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Abstract

Inductive definitions are the most natural means by whictepsasent many families of struc-
tures occurring in mathematics and computer science, aidabrresponding induction / re-
cursion principles provide the fundamental proof techegby which to reason about such
families. This thesis studies formal proof systems for ttohe definitions, as needed, e.qg., for
inductive proof support in automated theorem proving todike systems are formulated as
sequent calculi for classical first-order logic extendethvai framework for (mutual) inductive
definitions.

The default approach to reasoning with inductive defingignto formulate the induction
principles of the inductively defined relations as suitabference rules or axioms, which are
incorporated into the reasoning framework of choice. Out 8ystem LKID adopts this direct
approach to inductive proof, with the induction rules fotatad as rules for introducing atomic
formulas involving inductively defined predicates on thie & sequents. We show this system
to be sound and cut-free complete with respect to a natuaasabf Henkin models. As a
corollary, we obtain cut-admissibility for LKID.

The well-known method dhfinite descena la Fermat, which exploits the fact that there are
no infinite descending chains of elements of well-orderdsl peovides an alternative approach
to reasoning with inductively defined relations. Our secpmubf system LKII¥ formalises
this approach. In this system, the left-introduction rulesformulas involving inductively
defined predicates are not induction rules but simple casgtndiion rules, and an infinitary,
global soundness conditioon proof trees — formulated in terms of “traces” on infinitethm
in the tree — is required to ensure soundness. This condégsentially ensures that, for
every infinite branch in the proof, there is an inductive défin that is unfolded infinitely
often along the branch. By an infinite descent argument baged the well-foundedness of
inductive definitions, the infinite branches of the proof ¢huns be disregarded, whence the
remaining portion of proof is well-founded and hence soutk show this system to be cut-
free complete with respect to standard models, and agantiné admissibility of cut.

The infinitary system LKI® is unsuitable for formal reasoning. However, it has a natura
restriction to proofs given by regular trees, i.e. to thossofs representable by finite graphs.
This restricted “cyclic” proof system, CLKI®) is suitable for formal reasoning since proofs
have finite representations and the soundness conditionooifisfds thus decidable.

We show how the formulation of our systems LKInd CLKID”® can be generalised to
obtain soundness conditions for a general class of infimiefgsystems and their correspond-
ing cyclic restrictions. We provide machinery for manigirg and analysing the structure of
proofs in these essentially arbitrary cyclic systems, Bgmémarily on viewing them as gen-
erating regular infinite trees, and we show that any prooftm@eonverted into an equivalent
proof with a restricted cycle structure. For proofs in thiy¢le normal form”, a finitary, lo-



calised soundness condition exists that is strictly steotigan the general, infinitary soundness
condition, but provides more explicit information aboue fbroof.

Finally, returning to the specific setting of our systemsifatuctive definitions, we show
that any LKID proof can be transformed into a CLK{Proof (that, in fact, satisfies the finitary
soundness condition). We conjecture that the two systeenmdact equivalent, i.e. that proof
by induction is equivalent to regular proof by infinite destce
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Chapter 1

Introduction

1.1 Overview

Inductive definitions are frequently encountered throughmathematics and computer sci-
ence, and the corresponding use of inductive proof methmdsason about inductively defined
structures constitutes a fundamental part of mathematieaioning. In all cases the aim of in-
ductive reasoning is to exploit recursion in the definitidritee inductively defined structures
under consideration in order to prove general propertiesiathose structures. The canonical
example of an inductively defined structure occurring inimeatatics is the sé¥ of natural
numbers, which can be given by the following inductive déitimi:

e 0is a natural number;
e if nis a natural number, then sod&) (the successoof n, i.e.n+ 1).

Mathematical reasoning about inductively defined stresus most often formulated in
one of two main styles. The default approach, commonly tdrmathematical induction
explicitly applies an induction principle derived from theductive definition. For example,
the induction principle for the natural numbers states thabrder to prove that a general
propositionP is true of every natural number, it suffices to demonstratstlyj thatP is true of
the number 0 and, secondly, thaBiis true of an arbitrary natural numbeithen it is also true
of s(n). The second approach, calledinite descentappeals directly to the well-foundedness
of inductively defined structures. For example, one way atiisg) the infinite descent principle
for the natural numbers is that in order to prove tRais true for every natural number, it
suffices to demonstrate thatRfis not true of a particular natural number then there exists
an infinite strictly decreasing chain of natural numbersiciwvhs impossible. (Typically, one
shows that there exists a strictly smaller natural numbet n such thatP is not true ofm,
which implies the existence of such a chain.)
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In computer science the use of inductive definitions is, iftaimg, perhaps even more
widespread than in mathematics taken as a whole; many of dtee slructures ubiquitous
throughout the subject, such as lists and trees, are mastafigtgiven by inductive defini-
tions. There has also been considerable effort devotedet@tda of mechanised inductive
theorem proving, that is to say, the formalisation and aattion of inductive mathematical
proofs using theorem proving tools. Despite consideralbgness in this area, the automation
of inductive reasoning still poses significant problemstfa theorem-proving community. In
particular, the simulation of the creativity required irdirctive proofs in the selection of an
appropriate induction schema and in the choice of apprigpiiauction hypotheses and inter-
mediate lemmas causes huge difficulties for mechanicalf gearch, even when the search
procedure is guided by heuristics derived from human prdteihapts. For a survey article on
inductive theorem proving see e.g.[12].

While there remain formidable obstacles in the way of susftesutomated theorem prov-
ing with inductive definitions, we believe that it is potexty useful as well as interesting to
gain a clearer picture of the main relevant proof principlies. mathematical induction and
infinite descent, from a proof-theoretic standpoint. Adiogly, the goal of this thesis is to
develop proof-theoretic foundations for reasoning wittiuative definitions, in particular the
methods of mathematical induction and infinite descent, tarithereby undertake a formal
analysis and comparison of these methods. Although sualdg bs the benefit of being free
from mechanical constraints, we hope that our theoretinalysis will nevertheless impact
upon (some of) the practical considerations driving intkectheorem proving.

1.2 Mathematical induction

Although the method of induction has been employed in mattieal proofs for (at least)
several centuries, according to tRacyclopaedia Britannic§2] the method was not formally
identified under the term “mathematical induction” until3B8by Augustus de Morgan [20]:

The method of induction, in the sense in which the word is usedatural
philosophy, is not known in pure mathematics. . .

There is however one particular method of proceeding whigxfremely com-
mon in mathematical investigation, and to which we propasegite the name
“successive induction”. It has the main character of ingurcin physics, because
it is really the collection of a general truth from a demoastn which implies
the examination of every particular case; but it differanfrthe process of physics
inasmuch as each case depends on one which precedes ...

An instance of mathematical induction occurs in every aquaif differences,
in every recurring series, &c.

Augustus de Morgan, “Induction (Mathematics)”, 1838

The usual schema for mathematical induction over the naturabers [N) is the following:
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P(0) Vxe N. (P(x) — P(sX)
P(t)

whereP(x) is a statement of the underlying language (e.g. set theorntaming a free variable
X, andt is an arbitrary term of the language. In an application ofittteiction schema above,
the induction is said to take place on the variablthe premisd®(0) is usually called théase
caseof the induction and the premis& € N (P(x) — P(sx)) is called thestep caseln the step
case, the formul#(x) is called thenduction hypothesiand normally plays an essential role
in the deduction oP(sX).

Despite the near-certainty that the reader is already famitith proof by induction, we
include an easy example here for the purposes of illustradiod comparison with proof by
infinite descent, which we survey in the next section. Thiefahg proof of the commutativity
of addition over the natural numbers is a standard examptesevimechanisation can be found
in the libraries of most (if not all) inductive theorem pragitools:

Example 1.2.1.Define the operation- on pairs of natural numbers by the following:

O+y =y 1)
sx+y = s(x+y) (2

We claim that}- is commutative, i.ex+y=y+Xx.

Proof. We first prove by induction og that:
y=y+0 (3)

In the base case, we have to prove that 0+ 0 which follows immediately fron{1). In the
step case, we hawe= sy and require to provey = sy +0, i.e.sy = s(y' +0) by (2). Now by
the induction hypothesis, we haye=y + 0 and are thus done.

Next, we prove by induction orthat:

X+sy=s(x+y) (4)

In the base case, we have to prove thatsy= s(0+y) which follows by applying(1) to both
sides of the equation. In the step case, we kavesx and require to provexX +sy= s(sX +Y),
i.e.s(X +sy) = s(s(X +y)) by (2) applied to each side of the equation. Now by the induction
hypothesis, we hav€ + sy= s(X' +y) and are thus done.

Now we can prove the main conjectuxe-y = y+ X by induction onx. In the base case,
we have to prove that-® x = x+ 0, which follows from(1) and(3). In the step case, we have
x =sX and have to prove thai +y=y+sX, i.e.s(X +y) = s(y+x) by (2) and(4). Now by
the induction hypothesis, we haxe+ y = y+ X and are thus finished. O
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Of course, mathematical induction is not limited to the ra@taumbers. Any inductively
defined relation gives rise to a related induction proofgpgte which can be extracted from the
definition in a wholly mechanical way. Similarly, from mutlyainductively defined relations
one obtains corresponding mutual induction proof priregplwhose complexities increase in
proportion with the complexity of the mutual definitions. rRbe purposes of carrying out
proofs by mathematical induction, these induction prilespare typically codified either as
axioms or as inference rules and incorporated into the piofiework of choice. Because
the use of an inductive proof principle in such proofs is alsvéhus made explicit, we will
sometimes refer to this approach as ¢xglicit inductionapproach.

Most of the inductive theorem proving tools available at pinesent time employ the ex-
plicit induction approach; the major contemporary systémshude ACL2 [37], INKA [3], the
Isabelle-based proof planner IsaPlanner [21], Oystem(lal] and to an extent also the logical
framework-based system Twelf [61]. It is difficult to dirgctompare the relative success of
these systems because of significant areas of non-overthp problems they address. How-
ever, despite the relative success of approaches basedigstics such as Bundy’s “rippling”
technique [13, 22], it is unequivocally the case that théialilt challenges posed to mecha-
nised theorem proving by inductive reasoning have not yehlmvercome. These challenges
largely manifest themselves in the choices made by a mati@amawhen attempting to prove
a conjecture by mathematical induction:

e One needs to select an appropriate schema for the industibich need not be the
“usual” schema for the considered inductively defined refatlerived from its defini-
tion. For example, the following alternative inductionriple for N can be derived
from the usual one:

P(O) WvxeN.(P(x) —P(ss¥) VxeN. (P(sx — P(x))
P(t)

so that the fact thaP is true of all even numbers follows from the first two premises
whence the fact that it is also true of all odd numbers folléres the third premise. In
general, it may be the case that particular theorems maydeg@rmuch) more easily
by using a suitably chosen induction principle.

Gow [31] demonstrates a technique for mechanising indeigiioof search using proof
planning whereby a proof attempt by induction starts by wppl a “blank schema”
containing metavariables which are incrementally inséaetl during the remainder of
the proof attempt. The final step in the proof then consisghwing that the induction
rule thus generated is sound. (Of course, this is not neclystbee case.)

e One also needs to select an appropriate induction hypstbesin the case of mutually
defined relations, hypotheses, and a variable (or varipbigke hypothesis over which
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to induce. This is a particularly difficult issue for automeitproof since there are many
natural examples of theorems whose inductive proof require use of a “strengthened”
induction hypothesis, i.e., a generalisation of the theof(see e.g. [12]). There have
been attempts within the theorem proving community to sssitte the necessary induc-
tion hypotheses for a proof either gcursion analysis— a syntactic analysis of the
conjecture and the inductive definitions [7, 64, 81] — or bgylgeneration schemes
which attempt to delay the choice of induction hypothesedsl an exploration of the
proof makes it evident which hypotheses are required foptioef [31, 54]. While the
techniques used in the former approach are sometimes ggimious, they are known
to have significant limitations in the type and complexitytioé problems that they can
solve [54]. The latter approach shares some similaritigh thie method of infinite de-
scent, described more fully in Section 1.3.

¢ Finally, one also needs to identify appropriate intermediemmas, as in, e.g., our proof
of the commutativity of addition (Example 1.2.1 above). Tuestion of whether such
lemmas are strictly necessary essentially amounts to testign of whether cut is elim-
inable in the native proof system. However, even if interratxdlemmas are not tech-
nically required in order to give an inductive proof, in ptiae one may still need to
identify and prove them because, as is well-known, cut{ne®fs may benuchlarger
in general than proofs containing cuts.

Despite some fairly widespread impressions to the cont@relimination is known to
be possible in the presence of induction, at least for iiguigtic systems; Martin-Lof demon-
strated cut-elimination for an intuitionistic natural detion system with iterated inductive
definitions [44], and the proof method used there has morentcbeen applied to an intu-
itionistic sequent calculus system with definitions andiredthumber induction by McDowell
and Miller [48], and subsequently to further extensionshid system by Miller, Momigliano
and Tiu [73, 49, 74]. Jervell [35] also gives a normalisatiesult for Heyting arithmetic, the
intuitionistic version of Peano arithmetic (which incliedeatural number induction). The key
point is that the induction rules in these systems are faatedl in such a way as to allow the
generalisation of induction hypotheses which, as we reathdarlier, is known to be necessary
in general. For example, one way of writing a sequent cafcaltural number induction rule
s0 as to allow generalisation is as follows:

F-FO,A T,FxFFsxA T,FtFA
M Nt A

where we writesequent®f the forml™ - A, wherel andA are finite multisets of formulas;
is an arbitrary formula and the predicatkis used to stand for the property of being a natural
number. (The rule above is a sequent calculus version ofiMadf’s elimination rule for
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the N predicate in his natural deduction system [44].) The inidictule above can thus be
thought of as containing a cut in the sense that it introdirdedts premises a formuld=( that
need not be a subformula of any formula appearing in the osian, but this does not render
cut-elimination meaningless in systems containing suté¢sriRather, cut-free proofs in these
systems enjoy the property that “new” formulas are onlyddtrced as the result of the need to
generalise an induction hypothesis when performing andtiolo. Martin-Lof summarises the
situation as follows:
The opinion seems to have been generally accepted thatlibeme real cut

elimination theorem for first order arithmetic and that sactheorem could only

be obtained by eliminating the induction schema in favouheto-rule. However,

when arithmetic is formulated as a theory of inductive défins, it becomes pos-

sible to formulate and prove a cut elimination theorem wihsgjust as natural and

basic as the one for pure first order logic, although, likesoand order logic, the

subformula principle is necessarily lost.

Per Martin-Lof, “Hauptsatz for the Intuitionistic Theory of Iterateddnctive
Definitions”, 1971

One of the contributions of this thesis will be to show that gliminability of cut in the
presence of suitably formulated induction rules extendthéoclassical case. However, the
proof techniques used to establish cut-elimination in theitionistic case are seemingly not
sufficient, and we rely instead on semantic methods. In @ngpive formulate a classical
sequent calculus for general inductive definitions, in Whie induction rules support general-
isation as above, and demonstrate cut-eliminability ferghlculus through semantic methods.

1.3 Infinite descent

Infinite descent, expressed as a self-contained proofipl@as considerably older than math-
ematical induction, having been precisely formulated bynfa in 1659 in correspondence
exchanged with Pierre de Carcavi. However, usage of thetggé appears to date back as far
as the ancient Greeks; Euclid’s original proof of the iwatlity of /2 essentially relies upon
an infinite descent argument, and Wirth [85] reports thafitlseknown usage of an infinite de-
scent argument occurs in a proof of the irrationality of tlumtoer%(1+ v/5) due to Hippasos
in the 5th century BC. Nevertheless, Fermat is generallgitzd with (re)inventing and artic-
ulating the method of infinite descéntvhich he described — in the context of its application
to a proof of the fact that the area of a right-angled triargglanot be a square number — as
follows (c.f. [43]):

Because the ordinary methods now in the books were insurififoe demon-

strating such difficult propositions, | finally found a tdtalinique route for arriv-
ing at them. .. which I called infinite descent . ..

1For this reason, infinite descent is still often known by itsfieh namelescente infinie
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If there were any integral right triangle that had an areaakd¢o a square,
there would be another triangle less than that one which dvbalve the same
property ...Now it is the case that, given a number, therenaténfinitely many
numbers less than that one in descending order (I mean akeagEeak of inte-
gers). Whence one concludes that it is therefore impostialethere be any right
triangle of which the area is a square. ..

Pierre de Fermat, “Relation des nouvellesabuvertes en la science des nom-
bres”, letter to Pierre de Carcavi, 1659

One way of expressing the principle of infinite descent fertlatural numbers as an inference

rule is the following:
P— 3(X € N)i>0.Vi > 0. %11 <X

-P
whereP is any proposition and the existential quantifier ranges mfnite sequences of nat-

ural numbers. This rule interprets Fermat’s infinite desgeimciple for the natural numbers
as follows: if in some case of a proof we construct an infingsaknding sequence of natural
numbers, that case may be disregarded.

Example 1.3.1.1/2 is not a rational number.

Proof. To say thaty/2 is not rational is to say that there do not exist € N such thaty/2 =

x/y. We shall construct an argument of this fact by infinite dasty assuming the contrary
and using the denominator varialyéo construct the required infinite decreasing sequence of
natural numbers. Suppose that there exigtc N such that,/2 = x/y, i.e.x? = 2y?. From this

we obtainx(X—y) = y(2y — x), so that:

=X _X_ . f5
X=y 'y

Now definex = 2y — x andy’ = x—y whence we hav# /y = /2 by the above. Now observe
that we have k x2/y? < 4, from which it follows thaty < x < 2y, and so O< y < vy. lItis
then readily seen that we haxey € N such that/2 = X' /y/, andy’ < y. So given an arbitrary
counterexample we can construct another counterexamieavgitrictly smaller denominator.
This implies the existence of an infinitely decreasing cludinatural numbers, and heng&
cannot be rational by the infinite descent principlefor O

In the example above, and many other natural examples, fihnéérdescent takes a special
“cyclic” form: to prove that the statememt is true of all natural numbers one demonstrates
that if P is not true of an arbitrary natural numbethen it also is not true of a smaller number
m < n, from which the existence of an infinite decreasing sequencatural numbers can be
inferred. As an inference rule this can be written:

vx € N. (-P(x) — (Jy <x € N.=P(y)))
P(t)
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where, as in the induction principl®(x) is a statement of the language under consideration
with a free variable, andt is an arbitrary term of the language. This is classicallyieant
to the principle ofcomplete inductioron N:

vxe N. ((Yy <xeN.P(y)) — P(x))
P(t)

which is interderivable with the ordinary mathematical uotion scheme folN (i.e. each is
derivable from the other) in Peano arithmetic. Hence irdidigscent foN subsumes complete
induction forN and thus also ordinary induction fo¥.

Just as in the case of mathematical induction, the infiniseel® principle can be applied
not just to natural numbers but to arbitrary (mutually) intively defined relations, as follows:
if in some case of a proof we unfold a particular inductive ni&bin infinitely many times, then
that case may be disregarded. This is because unfoldingrataefiinfinitely often induces an
infinite descending sequence of ordinals (via the ordindéxed approximants of inductively
defined relations), which contradicts the fact that thermldi are well-ordered.

At the present time, infinite descent — while it remains, faathematicians, a standard
technique for reasoning with inductively defined relatiersis not generally employed in
(mechanised) inductive theorem proving, presumably Exdiuwas considered impractical
or less useful than explicit induction by the developershaf imajor theorem provers. The
notable exception to this rule seems to be the QUODLIBETesysdf Wirth et al [4, 85],
which does employ an approach based on infinite descent twtind reasoning, and whose
successful treatment of the technique indicates potefaralts future development in theo-
rem proving [86]. Additionally, although explicit induom is the default approach to induc-
tive reasoning, various forms of cyclic (or circular), reagig have been employed in: local
model checking (see e.g. [65, 8]); theorem proving toolsfeanteworks including Hamilton’s
Poitin [32] and, to a lesser extent, Schirmann’s TWELH @ well as type-theoretic ap-
proaches [17, 27]; in Turchin’s supercompilation [77]; @ndprogram verification based on
automata [79]. Typically, a proof containing repeatingtests is presented as a graph con-
taining loops and a “guardedness” condition is imposed @ofgrto ensure their soundness,
which is often of the form “the event happens infinitely often along every infinite path in
the graph”. An example of such a condition is the so-called shange principle for program
termination of Lee et al [42]. Such conditions can be seeergigdly as encoding generalised
infinite descent arguments. Recently, tableau-style mgstems for thg-calculus employing
cyclic proofs were developed first by Dam and Gurov [19] arehtinvestigated further by
Schopp and Simpson [58] and by Sprenger and Dam [62, 63keTsgstems embody an infi-
nite descent principle for thecalculus, based upon an ordinal indexing of the approxisiayn
which the least and greatest fixed points of a formula candratively approached. They also
are closely related to thg-calculus “refutations” of Niwinski and Walukiewicz [52§yhich
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are infinite tableaux for th@-calculus satisfying a similar guardedness condition.wiNsKki
and Walukiewicz showed that for any refutation there is amvedent refutation that is regular
and thus representable as a cyclic graph, so their refutatice really another manifestation of
cyclic reasoning in th@-calculus.)

It is sometimes claimed that infinite descent and expliduttion are equivalent as proof
principles, i.e., that any mathematical proof by inductamuld equally well be expressed as
a proof by infinite descent and vice versa. Unfortunatelis flar from clear what exactly is
meant by equivalence in this situation and, in fact, one efdbntributions of this thesis will
be to give formal precision to this claim by framing it as a jgoture of the equivalence of the
two formal proof systems.

1.4 Our approach

The aim of this thesis is to undertake a rigorous proof-tagotinvestigation of the proof prin-
ciples of mathematical induction and infinite descent, et for the natural numbers but for
general inductively defined relations. We think that suclaalysis is of independent interest,
and of special interest to the inductive theorem proving maomity since it has implications
for the provision of proof support for reasoning with induety defined relations.

In order to undertake a formal analysis of induction and itdimlescent in proofs, our
first task is to formulate a language in which inductively defl relations can be expressed.
The obvious choice seems to be to extend the language ofasthficst-order logic with an
inductive definition schema by which to define (some chosésetuof) the predicates of the
language. Of the many possible frameworks for the latterch@ose to work with ordinary
(mutual) inductive definitions as formulated by MartinflJd4]. This choice keeps the logic
relatively simple, thus allowing us to bring out the maireitsting proof-theoretic issues that
arise with inductive definitions, while including many inrpent examples. (However, we claim
that our technigues should be quite straightforwardly msitde to richer systems of inductive
and coinductive definitions.)

Having fixed a language in which to study inductive definisipour next objective is to
formulate formal proof systems that capture the notionsxdéiction and infinite descent. We
opt to formulate our systems in tisequent calculustyle due to Gentzen [25], as it provides an
elegant system that is widely acknowledged as both ametmpleof-theoretical analysis and
well-suited to a natural expression of the goal-directembprconstruction employed in most
proof assistants. In Gentzen’s original sequent calcukigdr classical first-order logic, each
logical connective is specified by two basitroduction rulesintroducing the connective on
the left and on the right of sequents respectively. His wrbtiwn cut-elimination theorem then
states that any LK-derivable sequent is provable withotduts, that is, using these rules only
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and without the use of intermediate lemmas. This constrdiadocally applicable rules in
any proof search attempt in LK to those rules that introdutmgical connective appearing in
the current goal sequent. (However, this does not imply phatability in first-order logic is
decidable, because in general there are infinitely manyekdor the instantiation of a formula
involving a quantifier.)

In this thesis, we extend Gentzen'’s LK to obtain similarlpa@aical sequent calculus proof
systems for induction and for infinite descent in our firsdarrlogic with inductive definitions.
This allows us to undertake a formal analysis of these systand thus of the proof principles
of induction and infinite descent themselves, in a settirth wiinimal additional complication
(in the shape of other axioms or proof principles). In foratirlg the proof system formalising
proof by infinite descent, a major issue is the question of hmwuild in the capacity for
constructing infinite descending sequences of unfoldifigsductively defined predicates. We
address this by allowing proofs to be non-well-founded,taeontain infinite branches, and
imposing an additional soundness condition on proofs émgtinat some inductive definition
is unfolded infinitely often along each infinite branch. Tl infinite branches in a non-well-
founded proof represent the cases that can be disregardin lyfinite descent principle for

inductively defined relations.

Example 1.4.1. Let the setsE and O of even and odd numbers be given by the following
inductive definition:

¢ 0is an even number;
e if nis an even number, thesgn) is an odd number;
¢ if nis an odd number, thes{n) is an even number.

We give an infinite descent proof that every natural numbehés either even or odd. (Of
course, this proposition can also easily be proved usingdmaoh. We include this proof for
illustrative purposes, and defer harder examples unéat liat the thesis.)

Proof. Informally, the justification of the result is as follows. tiebe a natural number, and
consider the two possible cases: eithds O or it is the successor of some natural number
m. If n= 0 then we are immediately finished as 0 is an even number, suslebnsider
the case where = s(m) for some natural numben. We can then repeat the argument by
considering cases om: if m= 0 then we are done as= s(0) is an odd number, so we
need only consider the case whene= s(m') for some natural number'. By repeating this
argument infinitely often, we are left only with the case inethwe have an infinite descending
sequence > m>m >m’ > ... of natural numbers. But the natural numbers are well-odiere
i.e. there are no infinite descending sequences of natunabears, and so by contradiction this
case may be disregarded. Thus every natural number mustdrmeeither even or odd.
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The corresponding formal infinite proof can be given as fefipwriting Nx, Ex and Ox
to mean respectively thatis a natural, even or odd number, and usinfpr the provability

relation:
(etc.)
—— (ERy) '
+ OO0,EO0 N = Os(n'), E(n)
m=0F OmEm m=s(m),Nm{ - OmEm
) (CaseN)
Nm-OmEm
(OR1)
NmkE Om Ogm)
—— (ERy) (ER2)
+ EO,00 L) Nmt Egm),Os(m)
n=0F EnOn B n=s(m),Nmt En,On R
(CaseN)

NnkEnOn
The rule label (Cashl) is used to indicate a division into cases based on the definif the

predicateN, the label £L) denotes rewriting according to an equality in the condaosand
the rule label PR;)) indicates a right-unfolding of the definition of predic@éthei is an index
indicating which clause of the definition was used). Infdiflgnapeaking, the infinite proof
tree above is a proof in our infinitary system because theciivii predicateN is “unfolded
infinitely often” (on the left) along the only infinite branah the tree. O

The infinitary proof system for infinite descent is rather jgoful, and there are infinite
proofs with no useful finite representation. For practicatgoses, it makes sense to con-
sider a restriction of the system in which proofs do have avepient representation. In our
case, we consider the restriction of the full infinitary systo those proofs given kggular
trees, i.e. trees having only finitely many distinct suldrelé is well known that such trees are
representable by finite graphs, and thus the restricteegmsyst suitable for practical formal
reasoning.

Example 1.4.2.The argument given above in Example 1.4.1 that every naturaber is either
even or odd can be written as a “cyclic proof”:
NnE OnEn (x)

(Subst)
Nm-OmEm
(ORy)
NmkE Om Ogm)
—— (ERy) (ERy)
+EO0,00 L) Nmt Egm),Os(m) 0
n=0FEnNOn B n=s(m),Nmt En,On R
(CaseN)

NnEEnOn (x)
where (Subst) denotes a use of a rule for substitution(apthdicates the “loop” in the graph.
Except for the uses of substitution, the tree obtained bgldirfg the loop in this graph is the
infinite proof tree given in the previous example, and théfjeation for soundness is similar.
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1.5 Synopsis
The remainder of this thesis is structured as follows:

Chapter 2: We define the syntax and semantics of the languaged-Gihitained by extending
standard first-order logic with a schema for (mutual) induecdefinitions. As well as
the standard semantics for the latter obtained by consigldhie least fixed point of a
monotone operator constructed from the definitions, we @ddfime a more general, non-

standard semantics based on considering Henkin modelsdanductive definitions.

Chapter 3: We define a sequent calculus, LKID, for proof by induction @Llkp, which
extends Gentzen'’s LK by adding new left- and right-intraghrerules for the inductively
defined predicates. The right-introduction rules for sugiredicateP are just sequent
versions of the productions definirigy The left-introduction rule folP embodies the
natural principle of “rule induction” over the definition & This division between the
roles of the left and right rules is closely related to Madtidf’s natural deduction system
for intuitionistic logic with (iterated) inductive defindtns [44], in which induction rules
were included as elimination rules for inductively definaddicates. (This observation
subsequently became a cornerstone of the treatment oftinelugpes in Martin-Lof's
type theory [45].) As is well known, elimination rules in neal deduction serve the
same purpose as left-introduction rules in sequent cadculu

We establish that LKID is sound with respect to the non-saeshdHenkin semantics of
FOLp (and thus, in particular, the standard semantics), andghew that the cut-free
fragment of LKID is complete with respect to the Henkin setitan The latter result is
of interest in its own right, and we also obtain a semantiopod the eliminability of cut
in LKID by combining the soundness and cut-free completenesults. The consistency
of Peano arithmetic is subsequently derived as a corollbcgeeliminability in LKID.
Readers familiar with [35, 44, 48, 73] will not be surpriséatt cut is eliminable in our
system, since these papers contain analogous normatifatteelimination theorems for
related intuitionistic systems. Their proofs, howevee lbased on Tait’s “computability”
method, and do not adapt to the classical setting, hencelamce on semantic methods.
As far as we are aware, our proof is the first demonstratiom®®&diminability of cut in

a classical proof system for induction to appear in thediigre.

Chapter 4. We define a second proof system, LKifor proof by infinite descent in FQb.
In this system, the left-introduction rule for an inductivelefined predicate is not an
induction rule but rather a weaker “casesplit” rule. (Thheastrules of the system are
the same as the rules for LKID.) However, we allow proofs inIDR to be infinite
(i.e. non-well-founded) so long as they satisfy the condithat some inductive predicate
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is unfolded infinitely often along every infinite branch irethroof. By an infinite de-

scent argument using the well-foundedness of the indudifimitions, any such branch
can be disregarded. Thus the remaining portion of the pwufell-founded and hence
sound. (However, the formal justification for the soundrn&dsKID © is somewhat more

complicated than this.)

After defining the system and formulating the “infinite destesoundness condition on
proofs, we prove that LKIB is sound and cut-free complete, this time with respect to
the standard semantics of F@L It follows that the infinitary proof system LKIDis
strictly more powerful than the finitary proof system LKID.of the soundness and
completeness proofs have elements in common with their L&dDnterparts, but the
necessity of accounting for the global soundness condititu1D  proofs entails some
interesting twists in both proofs. A semantic proof of thienghability of cut in LKID® is
then obtained from the soundness and cut-free completémesiems, just as for LKID

in the preceding chapter.

We also show how the soundness condition on LK [poofs, based otraceson paths
in the proof, can be extended to other settings to yield adgowtion of infinite proof,
in circumstances that permit the formulation of a simildmite descent argument.

Chapter 5: As infinitary proof systems are generally unsuitable forcical formal reason-

ing, we consider the restriction of such systems to thosefprgiven byregular trees
i.e. trees representable by finite cyclic graphs. Infinitsygtems restricted in this way
are suitable for formal reasoning, because the global soursdoesdition on proofs is
decidable in this restricted setting. In particular, we gidar the cyclic proof system
CLKID® obtained as the restriction of the system LKl regular trees. As CLKIB
arises as a simple restriction of a complete infinitary sysieis a highly natural system
in its own right, although we conjecture that the eliminipibf cut no longer holds.

Chapter 6: We develop machinery for analysing the structure of proofsyiclic proof sys-
tems of the type considered in chapter 5, and obtain a natatidn of equivalence
between such proofs: two cyclic proofs are considered atprt if they represent the
same infinite tree (up to isomorphism). We then showdyee-normalisatiorproperty
for cyclic proofs: for every cyclic proof there is an equieat proof with a restricted
cycle structure, said to be oycle normal formWe first give a proof based on unfolding
the proof into an infinite tree, and then folding the infinitadiches on this tree to obtain
an equivalent proof in cycle normal form. We also give anraléve proof of cycle-
normalisation which shows algorithmically how to iteratiy “untangle” a proof into an
equivalent one in cycle normal form, and also gives an imgdosomplexity bound of
the proof thereby obtained.
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Chapter 7: We analyse the trace condition ensuring soundness of pmadfdinitary proof
systems of the type considered in chapter 4 and, in partjctiair cyclic restrictions
as formulated in chapter 5. We formulate an alternative dnass condition for cyclic
proofs in cycle normal form, which is more restrictive thdre tgeneral trace condition
but appears simpler from a combinatorial perspective, aadigles more explicit infor-
mation about the proof. Two alternative formulations ofttiace manifoldcondition
are considered, and demonstrated to be equivalent.

Finally, we return to the specific setting of our proof syssefor inductive definitions,
and show that an arbitrary LKID proof can be transformed andCLKID® proof satisfy-

ing the trace manifold condition, thus demonstrating thak{D ¢ is at least as powerful
as LKID. We conjecture that LKID and CLK®are in fact equivalent, i.e., that proof
by induction is equivalent to regular proof by infinite desceHowever, the problem of
establishing whether CLKI® proofs are subsumed by LKID proofs appears a difficult
one, and we leave this as the main open question arising fiework in this thesis.

Chapter 8: We present our conclusions and outline what we consider thémain directions
for future work arising from the thesis.

The formulation of the systems LKID and CLKDtogether with the material appearing in
chapters 6 and 7, has previously been published in a TABLEAlper [9] by the author. The
material in chapters 3-5 forms the basis of a second artigldhé author and Alex Simpson,

currently in preparation [10].



Chapter 2

First-order logic with inductive
definitions ( FOL p)

In this chapter we introduce the language F§bf (classical) first-order logic with inductive
definitions. The syntax of FQb is essentially that of ordinary first-order logic with edityal
(see e.g. [6]), with the constants, functions and predécafex language interpreted in a first-
order structure and the variables interpreted in an engiemt mapping variables to elements
of the domain of the structure. However, we designate a finitaber of predicate symbols in
the language asductive and interest ourselves only in those structures in whiehnuctive
predicates have a special interpretation, determined lbyea get of inductive definitions. The
essentials of first-order logic with equality are reviewe®ection 2.1. In Section 2.2 we intro-
duce our inductive definition schema, based on Martin4.tdrdinary productions” [44], and
definestandard modelsf FOLp. In standard models, the inductive predicates of a language
are interpreted as (components of) the least prefixed pbmtwonotone operator constructed
from their definitions (see e.g. [1]). This least prefixednpaian be constructed in iterative
stages calledpproximants The approximant approach to least prefixed point constnuetill
be essential to our consideration of infinitary proof systdar FOLp in subsequent chapters.
However, it happens that the inductive predicates of a laggalso have a class of natural
interpretations which generalises the standard intempicgt. In these non-standard interpreta-
tions, the least prefixed point of the monotone operatortferimductive predicates is obtained
inside a class of subsets of tuples over the domain of ird&apon (as opposed to the pow-
erset of tuples over the domain). This approach is based adeanoriginally employed by
Henkin [33] who obtained a completeness theorem for thergkooder functional calculus by
considering validity with respect to his more general notod model, in which second order
variables of arityn are interpreted as ranging over a selected class of sulfsetsiples in the
domain. Henkin extended this approach to obtain a commeteresult for a simple type the-
ory. We introduce a corresponding notion dflankin modefor FOL,p in Section 2.3 (and go

15
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on to obtain an analogous completeness theorem in Chapt&h8)material on Henkin mod-
els in this section is somewhat novel (though obviously @rilted by Henkin's own work); the
material in the earlier sections is completely standard.

Throughout this chapter and the remainder of the thesis, sgethe following notational

conventions and mathematical definitions:

¢ the powerset of a s&t is denoted by PoyX);

e vectors are set in bold type, ex). For convenience, we will often use vector notation to
denote finite sequences, exfor (Xg,...,%n);

e forany setX,n> 0 andi € {1,...,n}, we define the projection functiarf' : X" — X by
(X1, -+ X0) = X;

¢ we extend the usual set inclusion, union and intersectidnpies of set$Xy, ..., X,) by:

(Xl,...,Xn)g(Yl,...,Yn) = X1CYIA...AXq C VY,
(Xl,...,Xn)U(Yl,...,Yn) = (X]_UY]_,...,XnUYn)
(Xl,...,Xn)m(Yl,...,Yn) = (XlﬂYl,...,XnﬁYn)

e agraph Gis a pair(V,E) whereV is the set ofverticesof G andE CV x V is a set of
edgesof G.

2.1 First-order logic with equality

In this section we briefly review the syntax and semanticslassical first-order logic with
equality. The only difference from the standard preseoatiis that we designate finitely
many predicate symbols of our languages as spauiaictivesymbols, in order to distinguish
those predicates whose intended interpretation we wisle @iven by an inductive definition.
(The number of inductive predicate symbols is restrictetdadinite for reasons of technical
convenience, although this restriction is not strictlyesgary.) Our use of two-sorted predicate
symbols allows us to extend the language of (first-ordemnfdas without altering the under-
lying language of terms, which is the standard approach imsether extensions of first-order
logic (such as second-order logic).

The remainder of this section can be safely skipped by thidereamiliar with first-order
logic; we review the fundamentals here for completenesd@rtie purpose of fixing notation.

Definition 2.1.1(First-order language with inductive predicate8)(first-order) language with
inductive predicateX is a set of symbols including:

e denumerably many constant symboisc, .. .;
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e denumerably many function symbdis, f», ..., each with associated ariky> O;

e denumerably manwrdinary predicate symbol®1,Qo,..., each with associated arity
k> 0;

¢ finitely manyinductivepredicate symbolB4, ..., P, each with associated ariky> 0.

We also assume the existence of a denumerably infinit¢/seft variablesxy, xo, ..., each of
which is distinct from any symbol of.

Throughout this thesis, when we refer to a “first-order lzamgl’, we shall mean a first-
order language with inductive predicates, in the sense @fhifien 2.1.1 above.

Definition 2.1.2(Terms) The set otermsof a first-order languagg, Termg), is the smallest
set of expressions & closed under the following rules:

1. any variablex € 7 is a term;
2. any constant symbalc X is a term;
3. if f € Zis afunction symbol of aritk, andty, ... ,tx are terms, therii(ty, ..., t) is a term.

We writet[u/x], wherex € 7 is a variable and,u are terms, to denote the term obtained by
substitutingu for all occurrences ok in t. We writeVar(t) for the set of variables appearing in
the termt, and writet(xy,...,%,) for a termt such thavar(t) C {xi,..., X}, wherexy, ..., X,
are distinct. In this case we may writ@,...,t) to denote the term obtained by substituting
t1,...,th for xq,..., %, respectively.

The interpretations of the symbols in a first-order languagegiven by a first-order struc-
ture in the standard way:

Definition 2.1.3(First-order structure)Given a first-order languagg a(first-order) structure
for Z (also called &-structure) is a tuple:

M= (D, MY, PY P
whereD is any set of objects (called tlilmainof the structure) and:
e eachc” € D;
° eachfi"’I : DX — D, wheref; is a function symbol of arit¥;
e eachQM C DX, whereQ; is an ordinary predicate symbol of ariky

e eachPM C DX, whereP is an inductive predicate symbol of arity
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Note that we consistently writ®Vd, whereQ is a predicate symbol (either ordinary or in-
ductive), to meam € QM. Also, if t(x,...,%) is a term ofZ, thentM(xy,...,x) : DX — D is
obtained by replacing every constant symbdly c™ and every function symbadl by M in

t(xl> s 7Xn)
We interpret variables as elements of the domain of a streictsing environments:

Definition 2.1.4 (Environment) Given aZ-structureM = (D, ...), anenvironmenfor M is a
functionp : 7/ — D. Wherep is an environment foM, x € 9 andd € D, we write p[X — d]
for the “substituted” environment defined by:

p[md](y):{ ¢ My=x

p(y) otherwise
We extend the domain of any environmento all terms ofZ by:
* p(c)=d
o p(fi(ts,..., %)) = fM(p(ta), ..., P(t))
(We also extengb to vectors of terms in the obvious wag(ts, ..., t) = (p(t1),...,p(tk)).)

Lemma 2.1.5(Environment substitution sanity)l.et p be an environment for M= (D, ...).
Then for any term t and for any variablecx?/:

1. foralld € D, if x ¢ Var(t) thenp[x— d](t) = p(t);
2. for all terms up[x— p(u)](t) = p(t[u/x]).

Proof. Both parts of the lemma follow by straightforward structuraluctions ort.

The formulas of FOIlp are just the formulas of first-order logic with equality:

Definition 2.1.6 (Formulas) Given a first-order languagg, the set o -formulas of FOlp is
the smallest set of expressions closed under the followifresr

1. iftg,...,t are terms o, andQ is a predicate symbol i&x of arity k, thenQ(t, ..., t)

is a formula;
2. ift andu are terms of thent = uis a formula;
3. if F is a formula then so isiF;
4. if Fy andF, are formulas then so aig A, F, VR andF — F;

5. if F is a formula anc € 1/ is a variable, thedxF andVvxF are formulas.



Chapter 2. First-order logic with inductive definitions (FOLp) 19

We use the standard precedences on the logical conneddinds,ise parentheses to disam-
biguate where necessary. Any formula of the fo@fty,...,tx) ort = u is called anatomic
formula, and formulas not of this form are calledn-atomicor compoundormulas. We write

F < G, whereF andG are formulas, to abbreviate the formyl — G) A (G — F).

Definition 2.1.7 (Free variables) The set offree variablesoccurring in a formuld of FOLp,
FV(F), is defined by recursion on the structurefoés follows:

1. FV(Q(ty,...,t&)) = Us<i<kVar(t)

2. FV(t =u) =Var(t) UVar(u)

3. FV(-F)=FV(F)

4. FV(FLIAF) =FV(FVR) = FV(F — Fp) = FV(F) UFV(R)
5. FV(3XF) = FV(VXF) = FV(F)\ {x}

(Informally, a variable in? is in FV(F) if it has an occurrence iR that is outside the scope
of every quantifier ir with the same name.)

Definition 2.1.8 (Satisfaction relation for FOb). Let M be aZ-structure and lep be an
environment foM. We define the satisfaction relatidh =, F on formulas by:

M, Qt = QM(p(t)) (Q ordinary or inductive)
MEst=u < p(t)=p(u)

MEp—F & ME,F

ME,FAG & M, FandM =, G

ME,FVG & ME,ForMi,G

ME,F—G & ME,ForMi,G

M =, VxF & Mspyq FforalldeD

M =, IxF & M |=px_q F forsomed € D

(Informally, M =, F means: “the formul& is true inM under the environmerg”.)

Lemma 2.1.9(Formula substitution sanity)For any xe 4/, for any term t ofz, and for any
formula F, the following hold:

1. forallde D, if x¢ FV(F) then Mi=, F if and only if M =g g F;
2. M ’:p F[t/X] if and only if M ):p[XHp(t)] F.

Proof. Both results follow by a straightforward structural indect onF, using the appropriate
part of Lemma 2.1.5 for the cases whérés an atomic formula or an equality formula. [

We introduce our inductive definition schema and the stahdderpretation of inductive
predicates in the following section, and give a naturallaisnon-standard interpretations in
Section 2.3.
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2.2 Inductive definitions and standard semantics for FOL p

As mentioned previously, we shall only be interested in ¢hstsuctures in which the inductive
predicates of the language are given a specific interpogtatbtained from their definitions.
In this section we introduce our schema for inductive deéing, which is based upon Martin-
Lof’s “ordinary production” schema [44], and define the remponding notion of atandard
modelin FOLp. For this section, and indeed the remainder of the chaptgomsider a fixed
first-order languag& with (exactly)n inductive predicatep,...,P,.

Definition 2.2.1 (Inductive definition set) An inductive definition se® for a languaget is a
finite set ofproductions which are rules of the form:
Q1u1(X) ... Qrun(X) Pjta(X) ... Pjtm(X)
Rt(x)

i.e.,Q1,...,Qn are ordinary predicates amy,,...,P;.,P are inductive predicates af.

