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The investigations described in this paper form part

of a programme started by Max Borm in his paper
"Thermodynamics of €rystals and Melting" (1). There,
following a method of Stern (2), the free emergy of a
body-centred cubic crystal was calculated on the
assumption that the forces between the atoms are
central, and explicit expressioms were obtained for
the egquation of state and the elastic constamtsc,,c.,
and cuyu(Voigt®s motation) as functions of temperature
and pressuare, But the difference ¢, - c,» was negative
which indicated that the body-cemtred cubic lattice

is unstable umder cemtral forces, This led to a series
of imvestigatioms of the stability of differemt lattice
types under cemtral forces (3}, These showed that of
the three cubic Bravais lattices omly the face-cemtred
one is stable, and so the thermodynamical calculations
had to be repeated for this lattice. This task proved
to be so laborious that simplified methods had to be
adopted. M, Bradburn (4) derived the equation of state
using an exact method as well as various approximations
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and showed that the latter were sufficient for all
practical purposes. The simplest of these methods
comngists in performing a statistical average at an
early stage im the celculations imstead of om the
final formula as demanded by rdgorous argument., The
results of this process were emcoursaging and it now
seemed possible to derive im the seme way the simple
expressions for the elastic constamts, This is done in
the present paper, The law of cemtral force is

assumed to be the sum of two terms of the form o+
one corresponding to attraction, the other to repulsion.
The exponents ». and -+ have been varied over a wide

range 'r: : (:)(fb),(:‘a.):(l); (i:)

in order to see how the elastic properties depend on
the choice of expoments, The results are presented in
the form of diagrems which are briefly discussed. A
detalled discussion in relation to all the thermo-
gynamical properties is outside the scope of this
thesis and will be given later,

I take this opportunity of thanking Professor Borm
who suggested this problem, for his interest in my
work and his kind advice on many occasions, I am also
indebted to Dr. R. Furth for his numerous helpful
suggestions and his encourasgement.



(3)

e Free En of a C L c
The free energy A of an elastic solid is a fumction
of the temperature T and of the six homogeneous strain
components. All other thermodynamical properties may

be obtained by differentiatiom e.g.

the entropy S = - %%
the energy E = S+AT

and the generalised forces corresponding to any ﬁolar
parameter - _%%,*' In the case of a crystal lattice in
thermodynamical equilibrium these molar parameters are
the strain components.

Let us consider the free energy of a cubic lattice of
the Bravais type (simple, face-centred or body-centred)
in which the cubic cells have sides of length a.

Then the lattice points of the undistorted cubic lattice
are given by the vectors

£h - W, ba, La)

If we apply a homogeneous deformation the cubic cell
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of a side o is transformed into a parallelepiped des-
cribed by the three lattice vectors a,,2., as The

lattice points are given by the vectors

P - Lia+ Lia, + bras
and the shape of the cell is defined by the scalar

products of ‘these vectoré with one another i.e. by
?n ; gn. 333 ’ ?,1 y 713 .M 23 where
(1.1) Fen = Qu- 24
These six parameters are invariant with respect to
rigid motion of the crystaly, and as pointed out above,
J'c,hey play the pax;'t. oI molar parameters. The free energy
A of the system is a function of these six quantities
and the temperature; also,if we neglect surface effécts
it is clear that A is proportional to the number of
particles N making up the lattice. Instead of the 9ep
it is convenient to introduce the six dimensionless
strain components. ''ne general definition of these for

any lattice is given in paper IX of the series "The
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Stability of Crystal Lattices"; in this case (a cubic

lattice) it réduces simply to the followings

{}
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>
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€13 = Q-2 - gt = Y
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€y = Q' = 2:!' 2.3, = Egﬂ
Q.:" G.:" ﬂ-"
" where o , (. a:=4 }
Ges {0 Ty

The notation used here is Brillouin's; Voigt uses

(1.3) le, = e mj = ep
Yoy = = =
Lz, = ey Zpo = €5

Then we may write

(104) A = N ‘{ (a; T; €. ;e‘lz, &;3, e'm.,"u;‘n)

The function % apparently depends on T and ‘seven

geometrical variables, but only six of the latter are
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independent for there exists a linear identity connect-

the first derivatives of { viz:

i

a,y = 2(&»4!)3{ ¥ % + 23:1, %ﬁ+ SRR
aa (5

By repeated differentiation we obtain identities

between higher derivatives. These are only used for

the case ¢, = €= 2,5, = €2 = &, = e5,=0 when we have

(1.5) "'%ﬁ =z(3ﬁ+§u+gﬂ)

(1.6) afg_éfl_a% = B (%ré " ?5.:.* g_é
NC- S S N

If we expand g for a given va.lué of a in a power

series of e, - . €5 - + 9 the result for a cubic lattice

takes the form

(1.7) Jg = ‘ﬁ' + % g‘ (‘“*"2-3-*‘33) + 'szll (e + €3+ €33)

+ "h ﬁlz(c&Cn'f-CL:,‘C;s\\- eue.) - ”3‘ {“( e,:f-‘:; + ga‘l‘)

in Brillouin's notatiom and
(1.8) g = io + g'("*‘jg*zz)'*’/ﬂ.{‘ft(x;-# 75'*‘::)

% 1’5!&(1"13%1,11'*1213) + ‘J‘»k (31;4- ?i"-'* 1:)}

in Voigt's notatiom. Then if V is the volume con-
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taining N particles, the density of free energy is Aj,
Also, if k is the number of cells of volume «w - a’
corresponding to one particle, V= Nxa* = Nrw. The
value of Kk varies with the type of lattice. As a
is defined as the projection of the smallest distance
in the erystal on the side of the cubey, k has the
value 1 for the simple cubic lattice, 4 for the body-
~centred lattice and 2 for the face-centred lattice.
The density of free enexl'gy A/v B ,ﬁ /ﬁ;“_whi,ch;iusing
(1.7) and (1.8), can be written

[4

(1.9) .9.. 2 .:f; - plylententess) +1U3 cn (etses+ed3)
K

+ '[4 Ciz (en€rz+ €rreast €3zen) + I3 cuy (€iz+eiz+ehi )
in Brillouin's notatiom or as

(1.10) % : j;;‘ -»’o('x,dyz-pzl) + {Cn (_x,}'.;?} +z;)

+2C11(X,.7?-+ # %= +Z;xx) + Cus (xi + ;:1 * 132)}

in Voigt's, where

(1.11) ﬂf g f,(a,f)

Ka®



(1.12) &G = w (@ T)
Ka3

e,,_ = ——!- {'& ( Q, 7’)
X ad

Clm = ..._!-. (.q-;‘r)
Xal3 Aﬁ*

(1.11) is the equation of state for the cubic crystal,
giving a as a function of p and T , and so the
thermal expansion for any pressure. ¢€,, €. and ey,
are the elastic constants in Voigt's notation for a
given temperature and volume,-ﬁ#ié%ican be replaced
with the help of (1.11) by the external hydrostatic
pressure.

All the thermodynamical properties of the crystal can
be expressed in terms of the functions —{.., g"-' -{uz,. and
their derivatives. Our problem lies in deriving
explicit expressions for them.

Assuming that the thermié'motion may be regarded as

harmonic, the free energy A of a crystal lattice at

high temperatures is given by the following expression:
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113) A = F 4 INAT log £
RT
where f is the potential energy of the non-vibrating

but homogeneously deformed lattice and & is a mean

frequency per A7 seconds.

2. Lattice Dynamics.

The position of any lattice point in a homogeneously

¢ where

deformed lattice is given by the vector 4
(2.1) fj_'£ = Lia, + 4ra.+ Ly a;
Consider a small displacement 4_4! from this equilibrium
position so that the position of the particle is now
defined by the vector fj'_’£+ 4“;* . The distance between the

particles £ and £’ will be:

(2.2) AL | |t at e wfo ]

et -—

Assume that the potential energy between two such
particles depends only on their distance apart and

denote it by Qfa:For the undeformed lattice

(2.3 g% e gl 2D < g (114
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We now introduce the notation

(2.4) gt = 4 (124)
(2.5) Bt = xt Dt
(2.‘6} 95% < SI?, Dgt 4 7:, D4e
with By - {l izf} and D=l 2

For the deformed lattice we can expand ¢was a series

in ascending powers of ¥ ae follows:

—_—

ul MJ‘
Ay -(A.?

