CENTRAL SERTES IN MCLAIN GROUPS

Patricia Munro

Ph. D

University of Edinburgh

1973



During the period of research for this thesis I was
supported by a research studentship from the Science Research
Council., The work is my own, except where specific
acknowledgement is made in the text, and the thesis has been
composed by myself,

I would like to thank my supervisor, Dr. J. D. P. Meldrum,
for the helpful advice and assistance he has given me during
the past three years and I would also like to thank
Dr., J. A. Hulse and Dr. L. 0'Carroll for much helpful

discussion,



Contents

Chapter 1, Sumary

Chapter 2, Definitions and preliminary results

Chapter 3, The upper central series of G

Chapter 4, The lower central series of G and some

results about the derived series of G

Chapter 5. The central series of the semidirect

product, v' Ge

References

page

page

page

page

pbage

page

32

74



Chapter 1. Summary

The groups studied in this thesis were introduced by
D, H. licLain in his Ph. D. dissertation. By a licLain group we
mean a group G derived as follows. Let V be a vector space,
basis {eA: A € Q] where Q is a partially ordered set, over a

field F. For A < u € Q, define an automorphism of V, t(A,un), by

{

t(?»,u)(ep) e, + e,

U
(A, ) (e )

Let G = gpit(A 1) : A< p € Q}

1

e ot u

In Chapter 2 we define the altitude and depth of an
element « of ), and the separation between two elements @ and B.
Some properties of altitude, depth and separation are described,
and results which will be needed in later chapters arc given.

In Chapter 3 we study the upper central series of G and
show that a necessary and sufficient condition for G to have
a centre is that Q has a minimal element & and a maximal element
w with w < @, We find an expression for a gencral term of the
upper central series, viz,

QAﬁG) = gpit(a,B) : alta § depB < A}
and hence an cxpression for the central height of G. A
nccessary and sufficient condition for G to be a ZA group is
also givcne

In Chepter 4 wc consider the lower central series of G
and obtain an exprcssion for a general term of the lower central
gserdes, wvisz.

v\(6) = ep{t(a,B) : sep(e,p) 2 Al

L]



Some results connecting the central height and central depth of
G are given, and somc partial results about the derived series
of G arec obtained., We show that if G is a ZA group then G is a
ZD group, but give an example to show that the converse is not
necessarily true.

Finally, in Chapter 5, we consider the central series of
the semidirect product, V.G. The upper central series of V.G
is completely characterised, and partial results are obtained for
the lower central srcies and the derived series of the

semidirect product.,



Chapter 2. Dcfinitions and preliminary results

Let V be a vector space, basis {eh : A€}, where Q is
a partially ordered set with order <, over a field F,
For A < pu € Q, define t(A, 1) by
t(A, 1) (e “)

t(A, 1) (e )

Let G = gp{t(A,p) : Ap € Q and A <

il
(6]

#e,

e o Eu

g

il

G is usually written Mc(Q,F), the McLain group of  over F,

Let G have identity 1 and V have identity O,
We first give some results about expanding commutators.

Lemma 2,1 In any group K, if X; X1, eeeXn, ¥y Y1, «..¥r € K, then

B0 0ais s s Zn 7] = (2] sssenvialXnyy)

Yr Y2eseeYr
anlts . [Eyeeaiaiye) s e llxgraal Deasisalzm]

-3

where [x,y] = x7'y 'xy and #Y = y'xy = x[x,y]

Legma 2,2 If«a, B, ¥, 8§ € Q with a < f and y < 8, then
[t(a,ﬁ),t(y,S)] 1. 12 ‘7‘}é é and B }é Y

t(a,8) if B = y

W

]

Wy, )8 o =8

!

We use the following definitions and conventions :-

[x,y,z] = “_X’y]vzl

w is the first infinite ordinal

a < b means that a is less than b or a = b

A C B means that A is contained in B or A = B
* denotes reverse ordering

m{a,b) = maximum of a and b.



Corollary 2,3 If a, B, ¥, 8 € Q with @ < f and y < §, then
[£(a,8),4(y,8)") =1 if a £ 8, BA Y

t(ays)kn ifﬁ =0y

U}

i

t(y,B) K" if a =8

1]

The next result is proved in (10).
Lemma 2,4 If Q is a partially ordered set with order <, then
there exists a total ordering € of Q where if A < u then A < u,
Call < and < compatible,

Fix a total ordering < on Q which is compatible with <,
Since < is an extension of <, this should not cause any confusion,
We use this total order to obtain a canonical form for an element

u of G.

m m
Lemma 2.5 Let u = t(M,m) ’......t(Ar,ur) ¥ ¢ G where ¥i m, # O. Then u can
n n
be expressed in a canonical form t(a1,B1) '.....t(ok,Bk) K with n; $0
where the pairs (ai,fi) are distinct and if 1 € i < j < k, then

ai aj > i < Bj or Bi and Bj are not comparable and

1}

Bi = »>ai > aj or ai and aj are not comparable,

Proof u = t(m,u1)m‘......t(7\r,ur)mf

With the total order <, {M,;Hiyeceseeeesrr,pr} forms a finite
totally ordered set, {041<02S.......%0p} say.

For 1 £ i,j € n and oi € oj define the weight of (oi,0y),
written w(oi,0j) as follows:-

w(oi,0j) = 0 if Vk ok < 0i or o) $ Ok

1)

w(oi,oj) % if 3k such that w(oi,ok) = $-1 and
w(ok,0j) = 0
Order the pairs (oi,0j) as follows, using <' for the order.

4



T wloi, 04) < wlokson), Then (ai, o) <b Lok, an).

If w(oi,o0;) = w(ok,om) and oi < ok then (oi,0j) <' (ok,om).
Denote {(aa1,031) R el s g b (oLn, GJn/} by

I abe) sl i seaeh ba i)t

If t(y1,84) = t(Aq,u1) and t(ys,84) does not occur anywhere else
in the expression for u, or if t(y:,8:) does not occur at all in
the expression for u, leave t(yi, 1) and consider t(ys, 82).

If not, 'move' all occurrences of t(ys,81) to the beginning of
the expression for u, using the relation ab = ba[a,b]. The
comnutators [a,b] obtained in this way will either be 1 or of the
forn t(A, 1) with at least one of A< yy and g > & holding, by
corollary 2.3 i.e. w(A,u) ¥ w(yi,81) and so (A, p) = (vj,8j) fer
scme j > 1.

n n r r
suppose u = t(a,B1) ".oi.tlar,Bx) Ft(Am,pm) M. t(Ay,ny) ¢

where Lo, Bs) <" (oa3Bs) Clinsvasasne? {omyBals

Let (yj,8j) = (Ai,ui) for some i withm < i € y be such that
(ox,Bx) <' (y4,8)) and if (yk, ) <' (yj,8j) then

(yks 8k) <' (axyBz) or (yk, 8k) # (A, pz) n <2 sy,

Move t(yj,8j) to the position immediately after t(ox,pfx) "z using
the relation ab = baf[a,b]. The commutators [a,b] will either be
1 or of the form t(A,u) with at least one of A< yjor ux §j
holding i.e. w(Ap) > w(yj,8;) and so (A, u) = (yk,dk) for

sone k > j.

In this way u can be put in the form stated in the lemma,

A sinilar result is proved in (4).

Once s has been fixed, thc canonical form for u obtained



in the above manner is unique, but not otherwise. In what
follows 'canonical form' means the canonical form obtained
using € as in the proof of lemma 2.5.

Note that u in canonical form is the identity iff no
terms occur in it,

Let u = t(a1,ﬂ1)n1........t(ak,ﬁk)nk €G be in canonical
forn and let B € {B1,.000.,Bk}. Call @ a maximal elenent
associated with P in u if t(?@ED is one of the generators
cecurring in the canonical expression for u and if t(ai,f) is
one of the generators occurring in the canonical expressicn for
u, then ai{ < & or ai and « arc not comparable,

Let @ € {@1,00000.,2}. Call @ & mininal element associated with
w.dn uidf t(g,ﬁ) is one of the generators occurring in the
canonical expression for u and if t(a,Bj) is one of the
generators occurring in the canonical expression for u, then

Bj > f or B is not comparable with .

If Q is totally ordered, then there is a unique maximal
element associated with'ﬁ and a unique ninimal element

associated with 2 in u.

The next results introduce the natural sum of two
ordinal numbers which will be neceded in chapter 3.
Lemma 2,6 Any ordinal p # 0 can be uniquely represented in

the normal forn

B

p=uw 'yr o+ wpﬁg Fvesend W

ﬂkvk
where w is the first infinite ordinal, k, y1,.....Yk are

finite ordinals # 0 and the exponents are ordinals

satisfying B¢ 5 P2 > eeeeeve > Bk 2 0.



The above lemma is theorem 10 cof chapter 3 $11 of (1),

Let o,p be in normal form as in lemma 2.6,

g | =N
0=Lwﬁxyx, p=LwﬂI8x
b
Since each sum contains only a finite number of terms, the same
exponents Px can be used in both these cases, admitting a
finite number of coefficicnts yxr = 0 and 8x = 0. Then the

natural sum of o and p, written o @ p is defined by

cQp =;wﬁ1(yx + 8x)
Note that ¢ @ p = p @ 0, although 0 @ p neced not equal either of
the ordered sums 0 + p and p + 0.
Temna 2.7 If o< p, then 0 @ 7 < p @ 7 for any ordinal 7,
Proof ILet a -:%Jwﬁyyy, p =§wﬁ98y and 7 =Z:Jwﬁy)»g.
Then, since cach sun contains only a finite number of terms, the
sane exponents Sy can be used in all three cases, adnitting a

finite nunmber of coefficients yy =0, 8y =0 and Ay = O,
Then o @ T:)y_,wﬁy(yy + Ay)

peT =§wﬁy(8y + Ay)
Since 0 < p, 3 k such that yk < dkand for i < k, yi = &i,
So for some k, since yk, Ok and Ak are finite, yk + A < 8k + Ak
end, for 1 <k, Yi + Al = 8| + AL,

Hence 0 @6 7 < p & 7.

A chain C is a maximal totally ordered set,
Call o and f € Q end elcnents of a chain if a < f and
VyeQ a< yor @ and y are inconparable and 8 > y or f and Yy

are inconparable,



Call a chain with end elements an interval,

Denote any interval with end elements @ and 8 by [a,8]. If
Q is partially ordercd there may be several intervals [a,8], but if
Q is totally ordered [a,8] is unigue.

If 2 < B and a, 8 € chain C, then the subinterval [«,f] is
{a,B,y t yeC and a <y < f].

The length of a chain is the ordinal number of thec order
typc of the chain, if this exists, Otherwise define the length of
the chain to be «, By convention « > A for all ordinals A and

Ag ®©=ow4g A=

The altitude, alta, of a € Q is defined by

alta=03if VB € Q, 8> a or # and a arec not comparable,

If every subchain containing ¢ contains a minimum below &

and all subchains [9x ,4] are well ordered, then

8 Lim (alt g +1)
alt 8 g aw (srpo(
Otherwise define altto be ¢ and then alt< > for all ordinals A.

The depth, depf, of peil is defined by

depP =0 if ¥¥€R, ¥4 0 or ¥ and @ are not comparable.
If every subchain containing @ contains a maximum above @

and all subchains i{% (55]*are well ordered, then
dep@ - Ctm(deyrru)

¥y>
Otherwise define dep (3 to be 00 and then dep(! >2 for all ordinals A.

For convenience, if alta is some ordinal u, write

alta < =, and if depf is some ordinal v, write depf < «,



The following lemmas give some elementary properties of
(;11titude and depth.
Lemma 2.8 (1) If alta< w»and 8§ < a, then a%td < = and alté <alte,
(2) If alta = », then 30 < « with altf = =,
(3) If depf < @ and y > B, then depy < « and depy < depP.
(4) If aepP = =, then 3p > B with depp = =,

Proof (1) If & < @, then alta = lin(altf + 1) > alté.
Bea
Hence altd < alta < oo,

(2) suppose that if & < « then altd < e,

Then alta = 1in(altsé + 1) <o , since altd + 1 < © V8 < @
S<a

So 360 < a with altf = «,
(3) Proof sinilar to (1).

(4) Proof similar to (2).

Lemna 2.9 (1) If alta = A and u < A then 3y < o with alty = p,
(2) If depP = p and 0 < p then 38 > f with depd = p.

Proof™ (1) By induction,

Let alta = +,

Since alta # 0, 3B < a and altf < alta i.c, altf =0

So (1) is true when A =1,

Suppose that (1) holds when alta = A,

Let alta = A + 1,

Then 3B' < a with altf' = A, since if altf < A VB < a, then

alta = lim(altﬁ +1) & A, which is inpossible. Since altf' = A,
b

the induction hypothesis can be applied to show that 3y < £
(and so < @) with alty = p.

Now let A be a limit ordinal, and suppose (1) holds Vu < A,



Then 3B! < a with p € altf' < A, since if altf < p VB < a, then

alto = lin(altf + 1) < u < A, which is impossible.
Pea

If altf' = p, there is nothing mere to prove,

If altf' > p, then by the induction hypothesis 3y < ' < a

with alty = p,

Hence result,

(2) is proved sinilarly.
Lenma 2.10 If alta =k (<w), then all chains [az,a] have
length < k + 1,
If depf = k, then all chains [f3,8y] have length < k + 1.