1, imi €{1,....,n}

Itis possible to generalise the schema for “ordinary insveadefinitions” in Definition 2.2.1
to more expressive schemas by allowing non-atomic formwagopear in the premises of a
production. However, appropriate restrictions must therplaced upon the productions to
ensure that the inductive definitions are well-founded. &a@ample, Martin-Lof obtains “it-
erated inductive definitions” [44] by associating to eadluictive predicate symbdt alevel
|(P) € N, setting the level of a non-atomic formula to be the maximurnthe levels of the
inductive predicates occurring within it, and then allogriproductions of the form:

F(x) = Pu(x) j,ie{1,...,n},F an arbitrary formula
Rt(x) [(R) >1(Py),I(R) >I(F)

vy (Piu(x,y))
Rt(x)
and ordinary productions of the form of the production in D#ion 2.2.1 above also receive
the restriction that(R) > max1(P;,),...,I(Pj.))-
In this thesis, however, we shall not consider such scheamakinstead confine our atten-

j,ie{l,....n}I(R)>1(P))

tion to the ordinary (mutual) inductive definitions giventing schema in Definition 2.2.1. This
schema is already powerful enough to admit the definition afiyrfamiliar inductively defined
structures (we give some examples below). Furthermorenwleconsider the incorporation
of inductive definitions into formal proof systems, the maiteresting issues arise even in
the case of ordinary inductive definitions, and the relasiveplicity of the induction schema
makes the analysis of such issues somewhat more manageable.

We now define the standard interpretation of the inductiwifined predicates in a first-
order structureM for Z. Following [1], we take the usual approach of constructimganotone
operator from a given inductive definition sét
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Definition 2.2.2 (Monotone operator)Let A be a set, lef : A— Abe a function and let be
a partial ordering o\. Thenf is said to be anonotone operatoif x <y implies f (x) < f(y).
xis said to be grefixed poinbf a monotone operatdr if f(x) < x.

Definition 2.2.3(Definition set operator)Let M be a first-order structure f&, let ® be an in-
ductive definition set fok, and fori € {1,...,n} (wheren is the number of inductive predicate
symbols ofY), let k; be the arity of the inductive predicate symi®l Then partition® into
disjoint subsetsb,,...,®, C @ hy:

o = {\—lj € ©|P appears irv}

Now let each definition s&b; be indexed by with 1 <r < |®;|, and let®; , € ® be an arbitrary
production in®;, say:
Q1u1(X) ... Qnun(X) Pjta(X) ... Pj tm(X)
Rit(x)

jl,...,jm,i 6 {l,,n}
Now we define a corresponding functigp, : (Pow(DXt) x ... x Pow(D*)) — Pow(D%) by

dir (Xa,.., Xn) = {tM(x) | QYUY (x),..., Q'UR (x), 1 (X) € Xy, tm (X) € X}

(Note that any variables occurring in the right hand sidentmitthe left hand side of the set ex-
pression above are, implicitly, existentially quantifiegepthe entire right hand side of the ex-
pression.) Then thdefinition set operator fo® is the operatod ¢, with domain and codomain
Pow(D") x ... x Pow(Dk), defined by:

do(Xg,. ., %) = (d2(Xg,-. -, Xn), -, On(Xa,y ..., Xn))

whered;(Xg,...,%Xn) = U, $ir(X1,...,X%q) foreachi € {1,...,n}

Proposition 2.2.4. For any inductive definition sab, the operatorpq is monotone (with re-
spect to the subset ordering on its domain).

Proof. To show thathe is monotone, one needs to prove thét, ..., X,) C (Y1,...,Y,) implies
Po(X1,..., Xn) C O (Y1,...,Yn), i.e. thatXy C Yy forallk e {1,...,n} implies¢; (X, ..., X,) C
di(Ya,...,Yy) forallie {1,...,n}.

Suppose € ¢i( Xy, ..., %Xn) = U, §ir (Xq,...,X,) for somei € {1,...,n}. So there is a pro-
duction®; ; € @ such thaty € ¢; ((Xy,...,Xn), say:

Quu1(X) ... Qnun(x) Pjta(X) ... Pjtm(X)
Rit(x)

j1,- -5 Jmid € {1,...,n}
So we have:

y € {t"(x) | Qf'uY (x),..., QR'uR' (), 1 (x) € Xjy, ... tm (%) € X}
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and sinceX; CY; for all i € {1,...,n} by assumption, we have:
ye {tMx) | QMU (x),.... QMU (x), M (X) € Yi,.....tHh(X) €Yj,}

l.e.yedir(Y1,...,Yn) and thusg/ € ¢i(Yi,...,Yn). This shows thadi (X, ..., Xn) C di(Y1,...,Yn)
and thuspe (X1, ..., %) € do(Y1,...,Ys) as required. O

Example 2.2.5.Let N be an inductive predicate symbol of arity 1 anddgt be the definition

set consisting of the productions:
N X

NO  Nsx
The definition set operator faby is then:

by (X) = {0 U{Mx|xe X}

Example 2.2.6. Let E and O be inductive predicate symbols of arity 1 and &t be the
definition set consisting of the productions:
Ex Ox
EO Osx Esx

The definition set operator f@bgg is then:
Poeo(X,Y) = ({0 U {sMy |y e Y}, {s"x| xe X})

Example 2.2.7.Let Rbe an ordinary predicate symbol of arity 2, Rt be an inductive pred-
icate symbol also of arity 2, and ldtz+ be the definition set consisting of the productions:

Rixy) R (xy) R'(y,2)
R™(x,y) R"(x,2)

The definition set operator fabg- is then:

Pog. (X) = {(%Y) |[RM(xY)}U{(%,2) | 3y.(xy) € X, (,2) € X}

It is a standard result for inductive definitions that thestaatuple of sets closed under
the productions inb is the least prefixed point of the operaty (see e.g. [1, 50]), and that
this least prefixed point can be approached in iteratmeroximantstages. Since such approx-
imants are essential to understanding the proof systemsresemt in Chapters 4 and 5, we
include here full details of their construction and fundaaé properties.

Definition 2.2.8 (Approximants) LetM = (D,...) be a first-order structure fd&, let ® be an
inductive definition set and for eadke {1,...,n}, letk be the arity of the inductive predicate
P. Define a chain of ordinal-indexed sétsl, C Pow(DXt) x ... x Pow(D*)) 40 by transfinite
induction: g, = Upq q>q,(q>§,) (note that this implie$? = (0,...,0)). Then fori € {1,...,n},
the setr’(¢3) is called the'" approximant of P written asP?.
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Proposition 2.2.9. For any inductive definition seb, and for all ordinalsa, we havepg, C

b (dg)-
Proof. By transfinite induction om. We then have:

VB < o 0h C do(9F) by induction hypothesis
e VB<a.0f CUpqboldh) sincedo(0) C Uyq o (dh)
ie. VB <a.00(03) C do(Uyqda(dh)) by Proposition 2.2.4
i.e.  Up<qa do(dh) C 0o (Uy<q P (95))
i.e. 0 C da(93)

O
Corollary 2.2.10. For any inductive definition se&b and for all ordinalsa, q>g,+1 =0 (03).

Proof. By definition,§% ™ = Up.q.190(05) = Upa 0o (95) Uda(9%) = 0% Uba(9%). How-
ever, sincepg, C do(9g) by Proposition 2.2.9, we can dedutz%*l =do(¢g) as required. O

Corollary 2.2.10 implies that for ang, we haveq)%+1 = ¢3, i.e. a is a stationary point
of the sequencéd? )a=o, if and only if o (93) C 03, i.e. iff $3 is a prefixed point of the
monotone operatapo.

Note that the corollary also implies that instead of Defomt.2.8, we could equivalently
define the approximant sequen@g,)q>o by the following, as is sometimes used:

05 = 0
S = do(03)

0% = Upadh (1 alimitordinal)

Our next result, which is again standard, tells us that alimductive definitions “close” at
the first limit ordinalw. (This is emphatically not the case for more complex definischemas

such as iterated inductive definitions.)
Lemma 2.2.11.For any inductive definition seb, the least prefixed point @fe is .

Proof. We make use of the equalitlyj,‘,+l = po($3) given by Corollary 2.2.10 throughout this
proof. We first show thad§ is a prefixed point ofpo, i.e. thatdo(dg) C dg. We require to
prove that;(¢g) C 1t (¢pg) foralli € {1,...,n} (wherenis the number of inductive predicates,
i.e. the arity ofps). Supposey € ¢i(¢pg) for somei € {1,...,n}. By construction ofp;, there
is a rule®; ; such that € ¢;(¢3):

Q1U1(X) ... Qnun(X) Pjta(X) ... Pjtm(X)
Rit(x)

jl,...,jm,i 6{1,,”}

1Technica||y,(q>g,)a20 is not a sequence but a chain of ordinal-indexed sets. Hayweeeshall show that it is
sufficient to consider the subchai@d,)o<a<c» Which can certainly be considered a sequence.
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So we have:
ye{tM(x) | QfuY(x),.. h huy (), 1Y (x) € 0, (93),.... th(x) € T (6$)}
ie. ye{tM(x)| Ql u!(x),..., QU (%),

t' (x )ETf?l(Uk<w¢¢(¢‘§p)) S0 € T (Ukew o (96))}

Then there exisky, ..., kn € N such that:

ye {0 | Qu!(x),.... Qb ().t (x) € T8, (Po(dg)). .t (X) € T, (o (dg))}

Now letk be the maximum okq,...,kn. Note by that Proposition 2.2.9 and Corollary 2.2.10
we thus haves C ¢K foralli € {1,...,m} and hencedo($5) C do(0X) foralli € {1,...,m}
by monotonicity ofps (Proposition 2.2.4). Thus we have:

y e {t"(x) [ Quy(x),..., QN'ul (%), 17" (x) € TE, (B (95)), .., th (X) € T (do(95))}
ie. ye {tMx) | QMUY (x),..., QNul ().t (x) € T8, (9§"). ... .t () Tl’,‘(d)k“)}

Soy € ¢ (51, ie. ye M (0o (95™1)) = W(952). Itis obvious thahk ™ C ¢ and so
y € T (0g) as required. S¢g is a prefixed point obe.

To see thathg is in fact the least prefixed point ¢y, let (Xq,...,X,) be an arbitrary pre-
fixed point of¢o. We show thathy C (Xg,...,Xn), i.€. thatUmmcl)q,(q)Q) (X1,..-,%n). A
do(Xe,...,Xn) C (Xq,...,%n) by assumption, it suffices to shapw (¢g) C da (X, ..., Xs) for
eachm < w, i.e. for allm e N. Since¢o is monotone (Proposition 2.2.4), we then just need to
show¢g C (Xq,..., %) for all me N. We proceed by induction om:

Casem= 0: We trivially have¢? = (0,...,0) C (X1,...,%n).

Casem = k+ 1. By induction hypothesi¢§, C (Xg,-.-,%y). By monotonicity of¢s (Propo-
sition 2.2.4 again) we ha\xl»q,(d)';,) C do(Xy,...,X%y) and, using Corollary 2.2.10 and the fact
that (Xg,...,Xn) is a prefixed point ofpp, we obtaincl)'gjrl C (Xg,...,%Xn) as required. This
completes the induction and thus the proof. O

Definition 2.2.12(Standard model)Where® is an inductive definition set faxr, a structure
M for X is said to be atandard modelor (£, ®) if for all i € {1,...,n}, PM = [J, PY.

Definition 2.2.12 thus fixes within a structure a standare@riprtetation of the inductive
predicates ok that is uniquely determined by the other components of thuetsire. Actually,
by Lemma 2.2.11, we know th&j, P® is justP®, but we keep the more general notation for
modularity with more complex forms of inductive definitiorhigh may not close ab.
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Example 2.2.13.Let ®y be the definition set containing only the productions Nogiven in
Example 2.2.5). We obtain the sequencéNedipproximants:

N = 0

Nt = {oM1

N2 = {oM sMoMy

Nk = {oM MM, ... (sM)koM}

If all “numerals” (SM)*OM for k > 0 are interpreted i as distinct elements, the predicale
is thus interpreted as the property of being a natural number

Example 2.2.14.Let @ be the definition set given in Example 2.2.6. We obtain thevadhg
sequence of approximants BfandO:

(E9,00 = (0,0)

(E,0") ({0M},0)

(E?,0%) = ({oM},{s"0"})
(E30%) = ({OM,MsMQM}, {sMOM})

(E& 0% = ({OM, MMM ... (MSM)kgMy, (MM, ... M (MSM)k-1gM1)

If all “numerals” (s¥)kOM for k > 0 are interpreted il as distinct elements, the predicates
andO are interpreted as the property of being an even and oddatatumber respectively.

Example 2.2.15.Let ®r: be the definition set given in Example 2.2.7. We obtain theisace
of approximants oR":

RO = 0
R = {(xy) |R"(xy)}
R = {(xy) IR"(xy)}U{(x2) [3y.R"(xy),R"(,2)}
R = {(xy) [R"xy)}u{(x2) [ yR"(xy),R"(y,2)}U
{(x2) | 3y3y R (xy),R"(y,y),R"(Y,2) }U
{(x,2) | 3y3y3y" R (x,y), R"(y,y),RM(y,y"), R"(Y", 2)}

R is thus interpreted iM as the property of being in the transitive closure of therjmgtation
of Rin M.

Here one sees that it might be useful to allow non-atomic fdasin the premises of in-
ductive productions, in order to allow the definition of thiartsitive closure of an arbitrary
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formula in two variables. However, allowing arbitrary foahas in the premises of productions

leads to possible hon-monotonicity of definitions, as cainbeediately seen by considering
—|R+X
— y_ To prevent this, we would need to impose conditions on thmddas
R™xy
appearing in the premises of productions, such as thoseef@atéd inductive definitions dis-

the “production”

cussed above. (Doing so would be perfectly feasible, buidvonnecessarily complicate the
general framework we consider.)

2.3 Henkin semantics for FOL |p

As well as the standard interpretation of inductive pretisawithin a structure defined in
the previous section, we shall also be interested in certamstandard interpretations. As
seen previously, the standard way of interpreting indecfivedicates defined by an induc-
tive definition set® is as the least fixed point of the definition set operaigrin its do-
main PowD") x ... x Pow(D*) (wherek; is the arity of the inductive predicaf@ for each

i € {1,...,n}). However, one can also consider constructing this leastifpoint in certain
restricted classes of subsets of FBYf) x ... x Pow(D¥'), known asHenkin classes

Definition 2.3.1 (Henkin class) A Henkin clasdor a Z-structureM = (D,...) is a family of
sets#H = {Hx | k € N}, whereHy C Pow(D) for eachk € N and:

(H1) {(d,d) [d €D} e Hy;

(H2) if Qis a predicate symbol (either ordinary or inductive) ofyakitthen
{(dg,...,d) | QM(dy,...,dk)} € Hy;

(H3) if R€ H,1 andd € D then{(dy,...,d¢) | (di....,dk,d) € R} € H;

(H4) if Re Hy andti(xa,...,Xm),...,tk(Xs,...,Xn) are terms (containing only variables in
{X1,...,Xm}) then{(dy,...,dm) | tM(da,...,dm),...,t}"(d1,...,dm)) € R} € Hm;

(H5) if Re Hy thenR= DK\ Re Hy;
(H6) if R;,Ry € HithenRy MRy € Hy;
(H7) if R€ Hxy1 then{(dy,...,dk) | 3d.(dy,...,dk,d) € R} € Hy.

Our next result states, essentially, that Henkin classetizosufficiently many relations to
interpret any formula of FOlg. We obtain the result first with a restriction on the free ahlés

of the formula, and subsequently without this restriction:

Lemma 2.3.2.If # = {Hy | k € N} is a Henkin class for a structure M, is an environment
for M, F is aZ-formula of FOlp and x,...,X € ¥ are distinct variables, then:

.....
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Proof. We proceed by structural induction on the forméla

CaseF = Q(ty,...,tm), whereQ is either an ordinary or an inductive predicate symbol . By
assumptioV (F) = Uy <j<mVar(tm) C {X1,...,X}, S0 we can write eadh(fori € {1,...,m})
asti(xq,...,X). Now by (H2) we have[(dy,...,dn) | Q¥(dy,...,dn)} € Hnand, ady, ..., tm
are terms whose variables are containe¢xn ..., xc}, we obtain by applying (H4):

{(d,...,do) | QY (dy, ..., dk),...,tNM(dy,...,dk))} € Hk

and sincep(ti) =tM(p(xa),...,p(x;)) for eachi € {1,...,m}, we thus have as required:

{(d1,.-+,0k) | M Eppxgd,... xemdd QUtas -+ tm) } € Hk

CaseF = (t; =t). Asin the previous two cases, we write e&cst; (xq, ..., %) fori € {1,2}.
By (H1) we have{(d,d) |d € D} € Hyp, i.e.{(d1,d2) | di = d} € Hy. Sincety,t, are terms
whose variables are contained{iry, ..., %}, we obtain by applying (H4):

{(dg,...,d) |tV (dg,...,d) =t (dy,...,da)} € Hk

and sincep(t) =tM(p(xa),...,p(x)) fori € {1,2}, we thus have as required:

{(dl, v ,dk) ’ M ':p[ledLMXkHko 1= tz} S Hk

CaseF = —F'. NoteFV (F') =FV(F) C {xs,...,X} and so by induction hypothesis we have:

1111

SinceHy is closed under complement by (H5) we thus have:

{(db" . 7dk) | M l7£p[xlr—>d1 ..... Xi— k] F/} € Hg

ie. {(di,....dj) | M Eppudy,..x—d) “F'} € He

which completes the case.

CaseF = F1 A F,. SinceFV (F1) UFV () = FV(F1AR) C {x1,...,x}, we haveFV (F) C
{X1,..., %} andFV (F2) C {x,...,%} and so by induction hypothesis we have:

{(dl,...,dk) | M ):p[ledla---,XkHdk] Fl} € Hg and{(dl,...,dk) | M ):p[ledl ..... X O] Fz} € Hy

SinceHy is closed under intersection by (H6), we then have as redjuire

{(dy,....d) [ M [=ppgdy.... i) F1@NAM gy xead P2} € Hi
ie. {(dl, sy Oi) | M l:p[ledl7ka,_)dk] FiA Fz} € Hy
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CaseF = F; vV F,. Notice thatH is closed under union since it is closed under complement
(H5) and intersection (H6), by the identi®yJ B = AN B. This case then follows by the induc-

tion hypothesis in a similar manner to the previous case.

CaseF = F; — F». This case follows from the induction hypothesis in a simiteanner to the
previous two cases.

CaseF = 3xF'. SinceFV (F)=FV (F)\{x} C {x4,..., %}, we haveV (F") C {xq,..., X, X},
wherex is distinct from all ofx, ..., x. Thus by induction hypothesis:

{(d17 cee 7dk7d) ‘ M ):p[led17...7Xk>—>dk7X>—>d} F/} € Hk+1
and by applying (H7) we obtain:

{(dy,...,d) | 3d € D. M Eppydy,.. sechood] F'} € Hi

.....

as required.

CaseF = VxF'. Note that for any environment, we haveM =, VxF' < M =, -3x-F’. This
case then follows from the cases= —F’ andF = 3xF’ above. O

Proposition 2.3.3.If # = {H | k€ N} is a Henkin class for a structure Np,is an environment
for M, F is a formula of FOlp and x,...,x € ¥ are distinct variables, then:

Proof. First notice that iFV (F) C {x1,...,%} then we are immediately done by Lemma 2.3.2.

So suppose th&V (F) Z {x1,...,x} and letFV (F)\ {x1,..., %} ={y1,...,yj}, whereyi, ..., y;
are all distinct (and necessarily distinct from albef. . ., xc). ThenFV (F) C {x1,..., X, Y1,---,Yj},
so by applying Lemma 2.3.2 we obtain:

and by applying part 2 of Lemma 2.1.9 (agditimes), we then have:

{(d17 e 7dk) ’ (Mr{]{) ):p[led17---7Xk>—>dk] F [yl/y17 s 7yJ /yl]} € Hk
Le. {(di,....do) | (M, H) Eppgdy,..xe-dd F € Hi

as required. O
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Proposition 2.3.3 will be important when establishing stness of proof systems with
respect to our Henkin models in the next chapter. The nexttralsows essentially the converse
of the proposition: that the interpretations of formulad-i@L,p in a particular structure and
interpretation actually form a Henkin class.

Proposition 2.3.4.Let M= (D,...) be aX-structure and lep be an environment for M. Then
the classH# = {Hk | k € N} defined by:

Hi = {{(d1,...,dk) | M Fppqds,.. xe—ci] F} | F aformula, x, ..., % distinct variableg
for each k> 0 is a Henkin class for M.

Proof. We need to verify that the 7 closure conditions on Henkingdagc.f. Definition 2.3.1)
hold for #:

(H1) For any distinct variableg;,x, of 2, X1 = X is a formula ofz, so we have:

{(d1,d2) [ M E=pp s xody] X1 = X2} € Ho

i.e. {(d,dy) | p[x1— di, %2 — dp](x1) = p[Xa — d1, % — db](X2)} € Ha
i.e. {(d1,dp) | di=dp} €Hz

i.e. {(d,d)|deD}

as required.

(H2) LetQ be a predicate symbol (either ordinary or inductive) ofyakitand letxs, . .., xx be
distinct variables. The®(xy,...,X) is a formula ofZ, so by definition oHy we have:

{(d1;-, ) [M Fppg—dy,.. mdd QXL+ %K) } € Hi
ie. {(d,....d) | QM(dy,...,dk)} € Hk

as required.

(H3) LetR e Hy,1 and letd € D. By definition ofHg. 1, there is a formuld such that:

wherexy,..., X1 are distinct variables. Now lat be a variable distinct from any of
X1,...,Xk and not occurring if. Without loss of generality, we may setz) = d. Since
F[z/x1] is a formula of%, we have by definition offy:

i.e. {(dl,...,dk) | (dl,...,dk,d) S R} € Hy

as required (note that we can combine the substitutionseietiironment in the second
step sincex. 1 is distinct from each oKy, ..., x).
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(H4)

(HS)

(H6)

Let R € Hk so that, by definition oHy, there is a formulaF and distinct variables

X1,...,X such that:

R={(d1,...,d) | M Fpx;ds,... xe—ch] F}

Now lett;(y1,-.-,Ym),---,tk(Y1,--.,Ym) beZ-terms whose variables are all contained in
{Y1,.-.,Y¥m}. Without loss of generality, we may assume that ..y, do not occur in

F and are distinct from all the;. SinceF[ti(y1,...,Ym)/X1,---,tk(Y1,.--,¥Ym)/X] IS @
formula, we have by definition dfi,;,;

{(d17 oo 7dm) ‘ M ):p[y1»—>d17m7ym»—>dm] F [tl(YL vee aYm)/XL vee 7tk(y17 oo 7Ym)/xk]} € Hm
Now, writing p’ to abbreviatep|y; +— dj, ..., ym — dy|, we have by Lemma 2.1.9:
{(d1,-..,dm) [M Eg e (v, Yim) o X (te(yarym))] F € Hm

e, {(dy,....dm) [ M Eppqti(dy,....d). ot (0. )] F 3 € Hm
and sincey1, ..., Ym do not occur ik, we have again by Lemma 2.1.9:

1111

as required.

Let R € Hk so that, by definition oHy, there is a formula= and distinct variables

X1,...,X such that:

R={(d1,...,d) | M Fpx;ds,... xe—ch] F}
Then as-F is a formula, we have:

{(d17'- . 7dk) ’ M l:p[ledl,...,XkHdk] _'F} S Hk
i.e. {(dl,.. . ,dk) ’ M [#P[XlHdeXkHdk] F} c Hk
ie. {(d,...,d0) | (d,....do) € R} € Hy

i.e. Re Hy as required.

Let Ry, Ry € Hy, so that there are formulds, F, such that:

1111

wherexy,..., X are distinct variables. Note that we can choose the samablesi
X1,...,% for Ry andR; without loss of generality. Sindé, A is a formula, we have:

.....

ie. {(di,...,d) | (dq,...,dk) € Rgand(dy,...,di) € R} € Hy

i.e.R1NRy € Hy as required.
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(H7) LetR € Hg. 1 so that there is a formulg and distinct variablegs, . .., X1 such that:

R={(d1,...,0k+1) | M FEpxyady,... xes1-hea] F )
Then sincelxg 1F is a formula, we have:

{(d1,.-+,0k) | M FEpixyad,... xomdd Xkt 1F } € Hi
i.e. {(di,...,dx) |forsomed € D, M l:p[xl’_’d17<<<7XkHdk7Xk+1Hd] F} e Hk
i.e. {(d1,...,dk)|3d e D.(dy,...,dd) € R} € Hk

as required.
O

We now move on to defining Henkin models, which are simply Hienlasses inside which

a least prefixed point of the inductive operaas exists:

Definition 2.3.5 (#{-point). Let M be a structure foE, let ® be an inductive definition set for
> and let# be a Henkin class favl. Also letk; be the arity of the inductive predicate symbol
R foreachi € {1,...,n}. Then(Xy,...,X,) is said to be ar¥/-point (of §o) if X; € Hy, for each
ie{l,...,n}.

Lemma 2.3.6.LetH be a Henkin class for a-structure M= (D, ...) and let® be an inductive
definition set. Then ifXy, ..., X,) is anH-point of ¢ then so ishp (Xq, ..., Xn).

Proof. By definition of ¢, we are required to shoW, ¢i,(Xq,...,Xn) € Hy for an arbitrary
i € {1,...,n}, wherek; is the arity of the inductive predicate symt®! Note thatHy is closed
under complement and intersection by clauses (H5) and (HBgbnition 2.3.1. Hy, is thus
closed under union sind&UB = ANB. It therefore suffices to prove théif, (Xq,...,Xn) € Hy,
where®;, € ® is a production wit? in its conclusion:

Quui(X) ... Qrun(X) Pjta(X) ... Pj,tm(X)
Rt(x)

jl,...,jm,i 6{1,,”}
i.e. we require to show:
{00 | Qt'u' (%), -, QR UR' (%), 1 (X) € Xyt (%) € X} € Hig

First write ty (X1,...,%),...,t (X1, ...,X) for t(x) with xi,...,x all distinct. Lety,...,y be

variables ofZ distinct from each other and fromy,...,x, let j € {1,...,k} and note that
yj andtj(xq,...,x ) are terms whose variables are containedyq ...,y ,Xs,...,X }. Since
{(d,d) |d € D} = {(d1,dy) | d1 = da} € H2 by (H1), we can apply (H4) to obtain:

{(dy,...,dg.€1,...,8) | d :t}‘"(el,...,a)} € Hgq forall je{1,... k} 1)
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Now letj € {1,...,h}, and note that by (H2) we haye | Q'}"d} € Hx wherek = |d| is the
arity of Q;. Since the variables afj(x) are again contained ifys, ..., Yk, Xt,...,X }, we have
by (H4):

{(dy,....d.er,....,a) | QMuj(er,....,a)} € Hp forall j € {1,... h} (2)

Next, letze {1,...,m} and note that by assumption we ha¥ge Hy,,, i.e. {d |d € Xj,} €
Hg,- Since the variables df(x) are again contained ifys,...,Yk,X1,...,X }, we have by
(H4):

{(d,...,dg.€1,...,8) |tz(er,...,8) € Xj,} € Heq forallze {1,...,m} (3)

Now sinceHy is closed under intersection, we can combine (1), (2) anchg@ye to
obtain:

{(dy,....dg.€1,...,8) | di=t}(ey,....8),....d¢ =t (e1,....@),
Q':}_AUJ_(e]_,...76),...7Q}’¥IUh(el7...,a)7
ti(er,...,8) € Xj,...,tm(er,...,8) € Xj,} € Hei

By applying (H7)l times, we thus obtain:

{(d1,...,d¢) | Fer....3@.di =t}'(ey,...,@),....d¢ =t} (e1,...,@),
QYui(er,....a),...,Qfun(e,...,a),
ti(er,...,a) € Xj,,...,tm(er,...,8) € Xj,} € Hg

which can be rewritten to:

{(tM(e) | QPui(e),...,QMun(e),t1(€) € Xj,- - -, tm(€) € X;,,} € Hy
as required. O

Given a Henkin clas$ and a structure, a non-standard interpretation of the idic
predicates is then obtained by considering the least prefitepoint of ¢o. Note that, by
Lemma 2.3.69¢(Xy,...,Xn) is an#H-point if (Xg,...,X,) is, so this least prefixed point, if it
exists, is constructed entirely insidé.

Definition 2.3.7 (Henkin model) Let M be a structure ané be an inductive definition set
for Z, and letH be a Henkin class foM. Then(M,#) is said to be &Henkin modelfor
(Z, @) if the operatope has a least prefixed/-point, which we write agl, .9, and for each

€ {10}, PY = (. 00).

We observe that any standard modélfor (%, ®) can be viewed as a special case of a
Henkin model for(X, @), by taking as the Henkin class for the structure the powerfsetples
over the domain oM:
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Proposition 2.3.8.1f M = (D,...) is a standard model fofZ, ®) then(M, {Pow(DK) | k € N})
is a Henkin model fo.

Proof. We writek; for the arity of the inductive predicat@ for eachi € {1,...,n}. First, we
observe thafPow(D¥) | k € N} trivially satisfies the conditions necessary for it to be akle
class (c.f. Definition 2.3.1). Secondly, we observe thatrésellts of Section 2.2 show thé
has a least fixed point in Pg®*) x ... x Pow(D*) C ({Pow(D¥) | k € N})", as required by
Definition 2.3.7. O

One sees by Proposition 2.3.8 that there are at least as rhany ldenkin models as there
are standard models for a given language and set of indudzifireitions. However, we can also
give a direct construction of a non-standard Henkin models tdemonstrating that the class
of Henkin models is more general than the class of standadklmoWe start by recalling the
standard definition of Peano arithmetic (PA):

Definition 2.3.9 (Peano arithmetic)Let Zpa be the first-order language consisting of the con-
stant symbol 0, unary function symbgland binary function symbolsand+. ThenPeano
arithmetic(PA) is the theory in the language, axiomatized by the following:

(PAL) ¥x. ~(sx=0)
(PA2) Vxvy. sx=sy— X =y
(PA3) ¥x.0+y=Yy

(PA4) VXYYy. sx+y=s(x+Y)
(PA5) ¥x.0-y=0

(PAB) VXVY. SX-y = X-y+Y

(PAT) Vz;...Vz,Vz F[0/Z AVY(Fy/2] — F[sy/Z]) — VXF[x/Z
whereF is a formula and=V (F) C {z,...,z,,z}

Proposition 2.3.10.Let >, be the language obtained by extendkwg, with a unary inductive
predicate symbol N, and l&y be the inductive definition set consisting of the “naturaimu
ber” productions for N defined in Example 2.2.5. Then fronmgega-structure in which all
of the axioms of PA are true, one can construct a Henkin mdd&li, ®v).

Proof. LetM = (D,...) be a structure in which all the axioms of PA are true and extdrtd
Sha by definingNM = D. Now define a Henkin clas& = {H | k € N} by:

.....



Chapter 2. First-order logic with inductive definitions (FOLp) 34

By Proposition 2.3.4 is a Henkin class foM. We claimNM = D is the least prefixed
H-point of the definition set operatdrs, (given in Example 2.2.5). By clause (H2) of the
definition of a Henkin clasgd | NMd} = D € H;, and trivially we havepe, (D) C D, soNM is

a prefixed#-point of d,,. Now letX be a prefixedH -point of po,,. SinceX is aH-point of
by, i..X € Hy, there exists a formule and a variable € 4’ such thaX = {d | M [=55.q F }.
Also, we havepg, (X) C X, i.e. 1 € X andd € X impliess™d € X for all d € D by definition
of ¢o,. By definition of X, we then have:

M Eppmov) F andM =g F impliesM =g, guqg F foralld € D
By Lemma 2.1.9, part 2, it follows that:

M |=p F[0/Z andM |=, VY(Fly/Z — Flsy/2))
Now, since the induction axiom (PA7) is truelih by assumption, we have:

M f=p ¥XF[x/Z
i.e. M =pnq F[x/Z foralld €D
i.e. M Epu—djz—px—dx) F foralld € D, by part 2 of Lemma 2.1.9
i.e. M E=px—dz.q FforalldeD

Without loss of generality, we can chooseot to occur free i, whence we hav®l |=p,_.q F
forall d € D by part 1 of Lemma 2.1.9. Thube X foralld € D, soX € D. SoD = NM is the
least prefixedH-point of d»,, whence(M, ) is indeed a Henkin model fq&p,, Pn). O

Corollary 2.3.11. There are Henkin models that are not standard models.

Proof. It is well-known that there are first-order structures ¥ in which all of the axioms
of PA are true, but which are not isomorphic to(for examples of the construction of such
structures, which are often called “nonstandard models\6f $ee e.qg. [38]). LeM = (D, ...)
be such a structure and @1, /) be the corresponding Henkin model(@f,,, ®n) constructed
by Proposition 2.3.10.

Now if (M, #) were a standard model f¢Ey,, n), we would haveNM =D = $&, (using
Lemma 2.2.11). But then, by inspection of tNeapproximants as given in Example 2.2.13,
D could clearly contain no element not of the forigM)"0M for somen € N. The lack of
such “nonstandard elements” impligkis isomorphic tdN, contrary to assumption (the simple
argument that structures non-isomorphicNonust contain a “nonstandard element” appears
in [38]). So(M, #) is a Henkin model of=p,, ®y), but not a standard model. O

In general, a sufficiently powerful (finitary) proof systeior FOLp cannot be complete
with respect to standard models because PA can be formaiisieieh it. We will demonstrate
this in detail in Section 3.4.2. The completeness of suchstesy with respect to standard
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models would then imply that the true statements of aritiaraet recursively enumerable via
an enumeration of all proofs, which is known not to be the cddewever, the fact that the
class of Henkin models is strictly larger than the class afidard models raises the possibility
of finding completeness results for such a system with redpeldenkin models, as Henkin
himself did for second-order logic. Indeed, we obtain jugttsa result in the next chapter.



Chapter 3

LKID : a proof system for explicit
inductionin FOL p

In this chapter we formulate a proof system, LKID, for theito§OL,p in the sequent calculus
style originally developed by Gentzen in 1935 [25]. Our systcan be seen essentially as
a classical sequent calculus adaptation of Martin-Lditsitionistic natural deduction proof
system in [44]. McDowell, Miller, Momigliano and Tiu have msidered similar intuitionistic
sequent calculi, albeit with somewhat different rules fuduction and definitional unfolding
[47, 48, 49, 73, 74]. In Section 3.1 we give the proof rules &, which are essentially
the rules of Gentzen'’s original sequent calculus for firsteo logic LK, augmented with rules
for equality and rules (adapted from [44]) for introducinigraic formulas involving inductive
predicates on the left and right of sequents. The rightthiction rules for inductive predicates
correspond to definitional unfolding and the left-introtlon rules correspond to induction over
a definition. In Section 3.2 we show that our proof rules amnsowith respect to the Henkin
semantics for FOlp (and hence in particular sound with respect to the standemthatics)
given in the previous chapter. We also introduce our tecr@pparatus for formally defining
proofs in an arbitrary system — although proofs in LKID arstjthe usual finite trees of
sequents — for use in the development and analysis of infamitk cyclic proof systems in
subsequent chapters.

In Section 3.3, we show that LKID is complete with respect tmkin model validity, i.e.
that any sequent true in every Henkin model has a proof in LKNIoreover, this result is
obtained for the cut-free part of LKID, and so from the sowshand completeness results we
obtain a semantic proof of the eliminability of the cut rute EKID. This result is perhaps not
entirely surprising, as proofs of cut-elimination have megven previously for the analogous
intuitionistic natural deduction and sequent calculusopgystems mentioned above [44, 48,
73], but the proof technique used for these systems doestraagrgforwardly adapt to the
classical setting. We believe our result to be the first oKiitsl for a classical system. Finally,

36
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in Section 3.4, we give a wider context to this result by smgyifirstly, that LKID can be
embedded into Takeuti's sequent calculus for second-datdge [69] and, secondly, that the
eliminability of cut in LKID implies the consistency of Peaarithmetic. It follows from the
latter that there can be no elementary proof of cut-elimiitgdor LKID.

Throughout this chapter, we shall assume a fixed langBagi¢h exactlyn inductive pred-
icate symbold?y, ..., P,, and a fixed inductive definition seét for Z.

3.1 Sequent calculus proof rules for FOL|p

In this section we shall give the rules of a proof system folLfgOpresented in theequent
calculusstyle invented by Gentzen [25]. We use sequent calculususedais by now well-
established as a convenient formalism for proof-theoretsoning, which is our focus. It also
serves as an elegant framework in which to write formal ppaf fact, similar formalisms
typically underlie automated theorem-proving tools.

A sequentof FOL,p is written in the forml" - A, wherel" and A are finite multisets of
formulas of FOLp. A sequent calculuproof rule (R) is written in the form:

MkEAL ... ThEdn

MN=A
wheren € N; the sequents above the line are called gremisesof the rule and the sequent

below the line is called theonclusionof the rule. If a rule has no premises then it is said to be
anaxiom

In Figure 3.1 we give a version of the proof rules of Gentzemiginal sequent calculus
LK for classical first-order logic [25]. Note that in an inatae of any of the non-structural
rules, the distinguished formula that is introduced in tbedtusion, i.e., that does not appear
in any of the premises, is called thetive formulaof the rule instance. (We shall maintain this
convention in our rules for equality and for inductive pieaties below.) Also, in instances of
the rules ¥R) and @L), the “fresh” variablex used for the introduced quantifier is called the
eigenvariableof the rule instance. For convenience, our version of LK bithisome minor
deviations from Gentzen'’s original formulation, specilliza

e Gentzen’s original “exchange” rules, governing the ondgrof formulas within a se-
guent, are rendered redundant by our use of multisets iresgsju

e Gentzen’s original logical axiom&+ A, for A an atomic formula, have been generalised
so that a logical axiom is just one in which a (possibly namat) formula occurs on
both the left and right of a sequent;

e Gentzen’s original left- and right-weakening rules haverbeombined into a single
weakening rule (Wk) allowing the weakening of a sequent byadnitrary number of
formulas simultaneously on the left and/or right;
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e we have included an explicit substitution rule (Subst),chiis easily proven admissible
in LK. (However, this rule will be important for our cyclic pof system in Chapter 5,

and it is convenient to include it here.)

These differences are inessential, and are commonly atdlémt¢he purposes of convenience.
It is easily seen that a sequent is provable in Gentzen'snafiformulation of LK just in case
it is provable in our variant.

In FOLp we treat equality= as a primitive logical symbol. Accordingly, we give rules fo
introducing equality formulas on the left and right of segisein Figure 3.2, and write LK
for the sequent calculus for first-order logic with equalitgtained by adding these rules to
LK. The first such rules seem to have been formulated by WaBpifi81960, and were later
investigated more fully by Kanger [36]. It is also quite ulsteeformulate versions of LK by
adding axioms governing equality to LK (see e.g. [15, 70]dwdver, cut is not eliminable in
LK e formulated this way whereas cistknown to be eliminable when equality is treated using
inference rules similar to those in Figure 3.2 [6, 75, 51].e(®hall incidentally provide our
own demonstration of this fact later.)

Our right-introduction rule for equality merely states tigdom that equality is reflexive (in
an arbitrary context). The left-introduction rule embadibe principle that if two termsandu
are equal then one can replace any occurrenténcd sequent by and vice versa. From these
rules the usual symmetry and transitivity properties ofaditiyiare immediately derivable:

(=R) —— (AX)
Ht=t th=ta3Ft1 =13

R 1)

t=utu=t ti=hth=ta-t; =13

However, it should be noted that our formulation efL() is not well-suited to proof search,
because of the many different ways in which it can be appleed given sequent. Given a
sequent containingnoccurrences dfandn occurrences aii as well as the active formuta= u,
there are 2" possible premises that can be obtained by applyialg) ( working bottom-up
(i.e. from conclusion to premises). On the other hand, oler permits a compact treatment of
equality which is of advantage in writing shorter proofséhand, as we have already observed,
it also admits cut-elimination.

Our proof system, which we call LKID (the “LK” part being deed from Gentzen'’s orig-
inal system and the “ID” part standing for “inductive defioits”), is then obtained from LK
by adding proof rules for introducing inductively definedegicates on the right and left of
sequents. First, for each productidy, € ®, say:

Quu1(X) ... Qrun(X) Pjta(X) ... Pj,tm(X)
Rt(x)

jl,...,jm,i 6{1,,”}
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there is a sequent calculus right introduction ruleRor

M-Qui(u),A ... TFQuum(u),A THPLti(U),A ... TP tn(u),A

PR
'+ Rt(u),A (FIRD)

Example 3.1.1. The right introduction rules for the “natural number” predieN defined in

Example 2.2.5 are:
(NRy) = Nt,A (NRy)
- 1 )
I'+=NO,A I+ NstA

Example 3.1.2. The right introduction rules for the “even/odd number” pgoedesE and O
defined in Example 2.2.6 are:

[+ Ot,A [ +EtA
——(ER)) ———— (ER)) ——— (ORy)
I +EO,A [ +EstA [ OstA

Example 3.1.3. The right introduction rules for the predicae (the transitive closure of a
binary predicatdR) defined in Example 2.2.7 are:
I RtuA r-Rtt',A TFRt'uA
—— (R'Ry
MR tu,A - Rtu,A

(R'Rp)

Before giving the rules for introducing inductive predieaton the left of sequents, we
first give a formal definition of what it means for two induaiypredicates to have a mutual
definition in ®:

Definition 3.1.4(Mutual dependency)Define the binary relatioRPremon the inductive pred-
icate symbolgPy,...,Py} of X as the least relation satisfying: whenefeoccurs in the con-
clusion of some productio®;, € ®, andP; occurs amongst the premises of that production,
then Prem(P,P;) holds. Also definePrent to be the reflexive-transitive closure &frem
Then we say two predicate symb®sandQ aremutually dependerif both Premi(P,Q) and
Prent(Q,P) hold.

We remark that by the definition above, mutual dependencydssi inductive predicate
symbols is immediately reflexive, symmetric and transjtaed thus gives an equivalence re-
lation on inductive predicate symbols.

Now to obtain an instance of the induction rule for any intectredicateP;, we first
associate with every inductive predica®ea tuplez; of k; distinct variables (calle¢hduction
variableg, wherek; is the arity ofR. Furthermore, we associate to every predidatthat is
mutually dependent witR; a formula (called amduction hypothes)sF, possibly containing
some of the induction variables. Next, define the formGldor eachi € {1,...,n} by:

G { F  if B andP; are mutually dependent
i =

Pz otherwise
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Structural rules:

_ e
—— IF'NA#0 (Axiom) — ["CTI,ANCA(WK)
r=A r=A
MNFEFEA rFFA
—— (ContrL) —— (ContrR)
MNFEA r=FA
r=FA I',FI—A(C ) r=A (Subst)
ut S
r-A r[e]+ A6
Propositional rules:
r=FA MNFEA
— (L) — (-R)
r-FFA r=-FA
MNEGHA rN-FA TEGA
—(AL) (AR)
MNFAGEA rN-FAGA
NFEA T,GEA M-FG,A
(vL) —(VR)
NFvGEA rN-FvG,A
r’-FA IL,GEA NFEG,A
(=L — (—R)
NrF—-GFA NrN-F—G,A
Quantifier rules:
I F[t/x FA r=FA
— (VL —— x¢ FV(I'uh) (VR)
I VXFEA I = VxF A
MNFEA MEFt/x,A
——— x¢FV(r'uh) (3L) —(@AR)
M3axFEA I = 3JxF A

Figure 3.1: Proof rules for the sequent calculus LK for classical first-order logic. The formulation

here is equivalent to Gentzen'’s original formulation.

r ) F Alu/x,
DA L % I .
Ft/x,u/yl,t =ukAlt/xu/y] rEt=t,A

Figure 3.2: Sequent calculus proof rules for equality.
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For convenience, we shall wri@t for Gj[t/z], wheret is a tuple of; terms. Then an instance
of the induction rule foiP; has the following schema:

minor premises I,Fjt-A
rPtEA

(Ind P;)

where the premisg, Fjt - A is called themajor premiseof the rule, and for each production of
® having in its conclusion a predicaRethat is mutually dependent with, say:
Q1u1(X) ... Qnun(X) Pjta(X) ... Pjtm(X)
Rt(x)

there is a correspondinginor premise

jl,...,jm,i 6{1,,”}

rv Qlul(x)> cee >Qhuh(x)7 Gjltl(X), cee anmtm(X) - Fit(x)vA
wherex ¢ FV (T UAU{P;jt}) for all x € x.

