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'On the divergence difficulty of quantized field theopries
and the rigorous treatment of radiation reaction '

By H, W, Peng, University of Edinburgh

By en orthodox epplication of the perturbation |
theory to the general cane of a quantized field, |
it is shown that the diverzence difficulty hitherto
encountered arises from a faulty application of the
expansion method, The difficulty disappears if the
degenernoy of the unperturbed systen is properly
treated by the method of secular perturbation,
hyeically, it is shown that thie amountes to a ¥
rizorous treatment of the radiation reaction,

? The existence of eleuentary particles (photons,

' electrons, cte.) in integral numbers hne been succens-
M:{ explained by the application of quantum mechanigs
for the treatment of fielde (Maxwedl'e field, Dirac(1937),
Jomdan and Pauli(1928)3 Dirac's field, Jordan and

iw.tgner(l%a)', ete, )« She interaction of the elenentacy

| particles is usually introduced by coupling the corres-
ponding fields, for vhich a general deseription will be
gziven in Bl below, The effects (self-energies and
erogs-sections) due to the interaction have been hitherto
treated by the expansion method - a power series
oxpansion with respeot to the interaction conatants,

All termus of the resultant expansions for the self-
energies and the cross-sections, excepting the term of
the lowest degree in each expansion, are found to i
diverge. +his difficulty hne led many physiciste to

doubt either the usual fommlation of the field theory




' op the usual procedure of guantization (which is |
' generally xnown as that of lHeisenberg and Pauli(1929)).
But it will be shown in 82 belww m{:’m quantized
field, the system is degenerate in the sense of the
perturbation theory and henece the expunsion method must
give way to the method of secular perturbation, 4hepefore
no premature departure fron the usual formulation of

' the quantized field theories will be considered in thid
‘paper., On the other hand, the mathematical treatnent |
of seocular yerturbation which will be developed in :
B83-5 will have to be used for the derivation of the
self-energlies and coross-sections in any new formmlation

' of the quantised field theories.

‘ In 85, the usual method of secular perturbation for
!dogencmt.e systems will be prosented in a form whieh
'ean easily be adapted to the case of continuous spectmum.
' The general solution of the secule r prdblem will ve
given in BB4-5, where it will be seen that most{cf the

stationary ctates of the scculer proulea descriie
collisione of the clementary perticles, Frop the oalou—»i
iation of the cross-sections f¥ the collisions, one has
to solve some integral equations whieh differ froam th.oule
proposed by Heitler(1941) and "ilson(1241) in their |
theory cﬁ' radiation demping mersly by not neglecting or
omitting the self-energies, (Bheir treatuent is only
preliminary and is integrated in the present treatment),
The present treatuent, which in fact is just the or 0xX
perturbation treatment and can be continued to any
' depired omder of approximation, can therefore be

|
|
| |
‘ T3 (W R LN, .i"":"l ™is 1 o o o) *y e . ) AR . )
|
1
|
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« radiatn, reaclion.

described phyesically as a pigopous treatuent of thn? |
The self-energies are also obtained from the siationary
states of the secular problem, and are influenced by
the radiation reaction, As will be demonstrated in
B6 with the help of a simple example, the present
treatment leade to no divergence difficulty where the

usual treatment does, '

1, General description of the interaction of .
elementary particlee by means of a quantized t:loiﬁ
All elementary pariicles can te shown to arise from
the correspnding field thoeries by a definite prooeduul\e
called 'auantization' (ef. Dirac(1955)Chap.XI1Ii, and
Pauli(194l1)Partll). To account for the interaction
between elementary pacticles of different nature (e.g.!
photons and electrons),the various fields are combined
into an insepgreble whole by including coupling terms |
between the different fieldes (e.g. Maxwell's field
and Dirac'e field)., In the usual theory, particles of
the same nature (e.g. two electrons) interact only
indirectly via their intersction with particles of
other nature(e.g. photons) inuaccordance with a similar
idea in the classical theory, namely the action tihrough
a aedium. In what follows, 1 shall alwaye consider
the whole Tleld, inecluding the internctions,
Experimentally, all phenomena concerning the inter-
action of the clementary particles are invariably
studied in a voluue wiich (bteing at least of atomic
Gimensions) is practieally infinite in comparison w:lt|
any effective volume of tlhe elementary particles (as |

o
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derived from the observed crosc-sections of their

collieions). Ilicnoe, for simplicity, one may suppose
| the whole field be periodie, the basie being an arbitrarily
. large 'fundamental' cube of sides L, because this does

| not affect the asymptotical results for large values
of L.
The fundamental property of a field is, in the
- elassiocal theory, the localization of the energy,
moaentuu, and charge, 1hie arises from the fact that, |
- as the consequences of the field equations, an energy-
- momentun-sirees tensor T'llv and a cherge-current
- vector 3V exist at every point x = (xl, x2, x%) ama

‘ tine ¢t = x° which obey the equations of contimuity

Sl 33> _
——L — = ,} .
‘PZ=O 35(» i (/.L 0'1)2’3 A %‘o 3"‘ (l 1)

By integrating these egquations over the fundamental

cuve, one obiains the conservation laws of the total

‘mm H, the total momentun § = (01, Gg, G.),am the |

total charge @ contained in the cule !
|

HAIT s, G =lT s, ., Q=[[7*Ad’ e | (108

whieh are therefore constant in time. If the field
@cuations cen be derived from a variational prineiple, |
it can ve shown that 1,%, 7%, 7.% and 3* are alvaye
bilinear expressions in the field quantities while 1“"’ |
containe beeides bilinear terms also teras of higher |

' degree (Pauli(194l)Part I, 82), This is also the case

if some field equation has to be regudod. as supplemendnry

to = e R 3 ..':.\_..;h.*.mws“. in D1z aues of
s L
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to the variational equations, e.,g. in the case of
Maxwell's field and Dirac'e field in interaction
(Born end Peng(1944) 83).

vet 1%, HY, ... denote the parts of H which arise

from the bilinecy, trilinear, ... terms of ‘1""'

respectively,
/L{o fff bilinear terms of 7;_ AL ti® Jx‘? (1.3)
| ﬁ/lsﬂ-iruimr teras of Z'yét)abdxzoéx/\s) o - (1.4)

In general, any field quantity (say f) is camplex; real
field quantities may be oomidero'd ap special cases,

| By a three-dimensional Fourier transformation of ell

the field quantities,

Lk x kX

Fixt =L Zf(fJe (1.8)

’

where the aumrnt.ion of the wave-vectors ; extends over
|
the lattice points of the infinite k-lattice (a cubic |

lattice of the lattice constant L-l). the volune inte-

 gration in ﬂo, g, and Q@ 48 tranaforied into the

lattice sumnation of the wave-vectors, The oont.ributiq:;
from each wave-vector k, being a lemiitian bilinear |
forn of the corresponding £,.'s ond £§'s of all the
field quantities, can further be reduced to the eanonical
Tomu by a linear transformation. One thue obtains

0 N % r *
i )‘g %% é"' g ﬁ*fg_ér%fr&f’ Q“ZE € %sYsr (148)

 whepe there are as many e, and af, , auungumm|

by the index ¢, as the number of linearly independent




|

'rk'a end f3's. The nommlization faotor L

-0 - ‘
|
“3/3 1as veen
A
introduced in (1l.5) to destroy the factor L° arising
from the volune integration so that H®, @, and Q
‘gontein no factor in L. 8ince each additional field

quantity brings in a factor L-a/ . » one has fop HI,Bs,q.
|
|
=3/
,ﬁ/l:Ls/(trnimar fora of ell 2, and Qé:- )s (1.7)
-3 : #
A 2 =/ “(quadralinear fom of all @é( and Q&r Yo eoe (1.8)

where the a'e and a*'e of different kv are interuingled
,1.'n some definite way. In the usual theory, H]' is linear
in such natural constants as the elementary charge or
‘the mesonie charge of a macleon, while H? ig bilinear
in these interaction constants, and 8o on. The peries
‘of terms of increasingly higher degree in the a'e and |

a®*'s,
Homacdt Ll A AL (1.9)

can thue be reganied as an expansion of i with resnect |
to the interccotion constantse.

In the quantum thoery, the field ouantities are
replaced by g-nmumber quantities obeying non-commtative
abgebra, while the four co-ordinates x, t are retained |
a8 c-rmumber cuantities, The Fourier transformation
(1.8) can be used for q-mumber field quantities £(Z,t)
and gq-rumber Fourier amplitudes :rk('r.) where the wave- |
vectore k are rctained like x as c-mumbenjquantities,
The Bug and a& » Whiech are the linearly independent
pc:nbinati.ons of all the rk(t) and rg(t)., are now Q-

nunber quantities., The total energy H of the system -
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|
!mely the whole field in the fundamental cube - plays
the réle of the Haniltonddn. The quantum conditions |
between the a's and the &®'s are determined by the condition
|tmt. the gquantume-unechanical equations of wotion in the

|Heisen1—erg representation, viz,

‘A— 9‘?/25‘— ﬁ 7y Q'*- ¥ E |
3. 35 /‘7 %’ 5 T R F_Hdkr 4‘@,/‘/, |
Hoze

should be formally the same as/ﬁhat—nrq obtanined from
the field equations in the classical theory. (The
asterisk, when used with a g-munber quantity, denotes
'. the adjoint)., In the linecar transformation from the
£, and £§ to the a,, and af, it is convenient to
introduco a factor { 72 8o that the quantun oondi.tlom

|
between the n's and the a®*'s contain no longer f ,Viz.

| :
% Y5 F e Yy = @i'o“ s T Ot Yo <O, (1.12)
Q’k*qk” zeif @ = B a ol
o Ko é /éo' AL Coo
The + eign (anti-commutation laws) is used only if Loth'
8y, (or ite adjoint) and aLy .+ (or its adjoint) are
derived from field quantitics which transforn for the
Lorentz transformation like epinors. 7The - sign (com=
mutation lawe), on the other hand, is used where at
lagst one of these quantities is derived from field |
quantities which transform for fie Lorents tramfomtio:i:
1like tersre (ineluding vectors and soal.a:-a).
Ae consequences of the cuantum corditions, the q=-
mumber quantities aln:n:n for various ko all commte,

Their eigenvalues Ny, are independently 0,1,2,... in th’



eare of commutation laws being used, or O and 1 in m[\

case of anti-commutation laws being used, Sinese Gy

Gg, Gz, @ and H? of (1.6) are linear combinations of
the commuting quantities ah’:n with c~-mumber coeffi-
cients, they all commite, In fact, 0 and Q commute
with the Hamiltonian H, which expresses the conservation
laws of the total momentum and charge in quantum theory,
In the following, the total momentum and charge of the
system will be assumed to be known.

After having obtained the quantum conditons in the
Heisenberg representation, it ie practical to change
to the Schroedinger representation in which all g-number
quantities are represented by lincar operators constant
in time (Direc(1955) 8831-32). The operand ¥ , called
the veve functlon, deecriles the quantwa gtaie of the
system and varies with time according to Schroedinger's
wave squation in thne*

_£d¥

x 57 =AY where ¥ is short for P(/%o_;f). (1e12)

e trea epor e text 1s the usua )
cut wg of epplying Heisenberg and Pauli's method of
Quantization in the k-representation, 7The complete
treatuent which includes also the nuantum-nechanieal
equations of motion in space can easily be reduced to
the avove simple treatment (of.Born and Peng(1944) B4),

in the complete treatment, the wave function ¥ (%_; f,f)
satisfies the wave egquations in time and space,

_E WY, 5T £

53— =AEW2t) | Lord By x.8) = § BN, ;20

if the total momentun is imown, say 3', the complete
treatnent reduces to the simple treatment by putting

!.p(/yr;_,-\-,l‘) :L“yzeifff/f ]'z’(%d"f)
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The eigenvalues iy, of aaf, for all ko are adopted
|

as the argunents of ¥ on which all a, and e |

operate. For a set of basic functions 6f all N_. on?
ecan use the simultaneous eigenfunctions of all 'b‘in ;

viz. i

$ W) = 7f 77~ Sn | (1.23)

/ea" ka«.r

where n denotes in ahort. a set of quantum numbers
|

(Mo} with a1l ko, These funotions, for all n ,

form a complete system of linearly independent functions
of the N's, and are orthonormall

(‘f@?@)) @*( r)jo@("/ J ﬁ-ﬁg'n‘m =4, nomt (Le14)

a-
Ae the gero-opder approximation, 1t is conventent to

| introduce an idealized system, which is deescribed by

the simpler Hamiltonian H?, with the came G and Q as
before, see (1.6). BEvidently, the functions (1,13)
fopn & set of eigenfunctions for this idealized system,

y j"w - E(oi?co), (ﬂ 50(0) @) 5;0) Qn%ff) (128)

where J:?:;J is short for j"(o(/\/ ) with the eigenvalues!

(0_ - -
E #‘ZZ' (S/wnfo'i G_ *gi ﬁﬁr)t&-r ) Q’?L Z’Z Co Yo (138)

The solution _Z{o) short for _@-@{f\:’ )z‘) of Bahroedingor’ [}
wave equation for t he idealized system is simple; the
|

general solution being a superposition of the
ptationary-state solatiomé() with arbitrary oonstantb.

) r) i‘ﬂ‘)

% 0% 0 LS o (1417
3 T PR, S ey

—
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The pecullar form of the eigenvalues (1,16) suggeste
the usual interpretation that,for the state 3’,‘:)

characterized by the set of quantum nunbers { n. } ;
thers are n_ guantg of the kind kv within the funda-
mental cube, each quantum of the kind ko possessing thcl
onergy &, » the momentum p.; , and the charge e, .

The index © combines the deseription of the nature of

the quantun (eleotron-like, photon-1ike, ete,) with itq|

8pin orientantions (28 + 1 opientations for a Quantum ’

|
1
[
|

of spin 8) and eleotric charge (positive, negative op
neutral according to e, = +e, =e, or 0), while the
- index k describes the momentum of the quantum (gunti,’ &
ir e, =te, Pyo = -ﬁk if e, = 0). __'ﬂ_le ongzg_y L

' of the quantum, of the form -+ c‘/ﬁzr + m:c4 , i8
positive and independent of te spin orientations of the
quantwn and the directions of the momentum of the
quantun. (It depends, however, on the nature of the |
‘Quantun thraigh the rest-ensrgy % _c of the quantum)s |
It followe from this interpretation that, excepting
only the vacuun-like state with all .o = 0, one can

elso specify the state ?éo) [ lby merely the numbers :
Ny Doy oo Ny of the quanta of various kinds (1,2,..K)
whioh really occur (i.,e. %75 0 for kv = 1,2,,.K),
if at the eame time the ¢'s and the k's of these
Quante are given, say Tyr Tgs oo % and kl’ ve &_1 .
(kg can then be inforred from the totel momentum), |
It muet be remembered that the quanta of the sysiem
H? pepresent an idealization of the real olementary

particles as observed in naturee The latter are
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result vanishes if Hp* 1 or Ny~ 1 is no longer an

- ll -

desoribed bty the Hamiltonien H, ineluding the interaction

tems H*, 1%, ote. In these terus, a, and .‘b do not
O¢eur in the simple combination 8o, ¢« The effect of
8., OF a;' operating on e function of all the N's is, |
epart from a numerical factor depending on the N's, to |
increase or decrease the arguuent N by unity (the

@ » .
eigenvalue of amab). The erro(:t of 8, or e} .
operating on a basliec function 5",2/ is thus to produce,
if the result does not vanish, a rumerieal multiple of
a new basic funection which corresponds Lo one more op

one less quantum of the kind ko in the fundamental cube,

Prom this, the effect of 1Y, H®, ete. on a function of
'all the N's can be dedueed,

Any state of affairs concerning the elementary partiodkes
ie described by a corresponding eolution of the wave
equation (1.12) for H, (not (1l.17) for the quants). In

of rhefi rocesses
practice, only steedy effects are stiudied, gich as the
' eross-sections for the collisions of the elenentary |
particles, and aleo their self-energies, Hence, thramghout
this paper, only stationary-state (or quasi-stationary-
state) solutions of (1.12) are considered, These are

of the fomm
SE L/,

pes B
E}a, € ya (A/cr') (1.18)
Where the ¥, and the E, are the eigenfunctions and |
|
the eigenvalues of the liamiltonian H, |
- : B i |
Hie =V€o, HA=H+r'+ 1% o laan
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. As the ¥, ere functions of all the N's, they can be

- 12 -

expressed, when nommalizned, with the help of a unuar:

transfomuation of the basiec functions y’@) } y Bay f
|

i ® (@@, Y ) |
}fz = e s da] - -~ (1a00)

Substitute this into (1.19) am develop / %7 in the
basis Z (o"; Then (1.19) is transforued into the .
syetem of algebraic equations

(5'“’)/4/ 9) (92, }5 = (809 JEL (1.21)

) 116@ ) . ®) ;4 / ¢ (FF |
(F48)) = = HGL )RR ) + GIHE )+ | (1.92)

- with, eccording to (1.15) and (1,14),

oD, 0 e)y = O o |
,-{;L» H y iy Cpme ~ne - - (1.28)

The solution of (1.21) ean be successively approximated
|
by the perturbetion method by ueing (1.23) as the |

gero-order approximetion,
For phyeiecal interpretation, it is sometimes con ,

toanalyze the stationary-state solution (1.18) of the |
actual system into a superposition of the stationarye |
8tate solutions (1,17) of the idealized eysten, say

oy g0 szl
¥ =" i & Jadr o (1.24)

with the coefficients (7Y ¥ ) varying with time,

0. p ) o JEL-E /L
(fh"lpa fye s (ff‘ﬂ) (1,38)
Substitute (1.24) into Schroedinger's wave eguation




|

1

(1,12) and use (2.17)., Then (1.,18) is transforued into
'the system of ordinary Qiffereniisl equations

Pl o (2 [h*e 2+ ] B )EVE, )
R S - oy

'ﬁ(-'-&(of_ E'{O))f J/i: _ !

i P CF ° 0) :

=2 ¢ fsehs) s @9 )
l

The perturbation treatment for the succespive approxie |
nation to the solution of (1.926) in the Lime~
ation is of course mathematieally connected with that rl

Of (1,21) in the epepey-pepresentstion. |

2, Degenerecy -~ the failurc of the expansion method

in oxder to expiain the failure of the expansion |

method, it will be shown that the unperturbed system

H? 15 degenerate, For this purpose it is only |
nescessary to condider the states 5"3) poeseseing equal |

roigonvaluee for the total momentun § and equal eigen-
‘values for the total charge Q, because the states |
posseseing different eigenvelues for 3 and/op Q fall
into different non-combining classes, |
The vacuum-like state, which belongs only to the
class of zero total mauentum end zero total charge, is |
of course non-degenerate, The states whieh correspond |
to but one kind of quanta in the fundsmental cube (k=1)
ape specified by n, and 0, only. These are in general |
spin-degenerate (meaning that different states with :
‘different spin orientstione of the quanta exist and

|
‘ possees precisely equal energy-values) and can be

| L

(1.26)
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| partitioned into s mnuasber of mutually exclusive groups

- 14 -

of rigorously degenerate stotes. |

For the etates which are specified by fyy Ngyee n, p
01. “8’ e a!. and El' e k‘-l with K= 9. 'me ‘hl?
k's cen very almoet contimiously (namely by units of |

1."1), the energy-valuee formn an slnoest contimuous |

- Bpectrum for each epecification of the n's and ¢'s, 1In

oueh ¢ircunstances, all the stetee £7 with £ Lying

® | A0 2 , L Aple) '
between £ 2 AL, am f‘,p ? 7 AL oan be said to
be approximetely degenerate with respect to the central

etete 7 within the allowance ALY . ¥or suffi- ||

oiently lerge values of L, the allowance /| ff"n{ (whien

is elvaye lerge compared to the spacing fc [_"“ of thq

almost continuous energy-values) can be made arbitrarily

small, and hence the epproximate degenerasy becomes

almost rigorous. The totality of such states (mcludtrp
) " o) . : ()]

the state f,b itself) will be denoted by degn. The

' notation me deg?n and m ¢ deg@n will be used to

' denote that 7 1s or is not almost degensrate with |
respect to £% . Note that the total nuaber of |

statee conteined in the group degn inoreases with |
L. Wurther, it i1e impossible to partition the states |
of an almost contimious spectrum into a rumber of |
matually exclusive groups of almost rigorously degenorﬂto
atates, (In fact, the group deg@n partly overlaps
with the group deg”m if me aes®n). ||
The notation degn may also be used if the state |
j’fff corresponde to but one kind of quanta in the
cube (k=1), then deg®m ecoincidee with deg®n if




: - 1b =

me deg® n, Por a non-degenerate state jﬂf} , deg'’n
eonsiste of only the stave /.  itself.

The degencoracy of the states of the unperturbed
systen H0 usually plays no rble for the first-onder
perturbation, because ( "/,:// '[,.: _‘-' usually vanishes ror?
m e deg”n. (Bince HY is trilineer in the operators
aw and a;' ,(5";3’/7’1’50;‘3)) differs fraa zero only if |

_ Myy = et 1l elmltaneously for three kinds of quante,
g | two of which are usually of the same nature, Then it i

4

-

|
|
1
|

L R

| 18 kinematically impossible to satiefy the conservation
laws of Loth the momsntwm and the onergy). The case of

. the electrostatic iateraction between Dirac's ficld ‘“r

l (or electrons) and the longitudinal part of Maxwell's :
field (or the longitudinal quanta of Femal(1932)) is,
however, exceptional., (Here the rest muse of the
longitudinal quante vanishes identlcally, and both
eonservation lavws can ve satisfied (o any desiped

| acouracy if the womentum end hence the encrgy of the |

longitudinel quante concerned is arbitrarily small).
But, in any cascy es it will appear umacdiately, the

| degeneracy of the states of 19 cannot be ignored from
g | the second~order perturbation onwamris,
The fellure of the expansion method can now be
X damonstirated by applying the important theorem well-
I1 Enown in the perturbation theory for degenerate |

systems (of, Born, lelscnberg and Jordan(1928), |
Schroedinger (1926), Born and Jordan{1930)Chap.V),
. which in these works io expressed ia the cnergy-
- representation, (1,19) or (1.21),




B

) Zheopen If eome statez of the unperturbed syetem apre
Idocmrate, whether rigorously degenerate or almost so,
then the eigenfumctions ¥, of the perturbed system |
' cannot bLe expanded straightforwamly with respeot to

' the perturbation by a power series of the fom,

)&

~—

(2.1)

where #% containe the first power of the integaction
Ioonntant es a fagtor, Wg contains the second power of |

the internotion constent as a fector, and so on,

Proof Thiec theorem can easily be proved by contradie-

' tion, se followe, If the expension (2.1) were possible,
(121) and (1,28) show that ©, ocen be similarly
*upanggn. sc (1.21) becomes, by using also (1,23),

IZJ ?fgut_& ) U ‘f‘ D) 1 ( ﬂ A A6 ) '.f?'ﬁm‘ }‘: a! F_._';:s_..’is_**...}

(2.,2)
( ®) v, L), redo) ) )1 =0 ’ ,
— ¥ L‘:}{ o+ ¥ ';"I Wi & % ,J i I ’_.c 4 .E' + £¢ = B .i‘

{ q W oaq g - ~a s 2 | [

The zero-order epproximation to (2.2) is of course an
|

|identity, The firet s proximation to (2.2) then leads
to

FINFD?) =5, &5 (R ED) G2 pE) | (my

which gives rise to the gondition of golubility

(9, 4200 ) Z )
(PIA PPV =85 E for nbdna . (2.4)

/i
Of interest are two cases. (i) (F

ALY j’a ®) #o0 for |
ne deg®2a and n # a. Then the ocrﬂition of sollubility
(2.4) is not satisfied, and hence the theorem is proved

!by contradiction, J[his is the casu where Ffepai's

longitudinal quanta of arbitrarily small mouentun and

|

]




energy are concerned, (i1 )(f’m//! a’)_\-" 0 tor ne degVa.

'This represents the general c¢ase in quantized field
' theories., The condition of solubility (2.4) is then

'satisficd by BX = 0, and the solution of (2,3) gives

:q) 1 5 0)) [
L) (ja H Fa = (o) |
o Fod = gy e R AT
EX) ~ £

|
‘But then the second approximation to (2.2) leade to a !
contradiction. It leads to, with the help &r (2.5, |
(7 ‘°’/{f(°)l hé_i)w_f :@ 5"(’} B
G - o]
ey HEREUARID)
but the gondition of golybility for .(Z..6) , nemely
that,for ne deg®a, the left-hand-sgide of (2,6)

should bte diagonsl, is sctually not eatiefied., (In fact,
for nse d.eg{o) a and n % a, the left-hand-side of (Q.GD
is usually called the transition metrix element from
:the state _?‘f:) to the state f’;f)’ )s Henee the
lexpansion (2,3) fails,

Ae ¢ consequence, (2,6) cannot be used for the calcus.
lation of E’: by putting n = o, even if the resultant
expression for the eelf-energy were not divergent,

The imposeibility of the exransion (2,1) in the
energy-representation implies, by (1.18), thet it is

dmpoesibie to expand the E’Q in the fomm

“

E/« G z;rfo_) “ ?q{ - ‘z{)d ooy (2.7)

ilence, in the time-ropresentation, it is imposaible to |
integrate the system (1.26) of differential equations




L

R

by the usual expansion method, in which (1.26) is
decomposed, by using (2,7), into

©). g1 ¢ W Y R A
td(it?) P o C}ﬂﬁf"(}/ iy

: /a0 L0
FABEE)_5 ST Rt b i, )

~

‘he eross-sections thue obtained are therefore not
Juspified even if the contributions from the termss of
htchor degree were not divergent,
j The fallure of the expansion method for gny gmmq
pystem ie due to the faulty assumption, (2.1), that tho |
igenfunctions of H should equal ap roximately those of
¢ beceuse the eigenfunctions for a dégemmte systen

l
!

t:n Le chosen arbitrarily to some extent. In such cire
| nstanéee, the degeneracy of the unperturbed system 1%
haa Lfiret to be treated by the methodfeeculax‘ perturbe-
Ption. Sueh consideration is familiar wherever the

:perturbation method is applied, usually in the energy- |

reyresentation, to problems of etomic and molecular

etructures, In dealing with field theories and the

E:mtemction of elementary pavticles, the ireatment of [
the degenersoy has been hitherto overlooked, probably |
because the problem is usually presented in the time- |

representation,

-

s’ (3.')

(2.9)
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'by the authors quoted above, the arbitrariness of

3s The method of cecular perturtation
In accordance with the perturbation theory developed

chooeing the eigenfunctions J@fi) of the unperturbed
degenerate syctem has to be treated by the method of
seculor perturbauon. The following formilation of

‘this wethod iec degigned to cover both the states which

apre rigorously gegenerate and the states of the almost |
jccmt.imox:«s spectrum which ere almost so, The eseential
point of this method ie the following, If the eigen=-
functions of the perturbed eysten osn Ve expanded, to
the r-th approzimation, in & basis [( j"f) f say, which
are Begeneraie, then a suitable change of basis from
[ j"é")f to [ jﬂf“) f mwust be made in opder that the eigen=

functions can ve expanded in the new bLasis to the ptleth

approximation. In atonle and molecular problems, the
basie for the first or the second approximation is
usually non-degencrate, in which case the degeneracy ia

!aam to be reunoved Ly the secular change of basis. This
is, however, not the case in quantized field theories

?more the degenerscy perelete in 2ll epproximations,
iHanoe the method of secular perturbation hae to be
{oonumaa indefinitely, unlese the perturbation methofl
i10 discontimued at?cevtain stage in favour of other |
'appmximation methods heing ueed/
Let }”") and E_,() denote the »th approximation to |
the actuel eigenfunctions V¥, and eigenvalues =, , 80

H(r) (r) \/4(7‘}5(%) H(r)=//0*/7’£+ I +H;~v

a/ ]

(8.1)
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where quantities of higher degrece in the interaction
oonatante than the r-th are to be neglected, It will
ba shown that there exiets a secular problem for the
ér-th approximation, of the form

1/((’}f(r) s ?(r) 5 (Y'/ r()"/ // (’\)‘1 f/((r*)!” (30’)

Muoh supplies a basis ]’ﬂr)jZ in which the y(”‘/ of |
(8s1) can be axvmru:ed, Just to the r-th approxination,

s |
;a.‘f }/.Cv*/ v~} 4 ;i,(rjt o ag/r)r. (5.3)

/\() may be regarded as the lamiltonian of a secular
gayotun vhich.is nearer to the actual aysten than the
unperturbed eystem 0, Tne differonce of /" ana /7
Will be called the nonesecular perturbation | G ’

A (v) 1 A
J—(H://(Y)_/,\(r) oiey Bl e rg/\r)r
\/“”J = ¢ \/(f"."(}' (J' P NIRRT

Por the r-th anproxination, the expansion (3,3) of VM

2

.u in faat arrvanged according to the opder of magnitude
Pt‘ the non-sccular perturbations /' 4 )gl @ bE, I hawe P ) :
while the seoular pertustation /(0‘)1 o, Lt
is not regarded as small., (Note that the superserint
kr) with the brackets indicates the omler of anproxinations
T =0, 1, 2, see} while the suverscrint oL without the
brackets indicates the degree of the interaction
constents, Z = 1y «s . Further,the letter ¢ is used
m\ connectlon with the secular problieus, ihuo the
letter ¥ is used in connection with the mctual

broblm).

i
|
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| For the firet approximation, r = 1, it is well-known,
|

'4n the cese where ell states cen be partitioned into
:mtuany exclusive groups of pigorously degenerate
statos, thet the seculer perturbation A Y ig euen
‘that ite matrix elements Letween two dezenerate states
;are the same as those of Hl while ite matrix elements

‘between states vhich are not degenerate with resnect to’
:eaah other vanish, That ia

‘ z (1) 3 S8 (s
| (féo) K (o f}«‘) = ( j’(@- /flfﬂ; ) - ce d'of" /

|
i ) 2 ; ~ ; (W‘
B i o TR S

I

|
|

In this case, the matrix (7”4 7,") eonsiate o

step=-natrices (which correspond to the partition of thol

states into nmtually exclusive groups of degeneradpe

|

| }/ joa(i} /? represents a unitary transformation,

-él): 008 [ pl) (1) ) : “.
T PR o i g (5.6

. . (0) 1)
where the transformation matrix [jfé o i ) also

steten), The secular change of basis from /'( j"f) f to :
|

consiste of step-nmatrices., That is
|

% '; (fbfogjift/) ?g o 749\( é & @(O)Q/ ;
(o). (,{)) §-. (o) } I(a'”
(fﬂé fa. = O /%O'Y é o ‘8‘7 @ . ’

The secular problem (3,2) for p = 1, now written in the
;fbaua Z( j’g""f » can then be partitioned accomiingly

P, LSRR = et
Z)

|

(ce 47("/4,)




Lf]c(o/'/(w%y/ e d:é 5@ +(f(9r_/{(1/1 (,))‘

c{'hoao equations, (3.8) = (8.9), ean also be used in thQ
[ case of the almost rigorous degenermey for the states :
| or the almost continmuous spectrum, provided that each |
| of the states is considered in turn, and, for the 1
 determination of j”w E(ij for a particular |

‘state, the corresponding group deg®a of states Vhioh

[
|

are degenerate with respect to /(f’“) within an arbitrq.
rily suall allowanoe ALY is used, But, since 1t is l
| impossible to partition the states of the aluost '
‘ continuoue epectrum into mutuelly exclusive groups of
Edogenemte states, the matrix/ ,@“’ K 1}0“/ ) now oonsintn
ior some kind of band pleced along the diagonal, out.eidq
of whiech the elements rapidly diminish and practically
‘vam.sh. Since the mumber of states in the group aeg@)a
1: large (and increases with L),the band covers a larga
numbor of diagonals on both sides of the pringipal dia-
}gonal (and even more so for larger values of L), The
‘matrix jjfb/‘ 504/1/ ) is of a eimilar structure,

The choice (a.i) of the secular permrbat.ion K &%
;follows oaacntia.uy fron the condition that.in the new i
basis | Yé . the eigenfunctions in') ecan be expanded ;
to the first approximation, That is, in accordance |
with (&.8), ‘ |

}A(i) Zf(i f,(v}ﬁ(z fa) &a j" }4,(#1).

s

;
|
|
1
l
\
(
[

;
‘ln order to derive (3.5), let us regard BC ? as the

(8.9)

' {3.10)
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(Z)
Hamiltonian of the perturbed mtan,/( as that of
the unperturbed system, and treat the non-secular
perturbation j(i/ -J( )L by the expension method. By

(3.30), the eigenvalue problem (3.1) ean be written in
the form '

[K(J/ J(l// Z ?(1/@@(1/ }p(ll) Z ]faﬂ/(j,(l} 70(1/ ) 6(1)

wh.&oh, by usin.v (Se2) and developing (](1/ b() in the
basia [ff(zj } beoones

Z(f(u (1) (1/)(?(1/7%(1)/ (E“/ 5(1}](?l¢)ﬁa))

On the right-hande-side of (8,12), sinee the leading
tom bgy of (¢ (‘/) contributes nothing, the
(5[1} 5(1) ) may be spproximated by / B s £(°) )

By using the expensione (5.5) and (Bedt)y (3:12) gives
(BT V) = r£9-9)(p¥. p94¢ )

Pty G a / G TG W Shs

3

The eondition of solubility for (3.13) demands

(o:(l)J(yif;“/ R £ 04?7@ I

GROGD) < (1 RGD) o et g

a

|
il\'ﬁ’hon expresaed in the dbasis fff) } ’ ie gives the
| first part of (3,5). The second part of (3.5) nas been
ehosen for simplieity and definiteness, but it is in
 prineiple erhidresy,

The mejority of [ g“ , 28 Qetemined by solving

| (8+8), will form an alnost eontimous spestrum, The
majority of :) are therefore degenerate, For the

(3012)

(3.12)

(8.13)

(8.14)
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second ap roxluation, r = 2, a further secular change
of baeis froa [ PO w0 [ ¢V} 48
7 2 | is then moum, ur]

A 7@ p®R)
&y Efé & itz /)/

L -

¢ Z
S XE e “(71 - ]
AR s

Here Qeg@e denotes agroup of states j‘(’fy with /E((f}
lyirg within en silowance A&Zj around the ecentral
velue £, e seoular pestarbation for the detere
mingtion of the new basls f j’f) can be derived
euula/xfj/by treating the non-secular perturbation J @

whore

for the second epproximation by the ex»ansion mathod,
as follows, In the basise f jvfj) } » {(3.1) becomes, by
(3.2),

SORTY PN 1Y) < LN I

o

_(t.u)

(s.18)

(3.17)

By ueing the expanslions (Z.3) and (8.4), and spproximating

e (E7V-£7) vy (6¥<£Y), (3.17) gives,

G e <
for the first-order and the second-onler quantities,

a

; > 5 A R Z

(f’f)‘g]'()lﬂ(z/’) +£ZL(ﬁ(')f“ff)/02 {}bq/a)
. Ry R

—' (/Y- )(pUpS?),

@ /s

The eondition of solubility of (3.18) detamimak(w.
the first-order secular perturbation in the second
approximation, viz,

(8428)

(8.19)
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?,,(e} 7,(2).1 (z)) ﬁ'w e "{7(1} < e

3 ) < 3 < : Z)
/@w ({go;)/)z(jo”/‘/ £68) o ¢+ %,

; Por simplicity and defmtonul. take

(f(.z}. K(i)l, (z// g Pk 107(1)@
Caghnial dob Vel Y("/ e

T“he solution of (3,18) then gives

R 41, R)
A e )
®R) v, ()1 (fe e - (2
(ﬁ'%a ‘):' 52’/,5:1/ s s ':Z a.}

and, for @implicity and definiteness, take

(jOC(z/. }:(;z)z) S /(W : 2 a%{/l)a

W1lth the help of these relations, the condition of
| solubility for (3.19), namely

) TG =0 e
\

- determines the sesond-~order secular perturbatzon/ @}{’.
Q@ RR e R) R)
(fac)/( CL = Cf ” H ?Q )
() e (z} &) R)
L RIS

/.t} (t/
é.s Y = - £ )

For definit.eneaa. take

: = <4
| Cfc(e)./cfa)af:/) -0 Foa e a&ﬂﬁq : 3
| GR e ) <P R e oéafi)q

The solution of (5,19) then gives

Fov ng[,j“)q

(8.20)

(3.21)

(5.22)

(8.23)

(a.u)

(8.25)

(8.26)
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,(j’c(l)' yf)‘l (1) Eu) [((fw/fa ['y) +
| s (jp(u.// ﬁ(i))(ﬁ@/q f,re/}

1 A - } AV ¢ § Y
MR L8 L ey

- The nomalization condstion !
R) )R (-r) (e) Thy
2 (PPN R )=l ) =50 ol

. leeds to

o BT =

~which somewhat restricts the choice of (} (2) f@j ‘{) ror
¢ e dega,

! Prom (3,15) and (3.16) foklow, for any contimious
function 1 521” and sufficiently small allowance

( )a,

o, f(C61J) (p“’ 2 i/ @/) = ][(5(1) :j} (5020}
5 |
5 and conversely, as the functions f ?( /}am orthonomnl#
Lip R ratd) (1/ ( |
e e Wind e GFs uips), 0 o i(a.n)
P o(e;("é

ilence the secular problem for the determination ofj" .
‘ I
and f_ 2 °an be written in the basis Z’fo{j 7 F in the forn :

i % SRKRIsT) ~(70) £

¢
A E(/ used in the definition of deg

(cs def@)[(s.aﬂ)

~where, by using the secular problem for j"é and £ 5/ ,

;ﬂ@/ ®) (1// o (j(-i} €y j))_//jo @ (.f/j;of{})
= S5+ (RSP + (k9% 59) |
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By tranaforméng (3. 20) into the basis ﬁ/ } and oanpu-hg
| | One ateq Yl

‘the result with (3. 14). the correction of the riut-omn
foeoular perturbation arioeo only frou the difference <>1'1

des”s  and aeg(”bs 1
UL Y ersft s ufy
(ja [/ )l/(@)j )= % 9, j";)) i csa/?»‘),ﬁ 4k e & ‘ga)l

(3.34)
o if Heywne |
| i
By a change of basis, (3.25) and (a.as) vecone
| ( f,@; Km)z f(z/ ) i cz) (d) ) ‘
'S, s g |
é) égtti) / H Y& j"c,t) Yé)) ) /(j,,‘ }?(4/) j{“i) H f
| “’Z"“—‘”éé — (3,38)
% g |
{ b 5 4 ’
J: & & O(K?(i)é 5 a»wL, i
(fu)K(e/-cyg /\ T P gt 0/6;(1')5 : f(a'm)

in the numerator of the fraction tema of (3.35), note
}the occurence of the factors arising from the secular
Bhange of basis, If the states which are included in
the sumnation over a' can e partitioned into mutually
Cxelusive groups of degenerate states, these factors

Can be eliminated by using (5.51) and the orthogonality

condition of the basis f fb@,) « On the other hand, if
the states to be sumned fomn an’ salmost contimious

Bpectrum and thus cannot be partitioned into mtual}y

bxoluaive groups of degenerate states, these factors
renain and, a8 will be demonstrated later in 86, help
ﬁ.o render the suusation convergent,




The derivation of the secular perturtation for the
?msher approxinations is similar., In quantized field |
theories, the self-energies arise only at the uodond,
‘the fourth, ..., approximetions, Then every two

‘succensive approximatione, such as the first and the
second, the thimd and the fourth, ..., can be dealt

‘with in one step.

in the tiuse-representation, the method y secular

‘perturbation assuumes the following foma, Let
i ., i (v) ~c«(7’}zf (\‘\) ‘
552‘/ = e ¢ /% ) 2= o' A Sl

fa

. s RO pahce
E-’Zj.)& o &~Leké/z')bcr)/ Ld'x 1}... P) P'&'i)l)'-') !

a

|
|

fFor Buccessive approxhnauona, one has to solve (1,26)

lby the successive change of variables, (r = 1,2,..s)

(E2,) = -5 B8 @TIRNE ) e

‘with

p0r) g (r-2)
L e
(2

g A (3,30
| (je ‘fé ) . .
‘The condition that the r=th approximation to ¥, ean |
‘ r

?be expanded in the form

ib.(r): é[r)+ 3{/@)1 A S-Z,(r)rf Ka o)

@ a @ a-
detemines the secular problem i

...fv: (B fg) ool K[r) é(r) |

v 5 t. Q’ : (50‘1)

‘The explicit expression for /( cr) can also be derived
by epplying the expandion nethod for the treatument of
‘the non-seculap perturtation in the time-representation,
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From (5.41) follows the differential equations for

the secular change of basis for the successive appro-

 xXimations, r =1, 2, ...

| |
‘ \ééﬂ i(j;i) (:E(“)) Z @C"‘J[KO) L"-i)j @o;.i,)/Yéu_‘iI@-

| v e
‘¥or r=1or 8, (3,42) is equivalent to (3.8) or
' (5.82), ae is easily verified by using (3.39).

m. Asymptotical solution of the secular problem for |
| lerge velues of L - Regular case

The first-order secular perturvation generally ;
vanishes in quentized field theories. The only excep-

tional case ococurs where a Femi'e longitudimal quanM

Of arbitrarily small energy ¢ (of the order of %’ ok [:i)i
iia enitted or absorbed by (say) an eleectron-like |
?qua:’.twn. As the correspondl g uatrix element varies
iae s"é » thie physically exceptional case renresents |
1@&0 a mathemntically singular cage, Since thic usual 1
idivur,,;ence difficulgy originates from the quanta of |
‘arvitrarily large energies and is independent of the :

|

inatux'e of the quanta, it is convenient, for the present

)
% (B.a2)

general investigation, to ignore altogether the axisteﬁpo

of Ferni's longitudinal cuanta of arbitrarily emall |
iencrgiea, and thue avoids any special couplication

%poc.d.iar to this singular crse alone, The method of |
isolution of the secular probleu in the regular case i
w111 ve demonstrated in detaile by considering the |
‘second approximation. This method has immediate




|

physical application, for example, in dealing with the

f interaction between the nucleon field and the meson

I field.,
; fuppose that the first-order secular perturiation

vanishes, so

(1) (0 ~ 4 _ ‘(o) (1)
fa, —ja_, PO s ) ’%7 Q“"‘?(o)‘b, (4.1)
; ‘he second-order secular peoblem (3,32) beeoues
| 2) . (0) /(0 o) s ()
L RN T = & (402)
Aédg( it (¢ & jz?(o/q/) )

' where, by (3.,35) and (3,35),
I
j Cfm)' KC-!) (o) ) (o} > ( f’(o) IR f(o) Fot /0) (j,(o) Vi (o)) %

5 co)H $2) <°). (2)) 2 <? y‘ G,“)f ) ) (4.3)
b ady(")@ Ak bl 3

5 2
N (o) ¢
4 “)c: £ - E 7)

o

J ¢ (o) K j,(oj g /f(o) 4 Jw(o))
| = ) (0) @) Z R () (.,) (o )
W5 'ff{*‘ﬁ‘*’@)ﬁf A, fsql)_c;é#?a.{(fm{j )(J(’_ 7

o) (o)
E g f / ‘
b a (e {n(?(")/ : C*é)-

| !
' The disgonal elemente and the non-dimgonal elements are

(4.4)

i

Jhere wvritten cut eeparately because the respective
fraction temms arve of different orders in L. In fact,
the non-dirgonal edouents (4.4) can be spproximated by

' the femiliar expression (inown in the expansion method

‘a8 the metrix element for the transition)

( ; (.41 (624 57)
(j"”/(c D) = (§.4° ))C/Z b7 » i £dtty

gl 2
Ly (4.8)

(e s dsf | cx4)




3 ' terus of (4.4) is easu.y seen to be |
2 ) (o) (-) .)
| dsdef% s (0)2 s doa™® (o) (o)
dg dhj f E iy E o/
- () (O) \/ (o) (l‘) f
___.le bR ah il (fcﬂfé A”[/jn) |
(o) (o) wr. NN i _(o) i (405)
1 xj é 2%()](‘ E é Eél !
| |
‘! - (A(0 1 o (o kY ¢ |
S RIS R Pty
| [ (o) (o) / '
é Eé rd EA/ i
ibeeauee for esenh of these mutually exclusive groups,
say aeg®z (2= 1, 2, .. £), one hes, by a change of the
éf \ opder of sumnation,and by using (S.51) together with
|the fmot thet the fundtions j’“’ { ave orthonommal,
0 ) o) 2 Q). (o ° o) |
: gy (FHSLIRLL) 0 20, G IINEL 18]
Z, 0 / ok b (a’ &’/ A
(0) E(o) i Efo)
‘ ‘ 0./
| o) ;4 (o)) / O, g4 (0 (4.7)
g v 3 ok S ARl S el Bind i
| ¢ 9 . ¢ @) . > e
S Cf-*zv P 624
; f°) (o) ( (o) . C°/
. H
1 v REPAST .
24 | ® (o) (o) ;
| £ v G o E
| “ <
|
|
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§vhore the sumnation automatically covers only the group
of internediate states (for which the summand differs

;rrom zero). <This spproximation follows from the fact

\ t.hat.. in the circuustances, the intermediate states arq
f:lnite in muuter, possess d.fferent energy~values aparq
1fx'cwm spin-degeneracy, and hence can be regaried as the
;centcal states of a few mutually exclusive groups of

‘degenerate states, sey aeg@1, aeg@2, ... aeg®s. By
%using (8.581), the main contribution to the fraction




| - 80
; ;
[

' The same consideration shows that the eontribution due

to any other group of degenerate states vanishes, »Fy

(4¢5) end (1.7), (1.8); the non-diagonal eleients

j"[ Ka) j“(") 3 , (e = b) are of the omier of ™ on

e hand, all states ;?’ for which

' ( f’m H* s i ) = o0 contribute to the fraction terms

of (4.3). There are a few such states (arising {rom
; j;@) by the virtual absorption of some quanta) which

can Le treated as above, with contributions of the [

 order of L"a.

