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XI.—Electromagnetic Phenomena in a Uniform Gravitational Field.
By D. Meksyn, Ph.D., Mathematical Department, Edinburgh Uni-
versity. Communicated by Professor E. T. Whittaker, F.R.S.

(MS. received March 2, 1931. Read May 4, 1931.)

§ 1. INTRODUCTION AND SUMMARY,

IN two recent papers Professor E. T. Whittaker * has solved the electro-
magnetic equations for the case of a uniform gravitational field. The funda-
mental tensor associated with such a field makes the Riemannian tensor
vanish, since such a field can be transformed away by a suitable choice of co-
ordinates. This property enables us to find the electromagnetic field in a
uniform gravitational field without solving Maxwell’s equations, but by a
mere transformation of co-ordinates.

As is known from Differential Geometry, one surface is applicable to
another by bending without stretching, if both have the same Gaussian
curvature. Analytically this has the following interpretation: let the
squares of the elements of length for the two surfaces be g,.dw,dxz, and
G v dz'u da’,, then a transformation of co-ordinates can be found

w=Ffa) . : . ‘ . . (1)
which will satisfy the following equation:
Gpv A2y dz, = G o d, da',, . . . . . (2)
t.e. if the values of 2 given by (1) are inserted in the left side of (2) we
obtain the right side of the same equation,

The condition that the Riemannian tensors of the two surfaces shall be
equal is not only necessary, but also sufficient for the existence of such
transformations.

Now the Riemannian tensor is equal to zero for Euclidean space, and,
as we have pointed out, the same tensor also vanishes for a uniform gravi-
tational field, hence it is possible to deduce a kind of Lorentz’s trans-
formations which connect these two spaces; and, if we have solved an
electromagnetic problem for Euclidean space, we can obtain a solution
of a corresponding problem for a uniform gravitational field by a mere
transformation of co-ordinates.

We evaluate in the present paper the vector potential and the electro-
magnetic field of an electron moving freely in a uniform gravitational field.

# Proe. Roy. Soc., A, 116, p. 720 ; A, 120, p. 1.
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2 e%g?

3 =5 which is
¢

Larmor’s value.

It may appear at first that the solution of the electromagnetic equations
for the uniform gravitational field is of little value since this is not the
“natural” gravitational field. Thisis, however, not the case, "The solution
of this problem provides us with a good test of the principle of equivalence
and the idea of curved space.

The idea of curved space is borne out only for mechanical phenomena
and for the case of space slightly differing from Euclidean. The question,
therefore, arises whether this principle is applicable only for the case of
a “natural” field and for mechanical phenomena, or it is valid for electro-
magnetic phenomena and for every conceivable gravitational space.

The space of uniform gravitation, considered as a whole, is anything
but the “natural space.” It is bounded by a plane, say z=—a; light
emitted from any point at a finite distance from the boundary will never
reach the boundary, which is also impenetrable for material bodies.

The electromagnetic equations can be solved rigorously, and in evaluat-
ing the radiation we have to carry out an integration with respect to the
whole space.

The result of these calculations is Larmor’s value for radiation; and,
what is important, the rate of radiation is expressed, not through the
acceleration of an electron, but through the metrical properties of space.

§ 2. THE TRANSFORMATION OF CO-ORDINATES.
The fundamental form for a uniform gravitational field is*

2 o M. /- (O
ds? = (1 + 2w)di 3208~ W dz ]‘ ' . 3)

g J
w= 62

where g is the gravitational acceleration and ¢=1 is the velocity of light.
Let us find the transformation of this space into a Euclidean one.
We have to solve the equation
dty? — day® — dy,® — dzg® = (1 + 2wm)dt? —
We assume

a2

da? . .
oW )

Yo=Y 5 By=7= 3 ; . ()
and from (4) and (5) we obtain

Aty =) = [Jlﬂ»zwx dt - J1+0mrl -

+2u.=t
* Proc. Roy. 5 Roy. boc A 116 p 722,

T
d(f +ag) =< [J1+ Qwx dt+ “r ’
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The condition that the right side of (6) is a total differential gives us
two equations:

Y R
v R Rl 3L 1+ 20w

E N :_a_ 1
@~ x| #XJT3oes

which are to be satisfied by the same function A.
We know a priori that these equations have a common solution.
Without going into further details we give here the required trans-

()

formations. They are

9 1
xo—_-Mcosh wt— — }
el ’ (®)
= . a s 5
= _ﬂ sinh wf J
w

It is easily seen that, if » tends to zero, z,=z and t,=t; w is a very
small quantity, the second and higher powers of which can be neglected,
and, again, to this order of approximation z,=x and ¢{,=%.

In (8) wt=wv is the velocity of the system (z, t,); the latter started
from rest and has been in motion relative to (z, £) during the time ¢.

Differentiating (8) we obtain

cosh wt R
dity = — de + 1+ 2wz sinh ot . d¢
N1+ 2wx i
sinh wi B
B e gy — .
“e N1+ 200 da+ AT+ 20z cosh wt diJ

By a direct substitution of (9) in (4) we can confirm the validity of the
transformations (8).
From (9) we find:

0 3 N

£=M i N1+ 20, sinh wt

o 1+ 2w ot (10)
oty  sinh ot at,

ax = W _"t_ = A/ 142w cosh wi
e O

We can solve (8), express @, ¢ as a function of =, #,, and find the
inverse differential coefficients:

o —_— o E=——s
a—o= N1+ 20 cosh wi S N1+ 20z sinh ot
0
. (11)
of —sinh ot ot cosh wt

&y 1+ 20z oty N1+ 2w
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§ 3. THE ELECTROMAGNETIC FIELD.

We can now easily find the vector potential and the electromagnetic
field of an electron moving freely in a uniform gravitational field, and
observed from a system at rest.

Let the electrostatic potential and the charge of an electron at rest
in Euclidean space be

K 0(=0, 30, 2%); I9=p"%2" 992"
where
VKS=—p. . . . . . 12

Tos Yor %o

Using the transformations for covariant tensors

a0
A, =%y 0
S
(13)
= ai:_-a'u a‘.Uﬁo 0
= G, Oy of

we easily find from (10) and (13) the vector potenial, the stream vector,
and the electromagnetic field, as measured by an observer at rest, for an
electron moving freely from rest in a gravitational field.

They are as follows:

sinh wf sinh wt 1+ Sox 1
1=WK¢°(.¢O, Vi T)= J1+2w:1 40( - 9% cosh wb= 7, z)
(14)
1
K, = /1 + 2wz cosh wf, KEpl= 1+ 20z cosh ot . K 0(‘/1—'{'2“ cosh ot — ol
(0]
and
sinh wt " JTT%0m . 15
1=m. P I*= 1-!-2!;%.(305;11{.1;3.]:_i 5 . ( )
The electromagnetic tensor (covariant) is
X=X Y = A/1+ 22 (Y° cosh wf — 4" sinh wf)
Z = A1+ 20z (Z° cosh wt + B sinh wf)
B° cosh wt 4+ Z° sinh wl L. (16)

Nireea p= N1+ 2o

y? cosh wt — YO sinh wt
L NA J
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For a contravariant electromagnetic tensor the expressions are as

follows :
Y0 cosh wt —9” sinh wt \
= 0 =
= x N1+ 20z
7 7Y cosh wt + 3% sinh ot
g N1+ 20 TR ¢ ¥4

a=a, B= 1+ 20z (B° cosh wt + Z° sinh wt)

y= ~1+ 20z (y° cosh wt — Z° sinh wt)

where X% YO, Z° o° f8° 4° is the electromagnetic tensor in Euclidean
space. '
For the case of an electron moving freely from rest in a gravita-
tional field «*=3"=-"=0.
: Of course the expressions (14) and (15) satisfy the equations for the
vector potential in the General Theory of Relativity (they are given below).

§ 4. RADIATION.

In the classical electrodynamics the rate of radiation is given by the
divergence of Poynting’s vector:

fdivp.dxdydz. s m B 5

Let us calculate this vector in our case.
We make use of the mixed tensor E;. The equation of motion is

B mifhy o o e o sk (9
where /, is the electromagnetic force. In ourcase A,=0.
Now
1 a - 1 a(?a.ﬂ a3 o]
L = iy — —_—— == - . . .-!0
En, = g o, (BuN=9) 2 aa;'uE (20)

For the equation of energy u=4, and as g,, is independent at 7, the last
term vanishes; also / —g=1, hence
o}

E;’”=W_"O . . ; 3 o (21)

the first three terms in (21) represent the divergence of Poynting’s vector.
The tensor E? can be evaluated either from
B} = — FFyu + 108
or by transformation of co-ordinates

kb &
T oy ot

Ey

En'ﬂo-
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The expressions obtained are

)[Y02 + Z? + Bo* + v

&

El=— (1420 sinh 2wt 4 (B8,Z, - +,Y ) cosh th]

El2= N1+ 20a[(X,Y, + a,,) sinh wt = (y,X, = a,Z,) cosh wi] (&)
EjS= J1+42wa[(XeZ, + agy,) sinh ot — (0, = B,X,) cosh wt]

In our case ay=0B,=v,=0 and X,, Y,, Z, are the expressions for the
electrostatic force of an electron at rest.
The equation (18) becomes

f{E“l cos £+ 1,2 cos p+ B2 cos £)dS . " . (23)

The evaluation of this integral (the details are given in the next para-
graph) leads to the value

L2

g
3

[N ]

(24)

for the rate of radiation due to motion of an electron,

§ 5. EVALUATION OF RADIATION.

In order to evaluate the integral (23) we have to express the time as a
function of the space co-ordinates of the field point.

The electromagnetic field emitted by the electron, which is at the origin
of co-ordinates, propagates along the null geodesic of the space and reaches
the field point.

The null geodesic for a uniform gravitational field is given in
Whittaker’s paper.* The equations are:

(1 +2w2) cosh (wf+A) )
% =a
3 (1 +2wx)tsin psinh (0l +X)
w

8} . ! . (25)

s (1 + 2wx) cos p sinh (wf+A)
4 ="
(i1}

Y

where a, 8, v, \, u are arbitrary constants.