(2,73 4% - $7Y ) #E v T q‘,‘f;'
. 2¢ 13’

(2.5) and (2.6) have no meaning if £-o0 so we define
#2 end Fay DY

2.8 .' % = ,e._ = 0,

(2.8) o and f’e): & 4 o

Summing (2.7) over all £ snd £’ we get twice the
potential energy of the deformed lattice since the
potential between each pair of particles has been

counted twice. The potential emergy ¢ of the whole

—

lattice can be developed as a power series in .g,“;

é_: i s —%; 4%}_* where

(2.9) f‘f' = n g; Z #,f-f” _u,,fe” -
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Z, A -6.3" a7 24

(2.10) & - Y &4 95 * s
) d

Since -« ‘-g"these expressions can be rewritten

with the help of (2.8)as

o

]
Sy
L XA

L
™M

D

N

£ o
A TR

The force exerted by all the particles on one is

(2.11) J_<__e - -2

2t

The equilibrium condition that K €. 0 is satisfied
since 12, gf‘ 4’ yanishes.
N 7

Y
The equation of motiom of eny particle of mass .. is

(2.,12) /“1:_,:: _ 9§; - %:Z_ ?{ﬁ;’ ’w;

uﬂ -twt

dut
Assuming that the solution is of the form w

where UL U&Y) w is the frequency of one of the
independent normal modes of vibration, and (&):lusbuersdyls
If we restrict ourselves in our choice of wave vector -

by the cyclic lattice condition (5) which postulates
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that the displacement is to be periodic in a volume

having the same shape as the elementary cell and having

N cells, the equations of motion become:

(2.,13) w U = T[Lxey]
' 3 4

i E%‘J] : _% 9‘&? o - e

Then it follows from (2.8) that

[7"}}’.] = ‘)I ?4’74; - ?‘11
= %—!?‘e;.? (/ e"‘““’)

oy )

where /) mesns that the term corresponding to 4i:L:ly=o
is omitted. If we assume that the thermic motiomn can
be regarded as harmonie, the free energy of a crystal

lattice at high temperatures is

3N
A= ¢ 4+ 4T 2 joﬁ(é_“ff
B i AT
where fzr is the potential energy of the non-vibrating
but homogeneously deformed lattice and w (f):p, 2.+ 3N)

are the propee frequencies per A7 seconds. We can

write A - % + INRT Log % & vhere
- AT
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IE_N
3N10 Z /fo? wf‘ =.’72; g.; -eo? wf

The frequencies wj consist of three branches W), eStuy S0

their squares being the latent roots of (2.13). Hence
1 | —
#3( (J_)w(d.), CJ‘%&.) ujy{_m)) = e k- L x#]

where det. [:x.ﬂ denotes the determinant of the coeffic-
ients]:xjj . Each root takes N values equally

distributed in the « spaceyand so
. 5 _
./ 7. i - -3 - i.e.
ﬁo?m " /6N tu)bg (0"t )wf"':-t.)) o (,%; &?{u dLLL_:#]jl e

(2.14) 4&9? w = EL 430? (dbb Ex?])ﬂv /2] fo?/-u

where the average taken over«.,«,«;the phases of the

waves is defined by

Hv —(a‘l‘ﬂ')"’ f[f { (o, oy -(:,) Adat, datr aéxa

Written in full the determinant of the coefficients

R ’Lﬂ =
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g {f~e-ée Z (1-e*=)
ﬁn(f ) % / ) ik

SN

(2.15) deb [x ? ]-_—_ %' #71 (;-eﬁi.(!uy E ;n“__{:{&&n} %-’ ?z(‘-c'-t.{.u))

The Po X »

Assuming that the forces between the atoms are central,
the potential emergy of the homogeneously deformed

lattice is given by the expression

(3.1) 73— - N 2 F(+%)

———

We wish to expand % in terms of the strain components.

The square of the distance of the lattice points of

the deformed lattice from the origin is

(3.2) @y - :Z 9up Au Ls

5 ¢11L‘_¢:ikm) lz"-" U_&.Lce.a) ‘g¢zL(-"‘:-LLmy
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using the notation of (1.1l).
We denote by 9“ half of the change in this square over

its value in the undeformea lattice and thus obtain:

(3.3) (’tt )1: &oé)l + 2 P&.

Then in the notatiom of (1.2)

(3.4 P - L Sg0 Ails

i a* Z e .aeg, £
Iy “h I

S Y P AN eue: 46331,: + 2¢,, ¢, lfzeu-&% +2e,, 1, 8.}

and (3,5) (%)

hat L e L, 05 2. 2
(- L4 CxE P .1 8
kel 6 Cx _ r

i

lhe o {(e:: 8e 0 1 3 1Y)
e,y Cen bt ery 0)segrtuds (et ey 02)
+ ey 4, (‘33 l;a- e, ..B,")]
';'2;(61:63_12.'-1: + €338 ‘Q:"’e;- + egze. ‘ﬂ;' z.z)
ek atrs Qi ooy glar)

+ 3(&ze.3 ‘e-,,izts-!fq.,cu i;:-e,t; +4£5, &3212;21 t:l.)

+8 (_eu €3 ellfx, b+ €64 'e; 4, 4+ Gt eab‘elﬁl)}
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Also, if §(+%)is an arbitrary function of 4+ , then:

(3.6) 4(r8) = F(r* +2p%)"

"

‘# Lf“’) +. F& D?‘ (f"(’) +’/1,(f3'e")l Dlg(ztfc)
or more briefly, ¢¢- ¢ + p& dyet + 1n(p)* D> gt
where ?"g — ‘;{_éfe) ' and 52(".- ’{( 70€)

Using these expansions we can derive an expression for

the potential energy of the deformed cubic lattice:

(3.7) ? = A N g‘?s {@,,e)z+ 2}"“}“"

= N %(9‘" + PE Dgel L ppe) Dgoh.)
We introduce the nmotatiom 3””*:: a,“f’“’"); ’Cf.«)z’b(l:)l z’(fsjl 1F:Dw"z?"l
3: - );' ol
1 g
P ff"h has some symmetry viz.

VAN s TR |/ P} A SR ot ¢ SO S s

and At?'r = o 1if any of p,n,r, is odd.
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Using (3.4) and (3.5) in (3.7) we finally obtain the

result:

—

(3.8) 473 JIR. N { /8: + Ul (eu +€az+€3, )Jl' + ”8'5:(_24?' #-2.;_‘5_,4—-&3:)

+ 1 + ;
!‘\‘ (..eﬂ €2+ 1€ +€3,€334+ iy +€a €, + 15;:)»‘?:}

=N{A

o HI2 A (euterrrey) +Ug Ay (eds envreds)

13

where Ao = "/7«. ,806 A:l.= ’jl A‘):
A, = B A, Ay =2 '5;!
4, The Mean Frequency. -

The mean frequency mgy be determined from determinant
(2.15) which must be expanded in the same way as we
expanded the static terms in t‘ne‘preceding paragraph.
This expansion‘preaents some difficulty owing to the

types of lattice sums which occur. These lattice sums

all contain an exponential term -2 ““’which prevents
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any simplification due to symmetry. The problem was
first attacked by M. Born ig his paper "The Thermo-
dynamics of Crystals and Melting" (1). In order to
obtain a solution he éssumed that only.first and second
neighbours were of any account in the static terms and
oniy'firsﬁ néighboﬁré in the wvibrational terms. These
assumptions enabled him to obtain a qualitative result
but it was impoésible to estimate its accuracy and
some method of obtaining a quantitative result was
sought for. An effort was made to evaluate the
determinant (2.15) exactly but this proved to be so
laborious that the attempt was abandoned as it was
evident that the accuracy of the result would not be
worth the work involved., Some form of simplificatiomn
was required to enable a result to be reached more

. rapidly without too great a sacrifice in accuracy. A
practical simplification was obtained by M, Bradburn (<)
who found by mumerical computatiom that for a lattice

under volume stress without shearing the relation
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(4.1) (le? et E171>M = Jlo? el i[mﬂ,}

where det. ﬁ?jL;}denotes the determinant formed by
-averaging the coefficients of (2.15), was true to a
very high degree of accuracy. On the assumption that
the same formula can be applied to the crystal lattice
under shearing stress, an expression for the mean

frequency can be obtained. This is the method of

simplification which is used in this paper.

5. Reduction of Dg&.{ﬁxvja;}
If we average the coefficients of determinant (2.153
over (4a;4;)we obtain a determinant of lattice sums

not involving an exponential term viz.