Proof Let alta = k, and let [ap,a] be a chain of length k + 2,say
Qg < Q1< 02 evscnseeel Ok < @

Then altoag 2 0 » altay 2 1 »,,..,altax > k » alte 2 k + 1, which

is a contradiction. So all chains [ax,a] have length € k + 1.

The result for depth is proved similarly,

Corollary 2.11 If alta =k (<w), then 3 a chain [az,a] of

length k + 1,
If depf = k, then 3 a chain [, By] of length k * 1,
Proof By induction on k.,
Let k = 1,
If alta = 1, then V5 < @, altf = 0 i.e, £ is minimal, and 30" < «a
with altp' = 0 i.e. [£',a] has length 2.
Suppose that the result holds for k < n, Let alte =n + 1,
Then by lemma 2.9, 38 < a with alté = n,
By the induction hypothesis, 3 a chain [ax, 8] of length n + 1.

Then [ar,a] = [ax, 8] U {a} has length n + 2.

10



[ex,0] = [ox,8] U ja]l since if 8 < ¥ < @, then alty > alté =n
and alty < alta =n 4 1, which is impossible.

The result for depth is proved similarl;.

Lemna 2.12 alta = k iff all chains [ox,a] have length < k + 1
and 3 a chain [@p, o] of length k + 1.

depf = k iff all chains [ﬂ,ﬂy] have length < k + 1 and
3 a chain [§,080] of length k + 1.
Proof Only if:- by lemna 2.10 and corollary 2.11.

If:- by inducticn on k.

Suppose all chains [az, ] have length 2 and 3 a chain [ag,a] of
length 2. Then Qo is a ninimal clenent and alta, = 0,
So alta 2 1, If alta > 1, by corcllary 2,11 there is a chain

[ax,a] of length > 2, which is impossible. So alta = 1.

Suppose the result holds whenever k < n,

Lot all chains [@ax,a] have length <n + 2 and let [ap,a] be a
chain of length n + 2. Let 8 < a. Then any chain [ox, 8] can

be extended to a chain [oz,a), and so any chain [ax, 8] has

length < n + 1, and by the induction hypothesis alté < n,

So if & < @, then altd < n. Since there is a chain [ag,0a] of
length n + 2,2 has an immediate predecessor in that chain, y
say, and [ag,y] has length n + 1, Sc alty =n, and so alta = n+1.

The result for depth is proved sinilarly.,

Lerma 2.12(a) If [ox, ] has order type A + 1, then alta > A

If [A,By)* has order type A + 1, then depf > A, where *

acnotes reverse ordering,

11



Procf By induction,
alta 2 0 Va € Q so the result is truc when [2x,a] has order type 1.
Suppose that if [ax,a)] has order type A + 1, chen alta > A,
Let [oax,a) have order type A # 2.
Since A + 1 is not a limit ordinal, a has an inmediatc precdecessor
iﬁ [ax,a] = call it S, By the induction hypothesis, altf > A
and so alta > A + 1.
Let A be a linit ordinal and suppose that Vu < A, if [ax, ] has
order type 4 + 1, then alta > pu. Let [oax, 2] have order type
A+ 1. Then Vu < A, 3,8“ € [or,a] such that [ax,pp], has order
type 4 + 1, sincc it has a last clement.
By the induction hypothesis, a.ltﬂu Z He
Vu < A, alta > altﬁu 2 Ut ie, alta > p,
so alta > A, and the result follows.
The result o dopth & paved &vm&“{j
e

Lemma 2.13 If alta < Aand [t(e,0),t(y,8)] = t(6,¢), then
altf < A,

If depf < p and [t(a,(),t(y,8)] = t( 9,<i>)?k,_| then dep¢ < K.
Proof By corollary 2.3, [t(a,0),t(y,8)] =1

or t(a,8) if y=p
or t(y,0) ' if a = &.

so [t(a,),t(y,8)] = t(6,¢) mcans that € = a (and then y = )

or 8 =y (and then a = §)

]

If @ = o, then altf < A,
If 6 =Yy, then y< 8 = & and so by lemma 2,8(1) alté < A,
Hence result

The result for depth is proved similarly.

12



An ordered set S is well ordered if every non-empty subset
of S has a first clement., The empty set is also considered to be
well ordered.

An cquivalent definition of well ordering is given by
Lemma 2,14 An ordered set S is well ordered iff it has no subset
of type w*, where * denotes reverse ordering.

Proof If S is well ordered, then every non-cmpty subset of S
has a first element, and so no subset of S has order type w*,

Conversely, if no subset of S has order type w*, then
every non-cnpty subset of S has a first element, For, if
there were a non-emRpty subsct without a first element, it
would contain a sequence (sk) such that, for any k, Sks+1 < Sk
i.c. a scquence of type w¥,

The above lemma is taken from (1).

Lemma 2,15 Let Q be totally ordcred. Then

(1) alta = A iff Q has a minimal element w and Lg,a] has order
type A + 1.

(2) depf = A iff Q has a maximal clement w and [ﬁ,d‘]* has order
type A + 1.

Proof (1) By induction on A,

Let Q have a nininal elenent w and let Lg,a] have order type A+1.
Let A = 0. Then [w,a] = jw} and alte = altw = 0,

Supposc that whenever A s y, if [w,a] has order
type A + 1, then alta = A, Let [w,a] have order type 4 + 2.

If 0 < a, [0,f] has order type < p + 1 and so alth s u,

Since ¢ + 1 is not a limit ordinal, a has an immediate predecessor

13



P* and [w,p'] bas order type p + 1. By the induction
hypothesis alt* = pu,

Hence alta = lin(altd + 1) = p + 1.
p<a.

Let A be a linit ordinal and suppose that Vu < A if [_g, a] has
order type i + 1, then alta = p., Let [w,a] have order type

A+1. Y0< e let [w,/] have order type Hg + 1, since [w,f]
has a last element, limup, = A and by the induction hypothesis

altf = uy,  alta = lin(altd + ) = Lin(py + 1) = A
b<a p<a

Conversely, let alta = A, Show by induction on A that
Q has a nininal clement @ and that [ w, a] has order type A + 1,
Let A =0, If alta =0, then @ is a mininal element & say,
and {a]l has order type 1.
Suppose that if alta < A, then Q has a mininal element @ and
[w,a] has order type alta + 1. Let alta = A + 1,
Then by lemma 2.9, 38 < @ with altf = A, By the induction
hypothesis, Q has a nininal element w and [w,f] has order type
A+ 1, [is the inmediate predecessor of a , for if 3y with
 <¥ <, then alty > altp i.c. alty > A and alty < alta
i.e. alty < A + 1, which is impossible.
So [w,a] = [w,0] U {a} has order type A + 2.
Let A be a linit ordinal and suppose that if alta = p (<A),
then Q has a ninimal clement w and [w,a] has order type p + 1.

Let alta = A, Then lin(altd + 1) = A,
823%

Since 30 <« @, with altf < A, Q has a nininal element @ by the
induction hypothesis, [@,a] has order type > A + 1, simece it
has a last element and if ¥ < A, 3’.0“ < a with altpy = U

14



By the induction hypothesis, [, ﬂu] has order type [ + 1.

Suppose that a has an inmediate predecessor  i.e. 3P € Q

such that f < a and Vy € Q either y < § or « < Y.

Then since altf < alta, altp = u < A and [w,£] has order type
4+ 1. [wa] = [wp] U{a has order type ¥ + 2 and so by the
first part of the proof alta = p + 1, This is a contradiction.
So @ has no innediate predecessor and [w, a] has order type A + 1.

(2) is proved similarly,

Lemme 2,16 If Q is totally ordered, then for any ordinal A,
there is at nmost one element @ of Q with alta = A and at most

onc element £ of Q with depfl = A.

il

Proof Suppose Ja, a' € Q with alta = alta' = A,

Since Q is totally ordered « and @' are comparable,

If a < a', then by lemma 2,8 alta < alta', which is a contradiction.
If o' < & then by lemma 2.8 alta' < alta, which is a contradiction.
Hence result.

The result for depth is proved similarly,

Lemna 2,17 If every subchain containing a contains a nininun
below @, then alta < « and all subintervals [z, ] are
well ordered.

If every subchain containing £ contains a maxinun above
£, then depf < = and all subintervals [f, ng" are well ordered.,
Proof Suppose that every subchain containing @ contains a
ninioun below &, Let ¢ be a subchain containing a,

Then {Y ¢ ¥ €C and ¥ < @ or ¥ = a} contains a mininun below «

and can be written [ax,a].

15



Suppose that there is a subinterval [cx, @] which is not
well ordered i.e. [am,a] has a subset of type w*, say
fa@> @ >eveee> Gn >evessl. This subset can be extended to a
subchain of [ax,a] (by inserting elements b..tween ai and Aist)
which does not have a minimal element. This is a contradiction,
Hence [ax,a] is well ordered.

If alta = o, then by lenma 2,8 a1 < a with altay = «,
Suppose that if alta = o, then Ja1 > a3 >......> ap with altai ==,
Then by lemma 2.8 3dn+t1 < o with altdpnses = oo,

This subset @ > @1 >..¢0.4> Op >.0s.. can be extended to a
subchain of Q which does not have a minimal element by

inserting clements between @i and a¢i+s., This is a contradiction.
Hence alta < o,

The result for depth is proved similarly,

Lenna 2,18 If alta < «, then every subchain containing a
contains a nininun below @ and all subchains [ax,a] are
well ordered.

If depf < =, then cvery subchain containing £
contains a nmaxinun above J and all subchains [ﬁ,ﬁg]* are
well ordered,
Proof This is an immediate consequence of the definition.
Let alta = 0, Then @ is a nininmal element and the result holds,
Suppose that the result holds when alta < p and let alta = p,
Let C be a subchain containing @, Either & is a minimal element
for C (and then the result holds) or 30 € C with £ < a,
Since f§ < @, altf < p, and so C contains a nininun, ae say,
below £ and hence below «,

So every subchain containing & contains a nininum below @ and

16



by lemma 2,17 all subchains [ax, a] are well ordered.

The second part of the lemma is proved similarly,

Lemna 2,19 If alta@ = e, then & belongs to a chain C with no
least element and if depf = o, then [ belongs to a chain C'
with no greatest elenent.

Proof Follows from lemma 2.17 and lemma 2.18.

Lennma 2,20 If Q is partially ordered, then alta < o and
depa < « Va € Q iff all chains in Q are finite.
Proof Let a € Q.
If all chains in Q are finite, then each subchain combaining
« contains a minimun below a and a maxinum above a,
A1l subintervals [ox,a] and [a, cay]aﬁ'l are finite and
therefore well ordered, and so by lemme 2,17 alta < « and
depa < oo,

Now suppose that alta < « and depa < « Va € Q,
By definition every subchain containing o contains a
naxinum above a and a mininum below a,
Suppose that there is a subchain of type w, @ < Q1 <eeee< Uy <ees
Then this subchain does not contain a maxinun above a

contradicting the definition of depth. gimilarly any subchain of type w*

containing @ will not contain a mininum below @ contradicting
the definition of altitude .

So all chains are finite.

Corollary 2,21 If alta < o« and depad < © whenever @ is neither a

naxinal nor a minimal element, then all chains in Q are finite,

17



Gorollary 2,22 If Q is totally ordered, then alta < « and

depa < @ Va € Q iff Q is finite,

Lemna 2,23 If u € gp{t(a,[) : alta @ depp < A} and

u = t(ou,ﬁ,)n‘........t(ak,pk)n‘k then alta . @ depf. < A Vi.
Proof If alta ¢ depfl < A and alty @ depd < A, then

if (a0 40y 8)] = G,c,b):“bhen alt@ ¢ depe < A

For if [t(a,0),t(y,8)] = t(e,¢)+"then either @ = 6 and & = ¢
or y=0and f = ¢.

If a =0 and 8 = ¢ then f =y and [ < 8,

So alta @ depd < alta ¢ depf < A

If vy =0 and 0 =¢ then ¢ = 8 and ¥ < <,

So alty @ depf < alta @ depf < A

Since u € gpit(a,0) : alta @ depP < A}, u can be expressed in

m m
the forn t(pi;01) 'eesst{prsor) T with altpi & depol < A,

u is put into canonical form by using the relation

l'l'li'L [\'lJ ﬂ'l\i mL mL wm.
t(pisoi) “t(pjs 04) Y= t(pjs05) It(pisoi) ‘[t(pi,0i) st(pj,04) Y1

and by the remark at the beginning of the proof

[t(PL,GL)mL,t(pJ,oJ)mJ] e {t(af) : alta ¢ depf < Al.

hence result,

For a < 0 € Q define the separation of a and [, sep(a,p) by
sep(a,0) =1 if Vy € Q, y< aor 0 < y or y is not comparable
with a and Q.

If 3y e Qwith a< y < then
Y 3 ¥ 3 b
sep(a,0) = lin{m{sep(a,y),sep(¥,0)} + 1}

a <y<f
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If a< f and sep(q ) cannot be defined, write sep(a, () = e,
If sep(a,f) = o, then sep(a,[)) > A for any ordinal A,

Note that separation is a order theoretic property.