Writing down the condition that the geodesic passes through the
points #, 7, % T and =, ¥, 2, ¢ we obtain the required equation for our
geodesic

(14 202)¥(1 + 20E)t cosh o(t — ) =1 + or + v + %{(3} -Gy +(z- z)?} (26)

* Proe. Roy. Soe., A, 120, p. 6.
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The electron is at the point (0, 0, 0, 0), hence (26) becomes
(1 + 2wa) cosh mt=1+mm+g('y2+z2) . . .(@n

The space of gravitation is

: 1 ’ |
bounded by the plane z= —g 0 :r — 3
We integrate (23) over the space 2

~ bounded by the plane z= —9L and a hemisphere of infinite radius with a
<

2 1
centre at the point x= —3. 0, 0.

In the second integration the last two terms in (23) are of a lower
order of magnitude than the first one, and in the first integration they do
not appear at all; we therefore give here only the transformation of the
first term.

We have from (22) and (8)

— (1 + 20m)e*(y? 4 22) sinh 20t

El= === 3 . . 23
4 2{[~f1+2w:coshmt—1]2+y2+z.2]_" o
w /
it i ; 1
We transfer the origin of co-ordinates to the point z= —= gy 0, 0, and
e
denote
' . 1 .
N R ¢ )
also
sinh 20t =2 cosh wt sinh wt =2 cosh wf J/eosh®of — 1 . . (30)

We find now from (27), (28), (29), and (30)

a 1 , w® a o . 1 + w® a 4_2 ‘
(Y +2%)| 5 4+ 0’ + 5 +2%) 5 +owr + E(y-+z-) — 2wz
E1= —_ = o 3 (3]')
F X s el
S5 kWA | +EE

(@) We integrate over half a sphere of radius r—>o with a centre
at the point 0, We transform (31) to spherical co-ordinates:

a'=rcosd
y=1sin 6 cos ¢ ! = . L . (32)

z=7sin fsin ¢

the limits of integration are for § from 0 to 7—21—-, and for ¢ from 0 to 2.
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’

Now cos f:m; and dS=v?sin 8dOd¢, hence

fEﬂ cos £dS =

1 B 1 w?
cos0.r%sin26. [ﬁ + wi cos 0 + %?‘2 sin? 6]\/[ + wrcos 0 4 —? sin? 9] — 2w cos 0. 12 sin 0d0d .

[ l o, . 2 B
rcosfd— 25t 572sin% @ [ +r2sin? g

As o tends to infinity we can omit in the above expression all terms
of the lower order of magnitude, and obtain after easy simplifications:

=-82 3

= ‘, =2
—e? ~ cos @ sin 0dfd we?

= i~ . (39)
. {a&sin2 6+ j—_} cos 9] !

=0 ¢=0

1ecos EdS=

or this expression is equal to zero for r=co
(b) We integrate (23) along the plane '=0: for this case cos {=—1,
cos y=cos {=0. Putting in (81) 2’=0 we obtain
+o 2
e (_;2+/?;I _,* +/~):|

“E_ﬁ cos &dS = — sdady . (34)
‘ {2+ +")J Sy

-0

We transform (34) to polar co-ordinates:

Y =1 C0s o, z=1sin ¢,

G
The denominator in (34) is equal to [%,_'_g (y2+52):|, and we obtain
from (384)

T 3rf#d¢> S'r.., g

jE,} cos &dS = 256w’ T+ oy €0, ; . (35)

Sy

In order to express the radiation in the usual units we multiply

(85) by 40_71- and obtain

where ¢ is the velocity of light and g the acceleration of gravity.

§ 6. THE ELECTROMAGNETIC EQUATIONS.

We consider briefly the electromagnetic equations in the General
Theory of Relativity. If K, I, are the vector potential and the stream
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vector respectively, the equations for K, will be

9°fKy, ap=1u - G;Ke}
K*, ,=0
where Gj, is the Riemannian contracted tensor. In our case Gj=
The evaluation of (36) is simple; for the case of a uniform gravi-
tational field it was given in Whittaker’s papel »
The obtained equations are

(36)

1 ®K, % oK, K . . 2K ¥ ¥K_
T+202 o ~(1+2uwx)® of " ox = (L Gen) Gyt T o T
1 #K, . K, #K, @K, oK,
0% B % (1""‘“’*)at Tyt T o2 =1, G
7)
1 I, oK, 2K, K, %K,
e IR 7 3 _ T Py ey oy Sl -
{50z 38 ~ 207 ~U+2) g~ 50— =h
1 K, oK, ?K, 22K, oK
Tiges o ~2gg ~ (14209 g’ 5 =59 = Ts
Also the equation K#, , =0 or G» K, ,=0 becomes
oK, oK, 31{ 1 oK,
Ly B 3 =
(1+ 2uz) 51 + 20K, + Bt Tismw =0 - - (39

For an electrostatic field Euclidean space the vector potential and
stream vector are equal to

K,=(-F,-G,-H,¢) F=G=H=0] (39)
]_'1::[22131:0 I4:P J -
and
VK= —py R .

hence for an electron moving freely from rest in a gravitational field the
stream vector is given by (15).

It can be shown by direct substitution in (37) and (38) that the vector
potential is given in the present case by (14), where K,° satisfies (40) and
the electron is at the origin of co-ordinates.

* Proc. Roy. Soc., A, 116, p. 723,
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On the Dynamics of an Electron.
By D. MEESYN ¥,

I. Sracr axp Tive 1xv PHYSICS.

§1. The General Principle of Relativity and Motion of
Electrons,

AN attempt to apply the General Principle of Relativity
; to the motion of Electrons is met at the outset with
insurmountable difficulties. It appears as if the problem is
inherently self-contradictory. As a matter of fact, the track
of an electron in an electromagnetic field is a curvilinear
one ; on the other hand the space, as follows from the law
of motion of an electron, is not curved (unless a gravitational
field exists) ; hence the motion cannot be a free one, as it
should be according to the General Principle of Relativity.

It seems that this contradiction is intimately connected
with the conception of Space and Time in the Principle of
Relativity.

§ 2. Space and Time in Geometry and in the Special Theory
of Relativity.

Space and Time are considered in the Special Theory
of Relativity and in Geometry to be a physical Entity
sui generis, which imposes its metrical laws upon solid bodies
located in it. So, for instance, we could conceive two spaces
(and times) which are similar in every respect, except that
the dimensions of the first are, say, only half of the second

# Communicated by H. T. Flint, D.Se.
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one. If we transfer a solid body from the second space into
the first one, the latter will cause the body to shrink and
take only half the size that it had previously. Sucha change
in dimensions of Space can be brought about, according to
the Special Theory of Relativity, if we set a body in motion.

Until the appearance of the Principle of Relativity it was
usually held that space had three dimensions, and its metric
was given by Laws of Geometry. The Special Principle of
Relativity has discarded the conception of a three-dimensional
space and one-dimensional time, but has accepted the idea of
Geometry that space is a kind of objective physical Entity
which imposes its metrical laws upon solid bodies ; therefore
the Theory of Relativity has drawn the conclusion that,
because it follows from Lorentz’s transformations that the
space dimensions of a fourfold system decrease if the latter
is set in motion, a solid physical body which belongs to a
moving system will shrink in its space dimensions.

§ 3. Geometrical or Rigid Space.

‘What, however, is meant by Space in Geometry is as
follows :—There exist solid physical bodies which possess
some metrical properties; they have finite dimensions
(length, surface, volume) ; they do not change their
dimensions if transferred from one part of space into
another.

Now, it appears that it is possible to account by deduc-
tion for all metrical properties of solid bodies, if we
construct an appropriate system of reference, a *space,”
in such a way that all metrical properties of solid bodies
(length, surface, volume) are properties of the space itself,
and every element of length 1s expressed by some definite
(quadratic) function of three appropriately chosen directions
in space.

Hence, rigid bodies do not change their size if transferred
from one part of Geometrical Space into another, not because
. the latter is homogeneous, but conversely the Geometrical
Space is homogeneous for bodies which do not change their
dimensions by such transfer.

It does, of course, not follow that there is no objective
space, or that this space has no metrical properties of its
own. (We do not touch upon this question here; what it is
necessary to notice is that the Geometrical Space, which
gives us the metrical properties of solid bodies, is something
quite different from the objective space (if we admit its
existence).)
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§ 4. Four-dimensional or Kinematical Space.

The idea of Space in Geometry will become clearer if we
turn our attention to classical kinematics. It was built up
upon different lines than Geometry.

In Geometry, as we have seen, all metrical properties of
solid bodies are properties of the space itself.

In classical kinematics, side by side with metrical
properties of Space, it was necessary to introduce some
quantities which do not belong to the space (velocity and
acceleration). The classical kinematics has lacked the unity
of design which characterized Geometry.

The achievement of the Special Principle of Relativity
was to restore this unity. The four-dimensional space is
construected in such a way that all kinematical elements of
motion appear as metrical forms of the space itself; so
velocity is the tangent of the angle between time axes, and
acceleration is the radius of curvature of the four-track.

§ 5. Dynamical Space.

If we turn our attention to the dynamics of the Theory of
Relativity we notice that here again the above-mentioned
unity is not maintained; the fundamental quantities of
dynamics, momentum, and Energy appear not as metrical
properties of the Space itself, but, so to say, as properties
brought into the space.

It is clear, therefore, that the natural generalization of the
Special Theory of Relativity is to construct a dynamical
space in which momentum and energy would be properties
belonging to the Space itself.

§ 6. Electricity and Gravitation,

Before proceeding further we must bear in mind the
divergence between an Klectromagnetic field and a field
of Gravitation. An isolated mass-point possesses a field of
Gravitation, and it is usually held tbat an isolated charged
mass-point has also an Electromagnetic field. We think,
however, that the latter appears only if there are at least
two electrons at a finite distance.

Hence, in the corresponding fundamental form this must
be brought out by appearance of cross-terms of different
spaces rather than by a change in the fundamental form of
every space separately.