(5.1) -
’ ' e B
z-" 2 -t £ T
wt. {[173“} . |F 2w I
~f Y. = -
i‘ S‘zx %#1‘? %?‘t;z.

Recalling the definitions (2.6) we can expand the

above determinant as follows:



(203

Det. {Exz]“ L % 425 {[:p‘pf*_(xe)ﬁpéej[@?eﬂ P N () T)
A ’v‘¢f’)(f’&f*:p~»,;e«)]
sty ol oy )
'Lx‘%;"w‘v“ch*‘;(z‘}*aw}
H 1zt T [&4 e pn ,.‘er)(yy 22" 274"
(2T 139‘ *fff”:”‘?“’?]}

4]

LI'L {aaav}
L e 2

Then det. {Exy]a_}
where  { L2L'] = DgtDet DL + (+)DpDge DS
sl (455 £2") ogt Dyt Y
+h, (22 #%% +8) e op D3
We now expand gu'_z‘*} by introducing (3.4), (3.5) and
(3.6). The full derivation of the first two terms is
" shown here. The methed of derivation of the remaining
two terms is merely indicated si:ée the calculation is

heavy. Terms above the second order in F“ are neglected.

First Term.
3

5 - X
1’ j‘ }” wtwlfa)?{cv L% (w.£+ ’oﬂlax",€+ﬁo°¢¢)®3¢'f"‘ﬂ
L

using (3.6).
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ol |

s Hole g'% L ogtog? Dpt”

’ z.’
Ty ol 4 'l Ieﬁ R 5! fse'. *
=[10p] +3%(P T#Ol2 29°%]
. P ek 1 3 l‘z il .'e _t .ez__; .£
+ 3 L (%)% (% D )1*'3(7; P )%, D
~ Substituting for P‘“ and (Pa)zi:)y means of (3.4) and (3.5)
we have

.*' 'y e e’ e'_ 5! ¢£
7 5 & Tt et = g )

3/342 [l (‘eu 2, +ez.2. 2." £ )‘—‘D¢°EJD~ WJ

+ 3}4_ aﬂ‘ L%j (&t;;&;-t:ﬂnf';-i-;&:uvil% %}2331232,)3‘?0‘{]1&:’ wlj

+ Fgae [ TG0 s Aerenracn il )w»‘i]u 2]

and other terms involving odd powers of £, 2, or _93

which vanish on summation.

2T L, D20 0p" (497 4 Yalewraine 239 4] "
L P e )

+Le,f+.e‘,’;’,,+ ea'j){.;ifq, M)‘,&" + 32 Af; “f?:l
Heurr +e22 653+ cgse-,){ % V4L + 3, ,3: @91,}

v {3 4 6]

-
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Second Term.
o i i’ (f‘)‘@?p&‘ﬂ#“&)g‘”
L L L
= Z'{ [(t"“)‘*“:!f“,][?)?“‘ . p“ Digel 4 fzz(p“)"b*¢°‘+ - J}
L

 x[LIop e p D i pe) D ]}2'
- LIZ {0 2 {{ B oge s praipt aptap!
+aplt Tt TptDgel” + 2p L Drpet e pgel”
(P2 D) THC + 12 (P D Dt Do

+(p)" D¢ gt Dget” |
Substituting for f“l and (p“)zas before we have:
TR v . 2

ews ennens) B938! 418220+ 3808}

ed s Sar 2) { Is (8°) (834 2.8%) +" 428 (83 + 283 )+38))°

1408 s LMY 4y, £ 4
Heutss + €ge330 €332,) { bW [280 82 44 41 ]2 8% 2081 280

P2 4] + o3 LJ,{}*}

+ey +tn+ €y ) {&g*—p‘(z&ugf +24] 9"+ 3 .49 JJ,J’;'}



(23)

Third Term.

A

£zt e B (2o o)
= { (o x 0 4 2p (et
+ ﬁp‘"‘éﬁ(if"e','l + upttptt®

! 2
- BpHE it - #(ﬁ"’“’")}

-—1 =1 =1 ' wea
- % % "5/.{(‘1'-&)' 'f_'-e lF) 'L.;;-t :]"943' 1)1.¢ e

= 3.4°U) + ley+ €+ ¢,,){,!,°.&' (85+24,)+ 2@;'):&%3!'1@;)5}
Herts o ey { 810+ B( 4208 )83+ 287 )l 24! (4342 4)
+1u 88" (28,+83)+¥3 L3(8.) + V2 885 48;.}
Heutr+ 2,554 €55%,) { 2&' P+ (898 )(83+24]") + 12428, (28%+4L")
i d [ 8% 3B+ 28781 ] 434, 82 ST
+ Qe o+ A?,",&’,‘f;} ,
G vesve) {4005 (2430 42) 30 A" ()7 + 241424

-4, (42)"- Af:w;)*}

*

3y
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Fogggh Term.,

| . 2- T "y

(.re, !t’x ‘!G"),‘. @-")_\, Zf’u ,f.e 4.,. zf, ‘f"e"“tflf’
‘I’-"I‘ti- Zf’a' (i,o!}",‘ lf,-ﬁ'&' _,-’.:_t'*,!:zppg.l
e T SO S P,

E; 2‘}:— 3':' I/G(,,,C d,j'x d_.tu)’-:D‘l.¢¢ ;D-;. ti:D‘p#-eﬁ‘

-

)+ Cusennr ey) { T (A3 282) + 8L}
Herrenacin) I G (Gea47) + L4 (265047)
+ 128" (g5 28D)]
Hewtrat easerysezyen) { Yoo (81 ) (28H4 L wu,‘?-;[ld;)’l.u;x;n»s(&;ﬂ
L&+ WD (42 24D)
Hgreiren) [h @) (2488) -8 - 4162)"]

Summing these four terms we obtain an expression for

det. { [‘1,3]‘“}
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det..{fxylnf} = 8o+ 5)
+ (en+eazre,,) (4o J;)z {’b;u; 4-24!'3' + 54 )} -
Hed+es vy )% L)) { A Q&“+J,_Q(A§+ 248443 83)4.8, (8342 4))
-Hh"é‘;! (u;.‘*’s;) +~ﬂ# (le)l e !!2 3.‘,,331}
. Hewlaareaz a3t eyze, ) (824 8,') { U (8248, )87+ 81+ 385 )+3-°3.; '

+ I3 083 Y028 23+ 3g1] 428! (82028 ’9}

Hen +eni+ey ) (8°+.45) {'fz (8°+.8;) (.J-Af'+,6.':'-)- 3484) +2.8°8; - Y H 5‘_}

Hence 10? et {[1‘3]‘“} = foc’ /S:-i-&‘j {""' %;I(q-fca;+c35)

.4& (e +es + €33 )

+
_E_‘: (‘“‘&3—1’ Cialgy + 533‘::)

P

igz'(tév-%iﬂ-%ﬁj}

LE. lo? clek {Ex.\a_]m} = Bo+ B ey 4+eza+ey,)
iy By (e +ely + e33)

%I& !33 (QC:.:.-P C’J-C_‘sf €33 €u )

PO Led v a3 ¢ e3)

where the coefficients have the following values:
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(5.2) foo = @°+ 4D

1]

B, = Ya(43+24)+54)
B = B ) 243 4347) +. 4 (S3+ 2 5)
; u; [7@D%+ 24287 182 )+ 2.4 5°]
By, = lld W24+ 858+ 3488) + 2.8 (82+2,8%
sy [ (89 + 2.428°+ 380 edoar+ 9 (4"

Ao (8o 8) (285088 +345)+24°45- )-8

B, = Lo i R
B Bl Ba = (2’53"%1)//'53
B ‘A s

Thus from (2,14)"

. (543) fo? > = { Bo + B, (en+esntess)+ly By(eit+entes)

/2 63&"%‘3:*653‘") + 6,,{.&‘.’,3-«,,;4*63‘:)}

~la &3,/4.