Example 3.1.5.The induction rule for the natural number predichitdefined in Example 2.2.5

is:
N-FO,A TI,FxkFsxA TI,FtkEA

I NtEA
whereF is the induction hypothesis associated vithwhich is one way of writing the familiar

(Ind N)

induction scheme foN in sequent calculus style.
(One might intuitively expect our induction rule fotto be the following:

F-FO,A TI,FxiFsxA
M Nt Ft,A

However, this formulation does not give cut-eliminatiorhieh we obtain for LKID later in the

chapter, essentially because it does not allow an arbiindyction hypothesis to be introduced

in the premises, and thus forces generalisation to be peefdiseparately from induction. Note
that our induction rule (IndN) can be seen as combining the rule above with a cut on the
formulaFt.)

Example 3.1.6. The induction rule for the “even number” predicdtedefined mutually with
the “odd number” predicat® in Example 2.2.6 is the following:

F-Fe0,A T,Fexk FosxA T,Foxk FesxA T FetkA
MEtFA

whereFe andFo are the induction hypotheses associated wWiindO respectively. (Note that

(Ind E)

E,O are mutually dependent, c.f. Definition 3.1.4.)

Example 3.1.7. The induction rule for the predicate”, the transitive closure of the binary
predicateR, defined in Example 2.2.7 is the following:
M Rxy-Fxy A T FxyFyz-FxzA T[,Ftuk-»A

. (Ind R*)
MRtUFA
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whereF is the induction hypothesis associated with. Note that, even iR is an inductive
predicateRandR™" are not mutually dependent (beca®sent (R,R") does not hold, although
Prent(R",R) does).

In [44], Martin-Lof uses the following auxiliary definitio of a predicate symbol being
“linked” with another in deciding which productions haver@sponding minor premises in
the induction rule for a predicate:

“First, every predicate is linked with itself. SecondPfoccurs in the conclu-
sion of an ordinary production

Qq(x)...Rr(x)
Pp(x)
thenP is linked with every predicate symbol which is linked witheoof Q, ..., R.”

The induction rule foP then has a minor premise for every production which in itsobasion
has a predicate symbol which is linked wkh However, this definition can lead to redundant
minor premises appearing in induction rules. For exampasider the usual productions for
the natural number predicabétogether with a single production for a second predicate

Nx  NXx
NO Nsx Qx
According to the definition above) is linked withN by virtue of the third production, and the
induction rule forN then has a minor premise for every production witin the conclusion:
FFFO,A T,FxFFsxA T.,FxkGxA T,FtFA
I NtEA

The third minor premise corresponding to the productionQas clearly redundant in the rule

(Ind N)

above. Our motivation for using Definition 3.1.4 to genenati@or premises, as opposed to
Martin-Lof’s definition, is to avoid having redundant mmpremises such as the one above
appear in our induction rules.

As we remarked previously, we treat equality as a primitagidal symbol in FOlg, with
corresponding left- and right-introduction LKID proof ad (given in Figure 3.2). However,
as demonstrated in [44], it is also possible to formulateaétyuas an inductively defined
predicate. Assuming that is a binary inductive predicate symbol in our language aritingr
as usuak =y for = (x,y), consider the following production fee:

X=X
If we stipulate that= may not appear in the conclusion of any other productionsioirmluctive
definition set, then the inductive definition-efgives the following introduction rules in LKID:
MEFxx,A T Ftuk-A
ricura 0 Pl Y
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wherex ¢ FV (T UAU{t =u}). So we obtain an identical right-introduction rule, but #ietent
left-introduction rule for= involving an arbitrary induction hypothesksin the premises. As
this has obvious implications for proof search control ie 8ystem, we prefer to take as
primitive.

An LKID proof of a sequenf - A is, as usual, a finite tree labelled with sequents and con-
structed according to the proof rules of LKID. For now, wetjgise some examples by way of
illustration, and defer formal definitions and considerasi of soundness until the next section.
Because it is used so frequently, and to make our writtenfpremaller, we use a double line
between premises and conclusion to indicate (possiblyiphelituses of the weakening rule

(WK). For example, the following would indicate a use of thier(AR) and some weakenings:
M-F T'G,A
M EFAG,A

Example 3.1.8.Let N,E and O be the “natural number”, “even” and “odd” predicates given
by the productions in Examples 2.2.5 and 2.2.6 (and whosesmonding rules in LKID are
given in the examples above). Then the following is an LKIDgdrof - Vx(Nx — ExV Ox):
(AX)
Ey+Ey Oy O

Eyv OyF Oy Ey

EyVv Oyt Oy, Osy
— (ERy) (ER2)
FEO,00 EyVv Oy+ EsyOsy
—— (VR VR
FEOV OO0 Eyv Oyt Esyv Osy ExVv Oxt ExV Ox

NxH ExV Ox
FNx— ExV Ox

FVX(Nx— ExV OXx)

(A%)
Y )
(ORy)

(AX)
(Ind N)

(—R)
(VR)

Note that at the application of induction dix, we associate witiN the induction variable
(say) and the induction hypotheds\ Oz
Example 3.1.9. Let R be an ordinary binary predicate and Bt be the “transitive clo-

sure” predicate given by the productions in Example 2.2t (ahose corresponding rules
in LKID are given in examples in Section 3.1 above). Then tilewing is an LKID proof of
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F (YXVy(Rxy— Ryx) — (VXVy(Rtxy — RTyx)):

(AX)
RyxF Ryx

(Ax)  ———— (R'Ry)

Rxyk Rxy RyxF RTyx

Rxy— Ryx RxyF RTyx

(VL) —  (Ax) —(Ax)

Vy(Rxy— Ryx), RxyF RTyx RTzy- Rtzy RTyxF RTyx

(VL) (R"R)) —— (Ax)
VXvy(Rxy— RyX,Rxy- RTyx RTyx RTzy+ R"zx RTyxF RTyx

(Ind R™)
Vxvy(Rxy— RyX, Rt xyF RTyx

Vxvy(Rxy— RyxX - Rtxy — Rtyx

Vxvy(Rxy— RyX F Vy(RTxy — RTyx)

VXVY(Rxy— RyX I ¥Xvy(R"xy — RTyx)

F (VXvy(Rxy— RyX) — (¥xvy(R"xy — RTyx))
Note that at the application of induction &1xy, we associate witR* the induction variables
21,2 and the induction hypothesik"zz;.

3.2 Henkin soundness of LKID

Definition 3.2.1(Henkin validity of sequents)Let (M, #{) be a Henkin model fofZ, ®). Then
a sequenf - A is said to bdrue in (M, #) if for all environmentsp, we haveM =, J for all
J el impliesM =, K for someK € A. ' - Ais said to beHenkin validif it is true in all Henkin
models for(Z, ®).

We now prove that the proof rules of LKID atecally soundwith respect to the Henkin
semantics of FOl, i.e., they preserve Henkin validity from premises to cos@n:

Lemma 3.2.2(Local soundness of LKID)Let (M, #) be a Henkin model fofZ, ®). If all of
the premises of a rule of LKID are true {M, #), then the conclusion of the rule is also true
in (M, #H).

Proof. Of course, we just need to check that each rule of LKID has &s&reld property. The
main interesting cases are the rules for inductive preegcaflthough the proof is in the re-
maining cases fairly standard, we nevertheless treat tloenprehensively here for the sake of

completeness.

Case (Ax):

—— IF'NA#0 (Axiom)

r=A
Let p be an environment and suppddel=, J for all J € I'. Sincel’ NA # 0, there is &K € A
suchthaK €T, i.e.M =, K as required.
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Case (WK):
e
—— ["Cr,A CA (WK)
r=A

Let p be an environment and suppdge=, J forall J € I'. Sincel” C ', M |=, J for all
JeTl’,and sincd” - A’ is true in(M, #) by assumption, there iska € A" such thaM =, K.
Then, sinc& C A, there is &K € A such thatvi =p K as required.

Cases (ContrL),(ContrR): Immediate.

Case (Cuh: r-FA TFFA

r=A
Let p be an environment and suppdde=, J for all J € I'. Since the first premise - F, A
is true in(M, #), there is &K € {F } UA such thatM =, K. If K € A, then we are done; oth-
erwiseK = F and since the second premisg- - A is true in(M, #), there is &K’ € A such
thatM =, K’, as required.

(Cut)

Case (Subst):

—— (Subst)
r[6] - A[6]

Let p be an environment and suppdge=, J for all J € I'[0], i.e. M =, J[6] forall J e T.
By Lemma 2.1.9, part 2, it therefore holds thét=,. J for all J € I'. Since the premisk - A
is true in(M, ), we haveM |=p.g K for someK € A, and applying part 2 of Lemma 2.1.9
again, we thus havel |=, K[6] for someK € A. HenceM =, K for someK € A[6] as required.

C .
ase L) Mu/x,t/y] FAfu/x,t/y]

F[t/x, U/y],t =uk A[t/X, U/y]
Suppose for contradiction that the premise is true and tinelasion false in(M, #{). Since

(=L)

the conclusion is false iiM, #), there is an environmergi such thatM =, J for all J €
Mt/x,u/ylu{t =u} andM B, K for all K € Alt/x,u/y]. That is, we havep(t) = p(u),
andM =, Jit/x,u/y| for all J € I andM B, K[t/x,u/y] for all K € A. By Lemma 2.1.9,
part 2, it therefore holds tha¥l =gy .pt) ypw) J for all J € T andM gy o) yp(u) K
for all K € A. But sincep(t) = p(u), we then haveM oo y—p) J for all J € I and
M Fpx—p(u)y—p(t) K for all K € A. So for allJ € T and for allK € A, M [=, J[u/x;t/y] and
M B, Klu/x,t/y], which contradicts our assumption that the premii8e/x,t/y] - Afu/x,t/y]
is true in(M, H). So the conclusion of the rule is true (N1, #) as required.
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Case ER):

——(=R)
Met=t,A

Let p be an environment. Since trivially(t) = p(t), we haveM =, t =t, which shows that
the conclusion of the rule is true {iM, #).

Case (\L): FEGEA

MNFAGEA
Let p be an environment and suppadse=, J for all J € I U{F AG}. ThenM |=, J for all
J e T'U{F,G}, and since the premide,F,GF A is true in(M, H) by assumption, there is a

(AL)

K € A such thaM =, K, which completes this case.

Case (\R):
r’-FA THEGA

rEFAGA
Let p be an environment and suppolskl=, J for all J € I'. As the premise$ F F,A and
= G,A are true in(M, #) by assumption, there exiktc {F} UA andK’ € {G} UA such that
M =, K andM =, K'. If K € A or K’ € A then we are done; otherwisé=F andK’' =G,
whence we hav#l =, F A G and we are likewise done.

(AR)

Cases (L), (—R),(VR),(VL),(—L),(—R): Similar to the cases\L) and (AR) above.

Case dL): FELA

MaxF - A
Let p be an environment and supposel=, J for all J € ' U {3xF}, wherex & FV (I UA).
SoM k= Jforall J € T and for somed € D (whereD is the domain o), M [=pp.q) F.
Sincex ¢ FV(I'), by part 1 of Lemma 2.1.9, it also holds thdtf=pj g J for all J € . Now
as the premisé€ ,F - A is true in(M, #), there is & € A such thatM =g K, and since
X ¢ FV(A) we have, again by Lemma 2.1.9, thtk=, K as required.

X FV(run) @L)

C R):
ase OR) MEFt/x,A

M= 3xFA
Let p be an environment and suppdde=, J for all J € I'. Since the premisE - F[t/x],A is
true in (M, #), there is &K € {F[t/X} UA such thatM =, K. If K € A we are immediately
finished; otherwiseV =, F[t/x] and by part 2 of Lemma 2.1.9, we then haig=p, .o«) F,
i.e. M | IxF, which completes this case.

IR)
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Cases L), (VR): Similar to the casesiR) and @L) above.

Case PR)):
M=Quui(u),A ... TFQum(),A IFPjti(u),A ... TFPjtm(u),A
I+ Rt(u),A

(RRr)

where there is a productio®; ; € ®:

Q1u1(X) ... Qnun(x) Pjta(X) ... Pjtm(X)
Rit(x)

jl,...,jm,i 6{1,,”}

Let p be an environment and suppdge=, J for all J € I'. Since all of the premises are true
in (M, ), it follows that either there is K € A such thaM =, K, in which case we are done,

or:

M [=p Quua(u),...,M o Qnum(U),M o Py, ta(u),....M o P tm(u)
ie. QY(p(us(u))),-.., QN (P(un(u))),p(ts(u)) € T, (Hor-do), .., p(tm(u)) € T, (Hyr-do)
ie. QYuY (p(u)),...,QNul (p(w)), tY (p(u)) € T, (Hor-bo),.... tH (P(U)) € T (Lor-bo)

Now we have by the construction ¢ (c.f. Definition 2.2.3):
Oir (Xt, - X0) = {00 | Q'Y (%), QYU (%), 12 (%) € Xy, tR (X) € X, }

It follows by the above that! (p(u)) € dir (Lsr- Do) C di(Hsr-do), i.6.tM(p(u)) € T (b (Lor-ba))-
Sincepy,.¢o is a fixed point of¢e, it then holds thatM(p(u)) = p(t(u)) € (W -do), i.e

M =, Rt(u), which shows the conclusion dRR;) to be true in(M, #).

Case (IndPy):
minor premises I,Fjt-A

rPtEA
First, letp be an environment and supposkj=, J for all J € I andM |=, Pjt, i.e. p(t) €

(Ind Py)

T (Hyr-90). Suppose for contradiction thit =, K for all K € A.

Now, for eachi € {1,...,n}, letz; andG; be, respectively, the induction variables and the
formula associated witR in the description of the induction rule (Irf¢}) in section 3.1 above.
We writek; for the arity ofB. Next, letx be the fresh variables appearing in the minor premises
and lete be a tuple of arbitrary elements Bf such thatix| = |e|. Define an environmerg’
by p’ = p[x — €], and note that since¢ FV (I UA) for all x € x by the rule side condition, it
holds by part 1 of Lemma 2.1.9 thist = Jfor all J € I andM (4, K for all K € A.

Now define am-tuple of setgYy,...,Y,) € Pow(DX) x ... x Pow(D*) by:

Y — {(dl>'- ) ) | M ):p (24, 2 g ] G} if Prerﬁ(Pjv )
' —
Dk otherwise
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for eachi € {1,...,n}, wherez; = (z,...,7) are the induction variables fét. We assert the
following:

CLAIM: (Y1,...,Yy) is a prefixedH -point of .

Then, sincal,.¢o is the least prefixed{-point of ¢o, it holds thatrt] (W, .¢e) C Yj. As
the major premisé ,Fjt - A is true in(M, #), and asM |=y J for all J € " butM [~y K for
allK € A, we must havéV =y Fjt. By part 2 of Lemma 2.1.9 we then haMey ;.o 1)) Fj)
i.e. p'(t) £V, so alsop'(t) & T (Ky-$). Asx & FV(Pjt), i.e. x ¢ Var(t) for all x € x by the
rule side condition, we must hay®(t) = p(t) by part 1 of Lemma 2.1.5. But then we have
P(t) € T (Usr-do), Which contradicts our original assumption, o=, K for someK € A as
required.

To finish the proof, it suffices to prove the claim above that... Y,) is a prefixed# -
point of . First, writing H = {Hk | k € N}, observe that by Proposition 2.3, Hy, for
eachi € {1,....n}, i.e. (Y1,...,Y,) is a# -point. (Note that the proposition does indeed show
thatDX € Hy;, becaus®* can be expressed as efgds, ..., d) |M Fyizq,...5—d, t =t}

wheret is any term.) It remains to show théYi,...,Y,) is a prefixed point ofpe, i.e. that
$i(Y1,...,Yn) CY; for eachi € {1,...,n}. We argue by cases oras follows:

1. —Preni (Pj,P) holds. Itis then trivial thap;(Ys,...,Ys) C DX =Y.

2. Prent(P;,R) and—Prent(R,P;) hold. AsP; andP are thus not mutually dependent,
G; = Bz and we have:

Yo = {(di,....de) M Epizdy,.. 20 PZi}
= {(dg,.. dlq) IM oz, 200 ) B2 20)
= {(d,....d¢) [Pty 7 = A (z -, Z6) € TE (Hyr-0) }
= {(dq,....di) | (d,...,d) € TW(Hsr-00)}
= T(ly-9o)

It suffices to show thai((Y1,...,Yn) €Y =18 (Hsy-$o) for an arbitrary production; ,:

Quu1(X) ... Qnun(X) Pjta(X) ... Pjtm(X)
Rit(x)

j1y-5 dmd € {1,...,n}
We are thus required to show:

{t"(d) | QY'uY(d),.... Q'ul'(d), 1Y (d) € Yjy,... . tR(d) € Vi, } © T (Hor-00)

Note that for each of the inductive predicatgs appearing in the premises of the pro-
duction @; ;, Prent(P;,P,;,) holds (becaus®rent (P;,R) and Prem(R,,P;,) hold), and
—-Prent (P;,,P;) holds (because otherwig&rent (R, P;) would hold, which contradicts
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the case assumption), and we therefore hqy& ' (Lsr-00) by the argument above.
We can therefore rewrite the statement we need to prove as:

{tM(d) | Q1 uy'(d),...,QNup'(d),
tY(d) e TlTl(H}[ 00), .-, tm(d) € T (Hyr-d)} S T (Myr-Oo)

i.e., §ir (Myr-do) C T(Hyr-d0), which is true sincew,,.¢o is a prefixed# -point of go.
This completes the case.

3. Prent(P;,R) andPrent (R, P;) both hold, i.e.R, andP; are mutually dependent. As in
the previous case, we require to shdw(Y1,...,Yn) CY;, i.e.

{t"(d) | Qt'ut'(d),.... Ql'ul' (d),t}'(d) €Yy, . th(d) € Vi, } C ¥

As P andP; are mutually dependent, there is a minor premise of thenestaf (IndP;):

M, Quui(X),...,Qnun(X),Gj t1(X),...,Gj,tm(X) F Kt(x),A (j1,...,im€{1,...,n})

As each minor premise is true ifM,#) by assumption and we hawé =, J for all
JeTl andM -y K for all K € A, it holds that:

M =y Quui(X),...,M =y Qnun(X),M =y Gj,t1(X),...,M Ey Gj,t1(X)
impliesM =y Ft(x)

and by applying the semantic definitions and part 2 of Lemrh&@2ve obtain:

QuuY (P'(X)). -, Quui! (P'(X)): M =gttt ()] G-+ - M izttt (9] G
impliesM =15~ (x))] Fi
Note that for each inductive predical, appearing in the premises of the production
in question Prent (P;,P;, ) holds (sincePrent (P;,R) andPrem(R, P;, ) hold). Recalling
thatp’(x) = e, we thus have:

QiuY'(e),...,Qnu(e),tY (e) € Yj,, ..., thM(e) €, impliest™(e) € ;
which, ase was arbitrarily chosen, completes the case and thus thé. proo
O

We now proceed to give a fully formal definition of an LK oof in line with our previous
informal definition, i.e., as finite trees labelled with seqts and constructed according to the
proof rules of LKID. We define proofs here with more formalityan is usual in order to
facilitate a precise comparison first witfifinite proofsin Chapter 4 and then wittyclic proofs
in Chapter 5. Our formal definition of proof will also be uskfthen analysing proof structure
in detail in Chapters 6 and 7. We first defiderivation graphswhich capture formally what it
means to be a graph constructed according to the rules of ponésystem:
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Definition 3.2.3 (Derivation graph) Let Seqsdenote the set of all well-formed sequents and
Rulesdenote the set of rules of some proof syst&nThen anS derivation graphs given by
(V,s,r,p), where:

e Vis asets:V — Seqsis a total function, and : V — Rulesandp: N xV — V are
partial functions (we writgp;(v) for p(j,Vv));

e forallveV, pj(v) is defined just in casgv) is a rule withm premises, K j < mand:

s(pa(v)) .. s(Pm(V))
s(v)

(r(v)
is an instance of rule(v).

A derivation graphG can be seen as a conventional graph whose vertex seaisd whose
edge seti€ = {(v,pj(v))|v eV andpj(v) is defined.

A pathin a derivation graph is a (possibly infinite) sequerggVvi j1v2j2... such that for
eachi > 0,viy1 = p; (vi). (We often write paths simply agvivs...)

Next, we definalerivation treeswhich bear the same relationship to derivation graphs as
ordinary trees do to ordinary graphs:

Definition 3.2.4(Derivation tree) An Sderivation graphD = (V,s,r, p) is anS derivation tree
if there is a distinguished nodeot(D) €V such that for alv € V, there is a unique path
from root(9D) to v. The sequerd(root(D)) is called theendsequentf the tree. A path irD is
said to beootediff its first vertex isroot(D). D is said to be amfinite treeiff V is infinite.

Forv,V €V, V is anancestorof v if V is on the unique path fromoot(?) to vin D, and
is astrict ancestorof vif V' is an ancestor of andVv' # v. v is said to be @escendanof v just
in caseV is a strict ancestor of.

We shall sometimes drop the prefsdfrom the term ‘S derivation graph/tree” when the
proof systenSis clear from the context. It shall also be useful to have ay @ay to distin-
guish between those derivation trees that are “finishedhénsiense that every path in the tree
ends in an axiom instance, and those that are “unfinished!’ farthis purpose we introduce
the notion ofbud nodesn a derivation tre&

Definition 3.2.5(Bud nodes) Let D = (V,s,r, p) be a derivation tree. Adud nodeof D is a
vertexB € V such thar (B) is undefined, i.eB is not the conclusion of any proof rule instance
in D. (Notice that ifB is a bud node thep;j(B) must be undefined for ajl) We write Bud D)

to denote the set of all bud nodes occurringZin

1Thanks to René Vestergaard for suggesting the termindlogy node”, which is intended to be suggestive of
a part of the tree not yet expanded.
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We remark that buds differ from the usual notion deaf of a derivation tree; leaves are
generally considered to be the conclusions of axiom ing®nc
We are now in a position to define formally the meaning gfra@of in our system LKID

(which coincides exactly with the usual meaning of proof Beguent calculus proof system):

Definition 3.2.6 (LKID proof). An LKID proof of a sequenf F A is a finite LKID derivation
tree D whose endsequent ISk A and such that BudD) = 0 (i.e. every sequent in the proof
tree is the conclusion of some proof rule application, sodidvation is “finished”).

When we write actual proofs in LKID, we use the standard regméation for sequent
calculus proofs as per our earlier examples, from whichablgt definitions ofV,s,r, p) can
obviously be recovered if required.

It follows from the local soundness of our proof rules that fystem LKID is sound with
respect to the Henkin semantics of F@Li.e. that any sequent which is provable in LKID is
Henkin valid. The proof is fairly trivial, but we spell outdéhdetails anyway for the sake of
completeness:

Definition 3.2.7 (Height). If D = (V,s,r,p) is a derivation tree, then theeight (in D) of a
nodev €V is defined to be the length of the unique patiifirom root(D) to v. The height of
a derivation tree is defined to be the maximum of the heighteefhodes occurring within it.

Proposition 3.2.8(Soundness of LKID) If there is an LKID proof off - A thenl F A is
Henkin valid (i.e. true in all Henkin models).

Proof. By induction on the heighth of the LKID proof of ' = A (which is a derivation tree).
Consider the last rule used to derive- A, say:

MN=A

(R)

where(R) is a rule of LKID. The derivations of 1 - A4,...,I', - A, each have height h,
so by the induction hypothesis;, - Aq,...,I['h - Ay are all Henkin valid. Thus by the local
soundness of rule (R) (Lemma 3.2.R);- A is Henkin valid as required. O

3.3 Cut-free Henkin completeness of LKID

We now present a proof of théenkin completenegsoperty of LKID, namely that the converse
of Proposition 3.2.8 holds: if - A is Henkin valid, then there exists an LKID proof iof- A.
Moreover, this proof does not use the rules (C{8ubst) or (WK); hence we obtain via our
soundness and completeness theorems a proof of the elifitinabthese rules.
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A cut-eliminability result for a classical proof system Wwiinduction rules does not seem
to have appeared previously in the literature, but is notr@gt surprising, as proper cut-
elimination theorentshave been already been established for related intuitiorpsoof sys-
tems. The first such was Martin-Lof's proof of normalisatifor a natural deduction system
for intuitionistic logic with iterated inductive definitis [44], adapted from a method used
by Tait to prove normal form theorems for primitive recuesifunctionals of finite type [68].
Around the same time, Jervell proved normalisation for khgyarithmetic, the intuitionistic
version of Peano arithmetic [35]. The Tait/Martin-Lof pfanethod has been adapted to prove
cut-elimination for an intuitionistic sequent calculBOA*N with natural number induction
and definitions by McDowell and Miller [47, 48], and subsewflyefor Linc, an extension of
FOA2N including both induction and coinduction, by Tiu and Monmagio [49, 73]. How-
ever, this proof method cannot easily be adapted to a clHssitting because the definition
of “computability” of a derivation, on which the proof metthalepends, crucially relies on
the derivation having a single end formula (which in sequeathtulus corresponds to at most
one formula appearing on the right hand side of sequentshatyand Bierman have given
a strongly normalising cut-elimination procedure for sewfucalculus for classical first-order
logic [78] using an adaptation of Barbanera and Berardimmragtric reducibility candidates
for A-calculus [5]. This technique could possibly be adaptedve gut-elimination in LKID,
but is already rather complicated in the setting of firsteprbgic, and would presumably be-
come considerably more so in the presence of inductive defisi In any case, our semantic
approach has some advantages: it gives quite a clean proof-efiminability, and also estab-
lishes completeness with respect to validity in Henkin niedehich is of independent interest.

We now turn to our completeness proof, which employs an siterof the direct style of
completeness proof for calculi for standard first-ordelidagg given in e.g. [15, 80]. When we
say a sequent - A is cut-free provablewe mean that there is an LKID proof bt A that does
not contain any instances of the rules (C(8ubst) or (Wk), and we show that every sequent
that is Henkin valid is cut-free provable in this sense. (Westestablish via soundness and cut-
free completeness a very slight sharpening of the usuabmati cut-eliminability. However,
the rules (Wk) and (Subst) are easily shown eliminable inGsg.) The structure of our proof
is then roughly as follows:

1. Assume thaf - Ais not cut-free provable, and, usingeheduleon which every formula
of FOLp appears infinitely often, construct from- A alimit sequent™, - A, where
I, andA, are infinite sets, such that no finite subsequemt,gf A is cut-free provable;

2. Define an equivalence relation on the terms of that essentially “factors out” the

2The term “cut-elimination” usually refers to the syntactransformation of a proof containing cuts to a
proof without cuts; therefore, what we deduce from our som@sd and cut-free completeness theorems is not
cut-elimination but, more weakly, thgiminability of cut (and of the weakening and substitution rules).
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equality formulas appearing if, and usd , - A, to construct a first-order structure
Mg on the terms oz modulo ~ and an environmenp,, interpreting the terms ok
modulo~ as elements dfl;

3. Prove thaf , F A, is false inM, under the environmern,,;

4. UseM,, andp, to define a Henkin clas#f, for M,, and prove(M,, H,) is a Henkin
model for(Z, ®);

5. It now follows from steps 3 and 4 that every finite subsegoén , - A, is false in the
Henkin modelM, H,,), includingl” - A, sol” = A is not Henkin valid.

Steps 1,2,3 and the analogous version of step 5 for standaddimalso appear in the stan-
dard completeness proof for first-order logic (althougheheivalence relation- constructed
in step 2 need only be defined if one considers first-ordeclagih equality). However, in our
setting, the construction of the limit sequent in step 1 ntalgt account of the induction rules.
Applications of right-introduction rules for inductive gaicates must also be accounted for in
step 3. That said, the bulk of the new work in our proof goes egtablishing thatM,, #,)
defined in step 4 is indeed a Henkin model.

Definition 3.3.1(Schedule) For each € {1,...,n}, letk; be the arity of the inductive predicate
symbolPR. Then arLKID-schedule elementf X is defined as follows:

e any formula of the form-F, Fy A, F1 V F, or F; — F is a LKID-schedule element;

o for any termt of X, any variablex € 7/, and any formulds, the pairs(vxF,t) and(3xF,t)
are LKID-schedule elements;

e if B is an inductive predicate symbdl,is a sequence df; terms ofZ and, for each
j € {1,...,n}, z is a sequence d distinct variables an#; is a formula, then the tuple
(Rt,z1,F1,...,2,,F,) is an LKID-schedule element.

An LKID-schedulefor X is then an enumeratiofE; )i>o of schedule elements &f such that
every schedule element afappears infinitely often in the enumeration.

Note that since we assume that our languages are countabBg(finition 2.1.1), it fol-
lows via an argument a la Cantor (i.e. a diagonal traversa two-dimensional grid of all
possible term constructions) that the termsxadire enumerable. By the same type of argu-
ment, thez-formulas of FOlp are enumerable, and hence the LKID-schedule elemerEs of
are enumerable, so an LKID-schedule indeed exist& for

Definition 3.3.2 (Limit sequent) Suppose thal + A is not cut-free provable. We define an
infinite sequencél; - A;)i>o of sequents such that for eack O, I'; - 4; is not cut-free prov-
able and’j F A is a subsequent of 1 F Aj 1. We setl g Ag =T A, so this is trivially true
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for i = 0. We inductively assume we have construategd- Aj)o<i<j with I'; = A; not cut-free
provable for alli € {0,...,j}, and show how to construct the next sequesat (I"j11,Aj4+1).

We first remark that no formula can be in bdth andAj, otherwisel ; - A; would be
cut-free provable via (Ax). LeE be the(j+ 1)th element in the schedule. We proceed by case
distinction onE:

e E=-F.If -F €IjUAjthen just defins=T; - A;.
If -F € I'; then consider the rule applications:
I FFA;
—— (D)
Mj,—FFA4
—— (ContrL)
M4

Itis clear thatlj - F,Aj is not cut-free provable since otherwie A; would be cut-
free provable. We defin8=TI"j - F,A;.

If =F € Aj then consider:

M, FEA;

——— (L)

MjF-FA

—— (ContrR)

M FA4

Again, itis clear thaf j,F - Aj cannot be cut-free provable, and we defthe I, F I-
Aj.

e E=F AR If AR ¢ T UAj then just defin=T; - A.

If F1 AF, € T'j then consider the rule applications:

(AL)

F,-,Fl/\ FF AJ‘
7 T (Contrl)

-4,
It is clear thatl"j,F, > = Aj is not cut-free provable, since otherwiSer Aj would be
cut-free provable via the rule applications above. We trefsdS=T"j,F,F - Aj.
On the other hand, i, AF, € A} then consider:
[ FLAj TiE Ry A
[ FFLAR,A,
T

(AR)
(ContrrR)

From the above it is clear that onelof - Aj,F, or I = Aj, R, is not cut-free provable.
We defineSto belj - Aj,Fy if T'j = Aj,F is not cut-free provable anij - Aj, R

otherwise.
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e E=FRVR.ITRVRKZ I UA; then just definels= [ }—AJ‘.
If FLVF €T then, by a similar argument to the previous case, on€ o, - A},
Ij,F2 = Aj is not cut-free provable. We defirto bel j,F; = A if this is not cut-free
provable and”j,F, - Aj otherwise.
Similarly, if Fy VF> € Aj then defineS=Tj,F;,F = Aj, which can similarly be seen to
be not cut-free provable.

eF=FR-oR.IfTFR-K¢ I UA; then just definels= [ FA4.
If F, — F, € T'j then, by a similar argument to the previous two cases, efthéh - A
or['j - F1,Aj is not cut-free provable. We defirgto bel j, F - A; if this is not cut-free
provable and”; - F1,Aj otherwise.
On the other hand, iF; — F, € Aj then defineéS=T'j,F; - F2,4j, which can similarly
be seen to be not cut-free provable.

e E=(3IxFt). If 3xF ¢ 'jUA; then just defins=T; F A;.

If IxF € I'j then consider:
M, Flz/X -4,

[j,3xF A
wherez¢ FV(I';UAj). Itis clear thatl j,F[z/x] - Aj cannot be cut-free provable and
we thus defin&s=Tj,F[z/x] - A;.

(3L
(ContrL)

On the other hand, #ixF € A; then consider:
M FFt/x,4

(GR)
(ContrR)

It is clear that”; - F[t/x],Aj cannot be cut-free provable and we thus definel"; -
Flt/x,4;.

o E = (VxFt). If YXF ¢ 'jUA then just defins=T; F A;.
If VXF € I'j then defines=Tj,F[t/X F Aj. If YXF € Aj then defineS=T"; - F[z/x],Aj,
wherez ¢ FV(I"j UA;). The justification thaSis not cut-free provable is similar to the
previous cas& = (IxFt).

e E=(Rt,z3,Fy,...,zy,Fy), wherei € {1,... ,n}. If Rt £ then just defin&=T; - A.
If Bt € I'j then consider:
minor premises [j,FtE A
M, Rt A;

(ContrL)
IAY

(Ind R)
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where for each rule witR in the conclusion such th& andPy are mutually dependent,
say:
Q1U1(X) ... Qnun(X) Pjta(X) ... Pjtm(X)
Rt (x)

there is a minor premise:

Jl,,]m,ke{l,,n}

[, Q1u1(X),...,Qnun(X),Gjt1(X),...,Gjtm(X) F Rt(X),A;
wherex ¢ FV(I'jUA;) for all x € x, Gj is defined for each € {1,...,n} by:

G { F;  if P, andP are mutually dependent
j =

Pjz; otherwise

and for alli € {1,...,m}, G;;ti(x) is obtained by substituting(x) for z in the obvious
way. (In other words, we use (some of) the varialdgs. ., z, as the induction variables
and (some of) the formulds, ..., F, as induction hypotheses in the instance of [Rd)

Sincelj - A;j is not cut-free provable, it follows that eith€r, Kt = A;j is not cut-free
provable, or else some minor premise is not cut-free pravabthe former holds, we set
S=Tj,FtF Aj, and otherwise we defingto be a minor premise which is not cut-free
provable (any will do).

Observe that by construction, we haveC IMj1 andA; C Ajyq forall j > 0. Letl ', =
Ujsolj andAy, = Uj=o4j. Then thelimit sequent for” = A is defined to be , - Aq. Of
course, the limit sequent is not strictly speaking a sequemte in generdr , andA, will be
infinite sets. When we say that elg, - A is provable, we mean th&t + A’ is provable for
some finitel’ C ", andd’ C A,

We remark that the rules for equality and the right-unfafdiales for inductive predicates
are not used when constructing the limit sequent in the diefimabove. The roles of equality
and of right-unfolding of inductive predicates are insteadounted for by separate lemmas to
appear below.

For the remainder of this section, until the statement ofautfree completeness theorem,
we shall assume that some fixed sequentA is not cut-free provable, and thigg, - A, is the
limit sequent foll” - A constructed according to Definition 3.3.2.

Definition 3.3.3. Define the relationv on terms ofz by:

t1i=tel 1~
— ~ ®(~Bas§ —— (~Refl (~ Sym)
1 ~1to t~t to~1g
1~ to~13g i ~Up...tk ~ Uk
—— (~Trang (~ Cong)

1 ~13 f(ty, ..., t) ~ f(ug,...,u)
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where f is an arbitrary function symbol of ariti in Z in the rule~ Cong. We call ~ the
equivalence relation induced Hy, F A, and write[t] for the equivalence class ofwith
respect tov, i.e. [t ={u |t ~ u}.

Definition 3.3.4(Counter-interpretation)Define a first-order structurél, for Z by:
e the domain oM, is TermgX)/ ~, the set of~-equivalence classes Bfterms;

e for any constant symbd, ¢ = [d];

for any function symboff in X of arity k, fMe([ty],...,[t]) = [f(ts,...,t)];

for any ordinary predicat® in =, QMo ([ty],...,[t]) < 3ug, ..., Uty ~ Ug,... T ~ Ug
andQ(uy,...,u) € Iy,

the interpretations of the inductive predicate symtls. ., P, of Z is defined by:
(P{"w, ...,PMs) js the smallesh-tuple of sets of tuples dfermgz)/ ~ closed under the
following conditions:

1. foreachi € {1,...,n},if B(ty,...,t) € [, thenPMo([ty],..., [t ]);
2. do(PYe,... . PMoy C (PMe .. PMo) (ie. (PYe,...,PMo) is a prefixed point o).

wheredo is constructed with respect td,, and. Note that this is not a circular def-
inition, since the definition obg (c.f. Definition 2.2.3) only requires the interpretation
given to the constants, function symbols and ordinary pegds ofz by M,, which we
have already defined.

Also define an environment, for M, by p.,(x) = [x] for all variablesx. Then(M,, py) iS
called thecounter-interpretation fof ¢ F Ag,.

Proposition 3.3.5. For all terms ofZ we havep,(t) = [t].

Proof. By induction on the structure of
Caset = x. We havep,(X) = [X] by definition ofp,.
Caset = ¢. We havep,(c) = ¢V = [c] by definition ofp,, andMy,.

Caset = f(ty,...,t). We have:

fMo (g (t1),...,Pw(tk))  c.f. Definition 2.1.4
= fMo(ty],...,[t]) by induction hypothesis
= [f(ty,..., )] by definition ofMj,

Po(f(t1,... &)
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Proposition 3.3.6. If t(xq,...,x) is a term (whose variables are all contained{ix, ..., %}),
and t,...,t are terms, we havig(ty, ..., t)] = tMe([t],. .., [t]).

Proof. By induction on the structure of

Caset = x. As the variables of are all contained if{xy,...,x}, we havet = x for some
i €{1,...,k}. We therefore require to prov&| = [x], which is trivial.

Caset = c. We are required to provig] = cMe, which is immediately the case by definition of
M.

Caset = f(ug,...,Un). By assumption we hawéar(u;) C {xa,...,X} and so we can write;
asui(xg,...,x) foralli € {1,...,m}. Then we have:

[(f(ug,...,um))(ts,....te)] = [flua(ts,...,t),.--,Um(t1,-..,t))]
= fMo([ug(ty,...,t)],. .., [Um(te, ..., t&)]) (defn ofM,)
= Mot [t et 16) - (by TH)
= (f(ug,...,um)Me(Jta],..., [t])

which completes the proof. O

Lemma 3.3.7.1f t ~ u then, for any formula F, it holds that, - F[t/X] is cut-free provable
iff M - F[u/X] is cut-free provable.

Proof. By rule induction ort ~ u.
Case(~ Base. We have = u e ',. Supposé , - F[t/X] is cut-free provable, i.el;' - F[t/X]
is cut-free provable for some finit¢ C I',. Without loss of generality, we can assumne

u eI’ (for if not, we can weaken the derivation Bft- F [t /x] everywhere by = u on the left,
possibly renaming some eigenvariables). Then we can defivd-[u/x| as follows:

M+ Flt/x

, (=L)
Mt=ukFu/X
(ContrL)
I+ Fu/x

whence it follows thaf , - F[u/x] is cut-free provable becau§é C I'y,. The converse is sim-

ilar.

Case(~ Refl). We require to prove thdt, - F[t/x] is cut-free provable iff", - F[t/X] is
cut-free provable, which is trivially the case.
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Case(~ Sym). By induction hypothesis, we have thag, - F[t;/X] is cut-free provable iff
o Ft2/X] is cut-free provable. It immediately follows thig, - F[t/X] is cut-free provable
iff Mo Ft1/X] is cut-free provable.

Case(~ Trang. By induction hypothesis, we have tha, - F[t1/X] is cut-free provable iff
o Fltz2/X is cut-free provable iff , - Ft3/X] is cut-free provable. It immediately follows
thatl", - F[t1/X| is cut-free provable iff , - F|t3/X] is cut-free provable.

Case(~ Comp). By induction hypothesis we have that for all formukagnd alli € {1,...,k},

o F[ti/X] is cut-free provable iff ', - F[u; /x| is cut-free provable. We require to show that
Mot F[f(t1,...,t)/X is cut-free provable iff , - F[f(us,...,u)/X] is cut-free provable. By
successively applying the induction hypotheses, we obtain

Fwh F[f(ty,...,t%)/X cut-free provable
& Tk F[f(uyty,... &) /X cut-free provable
& [k F[f(ug,up,ts,.. ., t)/X cut-free provable

& Tk F[f(ug,...,u) /X cut-free provable

which completes the case. O

Lemma 3.3.8.For any i€ {1,...,n}, if PiM“’([tl],...,[tK]) thenl, - R(ty,...,t) is cut-free
provable.

Proof. Define am-tuple of setg Xy, ..., X,) by:
Xi={(ta],-.-,[tx]) | TwkF R(t1,...,t) is cut-free provable

for eachi € {1,...,n}, wherek; is the arity ofR. First, note that if([t1],...,[tx]) € X, then by
definition ofX; there exist termsy, ..., uy such that; ~uq, ...t ~ ug andl - Bi(ug,. .., uUg)
is cut-free provable. Then by Lemma 3.3.7 appliedimes, it holds thaf , - R(ty,...,t).
We shall use this fact more than once in what follows.

We shall show thatX, ..., X,) satisfies:

1. foreach € {1,...,n}, if R(ty,...,t) € T then([ti],...,[ty]) € X;;
2. do(Xg,.., %) € (X,..., Xn)-

Since(Pi\"“’, ...,PMe) is defined to be the smallest tuple of sets satisfying thespepties, it
follows that if PM([ty],..., [t¢]), then([td],...,[ts]) € % and thus by the argument above, it
holds that, - R(t1, ... ,t ) is cut-free provable. We now proceed to verify that 1 and Z/abo
do indeed hold:
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1. Leti € {1,...,n} and suppos@(ty,...,t) € Iy. It follows thatly, = R(ty,...,t) is
cut-free provable (via an application of (Ax)), and hefte, . .., [t ]) € X by definition
of X.

2. By definition of¢ ¢, we are required to shol, ¢ir (Xi,...,Xn) C X; foreachi € {1,...,n}.
Leti € {1,...,n} and let®;, be an arbitrary production witR in the conclusion, say:
Quui(X) ... Quun(X) Py ta(X) ... Pjtm(X)
Rt(x)

jl,...,jm,i 6 {l,,n}
It suffices to show thap; ; (X1,...,Xn) C X, i.e.

{tMex) | Qfur’(x),..., QRuUp“(X), ' (X) € X, .., th®(X) € Xjp} €%

which, by Proposition 3.3.6, rewrites to:
{[t00] | Q[ur ()], -, QY [un ()], [t1(0)] € Xy, -, [tm (¥)] € Xjp} X ()

Suppos&); °[u1(X)],...,Qy“[un(x)] all hold and(ty(x)] € X,, ..., [tm(X)] € X;,. By the
argument at the start of the proof, there then exist cut{freefs ofl¢, - Pj,t1(x),.. .,
Mo Pjtm(x). Similarly, for eachi € {1,...,h}, letting Q; have arityk; and writ-
ing ([ur(X)],...,[ug (X)]) for [ui(x)], we have by the definition dfl,, that there exist
termswy, ..., Wy, such thatu (X) ~ Wy, ..., U (X) ~ W, and Qj(w1,...,Wy) € I',. SO
Mo F Qi(wi,...,wy) is cut-free provable by an application of (Ax) and, by apptyi
Lemma 3.3.%; times, so id ¢, - Qi(u1(X),..., U (X)), i.e., o - Qiui(X).

We now observe that we can obtain a cut-free proof gf-- Rt(x) using the right-
unfolding rule corresponding to the production under cdesition as follows:
Fob Quui(X)...Tuk Qnun(X) b Pjti(X)... Mk Pjtm(X)
Mo Rt(x)

(RRr)

Hence we havét(x)] € X as required. This proves the set inclusien above and thus
completes the proof.