352



— 24—

980 Mr. D. Meksyn on the

II. Tur FuxpameNTaL Fory or DyNamicar Spack.

§ 7. Lagrange’s Equations in the Special Theory of Relativity.

The idea of a dynamical space is not a new one. Such
space is used in Lagrange’s equations. Lagrange’s space,
however, is built up in conformity with the old kinematics,
i. e. in it the time coordinate is separated from Space. This
ought to be modified in such a way that time shall appear
symmetrically with Space ; this is necessary to bring it into
agreement with the Special Theory of Relativity.

Lagrange’s equations are :

d T T

R_ta?g—ﬁ_Q"' Wi 5 Ao o B

In the classical Mechanics T is the kinetic Energy; but in
the Theory of Relativity T is the so-called kinetic Potential,
a quantity which has neither a dynamical nor a metrical
meaning.

The first step to be made is to bring Lagrange’s equations
in the Special Theory of Relativity into such a form that it
shall contain only metrical quantities.

For one material point this is easily done. If the funda-
mental form is

ds?=dt? —da*—dy*~d2*, . . . . (2)

where ¢ is chosen in light seconds. Lagrange’s equations
become in a variational form

: T
-;,SJ"I(mds-l-Vdﬂ:O,. s w5 6B

where V is the potential Energy. The Geometrical inter-
pretation of (3) is that the four-track is a geodesic line on
some surface V=0. If V disappears the track is a geodesic
line of a free space.
In the case of several material points we consider the
fundamental form
k=n
ds?= 3 my(dt2—da—dyit—dad), . . . (4)
k=1

which has 4n dimensions. It is easily seen that Lagrange’s
equations become

T 1
SJ; (ds+de1-) =0l ol (5) {
= k
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as a matter of fact, from (5) we obtain

d fda 1 3V
mkd—,r(ds)Jr—v.EE-BE_o. % & 0
k

There are in all 4n—1 independent equations and only 3n
given space projections of force, so that we are left with
n—1 time projections which we can dispose.

We define them from the following n—1 equations :

dty? —day? — dy)® —dz? =dt? —def — dyl—da? ;. . (T) 7
they are evidently equivalent to
X;,; d.ﬁ;“-I-Y;‘ d_yk+Z;; E'Z,Z;:—Tk cft;;_—*o, . (7 a)

where X Y Z Ty are the projections of the force.
From (7) the denominator in (6) becomes

l—n
ds= 2 my . (At —da? —dyt —dza®),

I=1
or inserting (ds) in (6) we obtain
d day; oV
g Tar—mmiegr—a) * 3 ="

which is the law of motion.

The expression o/Zm; in (6) appears to be rather disap-
pointing, as it has had hitherto no dynamical meaning ;
it need not, however, trouble us, because it will later
disappear in the rigorous laws of motion.

What we have to notice is, that for several material
points the law of motion is a geodesic line of a 4n dimen-
sional space.

§ 8. Zhe Electromagnetic Field and the Form of Space.

We turn our attention to the case of an Electromagnetic
Force. Lagrange’s equations for an electron are

4
dt 0wy
where T is the kinetic Energy,
M=e(p—yy F—v,G—w, H), . . . (9)

—¢ is the scalar, F, G, H the vector potential of Force,
e, the charge, and u, v; w, the velocity of the electron.

(T—M)—%(T—-M):O,. =i
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To find now the fundamental form of space, we must bear
in mind two points:

(1) In (8) the kinetic and potential Energies appear
perfectly symmetrically.

(2) Lagrange’s expression (1) for the equations of
Motion becomes a geodesic if T is a quadratic
function of .

Hence our task will be achieved if we transform (9) into
a quadratic expression.

Suppose that the external field is produced by one moving
electron whose coordinates, charge, and velocity are

g g 29 g, g, Uy, Vg, W
Then (9) becomes
€ €
LI= Tg (1 —ulug—t?li-'g—wlwﬂ)s L L (10)
where

= ;\/(‘Z’l ""1'32)24' ‘yl_y2)2+ (2’1'—'22)2.

This expression for M suggests at once the expression for
the fundamental form of space in this case. Itis

ds?=m(dz® — day? —dag® — das?)
+ ““—'ﬁ (dary dag— dey daes— davg darg— davy davy)
o+ M(dag?—da? —dzgl? —da®). . . . . (11)

In the general case where the external force is produced
by n—1 electrons, i. e. in the case of the u electron problem,
if we denote the mass, charge, and coordinates of the kth
electron respectively by

Mpy €hy Tkl Chp2 X483 Thtdy « =« =+ = (12)
we obtain the following expression for the fundamental
form

ds’=g,,dz, dz,
k=n
=k21mk(dﬁ..‘si+4—-d.?;sk+1-—.(f.‘i,“2k+2—'dd?sk+3)

kl=n . >
: 'i"“E ‘i’m(dﬂiﬂ-ﬂ.d-ﬁn—i
5 i=1

— dzk‘{-l dm;+1 = d.‘t‘k+g dmg+2—dx;,+3 {f.ﬁ;.{,s), " (13)
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where
k£l and =42
#l and ¢u = e

rR= '\/(&'k+1 —@141)* + (e — Wige)’ + (Bigps—T1ys)’
or
- €5 €1
Pu= 1
if ¢ is the velocity of light.
The Equation of Motion will be
8fde=0, .+ o « » « « (15)
or a geodesic line in 4n dimensional space, which we proceed
to discuss.

ITI. Tee Two-ELEcTRON PROBLEM.

§ 9. The Form of Space.

We consider the problem of 2 electrons. The fundamental
form for this particular case is

ds=m(dal—de® —dal—dag?)
s i—]‘ﬂ (duy dug— day das—dag dag—dag day)

+ M(dag—dast—dad~da®).. . « « . (16)

A glance at this expression shows us that it satisfies the

physical conditions of an electromagnetic Field. The eight-

dimensional space is split up into two four-dimensional

spaces which are Iuclidean, but taken as a whole this space

is not Buclidean because of the cross terms. Hence an
electron will not move in a straight line.

§ 10. The Fundamental Tensor.
The discriminant ¢ is equal to

In . . . G5 - .
o2 - - . - Y
s . . . Gar
g= i L . 44 o . . Gas 1 (17 )
g . . . 955 . & .
Ge2 Ges
973 g
Gse o . . Gss

and is split up into four separate determinants.
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Or
g= (5}11."}.5.'.—:’!152)({/22!/‘:'.5 —(Ja°) (933 .‘f:r—."/sr?)(.'j‘-: :.“,"as—.?-ssg), (18)

and the contravariant tensor g* is equal to

P 55 55 __ J11
—_—— L ST o 29
Iugss— s Y1 Yss— 915
Z ; . (19)
15 —%s B s
Iudn—gs 7 - ”44 Jss— s>
in our particular case
In=In=ygp=—gu=—m,
Jss=gs=9gnrn= —Gs=— BI a (20)
/B {
J15=92=Js1=—gs=—""» |

where
m, e, & Xa Wy &y, and M, E, a; asa; 2

relate respectively to the Electron and Proton.

§11. 7The Eyuation of Motion is, as we have seen, a
geodesic line of this space, or

d2e, cf.-;r da
i il Ao P . |
“dst ;o {pva) ds ds 0. )

In the general case of an eight-dimensional space, there
are 288 three-index symbols, but in our case the number
reduces to 136, and, if g,, does not depend upon time, to 102.

The only symbo]a which do not vanish are

{aca; af —g“'-%g“:
{av, 2} = %am’?’f’“i (but {aa', 2}=0),

% (22)
w2} = —4g*3 aq“" —4g %i",

Where (a"’-— o;) 3 4.
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There are in all 8 equations ; the first four give us the
motion of the electron ; the last four, of the proton.

If we write out the equations (21) and insert the values of
the 3-index terms, we obtain the following expressions :—

Dynamics of an Llectron.

e Q- B e (v o)y,
+gn %—’VS BJ*S V)V 15(‘”“%-%1%?\?3)\?7
+(2ev,— quwg)vs go(mv,— Yay,)v,
3 ‘KB(’“V#a"”Vﬁg"“Vﬁgq”m v,
+9n(g%'ﬁv5 g“f‘ﬂv +391~"V. Bg‘ﬁv)vr_o

E"f 4*(393*V 39‘15\?5) V1+g“(gis;vs aq”vs)vs
+9“(a%8 aq“V-+a*SVr+§*ﬂv4in
+9“( Sy 5+39“V6+BQS‘V7+393*V3)V3_0 ]

23)

§ 12. The equations (23) could be brought in a form which
will at once show their relation to the usual equations of
Motion of an electron.

Let F, G, H, —¢ be the vector potential ; then the
e]ectromagnetic force is
LPH ! oG )
e (24)
xo 2 2 |
e
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From the values of g5, 26, We see that (except for a
constant factor)

915Vs =—eFp, g3V =—eGyp, 97V =—eH,,
9ssV1 = +edp,
gaV1=—FEF, g¢,zV,=—EG, ¢,V;=-—EH,
93 Ve =+ Ed,,
(25)

where the subscripts p and e denote that it is the vector-
potential due to the proton (and, hence, acting on the
electron) and the electron respectively.