An equivalent definition of separation is given by
sep(e,f) =1 if ¥y € Q, y < @ or f < ¥ or ¥ is not comparable
with a and g,
sep(a,0) = p + 1 if Vy € Q with a< y < §, ?:/E(%Y) < u and
l)tsgterp()/,,ﬂ) < pand Jywith a< y < 0 and ;f/!p( ay) = p or

sep(¥,h) = u.
o :ﬁ.(

\

sep(a,p) = A(a linit ordinal) if Vy € Qwith a <y < 0

]
and. Ko 3“ € [a,0] and sep(;cu, Su) = U,

g{?(a,y) < A and dsia?(y,ﬁ) < Aand Yu < A 3 x”,ﬁu with I.cu < Su

Broof Let lin{m{sep(a,y),sep(v;A)} # 1 } = 4 + 1.

azy<f

A{¥, V#B
Then Vy with a < ¥ < 3, sep(a,y) < u and sep(y,[) < ie
If sep(a,.)’) < M and aep(y,,i’) < U Vy with ¢ < ¥ < 3, then

lin§{sep(a,y),sep(y,£)} + 1} < u, which is impossible.
<Y< 3, ok AR EY

So 3y, aic vy Oowith sep(a,y) = U or sep(y,,ﬁ) = U
Conversely, if Vy with a < y < 0, sep(a,y) < p and
sep(¥,0) < pand Jy, a < y < f, with sep(a,y) = u or sep(y, 0) = u,

then linf{sep(a,y),sep(y, D} + 1} = u + 1.
wy<f,A4Y ¥4 8

Let A be a limit ordinal and suppose that the two
definitions are equivalent for all p < A,

Let linffsep(a,y),sep(y,0)} + 1} = A,
wy<s, AT, Y10

Since 1im§‘q{sep(a,y),sep(y,/3)} +1} =A> p 3y, a<yc<fwith
U<y<i, AT, T4

sep(a,¥) > p or sep(y,f) > . Suppose w.l.0.8. sep(ay) > u.
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Let sep(a,y) = u + p < A
If 4 + p is a limit ordinal then by hypothesis there is a pair
Ko 5# with k < Su and k , 8# € [a,y] ana sep(fcy, 811) = i,
Since y < [0, Kp,,su € [a,/] and there is notaing more to prove,
If 4 + p is not a linit ordinal, find a pair Ku, 611 of the
required form by induction on p,
If sep(@y) = ¢ + 1, then by definition there is a 8, ¢ < 8 < ¥,
with sep(a,8) = p or sep(8,y) = u.
Suppose that a pair k e 8 u can be found whenever p € O,
Let sep(a,y) = 4 + 0 + 1. Then by definition there is a 8§,
@< 8 <y, with sep(a,8) = pu + o or sep(8,y) = u + 0.
By the induction hypothesis applied to (g 8) or (8§,y), a pair
mp,a“ of the required form can be found.

Finally suppose that Vy with « < y < £, sep(a,y) < A
and sep(y,() < A and Vu < A = 8# with k), < Su and K 8“ € [a,/0]
and Sep(-ht,u»au) s U,
Since a < K sep( a, 5u) 2 U and since 8# < B, sep( Su,ﬁ) 2 U,
So VYu < A, BKu,Su with sep(a,Su) 2y and sep(mp,ﬂ) 301k
Also, Yy with @ < ¥ < /3, sep(a,y) < A and sep(¥,0) < A,

so limffsep(a,y),sep(y, A} + 1} = A,
acy<h, A%, wp

The following lemmas give some properties of separation

and some results connecting separation, altitude and depth,

Leona 2,24 If a < y < 0 and sep(a,f) < ©, then sep(a,y) <
and sep(y,0) < =
Proof Let scp(a,f) = A

Then, by definition, if a < y < f, sep(ay) < A and sep(y,0) < A
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Coroll If a s y< 8 s B and sep(a,f) < «, thon sep(y,s) < e,
xoro_Lary

Lemma 2.25 If sop(@,() = ®, then there is a & with a< 8 <
and sep(@,8) = = or sep(§,0) = o,

Proof Suppose that for all 8 with a < § < f, sep(a,5) < @ and
sep(8,0) < =

Then linjgsep(a,8),sep(8,0)} + 1} < =,
ad<f 478, §1p

Hence result,

Lenma 2.26 Let Q be partially ordered and let a < § € fl.
If [a,0] is infinite, then it has a proper subinterval which is infinite,
Proof Let [a,f] be infinite and let o € [a,0] with a < o < S,

If A€ [ap0], then A s cor A > 0, since [, 0] is a totally

ordered set., Hence A € [a,0] or A € [o,0].

So [4,4] = [a¢] U [o,p].

If [a,0] is finite and [0,0] is finite, then their union rust

be finite i.e. [0l pust be finite.

Sc either [o,0] is infinite or [o,f) is infinite.

Lemma 2.27 If sep(a,f) is finite, then all chains joining a and
p are finite, In particular, if sep(a,f) = n, then there is a
chain of length n + 1 joining « and 3, and all chains joining «
and P have length € n + 1,

Proof Let sep(a,p) = 1.

Suppose that there is a chain [@,f]n+2 of length > n + 2,

Then there exists a set of elements, { & < @< Ga<uee...< An< G}
say, belonging to [@,0]n+ze

Sep(a, 1) 2 4 > sep(a, @) 2 2% ....”> sep(a,aq) > n> sep(, 0)> n+1,
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This is a contradiction.
So all chains joining @ and @ have length < n + 2.

Use induction on n to show that there is a chain [a,/]
of length n + 1,
Let sep(a,f8) = 1. Then [a,] has length 2 as no element of
lies .between « and Q.
Suppose that if sep(d)f) = p then there ‘is a chain [a,0] of
length p + 1 and let sep(a,f) =p + 1.
Then there is a & with @ < 8 < 8 and sep(@,8) =p or there is a
y with @ < y < £ and sep(y,8) = p.
Suppose WeleOege that there is a 8§, a < § < § with sep(,8) = p.
Then there is a chain [a,8] of length p + 1 which can be
extended to a chain [a,3] of length 2 p + 2,
By the first part of the proof, any chain joining « and £ has
length < p + 2.
So there is a chain [a,[] of length p + 2 and the result

followse

Corollary 2.28 If Q is totally ordered, then sep( a [J’) = n. Aff

[a 2] has length n + 1.

Lemna 2.29 If Q is totally ordered, then for all @,0 in Q
with a < B, sep(a,f) < w or sep(a,f) = o,

Proof 1If sep(a,ﬁj > w, then 3Jay,0y with sep(wi,01) = w.

So supposec that there is a pair a,f in Q with sep(a,f0) = w,
Then if a < 8 < B, sep(a, 8) is finite and sep(8,p) is finite,
Lot sep(a,8) = n and sep(8,p) = n,

By corollary 2.28, [@,8] has length n + 1 and [§,£] has

length n + 1,
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So [a,0] = [a,8] U[8,0] has length n + n + 1, and by
corollary 2.28 sep(®,0) =n +m < w, This is a contradiction,

So if a < B, sep(a,p) < w or sep(a,f) = =,

Lemma 2.30 If all chains joining « and 0 are finite, then
sep(a,[]) < oo

Proof Suppose that all chains joining a and £ are finite.

Let sep(a,f) = o,

By lemma 2.25, 381, a < 8 < B such that sep(a, 81) = o or
sep(81,6) = @,

If 331,....,0n belonging to some chain [®,[] such that for each
8iy Iyi € {2 81,0000,0i1,P8] with sep(di,yYi) = © or sep(yi,di) = o
then there is a 8p4+1 € [fP] and a Yp+1 € (@ 81,....,8n,8 such
that sep(8ns15¥n+1) = @ or sep(Yne1,8na1) = o,

So there is an infinite sequence {8i} € [a, ] i.e. there is an

infinite chain joining o« and f.

Corollary 2.31 If all chains in Q are order isomorphic to a subset of the

integers, then sep(a,f) < © Va, € Q with a < £,
Proof Let ,0 € Q with a< /.,
Then any chain [, 8] canmot have order type w since it has a
last element and cannot have order type w* since it has a first
element, So any chain [a,0] is finite and by lemma 230

sep(a, 0) < o,

Lenma 2.32 sep(%,/) < = Vo, 0 € Q with @ < B iff all subsets of

Q) which are chains are order isomorphic to a subset of the integers.

Proof If:- follows from sorcllery 2.31
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Only if:- Let sep(a,[) < o Va,0 € Q with .« < fa

Suppose that there is a subset of type w* + w+ 1 which is a
challl, 88 sseess? Oy < G fivl Levwens < U L g Caisw waS P
Then Vi [«i,] has order type o + 1.

By lemma 2,27 sep(ai,f) = w.

Suppose that sep(ai,ﬁ) = We

Then sep(aisi;f0) < w, say sep(aii,f) = n.

By lemma 2.27 [ais1,0] has order type s n + 1, and so [ai,f]
has order type € n + 2, which is impossible.

Suppose that ¥i, if [o‘s{,(s] has order type w:l , then

sep (o, B) » p (¢ ).

Let sep (dk'G) =/M. As ©Jy ;__ Aar j Sy (e, (3) f“

although [ei,k“@] has order type wi| . This is a contradiction.
/

Hence result,

Lenna 2.33 If there is a chain [a,/2] of length n + 1, then
sep(a,8) 2 n, In particular, if any longest chain joining «
and 0 has length n + 1, then sep(a,f) = n.
Proof By induction on n.
The result holds if n =1,
Suppese that the result holds whenever n € k = 1, and suppose
that there is a chain [a,f] of length k + 1.
Since [@,(] is finite, « has an immediatc successor, y say, and
[y,/] has length k. So by the induction hypothesis sep(y, /) > k=1
and sep(a, ) > sep(y,f) =2k - 1 i.e. sep(af) 2k,

If any longest chain [a,0] has length k + 1, then for
any & with a@ < 8 < [, any chain [@,8] has length € k and any
chain [§8,5] has length < k.

By the induction hypothesis, if « < 8 < [, then sep(«,8) < k = 1
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and sep(a,ﬁ)_ <k -1,

Hence sep(®,f) £k,

Lerma 2.54 Sep( a,ﬁ) = n iff any longest c. :in joining ¢ and f
has length n + 1,
Proof If :- follws from lemma 2,33.

Only if :- follows from lemma 2,27,

Lemma 2.35 If sep(@,/) =k (<w) and i + j =k with 1,5 > 0,

then there is a y with ¢ < y < 0 and sep( oz,y) =1 and

sep(¥,/) = j.
Proof By lemma 2.27 there is a chain [Ct,ﬁ] of length k + 1,

So 3y € [, /] such that [,¥] has length i + 1 and [v,/] hes
length j + 1, So by lemma 2.33 sep(a-,}’) 2 i and sep()’,ﬁ) 2 Js
Suppose that sepl a,y) > i, say sep( cz,y)_ =,

Then by lemma 2,27 there is a chain [a!y] of length m + 1 and

so there is a chain [%,/] = [a,y] U [y,f] of lengthm + j + 1,.

i.c, & chain [a,‘,@] of length > k + 1, which is a contradiction,

So sep(a,y) = i and a similar proof shows that sep(y,/) = j.

- n1 nk
Lenma 2,36 Let u = [g‘,hﬂ] .....[gk,hk] ¢ G where each gi

, n. n.
is of the form gt = t(ai,,f1,) "1 coeeeat(ai ,fip) ‘r, with
. r
for 1 € j € r, sep(ai ,,f}lJ.) > p. Then when the commutators
J
: m 4
are expanded to give u in the form t(M,Hy) ....t(M,#x)-mx,
for 1 € § €%, sep(Aj,uj) 2 p +1 or = o,
K k
2.9.9_{ Let hi =t(y1}61) i'------t(}’yﬁy) Y
n )
For convenience, write gi = t(ai1,01) ‘eoeoot(ar,fr) "

Then, by lemma 2,1,
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! n
lgi,hil ='[t(at,p1)nt......t(ar,ﬁr) i)

n n
n, +( aa,,ﬁz_) 2..‘t(ar,i3r) = n.
= [t(a1’ij1) yhi-] ...[t(ar,ﬁr) }hi']

n. n, K, K
[t(&j,pj) J:hll = [‘t((zj,.[)\j) J’t'(y1’81) ",,....t(yy,ay) y]
kg K
5 K , t(yZ,SQ)eo't(‘yysay) y
= [t(ags05) d5t(vy, 8y) Yaaoa[t(ay,85) 7,t(yn, 81) ']
So [gi,hi] is a product of terms of the form
K, n‘r
f55 ki. 't(yi.+1,8it+1) L+1o-.oo¢-t(ar’ﬁr)
[t(a‘J,pJ) J,t(yi-;ai) ] ]
If aj £ 8i and £ # Yi, then by corollary 2.3 this is 1.

If 0j = Yi, then the expression becomes (using corollary 2.3)

KL+1 N nl‘
< 0 5k )t()’i+1:5i-+1) --0----0t(aP’/JT‘)
t(aj,8) 7/

Nk njki K. n
:t(aJ,SL) . L[t(GJ,SL) ,ﬁ(yt+1,81+1) Hi....t(ar,ﬁr) I"]
Since £j < 8i, sep(aj,8i) > sep(aj,Bj) = po
So sep(aj,8i) = p + 1 or sep(aj,8i) = s,

Any terms obtained by expanding the commutator

U(C‘J,-SL)anL,t(V1+1,5L+1)kL+1---»---t(@ra/}r)nr]
will be of the form t()\,u)m with A < aj and py > di (>[J‘j) with
at least one strict inequality. So sep(A, ) > sep(aj,fj) = p
ice. sep(Ap) 2 p + 1 or sep(Ap) = =,

A sinmilar argument can be used if aj = Si,
Hence, for each i, [gi,hi] is a product of t(A,p)s of the

required form and so u is of the form stated in the lemma,

Lesma 2,37 If sep(a,/) = p(sw), then depa > p and altl > p.

