered family of mappings indexed by contexts in which
the ordering is that given by the tree structure of C(X). The ordering encodes
the sense in which the interpretation of a given context includes interpretations of
its subcontexts, e.g. an interpretation of I',z : A includes an interpretation of I'.
However, as we shall see in Definition 7.3.2 and in Section 7.3.3, it is not possible to
define Herbrand interpretations on the objects and maps of C(X) (substitutions)

so that the denotational semantics that we construct is an F-valued X-AIl-model.
DEFINITION 7.3.2 (E-AII-HERBRAND INTERPRETATION)

Let ¥ be a valid All-signature. A X-AII-Herbrand interpretation is a mapping
I:C(X) — F such that:

o I(()) S U(aIN proves 5 4:Type} {0 € home(s)((), z: A)HE Hg);

e For all () 4T € |C(Z)|, if I(T') = (I(A), F;) where A aT', then Fi(w) C
Hg for all w € DEN(I(A)), and lg(5)(T') = Ix(T'), where lg(s) is the level

function in C(X) and I is the level function in F. O

Note that in order for it to be possible to extend the definition of a ¥-AIl-Herbrand
interpretation to be a X-All-Herbrand model one of the things that we should have
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had to require is that I(()) =g €. We reject such a condition on the grounds that it
fails to admit the construction of a L-AIl-Herbrand interpretation that represents
the computations that a program (context) can successfully perform with respect
to the underlying signature. Although we could avoid this difficulty by working
with a formulation of the All-calculus without signatures [HHP89], [Sa90], the

problem that arises in Section 7.3.3 is more fundamental.

The collection of Herbrand interpretations forms a lattice under the following

definitions of partial order, join and meet.
DEFINITION 7.3.3 (LATTICE OF HERBRAND INTERPRETATIONS)

Let ¥ be a valid All-signature and let I; and I, be X-AIl-Herbrand interpretations.

e We define the partial order C by: I; C [, if and only if for all T' € |C(X)]
DEN(I,(T)) € DEN(Z,(T)).

e We define the join of I, and I, inductively by :

= (LU L)) =ae I1(()) U L(());

— For all e 4T € |C(X)], (I, UL)(T) =qe ((I; U L)(A), Fipur,)) » Where
A<T and Fp,yp,)(w) =ger Fr, (w)UFL,(w) for all w € DEN((L;ULL)(A)).

o We define the meet of I; and I, inductively by :

= (L N L)(()) =aer L(() N L(() ;

— Forall el € IC(E)l ’ (Il N 12)(F) =def ((Il n 12)(A)’F(11l‘112)>a where
A4l and Fij,np)(w) =ger Fr,(w)NFp,(w) for all w € DEN((I;15)(4)) .

There is a bottom interpretation which assigns, essentially, the empty set to

all contexts.
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DEFINITION 7.3.4 (BOTTOM INTERPRETATION)

Let ¥ be a valid All-signature and let N proves Fy I' context. The bottom Z-
All-Herbrand interpretation L is a bottom X-AIl-Herbrand interpretation that is
defined inductively by :

o L({)) =aer 0;

e For all e 4T € |C(Z)], L(I') =g4er (L(A), F,) where F,(w) =g4¢ @ for all
w € DEN(L(A)). O

Under these definitions the collection of Herbrand interpretations over a sig-

nature ¥ forms a complete lattice.
LEMMA 7.3.5 (COMPLETE LATTICE)

Let ¥ be a valid 2-AIl-signature. The lattice of ¥-AlI-Herbrand interpretations is
complete.

ProOOF

This i1s an immediate consequence of the fact that the lattice of subsets of the

powerset of the union over valid contexts of Herbrand universes is complete. O

We define a satisfaction predicate =y : such a predicate is essential for our least
fixed point construction. In this construction the contexts I' can be considered
to be possible worlds, the ordering on these worlds being that determined by the
tree structure of C(¥), and a Herbrand interpretation considered to be an ordered
collection of interpretations indexed by contexts. Consequently, the assertion
I,T |Eg M : Aisto beread as “the inhabitation of the type A by the object M
is satisfiable in the interpretation I at the context I'”. Henceforth we adopt the

notation [[']’ for I(I).
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DEFINITION 7.3.6 (SATISFACTION)

Let ¥ be a valid All-signature and let I be a X-All-Herbrand interpretation. We

define the satisfaction predicate =y as follows:

o If [I]'" = ethen I , T |£x M : A if and only if there is a substitution
0 = (Ty,...,Tm, M) € homg(5)(T,T,z: A);

ol , T Eg M: A (A = cM,...M,) if and only if there is some pair
((u1,u,),0) € DEN([I]’) such that o =(z,,... s Tm, M) €home sy (T, T, z: A);

e I ,T'=x M:A — B if and only if either there is some pair ((u,,u,),0) €
DEN([I']") such that o = (zy,...,2,,, M) € homgz(T, T,z : A — B), or

I,T,z:AlEx N:B,
where M = Az:A. N,

o I ,Tl=y M:llz:A. B if and only if either there is some pair ((u;,u,),0) €
DEN([I']) such that o = (z,,...,2,,, M) € homg(5)([, T,y : llz: A. B), or

I,T,2:Al=x N:B,

where M = )z:A.N. O

The last two clauses Definition 7.3.6 ensure that the extension of programs
during execution due to the form of the (— r) and (IIr) rules is captured by the

satisfaction relation, cf. [Mi89).

We wish to build a single Herbrand interpretation I such that I , 'y ' M : A
if and only if G\cut proves ' Fy M : A. Such an interpretation arises as the
least fixed point of a mapping Ty, given below, from Herbrand interpretations to

Herbrand interpretations.

There is a strong computational motivation for the definition of 7y. Roughly,
Ty, applied to the Herbrand interpretation I takes the collection of (realizers of)

all of the types which are satisfied by I and adds to this collection all of the
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(realizers of) the types which can be obtained by one further inference of L. The
inhabiting (extract-)object encodes the computation of each type from the given
context. Thus Ty may be considered to provide a denotational semantics for the
computations that a context or program I' can perform. Note however that Ty
encodes no information about the search strategy employed for the execution of
a program — it is simply assumed to be complete. Schmidt [Sch86] provides a
denotational semantics for a propositional version of PROLOG which interprets the

backtracking mechanism.
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DEFINITION 7.3.7 (THE OPERATOR T})

Let ¥ be a valid All-signature and let N proves Fy I' context. We assume that
F=z:A,,...,¢,: A, . Let [E,T] =4t {0 |0 = (21,...,2,,@): T — T,z:A},
where @: A€ X UT. Let I be a X-AlI-Herbrand interpretation.

Ts(I) is a Herbrand interpretation which is defined inductively on valid con-

texts by :

o [0 =ue [Z, )5

o L] =4 ([A]1™Y, Fry(y)), where A aT and where
Fry(n(w) =get Fi(w) U {o | o € [E,T]}
U{olo = (zy,...,2,,P): T — T,y: A
where
-Q@:B—-CeXUT;
~1,T g N:B;
- I,T2:C g Q:A; and
= Q(@N) —4, P }
U{olo =(zy,...,2m,P): T — T, y: A
where
- @:Mlz:B.CeXUT;
~I,T kg N:B;
~ Q(@N) —g, P; and
- I,T,y:D=g Q: A where C[N/z]—g,
D}.

0

The reader is referred to [Mi89] for a similar construction in the setting of a

sublanguage of intuitionistic first-order logic.

In order to obtain the least fixed point of 7y we must prove several properties

of the complete lattice of Herbrand interpretations and Ty, ¢f. [Mi89], [L184].
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LEMMA 7.3.8 (Tyx PRESERVES HERBRAND INTERPRETATIONS)

Let ¥ be a valid MI-signature. If I is a ¥-AII-Herbrand interpretation, then so is
Te(1).
PROOF

This is an immediate consequence of the definition of Ty . O
LEMMA 7.3.9 (SATISFACTION RESPECTS C)

Let ¥ be a valid X-All-signature and let [; and I, be ¥-AIl-Herbrand interpreta-
tions suchthat , CI,. f I, , T g M:Athen I, , T |y M:A.

PROOF

The proof proceeds by induction on the structure of A.

fA=cM,... M, and if I, , T |y M : A then there is some pair (u,o) €
DEN([T]") such that o = (z,,...,z,, M) € homg sy (T, T, z: A) . But by hypoth-
esis we have that DEN([I']") C DEN([I']*) and therefore I, , T =5 M:A.

IfA=B - Candif I, ,I' Ex M : B — C then by the definition of the
predicate =5 we have either that there is some suitable (u,o) € DEN([I']"), in
which case by an argument similar to that for the previous case we have that
L, TEsM:A;orthat I, ,I',z: B |y N:C, where M = Az: B. N in which
case by the induction hypothesis we have that I, ,T',z: B |5 N:C and so by the
definition of the predicate =y we have I, , ' Ex M:B — C'.

If A =1Ilz:B.C then the argument is similar to that for the previous case.