We also denote the velocity of the electron and proton :

ViVs Vi V=V, V,V,V,Vy=V,.. . (26)

If we make use of (24) and (25), the equations (23)
become

T e [X,Vi+ Y, Va—B,Vs]
—g"E [X, Ve+Y,V,—B.V,]
11(35’1:; V5+ w:g'lov 2 2915V7+g,9'15v3)v
oL By-s sy, 915
_315(5:31 V. + 3 Vot S Vo k S V)V, &
da? ;
d_;é = g4 [X,V1+ Y, Va+ 2, V3]
+g*E [X,V5+ Y, V+ Z. V]
0 [e)
gt (3.9'34V5 %‘)‘_s:xv 4 a.?s-t V. + a!}s; Vs) v,
048 018 048 35’48
48 = Vv ViV
g(a V+agv+as 3+ 4) /‘

1. Let us consider the case of a steady electromagnetic

‘field. Or we assume that M—>c and the velocity of the

proton is
Vs, Vs’ VT ﬁ 0-
Then

gu;__é, 944._.+% '915=ges=gsr=g4a=0’
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and (27) becomes :

d? - i
o =e [X Vit Y, Vs =BV,

(£2.'z‘,‘4

moy =e (X, Vi+Y,V4+7,V,],

m
(28)
Now the four-velocity can be transformed as follows :—

ds®=m (d.ﬁf g dn'Els i dﬁr'gz - dmf} + M (dxsz i d.’b’bg — dxf —d(ﬂr{) A
+ fi—ﬂ (d.’u‘.'4d$3 e d.‘.&'ld &Ly — d&'gd.‘l‘s — d-fadxf) H

to the first order of approximation the last term may be
omitted because % (or %, if ¢ is the velocity of light)

is small in comparison with the mass of an electron ; also,
the force acting on the electron satisfies to the first approxi-
mation the equation (7 a) ; hence we have

dal?—da?—do? —day = ded—da?—dalt—da?, (29)

as this does not impose new conditions on the variables.
Whence

ds* = (m+ M)(deld—da?—dag? —das?)
={(m+ M)(dag® —dag® —das —da?).
The factor v M +m appears twice in the denominator of
the left and the right side of (28) (in the electric force
through the vector potential, and in the velocity) ; hence it

drops out from the equation of Motion, and they become, if
we divide both sides by Vy,

d dz
mMEl =e[ X, + (Y o—Bw)], /
i . (30)
d dx -
nl(ﬁ‘d_'l"i.: G[Xpu‘;'va'f'szJ,

where u, v, w is the three-velocity, and
dr? = da—da?—da? —dugd.

These are the usual equations of motion for the electron.
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2. In the general case, as is seen from (27), the force
consists of four parts. Two of them are due to the direct
action of the proton, and the ather two forces to the reaction
on the proton, due to the electromagnetic force of the
electron.

The first one is the usual Lorventz’s force, the second one

i 18 some new force ; it is equal to

—g*(gradgy5. V,)V;—g%(grad g1s* Ve) Vi
o8-8 1-4

3. From the equations of motion (21) a remarkable conse-

quence follows concerning the number of degrees of freedom
of an electron.

As is known,
dz, [ d*a® da* da*\ _
T{@ G Gy =0 - - 6D

or there are only 4n—1 mdependent equations for n elec-
trons. If we assume that the proton has three degrees of
freedom, then we are left with 4n—4 equations for n—1
electrons; or an electron has four degrees of freedom.

The fourth degree of freedom is in the direction of time,
or, better, it is the kinetic energy, which is not equal to

mj—i, as the Special Theory of Relativity gives, but has

to be found from the equations of Motion.
Our assumption (29) about the connexion between different
times is only an approximate one. We must choose one time

(of the proton) as an independent variable, and find all others
from the equations of motion.

4. The so-called vector potential of Electrodynamics is
the covariant velocity in the dynamical space.
For instance, ?

da da® da’

Al S R, | 1 e

ds o dp My

which, for the particular case where the proton is at rest, is
proportional to the vector potential of the electron

des
E —_ EFQ-

§ 13, The Wave Equation
0? oo
gﬂv gbf.ur = g#v (B—_—m#g)wv -+ {p..t!., nf.} B_._Ta) =0 g (32)
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is rather complicated. We consider here the simple instance,

when g5 = ¢35 = g3; = 0, or of a purely electric field. For
; 2

this case ¢,, = av T except for the expression

I: 11091 a‘ﬁ e 998 B(,f) 330943 O

Pus a-ﬂfa‘fs a%abl a’f's B"ﬂz +g alaava

3.9'48 B¢ Bg«a qu 3943 313':
95 Lo 66 7T O as L
i 8?5 a"‘-'s tg Bws a’w"a g Owy Oapd (33)
We neglect, however, the cross terms in (33), because

from the expression of ¢, which we shall take, the second

term for the Hydrogen Atom is only ~ 1071 of the first
one.

So that the wave equation becomes

'l!.a ¢ +gdiaz¢ 5582¢

2
g B :.'+9 ax-sg'i‘ "'+988M'

oas”
0%
9,454 ol ;
+2¢ S 0. (34)
Inserting in (34) the values of the tensor g’, we obtain
after easy transformations
1 /0% +B’¢ +Bg¢>)+}_ o’ | 9% Bglﬁ)
m\day® ' 9ar’ " das?/ ' M\dag? T das " daft

19% 1 B’cf) 2V 2%
52 { . ;131—4 » ﬁbxs Mm Bx,axs} B )

where V= — ]gf is the electrostatic potential.

This can be brought (under special assumptions) to
Schrodinger’s wave equations. Let us take for ¢ the
expression

o7 .
P=V.e o {(’n+El)‘T4+(M+E2)J:B}t _ (36)

or we assume in conformity with de Broglie’s ideas that not
only Energy due to motion of an electron passes a frequency

At but also Energy due to the rest-mass has a frequency.
For the Hydrogen Atom ?—n = V2=107%; hence E*, E,*
could be neglected in comparison with mE,, ME,, and By,
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E; in comparisen with m and M. Under such approxi-
mation we easily obtain from (35) (36) the equation for fr:

0™ Bler 0% 0% | O |, W
m(a’h +B$2 a’bs)-i-ﬂl(a'ﬂs +B% +BL~;

o

—— +(E,+Ey) ~V] ¥=0. (37)

We can now transform (37) as follows :—Let us change
the variables :
x=a—as (m+M)E=ma + Mz,
y=ay—a; (m+M)y=ma,+Mazg/ . . (38)
z=zg—ay (m+M)E=ma;+ .\IxT.J
Using (38), we obtain from (37) :
a;lp, BB\P' ‘a?,‘P.) 1 ag‘;" + a?qr a?w
m( oz m+ M\ 9& n? +B_S—"

8w M+m
+ T [ @+ B) -V ¥ =0,

mM
— m . . . . . . . (39)

Let us agsume for +r :

‘!f:f(ﬂ?"yaz):)’(fﬁ?aé’); . v s & (40)

hence
VA e Py + O
‘9':3“ M+ m: :;Zj h?
X[M:??L-E-(E1+Eg}— Jo= 0. . . (41)
IJet l i 171—2 €
e 0 e 5 SRR o

From (41) and (42) we obtain
= sz+ f(E +E,)—V]f=0, . . (43)

which is Schrodmger s equatwn.
The radiation function is

27 s
’\P':.___'\P'g % (M+m+E, +1‘.1)$5, e ol (44)
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because to the first order of approximation

‘2’.'4=.'L'8: t,
the rest time.

§ 14. The Metric of Space.

The bearing of the fundamental Form of Space to
Einstein’s gravitational tensor G,, and G is as follows :—

To the first order of approximation (or neglecting the
squares of g, and ¢g* in comparison with g**) we obtain

—1.00( 0ep . O  Ousc 0%
G =30 (30 + Srme— B ~ D) (49)

‘We have to take for our approximation only o=p; hence

— oo az-ai“’ e ngnﬂ' = ag‘(/w
Guv i %‘g ( B'vﬂz ad;va T algpaxu) ] . (46)

and we obtain

LW B 015
2 9 BMB Z5’
a Jl'v a 728
g a5 __ il ot SR
Gi= ig a'ﬂ a,b ad axna e’
. L B oA (47)
2 _ 2.
G15=§' g]l_a 915 +9'22 3 715 i +gasa _gla}

0zy? O’ D’
]a q]o 1 —82,9‘15
—ig —Sg%w.

From (47) it is easily seen that GM,,—O only if G, =const.,
or if there is no electromagnetic connexion between the
electrons.

The gravitational invariant G is equal to
G= g’“’Gr,w .
=_2911959( %16 E_‘Z}o_ s = %15 )
i wlbwa 02:02, 0%30%7; 02,02

Hence £=0 for our fundamental Form,
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On the Llectromagnetic Field of an Electron.— The Electron
us a Gravitational Phenomenon. By D. MEKsYN *,

§ L. The Properties of an Llectron and the Special Theory of
Lelativity.

ACC()RDING to the present Electrodynamics, an

Lilectron is an atom of charge in its own HElectro-
magnetic Field ; the latter could be represented as a system
of stresses self-balanced in the whole field and resolved into
a force acting on the llectron itself.

We malke an attempt to discard this picture of an Electron,
and we assume that an Iilectron represents the same entity as
a neutral mass, with the only difference that, whereas matter,
or energy, is located in a particle in a very small region, inan
Hlectron it is spread all over the space according to the law

A :
-, or, what turns out to be the same, that an Illectron is
=
: e s 5 n m
a IField of Gravitation whose potential is not —, but —;
7 7
there are no stresses in the Field of an Electron f.
It is true that it is now accepted in some quarters that
the stresses have no physical reality, and are only convenient
mathematical conceptions. It makes, however, no diflerence

# Commuuicated by 11. T. Flint, D.Se.

+ The Llectron is assumed to have a special localization about a
point from which » is measured, and the law of extension applies
outside this central localization.
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whether we consider them fo be real or not, if only we
accept the consequences which follow from this conception,
as, for instance, the existence of an Electromagnetic Force,
the connexion between the mass and Euergy ete.

The *““abolition 7’ of stresses clears up from the cutset soma
of the difficulties connected with the theory of Electrons.

1. If there are no stresses (or the stresses are mathe-
matically equal to zero), an Klectron does not possess an
Electric Iield, and hence it is unnecessary to * explain”
the existence of an Ilectron. An Blectron is a substance
which is in equilibrium just as a mass particle.

2. From the dynamics of the Theory of Relativity it
follows that mass and Energy are connected by

Wo

o= -

ds < 3 w5 ow v ()

This is, however, not borne out by the Electron Theory,
becuuse, according to the latter, the momentum of an
Electron is equal * to
4 W0
=7 S % § b & (2)
3c A t—u

hence the mass is equal to

4Wo ;
m:w........(&)

1f, however, we discard the stresses, the momentum will be

70
e W L L B
¢ N —u?
and the mass
Wwe
W ga »oam w2 om o (9)

or in complete agreement with dynamics.