Lemma 3.3.9.1f F € [, then M, =, F, and if F € A, then M, (o, F.

Proof. By induction on the structure df.

CaseF = P(ty,...,t). There are two subcases to consider: eithex an ordinary predicate or
an inductive predicate.
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SubcaseP = Q, whereQ is an ordinary predicate symbol &f Supposé(ty,...,t) € Ie. AS
t ~t foralli € {1,...,k} by (~Refl), we thus hav@Me([t1], ..., [t]) by definition ofMy,, i.e.
My Ep, Q(t1,. .., t) as required.

Now supposeQ(ty,...,t) € Ay, and suppose for contradiction thdt, |=p, Q(t1,...,tk),
i.e. QVo([ty],...,[ty]) holds. Then there exist terms,...,ux such thatt; ~ uy,..., t ~ g
and Q(ug,...,u) € I, So there is a cut-free proof df, - Q(uy,...,ux) (via an applica-
tion of (Ax)). By Lemma 3.3.7 (applie#t times), it follows that there is a cut-free proof of
Mo F Q(ty,...,t). SinceQ(ty,...,t) € Ay, there is a cut-free proof df, - Ay, Which is a
contradiction. Henc#l, o, Q(t1,...,t) as required.

SubcaseP = R, wherePR, is an inductive predicate symbol & If B(ty,...,t%) € 'y, then
PMo([ty],...,[t]) by definition of PM®. By Proposition 3.3.5PM(p(t1),...,pw(t)), i.e.
My Ep, P(t1, ..., 1) as required.

Now supposeR (ty, ..., t) € Ay, and suppose for contradiction thsl, =, P (t1,...,tk),
i.e. PM(py(t1),. .., Pw(tk)). By Proposition 3.3.5PM([ty],..., [t]) and so by Lemma 3.3.8,
Mot R(t1,...,t) is cut-free provable. Sind&(ty,...,t) € A, it holds that", - A, is cut-free
provable, which is a contradiction. $a, -, Pi(t1,...,t) as required.

CaseF = (t1 =tp). If t =t € ', then we have; ~ t; (by (~Base)) and thuf;| = [t]. By
Proposition 3.3.5 it follows that,(t1) = pw(tz2) and sV, =p,, t1 = ta.

Now suppose; =t € A, and suppose for contradiction thdg, =p, t1 =to, i.€. Py(t1) =
Pw(t2). By Proposition 3.3.5]t;] = [to] and sot; ~ to. Now, observe thaff, -t =t; is cut-
free provable via an application o£R). Hence by Lemma 3.3.7, +t; =t is also cut-free
provable. But sincé; =t, € Ay, we would then have a cut-free proof Iof, - A, which is a
contradiction. Henc#l, (o, t1 = to.

CaseF = —F'. If =F’ € I, then by the construction df, - A, (c.f.. Definition 3.3.2),
there is an > 0 such that for allj > i, -F' € Ij. Furthermore, as the elemenE’ appears
infinitely often on the schedule according to whith + A, is constructed, it follows that
F’ € Aj for somej > i and hencd’ € A,,. By induction hypothesis, we thus haWg, [~o, F',
i.e. My, [=p, —F as required.

Now suppose-F’ € A,. By construction of , - Ay, F’ € I, SO by induction hypothesis
we haveMy, |=p, F', i.e. M, [0, —F’ as required.

CaseF = Fi AR If R AF, € T, then by construction df , - A, F1 € T, andF, € T, By
induction hypothesi®l, =o, F1 andMy, =p, Fo, i.e. My, [=p, F1 A F> as required.
Now if F AF> € A, then by construction we havg € A, or B € A,. In the former case
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we have by induction hypothesid,, -, F1 whence it is clear thal, (=, F1 A Fo; the other

case is similar.
Cased =F, VR, F =F; — F,. These cases are similar to the previous ¢aseF; A F, above.

CaseF = 3IxF’. If 9xF’ € [y, then by construction of , - Ay, we haveF’[z/x] € T, for
some variable, whenceM, =, F'[z/X] by induction hypothesis. By part 2 of Lemma 2.1.9,
Mo Fpgx—pe@] F's i-€. Mg =, IXF.

Now supposeéixF’ € A, and observe that by constructionlgf - A, (c.f. Definition 3.3.2)
there is then an > 0 such thatiF’ € I' for all j >i. Now consider an arbitrary term
of £ and note that the elemefxF’,t) appears infinitely often on the sched(lg );>o ac-
cording to whichly, - A, is constructed. So there is ja> i such thatEj; = (3xF’,t) and
thus we haveF'[t/x] € A,. Ast was chosen arbitrarily, it follows that for every term
F'[t/X € Aw. So by induction hypothesM,, -, F'[t/X] for every termt. Suppose for contra-
diction thatM, |=p,, IXF’. Then for some < TermgZ), we would haveMy, =, k- F',
i.e. My Fpgix—po) F' by Proposition 3.3.5. By part 2 of Lemma 2.1.9, it follows ttha
My, =, F'[t/X], which contradicts our induction hypotheses. Hellep~o, IXF'.

CaseF = VxF'. This case is similar to the cafe= 3IxF’ above. O
Definition 3.3.10(Henkin counter-class)Define H,, = {Hk | k € N} by:
Hie = {{([ta],..., [t&]) | Mo E=p, Flt1/X1,...,t/x]} | F aformulaxy,..., X distinct variable$

for eachk > 0. (Notice that we do not place any restrictions on the fremlstes of the formula
F.) Then#,, is said to be thélenkin counter-class fdr, - A,.

Lemma 3.3.11. The Henkin counter-clas®t, for [, - A, is indeed a Henkin class for )

Proof. By Proposition 2.3.4, the clag$lx | k € N} defined by:

.....

for eachk € N is a Henkin class foM,. Now since the domain dfl,, is TermgZ)/ ~, an
arbitrary element;, of the domain can be written af], wheret; is a term ofZ, and thus we
can write an arbitrary member &fy in the Henkin class above as:

ie. {([ta],-..,[t]) | Mo [=p,, Fltr/X1,- - t/Xi] } by Lemma 2.1.9, part 2

and thus#, is a Henkin class foM, as required.
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Lemma 3.3.12. (M, #H,,) is a Henkin model fofZ, ®).

Proof. First observe that, is indeed a Henkin class fdf,, by Lemma 3.3.11. Now for each
i € {1,...,n}, lettingk; be the arity of? andx,...,x be distinct variables (x1,...,X) is a
formula of Z, so by definition oHy:

{(l],- -, [t]) [ Ma Fp, R(te - t) } € Hig
e {(fta- - fte]) [ PM(fta]. - [])} € H

i.e. PMo e Hy, so(PYe, ..., PMe) is a4,-point. We also note that by definition @), ..., PMe)
we havepo(P,... . PMe) C (PYe ... PMe) so(PMe, ... PMe) is a prefixed?,-point of do.

It therefore remains to show thél?M“’,...,Pr'}"w) is theleastprefixed #,-point of . Sup-
pose thatX,...,X,) is a prefixed#,-point of . We shall prove thatXy, ..., X,) necessarily
satisfies:

1. foreach € {1,...,n},if R(ty,...,t) € T then([ti],...,[ty]) € X;

2. do(Xg,..., %) € (Xg,...,%n).

Since(P{"“’, ...,PMe) is defined to be the smallest tuple of sets satisfying thespepties, it
then follows tha(P}e, ..., PM) C (Xy,...,X,), and soPYe, ..., PMe) is the least prefixed,-
point of o. We observe thatXy,...,X,) immediately satisfies 2. since it is a prefixed point
of o by assumption. Also, sindeXy, ..., Xn) is an#,-point (again by assumption), we have
Xi € Hy foralli € {1,...,n}, so for each € {1,...,n} there exists a formul& and a tuple of

ki distinct variableg; = (z,...,z) such that:

X ={([ta],- -, [t]) | Mo F=p,, Rilta/z1, .t /2] }

We now show that 1.above holds, that is, for each {1,...,n}, R(ts,...,tx) € e, iM-
plies (Jt1],...,[tx]) € X. We inductively assume that the statement holds for all ipatels
P; such thatPrent (R, P;) and—Prent(P;,R) hold, and show that the statement holdsFor
(Technically, one is inducing over the orderirgof inductive predicate symbols defined by
Pi < R < Prent(R,P;) and —Prent(P;,R); one can easily see that is irreflexive, anti-
symmetric, and transitive, and that there are no infiniteeising<-chains as there are only
finitely many inductive predicate symbols.) Suppé¥ec 'y, (writing t for (ti,...,t)), SO
that by construction of i, - A, there is aj’ such thatRt € I'j for all j > j’. Now note that
the elementRt, z;,Fi,...,z,, Fy) occurs infinitely often on the schedteaccording to which
lw b Ay is constructed, so there isja> ' such thaE; = (Rt,z1,F4,...,2z,,F,) andRt € T,
and sd j,1 - Aj;1 is one of the premises obtained frdm~ A; by applying the rule (IndR)
with induction hypothesei, . .., F, and induction variablez, ..., z, (c.f. Definition 3.3.2). It
follows that either:
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1. I'j11F Ajyqis the major premis€ j, Ft = A; of the induction rule instance, or

2. there is a productio®y € &:
Q1U1(X) ... Qnun(X) Pjta(X) ... Pjtm(X)
Pt (x)

such that andP are mutually dependent, afd,1 - Aj;1 is the minor premise:

i1, Jmke {1,....n}

rv Qlul(x)> s >Qhuh(x)7 Gjltl(X), s anmtm(X) + Fkt(X),A

_ _ . F;  if P andP are mutually dependent
whereG; is defined for each by: Gj = _
Pjz; otherwise
In the former case, we hawgt € Iy, and thusM, =, Fit by Lemma 3.3.9, so by definition of
Xi we havelt] = (Jt1], ..., [tx]) € X and are finished. In the latter case, we have:

Quu1(X) € M,...,QnUn(X) € T, Gj ta(X) €My, ..., Gjptm(X) € Moo, At (X) € Ay

Now, firstly we haveM, =p, Q1u1(X),..., My F=p, Qnun(x) by Lemma 3.3.9 and so, by def-
inition of My, and Proposition 3.3.522"“’[u1(x)],...,Qth[uh(x)] all hold. Secondly, we have
My, o, Fct(X), again by Lemma 3.3.9, and $igx)] ¢ X, by definition of X,. Now consider
the remaining statemen@; t|(x) € ', (Wherel € {1,...,m}). If P; andR, are mutually de-
pendent, the;, = Fj, and soM, |=;,, Fj ti(x) by Lemma 3.3.9, i.eft;(x)] € X;, by definition
of X;,. Otherwise, note tharent (R, P; ) and—Prent(P;,,P) both hold, i.e P;, < B, because
Prem(P, P;,) holds and® andP, are mutually dependent, be, andP, are not mutually de-
pendent. Sinc®; t(x) € 'y, we then havét (x)] € X, by induction hypothesis. In summary,
we have the following:

Q1 [ua(¥)],- -, Qn[un(X¥)], [ta(X)] € Xjy, ..., [tm (X)] € Xjp,, [t(X)] & X ()
But sincedpo(Xq,...,Xn) € (X1,...,Xn), we must have (Xy,...,Xn) C X, i.e.
{It0O] | Qr[ua (X)), Qp un(X)], [t (X)] € Xjy, ..., [tm (X)] € Xj,} € Kic

using Proposition 3.3.6, which contradidts) above. This completes the case and thus the
proof. O

Theorem 3.3.13(Cut-free Henkin completeness of LKID) I' - A is Henkin valid, then it is
cut-free provable in LKID.

Proof. Suppose for contradiction théitH A is Henkin valid, but not cut-free provable, and
let ', F Ay, be the limit sequent fof - A (c.f. Definition 3.3.2) with counter-interpretation

(Mg, Pw) and Henkin counter-clas#, (c.f. Definitions 3.3.4 and 3.3.10). By Lemma 3.3.12,
(M, Hy,) is a Henkin model fo(Z, @), and by Lemma 3.3.9, we ha,, =, F forallF € ',
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andMy, o, F forall F € A,,. AsT C T andA C Ay, we thus havéM, =, F forallF e T
andM, 4o, F forall F € A.

In other words, we have constructed a Henkin madi), #4,) of (X, ®) such thal - Ais
not true in(My,, #,) and we have the required contradiction. HehdeA is cut-free provable
in LKID. ]

Theorem 3.3.14(Eliminability of cut for LKID). If ' - Ais provable in LKID then it is cut-free
provable (i.e. provable without using the rules (C(Bubst) or (Wk)).

Proof. Supposd - A is provable in LKID. By soundness (Proposition 3.2I8); A is Henkin
valid. Thus by cut-free completeness (Theorem 3.3.L3),A is cut-free provable in LKID.
O

3.4 LKID , second-order logic, and Peano arithmetic

In order to put our results about LKID into a wider context, m@v demonstrate, firstly, that
LKID can be viewed as a subsystem of Takeuti’s sequent esdalr classical second order
logic and, secondly, that Peano arithmetic PA (c.f. Debnit2.3.9) can be formalised within
LKID. It follows that the consistency of PA follows from thdirainability of cut in LKID,
whence we deduce that there can be no elementary proof of8iet3.14.

3.4.1 Embedding LKID in L2K

The main features of Takeuti’s second-order sequent eadidK (our name for the calculus is
taken from Girard [29], although the system is nan@dlC in Takeuti’'s original formulation
[69]), are as follows:

e the underlying languagg has two types of objects: (first-order) individuals, and st
individuals;

e we have accordingly two types of variables: standard (&irder) variables,y,z,.. .,
which range over individuals; and second-order varialleg,Z, ..., which range over
sets of (tuples of) individuals, and two versions of thendd quantifiers:vx, VX, 3x, 3X;

e there is a special binary predicatethat takes as arguments one individual and one set

(the intended interpretation afe X is, of course, Xis a member oK");

e we may buildabstraction termgrom formulas: ifF is a formula, and is a first-order
variable, them\x.F is an abstraction term (whose intended interpretationhis et ofx
such thaf"), and we may interchangeably wrifgt andt € F;
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e the rules for 2K are the rules of LK, augmented by the obvious rules for tfeose-

order quantifiers:

ME[T/X]FA r-FA
(V) — X ¢FV(Irub) (V2R)
MYXFEA M- VYXFA
MEEA M- F[T/X],A
— . X&FV(rua) @) — @R
MIXFEA M- 3XFA

whereT is an abstraction term in the ruleg?R) and @2L), and the set of free variables
of a formulaF, FV(F), is defined in the obvious way (that is to say, analogously to
Definition 2.1.7).

We claim that LKID is subsumed by the second-order sequdatiloa L°K. To see this, we
translate equality and the inductive predicateX af abstraction terms (i.e. sets) so that atomic
formulas involving equality or inductive predicates anslated as membership statements for
their respective sets. The (translations of the) rules doiadity and for inductive predicates are
then derivable in K, whence the translation of every LKID-provable sequenirisvable in
L%K.
To begin with, we translate equality;, as the abstraction terhx.Ay.VX(x € X < x€Y),
and as usual writé = u for = tu (this is often known aseibnitz equality. The rule ER)
is then straightforwardly derivable in’K (we use the rule labekf) in proofs for rewriting
according to a definition):
———— (AX) ———— (AX)
teXkteX teXkFteX
—— (=R} ————(—R)
FteX—=teX FteX—=teX
(AR)
FteX—teX
FVX(teX—teX)

Met=t,A

(V*R)

Now we define the abstraction terms:

Fi = Az ATl[z/xu/ly] — VA[z/x,u/y]
F, = A ATu/x,z/y] — VAu/x z/y]
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whence we start the3K-derivation of the rule£L) as follows:

Flu/x,t/yl F Alu/xt/y] L)

Fu/x.t .I—A t (AL)
AT[u/x,t/yl = Alu/xt/y] (VR)

(VR)
AT[u/xt/yl = VAu/xt/y _R)
EATIu/x /Y] — VAu/xt/y]
—  (AX) =
uechkhtuek Ftebk
teFR—-uekhtruehk

(AL)

tekh—ouekhtuchk
VXteX—ueX)Fuek
I[t/xu/y],t € F1 EA[t/xu/y] t=utuek -
Ft/xu/y,t=uueck —teF FAt/xu/y|
Flt/xu/yl,t =ut e F—ueF - Aft/xu/y] (v2L)
Fit/x,u/yl,t =u,VX(t € X <~ ue X) - At/x u/y]
Ft/xu/y],t =ut=ukAlt/x.u/y] -
F[t/xu/y],t =uk Alt/x u/y]
Notice that in the abovey € F1 - u e F, is a logical axiom becausec Fy =uc F, =
AT [u/x,u/y] — VVAlu/x,u/y]. To complete the derivation ofHL), we observe that the up-
per sequent on the left-hand branch f&tderivable as follows:

—L)

(ContrL)

(Ax)
(VL)

(VL)

(—=L)

A
{rit/xu/ylFF|FeTt/xu/y} EA):) {FAt/xu/yl |F € Alt/x u/yl}

TR - AT VXU - AUy
Cit/xu/y, AT[u/xt/y] — VAu/xt/yl EAft/xu/y]
[[t/x,u/yl,t € FL - Aft/x, u/y] =)

We now show how to translate the “natural number” predidatiefined in Example 2.2.5
into an abstraction term in3K and derive the corresponding LKID rules fbk. Extending
the translation to general inductive predicates is somewmlessy because of (possible) mutual
dependency between inductive predicates, but should theless work similarly. We translate

the inductive predicatdl as the abstraction term:
N =AxVX(0e XAVYy(ye X —sye X) —xe X)

We next show how to derive in?K any instance of the induction rule (Id) for N defined in
Example 3.1.5. If the induction hypothesis of the rule inst&isF and the induction variable is
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Z, we create an abstraction tedm F, whence we can derive the instance of (Mjas follows
(we write C[X] for the formula 0= X AVy(y € X — sye€ X)):

I FxXFFsxA

(—R)

(VR)
(AR)

N=Fx— FsxA
N=FO,A I = Vvy(Fy — Fsy),A
' FOAVY(Fy — Fsy),A

[ C[F],A MFtEA
MCIF] - FtFA
(V2L)
MYX(CIX] —teX) A
M NtEA

(—L)

The first right-introduction ruleNR;) is derivable in 2K as follows:
—— (AX)
0eXkF0eX
0e XAVY(ye X —-sye X)F0e X
(—R)
FOoe XAVy(ye X —sye X) —»0e X (V2R)
FVX(0eXAVYy(ye X —sye X) —0¢e X)
I - NO,A B

(AL)

The second right-introduction rul&lR,) is likewise L2K-derivable:

— (AX) — (A
teXkFteX ste XFste X

(—L)

(VL)

teX;te X —-ste XFsteX

teX,Vy(ye X —sye X)Fste X
AL)

teX,0e XAVy(ye X —sye X)Fste X -

— (AX)
C[X] - C[X] teX,C[X]Fste X

(Gd™)

CX]—teX,C[X]FsteX
YX(C[X] —t € X),C[X] F ste X
YX(C[X] =t e X)FC[X] - ste X

YX(C[X] — t € X) F YX(C[X] — ste X)
- [ NtA

NtH Nst
(Cut)
M NstA

v2L)
(—R)
(V*R)

We remark thatR,) is not derivable in I°K without the use of (Cut). If it were, then in
particular it would be derivable for the cabe= A = 0. Working backwards from Nst, one is
forced to initially apply the rulesW?R), (—R) and (\L), thereby obtaining the upper sequent
0e X,Vy(y e X — sye X) | ste X. But there is clearly no way to introduce a second-order
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quantifier from this sequent without a cut and thus we canbtdio the rule premise Nt as
required. So our translation does not in general map cetyreofs in LKID to cut-free proofs
in L2K. (However, there might exist a cleverer translation tt@esihave this property.)

In 1953, Takeuti stated his well-known conjecture thatairsination holds in BK [69].
The conjecture was eventually proven correct by Tait [67hgisemantic methods in 1966,
although the first syntactic proof was not given until latgiQirard [28]. Since BK subsumes
LKID, one might think that cut-elimination for LKID followsrom cut-elimination in K.
However, as cut-free proofs in LKID seemingly cannot belgasanslated into cut-free proofs
in LK, this would appear not to be the case. Even if cut-free mrdoEKID could be translated
into cut-free proofs in BK, the result would not follow straightforwardly since etiigy proofs
of Takeuti's conjecture (which are already complicated)ndt give a strong normalisation
result. However, the work of Parigot on strong normalisafior second order classical natural
deduction may be applicable [53].

3.4.2 LKID and Peano arithmetic

LKID subsumes LK and LK by construction, and is subsumed b§KLas shown above. This
just confirms our intuition that the logic FQ4-extends first-order logic but stops short of the
full quantification over second-order variables permitiedsecond-order logic. We can do
somewhat better than this rough characterisation, howeageadvertised previously, we now
show that Peano arithmetic can be translated into LKID aungesewith some extra axioms
(i.e. proof rules with no premises). We then obtain the czirgicy of Peano arithmetic from
the eliminability of cut in LKID (Theorem 3.3.14) using astiard argument (as given in e.g.
[29]).

For this section, we recall the definition of Peano arithm@®A) given in Definition 2.3.9.
Further, we let;, be the language obtained by extendHg with a unary inductive predicate
symbolN, and letdy be the inductive definition set consisting of the “naturainioer” pro-
ductions forN defined in Example 2.2.5. (The corresponding right- anditgfoduction rules
for N are given respectively in Examples 3.1.1 and 3.1.5.)

Lemma 3.4.1. Lett be a term okp,. If Var(t) C {x1,...,%} then the sequent Nx..,Nx -
Nt is provable in LKID (using the definition sé).

Proof. By structural induction ont. In the base cases,is either the constant 0 or one of
the variablesx, ..., X, and we are immediately done by an application dR() or (Ax) re-
spectively. In the induction step case, we havest', where the sequemMxy,...,Nx - Nt/
is provable in LKID by the induction hypothesis, and we arentlilone by an application of
(NRy). O
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Definition 3.4.2. Define the functiorR by induction on the structure @& ,-formulas of FOlp

as follows:
R(Nt) = Nt
R(s=t) = s=t
R(-F) = —R(F)
R(F1xF) = R(F)*R(F) (x € {A,V,—})
R(VxF) VX(Nx— R(F))

R(ExF) = 3IX(NXAR(F))
We extendR to multisets of formulas in the obvious walR(l") = {R(F) | F € '}
We remark that the effect of applying the functiBrio a formulaF is to “relativise” all the

quantifiers appearing iR so that they quantify over the predicate The functionR gives an
embedding of PA into LKID, constructed in the next lemma. éibiat we write LKID+ (PAL)—

(PAG) for the “augmented” proof system obtained by addingKaD the axioms.F (PA) for
ie{1,...,6}.

Lemma 3.4.3.If a sequent” - A is provable in PA, and F\ UA) C {xi,...,X}, then the
sequent Nx...,Nx, R(") - R(A) is provable in LKID+ (PA1)—(PA6), where the language for
LKID is 2, and the inductive definition setdsy.

Proof. (Sketch) The proof is by induction on the height of the PA\dgion of ' - A. For
the PA axioms, we note that for each {1,...,6} the sequentPAi) - R(PAI) is derivable in
LKID, and that- R(PAY?) is provable in LKID using the induction rule (Ird). The remaining
cases follow straightforwardly by the induction hypotlseshe casesiR) and L) require the
use of Lemma 3.4.1. O

Theorem 3.4.4.Eliminability of cut in LKID implies consistency of PA.

Proof. Suppose PA is inconsistent, i.e., there is a proof of the gregguent- in LK e from
the Peano axioms (PA1)—(PA7). By Lemma 3.4 3s then provable in LKIB- (PAL1)—(PAG).
Since (PA1)—(PAB) are closed first-order formulas, it feléathat the sequent (PA1L). , (PAG)-

is provable in LKID, and thus cut-free provable by cut-eliability in LKID (Theorem 3.3.14).
But every rule of LKID, except (Cut), having an inductive gieate in one of its premises also
has an inductive predicate in its conclusion. Since theesat{iPAl)...,(PA6) contains no
inductive predicates, there are no instances of the ruleadactive predicates occurring any-
where in its cut-free proof. We thus have a cut-free proofRKY), ..., (PA6)}F in the system
LK g, and sd- is derivable in Lke from the axioms (PA1)—(PAG), i.e. the axioms (PA1)—(PAG)
are inconsistent. But this system can be proved consisyegielnentary means (see e.g. [29]).
Hence we have the required contradiction and conclude Périsistent. O
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Itis reasonably obvious that the proof of Lemma 3.4.3 and tha proof of Theorem 3.4.4
given above can be formalised in PA, whence we can infer thafimg:

Corollary 3.4.5. The eliminability of cut in LKID (Theorem 3.3.14) is not paiNe in PA.

Proof. The eliminability of cut in LKID implies the consistency oARy Theorem 3.4.4. If
the eliminability of cut in LKID is provable in PA, then the sistency of PA would thus be
provable in PA (via a formalisation in PA of the proof of Theor 3.4.4). However, we know by
Godel's famous second incompleteness theorem that PAotanove its own consistency.[]

Gentzen’s original proof of PA-consistency [26], as welhasdern versions (see e.g. [70]),
requires the use of transfinite induction up to the ordagalbrdinals less thaggy are assigned
to proofs and it is shown that if there is a proof of the emptyusnt then there exists an infinite
sequence of “reductions” between proofs such that eactessive proof has a lesser ordinal
than its predecessor, contradicting the well-orderingpprty of €. Unfortunately, the fact
that such proofs exploit the many special simplifying pmtipe of the consistency problem
suggests that the techniques they use are not, by themsslféisient to establish a full cut-
elimination result for LKID.

There is an analogy between cut-elimination in LKID and nalisation in Godel's system
T [30]; the latter roughly corresponds to cut-eliminatiar &n intuitionistic version of LKID
with just the “natural number” predicate. It has been established that normalization in system
T can be proved by transfinite induction upstp(see e.g. [34, 84]). However, such proofs are
significantly more complicated than proofs of PA-consisierit seems plausible that a direct
proof of cut-elimination for LKID along these lines would b@re complex still, due to the
fact that LKID is a classical system.



Chapter 4

LKID ®: a proof system for infinite
descentin FOL p

In this chapter we formulate a second proof system, LK far reasoning in the logic FQb.
Whereas the system LKID formalised proof by induction ieskEDLp by adding explicit in-
duction and unfolding rules for the inductively defined poates of the underlying language,
LKID® can instead be seen as formalising (an extension of) Fermation of proof by “infi-
nite descent”. In Fermat’s original formulation, infinitegtent arguments exploit the fact that
the natural numbers are well-founded, which is to say theretlare no infinite strictly decreas-
ing sequences of natural numbers. Thus any case in a prabhteto the construction of such
a sequence can be ignored as contradictory.

For LKID®, we generalise the idea above to arbitrary inductively @efipredicates by
replacing the induction rules of LKID by simple “casesplitiles on inductive predicates, but
allowing proofs to be infinite trees, i.e., to contain infintbranches. While such proofs are
not sound in general, the well-foundedness of inductivendtefins allows us to disregard any
infinite branch along which some inductive definition is Udéal infinitely often. Thus, by
requiring that all infinite branches satisfy this propexiie ensure that the remaining portion
of proof is well-founded, and hence sound. (However, to fdate this requirement precisely
and provide a formal proof of soundness is somewhat more Emp

In Section 4.1, we formulate the casesplit rules of LRI@hich replace the LKID in-
duction rules. Similar rules have been considered prelydoy Schroeder-Heister [59, 60].
Otherwise, the rules of LKIB are as for LKID, and proofs in the system are infinite trees
(in general) satisfying a global condition which ensuresrgtmess by an infinite descent ar-
gument, as discussed above. We formulate the global condiin infinite proofs and prove
the soundness of LKI®in Section 4.2. In Section 4.3 we prove that the cut-freerfragt of
LKID“ is complete, this time with respect to standard models. Theiifinitary proof system
LKID® is (unsurprisingly) more powerful than the finitary proofssgm LKID. As is usual,

72
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the completeness argument involves the construction ofdeirn which a given underivable
sequent is false. However, there are interesting twisthénargument, due to working with
infinite proofs satisfying a global soundness condition.t-&imissibility for LKID® is then
obtained as a corollary of soundness and completenesssjtist LKID.

As for the previous chapter, we assume a fixed lang@agéh exactlyn inductive predi-
cate symbol#, ..., P, and a fixed inductive definition sét for Z.

4.1 Sequent calculus proof rules for  LKID ¢

The proof rules of the system LKDare the rules of LKID described in Section 3.1, except
that for each inductive predicak® of Z, the induction rule (Ind?) of LKID is replaced by the

following casesplit rule
case distinctions
———— (CaseR)
MNBukA

where for each production having predic&en its conclusion, say:

Q1u1(X) ... Quun(x) Pjta(X) ... Pjtm(X)
Rit(x)

j1,- 5 Jmid € {1,...,n}
there is a corresponding case distinction of the form:
r> u= t(x)7Qlu1(X)> oo >Qhuh(x)7 letl(x)> R ijtm(x) A

subject to the restriction thatz FV (T UAU{Ru}) for all x € x. For any instance of (Cas#),
the formulaRu occurring in the conclusion is said to be thetive formulaof the rule in-
stance and the formulat;(x),...,Pntm(X) occurring in a case distinction are said to be

case-descendents Pu.

Example 4.1.1. The casesplit rule for the “natural number” predicétedefined in Exam-

ple 2.2.5is:
Mt=0FA T,t=sxNxFA

M Nt-A

(CaseN)
wherex ¢ FV (I UAU{Nt}).

Example 4.1.2. The casesplit rule for the “even number” predic&alefined mutually with
the “odd number” predicat® in Example 2.2.6 is:
MNt=0FA TI,t=sx0Ox-A

(Casek)
MEtFA

wherex ¢ FV (I UAU{Et}).
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Example 4.1.3. The casesplit rule for the predica®e (the transitive closure of the predicate
R) defined in Example 2.2.7 is:

Mt=xu=y,RxyrA T t=xu=zR"xyR"yz-A
M RtukA
wherex,y,z¢ FV (T UAU{R"tu}).

(CaseR™")

Lemma 4.1.4. For any inductive predicate symbal, Fhe casesplit rule (Casg)Rs admissible
in LKID.

Proof. We show how to derive an instance of (C&ewhose conclusion is the sequénBu -
A. First, for eachj € {1,...,n}, letk; be the arity of the inductive predicaf® and letz be
a vector ofk; distinct variables. Then, to the predicdewe associate the induction variables
z; and the induction hypothesis formul& = (Al Au =z — \VA) ARz. Further, to all
predicated?; such thaP; # P, andP, andP; are mutually dependent, we associate the induction
variablesz; and induction hypothesis formuklg = P;z.

To begin the derivation of (Cad#), we apply the rule (IndR) to the conclusion of (Cad®)
with the induction variables and hypotheses given above bi@ore, double line inferences are
used to indicate uses of the weakening rule (Wk), and we wseuth symbol €) to indicate
the expansion of an abbreviated formula.) We then prove thiempremise of the induction

rule instance outright as follows:

S
{r FJ ] Je r}
—— (AR) — (AX)
_ (KFA|K e}
(AR) =R R
AT MNu=u
(AR) (VR)
FEAFAU=U VAFA( )

MATAuU=u—VARUrFA
(AL)
F,(/\F/\u:uﬁ\/A)/\P.ul—A(_)

minor deductions MRukEA
MNBukA

(Ind R)

Note that there is a minor premise for every production hgwmits conclusion a predicate
that is mutually dependent with. However, we only require a case distinction for every pro-
duction having?, in its conclusion. Now, for every productiah; , € ® having in its conclusion
a predicateP; such thaP; andP, are mutually dependent bBt # P;, say:

Q1u1(X) ... Qnun(X) Pjta(X) ... Pjtm(X)
Pit(x)

jla"'7jmaj 6{17"'7n}

we observe that the corresponding minor deduction in thiamee of (IndR) above can also
be proved outright as follows:
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(AX) (AX)
{Qkuk(x) F Qkuk(X) | ke {1,...,h}} {ijtk(x) - ijtk(x) | ke {1,...,m}} (PR)
Quua(X), -, Qun(X), Pizta (), -, Pyt (%) F Pjt(x) m
(AL)
(AL)
Q1U1(X), ..., Qnun(X),Gj, t1(X),...,Gj,tm(X) F Pjt(x) WK

I, Quui(X),...,Qnun(X),Gj t1(X), ..., Gj,tm(X) F Pjt(x),A

Note that eacl;, is by definition either the atomic formuR, z;, or the induction hypoth-
esis formulaF;, defined above (c.f. the induction rule description in Sec8dl). In the latter
case, noté;, is, again by definition, either the formulaor the atomic formuld;, z;,. So each
formula G, tk(x) in the above derivation is either the atomic forméaty (x) or the formula
Fitk(x, i.e. (AT Au=tx(x) — VA) ARtk (x), in which caseéRty(x) can be obtained from it by
applying (\L) and (WKk). This justifies the transformation of ea@l), into P;, via applications
of (AL) and weakenings in the derivation above.

Finally, for each productio®;, havingPR in its conclusion, the corresponding minor de-
duction in the instance of (InB) above yields the desired case distinction as follows (we
abbreviate the set of formul&gu;(x), ..., Qnrun(X) by Q):

Mu=t(x),Q,Pjti(x),...,Pjutm(X) FA

(VR)

(VR)

M u=t(x),Q,Pjt1(X),...,Pjutm(X) F VA
(AL)

L
AT AU =t(X),Q,Pjyta(X), ., Pjntm(X) F VA ")
(—R) (PRr),(AX)

Q Pjti(X), -, Piptm(X) F AT AUu=1t(x) — VA Q,Pjit1(X), ., Pjptm(X) - Rit(x) (AR)
Q, P t1(X), ..., Pintm(X) F (AT Au=1t(x) — VA) ABt(X)

(AL)

(AL)

Q,Gjt1(X), ..., Gjptm(X) F (AT Au=t(x) — \/A) ARt(X)
(Wk)

M, Q,Gjt1(X),...,Gjntm(X) F (AT Au=t(x) — VA) ARt(x),A

Note that the justification for obtaining eaél) from G;, is as for the previous case. To
complete the proof, we simply observe that we have obtairdstigation of the rule (Casi@)
within the system LKID. O

The local soundness of the proof rules of LKi®vith respect to the Henkin semantics of

FOL,p now follows immediately from the soundness of LKID:
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Lemma 4.1.5(Local Henkin soundness of LKI®). Let(M, #) be a Henkin model fofZ, ®).
If all of the premises of a rule of LKIBare true in(M, A ), then the conclusion of the rule is
also true in(M, #).

Proof. We just need to check that each rule of LKiDas the desired property. All of the
rules apart from the casesplit rules are already covereddmrha 3.2.2; the fact that the rule
(CaseR) is sound for each inductive predica®efollows from Lemma 4.1.4 and the fact that
the rules of LKID are locally sound with respect to Henkin ratsdLemma 3.2.2 again). [

We remark that, although the proof rules of LKt@re locally sound with respect to Henkin
models of FOlp, we will eventually obtain soundness of the full (infinitaigystem LKID®
only with respect to standard models. In order to estabfishsoundness property, we will only
actually use the fact that the proof rules of LKi@re locally sound with respect to standard
models.

It is worth noting that the casesplit rule for an inductivedicateP, may also be formulated
without the use of equality, as follows:

case distinctions
Flu/y],RutAfu/y]
wherey is a vector of appropriately many variables and for each gpetdn havingP, in its

(CaseR)(2)

conclusion, say:
Q1u1(X) ... Qnun(x) Pjta(X) ... Pjtm(X)
Rt(x)
there is a corresponding case distinction:

Ft(x)/y], Quua(X); -, QnUn(X), Pjsta(X); .., Pitm (X) F At (x) /Y]

subject to the restriction thatg FV (I UAU {Ru}) for all x € x. In the presence of equality,

jl,...,jm,i 6{1,,”}

the two formulations of the casesplit rule for an inductivedicate are interderivable (in LKID
or LKID®). The formulation of casesplit without equality is obtdifeausing the formulation
with equality via the derivation:
. TIE(X) /Y], Quua(X), ..., Qnun(X), Pj t1(X), . .., Pjtm(X) F At(X) /Y] ...
.. Tlu/yl,u=1t(x),Q1u1(X),...,Qnun(X),Pj t1(X),...,Pj.tm(X) - Alu/y] ..
Flu/y],RutAfu/y]
and the formulation using equality is derivable from thenfiatation by first using a cut:

(=L)
_ (CaseP)

(=R)

Nu=u,RukFA T RuFu=uA
(Cut)

MNBukA
and then continuing on the left branch as follows:
. Tou=1(x),Quu1(X), ..., Qnun(X), Pj t1(X), ..., Pj tm(X) FA.
MNu=u,Ruk-A

_ (CaseR)(2)
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4.2 Infinite proofsin  LKID @

The main feature of LKID is that we allow infinite derivation trees to be proofs. Hoeguit
is readily seen that there are infinite derivation trees inRwith invalid endsequents, so not
every such tree is a proof. For this reason, we call infinitd X derivation treepre-proofs

Definition 4.2.1 (LKID® pre-proof) An LKID® pre-proof of a sequenf” + A is a (possi-
bly infinite) LKID® derivation tree?D = (V,s,r, p) whose endsequent is+- A and such that
Bud(D) = 0 (i.e. every sequent in the proof tree is the conclusion ofespnoof rule applica-
tion and saD is “finished”).

At this point, it may be helpful for the reader to recall ouaexple of an infinite proof from
the introduction:

Example 4.2.2.Let N,E and O be the “natural”, “even” and "odd number” predicates given
in Examples 2.2.5 and 2.2.6. (The casesplit ruleNds given in Example 4.1.1 above.) The
following is then (an initial part of) an LKIB pre-proof of the sequemM x+ Ex, Ox

(etc)

——— (ERy) '
+ OO0,EO Nz OszEsz

- (=L) =
y=0F OyEy y=szNzF Oy,Ey
(CaseN)
Nyt Oy, Ey
——————— (ORy)
NyF Oy, Osy
— (ERy) ———  (ER2)
+EO,00 L) Ny EsyOsy L)
x=0F Ex Ox X =8y,NyF Ex Ox
(CaseN)
NxH Ex Ox
Whereas when dealing with LKID we were concerned with Henkdhdity of sequents,

i.e. truth in all Henkin models ofZ, ®), for LKID® we shall only be concerned with the
standard notion of validity, i.e. truth in aftandardmodels. We shall say a sequentvalid
just in case it is true in all standard models(af ®). Of course, in a finite derivation tree,
the validity of the endsequent is guaranteed by the locahdioess of the proof rules (see
e.g. Proposition 3.2.8). However, this argument does nigneixto LKID® pre-proofs as they
may be non-well-founded, i.e. contain infinite branchesthls situation, if the endsequent of
the pre-proof is false in some modd|, the local soundness of the proof rules implies the exis-
tence of an infinite path through the pre-proof such that saguent along the path is also false
in M (under some environment). Our aim is to formulate a sourglnesdition on pre-proofs

that ensures that we can obtain a logical contradiction @h sucircumstance.

Definition 4.2.3 (Trace) Let (vi) be a path in an LKIB pre-proof D = (V,s,r,p). A trace
following (v;) is a sequencét;) such that, for all:
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e T; =P;tj €I, whereP; is an inductive predicate (i.g. € {1,...,n}) ands(v;) =T - A;;

e if r(v) is (Subst) thert; = 1i11[0], where® is the substitution associated with the rule
instance;

e if r(v;) is (=L) with active formulat = u then there exists a formula and variablex
andy such thatr; = F[t/x,u/y] andt;;1 = F[u/X,t/y] (i.e. Tj+1 is obtained by (possibly)

swapping some occurrencestandu in T1;);

e if r(v;) is some casesplit rule (CaBg) then eithert;;; = Tj, or T is the active formula
of the rule instance andg, 1 is a case-descendant®f In the latter casa,is said to be a
progress poinbf the trace;

e if r(vi) is not (Subst),£L) or a casesplit rule, then 1 = T;.

As mentioned above, given the invalidity of the endsequéaind_KID® pre-proof?D we
can construct an infinite path i® and an infinite sequence of falsifying environments for the
sequents on this path. Furthermore, any trace on (part isf)pdth can be understood as a
monotonically decreasing sequence of ordinals via theaqapiant construction for inductive
predicates in standard models (c.f. Definition 2.2.8). Tpnsperty is made precise in the
following lemma:

Lemma 4.2.4. Let D be an LKID” pre-proof ofl o - Ag, and let M be a standard model such
that o F A is false in M under the environmepg (say). Then there is an infinite pati )i>o
in 9 and an infinite sequendg; )i>o of environments such that:

1. foralli, s(vj) =T F 4 is false in M undep;;

2. if there is a tracgT; = Pjt;)i>n following some tailV; )i>n of (Vi)i>o, then the sequence
(aj)i>n Of ordinals defined by:

a; = least ordinala such thatp;(t;) € Pﬁ

foralli > n, is a non-increasing sequence. Furthermore, if j is a pesgrpoint ofT; )i>n
thenaj, 1 < aj.

Proof. Throughout this proof, we writé€ %=, A to mean that the sequeht- A is false in the
modelM under the environmer.

First note that the ordinal sequeng®;);>n defined in property 2 of the lemma is well-
defined, for, by the definition of trace, we hawe= P;t; € I'; for eachi > n, and sincd’; j~p, A
for all i by property 1 of the lemma we must havg, Pjti, i.e. pi(ti) € Uq PJOI‘ for eachi > n.
Now pi(ti) € Uq P} iff pi(ti) € P{ for some ordinab, and there is a least suchby the well-
ordering property of the ordinals, ®g is defined for each> n.
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The two properties required by the lemma are trivially trdeh® 1-element sequences
(vo =root(D)) and(po). We assume we have sequente@$oi<k and(pi)o<i<k satisfying the
two properties of the lemma and show how to constict andpy. 1. We always choose 1
to be p;(w) for somej (i.e. such thas(vi1) is a premise of the rule instance of whisfvi)
is the conclusion) so that; )i>o is an infinite path inD as required. To establish that property
2 holds of the constructed sequence, it suffices to assumextsience of an arbitrary trace
(Tk, Tky1) following (v, Wk+1), and show thatx1 < ag, and that ifk is a progress point of the
trace thero 1 < ag. Itis clear that this process can be repeated infinitelynoftieus yielding
the required infinite sequences.

We note that sinc® is an LKID® derivation tree, the sequesfv) is the conclusion of an
instance of the LKID ruler(w), which clearly cannot be a rule with no premises, as the con-
clusion of every such rule is a valid sequent by Lemma 4.1.8.threfore distinguish a case
for each of the remaining proof rules. In all cases the falbsifity of vk, 1 by pk.1 follows im-
mediately from the local soundness of the proof rule in qaegiL,emma 4.1.5). Furthermore,
Pkr1 can always be constructed in a manner consistent with thdresgent for the second
property. We examine only the interesting cases here:

Caser(vk) = (Subst): s(v) is the conclusior [6] - A[B] of an instance of (Subst) and by
induction hypothesi$ [6] j=p, A[6]. We choosev, 1 to be the node ofD labelled with the
only premisel” - A of the rule instance, and choopg;1 = pxo 8. The sequens(vk;1) is
thus falsifiable bypy1 (satisfying property 1) sinc€ [~p,0.0 A iff T'[6] F~p, A[B] by part 2 of
Lemma 2.1.9.

For property 2, we must have by the the definition of trace that 1¢.1[6], i.e. if Ty = Bt
thenty, 1 = Bt andt = t'[6]. Note thatpy,1(t') = (pko 0)(t') = pk(t'[6]) = p«(t). Thus, for
anya, pey1(t’) € PYiff p(tx) € P* and soo; 1 = O.