We now substitute (3.8) and (4.3) in (1,1%) and obtain

the followipg expression for A
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(5.4) A:= N { Ay + M2 A, (euterst ey )+ Arler+a +%)

Hily Al eutraternesy +eyzeu+ Qi +2es3 +2¢57)

+ 3‘ka Z; -I-f_r '30 + B e+ &1.1.4—'833)
+’/ﬁ_ &.‘fa"ﬁ' eq..l;- +ea§' ) + "12 ﬁien%‘l.-l-fau-“;; +€53¢4.)
B, ey ved red )] - 341 *fa? /&j

and £5.5)

- > 7T Bs)
e,;’{w Ty T +(Ao+ £T 82)

+i2 (A +RTB,)( eut s +€33)

+1ig (Ar+ KTB,) (ed + €32 +e5¥)

Hiy (Ay+ £TB3) (exernreraazressen)

+ip (Az+kTE,) (e.;&;*&w?}
Comparing (5.5) with (1.9) and using results (1.11)

and (1.12) we have:

(5.6) -4

S

(A ¢t &T&;)

1 A+ ATB)

(i}

fg,z = / (AS + “&TB3)

(Ay + 4TBy)



We now take a particular law of force, We choose the
law of force used in all the papers in the series om

"The Stability of Crystal Lattices" viz:

pt e ame [ () 4 (2]
where the first term demnotes the attractive and the
second the repulsive effect of the potential, « 18
the dissociation energy of a molecule formed of two

particles, 4, is the equilibrium distance (since

(?fje) - o) and 4t - a(L3:)" a8 a5 Defore; 4o
£

21 -f"'g*o

can also be expressed as a quantity having the dime
ensions of temperature viz .«.-A&0 where 6 can be

chosen as the unit of temperature,

Successive differentiation gives the following:

:D ¢o£ & 'ta m+d | (‘!'2 )ﬂfz.J
t2(n-m) (r‘) B o

—

i) [Fo V", () (1o VT
) | 2 o

Dot “+(m-rz){m,,,_) (,:_:,&)hit. PR (’i—“.t )mj
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:D"%’e: A

2 (n-m)

*0

[ (mA2 ) hoiy X Ho) (‘*" ‘) + @h*’-)(“‘m An+e) (..9 )M,]

Substituting these values in (3.8) we find

feuN sl (7s il sy
¢ b (7S - ()" S

. rzg(a}u,‘_;_ﬂ;a) ~(m+2) (,;-) S + (n+2)[ 4 4- " S

n+iy

U fenesas e+ +)[ (wia) (%) S2yr ez () S’“"]}

S 4&; ‘h—; kj _ 2—'—' £]2K-, JelJJ'La. /e:xa
£

where -
@’1'4‘ j;‘_" + /!3‘)“{2'

We note that the O/ are mot all independent of one

another for

(6.1) 3 Sh+z. » S?w

(6.2) 3 Sui +6S...= Sw

(6.3) 3 Siﬂ_ + I3 Sn.n i@ b S'HI » Sf.,,
(6.4) 3 Sj—:—& L S:-\L(. = Stwu.

21 ] - "
(615) 6 S-h.-f.t. *- 3 S*:""’ h S ntly .

We introduce instead of 4, the quantity &, defined as



(30)

the value of a which satisfies the equilibrium cond=-

ition. The equilibrium condition requires that

(£)" S - (2)"SL. = o

n-h1

!
B is given b (1’“_) > Siwsr = A
g Y a: ?w F“‘J’
At 2

! ]
Then since Sm: = ’lﬁ S:u.- ] J = SM/S:U
and since o =Y as” ) o= Y @,

Using these results it is possible to express the .J&

in terms of the st « FOr example:

/ﬁh"r: &1( juc;-r*) g’ ,6,236 /(,_27 4532" f,,, Y,

—

M-t

¢ e ST [ (5] (5) 7P
T, (2™ ﬁ”‘[—f/m S oy (g)™ St?"]
end similarly for 6137

The values of the A4 in terms of the o4 are given below

in Table I.
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L g e cerfms sy s
oo g (2] Sen ¥ () S
o trmi) Sy e 3 () Corw ST
| ()] o) Sty ¥ (%) Tora) Sias |
o dr = CEI[ St - 3™ So]

w

L 2
Be
2
n

kN

[ ]
O

| o
1

6. &« ClEww SL,+ (&) ) S

ge £ () o) St - p(5) Coaxoes) S

o &' (et Sl y (%) Traxs S |

oo g o (2T T 82y ey ()t B
o (2 Tt 57,1 42 Cnxmommo S|

"

g o (e Fetranpot) Sy (8 Cionmron S|

12451243434, = | S s St = (2] Corasmen Si’.ﬂ]
G(aa' af.

%) | wakomiy) S - Bf(“‘) ()t ) S | |

(2") P«umxwfysmfafa)? ALY AN PHe) SLWJ

H
N
e
N
&
1]
b*i

15 U0 +4)" = 52 *(%‘.) [‘L“*’I’”’*”(“’"‘)D J(%)‘““X”‘*”“‘“”S‘“J

o b = _.é') u')hz[““*“’) Shou b )’(?:)NE?"-) SL;J '
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A method of evaluating the Se and the numerical
results for various values of m and +« is given in

~ paper IV of "The Stability of Crystal Lattices". Some
of these numerical results as well as a few not given
in the gbove publication are given in Table II, (p.?9),
Thus fér given values of . and s+ the 34 and
therefore the,& can.be calculated., Hence the values
of the A4 and the Bs are determined,

These calculations can be checked by means of (1.5)
and (1.6).

(1.5) a %)ﬁa, = l[aﬂ g:.:.* %ij which holds
only for -esw=¢i=£szen=es€a = o becomes on using (1.7) in
the case tu= -... ¢y =0

(6.6) a % - 3,

Now our expression for -fo is

{a = Ao _*72. .kTBo ~ 3/&7-303,7’-9- conal,

.;m. - é%(ﬂoq. I &,TB.)_: '93‘0,("1.30‘+‘/1k,7153w."*-&)9

But /5.’ = CL%",)M[_ ll,hv S; 4 (y(-%:)n—m Sij
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a (42448,) = C E,'*[I-m 82 - x (£)" 70w Sf.z]
an + 3@0)1(0')( ) }()

e f( s v

th kTx 3 ( C (O_-)H (2 )m-0)S° - 9_0"(;":.9,1«,-.) e :{
ot 3 \a m)(a.) Seez

= 4 2 RT | 3(82+24045.4))
A+ 8,
(see Table I, no.l2)

% 3{44,; Aerrs,} = 34

We have indeed

Applying (1.6) to (1.7) we have amother eguatiom to
theck these results:

(6.7) a* y_{o = 3({.4 ‘f. + 1{11)
P

which can also be writtem in the form

(6.8) a %ﬁ, . z{, ¢ f.ﬁ 3fe

In our case

{ A, + AT B,

= 4+ *T{ A3+ 2di+ 5.4,
‘z C&d*"‘olr)
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vow 4 c C(Z) [ Slus -y (%) ]
-. aaH) C (2" [m Sy &) 5kus |
- ,g,l 'lz, /1?:_ -+ /8”
e a2 () A, + Ay + 2 A,
Using Teble I nos.l2 and 16,
j; + R.,J;,' + 51,; .ﬂ é?:ﬁ( ‘:‘i)m'-[fﬁnﬂ.x,m-:)s:“; 3@;‘)?51)(«-«)51,2]

LA fa”x)(”{)mﬂ'“"") Soure (&) Ty 82, |

Loa

i ks ( )“1'- ~(ma 2 (- -1) Spa * 3’(@) (.M-J.)'(.h‘l) St :.]
3‘13 _

_Q
361 ,8.’* ‘3{

| | p
(6.9) =~ € (Ea)"" [emsaron St 3(2) Ty et S‘zm.]
2
3% Qa L (/&lo % /8; ) . -J

We wish to show that a %(m = 2B,+ B, + 2B

To do this we evaluate 23, + B, +28, in terms of A
From. (5.2}

28,+ B, +2B, = A3+28+58, | Lp +4f, - 68>
A+ 4, (8% + 200
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(8342804 5.43) + (824242 )+ 0228} )+ (282 4%
Y+ 4)

i

28,+ ,.‘}1-"2‘33

4 ($20280) (2403821, £3-81) - % (1)”
Ko+ 8.)*

1]

Uo (824285 )4H(AE% +6L ) +54! + 912 (F3+24Y).
82+ 8) '

- (82428") (1 8+ 41+ 541) + ¥ (&)
(.J,’+3,_’)"

Using Teble I nos. 13,14,15,

28/+ 6.+ 283 =_| x € (E&)"ﬂ[{mﬁtm-u) 5;:3(%‘)1'(’:»2)‘&-1)5;2] '
Ju"t&{ "Qt G '

=t J:_g (ﬁ‘)uj ;' Bl-0m2) S, + a( %j)ht :*_2’) 5:*2‘]1

l(ﬂ;ﬁl)" 3t \a

+ [Wlxm;s,f‘d J(‘}; )ES:;WSLJ [Mx‘)(m%) S M&,:)'EIJEXM) 5;,,]