©

3. The Law of Euergy for an Electron is not satisfied for
an aecelerated Motion.

It we assume that the mass of an Klectron is wholly

electromagnetic, its momentum will be
o

e . s 0B

3¢* )

02

* M. v. Laue, * Die Relativititstheorie,” 1821, p. 184,
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2 T o
3 w? )
¢ c*
The Equation of Energy is

=
G, dW a\/ "7 ¢
st - G .8 Wo, N P
“d dt — dt 3 @)
or in order to preserve the Law of Energv, it is necessary to
admit the existence of some additional mechanical Energy
of value *:
u?
L=
LAY ... (9)
3 .
In our case this difficully alse disappears because the
Momentum and Energy are equal to

"G u'Wo
L AT =

Vo
= W’:—“—s o o (1)
W u
and hence the Law of Energy is satisfied.

§ 2. The Gravitational Field of an Electron.

1. Classical Theory.—According to the classical theory,

the Gravitational Potential of continuous matter is given by
V2¢=—4'ffkps £ (11)

where p is the density of matter and & the constant of

Gravitation.

In our case

gt
P [y}
hence

(12)
g
and

9c%rt
ke® :
¢) = — 462’?. . . & (11})
* M. v. Laue, thid. p. 226.
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2. The Theory of Relativity—The Gravitational potential
could be directly obtained from Tinstein’s solution for
Giravitational waves *.

We give here asomewhat diffierent solution for a particular
case in which

ds?=—(1420)(dn* + df* + d=%) 4+ (1—2Q) d?, (14)

where © does not depend npon time.
The Equations of Gravitation are

G,=—8nrk(T,—%9.7)., . . . . (15)
where T,, is the Energy tensor and
Tl - « =« « + 5 (168)
Now, neglecting the terms of the order 07, we have
2, g, o%, *q
s A vt A
which for onr caze hecome T

ngé-%'%:-—%viﬁ_,ﬁvsﬁ, 5 & (IS}
£, 0%,

and the Law of Gravitation is
V0 =—8=KT,—%0.T): - - . (19)

in our case all T,,=0 except

Gw":l:?qp

=

[

G=

&
« « (20
L (20)

T{{. =y 41‘ —

and
&

T= fyngFf:T&‘= St " ¢ (21)
Now the right side of (19) is equal for p=»=1,2,3

- 1 & ke® =
—swt(+ jg )= g - - - @2
and for y,=r=-i )

—8wk( j

Smrie?

or the same as (22).

* A Tinstein, * Uher ﬂmﬁmﬁmwaﬂﬂ@.‘ Rerhin, Sitzumesberichte,
1918, p. 154, e SN

1 A. S Eddington, ‘The Mathewatical Theary of Relativity, 1924,
p. 102.
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‘Om'. a‘ssumption as to the value of T,, is consistent with
Binstein’s Law of Gravitation.

The Equation of Gravitation becomes

1 ie?
V= o
and
ke? X
Q= S ‘;1_?72?2 3 . . . . . (24)

or the same as in the classical theory.

If we compare this solution ~with Nordstrom’s and
Jeffery’s #, we notice an important diserepancy : our solu-
tion is only half of Jeffery’s, which is equal to

1t
= 9 pt
(if allowance is made for the factor 1 in the expression of
the Electromagnetic Energy). S
This is due to the value of the Energy Tensor T,,, which
was taken by Jeffery under the assumption of existence of
stresses.  We neglect here the ordinary gravitational con-

. m ; ; g i
tribution to » : — which arises from the central localization.
-

§ 3. Relative and Invariant Mass.

If we accept Maxwell’s stresses, a well-known difficulty
arises in the explanation of the mass of an Electron f.

We have to discriminate between the relative mass T,
and the invariant mass g, T".

Now it appears that the latter, for Maxwell’s stresses, is
equal to zero, and hence some additional assumption becomes
necessary in order to explain the equality of relative and
invariant mass for an Electron at rest.

If we discard the stresses, the invariant mass g, T*
becomes equal for an Electron at rest to its relative mass.

§ 4. Two Electrons in Space and the Electromagnetic Force.

‘We have seen that an Electron does not possess an electro-
magnetic field ; the latter appears only if we have two or
more electrons in space, and is wholly due to the increase
for decrease) of energy of space above (or below) the sum of
energies of the two Electrons.

* A. 8. Eddington, bid. p, 185.
t Id. ibid. p. 183,
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To define the laws of the electromagnetic force we must
find the energy of two Electrons.

It is clear that, as both energies are spread over the space,
some interaction may arise between them.

We know that the gravitational field of two material points
and its eneryy are found (to the first upproximation) by
superposition of the two fields and their energies, Hence,
if we translate the energy of an Electron as an equivalent
energy of a gravitational field of matter, we can make some
inferences about the Jaws of an electromagnetic field by
applying the same superposition. '

This interpretation can be carried out as follows:—

The energy density of an Electron is equal to

ORI T
where _ ‘{23)
! !

By Green’s transformation we have

(fvorvasayas ||[{ G0 + G5V +(50) |
x da dy dz +J]V fT: dS=0. (26)

The last term vanishes at the boundary, and as V= f, the
first term is equal to !

B’]\V ViVdadyde=—4 U‘J‘Vp dedydz=—4meV, (27)

whence E=%V. . . . . . . (28)

Hence we come to the conclusion that the energy of an
Electron is equal to the energy of a mass e in a gravitational
field V, or, from (23), the energy at every point of the field
is proportional to the square of its equivalent gravitational
Force.

The latter is what we usually call the Electrostatic force
of an Electron.

Now,if we have two Electrons to which we ascribe electric

forces
XI) Yl: Zh Xﬂs Y?a 7“2}

the resultant force will be, according to the theory of
gravitation,
X+ X, Y.+ Y, Zy+Zs,
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and their common energy

y T _
gjjﬁ(xl +Xo) + (Y1 + Yo)? + (Z + Z,)" | dady d=

- 81? Uf (X + Y +Zy°) dedy dz
+ ﬁj‘j[‘(xlxz + Y, Y+ 2, 7) dady dz:

+§?jfj(X22+Ygs+Zgg)dmdyd2- ¢ my 4w B

In (29) the first and the last term represent the energies
of the two IKlectrons, and the middle term the energy of
their interaction.

Of this energy
W= %TJJI(XIXE + Y, Yo+ Z247s) dadyd: . (30)

is due the so-called ponderomotive force of the field. If
W =0, there is no mechanical action between two such
Electrons.

The derivation of (29) cannot be considered as rigorous.
We take the expression of W as one which has to be
confirmed @ posteriori rather than found by deduction.

For the general case of two electromagnetic fields we
assume that the extra energy is, as in the case of two electro-
static fields, equal to the scalar product of the six vectors of
force, i. ¢.

W= J J f[(Xlxﬂ +Y 1Ye s o Zmzs) —(eyay + )31132 + 'h’)'se)]
xdydzds . . . (31)
where XYZ, «By are the electric and magnetic forces.

§5. An Electron in an Llectrostatic Field.

The extra energy is

o 1 J"JJ _B_VI V. VY, aYn oV, aVE) da dy dz,

4 0z 0oz

da o oy dy 0z 0Oz

or integrating by parts and omitting the surface integral,

. B o : 7
R 47?_}‘]_} V. V*V dedydz=eV,.
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§ 6. An ILlectron in a Magnetic Field.

The extra energy W (31) vanishes identically (because
every term is equal to 0) ; hence there is no mechanical
interaction between an electrostatic and magnetostatic field.

§ 7. An Electron in Motion in an Electromagnetic Field
(two Electromagnetic Fields).

The energy integral is equal to

1 -
~ir H [0 X+ Y, Yo+ ZuZs) — (12 + BB +m72) ]
. X da dy dz.

We express the Electromagnetie force by means of a
vector and scalar potential, and obtain :

T
o) G 0 G
'+(_7%! L (_T%&*b;)

)

[BH1 aG’l) oH, an)

BJ dy 0o

H,
B
%G? Qa_l;_)(aaiz a;;)]}dmdydz. .. (32)

We integrate (32) by parts, and obtain a volume integral :
[k, 0k, 0, 2 el

awn a*n azb *_Hx %G _ 9'Fy
+1[a it S8 ot 55 T oEny ;”]

O, 0'Gy | 9*Hy _9'Gh  9'Gy
+ Gy [-ﬁyét Ej 3¢ T dyoz 0o o2’ B_/Bz]
B"\h _B”Hx a Hl BI(J'I 0 I‘j __ }
+Hs | 55e T o, 9y Towvy t dee

xdrr{;dz
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Making use of the equation :

oF, 36 | OH, | B,

% toy tor tor =0

we obtain

e & [ (e ) o o)

, [ 0°G . o’H s
+ Gz(—a—tg} ‘—'Vg(n) + Hg( Btgl —V’H, )}da,' dy dz.
From the electron theory we have
2
Vi — ‘@aTq:l = —darpy,
; ’F
V=Lt = —tmp, ¥

. .

W= J‘J’]‘p: (-.’[,-2 _ufs  9Gy -if{-?’- ) da dy d:

hence

¢ c

_gl(%—@-‘i—%_%). S (3

This is the expression used for the potential energy in
Lagrange’s equations, and is obtained from Lorentz’s
electromagnetic force.

The remaining parts of W are

1
Wy=— = ]"YJ‘[% (¥2Xi+ Gy — HaB3y)
+ % (Y2 Y1— Fyy, + Haay)
+ ‘aaz (’\PKQZ‘[ o F,,Sl . G’gal)] d{f" dy dz}
— I‘:}J‘JJ‘%(F2XI + GQY 1 + H?ZI) d"l‘.: ffy dz.
The first integral is a surface one, and vanishes if the

ine] 1
expressions in brackets are of the order of 3

The last integral is a volume one, and it represents some
additional energy not accounted for by Lorentz’s Force.
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Hamilton’s Principle and the Field Fquations of Radiation.
By D. MERsyN.