Pt R

oY s

Iut the main contribution arises from
the large nuwaber of sistes (arising from j’cf") by the
virtual enission of sone quanta) which eannot be parti-

tioned into mutually exclusive groups of degener:te

8tates, as their energy-velues formi an almost oontimﬂa

spectrum. Jhe nuuber of such etr:tea‘vnries as LB, 80 1
E their total contribution to (4.,3) is of the opder of !
il.o {i.es independent of L)jbut the actual evaluation |
| of‘ this contribution has to be postponed until the

secular change of basis for these intemediate states |
of the almost contimuous spectirun has been found (ef.

| (4.28) velow).
y Por large values of L, let a state, sgy d('(O) be M
denoted Heq by j” S ( £ ) flere the energy-value is

indicatcd ee;mmt.ely, vhile the capital letter used as

N
e
s

o
&N
)]

a suffix symbolizes all the remaining detailed informe |
‘etion which is needed for the specification of the

gotate. ihe specification of the nmuaber and the nature
:of the ouante and t.eir spin orientations are deseribed

by diserete variables, while the spscification of the




ﬂ

- directions of the momefta of these ouanta and the
 proportion in which the total energy is shared by thu?

- solution of (4.2), it ie suff.cient to reetrict the
group deg®. to contain only such states % fop

quenta are descrived by contimious variasbles. For tho‘

co)

which (50 (O) C&) ?CO) ) 5& O « Let 0)( ECU)) Ld 5 (o)

- values lying in the interval 0(5(0) around the value

|
denote the munber of such states with their energy-~ |
|
[

3 |
E. ) of the aimost contirmous speotmm which further

' conform to the detailed specification B, Then for

|

'Z f “’)) =

se

|
|

- differentials of the continuous variables desokfping

any continuous fuention f( ﬁa(") ) of ja@) , one has }
|
L% 5’ |

[

7 £9) 5% @) 4 £
470 5 £ 16 fo < )/O )d b

a.Z

/2 © ~(°)) containe a factor L9, 1t contains also the

the 4esadled specification B, and the sumation over

' B imolies the intesration with respect to these

l

liere

|
contimiousn variables, <
: 1
Zheorem . The asyuptotical solution of (4,2) for large |

values of L is of the for

(
€ at e ' (449)
|

7 o(0) o)) — P g ©_ ) © @) C")‘
(5920 (g i) sy
2

5@ (o) -7 gCEC s E(O),)/i_, denotee:‘:a continuous |

5 ol

|
|
(6/847()“/’. é;é a) . %(4.10)

mprifer PR < inS(E2-69) dere o gl P Aprfied e i

|+ MMTJ\MJSMLM ﬁ‘ (ﬁmw(‘) ‘{L'ﬂ;ufcm“:bm‘, WL\"?OO ‘J'uu LG d d
of o "‘“[’”“L foncklon e § doustes Birac's ddbic funcbion (Birec (325),4. 7

7
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x :
1 ; o “ B

mmuon of E 4 for arbitrarily lerge(yet finite)
‘valuea of Lo Its chief properties are the ronmm;.

) [ Y o)-' g —

() Q é(o E(o zﬂ’gc a 65 :)Z' = 4 J [é# @/ (“11)
R igéf) |
‘ / __-/ ®)_ (o) 0)) 0 _ )|
‘/ /Seu) /E“’) Wg(fm Ezgé ﬁfé ) fé ﬁE )| (4.12)

i

for any continuous function y CEZO)) of £ ama 1‘r.u'|
‘any arbitrarily smell § £%, (nevertneless, § &% 4n :
large in comparison with the spacing £ ¢ L.'i of the i
almost contimuous energy-values, It needs not neces- ‘
sarily be the emme as the allowance AE? used in t.hq1
definition of deg®sl  The other factor of (4,10),
namely ( 7;60} 5(2) (o) ) ,(ij/(fzo)) s f(‘)(ECD] )) |

which is defined only for b & deg(°)a and b#ea, is

' to be determined from the following system of mtegral;

l

equations (the integration over the continuous

variavles describing the detailed specification B is

' hidden under the sumnation sign)

(0) o)) ?)c( £©) <o), (o) @) (0)) 2(0))) f
g)(g\/ja £9) = 5//(%/&4/ :

b ,,»/L (U K H%e2) /o%s‘)) IAGARIRAC L iE
B#C,A (c#A) ;

: () ;
. Here the allowance AE has been made arvitrarily |
| i
' ®mall, The kernel ( j"w(E(‘f) K(Jf}"w( 5(0// ) (@ #C ) :
| 48 of bounded variation with respect to the variables

desceribing the detalled specification B, and so is the
unique solution of (4.13). Since /%@/Cé“’/) econtaing the

fector L® , and (f?’(gy) k[.z) ( e@)y (8;*6) contains the




h o

,raot.or 1", (4.13) shows mt(;f%ew) S@ﬁ:q%e"ﬂ) (B#A),

R

‘eontains the factor L :
~ In order to verify the solution (4.9) and (4.10),
sutstitute these into (4,2), For ¢ = &, (4.2) then

ibem:mee; .
9 = P ST

éfa, 9) /C(-Z} (0})/( o ?JW"SC ;)~ Ego))/ (jZ(O? 5(2{?’20)) ; i
0 & [{7(0) L i (‘. 1‘)

!

l
|
| x
|

I

i e)
wBy applying (4.8) and then (4,12), thie gives for 5

[ 2 (o) K, (o)) "L?rZ;L ff(d//(‘}{/‘f@))/o( (,))(f(()é,,)) \5‘(2\))}5 M’

-3 (#15)
The 7 -tem is of the order of L™° and can bte
neglected in comparison with f(vj S i) ) Kﬁ&dfwfor ;
¢ # 8, (4.2) oan be written in the rorm }
(f[D)K(J} o))(;/o’jp@) Ai"‘ /f/o)/(cz)jo(o))( (0) (&)) |

A ; (4.16)

(0) (=) 0, R, (o) C & e (0}4 ' ;
=@159) el /‘”fz)f; e =

|
(o (3

In view of the faot that (£ #7)for o % o cont.aup
Cj"w S‘w & ) #2)wnich is already of the opler of

L =3, the coefficient on the right-hand-side of (4.16)
(-
can be replaced by 44 O é) , on account of (4,15).

10 be consistent with the approximation made sbove
(following (5.17)) in the derivation of the matrix
elemente for the secular perturbation, nowever, this i
1 e/ ECI/
coefficient is to be approximated by £ i L

(that s, by (41), &°7 - £ 7 ), Tms (4.16)
besomes, by substitution from (4.9) ard (4.10),

4

|

&
£




= (E7-6;) 2‘7@_* -inSC2-€2) ,6?’.5%2’)

Ce s:(?r(“) ok
Py using (4.8), (4411), (4.12), and making the allowance
| VA Eco) arbitrarily small, (4.17) becomes (4,15). Thus

'tho asymptotical solution (4.9) and (4.,10) is verified
ror any state j’ *) which is derived from the corres-

»ponding group deg“’)a of the almost contimuous spectruwn.

The complex conjugate of (4.9) and (4.10) are
(jcl). f(o})

() : (o) (o) } R c.;} (o)

a) 80/ /g(,/ & X ”Mg(f ) (& 74 )

/ |

| (b&deg®a , é7# a)

!

\
|
[

]I-‘or two different states, consider

4,)) (f"@}f(o}) (‘}‘5(0}5“%}/%2\/(}0 @JKJ/‘ZO)?)) e )

0Of course, (4.20) vanishes if deg@) a and dog[") do.
not overlap; it will be shown that (4.20) also vaniaho#
if ¢ ¢ aeg™@a, so the two groups deg@a and deg@e
jdo overlap. By substituing (4.9), (4.10), (4.18) and
(4419) into (4,20), (4.20) becoues

(4.18)

(4. 19)

(4.20)
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| 2) 0 ~00 @ (o
) = fo g i o (Y r)
V

Z(“L“‘ -mS(sw e@))} (#9. S9p2)

E[D) ELO)

B0 4y J:f s S(E0E) (S5

inleed ()
eedpre, ere).

%'mo sumiation indicated by b ¢ deg@o.deg®a extends
wover the states in common to the two groupe deg(")o and
idt:«g(")a. By (4.8) and (4,12), the mein contribution to
@wunxf@’

b
lying within en erbitrarily small interval S E;f) around

this sum arises only from those ctates

the value Ef:) end also those with £ 26} within an

arbitrarily emall interval § E[:) around the value 153) .

dence (4.21) becomes

(55 = [ mSe] (5500

1
E (f(a) S[) [o}) ”’Z(\V[j@:) (v) (sy) ?e( /(o)(E(}) J\/%)f(o)
| B#C)A
i ) o [s) () () o a ) o
ir 2, (GO ) %)
| B#C,A A
(e & (0)4_ 5 e ?é q/}_
Now, by (4.8), 66{"/(5“’// /(‘2) m@s"/)) is self-adjoint,
‘The adjoint aquauon of (4. 13) can then be written in

‘the form

| (Slz)jo(o) ,(c)} ,f(o)CEg))) g (joﬁ/(éf//,/((z—)f@/(zsg’)))

B¥C A

cx)

i 2, (S e (e K gtee),

(4.21)

(4.22)

((4.23)



From (4.23) and (4.13) follows
( Sw;ﬂ(""z &) F ”(Ef))) = ( #aw) . J‘@%‘l’@gy |

|
< s 2 (G0 S BN (L) K Hte?)
?g# Azf( )[0( (50 /f(jo‘ )|(4.u)

+( (a) 5@)} /(( ql)) /0(0(51 )(50(%’/5(6)) ‘S'('Uf{t‘)(é’@y /
= i ({4 f@’cw)f‘" A5 SUftes)| ()

B#(C A
(the last step being effected by using (4.13) and (4.23)

again, with B for C), Since for large values of L, the
allowance ,AE‘:} can be wade arvitrarily small, (4.24)
shows that the right-hand-side of (4.22) vanishes. The
f f(:f 's are therefore mutually orthogonal.

F’m (4:.9), (4.10), (4.18) and L4. 19) follows alao
Q) CJ) 3.7 b?t"‘; ./- _______“ ~(0) A(B)) ,) {.‘zl(o/é
fo‘k g f, ;& £ Ve 5@ 55 hjfé / 435
\.Cﬂj IAE(pJ i
ks f/g; o - irS(EeL)) /Z [2ys %t Hoem des) (o
(o} lﬂaco) |

the lest step being effected by using (4.8). It will ‘
te shown later, (5. 13) % (5.17), that, for large nluoq
of L, the integral of (4,25) can bLe neglected in
comparison with unity., ience the j’f) 's are alsc
nopruelized, .
If the group deg®a contains no other state j";) !
for whé:’/h (j‘;}/(w ("J) # ©0 than the state f"f |

itself, Athe solution of the secular problem (4.2) is
[eheqy trivial, Namely,

-




(P H) =1 e gP=p0 o ES(PUYL 7]

{

P (4.26), the diagonal matrix elenent of K?  oan ve
|| evaluated as follows., Consider the numerator of the
I'- fraction tema of (4.8). For an intermedinte state
‘ f;,u which ie derkved from the group deg@e' of
|

(o)

: For the calculation of the emrgy-wvnlues by (4.15) op
|
|

otates f/, of the aluosh contimuous spectrum, one |

t' has, by (4.9), (4,10), and applying (4.8) and (4.12),
| ¥ ( (o) j’(f))(fw fot’-&)) (}"M Vi fo(o}) +'

Vo desy
; ‘#a’ \ / @, oR) &
:. dﬂa{q’ {( (°)H jo()) (0, (D) - S 2{‘ ’ \S‘ _j;’,)(‘.z")

o))_- (j,(o)ﬂ j"(o'\ﬁa’i)f( E[;f){?’;, £0) 5(¢)jo(o;(€‘,))

By (4.27) and also its conjugate complex, (4.3) bocomou

‘/ (C’P o), /1 H0)
‘ Cﬁfﬁ)‘/{a”foio}/) = \ft.i " (/Gf’z/qlzj'{o"} G 2—-5_-_“{:’/—_20_—/?‘{ y[b)

" —

LD =k,
5 o5t 5)-sms (sl B (e sees) L’ ()

| @sate}") So &gl

Here the firet mmuon oontain.s only a few 1ntenned1ato

states (arising from jac by virtual absopption of amp

Quanta),while the second sunsation @xtends over a lnrgql

nusber of internediate states (arising from f::’ by

 virtuel ealselon of some quanta)s For large velues or‘

L, the Tiret swnige of the order of L™° and ean be

neglected in comparison with the second ewa which ie
independent of L,




i - |

8. Phyeieal interpretation of the secular changs of
|
basis for the states of the aluost continuous spectrun
Gonssdes the cigenfunstion 7Y of the secular |

problem. By (8.15), (c.a.). (4.9) and (4.10), 1t resds
é¢ﬂ. (O} |

jsz jo f 4 o, ? ro} (o} “Wgﬁﬁw 5(‘)))1 (" i @j(’) ) (5.1)
ésiﬂ;;‘ |
The phyelcal interpretation of this particular super-
position of the states j"“) of the almost contimuous |
speotrun (b ¢ deg®a) can best be explained in the |
language of wave mechanics, In Wave mechanics, each
state f) of the idealized system correspondg @ to
& wave propagation in the configuration apace of the
Guanta, the freguency of the wave propagation being
‘given by éf’) /£« The superposition (5.1) then
represents a pencil of wave propegations, which is
composed mainly of en ingident wave 7.”  supported by
the appropriate gsgattered waves j"“’-) of approxinately
the same frequency, the amplitude jﬁ‘{yﬂ’ fﬂ} Jstaj

ol each scattercd wave being deteruined by the intepe
action (’K”?”.}(@’ _}0;"{}/ (¢ #f)  among all the waves in |
aceordance with (4.13). This interpretation is sug-
gested, in the special case where all the otates ;;f‘)
considered correspond to only two particles in the
fundamental cube, by a comparison with the familiar i
Vave-uechanical theory of atomie ocollisions, For |
exauple, let the rest wass of one of the particles be
practically infinite (fixed center), and let the sides
I I1. of the fundamental oute tend to infinity. Because of




! | &5

2
the tntorastinn, Whe ViatiomurStats Silasi 7
is of the form (cf, Mott and Massey (1933) Chap., I11),
Sl b
j"w = g = eoRE e?é’r S(P-B,f)

&

|
|
|
!(5.8)
|
for large values of the distance r fran the fixed
oentor:!: In this particular case, Dipac (1935, p.199)
has shown, by 2 direct Fourier transformation, that the

-1 kv |

scattered vave ;o S8 J) can Le resolved as @

' superposition of weve propagations
l (o) OF, 7Kk g -
j} — e e (543)
' by meens of the particular combination of Dirac's delta
‘ function and the principledvalued reciprocal function
@8 given by the expression within the braces of (Bel)s
| In order to show that the above interpretation is
valid in the general caese, it is convenient to work in
the time-representation. By (4.1) and (3.37), the

gecular problem (3.,42) reads, for r = 2,

-~ K ( 2 i ? &) (0, R ) / xl0) FE)
T ! aﬁel‘ 5 = /7::/& fc " (_fo "Esa_, ) <

L
/H:l: c 1:(5{0’"" GC‘}-] Z[‘/7\{‘
’ \i} . c 5 =
bE ate_,;“ﬁ,
where, by (8,2), /((.z)_z, = /\-’“J O

¥Thie nolds only Tor LI rosular cese, Ln the oase of
Coulomd interpction, the phase of the incident wave hes
to be modified according to Gordon (cf, Nott and lMassey
(1933) Chep, 11l). by a Fourier transfomation, it is
easily seen that such comuplication due to the long
range of the Coulomb interaction is connected with
Fermi'e longitudinal cuanta of arbitrarily smell energy
and momentum, A wmentioned in the beginning of the
last section, such complication will not be considered
: in this paper.

(5.4)
/9 A2 (e) _,./§£05 é(&) )
f/\ fé ! (e P4

c e




The ssymptotical solution which is equivalent to that

given by (4.9) and (4.10) now assumes the form
. ( E(b} _E(“’-’) f /ff
(/9(:).i(2)) &= E’,m‘ a @ .

_ HEZ e t/zf G °’) 7 £
() ~(o/ f
£'€:. ) _ tz b

| (bs ﬂ&?('ya, o B ¥ )

}'hioh are valid only for the following range of values
ifor t

}__E_;J_-;.)f >>/T£?J7/ (Aaéjfczf‘fﬂb
b

Hera, the lower bound for ¢t is of tho order of L /c
nna the condition + >> L/c is of courso neceusa:-.v in
,omor that the scattered wave resches ﬂ.sf otationary

(30 87) =

state. The upper bound for % ie necessiated by the
Booa; of the anplitude of the incident wave, the decay
mmtant e @) peing related to the imaginary part of

E,w as follows (compare (5.5)).

(.u e i&ﬂgf"f‘{)
-ZRiz eIt <)
ﬁ (#15),
25

7 (%) (0) <t0) . (R 1) 0 /2’

& fé EY) /(ja S :\gfjjq(eJ) 4;(4.5)
Since LoJ(em) conteains a Iaotor I.s, and, Tor B £ A,
k g«g#] 5- *’?(5“’?)/ conteins a factor L‘a. (5+8) shows

that /‘f") contains a factor L"°, 7The upper bound
| a

for ¢t conteins therefore a factor La. For large mluo*

of L, (5.7) can be satisfied without difficulty (eay,
|
by letting t contain a faetor L2),

2

(8.7)
|

(548)
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The solulion (5,5) and (5,6) in the time-representasion
can be verified directly by substituting the solution
into (5,4), Por ¢ = a, (5.4) then becomes, (the
comuon factor exp 2(4-2%)C/k  veing vemoved |
throughout)

£(z,)_ 6(.) . Cjo(o) K(’JJ-‘L f(o)) o

(f’(a) K(-U (o) /- e’(é il 5‘5 )é/é_(j"@ C«Uj,(o) (5.9)

/s @co) e

'The gun ocen be tranaformed by (4.8) into an integral,
'ihzch can then be evaluated by the following formala |

| (o) s (o)

‘ ‘?‘4 4-_52}&;“ [fw)"‘é .)f /t Er.’e)

/ L= F&.)d £ = =3 ﬂ“ﬁ@;)a. 10)
¢

(%

(") o (o)
(o) 5 E
 foe

C’} (o)
(5.10) holds for any contimocus function 7'/(5 E )

and for eny emblirerily smell allowance N£ ¢/, rovtd.od&'
(that t satisfies (5.7) and hence 7 AL Ve >
[EESLED) /% | >4 , (bedef'a, b#@)s e (5,9)
gives the saue ex. reaaion as (4,15) for &"f) « PFurthen
for ¢ % a, (5.4) becones, by differentiating (5.6),
\(-‘} (o)) ( @M f@) [ E(‘"l 54) )t /& (a; (2) (.}

AN
. = (») (0) /%
» (?@) K& 50(0)) (2% }_sf o (5 eIt ;co) dec»f f{@’é ().u)

[ T 62{5(0) (o’)t/é ,}WKQ'} {o)) (o} éfé))

- »)

PE a .
ﬂ;{ fcetfag”q_, c#a)

To be consistent with the approximation made above

(following (3.17)) in the derivation of the metrix

elements for the secular perturbation, and by using
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i(4-1). "N “Q’)) (ém @m_} ean be approximated by
| CE(‘)" E(") (g‘@’.f@)) Foy Cé dé}gg?/ ad ¢ Ea, Hedeo

@) (9)/30) {4) \ @R)_ plo ] (o) 3_5("/ J
(é -)(898% | = (3~ &7 ) (& (6.12)
= L f;"t'}' ,’/\/{R)af‘: 3 l ( fi&}- -é(:?) \ ; C Eé;rl(’jr‘fia. 4 C # Q..-z

the lest step being effected by using (4.15), seeing
‘that, for ¢ # a, (f?) ft}) eontaine alpeady the
gootor (#% § pC)  wnion 18 of the onder of 173,
Now substract (5.,18) from (5,11), introduce (5.8) and
(646), and remove the cammon factor exp z‘(@i"’- és})t‘/{” |
throughout. By using (4.8) end (5,10), the result

) - K

o) ,.(2 L ~R) () |

B ) )
dog("’ Eaiiusd X ﬁg e

xs easlly seen to be the same as (4.13). Thue the ‘

|

|

|

'solution (56.5) and (B.G) ie veriféed ‘Tor the range
I(55..'J'J of values of t.
The solution (5.5) and (5.,6) are connected with the

‘,1 'solution (4.92) and (4.10) by (3.,89), that is
f’ﬁ" o p BNV E
(o ) L4 o/ @)
! | (? )f ) aF ‘b ()s( ;"qf ) (50“)

lience, for the range (5,7) of values of ¢, (or for ¢

(£~ e"’UL‘/#
jfs P vz‘wS(SS’*E?) e

eV T+ Y i o

|
5 CREL S CF

: eonteining s factor L2, say)




‘evaluated by the foomula

A

( [ to =L S5 A I_r‘e - 4 l

1 IR s L BT B (
z) (e ! =% o

r
vhich 1s valid under the sane conditions as those for
(6.10). By (5.8) end (5.7), the normalization condi-
'tion (4¢25) of the fﬁi ies ensily verifted for
'large values of L,

1 T SR
-l =
¥ith the help of (5,16), the integral of (4.26) can be
N

' , R | |
L}p fa(’ - _{f{/'a. f - ] (8.17)

: Striotly speaking, for finite velues of L, 9_552

| ropresonts a quasi-stationary stnte of the secular

i |problem. 1t can be represcnted by a probability
Idutribution over the stationary states :{’w of the

'idoalizod. system, nauely, by (5.5) and (5.6).

Lec gt

| o) %) &l ENE/
| 5 [(F1E) = /w;} [ M5 ‘%gv)){*’:f‘%ef)w’
B -‘;;, o BR ey 0o
: ‘zzft/cf"%fgo;) /(pff'%rg’f’)\y” () ) % (B # /4_,_))

whieh are valid only for the mnge (ﬁ.?) of values of
t. As indicated by aegg”n. (5.19) gives the total

probebility over ell states i‘;’ within an erbitra=
Pily esall allowance A5 erouss 2 wnion a1
eonfora to the detailed speeification B, By differen-
tiation with respect to t, it ic seen that the rate of
‘decay (namely ﬁf" ) ot/(}ﬁff’. ff:))/%mh, by (5.8),
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' the sun of the rate of growth (eay !"’E‘L@:}) fon 231
groups dog’a, 6A |
(2) 2 I ﬂ
. J (o) nt0)) / (.,;) ) Co f')i/ R
(YJ;\ 4; {0 B (e2) ( Ja ) (B#A). (8.29)

8imilar snalyeis can be made for the quasi-otationary
(R
state _&U‘L) of the actual systenm

! (4)‘ leeé/d:{ ) SR/ Q) ).l R @) 3, R)
e P SRS ) B Jf L

‘ The probability distribution over the stationary states
of the idealized system now extends to states of quite
 different enerzy-values, o & deg®a, (see (3.22) and
| (2.27)), which however does not grow with tise, For
o ¢ degVa, (5.,29) shows, with the help of (3.22), that
| ( ;’. y;(fj“r) is independent of L, |

) 1,4, 2) [2) f-!}) |
».,:2// /{,]\,_}/g‘t// 50
(w ),‘(’/ f)"(atn)

}ﬂ_[-a 3 ?){4)) /@te},r,i.{-z .2,) .
“ aq és o, . /em

|

@ f},a;z,)

while [ /‘” for cc deg’a end oc#a 48
|

| ot S s o %% (This distinotion is eimilar o |
- what has bLeen discussed above in connection with the |
diagonal yepsugs the non-diagonal matrix elements of ‘

’_,/{(-1) ). Hence for 1arge values of L,
/( w?fz))/'@__ (/__2 )L/f,f‘*/,' f/@u) ce))/
& a "_{’ Agm@a {,f’efoj Efo) \ F(G.”)
{; e a(;_j(o)

a
mioh showe that the variation in time of the relauvo




- 47 -
3]z
. probabilities /@(:’ 'f(a_))/ for ce deg/a 18 the
same as that of/(ff’-éf){f‘ How, on the one hand, from
the theoretical point of view, one may regard the

whole field (including the iiteractions) within the |
fundamental cube as a mechanieal system, the state of |
.. affaire within which is described by the ouassi-
. stationary state E’f « On the other hand, from the

experinental point of view, the fundauental ocute

represents roughly the region of space where different

elementary particles collide, while outside this mgio'p

. the interaction way be neglected and so the free |

- motion of these particles are described by the
stationary states £. . The above enslysis of the
variation in time of the probability distribution

| /@(;}- %f’fi")/'?’m that fz) may be used instead of
_Ig):) for the deseription of sueh eollision problems,
This Justifies the physical interpretation of the
secular eigenfunctions j"iv stated in the bog;lnni.-:g |
of this seotion. ihe ng (87)of (5419) thus gives
theéhe transition probebilitien per unit time for the
trensition from 7/ to the group deg) a.  The
transition probabilities can Le converted to the
crosp-sections in the usual way, which will then te |
independent of L, |

In preetice, the calculation of the crons-scctions

for eollision problems involves' the solution of the |
syatem of integrnl equations (4.13). These integral ‘

| equations have already been obtained indepsndently by |
Heitler (1941) and Wilson (1041), but their derivation




| e

did not claim to be mathematically rigorous, nor was
the divergence &ifficulty removed. (In foet, they used
the expansion method whiech makes no clear distinetion
Letween the secular and the non-secular perturiation
and ie, as shown in 82, bound to fail). Heitler (1941)
has also shown, by & comparison with . . claseical
electrodynamics in the speclal case of the non-roht:w-}
istic scattering of light by an electron, that the |
‘eross-gections caloulated by (5. 19) and (4,13) lmludul :
the effect due to the reaction of the radiation (to 1'.1:|»E
first order only), while that calculated by the usual
expansion method corresponds to the neglection of this

effect, Thie finding leads to a convenient interpret- |
ation of the secular change of basis for the stetes of I
almost continuous snectrum in the present treatment of
collision problenus by the method of secular perturtation,
. Kamely, by the seoular ehange of basis, whieh has to be
| id.om mathematically, one takes account of the reaction |
1 of the radiation. The method of secular perturbation
‘can be contimued to higher epproxiuations, involving
‘succesaive secular change of basis, Iy so déeing, one
‘takes scecount of the radiation resction of higher
‘opder. Similar interpretation can also be given to t.he:
¥ secular change of basis of the states of the slmost '
L contimious spectrum where such states act only as
a intermediate states, I
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sclf-cnergies and cross-sections
It vill be shown in this sectionithat the usual |
divergence difficulty autonatically disappears if the
intoraction is treated by the method of sesular perturbe
ation, For sluplicity, this will be demonstrated by
means of an example, which deals with.the interaction
betveen the meson field and the muoleon field. (A

nucleon is either a neutron or a proton)

- Suppose the total charge of the systeu 1s +e, and
the total mouentum of the system vanishes, Let j;)
denote the state which corresponds to a proton-like
quantws et rest in the fundasentsl cube; let f(°/
denote the state which corresponds to a meson-like
quantua of charge +e, and monentum Py » together m.t:h|
& neutron-liie quantum of equal but opposite momentum, |

‘The energy-velues of these states are '

(0 - 4 @ L R s o o A .
Ep =mpe E“¢“1/}~Nc +cfa, A"k +c76¢ (6.1)

i
|

whero "’u}; y My and "’"M denote the rest mnsses of |
the proton-like, neutron-like, and meson-like gquanta |
respectively, For simplicity, acsume MP = MN
which is practically infinite, and neglect the

: 1
dependence of the matrix eleuents [ }}g"’ L Hgee

on the spin orientations and the directione of the

momenta of the quanta, so |
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£:)—ﬁ;:} . ; (/é,,:/*m_/:'c#'f-c*’f: ) f

/ i_'o)‘ ¢ d L‘C‘}\l — rE 13 (‘.a’
(3 ) = A ) ey
vhich all dejend only on the energy ¢, of the meson=
likte quantum., With this simplification, the kernel
of the inte;ral equation (4.13) reduces to a constant, |
| j‘( '9(6‘”)' Ka) E’E"’ ) ( j"(a}(EtoJ) Hi 5,@ ) (?LO) H.t ‘?("?(e:o))
; B % i f:Jﬂ_ e ()
)/ i o 4 (69)
HCE o5
. K (&) .
The density /Cb)(’ére) ) of states is given by
(o) ng & -2 /-3 6.4
/‘J o e e % b0 a2 2 (6.4)

where d’ fzé denotes an elenent of solid angle around
the direction of the momentunm of the meson=liie quantum
(say). The solution of (4.13) is then trivial, .,

Kes) ‘
Lrir Rl pG) R RO
(B#A)

| e -

with
CPEISBRUE) = LT g g, 4. |88)

The tmmition probability (5.19) for the escattering of

mesons of energy e, by a mucleon is, by (6.8),

i
fate) < e L2 y 8#A) | (61
8A f& 134 saKlE, ’{oe T B ¥ ¢ ) .

which differe from the usual expression given by the
expaneion method, nasely
1
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©), o @ 1ok i 1/ 00 2 @))% (o)

o (EY) | r_ggwl-/( *(5,,/ =% &@) /((5

by the factop f‘l +[7f“/1/(f5¢)/°(5w)]2 % . In the umJJ
fisson theory, for large valuee of Egqs ONe has ( oc

meaning 'varies as' § €& denoting the interaction constant)’
v

HCE ) o< L_gj 27 w0 éi':”fq)/"( £) o< }LE: | (6.9)
by (6.8) and (6,6), The effect of the radistion |
recction,as indicated by the appearance of the factor |
2[1*[7’"/((%)/"(5&)]&/2_1 in (6.7), is thus a i
reduction of the eross-sections for the seattering of
mesons at high energies of the mesons, (For more .
asccurate calculations of the seattering orou-seauono,f
see Ha(l24d), leitler and "eng (1943), Ma and isleh
(1944)3 but the results are qualitatively similar to
(6.7) discussed above. The effect of the radiation
reaction makes the cross-sections a few hmndred times
sualler and is favoured by comparison with measurements
on the scattering of cosuic-ray mesons by atomice molo&l
(Heitler and Peng (1943)). |
Consider now the self-energy of a proton, which, for
the second approximation, is given by (cf,(4.28)) ‘

)
- K =

c O
| : P : }D ((' ) p©)
s /(?“"-H‘f;,‘j) A "f Fate VNG J(%f
a Ef") i, EfOJ

Fran (6.2), (6.5) and (6.6) follows
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= H(e,) - Lt HeE ) pE) S (8, ) = = L
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ilence (6,10) becomes

/ ﬁ(ea) /-5 ‘L_
@) RN
£P ~ E}-, = %}’_{.{, iyy}(fef& )/’(EL)/ Ea.- §

/ lhesdt fG) Ak
w z 1"[77’//{(5 (SQ)JZI
ty (#:8) ond (69)
/ }.

f /{(f (z.) g.ﬁ,ga_’ _47 /6{#) '

T 2+ [mK(z, ?ﬁ(z )J?