2



a wo’(m-osggawz)’cu—:)(%)"%h

& Poep 2 " henr
( =p= | |e D) S2 -y (%) Gy 82,

"

a 2 ( EJ-) as shown in (6,2)
da

a2 (At ATB,) = 2(A4+hTB,)+ (At KT 82)
+2(A,+ &T By)
e G'—Hga ,) — 2-6, + gn-f 2.{:2,'
Thus we have shown that equations (6,6) and (6,8)

which should be valid for amy function -g are actually

true in our particular case,

74 Special Valueg of »». _and . .

As a special simplification we take special values of
m &and +« . Before doing so, it is convenient to write
- equations (5.6) in a slightly different form, We

introduce a quantity which has the dimensions-of ‘a
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pressure viz.

o = R_.‘.g
L :

where K= &N is the gas constant and V, = Nkad
Then V/v = N_k-gl' = ( a )3j

¢ Nka? Ao
We introduce the volume v of the cell to replace the
lattice constant a and ~, to replace a, according to
the relation

v/v,'“" (%-o)s

Finally the change in volume is expressed with the
help of a parameter § given by

)~ (v

If we divide equations (5.6) by.w:= 48 we have

- %3 b= é ) T/&
Kk’ g = Ao+ BTy
40 w
Ko ¢y = As 4 By Ty
%68 “
%ﬁ‘;’_ Gy = ‘%j + B T
But Kka? . Nka® - R

Nkaos(-g}’-: v, I+ .é)

% RO Ro  \as A



(38)

Y
e x@® . a4 (14 %)
46 A

Thus the final set of equations may be written:

(7.1) - pfy, = U £ (A, + mTs)
Fr-m

(7.2) %’ = (1+§¢) (Az/u s B, 7p)
Y-

(7.3) Gf, = (k¥ (Asfi + Bs Tpp)

' B
¢7.4) G% . () (Bsf + By TI)

The pa;'bicular values of . and + that we choose are:

{X) m=4,-n=8..

(II) m=5, n =10,

‘(III) m=6, n=12.

(IV) m =6, n =14.

(V) m=7, n=14,.
The calculations are carried out for the case of the
face~-centred cubiec lattice and tables are given
showing the values of the 4s the As and the Bs for the

above values of the exponents extending over the range

Bz 5 o w0, W use LAY ] 41 the tables to denote

A c (2 or A«ﬁié(;‘)wz as the case may be-

-
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Table II.

m | 8o | Ses | Seen| Sii| Shae| Sie| St
A 63346 | 2- 1151 1 tc”? a.-gsg,g "‘77’3’ 0-2125 | 00316
5 |29995 | 0:9998 | o-5ueo| 0228 | 83275 | 0 1094 |o-00315]
2 1-306Y | ©-6o22{ 0320k 0-l4oq |0- 182 | 0-0690C 0-002.y0%
.\’ (1808 | 03936 | 0-205¢|0-09u06| 0- 1126 | 0-04650 ©-00099¢
8 | o-Booizy 0-266Yf| 01375 |o-0b4s8 0-0Y/34g) 0-:0320f |0-000395
9 0-55210| 6-184o| 0-0Q40Y | 0-0kqE 0-04923 092242 |0-00015)
lo 0-33473| 0-1282| 006512 |0-03156 |0-03363 | 0-015Y5 |o-000059"
Iy 0 26?00 o-og?s] O-Oh5k3 | 0.02222] 0-02324 0-011092 |0-0000239
2 0-19956| 0-06319| 0-03185 | 6.0154% | 0-0/61F |0-007232 fo-e0000qyo
13 0‘1335'5 004452 | 0-02238 | 0-0l10f 0.01132 |0.005533 |0-00000396
‘ Iy o~o?42: 06311403 o-o:o"jb 0-007320 | 0.00%F44 0-:003909 [o- o000015¢ |
Ib | 0-04693|0-0156L |0-00{8hb|0-003908 0-008939|0 001954 |0-000000S
TableIIT.

IR
nw:g] | ln=w o= 12 s iy sty
¥ Si/ﬁ- T-91v0C | V- 19638 | 2.53/0 19-1774 | 12-533Y
B %—W ‘f-q;‘foé y.‘ﬁb&? 9.5310 9-ley2 | 12 5331
C/u 633305 | Y19 9639 | 114 3722 | G6-2236 | 1154119
I " e e




(40)

Table IV (1) : m:-4, n=-8,

v (4] |[&) | L8] |Lsd | [aa]
15 -0-316Y | 5-3351 3-13387 =1 eq6! 3-059
" - 0-an( | H4-Y90e 2-8833 | -1-543% 75515
‘05 = 0-05¢ H- 2k 2-6276 =1-3915 V- 0k
0 0.. 3-Yory 2-3¥2 ~1-2392 6-5365

~-05 01656 3.1592 21164 -1-0369 ¢-0290

= 0 -248h 26128 1- 3607 v 9340 55215

=15 0-310Y 2-06383 1-6o5| -6-Y823 FRY-7/ 1
-2 6- 4233 15237 1-3494 | -0 6300 4-5060

--25 o 5279 0-9Y94 1-0933 ~o- 4Ny 3-999i
=3 06334 0-1435 -8382 ~0-3251 3-J+7n,
--35 0-Y3g9e | ~ 0-1095 *5825 - o0-1Y434 2-q8

-k 0 - Bhlye. | - o 6537 '32.&,7 —0-0208 2-16b

— — —— ——

t L] |07 | L] |Le2] |[Lesr
15 ~55-7638 218 4269884 | 20Y-Y594 |- ©o- 3867
=1 ~52-6746 |-26-21%7 Lyoss- b33 1977 - 2851 —o- H2bMy
‘05 ~4q- 5813 | - 24195 3821. 2583 13 Sm? -0 bbb

) #6-#97] |~ 23.2203 [359-8932 | 1fe-3366 | -6 -50s3

“e.05 ~H43-3945 | - 2.2y | 33Y- 5281 le5-8623 | ~o-5455

=l ~4#0-3012 | -8 -222 | 315- J63I /55-32%) ~6-53852

~15 ~37-2078 | -13-1228 |292- Y980 | 1449132 | ~o- c249

-2 ~3h4- liys | ~1{-2236 |270- 433 134.- 14 395 ~0- 6okt

T ~31- 0211 15-Mauk (2430679 123- 9653 -@-Yfou3

3 - Z7-9272 SH - 2253 |225-foa3 13" 1q —o.J440

35 S 24-8344 | <12 261 |203- 3343 103.0167 ~0-Y33Y

-l ~ U y) -1l - 2269 130- 927 92-5425. | -0-3234
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T 2 =5
£ Ls] | [ 4] [Ce] |Ce] | [ai]
015 —0-1499 31843 I-80Y2 | -0-513¢ L0k 3y
0.1 -0-09995| 2- 8796 I-6596 | -0-4449 | 3-Y443
0-05 ~o0-0499Y| 2-5¢50 I-§19 ~e- 3410 3 -u522
o o 2-27es4 1- 3643 -o- 2941 3-1566
-0-05 - o-ohqqy| 1-9658 1-216Y ~0.2232 | 2-3610
-0 o aqqqs I-66s2 l-o&,?o -0 493 2-T654
~0-16 o- 1499 /3565 0-Q4 | -o-0Y5h2| 2-269%
-0-2 o- 1999 10519 o -Yy3% ~0-00/152| [I-9Y42
~0-25 o- :J..?? o-Yiy3 6-62b2 a-qyzag 1-6137
-0-3 0-299% o hbtr27 o 4385 0 1463 1-383/
-0-35 o- 3498 0. 1391 LB 3307 0-2202 1-03v8
~0- 4 ©-3992 | ~0.-/6bes. 0-1833 0-2941- °0-7919
£ [e2] | Cez] | [aa] | Lezl [s.] ’
0I5 -35-0216 ~1{- 6814 311- 9039 | 156-528 ~0-4565
o1 -32-9358 | -14- 6548 | 294 955 | MB 324 | -0-460e
0-05 “36-2499 | TI5 6286 | 2y8-00un | Jho- liyY | "o-4v63
0 ~28 - Yokt =l 6024 | 26104 | 131 F08I - c-ugy
- 005 ~26- 6713 | ~13- 5762 | 244-0932 | 123- Yoi5 ~o-49Y]
~0-1 ~24- 5924 --12-55 227 1392 | 115 4948 ~0-50Y3
~0-15 -22- 50606 -11- 5137 210. 1353 | Jo7- 2382 ~0- 514
c0-2 ~20 4207 | ~10-A9YS 193- 2313 | 97-0%i6 | ~o-5276
-0-25 -18:3349 | ~9- 4113 e 2774 | Fo-375 |-o0-537%
-0-3 ~16-24ge | =3 h45) 159-3234 | 92- 6633 |-~o0- 5*77
~0-35 U 132 | <Y-HIBF | M2 3695 | ThehbrY [-o-558)
o ~12-043 | ~e-3926. 125. nis5 | bb-255]