§ 1. Summary.

?1‘1—1[‘} problem of finding from Hamilton’s Principle the
most general field laws for an antisymmetric tensor
of the second rank in five dimensions is solved.

The tensor has 10 (6+44) components four of which are
complex, and two scalar functions are introduced as a result
of the variational problem j; in all there are sixteen functions.
The sixteen equations obtained are those of radiation.’

For the case of free motion and, to the first approximation,
for an external electromagnetic field these sixteen equations
can be combined into eight (C. G. Darwin’s equations)t. For
the case of an electromagnetic field these equations are
presented in a general tensor form, and the well-known
operators

_k d N
_P] == %ﬁ'a_&' E 1ree
appear quite naturally as terms in centravariant differen-
tiation.

It appears that the five-dimensional continuum represents
a nataral system of reference for radiation phenomena.

§ 2. The Method of Selution.

We have to solve the problem of finding the most general
field equations for a particular tensor in space, which follow
from Hamilton’s Principle.

The method of solution is purely formal, and is equally
well applied to 3, 4, and 5 dimensions.

We describe the field in all cases by an antisymmetric
tensor of the second rank. For 3, 4, and 5 dimensions we
obtain the electrostatic, electromagnetic, and the radiation
field equations.

We solve the problem for an antisymmetric tensor of the
second rank, because we know that for 3 and 4 dimensions
this tensor represents some existing physical state, and,
hence, it is natural to inquire whether this is also the case
for 5 dimensions. The equations obtained represent a formal
generalization of Maxwell’s ones.

+ Proc. Roy. Soc. A, exviii.p. 654.
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In so far as the solution of the least action problem is
concerned, we have to bear in mind the following: if the
quantities in the Hamiltonian are differentials, the variational
problem can be solved directly (as in dynamies), otherwise
these quantities ought to be represented by means of
differential coeflicients of some other quantities, because
without such representation the variational method cannot
be applied.

Of course the equations obtained depend, to some extent,
upon the form of this representation. We try therefore
to find the most general form of representation of an anti-
symmetric tensor of the second rank, with the only limitations
that these expressions must not conflict with the Jaw of
transformation of the particular space.

§ 3. Application to Three Dimensions.

In order to make these considerations clear we give here
the solution of this problem for the case of three dimensions.

The field is described by a three-vector E(I,, I, I.).
The Hamiltonian is

W=4i{Bdadyds. . . . . . (1)

Now Stokes has proved * that a three-vector can be
represented by means of scalar and vector potentials ¢,
V(V., V,, V.) as follows :—

E=grad¢p+rotV, . . . . . (2)
under the condition that
div V=0. o e o ow U
As a matter of fact ¢ and V are found from
Vip=divE; V?V=—rotE.

The field equations are obtained from §W =0, using (2)
and (3).
We have-

j(a%"+#adivv){f.me_;,fuzo. s 5w i

Using (2), and integrating by parts, we easily find that (4)
is equivalent to

“j{di"l‘] 8¢+ ([ grad p—rot 18] . V) jdadydz=0,

# A, I Il Love, ‘A Treatise on the Mathematical Theory of
Elasticity," p. 47 (1920).
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and the field equations are
divEB=0, ; )
rot B=grad p. } )

It can be shown that all four quantities B and u satisky
Laplace’s equation,

In (5) there appear, except for the electrostatic vector I,
also a new quantity p. It will be shown in a separate paper
fthat this quantity represents the potential of a hydrostatic
pressure, which is necessary for stability of an electron.

§ 4. Some Metrical Properties of IFive-dimensional Space.

We give here for convenience’ sake a few well-known
laws of the five-dimensional space *.

The transformations for the space-time coordinates do not
depend upon the fifth dimension, and are the same as in
the Theory of Relativity. The transformation of the fifth
dimension is merely

I
Py =0 5

R ()
1f we apply these rules to an antisymmetric tensor of the
second rank
! !
T’»V=aw"‘ _a&'fuﬂ
oy a%'ﬁ !

o = o & w )

we find that the six space-time components are transformed
as an antisymmetric tensor of the second rank in the Theory
of Relativity, and the four components associated with the
fifth dimension

Tl — 02" 05 g _ a‘”ﬂi‘Tas

S U - De coeoe (8)

are tl'ansfﬂl‘lned as a fOlll’"\'ectDl'.
The fundamental tensor is

=gk, yo=— B¢, =1+t
Y=g+ BPipr, vis=PBdi;  yis=1 (¢, k=1,2,3,4),
C . (©

where g is the gravitational tensor and ¢ is the vector-
potential of an external electromagnetic field.

* 0, Klein, Zeits. f. Phys. xlvi. p. 189 (1928).
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For B we take the value
ey w0 s 5 @ & 4400

For this value of B the track of an electron becomes,
as Fock® and Fisher have shown, a null geodesic, and
Schriddinger’s wave equation appears to be the usual wave
equation in this space.

§ 5. Representatian of an Antisymmetric Tensor of the
Second Lank by means of Two Vectors.

The method of derivation of the field equations in the
cise of five dimensions is similar to the classical one, and is
based upon representation of an antisymmetric tensor of the
second rank by means of differential coefficients of two five-
vectors. As we have pointed out, such representation is
necessary in order to solve the variational problem.

Let us find out under what conditions this is possible.

Let F,g be an antisymmetric tensor, y...k; and [,...1; two
five-vectors. T can be expressed as follows :—

i _aka_a'{'ﬂ ol _B?
Puﬁ_a."p dz, E_T‘; BT;&V s ow Wl

aByd=(1, 2, 3, 4).

The signs in the six equations (11) correspond to an odd
number of permutations in the series afiyd.  Also

+

P __Bh_ax-;.,. _Bfa _'a_gi
la& — 6-_‘!‘5 a‘?:a H Gaﬁ r— -5";; a;va 4 " (11 (!_)

a=(1,2,3,4).

It appears that, except for I",s, new quantities Gy;...Gys
have to be introduced ; we can thus consider the fifth
dimensional components of Fep as complex.

The origin of these quantities is as follows :—In order to
justify eur ferm of representation of the tensor F,s by
means of two vectors £ and /, we have to prove that from
a given tensor . we can always discover the vectors £, {
(see equations (12)).

In the case of 3 and 4 dimensions £ and [ satisfy the
usual wave eqnation, and we may expect that this will hold
good for the present case.

# Zeits. f. Phys. xxxix. p. 22 (19206); J. I Fisher, Proc. Roy. Soc
A, exxiii. p. 489 (1929).
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. From the simple algebra of evaluating the equations (12)
it follows that, unless we make use of additional quantities

Gis..., we are unable to obtain the required equations for
k and .

We have now to prove that if F,s and Gy... ave given, the
two vectors £ and [ can be found.

The following expressions are easily obtained :—

oy D, Oas  oay ! 0w’
0Gas _ _ g 4 0L (12)
R

aByd=(1, 2, 3, 4).

OFus | 0Fp, | OFy | 0Gs _ rzy 0L

The law of composition of the four equations which follow
from the first expression in (12) is simple ; the values «, 8, vy
are any three from 1, 2, 3, 4 taken in order; the signin (12)
corresponding to an even number of permutations in the
series ¢8y8. Also

ﬁ%ﬁ:ﬁjﬁkﬂ—aﬁ SRR

g oy

4 B=1,2,3,4,5.
In all the equations the exg:ression must be summed with

respect to those indices which oceur twice.
In the equations (12) and (12 a)

K =divi,

L=divl,
T L - Lo I o I -
e ox,? i Oy’ 7 das’ te oz 0w

(13)

We assume
K=0, L=0, . ¢ 5 & e

and the two vectors Ay...k; ,...l; can be evaluated from
(12) and (12a).

Tt is clear that not all components of the tensors I and G
are independent; the two antisymmetric tensors have fourteen
components, whereas we have only eight independent quantities
to express them. Hence the components of the anti-
symmetric tensor must satisfy six additional conditions.
They are easily found, and are given later (equations (19)).
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§ 6. The Variational Problem and the Field Equations.
The Hamiltonian has in this case the following expression: —
W=1{(Fy2 4+ Fol + Fy 2+ Fog? + Fy? + F? + F 2 4 Fo? + By ?
+ Bt + G2+ Gos” + Gag? + Gs?) day dvg dagdac das;. (15)
The field equations are obtained from the condition
SW=0. . . . . . . (1)

In the evaluation of (16) we have to make use of the
equations (11), (114), and (14) after the latter have been
multiplied by indeterminate factors u and X respectively ;
the Hamiltonian becomes

/ 2
fs (1_?_“_%&2) +uS K+ A8 L) day...day=0. (16a)

Integrating by parts (16a) we easily find the required
equations. They are as follows :—

dF _ du _
e =0 - - o .. (D

«,B=12,8,4,5;

also

e JFsr  JFEY=  JGH Y h
= : s — e =0
Sy C om, " oey | TSmO

aBy8=(1,2,3,4), (18)
i

The first expression in (18) comprises four equations ;
the signs correspond to an even number of permutations in
the series «8y?.

As we have pointed out, there are six additional conditions
to be imposed upon the components of the antisymmetric
tensor. It is easily verified from (11) and (11«) that these
conditions are

BFE’] i aFﬂs % BGas e BEP - _B'Faﬂ =)
OXs O Oy O O *
&, ﬁ: 7 8:(1$ 2$ 33 '1')'
These are six equations, and the signs in (19) correspond to
an odd number of permutations in the series z8vd.

In order to eliminate imaginary quantities from the
equations (17-19), and bring them into the same form as

(19)
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Maxwell’s equations, we have merely to bear in mind that
the following quantities are purely imaginary :—
o i nJ h 1 N
@y, Fisy Fosy Fosy Gy oy Faoy Fogy pe . (20)
The equations obtained (17-19) can be easily brought into
J. M. Whittaker’s equations * ; his six-vector and two four-
vectors correspond to our antisymmetric tensor with fourteen
components. Whittaker’s way of deriving these equations
is different from ours. He assumes eight equations, as given,
and derives the other eight ones from Hamilton’s principle.