This completes the proof. O
LEMMA 7.3.10 (SATISFACTION AT FINITE LEVEL)

Let ¥ be a valid ¥-All-signature and let I; C I, C I; C ... be a sequence of

Y-AII-Herbrand interpretations. Suppose that

||, T ks M:A.
i=1
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Then there exists £ > 1 such that
Ik s F i':z M:A .

PRrROOF

The proof proceeds by induction on the structure of the type A. Suppose we
have that | [, I;, T g M:A.

If A=cM,...M,, then there is some pair (u,0) € DEN(]II‘]'-—I?-:1 %y such that
0 = (T1,..+, T, M) € homgs)(I,T,z: A). But Fj e f(w) = Uz, Fr,(w), for
each w, so that there exists k such that I, |y M:A.

If A= B — C then by the definition of the predicate =5 we have either
that there is some pair (u,0) € DEN([[I‘]]UZII‘) such that o = (z,,...,2,,, M) €
homgz)(T', T',z: A— B), in which case by an argument similar to that for the
previous case we have that there exists k such that I, , ' |5 M : A; or that
U2, L, T,z:B g N:C, where M = Az: B.N. By the induction hypothesis
we know that there exists a k such that I, ',z: B |y N:C, so that by the
definition of the predicate =5 we have that I, , T =g M : B — C.

If A=1lz:B.C then the argument is similar to that for the previous case. O
LEMMA 7.3.11 (MONOTONICITY OF T%)

The operator Ty is monotonic. Let ¥ be a valid X-All-signature and let I; and I,
-AMI-Herbrand interpretations. If I} C I, , then Tx(I,) C Tx(1,).

PRrOOF

Suppose that I; C I,. We proceed by induction on the length of I'.

If I' = () then we are done. Otherwise, suppose that (u,o) € DEN([I]™=(")),
where u € DEN([A]™™)) and o € Fp,(,)(u) where A aT. By the induction
hypothesis we have that u € DEN([A]™®"?)). We must now proceed by case

analysis on o .
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If o € [£,T] then we have immediately that (u,o) € DEN([I]=")), since
LCI. '

If o = (z1,...,2p, P) € homgsy(T', T,z : A), where there is some @ € B —
CeXUTlsuchthat I, ,I'[=g N:B, I, ,I',y:C =g Q: A and Q(QN) —4, P, by
Lemma 7.3.9 we then have that I, ,I' by N:Band I, ,I',y:C =g Q: A, and so
(u,0) € DEN([I]=")).

If o arises via some @ : [Iz: A.C € ¥ UT then the argument is similar to that

given in the previous case. This completes the proof. O
LEMMA 7.3.12 (CONTINUITY OF T})

The operator Ty, is continuous. Let ¥ be a valid ¥-AIl-signature and let I, C I, C
I; C ... be a sequence of ¥-AII-Herbrand interpretations, then

oo

U Ts(r) = To(| | 1)

i=1 =1

ProoOF

We prove this equality by proving inclusion in two directions.

Since I; € |2, I; for all j > 1, by Lemma 7.3.11 we obtain Ty (I;) C Tx (U2, ;)
for all ; > 1. But j is arbitrary, so L_I;f__l Te(I;) ETs(UZ, L)

To prove the converse inclusion we must show that
DEN([r]™ U= ) ¢ DEN([rjU= T=(9)
for all T such that N proves k5 I' context. We proceed by induction on the length
of I'.

If ' = () then we are done. Otherwise, suppose that (u,o)€ DEN(I[I‘]]TE(UZl Ly
where u € DEN([[A]]T’:(I—J?:1 5y and o € Froe=, 1,)(u), where AT By the induc-
tion hypothesis we have that u € DEN([[A]]U?:1 TEU‘)) . We must now proceed by

case analysis on 0.

If o € [£,T] then we have immediately that (u,o) € DEN(|[I‘]]U::1 Ta(h)y
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If 0 € homgz)(T',T',z: A), where there is some @ € B — C' € L UT such that
U2, L T Eg N:Band Y2, I; ,T,y:C =5 Q: A, then we have by Lemma 7.3.10
that there is a k£ such that I, ,I' g N:B and I; ,['y:C =5 @: A. Therefore
we have that (u,o) € DEN([I']™>'¥)) | and since Fl e 1oy (w) = U2, Fry ) » we

obtain (u,0) € DEN([I]Li=: Ty

If o arises via some @ : [Iz: A.C € £ UT then the argument is similar to that

given in the previous case. This completes the proof. O

The continuity of Ty, yields the least fixed point of Ty as the supremum of the

ordinal powers of Ty applied to the bottom interpretation, L.
LEMMA 7.3.13 (LEAST FIXED POINT OF T¥)

Let ¥ be a valid All-signature. The least fixed point of the operator Ty exists and
is defined by :

TS(I.L) =def l°_°| T;(I.L)'

=1
PRrOOF

By the Knaster-Tarski fixed point theorem, [Ta55], [AvE82]. O

We are now able to prove the soundness and completeness of G\cut (and conse-
quently of L) with respect to the interpretation Tg . We remark that although the

well-formedness conditions are stated with respect to the system N, by Theorems

3.2.6 and 3.2.7, no difficulties arise.

THEOREM 7.3.14 (SOUNDNESS)

Let ¥ be a valid AMI-signature and let N proves I' by A: Type. We have that if
G\cut proves I'Fy M:A then T (L) ,T |y M:A.

PROOF

The proof is by induction on the structure of G\cut-proofs.
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IfT'Fg M:Ais an axiom sequent then there is a morphism
0= (21,12, @): ' — T z:A€[E,T],

where @ € EUT', and so there is some pair (u,0) € DEN([[F]]Té(‘L)) C DEN([I]=E™).

Suppose the last rule of G\cut applied is the (— ) rule:

'ty A: Type T,z:AFg N:B
'Fg Ae:A.N: A— B

(z ¢ FV(B)).

By the induction hypothesis we have that Ty,(1) , I,z: A |y N: B, and so by
the definition of the predicate =5 we have that T(L) ,T' |zgx Az:A.N: A — B.

Suppose the last rule of G\cut applied is the (IIr) rule:

'ty A: Type T,z:AFz N:B
by Az:A.N:1lz:A.B

By the induction hypothesis we have that T(L1) ,T',z: A |5 N: B, and so by the
definition of the predicate =5 we have that T(1) , I Fg Az:A. N : [Iz:A.B.

Suppose the last rule of G\cut applied is the (— I) rule:

'k N:B T,z:Cky Q:A
ke Q(@QN): A

(@:B—-CeXuUTl,zgFV(A)).

By the induction hypothesis we have that Ty (1), T =g N:B and that
T3 (L) ,T,z: B =5 Q: A, and so by the definitions of Ty and |=5 we have that

Te(Tg)(L), T =z Q(@N):A.
But 73 is a fixed point, so that we obtain Tg(L) , ' |y Q(@N): A.

The case in which the last rule of G\cut applied is (II{) is similar to the previous
argument.
Suppose the last rule of G\cut applied is the equality rule:

'y M:A T'Fx A: Type =gy A
ke M: A )

If TZ(L), T |Fx N : A then it is immediate from the definitions of Ty and the
predicate =5 that T (L) , T =g M: A", This completes the proof. O
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THEOREM 7.3.15 (COMPLETENESS)

Let ¥ be a valid All-signature and suppose that N proves T Fy A: Type. If
T5 (1) ,T |eg M:Athen G\cut proves 'y M:A.

PROOF

Let I';, M and A be such that TZ’:‘(_L) , I' Ex M : A for some positive integer
k, and assume that this k£ is the smallest such k. If A contains n > 0 occurences

of — and II attach to the ordered pair (I', A) the ordinal measure w-(k—1)+n.

We prove by induction on this measure that for all contexts I' and types A if

the measure of (I', A) is « then G\cut proves 'ty M:A.

The base of the induction is where @ = 0 (= w -0+ 0), so it must be that
Té(_L) ,['Es M : Aand A is atomic: then there is some (z,,...,z,,,@) € [E,I],
in which case it is immediate that G\cut proves I' by @: A.

The induction step divides into the two cases where w - a + 8 is a successor

ordinal and where w - a + § is a limit ordinal.

w -+ a+ B is a limit ordinal just in case § = 0 and a > 0, so that we have
Tg“(_L) ,[ Ex M:A and A is atomic. By the definition of the operator Ty, there

are three possibilities:

1. There is some (z,,...,z,,, @) € [E,T'], in which case it is immediate that

G\cut proves I'Fy M:A;

2. Thereissome @: B —- C € ZUT, with Tg(L) , T =y N: B and T (1),
[Lz:C =g Q: A. By the induction hypothesis we have that G\cut proves
' kg N:B and G\cut proves I'z:C Fg @Q: A, so that by the (— [) rule
we obtain G\cut proves ' gz Q(QN):A;

3. There is some @ : IIz : B.C € Y UT, with T3(1) , I [z N: B and
To(L) ,T,y: D =g Q(@N): A, where C[N/z] —4, D. By the induction
hypothesis we have that G\cut proves T Fy N: B and G\cut proves
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Iy:D kg Q(@N): A, so that by the (IIl) rule we obtain G\cut proves
'ty Q(ON):A.

w - a+ f is a successor ordinal just in case # > 0 in which case we have that
To*'(L) ,T =g M: A and A is not atomic. There are two possibilities, one for

each of the possible top-level connectives of A.