Thls differs from the expression{which ie usually taken

(6.12)

/

to ve the eelf-energy in the expansion mot.hod)

: 'j Kes, Joce) ds,
AL T gf (ol Sy i i
| > ’ = — /O(_.ES)Q&“\] ‘

a Ei) p EC‘L:] i cl’ é\Q A |(601&)

P M

agein by the raotor;;"j “[7”/((5»)/0(54)]3} —L1  in the |

integrand, This factor arises fromn the secular change

of bapis of the intermediate states, and may be 1ntor-:

preted as the effect of radiation reaction. For the '

usual meson theory, by (6.91, the integral (6.,12) for l

Like
the self-energy comrgea{in » method of secular

pepturbation, while the integral (6,13) diverges Hef eide in
- the expansion methd. The mathematical origin of the
|

- divergence difficulty arises from the fact that the

| - Lactor
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|

factor fi + [mAe) PLEs J]z'fﬂi. though 1t acsumnes
‘the value unity for vanishing interaction (g = 0), :
cannot be expanded as a power series in the 1ntemoucni
constant g for gll values of ¢, |
For the calculation of the cross-sections for the |
Scattering of mesons by a mucleon to the fourth a;:proxi#-
mation, say, the fourth-order secular perturbation
(j"‘a’) my“”, (csdg‘)ﬁ)oan be derived by applying the |
expansion method in the basis [[ Y f and then changing ‘
the basis, esay to fj"(o)f. (Campere (3,26) and (3.35)
for an illustration). 7The non-disgonal element of /((4}
containe in particular the sum (note thmt, for the non-

degenerate state °, j"m jpm 5‘,(0) ) ‘

7040) 14 e 0 ° (o Lf 4 %) Glo, 0
5 S Lﬁiﬁf};’), iguq,r(?“ 1k 5’2“* L u ))(?UH )( (5.1 )

/o= 'f" (-t} ) | f“ ) ) / «L"’ ¢ ‘ . )

In tho expansion mct.hr-d, the uoular change of basis in

(«zJ r

the numerator is neglected (also 52‘/ is ueed for 5‘9
‘which is not serious), resulting s divergent ex_\rrosuon&
In the method cof secular perturtation, the non-diagonal
elenents (6.,14) are needed for the determuination of the
meoular eigenfunctions y“’?‘ for the fourth approximation,
‘and for this purpose, (6.14) may be approximsted by

g’(‘)Hif'(o’) {;?(ojcff o Saco))(so(o) jg(z)) Z: (5,(4) (o))(jp(:) Hiy(o) ) (50@ H{?@w)
_______,_fﬂ:.. J

(1} (.u (,u al_ atd ) I.'LU_. <) 6.15
J"j L E ‘I‘ ) LSy '-,_b; y, f <} }:P ) (c#é) ( )

+
The sapronmation oonaiet.s of replaeing f(,) by }’Cf’)

A 9;-(61
aeh ot snonde o ZMuscﬂ. above from (4.4) to (4.5

in the case of the seco:d approximetion. Because of

R




»

the erroct due to the secular change of basis froa j"@
' to j"é, for the interuediate statee, (6,15), like |
(6.12), converges, Hence Cf c”-/(m ) é’gdff%f é#é)l
is of bounded variation, and the ssyuptotical solution
of the secular problea can be obtained similarly., The
transition provabilities ) (IH&‘ }oan be calculated from |
the corresponding (f:} 5“9 ;‘3’)) (_62 a{;: "(z, b # ) without Ii
eny divergence difficulty. .
| The self-energy for the fourth approximation esn then

/ - <
be ealeulnted with the help of | \ﬁ(? 5“‘-’;{“’_ )) (4t :f%fé,) b#a)
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Hetlen(1944 ), VWithout their new derivation of Heitler's
ond Wilson's integral equations #f the energy-represent-
ation with the help of Direc's delta function cambined
with the principle-velued reciprocal function, the |

taak to link up Heitler's and Wilson'se preliminapy
m‘.? radiakion reaction '
mou with the rigorous perturbation theory for a
system of almost continuous spectrus would have been
| more difficult. |
i em also very much obliged to “rofessor lax “orn

f for his continuous encouragement.
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Anomalous Scattering of Mesons

W. HertLer anp H. W. PENG
Dublin Institute for Advanced Studies, Dublin Ireland
May 22, 1942

N two recent papers in this journal Code and Shutt!
I have described mecasurements of the anomalous scatter-
ing of mesons due to their interaction with nuclear par-
ticles. The cross section obtained was of the order of
magnitude of 0.6X 10727 cm? per nuclear particle, for a
selected sample of mesons having an average energy of
0.8X10? ev in Code’s measurements. The energy was not
measured in Shutt’s experiment. We wish to point out that
these results like previous measurements by Wilson? arc in
recasonable agreement with the meson theory of nuclear
forces if we assume a spin 1 or 0 (pseudoscalar mesons)
for the meson. We need not make any further ad hoc
assumptions. The apparent discrepancy of carlier calcula-
tions? with the experiments is due to the fact that the usual
expansion method, under the assumption that the meson-
nucleus interaction is small, breaks down at high energics.
The recason is that the coupling of the meson with the
charge and spin degrees of freedom of the nuclear particles
becomes increasingly strong at high energies.* It has now
been shown by Wilson and by one of us® that a more exact
quantum mechanical treatment of the scattering problem
is possible which differs from the usual expansion mecthod
essentially by the inclusion of damping. The cross section
thus obtained is in units of

(h/uc)*=5%10"% cm? (u=meson Mmass)
6294

£ = (G243

G=g+2+f", (1)

o=4nf"?

where p, € are the momentum and energy of the meson in
units of the rest energy uc?, and g, f, /' are the ordinary
coupling constants for longitudinal, transverse, and pseudo-
scalar mesons, divided by (k¢)}. (The primary meson is
assumed to be pscudoscalar.) Some of these constants
may be zero, but we believe that the best account of all
experimental facts is obtained if they are all different from
zero. All three are then of the order of magnitude g2~jf?
~f"2~1/10. For encrgics of 0.8 X 10% ev ¢ becomes of the
order of magnitude of 1.8X107?" cm? which—in view of
the scanty experimental material and our insufficient
knowledge of the constants g, f, f'—may be considered as
in rcasonable agreement with the measurements quoted
above. It must also be remembered that (1) is derived
for an infinitely heavy nuclear particle and that the motion

of the heavy particle will probably diminish the cross
scction by a factor 2 or so as e approaches the value 3¢

Formula (1) has also been derived recently by Fierzé by
a semiclassical treatment of the charge degree of freedom.
It is also very similar to the cross section for a particle
scattered by a classical magnetic dipole field.” This is not
very surprising in view of the great similarity hetween the
formalisms describing the spin and the charge.

Attempts have previously been made to explain the small
experimental value of the anomalous scattering by intro-
ducing the hypothesis that the proton-neutron can exist
in excited charge and spin states by which the inertia of
the charge and spin degrees of freedom would be increased.?
While this possibility has to be kept in mind we believe
now that so far no sufficient foundation for such an
hypothesis exists. :

The quantum theory of damping can be developed in
quite a general way. After the diverging self energies and
other similar diverging integrals have purposely and sys-
tematically been omitted, a new sct of equations can be
obtained which is free from any singularities and differs
from what is obtained by the usual expansion method by
the inclusion of damping. The theory makes no assumption
about the strength of the coupling. For a number of ex-
amples [compare, for instance, (5)] it can be scen that
this damping corresponds to that part of the classical
damping which is independent of the size and structure of
the particle, but, of course, there is not always a classical
analogy. The theory can, without difficulty, also be applied
to the multiple processes (“‘cxplosions’) occurring as a
consequence of the meson theory and the results turn out
reasonably in every respect. These questions arce dealt
with in a paper to appear shortly in the Proceedings of the
Cambridge Philosophical Socicty.

1 F. L. Code, Phys. Rev. 59, 229 (1941); R, P. Shutt, Phys. Rev. 61, 6
“24\%’){]5011. Proc. Roy. Soc. 174, 73 (1940).

2 Heitler, Proc. Roy. Soc. 166, 529 (1938).

4 The case of *‘strong coupling” has recently been studied by Wentzel
[Helv. Phys. Acta. 13, 269 (1940)] and by J. R. Oppenheimer and J.
Schwinger, Phys. Rev. 60, 150 (1941).

s Heitler, Proc. Camb. Phil. Soc. 37, 291 (1941); Wilson, Proc. Camb.
Phil. Soc. 37, 301 (1941).

¢ Fierz, Helv. Phys. Acta. 14, 257 (1941).

7 Bhabha, Nature 145, 819 (1940); Proc. Ind. Acad. Sci. 11, 247
(1940); Proc. Roy. Soc. 178, 314 (1941); Bhabha and Corben, Proc.
Roy. Soc. 178, 273 (1941).

8 Heitler, Nature 145, 29 (1940); Bhabha, Proc. Ind. Acad. Sci. 11,

.(34; (§)1940); 13, 9 (1941); Heitler and Ma, Proc. Roy. Soc. 176, 368
1940).
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ON THE PRODUCTION OF MESONS BY PROTON-PROTON
COLLISIONS.

By W. HEITLER anp H. W. PENG
(From the Dublin Institute for Advanced Studies).

[Read 10 May. Published 28 OcroBER, 1943.]

INTRODUCTION.

ACCORDING to the experimental evidence it is most likely that the mesons
observed in cosmic radiation owe their origin to primary protons entering
the atmosphere from the universe. This suggests that they are created
according to the process

P+ P >P + N+ ¥+ or P+ N>P 4+ P + Y- et

which is the meson analogue to the emission of Bremsstrahlung when a
fast charged particle is deflected in the Coulomb field of another particle.
Collision processes involving mesons can, however, only be treated
adequately if proper account is taken of the reaction forces. For this
purpose we shall use the theory of radiation damping proposed recently
by us.! However, an attempt at caleculating the rate of meson production
by the above process directly on grounds of this theory would meet with
exceedingly great mathematical difficuities. Instead a method due to
Williams and v. Weizsicker? can be used which has proved to be very
valuable and useful in the electromagnetic case: We consider a fast
proton colliding with a proton or neutron at rest. The field of the fast
proton—in our case its meson field—is equivalent to a superposition of
plane waves describing free mesons, provided that the velocity of the
proton is very nearly equal to ¢, i.e. its energy large compared with Mc2.
This field can simply be obtained from the static meson field by a Lorentz-
transformation and subsequent Fourier expansion (part I). Thus the field
of a fast proton is virtually equivalent to a number of free mesons with
a certain energy distribution. These mesons then act on the proton or
neutron at rest and ecan, for instance, be scattered by the latter particle.
To obtain the cross section for the production of a meson of given energy
during the collision we simply have to multiply the cross section for

! Heitler and Peng, Proc. Camb. Phil. Soc., 38, 296, 1942.
2 Williams, Kgl. Dank. Vid. Seclsk., 13, 4, 1935. v. Weizsicker, Z. f. Phys., 88,
612, 1934.
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scattering by the number of equivalent mesons occurring in the above
energy spectrum taking, of course, duly into account the conservation
laws. The only way in which the damping then occurs is in the cross
section for scattering which can easily be obtained on grounds of our
theory (part II). ‘ ,

In the following we shall call a ‘‘nucleon’ a particle of protonic mass
if it may either be a proton or a neutron. We shall put h = ¢ = g
(meson mass) = 1, thus expressing all energies in units uc?, and all eross
sections in units of (h/uc)* = 4'3 X 10-2¢ em?

We shall use the meson theory in the form proposed by Meller and
Rosenfeld,® which no doubt gives the most satisfactory account of the
nuclear forces. We thus assume that charged and neutral, pseudoscalar and
vector mesons exist. Part I is valid for an arbitrary choice of the various
coupling constants thus allowing the meson field to be described by an
arbitrary superposition of charged and neutral pseudoscalar and vector
fields. Only for the caleulation of the scattering cross sections and for
the final results we assume the connection of these constants to be that
of Mgller and Rosenfeld’s theory. In order to sce, however, in what way
the results are modified if a different form of the meson theory is used,
we shall also derive the scattering cross section assuming that only charged
mesons exist. ’

PART 1.
THE MESON-SPECTRUM OF A MoviNg NUCLEON.

Our first task is to find the number of virtual quanta of the meson
field associated with a moving nucleon which are effective for the
production of mesons during a collision with a second nucleon originally
at rest. For this purpose we shall follow closely the analogous treatment
of the electromagnetic field by v. Weizsicker and Williams.?

Let the path of the moving nucleon be ANX and the position of the
second nuecleon at rest be B. Confining ourselves to collisions during
which the transfer of momentum is small compared to the momentum of
the moving nucleon we can take ANX to be a straight line and use it
for the z-axis. We take the line BN which meets ANX at N at
right angles to be the z-axis, and denote the distance BN of closest
approach by b. For the origin of time we choose the moment of closest
approach when the moving nucleon passes N . We shall want the
mesonic field at B at the time ¢ produced by the moving nucleon,
which at this time ¢ is at A, say, and moving with a speed v.

It is convenient to denote the field at B at ¢ by either primed
quantities or unprimed quantities according to whether they refer to an

s Mgller and Rosenfeld, Kgl. Dansk. Vid. Selsk., 17, 8, 1940.
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observer moving with A or at rest with B, respectively. The
connection between the two sets of coordinates is:

7’

¥ = E@ o), Y =y, X o=z = E( - ) (1)
where
E= (1 - )3 (2)
Referring to the observer moving with the moving nucleon the meson field
satisfies the following equations with a static source at the origin:

(@) for the charged vector meson field

0

F/ - - N d/ [ ’
grad’ V' az'U
6 = cwrl' UV + drflitod(r)
(3a)
0
'1/(} - - ’ Y o
cur U + az’F _
divvF = - V' - 47glIt8()

(b) for the charged pseudoscalar meson field (¥’ = pseudoscalar)

’ a ’
R T
I = - grad’ ¥’ - 4xf Mtod() (3b)
divv IV + -—q,(b' = - ¥
ot

Since the operators I1 IIf, o are fixed operators (not to be affected
by a Lorentz transformation) we have not affixed any primes to them.
The field at B at ¢ referring to the moving observer is given by

the static solution of (3a), (8b),*

4The ‘‘static field’’ (4) is the solution which is usually used in the theory of
nuclear forces. In fact (4) is not an exact solution of the quantized field equations,

the operators M, m', o being treated as time-independent. More important still is
the fact that (4) does not really describe the field of a free proton or neutrom. It
can easily be seen that for this'solution the charge content of the field is zero, the
field thus consisting of equal numbers of positive and negative mesons. The particle
described by (4) is in fact a particle which is half proton, half neutron and has total
charge 1/2. Exact solutions, referring to particles with charge 0 or 1, are not
known, nor can they be known at the present state of the theory, because of the
well-known divergence difficulties. It is not difficult to see (by a semi-classical treat-
ment of the 1 and T* operators) that the solutions describing a free proton or
neutron are in fact those semi-static solutions which vibrate with frequemcy » > 0
but small compared with 1. As functions of r these solutions differ only very
slightly from (4). We shall therefore use (4), especially since for our purpose
positive and negative mesons behave exactly the same, but we must not be surprised
to find that the meson-current accompanying the moving nucleon is zero.

[13¥]
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For r we have to insert the position vector of B in the moving
system of reference, i.e.

= G;Evh 0, b (3)

according to (1). For 2 we have to insert the positive square root of
1
B o+ E*¢*, and = di-” can be replaced by % a% . With the

abbreviation

— Jh? 1 f2q¢ g2
fn = (EWt)" e\/bz____ii.z_z n = 0, ]_’ 2 (6)
SO+ Bt

we obtain from (4) for the field at B at ¢ :

Vo= - g, U= el g,
, 5 5 ' )
= - T y —— i
Uy fi (o_babf, + o, 3 fo>
U/ = fIfay 2o f,
: Y555 /"
/= —gmt 2 A, F/ =0 F/o=gmt 2y
* bab 't v ’ el Y XL
2 2 0 2 9
/= FIIf A e, O 0
Gﬂ’ fH G"(fo babfo '()Z? llab 2> + fn 0z ab a fl
, )
Gy = fnf"y(fo - b_a~f°>

R
]
\"
=
-+
N
—
S*
!
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o4
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|
S
Sle
|
o
N
+
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:1
a
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|
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’ ’ a ’ a ’
= - g 1’ — / T{T —_— =
\y /H G;Z)abfl + fn zab.fb, q) 0
, 9 0o 0 0 0

N = - ’ 1' —n - —— ——— ’ t Y e
I'z J'h a’(babf" Y babf’) + [ o 537 babf‘

/ y 0
O o= = J'ley g /o

ry

1

3
- 4 T - — 3 . - ’ 1.
/' 6“(babf° LY babf") e 5 i

(7) refers still to the moving observer. To obtain the meson field at B
at t produced by a moving nucleon referring to the observer at rest
with B we need only apply the Lorentz transformation (1):

V= E(V’ + 2U,), U, = E(U/ + 2V
G, = E(G,/ - oF), G. = E(G + vF))
Py = E(F) + oGy,  F = E(F - &) ®)
I, = E(IY + v®), ® = E(® + oY)

The other field components are invariant. :

(8) expresses the field at the position B of the second nucleon at the
time ¢. It is a function of ¢ and the distance b of closest approach,
and also of the speed v of the incident nucleon.

We now try to represent the field at B af t due to the incident
nucleon as nearly as possible by an incident meson pulse buwilt up by @
superposition of free plane meson waves of all frequencies. The meson
waves satisfy the homogeneous field equations without source :

F=-gradV - E-?ZU, G =curlU
curlG—%F:—U, divF = - 7V 9
q:—g\y I' = - grad ¥ divl"+—a—<1)=—‘l’
St -8 ’ at

referring from now on always to the observer at rest with B. For a
typical plane wave solution of (9) with the propagation vector k in the
«-direction and the frequeney e,

¢ =1+ I (10)

the various field quantities are interconnected by :
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1 . € €
Fz=+]“CJV, ny=+ ']:G:, Fr.:"‘kGy
€ 1 1 .
Uemv 3V Up = gl Uem - 060
€ 1
P = + TCPJ, ¥y = - ]\3— Jr‘z
G, =Ty =T.=0
J stands for the operator of advancing the phase by =/2, i.e.
Jeos(et ~ kz) = sin(e? - ka), Jsin(et - ka) = ~ cos(et - ka)

(11) shows that for a plane wave of a given k& there are still four
independent field components, e.g. ¥, Gy, G, ['; which can be chosen
arbitrarily.  This means that there are 4 independent polarizations,
namely, the three polarizations (one longitudinal, ¥V, and two transverse
Gy, G-) of the vector-meson field and one polarization of the pseudoscalar
meson field (T',). Other plane wave solutions of (9) propagating along
the y- or the z-direction can be obtained from (11) by cyclic permutations
of the subseripts z, vy, 2, but will not oceur in the following.

In view of the interdependence of the various field components for a
plane meson wave it is impossible to matech the meson field of a moving
nucleon by free meson pulses exactly for all the field components. In the
case, however, of the incident nucleon having an energy large compared
with its rest energy its field can very nearly be represented by a meson-
pulse (11) for all those partial waves for which %)) 1. In the following
we assume therefore® : A

ENL, )yl - ay.

The field (8) can then be represented by a superposition of waves (11)
which all go in the forward direction. If (12) is satisfied (8) and (11)
both reduce to

Ue=+V, Fy=+ G, F.=-06, ©=+T1. (13

while all other ficld components are small. On the other hand, % cannot
be too large, for we have confined ourselves from the beginning to the case

SIf we wish to represent the Lorentz-transformed Coulomb field by a light pulse
there is another case for which this can be done approximately, namely, the case
v (¢ 1. (cf. Williams, l.c.). In the meson case it turns out, however, that for v (( 1
the other conditions which must be satisfied ( (14) and conservation of energy) leave
hardly any room for the application of the method. The reason is that the proton
mass is only 10 times bigger than the meson mass. It is therefore not possible to
apply the method for v (1.
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that the transfer of momentum during the collision is smaller than the
momentum of the ineident nueleon, i.c.

k| K E Mo~ EM (14)

M being the rest mass of the incident nucieon. If (14) is not satisfied
the motion of the incident nucleon relative to the second nueleon would
no longer be a uniform motion along a straight line as was assumed above,
because the recoil accompanying the production of a meson then would
distort the path of the nucleon.

We shall now represent the field (7), (8) of the moving nucleon by
meson pulses (13). This is easily accomplished by resolving the field into
Fourier integrals. According to (8) and (7) the field at B at ¢ of
the moving nucleon depends on ¢ only through f,, fi, f.. [fa is
either an odd or an even function of ¢ and can be expressed therefore
as either a sine or a cosine integral :

1= sin " odd
Su() = ;JO gn (€) cos st de (n = even> . (15)
gn (¢) 1s then given by
+ D .
gu(e) = J Jo(@) D etdi (16)
-

Substitute (6) into (16) and change the variables:
Evi = bsinh (¢ + ia), tana = 'EE’ (17)

(16) then becomes

. . o
' 2 Z: 8 = [i: _:a 5" sinh” (¢ + <a)e sec a cosh ¢ p ;
<7 _ odd? (18)

B even)

The integral (18) can be expressed by Hankel-functions. We deform the
path of integration into the real axis and make use of the well-known
integral representation of the K, function :

K dg = K,(z) = iz HY(i7) (19)

as well as its derivatives K’,, K”,, obtained by differentiating (19)
with respect to the argument z. Then (18) is evaluated in terms of the
K-functions of argument =z,

2z = bseca = b, /1 + (¢/E), (20)

Jw -z cosh ¢

as follows :—
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il

2
9o-(¢) g I(,(2)

bsina K, (3) (21)

I

9 (e)

el o

2 . 2
g (€) F b (cos*a - sin?«) K7 (2) - E b cos?a K, (2)

If we insert (21) into (15), then (15) into (7) and then (7) into (8), we
arrive at the Fourier resolution of the field of the moving nucleon.
It is convenient to put

- K/ = K, (22)

so that I, as well as I, assume positive real values for positive real values
of the argument 2. The Bessel equation for K, can then be written as

- (K) = sk,. (23)
According to (8) and (7) the G, V, T components of the field contain
R o 9 d d
JSos J1s J2, linearly in the combinations: f,, §6f° ' 35 (fo + mfg) ,

2ln md (b1 g - T
tions for these combinations can be considerably simplified by means of
(22) and (23), remembering the definition (20) of z. Combining (8), (7),
(15) and (21) we give the results of the Fourier resolution for the G, V, T

components of the field at B at ¢ of the moving nucleon:

The Fourier resolu-

G, = 0. (24a)
i \
G, = 7—2rfl'l'f G”J (K + sec’ag)cosdde +
2 «©
+ ;gnfjo K, seca cosstde (24b)

©
G, = %fn’f G:JO (K, + sec*a Ky') cosetde +

o
+ ?Tg nt Jo K, tanasecasinetde (24c)

V =- 1—2rfI]T ayjo K, secacosetde -

2 o
—;gﬂfjo K cosetde (%4d)
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2 D
T, = 7‘rf’nf a’.[o K, tan®a cosefde +

-]
+ gf’HT O';Jo K\ tana secasinetde (24e)

-
y=":=0 (241)

(24) is equivalent to a meson pulse propagating along the direction z of
the incident nucleon. The Poynting vector for this pulse is

S: = g (BPG, - F2G, + VU, + @*T, + adj)  (29)

which describes the flow of momentum passing through B at ¢. Since
we are dealing with collisions for which the transfer of momentum is
small, we can neglect the motion of the second nucleon during the collision
and thus obtain from (25) the total flow of momentum passing through
B, during the whole collision process:

® 2w » :
I, =J | bdeO daJ'+ S, dt (26)

Only the direction of incidence is fixed, the impact parameter BN assumes
with equal probability all positions in the plane passing B orthogonal to
the direction of incidence.

We have treated the motion of the incident nucleon by eclassical
mechanies and assumed the other nucleon to be initially at rest. This
requires a limitation of the impact parameter b at low values. An
estimate of 4.;; can be obtained in the following way (due to Williams
and v. Weizsicker). The application of the very concept of an impact
parameter requires that b must be larger than the extension of the wave
packets of both nucleons in the direction perpendicular to the direction
of incidence. The relative momentum in this direction was assumed to
be zero and cannot be allowed to assume values larger than Mc, say, for
two reasons:

If this momentum were larger than Mc the velocity of the nucleon
would be comparable with ¢ and no definite Lorentz-system could be
affixed to the nucleon ‘‘at rest.”” Secondly, if the uncertainty of the
momentum is larger than Mc an unknown number of nucleon pairs
could be created making the number of nucleons indefinite. Hence, by
the uncertainty relation, we have to put:

Omin = 71‘1 (in our units) .

Williams and v. Weizsicker have shown that in all collision processes
which can be treated by exact methods, the contribution from smaller
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impact parameters can be neglected. The same may be assumed to be
the case here, although, in the meson casc, there is so far mo example
which could be treated exactly and with whieh our results could he
compared. Fortunately our results will be seen to depend very little on
the value b&,,, within any reasonable limits (otherwise we could hardiy
trust this method very {far).

Inserting (24), (25) into (26) all cross products vanish either by the
integration over ¢ or by the integration over 6 (the latter, beeause of
the explicit occurrence of o,, .). By using the Fourier formulae (15),
(16) again, the integration over ¢ of (26) is transformed into an
integration over the frequencies. The integration over b can be changed
by (20) into one over 2z ; and it happens then that all the produects
containing the K-functions can he integrated directly using (22) and (23).
In this way we can express (26) in the following form

e}
I, = J kg(e)de (27)
0

and interpret q (¢) as the number of virtual quante of the meson field
accompanying the moving nucleon. These mesons will he effective for the
production of mesons during the collision of the moving nucleon with a
second nucleon originally at rest. We sce that virtual mesons of all
polarizations occur, the transverse, longitudinal and pseudoscalar mesons
arising from the FG, VU, &I'—terms of (25) respectively. The
corresponding numbers of virtual quanta work out, from (24) to (27), to
be the following:

er (e) de =(iif2 (cos’a + tan*a sina) 4 + 2sec’a Ki* + tan*« B
m

+ de 7* B
mE

G (€1de = (/2B + goosta d) (28)
mE

@ps (e) de = ﬁj"”t;a.n"‘a {(sinfad + B
T TWE .
4 = 2K - K, B =z2(Kp - K + 2:K,K,

The argument z of the K-functions here comes from the lower limit of
integration of (26), i.e.

z = bmiu Seca = ]‘% \/lh_}._th:-.)? \29)

z ranges from j} = 01 to approximately one (for ¢ ~ & A = energy of
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the incident particle). (29) can be used to eliminate the trigometric
functions of a in (28).

The number referring to the transverse mesons includes mesons of both
transverse polarizations.

‘When neutral mesons are to be included a neutral meson field will also
be associated with the moving nucleon. The corresponding numbers of
virtual neutral quanta are given by (28), (30) with the coupling constants
72, g%, f* now replaced by f,2, 9,2, f,? (say) of the neutral meson
field. In the theory of Mgller and Rosenfeld these are related with
2, g%, f* by:

S =S¢ = %f', = %flz = 0065

2

9 = %g" = 0027

The numerical values are taken from the theory of nueclear forees, assuming
the rest mass of the meson = 1/10 of that of a nucleon. For numerical
calculations the K, and K, used in (29), (31) can be found from the
tables in Watson’s work on Bessel functions. Tables for Hankel functions
may also be used, ef. (19).

Finally, we give a table for the funections occurring in (28), and
defined by :

(30)

d \
o = —E(f—Du + §20)

de

Qiong = — (f C + 9 -Dlony) (31}

de .,
9ps = e J"? Dys

TasLE L
z Dy -Dloug Dpr c

0-1 195 0-91 0 39
0-2 193 0-20 9.3 2.5
0-4 179 : 0-035 29 1.4
06 ¢ 165 0-011 42 0-82
0-8 144 0-0042 49 0-51

1 122 0-0018 50 0-32

The g* term wherever it occurs is negligible; the number of longitudinal
‘mesons is also very small. Far the largest part of the field is due to
transverse mesons, their number depends little on 2z and therefore also
on. the value for b, . The number of pseudoscalar mesons is not
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negligible but zero for small z (small ¢) and depends not very strongly
on by, either. From (31) and Table I it is clear that the largest
contributions to g are proportional to f?, f’* thus arising from the strong
coupling of the meson field with the spin of the nucleon.

- PART II

THE SCATTERING OF A MrsoN BY A NUCLEON.

In the earlier work on this subject it was assumed that only charged
mesons, but no neutrcttos (neutral mesons) exist. Their very occurrence
causes some alteration in the formulae for scattering even of charged
mesons. In this section we derive the cross-sections for scattering for all
cases, including also that of extreme relativistic energies >> M, which
has so far not been treated.® We denote the field quantities and the
coupling constants referring to neutrettos by a suffix zero.

The Hamiltonian for the interaction of a nucleon with the charged
and neutral, vector and pseudoscalar meson field is, according to Kemmer,
Mgller and Rosenfeld :

Ho =[1+[F +[1- - | (1)
[1=ygmdivy + p(o, % - )} + (2)
fOp(@culd) - p(o, ¢ + ) -

¢ Up.¥ + f'I{(0grad¥) + p, ¥}

Il

+

denoting now conveniently the longitudinal, traunsverse, pseudosecalar
wave functions by ¢, ¢, ¥ respectively.

o denotes the spin of the nucleon and p,, p,, p; are the Dirac
niatrices occurring in the Hamiltonian of the freé nucleon (momentum P,
rest mass M)

Enucl. = Pl(a-P) + PSJII (3)

The matrices p,, p,, p; satisfy the same algebraic relations as the
Pauli spin matrices o;, 0y, oz . []* and [], are obtained from
[1 by passing to the adjoint or by adding the suffix zero to II, ¢, ¢,
f, / and to the field quantities respectively. II, IIt are operators
for the transition of the nucleon from the proton-state to the neutron-
state and vice versa. II, allows no transition between these states, but
is plus or minus one according to whether the nuecleon is in the neutron
or in the proton-state. Following the Pauli Weisskopf or the Heisenberg-

¢ With the exception of a paper by S. T. Ma, Proc. Camb. Phil. Soc. in the press.
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Pauli quantization for the charged or neutral meson field respectively we
obtain from the interaction given above the following matrix elements of
H e needed for our present caleulation :—

. rabsorption by a neutron of a positive 7 o
lhve matrix | oo , neutron , negative longitudinal meson
clements I absorption , proton , negative transverse ”
for the ! emission » Pproton ,, positive | pseudoscalar
-1 . " 41 .
_ gip - epi(oi)} - fp2 (o )\
9 |- 1 . . o |+ 2 .
= [ - ) Slps(a[pi)) + pee(od)) | + 7= . gp: (o) | (4)
£ |- € [— 1
rr — (/ .
L NAVACHERE A

. Tabsorption by a neutron of a.neutral L
The matrix 11 . -I longitudinal meson
emission , neutron »
element . {ransverse »
) absorption , proton » ,
for the | . , pseudoscalar
L emission » proton ’s »
R | . v r- 171 - .
T /%elp - ep (o D) B /fopg(m)
o=l . . . 27 |-
= [T Solps(o[Pi]) + pae(oj VI + i q aj) (4%
€ L ’L € " 1 Jupl ( J
Sollap) - pie) o ’
L+ T ° L+ 1 Jop:

p, € denote the momentum, energy of the meson concerned, j denotes
the unit polarization vector for transverse mesons. The polarization vector
i of the longitudinal meson is taken parallel to the momentum vector
which is == the wave vector for = mesons. In either (4) or (4°) there
are 4 entries in the square brackets which can be ecombined with the 3
entries in the round brackets, making altogether 12 cases each involving
charged or neutral mesons. Fach individual matrix element is the product
of one factor from [] and one factor from (). It is understood
that on the right-hand side of (4), (4°), the matrix elements of the
operators p, o (formed with the wave function of the nucleon) are
always to be taken for the transition in question. The matrix elements
for the absorption by a neutron of a negative meson and other cases
where the charge of the system is not conserved vanish. '
From these elementary matrix elements for absorption and emission
we shall form the ‘‘compound matrix elements’’ of second order for
scattering. Only the compound matrix elements for scattering are needed
for the calculation of the seattering cross-section. We shall confine our-’
selves to two limiting cases where the energy of the meson to be scattered
is either very small or very large compared with the rest mass M of
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the nucleon. Furthermore, we shall carry out all caleulations for two
diffcrent forms of the meson theory: (i) no neutrettos exist (so-called
“‘charged theory”), ie. g2 = ¢2 = f.*> = f’,* = 0; (i1) neutretto’s
exist, the coupling constants g,2, f,2, ete. are half of those for
charged mesons (g%, f? ete.), as is required in order that the
P-P forces should be equal to the P-N forces (so-called ‘‘symmetrical
theory’”). Following Mgller and Rosenfeld we assume in both cases
f2=f2 In the ‘“‘symmetrical theory’’ the values of the constants are
given by (I) (30), but are somewhat different in the ‘‘charged theory.”
The final formulae which are only valid for one of these two forms of
the theory are labelled ‘‘sym. Th.”” and ‘‘ch. Th.”’ respectively, formulae
without such labels are valid in either case.
The compound matrix elements for seattering are

H 4 H;
Hyp = Eﬁ (5)

A, B refer to two states of the same encrgy arising from each other by
scattering, H,, ete., are the matrix elements given by (4), (4°). In
order to calculate the cross-section for scattering we have to solve the
following radiation equations which include the damping (ef. ref. 1):

Uip = Hyp + im Hye pcUcs (6)

where, in the last term, the sum over all states C of the same energy as
A, B is to be taken and p, is the number of states per energy
interval d E¢. The sum over C includes the summation over all
directions of polarization and integration over all scattering angles. The
cross-section for scattering is then given by

® = -2rpy| Uunl®. (7)

£
p
(i) N.B. Non-relativistic case e M.

For the scattering of a meson of low energy ¢ by a nucleon the
recoil of the latter may be entirely neglected. The energy of the secondary
meson is then also e¢. Taking the nucleon at rest we ecan simplify the
matrix elements (4) and (4°) by putting p, = p, =0, p, =+ 1 and
thus treating the spin of the nucleon by the non-relativistic Pauli theory.
The incident meson may be positive, neutral, or negative and this may
be scattered by a proton or a neutron. During the scattering the charge
of the meson may or may not be exchanged with that of the nucleon. Since
the total charge of the system is conserved by the scattering, it is convenient
to consider cases of different total charge separately.
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Case: N.R. (2, —1) d.e. total charge of the system =’2 or -1,

The system consists of a proton (neutron) together with a positive
(negative) meson. For the caleulation of X, n (5) we note that there
is only one intermediate state ¢ in which both the primary and the
secondary meson appear together with the nucleon. From (4) we obtain:

Hyp = - 2n f— Ky K, @)

where
K =g, flopid, S (o] C))

according to whether the polarization of the meson in the states labelled
A or B is longitudinal, transverse or pseudoscalar respectively.

i=1p/p). .
To solve (6) we put

- 2
Uap = — 21:15{ (XuzKpK4+ Yig K Ky). (10)

If one of the suffixes 4, B refers to a longitudinal meson, X, and
Kz commute, and we can then put Y,p = 0. Inserting (10) into
(6) and carrying out the summation over the two transverse and one
pseudoscalar polarizations on the right-hand side we can compare the
coefficients of /iy K, and K4 Kp on both sides, and cquate them.
We thus obtain a system of linear equations for the determination of the
coefficients X 4p, Y 4p of (10):

, .p? 0 v
Xy =1- ""]E' (92 Xyy + 3f* X )

3
Xp=1- i (92 Xy = 2 &K py)

&
3 3
Ko = 1—i%(924'gf-f"Yff)—i%‘ 3/ Yy (11)

1

Xpy=1

3
2y,
3 3
Yy= -~ 2'235‘”(!12‘1’:/f'*J”Xff) + ij VAR SR

Here the suffix f refeYs to either transverse or pseudoscalar mesons
while ¢ refers to a longitudinal meson. The exact solution of (11) is:

1 1
1 + 227’ ng_X”f~1+’I:n—’ir+4ar

Xy =

4dor - 10 - o1 1 -44¢7r

yff:(1+2ir)(1-i-’l:0'—?;r+4o"r)’ g‘q=1+’£a—ir+4q’r

with

(12)
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Trom (10), we find the cross-section for the scattering by (7). Integrating
cver all directions of the secondary meson we have for the integrated
cross-section for scattering:

Pt
fI",,.,,=47r1-E—,_,—g‘|X”]2, (I) =q)fj

4
D 477?? S UEg P+ | Yyl - 5@ g Y+ Xp* Yyl (13)
Here [ vefers to one particular tranverse or psendoscalar polarization.
For large values of e, ie g2%®, f%* » 1 (13) simplifies into:

®, 4x T 47

=~£—2~’ (I)!}f= (pfg=W, (pff—‘3_e‘2- (14.‘)

In (138), (14) no summation has yet been carried out over the
polarization of the secondary meson. Ior large e ®&,, is of a much
smaller order of magnitude than ®,;, in other words a pseudoscalar
meson is almost always scattered into a transverse or pseudoscalar meson,
but not into a longitudinal meson. The occurrence of this selection rule
is entirely due to the damping and is one of the nicest features of this
theory. We shall find even more stringent selection rules below.

In the case (2, ~ 1) neutrettos appear nowhere during the caleulation.
The results ave valid for both the charged and symmetrical theories.

N.R. (1, 0). Total charge of the system = 1 or 0.

The system may consist of a positive meson (or negative meson)
fogether with a neutron (or proton), and also, when the neutral mesons
ere included, it may consist of a proton (or a neutron) together with a
neutral meson. In both the ‘‘charged theory’’ and the ‘‘symmetrical
theory,”’ the matrix element for the scattering of a charged meson into
another charged meson i :

Hap = 2v % K Ky, (15)

This differs from (8) by the different order of the K-factors. In the

‘“‘charged theory’’ the solution of the radiation eqmtlon (6) with matn\
element (15) is simply : !

Z 9.0 K, Ky
Uiz T 1+ tot 3ir (16)
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The corresponding cross-section for scattering is:

K Kg

1+ (s 5 557 (Ch. Th.) (17)

)l

d 5 = 47r£,_,'

K, Kz denote, according to (9), simply ¢* or f* according to

the polarization referred to being longitudinal or otherwise. I'or large
values of ¢, ¢g%*, f% » 1, (17) bccomes

4 gt _ 4=  f*yg°
Po e ey T Tt T S Gy

L}
oy =T @_fTﬂ (Ch. Th.) (18)
(i7) and (18) are the formulae previously obtained by. Wilson and
Heitler’.  They are only valid in the ‘‘charged theory’ and only for
the scattering of a Y * (¥ ") by a proton (ncutron).

In the symmetrical theory also such matrix elements H ,p oceur
where one or both suffixes refer to neutral mesons. In these cases there
are always two intermediatc states where either no mesons or both the
primary and secondary mesons appear together with the nucleon. The
matrix elements are obtained from (4) and (4°) and, together with (15),
may be ecomprised in the following form:

o p=2x %{OABI{ Kp+ DipKpKy. (19)

Here C4p, D, are numerical coefficients depending on the charge
and polarizations of the secondary and primary mesons. As .a
generalization of (9) we now have

Ki=y, J(@[pil), f(oL), g0, fo(o[pi]), Sfo(oi) (20)

according to whether A refers to a charged longitudinal, charged
transverse, charged pseudoscalar, neutral longitudinal, neutral transverse,
.or neutral pseudoscalar meson. The numerical values of C,p, Dus
are the same when one suffix refers to either the transverse or the pseudo-
sealar meson. They are summarized in the following matrices :

11 2 00 0 0 g
11 1 2 00 1 0 7

¢ = D = . (21)
2 110 0 1-1 0 fo
2 2 0 0 00 00 9o

" Heitler, Proc. Cam. Phil. Soc., 37, 291, 1941; Wilson, ibid., 37, 301, 1941.
PROC. R.I.A., VOL. XLIX, SECT. A. , [14]
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where the columns and rows are arranged, as indicated by the coupling
constants on the right-hand side in the order: charged longitudinal,
charged transverse or pseudoscalar, neutral transverse or pseudoscalar
and neutral longitudinal.

To solve the radiation equation (6) we put for U,z :

Usp = 2w 1—); Xap K4 Kp + Yap Kp K4 (sym. Th.) (22)
&

Xan, Yuz have to be determined in a similar way as in the case
N.R. (2, -1). Note that when one of the indices 4, B refers to a
longitudinal meson, XX, = K4 Kp. In this case we have to put
Y,z = 0. so that the first and fourth rows and columns of the matrix
Y are, like in D, zero. Inserting (19) and (22) into (6) and
summing on the right-hand side over the transverse and pseudoscalar
polarizations we obtain, by comparing the coefficients of X Kp and
KK, on both sides, the following linear equations which we write in
the form of matrix equations:

X
Y

]

¢ +i(C - $D)LX - i5(C - DY

. (23)
D+ 134DLY

]

Here I denotes the diagonal matrix, putting now f2 = 2f,2, ete.:

o 0 0 0
0 3r 0 0
=109 0o 32: 0 (25)
0 0 0 A
The equation for Y is easily solved,
0 0 0 0
v - 1 1 0 iT 1 0
T T3 20r | 0 L 9% -1 0 (sym. Th.) (24)
\ 0 0 0 0
Here again

4
|

= [Pl = 213 pfe
FPe = 292 pYe

q
It
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Substituting (24) into (23) we obtain the equation for X

1-20 - 3ir -3ir -1a
—de l-3ir  —dr -1o
X =
| 2% -2 1-2r 0
\ -2 -6ir 0 1
;11 2 2 0 1+ 2 0
_/ 111 2 i 0 1 0
T2 11 0 | A=)+ 2| ¢ 1 2% -10
k‘z 2 0 0 0 2% 2 0

(sym. Th.) (26)

The exact solution of this four-row-four-column matrix equation is
rather complicated. In practice one may solve (26) by numerical means
for a few values of ¢. For large values of ¢, g%2, f%* » 1 the
solution is

ila 0 0 0 0 0 0 0
0 42 0 0 0 #2+ 0 0
X = , Y =
0 0 4 0 0 0 4 0
0 0 0 %0 0 0 0 0

(sym. Th.) (27)

where places marked by zeros contain terms proportional to high negative
mowers of ¢ (at least €-°). The cross-sections are also written in
matrix form ;

1 0 0 0 g
1
0 5 0 0
¢ = 4;15 5 J (sym. Th.) (2S;
<l o0 1o :
0 0 0 1 G

Again (28) gives the scattering cross-section from one primary
polarization into one single secondary polarization. Thus the second and
third rows and columns have actually to be understood as submatrices :
for instance : ' :

/,1,.1,1\

3 3 3 ‘
111

3 3 3

1 1 1

3 3 3

[14%]
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in (28) instead of 1/3 the 3 rows and columns referring to the 2 transverse
and the pseudoscalar polarizations. Asymptotically (/% » 1) @ s
the same in thé N.R. (2, -1) and N.R. (1, 0) cases. The total cross-
section for scattering of a meson of any polarization into all other
polarizations is always
o - ‘t_” (sym. Th) (29)

(29) is larger by a factor (g> + 3f%)/f* than the corresponding
cross-section (18) in the ‘‘charged theory.””  This factor is about 3.
(18) was found to agree fairly well® with the scattering experiments.
Using (29), the agreement would not be quite so good. Considering,
however, that (29) is an asymtotic formula valid for f%* » 1 and
¢ << M (there is indecd not a great margin left by these two conditions)
and that the scattering experiments are not very accurate yet we do not
think that (29) is really in scrious disagreement with experiments.