Proof By induction on p.
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Tf sople, ) =1, then @ < 7 and so altf > 1 and depa > 1.

Suppose that the lemma is true for p € n,

Let p =n + 1. Then by lemma 2.27 there is a chain of length
n + 2 joining @ and £, [,/] say. Since the chain is finite, [
has an immediate predecessor in this chain, & say, and there is
a chain of length n + 1 joining @ and &, So by lemma 2.33

sep( a, §) =n (since any chain [a,8] has length at most n + 1)
and by the induction hypothesis, altdé 2 n.

Since [ > &, altf > altd i.e, altf 2n + 1,

Similarly, since [@,/] is finite, & has an immediate
successor in the chain, y say, and by applying lemma 2.33 and
using the induction hypothesis, depy 2 n and so depaz >2n + 1,

Let sep (a,0) = w, Then if n < 0,3y, ,8p with
@ £ yn < 8 € [ such that sep(yn,8n) = n.

By the induction hypothesis, altéh > n and depyn 2 n.
So Vn < w, 38p € [ such that altdy > n i.e. altf = w

and 3y, = a such that depy, 2 n i.c. depa > we

Corollary Let p < w, If sep(a,/) > p, then depa > p and

alt[) > Pe

Lenma 2,38 Let n < w,

If alta =n, then V0 < a, sep(f,®) € n.

If depy = n, then V& > y, sep(y,8) < n,
Proof If alt® =n, then by lemma 2,10 all chains [, a] have
length € n + 1. If 0 < a, then all chains [A,a] have
length € n + 1 and so by lemma 2.33, sep(f,a) < n.

The second part of the lemma is proved similarly,
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Lemma. 2,38 is not true in general if alta 2> w,
Let Q be an ordered set of the following form., There is a
pair of clements a and § with f < @ and for any n < w there is
an interval [f,a] of length n., @ is the ma imal element of Q
and there is a y < £ which is a minimal element., No element

of Q lies between y and S,

Q %g of the form

Then akta = w but sep(y,@) = w + 1 since sep(f, @) = we

Lemna 2,39 Let n < w,

If alt® =n, then Vo € n, 3/ < « with sep(Pn,x ) = .

If depy = n, then Vo < n, 38, > y with sep(y, 5m) = M.
Proof Let alta = n,

By lemma 2.38, if 0 < a then sep(f, @) < n,

By lemna 2,12, there is a chain [ag,a] of length n + 1,

By lemna 2,33, sep(ax, o) n and since az < @ sep(ox,a) < n,
So there is an ay < a with sep(az,a) = n,

Suppose that if j + 1 € 1 € n, then there is a fi < «
with sep(fi,a) = i. If Pj+1 < £ < & then sep(B,a) < sep(Lje1,a).
So if Pj+1 < P < @, then sep(B,a) < j.

By lemnma 2.34, there is a chain [Bjs+1,a] of length j + 2.

Since [Bj+1,a) is finite, Pj+1 has an imnmediate successor,
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pj say, and [fj,a] has length j + 1.
By lemma 2,33, sep@ﬁj,o&) > J and since fj+1< [Bj< a sep(ﬂj,a) g J.
So sep(fj,) = j and the result follows by induction,

The result for depth is proved simil wrly.

Lemma 2,40 Let k < we
If altB =k and 1 + j = k with j # 0, then there is an a < {0
with alta = i and sep(a, ) = j.
If depy =k and 1 + j = k with j # 0, then thore is a § > y
with depd = i and sep(y, 8) = 3j.
Proof Let k =1,
If alt{ =1, then there is an @ < [ with alta = 0 and
sep(@,2) = 1. So the result holds when k = 1,

Suppose that the result holds whenever k € n,
Let 2altf =n + 1 and let i +Jj=n + 1,
By lemma 2.12, there is a chain [[J’Q,IJ] of length n + 2.
Since [[J’o,ﬁ] is finite, [ has an immediate predecessor, a say,
and [fo, aj has length n + 1, Also any chain [fx,a] has
length € n + 1 (if not, there would be a chain [fx,0] of
length > n + 2) and so by lemma 2.12, alta = n.
Sep(a,p) =1 for if there is a ¥y with ® < y < , then [[o, )
can be extended to a chain [$o,f] of length > n + 2.
So if i =n and j = 1 the result holds
If i < n, then by the induction hypothesis there i8 a y < «
with alty =i and sep(y,a) = § - 1.
By lemma 2,34, there is a chain [y, a] of length j and any
longest chain [y, 2] has length j.
Since @ is an immediate predecessor of [, any longest chain

[y, 2] can be extended to a longest chain [y,f] of length j + 1
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and so by lemma 2,34 sep(y,[) = jo

The result for depth is proved similarly.

Corollary 2.41 Let k < w.

If altf 2k and i + j =k with j > 0, then there is an a < [

with alta > i and sep(a, () 2 j.

\'

If depy 2k and i + j = k with j > 0, then there is a § > y

with depd > i and sep(y,8) > Jj.

\%

Proof If altf 2> k, then by lemma 2,92 3¢ < [ with altd =k,
By lemma 2.40, 3a < 8 with alta = i and sep(a,S) = Je

So alta = i and sep(a,p) > j.

Hence result,.

The result for depth is proved similarly,

Lemma 2.42 Let A 2 w,

Ir sep(a,[l) 2 A and sep(,ﬁ’,y) =n (<w), then sep(a,y) 2 A+ n,
Proof By induction on n,
If sep(f,y) =1, then sep(a,y) > Sey(d,(z) > Ai.e, sep(a,y) = M,
Supposc that the result is truec for n s k.
Let scp(f,y) =k + 1,
Then since sep(f,y) is finite , therc is a 8 < y with sep(f,8) = k.
By the induction hypothesis, sep(a,8) > A + k.
So, since sep(a,y) > sep(a,8), sepbo,y) > A + k + 1,

Hence result,

Corollary 2,45 Let A > w,

If sep(a, ) > A and sep(f,y) > w, then sep(ay) = A + w.
Proof If sep(f,y) » w, then 3p < y with sep(f, p) =w, or

36 > 0 with sep(0,y) = w. S0 suUPPOse Wel.O.ge 5ep(5yY) = we
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Since sep(f,y) = w, V0 < @ Fn, 8p with 8 € kp < 8y < y and
sep(x:n, Sn) =Ie

Since sep(a, ) > A and 3 < kn, sep(a,kn) = Ae

By lemma 2.42, gepluydn) 2 A + n;

So, since sep(a,y) > sep(a, S} 8@ Aw n Vo, sep(a,)') 2 A+ We

Lenna 2.44 If u € gpit(a,p) ¢ sep( Ot,ﬁ) > p} and if in its

canonical form u = t(a1,ﬁ1)n1.....t(ak,pk)nk, then sep(ai,fi) 2u
for 1 £ i < k.
Proof If sep(@,l) > p and sep(y,8) > u, then
[t(a,),t(y,8)] =1 or is of the form t(a,¢):ivith sep(6,¢) > p.o
For [t(a,2),t(y,8)] =1 or t(a,8) where ¢ < 0 =y < & or
t(y,[))-' where y < § = a < [ by corollary 2.3,
If =1y, then § < & and sep(a,8) > sep(a, /) = My OF ur(a,S): SJZ" (¢,8) = oo,
If a =38, then y < a and sep(y,£) > sep(a, () 2 Hp O Scp (y,p) = Svr(q,g) 2 0o,
Since u € gpit(a,p) : sep(a, ) 2 pl, u can be expressed in the
mq .
form t(61,41) eeseset(Or,dr)  with sep(6i,¢i) > .

u is put in its canonical form by using the relation

W j m . i i :
(01, 01) t(9J,¢J)mJ = £( 65 ¢4) Jt(et,cpz)m [t(et,m)m,t(ej,qu)m"]

and by the remark at the beginning of the proof

[t(91,¢t)mt,t(9j,¢3)mjl € gp{t(a, /) : sep(qp) > ui.

Hence result,

31



Chapter 3. The upper central sceries of G

Denote a term of the upper central series of & by CN(G)'

& e G
p+-1 . §1< >
Lo(6) =1, QP(G) gp(cr) and if A is a limit

ordinal, {,(6) =4, ¢ (6).

G has central height h if ch(c) r; gp(r;) Yu < h and

£, (@) = £.(e)

We first prove a lemma about expanding commutators which will

be needed for the proofs of theorems 3.3 and 3.5.

Lenma 3.1 Let u = t(a1,ﬁ1)n1....t(ak,l3k)nk be in canonical
forn and let 0 € {f150000esPk}. Let @ be a maximal element
associated with £ in u., If there is a y > f, then [u,t(5,y)]
is a product containing onc and only one tern t(a, y)r\(;£1.) in
its canonical form where n = ni for some i.

Let @ € {a1,,04,%]} and let £ be a nmininal clement
associated with @ in u., If there is a 8 < @, then [u,t(8,q)]
contains one and only one ternm t(ﬁ,ﬁ)n (#) in its canonical
forn where n = ni for some i,

Proof Let u, -a, P be as stated in the lemma and let y > [,
Then, by lemma 2.1,
[, 5B N)] = [0ae,B0) eeeeee tlon, B 58(5,9)]
aq t( ag, lga)nz--.t(ak,pk)nk Ris
= [, 01) 5400, 9)] i denss valtler, 00 500, s

By corollary 2.3, if (ai,pi) # (@,0), then

n-
[t(ai,81) S6(BY)] =1 4f i A pand ai £y
* For any group H, S,(H) is the centre of H,
H is nilpotent if H has a normal series H:f,> -- >Rs=1 ¢ 10’1\&0,

where Ac-i (A w w tha @A § HIRC 400 L=, - T
H is locally nilpotent if all finitely generated

subgroups of H are nilpotent.



n; -

or t(ai, y) ' oif i = 0 and then ai < @ or not comparable with
=l

a or t(5,01) “if y = i and then Si > Y.

So [u,t(B,y)] is a product of terms of the forn

B Ui nk
[ e "1t )
(C‘l;Y) : with ¢i< @ or not

conparable with 2 and

N n
<t it ')t(a‘j*"p\j"") L ....t(ak,ﬂk> i
([J’,[J’J) 3 with y < [j and

nx I.'\k
( : t(az, Pr) o oot ak,Pk)
(2, y) which occurs once and only
once since u is in canonical form,

mx - o
<t(_&’y)n>t(ax,ﬁx) eoeoest{aiyBi)

Since

= (%, y) n[t(-&, Y)n,t( Gy ) nm. eeoeot( Ky k) nk] , t(a,y) ’ does

occur in the expression for [u,t(S,y)].
n R n

< e t(ai.+1’pi'+1) * .....t(ak,pk) K

L
t(ai,y)

ny L Digq Nk
== t(aL’Y) [t(ai" y) L,t(ai+1,pi+1) ...ac..t( ak’lgk) ]
The commutator is either 1 or a product of terms of the form

m

t(p,0) wherc p € «i, 0 > y and at least one inequality is
strict. So termsarising from the commutator cannot cancel

- N
t(a,y) when [u,t(8,y)] is reduced to canonical form.

n
. = k
(Q‘J+1’p.j+1) nJ+1 -oocat( ak’/Jk)

\
Sinilarly, <:(p,p ) ’nj>
can be expanded as a product of +(/,/) nn‘iwith terns (¢, 77)r
where € € 0 and n > [j and at lecast one inequality is strict,
Since f < ¥ < [’j, none of these pairs (5,77) ¢an contain Yy

o
and so they cannot cancel t( a,)’) when [u,t([i,y)] is
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reduced to canonical form,

Hence, in its canonical form, [u,t(f,y)] contains one
and only onc term t(-c?, y)n.

The second part of the lemma is proved similarly,
Lemna 3.21f ¢4 belongs to a subchain C which has no least
element or [ belongs to a subchain C' which has no greatest

element, then t(a,[) A QA(G) for any A.

Proof By induction on A,

If « belongs to a subchain C which has no least element, then
38 < a which also ks a member of C.

By lemme 2.2, [+(8,2),t(2, )] = t(8,0) i.e. t(ap) £ 41(G).
Let A be a limit ordinal,

Suppose that Vu < Ay if « is a nmember of a subchain C with
no least elcment, then V0 > a, t(a,0) £ C#(G).

Then t(a, 2) ,éu\g)';gu(('r) = QA(G)

Suppose that Va € {] if a is a nerber of a subchain C which

has no least element, then V3 > a, t(a,p) £ Cu(C—).

Let a be a nember of a subchain C with no least elenent,

Let £ > a. Then t(q0) € ¢, ,(6) iff [t(e0),t(&m] € ¢ (6)

for all £ < n € Q, Since C has no least element, 3y € C
such that y < a,
Then [t(Y, a),t( a4 pP)] = t(y,/?) £ QM(G) since Y satisfies the

(e).

conditions of the induction hypothesis, i.c. t( Ot,[)’) £ €u+1

Hence result.
A similar induction proof gives the result when [0 belongs

to a subchain C' which has no grcatecst element.
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The next theoren gives a necessary and sufficient
condition for G to have a centre. Ve then use this to find
an expression for a general term of the upper central series

of G by induction. This theorem is Theorem 4.1(b) of (6).