If A = B — C then by the definition of the predicate |=5 we have either
that there is some pair (u, o) € DEN([[I‘]]TQH(J')) such that o = (z,,...,2,,, M) €
hom¢sy([, [,z : B — C), in which case it follows from Proposition A.4.7 that
G\cut proves I' Fy M : B — C; or that TE°’+1(_L) ,[yz:B |y N:C, where
M = Az:B.N. The type C has fewer connectives than the type B — C, so by
the induction hypothesis we have that G\cut proves I',z:B Fyg N:C . Therefore
by the (— r) rule we obtain G\cut proves ' g Az:B.N: B — C.

If A =1Ilz:B.C then by the definition of the predicate |=5 we have either
that there is some pair (u,0) € DEN(IIF]]TGH(J')) such that o = (z,,...,z,,,M) €
homg(z)(T, T,y : llz: B.C), in which case it follows from Proposition A.4.7 that
G\cut proves I' by M : Ilz: B.C; or that TS“(J_) , [yz:B =g N:C, where
M = Az:B.N. The type C has fewer connectives than the type IIz: B.C, so by
the induction hypothesis we have that G\cut proves I',z: Bty N:C. Therefore

by the (IIr) rule we obtain G\cut proves I' g Az:B. N :Ilz:B.C.

It remains only to note that if T(L) , T’ ex M : A then by Lemma 7.3.10
there exists k such that TS(_L) , ['|Ex M : A, so that each pair (T, A) such that
T4 (L) ,T =g M: A for some M has a measure. This completes the proof. O

7.3.3 Model-theoretic Characterization of the Semantics

It is unfortunate that it is not possible to extend the definition of the inter-

pretation Ty (L) to substitutions so as to yield an F-valued E-AIl-model.”> To

2Gee also the remarks after Definition 7.3.2.
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see this suppose that o : [ — A is a substitution in C(). [¢]=™) would
have to be a function from DEN([I]*™)) to DEN([A]EW). Suppose that
(t,u) € DEN([T]ZEW). [¢]TFY)((t,u)) must be a pair (v, w) € DEN([A]EM). «
is of the form (z,,...,z,,M): ' — I';z: A and w is of the form (y,,...,y,, N) :
A — A,y: B, so that we must require that M = No. However, it is easy to see
that not all M which occur via some such u arise in this way. The problem is that
in order for such a function to be well-defined Ty, (1) would have to contravariant,

and the category F° is not a contextual category with products.

However, all is not lost. Consider the Yoneda functor, which is a full embedding?,

Y : D — [D°®,S], where D is a small category, which can be defined by
e r— homp(r,-) : D — §, for objects r of D, and
e f:r— s homp(s,—) — homp(r,—), for maps f of D.*

It is a straightforward matter to prove that if D is a contextual category with
products then so is YD, the contexual and product structure being inherited from
D. The reader is referred to [Be88] for a discussion of the (co)completeness of

functor categories.

Applying the Yoneda functor to the (small) category C(X) we obtain a set-
theoretic contextual category with products [C(X)°?,S]. It follows that Y is a
[C(Z)°P, S]-valued E-All-model. Furthermore, if ({u;,u,),v) € DEN([[]E™)
then v e Y(T')(T, z:A) and u, € Y(A)(A,y:B) for some A and B, where A4l etc..

Of course Y(T')(©) also contains maps that are not present in DEN([I']E ),
However, these maps are simply of the form p : I' — © and are such that if

G\cut O by N: B then G\cut I' Fy NF(Np):NF(Bp). Therefore these maps may

3A functor is said to be a full embedding if it is full, faithful and injective on objects

[LS86].

“‘Here we consider the hom-functor homp(—,—) to be of the form D x D®* — S,

etc..
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be considered to model the fact that I' can perform all of the computations that
© can perform. Indeed, if we define a satisfaction relation |- by Y, | P:C if
and only if there is some o € Y(I')(A) such that Y,A =5 Q:D where Qo —g4, P
and Do —, C, where the predicate =5 is defined by:

o Y  Ales M:A(=cM, ... M,,)if and only if thereis a map (z,,...,z,,, M) €
Y(A)(A, 2 A);

e Y,AHl=x M:A — B if and only if either there is a map (z,,...,z,,, M) €
Y(A)A,z: A— B), or

Y,Az:All=x N:B,
where M = A\z:A. N;

o Y,Al=s M:Ilz:A. B if and only if either there is a map (z,,...,2,,, M) €
Y(A)A,y:lIz:A.B), or

Y,Az:Al=y N:B,
where M = Az:A.N;

then we obtain the result that, for Sn-normal forms,
G\cut proves ' ks M:A iff Y/ =4, T |FsM:A,

where Y/ =g, is the quotient of Y by Bn-equality defined by
(Y/ =5,)(T)(A) =4¢¢ {0 € Y(T')(A)| o is in fy-normal form }.

For an exposition of the relationship between the Yoneda functor, geometric

theories® and generic models in the setting of topos theory the reader is referred

to [Be88] and [JoT77].

SThere is a sense in which contexts are a generalization of the notion of geometric

theory, but this is beyond the scope of this thesis.

187



7.3.4 The Semantics of Non-ground Programs

So far we have only given a semantics for ground programs.

The difficulty in giving a semantics to non-ground programs is that non-ground
contexts are not objects of the category C(X¥). However, a solution is found by
noting that such a context I'(ey,...,q,,) represents a set of objects of C(X),
namely the set of (well-formed) contexts which are instantiations® of (e, . . . , a,,).-
Thus we define the interpretation of a non-ground program to be the union of the

" interpretations of these instantiations.
DEFINITION 7.3.16 (SEMANTICS OF NON-GROUND PROGRAMS)

Let ¥ be a valid All-signature, let (6,Z).T be a program and let I be the set of all
instantiations o of a;, ..., a,, which are well-typed in some L-derivation in which

(the normal form of) I'(ery, . .., @, )o is the context of the endsequent.

1. The interpretation of the program (6,7).I(e,...,a,,), as determined by
T3 (1), is given by :
[(6,7). T@IE =4 U DEN(INF(N@)o)]™),
o€l

in our usual abbreviated notation;

2. The interpretation of the program (6,7).T(ay,...,qa,,), as determined by
Y, is given by:

[6,7). T@)]" =ar U U Y(NF(I'(@)0))(A),

cel A

in our usual abbreviated notation. O

6Recall that instantiations are defined in Chapter 6.
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7.4 Perpetual Processes

“

Lloyd [L184] defines a perpetual process to be: .. a program which does not

terminate and yet which is doing useful computation, in some sense.”

Lloyd proceeds to give a semantics to non-terminating computations performed
by (classical first-order, Horn clause) logic programs’ by defining the notion of com-
plete Herbrand interpretation. Complete Herbrand interpretations are Herbrand
interpretations which take values in the complete Herbrand universe, the complete
Herbrand universe of a program being obtained from the Herbrand universe by
taking the topological completion of the Herbrand universe under the term ul-
trametric [L184]. We expect that it will be possible to extend these ideas to our
setting.

7.5 Summary

In this chapter we have extended the work of Chapter 6 to provide an operational
semantics for an appropriate notion of logic programming. We have provided
a semantics for such logic programs in the categorical framework for the model
theory of the AlIl-calculus which is discussed in Appendix A. We have discussed

some possible further developments of this work.

"Lloyd considers “pure” PROLOG programs.
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Chapter 8

Conclusions and Further Work

We have developed the proof theory of the All-calculus by considering a proof
system that resembles a Gentzen-style sequent calculus [Ge34], and proved a cut
elimination theorem for normal forms. This extends the work of Gentzen [Ge34]
to the All-calculus and is related to the work of Martin-Lof for the simply-typed
A-calculus [ML71a] [ML71b] and to the work of Howard [How80]. Further work
suggested by this work includes the extension of these results to appropriate frag-

ments of Generalized Type Systems [Ba89].

We have provided a theory of search and logic programming for the AII-

calculus, and hence for any logic which is adequately encoded in the LF.

At the heart of any theory of logic programming there must lie a theory of
search. We first developed such a theory for the All-calculus. Search procedures
in logical systems are inherently non-deterministic and the principal difficulty in
developing such a theory — indeed the main reason for the theory to exist — is
the desire to reduce this non-determinism as much as possible. To this end three

steps in our development were significant:

¢ The formulation of a sequent calculus of types: the form of the (II!) rule is
such that in search it introduces much less non-determinism than the (IIE)

rule of the (linearized) natural deduction system;

e The development of a unification algorithm for the All-calculus. Much fur-

ther work is suggested by our work on unification :
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— The identification of possibly decidable subproblems e.g. first-order

terms;

— The extension of our existing work to consider more exotic type systems,
e.g. the Calculus of Constructions and other systems in Barendregt’s

cube of A-calculi, Generalized Type Systems, recursive types, etc..