(28) shows the same selection rules as for the (2, — 1) case (no transition
g z J) and in addition a selection rule for the charge: The charge
of the meson is practically conserved during the scattering, mo trans-
formation of charged mesons into neutrettos taking place. This, however,
holds only for f2? » 1. The latter selection rule is of great importance
in view of the fact that this transformation has never been observed
experimentally. The theory of damping explains this fact, which can
therefore not be used to prove that neutrettos do not exist.

Finally, we give the total cross-sections (into «ll secondary polariza-
tions) for scattering of a pseudoscalar meson for low energies, as obtained
by a numerical solution of (26), including also the ecross-section for
transformation into a neutretto. The latter is large only for energies
less than ¢ = 4, for higher energies this transformation is forbidden
by the selection rules. For the coupling constants the values part I (30)
are used.

TABLE I1.—Seattering cross-sections. (sym. Th.).

Lo
(VM)
()]

£ l 156

041 1-02 063 0-46
0-48 114 1-16 050
0-20 056 0-28 0-028

Yt+ N=>N+ T+
Yt*+P—=>P + Y+
Y*t+ N>P+ Y°

|
I
i
|

8 Heitler and Peng, Phys. Rev., 62, 81, 1942.
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(i) E.R. Extreme relativistic case ¢ » M.

Iror the scattering of a meson of high cnergy by a nucleon, say, at
rest, it is convenient to perform the caleulation for this cross-section in
a moving Lorentz frame of referenee where the ‘meson and nucleon have
cqual opposife momenta, P = - p. The cross-section for the case
where the nucleon is originally at rest can then be obtained by a Liorentz-
transformation. We consider again the two cases for the total charge
of the system being 2 (or —1) and 1 (or 0) separately :

ER. (2,-1). Total charge of the gystem = 2 or - 1.

In the calculation of the ecompound matrix clement for scattering (5)
we note that, as in the non-relativistic case, there is only one intermediate
state where both the primary and the secondary mesons appear together
with the nucleon. Since the total momentum of the system is zero and
conserved, the momentum of the nucleon in the intermediate state is
P, = - (p; + p8) if ps, pp are the momenta of the meson before
and after the scattering (| p4 | = | pp|). The energy of the nucleon
in the intermediate state may be positive or negative. From the matrix
¢lements (4) we obtain the compound matrix element for scattering (5),
putting now p = ¢ and keeping only terms of the highest power of e,
after the summation over the two signs of energy of the nuecleon in the
intermediate state,

Hyp =

- Qe (?A*](B(l - p1 (0 ip) )p‘(O', - Pa - PB)(]- - Pl(o'id)) K, ‘I’B>
(P4 + PB)° :

(30)
¥, is the wave function of the nucleon with the space dependent part

already split off. 4, B include the description of the energy and
momentum of the nuecleon. ¥ satisfles

pi(cPp) ¥p = Ep¥p or px(O'fB)‘I’B = ~ ¥p (31)
where Ez is the energy of the nucleon and in the E.R. case
EB = |PB l = I - P»B I. Slmllally

V' p(oia) = - ¥4° (31)

K now stands for:

K =y, Jps (o [1i]), - fp (32)

for the three polarizations respectively. -
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(30) can be greatly simplified by the help of (31), (31') by changing
the order of the factors in (30) and making use of the commutation
relations of the p’s and o’s. The result is, arranged in matrix form
as in the N.R. case:

H_,u; = - dg {CAB (\I’A* I{A 1(/3 ‘I’/;) -+
. R * (j-’l + i/"[i"‘jfd ’,AjB ;,.El)l_'},l’:.l_lf]) I .)Q 133
+ / DA/,) (‘I’[ '*‘“———*—‘—'_‘—i +~(1,l:1b‘) - V 5 ‘ \30)
where
11 ] 0 0 0\ .4
Cap = 1 0 -1 . Dy = 0 1 0 S (34)
1 -1 1 0 0 S’

The rows and columns refer to longitudinal transverse and pseudo-
scalar polarizations respectively in the order indicated by the coupling
constants on the right-hand side. If 4 B do not both wvefer to
transverse polarizations the second term of (33) is zero.

Te solve the radiation equations (6) we put:

Uip = - 4n {X/w (P K K ¥y +

# S Das¥ (V% (G + ipiliadals Js = ipifinis]) ¥a)|

) (35)
X5 will be constants which can be arranged in matrix form similar to
(34) whilst Y will now be a function of the angle betwecen i, ig
which occurs in the seecond term of (33). We insert (35) and (33) into (8).
In the term <wp, Hac Ucp of (6) it is easy to see that all cross terms
containing products ‘ac Dep Y or Dyc Xep vanish after the ‘
summation over hoth transverse polarizations j.. We thus obtain two
sepavate equations for X,;» and ¥ . The equation for X,z is a

matrix equation : .
o 0 0
X=0¢-4CLX, L = 0 2r 0 (36)
0 0 T

0'=f/3‘éz, T=_f I
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For Y we obtain, after some calculation, which we shall not give here
in detail (sec ref. 9), the following integral equation:

_ 1 d.Q,c « 1L + a+ 3+ 'y’_
T = J d Y”t( 1+ v )
_E?l u+B+v(1+a)(1+;3) (37)
2 1+ 5 1 + 5 ;
a = (ip ic), B = (cis), v = (i11ip)

The integration is to be performed over all directions of ic .
The solution of (36) is a diagonal matrix :

1
e 2 g
: 1
X =] 0 4 0 f (38)
1 ,
0 o = f

The integral equation for Y (37) is a special case of a more general
equation solved in the following paper by Hamilton and Peng.® We
give the solution without calculation. Y(y) is expanded into a series:

-]

Y(y) = 3,@n + DyaPu(y) (39)

n=0

where the P, are spherical harmonics and ¥, are cocfficients to be
determined from :

(1 3 n + 1\ S n +.3 dn + 1
S C R § IIE) LR e R L e A
N 1_37&{6) B 2(- 1)
( 2% +8)M" T T D@+ 2 (n + 3) + Sir(- 1)»
(40)

‘We now form the cross-section (7). Except if both the primary and
the secondary mesons are transverse only X ,p occurs. Inserting (38)
into (35) we find from (7) very easily in the usual way :

1 0 0 g
8 1 )
(DAB——ET 0 A+4 0 l (41)
0 0 1 |

which again gives the cross-section for scattering from one primary
polarization into one secondary polarization. If both mesons are

® Hamilton and Peng, Proc. Roy. Irish Acad. in the press.
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transverse there is a contribution to & arising from | & 4z |* which
gives the term  1/4 in the matrix (41). In addition there will be terms
arising from Y, which in (41) are denoted by A. To caleulate A we
note that again all cross products X Y vanish after the summation over
tlie two transverse polarizations j,. The calculation of the additional
part of the cross-scetion arising from | Y |? is also given in ref. 9. The
result is, when averaged over the final polarization :

w
X=2f . S (o 2) |z (42)
n=0
with 2, given by (40). We cstimate the order of magnitude of X,
We introduce instead of = the variable z defined by =n® = 8rz®.
If = is large, which is always here the case, the summation (42) over
2% ean be replaced by an integral over x:

< g 0s [© zdo 7 e 93 .
K= grien | B = g s 43)
X is therefore approximately: X - 03 f19/3 ¢%3 . Although it increases
with ¢ it is much smaller than the term 1/4 arising from X cxcept
for extremely high energies. Using for f? the value 0-13 the cnergy
at which A becomes ecomparable with the main term. 1/4 is & ~ 60.
(Remember that this is still in the Lorentz-system where the meson and
nucleon collide. with equal momenta.) For all smaller energies A can
ke neglected.

As to the angular dependence of the scattering ecross-section: The
terms arising from X,z are all independent of the scattering angle.
Only that part which gives rise to the A-term depends on angle. There-
fore for all energies for which A can be neglected the scattering is
independent of the scattering angle in this Lorentz-system.

The selection rule for the polarization is, in the E.R. case, more
stringent than in the N.R. case. The pseudoscalar polarization is now
separated from the transverse polarizations so that there is praectically
no chance for the polarization of a meson to be changed by scattering.
The two transverse polarizations may, however, change into each other.

From (41) we see that the total cross-section for the scattering of a

particular primary polarization to all secondary polarizations of a meson
is :

o = 8w (primary polarization
P longitudinal or pseudoscalar)
o - §ir{ &+ 2%) (primary polarization

transverse) (44)
These results hold in both the charged and the symmetrical theory.
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E.R. (1, 0). Total charge 1 or 0.

The caleulation for this case, in the symmetrical theory, is very similar
to that of the (2, —1) case, the only difference being that neutrettos
aiso play an essential réle, because the system may also consist of a
weutretto and a proton, ete. If the result is to be represented in matrix
form as above we obtain a matrix with 6 rows and columns. We give
the result without calculation :

1 0 0 0 0 0 g
0 2+XA 0 0 XA O ‘} i
0, - o o o 1 0 0 0 i 7
1o o 0o 1 0 0| 7
0 A 0 0 Y+l 0 7,
o o o0 o o 1/ 74

(sym. Th.) (45)

The attribution of the rows and columns to the various polarizations
and the charge of the meson is indicated by the corresponding coupling
constants on the right-hand side. The A’s are again of the samc order
of magnitude as A equ. (43), but have different numerical factors, all
of them, however, of the order of magnitude one. For e < 60 the
Ms can all be neglected and the selection rules are very stringent:
No transformation into neutrettos and no change of polarization
(except between the two transverse polarizations) takes place. At very
-high energies, however, a charged transverse meson can be transformed
into a transverse neutretto again. The total cross-sections are given by
(44) with a correspondingly different A .

The calculation for the ‘‘charged theory’’ is very similar to that of
the N.R. (1, 0) case. The result is-

_ 8z g 87 .
S y
Dy = by = ’f (—g—f—'/)g. (ch. Th.) (46)

There are no sclection rules in this case.

All the previous formulae for the E.R. case hold in a Lorentz-system
where the meson and nucleon collide with equal but opposite momenta.
We now transform them into a Lorentz-system in which the nucleon is
initially at rest. The cnergy of the scattered meson will then depend
strongly upon the angle of scattering. The law of scattering can very
casily be found for that part of the cross-section, which in the first
Lorentz-system is independent of angle, i.e. for the part not included
in the A-contribution. Henceforward, we shall assume that ¢ < 60
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and therefore all M\’s negligible. Let ¢, 6 be the cnergy and angle
of scattering in the Lorentz-system where the nucleon moves, and
g, ¥, 0 the energies before and after the scattering and the scattering
engle in the Lorentz-system where the nuecleon is initially at rest. Then

we have:
E=28YM, cos § =

cosf = 1+ 9_-’ - f,[ (47)
by a simple Lorentz-transformation. Since in the first Lorentz-system the
differential cross-sections are all proportional to d cosf# the proba-
bility for the scattered meson to take up an energy between & and
¥+ dé (0 <% < %) 1is simply proportional to d&/g. The cross-section
itself is invariant against this Lorentz-transformation, it is therefore
obtained just by expressing ¢ by § and d cos0 by d&/g. Thus
the differential cross-sections for the scattered meson to take an energy
in the energy interval d&’ are:

o 167 d¥

o de = E]l; —;— (long. or pseudose.)
r 87 d¥ |

P JdE = m —,8.— (bxansv.) (4:8)

(48) holds for the (2, - 1)-case and in the sym. Th. also for the (1, 0)-
case.

For the charged theory in the (1, 0)-case the formulae are slightly
different : '

) 167" 92 4 . .
q’df = 5717 Wz z (longltudlnal)
O de = 16 I d¥ (transverse or

© T M (gFr 35y € pseudoscalar)

(ch. Th) (49)

(48) or (49) gives the scattering cross-section of a meson from the
indicated primary polarization to all possible scattered polarizations.

According to (47) the angle 0 is very small if &'~ £ but is large
if #<<e, asisto be expected. TFor large § almost the whole energy
 is taken up by the nucleon which receives a big recoil energy.

(48) is valid only as long as the A’s can be neglected. Thisis true if
e <60, or now,expressed in terms of ¥, if < jQZ (60 = 720. This
limit is very high (~ 7'10* e.v.), and for practically all energies occurring
in cosmic radiation the A’s can be neglected. The condition >> M for
the E.R. case becomes, in terms of &, &>>2)/.
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PART TII

Tur PropucrioNn oF MesoNs By CornisioNs or Two NUCLEONS AND THE
ExergY Lass or A NUCLEON.

‘We now combine the results obtained in the previous parts I and IIL
According to I a fast moving nucleon can be considered as being
equivalent to a free meson pulse moving in the same direction. This pulse
contains mesons of various energies ¢ and of various polarizations,
mainly transverse and pseudoscalar, which may be charged or neutral.
. The production of a meson of certain specified charge, energy, and
nolarization during the collision of two nucleons appears, in the treatment
of Williams and v. Weizsiicker, as a meson scattered by the second
nucleon from the equivalent mesons of the moving nucleon. The
condition that the meson field of the moving nucleon can be replaced by
a pulse of equivalent mesons has been obtained in I, equations (12) and
(14), ie. .

1ecece lt, K> M, ¢9)

I being the energy of the moving nucleon and e, that of the
equivalent meson. The energy distribution of the equivalent mesons is
riven by I (31) and table 1. The equivalent charged mesons replacing
the field of a moving proton (neutron) are to be regarded as positive
{negative), ' :

The cross-section for the production of a meson in a collision hetween
iwo nucleons is now obtained by forming the product of the scattering
cross-section multiplied by the number of equivalent mesons in the energy .
range de. There are, however, two points to be taken into account:
(i) If € is the energy of the equivalent meson then e is equal to the
sum of the energy of the meson produced plus the energy transferred
io the nuecleon initially at rest. In the N.R. case the latter is
negligible, but in the E.R. case the ecnergy is on the average
shared in comparable parts by the meson produced and the recoil
nuecleon. (i) IFor the production of a meson of given polarization
equivalent mesons of several polarizations may contribute, aceording to
whether the selection rules allow the polarization to changé¢ during the
scattering or not.  Accordingly, to obtain the production of mesons of
given-polarization, we have to sum over the polarizations of the equivalent
nicsons, as the case may be,

For the production of mesons of energies ¢ < M but not too small
(f2e® » 1) we can use the asymptotic formulae for the scattering cross-
scetion given in Part II, for the N.R. case. In the symmetrical theory
the scattering cross-sections for the cases (2, —1) and (1, 0) are then the
same. We denote for instance the cross-section for the production of
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longitudinal neutrettos by &%, and that for the production of charged
transverse meson ,., ete. From I (31) (the g*terms are neglected)
and II (14), IT (28) we obtain the cross-scction for the production of a
meson within the energy range de :

(Dhmy [Z& = 2(1)1?)"9 (Zé = fi;‘ 4‘/‘2 C(
d
@y de = Dpode = OYde = 200, de = é—f.g.f (Diy + Dys)
(fr<<e<<M). (sym. Th.) (2)

C and the D’s are functions of 2z = }7 V1 + ¢y E*. In the
4

charged theory the scattering eross-sections for the cases (2, —1) and
(1, 0) are different, given respectively by II (14) and II (18). We have
tiien to distinguish between P — P and N - N collisions on the
one hand and P — N and N - P collisions on the other hand.
The cross-sections for the production of mesons of various polarizations
are:

: de | .
(I)lon_l/ de = ‘E_z' 4"/ ¢ (P—]) and

{ . N-N collis.
L 4 12 (Dy + Dyy) collis.)

E3

Y @ude = Opde =

TEPR
q)lony de = (_l?f E—zi—_{‘g/—f;;?' (-Dtr + Dps)
e (P-IV collis.)

4 6
FOude = @psde = (i-: Wﬂ/)" (Der + Dps)
(f-r<<e<<M). (ch. Th.) (3)‘

For P — N collisions a term ¢g2>C has been neglected in comparison
with f2D,. . The sign of the charge of the meson produced, for hoth
cases (2) and (8), is determined by the rule that it is always the fast
nucleon that changes its charge by the collision. This is so hecause the
production of a meson is due to the scattering of one of the equivalent
mesons of the fast moving nucleon by the nuecleon at rest, which does
not change its charge. It is always the fast moving nuecleon which loses
the meson. This, however, is only true as long as the selection rule for
the charge is valid, otherwisc the fast moving nucleon may lose an
equivalent neutretto which may bhe transformed into a charged particle.

For the production of mesons of energics lower than that considered
above (¢ -~ 1/f) we have to use rather complicated formulac for the
scattering cross-section. There is then no seleetion rule of the charge
or polarization for the scattering. ISach scattering cross-section posscsses
a maximum somewhere between ¢ = 2 and ¢ = 3 (ef. Table II).
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The maximum is of the same order of magnitude for the scattering of
mesons of various charges and polarizations. Sinee the spectrum of the
cquivalent mesons varies in this region slowly it is certain that the cross-
section for the production of mesons recaches its maximum somewhere
Letween ¢ = 2 and e = 3, i.c. in the neighbourhood of ¢ = 1/7.
The cross-section for production then falls to zero for ¢ — 1.

TFor the production of mesons of energy ¢ » 2M we have to use
the scattering formulac II (48) and II (49); the ~ used there to
distinguish the Lorentz-system can now he dropped. A meson of energy
¢ is produced by all the cquivalent mesons of cnergies e > ¢ the
balance L’ = ¢ — ¢ of the energy is transferred to the recoil nucleon.
Thus from I (31) and II (48), II (49) we obtain the following cross-
scetions : :

‘ 167, de
2 q)?ong de = T de “G’ c _E?

’
(I)Iony de

o

/’ ’ ]6f2 4 dE
P dd = 2@hdd = dEL,Dps—;
, ;8 de
<I>¢,.d£ = 2(1)1(]r de = _1‘6‘ de J,GI.DI,-?

(M <<e' < E), (sym. Th.) (4)

In the ‘‘charged theory’’ we have again to distinguish between P - P
or N — N collisionsand P - N or N ~ P collisions. The cross-
seetions are respectively :

12
(I)Iuny de = ‘1-}.”{* d &IJ C(E;
¢ &
, 167> , d e (P-Por N-N
Pps de’ = A de [ Dps:? collisions.)
2 ) v
Dy de = §,§_ de"[' D, d_: . . (ch. Th.) (ba)
2 ¢ 3
, 16/ ¢ f? , de \(P-NorN-P
Diong de’ = M (g + B/ de L, (Der + Dps) 8 collisions.)
16 f* fe de| (ch.Th) {5b)

Ppr A’ = P de’ = = e f“L (Der+ Dpe) 7

&

(M << ¢ < L.

We may put the upper limit of the integration in these integrals ¢ = E.
Since the main contribution to these integrals arises in the neighbourhood
of the lower limit of integration the error made by assuming the speetrum
I (31) to be valid for e ~ £ is negligible if ¢ << E. The A-terms
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of the scattering cross-sections have been omitted in (4) and (5). These
equations hold thercfore only for ¢ < 720, ‘

For every meson or neutretto produced there is a recoil nueleon. We
denote the energy of the recoil nucleon by E’. The differential cross-
section for the production of a recoil nucleon accompanying the
production of mesons and neutrettos of all polarizations is therefore

47 de (6)
D ’ T v jlf r) T3 y
Cpdfi a E JE,(DI” * 3 Dn) G (sym. Th.)
(M << B << k).
For practical purposes the D’s and C can very well be approximated

by some simple functions or avcrage values. They depend essentially
on e¢/E. We may use (comparc Table I):

-
D =50 J5, De=165, =0
Dy + 5Dy = 115, Dy + Dy = 200 M

Hence the cross-sections for production of a transverse or pseudoscalar
meson of energy ¢ becomes approximately, putting the upper limit equal
to £ and dropping the primes of ¢ :

16 /* 2 1 1 1 ’
2([)?,5 de = (I)p,ds = s ﬂ[— g 50(7E E'_;/-,,_— - Z’TZ> (8)
8/ 165 /1 1
2¢%de = Oy de = de ‘jl"]lr 5 (E—, - E-")
(e > M) (sym. Th.)
and
1 4 . . 1 ,
‘p?rdﬁ = 2(})?,,,(25 = 2 (I)trds = (I)ln(lé = dE ﬁf" 200 &_5 (8)
(e << M) (sym. Th.)

DLiong de 1is always small.

Thus, in a collision of two nucleons, mesons are produced with an
energy spectrum of the form de/é¢ if ¢ << M, and de/e or
de/e/? if € >> M. There are also recoil nucleons with the same
energy spectrum dE’/E’? (according to (16)) for E’ > M.

‘We calculate the total cross-section for the production of a meson of
any kind by a nucleon with energy £ >> M. We may use (8) and
(8) approximately for ¢ < M and e > M respectively (instead of
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for ¢ << M, € >> M) and (8) also for ¢ > 1/f instead of
e >> 1/f. The largest contribution arises from (&) and ig:

® = 400f' ~ 6.8 9)

(9) 18 @ very large cross-section. (Remember that the units used are
(h/pc)® = 43 X 10-2 em?). A fast nucleon only travels a
distance of 55 em. H,0 before it produces a meson. Most of the
mesons produced have, however, only a small cnergy, of the order of
magnitude 1/f.  Therefore, a fast nucleon will produce mony mesons
before it is stopped. There are, however, also fast mesons produced, in
small numbers though, but most of the energy lost by the nucleon is’
contained in these fast mesons. We can define a cross-section for energy
loss

1 1
Pontoss = = —EJ(H L) © de (10)

where the 3 is to be extended over all polarizations and charges of the

mesons produced. ¢ + E’ is the total energy lost by the nucleon

including that given to the recoil nucleon. We find from (8), (8’), using

the values I (30) for the constant f :
1 4

E
D toss = E(cLO + 36 log ﬂ—[)

(11)
(sym. Th.)
The second logarithmic term arvises from mesons with energy > M,
and is, of course, the bigger one. The energy loss also is very great.
Tor instance, a fast nucleon with E >> M loses per em. H,0 an

energy (measured in  uc* ~ 10°e.v.)

- Z—f = NE®, 10, = 1.08 + 0.9710g7§ 12)
(sym. Th.)
(&V = the number of nucleons per cm.?)

which is more than 10° e.v. per em. H,O. »

In the ‘‘charged theory’’ the energy loss is considerably smaller,
firstly because no neutrettos are produced, secondly, because the ecross-
section for scattering is smaller in the case of P — N and N - P
collisions. Taking the average for P — N and P - P collisions
and using the values for the coupling constants

7 = 0.17, fr=70 =001 (13)
(ch. Th.)

(which give the right values for the nuclear forces)
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1

L B
q)cu.loas = ]g<12 + 14 log ——)

M (14)
(ch. Th.)

The application of this theory to the production of mesons in cosmice
radiation will be published elsewhere.*®

Finally, there are a few points, chicfly of theoretical interest, to he
settled :

As we have scen the meson is always emitted by the fast moving
nucleon. One might wondey whether the nucleon initially at rest is not
also capable of emitting a meson. This question has heen considered by
Williams in the cleetromagnetic case. IHis considerations can be
immediately extended to our case to show that meson emission by the
nucleon initially at rest is negligible.

Our theory is only valid for: & >> M, 1 << e<< K. We briefly con-
sider qualitatively how our results will change if these conditions are not
strictly satisfied. The conditions for e arc not of very great importance,
the case e ~ 1 being of no interest and if e approaches the value E
the cross-section becomes rather small. TFor ¢ = 3 X our formulac
should still hold approximately and it is very unlikely that they will
undergo a change by an order of magnitude if ¢ —> E. Our formulae
will certainly give the right order of magnitude also for this case. Our
theory eannot, however, be used if & < M. In this case we can obtain
a guidance as to the result to be expeeted from older caleulations® in which
the rate of meson production has heen calculated for K << M
neglecting the damping. The cross-section is found to be quite small.
Thus we have to expect that all our cross-sections decrease rapidly as L
becomes comparable with M or smaller than M. Our theory itself
indicates that since for E < M the minimum impaet parameter Part I
(27) is 1 /My instead of 1/ M and that means larger values for z.
All our D’s and C decrease exponentially for large 2. Thus we expect
that meson production practically ceases if & ~ M.

In addition to the mode of meson production considercd in this paper
there is another mode in which mesons can be produced in a collision
between two nucleons. A fast moving proton has also a Lorentz-
transformed Coulomb-field which is equivalent to a stream of light quanta.
A light quantum can be transformed into a meson by the proeess

‘hiv + P> N + Y+ cte? We give a brief estimate of the order
cf magnitude. The equivalent light quanta spectrum is?

* Hamilton, Heitler and Peng, Phys. Rev. in the press.

1 Cf. for instance Massey and Corben, Proe. Camb. Phil. Soc., 35, 84, 1939.

# This kind of meson production has been considered neglecting the damping by
Kobayasi and Sato, Scient. Pap. Inst. Phys. Chem. Res. Tokyo, 38, 51, 1940,
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The cross-section for transformation into a meson is largest if the meson
is longitudinal and has been derived in the following paper by Hamilton
and Peng® Tor v << M (the only case for which the problem is
solved) the cross-section is =%*¢f/2+V2. Thus the rate of meson
production is

(plong de = 510 Ei_é IOg]: (NB,) (15)
&

(15) should be compared with (8) and (8). We first notice that the
energy dependence is different, (15) is proportional to de/e . log E /¢
whilst (8) and (8) are proportional to de/e® and de/e. On the
other hand (15) has a very small numerical factor. That means that
this mode of meson production is negligible for all energies I except
the extremely high ones. Unfortunately (15) is only valid for ¢ < M
and we can therefore not give an exact estimate at which energy L (15)
would be greater than (8). If we tentatively apply (15) also for ¢ > M,
the energy loss due to this kind of meson production would be comparable
with the one considered in this paper if & = 10* which is about
102 e.v.  This limit will be lowered if a proton collides with a heavy
nucleus because it can be shown that then the effeet incrcases with Z2.
It will be noticed that the contribution of the A-terms of the cross-
section also sets in at very high cnergies (E ~ 10 ew.). In addition
there are also other processes, for instance the emission of light quanta
by collisions between 2 nucleons which become important if the energy
cxceeds these limits. The formulae given in this paper, especially for
the energy loss, do not therefore hold for the extremely high energies.

PROC. R.I.A., VOL. XLIX, SECT. A. [35]
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XI.

ON THE PRODUCTION OF MESONS BY LIGHT QUANTA AND
RELATED PROCESSES.

By J. HAMILTON axp H. W. PENG.

(From the Dublin Institute for Advanced Studics.)

[Read 10 May. Published 31 Jaxvary, 1944.}

1. INTRODUCTION.

UnmiL recently it was impossible to apply the meson theory of nuclear
forces to collision processes of any kind involving mesons. The reason
is that in such collision processes radiation damping is of paramount
importance —and a theory of radiation damping is part of the very
problem of quantum electrodynamics. To take an example: The process
studied below, namely the transformation of a light quantum into a meson
during a collision with a proton, say,

v+ P —> N+ Y+

has, if damping is neglected, a eross-scetion which would increase with
(hv)? (cf. reference (5)). The same would be truc for the reverse
process. DBoth are quite incompatible with the actual facts, as has in
fact long been known. Recently Heitler and Peng (4) have developed
a general theory of damping which may be regarded as an attempt at
guessing the correet formulae of a part of quantum -cleetrodynamies,
namely, that part which is dealing with transition probabilities.
Mathematically, the ecaleculation of transition probabilities requires the
solution of a set of simultaneous inhomogencous integral equations. It
is the object of the present paper to show that the above difficulties
disappear in this theory of damping. Whilst applications to the actual
production of mesons in eosmic radiation will be made in a paper by
Heitler and Peng,! the contents of this paper are mainly of theoretical
interest. In the first place we show that the cross-sections for the process
in question and its reverse process are small enough to he at least
qualitatively eompatible with the experiments and that both processes do
not play a very important réle in cosmic radiation. The method developed
here for solving the integral equations can, however, also be used
for other, more important, processes, and are actually used in the
paper quoted above. In the second place we shall discuss a problem (as it
seems of purely theorctical interest), namely, the so-called ‘‘principle of

! Heitler and Peng, Proc. Roy. Irish Acad., 49, A, 7, 101, 1943.
PROC. R.I.A., VOL. XLIX, SECT. A. [24]
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detailed balance.” We shall sce that this principle no longer holds in its
most general form in the present theory of damping. (If damping is
neglected, it is a trivial consequence of the faet that the Hamiltonian of
the interactions bhetween all fields and particles is Tlermitian.) As far
as our prescent investigation goes, the violation of the prineiple of detailed
halanece is of a very speeial and limited kind; it is only violated il the
spin is ineluded in the description of a state, it holds again whenever
the average over all spin direetions is taken. This, however, we have so
far only been able to prove for the processes dealt with in this and the
paper ref. 1, but we suppose it to be true more generally.  We suppose
that it may very well be that the non-validity of the principle of detailed
balanee is an essential part of future quantum-cleetrodynamies.

Throughout the paper we shall assume that the proton mass is large
compared with the energy of the light quanta or mesons coneerned, thus
neglecting recoil energics, ete.  The form of the meson theory used is a
combination of veetor and pseudoscalar charged mesens, but, for simplicity,
we shall not include any neutral mesons. The inclusion of the latter
would make the caleulations mueh more complicated, but for all we know
would not alter the order of magnitude of the results.

2. THE INTERACTION OF LIGIT AND MESONS wWITH PROTONS AND
NEUTRONS.

Light and mecsons arc treated guantum mechanically according to the
usual field quantisation methods. Protons and neutrons arc considered
as two states of the onc particle, which we shall throughout ecall the
nucleon.

According to the meson theory in the form suggested by Mgller and
Rosenfeld,? the Hamiltonian for the intcraction of light, mesons and
nucleons is given by

Hinteraction = Hi + Hit 4+ pii 4 Hiv
with

Hi = EJ{(A, P+ qb*) div g+ ([A, ¢* - §*Jcwl )+ ¥ (Agrad W)} dV
+ (adjoint terms) + (terms quadratic in A),

Hii = {gl1* div y* + fII* (o cwrl ¢*) + SII* (o grad ¥*)} + (adjoint terms)

Hiit = de(glT* (A, §* + ¢*) + JI* (oA, §* - §*]) + FI* (cA) V)
+ (adjoint terms

ziv = £ 111" A% 1

M A )

*Mgller and Rosenfeld, Kgl. Dansk. Vid. Scls., 17, 8, 1940.
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Here the velocity of the nucleon has been assumed small compared
with the velocity of light. A, W, ¢, W deseribe the electromagnetic,
longitudinal meson, transverse meson and pscudoscalar meson fields.
II is the operator denoting the transition of the nucleon from the neutron
to the proton state. The asterisk denotes, in all cases, the adjoint. o
is the spin veetor of the nucleon. ¢ is the elementary cleetric charge,
while ¢, f, f’ are the coupling constants' of the nucleon with the
longitudinal, transverse, pseudoscalar meson fields respectively. The
units are “meson units,”’ chosen so that h = ¢ = x (meson mass) = 1.

We now give a complete list of the matrix elements of H for all those
transitions which will oceur helow. To explain the notation we take a
typieal non-vanishing matrix clement of Z i corresponding to the virtual
transition

i2)

" + —
hv —> Y)ong + thns .

This element we denote by H,_i,% e where 1, k'), k; denote respectively
the polarization vectors of the photon absorbed, and of the transverse and
longitudinal mesons emitted. Further, by ws, k%, ks we denote unit
vectors in the directions of propagation of the photon and the mesons.
Also k. = [k k;]. In the case of a meson being pseudoscalar, we use
the suffix %, in the matrix element, but its unit vector of propagation is
always called k,. Irimes are used for the second of two-mesons involved.
For example, the element for the virtual process

7+ —_ 7+
1tsm.ns > 1ps + T

is denoted by

i
11]\ w, | kb :

The H! _elements are then as follows:—

i i \/11‘6

S H e e = oy F0E) 4k k)
i i \/,r ¢ ’ )
- H/,” | mky = ]{klk,l [ 7, = «/Z = i]v ([m k)]k 2) + k([”lk x]kz))
i i \/‘T [ ’
- 1 =/ = . K (pvk k (nk
11k4 ] lvli;f‘ I-';k’i l l'l ‘Ti;'gg v (vl 3) * (Vl 3)]

: \/;1: ¢ ., , ., ,
- = - ek ([wkiJK2) - &k (0,K))
Hl;:x J v & \/Z Vee'v k([ JK%) (k"))

e 9

= = ek ([nks]Kn) + €k (wKO)). (2)

H/.'s kvl \/ )—V:;
[24%]
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V is the normalizing volume for the fields. e, €’, y are the energies

of the mesons and the photon. (e* = 1 + k?).
The conservation of momentum necessitates
kK =k ¥ p (2’)

according as k refers to a meson of charge +, where k, k', » ave the
propagation vectors of the mesons and photon. (v =» vy, k = kky).

Using the suffixes P, N to denote proton and ncutron states, the
other elements ecan be written :—

- Hypip = Hpr v = 7 gk
- Hyi\p = Hp\y = j;fk(fsz) - (3)
- Hyiop = Hpyw = :%f’k(o-kg)
¢ /
i1 iii 2me .
Hiyi v, = - Hpigyw, = 377= l9(nk) ~ ife(onk]))
! V. fev
i _ i _ AT ok ,
Dyiype = - Hppyw, = VJE-;MQ'S(VJ )+ f(o[vmk)) )
2me )
i iii _ ,
Hyrypoy, = = Hpryw, = VJ;’J’(O'V)
Hiv we .
L Py | Py = II.AIJ Y (IVI) (
) (5)

HNV,IA =0

In (3), (4) and (5) the nucleon is assumed to be initially at rest. Each
of the equations in sets (3), (4) and (5) is a two-row-two-column matrix
equation, arranged according to the two spin directions.of the final and
initial states of the nuclecon. (Terms free from ¢ contain the unit
2 X 2 matrix.)

3. ProouctioN oF Mesons BY Licar.

According to the theory of radiation damping®* the probability for
the transition from statec B to state A is given by
Cuyp = 2TrpA[UAB| (6)

'Heltler, Proc. Camb. Phil. Soc., 37, 291 (1941); Wilson, ibid., 301,
_ ‘Heitler and Peng, ibid., 38, 296 (1942).
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where p, is the density of the states 4 per unit energy interval, Uyp
is to be determined from the equation

UAB = }[AB + ’I:TFEI{ACPC UC[} (7)

where ¢ denotes a state of the same energy as 4 and B. Il ; is the
compound matrix element of the lowest non-vanishing order for the
transition from state B to state 4.

For the production of a meson of energy ¢ by the collision of a photon
ol the same energy with a nucleon (negleeting the recoil of the nuecleon)
we consider all final states with one photon or one meson of energy e
present. We negleet final states with two or more guanta, since the effect
of multiple scattering is small.* )

The compound matrix elements of the lowest order are as follows :—

iir I{ii e
H gy yw, = Nkl P P NEY

iv
IJP"'l | 2y = H Dy | Py o2

ENiy - EP
(8)
ii i ' i ii
][.Nkj | P = IR’XL | v + 2 vaf KA H/»'_,'/:’l | 1 + E ij t ik N | P
e Iy - Erk : Lp -~ Eyw,

For the caleulation of H Nk; | ¥&  Wwe have to sum over the spin of the

nucleon in the intermediate state P. This is automatically taken into
P il ii et . . :

account by considering /1 Ni; | P H P\ NF, 88 the matrix product of its

two factors. The summation (1) is to be made over the four polarizations
(2 transverse, 1 longitudinal, 1 pseudoscalar) of thec meson %k in the
intermediate state. The propagation veetor k’ is uniquely determined
by the law of eonservation ol momentum (27). The denominators are
the encrgy differences between the initial and intermediate states. The
set of equations (8) refers to the case where the total charge of the system
is always + e¢. A similar set of compound matrix elements corres-
ponding to the case where the total charge of the system is 0, are obtained
by interchanging N and P throughout the equations (8).

Using (2), (8), (4) and (5), we obtain for the set (8) the following
expressions (dropping the N, P and | in the suffix):—

2w k?

ij k'; = 2 I(k)' ]{k'l - (9)
Ve .
where v
Ki, = f(ocks), Kk =-f(ock), Kk =9, Ki =f (cki);
32
Hy oy = @yv) or 0 (10)

1 ?ﬂ{e
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according as the total charge is + ¢ or 0;

I"Jl T l’re(V,V:‘.-k) ([/(1 ])(v1k3)

-~ ife(o[viky]) = ife(o, kT v)(kF v (v, ki)

ere if(e k) -

Hi + '
S S TN EALGRD)

(11)

- /(o kE ) (kFy, [mk]) - i/ k([0 kT V][V, kzb}

. e g 2meS (o, k 7 ) |
Mo =l jov) = oy &7y

where the upper or lower signs arve to be taken throughout according as
the system has total chavge -+ ¢ or 0. (9), (10) and (11) are 2 X 2
matrix equations, like (3), (4) and (5). (9) gives the matrix clements for
the scattering of mesons by a nucleor, (10) the Thompson scattering of
light by a proton, while (11) gives the matrix elements for the produection
of mesons by light. According to the ordinary radiation theory which
negleets damping the calculation of the eross-section involves the
clements (11) alone. This has been done in an carlier paper by Heitler.®
When radiation damping is taken into account all the final states are
coupled together, and thercfore (9) and (10) .are also required. In
particular, for the production of mesons by light following (7), we have
to solve the following simultancous equations for Uks

Ukv = ‘Z{kll + 1 ™ H Kk P U/:’y -+ ’Lﬂ' H Lvtt P oy Uy”y (1234)

U;,/, = 1] vy + 'I/‘ﬂ' 11 v p Lt U];"l' + 'l/ ™ .l[yf‘,// P " Uyuy . (12b)

Here the polarization indices have been omitted. p, = V -»8577":73 adQ,
ko

and p, = F £ o4 Q, give the number of 4 and v states with

7,_3

propagation vectors lying in the solid angles d Q, and dQ, respee-
tively. The product terms containing the density functions imply
summation over all the polarizations of ” and »”, and inlegration over all
-directions of these propagation vectors. Uy, are 2 x 2 matrices with rows
and columns corresponding to the spin direction of the nucleon in its final
and initial states, similar to 1/ ,,. Also terms with products of I and U
are matrix products on account of the summation over the spin of the

’

nucleon in the states &’ and »”.

¢ Heitler, Proec. Roy. Soe., 166, 529, 1938.
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For the reverse process (the production of a photon by a meson) U,
has to be solved from the equations obtained from (12) by interchanging
% and » throughout.

TFor both processes the cross-scctions arc then obtained from the
transition probabilitics, given by (6).

4., GENERAL SOLUTION OF THE INTEGRAL IEQUATIONS.

We now explain the gencral procedure adopted in solving the
simultaneous integral equations (12). One of the variabless U is
climinated giving an integral equation for the other. This elimination
is carried out by making use of the reeiprocal kernel method of solving
an integral equation.®

If K (x, y) is the kernel of the integral equation

f@) = g@) + [K@y) fdy, (13)
and if the reciprocal kernel % (x, %) is defined by the integral equation

EQe,y) = I(0y) + K (e, 2) k(s y) ds, (14)
then the solution of equation (13) is
f@ = g@ + Jk@y) gy dy (13)

From (14) one can easily derive the important relation between K and
ils reciprocal %

[ (@, 2) (s, y)dz = [k (2 2) Kz y) ds. (14"

‘With the help of this theorem the problem of the solution of (13) is
reduced to that of solving (14), which is often much easier. Clearly this
theorem also holds when 2z and ¥y stand for several variables. To
apply it to equations (12) we have to understand by the integration over
y in (13) integrations over two continuous variables describing the
direction of k7 (or v”), as well as a summation over diserete variables
deseribing the polarization of the meson (or the photon) and the spin
of the nueleon. The latter summation over the spin variable is taken into
account by the matrix multiplication of H and U. Due to this the
reciprocal kernel is also a 2 X 2 matrix, and the order of the factors in
the matrix products in the above equations must not be altered.