§ 7. We show now that the system of sixteen equations
(17-19) can be easily brought into C. G. Darwin’s form of
Dirac’s equations.

‘We consider the case when there is no electromagnetic
or gravitational field. For that case we need not distinguish
between covariant and contravariant tensors.

We combine the first three equations of (17) with (19)
(for Fyy, Ty, Fy,) multiplied by i= 4/ —1 respectively, and
combine the fourth with the fifth equations (17) multiplied
also by ¢; the same procedure we adopt with respect to
equations (18) and (19) (for Fgs, Fyy, Fyy). The result is i

(aj +i0 ) (Fy= i) + 2 (oG

B 52_3 (Fa1—iGys) + 5%1 (p+iF,;)=0,
(52 +is2) (Fumifi)— 2 (PG

* aaT:s (Fas—iGhs) + 3%,2 (wt i) =0,
(B%; +4 BBI,,) (Fau—iFs)+ 3%1 (F31—iGg)

= %(FnauiGlﬁ) + ._{%2 (a+iFy) =0,

(2 =12 Juit) = 2 (Bu—iF)

= a% (Fgy—iFy5)— a% (Fgy—iF35) =0.
(21)

These are exactly Dirac’s equations in Darwin’s form.

# Proc. Roy. Soe. A, exxi. p. 543,
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To obtain the terms mc we-have merely to suppose that
the fifth coordinate enters in the functions in the following
dependence :— '

2mri
METy,

e L L. (22)

§ 8. The Field Equations for an External Electromagnetic
Field.

To determine the field equations for the case of an external
electromagnetic field we have to represent our equations in
general tensor form *.

The equations (17) are easily written out in a tensor
form. They are

Febgtpu==0, . . . . . . (23

&,y 18:(1_5)3

where p* represents a contravariant differentiation with
respect to a<, or

PE=Y e o e . (24)

We transform in (23) the terms F+’;.  We have, for
instance,

Fo=payBR s = " Fyy + 9 F g + 'y Fy o+ o 9% Fy,
+ Py F 1 + 0" Fss + Py Fag + 9%y Fo.  (25)

If we insert in (25) the values (9) of the fundamental
tensor for the case when there is no gravitation, we easily

find
FU=F;+ P 2 oS F 4@ Fl, . . (26)

and hence the first equation (23) takes the form
]_T‘lﬂ2 + ‘Tﬁg'ﬁ‘lﬂs + F133 + 753F135 + Flii -+ ,Y!N-FHa + Fli'l. 5 + .Iu’l - 0,
or finally the first set of equations (23) becomes

F122 4 F13.3 4 P4 44 Fis 5+ 01 =0,
Fl1 4 Fo2 24 Fis 84 Fg 5+ pt =0, J a

F511 + F.r,22+ -F; 9 + F\G-l‘l I l“ﬁ’__"U

# IL 7T, Flint, Proc. Roy. Soc. A, exxiv. p. 143,
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LXXVII. Wave Equations of an Electron in a real form.
By D. Meksyx, Ph.D., Mathematical Depariment, Idin-
burgh University *.

§1. Introduction and Summary.

AS it is known the wave eguations of an electron are

imaginary expressions ; so are their solutions. It
seems as if imaginary quantities are inherent in the wave
mechanices.

In the present paper an attempt is made to present the
wave equations and their solutions in a real form.

In a recent publication + I have derived Dirac’s equations
in a five-dimensional invariant form, and these equations,
slightly modified for the case of an external electromagnetic
field, may be presented in a real five-dimensional form.

It is proved that in the case when Dirac’s equations have

2l yyr
B i . 3 v
imaginary periodic solutions of the form fre™® our
equations have a solution of the form

A 0052_]_':1' (meas— Wt) + u siu%—? (mea;—We), . (1)

where A and w are real funetions.

Evaluating the energy tensor we obtain the characteristic
difference of energies at transitions—namely, we get the
following expression :

Acos%:i(wl—wg)wBsin%ﬁ(wl—w,):, )

# Communicated by the Author.
+ Phil. Mag. [7] ix. p. 568 (1930).
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where A and B are functions of the space variables; the
five-dimensional term mea; drops out from the energy
tensor.

The real equations solve the difficulty mentioned by
Dirac *, namely, that the same relativity wave equations
are valid for particles of opposite charges ; this is due to
the imaginary terms in these equations.

As our equations ave real, this difficulty does not arise
in our case ; the equations and their solutions are different
for positive and negative particles.

It seems that the five-dimensional space represents a
natural system of reference for the wave equations.

2. Fauations for Free Motion.
q )

The equations are derived from the Hamiltonian Principle
(Phil. Mag, ibid.). The field is described by an anti-
symmetric tensor of the second rank in five dimensions.
The tensor has ten components, four of which are complex,
and two scalar functions are introduced as a result of the
variational problem, in all sixteen equations.

The equations, thus obtained, are analogous to Maxwell’s,
the latter being merely a four-dimensional projection of the
former. They are

a]'_ra‘g a,u - — R =
aTb‘; -+ -Bmﬂ -—0, o, )B——]., 2, 5, 4.-, 4 SO (3
and
By, AWpy , By 3G, DN _ |
0y * 0, i Oap * o5 +a‘7'8 0, (4)
aGSi B“\‘ =0 5 '
o +B.1'5 .

a, B, y, 6 =1—4, i=1—>5.
The expressions (3) and (4) comprise ten equations, and
the six remaining are
-_BAF‘iB sl @_Faa Bng B GG& " a G\'}fﬁ o (5)
0% Oz 0%, Oz, Ow’
2, 35, d=1—4.

In order to make these equations real we assume that the
following components are purely imaginary :—

i R
1‘12; sy, Ty, s Fi, Fos, Fas, Gys, @y=tct.

—+

# Proc. Roy. Soc. A, exvil. p. 610 (1928).
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It we substitute iIy,,... in (3), (4), (5) instead of I},...
we obtain sixteen real equations. They can, however, be
combined into eight real equations. It appears that for
our purpose eight functions suffice.

We denote

Fu+¥ie=¢;, Fu+Fu=d,
Fou+Fys=¢s A+ Gi= "_4)1’1
P23_ Gl b= ¢7} rJl N G.!a Cbﬁz ) ;
To—Gos=dr n + =1,

and combining in two’s the equations (3), (4), and (5)
we easily obtain

(6

Boen i) Odr  Ops , Ops _
~ St Jhut G0 S,

B O¢r . 0Ps  Ods
Lo ‘)‘*’—aml*améés—“’
(o3
( B_ i) O D1 _

3 B 2 Oz 0%y %

) B¢s 02 i B@=O R )
bat ~ 0% T om
3(753 3?51 0dy _
th ) da T 32 T 3 =
[0 B Ops  O¢r | 0du _
(Eat +B—x)¢ % 0z1 Oz ' Orz
( )¢ O _%_% -
cat s Oo%1 OQx: Oaz

These equations can be reduced to Darwin’s *.

§3. Equations for the Case of an External
Electromagnetic Field.

We now consider the case of an external electromagnetic
field. For a free electron the equation of momenta is
D"
—plP—plt—pf=mii .. . . . (8)

We assume that mc=ps is the momentum associated with
the fifth dimension.

* Proc. Roy. Soc. A, exviii, p. 658,
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The wave function becomes accordingly
{P111+}?“x + 9373+ Pz Et)

yrﬂve 7 P e b e 0D

where Ii is positive.
Suppose now that we have an external electmman‘netm

field. In that case we know that instead of E and aa
Ry
have to substitute in our equations the expressions
) .nrzeV ) "27r-ie'A

T T T e

We substitute, however, instead of D and B the

eot o’

following forms (for the case of an electron) :

Do fl 0. 0 e D

ot~ me*das’  Oar | metdas’

The equations (7) remain real ; the wave functions enter
all terms through their. differential coefficients of the first
order. We can combine the eight equations (7) into

Dirac’s four equations. We shall have then to solve them
by imaginary quantities. .’

r=1,2,3.. (10)

§4. The Law of-Conservation.

Multiplying (7) by ¢, ¢s... and combining the eight
equations we easily find

2 2 2 2 o )
__%[qbl +¢s +qb24 + s +...b¢s:|’

ji=[is—dupr + budbs— sl
Ja=[P191 — Paps + Ppaps— pusbe ], . L)
Jja= [ patps— P1bs + psps — Papr ],

jom hipt e Uit Bajt Asj 1,

where

pebitatecod — g ] g

The law of  conservation ”’ becomes

Oji  Oj: , OJs . O 9js =0. . . (13)

Bxl +3z; B.?,’g +a‘bs TBt + B‘!?.:
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In order that conservation shall take place it is necessary
that the last term in (13) shall vanish, or

QJs _
N 0,

or, what comes to the same thing, that the current densities
P, Jis J2s Js shall be independent of ;.

The fifth component in (11} is rather complicated. Tor
the case of a free electron, if p is equal to the cnergy I,
the current is equal to py, ps, py and js=me, where gy ... ave
the momenta of a moving electron, and m is the invariant
mass ; thus in this case the fifth component has a simple
physical interpretation.

§3. Comparison with Dirac’s Equations.
We find now the connexion between the functions ¢ and
Dirace’s 4.
Dirae’s equations are
(Po+mejdri+ (pr—ips)Yra+paps=0,
(pot+me)Ys+ (pr+ipe)¥s—pads=0,

: (14)
(po—me)Yrs+ (p1—ipa)ra+ psdn =0,
(Po—me)est (partipa) —para=0,
_where
__h 9o e kD e
Po= 2—77!-@,-1-;,_‘?: Pz—§;553+54‘31- . (19)

Multiplying the first equation (7) by i, and subtracting
from the second, we find that the obtained expression is
equivalent to the second equation in (14) (in our expressions

Sa; Appears instead of me). Performing similar trans-
5

formations with the remaining equations (7), and comparing
the obtained results with (14), we arrive at the following
connexion between the funetions ¢ and ¥ :—

Y=y —ids, Yro=s—idy,
Vo= —¢r—ids,  Yu=—s—ids)
§6. Solution of the Equations.