Caser (V) = (=L): s(v) is the conclusiof [t /x,u/y],t = uF At /x,u/y] of an instance of£L)
and by induction hypothesis[t/x,u/y],t = u F~,, Alt/x,u/y]. In particular,M |=p, t = u, so
pk(t) = pk(u). We choose, 1 to be the node o labelled with the only premise[u/x,t/y] -
Alu/x,t/y] of the rule instance, and choopg;1 = pk. It then follows that [u/x,t/y] Fp,.,
Alu/x,t/y] sincepyr1(t) = pk(t) = px(u) = pk+1(u), so property 1 of the lemma is satisfied.
For property 2 of the lemma, we must have that by the definitibtrace thatty, 1 and
Tk are the same atomic formula, up to some possible swappingsafrrences of and u.
So we can writa;1 = Bty andtx = Bta, wherepy(t1) = pk(t2) sincepk(t) = pk(u), and so
Prt1(t1) = pk(t2). Thus, for anya, pxr1(t1) € PYiff pi(t2) € P® and soo1 = 0 as required.

Caser(w) = (CaseR): s(v) is the conclusiorl,Ru F A of an application of rule (Cad®)
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(wherei € {1,...,n}). Ass(w) is false inM underpy by induction hypothesis, we haé |=p,
Ru,i.e.px(u) € Uq P*. Leta’ be the least ordinat such thapy(u) € P* = 1'(¢,). By Defini-
tion 2.2.8 we thus havex(u) € T (Up<o do( q)q,)). By construction ot (c.f. Definition 2.2.3),
there is then # < o’ and a productionb; ; € ® such thapg(u) € cl)i,r(q)?p). Now &; ; is a pro-

duction withPR, in its conclusion, say:

Quu1(X) ... Qnun(X) Pjta(X) ... Pjtm(X)
Rit(x)

j1,- 5 Jmid € {1,...,n}
so by definition ofp; , we have:

pr(u) € {tV(d) | QYuY(d),...,QMuM (d),tY(d) € T, (§5),....thH(d) € T (65)}

ie. 3d. pe(u) = tM(d) andQul! (d),...,QMuM (d),t} (d) e PP,....tM(d) € P} (%)

Now definevi, 1 to be the node of) such thas(v 1) is the (case distinction) premise:

r> u= t(x)>Qlu1(X)> oo >Qhuh(x)7 letl(x)> ) ijtm(x) A

wherex ¢ FV(F UAU {Ru}) for all x € x, and definepy1 = pk[x — d]. For property 1 we
need to shows(vi, 1) is falsified bypx.1. It is clear that we havé/ =, ., Jforall J e
andM -, ., K for all K € A by the induction hypothesis and part 1 of Lemma 2.1.5, since
Pki1 agrees withpy on all variables free i UA. Also by part 1 of Lemma 2.1.5, we have
Pks1U = pxu sincex ¢ FV (Pu) = Var(u) for all x € x. Now py.1(t(x)) = tM(pks1(X)) =
tM(d) = pk(u) by the definition ofpx,1 and the statement (*) above, so we hayg;(u) =
Pr+1(t(x)), i.e. M |=p,,, U= t(x) as required. We then just need to show eaciMaf=, .,
Quu1(X),...,M Ep,.; Qnun(X),M =, Pjta(X),...,M [=p,.; Pj.tm(X), which is clear from
the statementx) above together with the definition @, 1. For property 2, there are two
possibilities to consider:

e kis not a progress point of the tra¢e, Tx,1) and so, by the definition of trace, we have
Tir1 = Tk. Now, sincety = Pjt (say) is a formula occurring is(vc) = I',Ru + A, and
Pk+1 agrees withpg on variables free il UAU {Pu}, we havepy.1(t) = pk(t) and so
pk(t) € PJP‘ iff prya(t) € PJ-“, i.e. 0.1 = 0k and we are done.

e kis a progressing position of the trate, T+ 1). In that casety is the active formuldu
of the rule instance ant ; is a case-descendantifl, i.e. 1,1 is one of the formulas
Pj,t1(X),...,Pj.tm(x). Now the discussion above shows that there is an ordrsaich
thatpy1(t1(x)) € Pﬁ, SPkr1(tm(X)) € PJ-Gm and that furthermoreB is smaller than the
least ordinal satisfyingpk(t) € P®. We thus haver.1 < oy as required.
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Lemma 4.2.4 immediately gives rise to a natural soundnéssion for LKID® pre-proofs:

Definition 4.2.5(LKID ® proof). An LKID® pre-proof® is said to be an LKI® proof if, for
every infinite path inD, there is an infinitely progressing trace following soméaéthe path.

For convenience, we may restrict the quantification ovanéitite paths in Definition 4.2.5
to all rootedinfinite paths. It is obvious that there is an infinitely pregging trace on a talil
of every infinite path in a pre-proof if and only if there is oo the tail of every infinite path
starting from the root of the pre-proof, because every xeg@eachable from it.

Proposition 4.2.6(Soundness of LKIB). If there is an LKID® proof of I - A thenl - A is
valid (i.e. true in all standard models fg&, ®)).

Proof. Suppose that we have an LKfQroof D of I = A butl" - A is not valid, i.e. there is a
standard modé\l of (X, @) such thaf” - A is not true inM. We can then apply Lemma 4.2.4
to obtain infinite sequences; )i>o and(p;)i>o satisfying properties 1 and 2 of the Lemma. By
the definition of LKID® proof, as(vj)i>o is an infinite path througtD, there is an infinitely
progressing trace following some tail 6f; )i~o. So by property 2 of the Lemma, there is thus
a non-increasing sequence of ordin&s);>n that decreases infinitely often. As this contra-
dicts the well-foundedness property of the ordinals we iobtiae required contradiction and
conclude thaf - A must be valid. O

4.2.1 Generalised trace-based infinite proof systems

The ideas used to develop the proof system LKfBr FOL,p above have been used previously
to develop (sound) infinite proof systems for other logiasably thep-calculus (see e.g. [63,
58, 19, 52]). To show the versatility of the method, we nowsider an essentially arbitrary
infinite proof system 8 and show that a sound notion of infinite proof exists for thetem
providing that an appropriate notion of “trace” exists. Wealsmake only the following general
assumptions about the proof systef1 S

e The rules of & are of the form:

R
s (R)
whereneN. S S,,..., S, are called “sequents”. We writeeqdor the set of well-formed
sequents of 8andRulesfor the set of proof rules of ‘S

e There is a sef of interpretations and we have a semantic notion of satisfaction between
interpretations and sequents. We wilite- Sto mean that the seque8tis satisfied by
the interpretatiori. We say a sequelgis valid if Sis satisfied by every interpretatidn
(Observe that for our systems LKID and LKYDan interpretation of a sequent is given
by a first-order structur® and an environmerg. In many systems, such gscalculus,
an interpretation will just be a environment interpretirggigbles in some domain.)
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An S® pre-proof is then just a possibly infinité’$lerivation tree (with no buds). In general,
as we saw previously, such pre-proofs are sound if the iitglof the endsequent implies the
existence of an infinite path in the proof from which an infrdiescending chain of ordinals can
be constructed. This motivates the formulation of the feilg definition of atrace function
which generalises the notion of trace for LK#rom Definition 4.2.3:

Definition 4.2.7 (Trace function) Let 7 be a set, and lefVal C 7 x Seqgssatisfy: for any
S € Segs there are only finitely many € 7 such thatTVal(t,S). Let TPair: (7 xT) —
(Seqgsx Rulesx Seqs — {0,1,2} be a computable function satisfying:

v1,T,sr,s.-TVal(t,s) v -TVal(t,s) = TPair(t,7')(s,r,s) =0

Also suppose there exists a function 7 x I — O, whereO is some initial segment of the
ordinals, such that for any“Sre-proof?D = (V,sr, p):

IFEs(v) = 3V, ).V =npjVv)

and I" £ s(V)
and TPair(t,v)(s(v),r(v),s(V)) =1=o(t,lI') < o(t,l)
and TPair(t,v)(s(v),r(v),s(V)) =2=o(t,I') < o(t,l)

ThenTValis called arace value relatiorandT Pair is called arace pair functionfor the
proof system, and is the ordinal trace functionassociated witil Pair andTVal. (t,7’) is
said to be avalid trace pair on(v,V) if TPair(t,t')(s(v),r(v),s(V')) # 0, and is said to be a
progressing trace paion (v,V) if T Pair(t,t')(s(v),r(v),s(V)) = 2. Further, a sequencg;) is
said to be araceon a path(v;) if for all i, (t;,Ti+1) is a valid trace pair orfv;,Vvi+1). A trace
(T;) is said toprogressat j if (Tj,Tj;1) iS a progressing trace pair, and is said toiffenitely
progressingf there are infinitely many points at which it progresses.

Notice that, due to the properties required of a trace paiction, a trace pair function
exists for & only if the rules of $ are locally sound. We shall suppose there exists a trace pair
function for the proof system“ in which case an analogous version of Lemma 4.2.4 holds
for S*:

Lemma 4.2.8.Let D be a ¥ pre-proof of a sequent;Sand suppose that for some interpreta-
tion lo, § is false in b. Then there is an infinite pattv;)i>o in 2 and an infinite sequence |
of interpretations such that:

1. foralli, I & s(v);

2. if there is a trace(T;)i>p following some tail(vi)i>n of (Vi)i>o, then the sequence of
ordinals (a;)i>n defined by = o(t;, Ii), whereo is the ordinal trace function associated
with the trace pair function for § is non-increasing. Furthermore, if j is a progress
point of (T;) thena 1 < aj.



Chapter 4. LKID®: a proof system for infinite descent in FOLp 83

Proof. First note thats(root(?)) = S is false inlg by supposition, so the sequendgs =
root()) and(lp) trivially satisfy the properties required by the lemma. \euctively assume
that we have constructed a pdth)o<i<k in 2 and a sequenag; )o<i<k of interpretations satis-
fying the two properties of the lemma. In particulafyy) is false inly, so by the definition of
a trace pair function, we can fingl. 1 such thaiv, vi+1) is an edge oty andlx;1 = S(Vit1)-
Furthermore, if there is a trace following some ta4l)<j<x+1 Of this path, then there is a trace
(Ti )n<i<k following (Vi)n<i<k @and a trace paiftk, Tk+1) on (Vk,Vik+1). By induction hypothe-
sis there is a non-increasing sequef@gn<i<k that decreases whenever the trace progresses.
By the definition of trace pair function, we haeg;1 = 0(Tk+1,lk+1) < 0(Tk,lk) = Ok since
(Tk, Tkt1) is a valid trace pair o, Vikt1). Furthermore, ik is a progressing point of the trace,
then(tk, Tky1) IS @ progressing trace pair, and we hayeg; < o by the definition of trace pair
function as required. This completes the induction step. O

Definition 4.2.9 (Generalised infinite proof)An S® pre-proofD is said to be an proof if,
for every infinite path inD, there is an infinitely progressing trace following somé d&ithe
path.

Proposition 4.2.10(Soundness of generalised infinite proafjthere is a & proof of S then S

is valid.

Proof. Suppose that we have & groof D of Sbut Sis not valid, i.e. there is an interpretation
lo such thatlp = S We can then apply Lemma 4.2.8 to obtain infinite sequeriggsand
(1;) satisfying properties 1 and 2 of the lemma. By the definitior$9 proof, as(v) is an
infinite path through?, there is an infinitely progressing trace following somé ai(v;). So
by property 2 of the lemma, there is thus a non-increasingiesece of ordinalga;)i>n that
decreases infinitely often. As this contradicts the wellrfdedness property of the ordinals we
obtain the required contradiction and conclude atust be valid. O

4.3 Cut-free completeness of LKID ¢

We now present a proof of cut-free completeness for LKifth respect to standard models.
The structure of the proof is similar to that of the cut-freertkin completeness proof of LKID
given previously (c.f. Section 3.3), but without the needdastruct Henkin models. However,
additional complications arise from the need to considersibundness condition imposed on
LKID® proofs.

As for the LKID completeness proof, we shall say that a seqisecut-free provablgin
LKID®) if there is an LKID® proof of the sequent that does not include any instanceseof th
rules (Cut), (Subst) or (Wk), and we shall show that everydvaequent (with respect to stan-
dard models) is cut-free provable in this sense. Thus, asdeke shall obtain from our sound-
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ness and completeness results very slightly more than tred ostion of cut-eliminability, but
the rules (Wk) and (Subst) are in any case easily shown aiiéisa LKID®. Since LKID®
proofs are infinite objects, it is of interest to considerdtreictural complexity of proof objects.
In this regard, we show that every valid sequent actuallyrbasrsivecut-free LKID” proof,
which is to say that the LKIB proof is a recursive tree in the standard sense (for a d@imiti
see e.g. [55]). The outline of the cut-free completenessfgor LKID © is as follows:

1. Given an arbitrary (possibly provable) sequént A we construct a recursiveearch
tree corresponding to an exhaustive infinitary search for a ceg-£ KID® proof of I -
A. This tree is constructed according to a schedule similah&b used in the LKID
completeness proof, except that we also schedule the appticof the rules for equality
and for right-unfolding of inductive predicates.

2. If the search tree fdr - A is not an LKID® proof, then either it is not a pre-proof, and
thus contains a bud node, or it containsuartraceable branch— an infinite path such
that there is no infinitely progressing trace on any tail & tfath. In the former case, we
can straightforwardly construct a model in whith- A is false. We continue with the
remaining case.

3. We may now assume that the search tree contains an uriladeanch. We can then
prove that no sequent on this branch, including 4, is cut-free provable, by showing
essentially that the existence of a cut-free proof wouldyntipe existence of an infinitely
progressing trace on the untraceable branch, which is aadiotion.

4. The untraceable branch in the search tree is used to aonsatiimit sequent’, - A,
which in turn is used to construct a first-order structitg and an environmengy,.
The construction of thisounter-interpretatioris very similar to the construction in the
LKID completeness proof, except that the interpretatiorihef inductive predicates in
M, is defined so as to ensure ti\dy, is a standard model fqi, @).

5. We show thaf (, - A, is false inM, under the environmenmt,. This proof is identical to
the analogous step in the LKID completeness proof excepkigase where an inductive
predicate formula occurs iRy, where the argument needs an extra twist relying on the
soundness condition. In particuldr}- A is false in the standard mod#l, since itis a
subsequent df , - Ag,.

6. Now given any sequelit A, if the search tree for - A is not an LKID® proof then it
follows by steps 2-5 thdt - A is invalid. Thus ifl - Ais valid, then the search tree is a
recursive cut-free LKID proof of I - A.

Definition 4.3.1(Schedule) An LKID®-schedule elememif X is defined as follows:
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any formula of the form-F, F, A, FL VF,, or F; — F» is an LKID®-schedule element;

e for any termt of Z, any variablex € 7 and any formuld, the pairs(vVxF,t) and (3xF,t)
are LKID®-schedule elements;

e for any termg,u of Z, any variablesy € 7/, and any finite multisets of formulds A,
the tuple(t = u,x,y,I",A) is an LKID®-schedule element;

o for any inductive predicate symb#) of arity k, any termdy,...,tx of Z, and for every
production®; ; € @, say:
Quu1(X) ... Quun(X) Pjta(X) ... Pjtm(X)
Rt(x)

jl,...,jm,i 6{1,,”}

such that(ty, ... ,t) = t(t’) for somet’, the pair(R(ts,...,t),r) is an LKID®-schedule
element.

An LKID®-scheduléfor ¥ is then an enumeratiofE;);>o of schedule elements &f such that
every schedule element afappears infinitely often in the enumeration.

An LKID®-schedule is similar to an LKID-schedule (c.f. Definitior3.3.) with two major
differences. First, we have schedule elements for equalityulas, with appropriate extra in-
formation enabling the left rule for equality to be appli&®kcond, the extra information stored
with atomic formulas involving inductive predicates is nsinply an index which allows a
particular right-unfolding rule for the inductive predteato be selected. (The extra condition
on this index ensures that only the indices of right-rulesctvitan be applied to the inductive
predicate formula are considered.) The justification fereistence of an LKIB-schedule is
similar to that for an LKID-schedule.

Definition 4.3.2(Search tree)Let I' - A be an arbitrary (possibly provable) sequent; note that
there is an LKIC¥Y-schedule fo.

We then define an infinite sequence(®f)i>o of LKID® derivation trees such that is a
subtree ofTi; for all i > 0. Moreover, eacH; has the property that the sequent at any node
of T is a subsequent of the sequent at any descendantgé defineT to be the single-node
treel + A so, in particular, the endsequent Bfwill be I' - A for all i > 0. We inductively
assume we have constructed the ffgand show how to construdy ;.

In generalTj; 1 will be obtained by replacing certain bud nodesTpfwith finite LKID®
derivation trees, whence it is clear thgt 1 is also a finite LKID® derivation tree as required.
Firstly, we replace any bull’ - A’ of Tj such that”’ N A" # 0 with the derivation tree:

e
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and we likewise replace any bid- A’ such that =t € A’ for some ternt with the derivation
tree:

=R
rEao =R)
We then proceed by case distinction®nthe (j + 1)th element in the schedule far

e E = —F. Then we replace every bud nofie-- A’ such that-F < I’ with the derivation

tree:
rEFAo

— (L)
M -F A
— (ContrL)
o
We also replace every bud noBie- A’ such that-F € A" with the derivation tree:
rFEN
—— (OR)
[+ -F,A
" (ContrR)
o
e E=F AF. Then we replace every bud no@ér A’ such thatF; AF, € 7 with the

derivation tree:
M F,RFA

MRAREL
reao

(AL)
(ContrL)

We also replace every bud nofie- A’ such thaf; A F, € A’ with the derivation tree:
MEFL,A T'ER N

p - (AR)
MeEFA F,A

e E=F;VF. Then we replace every bud nofié- A’ such thatF; vV F, € I'" with the

derivation tree:
MNAREFAN T RN

F’,Fl\/ FEF N
Y

We also replace every bud nofie- A’ such thaf, VV F, € A’ with the derivation tree:

(VL)
(ContrL)

M Fy, R, A
MR VR,A
RN

(VR)
(ContrrR)

e F =F, — F,. Then we replace every bud nofle- A’ such that; — F, € I’ with the

derivation tree:
M EEA TEFL A

; — (=L)
MFA—REA
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We also replace every bud nofie- A’ such thaf, — F, € A’ with the derivation tree:
M F RN

M=F— R, A

e

(—R)
(ContrrR)

e E = (IxFt). Then we replace every bud nofié+ A’ such thatixF € I’ with the

derivation tree:
I Flz/x F4A

/ RED
I, 3xF F A

wherez¢ FV (I ud).

We also replace every bud nofie- A’ such thafixF € A’ with the derivation tree:

M- FElt/x, A
" @R)
M - 3xF,A
" (ContrR)
N

e E = (VxFt). Then we replace every bud nofié+ A’ such thatvxF € I’ with the

derivation tree:
I F[t/x =4

VL)
M WxF A

We also replace every bud nofie- A’ such thatvxF € A’ with the derivation tree:

I+ Flz/x], 0
77 (WR)
I - VXF,A'
—_ """ (Contr)
reap

wherez¢ FV (I U4').

e E=(t=uxYylA). Letl" A’ be a bud node such theatuec I, " CT[t/xu/y]U
{t =u} andA’ C Alt/x,u/y]. Sol" =T"[t/x,u/y]U{t = u} for somel” C T andA’ =
A"[t/x,u/y] for someA” C A. Then we replace the bud no@ér A’ by the derivation

tree:
F”[u/x,t/y], r" [t/X, U/y],t =ut A”[t/X, U/y],A” [U/X>t/y] (=L)

[[t/% u/yl, T [t/% u/yl t=ut = ubk A"[t/x u/y], 0" [t/x ufyl
(ContrL)

(ContrL)

Tt/ Ut = Uk AT AL AT X U e

(ContrR)
M[t/x,u/y],t = uk A"t/ u/y]
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e E = (Pu,r), whereR is an inductive predicate symbal,is a tuple of terms ok and
re{l,...,|®i|}. Wereplace every bud nodié A’ such thaBu € I’ with the derivation

tree: T
case distinctions

r,Ruk4 (Caser)
ﬁ (ContrL)

Now note that®; , is a production ir, say:

Quui(X) ... Qrun(X) Pj,ta(X) ... Pjtm(X)
Rt(x)

jl,...,jm,i 6{1,,”}

and we haval = t(t’) for somet’. Then we replace every bud nofér A’ such that
Pu € A’ with the derivation tree:
M FQua(t),A ... I'F Quun(t),A TP ta(t'),A ... T F Py tm(t),8

M Rt(t),a

(RR)

Thesearch tree foi” - A is defined to be the (possibly infinite) trég = ;> Ti (note that it
makes sense to consider the union of the derivation ffegisceT; is a subtree of;, 1 for all
i >0).

If T, is not an LKID® proof then either it is not even an LKWpre-proof, or it is an LKIY
pre-proof but does not satisfy the proof condition. The megiposition addresses the former

situation.
Proposition 4.3.3. If the search tree Jfor I' - A is not a pre-proof thefi - A is invalid.

Proof. SinceT,, is clearly an LKID® derivation tree, it must contain a bud node, §ay- A'.
Now by construction ofT,, it is clear that none of the rules for the logical connediym-
cluding equality) or for the inductive predicates can beliggto it, otherwise there would be
an element on the schedule allowing a rule to be applied tbuke Thereford™’ can contain
only atomic formulas involving non-inductive predicatesdA’ can contain only atomic for-
mulas to which no rule can be applied, although they may &tititain inductive predicates.
Also, again by construction of,, the endsequerit - A of T, is a subsequent of every node
occurring inTy,, i.e.” C " andA C A'. Therefore we have:

rl_A — Qltl,...,thml_Rlu]_’...,Rkuk

whereQq,...,Qn are ordinary predicates afrl, ..., Ry are either ordinary or inductive predi-
cates. To see that- Ais invalid, we construct a standard model &f ®) in which the sequent
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is false. Define a first-order structuké for ~ whose domain i¥ermg2), and define:

M = ¢ for each constant symbol
M o= f for each function symbof

QMt < Qterl foreach ordinary predicate symbQI
PM = (UyP" foreach inductive predicat@

Note that the last clause of the definition ensures Mas a standard model fofZ, @) as
required. Now define an environmemfor M by p(x) = x for each variable symbal It is then
clear thatp(t) =t for all termst of Z, and thus all the formulas df are obviously true iV
underp. Similarly, all the formulas ol not involving inductive predicates are falseNhunder
p. It remains to show that any formuRu occurring inA, whereB, is an inductive predicate, is
false inM underp, i.e., thatu & [ J, P®. But this is clear from the fact that no right-unfolding
rule can be applied tBiu, and thusu ¢ ¢g for anya. O

Now, suppose thak, is an LKID® pre-proof, but not a proof. From Definition 4.2.5 we
immediately have that there must exist an infinite patiignsuch that there does not exist
an infinitely progressing trace following any tail of the lpatThis path can then trivially be
extended to a rooted path as required.) For the remaindaiso$éction, up until the statement
of the cut-free completeness result, we shallllgbe the search tree for a fixed sequEmt A,
and we shall assume th#, is an LKID® pre-proof but not a proof, i.e., there is an infinite
(rooted) path off, such that there does not exist an infinitely progressingtfalbowing a tail
of the path.

Definition 4.3.4 (Untraceable branch / Limit sequentlet t= (v;)i>o be the rooted infinite
path inTy, such that there is no infinitely progressing trace followamy tail of the branch. (Of
course, there may be more than one such branch, in which caseake an arbitrary choice.)
TUis said to be thaintraceable branclof T, andl, F A, is said to be thdimit sequentfor
A, wheres(vi) = I - A for eachi andl g, = Uj>o i @andAg, = UisoAi. (Notice that these
are well-defined since, by construction of the searchTigave havel; C I'i 1 andA; C A1
foralli >0.)

As for the LKID completeness proof, we observe that the lisgiuent, - Ay, is not
technically a sequent &3, andA, are, in general, infinite multisets of formulas. Our notidn o
(cut-free) provability in LKID” for an infinite “sequent” is, as before, (cut-free) provapifor
some finite subsequéntFor example, if we say thdt, - A, is cut-free provable in LKI®

1This notion of provability for an infinite sequent impliestloes not coincide with validity. For example, the
infinite sequeniNt ~t = 0,t = s0,t =s9,...,t ="0,..., is valid even though every one of its finite subsequents
is invalid — a typical failure of compactness. Interestingl one instead were to allow infinite sequents to appear
in LKID® proofs, a more powerful notion of cut-free provability wdube obtained, which would coincide with
validity by our completeness proof.
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then we mean there exist finifé C ', andA’ C A, such that the sequeht - A’ is cut-free
provable in LKID”.

Lemma 4.3.5. Lett= (V;)i>o be the untraceable branch of,TThen for all i> 0, the sequent
s(v;) is not cut-free provable in LKIB.

Proof. The intuition behind this proof is that every possible afp¢s made when construct-
ing T, to either close a given proof branch or, if this is impossiliteconstruct an infinitely
progressing trace following some tail of it (since formuéas never “thrown away” when con-
structing the search tree). Any putative proof of a sequentiming on the untraceable branch
would yield either a way of closing the branch or construgtam infinitely progressing trace
following a tail of it, which is impossible.

We writel; - A; for s(v;). Suppose for contradiction that for somng O, I'; - A; has a cut-
free proof in LKID®. So there is a (possibly infinite) LKI®derivation treeT = (V',s,r’',p)
such thafl has no bud nodes;(root(T)) =T - A, and there is an infinitely progressing trace
following a tail of every infinite path ifT.

Now let j > i, letV € V' ands (V) ="'+ A', and suppos€’ C I'; andA’ C A;. Recall
that by construction of, we havel'y C 'y, ; andAx C Ag, 1 for all k > 0, and every LKIIY
schedule element occurs infinitely often on the schedulerdity to whichT,, is constructed.
There is therefore a point alormgwhere exactly the same rule is applied (with the same active
formula and side conditions, if applicable) as is appliedt6- A’ in the proofT. (It is for
this reason that it is crucial that we also schedule the fgleequality and right-unfolding of
inductive definitions in the construction of the search .yrétcfollows that there is & > j such
that the ruler’(V) is applied atv (i.e. r(w) = r’(V')) with the same active formula as in the
rule instance a¥' , and there is some premigg(V') of the rule instance at such that, writing
S(p(V)) =T"FA", we havel” C N1 andA” C Ayy1. (Notice thatp) (V') must exist since
otherwisettis not an infinite path, which is a contradiction.) This stioa is illustrated in
Figure 4.1. Sincé&; C IMj.; andA; C A4 foralli > 0, and(t, 1) is always a valid trace on any
edge(Vv;,Vi+1) such that € 'y andt € I';1 (except when the rule (Subst) is applied, which does
not occur here since we consider cut-free proofs), it folldhat if (1,1') is a (progressing) trace
following (V, p(V)), then(t,...,T,T') is a (progressing) trace following;, .. . , Vi, Vit1)-

Now sinces (root(T)) =TI - A, and trivially ['; C ' andA; C A;, we can repeatedly iterate
the argument in the preceding paragraph to obtain a path (V/)i>o in T and a sequence
i < ki <k <...of natural numbers such that, for all> 1, if (1,7’) is a (progressing trace)
following (V;, Vi, 1), then(t,...,T,T') is a (progressing) trace following,, . .., Vk,.,)-

SinceT is a proof, there is an infinitely progressing trace follogisome tail of the path
M in T. It follows that there then is an infinitely progressing #&dollowing some tail of the
untraceable pathtin T,. But this contradicts the defining property mf So there cannot exist
a cut-free proof of j - 4; in LKID®. O
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Tt
T
r” g rk+1}_Ak+12A” (R) \
Mefd Al N Y.

/ y

F’gFjFA,-QA’

Figure 4.1: Part of the proof of Lemma 4.3.5. Given I'j - Aj and " = A’ with ' C T'j and

A’ C Aj, we can construct " = A", T F Ay and TNy 1 F Ay as shown.

Definition 4.3.6. Thecounter-interpretation fof , - A, is defined to b&M,, py,), whereM,
is a first-order structure foE and py, is an environment foM, both defined exactly as in
Definition 3.3.4 except that for eacke {1,...,n}, we definePiM“’ = Uy P%. (This ensures that
M, is thus a standard model fOE, ®).)

Lemma 4.3.7.I1f My, =p, R(t1,....t), thenl, = R(ty, ... 1) is cut-free provable in LKIDB.
Proof. Define am-tuple of setgXy,...,X,) by:
Xi={([ta),--,[t]) | TwF R (ta,...,t) is cut-free provable in LKID'}

for eachi € {1,...,n}. Suppos€Xy,...,X,) is a prefixed point ofye and thus, since the"
approximantpg is the least prefixed point @fp by Lemma 2.2.11, we havigy C (Xy, ..., Xn).
Then, foranyi € {1,...,n}:

Mo Fp, Rty st) < (Polta),- - Poltk)) € Ug BT =005
S ([ta],...,[t]) e .09 byProp 3.35
= ([ta],---, [te]) € T (Xe,... . Xn
< ([t ] €X
&

Elu:|.7"-7u|(j- u:l_""t:]_,...,l,lki Ntk|
andlg, - P(uy,...,uy) cut-free provable in LKI
& Tk R(ty,...,t) cut-free provable (by Lemma 3.3.7)

It thus suffices to show th@Xy, ..., X,) is a prefixed point 0b o, i.€.¢op(X1,..., Xn) C (Xg,...,Xn).

The proof of this fact is very similar to the second part of gineof of Lemma 3.3.8. O

Lemma 4.3.8.1f F € ', then M, =, F, and if F € A, then M, (o, F

Proof. First note that , - A, is not cut-free provable by Lemma 4.3.5. The proof proceeds
by structural induction oir. All of the cases are then exactly as in Lemma 3.3.9 excephér
caseF = Ru, whereP, is an inductive predicate. This case is dealt with as follows
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CaseF = Ru, wherePR is an inductive predicate symbol &f(soi € {1,...,n}). Suppose first
thatPu € A, and suppose for contradiction tHdt, =,, Pu. Then by Lemma 4.3.T,, - Bu
is cut-free provable in LKID and, sincePu € A,,, it holds thatl", - A, is cut-free provable,
which is a contradiction. S, F~,,, Pu as required.

Now suppose tha®u e Iy, and suppose for contradiction thdt, (=, Pu. Let (vj)j>o
be the untraceable branch@f, and writel"; - A;j for s(vj). Note that by construction of,,
there is anj > 0 such that for alj’ > j, Ru € I'y. Furthermore, since every schedule element
occurs infinitely often on the schedule according to whigh's constructed, there isla> |
such that the rule (Cad®) is applied af i F Ay with active formulaPu in the construction of
Te. So for some production ifp, say:

Quu1(X) ... Qrun(X) Py ta(X) ... Pj,tm(X)
Rt(x)

jl,...,jm,i 6 {l,,n}
we have the following:
M1 b Birr = T, U =1t(x), Quua(X), ..., Qnun(X), Pjyta(X), ..., Pjptm(X) F Ak

wherex ¢ FV (I UA) for all k. So the formulasi = t(x),Q1u1(X), ..., Qnun(X),Pj;t1(X),. . .,
Pj.tm(x) are all inl,. Note that sincau = t(x) € Iy, we haveu ~ t(x) by definition of
~ (c.f. Definition 3.3.3) and sdu| = [t(x)]. Also, sinceQiui(X),...,Qnun(X) € Iy, all of

olus(®)],...., Q¢[un(x)] hold by definition ofMq,. Thus if PY[ty (x)],...,PMe[tm(x)] also
all hold thenPM[t(x)] holds by definition o™ and ¢, i.e. P**u holds soM,, =, Pu,
which contradicts our initial assumption thdt, =, Pu.

Therefore, for somé& € {1,...,m}, we have thain“:"*’[tk(x)] does not hold. Note that
(Ru,...,Ru,P;t(x)) is a progressing trace following some finite segment of theaseable
branchrt of T, (starting with the first sequent on the branch such Batoccurs in its left-
hand side, and finishing with the above premise of the cormidanstance of (Cade) in
Tw). By repeating the argument, this time starting Wity (x), we can find a point on the
untraceable branch wheRg, t, (x) is unfolded using the rule (Ca$, ) and another progressing
trace, beginning withP;, ty (x), following some further segment of the untraceable brarh.
iterating the argument, we obtain an infinite sequence ehatéormulas(F)i>o occurring on
m, with Fg = Bu, F1 = Pj,tk(X), etc., such that for ail > 0, F1is a case-descendant Bf
Thus there exists an infinitely progressing tr&€g, ...,Fo,F1,...,F1,F,...) following some
tail of 1t, which contradicts the fact thatis the untraceable branch ©f,. Thus we must have
My =p,, PU as required, which completes the case and thus the proof.

]

Theorem 4.3.9(Cut-free completeness of LKI). If [ - A is valid with respect to standard
models of Z, ®), then it has a recursive cut-free proof in LKD



Chapter 4. LKID®: a proof system for infinite descent in FOLp 93

Proof. Suppose thaf - A is valid, i.e. true in every standard model @&, @), but that the
search tred, for [ - A is not an LKID” proof. So eithefT, is not even an LKID® pre-proof
— inwhich casd + Ais invalid by Proposition 4.3.3,which is a contradiction +1g has an
untraceable branch (c.f. Definition 4.3.4). In the lattesegdet , - A, be the limit sequent for
I - A with counter-interpretatiortMy,, pw) (C.f. Definition 4.3.6). By Lemma 4.3.8, we have
My [=p, F for all F € ', andM, &, F forall F € A, AsT C T, andA C A, we thus have
Mg, =p, F for all F € ' andM, f~p, F for all F € A. In other words, we have constructed a
standard moddW,, of (Z,®) such thafl” - A is false inM,, sol" - A is again invalid, which is
a contradiction.

ThusT,, is an LKID® proof of the sequerit - A. By construction, it is both recursive and
cut-free. O

Theorem 4.3.10(Cut-eliminability in LKID®). If [ - A is provable in LKID® then it has a
recursive cut-free proof in LKIB (i.e. a recursive proof that does not employ the rules (Cut),
(WK) or (Subst)).

Proof. Supposd™ + A is provable in LKID®. By soundness (Proposition 4.2.6)- A is valid
with respect to standard models @, ®). Thus by Theorem 4.3.9, the search treelfor A is
a recursive cut-free proof df - A in LKID©. O

The fact that LKID’ is complete with respect to standard models, together Wilfcct that
LKID cannot have this property, means that the infinitarjteysLKID® is more powerful than
the finitary system LKID, because there are sequents thab#ickin the standard sense but not
Henkin valid (this essentially follows from the fact thaetk are non-standard Henkin models,
c.f. Corollary 2.3.11). The fact that LKI®is complete in the standard sense, and can interpret
Peano arithmetic via a translation similar to that used #HLin the previous chapter, implies
by Godel's incompleteness theorem that it is impossibtedarsively enumerate a complete set
of LKID © proofs. Moreover, cut-free proofs in LKfDenjoy a property akin to the subformula
property for cut-free proofs in LK, when the notion of subsfarla is appropriately generalised.
That is to say, if one allows that an “inductive-subformulgay) of a formulaF is either a
subformula ofF in the usual sense or related to such a subformula by equality unfolding
of inductively defined predicates, then every formula odogrin a cut-free LKID® proof of a
sequenf + Ais an inductive-subformula of a formula occurringlif- A. The eliminability of
cut in LKID® thus corresponds, at least in some sense, to Girard’s ifi&adioty of methods”
[29] for FOLp.



Chapter 5

Cyclic proofs in trace-based infinitary

proof systems

In the previous chapter, we considered an infinitary proafteayy LKID” for FOLp whose
soundness is guaranteed by a global proof condition basedaoesin the proof, and we
established that any valid sequent of R®has a recursive cut-free LKMproof. Unfortu-
nately, the system LKIB is not suitable for practical formal reasoning. Note thainot
possible to recursively enumerate the set of LRIproofs, for otherwise — via an embed-
ding of Peano arithmetic into LKI® similar to that in Section 3.4.2 — it would be possible
to recursively enumerate the true statements of arithmetiich is impossible. In particular,
although recursive LKIB proofs can be encoded as natural numbers (for example)nitis
even semidecidable whether a given natural number encaodekI® © proof for, if this were
the case, we could recursively enumerate the set of !Kpibbofs. Thus we do not have a
usefulfinite representation for LKIB (pre-)proofs in general.

We saw in Section 4.2.1 that the LKYDproof condition — that an infinitely progressing
trace exists on some tail of every infinite path in the proof ields a sound notion of infinite
proof for any proof system ‘Sfor which a suitable notion of trace can be found (c.f. Defi-
nition 4.2.7). For sufficiently powerful system$’Sthe same practical problems for formal
reasoning arise as in the case of LKIBbove.

We recall that an infinite tree is said to kegular if it contains only finitely many distinct
subtrees [18], and it is well-known that a tree is regulaicéiyaf it can be represented as a finite
(cyclic) graph [16, 46, 76]. Since formal reasoning regsligeconvenient finite representation
for proofs, it is natural to consider the restriction of affinitary trace-based systent’So
those (pre-)proofs given by regular derivation trees, itese derivation trees representable by
finite cyclic graphs. We use the generic tecytlic proof systemfor systems obtained from
infinitary proof systems in this way.

In Section 5.1, we show how to obtain the restricted proofesysCS’, which s suitable

94
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for formal reasoning, from an arbitrary trace-based progftem £, and we also show that
in the setting of C$, the proof condition for 8 is decidable. In Section 5.2, we consider
the particular case of the system CLKIDbtained by so restricting LKI®, and give some
illustrative examples of cyclic CLKIB proofs. We conjecture that cut is not eliminable in the
restricted system CLKIP (despite being eliminable in the full infinitary system LK{D

5.1 The cyclic restriction of a trace-based infinitary proof system

Given an infinite proof system“Sequipped with a suitable trace pair function (c.f. Defini-
tion 4.2.7), we obtain its cyclic restriction, €Sas follows. A C% pre-proof is a finite 3
derivation tree, possibly containing bud nodes, togeth#r avfunction assigning to each bud
node an interiocompaniomode in the tree with the same sequent labelling; this allasvio
identify cyclicity in derivation trees. Note that equaliiy formulas is standard syntactic equal-
ity, and so equality on sequents is defined by extending ttismto multisets in the standard
way. CS’ pre-proofs can be viewed as finite (cyclic) graph represiemts of regular infinite
trees, i.e., regular®pre-proofs, by identifying bud nodes with their assigneshpanions. The
soundness condition orf’Pre-proofs can thus be straightforwardly applied td’®®e-proofs,
and moreover, this condition is decidable in the restricteiting of CS.

Definition 5.1.1(Companion) Let D = (V,s,r, p) be a derivation tree and I8 < Bud(D). A
nodeC €V is said to be @ompanion for Bf r(C) is defined and(C) = s(B).

We remark that, in contrast to some other formal systems @&y notions of cyclic or
circular proof (e.g.[63, 32]), we do not require companitmbe ancestors of the bud nodes
to which they are assigned, i©.need not appear on the unique pathZirfrom root(?) to B
in the definition above. (However, we show in the next chafitat any C® pre-proof can be
transformed into an “equivalent” pre-proof in which the buahd companionare arranged in
this form.)

Definition 5.1.2(CS” pre-proof) A CS® pre-proof of a sequenS8is a pair(D = (V,s,r,p), R),
whereD is a finite & derivation tree with endsequeBtand® :V — V is a partial function
assigning a companion to every bud nodelin

Next, we show how a CBpre-proof can be understood as a cyclic graph. We wriie ~
o(y), wheref andg are (partial) functions, to mean th&fx) is defined iffg(y) is defined and
if f(x)is defined therf(x) = g(y).

Definition 5.1.3(Pre-proof graph)Let ? = (D, R ) be a C® pre-proof, whereD = (V,s 1, p).
Then thegraph of 2, written G, is the derivation graph obtained frofa by identifying each
bud nodeB € Bud(D) with its companion® (B). That is to say,G» = (V/,s,r,p’), where
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V' =V \ Bud(?D) andp' is defined by:

5 ) 2{ R(pi(\) i pi(v) € Bud(D)
Pj (V) otherwise

for eachj € N. (Note thatG, contains no bud nodes, i.e., the rule labelling functios total
onV’.) A pathvoviVz... in Gp is said to beootediff vo = root(D).

We now demonstrate how a €Pre-proof can be understood as@@e-proof. Note that
we use the symboalto indicate concatenation of sequences.

Definition 5.1.4(Tree-unfolding) Let ? = (D = (V,s,1,p), R ) be a CS pre-proof with graph
Ge = (V/,s1,p/). DefinePath(Gp), the set of rooted finite paths througly, as follows:

Path(Gz) = {(Vi)o<i<n | N € N andvp = root(?) andvi € {1,...,n}.3j. vi = p’j (Vi—1) }
Then thetree-unfoldingof 2 is 7, = (Path(Gs),s",r*, p*), where:

e s*((Vi)o<i<n) = S(Vn)

e r*((Vi)o<i<n) = r(vn) (note that is total onV’, sor(vy) is always defined)

* Pj((Vi)o<i<n) = ((Vi)o<i<n - Pj(Vn))
Lemma 5.1.5. For any C® pre-proof?, its tree-unfoldingZy is a $° pre-proof.

Proof. Let Gp = (V/,s,r,p') and Zp = (Path(Gp),s",r*, p*). First we need to establish that
Tp is a derivation graph. To see this, we observe that:

P; ((Vi)o<i<n) is defined

& p(vn) is defined
s(py(Vn)) ... S(pm(v
< r(w)=(R)and 1< j <mand (P1(n) o) (Pn(\n) is an instance of rulér)
S(Vn
< r*((vi)o<i<n) = (R)and 1< j <mand

*

s"(p1((Wi)o<i<n)) .. S

S"((Vi)o<i<n)

(Pm((Vi)o<i<n))

is an instance of ruléR)

as required. (Note that the second equivalence holds gjpde a derivation graph.)

Now we define the root offy to be the one-element sequengeot(?D)), and need to
establish that there is a unique path fréraot(2)) to any other nodgV;)o<i<n € Path(Gp).
We proceed by induction on. In the casen = O there is clearly a unique path (of length 0)
from (root(D)) to (root(D)) in 7» and we are done. For the step case, we assume there is a
unique path from(root(D)) to any node of the fornfv; )o<i<k and proceed as follows:
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(Vi)o<i<k+1 € Path(Gp) = 3 uniquej. Vi1 = pj(vi)
< Juniquej. (Vi)o<i<k+1 = (Vi)o<i<k - Pj(Vk)

< Juniquej. (Vi)o<i<k+1 = Pj((Vi)o<i<k)

The uniqueness of the path frofroot(D)) to (Vi )o<i<k+1 follows from the uniqueness of the
path from (root(D)) to (vi)o<i<k together with the uniqueness ¢fin the above. Scy is
indeed a derivation tree. It is clear that it is 4 &erivation tree, becaus® is a $° derivation
tree, and the sequent and rule labellings appearirk iare just those appearing . Finally,
to see thatZp is a $° pre-proof, we just need to establish t&t has no bud nodes, which is
clear since™*((vi)o<i<n) is defined whenevenr(vy) is defined, and is total on the nodeg’ of

Ge- O

Definition 5.1.6 (CS” proof). A CS® pre-proof® = (D, R) is said to be a CSproof if, for
every infinite path inGy, there is an infinitely progressing trace following somédathe path.

Of course, as in the case of our infinitary systems in the ptes/chapter, we can restrict to
rooted infinite paths in the definition above without loss ehgrality.

Proposition 5.1.7. For any C®’ pre-proof?, P is a CS’ proof if and only if7, is a S proof.

Proof. Let? = (D, R) be a C® pre-proof and note that its tree-unfoldifg is a S° pre-proof
by Lemma 5.1.5 above. We then require to show that thereseaistinfinitely progressing
trace on some tail of every infinite path i, = (V/,s,r, p’) just in case there is one on some
tail of every infinite path inZy = (Path(Gp),s",r*, p*). Without loss of generality, we may
restrict our attention teooted infinite paths inG, andZy (c.f. our remarks immediately after
Definition 4.2.5).