We solve (12a) for Uy, in termsof U,,,. The kernel reciprocai to H
we denote by V., defined by the equation ‘

Vi = Hir + aw Hiiw pp, Vi {16)

¢ E.g. sce Whittaker and Watson, Modern Analysis (4th ed.), p. 218,
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Using the abbreviation

Vie = Hiw + aVirp, Hiv (17)
then the solution of (12a) is

U/{V = (1.{](11 - 7;77'11]:1/' p”” Uy”u) + 7:77' V/./,’ [ (IIL'V + 1:71" 11/;‘,,// Py’ U,:"y)
= Vi + Vi Py’ Ury (18)

Now substituting for U,, in (12b) we obtain

U = Hvv + oy pv’ Urv + anlyry {)/."(Vl;'v + Aaw Vi p Us).

Making the abbreviation

Vee = Hpy + tallvr P View (19)
we obtain o
Uv = Vv + taVw pv Uiy, (20)

Thus we have transformed the simultaneous equations (12) into two
independent integral equations (16) and (20). Equation (18) then gives
the solution for” Uy, .

For the reverse process, i.e. ‘the production of a photon by a meson,
the integral cquations can be solved in a similar manner. Defining
Vvk by

Vv/:

I + o How pie Vick (21)
we get the solution
Ui = Vo + 2o Uy 3% Vi (22)

where Vg and U,, are again the solutions of equations (16) and (20).
Here the relation (14’) has repeatedly been used.

5. Low ExErcY RrcioN, PRINCIPLE oF DETAILED BALANCE.

The first integral equation (16) can be solved easily because the kernel
H e given by (9) is composed of a factor depending on % followed by
one depending on %’. The solution is simply

' 1 1 27k .
Viw = [—— = T I I (23)

where
ko= (fF + 2 4 SR . (24)
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Therefore using (17) and (21)

1K

Hpy + ;— = K1 K, (25)

Vie = i~ %e
1K
Vu/.t = Hvk + 1-in ]{: ](]o (26)
where
K = .1 jm KnH 27
V‘_!/"+2f=+f'2.‘l;(k§ ln kv, - (27)

IT} is the adjoint of X,. Using (9) and (11) after some caleulation we
obtain from (27)

1T e

Ty =y onlow) (28)

where :
SN W /O AR A N I N
R vl i s (At Rt IO S

(29)
Using this result it is seen from (19) that V..~ p, is of the order c? f2 *.
Using. (20) it is clear that if

e?f2et << 1 (30)

then V,,» is a good approximation to U,,, and hence by (18), under
the same condition (30), V7, is a good approximation to Uz,. Similarly
Vik is, in this energy region, a good approximation to Ui. Using (6)
the transition probabilities for the production of mesons by photons and
for the reverse process can be caleculated from (25) and (26). As (26)
is mot the adjoint of .(25) it remains to be seen whether or not these two
probabilities are equal (apart from the density functions).

For statistical considerations it ‘is usually postulated or proved that
the ‘‘prineiple of detailed halance’’ holds, more preciscly that the following
theorem is true: If 4 and B arc two states completely specified, i.e. with
given directions, polarizations, spin directions, cte. of all particles involved,
the transition probabilities 4 —> B and B — A are equal *f
referred to a unit volume of phase space. (I.e. the transition probabilities
are equal apart from the density functions).

To discuss this in more detail we restore the polarization indices, and
add two indiees, a, B desceribing the initial and final spin directions
of the nueleon. Then the prineiple of detailed balance would require that

= w8 | (31)

Bal2
7ol - |7

kin
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Using (25) and (26), however, we find that

ap
Vvlk.'

ki

\Vﬂa

B K Tk ‘ aB Ba _ Ba -* "\ B
- (1 Zae T 1w m) VL 3 (B B)Be = TGS (1 1)
(32)

On evaluation it is found that, in general (32) is not zero. However, i
we average over the initial and final spin diveetions of the nueleon then
the right-hand side of (82) vanishes. This is essentially due to the fact
that

spur (M, ;; Ky K,)

is real (because the above matrix is a real funetion of ¢ o). Henee the
principle of detailed balance is not satisfied if the spin direetion of the
nueleon is ineluded in the deseription of a state. It is satisfied if an
average over the spin direetions is taken.

Principle of Detwiled Balance—The above failure of the prineiple of
detailed balance is a feature of the new radiation theory. In the ordinavy
quantum theory of radiation where damping is necgleeted, this prinecipic
follows from the faet that the perturbation Hamiltonian is Iermitian.
The difference is that, whercas in the ordinary theory the probabilities
are given by | //,p|*, when damping 1s taken account of | Uyp|*
has to be used.

From equation (7) there is no indication that, in general

| Uss

2=lUBA]2'

However, in all the processes so far considered?, the case just discussed is
the only example for which A

| Usg|® 4 | Usal®.

Although, due to the fact that on averaging over the spins of the nucleon,
this inequality disappears and thereforc the failure of the principle is
«f no practical importance; yet it is of considerable theoretical interest.
It may be connected with the fact that in the classical treatment of
radiation damping a term 7  arises, which upsects the time reversibility
i.f the equation of motion.

Cross-sections for the Production of Mesons by Photons—These cross-
sections are actually of the same order of magnitude as those given by

TCf. especially the paper by Heitler and' Peng in these Proceedings.
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the ordinary theory negleeting damping in this energy region. We give
the values for ¢ >> 1, e2f?¢' << 1 of the average total eross-seetions
{for the productions of mesons.

W2

. . K
Plpg = T e fre + 7r.62 € e ngmg -F)

.2
Bpe = TE@log2e v = f) 4 27 é IJ-—? " (33)
+ K

A2
/9

va 2 K 2
P = datft + wd — WS
P8 ' 1+ &

6. Hicn IENERGY REGION.

We now discuss the energy region where /¢ > 1. Uk is no
longer closely approximated by Vi Thus equation (20) must be solved
for U,r. Asmow ¢ >> 1 we ohly retain the highest powers of & (or k)
in all expressions.  IFrom (11) it is seen that Hiyw is of the order ef, while
My and ey ave of the order ef/e. (25) gives

Vie = Ik - Ki K (34)

where we use the approximations, e.g.

'I:C fﬂ' (0-, kvs F V:l) . ‘
Hign = 5 T Et v, k 35
]3 V (Vs’ VJ ; ka) ( 3) ( )
- tew Sy '
X, =
1 Tr 9 (.(/' + 2]‘2 | //) (G VZ) (36)
Similarly from (26) it follows that
Vi = My - KiE, = Vi, . (37)

To the samec order of approximation the kernel of equation (20) is (by
(19))

I/-V/V = ’i7r Iju’kn P];S Ifﬂ'i" =
= 7T Hv’/s'3 pka Hk;w - i ]Iv’l‘s pkd 1\'[‘3 K, . (38)
The integral

}[y"/;:, p/.a I{I;';Vl =

e fr e J (vi k) (0, ks 7 v5) (0, ky
R d Q
V 8« +

T vy) (ks v,)
(Va’, Vs ks) (vs, Vs F k)

(39)
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is evaluated in Appendix I. TFor the second term in (38) we have

V &

Hyky Pry Kty Koy = 2 Jda,; oty Ky Koy =

m
Véz . . c':f2 '(/2 e?
= 2 — /2 * ’ I = e e e - ’
27t (fq PR AT Ko K, SV (f+2/*+ /)" (o2 (@ v2)
(40)
using (27) and (36).
TFrom this and (I. 8) of Appendix I we obtain
. . c'.:fz &2 . , . , . . ,
Virw, = m Y [L+(ovj) (@ =iv), vi+dv {1+ (0 v)} A((vy v} +
+{l = (ov)) (v +iv, v =) (1 - (o)) Ay v)) +
+ By (ow) (ov,) + By (ov) (o v.) ] (41)
where '
Ay vy) = 2 |3-(v) 1—(1/3’1_(3_) log 1 - (v
: {1+ (vy vy))2 4 1+ (v vy) 2
B =1 ' (42)
B, =1- 9
gz + 2fz +f’2

(41) shows directly that V.. is skew-Hermetian,
Vv’v = - ’fw . (43)

Hence from (20) it follows that U, is skew-Hermetian. Comparing (22)
and (18) und using the fact that Pr, is Hermetian (37) we see that U,
is Hermetian, i.e.

Uk = Uk . - (44)

Ifence the cross-section for the production of mesons by light is the same’
as that for the reverse proeess in this region of high energies, apart from
such differences that arise from the density functions.

Solution of the Second Integral Lguation.—The kernel 7V, “of the
equation (20) has, in the form (41), been split up into four terms of
different types which have the orthogonal property appropriate to this
type of integral equation. This has the important consequence that the
solution U,, has the same dependence on spin and polarization as ¥V, .
Therefore Uy,7, is given by an expression obtained from (41) by replacing
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A (v v5)) by a function X ((#v5)) and replacing B, and B, by constants
Y, and Y, respectively. On substituting these expressions for V.., and
Uy in (20) it is found that no cross products arising from terms of
different types occur in the integral Vo Pyr Uy . This is easily seen
from the following orthogonality relations

L+ (@v)){l-(ow)} =0 (45)
[dQu (ov”)(ow") = i[dQw (ow’) = 0 (46)

S{v,” + v, "} {1 + (ov))] (ov,) =

> {Vl” n 1:V2”} (Vl” + ?;V:”, 0')

it

{vlll —{- 1 Vzl’} (V]” + ,L'VZII , 0_) + {Vzll _ " Vlll} (Vz” — l‘V!/I, o..)
= 0 (47)
as the summation 3 1is to cxtend over the two polarizations of v”.
(The second term is obtained from the first by replacing v,” by v,
and v,” by - v/”). Further two terms of the same type yield, in
- this integral, a product which is again of the same type. Thus (20) breaks
up into four equations (arising from the four types of terms) which
determine the X, ¥, and Y, scparately. (The two cquations contain-

”

ing X arveidentical). These equations are (putting A = e¢2f2¢' /2)
where '
Yl = ,B[ - %Bl Yl
(48)
Y, = B.- 3BT,

X (05 0) = A (W) = - [dQur (5w [ ] X (@7 9) (49)

1+ (v) + (' v") + v |°

vher o =)
where L] | T+ o0
3L+ (@ )+ (W) + (w1 + (0w (07 ) (50)
2 {1+ (v vy)}®

arising from the summation of the spins and the photon polarizations
v,”, v/ ; as shown in Appendix IL

’The. solutions of (48) are

.Y] = R e— Yz = —_——
1+2B 1+ 2B (51)
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To solve (49) we expand A and X in terms of the Legendve functions,
thus )

A (' vy) San (20 + 1) P, (v va))
X (v vy) Sa, 2n + 1) Py (v va) (59)

The integral cquation (49) then on substitution hecomes equivalent to
ap infinite set of algebraic equations determining z,. As shown in
Appendix TIT this infinite set of equations can be solved cxactly, tie
1esult being given in the form of a reecurrence formula for the x,’s.

Delining %, .3 3, by
(1 3n+1\ 3 n+3 I3 w4+ 1 N
I - = b s a g K
ny o= 2 m + 4 Tt g g p Tt g gy Ty e

3

N N

and a“+§ similarly in terms of a,, @,,1, .. ¢n,s  we obtain for the
2

solution of (19) the independent equations

wn + g = (L" + g - A ((,” + ; 'Tn + g (54)
o
a’n + g
(I)”_*_g = T-TW-'—& (’)b = 0, 1, 2, .. .) (55)
n+ 3

Here the a, 3 are to be evaluated from (42), using the definitions (52)
9

and (83), giving )
. 1
3 = .
n + 3 (n+1)(n + 2 (n + 3)

(56)

However, (56) is obtained more easily by expanding
(1 + (v vs)}° A (v v3))

and using the methods of Appendix ITI.

The above gives the solution of the integral equation (20) for v,,.
U,, has then to be caleculated using (18). For this purpose we use relation
(34) giving

Uy, = Hy,+inH,p, U, - K, +inK, p, v, . (87)

14

Since, from (86), /f,, contains only a term of the type (ow,) it only
combines with the same type of term in U, . Thus we have for the
combination occurring in (57)

]{y 4 7;7713’.”, P, Uyry = ——X—‘— I(v . . (58)
2
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Total Cross-section for the Production of Longitudinal Mesons.

This is to be caleulated from the formula

q)lun;: = 27V U/.'3 v ()).'3 U/.': v (59)
Using the fact that Uy, is Hermitian we have with (22)
Uk = U = Vi v inU, 0,V (60)

We substitute the expressions (57) and (60) in (59) and obtain

(plong =2V Vvks + in U pv' Vv'/{a} Pkg s.[fl.-ay +
(61)
1
1 xx
1+ 1 .Bz

+ 'Z:‘n‘H/:sy“ pv" Uv"v -
We first cvaluate the integrals over k,. There are just two types

of these integrals. The first is given by the adjoint of (38) namely

iTrV)l'kg pkg H]igv = VV’V . (62)

To obtain this we note that V,r is Idermitian while V,, is skew-
Hermitian. ( (37) and (43) ). The second integral is

VM,3 prs Kpy = H,py o4, K, - K, K/,;a Prs Kr, (63)
Ve oo ray 7"
= -2—7:’2 (‘Zf" + f 2) I(l"

using the adjoint of (34) and the definition K%, the adjoint of (27).

Making use of (62) and (63), and manipulating the resultant expression
by means of the integral equation (20) and the formula (58) we lobtain

(I)long = 27V %rv + va" Py’ v"v} -
. 64)
Ve . , K KV (
R YA B e Tl
‘ﬂ' (1 + a: Bg)

Here v represents the ineident photon, and the only summation is
that denoted by p,~. As is shown in Appendix IV this leads to the
result that the total cross-section for the production of a longitudinal
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meson by a photon is

a

3
2 n4 oz
Vg = TLE[8S 0w D) P
<1 + Ay 4 §>
2 (65)
1 B} 9
e I w ]
(veg) (rga))
where
et N 27 + f'*
,\_“~2 B2~J+9f:+//z
and
1
a" +g T+ 1)(m o+ 9y (n + 3) (66)

The Asymptotic Form of the Cross-section for large X = e*f>¢t /2.

The series 3, in (65) contributes the term of highest order

. Replacing
the sum by an integral we obtain
act fre o 7?
q)lom:z = N J 2\2 dy
\/A 0 (1 + ?/) (67)

= g*\c/fé for large A .

This cross-section does not inerease with e as the latter becomes large.
1ls numerical value is roughly 5-10-27 em?2. ‘

Total Coi'oss-section for the Production of Pseudoscalar Mesons.

As before we have

*
Cp = 2aVU, i Up,,

To find the asymptotic behaviour of the total ecross-section

, as before,
we need only consider the scries term 3, .

Thus in (57) we only use the

n

terms

Uky = Hky + 'in'Hl‘,p, p, U

Further we use the relation

U
vy

L 79
i, I Pk‘ -]:[Iuv = ;_“f‘ H ks Pk Hkav
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which follows direetly from (11) and (35). Thus we obtain the asymptotie
fermula

Wy = g, = 2T (68)

. f";;’ : N fé'z

which deercases with inereasing e.

The cross-scction for the production of transverse mesons has not
heen caleulated in detail, but it ean be scen that it is probably of the
crder.

q‘long/ez .

As shown above the evaluation of the total cross-sections e.g. (61) is
rendered simple by performing the integration over k before that over
v or v . Since this cannot be done for the caleulation of the differential
cross-seetion, the calculation is then much more complicated.

Scattering of Light by the Nucleon. ‘ '

The theory leads also to a secattering of light by a nuecleon due to
the interaction of light with the meson field of the nueleon. The total
cross-section for this process is given by the formula

*
(pscntlcring = 27V Uy',, [ Uy:"
2
a 3
n -
+ 2

= dfte S D |+ (e T

]

1 + ,\an+g

This relation holds exaectly if ¢ >> 1. Using the same method as above
we find the asymptotic formula

mef

q)scnlleri.ng = 2’\/5 for 1arge A . (69)

(which equals @y, ).

7. PuysicaL DISCUSSION.

'

The results to be discussed are summarized in the following formulae
(putting now f = f):

2

. . we
cross-section for hv + P = N + Y. - Jj
2,/2

. ontef

., . m+P+N+yN./;ﬂ
&

PROC. R.LA., VOL. XLIX, SECT. A. [25]
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(Ifor the reverse processes a factor 2 has to be added hecause of
the 2 polavizations of the light quantum.)

eross-section for the scattering of a light quantum hy a nucleon :

wtef
2/

We first discuss the transformation of a meson into a light quantumn.
The proeess is observable sinee the light quantum will at onee give rise
1o a cascade shower. The production of showers by mesons ig known 1o
he quite small, and considerable difficulties would arise if we would
neglect the damping. The cross-scetion would then be far too large io
be compatible with the experiments. The production of showers by mesons
has been studied by Lovells  HHe found that the average eross-scetion
*or a meson at sea level to produce a cascade shower in P is, per one
nueleon, 0-7 X 10-2° em? (For this figure onc must take into account
that only half the number of nuecleons is effeetive beeause of the conservation
of charge.) The mesons at sca level are all pscudoscalar mesons. Their
average cnergy may be taken to be about 25 in our units. Using this vaiue
for e the above formula would give a cross-section of 5°10-2° em? This
is still far larger than the experiments permit, especially if we take into
account that the experimental showers are certainly mostly knock-on
showers. We must remember, however, that our formulac arc only valid
(i) for ¢ < 10, and (ii) if no neutral mesons exist. ~Both facls may
change the numerical factors in our formulac quite considerably. In
addition it may also well be that the binding of the nucleons inside the
nucleus or the overlapping of the meson fields in the nucleus diminishes
~ the cross-scetion. IHowever this may be, the chief diffieulty, namely, the
increase of the cross-section with energy, is removed in our theory and
the results are not in disastrous disagreement with the faets.

The creation of mesons by light quanta leads to the occurrence of
mesons in big cascade showers. Those mesons have actually been observed.
The effect is diseussed more in detail in a paper by Hamilton, Heitlor
and Peng® and is found to be in reasonable agrecment with the experiments.

The meson field surrounding a nuelcon gives also rise to a scattering
of light by a nuclecon. The cross-section given above is much larger than
the corresponding Thomson ecross-section which is

S_n( e \2
3 21[52> :

It is even, for the energies in question (e - 10 say), larger than the
eross-section for the scattering of light by an eleetron which is of the

.

8 Lovell, Proc. Roy. Soc., 172, 568 (1939).
? Hamilton, Heitler and Peng, Phys. Rev. 64, 7S, 1943.
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. et Tl
order of the magnitude " (Klein-Nishina formula). Nevertheless the
Mme’ e

effect is difficult to observe sinee light quanta of this energy produce pairs
with a cross-section varying with 72, whereas our cffect varies with 7.
ixcept for hydrogen the eross-scetion for pair production is very mueh
higger than that for seattering.

APPENDIX I.

Spin and Polarization Dependence of the Kernel V...
We cvaluate the integral (39)
AN AN
V8n
by choosing the following co-ordinate axes. The z-axis lies along the

hiseetor of v, and w»,/ and the y-axis is perpendicular to the plane of
v, and ws. This gives the unit co-ordinate vectors

(v ko) (0, B F ) (07, ks 7 vy) (ks )
(vd, vy F ka) (vs, V3 F k)

][Vl’liu pli;; ]I/:;;vl J dQ].

vy + vy . v - . . Lvs v]
i, = T2, i, = 2720, i, = 222 (L1

20 ' 25 28¢C
where € and S denote the cosine and sine of half the angle between
and w», respeetively.  Further we use polar-co-ordinates with i, as
polar axis. Henee we put

+ k, = i,cosf + iy sinf cos¢ + i, sinf sing .

)
liere we choose the == signs so as to give the integral the same form in
both cases. It follows that

cos O\ |
(0, k¥ %) (0, kT v = <1 ) a’) L+ o) RO
-1 o sin @ sin ¢ (0, 3 + ¥y) .

The other terms in the numerator ean he written (using matrix notation)

(V._' k) (kyv) = [QII_E") - (Ji'}iﬂ , — (V‘_,Z{’)J

2¢ 7 28 28C
_cosz 0, cos 0 sin 0 cos ¢, cos 0 sin 0 sin ¢ (—%/g"
cosf sinf cos¢p, sin*f cos®¢p, sin®l cos¢ sing %’—g) .
cos 0 sin 0 sing, sin® cos ¢ sing, sin*@ sin*¢ K;L:/S'IZ’-)
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The denominator of the integrand is an even function of ¢
W, v Tk) (s, vs1ky) = (L - Ccosl)? — S*sin*lsin’¢ .
Thus it is only necessary to pick out the terms in the numerator which

are even in ¢.  After clementary integrations, we obtain

et Frel
Hy'ks Py i = - / X

2V
(V, Va)(vJv )+ (V) (') 1+ (o, )(o-va) 5 Se 2] .
[ 15 . P ‘1+(,.logS { |
(VB V) - () (v,) (0, v+ ) 5 2 (—i
+1 2
15 1oL . 50" (S + ].Og S ’_j
(L 2)
This ecan be further simpﬁﬁcd, as Tfollows. Expressing the secalar
products (v, v;) (7, 7 = 1 and 2) in terms of their components
in the system (I. 1) we obtain the relations
(1/1’1/1) + (Vzll/'z) - <V‘ V:‘KV“ VI)24"52(V2 Vi‘)(V‘J Vﬁ) 1
, , , , (1.3)
(V;’Vz) - (Vz/Vl) = - (Vl VS)(VS Vﬁ; ‘S_" (V‘-’ VS)(VI’ Vl) I(
Similarly we obtain
(ov/)(ow) + (ov,/)(0v,) = {1 + (oV3) (o)) @ 2‘2(1_/3-1/__)
+ 1(0, v + ) (V ! )9 “OZ(V‘,V,O - (1)
Trurther by direet manipulation
1+ (o) (v - ), vi+ )l + (ov)) +
+ H1 - (av)}( + W)/, vi—w){l - (o)} =
= {(n'v) + @) H1 + (o) (ovy)) +
+ i{(yllvl\J - (VZ’Vl)}(O'; vy + vy). (L. 3)

Introducing (I. 3), (I. 4) and (1. 5) into (I. 2) we can now write (39)
in the orthogonal form

H”"k?' Pks Hk3 n = 8 V [‘1 + (O-VJ ) } \Vl - ".V'.',, vV + ivz){ I+ (O'V:!)}A((Vn,vu)) +
+ {1 = (o)) + W, vy = W) {1 = (ow) | A((ww)) +
+ (ov/) o) + (ov)(ov,)] ’ (1. 6)
where
, 1 (1+8 S o |
A4 ((V3 Vu)) = ‘z*é] “—jz-‘“ + o log 152%

giving the form (42).
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APPENDIX II.

The Kernel of the Integral Equation for — X ((v)vy)).
We have to show, how using terms of the first type for Vi, and
U as given in (41) we arrive at equation (49).
For this purpose we show that
jdQu S 1+ (ov )} - vy, v+ w1+ (ov)] A(@/v N1 + (ov"))
W -, v, + w1 + (o) | X((v"vs)) =
= 81+ (ov)}(v) - W), v, + 1) {1 + (o)} x

oy | 1L P+ () & ()
_fd Qy A((Va [:J 1+ (Va V) }
1+ (Vs Vy) + (V:s’ Vy ) + (Va”Vs) “ + (Vﬁ’ 3” }{1 + (Vﬁ’vif)}
1+ (V_.,V:,) ' 1+ (vyvy)

II

JX((V;'VJ)) :
(11. 1)

¥ means summation over the polarizations of »”, We use the same
axes and co-ordinates as in Appendix I, where 6 and ¢ now refer
to vy’

First we deal with the spin terms:

3
A

{1+ (ow)H1+ (ows"))2 {1+ (o)) = 2{1 + (ow)} {1 +(ow") | {1 + (ovy)].

Using the co-ordinate system we can write

cos 0 , sin 0 cos

b= 1+“2—0' (o, vi +vy) + TTYg ¢
sin 0 sin ,
23074) (o frsw]) -

{1+ (ov)

(o, vi —vy) +

On substitution we obtain
11+ (ovH} L + (ov)}P {1 + (ovy)) =
= 2{1 + (o)} {1+ (O'V;.}{1+c-0-0—0+ gsmﬂsmqa} (IL.2)

giving again the correet spin dependence for terms of the first type.
Next we consider the polarization terms

E(Vl, _ 'L'Vg/, Vl“ n 'I.Vgl/) (Vll’ . 1-1/2/:) v, + 'I;Vg) -
R R O B A YU T A

+ (- w, [w, v+ ).
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Caleulating the various terms on the right-hand side by means of the
same co-ordinate system we obtain

2w - v/, v+ )@ - v, v+ tv) =

S oW - i, v+ iwy) Kl + 095_0> 4
. {cos® 6 sin® f sin* ¢ sin® 0 cos’¢p .sin @ sin ¢ / cos
v 28 {402 © TEIgor T a4y TlTase T c)”

(11, 3)

Thus the polarization terms also lead to an expression of the same type
as before,

On substitution in (II. 1) we need only retain the terms which are
even functions of ¢ in the product of the cxpressions (II. 2) ani
(IL.3), as A((v'v”)) and X ((»"v;)) are even [unctions of ¢.
Thus the term in (II. 1) giving the angular dependence is, after some
reduction,

8(1 + M)[( cos()) U”{(l + Ccosf) - stinz()coszq;}].

(11. 4)

The form used in (I 1) is obtained from this by 1etu1nmo to the vector
notation.

By changing the sign of o and ¢ in the above we conclude that the
same factor (II. 4) arises from .the produet of the terms of sccond

type of Vv and Uy,

APPENDIX III.
Solution of the Integral Equation for X ((vy'vg)). -

We have to solve the integral equation (49) by using the serics
expansions (52).

The equation (49) is complicated due to the factor (50) which arises
from the spin and polarization summations. If this factor did not occur
the solution of (49) would be very simple, due to the relation

1 1
Z:r jd Qu"Pn ( ( Vs’ Vaﬁ ) ) -Pm ( ( VS” V3 ) ) .—"_,; Smn Pn ( ( V;,, vV, ) ) .

20
(11L. 1)
X is then given by the independent equations

Ty = Ay — A Uy Xy ('n = 0, 1, 2, e ) (.[11. 2)
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The method of solution can be best secen by considering the next simplest
case, where only the factor introduced by the spin terms is taken into
account.

In this easc the factor (50) is replaced by the factor

1+ (ww) + (viw”) + (v ws) (IIL 3)
1 + (v/v) '

arising from (II. 2) (the sin ¢ term gives no contribution), Then the
equation (49) becomes, on multiplying by the factor ({1 + (v v5))
ihroughout

(1+ (9] Sa@us 1) P((9) =

n

= (14 ) S a2+ 1) Py () -

n

1
- A3 3 a,2n+ 1) 2, 2m+ 1) s [dQ,n]’n((V' V") x

nom ™

e (/) + 00 + 00| Py (09))

(TIL. 4)

(where the index 3 is dropped throughout).’®* We now use the recurrence
relations for the Legendre functions in the form

2Py (s) = 2Py y(8) + 8 Phyy (3) (IIL &)
where
7 _ n + 1
7 = o n =
27 + 1 27 + 1

To facilitate the application of this relation to the equation (IIL. 4) we
ase the following artifice. Consider the expression

22 a, (2n + 1) P, (2) . (I11. 6)
Using (IXI. 5) this becomes

a1+ Mpy1 ¢ 2+ 1) Py (2) .

= 1

10 Al} summationsarefor n = 0,1, 2, ...
1f we put )
Pi1=Po=...=0 a.y=a.2=...=0, 2.1 =2.2=...=0

all the formulae in this appendix hold withou$ limitation of n.
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This ean be written as

a2 a, (2n+ 1) P, (2) (1L 7)

n
where o operates only on the «,, as follows
W€y = 2 Gy 1 + W Gy (I1I. 8)

a relation analogous to (III. 5).
Similarly,

23 e, (2n+ 1) Py(z) = E3 2, 20+ 1) P, (2)

n n

where £ operates on the z, only in the same way as a operates
on the a,.

"

Using this the factor (1 + (¥'v) + V') + (¥"v)} in the
integrand of (ILI. 4) can be replaced by the operator

(1 + (Vv) + «a + E)

which is now removed outside the integral sign. Using (IIL 1) to evaluate
the integral we obtain

(L+8 2 @+ 1) Py (V7)) = (L+a)2a, 20+1) P, (Vo) -

— X1+ V)+ra+E) ZSap e, Cu+ 1) P, (V) . (I11. 9)

Using a similar trick (¥») 1nultiplying the last series can be replaced
by an operator - which operates on ¢, (= anan), the coefficient of
(2n + 1) P, ((/v)) in this series, according to the relation

Yen = BCy_1 + %Gy

Thus the equation (TII. 9) becomes, on picking out the coefficient of
2n + 1) P, (('v)) throughout,

A+ 8z, =0 + aay, - A1 +y +a+ Ha,a,. (111.10)

1+ + a+ Ea, » consists of 7 terms with coefficients indicated
by the following scheme:—
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Ty -1 n Tpyl
My 1 n n
n-1 y - (111. 11)
a, n 1 7

Up 41

Using the relation 2 + 72 = 1 these coefficients can also be writien as
the sum of two sets

Tp-1 Ty |y Tp 41
+ — _ .
tn -1 n n Up 7 7 (IIL.12)
an 2 % . i1 7 7
Defining
an + } = a,n + a,n+ 1
2
T, 1 = @ + Ty (111.13)
-9

we see from (ILI. 12) that (1 + v + « + &)a, x, can be written in

the form

(1 +y foa 4 Eyayap = va, 1%, 1 + Bty 4 1 Ey 1 (1L 14)
2 2 2

Also we have
(1 + B)ay, = @y + 2&_1 + %Xy
= 2%, 1 + x4, 1 (III. 15)
2 .2

and similarly for 1+ a)an. )
Using -(II1. 14) and (III. 15) we can write (III. 10) in the form

ng"_é+9_zR"+_; = 0 - (111. 16)
where
R,,+,12_Ex,,+%—a,‘+;+/\a"+éx”+é. (IIL. 17)
Choosing # = 0 we see that we must have
R, = 0,
2

PROC. R.LA., VOL. XLIX, SECT. A. [26]



222 Proceedings of the Royal Irish Academy.

and hence by induetion, the solution of (IIL. 16) is

R7l+1 = 0’ (N = O: 1) 2, o . .). (111.18)
2

Thus the solution of the integral equation (49) using (IIL. 3) instead of
(50) would be:

2 1 = 1 — A a 1 X ]:’ (III. 19)
2

- - l . not - Ut
7% 4 n+ 2

a result which is formally the same as (IIL. 2).
Actually we have then:

Up + Gy 41
1+ A(ay + @, 41)

Ty + 2541 (III 20)

{rom which relations the =z, can be found.

Now returning to the actual, and more complicated, equation (49)
where the factor in the integrand is given by (50), we obtain, analogous
1o (III. 10), the relation

1+ Els Ty = (1 + a)s Ay -

CA[(L 4ty +atB)d- g(l ty+at B +y) 1+ a)l+E)]a,a,.

(III. 21)
The expression corresponding to (IIL. 11) contains the principal diagonal
and three other diagonals on each side of it. This can then, similarly
to (III. 12), be split up into four squares of four rows and four columns
each. Each square is a multiple of the product «

= 4 — )
n+ n+

a, +§ , oz, +;; are given by (563). Corresponding to (ITI 14) we now have

[(L+y+atE=2ry+a+HA+NA+a)l+E]a,e, =

= _3‘ Ry 2 xn—g +
1- 5N - 2
1 U
3n-1n én—2n—1
+ == (] - « z +
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e R
3n+1ln (1 9 =TT . n+=2n04+1n 5
e 1 < o . 1 B . :
+ 3 3 ___gan+];'7’n+'o‘+ S %y ;J'u+
1~;27L+1 I-gn+2 ‘ = 1l-,n+2 2
) / -
(111, 22)

(1+&°x, and (L+a)a, by direct manipulation (similar to (I1T.15))
give expressions, which are identical with (I11. 22) with either the a’s or
#’s omitted.

Thus for n > 2 we have four terms in-the equation corresponding
te (IIL. 16). By considering the cases n =0, 1, 2 and by induction
we obtain the solution :

z % = @ ,8% —Aa_, 3ax 8, 54
n+2 n+2 5 ()

APPENDIX IV.

Evaluation of the Cross-section,
In (64) the term U, gives immediately on considering (41)

U, = ir "lgi';i}sx((w)) + Y+ 1,( (IV. 1)

-(The index 3 of » is again dropped throughout this Appendix.) We
have from (52)

X((wy)) = S2,2n + 1) = 3 (n + 2) wn+g

after some manipulation. The term U~ py Usy according to (11. 1)
gives

VEZ 'l:7'l'(32_/:252 2 . X 7 1y s ’7 7 2 ;--.'.
87#(73‘17) ‘Szjday (@) [.]X () + 8n Ve + 87719}.
=) (IV. 2)

The expression [...] is given by (50). After integration we put v = v,
This integral is evaluated by (III. 22) which gives

{1 + (¢ V)§3 11;_ j dQu X (VV')[.] X (') =
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1 —
. =n-2n-1
,Jn—Zn—ln . 3n-1n 2 —— \
SA et B+ T el P G
3 n - 3 3 9 n-g
L I G 2 1-:n-1 1-5n-2 2
2 2 —
w+ 2l
) ) - -
sn+4lan Z R
+ e I o ] e +
-— 3 - nt,
1l - n+1 1—_,)71.+2
n+2n+ln . 9, P ) IV. 3
Sy et 3y (2n4 1) Py (v (IV. 3)
1 - L)’ L+ 2 2

Putting #° = », and collecting terms we obtain

Cembining the various terms in (64) now leads direetly to (63
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XIV.
ON THE CASCADE PRODUCTION OF MESONS.

By H. W. PENG.
(From the Dublin Institute for Advanced Studics.)

[Read 30 NOVEMBER, 1943. Published 25 FEBRUARY, 1944.]

INTRODUCTION.

Ix a previous paper by Heitler and myself! it has been found that a
nucleon (i.e. & proton or a neutron) in collisions with other nucleons can
produce mesons. In traversing matter a fast nucleon will thus produce
a number of mesons and gradually lose its energy. If the energy lost by
the primary nucleon in a single collision is large, say larger than its
rest energy, a recoil nucleon is also produeed accompanying the production
of the meson. The recoil nucleon on further traversing matter produces
further mesons and recoil nucleons in the same way as the primary
nucleon does. The successive generations of nucleons together with the
primary nucleon form what may be called for convenience a ‘‘nucleon
cascade.”

In the subsequent applications? of the results obtained in I to tne
production of mesons in the atmosphere by the protons which form the
primary cosmie radiation the complication due to this cascade process has
heen cvaded by the following, very ecrude, assumption: It has been
assumed that in each collision the whole energy lost by the primary
nucleon is taken up by the meson and no energy given to the recoil
nucleon. In this way the energy loss of the primary nucleon is represented
correctly, and also the total energy given to mesons by the primary
nucleon until it is stopped (because eventually nearly all its energy is,
via recoil nucleons, turned into mesons). On the other hand the energy
distribution and the total number of mesons is not given correctly by
this erude assumption. The agreement between the theory and the various
cosmic ray experiments found in II is very satisfactory. Nevertheless it
seems desirable to study the deseribed casecade process more in detail and
to find out how good the above simplifying assumption really is.

In the present paper the production of mesons by a fast nucleon
traversing matter will be treated in detail by taking a proper account of

1 These Proccedings, 49 A, 101, 1943, quoted below as I.
2 Hamilton, Heitler and Peng, Phys. Rev., 67, 78, 1943, quoted below as IIL.

PROC. R.I.A.,, VOL. XLIX, SECT. A, [30]
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the nucleon cascade. The results will be compared with the crude results
obtained by making the above simplifying assumption. It will be seen
that the difference is not great. We shall confine ourselves to the case
of a fast nucleon traversing dense matter as is commonly used - in
laboratory experiments. This enables us to neglect the f-decay of the
mesons while traversing the matter. From our results we may conclude
that also for the case of meson production in air the results will not be
very different from those obtained in IT by the simplifying assumption.

1. The nucleon cascade.

We shall measure the thickness of the matter in terms of equivalent
em. H,0. We shall consider the simple case that but a single nucleon of
energy FE, falls on the top of the matter. We shall then determine, at
any given depth x from the top of the matter, the number of nucleons
(including the primary one and recoil ones of all generations) having
energy between E and E -+ dFE, which we shall denote by F(E, z)dE.

It has been found in I that a nucleon with energy smaller than a
threshold energy T, say, ceases to produce mesons on traversing matter.
Hence we shall confine ourselves to nucleons of cnergy larger than 7.
T is of the order of magnitude of the rest energy M of the nucleon.
Throughout the following we shall measure energies in units of the rest
energy of the meson so that we have approximately 7 - A/ =10.

The energy loss for a nucleon of energy E is given by the formula (12)
of Part III of reference 1, namely,?

—dE /dx = 0°97 log 0'30E = b (say), (E > M). 1)

The number of nucleons of energy between ¥ and E + dF produced
within the thickness da em. H,O by a nucleon of cnergy E’, say, is
easily obtained by multiplying the cross-section for the production of a
recoil nucleon (equ. (6) of Part IIT of reference 1) by the number of
nucleons encountered in the thickness dx. The number of nucleons
produced in dx and in the energy interval dE by one nucleon with enervgy
larger than I is then

cE-2dBdz, ¢= 049, (M <E <E”). (2)

The number of nucleons with energy larger than E at a depth z F(E, x)
satisfies the equation
oF 0

) S
ﬁ-bﬁ,=]§;‘[EF(E’”“)(w ' 3)

?*We adopt here, as in II, the ‘‘symmetrical form of the meson theory.”’
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with the initial condition at the top of the matter z = 0:
F(E, 0)=38(E-FE,). (30)

8 being Dirae’s delta function.
Ifweput FP=PFP,+F,+ F,+ ... where I, is the number

of recoil nueclecons ploduced in the n-th rrenelatlon and consider thc

primary nueleon by itself, we obtain :
or, 04, ¢

L L: Foi (B, &) A

(m=1,923 ..} (4

oF, o,
5 " taE = O )

The equations (4), taken all together, are of course equivalent to (3).

Without committing a serious error we shall neglect the slight variation
of b and ¢ with E. The solution of (4) and (4,) with the initial
condition (3,) is then

z da’ [
F,, E, ; — s _ ’ ;‘/ L"
(E, 2) CJO(EHM_b.b_,)ZJEm_bL,F (B ) AR

F, (B, 0)=8F,-FE - bz). (B,

F,, F,, ete, arc thus obtained in succession.
It is convenient to introduce Heaviside’s function
il (@>0)

H(2) = ,\'—x () ds = 10 (¢c<0). (6)

By mathematical induction it follows from (5) and (5,) that
F.(E, ) = HE, - E -br). Gu(E, ), (n=1,2,...) (7

where G, and G, _, are rclated to cach other by a relation obtainable
from (5) by changing the F’s into @’s and the infinite upper limit of
integration by E, — bxz”’. (7) implics that no recoil nuelcons can be
found at z with energy larger than F, — bz, which is an cvident
consequence of the energy loss suffered by all nucleons.