We shall now prove that in all cases, when Dirae’s
equations have imaginary periodie solutions, the real
equations have real periodic selutions,

(16)
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We consider the general case of an external electro-
magnetic field, and assume that the periodic solutions depend
upon time in the following way :

sin o
2
cos e

qb-\_

9
o= “;?- (meas—Wo). . . (17)

. A glance a1 the equations (7) and (10) shows that in the
general case they cannot be satisfied by a simple sine or
cosine solution, but must be a combination of both.

We assume accordingly for the ¢'s the following
expressions :—

ha= Ay COS ct— o SIN «, = —N\y sin &— u, cos a,
3= —A; sin a—pu, COS &, ¢ =—N3C08 2+ py sin z,

b= —Ag sin a—p,cos x, b= —N, COS e+ py sin «, 1
$y= N COSa—py 8in a, b= —N; Sina—ychSa,J

i 5 s (1B

Inserting these values of ¢ in (7}, and equating to zero
separately the cofactors of sinz and cosa«, we obtain
sixteen equations for the eight functions A and g ; there are,
however, only eight different equations, and they can be
combined into four, which are found to be Dirac’s equations.

Thus we obtain the following connexion between Dirac’s
functions 4r and the A and g :

=N + iu, h=1—4, . . & (19)

or the N’s and w’s are the real and imaginary parts of
the s,

§7. The Energy Tensor.

We evaluate now the energy tensor, and show that we
obtain the characteristic difference of energies at transitions.
This is reached in wave mechanics by making use of
imaginary quantities.

Let us consider only two terms in the expression p in (11),
as the other terms give similar results.

For the case of transitions the terms ¢*+¢g* in p
become

dip+desd, « . o o . o« (20)

where ¢ and ¢ belong to different states.
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Inserting in (20) the values of the ¢’s from (18) we eusily
obtain

D 1p1 A ahst = (Aohy' + mopst) cOs (a—al)
=k (7"‘2#21_#27\21) Sii] (a—a‘}

27 ,
a1=T(mc.t'5—W'.¢), i 5 s 21
and hence
1 2w 1 991
amd=T(WI=W)i. . . . . (29)

This is the correct expression for the energies of
transitions. As we ses, the five-dimensional term mea; drops
out from the energy tensor.

It can be easily shown that onr energy tensor is identical
with Dirae’s.

§8. The Hydrogen Atom.

‘We consider now the case of the hydrogen atom, in order
to give an instance of a certain peculiarity inherent in these
equations.

It is known that alaw of conservation can be derived from
the imaginary wave equations, and every solution of these
equations satisfies the law of conservation.

Now the position appears to be somewhat different in the
case of the real equations. A law of conservation follows
also from these equations; it is, however, expressed in a five-
dimensional form, which represents a conservation in the
usual sense only if the fifth term vanishes.

We have therefore to discard all solutions which do not
satisfy the condition

Ofs _ ;
F. e (29)

Let us now show the bearing of these considerations upon
the solution of the problem of the hydrogen atom.

In that case A;=A,=A;=0, and a glance at the equations
(7) shows that they can be satisfied by assuming

0 54
$15 b2y b3, Ps~sin T:r(mm',,#“' £);

2
s, bgy 7, Ps~cos A (meaxs— Wit).
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Now, evaluating the energy tensor for this solution we
obtain that

9 2
Js ~ sin%(mm:é—\Vlt) cos%(mcx,,—wgt). . (25)

Thus the fifth dimension does not drop out; we do not
obtain the difference of energies at transitions.

As in this case, however, %ﬁ =0, we have to conclude that

the solution (24) does not represent a possible physical state.
Let us now give briefly the correct solution for this case.
Dirac’s equations have heen rigorvously solved for the
hydrogen atom by Prof. Darwin®. We make use of
Darwin’s results.
The functions +’s have the following expressions
(Darwin’s equations 7.4) :—

Yy = — iRy [ cos u¢p +i sin ug], 1

Vo= — il Ryi1 [cos (u+ 1) +i sin (u+1)¢], 26)
Y= (k+u+1)G Ry [cosue +1 sin ud], i
W= (—k+u)GRy [ cos (u+ 1) p+isin(u+1)¢], J

where I, and G are certain functions of », and

d  \F*(cos?—1)F
cusG) ok Rl

Ry=(k—u)! sin"d (d -

From (26) and (19) we obtain the values of A and g, and
inserting the obtained expressions of A and win (18) we get
the required solutions of our equations.

Jo, for instance,

A =FRip sin e, = F;cB:.,_;, cosug ;
hence
% 2'7.!'
¢3 — F};B&-ﬂ.l Ccos [‘!“.li) + _1?; (-m Cg— Wt )] 3

2

¢*=F;¢R:+; sin [wj: + T:r (mea; —W't)] .

§9. The Wave Equations for Pesitive Particles.
Two difficulties, as Dirac T has pointed out, are inherent
in the relativity wave equatious.

# Proc. Roy. Soe. A, exviii. p. 658
t Proe. Roy. Soc. A, exvii. p. G10.

Phil. Mag. 8. 7. Vol. 13. No. 86. dpril 1932. a1
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(a) They have twice as many solutions as appear to be
necessary. The solutions can be schematically repre-
sented as

_’%" Wit = 2—? Wi

(1) e T L X0
b Sxi
=ZFwe — -y

(2) ge * ye &

where 4 stands for all four functions and + is the con-
jugate of . '

The second set of solutions is associated with negative
kinetic energy.

The appearance of negative energy is inherent in any
relativity theory. It appears also in the classical theory,
but there the kinetic energy changes continuously, and,
as it is initially positive, it cannot become negative.

In the quantum theory discontinuous transitions are
possible, and it is therefore not easy to separate these two
sets of solutions.

Schridinger *, however, has recently suggested how to
separate the positive and negative solutions.

(b) The relativity imaginary equations have another
difficulty ; they are valid both for electrons and protons.
It can be shown that the conjugates of (14) are equivalent
to the same equations where ¢ is changed into —e.

Let us elucidate this point by considering the conjugate
of the fourth equation (14). It is eqnal to

L 9 e - L e
(_%ﬁ_év+mc)¢q+ I: %“B—Z_GA!)
S kD _e - 9 _e, \+_
—i(gmiy ~ o80) [P (5 — A )T=0. (28)

‘We now consider the first equation for a positive particle ;
we have to change ¢ into —e, and we obtain

h 9 e iy h _'(l e
(_%@_EV-HM)\PI * [ 27r£aa:—cA1)
S h D e h o e r
‘*(ma_y— aAﬂ)]ﬁ"**"*(g—maz—a"’s)"’s“-o- (29
Comparing (29) with (28) we find that
"'P‘l-'-i' ‘\P.Q‘i-: '\;f‘3+, "'Fr-i-+
:F’-.b _$ﬂ’ —$31 E"u

% Rerliner Berichte, p. 63 (1931).

are equivalent to
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or the equations for the proton are equivalent to the con-
jugate equations for an electron.

(¢) Let us now consider the case of the real equations.
Instead of Dirac’s four complex functions we have eight
real ones, with the corresponding positive and negative
solutions :—

sin[ 27,
™~ os | o+ '};-kmc.'rs-—'ﬂvt),:l 1 -
sin [ 20 j .
b~cos | @+ T (meas; + W’t),]
and
sin [ 29 0
- o= - (mews—Wt) ,_I
sin [ 29 (31)
¢)f_-._cos HCO — I (1}16.?:5-{-“%),] y

where (30) relates to an electron and (31) to a proton ;
® is a function of the space variables. 'We see that not
only .the equations but also the solutions are different for
«electrons and protons.

Dirac* has suggested that the negative solutions of an
electron could be associated with a proton.

As we see from (30) and (31) this interpretation of
negative solutions cannot be justified in our case because
the negative solutions of (30) have a different form
from (31).

To pass from (30) to (31) we have to change the sign
not of W, but of m; this, however, is equivalent in our
equations to changing the sign of e.

§10. On the Meaning of the Fifth Dimension.

It is known that the idea of the fifth dimension was
advanced by Kaluza in order to bring about the welding
of gravitation and the electromagnetic field ; but this
conception appears to be very useful in wave-mechanics ;
the latter gives us a definite interpretation of the fifth
coordinate.

An easy way of introducing the fifth dimension is to
follow the same procedure as in the case of four dimensions.

As it is known the four-dimensional principle of relativity
is based upon the law of constancy of velocity of light

* Proc. Roy. Soc. A, exxvi. p. 360 (1930).
212
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propagation. If ¢ is the velocity of light, the transformation
of coordinates has to leave invariant the e\plesslon

ds
s 29
=6 s wom s ow w (D0

or
A +dyt +d2*—*di*=0; . . . . (33)

this leads to Lorentz’s transformations.
In the case of five dimensions we start from the
fundamental equation of the quantum theory,

W= o 5 & 2 w ou o« (B9)

As de Broglie has pointed out, the transformation of this
equation for moving systems does mot conform with the
usual principle of 1e]at1nty-_.Lh:s led him to the wave
conception of an electron.

Let us give a metrical representation of the equation (34).
We have

T Mgc® | mac>dt . (33)
\/1_{3 \/ e — d1"'+dr; +d*
Let "
%F:%:i, y;%, (36)

we find from (35)
CdP —dv* —dy —d?—du?=0, . . . (37)
where

mﬁﬁm,....,.(m)
1]

or Planck’s frequency condition, applied to an electron in
four dimensions, can be considered as a “wave” in a five-
dimensional space. From (38) we see that the fifth
coordinate describes the periodic phenomenon associated
with energy. From (37) we obtain the law of trans-
formation for the fifth coordinate ; it is 1nvar1ant with
respect to Lorentz’s transformations.

I wish to express my thanks to Prof. Darwin for
invaluable ecriticism of this paper and for many useful
suggestions.
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