Theoren 3.3 G has a centre iff 3a,0 € Q with «< P and
alta + depf = 0,
£1(G) = gp{t(a,p) : alta + depf = 0}.
Proof If alte + depf = 0, then alta = depf = 0.
Let t(A,p) € {t(a,0) ¢ alta + depl = 0}.
Then Vy € Qwith y # A or g, A< yor y < g or y is not comparable
with A or pu.
By lenma 2.2, [t(A,1),t(y,8)] =1 Vy,6 € Q i.e. t(Ap) € £4(6).

So gpi{t(a,f) :™elta + depf = 0} € L1(G).

Lot u = t(e1,01) ' eveestlaig ) € £4(6) be in
canonical form. Then Vy,8 € Q with y < &, [u,t(y,8)] = 1,
Suppose W.l.0.g. that all pairs (ai,fi) with t(ai,fi) a
gencrator occurring in the canonical form for u satisfy
altai+ depfi > 0. (If altai + depfi = 0, then t(«i,li) can
be taken out as it belongsto gpit(«, /) ¢ alta + depf = 0})
Then, for all such pairs (ai,ﬂt), 381 < ai or yi > Pi.

Leb i € [P1,essssPk} and leb yi > Bis

Let ai be a maximael clement associated with Li in u.

Then, by lemma 3.1, [u,t(0i,yi)] contains a term t(?t,yt)nt
which is not the identity and which cannot be cancelled,

So u £ ¢4(G), which is a contradiction.

Hence there is no yi > fi i.e. depfii = 0.

Now let @j € {Q;.e005k} and let 8 < mj,

Let §j be a minimal element associated with aj in u,
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Then, by lemma 3.1, [u,t(8j,2;)] contains a term t(SJ,EJ)—nJ‘
which is not the identity and which cannot be cancelled.

So u £ £1(6), which is a contradiction.

Hence there is ne 6j < aj i.e. altaj = 0,

So u € gpit(a ) : alta + depP = 0}.

Hence result,

Corollary 3.4 If Q is totally ordered, then G has a centre

iff Q has a maxinal element w and a nininal elenent w, and ther
£ (6) = ep{t(w,0)}.

Proof If Q is totally ordered, then 0 will have at most one
maximal element and at most one ninimal element, i.e., there

will be at most one pair (a,ﬂ) with alta + depf = 0.

Theoren 3.5 QA(G) = gpit(a,8) : alta @ depl < Al.

Proof By induction.
The theorem is true if A = 1 by theorem 3.3.

Let A be a limit ordinal and suppose that Vu < A,
¢,(6) =egpit(a,f) : alta @ depf < M.

EA(6) =98, (6) = heplt(a,p) : alta @ deph < M}

C gpit(a,p) : alta @ depP < A,
If t(y,8) € {t(a, /) : alta @ depf < A}, then alty @ depd = p
(6).

for some p < A, and so t(y,8) € ¢

() =¢,(c).

u+1
Hence t(y,8) € p&))\ gP
So CA(G) = gpi{t(a,P) : alta @ depfP < Al.

Suppose that QH(G) = gpit(a,0) : alta @ depf < H}.
Let t(y,8) € {t(a,() : alta @ depf < 1 + 1}.

83 bmma 2.2, V8¢ N wihh ‘9“6 [t(y, 8),t(6,¢)] =1 if y £ ¢ and 6 # &,

36



So if y # ¢ and 0 # 8, then [t(y,8),t(6,4)] =1 € §y(G).
If y = ¢, then [t(y,8),t(6,¢)] = t(e,a)'i, where 6 < ¢ = ¥,
By lemna 2.8, altf < alty and by lenma 2.7,

alté @ depd < alty @ depd < p + 1,

So altf @ depd < u i.c. [t(y,8),t(6,4)] = t(6,8)~" € QM(G)-
If 0 =8, then [t(y,9),t(6,¢)] = t(v,¢), where ¢ > 0 = 5,
By lemnma 2.8, dep¢p < depd and by lemma 2.7,

alty @ dep¢p < alty @ depd < p + 1,

So alty @ depp < u i.e. [t(y,8),4(6,8)] = t(y,¢) € gg(c).

So gpit(a,PB) : alta @ depf < p + 1} C §u+1(G)',

To conplete the induction proof it is necessary to show

that if u € §“+1(G), then u € grit(a,0) : alta ¢ depf < p + 1}.

Let u = t(a,,_p.)m........t(ak,pk)nk € gw(a) be in canonical form,
Suppose w.l.0.g. that all pairs (ai,01) where t(ai,ﬁt) is one of
the generators occurring in the canonical form for u satisfy

altai ¢ depfi > p. (If altai'@ depfi < M, then t(ai,Lfi) can be
taken out since it belongs to gp{t(a,/) : alta @ depf < p + 1})
Since u € §“+1(G), Vy,8 € Qwith y < 8, [u,t(y,8)] € §u(G).

Suppose that altai = 0 for some i. Let i be a minimal element
associated with ai in u. Then, since altai @ dep@i > u,

depfi > M and so by lemma 2.9 30 > §i with dep@ > u.

i
which is

By lemna 3.1, [u,t(Bi,6)] contains a tern t(ai,0
not the identity and which cannot be cancelled,
iﬁepe @ altai > pand so u £ §u+1(G), which is a contradiction.
S0 albat #£.0, tsd. 8 X,
Sinilarly, depfi £ 0, 1 €i gk,

Now assume that altai > 0, depfi > O and altai @ depfi > H.

s

Let £ € {f1,5400050k} and let @) be a maxinmal element associated
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. 3y
with fj in u, If 0 < @j, then [u,t(0,2j)] contains a tern t(0,4;)

which is not the identity and which cannot be cancelled and so,

since u € §U+1'(G)’ t(@,ﬁj) € g“ (G')-

k k k
T '{"\ n % s
Let altaj =4 o LnL, deph j =ZwKLmL and Y =Z .wKLrL.
=1 i=1 i=1
k k
) i 3
Then altaj & depfj ==>_;wm(n'i. +0i) > Zwmrt = He

/ o~
So Ix < k with mi +ni =ri (4 < %) and ny + D > Dre

x-1 k
If ng > 0, let p = iz_:,'w“n’i. b (e = 1) ¥ Zw“(ri. + 1),
- i=x41

Then p < alt®j and p @ depBj > H,

By lemme 2.9, 3@ < o) with alt0 = p.

So t(0,8;) € Cﬂ‘(G) and alt@ @ depflj 2 p, which is a contradiction,
Now assume ng = O, Then ng > O,

Either £#j is a ninimal elenent associated with &) in u or there

is a fj < fj which is a nininal element associated with -C-tj In U,

If 0j is a minimal element associated with Ej in u, then by

lemma 3.1 if ¢ > £, [u,t(0j,9)] contains a tern t(?\;,q&)n‘j

which is not the identity and which cannot be cancelled,

So if ¢ > B, t(aj,¢) ¢ £,(6)s

%=1 k
Let o = Zwmmi. + (e - 1) + Zwkiéri. 1),
i=1 d=x+1

Then 0 < depfj and altaj @ o > p,

By lemma 2.9, 3¢ > [j with dep¢ = o,

Then t(Ej, qS) € ¢ u( G) but altEJ ¢ depp 2 ¢ which is a contradiction,
Finally, if there is a fj < fj which is a ninimal

clenent associated with j in u, then by applying lemma 3.1
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to [u,t(BJ,0)], we get t(aj,pBj) « Cu(G) which is a
contradiction,
so u € gp{t(o,p) : alta @ depf < p + 1}.

Hence result,

Some of the corollaries which follow arc in (6), but
they are included for the sake of completeness as the methods

of proof are in general Qifferent,

Corollary 3,6 If Q is finite, then G is nilpotent.
This is contained in Corollary 4 of Chapter 4 of (6).

Corollary 3.7 If Q is totally ordered and |Q| = n, then G is

nilpotent of class n - 1,
This is contained in Corollary 4 of Chapter L of (6).

Corcllary 3,8 G is nilpotent of class n iff esy longest

chain in Q has length n + 1,

Proof If any longest chain in Q has length n + 1 and

a < £ €Q, then « and S belong to sone chain € of length < n + 2.

So alta + depP < n for all pairs &,f with a< £ € Qy s $a(€) 7 Jay ()
Since there is a chain of length n+1, 3 &, (’) e 1 unth

acgand altdtdpp - a-l 12 Ga(c) # Tan (C)

Now suppose that Sn(l‘)#;gnq(ﬁ). Then for all pairs &, f with ofc g e d2,
t(a,p) € gpjt(a,0) : alta + depf < n}

So Va, € Q alta < « depf < = and by lemma 2,20 all chains in Q

are finite. Suppose that there is a chain [@,f] of length

n + 2 - any chain can be written in this form since all chains

are finite. By lemma 2.12(a), altf 2 n + 1 and t(a,0) £ £n(G)
which is a contradiction. So any longest chain in Q has

length < n + 2, Since there is a pair o, with a < £ and
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alta + depfl = n - 1, there nust be a chain of length n + 1.

Hence result,
This is Corollary % of Chapter 4 of (6).

Corollary 3,10 G is locally nilpotent.

Proof Let F be a finitely generated subgroup of G, say

F = gp{t(a1,01)5eceeeeest{an,Bn)l.
Then {@15eee5%sP150005Pn} is a finite partially ordered set,
Q' say, So any longest chain in Q' is finite - of length k + 1
say - and by corollary 3,8, F is nilpotent.
So G is locally nilpotent,

This is Corollary 5 of Chapter 4 of (6),

Corollary 3.11 TFor every ordinal A, there is a partially

ordered set  such that G = Mc(Q,F) : where F is some field;
has central height A,

Proof Suppose that A is not a limit ordinal, A = p + 1 say.
Let Q be an interval of order type A + 2, [w,a] say.

Then by lemma 2.15, alta = p + 1 and if B < a, altf < U,

So if £ is not a maximal element, altf < p.

Since ¥ + 1 is not a limit ordinal, « has an immediate
predecessor, Y, and alty = p. Depa = 0 and so there is a
pair @,y with alty @ depa = Y, and G = Mc(Q,F) has central
height pu + 1.

Lot A be a linit ordinal and let [w,f] =Q be an
interval of order type A + 1. If a < [, then alta < A,
Also if u < A, there is an interval [L".: a“], of order type U + 1.
So if p < A, there is an a“ < [ with alta# = U,

So G = lc(Q,F) has central height Ae

This is Theorem 4.4 of (6).
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Corollery. 3,2 Let G.have central height h, . T o

Then h = linm {alt« @ depf + 1} where alt® < « and depf < «

and a < [ € Q.

Lemna 3,12 If Q is totally ordered, then [§p+1(G),G] = Cu(G)
where { < h, the central height of G.

Proof By definition, [§p+1(c;),c;] e §u(G).

If h =0, the result is trivially true,

If h > 0, then by corollary 3.4, Q has a maximal element w
and a minimal element w.

Let t(a,0) be a generator of C“(G).

By lemma 2.17, [w, o] and [f,w]* are well ordered.

Since ¢ .(G) %~§“(G), at least one of these intervals can be .

41
extended to a longer well ordered interval., So cither @ has

an immediate successor, y say, or J has an imnmediate predecessor, 9,
If @ has an immediate successor y, then alty = alta + 1,

and [0,y] is well ordered. Then alty @ depf < ¢ + 1 and

t(eF) = [t{e,),t(v,A] € [ ,(6),6].

A sipnilar argument gives the result if [ has an

1

inmediate predecessor,

G is a ZA group of ZA length A if §A(G) = G and

£ (G) €G for all u < A,
N

Corollary 3,13 G is a ZA group iff all chains in Q are finite.

Proof Suppose that all chains in Q are finite,
Then by lemma 2.20, if a € ), alta < « and depa < <,
So for all pairs o, € Q with a < f, alta < « and depf < <,

So for all pairs a,[ with « < [, alta @ depf < oo,
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Let A = 1lin {alta @ depl + 1.
a3

If t(a,p) is a gencrator of G, then alta @ depf < A
So G = £,(6) = gp{t(®F) : alta @& depl < A,
So G is a ZA group.
Now suppose that G is a ZA group, G = Qu(G) say.
Let a,0 € Q with a < £,
Since t(a,0) € gu(c,), alta < o and depf < ©,
So alta < « whenever @ is not a maximal element and depf < <
whenever § is not a minimal element,
By corollary 2.21, all chains in Q are finite,

Hence result,
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Chapter 4. The lower central series of G and some results

about the derived series of G

Denote a term of the lower central scries of G by yp(G). Then

vi(G) =g, (6¢) = [yp(G),G] and if A is a linit ordinal

yu+1

Y6 = 0y, (6).

G has central depth d if yd(c) < yu(G) for all p < d,
Vam(G) = yd(G) and d > w or if yd+1(G) < yu(G) for all p<ad + 1,

Ya,ol® = v5,4(6) and a <

Lemna 4.1 If sep(,0) = «, then t(a,0) € yA(G) for every
ordinal A,

Proof By induction.

It sep(a,{»’) = o, then t(a,ﬁ) ¢ y1(G) = G.

Let A be a 1limit ordinal and suppose that if p < A, then
t(q0) <y (6).

Then t( cx,p’) e Ny (G) = yA(G).
pea K

Finally, suppose that if sep( 04,[3) = o, then t(a, 0 e yu(G).

If sep(@,f) = », then by lemma 2,25 therec is a & with a < § < 2
and sep(a, 8) = © or sep(§,0) = o,

S0 1(e0) = [4(e8),4(8,0)] € [y, (6),6] = v, ,(6).