— Improvements to the efficiency of the existing algorithm, in particular,

the elimination of redundancy, c¢f. [Hu75];

— The study of unification in an algebraic setting (i.e. in the category
of Generalized Algebraic Theories, GAT), in the manner of Rydeheard
and Stell [RS87];

~ The extension of the algorithm to handle equality judgements [Ha87];

— The development of a proof-theoretic characterization of unification;

e The extension of the work on proof-reordering and the “occurs check” of
Bibel [Bi81] and Wallen [Wa87] to the AIl-calculus, thereby allowing the
use of unification in search to eliminate non-deterministic term choices in a
manner which identifies classes of derivations which are essentially equivalent
in terms of their closure conditions. Further work suggested by this falls into

three groups:

— Extensions to different (more expressive) type systems. Calculi in which

universal variables have internal characterizations ?
— The development of matrix methods [Wa87] for the All-calculus.

— The study of the search spaces that are induced for the LF’s object

logics by search at the level of the framework.

This work provides the necessary theory of search. Further improvements were
made by exploiting a clausal form for hypothetico-general judgements in order
to obtain a notion of resolution, and by considering the notion of uniform proof,

which is closely related to Miller’s notion of uniform proof [MNPS89).

We then extended the notion of universal variable so that such variables were

allowed to occur in endsequents. We were then able to draw a close analogy be-
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tween the various components of a non-ground endsequent and a PROLOG program
together with a query. By extending our work on reordering and the “occurs check”
to non-ground endsequents (a simple step) we obtained an operational semantics

for our notion of logic programming.

We then provided a denotational semantics for our notion of logic programming
by performing a least fixed point construction in the manner of Miller [Mi89]
over a collection of Herbrand interpretations. We were able to characterize this

semantics in model-theoretic terms via the Yoneda functor.

Further work suggested by these sections includes:

e The model theory of the LF: the category of models for the All-calculus
discussed in Appendix A provides a possible foundation for a study of the
embedding of models of object-logics of the LF in models of All-calculus,
perhaps via the development of the notion of an institution [GB84] to include

contexts as well as signatures;
e A study of program specification in the category GAT;
o A study of modularity, in the manner of Miller, [Mi89];

o A study of these notions for Generalized type Systems.
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Appendix A

'The Model Theory of the All-calculus

A.1 Introduction

We present the basic model theory of the All-calculus in the manner of “functorial
semantics” first introduced by Lawvere in Functorial semantics of algebraic theo-
ries [La63]. The development of this idea which is appropriate for the AlI-calculus
is that of contextual categories which was introduced by Cartmell [Ca78], [Ca86] in
order to provide a functorial semantics for the type theories of Martin-L6f [ML82].
This work has been extended by Streicher [St88] to the Calculus of Constuctions
of Coquand and Huet [Co85], [CH85]. See the work of Hyland and Pitts [HP87] for
a discussion of topos-theoretic models of the Calculus of Constructions. A general

discussion of models for systems of dependent types may be found in [Eh88].

The basic idea of functorial semantics is very general and rather simple. Given
a syntactic system, e.g. a collection of inference rules, and a signature or theory
Y, e.g. a collection of constants, we construct a syntactic category out of this
syntax. In the case of the All-calculus this category has contexts as objects and
substitutions (or realizations) — tuples of object-level terms which satisfy certain
conditions — as morphisms. Such a syntactic category inherits from the syntactic
system out of which it is constructed a certain syntactic (or logical) structure.
In the case of the All-calculus this structure is that of the dependent function
space (or product), which appears syntactically as II, and its interaction with
the structure of contexts. Models of the given system are then functors from the
constructed syntactic category to an appropriate value category which preserve

the appropriate structure of the syntactic category. Value categories are usually
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set-theoretic and indeed in much of categorical logic are taken to be the category
S of (small) sets and functions [Ma71]. In the case of the All-calculus the value
category corresponding to § is the category F of sets, families of sets, families of
families of sets etc., which we define later, and which is used for the construction

of the term model.

We assume a basic knowledge of category theory [Ma71] and categorical logic
[GoT79], [LS86] without further comment. A categorical semantics for Martin-Lof
type theory which is more closely related to the idea of a hyperdoctrine (see [Se77],
[Se83]) is given by Seely in [Se84).
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A.2 Contextual Categories

We present definition and basic theory of contextual categories as developed by
Cartmell [Ca78], [Ca86] and further developed and presented by Streicher [St88].

For this we shall need to define the notion of a tree structure on a set.
DEFINITION A.2.1 (TREE STRUCTURE)

Let N be a set (of nodes). A tree structure on N is a pair « = (p,l) where
p: N — N (the predecessor function) and  : N — IN (the level function) are
such that :

1. For all z,y € N, if l(z) = l(y) = 0 then z =y and p(z) = z.

2. Forall z € N and ne€ NN, if [(z) =n +1 then I(p(z)) =n. O
DEFINITION A.2.2 (CONTEXTUAL CATEGORIES)

A contextual category consists of :
1. A category C with terminal object €.

2. A tree structure, « = (p, ), on the objects of C such that the terminal object
€ is the unique least element, under the ordering determined by [, of the tree.

We write A a B if the objects A and B of C are such that p(B) = A.

3. Forall A, B € |C| such that A « B, a morphism p(B): B — A in C. This

morphism will also be written as B —> A.

4. Forall A, A'€|C],forall f: A— A’ in C and for all B € |C| such that
A' 4B, an object f*B € |C| and a morphism ¢(f, B) : f"B — B such that
the diagram
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,B
B q(f, B) B

-

is a pullback diagram in C.

We also require two coherence conditions.

e Forall A, B € [C| such that A4 B, 1%, B =B and ¢(14,B) = 1g, where 1,

is the identity morphism on A, etc..

o If

o

A AI - AII
f f

in C, then (f o f')"B = f*(f"B) and ¢(f o f', B) = q(f, f*B) 0 q(f', B) . O

If g : B — B’ is another morphism over A’, then we write f*g for the unique

morphism m such that m o ¢(f, B') = ¢(f, B) o g and p(f*B) = mo p(f*B’).
DEFINITION A.2.3 (THE RELATION «)

A4dB if A«...4B. O

The morphisms of Part 3 of Definition A.2.2 can be composed to give a morphism

p(B, A), where A4B.
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DEFINITION A.2.4 (MULTI-STEP p)
If A«4B in the contextual category C, then we define the morphism p(B, A) :
B — A in C, which will also be written as B —» A , by

p(B,A) = p(B) o p(X,) 0...0p(X;)

where X, ..., X, is the unique sequence of objects of C such that A«X,4...4X,, 4B
inC. In thecase A= B, p(B,A)=1,. 0

We can obtain a pullback for any morphism of the form p(B, A) along any
morphism with codomain A by repeatedly forming the pullback along each p(X;).
Thus, if A'«4BinC and if f : A — A’ is a morphism in C then we have a pullback
for the morphism p(B, A’) along f given by the diagram

Q(q stl) Xn),B)V

q(---q(f, X1)... X,)"B
A
We extend the * and ¢ notation to these new pullback diagrams, so that for

f:A— A" and A'«4B

I - A

B
B q(f, B) B

p(f*B, A) p(B, A)

f

is the canonical pullback diagram.

LEMMA A.2.5 (COMPOSITION OF PULLBACKS)

If f: A— A’ and A'4X 4B in the contextual category C then f*B = ¢(f, X)"B
and q(f, B) = q(q((f, X), B)), i.e.,
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q(q(f, X), B)

q(f’X)*B o -I
X q(f, X) x
A 7 A

DEFINITION A.2.6 (THE CONTEXTUAL CATEGORY OF FAMILIES OF SETS, F)

The category F of families of sets is defined as a construction on the category of
(small) sets and functions, S, as follows:

e Objects, level and denotation, DEN:

— ¢ is the unique context of level 0, and DEN(e) = {0}.

— A context A, of level n + 1, is a pair (B, F') where B is of level n and
F:DEN(B) — S

is a family of sets indexed by the elements of DEN(B) and DEN(A) is
defined by

DEN(A) = DEN((B, F)) = {(z,y) |z € DEN(B) and y € F(z)}.
e Morphisms:

— If A and B are objects of F then the morphisms from A to B are the
functions from DEN(A) to DEN(B) (which are morphisms in S).

The reader is referred to the work of Cartmell [Ca78], [Ca86] or Streicher [St88]
for the details of the straightforward proof of the next proposition.
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PROPOSITION A.2.7 (F 1s A CONTEXTUAL CATEGORY)

The category F is structured as a contextual category as follows:
e The unique terminal object is €.

o If A= (B,F) is an object of F then p(A) is the projection on the first
component, i.e., for ¢ € DEN(B) and y € F(z), p(A)({(z,y)) = =z. The
level function is that given by Definition A.2.6. Thus the tree structure is

determined.

e If A= (B,F) is an object of 7 and if f : C — B is a morphism then
ffA=(C,Fof).

o If A= (B, F)is anobject of ¥ and if f : C — B is a morphism then ¢( f, A)
is the function from DEN(f*A) to DEN(A) such that for all z € DEN(C)
and y € F(f(z)), ¢(f, A)((z,9)) = (f(z),y). O

The structure preserving morphisms (or homomorphisms) between contextual

categories are contextual functors.