Now supposeZy is a $° proof, and lett= (Vv;)i>o be a rooted infinite path ig». Now we
have for alli > 0 and for allj € N:

Vi1 = Pj(vi) € (Vidosksi+1 = Pj((Viosksi)

and sinceVp) = (root(D)) = root(‘Zp), it follows that ((vk)o<k<i)i>o is a rooted infinite path
in Zp. Moreover, we have for eadgh> 0:

S"((k)o<k<i) = S(vi) andr”((Vk)o<k<i) = I (Vi)

so the sequent and rule labelling of the pafiA)o<k<i)i>o in Zp is identical to the sequent
and rule labelling of the patvi)i>o in Gp. SinceZy is an $ proof, there is an infinitely
progressing trace following some tail 6fvk)o<k<i)i>0, Wwhence it is immediate by the above
that this trace is also a infinitely progressing trace follogva tail of (v;)i>o, because the trace
pair function for the system only depends on the sequentsri@edabelling a given edge
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(c.f. Definition 4.2.7). Hence there is an infinitely progrieg trace on some tail of every
infinite path inGy, as required.

The argument that if7» is a CS’ proof then one can construct an infinitely progressing
trace on a tail of any rooted infinite path i is very similar to the above. O

Corollary 5.1.8 (Soundness of C3. If there is a C% proof 2 of a sequent S then S is valid
(according to the semantics of the infinitary systéth S

Proof. If P is a C® proof then its tree-unfolding is a $° proof by Proposition 5.1.7. The
endsequerof 2 is the endsequent @ (sinces’ (root(Zy)) = s*((root(D))) = s(root(D)) =
S), soSis valid by soundness of the full infinitary systerf! @roposition 4.2.10). O

Proposition 5.1.7 establishes that a®“Ggre-)proof? can be considered a finite represen-
tation of the & (pre-)proofZs,. In fact, a C® pre-proof always representgegular S® proof,
and every regular Sproof can be so represented; this follows from the well-kndact that
a tree is regular exactly if it is representable by a cycliaplr [16, 46, 76]. We therefore only
state, and do not prove, the following proposition:

Proposition 5.1.9. Let D be a & pre-proof. ThenD is a regular tree if and only if there exists
a CS° pre-proof P with 7p = D.

The condition for a C8 pre-proof to be a proof (c.f. Definition 5.1.6) is of courselabal
condition in the sense that it can be determined only by emiagithe entire pre-proof structure
(in general, anyway). However, in contrast to the situatbi$® — as discussed at the start
of this chapter, it is not decidable whether a giveéh@@e-proof is a proof — the soundness
condition for C®’ is decidable:

Proposition 5.1.10.1t is decidable whether a CSore-proof is a CS proof.

Proof. (Sketch) We show that the property that every infinite patespeses a tail on which
an infinitely progressing trace exists is @regular property (similar arguments appear in [52,
62, 42]), and hence reducible to the emptiness of a Blicbnaaion.

We write £(B) for the language accepted by a Biichi autom&oiven a CS pre-proof
P, we first construct a Buchi automatdrrace such thatZ(Trace) is the set of strings of
vertices of Gp such that an infinitely progressing trace can be found on f&saffthe string
(irrespective of whether the string is actually a patlGip). We then construct the automaton
Trace accepting the complemented languag€Trace), i.e. the set of strings of vertices of
Ge such that no infinitely progressing trace exists on any suaffithe string. FronTlracewe
build a final Blichi automatofRr f Dec accepting only those strings that are/iTrace) and
that also are valid paths i§». One can then easily see thatis a CS’ proof if and only if
L(PrfDec) = 0, which is a decidable problem. O
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A full proof of Proposition 5.1.10 is given in Appendix A. lbatains full details of the
construction of the Biichi automatd?r f Dec for proof decision in C8, and thus may be of
interest to the reader concerned with the implementatidrace-based cyclic proof systems.

5.2 CLKID ®: a cyclic proof system for FOL

In this section, we consider the cyclic proof system CLRIfdr FOLp obtained as the re-
striction of the full infinitary system LKI® to regular trees, as per Section 5.1 above. We
give some concrete examples of cyclic proofs in CLR]2nd state our conjecture that the
cut-eliminability property of LKID® does not hold in the restricted system CLKAD

Example 5.2.1. Let ®\ep be the inductive definition set consisting of the produdifor the
“natural number” predicat® given in Example 2.2.5 and the productions for the “even and
odd number” predicateE and O given in Example 2.2.6. The following is then a CLK{D
proof of Nx+ ExVv Ox
NxH Ox Ex(T)
NyF Oy Ey
NyH Oy, Osy(ORl)
. 77 ERy)
Ny EsyOsy
(ER1) (=L)
+EO,00 x =8y, Ny Ex Ox
(CaseN)
Nx- Ex Ox(*)
NxF ExVv Ox
We use the symbadft) to indicate the pairing of the bud in the pre-proof above waituitable

(Subst)

VR)

companion. To see that the pre-proof satisfies the CLl%Kpiof condition, observe that any
infinite path through the pre-proof graph necessarily haslaonsisting of repetitions of the
path (1)...(T) from the companion to the bud in this proof, and there is a r@egng trace
following this path: (Nx,Ny,Ny,Ny,Ny,Nx). By concatenating copies of this trace one can
thus obtain an infinitely progressing trace on a tail of arfinite path as required.

Example 5.2.2. The following is a CLKID® proof of the converse statement to the previous
example ExV OxF Nx (we use the symbolst) and(x) to indicate the pairing of companions
with buds):

OxH Nx (1) ExH Nx(x)
—— (Subst) — (Subst)

Oy Ny Ey- Ny

—— (NRy) — (NRy) — (NRy)
FNO Oyk Nsy EyF Nsy

X=0F Nx X =8y, 0y Nx x=S8yEyF Nx
(Casek) —— (CaseO)

ExH Nx(*) Oxk Nx(T)

(VL)

ExVv OxF Nx
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To see that this satisfies the CLK?proof condition, observe that any infinite path through
the pre-proof graph necessarily has a tail consisting oétitpns of the “figure-of-8" loop
()...(x)... (1) in this proof, and there is a trace with two progress poinliefang this path:
(Ox Ey,Ey,Ey,Ex Oy, Oy,Oy,Ox). (Note that bud nodes are identified with their companions
in the pre-proof graph.) As in the previous example, we camstract the required infinitely
progressing trace on this tail by concatenating copiesisftthace.

Example 5.2.3("The P& Q Example”, Wirth [85] pp. 43—47)Let ®ypg be the inductive defi-
nition set consisting of the usual productions for the “natnumber” predicat®l (c.f. Example
2.2.5) together with the following productions for the upgaredicateP and binary predicate

Q:
Px Q(x,sX) Q(x,y) Px

P_O Psx Q(X7 0) Q(X7 Sy)
We wish to provide a CLKID proof of the sequerfix Ny Q(x,y), and begin as follows:

Nx Ny 1
xNyFQ(xy) (t1) Subs)

u
Nx Nz Q(x,z NXxF Px (x
NxH Q(x,0) (QRo) (NX,)NZ}— Q(x,s2 . (QR.)
—— (=L) ———— (=L)

—0F — =
Nxy Q(xy) Nxy=szNz- Q(x,y) (Case)
Nx Ny Q(xy) (1)

We then continue on the rightmost branch of the pregfas follows:

NxH Px (* Ny, NxF Q(x,y) (12
7() (Subst) (o) (12 (Subst)
Nz+ Pz NszNz+ Q(z 52
— (PRy) (PR2)
F PO NszNzk Psz
— (=) (=L)
Xx=0F Px Nx x=szNzF Px
(CaseN)
Nx NxF Px
—— (ContrL)
NXE PX ()

Note that both of the budst1) and(12) are assigned the compani¢h). The following is a
schematic representation of the pre-proof given abovél(Boks denote paths in the derivation
tree and dashed arrows indicate the assignation of compatadbuds):

(%) (t2)
N

1 T *
(;‘ )\/()

G

To see that this pre-proof is a CLKtDproof, consider an infinite path through the pre-
proof graph. There are two cases to consider:
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¢ Neither the bud*) nor the bud(t2) occur infinitely often orrt, in which casethas a
tail ¢ consisting only of repetitions of the tree path from the camipn (1) to the bud
(t1). Note that there is a progressing trace following this péity, NzNz Nz Ny), and
we can construct an infinitely progressing tracerbhy composing copies of this trace.

e At least one of the bud&), (t2) occur infinitely often ot Note that we have:

— anon-progressing trag®&lx, Nx Nx Nx Nx) following the path from(t) to (11);

— aprogressing tracNx Nx Nx Nx Nx Nz Nz Nz Nx) following the path from(t)
to (12);
— aprogressing traceNx, Nx, Nz Nz Nz Nx) following the path from(x) to (x).

Noting that the first two of these traces have the same valtreeatompanion nodgt),
and the last two traces have the same value at the compani&n(#) it is then clear
by inspection of the pre-proof that one can construct a tfattewing a tail of 1t by
composing components of these traces as required. This isanfinitely progressing
because at least one of the two progressing traces aboveoowustinfinitely often in it.

(Infact, the above is an informal argument that the pre-pabove has race manifold which
is sufficient to ensure it is a CLKI®proof. See Section 7.2 for full details.)

In the two previous chapters, we obtained cut-elimingbiti#sults for the finitary sys-
tem LKID and for the infinitary system LKI®. However, it seems probable that cut is not
eliminable in the system CLKI®, though providing a proof of this fact is apparently rather
challenging. Note that the eliminability of cut in LKHDdoes not imply the eliminability of
cut in CLKID®. If a sequent has a CLKI®proof then this proof is also a LKI® proof,
and thus there exists a cut-free LKfproof of the same sequent; but there is no guarantee
that the cut-free proof is a regular tree, and so need not beKAIZ® proof in general. In
Chapter 7 we show that LKID proofs can be translated into @%proofs by replacing each
induction rule instance in an LKID proof with a CLKderivation. However, the CLKIB
derivation of an induction rule necessarily involves artanse of the cut rule (because the
induction rule for a predicate introduces an arbitrary fatanin its premises). This does not
mean that cut is not eliminable in CLK) because there might nevertheless exist a different
cut-free CLKID”® proof of an arbitrary LKID-provable sequent. In any case;foee LKID
proofs do not straightforwardly correspond to cut-free GDR proofs, and so even if LKID
and CLKID® were equivalent systems (as is conjectured formally in @ag), it would seem
that the eliminability of cut in CLKII® would not follow from its eliminability in LKID. Also,
note that CLKID® cannot be complete with respect to standard models (be¢hasget of
CLKID® proofs can be recursively enumerated), and in particular fitot cut-free complete
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with respect to standard models so a semantic proof of auiredbility by soundness and
cut-free completeness (as in the cut-eliminability prdofsLKID and LKID®) is impossible.

Conjecture 5.2.4. Cut is not eliminable in the system CLK{DThat is to say, there exists a
sequenf - A of FOLp which is provable in CLKID, but is not provable without the use of
the rule (Cut).

The discussion above provides some indication that Canmje&.2.4 is likely to hold, but
it is nevertheless far from clear how to supply a formal probthe conjecture. Of course, one
would need to demonstrate that there is a sequent that isipiein CLKID®, but not prov-
able without cut. A suitable candidate sequent might be ohnese standard inductive proof
(in LKID, say) requires the induction hypothesis to be a galigation of the sequent, i.e.the
inductive proof necessarily uses a formula of strictly geedogical complexity than any for-
mula occurring in the root sequent. For examples demoirgjréte need for generalisation in
inductive proof see e.g. [12]. However, it does not immealjafollow that a similar generali-
sation of the root sequent is then required for the constmaf a CLKID® proof. Since any
LKID-provable sequent is also cut-free LK$Eprovable, the crux of the argument would pre-
sumably lie in showing that neegular cut-free proof of the sequent can exist. Unfortunately,
it is not completely obvious how one would make such an argnuiy@ad Conjecture 5.2.4 will
for now have to be left as a possible direction for future wd@ course, while cut-elimination
is a desirable property for proof systems generally, the-gloninability of cut for CLKID®
(if established) would not necessarily be disastrous. &athwould imply that the search for
appropriate generalisations of inductive conjecturestroasperformed via cuts in CLKIP),
and not necessarily in conjunction with the applicationnafuiction, as is the case in LKID.

There is also a question of whether the substitution ruléd$8us admissible in CLKID.

In the example proofs given above, it is used as the last nula particular branch in order
to ensure that a bud sequent is syntactically identical tariqular interior node, which can
then be used as a companion for the bud. It appears very kkatythis is a necessary step in
general (at least in cut-free proofs), i.e.that (Subst)osam eliminable rule in CLKID, but
we have not investigated this in detail

1t would be possible to work with a much weaker definition ofrganion (c.f. Defn 5.1.1) incorporating
substitution and / or weakening, so that a companion for al&ielledl” - A would be any node labelled - A’
such that, for some substitutidh we havel”’ C I'[8] andA’ C A[6] (similar definitions are used by Sprenger and
Dam [62] and Schopp and Simpson [58]). In this case, it ig &asee that (Subst) is then eliminable, and the system
may be more suitable for proof search; but from our theoa¢tandpoint there is the technical inconvenience that
buds cannot be straightforwardly identified with their canjons when forming the pre-proof graph, and in order
to view cyclic proofs as representations of infinite proafse would have to add extra rule applications between
bud nodes and their companions, or use some other suitafblersoon.



Chapter 6

Cycle normalisation for cyclic proofs

In this chapter we shall examine the structure of (pre-)fg@o an arbitrary cyclic proof sys-
tem CS obtained as the cyclic restriction of an infinitary proof s $° equipped with a
suitable trace pair function, as discussed in Chapter 5. &synCS’ pre-proofs can represent
the same infinite @ pre-proof, i.e. have the same tree-unfolding (up to isorism), these
tree-unfoldings give us a natural notion of equivalence & @re-proofs. Our primary tool
for establishing such equivalences between pre-proofweiddrivation graph homomorphism
(which is analogous to homomorphism on ordinary graphs).déielop the necessary proof
machinery for establishing equivalences betweef @8-proofs in Section 6.1.

Our definition of a C8 pre-proof allows essentially arbitrary complexity in theiycle
structure; to form a pre-proof, bud nodes in a derivatiore tneay be assigned companions
occurring anywhere in the tree. For example, in Example252the previous chapter we saw
a natural example of a cyclic proof in the system CLKIRith a “figure-of-8” structure. It is
natural to investigate the extent to which this complexity@cessary: can the structure of an
arbitrary CS’ (pre)-proof be simplified in general? We give a positive a@iste this question
by demonstrating theycle-normalisatiorproperty: every C8 pre-proof can be transformed
into a pre-proof in which the repeat function assigns to daghnode an ancestor of the bud as
a companion. Such pre-proofs are said to beyicle normal form Furthermore, the pre-proof
thus obtained is equivalent to the original pre-proof in #ierementioned sense of having
the same tree-unfolding. In one sense, cycle-normalisdicalmost an obvious property:
intuitively, since a C8 pre-proof represents a regular (infinite) tree, one caniolatare-proof
in cycle normal form by traversing each infinite branch of thee-unfolding and forming a
cycle as soon as one encounters the same subtree twice hohgahch. However, providing
a formal proof along these lines is somewhat intricate amdlves the consideration of many
details. We give a complete proof of the equivalence-pr@sgrcycle-normalisation property
for arbitrary CS’ pre-proofs via a folding operation on the infinit® Bre-proof represented by
a C® pre-proof in Section 6.2.

103
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Finally, in Section 6.3 we give an alternative proof of cynlemalisation via an iterative
unfolding operation on pre-proofs (again yielding an eglént pre-proof). Despite a large
complexity bound on the size of the pre-proof thereby ola@djrihis proof nevertheless gives a
direct algorithm for transforming a pre-proof into anotliercycle-normal form.

6.1 Tree-unfolding equivalence on cyclic proofs

Definition 6.1.1 (Derivation graph homomorphism)et G = (V,s,r, p) andG' = (V',s,r’, p/)
be derivation graphs. Alerivation graph homomorphism from G td & a total function
f :V — V' satisfying, for allve V:

v))) ~ f(pj(v)) (foreachje N)

If G,G’ are derivation graphs, we write: G — G’ to mean thaff is a derivation graph homo-
morphism fromG to G'.

Proposition 6.1.2(Composition of derivation graph homomorphismggt f; : G; — G, and
fo : Go — Gz be derivation graph homomorphisms. Then their compositipn f; : G1 — Gg,
is also a derivation graph homomorphism.

Proof. The proof is an easy verification, but we include the detailsdompleteness. For
i €{1,2,3}, letGi = (M,s,ri,pi). We just need to check the properties required fips f;
to be a derivation graph homomaorphism, which all follow frahe fact thatf, and f, are
derivation graph homomorphisms:

e 51(V) = %(fa(v) = ss(f2(fa(v)))
° I’1(V) ~ rz(fl(V)) ~ r3(f2(f1(v)))
e foranyj e N, fa(fi(py (V) = fa(pz; (f2(v))) =~ ps; (f2(f2(v)))
U

The fundamental property of derivation graph homomorpkissnthat they preserve the
sequent and rule labellings of paths in a derivation grapt thus traces following those paths:

Lemma 6.1.3(Path preservation under homomorphisiogt G= (V,s,r, p) and G = (V’,s,r', p')
be derivation graphs such that there exists a derivatiorpgraomomorphism fG — G'. Then
for every infinite pathgvyvs .. .. in G there is an infinite pathgk; X, . .. in G’ with the same rule
and sequent labelling, i.e.(\§) = S(x) and r(v;) =r’(x) for all i > 0. Furthermore, if f is

surjective, then the converse holds.
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Proof. First, letty = Vojovijivejz... be a path irG so thatr(v;) is defined andi;1 = p;j; (Vi)
foralli > 0. Asf(viy1) = f(pj(vi)) = pj, (f(v)), it holds that thatf (vo) jof (v1) jaf(v2) j2...
is a path inG'. Furthermore, we hav&v;) = s (f(v)) andr(v;) =r'(f(v)) as required.

Now supposef is surjective and lef, = XgjoX1j1X2j2... be a path inG’ so thatxi,; =
pj, (%) for eachi. Consider the path i inductively defined by: leto € V be such thaf (vo) =
Xo and definey 1 = p; (Vi) for eachi > 0. We prove by induction onthaty; is well-defined and
satisfiesf (vi) = x; for all i > 0. If i = 0 we are immediately done by the surjectivity tof For
| =k+1we have 1= pj, (%) = pj, (f(w)) (by IH) = f(pj,(W)) = f(v+1) and are done. So
VojovijiVvej2... is indeed a path is. Furthermore, ag is a derivation graph homomorphism,
we haves(v;) = S(f(vi)) =s(x) andr(v;) =r'(f(v)) =r'(x) as required. O

Lemma 6.1.4(Trace preservation under homomorphisrhgt G and G be derivation graphs

and suppose there exists a derivation graph homomorphisi® £+ G'. Then if there is an

infinitely progressing trace on some tail of every infinitehpi G/, then there is an infinitely
progressing trace on some tail of every infinite path in G. &bwer, if f is surjective then the
converse implication also holds.

Proof. LetG= (V,s,r,p) andG' = (V',S,r’, p'). Suppose there exists an infinitely progressing
trace on some tail of every infinite path @&, and consider an infinite patipviv,... in G.

By Lemma 6.1.3 above, there exists an infinite patkyix,... in G’ such thats(v;) = s'(v)
andr(v;) =r'(x) for all i > 0. By assumption, there exists an infinitely progressingetra
T=TnTne1Tne2. .. ON some taiknX, 1% 2. .. Of this path. Now for any > n:

(Ti,Tix1) is a valid trace pair ofv;,Vi11) < TPair(ti, Ti+1)(S(Vi),r(vi),s(Viz1)) #0
& TPair(T, Tia) (S(%).F (%), (Xi41) #0
< (T1i,Ti+1) is a valid trace pair ofix;, X;+1)
whereT Pair is the trace pair function for S(c.f. Definition 4.2.7). Similarly,(ti,Ti;1) is a
progressing trace pair avi, V1) exactly if it is on(x;,Xi+1). Thust is the required infinitely
progressing trace on a tail @§viVs.. ..

For the converse implication, suppose that the derivatiaplyhomomorphisni is surjec-
tive and that there is an infinitely progressing trace on staiief every infinite path irG, and
consider an infinite (rooted) pa#ax;x,... in G'. Sincef is surjective, by Lemma 6.1.3 there
is an infinite pathvovivz ... in G such thats(vi) = S'(v;) andr(v;) = r’(x) for all i > 0. The
remainder of the argument is then similar to the case above. O

As indicated previously, we obtain a natural notion of eglémce on CS pre-proofs by
considering isomorphism (i.e. invertible derivation dgnapomomorphism) between their re-
spective tree-unfoldings (c.f. Definition 5.1.4). Any tweoegproofs that are equivalent in this
sense are also equivalent in the weaker sense that oneesatiwfi CS proof condition if and
only if the other does.
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Definition 6.1.5(Equivalence for cyclic pre-proofs)iwo CS” pre-proofs? and®?’ are said to
be equivalent written P ~ ', if there is an invertible derivation graph homomorphismonir
Tp to Tpr.

Proposition 6.1.6. Let ? and P’ be C® pre-proofs such tha® ~ P’. Then? is a CS’ proof

iff P’ is.

Proof. First note that, by Proposition 5.1.2,is a CS’ proof iff 7T is an $ proof, and?’

is a C® proof iff Ty is an S proof. It therefore suffices to show thd@ is an S proof iff

Tp is. Now since? ~ P, there is a surjective (and injective) derivation graph bamrphism
from Zp to 1p. By Lemma 6.1.4, there is an infinitely progressing traceamestail of every
infinite path in‘Zp if and only if there is an infinitely progressing trace on sotai¢ of every
infinite path in7, and thus indeedy is an $ proof iff Ty is. O

Having defined a notion of equivalence betweerf"@®e-proofs, we now naturally are
interested in transformations on a €@re-proof that yield an equivalent pre-proof. It turns out
that two pre-proofs are equivalent if there exists a suiedlerivation graph homomorphism

between them that also preserves the root of their underigerivation trees.

Proposition 6.1.7. For any C%’ pre-proof P, there is a surjective derivation graph homomor-
phism f from Zp to Gp.

Proof. Let? = (D= (V,s,1,p),R ), sowe havegy = (V',s,r,p') andZy = (Path(Gyp),s*,r*, p*)
constructed according to Definitions 5.1.3 and 5.1.4 resfdy. Now definefy : Path(Gp) —
V' by: fp((Vi)o<i<n) = Va. Itis clear thatfy is well-defined and total oRath(Gy). Now for
anyv € V', there is a unique path i from root() to v (becauseD is a derivation tree).
Sinceve V' =V \ Bud(D), itis not a bud node oD, so this path is also a path &, and thus
there existgVi)o<i<n in Path(Gp) with v = vj. So 5 is surjective.

Now let (vi)o<i<n be an arbitrary element éfath(G»). We need to check thdt, satisfies
the properties required of a derivation graph homomorphism

e By definition, we haves' ((Vi)o<i<n) = S(Vn) = S(fo((Vi)o<i<n));
o Likewise, we have* ((Vi)o<i<n) = (Vn) = r(fo((Vi)o<i<n));

e Foranyj € N, we havefy (pj((Vi)o<i<n)) = fo((Vi)o<i<n-Pj(Vn)) = P} (V) = Pj(f2((Vi)o<i<n))
as required, which completes the proof.

O

Lemma 6.1.8. Let G be a derivation graph, and,TT, be derivation trees, and let f T, — G
and £ : T, — G be derivation graph homomorphisms such thgtdot(T;)) = f2(root(Ty)).
Then there is a map h such that= f,oh and Hroot(T;)) = root(T2), and furthermore h is
the unigue root-preserving derivation graph homomorphigm T, to T,.
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Proof. LetG = (V,s,r,p), T1 = (V1,51,r1,p1), andTo = (Vo, S, 12, p2). Recall that theheight
of a nodev in a treeT is the length of the unique pathot(D)...vin T. Now for all v € V,
we defineh(v) satisfying f1(v) = (f2(h(v))) andh(root(T1)) = root(T,) by induction on the
heightn of vin T; as follows:

Casen = 0: We havev = root(T;) and defineh(v) = root(T,), which is clearly the unique
choice satisfyingh(root(T;)) = root(T,). We also havef;(root(T;)) = fa(root(T,)) by as-
sumption, i.e.f1(v) = fa(h(v)) as required.

Casen > 0: We havev = py, (V) for a uniquej € N andV € Vi, wherev' has height— 1 in
T1, and so by the induction hypothesig(V') = f,(h(V)), whereh(V') is uniquely defined. We
thus havef;(v) = f1(py;(V)) = pj(f1(V)) = pj(f2(h(V))) = f2(pz, (h(V))) by the derivation
graph homomorphism properties f and f, and by the induction hypothesis.

Figure 6.1: Inductive step of the construction of the map h in Lemma 6.1.8. The mappings
assumed for the induction hypothesis are denoted by dashed arrows and those we construct by

solid arrows.

We thus definé(v) = h(py, (V') = pz;(h(V)) which clearly satisfies; (v) = f2(h(v)) by
the above. Note thdt(v) is thus uniquely defined sind€V') and j are uniquely defined, and
T, is a derivation tree. The construction loin this case is illustrated in Figure 6.1. We also
haveh(root(T1)) = root(T») by induction hypothesis and are therefore done.

We show thah is a derivation graph homomorphism frofto T». First, for allv € V;, we
haves; (v) =s(f1(v)) =s(f2(h(v))) = s2(h(v)) by the construction df and using the derivation
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graph homomorphism properties &f and f,. By a similar argument we also have(v) ~
ra(h(v)). We then just need to substantidioy; (v)) = pz; (h(v)), which follows immediately
from the step-case definition bf This completes the proof.

O

Lemma 6.1.9. Let G be a derivation graph, and,TT, be derivation trees, and let f Ty — G
and £ : T, — G be derivation graph homomorphisms such thgtdot(T;)) = f2(root(Ty)).
Then there is an invertible derivation graph homomorphissmfT; to To.

Proof. By applying Lemma 6.1.8 there are unigue root-preservingvagon graph homo-
morphismsh, i from T; to T, and fromT, to T; respectively, and there are also unique root-
preserving derivation graph homomorphisms fréqrto T; and fromT, to T,. This situation is
illustrated in Figure 6.2;

(' oh)! (hoh')!
AR
T ht T, o T ht - T,
\\\\\ fl ‘\\ f ,/,

S ‘\ 2 L
| fi 'ty

\\\‘\\‘ '/,"’/
G

Figure 6.2: Proof of Lemma 6.1.9. The dashed lines denote the derivation graph homomor-
phisms assumed for the theorem and the solid lines denote the unique derivation graph homo-

morphisms constructed by applying Lemma 6.1.8.

As Y ohis a (root-preserving) derivation graph homomorphism fféo T, by Propo-
sition 6.1.2, and the identity functioid is trivially a (root-preserving) derivation graph ho-
momorphism fromT; to Ty, we must havey o h = id by uniqueness of the derivation graph
homomorphism fronT; to T;. Similarly, we deducéoh’ =id, and schis an invertible deriva-
tion graph homomorphism (with inver$é) from Ty to T. O

Theorem 6.1.10(Pre-proof equivalence theorem)et ? = (D,R) and?' = (D', R/) be C®
pre-proofs. If there exists a surjective derivation gragimomorphism gGy — G satisfying
g(root(D’)) =root(D), then? ~ P'.

Proof. The proof is illustrated in Figure 6.3. By Proposition 6.& have a surjective deriva-
tion graph homomorphisméy : Tp — G and fp : Tp — Gp such thatfe (root( 7y )) =
root(?’) and fp(root(Zp)) = root(?). By Proposition 6.1.2, we can compos$g and the



Chapter 6. Cycle normalisation for cyclic proofs 109

given homomorphisng to obtain a surjective derivation graph homomorphigm fz/) : T —
Gy such tha{go fy)(root(Zy ) = g(root(2’)) = root(D) = fp(root(Z»)). Hence we can ap-
ply Lemma 6.1.9 to obtain an invertible derivation graph leomorphism frontZ, to 7.

‘T’P’ ‘Trp

fpr
N
‘ Gy /
(go f) ", 1 /e
g
SR
Gr
Figure 6.3: Proof of Theorem 6.1.10. The dashed arrows denote the surjective derivation graph
homomorphisms given by Proposition 6.1.7 and by assumption, and the solid arrows denote the

invertible derivation graph homomorphisms constructed by applying Lemma 6.1.9.

6.2 Cycle normalisation via tree-unfoldings

In this section we give a formal proof of the approach to theleyormalisation problem
informally described at the beginning of the chapter. GiaedS° pre-proof P, we show how
to perform a folding operation on its infinite tree-unfoldif, (which is an & pre-proof) to

obtain a new C8 pre-proof, equivalent to the original one,dgicle normal form

Definition 6.2.1(Cycle normal form) Let ? = (D, R ) be a C® pre-proof. P is said to be in
cycle normal formif, for all B € Bud(?D), the companior® (B) is an ancestor dB in D.

Our main result of this section states that &hp®e-proof can be “folded” into an equivalent
CS” pre-proof in cycle normal form provided one can find suitalitdding points” on each
infinite branch of the 8 pre-proof. In particular, for any CSpre-proof 2, folding points
are given for its tree-unfolding, by the homomorphisni,, whence it follows that any C5
pre-proof? can be transformed into an equivalent pre-proof in cyclenabrform by folding
Tp.

Theorem 6.2.2(Tree-folding theorem)Let T be an 8 pre-proof, let G be a finite derivation
graph, and let f be a surjective derivation graph homomasphirom T to G. Also, for each
infinite rooted branchit= vovqvs... In T, let my, Ny € N be such that m< ngand f(vm,) =
f(vn,). Note that i, ny must exist since G is finite.
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Then there exists a Jre-proof P in cycle normal form (whose endsequent is the end-
sequent of T), and there are surjective derivation graph tiwrphisms T— G, — G. Fur-
thermore, the homomorphism frogy to G maps root?D) to f(root(T)).

Proof. Let T = (Vy,sr,r1, pr) andG = (Vg,Ss, G, Pc), and defined = (V,s,r,p) and X as
follows:

e V ={ve Vg |for allinfinite rooted brancheg = vov1V,....in T, if v= v, thenk < ng};
e s(v)=sr(v)forallveV;

e if veV andv = v, for some infinite rooted branctt= vpviv»... in T, thenr(v) and
pj(v) (for all j) are undefined, i.evis a bud node ofD and we defineR (V) = vy,. (If
there is more than one branohmeeting this criterion, we may choose any suitabjg)
Otherwise we define(v) = rr(v) andp;j(v) ~ pr, (v) (for all j).

First, to verify that? = (D, R) is a CS’ pre-proof we need to show thadl is a finite
derivation tree whose buds are assigned suitable commahiaR. D is clearly a & derivation
graph; to see that it is a derivation tree, we observe thabet$T) is clearly inV, and since
p~ pr except on bud nodes @b, the unique path i fromroot(T) tov eV is the unique path
in 9 from root(D) = root(T) to v. Since?D is a derivation tree, it is finitely branching, and as
every infinite brancht=vpv1v2... Iin T is “cut off” at the pointv,, in D (or before), it contains
no infinite branches® is thus a finite tree by the well-known Konig’s Lemma (whi¢htes
that any finitely branching tree is infinite iff it contains arnfinite branch). To verify thai®_is
a repeat function fo, we need to show that each bud ndelef D is assigned a companion
C such that (C) is defined and(C) = s(B). Observe that, a§ is an $ pre-proof and so has
no bud nodes, each bud 8f is of the formv,, for some infinite rooted branchii= vyv1Vv,...
in T and we have by constructiaR (Vn,) = Vm,, Wheremy < ngand f(vy,) = f(Vm,). Thus
R (B) is always an ancestor & as required. Asn; < n, we have thavy,, cannot be a bud
node of D, and sor (Vm,) = r1(Vm,) is defined (notice thatr is defined on alv € Vi since
T is an & pre-proof). Also, sincef is a derivation graph homomorphism frofnto G we
havesr (Vn,) = Sa(f(Vn,)) = Sa(f(Vm,)) = St(Vm,,), i-€. S(Vn,) = S(Vm,) as required. Thus
P = (D,R) is indeed a C8pre-proof in cycle normal form as claimed.

Now, to establish the existence of the required derivaticaply homomorphism3 —
Gp — G, we first establish the following auxiliary property:

YweVr.axeV. f(v) = f(x)

To see this, we let € VVr and proceed by induction on the heidhof vin T. If h=0, then
v = root(T), which is clearly inV, so we are immediately done. hf> 0 thenv = pr, (V') for
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somej € N andV € Vr. SinceV has heighh— 1 in T, by induction hypothesis there exists
X' €V such thatf (x') = f(V). Note that we havé (v) = f(pr, (V)) = pg, (f(V)) = pe; (T (X)),
using the induction hypothesis and the fact thi a derivation graph homomorphism from
to G. It therefore suffices to show thdtx) = pg;(f(x')) for somex € V. Now there are two
cases to consider:

e Suppose that' is not a bud node of> and letx = pr;(X). As f is a derivation graph
homomorphism fronT to G, we havef (x) = f(pr, (X)) = pg; (f(X)), and as<’ is not a
bud node ofD, we thus havex= pr;(x) €V and are done;

e If X is a bud node ofD, then there is an infinite branahin T such that = v, .. Let
X = pr,(vm,) @and observe that sindeis a derivation graph homomorphism frofrto G,
we havef (x) = f(pr; (Vin,)) = Pe; (f(Vimy)) = Pe;(f(Vn,)) = Po; (f(X)). Also, asvm,
is a companion node i, it is not a bud of> and thus we have = pr, (Vm,) €V as
required.

This completes the proof of the auxiliary property and we naw show the existence of the
required derivation graph homomorphisms.

We claim thatf (restricted to/’) is a surjective derivation graph homomorphism frgi=
(V/,s,r,p') to G. (Note thatGy is obtained by identifying bud nodes with their companions
in P, c.f. Definition 5.1.3.) We just need to check the three homquism properties and
surjectivity:

e ForallveV’, we haves(v) = sr(v) = sg(f(v)), sincef is a derivation graph homomor-
phism fromT to G;

e ForallveV’'(=V\Bud(D)), vis not a bud ofD and so we have(v) =ry(v) =rg(f(v))
sincef is a derivation graph homomorphism frofto G;

e ForallveV' andj €N, vis not a bud node of> and so we havep;(v) ~ pr,(v)
by construction. Asf is a derivation graph homomorphism from to G, we have
f(pj(v)) = f(pr, (V) =~ pg,;(f(v)). It therefore suffices to show(pj(v)) ~ f(pj(v)).
If pj(v) is not a bud ofD then pj(v) ~ pj(v) and we are done. Ip;j(v) is a bud
of D, thenp|(v) ~ R (pj(v)) and by construction of. (as discussed above) we have
f(R(pj(v))) = f(p;j(v)) and are likewise done. This completes the proof thas a
derivation graph homomorphism frog, to G.

e Forallv e Vg, there exists/ € Vr such thatf (V') = v sincef is surjective fromT to G.
By the auxiliary property proven above, there is therxaV/ such thatf (x) = f (V) =v.
If xis not a bud ofD, thenx € V/ and we are done. Kis a bud ofD, then notice that
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R (x) € V' and by construction o we havef (R (x)) = f(x) = v as required.f is thus
surjective fromGp to G.

Next, we define a total functiog : Vr — V' by induction on the height of ve Vr in T,
and simultaneously prove that it satisfigg(v)) = f(v) for all v € Vr as follows:

For h =0, we havev = root(T) and we defingy(v) = g(root(T)) = root(T), which is
clearly inV’. Note that we thus havé(g(root(T))) = f(root(T)) as required. Foh > 0,
we havev = pr, (V') whereV' has a height oh—1 in T and so by the induction hypothesis,
g(V) € V' is defined and we havi(g(v)) = f(V). Note that, using the induction hypothesis
and the fact thaf is a derivation graph homomorphism, we have:

f(v) = f(pr, (V) = pg; (F(V)) = p; (F(9(V))) = f(pr, (9(V)))

so pr;(g(V)) € Vr is defined. Now we defing(v) = pj(g(V)). Sinceg(V) € V', we have
thatg(v') is not a bud ofD, so p;(g(V)) = pr;(9(V)), and sopj(g(V)) € V' is also defined
(since pj(v) is defined iff pj(v) is for all v € V). To see thatf (g(v)) = f(v), it suffices by
the above to establish thatp|(g(v))) = f(pr;(9(v))). If p;j(9(V)) is not a bud ofD, then
p;(9(v)) = pj(9(V)) = pr;(9(V)) and we are immediately done. If on the other hap@(v'))

is a bud ofD, then we havepj(9(v)) = R.(pj(9(V))), and by construction aR. we thus have

f(pj(a(V))) = f(R(pj(9(V)))) = f(pj(a(V))) = f(pr;(a(V))

as required.
Finally, we just need to show thatis a derivation graph homomorphism and surjective
from T to Go:

e For all v e Vr, sincef is a derivation graph homomorphism fromto G, we have
st(v) = se(f(v)) = ss(f(g(v))) by construction ofg, and sincef is also a derivation
graph homomorphism frong;» to G, we havesg(f(g(v))) = s(g(v)). Thussr(v) =
s(g(v)) as required,;

e By a similar argument to the abows,(v) =rg(f(v)) =rs(f(g(v))), andre(f(g(v))) =
r(g(v)), sorr(v) =r(g(v)) for all v e Vr as required,;

e By construction ofy we haveg(pr, (v)) ~ pj(g(v)) for all v € Vit as required.

e Itis not hard to see thatis the identity function on al € V' C Vit and is thus surjective
from Vr toVV'. We prove this by induction on the heighof vin T; if h=0,v=root(T)
and we haveg(root(T)) = root(T). If h> 0, thenv = pr, (V) for somev €V’ and
j € N, and by the induction hypothesis we hay@’) = V. Thus by definition ofg we
haveg(v) = g(pr;(V)) = pj(9(V)) = pj(V). Now, V' is not a bud ofD sincev € V' =
V\Bud(D), so we also have= pr, (V) = pj(V) = pj(V) and are done (the final equality
holds sincer € V" and sopj(V) is not a bud ofD).
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This completes the proof. O

Corollary 6.2.3 (Equivalence-preserving cycle-normalisatiopr any CS’ pre-proof? not
in cycle normal form, there exists an €gre-proof?’ in cycle normal form such tha ~ P7’.
Furthermore, if n is the number of nodes in the derivatior wé&?, then the derivation tree of
P’ contains no more thaﬁogi5n+1ci nodes, for some constant c.

Proof. Let ? be a C® proof not in cycle normal form, and také = 7», G = Gy and
f = fp in Theorem 6.2.2 above (note thét is indeed a surjective derivation graph homo-
morphism by Proposition 6.1.7). L&t be the “folded” C® pre-proof in cycle normal form
constructed by the theorem, and note that, by the theorhas the same endsequentzas
and we have a surjective derivation graph homomorphism f@amto G» mappingroot(2)
to fp(root(Zp)) = root(?D). Thus we have? ~ P’ by Theorem 6.1.10.

For the complexity bound, we observe that the length of eaahdh of the derivation tree
D' need be no more tham+ 1, since we only need to find for each infinite brarmchf 7,
distinct nodes/, V' on the branch such thdt(v) = f»(V), i.e. such thav andV correspond
to the same original node @&. Thus the size of the tre®’ is bounded above b¥0§i§n+1ci,
where the constartt is the maximum branching factor @', i.e., the maximum number of

premises of any rule of‘S O

6.3 Cycle normalisation via iterated unfoldings

S
(@) (b) !
S

L—

Y ¥

Sy 'S S S

~N 7 ~N 7

s(root(D)) s(root(D))

Figure 6.4: (a) A schematic pre-proof not in cycle normal form. Solid lines denote paths in the
derivation tree and dashed arrows indicate the assignation of companions to buds. By unfolding
this pre-proof we can obtain one that is in cycle normal form (b). Moreover, the unfolded pre-

proof clearly has the same infinite tree-unfolding as the original pre-proof.

In this section, we give an alternative proof of the cyclemalisation property that yields
an algorithm for transforming an arbitrary €$re-proof into an equivalent pre-proof in cycle
normal form. Figure 6.4 shows how a €®re-proof with 2 buds and companions arranged
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in a “figure-of-8” configuration may be unfolded so that eacid Imode in the unfolded pre-
proof has an ancestor node as companion (recall that we gaseaanple of a CLKID proof

in this form in Example 5.2.1). Furthermore, it is clear titfa¢ unfolded pre-proof has the
same infinite tree-unfolding as the original pre-proof, the unfolded pre-proof is equivalent
to the original one. This example motivates our alternatiyele-normalisation proof, which

transforms a cyclic pre-proof into an equivalent pre-prootycle normal form via a finite

number of such unfoldings. Before we supply the proof, we flievelop some machinery for
describing the unfolding process:

Definition 6.3.1 (Tangled companion)Let 7 = (D, X)) be a C® pre-proof and leC be a
companion node appearing i ThenC is said to betangled(in ) if there is a bud node
B € Bud(?) such thatg (B) = C andC is not an ancestor d@ in D.

Definition 6.3.2 (Entanglement set)Let ? = (D, R) be a CS pre-proof and define then-
tanglement set aP, written Etgl(P), by:

Etgl(?) = {C| 3B. R (B) = C and eitheC is tangled oC has a tangled descendantZir}

(Note thatetgl(P) is a subset of the companion nodes occurrin@in
Lemma 6.3.3. A CS pre-proof? is in cycle normal form iff Etgl?) = 0.

Proof. Letting ? = (D, R), it is clear that? is in cycle normal form, i.e® (B) is an ancestor
of B for all bud nodes, iff no companion node i? is tangled. Now ifEtgl(?) = 0, then we
immediately have that no companion nodefris tangled and we are done. Conversely, if no
companion node irP is tangled, then it is clear that also no companion nod® gan have a
tangled descendant, and we thus hevgl(?) = 0 as required. O

Lemma 6.3.4. Let P be a C® pre-proof with Etg(?) # 0. Then there is some companion
node Ce Etgl(?) such that C is tangled, but has no tangled descendants.

Proof. Let ? = (D, R). Pick anyC € Etgl() of maximal height inD (we can do so since
Etgl(®?) is non-empty); it is then clear that no descendant afan be inEtgl(?), since any
descendant o would have a greater height {f. C must therefore be tangled P O

We now prove the main lemma required for (equivalence-pwirsg) cycle-normalisation:
any CS’ pre-proof not in cycle normal form can be transformed to awiverdent pre-proof with
the same endsequent and a smaller entanglement set. Wdédahat any C8 pre-proof can be
transformed into an equivalent pre-proof in cycle-nornmathf by iterating this transformation
a finite number of times.

Lemma 6.3.5. There is an operation, Untangle, defined on“Q8e-proofs? not in cycle
normal form such that all of the following hold:
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1. Untangl€®) is a CS’ pre-proof with the same endsequent®s
2. P ~Untangl€?);
3. Etgl(Untangl€?)) C Etgl(P);

4. if n is the number of nodes in the derivation treeffthen the number of nodes in the
derivation tree of Untangl@p) is bounded by f

Proof. Let? = (D, R) be a C® pre-proof not in cycle normal form, and note tleztigl(?) # 0
by Lemma 6.3.3. By Lemma 6.3.4, there is then a companion @aaeurring in? such thaC
is tangled in? but has no tangled descendants. Now we define a non-emptgtftdud D)
by:

Bc = {B € Bud(?D) | ®(B) =C andC is not an ancestor &}
and write(c for the subtree of) rooted aC. We then defin& ntangl€?) = (Dy, Ry ), where
Dy, Ry are obtained as follows:

e Dy = (My,%u,ru, pu) is the derivation tree obtained frof = (V,sr, p) by replacing
each bud nod® € B: with a copy of the subtreEl:. Technically, for allB € B: and for
each node € Oc we create a new node gfv) and define:

W = V\Bu{cps(v)|Be Bc,ve Oc}

L) = s(iv) ifveV\B
a s(V) if v=cpg(V) for someB € Bc andV € [c

q
C
—~
=
12

r(v) ifveV\a
r(v) if v=cpg(V) for someB € Bc andV € [c

P; (V) if veV\ B andpj(v) €V\ B
VieN. py(v) =~ cpg(C) if veV\ Bc andpj(v) =B e B
cpg(pj(V)) if v=cpg(V) for someB € Bc andV € ¢

e Ry is defined on bud noddd, € Bud(2Dy) as follows:

R (By) if By € Bud(D)
R (B) if By = cpg(B') for someB € B: andB’ € Bud(Cc),
Ru(By) = andR (B) ¢ Uc
... if By =cpg(B’) for someB € B andB’ € Bud([c),
B
P(RE) e e
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() (b)
B, Bs CpB1 (B2)  cpg,( 53
TG *cpg, (C2) e
| \ - | ¥
=T -Cy Cs cpg, (C1 C1 Cs
root(D) root(D)

Figure 6.5: (a) A schematic pre-proof containing a tangled companion node C;. Solid lines
denote paths in the derivation tree and dashed arrows indicate the assignation of companions
to buds. (b) The same pre-proof after applying the operation U ntangledefined in Lemma 6.3.5.