-0:56%3




Table IV

- (42)

m=6, p=

¥ [ 87 | L] | (8] | (4] | [a]
0-15 -0-070.3# 1-324.2 I-29943 -6- 2315 2-63s5/
0-1 -0-06023 | 2-uiy :-:728 ~o0- 136 2456
0-05 ~ 00301 - %992 I-2633 -o- 12y 2-2661
0 0 I- 636} ¢-963Y -0-09y%0 2-0560
~-0-05 0-03011 -4z 0-3592 -o-asz?n 1341
-0.1 0-06013 1-2.51-1 0- Y546 ~0-c0gco 116376
-0-15 0-0?034 l-onq2 o-650/ 3-0351? 1°42.31
-0-2 0- 1208 0-334Y 0-5455 | o-a%1y9 1-218¢
-0-15 o- 1506 8-6242 04410 o‘:z,(,‘?’ /- 009
~0-3 o-/30% o-mr’ 0-3364 o-1Y1b 07995
-0 35 o-2)o8 01992, 0-2319 0-2/68 o- 5908
-0k 0- 2409 ~8-0132 0-12.73 O0-26/4. o0-3%05.
4 (s3] |Ces) | Laa] | Levd | Len]
0-15 -27. 6?7? = - a337 280- 5374 | Mu- 7633 ~0-3e9s |
o1 -26- 0152 ~13 iqg? 265, 2727 | 134 4563 ~0-3121
0-05 “24-3326 | -12- 3Lyl 250-00Q3 | /12 9452 -06-3151
o ~22- l-uqq ~u- 51?3 230-Y433 | G- 4337 ~6-3,82
~6-05 ~20- 92 | -10-6Qus g 4736 /N-9222 |~-6-3212
-0-f ~19- 2846 "q- 8597 | 204-2139 lok - 410y ~0-3243 -~
015 -1y- bolq ~q.-02495 | I23- 493 F6- 3991 ~6-32Y3
) -15. 9193 ~3-1962 173 63406 39- 3876 ~0-3304
-0-15 U 230k ~-3554 |15%- 4200 3t-8Yer | -0-3334
“0-3 ~12-5540 | ~6-5206 | ,43. 1552 i3kt | ~p-3364
-0 35 ~le. 8413 =5:6835¢ |27 8908 bb- %530 | ~0-3395
-0, ~9. Iii‘, 5510 n2- 625% 59-3m5 |- 0-3426




Table IV
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= =l4.
: 2] ([l (L]l | L] | [5]
015 -o-o?oss 1-9738 1-6321 | ~o0-2360 3- 3923
8-t - 0-0bo22 2-757‘0 1-§/22 -0-1707 3-1520
0-05 -0-03011 A2:-5151 r‘s«yzz -0- 1459 2- qug
[ o 2-2933 1-2y22 -o-wo? 2-6Yi5
-0-05 0-03011 2-0315 I- 1522 | ~0-055%0 24312
-0 0- 06021 1-Y89¢6 1-0323 | ~0-010Yy5 | 2- 1910
mo-ls 0-09e33 | 15444 0-9/23 | +0- 03430 I- 950y
~o-2 g 1204 I-30bo 0-7713 D - 0Y934 -Yios
-0.25 0. 1506 1-0642, 0-6Y23 | 0- 1244 1 45fo2
~0-3 o - I180Y 0-¥223 05524 | 0- 1694 1-2299
~0-35 d- 2io% 9-5805 04324 | 0 Lng 0-7377
~oey. af- Z#o? 0-3337 0-3124+| o- 2595 O THk
: [&] | [e2] [[et] | Cev] | [e¥
0-15 ~38 3276 |-19 513 Kag- (309 | 2rf 3636 | -0-348%
01 “3b-bbto | -18-5f2Y |4oy- 995 | 206- 5788 | -0 340
005 “3h hGuS | ~0f- 493 | 336- 2282 | 195- B0 | ~0- 343§
o ~32- 3117 “lo- B4l | 3by- syt I34-9992 | -o0-38®0
-0-05 =% 13 | ©15 3356 | 3k2- Y25k | 14 2094 [-0-35/4
~-0.1 =% qqqg ~Ih- 2565 320- Q1#1 Hod. Aucrt, -o-ssz?
~0-15 ~26- 3282 | ~13-1yY5 | 299 2227 | 152- 6298 | ~o- 3544
vo.-2 =23 ('Ll‘[ -2 oqg_,q. 2-”. 1% | 141- 8400 -0 - 3;;3
~0:28 -2- kqsy =l- o194 z.ss-‘jz.oe 131- 0502 -0 - 357.}
-8-3 "'"' 3216 -q- qHo3 A33- cri.S(, 120- 20k | -0 -35‘3‘7
T0-35 =1 k2o | -3 %613 | 212- 2143 109 4yot™ | ~0 - 3602
“oh L -ieqqss ’ “} Y822 | Mo wesq | 98 6208 |0 301y
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T Sly M=7, n=ld,
3 [ 4] [ax] | Lsr] | Cael L4
15 ~0-05%04 | 1 1349 0-95Y6 | -0-125 1-955Y
¥ ~0:03936 | I-6267% 0-8Y1 | 009565 Y937
*05 -0-0!?6? 14688 0- 3007 -p0-0bbl0 l-6hhie
0 o 1310 0-Y223 |-0-83676 | /4844
--05 0-01963 - 1529 0:5i3lp | ~o003TY 1-3276
=i 8-03936 0- 9946 0-5655 0-02213 I-1Yo5
--15 0 0573__;, 0-%3t5 0- 43I 0-05I5Y 1-0135
-9 o-ayéy.z 06735 0 40386 o-08i101 0-3565
--15 0- 0?340 0-5204 0-3302 0- lo4b 0- Sﬁs'
-3 011308 0-3b2h 0-25/8 0-1399 05k
—35 0-13776 0 2043 0- 1734 | o0-1693 6-3354
—-h 0- 15Thiy 6-04626. 0-0949% | 0-1998 0-2284.
¥ L] | [e3] |[[es] |[a] |[o]
15 = 23- 2554 |-l foYe W3- 6148 | 133- Bhin | ~O- 124
"t -AU. 3394 |~1l-0L24 2449. 3985 | 126- 2394 ~0- 1133
-05 - 20- 4234 | -10- 3541 235- 1823 | 1§- 23°f4# | -0- I'fu3
6 =19. ooy | -9. 65:? 120 9660 | /12- 1354 ~e.1Y52
--0§ -1y- 59 ~5- 74(.'/ 206. 34?3 l65. /1334 -o. :7;,3
S ~lo- 1|54 | -8-24l4 | 192.- 5335 | T3 07/4 | ~o- 1yyi.
—=-15 “le- (594 | ~Y.5362 18- 313 91- 0294 | -0 - 1Y%/
-2 -13-3433 | -6 850? okt~ 1010 33-91r4 - o- f~’qr
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Table V (1) m=-4, n=_28.
¢ 1Ca] (a7 |[g] | [l |[a] | A/
0-15 | 6-3L29 |-35-hb44 |Yob- (1 1201 - 5945 |3le-Gefb |N- 534S
0.1 | 6-00yy |33-6773 6Qo- 53] |1083- 1130 |28k 1852 |-Y- 3554
0-05 | 5. 6525 |-31- Qoor 613~ 3335 | 970 836|253 b3y |-3- 5105
] 52973 |-30-1230 |850- 161/ |3bs- 163 |223- 9o 9 o
=0-05 |4 Q42| ~23- 31;5? #4385 iy fots- 0848 K]L- Aolo | 3. 1Mb2
“o-1 | 4-5869 |~ 5637 425 6353 |by0- -//,yf Ifo- 5§95 | e-0l30
=015 | 4.230Y |24 Y916 |369- 3315 |583- 013/ |I4b- 6306 | 3- 5235
02 3-'376;‘ -23. 0144 [31- 00/0 |501- 334 | I 2s- Mmy 10. 6?8‘/
=028 3-5’%5# -21- 23Y3 (8- 6432 |42s. 3qo | 104 aar? 12- 53Y5
<03 |3 4642 ~19- BLo2 24y 2583 |3s6- hB4G 35. 3031 | 40420
-0-35 |2-%ra ~ty- b330 183 34060 293 2369 b9 3453| I15- 2122
2- 455% |-15 Jo59 - |236- neo. le- okgo