DEFINITION A.2.8 (CONTEXTUAL FUNCTORS)

Let C and C' be contextual categories. A contextual functor F : C — C' is a

functor F:C — C' such that:
1. F()=¢€,and if A« B inC, then F(A)< F(B) inC'.
2. For all objects A of C, F(p(A)) = p(F(A)).

3. For all f and B such that f*B is defined in C, F(f*B) = F(f)"F(B) and
F(q(f, B)) = ¢(F(f), F(B)). O
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A.3 Contextual Categories with Products

The definition of a contextual category allows us to consider families of types, but

does not include any notion of the “product of a family of types”.

The appropriate type-theoretic intuition for the product B(z) of a family of
types indexed by z € A is as the type of all functions f whose domain is the type
A and whose value f(a) on an object a € A is an object of B(a).

With this in mind, we proceed to define the notion of a contextual category

with products.

The content of the next definition is due to Cartmell [Ca78], but the notation
sectionsq(B) is due to Streicher [St88]. We adopt Streicher’s more helpful nota-
tion. This definition provides a simple mechanism for imposing a simple coherence

condition in the definition of a contextual category with products.

DEFINITION A.3.1 (THE SET sectionsc(B))

Let C be a contextual category and let A, B be objects of C such that A< B.
sectionsg(B) =4 {f € hom¢(A, B) |p(B)o f =1,4}.0

DEFINITION A.3.2 (CONTEXTUAL CATEGORIES WITH PRODUCTS)

Let C be a contextual category. C is a contextual category with products if it

satisfies:

1. If Ca A< B in C there is an object II(B) of C such that C <« II(B), and a
morphism evalg : p(A)*TI(B) — B such that the diagram

evalg

p(A)"TI(B) B

p(p(A)"II(B)) p(B)
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commutes, and such that II(B) and evalg have the property that for every
morphism f € sections.(B) there is a unique morphism g € sections(I1( B))

such that the diagram

evalg
p(A)'TI(B) - B

p(A)'g f

A

commutes. Following Streicher [St88], we write ¢ = curry(f) and f =

uncurry(yg) .

2. fm: P — @ is a morphism in C and Q < A< B, then

e mII(B) = [I(m*B) and

e m’evalg = eval,,.5. O

This clause is the appropriate formulation of the Beck-Chevalley condition

(see [SeT7], [Se83]).! O

We define the notion of a contextual functor which preserves products.

DEFINITION A.3.3 (PRODUCT-PRESERVING CONTEXTUAL FUNCTORS)

Let C; and C, be contextual categories with products and let F' : C; — C, be a

contextual functor. F' is said to preserve products if whenever

Tn fact, it is possible to reformulate the statement of this condition so that it more

closely resembles the usual presentation of the Beck-Chevalley condition, see [St88].
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evalg

p(A)'TI(B) B

p(A) g f

is a product diagram in C,,

evalp(p)
p(F(A))'II(F(B)) - F(B)

p(F(A))" F(g) F(f)

F(A)
is a product diagram in C,. O
The reader is referred to [Ca78] and [St88] for the proof of the next proposition.

PROPOSITION A.3.4 (F 1S A CONTEXTUAL CATEGORY WITH PRODUCTS)

The category F is structured as a contextual category with products as follows:

Let A be an object of F such that B = ({4, F),G).

¢ We define the object II(B) by II(B) =4 (A, P), where P(z) is defined by :

P(z) =4 {f:F(z) — U{G({z,y))ly € F(z)}|
for all y € F(z), f(y) € G({z,y))}-

e The morphism evalg : p(A)*II(B) — B is defined by evalg({z,y), f)) =
(z, f(y)) for each z € DEN(A), y € F(z) and f € P(z). O

If in the definition of a contextual category with products we drop the require-

ment that g be unique, then we speak of a conteztual category with weak products.
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A.4 The Functorial Semantics of the All-calculus

In this section we present the functorial semantics of the All-calculus. We begin
by defining the interpretation of the All-calculus in a contextual category with
products, and state the correctness of such interpretations. This shows that con-
textual categories with products are the correct structures in which to interpret the
All-calculus. We then construct a syntactic category C(Z) from the syntax of the
AMI-calculus, and illustrate that C(Z) is a contextual category with products which
correponds exactly to the syntax of the All-calculus. If V is a contextual category
with products we are then able to define a V-valued model of the All-calculus to
be a product-preserving contextual functor from C(X) to V. We construct a closed

term model, for which the appropriate value category is F.

We note that since the category F has products, rather than weak products,
it is able to interpret Bn-equality: a suitable value category with weak products
would interpret S-equality (see [Ca78], §3.4). In the subsequent text we do not
distinguish between expressions that are identical up to change of bound variables.

We abbreviate N proves 'Fy M:Aby 'y M: A, etc..

A.4.1 Algebraic Interpretation

It is clear that it is not possible to define the set of well-formed All-calculus
contexts, types and objects independently of the set of provable judgements, such
as I' Fy M : A. Consequently, the definition of an algebraic interpretation of the
AMI-calculus in a contextual category with products must be as a partial function

which is later shown to be defined for all appropriate provable judgements.

The definition of the interpretation of the All-calculus in a contextual category

with products is facilitated by the definition of a measure on expressions as follows:

DEFINITION A.4.1 (DEPTH OF EXPRESSIONS)
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Let ¥ be a valid All-signature, let T' = z, : A;,...,2,, : A,, (not necessarily a
well-formed context). By structural induction on (not necessarily well-formed) ex-
pressions in the usual notation we define a depth function mapping (not necessarily

well-formed) expressions to IN as follows (c¢f. [St88]):

depth(c) =1
depth(z) =1
depth(lz:A.B) = 1+ depth(A) + depth(B)
depth(Ax:A. M) = 1+ depth(A)+ depth(M)

depth(M N) = 1+ depth(M) + depth(N) + depth(A) + depth(B),
where M :Tlz:A.Band N: A
depth(T) = Yo depth(A;).

DEFINITION A.4.2 (ALGEBRAIC INTERPRETATION)

Let ¥ be a valid MI-signature, let I' = z,: A4,,...,z,,: A,, and let c:A € ¥. Let
C be a contextual category with products. Let ~ be the usual Kleene equality,
[K152]. We define a C-valued X-algebraic interpretation (partial) function -3
by induction on the level of its argument, where we define level(T') = depth(T),
level(T,z : A) = level(T) + depth(A) and level({z4,...,z,,,M)) = depth(T) +
depth(M), as follows (cf. [St88]):

o {OM ~¢;

° {{I"}}A ~ u where u is an object of C of level m;

{[I‘,x:AH'A ~ v where v is an object of C of level m + 1 such that u < v;

o {(z1,.rZm )} ~ f: {T}* — {T,z: A} where the map f is such
that f o p({T,z:A}*) = lyry4;

o Uone o)A < § < m) & p(A,, A) A(4) where [T} = A, >
...> A; > 1 and A(4;) is the unique map g : A; — p(A;)*A; such that

p(p(A;)"A;) o g = q(p(A;),A) o g =14,;
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o {T,z:Mz:A.B}* ~ H({{F,x:A,y:BBA)Q

o {(z1,... T, MN)}* = b (eval(F) o p(E)*(hy)) if {T}* <E<F and D =
II(F), where we have that the map {(z,,...,Z,,, M)}* ~ h, : {T}* — D,
f(z1,..., 2, NN} > by : {T}* — E and {I',z:A,y:B}* ~ F. D

The reader is referred to [St88] for the proof of Proposition A.4.3. In fact, [St88]
proves the correctness of an interpretation of the Calculus of Constructions [Co85]
in doctrines of constructions, which are contextual categories with products and

some further structure. The proof of Proposition A.4.3 is a subproof of his.
PROPOSITION A.4.3 (CORRECTNESS OF ALGEBRAIC INTERPRETATION)

Let ¥ be a valid MlI-signature and let A be a C-valued ¥-algebraic interpretation
A

function. Let I'=z,: A,,...,2,,:

1. If k¢ T context then {I'}* is defined.

2. If T kg A:Type then {T',z: A} is defined.

3. f kg M:A then {T}* is defined; if the map {(z1,...z,,, M)}* = f and
{T,z: A}* = P then f: {T}* — {I,z:A}*. O

A.4.2 A Syntactic Category of Contexts and Substitutions

We define a syntactic category in which the objects are valid All-calculus contexts
over a given valid signature ¥, and in which the morphisms are certain tuples of
MI-calculus objects over ¥. This category corresponds exactly to the syntax of

the All-calculus over X.

DEFINITION A.4.4 (THE CATEGORY C(X))

Let ¥ be a given valid AMl-calculus signature, and let I = z, : Ay,...,z,,: A,,
and A =y, :By,...,y,: B, be valid All-calculus contexts over ¥£. A substitution
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for A with respect to T is a tuple (M,,..., M, ) such that for each 1 <7 < n,
Ity Mi:B{M,[yy,..., M;_1/yi1] 2

e The objects of C(X) are valid All-calculus contexts over X.

e The morphisms of C(X) are substitutions (M;,...,M,) : T — A, where I’

and A are contexts.