The bud node B1 has been replaced by a copy of the subtree rooted at C;.

TheU ntangleoperation on a pre-proof not in cycle normal form is illusdin Figure 6.5.
It now remains to establish the propertiedaitangld ?) required by the lemma:

1. Note thatDy has been obtained from the derivation trBéoy replacing each bud node
B € B¢ with a copy of the derivation treBlc. This replacement does not change the
sequent labelling of the node being replaced, since fdB allBc, the endsequent dfc
is C = R (B) and we haves(B) = s(C). It is thus clear thaty is a finite $° derivation
tree and thatoot(y ) = root(D).

To show that® is a repeat function fof},, we must show thad, (R, (By)) = su(Bu)
for all bud nodesBy € Bud(Zy). If By € V\ A thenBy € Bud(D), so we have
u(Ru(By)) =s(R(Bu)) = s(Bu) (the last equality follows sinc& is a repeat func-
tion) andsy (By) = s(Bu), and are done. OtherwisBy = cpg(B’) for someB € B and
B’ € Bud(Oc). We thus havey, (By) = s(B'). Now if R (B') & Oc then:

w(Ru(Bu)) = (R(B)) =s(R(B) = (B
as required (note th& (B') € V \ Bc). Otherwise, ifR (B') € Oc then:
V(R (Bu)) = su(cps(R(B))) = S(R(B')) = (B)

and we are again done.
ThusUntangl€?) = (Dy, Ry) is a CS pre-proof with the same endsequentias
2. By Theorem 6.1.10, it suffices to establish a surjectivevagon graph homomorphism

from Guntangiee) = (M), %U,Tu, By) 10 G = (V'S 1, ) that mapsoot(2y ) = root(D)
toroot(?D). Note thatGy and Gy ntangig ») are obtained by identifying each bud node with
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its companion inD and 7 respectively (c.f. Definition 5.1.3). Now defirfe: |} — V'

by:
F(v) = Vv ?f veV
vV if v=cpg(V) for someB € Bc andV € [c

Note that we immediately haviroot(9)) = root(D) as required sinceoot(D) is ob-
viously inV’. Now letV € V/ =V \ Bud(?). AsV is not a bud ofD, we must have
vV €V \ B and sov € \|y. As the only buds offy, are buds ofD or copies of buds of
D, it holds that/ is not a bud ofDy soVv €V, =V \ Bud(Zy) and, as/ € V/, we have
f(v) =V. Thusf is indeed surjective.

To show thatf is a homomorphism we require to prove, forak \V{}, sy (v) = s(f(v)),
ru(v) =r(f(v)) andf(p;(v)) = pj(f(v)) for all j. Letv € \{j, and note that we have:

V6 = (V\ BeU{eps(V) | BE B,V € Oc}) \ Bud(Dy)

so asv is not a bud ofy; and not inBc, v cannot be a bud o). We now divide into

cases as follows:

e Casev eV \ B:. Note that, aw is not a bud ofD, we also haver € V' and so
f(v) = v. We therefore require to prowg (V) = s(v),ry (V) ~r(v) andf(p{Jj (V) ~
p’j (v) for all j. It is immediate from the definitions and the case assumitiah

su(v) = s(v) andry (v) ~r(v). Note that sincep;(v) €V, eitherp;j(v) €V \ B¢ or

pj (V) € Bc, so we divide into further subcases.

First supposep;(v) € V \ B¢, so we havepy, (v) = pj(v) and we require to show

f(pj(v)) = pj(v). If pj(v) € Bud(D) thenpj(v) = R (pj(v)) € V', and if pj(v) &

Bud(?D) thenp;(v) = pj(v) € V'. In either case we thus ha¥ép;(v)) = pj(v) and

are done.

Now supposep; (v) = B € B¢, so that we havey, (v) = cpg(C). Note that cg(C)

cannot be a bud afy; sinceC cannot be a bud ab, so:

F(pl, (v)) = F(ply (v)) = F(cps(C)) =C

But alsopj(v) = R(B) =C, so we are done.

e Casev = cpg(V) for someB € B andVv € [c. We thus have (v) = V' and there-
fore require to provey (v) = s(V),ru(v) = r(v) and f (pj, (v)) = pj(v) for all j.
It is immediate from the definitions and the case assumphiatsg (v) = s(V') and
ry(v) ~r (V). We now divide into further subcases.



Chapter 6. Cycle normalisation for cyclic proofs 118

First suppose thap; (V') is not a bud ofD, so (V) = pj(V). Then cp(p;(V))
cannot be a bud afy,, and thus:

F(py, (V) = f(py; (V) = f(cpa(pj (V) = pj(V)

as required. Now suppose thaf(V') is a bud of D, so pj(v) = R (pj(v)). Then
cpg(pj(V)) is a bud of7y, so we have:

f(py, (V) = f(Ru (pu; (V) = (R (cp(pj(V))))

Now if p;(V) ¢ Oc then:

f(Ru (epa(pj(V)))) = F(R(pj(V))) = R(pj(V))

sinceR (p;j(V')) € V' as required. On the other handpif(v') € Oc then

f(Ru (eps(pj(V)))) = feps(R(pj(V)))) = R(p;j(V))
and we are likewise done. This completes the case.

Thusf is a derivation graph homomorphism, as required.

3. We first show the non-strict inclusion. Suppose for catittéon that some companion
is in Etgl(Untangld®?)) but not inEtgl(?). So for some bud nodBy € Bud(Dy),
Ru(Bu) € Etgl(P) and Ry (By) is not an ancestor ddy in 2y. By definition of Ry,

there are three cases to consider:

e By € Bud(D) and Ry (By) = R(Bu), SO R (By) is not an ancestor ddy in Dy.
By construction ofDy, it is readily seen thag (By) cannot be an ancestor Bf
in D either, i.e.,R (By) is tangled in?. Thus®y (By) = R (Bu) € Etgl(?) and
we have a contradiction;

e By = cpg(B') for someB € B¢ andB’ € Bud(Lc), and® (B') ¢ Oc, soRy (Bu) =
R(B"). Now if R (B') is an ancestor of in D, then a<L is tangled in?, R (B)
has a tangled descendant#n On the other hand, &R (B') is not an ancestor @@
in D then, aB’ € Oc, R (B') is not an ancestor @& in D, soR (B') is tangled in
. In either caseRy (By) = R (B') € Etgl(®P) and we again have a contradiction.

e By = cpg(B') for someB € B: andB’ € Bud((c), and R (B') € Oc. Note that
R (B') is thus a descendant 6fand so must be an ancestorRifin D, for oth-
erwise R (B') would be a tangled descendant @fin 2, contrary to our initial
choice ofC. In that case, it is clear th&, (By) = cpg(R.(B')) is then an ancestor
of By in Dy. But this is a contradiction, which finally establishes thelusion
Etgl(Untangl€®)) C Etgl(?P).
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To see that the strict inclusion holds, we first observe ttahewveC < Etgl(?) by con-
struction. Also, sinc€ was chosen to have no tangled descendan? ihcannot have
any tangled descendants Umtangl€?), otherwise there would be some companion
node appearing ifilc that is inEtgl(Untangld?)) but not inEtgl(?). Finally, to see
thatC is not tangled itJ ntangl€ ), we observe thag, only maps bud nodes appearing
in Oc to C, since ndB € B exists in the tree),. We thus hav€ ¢ Etgl(Untangl€?))
and are done.

4. Letn= |V|, b= |Bc| andc be the number of nodes idc. Then|Vy| =n—b-+bc=
n+b(c—1). Clearly we havdb+c<n,i.e. c<n—b, soMy| <n—b+n(n—b) =
(n—Db)(1+n). Since? is not in cycle normal form we have > 1, in which case
(n—Db)(1+n) < and soVy| < n? as required.

O

Theorem 6.3.6(Equivalence-preserving cycle-normalisation (2ny C%’ pre-proof® not in
cycle normal form can be transformed into a®O8e-proof?’ in cycle normal form such that
P ~ P'. Furthermore, if nis the number of nodes in the derivati@etof?, then the derivation
tree of?’ has no more thani” nodes.

Proof. Given a C® pre-proof? not in cycle normal form, we define a sequeriBg;-o of CS®

pre-proofs byPy = P and? 1 =Untangld®) if B is notin cycle normal form, an@ 1 = B

otherwise for eaclh> 0. The first 3 properties of Lemma 6.3.5 then respectivelg@ish the
following, for alli > 0O:

1. 7 is a C® pre-proof with the same endsequentRs
2. P~ 7P
3. if B is not in cycle normal form thektgl(A+1) C Etgl(B).

As Etgl(®P) is certainly finite, there is thus p> 0 such thaEtgl(?;) = 0, i.e. 7; is in cycle
normal form by Lemma 6.3.3.

Finally, we observe that the operatiomtangleneed be applied no more thas: |Etgl(?)|
times toP to obtain a proof in cycle normal form, i.g},< e. By property 4 of Lemma 6.3.5,
the size of the derivation tree @t has size at mos? for eachi > 0. Notice that since there
is at least one bud for each companion, we must leaven/2, so the derivation tree @; has

size bounded by?"”. O

We remark that we have undertaken only a very crude complaritlysis of cycle-normalisation
via theU ntangleoperation in the proofs above, and we would expect cycleaatisation to
yield proofs rather smaller than the bound given above nsghgest.
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In concluding this chapter, we remark that cycle-norméiligais of interest for three main
reasons:

1. Cycle-normalisation has implications for proof seanchimplementations of CLKIB
and related cyclic proof systems. In particular, the faet #hvery sequent provable in a
given cyclic proof system C3also has an equivalent proof in cycle normal form implies
that it is sufficient, when searching for a proof, to consiglgly ancestors of a bud node as
potential companions. However, our rough complexity asialyndicates that proofs in
cycle normal form are (in the worst case) exponentially éatfpan the smallest possible
proof not in cycle normal form.

2. Further, from the point of view of structural analysis gtlic (pre-)proofs, it is conve-
nient to be able to assume a simplified proof structure. Wercam now on assume that
a given cyclic pre-proof is in cycle normal form without lossgenerality, which will be
essential to our definition of a simplified soundness comwlitor cyclic proof systems in
the next chapter.

3. Finally, the proof machinery developed in order to proyele-normalisation is of inde-
pendent interest and may turn out to be of use in the futur@rfaving further results

concerning the structure of proofs.



Chapter 7

Trace manifolds

In this chapter we continue our investigation into the dtrites of cyclic proofs in an arbi-
trary cyclic proof system C%equipped with an appropriate notion of trace, as defined in
Sections 5.1 and 4.2.1. Specifically, we shall be concernigd amalysing the general trace
condition qualifying C8 pre-proofs as proofs (c.f. Definition 5.1.6), which is botimputa-
tionally and combinatorially complex due to the quantificatover all infinite paths in the
pre-proof graph. In order to simplify our structural anadysf cyclic proofs, we consider the
formulation of an alternative condition that implies thengeal trace condition while providing
a greater degree of explicit structural information on preefs.

First of all, in Section 7.1 we analyse the composition ofniitéi paths in the graph of a
CS” pre-proof. Since pre-proofs can be assumed to be in cyclmaidiorm by our results
in the previous chapter, every infinite path in the pre-prp@aiph can be shown to have a tail
composed of segments of the elementary “cycles” from comopanto buds in a pre-proof.
Furthermore, the involved cycles are weakly connected lBri@in relation. In Section 7.2 we
exploit this fact in order to formulate an alternative soness condition for CSpre-proofs —
the existence of race manifoldfor the pre-proof — which is more restrictive than the gehera
soundness condition, but with the corresponding benefiteioi finitary and more explicit. A
trace manifold consists of traces following finite path segis in the derivation tree together
with conditions ensuring that for any infinite path, the segis can be “glued together” to
yield an infinitely progressing trace on a tail of that pathe gWwe two formulations of a trace
manifold — the first employing a direct quantification oversttongly connected subgraphs
of the pre-proof graph, and the second employing the auxitiation of aninduction orderas
used in [57, 63, 62] — and prove them equivalent.

Finally, in Section 7.3, we return once more to the setting@wf original proof systems
for FOLp, and demonstrate that CLKDsubsumes LKID by giving a translation from LKID
proofs to CLKID”® proofs. Furthermore, the translated proofs satisfy theetraanifold condi-
tion. We conclude the chapter by stating our main open ctunjecwhich is that a sequent is

121
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provable in LKID if and only if it is provable in CLKID. A positive answer to this conjecture
would give substance to a claim that proof by induction isieajant to regular proof by infi-
nite descent, and clarify the status of the principles ofigithn and infinite descent as used by

mathematicians and in mechanised theorem proving.

7.1 Analysing the general trace condition

Definition 7.1.1(Strong / weak graph connectivityA directed graphG with vertex se¥ and
edge set is said to bestrongly connectedf for any v,v' €V, there is a path itG from v to

V. Gis said to baveakly connected its “undirected version'G’ with vertex sel and edge
setEU{(V,v) | (vV) € E} is strongly connectedsG is said to benon-trivial if |V| > 1 or if it

contains exactly one vertaxand there is an edge,v) € E.

Definition 7.1.2(Induced subgraph)Let G = (V,s,r, p) be a derivation graph and let C V.
Then thesubgraph of G induced by'\s defined to b&&= (V',s,r, p'), wherep' is defined by:

, p; (V) if veV’"andpj(v) eV’
) = { undefined otherwise

for eachj € N. Equivalently, viewingG as a (labelled) graptV, E) (c.f. Definition 5.1.3), the

subgraph ofG induced by’ is (V/,E’), whereE' = {(v,V) e E|veV’andV € V'}. Ina

slight abuse of notation, we writeC G to denote thaSis a subgraph of.

Note that a subgraph of a derivation graph is not technicalligrivation graph in general,
as it need not contain only well-formed proof rule instances

The general C8proof condition (c.f. Definition 5.1.6) requires that an iifiely progress-
ing trace exists on some tail of every infinite path in the preef graph. We can analyse this
requirement in greater detail. First, we show that evennitdipath has a tail that is a path in
some strongly connected subgraph of the pre-proof graph:

Lemma 7.1.3.Let? = (D, R) be a C® pre-proof. Then for every infinite patinthrough G»
there is a non-trivial strongly connected subgraphSG, and a tail Tt of tsuch thatit is an
infinite path through Son which every vertex of®ccurs infinitely often.

Proof. Let it be an infinite path througlg» and letV be the set of vertices ofj». AsV is
finite, at least one vertex M occurs infinitely often ot LetV’ C V be the set of vertices
which occur infinitely often omt, and observe that there is a tailof tsuch that only the nodes
in V' appear ont. Now let S; be the subgraph ofj» induced byV’ and note that, since all
vertices occurring omt’ are inV’, we must have that is an infinite path irS;. To see thaB,
is strongly connected, letV € V', and observe that asv' occur infinitely often ont, there is
a path fromvto vV in S. Further, there is a path of length0, soSy is non-trivial.

]
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We remark that to satisfy the general proof condition it seffi to find, for any infinite
pathttin the pre-proof graph, an infinitely progressing trace aattil 7 of 1T constructed in
Lemma 7.1.3 above.

Definition 7.1.4 (Path composition)Let G be a graph, lety = vg... vy be a finite path irG
and lettp = XpX1%2... be a (possibly infinite) path i6. We say thaty composes with, if
Vm = Xg, and define the composed patht to bevy. .. Vm_1XoX1X2. . ..

Definition 7.1.5(Basic cycle) Let ? = (D, R) be a C® pre-proof in cycle normal form and
let B € Bud(?). Then thebasic cycle(s in Gy is the path inGp obtained from the unique
path from% (B) to B in D by replacing the unique eddg,B) on this path (for some) with
the edge(v, R (B)) of Gp. (Note that(s is thus both a path iG> and a non-trivial strongly
connected subgraph of».)

We remark that the notion of basic cycleis only well defined for pre-proofs in cycle
normal form, as the existence of a pathZinfrom R (B) to B requires thatg (B) is an ancestor
of B. The basic cycles of a graph then induce the following refatin its bud nodes (adapted
very slightly from its original usage in [63]):

Definition 7.1.6 (Structural connectivity, Sprenger and Dam [63]gt ? = (D,R) be aC®
pre-proof in cycle normal form. Define the relatish, on Bud D) by: B, <, B; iff R (B>)
appears on the basic cyd®, in Gop.

We observe that the relation, is nota partial order in general. In particular, if two distinct
budsB; andB, share the same companion then we hAyvel» B, <p B1 butB; # By, s0<ep
is not necessarily antisymmetric. Also, as shown in Figufie if is not necessarily transitive

either.
B

2
N
LR

Bz

(B3) « B,

\r

s R (B2)

R (By) "

Figure 7.1: A schematic pre-proof (in cycle normal form). Solid lines indicate paths in the
derivation tree and dashed arrows indicate the assignation of companions to buds. We have
B2 <4 Bi since R (B2) occurs on the basic cycle (g,, and likewise we have Bz <, By. However,

note that we do not then have Bz <, By, because R (Bz) does not occur on the cycle (g, .

Our next lemma establishes that any (non-trivial) strorggignected subgraph in the pre-
proof graph can be viewed as a union of basic cycles, andeumtbre, that the bud nodes
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corresponding to these cycles are weakly connected by thtore<,. (Note that cycles are
graphs, so a union of cycles is given by the usual union onhgtap

Lemma 7.1.7. Let ? = (D, R) be a pre-proof in cycle normal form and let S be a non-trivial
subgraph ofGy. Then S is strongly connected if and only if there exists agropty set of buds
Bs C Bud(D) such thatBs is weakly<,-connected and S Ugc 3, Cs-

Proof. Let S be a non-trivial subgraph off». We prove each direction of the required bi-
implication separately:

(<) Let Bs C Bud(D) be non-empty and weakly¥ p-connected and e = Ugcp, (. TO
show thatSis strongly connected, we lgtv’ be vertices oSand show that there exists a path
in Sfrom v to V. First note that a$= (g, (B, there exisB, B’ € Bs such thatv occurs in
(s andV occurs inGg. Since any basic cycle is strongly connected agd(g are paths in
S there are paths i from v to & (B) and from% (B') to V, so it suffices to show that there
is a path inSfrom R (B) to R (B'). Now asBs is weakly <p,-connected, there exists a chain
BoB; ...B, in Bs such thatBy = B, B, = B’ and, for alli € {0,...,n—1}, eitherB; <, Bj 1

or Bi.1 <p B;j. We proceed by induction on the lengttof this chain. Ifn= 0 then we have
B =B/, and are done as there is trivially a pathSifrom % (B) to ® (B). If n > 0, then by
the induction hypothesis there is a pattSifrom K (B) to & (B,_1), so it suffices to show that
there is a path isfrom % (Bn_1) to R (B,) = R(B'). Now eitherB,,_1 < B, or B, <, Bp_1,
i.e., either® (Bn_1) occurs on(g, or R (Bn) occurs on(g, ,. In either case, there is a path in
Cs, , U G, from R (Bn_1) to R (By) and this path is a path i8since(g, , U (s, €S This
completes the case.

(=) SupposeS is strongly connected. We require to prove that there existgeakly <p-
connected seBs C Bud(D) such thatS= (Jg. 4, (8. Suppose the following claims hold:

1. for every nodesin S, there exist® € Bud(D) such thatv occurs on(g and(g C S

2. if (g € Sand (g C Sthen there exists a chalByB; ...B, such that(g, C Sfor all i,
Bo = BandB,, = B/, and for alli, eitherB; <, Bj,1 or Bi;1 <, B;.

Now defineBs = {B| (g C S}. Note thatBs is hon-empty due to the non-triviality &
We then haveUBEQ;S (s C Ssince (g C Sfor eachB € Bs. By claim 1 abovey € Simplies
there is aB € Bs such thatv is on (. ThusSC g, (8 and soS= g5, (s as required.
Now letB,B’ € Bs, so that(g C Sand(y C S Then by claim 2 above, there is a chain fr@m
to B’ in Bs weakly connected by », S0 Bs is weakly <,-connected as required. To finish the
proof, it remains to supply the proofs of claims 1 and 2 above:
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1. Letvbe a node of. As Sis strongly connected and non-trivial, there is a path ofiten
> 0 fromv back tovin S Let h be the height ot in D, and note that sinc® is a tree,
every edge inD connects a node to one of strictly greater height. It follokaet there is
a path inSN 9 from v to a nodev of height> hiin D, and an edge I8\ D from V' to
a node of heigh& hin D. SinceSC Gy, this edge is of the fornfv, X (B)) for some
B € Bud(D), and there is a path i from R (B) to v. Now since? is in cycle normal
form, R (B) is a strict ancestor d8 in D, and by construction ofj», K (B) is therefore
an ancestor of in D. As R (B) has height< hin D, andv is an ancestor of in D, it
holds that® (B) is also an ancestor ofin D. As there is a path i8N D from R (B) to
v, and only edges D connect nodes to nodes of greater height, the unique path in
from R (B)tovin DisinS

In summary, the unique paths i from % (B) to v and fromv to V' are inS as is the
edge(V, R (B)) not in D. In other words, we have B € Bud(?) such thatv is on (g
and (s C Sas required.

2. LetB,B € Bud(D) satisfy (s C Sand (g C S SinceSis assumed strongly connected,
there is a patht= vgv1v...vy in Swith vo = R (B) andv, = R (B'). Now define a
sequencéyBs ... B, 1 of bud nodes byBy = B, B,.1 = B/, and for each € {1,...,n},
let B; be any bud such thafg, C Sand(vi_1,V;) is an edge of’g,. (Note that there is
always such 8;, because we have established in 1. above that every n@&is afvertex
of some(s C S) Note that the vertex is thus a vertex ofg, for alli € {0,...,n}. Also,
since(R (B),v1) is an edge of’s,, we have thai (B) is a vertex 0f(g,, SOB = By <4 B;.
Similarly, since(vn—1, R (B')) is an edge ot’s,, we have thai (B') is a vertex ofCg,, so
B’ = Bn:1 <o By. It thus remains to show for eacle {2,...,n} that eitheB; <, B;j_1
or vice versa, i.e. thaR (B;) is a vertex ofCg, ., or R (Bi;1) is a vertex of(g;.

Now, we have for any € {2,...,n} that (g U (g, , € Sand(vi_1,V;) is an edge o{g .
Note that® (B;) is an ancestor ofi_1 in D since(vi_1,Vi) is an edge of(g,. Also,
R.(Bi_1) is an ancestor of;_1 in D sincev;_ is a vertex ofCs,_,. As D is a tree, either
R (Bi_1) is an ancestor ok (B;) in D or vice versa. In the former cas®,(B;) is a vertex
of (g,_,, and in the latter cas® (B;_1) is a vertex of(g,, S0 we are done. This completes
the proof.

O

Our aim is to formulate a localised notion of proof that isfiignt for the general C%
proof condition to hold. (Of course, it would be most desleao find such a notion that is both
sufficientand necessary, but it is not clear whether such a notion existsgther words, we
need a condition that for any infinite path in the pre-pro@dr yields an infinitely progressing
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trace on some tail of that path. By Lemma 7.1.3, we can viewneige infinite path inG, as
an infinite path through a non-trivial strongly connectedgraphS C G, that visits all nodes
of Sinfinitely often. Furthermore, by Lemma 7.1.3js the union of the basic cycles of a set
of bud nodes weakly connected by the “structural conndgtivelation <,. This allows us to
further analyse the composition of the infinite path thro&gh

Lemma 7.1.8.Let? = (D, R) be a C® pre-proof in cycle normal form, and let S be a non-
trivial strongly connected subgraph ¢i». Note that S= Ugcs, (s by Lemma 7.1.7. Then any
infinite path in S, starting from the companion of a budBg is composed of paths (of length
> 0) each of the forn® (B;) ... R (Bx), where B, By € Bsand R (B;) ... R (Bx) is a subpath of
some cycles C S.

Proof. By Lemma 7.1.75= g4, (8 WhereBs C Bud(?D) is a weakly<,-connected set. It
follows that any infinite path throug8is composed of subpaths of the cycle; | B € Bs}.
We just need to establish that we can confine our attentionldpaths of the form given above.
To see this, consider an infinite patithroughS starting from some companion nod&(B;),
whereB; € Bs. Clearly we can write an initial finite segmentwas?® (Bj)...v, R (Bx), where
R (Bj)...vis a path inSN D and R (By) is the next companion of a bud iBs to occur onr
after ® (Bj). Now (v, R (Bx)) is an edge o’g for someB € Bs (sinceS= g4, (g andttis a
path inS), and soR (B) is an ancestor of in D. As D is a tree andg (B;) is also an ancestor
of vin D, and % (B) does not occur on th@-path betweer® (B;) andv by assumption, we
have therefore thag (B) is an ancestor oR (B;) in D and soX (B;) ...V, R (Bk) is a subpath
of (g as required. It is clear that we can now repeat the argumartirg from the tail offt
beginning withR (By), and sartcan be decomposed into paths of the required type.

]

Hence for a C8 pre-proof to satisfy the general proof condition it is botHfigient and
necessary to find, for each strongly connected subg8apld;», traces following all finite paths
of the form described in Lemma 7.1.8, together with the &ifjon that there are sufficiently
many such traces to facilitate the composition of an infipiprogressing trace following any
infinite path inS. Thus we may obtain conditions that are merely sufficienats/ the general
proof condition by placing restrictions on the form and nembf such traces.

7.2 Trace manifolds

In this section we develop two equivalent localised sousgnditions for C8 pre-proofs
that exploit our results of the previous section. While mastrictive than the general sound-
ness condition, these so-calligdce manifoldconditions are nevertheless combinatorially less
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complex, and provide a greater degree of explicit infororatin the form of the implicit infinite
descent arguments in pre-proofs.

Definition 7.2.1(Trace manifold) Let ? = (D, R ) be a CS pre-proof in cycle normal form,
and let BudD) be indexed by. A trace manifoldfor ©? is a set of traces:

{1si | S= U (s WhereBs C Bud(D) weakly <,-connectedB; € Bs}
BeBs

satisfying:

1. for all Sandi, ts; is a trace following the basiB;-cycle (g, in G and furthermore
has the same value at both the instance® @8;) on (g,. (Equivalently,ts; is a trace
following the unique path irD from R (B;) to B; and takes the same value®tB;) and
Bi);

2. forall S if B;,Bj € BsandBj < B; thents;(R.(Bj)) = tsi(R.(Bj));
3. for everyS there is an such thatrs; has at least one progress point.

The property of a pre-proof possessing a trace manifolchis, $ense, more manageable
than the property of it possessing an infinitely progressiage on some tail of every infinite
path in its graph. Only a finite number of finite traces are meglito specify a trace man-
ifold, and for any given pre-proof one can algorithmicalgcover a trace manifold (if one
exists). While the general proof condition can be checkddgua (large) non-deterministic
Biichi automaton (c.f. Proposition 5.1.10), it is reasdypaasy to construct an ordinary non-
deterministic finite automaton (on finite words) to decideettter a given pre-proaP has a
trace manifold. First, computing the non-trivial strongignnected subgraphs of the pre-proof
graph and the<, relation on its buds is straightforward. Having done thissithen obvi-
ous how to construct a deterministic finite automaton thatkk whether a given set of traces
satisfies the trace manifold condition. Then a non-detdstiinfinite automaton can check
whether the pre-proof has a trace manifold by non-detestidzilly “guessing” a set of traces
and then checking whether this set forms a trace manifold hive not investigated whether
such a construction yields a lower complexity bound thangteeral condition, but it would
be interesting to do so.

For the purposes of illustration, we show how to construcaee manifold for the CLKID
proof given in Example 5.2.3, whose soundness was justifiedmally in that example. (The
actual CLKID” proof is also reproduced here for convenience.)

Example 7.2.2(“The P&Q Example Revisited”) Let ®ypg be the inductive definition set
consisting of the usual productions for the “natural nuriipeedicateN (c.f. Example 2.2.5)
together with the following productions for the unary pieateP and binary predicat®:
Px Q(x,sX) Q(xy) Px
PO Psx QX0  Qxsy
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We wish to provide a CLKID proof of the sequerfix Ny Q(x,y), and begin as follows:

Nx Ny Q(x,y) (11)

(Subst)
Nx Nz Q(x,2) NXE Px ()
———— (QRy) (QR2)
NxH Q(x,0) 1) Nx Nzt Q(x,s2 1)
Nxy=0FQ(x,y) Nxy=szNzt Q(xy)
(CaseN)
NX Ny Q(x,y) (T)
We then continue on the rightmost branch of the pregfas follows:
NxF- Px (* Ny, NxF Q(x,y) (12
—() (Subst) Y Qxy) (12 (Subst)
Nz+ Pz NszNzk Q(zs2
— (PRy) (PRy)
F PO NszNzF Psz
— (=) (=L)
Xx=0F Px NXx X = sz Nz Px
(CaseN)
Nx NxF Px
—— (ContrL)
NXE Px ()

In the above, we shall writB; for the bud(11), B, for (12) andB; for (x), so that the pre-proof
may be schematically illustrated as follows (solid linesate paths in the derivation tree and
dashed arrows indicate the assignation of companions t®)bud

Bs B,

s W/ |
Bi_ (B3 /
| \/

N ‘ Pad
a e

R (B1) = R(B)

Note that we hav®; <, By < B; andBz <, B; (as well aB; <, B; fori € {1,2,3}), so
the weakly<,-connected sets of buds in the pre-proof are the following:

S {B1} S = {By,By}
S = {B2} S = {B2,Bs}
S = {Bs} S = {B1,B2,Bs}

To give a trace manifold we therefore require to give, forre§cand eachB; € S, a trace
1;,j following the basic cycle’s; and taking the same value at both instance® @8;) on the
cycle, as required in order to satisfy condition 1 in the d&fin of trace manifold above. Fur-
thermore, the resulting set of traces must satisfy the édurtonditions 2 and 3 in the definition.
First, definety 1 to be the progressing tra¢Bly, Nz Nz Nz Ny) following (g, (i.e. the path
in the pre-proof above fronit) to (t1)). Also definets1 andte; to be the non-progressing
trace(Nx Nx Nx Nx Nx) following (g,. Next, for alli such thaB, € S, definer; , to be the



Chapter 7. Trace manifolds 129

progressing tracéNx Nx Nx,Nx Nx Nz Nz Nz Nx) following (g,. Finally, for alli such that
Bs € S, definet,; 3 to be the progressing tra¢hlx, Nx,Nz Nz Nz Nx) following (g,.

Note that each tracg j takes the same value at the start and end of the path it fqllasvs
required by part 1 of the trace manifold condition. Alsositiasily seen that for eachthere
is a j such thatr; j is a progressing trace, as required by part 3 of the cond{@omty 1, 2>,
133, T42, Ts2 andte 2 are all progressing traces).

Finally, we need to check that part 2 of the trace manifolddition holds, i.e. that if
Bj,Bi in S for somek andB; <, B; thentj(R.(Bj)) = w;i(R.(Bj)). Forke {1,2,3} this
is trivial. For the casek € {4,5,6} it follows from the fact, firstly, that® (B1) = ®.(B2) and
Ti1(R.(B1)) =Ti2(R(B1)) = Nxfori € {4,6} and, secondly, that 3(R.(B3)) =Ti 2(R.(B3)) =
Nxfori € {5,6}. So indeed we have constructed a trace manifold as required.

We now establish formally that a trace manifold for a pregfrdoes indeed contain suf-
ficiently many trace segments to enable the constructiomaffinitely progressing trace on
every infinite path, as previously indicated.

Proposition 7.2.3. Any C% pre-proof (in cycle normal form) with a trace manifold is a‘CS
proof.

Proof. Let ? = (D, R ) be the pre-proof in question and consider any infinite pathrough
Gp. By Lemma 7.1.3, there is a tait of mand a non-trivial strongly connected subgraph
SC Gy such thatrt is an infinite path througl® that visits all vertices o infinitely often.
Furthermore, by Lemma 7.1.7, we have Usess (8 for some weakly< p-connected seBs C
Bud(?D). It suffices to construct an infinitely progressing tracerorwhich we may assume
without loss of generality to have the companion of s@reBs as its first vertex. By Lemma
7.1.8,10 is composed of finite paths Bof the form® (B;) ... R (Bx), whereB;, By € Bs and

R (Bj)...R.(By) is a subpath of some basic cydg, whereB; € Bs. To each such path, we
associate the portion af; that follows R (Bj)... R (Bk).

To construct the required trace ofy we need to check that we can compose the traces as-
sociated with the component subpathstofSuppose we compose two paths of the form above
to obtain the pat® (Bj)... R(Bx)... R.(Bm), whereR® (B;)... R .(Bk) is a subpath ofs, and
R (Bk) ... R.(Bm) is a subpath of,. We have associated a portioniof 151 to R (Bj) ... R (Bk)
and a portiont, of Ty to R (Bk)...R(Bm). To see thatr; andt, compose, we note that
Bk <» B; andBy <, B, since R (Bx) occurs on both(s, and (s,, and so by clause 2 in the
definition of trace manifold we have;1(2R.(Bx)) = tsk(R.(Bk)) = ts2(R.(Bk)) as required.

The only remaining issue is to establish that the tracatoobtained by composing the
traces on the individual path segments has infinitely maognss points. We note that by
clause 3 of the trace manifold definition, there is sddnsuch thatrs; has a progress point on
(s, and as every edge foccurs infinitely often inrt, we need only ensure that the relevant
portion of ts; is used infinitely often in our construction.
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Suppose therefore that we are in the situation of assignitrgce portion to the path

R(Bj)...R(Bk), whereBj,Byx € Bs, and this path happens to be a subpath of kgfhand

of (s, (WhereBy,B; € Bs), so we are in the situation of assigning the relevant pomibeither

Tg1 Or Tso to the path. Now observe that we haBp<, B; andBj <, By, sots1(R(Bj)) =
Ts5j(R.(B})) =Ts2(R(Bj)). Similarly, By < B andBx < B, s0ts1(R.(Bk)) = Tsk(R.(Bk)) =
Ts2(R.(Bk)). Thus the considered portions®if; andts both follow the pathg (B;) ... R (Bxk)

and agree aff (Bj) and % (Bx), so we may equally well assign either trace to the path. It is
then clear that one can always assign a progressing segoreeptth where there is a choice of
segments, and since every edge&afccurs infinitely often on the pathl, we can ensure that a
progressing segment o§; is assigned to infinitely many path segmenttras required. O

We remark that the existence of a trace manifold for a prefpi®a stronger requirement
than the general soundness condition. For example, it isteagive a proof in CLKID® for
which no trace manifold exists:

Example 7.2.4.Define the unary “natural number” predicalidby the usual productions given
in Example 2.2.5 and define the binary predidstéy the productions:

Ny  N(y,x)
N'(0,y) N'(sxy)

(The intended interpretation &’xy is “Nx andNy’, although the definition ofN’ above is

not necessarily the most natural one.) The following is theDLKID® proof of the sequent
Nx Ny N'(x,y):

Ny, Nxt N'(x,y) (%)

(AX) (Subst)
Ny Ny Nz NyF N'(y,2)
————— (N'Ry) (N'Ry)
NyH N'(0,y) 1) Nz Ny N'(szy) —1)
Nyx=0FN/(xy) x=szNzNyF N'(xy)
(%,Y) (%Y) (CaseN)

Nx Ny N'(xy) (%)
We use(x) to indicate the pairing of the bud in this proof with a suibbmpanion. To see that
this is a CLKID” proof, notice that any infinite path in the pre-proof grapbessarily has a tail
consisting of repetitions of the basic cydlg,) (i.e.the path in the proof from the companion
to the bud). To construct the required infinitely progregdirmce on this tail, we must compose
copies of the progressing tragx, Nz Nz Nz Ny) on () alternately with copies of the (non-
progressing) traceNy, Ny, Ny, Ny, Nx) on ().

Notice that there does not exist a trace followigg, that takes the same value at the
companion and the bud. If we takéxas the initial trace value at the companion then the only
possible trace to the bud (81X, Nz Nz Nz Ny) and so the trace value at the budNig and sim-
ilarly if we take Nyas the initial trace value then the only possible trad@ig Ny, Ny, Ny, Nx)
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and so the trace value at the budis. However, the proof above can be unfolded into a larger
CLKID® proof that does have a trace manifold. It is unclear to us drehis can be done in

general.

The quantification over strongly connected subgraphs idéfimition of a trace manifold
is somewhat heavy-handed. A slightly more elegant verdidimeatrace manifold condition can
be obtained by formulating the manifold with respect to @albedinduction orderon the buds
occurring in a pre-proof (a notion introduced by Schopp] [&7d subsequently employed by
Sprenger and Dam in their translation from circular prooffittite proofs by explicit transfinite
induction for thep-calculus [63, 62]):

Definition 7.2.5(Induction order) Let ? = (D, R ) be a C® pre-proof in cycle normal form.
A (non-strict) partial ordexi on Bud D) is said to be amduction order for? if:

e B<B; andB<«1ByimpliesB; = B, or By <1By or B, <1B; (i.e. < is forest-likg;

e every weakly<p-connected seB C Bud has ad-greatest element, i.e. an elemBg,x €
B such thaB <1 Bmax for all B € B. (Note that, in particular, we then haBe <, B, im-
pliesB; <1By or B, <1 By.)

Definition 7.2.6 (Ordered trace manifold)Let 7 = (D, R) be a pre-proof in cycle normal
form and let< be an induction order fo. An ordered trace manifolavith respect to< is a
set of traces:

{1j,i | Bj,Bi € Bud(?D),B; < Bj}

satisfying all of the following:

1. for alli and j with B; <Bj, Tj; is a trace following the basiBj-cycle (g in G» and
furthermore has the same value at both the instanc&s(Bf) on (g,. (Equivalently,t;;
is a trace following the unique path if» from R (B;) to B; and takes the same value at
R.(Bi) andB;);

2. foralli, j,k, if Bj,Bj <BxandB;j <, B;j thenty j(R.(Bj)) = i (R.(Bj));
3. foralli, 1;; has at least one progress point.

Example 7.2.7. Consider the CLKID pre-proof given in Example 7.2.2, and recall that its
cycle structure has the following form:
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We give an induction order for the pre-proof. We define a phdrder< on {By, By, B3} by
B3 <By, By <By, andB; < B; for i € {1,2,3}. One can easily check that is a forest-like
partial order. Furthermore, note that every weakly-connected subset ¢B;,B,,B3} has a
<-greatest element. , sois indeed an induction order.

We can now give an ordered trace manifold for the pre-prodi wvaspect toa. We require
to specify, for each pair of buds;, B; such thatB; < B;, a tracet;; following the basic cycle
(g, and taking the same value at both instance® (B;) on the cycle, as required in order to
satisfy condition 1 in the definition of ordered trace maliifabove. In other words, we need
the following traces:

T11,721,122,123,133

Furthermore, the resulting set of traces must satisfy thiadu conditions 2 and 3 in the defi-
nition.

First, definety 1 to be the progressing tra¢dly,Nz Nz Nz Ny) following (g,, and define
T21 to be the non-progressing tra@dx, Nx Nx, Nx Nx) following (g,. Next, definet,, to be
the progressing trace@Nx,Nx Nx Nx Nx Nz Nz Nz Nx) following (g,. Finally, define both
T3 andt3 3 to be the progressing tra¢blx Nx, Nz Nz Nz Nx) following (g,.

Note that each traceg ; takes the same value at the start and end of the path it fqllows
as required by part 1 of the ordered trace manifold conditiddso, as required by part 3
of the condition,T;; is a progressing trace for eacke {1,2,3}. Finally, we need to check
that part 2 of the trace manifold condition holds, i.e.tHaBj,B; < Bx and B; <, B; then
Tj(R.(Bj)) = i (R (Bj)). This may easily be verified.

Lemma 7.2.8. A pre-proof® (in cycle normal form) has a trace manifold if and only if teer
exists an induction ordes for 2 and 2 has an ordered trace manifold with respectto

Proof. (<) Let < be an induction order for the pre-pro@ = (D, X ) and suppose has an
ordered trace manifold with respect4o Now letS= g4, (8 WhereBs C Bud(D) is weakly
<p-connected. By the definition of induction ordés has a<i-greatest element, sd&¢. We
definets; = 1i; for eachi. We just need to check that this definition satisfies the pt@seof
a (standard) trace manifold:

1. By clause 1 of the definition of ordered trace manifalg}, = 1y is a trace following the
basic cycle(y;, and takes the same value at both occurrence®(8) on this cycle;

2. SupposeB; <, Bj whereBj,Bj € Bs. As By is the <-greatest element aBs, we have
Bj,Bi Bk and thus ; (R (Bj)) = tki(R.(Bj)) by clause 2 of the definition of order trace
manifold, i.e1s;(R.(B;)) = 1si(R.(Bj)) as required;

3. By clause 3 of the definition of ordered trace manifold, tlagetsx = Txk has at least
one progress point as required.
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(=) SupposeP = (D, R) has a trace manifold. We show how to construct an inductideror
< for % and an ordered trace manifold with respeckto

Consider any maximal weakkf p-connected seB C Bud(D) (so there is no weakly »-
connected subset of B(#) that is a strict superset e#), and letS= (g4 (5. By the defi-
nition of trace manifold, there is son € ‘B such thattgk progresses. (Of course, there may
be more than one such bud, in which case we ch8gde be any suitable one.) For each such
maximal setB, we define some suitab to be the<-greatest element @b (i.e. B;j <1 By for
all B; € B) and definery; = ts; for eachB; € B. Note thatBy is then also thed-greatest ele-
ment of any subset @b that containdBy. We then consider all maximal weakiy,-connected
subsets of Bu@dD) \ {Bk} and iterate the process of assigniaegreatest elements to these sets
until we obtain a<-greatest element for every wealdy,-connected set. Furthermore, notice
that in this way we never assign two different tracesyto(for any fixedi andk).

We check first thats as constructed is actually an induction order. Itis obvimyisonstruc-
tion that every weakl\< p-connected set has<a-greatest element, so we just need to check
< is a forest-like partial order< is reflexive by construction. To see is transitive, observe
that if B <t B; andBj <1 B, then there exist weakly ,-connected set$;, B such thatB;, By
are the<-greatest elements @;, B respectively and furthermor®; C B. As B; € B; (by
construction sinc®; < B;) we thus haves; € B, and sdB; < By as required. For anti-symmetry,
suppose; <1 By andBy <1Bj. Then by construction there exist weakly,-connected sets;, B¢
such thaBj, B are the (uniquex-greatest elements df;, B respectively, and we must have
B; C B¢ and B C Bj, so Bj = B« andBj = By as required. Lastly, we need to checkis
forest-like. Suppos8; < B; andB; <1 By, so there exist weakly ,-connected set$;, B, such
that Bj, Bk are the (unique)i-greatest elements @;, B¢ respectively, and we havg < B,
andB; € Bx. By construction we must have eith8f C By (in which caseBj <1 By) or B C B,

(in which caseBy <1 Bj) or both (in which cas®; = By).

It remains to check that the construction yields an ordemzktmanifold with respect ta.