% A/ Azf | B 8, B, B

0-15 |194. 2949 | 114 3,';,.7 ~5-6721 |13-579 “2-f3y8 | Y 8290
o- 16b- 8812 |100- 43?2. —5-5057 13:- 68Y1 | <2. ¢252 | 7- 173?
0-05 \uyt- 1917 | 3Y- 3433 | -5 6436 | 131779 | -2- 9259 |7- 9236

o ny. 2263 | 5. nyi | =5-e%65 | 13- Y504 | -3. 0418 |7- 9796
“005 | 94 9952| 63. bYo3 | ~5-7y3s5, | 13- 842 ~14Y4 |B-0412
-o-1 W #4683 | 63. 6¥e3 | 57923 | /13- VBT | “3-3412 |%- 1099
=015 | 55- 654 | 43- 2050 | -5.8585 |13-8534| -3.5302 |8-1F1t0

To-Z |} 338- 605? - I18YS -5 9363 13- 83962 | ~3-fbs52 |%-2%22
~025|23. 2625 | 25 979e | ~6-6310 13- 9136 | -4 0536 |8 3273

-o-:_& Q- 6423 |18- 5800 ~b-1443 13- ‘1’2.56 - Kh316 | 2 Sa?q
~0:35 | -2-253Y |u- 9908 | ~c-29ey | 13- 9223| ~4-q252 |3-652)
-0-44 |12 4255 | 6¢- 210 ~6kyeq | 13- 3680 | ~5- 5942 | - 2193

—— —X ——




(46)

Table V (23 m-5,n =10.

% o A, Ba Py B A/“'“
0-15 |3-524L |-25. 0835 |%4- 9260 |592- 977%| he-Yqo%|~6- 210
o-/ 3- Zm:z.? -23-1533 |330-Y033 |530- 8‘/07 129- 9945 ~1+-2.857
0-05 | 3.-0812 |-22-4231 ,273.6637 mfz';s:s? !m-ﬂﬁy -2-0455
0 23595 |-a1-0930 |253- 8072 |4l6- 9164 | 77- 34b2| O
~0-05 | 2-63Y3 -9 Y628 |226- 1337 365. 069 | ¥5- 47»2_ 1-3567
~0-1 24161 |~13-4320 |195- Gh3Y |3lb- 6425 J2:61%1 | 3-5060
-0-15 | 2- 194k |-1f-102n |6Y-B3b| |2l 6351| bo- 124 | 4 FeYY
-6-2 1. q'fz\/ =15 V423 1 3516 |230. O4Ys | 49- %132 | 6-2340
=0-25 | 1510 |~th- st |01Y- zya? 191- 3302 | 39- §824 | |- 3054
=03 | 15293 |-13- 1119 | 95- 5136 |I57. 1327/ |30- 9324 | % /32
-0:35| 1-30Y6 |-N- %8 |75 61y |i2s. 15257|22-9633 | ¥ 8639
"oy | 10359 |-t 4530 |98-2395 | 7. 3973\ 159749 | 9-3509
3 Afu | Azfu] B, B, B | B,
015 |h2: fhy3| Bl-o14g |- 16 .l‘l-Si*ﬁ - 5v 2283 - 8163
o1 (123 Y92 | I- 1621 STIPY [ N8M8 |~e.nag [ 1-Gle2
0-05 |105: 3931 | G- 9843 | - 2774 | .30vq <449 © : 12-0267
0 38- 5045 | 53. 1830 | ~7-37e5 | M.qsaL |-b-suve | 121496
-0-08 |2 TI%h | 45 066y | 1-4q2 44135 |-1.3290 12- 2866

-0 5% 277 |37 5059 | -7 6291 | .u53 4-q20Y 12- 4396
-0-18 |44 G484 | 30 5306 | - ??56 M-5149 |~3- 6632 12-Gto4
~o:d |32 FBOLC |24- 430y | T 9952 | fuwg [-9.6193 [ /2-Boos
0025 | 21-948 4 | 1% 306y | -F 247‘{ 14384 | ~10- 8390 /13- 0046
-0-3 12:6Y96 | 13-0545 | “F 5737 | w35 |12 p— /3:2255
-0-35 | 3-49%2 8- 3842 | -q-0100| w5190  [-15-9Y49 ; 13-#295
o |-3995 | 42963 | -9-6245] 132931 -9.2309 || 435465
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Table V (3) m=6, n=12.

% J] | [pd | (6] |(s] |[6] [A)
S 015 | 24527 |-21- 1698 | 257- 2695 | 4181806 | 93-5621 | -5-941)
o-1 2-2880 |-20. 015 | 229. 106y | 3y3- 0492 86- 5930 | -3 1885
0:05 | 2-1234 |-18 3651 [202-560F|330- 5353| 15 3650 |~ -BoBI
o 1-958% [-1- Y128 [17Y. 6313 290- 5492.| Gk ooy o
-0-05 l»yqu?_ ~16- 560k | 154- 3182 253- 1;77 55. 0965 I-.’.357
-0-1 16236 |~15- ko3l |132- b2/Lp|215- 24| | Ho-O42y | 3-099Y
~045 | 1-he56 |-l 255 li2- Shob | 185 G313 | 3% | 4-39/2
-6-2 I'3004 |-13. 1034 | §4-0Y6sy | 156- 124 301419 | 5-5/08
~0-25| [1-135¢ |-i. 9512 .‘,_17*22.!.3 128- 9%o1 | 23-2859 64571
-o-3 0-9411 | ~lo- 4938 | 6I-§9965 | ton- 3255 | ry-1602 | ¥-2326
~0-35| 0-8065 | -9 bybly | 43-3814 | 82-23Y8| I1- Y39 | Y-8353
-0k o—sm? ~3:-hqu1 | 363321 | b2-ob¥| *f-694e 82659
J; Acfor |  Asfa. B, B, B; By
015 1152 848 | 40029 | -B-631L |22:0692 |-9-9eY5 | l6- 334y
01 132-9350 ?3-173? ~§ 1488 | 21-9922 |-16-5523 | lb- 51”7
0-05 |4 0320 | b4 144324 | -9 8843 | 218360 |~11-24674 16‘*{:47
0 q6- 4556| 55-1102. | ~q-042%| 2/-642) |~12-0900 | lb- Joyy
005 | 806-0890| 44653 | -9-2306 | 21 3659 [B-1260 | 1Y- 1123
-0-1 oH- 73(,7 32-33Y8 |~ 9-4553 |20- 9624 |~4-432) | 1Y 3383
~0-15 S[-000b| 3¢- 5737 -q-%311 |26-36%6 [)6-1L3 - 57?2.
o2 | 382749 | - q50q | -10-0LY | 19-4613 |73 3bkq - 825%
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~0-35 "r-uosrf $-CI9b | ~I1-qeoc | /- koYE |-33-2528 13- 0355
“Ok | ~0-#556 | h-36q2|~3-2329| 2-937) - 45 8347 I-2249




Table V.(4).

(a8)

m=6, n=14,

g (8l 18] (6] [[e] |le] | Ak
0-15 | 3-1563 |-30-5844 |532- 8530 | 3Yo- 6384 240697 |4 F262
0-1 2-gell |-29- 0232\ 4Y3- 1587 |32 4830 (1B0-§oo3 |~3: liZo
0-051 2-76 59 |27 4Gl5 |hli - jou3|697- 0084 |I59. 06SY | ~I-502¢
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=o-2 | 1893 ~14- 6531 |1 15 |351- Gooe 69- 7519 4. ?9;7'
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Table V 5. m=7, n=14,

% | [a] | LAl l[a] (&) |Lad | A
. 015 1-€306 ~18-5001 |193- 4480 | 31y- 312 | /2 2664t "5-75&7
0.1 1-jo3e | -1Y- 4855 |141- 9350 | 222- G121 | 63B-IY34 ~3.Y9%6
0-05 1-5454 | ~lo LbhZ | I51- 592 |24q. 3639 | S5k bkyo |~1- 8130
0 - b8 | <15kl | 132 5530 | 219. 1068 | Le-eShk o
 =0-05 1:32063  [~l-4234 | un- YY20| 190 3523 | 39-2944 | I-bL03
-0-1 14192 | ~13-ho2'[ | 98- 2495 | 1b3- 596 | 32 -4y32 |3-10%0
~8-15 1-665]| 42-332) | %2 9859 | 133 3433 | 2%- 2204 | 4- ko029
-0-2, 0-9345 [~11-361y | ¢3- 9%0c | 116 038F | 20- 5365 |5- 5253
.~0-25 a-‘soqq <10:3k0Y | 56 2342 | 953331 | /5. hrfe | b 449
-0-3 ©-b823 [~Y- 3200 | 44 Y43 | Y6- 5907 | 10- BTk 7-25!?