Let @ (&, 2) = &, + @, + ©, + ... be the total number of nucleons
at & having energy above Z,
q’n (E 5 x) = jE Fn (EV’ x) dE’ (8)

where the suffix » may be 0, 1, 2, cte.,, or may be omitted. From (5,),
(6), (7) and (8) it follows that

®, (E, 2) = H(E, - B - ba) . ¥, (£, «) 9)
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where

Ey-

b
¥, (B, z) =1, ¥, (E, ) =JE "G (B, ) dE (n=1,2,..).  (10)

Between ¥, and W¥,., we obtain from (5) the relation
¥, (B, 2) = CJE— 15’ e E o+ be - b, of
wiEs &)= E ‘ J(]r”+b7:—bz) ol 7, @)
(n=1,2,...) (11
It will be shown that ¥, (E, z), n = 0, 1, 2, cte., are functions of a
single variable W :
W=0bx(E, - F - bx)/LE, L. (12)

For this purpose let us suppose that ¥, ., (&, z) is a function of W
only: %,_, (W), say. Then the integrand of (11) contains a function

¥.,_., (U) of the variable U which is obtained from the right-hand-side
of (12) by replacing I and x by E’ + bxr - bz’ and z’ respectively,
U=0bzx'(E, - E’'-bz)/E,(E’ + bz - bz’). (13)

By using this as a new variable of integration in place of z’, say, (11)
becomes
. c ( Eo—b2z , E [, s
Y, (E, z) = P dB T+ iw)B ~ B = b0) Jo ¥, (U)dU
( 1: =5 e ') (14:)
where the two limits of integration of U are obtained from the right-

hand-side of (13) by putting z’ = 0 and z respectively and are therefore
0and V,

V =1bx(E, - E’ - bx) /E,E’. (15)

Now use V as the new variable of integration in place of £’. (14)
becomes

) c (W (ZV (f
V. (B, 2) = ; JO v V)J Yoot (U) AU = ¥, (W)

(n=1,2 ..) (16)

where the two limits of integration of V, as obtained from the right-hand-
side of (15) by putting E’ = E, ~ bz and E respectively, are 0 and W,
remembering (12). (16) shows that ¥, (Z, z) is a funection of W if
¥,., (E, z)is so.. Since in the case of n = 1 ¥ (&, 2) is, by 10, a
trivial function of W, we see by mathematical induction that ¥, (%, =),
n =1, 2, ete., and thus also ¥ = ¥, + ¥, + ... arc functions of the
single variable W.

The above consideration of the successive generations of the nucleon
cascade was only needed to show that ¥ (E, x) is a function of W only.
There is no need any more to calculate the ¥, (W), ete., individually.
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For, when we add up (16) for all generations # == 1, 2, ete., and invert
the integrations on the right-hand-side into differentiations on the left-

hand-side we obtain simply, taking into account that ¥, (W) = 1, a
differential equation for ¥ (£, x) = ¥ (W), viz.:
C waew =’y 17
aw T )dW =¥ an

The initial conditions can easi]y be: derived from (10), and (14)-(16)
and work out to be

v =1, d¥/dW =¢/b at W = 0. (18)
We can bring (17) into the standard form of Legendre’s differential
cquation by using 1 + 2W as the independent variable and putting

a(a +1)=c¢/b=05/log03E, (19)

a being then the order of Legendre’s polynomials. The solution
conforming to the initial condition (18) is then simply Legendre’s
function of the first kind

¥ = P, (1+ 2W). (20)
o is, of course, not a whole number.

Numerical values for such Legendre’s functions can be obtained from the
hypergeometric series

Po(1 +2W)=F(a + 1, -a;1;-W) (W<1 (21)
or from the descending series

20T (a + %) < a a 1 1
Pas =—’—‘\—“'~—‘“5a-ﬁ1—:__."— )
® = Far DT 3 2 7337 5
2= (- a -] +
+ (e 92"“"F(§+1,a l;a+g‘;'—12),
2 = S

L(-e) (3)
+1+2W>1) (22)

ef. e.g. Whittaker and Watson’s “Modeln Analyms” (4th ed.). p. 312
and p. 334. .

For definiteness, « will always denote 'the bigger root of (19). It is
positive and smaller than one, namely,

a =034 for £ = 10; o = 0:23 for I = 20, etc. (23)

¥ exceeds ¥, = 1 (which describes the primary nucleon) appreciably
only for W > 1, when the leading term of (22) gives a good approximation
to ¥,

2¢ I (a

¥ = r'(a_—+ T %)

(1+2W)e, (W>1). (24)

W < 1 means that the recoil nucleons are not yet produced appreciably
or are largely absorbed already.



250 Proceedings of the Royal Irish Academy.

It is to be noted that W is a homogeneous function of degree zero in
the variables I, , £ and z. Hence the total number of nucleons of energy
above I at the depth x produced by a primary nueleon of energy originally
L, is the same as the total number of nucleons of cnergy above mE at
the depth maz associated with a primary nucleon of energy originally
mE,, m being an arbitrary number. Though this exact correspondence
is slightly impaired by the fact that b and o vary slightly with E, it is
still fair to say that the nucleon cascades produced by primary nucleons
of different energies are similar in their general features.

On re-examining the calculation made above from the beginning of
this section one sees that the error committed by treating the energy loss
b as constant can be diminished considerably by using in the final result
(20) for W the following expression :

W=ay-y~-2)%y, yo==D5[b, y=~E/b. (25

Here the energy loss b per em. H,0 is considered as a function of the
energy E of the nucleon, so that b, is obtained from b of (1) by replacing
E by E,. y and y, are thus measured in ecm. H,0 units. A few valucs
obtained from (24) with the improvement (25) are given in the table
below in order to show the main features of the nucleon cascade.

TaBLE I.—Total number of nucleons (including the primary nucleon)
with energy above E meson units af o cm. H,0 depth produced
by a primary nucleon of energy E, = 5,000 meson uwits falling
on the top of the matier (i.e. y, = 710 cm. H,0).

(1 meson unit of energy = 0:94 X 10® e.v.)

B 10 20 50 100 200
2\
150 2.7 1-8 1-4 1-25 113
300 3.1 20 15 13 1-16
450 30 2:0 15 1-3 1-15
600 2-4 1.7 13 1-2 1-06

The total number of nucleons of cnergy above E reaches its maximum
at the depth x = (y, — ¥) /2, that is, half way between the top and
the depth where the energy of the primary nucleon has decreased to E .
The maximum number is, by (24) and (25),

o Dla+ D) (9o, 7]° 2
\Pmax - I-\(a + 1) r(%) {y + 3/0} ’ (y0> 6?/) . ( 6)

Owing to the smallness of the exponent o the maximum size of the
nucleon cascade does not inerease very much as the energy of the primary
nucleon increases, as illustrated in the following table :—
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TaBLE IL—Increase of the size of the nucleon cascade with the emergy
of the primary nucleon. (Al values of energy are given in meson
units. 1 meson unit = 094 X 10° e.v.)

Energy of

primary nucleon ... 200 500 1,000 2,000 5,000 10,000
Max. no. of nucleons

of energy £ > 10 O 1-6 1-9 2.3 31 3-8
Max. no. of nucleons

of energy & > 20 e 101 1-3 1.5 1-7 2-0 2.3

The above values include the primary nucleon itself.
By partial differentiation of (8) and (9) we get for the cnergy
distribution of nucleons at z
P, o) = - -2 o(F, 2)
’ ol ’
L AN S

- S(E, - E - R R SR UALL &
3 (&, bz) + H(E,- E Z)r)( BE)(ZW

(27)

It is seen that the energy of the primary nuecleon remains always the
highest at all depths. The majority of the recoil nuclcons have low
energy which is more readily seen from the numerical values given in
Table I. This is, of course, a consequence of the fact that the cross-
section for the production of reeoil nucleons favours low energies because
of the factor E -2 of (2).

2. The mesons associated with the cascade.

Let the density of the matter traversed by the nucleons and mesons
be as high as that of a liquid or solid. The B-decay of vector mesons as
well as pseudoscalar mesons can then be neglected. We consider veetor
mesons* and pseudoscalar mesons together. If f(e, x)de is the total
number of mesons of energy between ¢ and ¢ + de at the depth z,
a the energy loss by ionization of a meson of energy ¢ per em. II,0, and
s(e, ) dedx the number of mesons of energy between ¢ and e + de
produced between the depths z and z + dx, then f(e, z) satisfies the
equation .

0f o.f :
I ra (28)

By adding together the cross-sections given in the formulae (2) and (4)
of Part III of reference 1 for the production of vector and pseudoscalar

*The vector mesons concerned with are essentially transverse mesons, because
longitudinal mesons are rarely produced during the collision of two nucleons, according
to L.
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mesons and multiplying the result by the number of nucleons encountered
by a nucleon per cm. H,O path we obtain for the number of mesons
produced per em. H,0 by a nucleon of energy K

N(e, Eyde = 00014 (Dps + D) 7% de

(28 < ¢ < M) (292)
N, B)de = 0-0056 de J (Dys + 3 Dyy) €2 de
(M <e<E). (29D)

D,s and D, are negligibly small if E is less than a certain threshold
., energy T which is of the order of M. TFor E > T the two combinations
of the D’s occurring in (29a) and (29b) arc approximately constants, viz.,
200 and 115. So we have, after carrying out the integration of (29h),

N(e, B) = 282 H(E - 1) (28 < e < 1 (30a)
N(E; E) = (0'32¢° (17 <e< .E) ) (30b)

Taking account of all the nucleons having encrgy I > ¢ at the depth z
we get for s(e, x)

s(e, 2) = j N(e, B) F'(E, 2)dE ; (31)

or, making use of the results obtained for the nucleon cascade in the
preceding section,

s(e, 2) = 28e*H(E, - T - bz) . Pa(l + 2£)
(28 < e < M) (31a)
s(e, @) = 0322 H(E, - ¢ — ba) . Pa(1 + 2w)

(M < ¢) (31b)
where t and w are obtained from the right-hand-side of (12) by putting
E = T and e respectively,

t =Vbx(E,-T-b2)/E,T, (32a)
w = br(E, — e - bx)/E,e. (32b)

The ionization loss e varies but little with the energy ¢ of the meson.
In meson units for the energy and the em. H,O units of length of path

we have .
e = 0-021, 0-022, 0-037 for ¢ =1, 10, 100. (33)

Hence regarding a as constant we can solve (28) by an integral:
S, ®) = I:s(e + av - ax’, o) dx’, (34)

the initial condition being clearly f =0 at z = 0. With the function s
given by (3la) and (31b) it is difficult to perform this integration
analytically. o o '
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Let ¢ (¢, ©) be the total number of mesons of cnergy above e at the
depth z, that is

p (e, ) = J:of(e', z) de . (35)

Insert here (34) for f and change the order of integration, regarding «
as a constant. We get then

p(e, ) = J: o(e + ax — az’, &) d2’ (36)
with
oe, @) = [ s, o) de . (37)

It is easy to perform the integration (37) analytically, but not the
integration (36).
For ¢ > M we replace the ¢ of (31b) by ¢ and insert the result into
(37). So we obtain
.Eo—b.‘l:
o(e, 2) = 032 H(E) - ¢ — bx)f Po(l + 200") -2 de
. (¢ > M) (38b)
where, by (32b),
w o= ba(l, - & - )/ B¢ . (39D)

Transform the variable of integration of (38b) from ¢ to «’ and apply
the well-known relation of Legendre’s functions

dPot (2)  dPa-1(2)

az A = (2a + 1) Pa(s) . (40)

We obtain then for o (e, z)
]’;‘O{Pa-%rl»(_l + 210) - Pas (1 + 210)}
(4a + 2) b2 (K, - ba)
(e > M) (41D)

a(e, ©) = 032 H(E" - ¢ - be).

w being again (32Dh).

For ¢ < M we have to divide the integral of (37) into two parts, and
use both (31a) and (31b). The part arising from (31b) is simply o(1/, )
obtained from (41b) by putting ¢ = M. To this we add the part arising
from (31a) and obtain for o(e, x)

o(e, @) = 28 H (fi,— T - bw) Pa(l+ 2;)%(3 - 711_) + o (M, )

(e< Al). (41a)
The slight variation of the encrgy loss b with the energy I of the
nucleon cannot be ignored completely because the latter diminishes

rapidly as the nucleon travels. On re-cxamining the calculation made in
PROC. R.L.A., VOL. XLIX, SECT. A. [31]
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this section from the heginning one sees casily how this effect can he
roughly taken into account by simply measuring the energy of a nueleon
in em. H,O units, as introduced towards the end of scetion 1. Tiet v,
(or ) be the mecasure of the encrgy E, (or ¢ of a nucleon in em. H,0
units, that is to say,

Yo = By[by,  w o= e]f3 (42)
where b, (or B) is the energy loss per em. H,0 by a nueleon of cnergy E,
(or ¢), viz.,, by (1),
by, = 0:971og 0-30E,, B = 0:97log 0-30e. (43)

Let similavly » he the measure of the threshold energy 7' of a nucleon
in em. H,0 units,

r =1 /(097 log 0-307) = 9-4 (44)
for T = M = 10, say. The improved expressions instead of (4la) and
(41b) ave then

Y 9 Hiy g YotLatri(l+2w) - Pai(l+2w))
o‘(&,z‘) —03..][()0 N .’L). (4a+2)ﬁ-?’(,’ljo—ﬂ')

(¢ > M) (45D)

where now
w=2x@W, -7 ~x)/Ymn, ala + 1) = 05 /log03e, (46h)
and

11 1 /
é\:; - M_2> 4- 0’(1][, .T)

(e < M)  (45a)

o(e, z) = 28 H(yy—7-2) Po (1l + 2¢)

where now
t=a@W, -7 —-2)/Yr = 2(y, - 94 - )/ 94y,,
a(a + 1) = 05 /10g 037 = 045. (46a)

Since we have to use different expressions for o (¢, ) according to
¢ 2 M it is convenient to write (36) in the form

¢ (e, @) = r“”a(a,_a; _ o ede (47)

€ a | a

which is obtained from (36) by the transformation of variables

e =€+ ax - ax’.

The integration (47) has been carried out by graphical methods for
some selected values of ¢, z and E,. Most of the numerieal values of
the Legendre functions that occur in the integrand are calculated from

the descending series (22).
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3. Results and discussion.

Before giving the results derived from the formulae of the preceding
section we treat the same problem by making the simplifying assumption
mentioned in the introduection, i.e. we assume that in cach individual
collision the whole energy lost by the fast nucleon is given to the meson
produced and no energy given to the recoil nucleon. This simplification
has been used throughout in II) and it is our aim to show that it is a
reasonably good approximation.

We use the same notation as in the previous scction, but apply an
asterisk to all quantities derived from this simplification. ‘

The number of mesons produced in the energy range de by a nucleon
of energy I per em. H,O then becomes, instead of (29b) and (30h),

N*(e, Eyde = 000056 (Dys+ L Dyy) e2de = 064 % de
(U <e< ). (30b*)
At every depth now only the primary nuecleon is effective in producing
mesons. (31) is therefore to be replaced by

&, 2) = J N*(c, B) F,(E, ) dE . (317

Using the results of section 1 for F,(Z, z) we find in place of (31a)
and (31b)

s%(e, 1) = 28 H(E, ~ T — ba), (28 <e< M), (3la%
s*(e, 1) = 064 H(E, — ¢ ~ bx), (M < ¢, (31b*)

These differ from the correct expressions (31a) and (31h) in that
Po (1 + 2¢) has been replaced by unity and P (1 + 2w) by 2. Thus we
see that we underestimate the production of mesons of energy e < M and,
by consulting Table I, overestimate at almost all depths the production |
of mesons of energy ¢ > 50 if the primary nucleon has originally as high
an energy as 5,000.

After an elementary integration and by taking into aceount the slight
variation of the energy loss with the energy of a nuecleon in the same
manner as above, we obtain for o*(e, x) in place of (45a) and (45h)

1 1
* W — ) _ - 2){Z — -
o*(e, ) = 064 H(yy- » .’L){E BTy, = %)} .
(e > M) (43b*)
a*(,2) = 14 Hy,— 7 - @) (2 - M) + a* (M, z)
(e < JI) (45a%)
We recall that 5 = ¢/ B8, B being the energy loss per em. H,O for a
nucleon of energy e.
It remains to carry out the integration (47) which is now elementary.
Owing to the small ionization loss of the meson the two limits of
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integration of (47) are sufficiently close to cach other so that the variation
of B in the integrand can be neglected. We have to distinguish between
three cases according to whether (aa)e + ax < M or (bb)e > M or
(¢b) e + wx > M > ¢ when (45a*) or (45b*) or hoth are to he used for
the integrand. We give the results:

&p Yo — Xp

¢* (e, 2) = 064 1 (% : +ﬁ“”){ log 4% _ 5 log Yo }
(e> M)  (47bb*

1.4 1 1 £+ AT — &4
0=t e 9 {2 - oo -

£+ ax

+ 064 H(y, - 7) {j;[ 11 & 2o - {ufv:

(¢ + ax < M) (47aa*)
: 1. 1 1 M~ g,
L N = - y) \— — 55y — TN
* (e, ») = H(Jo T - @) | M e }
+ 0064 M (y, — 7 — x) M J]/ 100 / - 'ra§

a8 for b7 gZ/o - Tyn
(e + ax > M > ¢) (47ab*)

where ay=2 - (Il -¢f/e and g=¢, =2 if gy, >2+9,

__e+a,a:){11 etar T Yo

€ +0x ~ ay, e+ @\/f;_« T
Ep = = -3 >k
b 1-60/}5 ) Yo B . B Yo 1>
fa = €, Lo = X if Ye> T + 7T,
ta = €+ ar + ar — ay, , Ty =Yg - T if Yo< T+ T,
er = M, Typr = Ty if Yo > Zpr + 7,
£+ ax - ay, 2 (7 €+ ax / 1 ra) T
Epyy = = Cox = -—r— - : T.
wEE T Trag a0 P T\ i o) T =t

The values ¢* caleulated from these formulaec for the total number of
mesons produced at the depth z of energy above ¢ by a nueleon of cnergy
originally I, are compared in the tables below with the accurate values ¢
calculated by the method described in section 2, where the nucleon cascade
is taken into account properly.

TaBLe III. TasLe IV.

¢ and ¢¥ for Ey = 5000 ¢ and ¢¥ for £y = 200

. 2.8 10 . 2.8 10
~— ~
X x

44 12:6 2.3 0-48

343 34% 16% 20 3-8% 0-05%
R 50 18 ) 60 0-85
700 49% 95% 406 6% 147+
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It is clear that the production of mesons of energy above M has been
overestimated and that of small energies underestimated, as was to be
expected. For each value of E, the two depths considered in the tables
above are roughly half the distance and the whole distance the pumalv
nucleon travels until the production of mesons ceases.

On the whole, for most values of ¢ and « the difference between ¢
and ¢* is not very great. Especially the total number of mesons, i.e. the
number of mesons with cnergy above ¢ = 2-8 never deviates from the
exact number by more than 30 per cent. if ¢* is used instead of ¢. We
can safely conclude that also for the case of a nucleon traversing air
(when the B-decay of mesons cannot be neglected) the results will not
be very different and that the use of ¢* instead of ¢ will not cause very
large errors. The nucleon cascade never gives rise to a marked shower
phenomenon, because in the production of recoil nucleons low energies
are favoured too strongly.

In IT the energy spectrum of mesons at sea level has been compared
with the theory using the ¢* function instead of ¢. It was found that
the experimental spectrum falls off somewhat more steeply than the
theoretical one at high energies. Looking at tables III and IV we sec
jmmediately that the agreement would be improved if the exact results.
of this paper were used by taking into account the nucleon cascade.

The author wishes to express his sincere thanks to Professor W. Heitler
for the interest he has taken in the subject. e wishes also to acknowledge
his great indebtness to Professor E. Schrédinger, Director of the School
of Theoretical Physies, for his kindness and encouragement.

PROC. R.L.A., VOL, XLIX, SECT. A. [32]



Reprinted from Tur Privsicar. ReEview, Vol. 64, Nos. 3 and 4, 78-94, August 1 and 15, 1943
Printed in U. S. A.

Theory of Cosmic-Ray Mesons
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The quantum theory of damping developed by two of us (Heitler and Peng) is applied to
the production of mesons by proton-proton collisions. For this purpose the modification of the
meson theory proposed by Mgller and Rosenfeld is used. A primary radiation consisting of
protons with a suitable energy spectrum is assumed, and it is shown that the rate of meson
production is so high that nearly all mesons are produced in a top layer of the atmosphere of
thickness 15-30 cm H:0. The variation of the meson intensity with energy, height, and geo-
magnetic latitude is found to be in good agreement with the experiments. The transverse
mesons, which have a very short lifetime, are seen to give, by decay, a satisfactory account
of the soft component in the high atmosphere. A number of other effects (meson showers,
transformation into neutretto’s) are discussed in Sections VI and VII.

I. INTRODUCTION

UNTIL recently it has not been possible to
apply Yukawa's meson theory of the
nuclear forces to cosmic-ray mesons and thus to
establish the identity of the particles predicted
by Yukawa with the cosmic-ray mesons. The
reason for this deep-rooted difficulty is the
following: The interaction between a meson and
a nuclear particle is, in contrast to the electron-
light interaction, a strong one, and becomes in-
creasingly stronger at high energies. This makes
a proper treatment of the reaction forces exerted
by the meson field on the nuclear particles im-
perative. However, as is well known, a treatment
of the radiation reaction is intimately connected
with the divergence difficulties occurring in every
quantized field theory. To remove this difficulty
two distinctly different sets of ideas have been
put forward recently. Their difference can best be
understood by remembering Lorentz’s expansion
of the reaction force which a light wave emitted
by an electron exerts on the electron. This
reaction force can be expanded according to
powers of the electronic radius 7: The first term is
proportional to the acceleration and to 77! thus
diverging for a point particle. This term is
usually thought to be included in the inertia of
the particle. The second term, the usual damping
term, is independent of r and proportional to the
time derivative of the acceleration. Higher terms
arc proportional to positive powers of 7 and are,
as a rule, neglected. In the meson case it is the
charge-and-spin degrees of freedom of the nuclear

particle which are coupled strongly with the
meson field. We expect, therefore, that the reac-
tion force will produce a twofold effect: (i) alarge
inertia to be attributed to these degrees of
freedom, (ii) a large damping. In the first set of
theories! mentioned above attention is concen-
trated on the first effect. It is clear that in order
to make the inertia term finite, a finite particle
radius has to be introduced which makes a
relativistic treatment of the nuclear particle so
far impossible. In the second kind of theory no
physical reality is attributed to the first term of
the reaction force at all. The particle is strictly
considered as a point particle. By suitable sub-
traction the diverging inertia term of the reaction
force is made to vanish (and so are the other
diverging integrals occurring in the theory). The
only finite part of the reaction force is then the
damping term. Along this line 'Dirac’s® new
quantum-electrodynamics (confined so far to the
electromagnetic field) is based. Independently of
Dirac but in the same spirit, though less general,
two of us (Heitler and Peng)® have made an

attempt at “guessing’’ the correct equations of

1 The so-called ‘‘strong coupling theory' put forward by
Wentzel [Helv. Phys. Acta. 13, 269 (1940)7], Oppenheimer
and Schwinger [Phys. Rev. 60, 150 (1941) ], and recently
Pauli and Dancoff [Phys. Rev. 62, 85 (1942) 1. This theory
is closely connected with former suggestions made by
Bhabha, Ma, and Heitler, in which it was assumed that a
proton and neutron can exist in excited charge and spin
states.

? Dirac, Proc. Roy. Soc. 180, 1 (1942) and lectures given
at the Dublin Institute for Advanced Studies, to appear
shortly in the Communication of the Dublin Institute for
Advance Studies.

3 Heitler and Peng, Proc. Camb. Phil. Soc. 38, 296
(1942).
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quantum electrodynamics by omitting consist-
ently andsystematically all the diverging features
from the quantized field theorics. A simple new
set of cquations has been obtained which, how-
ever, can so far only be used for non-static
problems (transition probabilities) whilst the
static field appears to be a problem of a higher
order of difficulty. This paper® will, in the
following, be referred to as I. In contrast to the
older expansion method used previously for the
calculation of transition probabilities the new
theory includes a damping force. In cases where a
classical analogue exists it can be shown that the
theory is equivalent to a treatment of the second
classical damping term. The transition proba-
bilities are to be calculated from a set of simul-
taneous inhomogeneous integral equations. The
application to multiple processes in I shows that
the results are at least ‘““reasonable.” We hope to
be able to show that our theory can, at any rate
as a good approximation, be derived from Dirac’s
quantum-electrodynamics.

It should be possible to decide between the two
kinds of theories experimentally. The cross sec-
tion for the scattering of mesons by a proton
depends upon the energy in a different way in the
two theories. More precise measurements of the
scattering cross section especially as a function of
the energy are therefore very desirable. An ex-
perimental decision would virtually decide
whether the elementary particles have a finite
radius or are point particles (cum grano salis).

Further applications of our theory to the
creation of mesons by light quanta and through
proton-proton collisions are made in two papers,*
the results of which are the basis of the present
work (referred to as II and III, respectively).
They are summarized as far as they are needed in
Section I1. The aim of this paper is to show that
the theory gives a satisfactory account—as far as
we can see—of all the chief cosmic-ray phenomena
connected with mesons, including their creation,
their diffusion through the atmosphere, meson
showers, and the transformation into neutrettos.

4 This does not mean that our results should be regarded
as a proof for Dirac’s theory, even if our equations should
prove to be in quantitative agreement with the experi-
ments. Indeed many of the special features of Dirac’s
;l::gtreydonly become apparent when static problems are

5 Hamilton and Peng; Heitler and Peng, to appear
shortly in the Proceedings of the Royal Irish Academy.

MESONS

We shall assume that mesons arc created by 3
primary radiation consisting of protons, in ac.
cordance with the geomagnetic evidence.

It will be seen that the rate of production of
mesons is so great that practically all the mesong
are produced in a very thin top layer of the
atmosphere. This is indeed what recent experi-
ments® have shown to be the case. '

A certain ambiguity arises from the fact that at
present it is not quite known which of the various
modifications of the meson theory is to be used,
As we endeavor to give a connected account of
cosmic-ray and nuclear phenomena we choose that
form of the meson theory which gives the best
account of the nuclear forces: This is undoubtedly
the form of the theory proposed by Mgller and
Rosenfeld.” Thus we assume that vector and
pseudoscalar mesons exist (with equal coupling
constants for transverse and pseudoscalar mesons)
and that neutrettos (neutral mesons) also exist,
whose coupling constants are half of those of
charged mesons.

In accordance with this theory and with the
fact that only pseudoscalar mesons are found at
sea level we assume that vector mesons have a
much smaller lifetime than pseudoscalar mesons.
A lifetime of 1078 sec. at rest suffices to explain
that all vector mesons decay practically at the
point where they are created. The meson pro-
ducing layer of the atmosphere will be seen to
have a thickness of less than 15-30 cm H,O.
Most of the electrons arising from the decay of
the transverse mesons are, therefore, also pro-
duced in a very thin top layer of the atmosphere.
We shall see in Section V that the number of these
decay electrons and their energy spectrum is just
of the right magnitude and type to produce, by
cascade multiplication, the soft component in the
high atmosphere. The observed intensity curve is
in good agreement with the calculated one. Thus
the soft component can be explained as tertiary
products of the incoming primary protons.

II. PRODUCTION OF MESONS BY PROTON-
PROTON COLLISIONS. RANGE OF
FAST PROTONS

If a fast proton collides with another nuclear
particle it may emit a meson in analogy to the
8 Schein, Jesse, and Wollan, Phys. Rev. 59, 615 (1941).

7 Mller and Rosenfeld, Kgl. Danske Vid. Sels. Math.-
Fys. Medd. 17 (1940).
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“premsstrahlung” emitted when a fast charged
particle is deflected in a Coulomb field. The rate
of production has been calculated in III by
applying the method of Weizsicker-Williams
which has proved useful in the electromagnetic
case: The field of the fast proton is expanded into
a Fourier series and is, at sufficiently high energies,
equivalent (i) to a beam of light quanta arising
from the expansion of the Lorentz-transformed
Coulomb field and (ii) to a beam of mesons
arising from the Lorentz-transformed nuclear
field. Both types of quanta interact with the
nuclear particle at rest and can produce a meson,
(i) by the process,

hv+P—-N+ Y+ 1)

and (ii) by scattering. It has been shown in III
that the contribution of (i) is entirely negligible
compared with that of (ii) except if the proton
has an energy >10'2 ev which is not of great
interest in the present work.

Thus the cross section for meson production is
obtained by multiplying the number of mesons of
a given energy occurring in the spectrum of the
transformed nuclear field by the cross section of
scattering of mesons by the nuclear particle at
rest.

Throughout this paper we shall use ‘“‘natural
meson’’ units, putting A=c¢=p (meson mass)=1.
Energies are then measured in units of uc*~90
Mev and cross sections in units of (h/uc)?
=4.3X107%% cm?® Furthermore, we introduce a
unit for the thickness of matter traversed,
namely, that thickness which a fast particle with
unit charge has to traverse in order to lose an
energy by ionization equal to uc?=1. This unit
thickness is about 45 cm H,0. Thicknesses meas-
ured in these units are denoted by x. The
coupling constants of longitudinal, transverse,
and pseudoscalar mesons with a nuclear particle
are denoted by g?, f2, f'? (dimensionless), re-
spectively, and their numerical values taken
from the theory of nuclear forces (cf. reference 7) :

2=0.054, fr=f"2=0.13. ()

The coupling constants for neutrettos are halves
of these values (fo?=f'>=0.065, g,*=0.027). For
the meson mass we assume the value i of the
proton mass. ,

In the “equivalent spectrum’ of the field of the
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fast proton with energy E, charged and neutral
mesons of all polarizations occur. The number of
longitudinal mesons, however, is negligible. The
number of transverse and pseudoscalar mesons
with energy between e and e+-de was found in 177
to be

(e)de
Gps

@de de de

gir =—f2Dyy, =—f:D,,. 3)
e TE

Here the D’s are rather complicated functions of

¢/E, involving Hankel functions, but when

plotted against ¢/E it turns out that they can

quite well be represented by the following simple

functions (with errors less than 30 percent)
D, =165, D,,=50(¢/E)},
Dy+D,,=200, iD,+D,,=115.

Only these combinations of the D’s will occur.
D, comprises both transverse polarizations. The
number of neutrettos occurring in the spectrum is
half of (3).

The above method and therefore the expres-
sions (3) are only accurate if: (i) €>1, (i) E> M
(proton mass). For smaller proton energies the
Weizsiacker-Williams method fails completely.
(For a more detailed discussion of the validity of
the method cf. I71.) In the following we shall
only be interested in meson energies e > 1/*23 for
which (i) is fairly well satished. We shall use
(3) for energies E down to values ~M. This is
certainly crude, but cannot involve very large
errors because the slower protons are not very
effective in producing mesons, on account of their
small energy. If E <M a proton may still produce
mesons. A guidance as to the order of magnitude
of this effect can be obtained in the following
way : If the damping is neglected altogether and
if E&M the rate of meson production can quite
easily be calculated directly by the old methods.8
The result can be compared with that obtained
by using the Weizsicker-Williams method, also,
of course, neglecting the damping, which means
e <1/f=3. The result is that the actual rate of
meson production is about 10 times smaller than
that obtained by using (3). We therefore expect
that the rate of meson production drops rapidly for

8 Cf. for example: Nordheim and Nordheim, Phys. Rev.
54, 254 (1938).
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E <M, and we shall neglect the contribution
from protons with £ <M.

The cross section for scattering of a meson by
a nuclear particle has also been derived in 7717.°
Since the exact expressions would be very com-
plicated, we use only their asymptotic forms for
e>1/f. € may then still be cither <M (“non-
relativistic case’) or > A (“extreme relativistic
case’’). Since a meson with given charge and
polarization may be “scattered” into a meson
with different charge (a charged meson may be
transformed into a ncutretto and vice versa) and
different polarization, we write the result in the
form of a matrix attributing rows to the primary
and columns to the sccondary particles. At-
tributing rows and columns to the various
polarizations as indicated in the formulac we
found for the scattering cross sections:

(1 - - - - -Ylong.
Y3 transv. pcharged
4r 3% seud.
TR (M)  (52)
€ Y % - |pseud.
% 3 - |transv.yneutral
1) long.
1 -« « . .\long.
1 transv. pcharged
167)- - 1 - - -|pseud. )
P=— (e>M) (5b)
eM|- - -1 - -Ipseud.
% +|transv. pneutral
1) long.

The rows and columns marked transv. are to be
understood as giving the transition probabilities
into any one of the two transverse polarizations
of the secondary meson and thus have actually to
be understood as a submatrix: for instance
1
( i) instead of 1 in (5b). At the places marked
by dots in (5) expressions occur which are of a

4
smaller order of magnitude containing high

ASEN®

% Earlier work assuming charged mesons only: Heitler,
Proc. Camb. Phil. Soc. 37, 291 (1941), and Wilson, bid.,
301. (In these two papers only the non-relativistic case is
treated.) Exact relativistic expression (for charged vector
mesons only) by S. T. Ma, 4bid., in the press. Cf. also
Fierz, Helv. Phys. Acta. 14, 105 (1941); Landau, J. Phys.
U.S.’S. R. 2, 483 (1940).
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negative powers of e. We shall use (5a) and (5b)
for energics e < M and €2 M, respectively.

In the rows and columns marked transv, gf
(5b) an additional diagonal term has beep
omitted which increases with e but is multiplied
by such a small factor that it becomes only
appreciable for €2 1000. There are also other
processes, not considered in this paper at all,
which become important for such extremely high
energies. Throughout this paper it must be kept
in mind that our formulae are no longer valid
whenever such high cnergics are involved.

The most remarkable feature of (5) is the
occurrence of selection rules. A meson has the
tendency to conserve its charge as well as—to
some extent—its polarization, and this becomes a
strict law in the limit of high energies. The oc-
currence of these selection rules is a special
feature of our theory and entirely due to the
damping. Nosuchselection rules occur if damping
is neglected (which is permissible only for e < 1/f)
and our matrices (5) would be filled everywhere
with expressions of the same order of magnitude.
For the interpretation of cosmic rays it will be of
particular importance that charged mesons can-
not be transformed into ncutrettos in a collision
with a nuclear particle, except at very small
energies (e~1/f) (cf. Section VII).

Another remarkable fact is that the encrgy
dependence changes from a 1/€* to a 1/¢ law for
e> M. This fact will be fundamental for our
understanding of cosmic rays.

Multiplving (5) by (3) we obtain the cross
section for the production of a meson of given
energy and polarization. If e <A{ it is seen from
(5a) that the pseudoscalar and the transverse
parts of the equivalent spectrum combine to
produce either transverse or pseudoscalar mesons.
Thus the cross sections for the production of a
meson with energy ¢ become

8 de
(I’Lr(é)dfzgfg ";‘(Dtr'{"Dps)y (68')
€

(e<M)

4 de
(I)p,(é)dé = gfg ‘;‘(Dlr +Dps) . (6b)

€

Equation (6a) is already summed over both
transverse polarizations. If ¢e>M the pseudo-
scalar part of the equivalent spectrum produces
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only pseudoscalar mesons and the transverse part
only transverse mesons. Thus

de
b, (e)de=(8/ M) f? TDtry (6¢c)

(e> M)

Bpu()de= (16/ M) 2 ~D, (6d)

In (6¢c, d) € is not the encrgy of the meson pro-
duced but the energy lost by the moving proton,
i.e., the energy of the meson produced plus the
recoil energy of the nuclear particle originally at
rest. The probability for the meson to take up an
encrgy € leaving the cnergy e—¢' to the recoil
particle is simply de'/e. This is true if, as in fact is
the case, the angular distribution of scattering is
uniform in a Lorentz system where the mesonand
nuclear particle are colliding with opposite and
equal momenta; thus the cross section for pro-
ducing a meson of energy € is in the extreme
relativistic case:

E de
w [ vulo=2tpu (i, (6)
, €

€

E de
de f () — 220, ()de'.  (for E<e) (6'd)

€ €

The energy distribution remains the same but the
number of mesons is only % or % of what it would
be if all the energy would be taken up by the
meson. The rest of the energy is taken up by the
recoil particles. Their energy distribution is also
given by (6¢c, d) and their number is (6c, -d)
multiplied by % and , respectively. These recoil
particles are further capable of producing mesons
and recoil particles. The process repeats itself
until the energy has degenerated to a sufficiently
low value to make further meson production
impossible. The process very much resembles the
cascade multiplication of electrons but is not so
pronounced because the energy distribution (6)
favors low cnergies more strongly than in the
case of the bremsstrahlung emitted by a fast
electron. Thus the energy degenerates more
quickly than in the electromagnetic case. A de-
tailed trcatment of this cascade process lies
outside the scope of this paper which is only
intended to give a first orientation. We can take
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account of it in a crude way by using (6¢c, d)
instead of (6’c, d) also for the number of mesons
produced. By doing so we represent the energy
loss of the primary proton correctly. Also the
total energy content of the charged mesons is
correct because the energy given by the recoil
particles to neutrettos is compensated by the
energy of those charged mesons which are pro-
duced by the recoil particles from neutrettos.
Using (6¢c, d), we overrate the number of fast
mesons by a factor 2 or 3, respectively, but we
also underrate the number of slower mesons.
Thus the error committed by using (6¢, d) is a
slight distortion of the energy spectrum in favor
of high energies, whilst the total number of
mesons will be somewhat bigger than what we
obtain in this way.

We multiply (6) by the number of nuclear
particles contained in a cylinder of unit length,
measured in our x units, and with cross section
equal to our unit cross section. For water or air
this figure is 1.18, but is not very different for
other materials (for Pb it is about 1.3).

We then obtain the number of mesons with
energy € produced by a proton in traveling the
distance dx (using (2) and (4)):

de
fI);,(e)dedx=82—3—dx (78.)
¢ .
(e< M),
de
®,5(e)dedx =41—3dx (7b)
€
de
& (€)dedx = 21_qu (7¢)
&
> (e>M).
e\ !de
®,5(e)dedx = 12.3(-—) —dx (7d)
EJ] &

For neutrettos the above figures are to be halved.
All these formulae are only valid for e>1/f=23.

From (7) it is seen immediately that a very
fast proton produces more mesons with energy
between 1/f and M than with ¢> M, but far the
greater part of the energy is contained in the fast
mesons.

The mesons with ¢> A are all emitted in the
forward direction, within a very small angle.
This is not so for the mesons with ¢ <M. The
latter play a not very important role, except in
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TaBLE [. Range of fast proton.

Eo 20 50 100 300 1000  10.000
0.18 0.45 0.83 2.0 4.1 28

XEq M

the top part of the atmosphere. For the calcula-
tion of intensities, the error will not be very large
if we disregard any angular dependence and
assume that all particles are always emitted in the
Sforward direction. This weshall do throughout this
paper. For this reason, and because we use in
many places asymptotic laws instecad of exact
ones, and finally because we have only taken a
crude account of the cascade process mentioned
above, we must not expect too high an accuracy
for our calculations. On the average, errors will
be of the order of magnitude of, say, a factor 2.

From (7) the cnergy loss of a proton can be
obtained immediately. Multiplying by  to ac-
count for the energy lost by producing also
neutral particles and summing over-all polariza-
tions we find (for E> M, of course)

dE E
_—=3

eb(e)de=43 log 0.3E. (8)
dx polar, 1/f

The energy loss is very high. It depends in a
similar way on E to the ordinary energy loss by
ionization but is roughly a hundred times larger.
Per cm Pb (about }th of our x units) a proton
with an energy of 3X10° ev loses an energy of
2X10% ev.

Accordingly the range of a fast proton is very
small. Of course, (8) is only valid for E> M;
therefore, we can calculate only the distance a
proton travels until it is slowed down to an
energy ~M. We find

Eo dE
XEy, Dl=f dE/( —“"——)
M dx

1
13

where ‘I is the integral-logarithm. For practi-
cal purposes lix can well be replaced by x/log x
(this is exact for large x). For xE,.3f we thus find
for the range the values given in Table I.
In our units the thickness of the atmosphere is 22.
Thus a proton needs an energy of more than 7000,
i.e.,, 7X 10" ev in order to penetrate through the
whole atmosphere and still retain an energy M.

{1i(0.3E) —1i(0.3M)} (9
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The majority of the protons entering the atmos.
phere at a latitude of 50° (£~22—50) losc the
effective part of their energy in distances of
0.2-0.5 (9-23 cm H,0).