— The identity morphism on the object ' = z, : A,,...,z,, : A,, is the

substitution (z,,...,z,,).

— Let I' and A and the substitution (M;,..., M, ) be defined as above.
Let © = 2, :C,...,2,:C, be a context,' and let (NVy,...,N,) be a

morphism A — ©. Composition in C(X) is defined by
(Ml”“,Mn)O(NI7"')Np) —def
(Nl[Ml/yla R Mn/yn]’ tee 7Np[M1/y1’ e 7Mn/yn]> .

This completes the definition of the category C(X¥). O

The reader is referred to the work of Cartmell [Ca78], [Ca86] and Streicher
[St88] for the proofs of the next two theorems.

THEOREM A.4.5 (C(X) 1S A CONTEXTUAL CATEGORY)

The category C(X) is structured as a contextual category as follows:
o The least element € is the empty context, ().

o Let' =z,: A),...;z, A, and A =Tz A s Ty - Ay

m

be contexts. The canonical morphism p(A,T) : A — T is defined by
p(A,F) Zdef (xla T 7xm) .

2Cartmell [Ca78], [Ca86] calls substitutions realizations.
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o Let'=z,:A,,...,2,,: A, ' =y1:By,...,0n:B,,and A =y;:By,...,yn:
BryYni1:Brgis- -+ Yntp : Bayp and suppose that f = (M;,...,M,): T —

I is a substitution for IV with respect to T, then:

- f‘B Zdef T1 :Ala"',xm:Am’yn+l:Bn+1[Ml/y1,""Mn/yn]""vyn+p:
Bn+p[Ml/y1a s ’Mn/yn] ’ a'nd

- q(faB) =def (Mla"'aMnayn+ly'°'ayn+p>' o

THEOREM A.4.6 (C(X) 1S A CONTEXTUAL CATEGORY WITH PRODUCTS)

Let ¥ be a valid All-signature. The category C(X) is structured as a contextual

category with products as follows:

Kl =2z,:A;,...,2,: A, z: A,y: B is a valid context over ¥, then:
o II(T) =ges z1: A1, -, T A,z 1 Izt AL B;

o evalp =g (T1,-+ 3T, T, yz) : Ayz: A y:llz:A. B — A,
where A = z,:A,,...,2,:4,,. O

The next theorem summarizes the equivalence of the logical and algebraic
descriptions of the syntax of the All-calculus; the reader is referred to [Ca86] and
[St88] for its proof.

THEOREM A.4.7 (CORRECTNESS OF C(X))

Let ¥ be a valid All-signature. Let ' = z,: Aq,...,2,: A, and A=y, : By, ..., y,:
B, be valid I-AI-contexts. (My,...,M,): ' — A is a morphism in C(X) if and
only if

I'tg Mi:B{M/ys,- .., Mi_1[yi]

foreach1<:<n. 0O
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A.4.3 Models of the All-calculus

We are now able to present the basic model theory of the All-calculus in the manner
of functorial semantics. The category of V-valued models of the All-calculus, where
V is a contextual category with products, is the full subcategory [C(X), V]conn of

product-preserving contextual functors of the functor category [C(X),V].
DEFINITION A.4.8 (V-VALUED X-AIl-MODELS)

Let ¥ be a valid All-signature and let V be a contextual category with products.
A V-valued E-All-model is an object M of the functor category [C(X), V]conn of

product-preserving contextual functors from the syntactic category C(X) to V. D

We write [[]J* and [0]™ to denote respectively the images under M of a context

I' and a substitution o.
DEFINITION A.4.9 (MORPHISMS OF V-VALUED X-AII-MODELS)

Let X be a valid All-signature and let M, and M, be V-valued ¥-All-models. A
morphism of V-valued L-A1-models (henceforth X-AIl-morphism when no confu-

sion is possible) is a natural transformation m : M; — M, . O

The construction of a term model is possible, thereby proving the existence of
3-All-models. The appropriate value category for this construction is F, and the

closed term model Ky is initial in this category of models [Ca86].
DEFINITION A.4.10 (THE CLOSED TERM MODEL Ky)

Let ¥ be a valid All-signature. The closed term ¥-All-model K7, is defined induc-

tively on contexts and substitutions as follows:

e Let I’ be a context.
ForT =z:A, [z:A]*® =44 { 0 € home(sy({), z: A), ¢ in By-normal form }.
For () a...4A aT, [IT*® =4 ([A]"E, Fg_) where A «T and
Fy;((u,v)) =aet { 0 € homg(z)((), T)|o o p(T) = v, o in Bp-normal form }.
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o Let 0: T — A be a substitution.
[o]%* is a function from DEN([T]*®) to DEN([A]®®).
[o1%((t, u)) =ger (v, w) where w = uo o and t = vo o (where this latter

composition is defined inductively, pairwise). O

It is a straightforward calculation to verify that Ky is an F-valued X-AIl-model,

and we omit the argument.
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Appendix B

Example Encodings

B.1 Example Encodings

In this appendix we give a collection of encodings of logics in the LF and their
adequacy theorems. The presentations of these encodings and theorems are taken
directly from the University of Edinburgh report: ECS-CS-87-31, Using Typed
Lambda Calculus to Implement Formal Systems on a Machine by Arnon Avron,
Furio Honsell and Ian Mason [AHMS87], to which the reader is referred for more
discussion of the given examples. We thank the authors for allowing us to quote
this work. We have taken the liberty of correcting typographical and grammatical

€ITors.

B.1.1 Kleene’s Three-valued Logic
The Signature ¥y,
e Syntactic Categories
— o: Type
e Operations

- -:0—o0
- AN:o—0—o0

-V:o—o0—o0
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¢ Judgement
— T:0— Type
e Axioms and Rules

~ AL: Tlpo - T(8) = T() = T($ A )

= VL : Tlggeo - T(¢) = T(¢ V)

= VL, : Tlg 40 - T(¥) = T($V )

= L [Ig, - T(¢) = T(—9)

— AL g0 - T(—8) — T(=(¢ A )

= AL : g0 T(—9) = T(=(¢ A %))

= VI [Ty yeo - T(=4) = T(=9) — T(=(¢ V ¥))
— ~E: [l440- T(¢) = T(=4) — T(¥)

— AE; : Tlgeo - T(# A ) — T(9)

= AE, : Ty - T(6AY) = T(#)

— ==E: [I40. T(=—¢) — T(¢)

— ~VE; : Tlg40- T(~(6V ¥)) = T(-9)

— VE, : [lg,p0 - T(=(¢V %)) = T(-)

= VE: [I4y,0:0- (T(¢) = T(9)) — (T(¥) = T(9)) — (T(¢ V) — T(9))

— ~AE: Tl 9,900 -

(T(=¢) — T(9)) = (T(=¢) — T(9)) = (T(~(¢ A ) = T(J))
THEOREM B.1.1 (ADEQUACY AND FAITHFULNESS 1)

The following hold:
¢1"",¢n I--K]Ql"

if and only if there exists a term ¢ such that:

Y41 :Oa"',pn:OFEmt:T(¢1)_)“'—_)T(¢n)_)T(¢)
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Where p,,...,p, are the atomic variables occuring in ¢;,1 < 7 < n and ¥ (
we use the same symbol for denoting a formula and the corresponding term in
LF). Moreover, there is a compositional bijection between proofs in the natural

deduction system and proof terms such as ¢t above. D

B.1.2 First-order Logic with a Choice Operator
The Signature %0

e Syntactic Categories

— : Type

— o: Type
e Operations
—= 41— t—o0
——:0—>o0
—D:0—0—0
—€e:(t—0)—>¢
—3J:(t—0)—o0
-V:(t—0)—o0
¢ Judgement

- T:0— Type

e Axioms and Rules
- EO : nzu‘ T(.’E = SL‘)
- B Hz,y:c N | PP T(II) =y) — T(t(iE) = t(y))
= By Ioge - oo - T(z =y) — T(2(z)) — T(2(y))

= ~L: Mg (T(¢) = T(¥)) — (T(¢) — T(=¢)) — T(~¢)
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AL: Tgg0 - T(8) = T(%) = T($ AP)

VL : Tlgg0 - T(8) = T(6 V)

VL : g0 - T(¥) = T(SV ¥)

AE; : [Ty oo - T(¢ A ) — T(9)

AE, : Tlgp:0- T(6 A ) — T(¥)

~—E: [, - T(=—¢) — T(¢)

VE : [Ig,4,9:0 - (T(8) — T(9)) — (T(¥) — T(9)) — (T(¢ vV ¥) — T(¥))
OE : [Ig 4000 - T($1262) = T(¢1) — T(42)

OI: Tl - (T(8) = T(¥)) — T(¢D¢)

el : .o - T(3(®)) — T(2((D)))

3E : Mouso - [go - T(3(P)) = (IL - T(B(2)) — T(4)) — T(¢)
3L eumo - [ew - T(2(2)) — T(3())

- VE: HQ:L—»O . Ht::, . T(V(q))) - (D(t)
— VI: n@:t—»o . (nt:t . T(q)(t))) - T(V(q)))

THEOREM B.1.2 (ADEQUACY AND FAITHFULNESS 2)

We state the adequacy only for a monadic language, the general case follows

exactly the same pattern. Letting

F'={z,:¢,...2,:(,X;:t—0,...X,,: t — 0}

the following hold:

1. ' F M : ¢ if and only if ®p(M) is a well-formed term of first-order logic with

a choice operator whose only free individual variables are among z,,...,z,
and whose unary relations are among the Xj,..., X,,.
2.7 F M : o if and only if ®r(M) is a well-formed formula of first-order

logic with a choice operator whose only free individual variables are among

Tq,..