. —0-35 o-551+7 %2994 | 34- 51y | 59- 337/ | 6- %96l [Y-3562
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025 | 342453 | 2)- Y298 | -2 feyg | 16 33Se | -35. 3,00 | 23- Sou2
-0-3 22- 2550 | 15 4650 |~13- b65qH | V- 2958 S |23 3581
=035 | /- 6256 | 9-883Y |~ Qel) || 10062 |-5F- €32L |22 Lerty
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Q+#)3J‘ll.-m (l-fg)af’t-m Ll-q%)"{ﬂ-m Lht)sln.-m (‘,*e)g“__—“

t b o 4 . Lo

Mz =g Mmz5, #hz10 | mop, =12 | Wb, il | et il

o-15 1-1108 I 03Y5 I-o0y2y /. 0538 1061y
0-j I oYL I osg? 10438 l-03b4 1-041%
0.05 1. 0373 ) I 93?1 l.o2L | t-o0l85 l-o21)
o 1 ! ’ ! /
-0-06 0-9eb2b | 096969 | o Y463 | o 93095 | 0-gyFiL

-0 0-Qayor | 0-938Y4 | 0-G430F 0-96126 | 9 95585

-0-15 6- 88525 o -qojoq o-?:u?s' 0-940%3 | 0-93272
~0-2 o. gus?a o 11»5? - 2?443 o.quys 0-g 03%0
~0-25 0 30693 o- 3}”1,7 o -26b03 0 79Yy4 | o-88ko!
“0-3 6. 6529 o- 3oY3y 6- %3666 o-3y48l | o-B5825
-0-35 - Y2341 0- %4223 | o- 20L23 0- 85033 | o-%3/42
~o-h 063143 o Y30z | o-Y7459 | 6-82567 | ©: %0340-

With the help of f,he above tables we can easily com-
pute the quantities (7.1), (7.2),(7.3) and (7.4) as
functions of J and T . Since (7.1) is linear inqu,o
and T}ﬁ y We can draw a system of straight lines

giving -{D

b against Tlp for constant F , one line

to each value of % . From these lines the curves °f§!

| against % for constant HP’ are found, and finally thei
|

<
isobars and isotherms giving ®f;,:=(1+%) as a function |
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of 7, for constant tlb. _and ';’/f& as a function of f,|
for constant Tjy respectively. Similarly, by drawing
a set of lines for each of the equations (7.2), (7.3)
and (7.4), the graphs of the elasticity constants e,,ca
and ¢,, as functions of 7/ for constant Plp. can be
drawn. The resulting graphs are all showp below.

wé have drawn five sets of diagrams corresponding to
the five different pairs of exponents already mentioned.
The curves are all clearly marked, and the diagram of
straight lines represents the relatiom between ™~/ and
+ﬁa where Tm/, is the value of T/p corresponding to
complete instability. On all the curves this value of
Tlp occurs where the gradient of the tangent becomes
infinite. The diagram is drawn for values of T=/,
given by the isobars, but the values of Tm/p taken from
the curves of the elastic constants are practically the

game, so it is necessary to draw only one diagram.
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8,Discussi : c ’

The curves all present th‘e ‘same general features.

The isobars show that /[y, increases with Tjp ,at first
linearly but later at a greater rate than T/p until
the increase becomes infinite; the isotherms show that
v[v, decreases as H,,, increases,at first at 7é1eater
rate than “HPD but later at a decreasing rate until -,
finally vy, decreases linearly with ’P/P, . The other
Jgr'aghs showing the temperature dependence of the elastic
constants for various hydrostatic pressures are all of

the same type. All the elastic constants decrease

linearly with T[p at first,but turn downwards eventually

reach the 7T/p axis at steep angles with the excep-
ion of the e, curves which turn over after the Tjp
is has been réached.

The graphs are in qualitative agreement with those
ghown in Born's "Themodynamics of Crystals and

|
Melting'"(1l)where the corresponding graphs are obtained
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for the body-centred cubic lattice.Nevertheless there
are some points of difference which cannot be passed
pver without comment.We note that the isobars though
Lssentially the same in character for both types of
lattice differ widely in the values of'ﬁué. The graphs
are drawn on almost identical scales,(Born's v, is
slightly larger than ours since his represents the
pquilibrium volume if first neighbours alone are taken
into accouné,while ours is the actual equilibrium

rolume) but the difference in scales is not sufficient

|

to account for the wide divergence in 7%43. M.Bradburn
hag investigated this point (4) and found that the
difference is_due to the approximations made by Born
who assumes in his paper that first aﬁd second neigh-
bours alone act in the static potential and first

neighbours only in the vibrational term.The difference

in the curves depends mainly on the number of neigh~

bbours considered in the static potential.First neigh- |
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bours only is a good approximation in the thermic
term but the static potential must be accurately
determined.

We notice that our graphs show ¢, c». Whereas Born's
give ¢. > ¢, «This difference is due to.the difference
in lattice type. The body-centred cubic lattice is an
unstable configuration while the face-centred cubic
lattice is stable. Therefore (Stability of Crystal
Lattices I,(3.1),) ¢» » ca for the face-centred cubic
Lattice and ¢, > v for the body-centred cubic lattice.
As can be seen from (7.3) and (7.4) the curves of c.
end ¢, coincide at 7/ , but the marked similarity
betweem them shown in Born's paper is not evident in o
case. This may be due to the difference in the type of
lattice or to the different approximations used in the
two papers especially in the thermic term; for the
relation ¢, - ¢, is true for a stable crystal in statie

equilibrium but in the case of a lattice in thermo-

dynamical equilibrium the thermic term destroys the

ar
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equality.

In four out of the five different sets of exponents,
we' have chosen n=2m since Lennard-Jones found this
assumption successful in the theory of the virial
coefficient of gases (6) where he used m 6, It is
hoped that by comparing the above theoretical results
with experimental ones it will be possible to determine
which, if any, of the five sets of exponents is the
moost accurate.

(7.1) By, = (= Yo LA & B Th)

rvhich is the reduced equatiom of state contains three
constants %, p. o«d B having the dimensions of volume,
pressure and temperature respectively - in fact the
reduced equation of state appears as a relation between
the three dimensionless quantities V. , H’% » Tlg  and
is dependent on the values of m and n., The experimental
equation of state is a relation between the quantities

v, p and T, { (v 4. T)e0 say, which must be reduced
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to the form I':M('%., ‘%»-%): 0 before comparison with
the theoretical curves is possible. The-transformation
is most easily effected by means of the equations

AL = JQ_G

and Vo = RO where R: AN

If the dissociation energy « and the volume at zero
temperature V, are found by observation, 4, and 6
can then be found. Thus the reduced equation of state
F,...m ( sa s H.{o.: Tle)=o

can be derived and the experimental isobars and iso-

. therms drawn and comparison made with the theoretical
curves above, From them we can find the variation of
the thermal expansion and the compressibility with
temperature and pressure, Similarly,experimental curvesd
of the elastic constants as functions of temperatyee
and pressure can be reduced so that comparison with the

theoretical curves is possible. Experimental curves of

the elastic constants as functions of temperature have
|
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actually been found by Hunter and Siegel (7) and
they show qualitative agreement with the above.
he theoretical curves are drawn as far as the turning

points and in some cases slightly beyond them, but it

has been ascertained that the method of approximation

pives no relisble results.For this reason the Cuy

curves cannot give any indication whether Born's

hypothesis that e,, =0 is a criterion for melting

gpives accurate results.

ised to derive the results given is only accurate up t9

the point of maximum T/o After that the approximation :
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