The theory docs not tell us how quickly 3
proton loses its energy after having been slowed
down to an energy M. Although meson produc-
tion is then negligible compared with its rate at
higher energies, the energy loss may still be much
greater than that due to ionization. If our above
estimate is correct (rate of meson production {4
of that at higher energies), the energy loss would
be 10 times greater than that duc to ionization
and the range of a proton with £~ A about 2 of
our units (1 m H,0).

Below we shall need the distance a proton
travels in order to lose energy from E, to E:

E, E
" 431log 0.3E, 43 log 0.3E

XFEy E

! (10)
in which we have replaced the l¢(x) function by
x/log x.

III. PRODUCTION AND DIFFUSION OF PSEUDO-
SCALAR MESONS IN THE ATMOSPHERE

Since the primary protons have an extremely
short range the majority of the mesons is pro-
duced in a thin top layer of the atmosphere. The
transverse mesons are expected to decay almost
at once, and only the pseudoscalar mesons will
travel through the atmosphere. Their absorption
is due to two factors: (i) energy loss by ioniza-
tion (ii) B-decay. The latter depends upon the
distance the meson travels but not on the amount
of matter traversed. We assume for simplicity
that the density of the atmosphere at a depth «
below the topis proportional to x. The probability
of a meson at a depth x and with energy e
decaying while traveling the distance dx is there-
fore dxb/ex, where & is inversely proportional to
the lifetime 7 of a meson at rest. We choose =
from the results of Rossi and Hall,'* who meas-
ured the ratio 7/u. For u=185, + becomes
2X7X107% sec. b is then

1
b=—X(distance in cm corresponding to one
cr x unit at sea level) X (height of at-
mosphere in x units)

or b=13.
10 Rossi and Hall, Phys. Rev. 59, 223 (1941).
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Let f(e, x)de be the number of mesons with
energy € at depth x and S(e, x)dx the number of
mesons procuced at depth x in the distance dx.
Then f satisfics the diffusion equation

(11)

This differs from the diffusion equation con-
sidered and solved previously by Kuler and
Heisenberg!! by the inclusion of the source func-
tion S (which is determined by our theory). The
term 9f/de accounts for the encrgy loss by
ionization. Equation (11) can be solved by
introducing new variables .

n=e+x,x

instead of € and x. The solution with the bound-
ary condition f=0 for x=0is

—as\ b/7 z p _s —bln
f x)=("—;—f) f S, s)(”T) s,

n=e-+x.

(12)

S is determined by our theory if we know the
number of protons of each energy and at cach
depth x. The latter depends, of course, on the
cnergy spectrum of the protons falling onto the
top of the atmosphere. From the measurements
at great depths it will be seen below that the
primary spectrum is within certain comparatively
wide cnergy regions a simple power law. For our
purpose it is convenient to include also the
logarithmic term occurring in (8) in the expres-
sion for the primary spectrum; thus we assume
that the number of primary protons with energy
larger than E is of the form 4{E/43 log 0.3E}~=.
There is, of course, not the slightest reason why
o should be exactly a constant. The experiments
only show that & does not vary much if E changes
by a factor 10 or so. Indeed, the measurements at
extreme depths indicate an increasc of « with
increasing f£. We shall determine « from under-
ground measurcments and shall find a=2.2 for E
between 100 and 1000. For larger E, « is bigger.
Consequently we expect a to be smaller for
£<100. The latter energy region will be of
importance for the upper regions of the atmos-

1" Euler and Heisenberg, Ergeb. d. exakt. Naturwiss. 17
(1938).
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phere and for the intensity curve of the soft
component. « can be determined then from the
shape of the Regener-Pfotzer-curve. We found
a=1.3 satisfactory for £ <100. Thus the chief
phenomena of cosmic radiation will be explained
by the following crude but simple primary
differential spectrum:

d
dF(E)=— - (for E>100),

OE (E/43 log 0.3E)%2

s (13)
dF(E)=— (for E <100),

OE (E/43 log 0.3E)!#

2.2 743 log 30\°*

B:—— ('———-———) A=2.4A,
1.3 100

the connection between Band 4 being determined
by the continuity of the primary spectrum. In
reality a will change gradually from smaller to
larger values as E increases. For any depth x
larger than 2 only the high energy part of (13)
will be important. The number of protons with
energy larger than F at depth «x is, according to
(10) and (13):

E —2.2
F(E, x) =A(—————+x) ,
43 log 0.3E

E —-1.3
m+x)
43 log 0.3E

100 —1.3
)
43 log 30

100 —2.2
A (———+x) ,
43 log 30

according to whether
E 100

+x= .
43 log 0.3E 43 log 30

The source function S(e, x) for pscudoscalar
mesons is then, by (7b, d),

F(E, x) =B(

1
S(e,x)=41—3F(_M,x) (e< M), (15a)
1 r2/7e\}{oF(E, x)
S(e, x) =12.3— — ) —————dE
(& =) ezj: (E) oE
(e>M). (15b)
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F16. 1. Energy spectrum of pseudoscalar mesons at sea
level, theoretical and experimental. Dotted curve: theo-
retical spectrum at a height of 4000 m (50 cm Hg).

Thus f(e, x) becomes:

n—x bin Az gbin
, %) =41 f F(M, £)d
sen=("7) " [ o oa:

(n—E<M), (16a)
: n—x\¥1 ez e =6
f(e,x)=12.3(—x—) Ldfl—sdE[ I ]
g QF(E, ) -
— > M), 6
g s (0, (16D
n=e+x.

In (16) the limits 0, x have to be replaced: in
(16a) by n— M- - -x and in (16b) by 0 - -9 — M if
n— M lies between 0 and x. After the integration
7 is again to be replaced by e+x. In (16) the
expression (14) for F(E, X) is to be inserted.
Actually each integral (16) consists of two parts
with two different values of «. It turns out, how-
ever, that for most values of ¢, x, only one part of
(14) is predominant, the other leading only to
minor corrections; in particular for any depth
x 2 2 only that part of Fwith a=2.2isimportant.

The integrals (16) cannot be worked out
exactly in closed form, but for most values of ¢, x

OF COSMIC-RAY MESONS

good approximations can be found. Equation
(16a) is needed only for a few values of x and
¢ (e <M) and has been worked out numerically,
In (16b) the logarithm occurring in F may be
replaced by an average value. The chief contri-
bution arises from small ¢ (corresponding to the
fact that the protons have extremely small
range). For any value of x>2, and even with
recasonably good approximation for x=1, { can
be neglected against n=¢-+x and the integration
be extended to « instead of x. The exact condi-
tion for this to be true is

n
D e — (1n
43 log 0.37

which is satisfied for all but extremely small x or
extremely large e. Equation (16b) then becomes,
if only the high energy part of F, (a«=2.2) is used

P(1+b/n)1"(a—b/ﬂ)(f) S
I(a)T(a—3—b/n)
X (43 log 0.3n)a=1~b/n

fle, ) =12.34

X

n=¢+x. (18)

For x <1 the contribution of (16b) has only been
estimated but here (16a) is much more important
than (16b).

From (18) the asymptotic laws can immedi-
ately be read off:

(1) Tail end of the energy spectrum. Consider
e>x which for the lower part of the atmosphere
also implies €>b0=13,

fle, x)de < de- e 77*(log 0.3¢)L. (19)

Since a=2.2 the energy spectrum falls off a little
less rapidly (because of the logarithmic term)
than ¢3-2,

(11) Great depths. For underground measure-
ments in dense materials the decay constant b
should be put equal to zero. f{e, x) is then a func-
tion of e+x only. Integrating over ¢ we find for
the total number of mesons:

I(x)= wf(e, x)de < x~*(log 0.3x)=~1.  (20)
s

Thus the total intensity decreases like x~2,
again apart from a logarithmic modification, and
it is in this way that a=2.2 was determined.

In Fig. 1 the theoretical energy spectrum is
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compared with the measurements by Blackett!®
for small and medium energies. It is seen that the
shape of the theoretical curve is nearly the same
as the experimental one. On the whole the
theoretical spectrum falls off less rapidly than the
experimental one. This was to be expected be-
cause of the crude way in which we have ac-
counted for the cascade production of mesons as
explained in Section II. The experimental mini-
mum at e= 20 does not appear in the theoretical

164

10 20 40 60 76
CM Hg

FiG. 2. Theoretical number of pseudoscalar mesons and
experimental number of penetrating particles as function
of height.

curve and is probably due to a special absorption
process as was supposed by Blackett (production
of proton pairs?). The maximum at e¢=10 is
clearly indicated in the experiments as well as in
the theoretical curve. It is difficult to trace the
origin of this maximum as many factors combine
to produce it. This maximum did not appear,
however, in the calculations of Heisenberg and
Euler, in which the exact source function was not
used. For the low energy end (e~3) of f(e, x) also
the contribution from those very few very ener-
getic protons which penetrate to the lower parts
of the atmosphere and produce a large number of
slow mesons is important. Hence the rise of the
spectrum for small . Actually the curve will bend
down to zero for €<3, as indicated in the figure,
but in order to reproduce this part of the curve
correctly it would be necessary to use the exact
cross section for scattering instead of the
asymptotic one (5).

There is another reason why we must expect to

12 Blackett, Proc. Roy. Soc. 159, 1 (1937), 165, 11 (1938).

Compare also: Jones, Rev. Mod. Phys. 11, 235 (1939);
Hughes, Phys. Rev. 57, 592 (1940).
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find few slow mesons for € <3, say. It will be seen
in Section VII that a meson, once having reached
an energy € <4, has a probability of 79 percent to
be transformed into a neutretto before reaching
the end of its range. This would remove a large
fraction of mesons from the lower end of the
spectrum.

The high energy tail end of the spectrum, i.e.,
the decrease of f(e, x) xe?? (modified by the
logarithmic term) has already been adequately
discussed by Euler and Heisenberg!! and was
found to agree with the measurements. In order
to see how the energy spectrum varies with
height we have also plotted the theoretical
spectrum for x=15 (50 cm Hg). Slow mesons
become relatively more predominant.

In Fig. 2 the total number of mesons

I(x) =f Sle, x)de
s

is plotted against height and compared with the
recent measurements by Schein, Jesse, and
Wollan.® Here also the agrecment is as good as
can be expected. The maximum occurs at an
extreme height of x=0.5 corresponding to only
22 cm H,0 or 1.8 cm Hg. In the measurements at
extreme heights presumably some of the primary
protons also are included as ‘‘penetrating parti-
cles,” but it is difficult to say how many protons
have to be classed as ‘‘penetrating” because we
do not know exactly the range of a proton with

- energy less than M. We estimate the range to be

about 2 x units (=9 cm Pb) for E=M and ac-
cordingly smaller for E<M. The theoretical
curve of Fig. 2 refers to pseudoscalar mesons only.
The two curves are normalized so as to agree at
sea level.

IV. LATITUDE EFFECT

In the calculations of Section III no account
has been taken yet of the fact that the primary
energy spectrum is cut off for energies smaller
than Es depending on the geomagnetic latitude
9. Es=22 for #=350° and Es=150 for #=0°
(equator). The correction can easily be made.
From (16) the contribution from those protons
which, at the top of the atmosphere had an

13 Schein, Jesse, and Wollan, Phys. Rev. 59, 615 (1941).
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energy <Ko has to be subtracted, i.c., for which
£4-1£/43 log 0.3 < /43 log 0.3 Es.

It has turned out that for ‘‘normal latitudes”
30°, say, the correction is negligible throughout
the atmosphere. This means that no increuse of
intensity 1s to be expected for more northern lati-
tudes, not only at sca level but also at any height
above sca level, except the very top of the
atmosphere, and even there the increase is small.
This explains the well known knee of the latitude
effect at 50°.

The reason is casily to be understood. Protons
stop producing mesons for ££ <A =10.

Even the contribution from protons with
energy between 10 and 22 is very small on ac-
count of their smaller cnergy (in fact even
smaller than assumed in this paper where the
asymptotic law for meson production for E>>10
has been extended to £ =10). Thus the reason for
the knee of the latitude effect is simply the fact
that protons of energy less than ILse ccase to
produce, or produce very few mesons. The same
applies to the soft component. We shall see in
Section V, that the soft component is probably
due to the decay of transverse mesons in the high
atmosphere, the former being also produced by
the same primary protons. Thus the same knee of
the latitude cffect is to be expected for electrons,
which is also found experimentally.* The fact
that the soft component shows the same latitude
knee as the hard component supports the as-
sumption that both are produced by the same

TasLe 11, Latitude cffect. (Isoo— Tequ)/Tsee-

mesons soft component
x 22 (sea level) 15 2 1 x =2
theor. .0.13 0.13 0.18 0.33 0.62
exp. 1 — — — 0.75

primary radiation, i.e., by protons, as explained
by our theory.

For latitudes <30° an appreciable latitude
effect is to be expected. We calculate the latitude
defect Aof(e, x),1.e., the difference of f(e, x) between
the North Pole and the latitude 8. As mentioned
above Asf(e, x) is negligible for ¢ > 50°. From (16)
those contributions have to be subtracted for

14 Carmichael and Dymond, Proc. Roy. Soc. 171, 321
(1939). .
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which £+415/43 log 0.315 <Is/43 log 0.31%s. Thus
Aof(e, x) is given by (for n—&> M) :

n—x bln f‘, E”f
) f at dr
X 0

n~§

Aof(e, x) = 12.3(

(=87 & IF(E, §)
,(21)
L d (=g G
with
E-?g Eo
+E&= ;
43 log 0.3[%0; 43 log 0.3K
o )
f= -
43 log 0.3Es 43 log 0.3
n=€e+x.

(In the condition for &s, & has been neglected
compared with 7). Asf is, of course, zero whenever
in (21) an upper limit is smaller than the lower
limit. A similar integral holds for n— £ <M.

We have worked out the integrals numerically.
Here the change of « at E=100 is important.
Integrating over e we find the latitude effect for
the total number of mesons:

I50°—Io=f Asf(e, x)de.
1/f

The results are given in Table II. The latitude
effect is fairly constant for low levels and only
increases for x <2. The figure for sea level is in
good agreement with the experiments, whilst at
greater elevations no teasurements seem to have
been made yet for the hard component. For the
figure concerning the soft component see
Section V.

V. THE TRANSVERSE MESONS AND
THE SOFT COMPONENT

In addition to pseudoscalar mesons the pri-
mary protons produce a large number of trans-
verse mesons which we assume to decay at once.
If the mesons have energy €>1—which is nearly
always the case—the decay electrons are emitted
in the forward direction and take up with equal
probability, any amount of energy between 0 and
e. Thus a large number of slow and fast electrons
are produced. The fast ones multiply by cascade
multiplication and it will be seen that a satis-
factory account of the soft component can be
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Fic. 3. Cosmic-ray intensities in the top part of the
atmosphere for 100 primary protons. Soft component
(theor.), pseudoscalar mesons (theor.), primary protons
and neutrons (theor.), and total intensity (theor. and exp.).

given in this way. Let F(e, x) be the number of
protons at depth x with energy larger than e
[F is given by (14).] Then the number of elec-
trons produced at x in the energy interval d3 is

® de
d= f Fe, x) s (e)—.
3 €

Let now C(a, £) be the cascade multiplication
function (i.e., the number of electrons produced
in a depth # by one primary electron of energy
a), the total number of electrons at depth x is

Zi(x) = f:dgj;mdaj;w ‘d:e@tr(f)

X F(e, £)C(a, x—§).

Equation (22) can be worked out partly by
making suitable approximations and partly nu-
merically. For ®(¢) the expressions (7a, ¢) and
for F (14) are to be used. For the high atmosphere
(x <4, say) practically only the low energy part
of F(a=1.3) is important. For C we have used
the figures given by Arley.!®

B Arley, Proc. Roy. Soc. A168, 519 (1938). In the cascade
theory different units for the thickness of matter traversed

are usually used. For air or water one cascade unit is about
% of our x units.

(22)
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To obtain an idea of the effect to be expected
we consider large values of x. (x> 3, say.) We can
then make the following approximations: F(e, &)
decrecases rapidly with £ for any e of importance.
C(3, x—§) can be replaced by C(a, x) and the
integral over ¢ extended to infinity instead of to .
This amounts to assuming that all the mesons
produced in the atmosphere are practically pro-
duced at the very top and, decaying at once,
produce a “primary”’ electron spectrum N(z)d=
say, which later produces cascade effects. N(=@) is
given by

0 dé )
N(z)= f <Inr(e)t f Fe, £)dE. (23)

We divide the range of energy a into 4 regions,
and find for N(a) (considering logarithmic terms
as constants, and using the low energy part of F
only):

N(a)dz=33B—

d3(43 log 0.32
3?

3

0.3
) (3>Es=22)

61 99

=Bdaj——

—————i—O.lJ
3® 2343 log 0.33
(Es>a> if=10)

142
~Bda ——3—+0‘34} (10>3>1/f=3)
3
. (24)
=35.6Bd3 (3 <3).

Equation (24) plays the role of the primary
electronic energy spectrum responsible for the
soft component. N(3) decreases approximately
like 1/3% at any rate in the high encrgy region.
But there are also a large number of soft electrons
present. Apart from the latter N(3) is indeed
very similar to the primary electron spectrum
deduced first by Nordheim and Heitler!¢ from the
intensity curve of the soft component on grounds
of the cascade theory and later found by Bowen,
Millikan, and Neher!7 by latitude measurements.
We therefore expect that (24) should give rise to
an intensity curve for the soft component very
similar to the observed one. The effect of the low
energy electrons with small range also present in

16 Nordheim, Phys. Rev. 51, 1110 (1937); Heitler, Proc.
Roy. Soc. 161, 261 (1937).

17 Bowen, Millikan, and Neher, Phys. Rev. 52, 80 (1937)
and 53, 855 (1938).
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(24) will be that the intensity curve does not fall
down very steeply ncar the top but becomes in
fact rather flat.

For the most interesting part of the atmosphere
(x=2, 3, maximum of the Regener-Hotzer-curve)
the use of (24) is too crude an approximation. In
fact quite a number of low energy mesons are
still produced at levels x>2. We have therefore
used (22) directly and evaluated the integrals.
We find that on the average one primary proton
produces about 1.5 clectrons at x=2 or 3 in this
way.

In addition to the electrons produced by the
decay of transverse mesons there are also elec-
trons produced by the decaying pseudoscalar
mesons. Their number is smaller but not negli-
gible compared with the number of clectrons due
to transverse mesons. We casily find:

Zpu= f a f i f i:ﬂ HC@E, =9,

where f(e, £) is the energy spectrum of pseudo-
scalar mesons as calculated in Section III. The
result is for instance the following for x=2 and
for one primary proton: Z,=1.5, Z,=0.6,
Z 1w+ Zps=2.1. Thus one primary proton produces
in the average altogether about 2 electrons at the
Regener-maximum, roughly % of which are due to
pseudoscalar and £ to transverse mesons. This is
in very good agreement with the experiments. In
Fig. 3 we have plotted the intensities of all the
cosmic-ray components for the top part of the
atmosphere (normalized for 100 incident protons).
The agreement with the Regener-Hotzer-curve
for the total intensity is as good as can be ex-
pected. The position of the maximum is, however,
slightly shifted towards greater heights, than is
found experimentally. The reason is probably
that we have been overrating the production of
slow mesons (and therefore slow electrons) by
protons of energy just above M.

The latitude effect of the soft component is
very large. We have calculated it for x=2 and
included the result in Table III. The agreement
with the measurements by Bowen, Millikan, and
Neher!? is good. The latter measurements refer to
the total intensities, of which, however, the soft
component is far the strongest.

" There is one experiment which is apparently in

(25)
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contradiction to our assumption that the soft
component originates from primary protons,
Whilst the mesons in the lower atmosphere show
an east-west asymmetry as big as the latitude
cffect proving that they originate from positive
primaries no such east-west asymmetry has beep
found for the soft component in the high atmos.
phere although the latter is also—and very
strongly—latitude sensitive.!® If this result ig
taken at its face value it would mean that the
soft component originates from equal numbers of
positive and negative primary particles. We must
remember, however, that the soft component is,
if our picture is correct, created by the primary
protons in a rather indirect way: The protons
first produce mesons which decay into electrons,
which then multiply by means of the cascade
process. An east-west asymmetry can only be
expected if in each of these three processes the
particles are always strictly emitted in the
forward direction with no appreciable angular
straggling. This is surely the case if the secondary
mesons have energies large compared with M,
and if these mesons then decay while still having
an energy large compared with one.

In the high atmosphere, however, low energy
particles are predominant. Indeed, as it appears
from the calculations of this section, most of the
electrons in the high atmosphere originate from
mesons with energy less or not much greater than
M. These mesons are bound to be emitted in all
directions with only a slight favoring of forward
directions. Even for the more energetic particles
the predominance of forward directions will be
impaired to some extent by the many processes
which have to take place to produce the soft
component. It might, therefore, well be that the
east-west effect is completely masked by the
large angular straggling of the soft component.

TasLE I11. Cosmic-ray intensities (100 primary particles).*

energetic protons

soft comp. soft-+hard mesons and neutrons
x =2 x =2 sea level sca level
theor. 208 220 1.7 1/500
exp. —_— 225 4 1/2000

* The column soft+4hard (x=2) does not include the primary
protons at this depth. Their number should be added to the theoretical
figure 220 but is probably less than 20 (cf. Section VI).

18 Johnson, Phys. Rev. 56, 219 (1939).
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For a judgment of this theory it must be re-
marked that, once the number of primary protons
is normalized, and their energy spectrum given,
the theory allows one to calculate the absolute
intensities of all cosmic-ray components at each
depth without further adjusting our intensities to
those of the experiments. It is clear that the
values of the intensities depend entirely on the
constants occurring in the theory, especially on
the nuclear coupling constants g, f. All these
constants are either determined from nuclear
facts (g, f) or by direct experiments (meson mass,
decay constants). It is interesting to compare the
intensities obtained by our theory with the
experimental ones. Table III gives a selection
of data. The absolute number of mesons at sea
level is about twice of that calculated. This is
quite what we had to expect as was remarked in
Section II. (The last column refers to measure-
ments by Jannossy, discussed in Section VI.)

VI. PROTONS, NEUTRONS, MESON-SHOWERS

The primary protons entering the atmosphere
are very quickly slowed down to energy ~10.
Since their energy loss is mainly due to producing
charged mesons we must expect that half of
these ‘‘protons” have in fact become neutrons
after having travelled only a very small distance.
In Fig. 3 we have plotted the number of these
protons or neutrons with energy > M as a func-
tion of depth for the primary energy spectrum
(13), the number simply being given by the
relation (14). It is seen that their intensity de-
creases very rapidly. For a discussion of the
experiments, however, we would rather like to
know the number of protons (not neutrons) with
all energies, including E< M. This number can
only be guessed at present, since we do not
know at what rate protons lose their energy
once E is less than M. All we can say is that
the number of protons drops very quickly to
half the initial value (the other half have become
neutrons). We might estimate that the energy
loss of a proton becomes say 10 times smaller as
E becomes less than M (cf. Section II)—a figure
which can only be a very crude guess. The in-
tensity curve thus obtained is dotted in Fig. 3.
The recoil protons and neutrons are not included

in these curves. The curve marked “‘total’’ does
not include these protons except those at the
very top of the atmosphere.

After having reached an encrgy E<M the
protons and neutrons have a much larger range
than the distance that a proton or neutron can
travel while having an energy > M. It is there-
fore not surprising that a large number of slow
protons and neutrons are found in the upper
atmosphere. Fluctuations of the range are large,
since energy is lost in large portions, thus a small
but appreciable fraction of them may even
manage to travel through a considerable part of
the atmosphere. In addition there are numerous
fast and slow recoil protons. The experiments
show a rapid increase of slow protons and
neutrons with height, though their number is
still very small at a height of 4000 m compared
for instance with the number of mesons. A quan-
titative discussion is not yet possible. A certain
fraction of these slow protons and neutrons are
recoil products or are produced by photoelectric
nuclear disintegrations, etc.

In addition to these slow particles we must
expect, in any part of the lower atmosphere, a
very small number of very energetic protons and
neutrons, namely, the primaries themselves which
have sufficient energy to travel such large dis-
tances. Let us estimate their number, at sea level.
The energy necessary to penetrate through the
atmosphere is at least 7X10" ev. The primary
energy spectrum (13) is valid for E up to 1000
(10" ev). For higher energies we know from the
measurements at great depths that o increases
with increasing energy. Thus for the energies in
question we may assume a=3, for £>1000, say.
The number of primary protons at sea level is
then given by A4’x3, x=22 where A’ is deter-
mined by A4 [Eq. (13)] and the condition that
the spectrum is continuous at E=1000, thus
A’'=23 if A, B, A’ are normalized for 100 inci-
dent protons. Thus we find 1/500 energetic
protons or neutrons at sea level for 100 primary
protons at the top of the atmosphere.

This figure may in fact be still too large, for
the following reason: As was mentioned in
Section II, our formula for the energy loss of a
fast proton is no longer valid for energies
>5X 10" ev, because then other modes of energy
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TasLe IV, Number of mesons (with ¢>10) produced by
energetic proton or neutron.

o 100 300 1000
XEg M 0.9 2.1 4.3
Npat+ Nir 3.3 6.3 11.0

loss become appreciable.?® Thus still higher
energies may be required for a proton to pene-
trate to sea level making their number still
smaller. From mecasurements discussed below
Janossy found that the number of protons or
neutrons at sea level is about 1/12,000 of the
total number of cosmic-ray particles at sca level.
Putting the latter value to be about 6 (for 100
incident protons) the experiments would give the
number of these energetic protons and ncutrons
as 1/2000 which may be considered to be in
reasonable agreement with our theoretical esti-
mate 1/500.

When these energetic particles travel through
matter they will produce a number of mesons
in succession thus producing a meson-shower.
Showers consisting of penetrating particles have
been observed by several authors.® The most ex-
tensive measurements are due to Janossy : A radi-
ation whose intensity was found to be 1/12,000th
of the total cosmic-ray intensity at sea level was
found to produce showers consisting of pene-
trating particles which are certainly mesons with
energy e>10. The transition curve of these
showers in lead reaches saturation at about
5 cm Pb (about 1 x unit). About a third of the
primary radiation producing these showers con-
sists of neutral particles. Janossy found, how-
ever, that for showers produced by the neutral
primaries saturation is only reached after 10 cm
of Pb. Each shower consists of an average
number of 2-6 recorded penetrating particles.
The actual number of particles in each shower
may be larger.

We can only give a very preliminary discussion
of these experiments. The most obvious explana-
tion is that the very energetic protons and
neutrons expected from our theory are responsible

19 The limit of validity for the energy loss formula is
higher than that for the scattering cross section because
the former is an integral of the latter.

20 Wataghin, de Souza Santos, and Pompcia, Phys. Rev.
57, 61 and 339 (1940). Janossy, Proc. Roy. Soc. 179, 361

- (1942); Janossy, McCusker, and Rochester, Nature 148,
660 (1941).

for these showers. There should be about equg)
numbers of protons and neutrons. Janossy founq
about a third to be neutral particles. Let E> s
be the average energy of the protons and ney.-
trons and xg, y their range as given in Table |
(i.e., the distance travelled until the energy is A1),

The number of mesons with energy > 10 pro-
duced is then according to (7):

B dE [ de
1V;,—=21f —————‘-f ——~2.le0, My
v —dE/dx Jy, €

Nps~15.5E xp, .

Thus the total number of mesons produced is
for various energies £, (from Table I) given by
Table IV,

These values cannot, however, be compared
directly with the experiments. It has kindly
been pointed out to us by Janossy, that the
saturation point of the transition curve is not at
all identical with the range of the primary radia-
tion but marks the point where enough mesons
are produced to be recorded as a shower. This
figure is about 2-3. A further increase of the
lead thickness will only increase the size of the
showers but not the number of the showers.
Experimentally, we find, therefore, that 2 or 3
mesons are produced in the first 5 cm Pb or in
the first x unit. This is in very good agreement
with Eq. (26), the theoretical number of mesons
produced in x=1 being 2.14+15.5E,~% We do not
know E, exactly, but it certainly is rather large
(>100). For greater thickness of Pb, Table IV
shows that the size of the showers increases very
much and even large showers are quite possible.
On the other hand it is difficult to understand
why neutrons should give rise to showers with a
larger saturation thickness, than that for showers
produced by protons. The processes considered
in this paper lead to no explanation of this
asymmetry.

There are, however, a number of points,
omitted so far in the present theory, which will
have to be considered before a final discussion
of the penetrating showers can be given:

(i) As was mentioned in Section I, there are
further modes of energy loss by a fast proton,
expected from the present theory, including also
a higher rate of production of transverse mesons,
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which become important if the energy exceeds
the value 5000, say. The primary protons would
then hardly have a chance at all to reach sea
level. The protons and neutrons responsible for
the penetrating showers must be the fast recoil
particles mentioned above which naturally have
also smaller energies than the primaries. (If this
argument holds the last column in Table III
has no meaning.) Some of the processes taking
place at extremely high energies depend on the
Coulomb field of the proton which might perhaps
indirectly account for the difference of the be-
havior of the protons and neutrons.

(ii) Throughout this paper we have neglected
the occurrence of multiple processes. It is indeed
possible that a fast proton creates mesons, not
only one by one in succession, but several mesons
in one elementary act. We obtain the rate of
occurrence of this event by multiplying the
equivalent meson spectrum of a fast proton by
the cross section for the splitting up of a meson
into several mesons instead of by the scattering
cross section (5). The splitting up processes have
been calculated in I for the case when all energies
concerned are smaller than M. In this case it
has been found, indeed, that the splitting-up
cross section for such multiple processes is always
at least 10 times smaller than that for ordinary
scattering (which is the reason why multiple
processes were neglected in this paper). It may
well be—but this could only be decided by
further, rather difficult, calculations—that the
ratio is more in favor of multiple processes if the
energy of the proton is > M. If this should turn
out to be true, the range of the fast protons would
be diminished and the number. of mesons in-
creased.

(iii) We have always assumed that the par-
ticles in the nuclei of the matter traversed act
independently. It might very well be that the
nuclear fields of the nuclear particles overlap and
interfere (as their Coulomb field does) producing
an effect which increases with a different power
of the atomic weight than the first power. This
might lead to some changes of our theoretical
results for heavy materials but hardly for air.

(iv) So far we have considered only protons
and neutrons as primary agents. It is to be
expected that mesons also could create pene-
trating showers themselves, by the very splitting
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up process mentioned in (ii). Again no quantita-
tive discussion is possible unless the calculations
are performed for energies > M. A crude esti-
mate on grounds of the non-relativistic calcu-
lations shows indeed that the rate of occurrence
of this process is of the observed order of
magnitude.

Mesons have also been found to occur in very
large cascade showers. This is easily understood.
According to our theory, a large cascade shower
owes its origin to a very energetic primary proton
emitting an energetic transverse meson which,
by decaying, produces the very energetic elec-
tron responsible for the cascade. Naturally, the
primary proton will also produce numerous other
mesons, including pseudoscalar ones, during its
path through the atmosphere. These mesons will,
of course, occur together with the cascade shower.
In addition, energetic light quanta, have a small
chance of creating mesons themselves by process
(1) instead of producing an electron pair. The
cross section for (1) was found in II to be
V27%f/e* for pseudoscalar mesons, if e < M. Com-
paring this with the cross section for pair pro-
duction ~1522/137 we find that the chance for
a light quantum producing a meson with =10,
say, is in air 1/200. Since in a big cascade shower
at the point of its maximum several thousand
light quanta may occur, quite a number mesons
are to be expected. The mesons accompany the
cascade shower but are much more slowly ab-
sorbed; the ratio of the number of mesons to
that of soft particles may therefore be quite
appreciable at sea level.

VII. NEUTRETTOS

According to our theory neutrettos should be
very frequent particles in cosmic radiation. The
total number produced is half the total number of
charged mesons produced. We know nothing,
however, about their absorption and possible
B-decay nor does it seem that they could produce
any noticeable secondary effects. It is true,
though, that in colliding with a nuclear particle
a neutretto can be transformed into a charged
meson. But, as mentioned in Section II, the
cross section is very small at high energies de-
creasing like €% and it is unlikely that this effect
will ever be observed. Slow neutrettos must be
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very rare because there is nothing that would
slow down a once fast neutretto.

There is, however, one observable effect, by
which the existence of neutrettos could be estab-
lished experimentally, namely, the transforma-
tion of a charged meson into a neutretto. At high
energics €>1/f~3 again the cross section #° for
this transformation is negligible (#°«e=%) com-
pared with the cross section for scattering ( « e?).
This is, indeed, an important result of our theory
because it explains why all attempts at detecting
this transformation® have failed whereas the
anomalous scattering of mesons has been ob-
served. This is no longer true for energies of the
order of magnitude e~3. The cross section be-
comes then appreciable and, as we shall see, big
enough to lead to observable effects.

The method for calculating #° as a function of
e is described in detail in 717 and the calculations
are carried out up to a point where numerical
evaluation is possible. The exact formula would
be a rather lengthy and complicated expression
because no approximation can be made in this
case except that we can assume e to be small
compared with M. We shall not give the formula
here. & is, for very small energies, proportional
to pt=¢e’—1, rises to a maximum at e=2 and
decreases rapidly for higher values. The value
of ® at the maximum (e=2) is in our units

<I>l:mx=0.56. This refers to the transformation of
a pseudoscalar charged meson into neutrettos of
all polarizations (longitudinal, transverse, or
pseudoscalar).

We shall calculate the total probability for a
meson to be transformed into a neutretto while
traveling through matter, starting with a high
initial energy e>1/f until it is stopped. If
—9¢/dx is the energy loss by ionization this
probability is

NA = e
w=— —————de,

(27)
2 1 —6€/ax

where N is the number of nuclei per cm3, 4 the
atomic weight. The factor % is due to the fact
that a positive meson can only be transformed
into a neutretto if it collides with a neutron and

a negative meson only if it collides with a proton.

u Cf., for instance, Nishina and Birus, Sci. Pap. Inst.
Phys. Chem. Res. Tokyo 38, 360 (1941).

COSMIC-RAY

MESONS

The average number of “‘active” nuclear particleg
is therefore 4/2. We have worked out (27) by
numerical integration for Pb and found?

w=0.79. (28)

For any other materials w will not be very
different because de¢/9x is nearly proportional to
NZ which differs only slightly from NA/2,
Practically the whole contribution to the in.
tegral (27) arises from energies between e=3
and e=4.

We see that, once a meson has reached an
energy as small as 4, the chance is so great that
it will be transformed into a neutretto. Only 21
percent of the mesons reach the end of their
range as charged mesons. It may very well be
that this is one of the reasons why so very few
slow mesons with € <2 occur in cosmic radiation,

The length of path a meson has to travel in
order to lose energy from e=4 to e=3% is about
1 km of normal air or 18 cm of Pb. While
traveling through the gas of a cloud chamber the
chance is so negligible that the effect could be
observed. But, if mesons are stopped in a thick
block of lead an appreciable fraction of the
mesons should not reach the end of their range
but should be transformed earlier into neutrettos.
This is important for the type of experiments
carried out by Rassetti.?? Rassetti found that if
mesons are stopped in 10 cm of aluminum
(equivalent to 2.8 cm of Pb)-only a certain
fraction (42415 percent) give rise to decay-
electrons. The effect was interpreted by Rassetti
in the following way: Once a meson is stopped
entirely and retains only an energy of a few
electron volts it may either decay or else be
captured by a nucleus giving its rest energy to
the nucleus. Only negative mesons, however,
can be captured in this way, since a positive
meson with such a small energy could not come
in contact with the nucleus. Calculations re-
ferred to by Rassetti indicate indeed, that for
such slow negative mesons the capture-proba-
bility is larger than the decay probability. It may
very well be, that transformation into neutrettos
as well as nuclear capture is responsible for the
fact that only a fraction of the mesons are really

2 For this result the numerical values (2) for the coupling
constants have been used.
23 Rassetti, Phys. Rev. 60, 198 (1941).
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decaying. In the above experiment 12 percent of
the mesons should be transformed into neutrettos
before being stopped. Of the remaining 88 per-
cent half should be captured leaving 44 percent
decaying into electrons.

The experiments are not accurate enough to
decide whether the number of decay electrons is
actually appreciably less than 30 percent. The
actual percentage should depend on the thickness
of the absorber.

VIII. CONCLUSIONS

On the whole the theory was scen to give a
satisfactory account of all the chief cosmic-ray
phenomena. Although a number of points, cs-
pecially the cascade production of mesons (cf.
Section II), the ecast-west effect of the soft com-
ponent and the penetrating showers, must await
further investigation, it is probable that this
theory is fundamentally correct. The conclusions
that can be drawn from our results are twofold:
(i) The theory of damping used as a basis for all
our calculations will be a correct part of future
quantum electrodynamics or at least a good
approximation. (ii) Cosmic-ray mesons are in
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fact identical with the quanta predicted by
Yukawa which are responsible for the nuclear
fields. It may perhaps be too early to say that
the special form of the meson theory used in this
paper (the one suggested by Mdller and Rosen-
feld) is the correct form of the meson theory.
We have carried out all the calculations also with
a different form of the theory (assuming that
only charged mesons exist) and found the agree-
ment with cosmic-ray experiments less good,
though this form of the theory cannot be wholly
excluded. (The energy loss of fast protons would
be three times smaller.) It is satisfactory that
the form of the meson theory which gives the
best account of the nuclear forces also agrees best
with cosmic-ray facts. Especially, the assumption
of both pseudoscalar and transverse mesons is
strongly supported by the fact that all com-
ponents of cosmic radiation can be explained as
owing their origin to one kind of primary par-
ticles, i.e., protons. ‘

We are very much indebted to Dr. L. Janossy
for a most useful comment on this paper and also
for communicating some of his experimental
results to us before publication.
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[NTRODUCTION

THE difficulties met in the usual treatment of quantised ficld theories seem to us somewhg
similar to those which occurred in Bohr’s semi-classical quantum mechanics of particles.
In this theory the orbits were described by Fourier series in the time; there was no exact
correspondence between the periodic terms of this series and quantum transitions, but only
an approximate onc for terms of high order. Matrix mechanics considers not the Fourier
series, but the single terms which are generalised into matrix elements having not one byt
two indices. This generalisation is founded on Ritz’s combination principle.

In the existing field theories each field component is considered as a matrix for each point
of space, and, as a function of the latter, can be expanded into an ordinary Fourier series,
the coefficients of which are matrices, each clement having two indices, which refer to. the .
excitation of the corresponding vibration. But the three indices (%,, £,, £, forming the wave
vector k), which enumerate the Fourier terms, are not included in the matrix indices. This
situation with regard to space is therefore very similar to the pre-quantum mechanical treat.
ment of particles by Bohr with regard to time. We suggest a similar remedy.  According -
to relativity, space and time, or the conjugate quantities momentum and energy (wave-vector
and frequency), have to be treated on the same footing, and Ritz’s combination principle for -
frequencies has to be supplemented by onc for wave vectors. Just as in the case of the
transition from Bohr’s theory to quantum mechanics we deny that the Fourler series for the
field components have any exact significance; and we consider only single terms, but replace
these by matrix elements. Each field component is thus as a whole represented by a
matrix, just as a co-ordinate of a particle is represented by a matrix in ordinary quantum
mechanics.

This programme seems to imply marked deviation from the usual procedure where the
total energy and total momentum are obtained as integrals over space. However, in the
application to all specific fields the boundary conditions are always chosen in such a simple
way (very large box) that this integration means nothing more than multiplication by the
total volume. We thereforc suggest to use the densities of momentum and energy
(multiplied by the volume) in the same way as energy is used in particle mechanics. These
densities taken from classical theory arc always bilinear in the field components, and as
multiplication now means matrix multiplication the densities really depend on the field
as a whole just as the total momentum-energy components in the older theory. Thus the
discrepancy between the new procedure and the old is not so marked as it first appears,
and we shall show below that it leads to satisfactory results. The advantages of the new
theory are these: the formalism is much simpler and of the same type as ordinary quantum
mechanics. Further, the new theory can be applied to non-linear field equations, z.e. to
energy-densities which are very general functions of the field components, without any
mathematical complication. This is not so in the usual theory; if here energy-density is a
relatively simple function in the space representation, it is in general extremely involved in
the momentum representation (as the Fourier coefficient of a function of functions is a
complicated expression of the Fourier coefficients of the latter). But it is a well-known
theorem that a matrix equation is unchanged by transforming to another representation.