., Z, and whose unary relations are among the X,,..., X,,.
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3. TU {y; : True(éy),...,yxs : True(dy)} F M : True(¢)
iff

q)[‘(¢1)7 s 1(I)F(¢k) F ‘I’r(¢)

where ®r is a bijective function
@ : Ep(2) U Zp(0) — €1°

to be defined shortly. €1° denotes the collection of terms and formulas of first-
order logic with a choice operator whose only free individual variables are among
Zy,...,Z, and whose unary relations are among the X,,..., X,,. Zp(7) is the set

of long An-normal forms of type 7 in the context I'. Finally

(z f M=z

& (M) = Ox(N) if M = (M’ = N)

e(®r ... (Plz])) if M =e(Az:.Plz)])
~®p (M) it M=-M

< O (M')D O (N) fM=M DN
V2.@r .. (M'[z]) if M =VY(Az:.Mz])
2.0r .., (M'[2]) if M =3z : . M[z))

| X(ep(M")) it M = X(M). O

B.1.3 Hilbert Style Modal Logics
The Signature ¥yg
The resulting signature in the particular case of S4 is:
e Syntactic Categories
- o: Type
e Operations

- —-:i0—>o0
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- D:0—0—0

—D:0—>0

e Judgements

— True:o — Type

~ Valid : 0 — Type

e Axioms and Rules

— C: [Igs - Valid(¢) — True(g)

= Ay [Ty, 4500 - Valid(4125(¢50¢1))

= Az : [1g, 42,800 - Valid(¢1D(82D¢3)D(¢1562)D(61D¢3))
~ As : Tlpy o - Valid((=615-6,)2(4201))

— Ay : [Ty Valid(OgDg)

= As : TTpy g0 - Valid(D(¢1D¢2)D(0¢,D0¢,))

~ Ag : [Ig - Valid(Ogo0OO4)

= MPry : Iy, 4,:0 - True($yD¢2) — True(¢;) — True(g,)
— MPy : [Iy, 4y - Valid(¢;D¢,) — Valid(,) — Valid(g,)
— Nec : [I4, - Valid(¢) — Valid(Og)

THEOREM B.1.3 (ADEQUACY AND FAITHFULNESS 3)

The following hold :

1. There is a compositional surjection between proofs in the Hilbert-type system

of S4 that ¢4,...,¢, I, ¥ and terms t such that:
P1:0,...,Pp:0Fg, t:True(¢;) — -+ — True(d,) — True(y)

Where p,,...,p, are the atomic variables of ¢.
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2. Thereis a compositional bijection between proofs in the Hilbert-type system

of 54 that ¢;,...,¢, F, ¥ and terms ¢ such that:
P1:0,...,pp:0Fg, t:Valid(¢,) — --- — Valid(4,) — Valid(¥)
Where p,,...,p, are the atomic variables of ¢.
The above can be strengthened as follows:
e There is a compositional surjection between LF objects of type:
Valid(¢,) — --- — Valid(¢,) — True(y,) — - - True(4,,) — True(d)

and proofs that ,,...,%,, F, 9 in the Hilbert-type system which is obtained
by adding ¢,,...,¢, as axioms to S4. O |

B.1.4 Natural Deduction Style S4
The Signature Yypg
e Syntactic Categories
— o: Type

e Operations

- 1:0
- D:0—0—0

—0O:0—0
e Judgements

— Taut : 0 — Type

- Valid : 0 — Type

e Axioms and Rules



= C: [y - Taut(¢) — Valid(g)

— R: Ty, gp0 -(Taut(¢,) — Valid(s,)) — (Valid(¢,) — Valid(¢,))
— Dy : I, 450 - (Valid(D¢,) — Valid(¢,)) — Valid(O,D¢,)

— 1 E: [ Taut(L) — Taut(g)

- ==E: [I4, Taut((¢ DL) DL) — Taut(4)

= DIz : [gy g0 - (Taut(y) — Taut(¢;)) — Taut(¢;D¢,)

— DE7 : 4, 400 - Taut(¢; D¢y) — Taut(s,) — Taut(s,)

— OI: [1ys - Valid(¢) — Valid(D¢)

— OE : [y, . Valid(D¢) — Valid(¢)

THEOREM B.1.4 (ADEQUACY AND FAITHFULNESS 4)

Given a proof of a formula ¢ in Prawitz’s system, there is an uniform way of
constructing a corresponding term ¢ of the LF (in the above signature) of type
Valid(¢), in which the only free variables are those corresponding to the atomic
variables of ¢. Moreover, this construction provides a compositional surjection

between assumptions free proofs in Prawitz and this sort of LF terms. D

B.1.5 The Classical Lambda Calculus
The Signature ¥,
e Syntactic Categories
—o: Type
e Operations

- A:o—(0—0)

- App:o—o—o

e Judgements
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— >a:0 — o — Type

— =:0— 0— Type
e Axioms and Rules

— Ey:[lzo-z0z

—E [leyo- Ty —yz

— B i [loyen- TRy S yxz—> T2

— B3t Moty T2y — & 1y’ — App(z,2’) > App(y,y')
= B Maiomo- Tlyo - APP(A(2), ) > 2y

= € [eyromo - (Taio - T2 20 y2z) = A(z) > A(y)
—Con:[lyy0- 2y —z=y

- Ey: . z2=2

—Es:[yo-z=y—y=2

—EBs: [lzyeo-T=y—y=2z—x=12

—E7 : [Lyoryo- €=y — & =y — App(z,z’) = App(y,y’)

- ﬂ : nz:o—»a . ny:o . App(A(a:),y) =Ty
THEOREM B.1.5 (ADEQUACY AND FAITHFULNESS 5)

The following hold :
1. z,:0,...,2,:0F M:0 iff ®(M)eA
2. Zy:0,...,%, 20,7 : My Ny, c M N, FP:Moa N
iff
(M) = (M), ..., Or(My,) = Or(Ny) F Op(M) = Op(N)
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where M € Z(0), =p(0) is the set of normal forms of type o in the context T,

and

QF : EF(O) — A[xla' .. ,IE,,]

is a bijective function defined as follows
x fM=xz
(M) = @r(M')2r(N) if M = App(M’, N)
Az Or .. (M'[z]) if M = A(Az.M'[z]). O

B.1.6 Call-by-value Lambda Calculus
The Signature X,

e Syntactic Categories

—o: Type

—v: Type
e Operations

-liv—o
- A, (v—0)—v

— App:o—o0—o0
¢ Judgement

- = :0—0— Type
e Axioms and Rules

—]'?’O:I_]::r,':o“'z:zm
—Elinz,y:o-fB:y—’?/:m

_E2:Hx,y,z:0'x=y'_>y=z__)x=z
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— B [Lyeyo-2=y— 2z =y — App(z,z’) = App(y,y’)

= By [ow—o- [y - ApP(A,(2)),9!) = 2y
- fu : Hz,y:v—»o . (Hz:v T2 = yz) - A.,_,(JI)' = Av(y)'

= 1 [ow - Ay v . App(zl,y!) = z!
THEOREM B.1.6 (ADEQUACY AND FAITHFULNESS 6)

The following hold :
1. 2y :v,...,2, ;v M:0 iff ®Op(M)e€A,
2. 0. .,z c0, My =Ny, M, =N, FP:M=N
iff

Or(My) = (M), - -, Br(Myn) = Op(Np) b Op(M) = @p(N)

where M € =(0), Zp(0) is the set of normal forms of type o in the context T,

'=z;:v,...,2,,:v

and

QF : EF(O) — Av[xl’ ree 7zn]

is a bijective function defined as follows
z if M = z!
Or(M) ={ Op(M)®r(N)  if M = App(M',N)
Az.®r . (M'[z]) if M =A,(Az.M'[z])!. O

B.1.7 The Lambda I Calculus

The Signature %,,

e Syntactic Categories

- o: Type
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e Operations

- l:io
- AI : Hz:o—*o . ‘T("L) =l—o0

~ App:o—o—o
e Judgement
- = :0—0— Type
e Axioms and Rules
—Ey:[lzo.z=2

—E i lLyo-z=y—oy=2

—E i [yeo-T=y—oy=z—oz=2

~ B3 [Lyoyo- €=y —2 =y — App(z,z’) = App(y,')
ri [z - App(z, L) =L

- L [l App(L,2) =1

~ dail=A(Az:0. L,Ey(L))

= Br : Haiomo - Mo+ Meiw(r)=1 - APP(As(2,1),y) = 2y

- §I : Hx,y:o—»o . nh:x(.l.):i . ntg:y(].):]. .