Hence result,

Theoren 4,2 VA(G) = gp{t(aypP) : sep(a,p) = A},
Proof By induction,
By lemma 4.1, if sep( a,/J) = o, then t( a,,’J) € Y)\.(G)'

y1{G) =G = gp{t(ap) : sep(a,p) > 1}.



Let A be a linit ordinal,

\

Ny (6)

v, (G)
& u<A H

il

N gp{t(a,B) : sep(a,f) = p}
U<A

D gpi{t(a,p) : sep(a,p) 2 p Vp < A

gpi{t(%,0) : sep(a,pP) = M.

1

Let g = 8(01,80) " eerennet{a B Fe¥y(6) be in canenical form,
Then if u< A, g € yN(G) and by lemna 2,44, sep(at,ﬁi) 2 U,
So Vu < A, sep(ai,fi) = p i.e. sep(aifi) 2 Ae
So g € gpit(a,p) : sepla,f) = A},
Suppose that yu(G) is of the form stated in the theorem,
Let t(pya) € {t(a,0) : sep(a,f) 2 u + 1}.
Then there is a & with p < & < o such that sep(p,8) = u or

sop(a,o) > e

Il

Hence t(P:-U) [t(Ps 8),1};(8, U)] € [Yu(G);G] = yIJ-H(G).

So gp{t(a,p) & sep(a,p) > p + 1} Cy ,(€).

M

n1 nk
Let u = [613h1] ooca.n[gk,hk] € y’.l+1(G:\) Wh@r@

for 1 €£igk, gi € yu(G).

By lemma 2.56, when the commutators are expanded to give u in
the form t(A1,u1.)m1,.......t(Ar,ur)mr, for 1 £ j s,
sep(Ajspj) > pu + 1 or sep(Aj,pj) = e,

50 ¥,,4(6) = gp{t(ah) : sep(a) > u + 1],

Hence result,

The next result is given in (6), but it is included

for the sake of completenesss



Corollary 4,3 G = G' (the derived group of G) iff Q is

everywhere dense i.e, given a < $ € Q, 38 with a < 8 < [,
Proof Let Q be everywhere dense and let t(a,ﬁ) be a
gencrator of G. Then there is a & lying between @ and [ and
t(a,0) = [t(e,8),8(3,0)] « 6.
So G =6G',

Suppose that G = G' and let a < § € Q with sep(a,ﬁ) = 14
Since t(a,B) € 6, t(a0) € G' and so t(@,3) can be expressed in
the form [t(aa,p1),t(y1,51)]n1.....[t(ak,pk),t(Yk,EK)]nk-
By lemma 2.2, Lt(ai,Bi),t(yi,8i)] =1 or t(ai,8i) with
2l < Pi =yiL < &1 or 1:(}/&,,;91)“'1 with yi < 8i = ai < Ol.
So each [t(ai,f1),t(yi,8:)]" " is 1 or of the forn t(;u,m):n"
where there is a 7i with AL < Ti < Ui.
so (a,0) # (Ai,pi) for any i.
t(,0) = 80,1 s t(re, ) " € ep{t(e,B) : sep(a,f) > 2},
By lemma 2.44, since the canonical form of t(a,8) is t(«,f),
sep(a,{) > 2 which is a contradiction.

So Q is everywhere dense,

Corollary 4,4 If Q is totally ordered, then d, the central

depth of G, < w,

Proof Follows from lemma 2,29

Corollary 4,5 If Q is totally ordered, h = central height of

G and 4 = central depth of G, then

(1) if h > w, then d = o,

]
(2) if h < o, then-d.?-[; 2 where [x] is the
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largest integer < x.

Proof (1) By corollary 4.4, d € w,

Since h > w, 1in {alta @ depP + 1} > w where alta < © and
a<f

depf < o,

So if n < w, 3oy Ln € Q with altan + depPn = n.

= e
Since altap + depfn = n, either altap > l_2] or depfn = I_ZJ

(n | n |
80 if n < w, dyn € Q with alty, 2 LZJ or depyp 2 2“,

n | n
By lemma 2.39, 38, € Q such that sep(yn,8n) = |_2 or sep(8n,yn) =‘|_12]

So if m < w, there is a pair Ag,um with sep()\,-n, pm) = 0l = [%_j.
So, by theoren 4.2, if m < w, Ym(G) # yms1(G)a
Hence d = w.
(2) Let h =n,
Then {n+1(6) = Cn(G).
So if a< 0 € Q, alta + depf < n and there is at least one

pair «,f0 with alta + depf =n - 1,

a1 (=t |
Either alta 2| 2 |or depf 2| 2 J

n-1 | (D=t
So by lemma 2.39, 3y € Q with sep(y, Q) = E_én“l or sep(ﬁ,y) = '_2 ].

[n=1}
Then ym(G) # Ya+1(G) .

n-1| |h=t
Hence d 2 n = LZ = 2 .
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Examgle s

(1) Iet Q be an interval [a,3] of order type w2 + 1.

Then G has central height w2,

Since Q is totally ordered, if A < p, sep(Ap) < w or

sep(A,p) = by lemma 2,29.

Since [@,0] has order type w2 + 1, if n < w there is an ay > a
with alta, = n.

By lemma 2.39, 38, <ap with sep( &,y an) = n.

So G has central depth w,

(2) Let U be an interval [y,a] of length n.

Let Q3 be a totally ordered set which has no maximal element
and no minimal elenent,

Let Qs = {B].

Let Q consist of Q¢ followed by Qz followed by Qs.

Then alta =n - 1, depf =0 and if A> @, altA = = and if u < f,
depu = o

So G has central height n,

Sep(y,a) =n - 1 and so the central depth of & 2 n ~ 1,

Corollary 4,6 If Q dis partially ordered, then

(1) If h> w, thend > o

| h=1"|
(2) If h < o, thendkLZ_‘.

Corollary 4,7 If A is any ordinal and p < w, then

[v\(8),y, ()] Cv,,,(6).

Proof By lemma 2.42 and corollary 2.43.

47



Corollary 4.7 need not be true if p > w, for consider
the following example.

Let @ € Q be the only minimal element of Q, and let [ > «
be such that for any n < w, there is a chain [a,2) of length n,
It is easy to see that sep(a, /) = w.
Let y > 0 with no element of Q lying between y and f.
Let & > y be such that for any n < w, there is a chain [y, §] of
length n and let .8 be the only maxinal element of Q.
It is easy to see that sep(yga) = w and sep(p,ﬁ) =w + 1,
Howcver sep(a,&) =w + w, for if a < 0 < §, then sep(a,o) < wtw
and sep(a,S) < W+ We

t(a,f) ey, (6), t(5,8) €y, ,(6) but t(o8) e v (6)-y , ,(C).

w241
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Denoteia term of the derived series of G by éﬂ(G). Then
EO(G) = G,
=[8 ) 1
8,41(6) =18,(6),8,(6)], and

if )\ is a linit ordinal, 8,(6) =N s (6).
P<A H

Theoren 4.8 8n(6) = v n(6) = ep{t(ap) : sep(af) > 27},

Proof By induction.

80(6) = & = v1(6) =v_o(6).

It is proved in (3) (thecrem 3.4 (iii) ) that &p(G) C yzn(G)
for any group G.

Suppose that 8k(G) = sz(G) = gp{t(a,0) : sep(a,B) > 2%},
Let t(a,8) € {t(a,0) : sep(e,p) > 2%},

' and by lemma 2435, there is a y with

Then sep(a,f) = 2K+
a< y< pand sep(a,y) > 2K ana sep(y,p) = k!

Then £(a,f) = [t(%¥),t(y,8)] € [8k(6),8k(6)] = 8k+1(6),
So y2k+-s(G) C Sk+1(G)e

Hence result.

Corollary 4.9 8 (6) = (6) = ep{t(a,p) : sep(%p) > wj.

Proof aw(c) = N 8p(6)
n<w

=Ny a(6)
n<w =

> nyk(6) =y, (6).
k<w

Let g € ‘Sw(G)'
If n < w, then g € an(G‘)-
Let o < w. Then Zk such that 2% > .

g € yak(c) < ym(G).
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Sc g € yn(G) Vo < w,

Hence g € N yu(G) = Yw(G).
n<w

Corollary 4,10 a‘m(c) Cyw2(G).

Proof 5w+1(G) = [5w((;),sw((;)]
= [v,(6),v,(6)] by corollary 4.9

C ywa((}) by corollary 4.7.

G is a ZD group of ZD length A if yA(G) = {1},
(&) £ 11} for b < Aand A 2w ory, ,(6) = {1}, v (6) £ {1]

for p< A +1 and A < w,

Theoren 4.11 G is a ZD group iff all chains in Q

are order isomorphic to a subset of the integers,

Proof Let G be a ZD group of ZD length A,

Then YM-1,(G) = {1} = if A 2 o, YA(G) is also {1}.

so egpit(a,f) : sep(ap) 2 A+ 1] = {1].

So if a < 3, sep(@p) < o,

By lerma 2,32, all chains in Qare order isomorphic to a subset of the integerf
Now suppose that all chains in Q an ki isomerphic & a Subact g the nBgeis.

Then by lemma 2,32, sep(a,f) < © Va,0 € Q with a < .

Lot p = lin{sep(a,B) + 1}.
a<f

Then y“(G) = {1} and G is a 2D group,

Corollary 4,12 If G is a ZA group, then G is a ZD group,

Proof By corollary 3,13, if G is a ZA group, then all chains

in Q are finite.
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By theorem 4,11, if all chains in Q are finite, then G js a

ZD group.

The converse to corollary 4,12 is not true, as the
following example shows,.

Let Q = N (the natural numbers) with the usual order,
Then Q has no maximal element and so by theorem 3.5, G does
not have a non-trivial centre i.e. G is not a ZA group.
However, if m,n € N with n < n, then sep(m,n) =N =
So separatiocn can be defined for all pairs m,n € N,
Then ¥,(6) = eplt(1,3) & sep(1,3) > o} = {1}.

So G is a ZD group of ZD length w,

If G is a McLain group with ZA length A and ZD length u,
it is possible for A =y, A > p or A < i as the following

exanples show,
e A=

Let Q consist of two elements o and £ with a < [ and

chains of all finite lengths joining « and [.

~‘u.et0

\ {

AN ;

4

Then sep(«,f) = w and if (y,8) # (a,8), then sep(y,s) < w.
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S0 G has ZD length w.
If yeQand a< y < 0, then alty is finite and depYy is
finite. So for all y,8 € Q with y < §, alty @ depd is finite,

For each n, there is a yp with altyn =n. So G has 1A length w,

2. A > U
Let Q consist of two elements @ and £ with @ < 8 and no
element of Q lying between them, together with chains of all

finite lengths below a

Q= o-p

SR <y (o

Then alta = w, depf = 0 and if y < a, then alty is finite and
depy is finite. So G is a ZA group of ZA length w + 1.

If y < & € Q, then sep(y,8) is finite. 4lso, if n < w,
there is a pair (yn,8n) with sep(yn,8p) = n. So G is a ZD

group of ZD length w,

g A < 3t

Let Q consist of two elecments @ and £ with o < £ and
chains of all finite lengths joining « and [, Let therc be a

chain 0 < y < & above [ and a chain 6 < ¢ < a below a Let &
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be the only maximal element and 6 the only minimal element.

..v.-'etc

Then altf = w, alty = w 4+ 1, depa = w and depdp = @ + 1,
So Vp,0 € Q, altp @ depo € w + 1 and G is a ZA group of
ZA\ length w + 2,

Sep(a,8) = w and so sep(6,8) = w + 4, If p,0 €0,

sep(p,0) € w + 4 and so G is a 2D group of ZD length w + 4.



Chapter 5. The central series of the semidirect product, V.&

Let H = V.G, Then H is the set of elements (g,v) with
g a member of G and v a member of V, where multiplication is
defined by

(&,v)(h,w) = (gh,h(v)+w).
The set of elements (1,v) forms a normal subgroup of H which
is isomorphic to V, and the set of elements (g,0) forms a
subgroup isomorphic to G,

H/V = G,

Where no confusion can arise, (1,v)(g,0) is sonetimes
written vg, (g,0)(1,v) is somctimes written gv and h(v) is

sometines written vh.
We first consider the upper central series of H,

Lemma 5.1 Let « € Q. Then alta = 6 iff t(A,u)(e) = ¢,

for all A,pu € Q with A < pu,

Corollary Alta = 0 iff g(%) =o, Vg €G.

Lenma 5,2 QA(H) NG C QA(G).

Lemma 5,3 {,(H) NV = gp{ e, : alta < Al.
Proof By induction.
V is abelian and so v € {(H) NV iff
[(1,v),(g,0)] = (1,0) Vg €6
ice, iff gv) = v =0 Vg € G

i.,e, iff g(v) =v Vg € G.
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K

Let v = nie . where if i < j, then ai < @j or ai and aj are
L

ya
=1
not conparable,

If altaj # 0, then there is a ¥ < aj.

Then t(y,aj)(v) =v + nje,, # Ve

So v e {i(H) NV iff v € gpf e  : alta = 0],
So C1(H) NV = gpf e, t alta < 1},

Let A be a limit ordinal,

Then §A(H) NV = ( u)\gu(ﬁ) ) NV
p<

=u( ¢(H) nV.)
HEA H

= U gpi e, altac< u}
H<A

= gpf e, t alta < Ao

Finally suppose that §p(H) NV = gp{ e, : alta < pi.
Let oy € { ea:alta<u+1}.
Then [(1,ep), (t(4, 0),0)] = t(¢,0)(ep) - ep =0 if [ £ 0
or e, where ¢ < 0 if 0 = @ and then altdp < u.