We note that by construction; ; exists wheneveB; <1 Bj, and check the required properties:

1. By clause 1 of the definition of trace manifotd, = ts; (for someS) is a trace following
the basic cycleT, in G, and takes the same value at both the instanc&s(Bf) on this
cycle;

2. Supposé;,B; < By andBj <, B;. Then there is some weakly,-connected seB such
thatBy is the <-greatest element @ andB;, B; € B, so thatts j(R.(Bj)) = tsi(R.(B;j)),
i.e. T j (R(Bj)) = i(R.(Bj)) as required,;

3. By constructionTyk = Tsk iS always a progressing trace.

This completes the proof. O
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7.3 Translation of LKID into CLKID @

We now return to the setting of our proof systems for QLR ecall that the proof system LKID
then contains, for each inductive predicate in the languagele which embodies the principle
of induction over the definition of the predicate in the intig definition set. Proofs in LKID
are the usual finite trees of sequents and thus may straiglatfdly be seen as capturing the
usual notion of proof by (explicit) induction. On the othertd, in the cyclic system CLKIR)
the induction rule for an inductive predicate is replacedabyeaker case distinction rule and
proofs in the system may be viewed as regular infinite tregegli@ussed in Chapter 5). The
soundness condition imposed on CLKiDroofs (c.f. Definition 5.1.6) ensures that, if any
sequent occurring on an infinite branch were false, an iefinilecreasing chain of ordinals
(in fact, natural numbers) would exist, which is a contréidiz. Proofs in CLKID® can thus
be seen as embodying infinite descent arguments. (Of cquieefs in the general infinitary
system LKIDY likewise embody infinite descent arguments, but these preafinot be given a
useful representation in general.)

The use of infinite descent in mathematical proofs (whichiamglicitly understood as
finite) is regarded in some quarters as essentially intexgpdable with the explicit use of in-
duction, notwithstanding that one method or the other mambee suited to the structure of a
particular problem. If this is true in the setting of F{gLthen one would expect that an arbi-
trary sequent is provable in LKID just in case it is provalledLKID®. Moreover, if the two
methods are really interchangeable, then there ought & axprocedure for transforming an
arbitrary LKID proof of a sequent into a CLKproof of the same sequent and vice versa.

In this section we begin to address the problem of estahlistiie equivalence of induction
and infinite descent for FQs, by giving a translation from LKID into CLKI®, and explaining
why giving a translation from CLKIB into LKID appears hard. We leave the equivalence
between LKID and CLKI as the main open conjecture of this thesis.

In what follows, we shall consider a fixed first-order langaiagwith inductive predicates
{P1,...,Py}, and a fixed inductive definition sét for X.

Lemma 7.3.1. Any instance of the LKID induction rule (Ind)Hor an inductive predicate P
is derivable in CLKID.

Proof. We recall the construction of the induction rule for an intilie predicate given in
Section 3.1. Letf € {1,...,n}; we show how to derive an arbitrary instance of the induction
rule (IndP;) in which the induction hypothesi§ and the induction variableg have been
associated to the inductive predic&dor eachi € {1,...,n}:

minor premisesl,Fjt = A
rPtEA

(Ind P;)
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Now define to be the smallest set of formulas satisfying: for each mpr@mise of the
considered instance of (Irfg)), say:

I, Quui(X),...,Qnun(X),Gj t1(X), ..., Gj,tm(X) F FKt(x),A
wherejs,...,jm€{1,...,n} andQq,...,Qn are ordinary predicates, the formula:
VX (Quu1(X) A ... AQpUn(X) AGjt1(X) A ... AGjtm(X) — Ft(x))
isin M. (Recall that the formul&; is defined for eache {1,...,n} by:

G — F  if B andP; are mutually dependent
' Pz otherwise

andGit is written to mearG;[t/z]). Now, consider the following derivation in CLKI®

minor premises

M,Pjyl—ij .

——— (Subst)

M,Pjtl—th {TEM,A|Me M}

——  (AL) (AR)

— (AL) — (AR)

AM Pt - Fjt Fr=AM,A M Ft-A

—R) (—L)
Pit- AM — Fit MAM — FtEA
Cut)
IPtEA

wherey is a tuple of appropriately many variables. We remark th#ioling each of the minor
premises of the considered instance of (Rjifrom the sequent$l - M,A | M € M} is sim-
ply a matter of decomposing eabh using the rules\R),(—R) and (\L). It thus suffices to
provide a CLKID® proof of the sequen/, Py - Fy, and we continue by showing how to do so.

First, we apply the CLKI® casesplit rule (Casg)) to the sequeniM,Pjy - Fjy, thus
generating a case for each production whichBasccurring in its conclusion. We show how

to treat a case arising from an arbitrary production, say:

Q1u1(X) ... Qnun(x) Pjta(X) ... Pjtm(X)
Pit(x)

jla"'7jmaj 6{17"'7n}

We abbreviate the set of formul@sus(X), . ..,Qnun(X) by Q. Now, as there is a minor premise
r,Q,Gjt1(X),...,Gj.tm(X) - Fjt(x),A corresponding to this production in the considered in-
stance of (Ind?}), the formulavx(A Q A Gj t1(X) A... AGj,tm(X) — Fjt(x)) is in the setM.
This formula is the subject of the contraction in the follagiCLKID® derivation:
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(A {M,PytGyylie{l,....m}} (T2
{Q-FQ Qe {M,Pyti(x) - Gjiti(x) [i € {1,...,m}}

(Subst)
(AR)

— (AX) : (AR)
th(X) + th(X) M,Q, letl(X), ey ijtm(X) FAQA Gjltl(X) AN Gjmtm(X)

M, A\ QAGj t1(X) A ... AGjtm(X) — Fjt(x), Q, Pj;t1(X), ..., Pjntm(X) F Fjt(x)

(=0

(VL)

(VL)

M VX (N QAGj t1(X) A ... AGjtm(X) — Fjt(x)), Q,Pj;t1(X), . .., Pjntm(X) F Fjt(x)
(ContrlL)

M,Q, letl(X), e ijtm(X) H th(X)

(othercases). M,y =t(x),Q,Pj;t1(X),...,Pjutm(X) F Fjy
M, Py - Fjy (t1)

wherex ¢ FV (M U{P;y} U{Fjy}) for all x € x. We have thus far obtained a CLK{leriva-
tion with root sequend/, Py - F;y (1) and bud node$M Py Gy |i € {1,...,m}} (12),
and we observe that for eack {1,...,m} there is a progressing trace:

(Pjy> IDjiti (X), s Pjiti (X)v Pjiy)

following the path in this derivation from the root sequéht) to the budM , P,y - G;y. Now
note that, for eache {1,...,m}, if the predicate$;, andP; are not mutually dependent, then
Gj, = P;;, and so we may apply the rule (Ax) to the bud nddeP;y - G;y. Thus we need to
consider only the bud node® , P,y - Gy such thatP; andP; are mutually dependent, and
are thus of the form#/, P,y - Fjy. We treat these as follows:

e if P, = Pj, then the bud node is identical to the root sequény, and we set the com-
panion of the bud to béf1).

o if P;, # P}, then note that aBj;; andP; are mutually dependent, there is a minor premise
(and corresponding formula ifif) for every production which haB;, occurring in its
conclusion. We thus can repeat the derivation above forubdenbde under consideration
to obtain new bud nodgd3), to which we may assigfit1) or any ancestor node of the
form (12) as a companion.

We iterate this process as often as required, successieglgragting bud nodes of the form
(13),(14),..., noting that any bud node of the forfiik) may potentially be assigned an an-
cestral companion of the forrfitk’) for any k' < k, and that bud nodes are always assigned
ancestors as companions. This iteration is possible becddusontains a formula correspond-
ing to each production having in its conclusion a predichs is mutually dependent with
and, since mutual dependency between predicates is tvansiie predicaté;, occurring on
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the left of any bud nodétk) is always mutually dependent wit). Also, we observe that the
iteration process never produces bud nodes of the fdmat 2), because there are at mast
inductive predicates that are mutually dependent Wjth

We thus obtain a CLKIB derivation treeD with root sequentM, Py + Fjy and a repeat
function R that assigns to every bud node ©f an ancestor of the bud as companion, i.e.
P = (D,R) is a CLKID® pre-proof in cycle normal form. Furthermore, for each bud&B;
in the tree, there is a tracg following the unique path i from % (B) to B that takes the
same value & and R (B).

We claim that there exists a trace manifold f8r For anyS = Ug.g (g Where Bs C
Bud(D) is a weakly<p-connected set, we defirg; = T; (so, in fact,ts; is independent of
S). Note thatr; is a trace following the basic cycl€s, in Go taking the same value at both
instances ofR (B;) on (g, as required by clause 1 of the definition of a trace maniféiido
notice that clause 3 of the definition is immediately satisBcet; is a progressing trace.
Finally, supposé3; <, B, whereB;,B; € Bs, i.e.R (B1) appears on the cycl€s,. To satisfy
clause 2 of the trace manifold definition we need to showth@ (B1)) = 12(R (B1)). Note
that by construction® (B;) is of the form(tk) (for somek € {1,...,n}) and thus is labelled
with a sequent of the formd/, Py - F;y. Itis then clear that any trace passing throd(B,)
takes the valu®;y at ® (B1), so in particular, takes this value a® (B;) is a vertex of(g,.
This completes the proof. O

Theorem 7.3.2.Every LKID proof of - A can be transformed into a CLK Dproof of " - A.
Furthermore, this CLKID proof has a trace manifold.

Proof. Given any LKID proof® of I' - A we can obtain a CLKIB pre-proof? of I' - A by
replacing every instance of an induction ruleZinwith the corresponding CLKIB derivation
constructed in Lemma 7.3.1. Furthermore, by inspectios itlear that the set of strongly
connected subgraphs @ is the (disjoint) union of the sets of strongly connectedgsaphs
of each inserted CLKID derivation. The union of the trace manifolds constructedeiach
of the inserted derivations is thus a trace manifold #yrwhence? is a CLKID® proof by
Proposition 7.2.3. O

Theorem 7.3.2 shows how to convert a proof by induction toafpby infinite descent
in the setting of FOI|p. Essentially, as shown in Lemma 7.3.1, any use of inductia@r an
inductive formulaPt can be replaced by a cut on a formula which states that the icechb
minor premises imply the induction hypothegisassociated witlt, together with an infinite
descent proof of this formula. Unfortunately, transformmCLKID® proof into a LKID proof
appears to be a much harder problem, and we state it here asmecture:

Conjecture 7.3.3. If there is a CLKID® proof of a sequenk + A then there is an LKID proof
of ' - A.
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Conjecture 7.3.3 is stated in a relatively weak form. As ndwd earlier, if proof by induc-
tion and proof by infinite descent are really equivalent ptechniques for FO|p then there
should exist a procedure for transforming an arbitrary CDK proof into a LKID proof of the
same sequent. (A semantic proof of the conjecture would lzdsof interest, but we have no
idea how to obtain one.) We are aware of two main related dpweénts in the literature, the
first being Sprenger and Dam'’s equivalence result for cyatid non-cyclic proof systems for
p-calculus with explicit approximations [63], and the seddreing Walukiewicz’' complete-
ness result for thg-calculus [82]. We examine these works in more detail in eatisns 7.3.1
and 7.3.2 below, respectively.

We have observed that any LKID proof can be transformed inBLEID® proof with a
trace manifold, i.e. LKID provability=- trace manifold provability=- CLKID® provability.
One approach to a proof of Conjecture 7.3.3 would thus betabksh that both the implica-
tions above hold in reverse, that is, to establish the twiettures:

o if there is a CLKID® proof of a sequent, then there is a CLKiproof of the same
sequent with a trace manifold;

o if there is a CLKID”® proof of a sequent with a trace manifold, then there is an LKID

proof of the same sequent.

A proof of either of these statements would be of clear inddpat interest, but both appear
hard. The second is a weaker version of Conjecture 7.3.3 jppelaas more approachable, as
the existence of a trace manifold for a CLK?proof gives much more structural information
about the proof than the general soundness condition. A proold presumably have some as-
pects in common with Sprenger and Dam'’s transformation fegatic proofs in thgu-calculus

to non-cyclic proofs by transfinite induction developmesdd below), but there are significant
complications in our FOJp setting entailed by the complex form of our induction rulesy
use of a trace-based soundness condition and our regtrictigtandard syntax. One could also
notice that our proof of Theorem 7.3.2 produces CLRIproofs with very constrained trace
manifolds, and it may be easier to translate proofs with Isirtyi constrained manifolds into
LKID proofs. A proof of the first of the two statements aboveulbestablish that we can re-
strict our attention to CLKID proofs with trace manifolds (at the possible expense ofinged
larger proofs), and could be seen as an analogue for traaes of/cle-normalisation results in
Chapter 6. The main problem presented by this conjectuteats &s the infinitely progressing
traces on any two infinite paths in the pre-proof graph carabetentirely differently despite
potential overlap between the paths, it is not obvious thataifold need exist. We speculate
that it may be possible to use the proof machinery of Chapieicénjunction with a combina-
torial argument about trace values to unfold a proof into with a trace manifold. However,
this and other possible approaches to establishing thesstétConjecture 7.3.3 will for now
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have to be left as the main avenue for potential future waknsting from this thesis.

7.3.1 The Sprenger-Dam translation from global to local pro of in the p-calculus

Sprenger and Dam established effective translations legtveecyclic proof system for the
p-calculus and a non-cyclic system equipped with a localsfiaite induction rule for the
ordinals. The syntax of formulagin the p-calculus withexplicit approximantss given by the

following definition:

u=t=u|K <K[-Q[@AG|3IxQ|IKQ| X[ uX(X).0| HX(X).¢

wherek, kK’ range oveprdinal variables(i.e. variables whose interpretation ranges over the or-
dinals),t,urange over standard first-order terms, ahthnges over a set of predicate variables.
The p operator indicates least fixed points: the intended inetgpion of the formulauX(x).@
is (roughly) “x is in the least predicat® such thatp’. and the least fixed points given by the
operator can be approached by ordinal-indexed approxsiambuch the same way as the least
fixed points of our monotone operators for inductive defimg (c.f. Definition 2.2.8), whence
the operatop indicates thexth approximant of the least fixed point under consideration.
Sprenger and Dam define two systeg and S op for the p-calculus with explicit ap-
proximants. The systems are presented as Gentzen-stylergezplculi employing sequents
of the forml" ko A, wherel” andA are finite multisets of formulas ard is a finite set of or-
dinal variables which acts as a kind of context for the systé€he two systems share the same
basic rules, which are essentially the usual structuralfmstdorder rules from Lk together
with rules governing the behaviour of ordinal variableg] anfolding rules for (approximated)
least fixed point formulas on the left and right of sequentse Tules for ordinal variables are

as follows:
MoFokA Mo @ /K],A
T 2" kg0 (3L ineoem)
IM3K.eFo A o 3K.QA
oK1 <K2,A I'FoKo <Kz, A
— (<L) (<R)
r,K<K|—oA oK1 <Kz, A

The rules for unfolding approximatgaéformulas are as follows, and can be seen as ana-
logues of our right-unfolding and casesplit rules for inties predicates:

I, 3K < K@U X (X).q/X,t/X] Fo A ‘L o 3K < K.QUX(X).0/X,t/x],A
F (KX (X).9)(t) Fo A " Mo (MX(X).9)(1),A

A cyclic proof in the systen$op is then a pre-proof, constructed analogously to a CLKID

(KR)

pre-proof (but always in cycle normal form), satisfying gpeopriate global proof condition
ensuring soundness. Instead of directly employing a natioimace as we do, Sprenger and
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Dam consider an alternative condition involving the ddrility of ordering statements on or-
dinal variables along each basic cycle in the pre-proof. gRbuspeaking, an ordinal variable
K is said to bepreservedby a path if it is present in the context of every sequent orptith
and whenever the substitution rule (Subst) is applied atbegpath with substitutio® then
the statemen®(k) < Kk is derivable, and is said forogresson a path if it is preserved by the
path and there is a point on the path at which (Subst) is appliel the statemefi(k) < K
is derivable. The proof condition then states that for evdrgngly connected subgraph of
the pre-proof there is an ordinal variable that is presemestywhere on the graph and pro-
gresses somewhere on the graph. This condition is thertedstath respect to an induction
order (c.f. Definition 7.2.5), and can be seen as somewhdgsito our ordered trace manifold
condition.

Sprenger and Dam show that any proofjp, can be translated into a proof in the finitary
proof systenm§oc which adds the following transfinite induction rule to théesiof Syion:

M okox 3K < K.QK'/K],A
MIK.oFoA

KO (Ind L)

The analogue of our Theorem 7.3.2 is straightforward to @rowne shows that uses of (Ind
L) inan§, derivation can be replaced 8o, derivations and that the derivation so obtained is
anSyiop proof. Translating frongyion proofs toSqc proofs is much harder. First of all, Sprenger
and Dam show how to unfold a cycli;p proof into one that is “tree-compatible” — i.e. one
in which the induction order on buds matches their strutwn@ering given by the relatior ».
They then demonstrate how to directly translate a tree-editip S;10, proof into an§e proof.
Essentially, for each basic cycle in the proof an instandeefnduction rule (Ind L) is inserted
at the companion node, using an internalisation of the sdqtself — guarded by a bounded
existential quantifier on the progressing ordinal variaddsociated with the cycle — as the
induction hypothesis. (The transformation is done bottgm-so that induction hypotheses
occurring further down the tree are included as part of itidachypotheses occurring higher
up.) The fact that the induction variable progresses is tlsexl to give a dire@qc proof of the
(modified) sequent occurring at the bud on the cycle. Criycigiven an induction hypothesis
H(k) produced at some stage at the translation, and a derivadtiersntk’ < K one can
produce the “regenerated” hypothesigk’). This property, which relies on the explicit use
of the < relation on ordinal variables, is needed in order to sudagsexploit the induction
hypotheses in th§,c proof.

Unfortunately, the problem of reducing cyclic reasoningtbe ordinary syntax of first-
order logic (CLKID®) to induction over predicate definitions (LKID) seems sfigaintly harder
than the transformation of cyclic reasoning on a syntaxreded by ordinal variablesS{op) to
the explicit use of ordinal transfinite inductiod;). This is partly because of our restriction

to standard syntax and thus the unavailabilityobn ordinals (and thus the loss of the regen-
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eration property outlined above), but is also due to the necoraplex forms of our casesplit
and induction rules, and the complexity inherent in our pmndition, even when we restrict
to CLKID® proofs having trace manifolds.

7.3.2 Connections with Walukiewicz’' completeness for the p-calculus

Figure 7.2 shows the main aspects of Walukiewicz' demotistraof the completeness of
Kozen's axiomatisation for the propositional moglatalculus. The syntax for formulas of
this calculus is given by the following definition:

Q=T |L|p|X|=0| @A@YV | (@q][@@]uX.@X)

where p ranges over a set gfropositional constan{sX ranges over a set gfropositional
variablesanda ranges over a set @fctions Judgements in the system are of the fapm<
@ with the intended meaning that the formulasA ¢, and ¢, are semantically equivalent.
Kozen's axiomatisation [40] then adds the following ruleseerning the least fixed point
operatoru to the standard axiomatisation of propositional modalddgi

oY) <y
AUX.PX)) S pX.@X)  pX@X) <y

The second rule above is often calledrk induction Niwinski and Walukiewicz first showed

that a formula of the calculus is unsatisfiable iff it has ay(tar) refutation and that every
formula with a refutation also has a regular refutation [5Zhen Walukiewicz showed that
a formula is unprovable from Kozen’s axiomatisation iff @asha refutation, from which the
completeness of Kozen’s axiomatisation immediately fodl$82].

Our investigations into proof in FQg. can be seen as having aspects in common with-the
calculus completeness proof, as we attempt to show in Fig@ce-irstly, the system LKID can
be seen as an analogue for R@If Kozen's axiomatisation of thg-calculus, which adds an
induction rule and an axiom governing th@perator to the axiomatisation of the modal logic
K [40], as LKID adds rules for induction to the complete “axiatsation” LKe of first-order
logic with equality. Of course, LKID is not complete with pext to the standard semantics of
FOLp, but it is (cut-free) complete with respect to the Henkin aatits. On the other hand,
Niwinski and Walukiewicz’ refutations are similar to preoin the infinitary system LKIDB;
they are trees, possibly containing infinite branches atisfgi@g an analogous trace condition,
and both the system of refutations and LKIBre complete for the standard semantics of their
respective languages. However, in contrast to the sitoatiibh p-calculus refutations, not
every LKID®-provable sequent is also provable in its restriction tautagtrees, CLKIY.
The problem of deciding whether LKID and CLK{Dare equivalent thus seems somewhat

reminiscent of the difficulties involved in Walukiewicz’ gof that everyu-calculus formula
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with a regular refutation is unprovable in Kozen’s axioreation. However, it is far from clear

whether his methods are applicable in our setting.

completeness (Niwinski &
unsatisfiability w. r.tw

Walukiewicz 1997 [52]) existence of
p-calculus > :
_ a refutation
semantics J‘ L
A /
equivalence
completeness L
s (Niwinski &
(Walukiewicz fawi
Walukiewicz
2000 [82])
1997 [52])
Y

unprovability '”1 (Walukiewicz 2000 [82]) j existence of 8

’L regular refutation

Kozen’s <
axiomatisationJ

Figure 7.2: A diagrammatic representation of the work of Niwinski and Walukiewicz ultimately
showing completeness of Kozen’s axiomatisation of the propositional modal p-calculus. All ar-

rows represent implications.
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validity w.r.t. cut-free

of LKID® (Ch 4)

standard semantic > provability

of FOLp j\ in LKID®
A
Henkin semantics

L cut-free completeness

subsume standard
semantics (Ch 2)

validity w.r.t. restriction
Henkin semantics to regular
of FOLp proofs (Ch 5)
\
cut-free

completeness
of LKID (Ch 3)

CUt'@ translation (Theorem 7.3.2) |
provability g

in LKID

provability
in CLKID®

Conjecture 7.3.3

Figure 7.3: A diagrammatic representation of (some of) our developments in the setting of
FOL,p. The solid arrows represent implications, and the dashed arrow indicates the conjectured

implication.



Chapter 8

Conclusions

To conclude this thesis, we first summarise our main cortiohs in Section 8.1, and then
outline what appear to be the main promising directions titurie research stemming from the
thesis in Section 8.2.

8.1 Summary of our contributions

In this thesis we address (some of) the foundational issoesetning the well-known meth-
ods of proof by induction and proof by infinite descent in tke#ting of first order logic with
ordinary (mutual) inductive definitions, FGi.

Firstly, we give a classical sequent calculus LKID that sufsp proof by induction in
FOLp, and for which we have established cut-free completene#is negpect to a natural
class of Henkin models. LKID can thus be viewed as being ardaabproof system for
FOLp in much the same way that the second-order functional aadsla canonical system
for second-order logic. As well as being of independentragt the completeness result yields
the eliminability of cut in LKID as a corollary. We believeishto be the first cut-elimination
result for a classical system incorporating induction suldthough it seems plausible that this
is because it previously appeared that such a result wou{d)lelatively unsurprising in the
light of the cut-elimination properties of related intonistic systems, and also (b) rather dif-
ficult to prove; as we have shown, there is no elementary pbotit-eliminability in LKID,
and a syntactic proof is likely to be very difficult. Our praibius fills a fairly long-standing
gap in the literature.

Secondly, we give an infinitary proof system LKf@hat uses non-well-founded proofs to
model proof by infinite descent in FQL. The system uses only the standard syntax of first-
order logic, in contrast to proof systems for cyclic or infamy reasoning in other logics, in
which the logical syntax is typically extended by, e.qg. ioadlvariables or ordering annotations.
Soundness of the system is guaranteed by a trace conditibreiisures that some inductive

144
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definition is unfolded infinitely often along every branchelinfinite branches in a proof thus
represent the cases of the proof which can be disregarddukhinfinite descent principle. As
for the system LKID, we establish cut-free completeness is-titme with respect to standard
models — and cut-eliminability for the system LK¥DBecause the system is in a sense “too
powerful”, and so it is impossible to recursively enumetmmplete set of LKIB proofs, we
consider the natural restriction CLKHof the system to regular trees, in which it is decidable
whether a given pre-proof satisfies the soundness conditidmfortunately, it seems likely
that cut is not eliminable in the restricted system. Newdess, CLKILY arises as a simple
restriction of a well-behaved infinitary system, and is tausighly natural system in its own
right, providing a powerful framework for (regular) prooy infinite descent in FOJp.

Thirdly, we show that CLKII® subsumes LKID, giving rise to the important conjecture that
the two systems are in fact equivalent. This conjecture essebn as a formal positioning of the
claim that proof by induction is equivalent to regular pragfinfinite descent. Unfortunately,
to provide a proof of the conjecture appears hard. We propidef machinery for analysing
the structure of proofs in CLKIB (and related systems) and the soundness condition imposed
upon them, which has direct relevance for the machine imefgation of such systems and
which may also be of help in eventually establishing theustaf the conjecture.

Finally, this thesis collects together a substantial anhofimaterial on sequent calculus
for inductive definitions, and we hope that it may serve aseduliseference for researchers
working in inductive theorem proving or concerned with iotive definitions more generally.

8.2 Future work

This thesis opens up several potential avenues for futur&.viRerhaps the most obvious gap
is to provide answers to the following presently open qoesti

¢ Is every CLKID®-provable sequent also LKID-provable? (Conjecture 7.88es that

this is s0.)
e Is every sequent that has a CLKt[proof with a trace manifold also LKID-provable?
e Does every CLKI®-provable sequent have a CLKYproof with a trace manifold?
e Is cut eliminable in the system CLKE? (Conjecture 5.2.4 states that it is not.)

It would also be interesting to generalise the proof systeathiniques and results of the thesis
to include more general forms of inductive definition (etgrated inductive definitions [44]),
and coinductive definitions. In our opinion, the main techhissues arise seem to arise already
with ordinary inductive definitions as we consider them heceone would hope that extending
the work to more general inductive schemas would not be tfficuli.



Chapter 8. Conclusions 146

One could also look at more liberal subsystems of LR at are nevertheless still useful
for formal reasoning, e.g. proofs representable by a regqummar or by some type of au-
tomata. It would be particularly interesting to find whettiegre is some class of such proofs
that is closed under cut-elimination. Similarly, one coeddmine alternative proof conditions
for CLKID® (and other general cyclic systems) and the relationshipvdst them; finding
conditions whose computational complexity is strictlytbethan the complexity of the general
proof condition would be of special interest. Our trace rf@dicondition, or more restrictive
variants thereof, may be suitable candidates for the latter

A strand of proof theory for inductive definitions that we bawot covered at all in this
thesis is the ordinal analysis of systems of inductive difimé, as covered by e.g. Buchholz,
Feferman, Pohlers and Sieg [11]. It is not clear to us whattmections are between this
work and our own; for example, it is not obvious how to assigtirals to LKID” proofs.

We have not yet said a great deal about inductive theoremimrovHowever, it would
be interesting to see an actual implementation of CLKHilt in, or on top of an existing
proof assistant. An extremely desirable feature of suchhgidamentation would be a check-
ing procedure that, given a pre-proof, either confirms th& a proof or returns some finite
representation of an infinite path in the pre-proof on whichinfinitely progressing trace ex-
ists. Such an algorithm would provide much more feedbacks&raiabout the reasons for
the failure of a particular proof attempt than a simple “y@/black box procedure. In the
most ideal of cases, a positive answer to Conjecture 7.at3adtually gives a translation from
CLKID® proofs to LKID proofs would result in the situation where adgvel proof search
could be performed in some implementation of CLKIBNd the resulting cyclic proof could
then be transformed into a traditional (finitary) inductimeof at the object level. However,
this appears to be a very challenging objective that woultksgarily depend on a positive
answer to the conjecture (or at least a partial answer, gigitranslation into LKID for some
class of cyclic proofs) as a first step. We have also given a&mémormat for cyclic proof
systems C9, of which CLKID® is one instance, and it seems plausible that further variant
could possibly yield useful formal systems for, e.g., pasgrverification or model checking.



Appendix A

Decidabillity of proof in trace-based

cyclic proof systems

In this appendix we give, in detail, a directly implemen&bbnstruction based on Biichi au-
tomata for deciding whether a pre-proof is a proof in a cyplicof system C8 equipped with
an appropriate notion of trace (c.f. Chapter 5 and Secti@rilil. We first recall the definition
of a Buchi automaton from the literature. Note that we witefor the set of all infinite words
over the finite alphabéf.

Definition A.1 (Blchi automaton) A (non-deterministic)Blichi automatonis a tuple 4 =
(Z,Q,0,A,F), where:

e 3 is afinite alphabet;

e Qis a set of states;

e (p € Qis the distinguished initial state;

e A C Qx X xQisthe transition relation;

e F C Qis a set of final (or accepting) states.

Given an infinite worda = 0p0102... € Z°, arun of 4 on a is a sequence of states=
000103 .. such thaiop = gp andA(oj,a;,0;,1) for all i > 0. Define the set of states occurring
infinitely often ino, inf (o), by:

inf(o) = {q| 3 infinitely manyi. o; = q}

Then a runo of 4 ona is said to beacceptingif inf(o) NF # 0, i.e. if some final state occurs
infinitely often on the run. Thianguage accepted b, written L(A), is defined by:

L(A) = {a € ¥ | there is an accepting run ¢f ona}

147
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In their investigation into proof conditions for cyclic pbin the p-calculus [62], Sprenger
and Dam express the problem of deciding whether a pre-peoafdyclic proof (with respect
to a similar, albeit less general trace condition) as a pmbbdf whether a language inclusion
L(B1) C £(By) holds between two Bichi automafs, B,. Such problems are known to be
decidable [71]. In their constructior; accepts strings that correspond to rooted infinite paths
in a (fixed) pre-proof graph an#, accepts strings over which infinitely progressing traces ca
be found. Thus the inclusion(3;) C L(B,) holds exactly when the pre-proof under consid-
eration is a proof. The standard method of checking suchdusion is to build an automaton
accepting the language(B;) N L(B;) and check that the language of this automaton is empty
(which can be done by e.g. depth-first search). Howeverctmistruction is rather complex due
to the well-known difficulties involved in complementinguhi automata [56, 71, 72, 41, 24].

Here we shall spell out the details of building a Biichi audton from a CS pre-proof?
whose accepted language is empty if and onl i a CS’ proof. This gives rise to a directly
mechanisable way of deciding whether pre-proofs are prioo®S®.

Our approach is as follows. Given a €8re-proof®, we first construct a Biichi automaton
Tracesuch thatZ(Trace) is the set of strings of vertices df such that an infinitely progress-
ing trace can be found on a suffix of the string (irrespectif/@bether the string is actually
a validpathin Gy or not). Then, following the complementation method forcBilautomata
given by Kupferman and Vardi [41], we build an automaforace whose accepted language
is the complement of (Trace), i.e. the set of strings of vertices @i, such that no infinitely
progressing trace exists on any suffix of the string. Finditym Tracewe build another au-
tomatonPr f Decaccepting only those strings that are/ifiTrace) and that also are valid paths
in Gp. One can then easily see this a CS’ proof if and only if L(PrfDec) = 0.

Definition A.2 (Trace automaton)Let 2 be a C® pre-proof and le¥ be the (finite) set of
vertices of the pre-proof grapf». Also let TVal be the trace value relation for the system
CS” as given in Definition 4.2.7. (Recall thatval(t,S) holds iff T is a valid possible trace
value for the sequer®) Then thetrace automatortorresponding te is defined byTrace=
(V,Q,do,A,F), where:

e Q={d}u{(wT,p) [veV,TVal(1,s(v)),p € {1,2}};
o F={(v1,2) |veV,TVal(t,s(Vv))};

o the transition relatiod is defined by:

A(do, Vv, qo)

Ao, Vv, (M T,1)) whereTVal(t,s(v))
A((v,T,p),V,(V,T,1)) if (1,T)is atrace pair orv,V)
A((v,T,p),V,(V,T,2)) if (1,T)is a progressing trace pair g V')
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follow initial segment trace continues trace progresses

trace progresses

w1,1) 1

trace continues

initialise trace

Figure A.1: Schematic representation of the trace automaton for a pre-proof. The accepting
states are indicated by a double-circle. Note that the “meta-states” (v, T,1) and (V,T,2) corre-

spond to multiple states in the automaton.

Note that the state s€ is finite sinceV is finite and there are only finitely martysatisfying
TVal(t,s(v)) for anyv e V. We also note that whether or n@t v’) is a valid (progressing) trace
pair on(v,V) is decidable since the trace pair function forCS required to be computable.
This property is not necessarily dependen{wr’) actually being an edge @y, and so we do
not insist that this is the case, although doing so would igoifscantly affect our construction.

Figure A.1 shows a schematic representation of the tracereaaion for a pre-proof. Infor-
mally, it proceeds on an input € V® by non-deterministically “guessing” an initial segment
of w on which it remains in the initial state, and then guessingnéinitely progressing trace
following the remaining part ofv. We make this description precise by the following claim:

Proposition A.3. For any we V®, Trace accepts w if and only if there is an infinitely progress

ing trace following some suffix of w (irrespective of whetlves a path inG»).

Proof. (<) Suppose there is a suffix @f, sayvivi;1Vii2..., such that there is an infinitely
progressing trace =TT 1Ti2.. . following the suffix. Now define a sequen(e;);>o by:

Jdo fo<j<i-1
0j =14 (vj,1j,1) if j>iandjis nota progress point af
(vj,1j,2) if j>iandjis aprogress point af

It is easy to see that = 0¢010>... is a run of Traceon w, and moreover, as has infinitely
many progress points, some final state (of the fdwmn, 2)) must occur infinitely often iro,

i.e. 0 is an accepting run of raceonw.

(=) Let o be an accepting run afraceonw = Vgv1Vz.... By the definition of accepting run,
some state of the forrfv, 1,2) occurs infinitely often iro. As the statey is not reachable from
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any such state, there is a suffix@f sayoici 10i.>..., in which the statep does not occur,
so for all j > i, we haveo; = (v;,T;,sj) (Wheres; € {1,2}). Itis then easy to see that the
sequence =TT 1Tj. 2. .. is a trace following the suffix;vi,1vi»... of w. Moreover, as some
state(v, T,2) occurs infinitely often iro, this trace progresses infinitely often. O

From now on, we shall work with reference to a fixed“C&e-proof ? = (D, R ) with
trace automatoffrace= (V,Q,qo,A,F). Although the remaining definitions and results are
stated with respect to this automaton, they in fact do noedépn any special property of
Traceand apply equally to arbitrary Bichi automata. Our intereswever, lies specifically
in constructing an automaton for deciding the property ahdpe cyclic proof and we shall
proceed accordingly.

From Proposition A.3 we have:

L(Trace) = {w e V® | Finfinitely progressing trace following some suffix wf

We now show how to construct the complemented automait@ee such thatZ(Trace) =
L(Trace)(=V®\ L(Trace)). The construction here follows the one given by Kupfermaah an
Vardi [41] which, though fairly involved, offers a considdrle simplification over previous
complementation procedures (see e.g.[56, 39]). We firshégefor a particular inputv, a
DAG that represents all possible runs of the automdimceon inputw:

Definition A.4 (Run DAG) For a fixed inpuiv € V®, we define theun DAG of the automaton
Traceonw by G\, = (Viun, Erun), whereViyn € Q x N andEyyn € Viun X Viun are the smallest
sets closed under the rules:

® (0o,0) € Viun;
e if (q,i) € ViunandA(q,vi,q), then(q,i + 1) € Viun andEun({(q,i), (d,i+1)).
Note thatG},, is infinite. We say that a verteyq, i) of GJ,, is anF-vertexiff q € F.

Proposition A.5. For all v € V¥, Trace accepts w if and only if there exists a path §{),Gn

which infinitely many F-vertices occur.

Proof. Given an accepting rua = 0p010;... of Traceonw, it is easy to see tha{oj,i))i>o
is a path inG[},,, and as some state Froccurs infinitely often irno, there are infinitely many
F-vertices on this path. Conversely, given a p@fly,i))i>o in G, in which infinitely many
F-vertices occur, it is easy to see tlgt)i>o is an accepting run of race O

We now introduce the concept ofankingfor the run DAG ofTraceonw. A ranking is an
assignment of values to vertices@/,, such thaf-vertices are assigned only even values and
the values along every path @}},, are monotonically decreasing. Awld rankingis a ranking
in which every path eventually becomes “stuck” in an odd rank
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Definition A.6 (Ranking / Odd ranking)A rankingfor Gf{,, is a functionf : V;yn — {0, ..., 2n},
wheren is the number of vertices of the automafbrace(i.e.n = |V|), satisfying:

e if f((q,i))is odd them ¢ F;
o if (,i),(q,i+1) € Eynthenf((q,i+ 1)) < f((q,i)).

Aranking f is said to be add rankingiff for any path(qo,0)(q:,1){(0,2) ... in G}, there is
aj > 0 such thatf ((qg;, j)) is odd andf ((qx,k)) = f({q;, j)) for all k> j.

Lemma A.7. The automaton Trace rejects input w if and only if there exést odd ranking
for the run DAG @, of Trace on w.

Proof. (<) Let f be an odd ranking fo&y},,. Itis clear that there is no path @&, in which
infinitely many F-vertices occur, a&-vertices can be assigned only even ranks by the defi-
nition of ranking, andf assigns even ranks to only finitely many vertices on any pgtthée
definition of odd rankingTracethus rejectsv by Proposition A.5.

(=) As Tracerejectsw, there is no path i®}},, in which infinitely manyf-vertices occur, by
Proposition A.5. In that case, one can construct an odd mgrfkbm GYY,,. A full proof is given
in [41]. O

As a consequence of Lemma A.7, an automaton that complerieate can operate on
inputw by non-deterministically “guessing” an odd ranking @},,. This can be accomplished
in stages using the conceptlefel rankings

Definition A.8 (Level ranking) A level rankingfor Traceis a functiong: Q — {0,...,2n} U
{L} such that ifg(q) is odd thenq ¢ F. We denote the set of all level rankings fbrace by
LR.

Definition A.9 (Complement trace automatorfhe complement automaton ©faceis Trace=
(V, LR x PowQ), .4, LR x 0) where:

e O, = (0o, 0), whereg is defined bygo(do) = 2n andgo(q) = _L for all g # qo;
e the transition relatiod\’ is defined byA’({(g,P),v, (¢, P’)) iff all of the following hold:

— forall g,q' € Q. g(q) = 0 andA(q,v,q) impliesg'(d) < g(a);
— if P£0thenP’ ={d € Q| 3q<c PA(q,v.d') andd (d )is ever}
—ifP=0thenP ={d € Q|d(d) is evert

Lemma A.10. L(Trace) = L(Trace)(=V®\ L(Trace)).
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Proof. We must show that for any = voviv,... € V¥, Traceacceptw iff Tracerejectsw. By
Lemma A.7, it suffices to show thatraceacceptsw if and only if there exists an odd ranking
for the run DAGGY),, of Traceonw.

(<) Let f be an odd ranking foB}},,. We define a sequengs;)i-o by 0o = gy ando; = (g, P)
fori > 0, whereg; is a level ranking defined by:

6(6) = { f((Q.i)) if (i) € Viun

1 otherwise

andP, C Qs defined inductively omby:

Ppb = 0
R#£0 = Pi1={d €Q|3qeP.A(q,v,d)andg1(q)is evert
P=0 = P={d<cQ|gi(d)isever

We claim thato = 0¢0,0>... is an accepting run of raceonw. To see that is a run, we
show that?'({(g;,R), Vi, (Gi+1,P+1)) holds for alli > 0, which just involves showing that the
three restrictions o\’ given in Definition A.9 hold. The latter two restrictions obusly hold
by definition ofP. To see that the first restriction holds, assug{g) > 0 andA(q, Vi, q'). Now
sinceg;(q) > 0, eitherg;i(q) = go(go) = 2norg;(q) = f({(q,i)). Further, sincé(q,v;,q ) holds,
((9,i),{d,i+1)) € Eqyn and sof ({(d,i+ 1)) is defined andji;1(q') = f((d/,i + 1)). Sincef is
aranking, we thus haveQ f((d,i+1)) < f({(q,i)) < 2nas required.

o is thus a run off raceonw. To see that it is accepting, we require to prove that theze ar
infinitely manyi for which B = 0. It suffices to showi.3j >i. P; = 0. If B = 0 we are of
course done. So assure# 0 and assume for contradiction tHgt=£ 0 for all j > i. But then,
by definition of theP;, there would be an infinite patfy,i)(di;1,i + 1)(Qi+2,i+2) ... in Gf,
such thawi;1(di+1),9+2(0i+2),. .. all are even. By definition of thg;, this would mean that
f((d+1,14+ 1)), F({gi+2,i +2))... all are even, which is a contradiction &ss an odd ranking.
So there must be sonje> i such thaP; = 0, which establishes thatis accepting.

(=) SupposeTraceacceptsy and leto = 0p010>. .. be an accepting run dfraceonw. We
write (g, P) for o; and define a functiord by f((q,i)) = gi(q). We require to prove that is
an odd ranking foGy},,,.

To establish thaf is a ranking, we first prove by induction ethat f({(q,i)) € {0,...,2n},
i.e. thatgi(q) > 0 for all (qg,i) € Viun. For the base case, we just need to checkdb@ly) > 0
which is the case sincgy(qo) = 2n by definition. For the step case, laf,k+ 1) € Viun,
so there existgq,k) € Viun such that((q,k), (d,k+1)) € En, i.e. A(q,Vk,q) holds. Now
aso is a run ofTraceon w, there is a transitiod\' ({gk, P«), Vk, (Ok+1, Pct1)), and asgk(q) >
0 by induction hypothesis, we have by the first of the restmst onA’ in Definition A.9
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that 0< gkr1(d) < gk(g) < 2n as required. The step case argument also establishes that
((q,1),(q,i +1)) € Erun implies f((df,i + 1)) < f((q,i)). Sof is a ranking.

To see thatf is an odd ranking, letqo,0)(qi,1)(0z,2)... be a path inGy,,. As f is a
ranking we have 2> f((go,0)) > f({t1,1)) > f({dz,2))... > 0, so there must be a “limit”
j > 0 such that for alk > j, f({q«,k)) = f({(q;, j)). Now suppose that((q;, j)) is even, i.e.
0;j(d;j) is even. Then by definition of thid, we would haveP nonempty for alk > j, which
would contradict the fact that is accepting. Every path i@}, must therefore get stuck in
an odd ranking, and we conclude thiais an odd ranking as required. This completes the

proof. O

The final part of our construction is relatively straightf@rd and just involves a modifi-

cation of the automatomraceto accept only those strings ¥f that are recognised byrace
and that also are paths @p:

Definition A.11 (Proof decision automaton)lhe proof decision automatofor the pre-proof
PisPrfDec= (V,V x (LR x PowQ)),q3,A",V x (LR x 0)), where:

e gy = (root(D),qp);
o A'((v,(9,P)),V,(V,(d,P))) iff &'((g,P),V,(d,P’)) and(v,V) is an edge ofy.

Proposition A.12. Define Lpan = {w € V® | w is a rooted path inG}. ThenL(PrfDec) =
LpathN L(Trace).

Proof. We establish the reverse inclusion first. ket vovivo... be a rooted path i, that

is accepted byracevia the runo = 0010, ... Then it is clear thatvy, 00) (v1,01) (V2,02) ...
is an accepting run dPrfDeconw.
Conversely, letwv = vgv1Vvs. .. be a string accepted WyrfDecvia the rund = 8pd10,. ..

and write(v;, o) for &;. Itis clear thato = 0p010>... is then an accepting run dfraceon w.
As & = ¢y, we havevp = root(D), and the restrictions placed & ensure that for ali > 0,
(vi,Vi+1 is an edge ofj», andw is thus also a rooted (infinite) path &y as required. O

Theorem A.13. The pre-proof? is a CS’ proof if and only if£(Pr fDec) = 0. Moreover, this
property is decidable.

Proof. We have:

P is a CS proof Lpath € L(Trace) by Proposition A.3
LpahN L(Trace) =0
LpanN L(Trace) =0 by LemmaA.10

L(PrfDec) =0 by Proposition A.12

(I
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Checking whether or not the languageRxff Decis empty amounts to searching for a final
stateq such thatqg is reachable from the initial state amgdis (non-trivially) reachable from
itself. If no suchq exists, thenZ(PrfDec) = 0. This check is easily mechanisable and runs in
time linear in the size of the transition functidf{ of PrfDec O
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