(H z(2) = y(2)) = As(z,th) = A(y, 1)
THEOREM B.1.7 (ADEQUACY AND FAITHFULNESS 7)
The following hold :
1. 2y:0,...,z,:0F M:0o iff Op(M)eA;

2. £,:0,...,T, 0, My =Ny,...;n. M, =N, FP:M=N
iff

(M) = Op(MNy),. .., Op(M,,) = Op(N,,) F Op(M) = Op(N)
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where M € = (0), =r(0) is the set of normal forms of type o in the context T', in

which L occurs only within the second argument to the A;-operator.

and

Or: EF(O) I AI[zla “es ,-"Jn]

is a surjective function defined as follows
z fM=x
Bp(M) = | Op(M"BL(N)  if M = App(M', N)
Az.®r ., (M'[z]) if M =A[(rz:0.M[z],t).0

B.1.8 Linear Lambda Calculus
The Signature ¥,

In the following presentation of the signature we make, for typographical reasons,

the following definition. We let

L=Xz:0—o0. [].2(zVw)=2(2)Vz(w).

z3wio

¢ Syntactic Categories
- o: Type
e Operations

—1:0
-V:o—0—0
- AL Tziomo- 2(L) =L— L(z) — 0

- App:o—o0—o
e Judgement

- = :0—0— Type
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e Axioms and Rules

—E: L. z=¢

“E:[Lye-c=y—y=c

“ B[l t=y—y=z—oz=2

— B3 : [Lyoyo- €=y — 2 =y — App(z,z') = App(y,y’)
- L Il - App(z, L) =1

— L Il - App(L,2) =L

— Lpil=A;(Az:0. LEg(L), y:0Az:0.Vq (L))
— Vi llzw-z2=2V2a

-V, i [lzgw-z V1i=12x

= Veym : [Izyo-TVy=yVz

— Vassoc : Hzgz0- (EVY)Vz=2V(yV2)

= Vo i [loyeo- 2=y = (zV2z)=(yV2)

= Vi [z 20 - APP(z,y V 2) = App(z,y) V App(z, 2)
=V, [zyz0 - APP(2 V y,2) = App(z,2) V App(y, 2)

= Va: n:c,y:o—vo . nt;:x(.l.)=J. . thy(.l_):.l. . HtszL(x) . Ht,:L(y) .

nt,r,:y(J.)Vz(.L):l . nte:L(Az:o.x(z)Vy(z)) .
AL(m’tlatS) v AL(y1t27t4) = AL(/\Z -0 . 3?(2) \ y(z)?tS,tG)
- /BL : H:L‘:o-—-»o . Hy:o . Htpx(J.):_L . th:L(:r:) : App(AL(xa i17t2)) y) =Ty

- €L : Hz,y:o—»o . Htpx(.l.):J. . thzy(.L)z_L . nt;;:L(x) . Ht,:L(y) .

(IT- 2(2) = y(2)) = Ar(=,t1,t5) = Ap(y, ta,ta)
THEOREM B.1.8 (ADEQUACY AND FAITHFULNESS 8)

The following hold:

1. FM:o iff ®(M)eAS
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2.m:M=Ny,....,0m M, =N, -P:M=N
iff
Dy(M;) = Bp(M1), ..., Po(My) = p(N) F Bg(M) = Pp(N)

where M € =p(0), =p(0) is the set of normal forms of type o in the context I, in
which L occurs only within the second argument and V occurs only in the third

arguement to the Ap-operator.

and

®r : Zp(0) — AZ[ml""’mn]

is a surjective function defined as follows
z fM=z
O (M) = Op(M)®r(N)  if M = App(M’,N)
Az.®r .. (M'[z]) if M =Ap(Az:0.M'[z],t,s). D

The Signature ¥y,

e Syntactic Categories

—1: Type
—¢: Type
—o: Type
- w: Type
— h: Type

e Operations

-1l
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—Fit—=tr—t

—= t—1—>0

~-:0—o0

— J:0—0—0
-V:(¢e—0)—o0
—oi=nalosr—w

— WD WO W

~ if : [le.o. QF(e) 2w —» w — w
— while: [I.., . QF(e) » w —» w

-{.}...{.}:oDw—o0—h
e Judgements

— F,:0— Type

— ki h— Type
—# :l—=1— Type
-4 :l—¢— Type
—f§,:l—0— Type

— QF : 0 — Type
e Axioms and Rules

~ Bo : Moy - =40

~ i Tlogu- 2 #y — ofiy!

~ o Mo~ iy g - ity — ahity — afi(t +25)

= Ba i [oa - iy 00 - Thits — hits — fo (8 = 12)

= Ha i [lou - Tgeo - 2ot — 2l

= s : [oa - gy 000 - THotr — Thotb2 — T§o(61D02)

= o : Mgumo - oy - (2 #y — zfo®(y!)) — =4 VE
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- QFp: I, . thzi-QF(tl = t3),
= QF; : II4,..QF(¢1) — QF(—¢1)
- QF3 : H¢1:0H¢2:o QF(¢1) - QF(¢2) - QF(¢1 D¢2)
— Ass: H:z::l . l_It:L . Hd):l.—»o . xﬂaVQ - (l_h {(p(t)}z = t{@(z')})
— Seq:: H¢o,¢1,¢2:onw1 Ww2iw
Fr {@o}wi{d1} = Fu{d1}wa{dz} = Fi {do}wi;wa{d,}
- 1If: H¢:0H¢1:on¢2:onw1 :wsz:pr:QF(¢)

Fr {#1 Ad}wi{ds} =ty {1 A—d}wy{¢,} —t4 {61}if(9, p, wr, w2 ){¢2}

— While : H¢;OH¢1;on1:pr:DF(¢)

Fp {61 A dtwi{é} = Fy {é1}while(d,p, w;){~¢1}

— Con : H¢1:0H¢;:0H¢2:0H¢’2:onw1:w
o 61 = ¢’1 - ¢'2 = ¢, — by {¢;}w1{¢;} —  Fu {1 }wi {4}

THEOREM B.1.9 (ADEQUACY AND FAITHFULNESS 9)

Let T be the following context, for m,n integers:

m *
T ={v:t,. e s¥Um: T .z, 250 2y #2520 T; F T;Yo<i<i<n

In the above LF signature and in the context I'"" we have the following facts

concerning syntax:

o [: All well-formed long B7n-normal forms of type [ are LF variables of type [,

and hence are among the z,...,z,.

e There are compositional bijections 7y, for each syntactic category K, which

map long Bn-normal forms of type K to:

— well-formed terms of the assertion language built up from the set of

identifiers Z and the logical variables 7, in the case when K = ..
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— formulas of the assertion language built up from the set of identifiers z
(which if they occur must occur free) and the logical variables g, in the

case when K = o.

— while programs of 7 built up from the set of identifiers Z and the logical
variables § (which do not occur in the left hand side of any assignment

statement), in the case when K = w.

— asserted programs (i.e. Hoare triples) built up from the set of identifiers
z and the logical variables § (here again no variable from § can occur in

the left hand side of any assignment statement), in the case of K = A.

o There is a compositional bijection between proofs of a Hoare triple {p}S{q}
from assumptions rg,...,r, (in the assertion language) and assumptions
{Po}So{g0};- -5 {p:}S:{q.} (concerning asserted programs) and well-formed

Bn-normal forms of type

Fr {p}S{q}

in the above signature and in the context I' where

I'= F:l U {w;: (ko 75),0. 0 (Fa {pi}Si{Q:'})}Ogjgs,ogist,

and I is adequate for the syntax of objects involved. O

B.1.9 Two-register Machine Hoare Logic
The Signature Xy

e Syntactic Categories

- 1: Type

¢ : Type

- o: Type

w: Type

- h: Type
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e Operations

- l=.

- DJ:0—0—0
-V:(¢e—0)—o0

=Ll - - w
— W WS W

-{..}...{.}iopw—o0—h
e Judgements
-F:(l—1—h)— Type
e Axioms and Rules
= Assy : TTeaim, - g -
Faz:l . Ay :1{®((z,y),y)}z := t(z,y){P(z!,y")}
= Assy : [leimim - grmimo -
FAy:l . Az : L{®((=,y),y)}z := t(z,y){®(z!,y")}

- Seq : H¢o,¢1,¢2:l—>l—>o J le wal—l—w *

(FAz:l . dy:L{do(z,y)}wi(z,y){d1(z,¥)}) —
(FAz:l . Ay l{di(z,y)}wa(z,y){d2(z,¥)}) —
(F Azl . Ay L{go(z,y)}wi(z,y); wo(z, y){ do(2,9)})

The adequacy and faithfulness property for this signature follows the usual

pattern.
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[Av8Te]
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