$
Hence gpi e, : alta< u+ 1} C g’M(H) Nnv.

]

k
Let v =Zn.e e ¢ ,(H) NV where the ai are distinct.
521 i aq u+1

Suppose that altai = pu + 1 (1 < i g k) - otherwise e . can
3

be left out as it belongs to gpi e, alta< u+ -

If altai > p + 1, then there is a [ < ai with altg > p.

Then [(1,V),(t(ﬁ,ai),0)] t(/J,aL)(v) -V

i

=V + n.e,=V

ip
= niep and altf > u.
es £ g#(H) NV and so v £ §u+1(H) it

Hence result,

55



Theoren 5.4 §u(H) = (gu(H) r\v).(gu(H) ne)

Proof Proved in (9).

Ny nk . .
Lemna 5,5 Let g = t(a§,81) .....t(ak, )  be in canonical
forn and let altai < ¥y (1 €1 k). Let h € G be in
m 4 me
canonical form and let [g,h] = t(A,u1)  eeeeet(Ar, pr) " in
its canonical form. Then altAi < y(1 <1 s 1),
vy Py
PI‘OOf Let h = t(K1,n1) ooo--t(K«n, T)n) [
nz n
ny t(aZ’pQ) ...t(ak,ﬂk) - Ny
[g’h] = [t(a1,[}1) ,h] ocaa-oocoO[t(ak’pk) ,h]'
ni
[t(ai,pi) ,h] =
. ~ ‘.‘2 rn
R e ni Fq t(k2,12) + «t(kns 70)
[t(ai,8) Ht(en,mn) 1o 0t(ai, PO ,t(ka,m) 7] :

So [g,h] is a prcduct of terms of the form

| o n
Je1 K

ni rJ t(KJ+1, T]j+1) ...--t(ak;pk>
[t(ai,PL) .,t(ki,n0) 7] o

Ny r; nirj
By corollary 2.3, [t(«i,81) ,t(xj,nj) “] is 1 or t(ai,ny)
-N;:r .
if Sl =k or t(fc.i,pt) Y gp g e nj and then kj < i,
So [g,h] is a product of terms of the form
, FJ+1 nk
< . ;f(KJ+1,ﬂJ+1) smens o B0 0K 0K)
8L dly) Y4 , with 01 < ai
il.e. alt0ij < Y.
Zil
Since ¥ = x[x,y], the conjugates of t(0ij,¢ij) can be
zZi;

expanded as a product of commutators of t(0ij,¢ij) ° and
by corollary 2.3, these commutators will cither be 1 or

iy :
t(vig, i) with vij € 0ij i.e, altvij < Y.

Ii :Cy

So [8,h] == t(v1,a1) -oc.t(vy, (Sy) with altvi < Yo

Since an clement of G is reduced to its canonical forn by
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using products of comnutators, it is easy to see by using
lemma 2.13 that when [g,h] is put in its canonical forn

Ty Ry
t()H’ui) .oooot()\r,uf‘) ’ altA.L < Y.

Lemma 5.6 For n < w, {p(H) NG = Lho1(G).
Proof By induction.
Zn(H) NE C Ln(e).
g € L1(H) NG iff g(v) =v W ¢ Vand g € £4(6).
So if g € Lu(H) NG, then g = 1 since g is an autcmorphisn of V.
so Ci(H) NG = o(6).

Suppose that {n(H) NG = Ln-1(G).
Then g € Lp+1(H) NG iff [g,h] € {p(H) NG for all h in G
and [(1,v),(g,0)] € &a(H) NV for all v in V,
So if g € Lne1(H) NG, then [g,h] € Ln.4(6) i.e. g8 € Zn(B).
Conversely, lect g € [olB) = t(a1,ﬁ1)n1.....t(ak,ﬁk)nk in its
canonical form where altai + depfi < n,

T

Let v ::Zmie . where the Yi arc distinct,
i=1 J
P
Then g(v) = v +>_Jn.n. e . where altaj < n and nj, is a sun

joq 9 '
of ni's, and p > 0,
so [(1,v),(g,0)] = g(v) -~ v € gp{ e, alta< n}
= {n(H) NV by lemna 5.3.
Iff g € {n(G), then g € Ln41(H) NG,

Hence {n+1(H) NG = Ln(G).

Corollary Cw(H) NG = gw(e).

Proof Qw(H) Nne=(YH )ne
: n<w
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=U (gn(H) N G)

= VU fn-1(6)
n<w

= ¢,(6).

Lemna 5.7 If A (2w) is a limit ordinal and n > 0, then
(1) 4,(®) ne = £,(0)
(2) Ly, (® N6 =gpf &, (6) U {t(ap) : alta 8 depf = Mn
and alta < A} }.
Proof By induction on 'AM.
The induction starts by lemma 5.6 and its corollary.
Let A be a 1linit ordinal and suppose that the theoren
is true for all u < A, Then

{(H) N6 = &J)\cu(ﬂ) ) Ne

=V (§“(H) N G)
U<

=V (va((}) Ugpit(a,0) : alta @ depfS = v + n and
alta < v})
where n < w and v <€ A, v dinit ordinal

=W (6)
per ¥

= £,(e).

This proves (1).
We now show that (2) is true when n = 0,

Let A be a linit ordinal,

L(H) N6 =g (6) ¢ (1) ne Cg, (6) by lenma 5.2.

n n
Let g = t(a,01) ‘eoeeat(ax,Bk) - (G) be in canonical

€ §A+1
forn and suppose that altaj = A for some J < k,

Then [(1,eﬁ?j,(g,0)] =nse,. (+ other terns nse .. perhaps



with ai # aj), but nse,. £ gA(H) NV,
So if g € gm(ﬁ) NG, then altoi < A for 1 €4 g k.
Now suppose that altai < Afor 1 <1 < k.

G) = QA(H) yGs

Since g € §M‘1(G), Vh € G, [g,h] € CA(

n

Let v ¢V =Zmieyi with the yi distinct.
i= -

Then [(1,v),(g,0)] = g(v) - v=04if Qi #Ayj, 1 si<sk, 1sjsn

r
or Zk.e .y Where aj' = ai for some i.
wt d %]
=1
r
so [(1,v),(g,0)] =0 or }:kjea-' with altaj't < A
dwt @

€ gpi ¢, ¢ alta < Al = CA(H) nv,

Hence g € C)\M(H) NG,

gpit(a,p) : alta @ depf < A and alta < A}

i

So QM,(H) ne

]

gpf £,(6) U {t(ap) ¢ alta @ depf = A and alta <A}l}.
A

So (2) is true when n = 0.
Now let n > O and suppose that (2) is true for n < n,
Then gMn(H) NG = gpf t;'Mn_,l(G) U {t(a,p) : alta @ depf = An-1
and alta < All.

By lenna 5.2, gMn+1(H) NG C gMn+1(G)'

First, we show that {, +n(G) o e (H) Nne.

ni n
Lot g = tlan 1)  seeostl ok, k) K e ¢ n(G) be in canonical forn,

At

Then if h belongs to &, [g,h] € CMn_1(G) g gMn(H) N g,

n
Let v = Zm.e . € V where the yj are distinct,
3=t ¥ U

Then [(1,v),(g,0)] = g(v) = v = 0 or is of the form
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1% 1 where each aj' = «i for some i i.e. altej' <« A + n.
J

so [(1,v),(g,0)] € epf e, talta< A +n} = gMn(H) a5

So cm(e) = §A+n+1(H) neG .

m4 mk .
Now let g = t(y1,81) «..t(yk,8k) € g?\mﬂ(g) be in
canonical form and suppose that g £ gM_n(G).

Wel.0.ge suppose that altyi @ depdéi = A +n, 1 € i<k,

If there is a pair (yj,8j) with altyj = A + n, then
[(1,e8J),(g,0)] = R (+ perhaps some terms nge, . with yi £ vj)
but Bje, £ §Mn(H) nv,

So altyi < A +n, 1 €1 <k,

If altyi 2 A for some i, then depdi is finite and > 0 and so

by lenma 2.9, there is a 0 > 3i with dep0 = depdi - 1.

Suppose that yi is a maximal elencnt associated with 8i in g (if
not, yi' which is maxinal can be chosen such that altyi' 2 A
Then, by lemma 3.1, [g,t(8i,0)] contains a tern t(yi, O)m‘L in
its canonical form which cannot be cancelled and is not the
identity.

Since altyi @ depd = A + n - 1 and altyi > A,

le,8(8:,0)] £ ¢, (H) Nne,

. So altyi < Ay, 1 €1 <k,
z
Let v :_-.21 n.e . € V where the ai are distinct.,
1=
[(1"7)’(8:0)] = g(v) -v=0if ai £8j, 1 <i<sr, 1< sk,
n
or is of the form ijGYJ' where yj' = yi for some i, i.,e, altyj'<A.

3=t

so [(1,v),(g,0)] € ¢, (H) NV,
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Let h € G be in canonical form, and let

n n
lg,h] = t(a1,ﬁ1) 1.....t( uk,pk) E in its canonical forn.

Since g € gMn+1(G), Lg,h] € gMn(G) i.e. altai @ depfli < M n,

By lemma 5.5, altai < A, 4 €1 <k,

So [g,h] € g)\_m(H) G,
Hence §A+n+1(H) NG = gpf L;Mn((}) Uit(a,p) : alta @ depf = A +n

and alta < A} }.

Hence result.

Theoren 5.8 If A (2w) is a limit ordinal and 0 < n < w, then

gh(H) = gp{ e, : alta< A}.CA(G)

n(H)

U

epf e, : altac< n}.Cn-1(6)
L) = epl e @ alta < A+ nugpl ¢, ,(6) U {t(a0) :

alta @ dep? = A+ n - 1 and alta < A} }.

Proof Follows from lemmas 5.3, 5.6 and 5,7 and theoren 5,4,

Corollary If the central height of G is a 1limit ordinal or O, then
the central height of H > central height of G.

Otherwise, the central height of H > central height of G.

We now consider the lower central series of H and obtain

a partial characterisation of it.

Leona 5.9 yA(H) = ( y)h(H) ﬂV).yA(G) for every ordinal A,

Proof By induction,
The lenma is true if A =1,

Let A be a linit ordinal,
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¥ (B =p?;\y“(H)

=u?7\( y“(H) nv).vu(G)

135 y u(H) n V)'“’Q{u(c’)

=( YK(.H) nV).YA(G).
Suppose that yu(H) -—-(yu(H) ﬂV).Y“(G).
Denote yu(H) NV by v“ and yu(G) by G i

(H).

It is clear that Y”M(H) f\V.Yu_”(G) c Yu_n

V(B = [y (1,8 = [V.6,,V.6].

Choose a set of generators of ik (H) of the forn [vugu,vg]

with vu € Vr, gu € G,A, v e Vand g € G, Let ab be one of these

generators. Then

ab =y v
[ B gl

&
= [v,,vel Ml ,pvel

123 &8 &
= [Vuyg] “[Vusv] u[guygl[gu’vl .

VH’V are both normal in H and G” is normal in G,

Ei B 8g ,
b = [v, e Fllv,v] e elle fve]

&
vuu EV“, v& eV, g

24

u €6 sinceVpandVa.renomalinH

and G“ is normal in G,

g
Hence [_vu “,g #] € V since V is normel in H

g8
[vu,v] H ¢ v since V is normal in H

[gug,vg] € V since V is nornal in H.

(e).
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g, 8 &8
. u H M g _ 81
Since v“’gu € YP(H)’ [vlJ s€ ]: [Vuxv] » [5‘1 sV ] € Yu+1(H)’

Hence ab € (yu+1(H) ﬂV).Yu+1(G).

Hence result,

Lenna 5,10 If depa = «, then e ¢ YA(H) NV VA,
Proof By induction,
e, € vi(H) NV =¥,

Let A be a linit ordinal.

Ifec €y (H) NVVu< A thene, €Ny (H NV =y, (H NV,
o [l a p()\u A

Suppose that if deps = «, then e € yu(H) N

If depa = =, then by lemna 2.8, 3f > a with depp = « and so
e € yu(H) nv,

ey = lept(a,)] € [y (0,5 = v, ,(H).

Hence e, € Y“+1 (H) NV,

Lenna 5,11 If depa > p; then t(p,a)(ea) € gpi ep : depf = pi.

Proof t(p,0)(e a)

]

e, if o £ @ and then depa > H
:ea+ep1f0=a.

Since p < 0 = @, depp > depa = g (Or (;Ufe = dﬂ(,d: .

Corollary If depa > y, then [ea,t(p, a)] = t(p, a)(ea) ~
€ gpi ep depB = u + 1}.
Proof If t(p,0)(e) =e,, then t(p, G)(e&) - e, =0,

Lt t(P,G)(eO) =e,+ ep, then [ea,t(p, 0)] = ep'
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Since p < 0 = @, depp > depa > U mmt;(g s dIF‘d

]
?
~
S

=
—
T

s

Lenna 5,12 If v =

h ase . with a; € F and depai > M4, 1 €1 € n,

L

r A

then Vg € G, g(v) = Lbie

with bi € F and depfi 2 U,1
i=1

N
H
I\
o

Bi

Proof Follows from lemma 5,11,

n
Corollary 5,13 If v =Za.e s &, € F and depai =2 4y 1 €1 € n,
1=1 1 i 1
n
then Yg € G, [v,g] = g(¥) - v =Zc.e . with ¢, € F and
3=1 * Yt +

depyi 2 p+1, 1 €1 <sn,

Proof Follows from the corollary to lemma 5.11,

Lernma 5.14 Let x = [wh,vg] with w,v € V, g € G and h € Yn+e(G) .

If w ¢ gpi e, : depa 2 n}, then x € gp{ e : depa > n+1}.¥Yn+2(6).

Proof x = [wh,vg]

[w, )%, v1¥[n, g1 [h, v]E.

Since V is abelian, [w,v] = 0 and so [w,v]gh = 0,

h h
Hence x = [w ,¢g ][h’G][h,V]g

h h

= [w,¢ 1[h, gl[b,v][h,v,gl.
Since w € gp ¢, i depa > n}, by lemma 5.12,
e epi e, : depa >n}. |,
h hq

By corollary 5.13, [w ,g ] € gp{ e, : depa > n + 1],

Since h € Yh‘-'((;), [h:g] € YH+3(G).

n n
h tan be expressed in the forn t(a,,p’,) '........t(ak,pk) .
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with sep(ai,fi) 2 n + 1,

Hence, by the corollary to lemme 2.37, depai 2 n + 1, 1 £ i

n
Let v =Zd.e

with d. € F,
; i7d4 3.
i=1

r
[h,v] = [v,h]™" =ijedj with depoj 2 n + 1, since
J=t

q
h(eaj) = eaj or eg . -41»:12—‘:'1rxic3m,L with depai 2 n + 1,

So [h,v] € gpi e, : depa > n + 1)+

depa 2 n + 1} by

Finally, [h,V,g] = [ [h:V]:5] € 8Pi ea

corollary 5,13,

Hence result,

Lemna 5.15 If n < w, then yp+1(H) NV = gpf e, : depa > ni.

Proof The lennma is true if n = 0,

Suppose that yk(H) NV = gp{ ey * depa 2 k - 1},

Let x € Yke1(H) = (Ykat(H) NV).yke1(C) by lemma 5.9.

Then x can be expressed in the form

n n
X = [wshg.,wgd 1....[wkhk,.vkgk] K with wi,vi € V, gi € G,

hie ¥k(G) and w e wyk(H) NV = gp{ e, : depa > k - 1} Vi,
By lemma 5,14, [wihi,vigi] € gpf e, : depa 2 k}oYke1(G)o
So x € gpf e, : depa > k}oyk+1(G).

So yk«1(H) NV C gpf e, : depa > ki.

Let e, € { e, : depa > ki,

By lemma 2.39, 3p > o with sep(o,p) = k.

Then t(0,p) € yk(6) = yk(H) NG.
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S0 ¢ = [e,t(0,2)] € [Hy(H)] = yie1(B).
So gp{ e, : depa 2 k] C yke1(H) NV,

Hence result.,

Corollary 5,16 y (H) NV = gp{ e_ : depa > w}.
w 04

Proof Yw(H) NV=_Ny(H )NV
n<w

=Ny,(H) AV
n<w

v

=N gpf e, ¢ depa n -1}

n<w

= gp{ e, : depa > w},

Theoren 5,17 If n < w, then ypn.1(H) = gpi e, : depa > n}.¥ne1{G) .

yw(H) = gp{ e, t depa > w}.yw(G).

Proof Follows from lemmas 5.9 and 5,15 and corollary 5.16.

Lerma 5.18 Let pu > w., Then

gp{ e, : depa 2 u} Cyu(H) Y,

Proof By induction m .,
The induction starts by theorem 5,17.
Let A be a limit ordinal and let depa 2 A

Then Vi < A, depa > pand e € gp| ep : deph > ul.
V<A e € yu(H) NV and so

e, €N yp(H) NV = yA(H) AR,
p<A

Suppose that the result is true whenever p < A,
Let depa 2 A + 1,

Then there is a .0 > « with depf > A and o € YA(H) nv,
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o, = lept(ad)] € Lyy(10),H] = v, ,(5).

The following results, which are extensions of lemmas 5,11,
5,12 and 5,14, are needed to extend the re:<ults about the

lower central serics of H,

Lemna 5,19 Let p 2> w, If e € { ep depP > w and there is a y> [
with sep(B,y) > u} :.-Vu, then Vp,0 € Q with p < o,
t(p,0)(e) € &pf og ¢ depl > w and there is ay > f, sep(B,y) = u}.

dsen Vu is normal in H,

Proof t(p, U)(ea) e, if o # a and then the result is obvious.,

]
0]

e if 0 = « and then depp > depa 2 wlor JIPP:‘UP“" £

Since p < « and there is a y with sep(a,y) > u, sep(p, y) 2 U

Hence result,

Corollary Let p2>w, Ife ¢ { ep ¢ depP > w and there is a

y > B with sep(f,y) = u}, then Vp,0 € Q with p < o,

[ea,t(p,o)} € gpi ey depf > w and there is a y > P, sep(B,y)=u+1}.

Proof [e,t(p,0)] = t(p,0)(c) - e .

If t(p,o)(e&) = e , then [ea,t(p,a)] = 0,

a’
If t(p,c)(ea) =6, BE then [ea,t(p,c)] =,
Since p < @,.depp = w,

There is a y > a with sep(a,y) > u and so sep(p,y) = U + 1.

n
Lerma 5,90 Let p > w and let v = Z 2585, with a, € F and
1:1
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B ¥ { cp depf > w and there is a y > S with sep(B,y) > u} =Vu.

k

£
Then Yg € G, g(v) = Lbie

with b, € F and
L i
2=1

Bi
o gpi e ¢ depP > w and there is a y > 2 with sep(B,y) = ui.
i, V“ is normal in H,

Proof Follows from lemma 5.19

n

Corollary 5,21 Let g 2 w and let v = Z aieal with a; € F and
i=t

B € { eﬁ : depf 2 w and there is a y > [ with sep(p,y) > pl.
n

Then Vg € G, [v,g] =Zc.e . with c, € F and
i=1 Sk =

e € | eg depf > w and there is a y > B with sep(f,y) 2 p + 1}.

Proof Follows from the corollary to lemma 5.19 and lemma 5,19,

Lemna 5,22 Let # 2 w and let x = [wh,vg] with w,v €V, g € G,

and h ey (), T uct V“, where Vu is the subgroup defined

H+1

(),

in lemma 5,19, then x € V”+1.Yu+2

Proof x = [wh,ve] = [w,&)lw,v1®[h,g][h,v]E.

Since V is abelian, [W,v] =0 and so [W,v]gh = 0,

So x = [w, ") [h, ] [h,v]?

]

o, &81[h, g1 [h, v1lh, v, &l

Since w € VIJ’ by lemma 5.19, Wh € Vﬂ'

i

By corollary 5.21, [wh, gh} € Vll+1'

Since h € yu”(G), [h,g] € Yu+2(G)-



n Nk
h can be expressed in the form t(as,p1) eeeet(ak, Pk)  With

sep(aL,ﬁi,) > u + 1, By the corollary to lemma 2.37, depai > w.
n

Let v =Zd.ea,.
i=t = A

h(esJ) =es if 3j£Pi, 1 <isckand 1< sn
J
s
or e . *Zn.e _where ai = ap for some m € {1,.ee5k}.
SJ & 1L ai
i=1
s
Depai > w and so Zn.e L eV .,
1=1 i ai U+

So [eSJ,h] € Vu*,‘ and so [h,v] € Vu+1.

Finally, since [h,v] € V by corollary 5.21, [h,v,g] € Vu+1.

u+1?

Hence result,

Lenma 5.23 Let w2 > 4 > w, Then yy”(H) NV = Vu where

V,u = gp{ e, : depa > 4 + 1 or depd > w and there is a [ > @ with

sep(a,f) > ui.
Proof By induction,

Let x € y

wet () = (v, (B NV).y, (6) by lema 5.9.

N, nk
Then x can be expressed in the form [wihi,vig1] ...[wkhk,vkek]

with vi € V, gi € G, hi € yw(G) and wi € yw(H) nv,
G Rllars o b e o o M
[wihi,vigi] = [wi" 80 ‘I[hi,gi)[hi,vi)[hi,vi,gi] since [wi,vi] =0.
Wi € gpi{ e, : depa > } and so by lemna 5.12, Wit e gp{ea:depa > wl.
hi  hi
By corollary 5,13, [wi ‘,gi ‘) € gpl e, ¢ depa > v + s

Since hi e y (6), [hi,ei]l €y ,(6G).

n n.
hi can be expressed in the form t(ai.;,ﬂ'u) H....t(ai,r,[)irj g

with sep(aij,Pij) > w. Since sep(aij,Pij) = w, depaij > w.
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For if depaij =n (<w), then by lemma 2,38, sep(aij,fij) € n.
n

Let v :Zdi'e‘o" e
,j=1. J LJ
By an argunent sinilar to that used in the proof of lemma 5.22,

[hL,VLJ < Vwo
By corollary 5.21, [hi,vi,gi)] € Ve
so v,,4(H) NV Cv,

Let depa > w + 1,

Then there is a 8 > « with depd 2 w and so eg € yw(H) nv,

e, = lept(a,8)] ¢ [y (1),H] =y, ().

w+1
Let depa > w and let sep(,B) = w, %(a,p) € yw(G) = yw(H) NG,

(1),

Then 8, = [ep,t( %0)] € [H,yw(H)] = Yot

So the lemma is true when U = we

Now suppose that y'p_‘~1 (H) NV is of the form stated in the
1 . ‘ = N ° H evo
enma. Let x € y”+2(H) (yMZ(H) V) yu+2(G) by lerma 5.9
n, Py
Then x can be expressed in the form [wihi,vig:i] «..[wkhk,Vkek]
with vi €V, gi € G, hi € yu+1(G) and wi € yu+1(H) RVie

(6).

By lemmas 5,135 and 5.22, x € Vu+1‘yu+2

He y“+2(H) Ly CVIJ+1.

Let depa 2 p + 2., Then there is a § > @ with depd 2 p + 1

and s0 cg € yu+1(H) nv,

52y [95,t(a:8)] € yl-l+2(H)‘

Let depa > o and let sep(a,2) 2 pu + 1. t(a,p) ¢ yu+1((}).
Then ¢, = [op,t(a,ﬁ)] € Yu+2<H)-

Hence result.
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Corollary 5,24 ywz(H) NV = gp{ e : depz > w2 or depa

Q

Vi < w2, therc is a ,G’u > a with sep( a,p’u) = p}.

Finally, we consider the derived series of H,

Lenna 5.25 SA(H) = (SA(H) nv).sh(s).

Proof By induction,
The lemma is true if A = 0O,
Let A be a limit ordinal,

S A.( H) =u?)\_6 IJ( H)

=,QA(5“(H) nv).s,(c)

=“(;1A(5u(H) N ) 'u?AS“(G)

= (8,(H) NV).5,(c).
Suppose that Sy(H) = (6“(H) ﬂV).Sy(G)
call ap(H) nv v# and au(c) G e

(n).

Clearly (8“+1(H) nv).au“(a) C su+1

BM(H) = [au(H) . su(H)} =[ve #,,vucy].

>

>

w and

Choose a set of generators of 8p+1(H) of the form [vg,wh] where

V,Vi € Vu and g,h € G“. Let x be one of these generators.

Then x = [vg,wh]
= [v,m)8[g,wh]

= [V: h] gLV;W)hg[gs-h} [8!W]ho

Vll is normal in H and G‘J is normal in G.

X = [Vgshglﬂ"s W]hg[gs h] [Gh»Wh] .

7



v8 and W belong to v, and n€ and g belong to 6

[g,hl 6 [GP,GU} = 8“+1(G).

h gy h hohy dlch ’

[v ,hgl, [v,w] € and [g ,w } belong to LSP(H),S’J(H)] = 8“+1(H).
Llso, [vh,hg}, [v,w]hg and [gh,wh] belong t. Vas Vis a
normal subgroup of H.

(G)'.

So x € (8“+1(H) f\V).éiMr1

Hence result,

Theoren 5.26 8p(H) = an(H)-

Proof 8p(H) = (8n(H) NV).8,(6) by lemma 5.25
= {5n (1) nv).yz,.'(t;) by thepren 4.8.

By theorem 3.4(iii) in (3),

&n(H) Cyzn.(H) = (an(H) ﬂV).an(G).

So it is only necessary to show that

yon(H) NV C 8a(H) NV,

The proof is by induction.
It is true if n = 0.

Suppose that yzn(H) NV C 8,(H) NV.
By lemma 5,15, gp{ e, : depa > 2" - 1} C 84(H) NV,
Let e, € { ey, : depa 2 g™t .~ 11,

By corollary 2.41, 3p with depp > 2" - 1 and sep(o,p) > 2",

Then t(0,p) € yz,,(c) = 8p(G) and e, € 8n(H) NV.
So e, = [’é‘;,é('a,'p)] e &pvi(H) "NV
Hence Yomet(H) NV C 8pe1(H) A Ve

Hence result,



Corcllary 5.27 aw(n) = yw(H).

Proof Sw(_H) = N 8y(H)
n<w

‘n<w T
?. yw(H) by reasoning sinilar to that used in the

proof of corollary 4.9,
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