The fields considered below are classified according to their transformation properties;
scalar field, vector field and spinor field are treated for the general (non-lincar) case. The
scalar-meson field, the vector-meson field, the linear and non-linear electromagnetic field,
and Dirac’s electron field are contained as special cases. In the classical treatment the field
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ariables are in general taken to be complex, so that what is usually referred to as a real field
is obtained as a special case by a supplementary condition. In the quantum treatment thc
supplementary condition restricts the class of wave functions admitted.

1. ScaLar Fierp: Crassican TREATMENT

\We shall explain our method with the help of a simple example, the scalar field.

We use first the notation of tensor caleulus, considering all quantities as dimensionless.
Let x, be the independent variables, which arc considered as real, a%=x, (although ay is
This is to be distinguished

proportlonal to the time multiplied by the relativity factor ¢ = V-1,
= Let

from the imaginary unit 7, which changes sign on passing to the conjugate, :*= ~7).
¢ be the potential, ¢* its conjugatc, <md

B gl (r.1)

a= ox, ¢ ox,
Let A(§, ¢*; b1, d1; oy b5 - - -) be the Lagrangian density, which is assumed to be real,
A=A%; and
e\ AN o\ cA
¥ =, O=""0 ¥ TZ o= 2
d e e T éh. et (1.2)
" Then the field cquations arc
&b M
¢ = Lt (D* .
; ox, o, ;’ ox, br. (1.3)
From these a set of conservation laws can be deduced:
oT,
2 B0,  Tup=Ds+Dpds - by, (1.4)

where T,g are the components of the energy-momentum tensor; T these are symmetric if A

is relativistically invariant. To show this let us apply an mfinxtcsunal Lorentz-transformation,

the components ¢, being transformed like a four-vector, Z.e.

bo=chat€ >, fupds (1.5)
7

with real constants f.g3= —f;, and € small. Regarding A as a function of ¢, $% besides
the scalars ¢, ¢*, we obtain for the transformed A:

oA A
A+EZ( ¢ﬂ¢ﬂn¢ (;6' aﬁ‘#ﬁ)

te.

A-A= ez FusBa®? + D). (1.6)
a,B

If now A is an invariant the right-hand side of (1.6) must vanish. Since f,g is skew-
symmetric, ¢g® 3 +®@ $3 must be symmetric and hence also Ty

By specialising the transformation (1.5) to be a rotation in space, (1.6) shows that if A
is invariant in space then T;="T,; (/, 4=1, 2, 3). Converscly, by (1.6), the invariance of
the Lagrangian follows from the symmetry of the energy-momentum tensor.

If A is also gauge-invariant (with respect to the transformation ¢ — ¢e', y an arbitrary
real constant), 1t satisfies the further identity

{43+ Ty C¢*¢—Z”;\.¢)

T The order of the faclors in (l 4) and lalcr cqu"mons, althounh so far arbitrary, is chosen with regard to

later application to non-commuting quantitics.
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400+ Sp.00 -0g - Z0Tpt o )

One has then a further conservation law which is usually called conservation of charge, y,
prefer, however, to use another expression, load, for the more natural quantity which differg

from the charge by the factor e (the clementary charge).
Making usc of the field equation (1.3), one has
asa . * 3
g =0 Sa=i(g0L - Do), (1.8)

The allocation of the asterisks of the definition (1.2) is made so that @ and @, transform like §
under a gauge transformation, if A is invariant.
We shall make use especially of the fourth column of the tensor T,; and the foury

component of the vector s,:

'rl.'.l = 457;(1): + (1)4(/7:) (z3 =1, 2) 3)]

23 * *

Iyy=¢,07 + b7 - A, J (r9)

Sy = 1'(95‘1’1* -0, $%).

As cxplained in the Introduction we may consider these densities as constant in an arbitrary
(dimensionless) volume w; then the total momentum, energy and load contained in this
volume are obtained by multiplying the densities by the volume w.

We now go over to quantitiecs with ordinary dimensions and introduce a unit length g,
With the help of % and ¢ we can express all quantities in certain units: volume in ¢%, momentum
in #ifa, energy in fic/a, load in the dimensionless unit 1, Lagrangian in fic/a%, potential in
\/ﬁT/a, field in Vfic/a?, anti-potential (s.e. the derivative of the Lagrangian with respect to
the potential) in V' #ic/a®.  We define:

X =ax;, Y =ax,, Z=axg, wli=ax,;
Jic Ve Ve
L=-A V= V=—-0;
ad’ a 2 o

_ Vi

Y
Yz Ve

F=(F, Fy F)=—s (B, 0 ), G=—pb,

(1.10)

Vfic
f=(fxafwfz> = _a—éif((ﬁl) ¢2) ¢3); 174 954;

/

Further let Q be the ordinary volume, p, E and ¢ its momentum, cnergy and load content:

Q=dw,

#Q
pP= (P:w Duw ])z) =- "_a]— (T14, T24> T34);

729} e (r.11)
E=-—Tw

Q
7=ty )

Then we have from (1.9):
Q
p=—(fG* +Gf¥),
E=Q(gG*+Gg*+L), (1.12)
Q)
=¥ — Go*
q ﬁC(UG Go*).

These equations are relativistically covariant if Q is transformed as a volume.
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The field equations (1.1) and (1.3) now become:

1 0v ) 1 0G
f=grad o, &=~" 75 div F+£~ w =V (1.13)

The dimension of the Lagrangian L. was chosen so that the definition (r.2) now becomes:

oL ol oL
V*=é'z'), G*= —-ag, F::a:;_z, ce . (1.14)
As in particle mechanics the quantum treatment of fields which we are going to develop
corresponds most closcly to the Hamiltonian form of the classical treatment. Instead of
working with a given Lagrangian depending on o, g, f and their conjugates we make use of
the energy I given by (1.12), and regard I8 as w function of o, G, f and their conjugates. Then
in virtue of (1.14) we have

1
0

i Q>

L L, 10K . 10E

* ’ o —
\% " g Qe F7 Qo) (1.15)

D

E is an arbitrary function of o, v*; G, G¥*; f, f* apart from the condition that the relativistic
invariance is ensured or, as shown above, that the cnergy-momentum tensor is symmetric:

fG* + Gf* = gF* + Fg*, (1.16)
For the special case with the simple Lagrangian

A=t + 3 bt (117)

® coincides with ¢ and @, with ¢,. We have then
E=Q(GG* +1. f* + n2u0¥), 7 = 1fa. (1.18)

The field equations for this case, being obtained from (1.13) by identifying g, F, V respectively
with G, £, n%v, are lincar. This is the customary description of the scalar-meson field; the
rest-mass p of the meson is related to the unit length chosen above by

el (1.19)

We shall refer to this case as the linear casc.

2. ScaLAR FiELD: QUANTUM TREATMENT FOR THE LINEAR CASE

In this section we shall quantise the scalar ficld treated above, confining oursclves to
the linear case as defined at the end of the preceding section. We now consider all ficld
components as g-numbers obeying the laws of non-cummutative algebra and interpret G¥*,
v*, etc. as the adjoint of G, 7, etc. Hence for g-numbers the asterisk signifies the operation
of passing to the adjoint. Ior abbreviation we use for the commutator of two g-numbers

the symbol
[A, B]=AB-BA, so [A, B]*=B*A*-A*B*=[B* A¥*]. (2.1)

The passage from classical to quantum mechanics consists in the transcription:

o o
T stipeny I imp, (2.2)

which is to be valid for all ficld components. We shall postulate certain relations among the
field quantitics so that the ficld equations (1.13) quantised by (2.2) will then all follow with
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p given by (r.12) and E given by (1.18). It is casily verified that we may assume for thig
purpose the following relations:—

[, G = e/, e
[f) G*] = [Gy f*]) (2.36)

while all other commutators (except of course the conjugate ones of those given above)
vanish. For then we have

Q
[p, 5] =—[£G* + GE¥, o] = i, (240
1 Q : .
E[E’ v]= ;[GG* +f . £* + nPoo*, o] = —iliG, (2.48)

I Q * * .y
; [pa:;fa:] - —c[E’ (;] = 6“{;](1[(3*)](0‘] - Zfa.[f.n G] —7)27}[7) ) G]} == ’}“72?/, (2-45)

which are the equations (1.13) adapted to the lincar case and quantised according to (2.2).
In view of (2.34) it is convenient to introduce the abbreviation

Q
; [(1 f]=,-[t%, G], (25)

which is, by (2.1), scl(-adjoint. By using the identity [A, [B, C]]=[[4, B], C1+[B, [A, Q)
onc sces that in virtue of the first form k commutes with #*, G, £*, and in virtuc of the second
form with v, G*,f. Thus all the three components of k commute with all field quantitics
and hence, by (2.5) again, also among themselves.

In order that the transcription (2.2) may be sclf-consistent, the commutaitors among the
encrgy I and the components p,, p,, . of the momentum must commute with all ficld
components. I‘rom (r.12) and (1.18) we obtain:

Q) * *
[Per 2ul = =AUy = AIG* = Gl 2 = hef D), (26)
(E, 2] =1Qk,(fof 5 ~fof 0) + ol fof 3 =Sfuf 1) +i(f™ +0f D}, (27)

and similar expressions for the remaining commutators. Since (2.6) has to commute with »
we are led, with (2.3), to the condition

Sty =Fyler=o0. (2.8)
Similarly, commuting (2.7) with G we obtain with (2.5) the condition
]"u(fukw "fa;/e:) + /": f:'éx _'fa:/é:) _fa; + Z'Z/kx =0. (2-9)

Combining these and taking account of the similar conditions obtained from them by cyclic
permutation of the suffices «, y, z, we see that

f=svk, so f*=—jo*k. (2.10)

This condition is also sufficient for the transcription (2.2) to be self-consistent; for all the
commutators among p,, #,, #,, E vanish when (2.10) is introduced into (2.6) and (2.7). Since
k commutes with all field components, (2.10) is also consistent with the commutation relations
(2.3a) and (2.34), remembering the definition of k by (2.5). Hence it is possible to eliminate f
according to (z.10) by introducing k, all components of which commute with all the field
quantities, among themselves, as well as with the energy and momentum.

Hence it is convenient to work in a representation in which the matrices representing the
self-adjoint 4,, %4,, %, are all diagonal with the cigenvalues of cach ordered according to
their magnitude. The field quantitics commute with all of them; their matrices therefore
consist of submatrices placed along the diagonal which correspond to the submatrices of
by, &y, k., which are multiples of the unit matrix. This representation is thus completely
reduced into the submatrices corresponding to various eigenvalues (£), and we shall need to
consider, in what follows, only a particular value of (£), which is then used as superscript.
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From (1.12), (1.18) and (2.10) we obtain the submatrices for thc momentum, cnergy
and load:
7
pi = _;_k{vu:)(;*(m - Gg*y,

EW = Q{GWGHE) 4 (n2 + k2)phg* (81}, (2.11)
g = fp‘_‘{yu:)c*(k) — Glig*Ua},
fic

The only non-vanishing commutator is, by (2.30),
[91R), G*] = 77ic/Q. (2.12)

The above relations (2.11) and (2.12) arc the same as those for the TFourier coefficients
in the Heisenberg-Pauli quantisation method. The remaining problem is to make p®), E®
simultancously diagonal. The transformation for this purpose is the same as that given by
Pauli and Weisskopf,T viz.

&) = 2—&(772 + kz)‘}{a”*" + ¥}
G*W) = 2-}(n2 4 kHH{B0) — g%}, (2.13)
which we need only outline here.
The only non-vanishing commutators among the new variables are, by (2.12),
[a*®), oW = [5¥R) JURV] =Fi]CQ. (2.14)

By the transformation (2.13), (2.11) becomes
P = k(N - NO 1},
E® =7ic(n? + KDHNG + N® + 1}, (2.15)
g = N(f) —N® _ 1,

where
Q Q
NG — (%) g*(k) NGE) = ——pk) (&) 2.16
* o i ’ T e (2.16)
have, in virtue of (2.14), the eigenvalues o, 1, 2, 3, . . . From (2.15) it follows that N® are

the number of positively loaded mesons of momentum fik and energy #icV 7% +k?2, and N®
are the number of negatively loaded mesons of momentum -7k and encrgy ficV 7”?+k>2
The zero-point energy, momentum and load of (z.15) correspond to one negatively loaded
quantum, but this is due to the particular order in which the factors of (1.12) arc arranged.
One can instead allocate half a quantum to both the positively and negatively loaded particles
by making the classical expressions (1.12) and (1.18) for the momentum and energy symmetric
with respect to the order of the factors. Then in (2.15) the —1 in p* and ¢'*) disappears
but the +1 in E%*) remains.

In physical application to electrically charged particles, ¢.g. the charged mesons, the load
may be expected to be electric charge. The positively loaded particle carries a positive charge
+¢ and the negatively loaded particle a negative charge —e¢, ¢ being the numerical value of
the elementary charge. This result, however, can only be obtained when the interaction
between the scalar ficld and the electromagnetic field is introduced. We shall not treat the
interaction of fields in this paper.

3. ScarLarR FIELD: QUANTUM TREATMENT FOR THE GENERAL CASE

Although the new quantum treatment leads to results identical with those obtained by
the Heisenberg-Pauli quantisation for the linear case considered above, we note that there
is this fundamental difference: we have decomposed the matrices representing the field
components into a set of submatrices—while in the usual treatment the field is additively
decomposed, as a TFourier serics. Now the sequence of Fourier coefficients obeys entirely

t Helv. Phys. Acta, Vi1, 1934, 709.
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different transformation laws from those of the array of matrix clements.  This difference will
exhibit itself more clearly when we no longer confine ourselves to the case (1.18) with e
energy a quadratic expression in the ficld quantities. It will be scen that for the genery
case the present formalism of quantisation is by far the simpler.

Consider now the general case.  We note that the expressions for the momentum and
load remain the same as given by (1.12). We shall not specialise the energy E except by
demanding that the corresponding Lagrangian satisfics the requirements of relativity apg
gauge invariance. According to (1.14) and (1.15) the energy is to be regarded as a functigy
of v, G, f and their conjugates.

Since the energy and momentum depend on the same set of field variables as before, we
naturally take over the whole set of commutation relations obtained in § 2. "The quantity k
defined by (2.5) commutes with all field quantitics, 7n wirtue of the commutation relations
alone. Tt follows further from the commutation relations alone that f —7ko commutes with
all field quantities. We therefore take over (2.10) also, anticipating that this would again
ensure the self-consistency of the transcription (2.2) for quantisation.

It remains to verify this and also that the field equations (1.13) arc satisfied in their
quantised form.

We form the commutator of the momentum with the field components #, £, G in turn,
With (2.3a¢) and (2.10) we obtain

Q
{p, 7] =:[fG* + Gf*, 9] = —i#if =liko, (31)
and with (2.5) and (2.10) we obtain

(p, /] =§}[fG* +GE¥, £,] = thiky = 1kf,, (32)

Q
[p, G)=—TfG* + Gf*, G] =7kG. (3.3

Taking into account the equations adjoint to these we obtain the rule that the commutator
of p with the ficld component is simply #7k times the ficld component, with the sign minus
or plus according as the component carries an asterisk or not. Hence, in general, the com-
mutor of p with a product of » field components with the asterisk and » components without
is (# — m)7ik times the original product. We note that this product transforms under a gauge
transformation like #”~™. A gauge-invariant quantity is therefore necessarily + a scries of
terms each of which contains an equal number of the field components with and without the
asterisk. It therefore commutes with the momentum.

For a gauge-invariant Lagrangian the energy E is, by (r.12), gauge-invariant. Therefore
E commutes with all components of the momentum. Further, the latter commute among
themselves as before. Thus by means of (2.10) the sclf-consistency of the transcription (2.2)
is ensured.

The quantities V, g, F defined by (1.15) transform under gauge transformation like v.
Hence we have for their commutators with the momentum (putting » —m =1)

[p) Fz] = hkF’n cte. (3-4)

The commutator of the field components with the energy E, given as an arbitrary function
of the field components, can be obtained as follows:—

Let f be an arbitrary function of the independent variables ¢y, ¢,, . . . ¢p, and let the
commutators [g,, ¢;] among the independent variables commute with any of the variables
71, g2, - - - gn- Then it is easily seen that

o
[f; 9.«]=Za_f“[¢n 7sl, (3.49)
r=1 gT )

¥ The reciprocals of the ficld components can be admitted also. Then in counting the number of factors
with and without the asterisk the reciprocals are to be subtracted,
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which can be proved by induction with respect to the two basic operations of building up
new functions, (i) f=f, +f,, (1) f=f; fo, the formula (3.4¢) being assumed to hold for f,

and fy
In the present case the field variables o, o%, G, G*, f,, f¥, . . . satisfy the condition that

their commutators commute with all the field variables. Hence applying the formula (3.40)
with E for f we obtain with the definitions (1.15),

[EJ 7/] aG*[G ] = __Z-ﬁ(g; (3'5)
and similarly
[E, Gl=7~ 1+ Z P f,_[ /2, G]=#icV +#ck . F. (3.6)
By (3.4) the last equation can be written as
I .
~(E, G) = 2[#s, Fo =ihV. %)
z

In (3.1), (3.5) and (3.7) we have verified the quantised field equation, the classical equations
being (1.13).

Having justified our choice of the commutation laws we can proceed further: we introduce
k and eliminate f by (2.10); we represent £,, 4, £, by diagonal matrices and reduce all matrices
representing either the field or its energy-momentum-load into their submatrices. The
submatrices of momentum and load are the same as those given above, (2.11). The sub-
matrices of the encrgy of course depend on the particular expression given for the energy and
are obtained from the latter by replacing o, G, f by o'¥), G, 7ko!® respectively. Thus E®
is a function of ¥, G and their conjugates only:

EW = R g4 G G#(), (3-8

In view of the commutation law (2.12) the problem of making E* diagonal can be dealt with
as an eigenvalue problem of partial differential equations

EJg = M), (3.9)
where the operator Eff) is obtained from E™, say, by the transcription
Gr o e 9y P O
Q Got*Y Q aGW”»

if Y% is taken as a function of ¥ and G®, the latter being regarded as ordinary complex
numbers.

The Pauli-Weisskopf transformation of variables can be applied to the general case also;
the factor (2 +k2?1 in (2.13) can be omitted without modifying the commutation laws (2.14)
of the new variables a®, 3% ¥ ¥k The differential equation (3.9) holds with ¢®
depending on a'®, &* (now rcgarded as ordinary complex numbers), and with Eg‘;) depending
on a®, 5

#m_hf 2 d o= fic 9

a Q g A0 =Q am (3.10)
The expressions for the momentum and the load are now given by (2.15). The operators
N® and N®), (2.16), are represented by

. g a a
N(i)="ma—a_—m’ N(‘)—é(k)g-ﬁ (3.11)

The use of the complex numbers a, & for the argument of the wave function was initiated by
Fock T and is particularly convenient for a system where the number of quanta is not precisely

known.
t Zeits. f. Phys., X11X, 1928, 339; Phys. Zeils. Sowjet., V1, 1934, 425.
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The reduction of the cnergy B, given as an arbitrary (invariant) function of the ficlg
components, into its submatrices E® represents the central feature of this new treatment of
quantised fields.  For it allows us to handle “ non-lincar” ficld cquations, which were pmctically
intractable by the ordinary methods, with the same case as lincar equations.  In fact this
distinction loses its proper meaning; for the new theory is a lincar wave theory (sce cquation
(3.9)) for any arbitrary cnergy function E, and the superposition principle of states holgs
in any case. The non-lincarity refers to the dependence of the derivatives of 12 with respect
to the field components: they may be non-lincar functions of the field components; but g
the Iatter arc linear operators, these functions are also linear operators.  The so-called non-
lincar field theorics, so far violently rejected by all experts in the quantum theory of ficlds,
are no more non-linear than for instance the theory of the relativistic clectron with the
Hamiltonian & =V m2 + 25 in ordinary quantum mechanics.  This change of the viewpoing
also means a very great simplification of the mathematical method.  Each ficld variable g
represented by a matrix, and the indices of cach matrix element refer (according to general
principles of quantum theory) to pure states, described by a characteristic or pure wave
function. Any arbitrary state is represented by a superposition of such pure wave {unctions,

In particular, the variable k appears in our treatment as a ““constant of motion” defining
a particularly simple set of pure states, for which all field quantities have matrix clements of
the simple form

i = PPy (3.12)

The same holds for the energy and the components of momentum. If a state of the ficld
is a superposition of such pure states of different k, the expectation value for the energy of
the system is, according to the rules of quantum mechanics,

@ - By = D () . EWym),
¥

There is no interaction among the various proper modes of vibration (%) of onc and the same
mechanical system.

In the Heisenberg and Pauli quantisation method cach field is decomposed classically as
a Fourier sum, viz.

<[u(r)=const.z¢ke"k", (3.120)
t

and a “model” mechanical system, usually an oscillator, is assigned to each individual
Fouricr cocfficient. These “model” systems arc then treated by quantum mechanics.  Except
for the linear case instanced in § 2 there is always intcraction among the various “model”
mechanical systems which makes the quantisation impracticable.

It is easy to establish the correspondence of our submatrices with Heisenberg: Pauli’s
individual Fourier terms.  For this purpose we shall work in the co-ordinate representation,

. . 7i .
the matrix element of the co-ordinate x and the momentum operator p=z—,grad being the
well-known delta-functions and their derivatives:
T =28’ —a")B(y" ~ "3’ - 2"),

;’ .
Py =2 grad’ 8(z' ~28(y" ~5")B(z' = ). (319

Now the submatrices ¢‘*) of all the field components without the asterisk satisfy, by (3.1)-(3.4),
the matrix equation

(P, ¢(k)] = ﬁk(ﬁ””: (3.14)
where k on the right-hand side is a multiple of the unit submatrix. Since by (3.13) the matrix

7i
elements of [p, $*)] are the same as those of the operator ; grad ¢*, the solution of (3.14) in

operator form is
¢(k) =¢kexk.r, (3.15)
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with matrix clements }
P = e T80 —a")B(y ~y")B(5" - 5"), (3-16)

the operator or matrix ¢, being independent of the co-ordinates. Hence our submatrix ¢t
corresponds to the Zth Fourier coefficient.

4. ScaLar TiELn: QuantuM TREATMENT OF A REAL FIELD

In this section we shall explain the quantum treatment of a reatl field (7.e. a ficld described
“classically by real field quantitics), using again the scalar ficld as an example, In physical
application real ficlds are used to describe clectrically neutral particles.

It is evident that a real field is something like half a complex field and can thercfore be
obtained from the complex field treated above by specialisation.  In the semi-classical treat-
ment all field quantities (which arc functions of one point in space-time) are restricted by

(1) =(1). (4.1)
In terms of the Fourier coefficients ¢;. of (3.12¢) this is
br=;- (4.2)

According to the correspondence (3.15) just cstablished the casc of real field in our quantum
treatment should be described by the restriction between pairs of submatrices:

B = k), (4.3)
This does not mean that the matrix ¢ is self-adjoint; for this would imply
FFR) = i), (4.30)

It is gratifying that the restriction (4.3) is compatible with all the commutation relations
established above. The restriction (4.3@), however, contradicts these commutation Iaws.
This we shall now show. (For the scalar field we found it impossible to obtain a new set of
commutation laws compatible with the restriction (4.34).)

It is convenient to work in the Z-representation, and we may confine our attention to the
two sets of submatrices with the superscripts (4) and (—4). The commutation laws (2.3a)
and (2.5) obtained for the whole matrices contain the following for the submatrices:—

[o®), G*1] = ific/Q, [G*W0) 9] =Fick/Q, (4.4)

[ot=R) G*¥=M] =71ic/Q, [GH=R £ = —fick/Q). (4.5)

We take the adjoint of (4.5) and reverse the sign throughout. If now (4.3) is used, by putting
G*®M =GB | | the result of the transformation of (4.5) is just identical with (4.4); hence

(4.3) is compatible with the commutation laws. The incompatibility of (4.3¢) with these
laws follows from (4.4) together with the trivial commutation laws:

[0 GW] =0,  [G*¥M B =0, (4.6)

Suppose the energy-momentum tensor has been made symmetric with respect to the order
of factors. Under the restriction (4.3) the two sets of submatrices of the energy and momentum
distinguished by (%) and (- &) respectively can be shown to be the same. For example, the
submatrices p*), pt=*) are obtained from the general expression (given by (1.12) symmetrised)
for p simply by adding corresponding superscripts to all the field components. According
to (4.3), instead of adding the superscript (- 4) to a ficld component one can add the super-
script (4) together with an asterisk. Since the interchange of factors is supposed not to
affect p, p*=* is the same as the adjoint of p*, which equals p*). The same consideration
holds for the submatrices of the cnergy:

pM =pl=h), E® =E(R (4.7)

For the load ¢ the same consideration leads to the result that ¢**¥/7 is the adjoint of ¢(=/7.

Hence
g = — gk, (4.8)
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The restriction (4.3) can also be stated in terms of the wave function 4 of the whole system,
namely that the parts % and =% are rclated by

P (@) JY = R0 gl=k), (4.9)

That is to say, as functions of the two Pauli-Weisskopf arguments @ and &, % differs
from ! only by an interchange of the two arguments. Operating on wave functions thus
restricted we have always, using (3.10) for the operators g*(%) g*(x),

A=k = b, at® = p=h, Q¥R = pHR) 2% k) = pHR(=F) (4.10)
This differs from (4.3) only by a transformation (2.13) of the field variables. The submatrix
clements of the energy, momentum and load with respect to such wave functions are thus
connected by (4.7) and (4.8). In virtue of the latter, the matrix clements of the load with
respect to the total wave functions thus restricted all vanish.

5. VEcTor FIELD

After having explained our method in all details with the help of the scalar field as an
example, we shall now proceed to treat other fields by the same method, discussing only such
new points as may arise.

We consider here the vector field described (in the space-vector notation) by a scalar
potential #, a vector potential u, a six-vector f, g which is the four-dimensional curl of the
potentials

1 0u

f=-grado % g=curlu, (5.1)

and their conjugates. The Lagrangian L (dimensions 7ic/a?) depends on thesc quantities
and is invariant for relativity and gauge transformation. We put

" ol « OL « OL . oL
g v Ge=-—,... =-—, ... /= - .
FT afa‘) ) x agm) 3 z aZ‘IY ) \ 82} (5 2)
By the same method as used in § 1 we get the field equations
. 1 0F
divF +V=o, curl G-- — +U=o. (5.3
c ot
Further, we have for the momentum, energy and load:
Q » * #* #* * *
D= ?{ngy ~guFe + g —~Fogy + 2,V + V),
E=Q{f .F*+F.f¥+oV* 4+ Vo* + L}, (5.4)

g=zh£3{u. F*-F .u*.

Regarding E as a function of F, g, u, V and their conjugates, we obtain f, G, U, » by partial
differentiation:

«_ 1 JE «_10E « 1 0E « IOJE
f"_Q BF, G; Qagr " UI_Qaux’ Ce e v o¥ia (5.5)
For relativity invariance we must have
g:Fy —g,F: +Fygl - Fogy + 1,V + Vap } 56
=G.fy = Gyf? +/,GE ~£.Gy + U +9U% >

and similar equations obtained by permuting the indices %, y, z.
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In order to quantise these equations we have to distinguish between two cases: (i) L does
involve the potentials U, » as well as their curl, f, g; (ii) L involves only f, g and not the
potcntiuls u, 2.

For the case (i) we postulate that all commutators vanish except the following ones and
those adjoint to these or obtainable from these by a cyclic permutation of the indices x, y, z:

[y, T, =71ic]Q, (5.7)
* = ,‘ < = - * \ ]
[V, w1 =1g:, Tyl = = [gy, T } =, (5.8)
= [”:n V] = [Fy\ ._’:] = - []<: s gz/] =

Here we have introduced the symbol £, for the common value of all the commutators of (5.8).
Using some form or other of (5.8) for defining 4,, we sce that £, actually commutes with all
field variables. 4, 4, % arc thus all “ constants of motion.”

We further assume
ga=t(kyu, k), . . }

- -ik.F, (5:9)

which are compatible with (5.7) and (5.8). The justification of these assumptions runs
exactly parallel to what we have done in § 3 for the scalar field and hence will be omitted
here.

(5.9) can be used to climinate g, V in terms of k, and the A-representation can be intro-
duced in order to reduce all matrices representing the field variables, etc. into submatrices.
Then the commutation laws are, by (5.7),

: N THC
[7‘:“)1 F}/L)] = 68111 (5.10)

and their adjoints.

We have applied this quantisation to the lincar casc of the customary vector-meson field
and obtained the usual results.

For the case (i) where the Lagrangian does not involve the four potentials the energy and
momentum are functions of F, g and their conjugates. The four potentials admit the gauge
transformation of the first kind (7.c. the addition of an arbitrary four-dimensional gradient)
which does not affect the energy, momentum or load (¢/. p. 52). In fact onc can do away
with the potentials altogether, and replace (5.1) by

. 10g
div g =o, curlf+[5=o. . (5.11)
(5.3) now reduces to similar cquations:
. 1 OF
div F=o, curtG~- ——~=o. (5.12)
¢ ot

For quantisation we postulate the non-vanishing commutator relations

lgf, Ful= ~[gy, FI\ _ e
* » = ﬁkr‘ (5.13)
=[Fw gz]= "'[F:; gw]
k,, thus defined, commutes, in virtuc of the commutation laws assumed, with all the field
variables F, g, F* g¥
We further restrict g, g,, g. and F,, F,, ¥, by

k.g=o, k.F=o, (5.14)

which are also compatible with (5.13).
Then the field equations (5.11), (5.12) are reproduced in the quantised form. The com-

mutator of the momentuin with one of the vectors F, g, F*, g* is 47k times the same vector.

Further, E, p,, 2,, 2. all commute.
The solution of the quantised equations of (5.11) is therefore given by the quantised form

of (5.1); the potentials thus introduced arc determined only to an arbitrary additive term,
since one can add
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o
(5]

~Bf) o5, ip,f) o b, (519

f being an arbitrary function of F, g, F*, g* The commutators of p with any function of
F, g, F* g* is proportional to k. Hence the indeterminate part of u is proportional to k,
and since k . F =o this has no cffect on the total load ¢ given by (5.4).

If one prefers to take (5.1) and (5.12) as the ficld equations and thus include the potentialg
as field variables, one is left with some arbitrariness in choosing the commutation relationg
involving the potentials. To avoid this arbitrariness one can make the potentials determinate
by adding the restriction

Z[Pav u,]=o, ie. k.u=o, (5.16)

or classically
divu=o. (5.16a)

Still regarding the field components F, g, F¥*, g* as the independent variables, the potentials

can be defined in terms of them by
k. f ikAg

L P U="ge " (5.17)
Here k and f arc abbreviations standing for functions of the field components F, g, F*, g*
as given by (s5.13) and (5.5). From (5.17) and (5.13) we have the commutation relations

oy iy, B V)
[2®, Fff’] =Z—§[<8M - %’) (5.18)

This is different from the corresponding relation for the case (i), and depends{ on the
arbitrary restriction for the determination of the potentials. The quantised cquations of
(5.1) and (5.12) then follow from (5.13), (5.14) and (5.17).

The case of a recal vector field (e.g. the electromagnetic field) can be obtained from the
above by the restriction (4.3) for the field components. It is casily verified that the restriction
is compatible with all the commutation laws obtained here for the vector field.

6. Spinor FIELD

We now consider a spinor field which is described by a spinor », with four components
v, $=1, 2, 3, 4, its adjoint v* and the space and time derivatives

1 dvu,
fs =grad Vs, gs = — Z, _ét_' (6'1)

For a Lorentz transformation the z, are subject to a lincar transformation in such a way that

4
*\ __ »
(2)(1‘1) )_ 2 Qys¥pls
r,s=1

. (6.2)
%)= 0t

r=1

transform as a four vector. The first of these formule shows that o has to be considered as
a 1-row matrix, o* as a 1-column matrix in spinor space. (In Dirac’s theory this is generally
done the other way, the 4 spinor components of the wave function are considered as a
1-column matrix.)

Let the Lagrangian L be an invariant real function of z,, f,, g, and their conjugates. Let
us introduce
oL « OL
ags: “—afzs’ e (6'3)

t The commutation laws in this form for Fourier coefficients have been already obtained in the case of
Maxwell’s electromagnetic field by Novobatzki, Zeits. f. Physik, cX1, 1938, 293.

A Gy =~

=5
v,
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and their conjugate quantities. The ficld equations arc then

. 1 0G,
div F, +; = V,. (6.4)

The canonical energy-momentum tensor
Too=(gG*) +(Cg*) + L,
Tao=(foG") +(GfD),
Toy= (gF;) + (Fﬂg')’
Txu = (sz;;) + (va:) - quL
satisfics the conservation laws
OTay OTay OTa; 10Ty

ox T hy T o T 0 (@=0m,9). (6.6)

(6.5)

For a relativistically invariant Lagrangian it can be shown 1 that a symmetrical encrgy-
momentum tensor exists, which also satisfics the conservation laws.

Concerning the total energy and momentum in a volume £ it does not matter whether
it is calculated from the last row (or column) of this symmetrical tensor by integration over
space, or from the components Ty, and T,q (but not Ty,) of the canonical (unsymmetrical)
tensor (6.5).

According to our procedure of treating the densities as constants, we take for the cnergy
and momentum the expressions obtained from the canonical tensor:

E=0{(gG*) +(Gg*) + L}, 6.7
Q
p=—{({G*) +(Gf*)}. (6.8)

The dimension of the Lagrangian is assumed to be that of energy-density.
If the Lagrangian is also gauge invariant (Z.e. with respect to the transformation o, — v,€'Y),
we have further the conservation law:

. I aSO
divs + ; —8—; =0,
where
s =#{(wF*) - (Fo*)}, 5
so=i{(0G) - (Gom). ¢
We thus obtain the load ¢ (dimensionless):
£)
7= ﬁ;{(vG*‘) ~(Go¥*)}. (6.10)

When the energy E is regarded as a function of v, £f,, G, and their conjugates, V§, Fy, g¥,

etc. can be obtained by differentiation:

« I0E « 1 0E « I OB
sT0O 50 gs = Yolt l‘z;= O of 2 * (6'11)
Q ov, Q 8G, Q 0f s
For gauge invariance E is necessarily given by a series of terms cach containing an equal
number of factors with the asterisk and without, the total number of factors of cach term being
thus always even.  E/Q has also to satisfy the condition which expresses that the Lagrangian
is relativistically invariant.
The procedure for quantising the field is the same as above, (6.1) and (6.4) being replaced
by commutator equations according to (2.2). But this.time we assume “anti-commutation”
laws, the non-vanishing oncs being

T Cf. W. Pauli, Rev. Alod. Phys., X111, 1941, 204.
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the
[G:> V4=~ ’Q'Srs; (G.Iza)
- . he
[C‘r y fs]+ = [fn Gs]+ =:Qk5rs~ (().Izb)

The last equation defines k. The anti-commutator of A and B is defined by
[A, Bly =AB+BA; (6.13)

whenever desirable the ordinary commutator will be denoted by [A, Bl_. We note the
following clementary algebraic identities containing anti-commutators:—

[AB, C]- = A[B, Cl. - [A, Cl+B, (6.14)
[1A, Bli, Cl- = [A, [B, ClJ- +[B, [A, CL]-. ©.15)

By applying (6.15) it follows from the anti-commutation laws alone that k commutes with
all field components.  I‘urther, it follows from the anti-commutation laws that

i

f,=/ko, (6.16)

because the difference f, — 7kwo, anti-commutes with all ficld components.
We proceed to verify the ficld cquutions. Commute the momentum (6.8) with z:

[p, ,)_ Z,[f GF+G,f2, v (6.17)

Apply the formula (6.14) and note that most anti-commutators vanish. Hence

2
lp; 7, J— = [G* 2'\)]4— = '"l.ll'fsr (618)

which is the quantised form of the first cquation of (6.1). Combining (6.18) with (6.16)
we have ' '
[p, z}s]—=’hkvs' (619)

Evaluating the commutator of the momentum with £, or G, by (6.14) and the anti-
commutation laws, we have further

{pufa:s]— = hk.f:rS) [p; Gs]— = ths (6.20)

By the same consideration about the gauge invariance of the energy as given above
§ 3, p- 40), it follows from (6.19), (6.20) and their adjoint equations that the components of
the momentum and energy all commute, and further

[p) J.s‘]——hkra.w cte. (6.21)

We also need the commutators of the energy with the field components. In virtue of
the anti-commutation laws we may assume, without any loss of generality, that the encrgy E
(supposed to be gauge invariant) is given as a series of terms, cach term being the product
of a number of “doublets”—a doublet being the product of two ficld components, the right-
hand factor carrying an asterisk and the left-hand factor not. The commutator of a doublet
with a third ficld component can be evaluated by the formula (6.14) and contains one anti-
commutator only, the other vanishes. Since the anti-commutators of the ficld components
commute with all field components, we have, by induction with respect to the addition and
multiplication of doublets,

of )

Lf) U,]_ = —_‘i[Gs ) Us]-'r)

[f Gs]—“ afu[ Vs, G ]+ + Zaf‘ [fzs) s]+)

[f’ fs]— = 5{;&[(;:) fs +5

(6.22)

—
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* *. 6 )
[f7 '”a]—= - [Gs, va]+5é:
of

* % 0 *
[f) Gslo=-1v, G, ];ég - Zz[f:rs) Gy J)a."f“’ (6.23)

[f: f:]* = - [Gs) fr];;é[;

J

where f denotes an arbitrary serics of terms, cach being the product of a number of doublets.
The negative sign of (6.23) originates from that of the second term of (6.14).

Taking the cnergy L for f, and using the definitions of (6.11) and the values for the
anti-commutators given by (6.12), we get from (6.22

Y

T - )
- []1‘: z/s]— = wg:;(.(’s > 'Us]-(- =- l/lg.\"
3 [

, (6.24)
“[E, GJJ_ =iV, +hk . Fy=ihV, + Db Fudl,

which are the remaining quantised field equations to be verified. The adjoint equations of
(6.24) follow from (6.23).
The special case of Dirac’s clectron field is described by the Lagrangian

p
L= gg{(vg*) —(go*) + (£ . av*) - (va . £%)} + mi(v Bo*), (6.25)

where mc* is the rest energy of the electron and o, of dimensions (length)™? as usual.
a (components ag, a,, a;) and B arc Dirac’s numerical matrices, their columms and rows
being here transposed. From (6.25) we get, according to the last equation of (6.3),

G‘ 2 e e 2 -_.2)3’ (626)

which is independent of g,. Here we have a singular case, the above transformation from
L to E based on the change of variables from g, to G, being now impossible. Hence we
consider this case separately.

From the Lagrangian (6.25) the following expressions for the energy, momentum and
load are derived:—

X
E= L—:?{(f . av®) - (va . £¥)} + mQv Bo¥),

p="22 (%) - o), (621

g =Q(vo*).

Here p and ¢ are obtained from the gencral expressions (6.8) and (6.10) by the specialisation
(6.26). E is obtained from L by the canonical transformation (6.7), the terms of L lincar
in g and g* disappear in E. The energy and momentum are thus expressed in terms of
v, f, and their conjugates. No other variable need be introduced.

It can easily be verified that for this case the anti-commutation laws are the following:—

*
[vr, 2]+ =0,/Q, } (6.28)
* ¥* . .
{or ;f;]+= ~lor, /s L= strs/Q:
while all the other anti-commutators vanish.
If in the cxpressions (6.27) for the energy and momentum we had taken the factors in the
reverse order we should have obtained formally the same anti-commutation laws as (6.28)
but with a negative sign on the right-hand side. Such an equation as

[2}:, 113]+ = —Srs/Q (629)



56 Max Born and H. W. Peng

is self-contradictory for »=s as then the left-hand side is always positive.  This negative sigy
originates from the sccond term of (6.14).

It is interesting to compare the quantisation of tensor fields on the one hand and sping;
ficlds on the other. The momentum and for linear fields also the encrgy arc bilineg,
expressions of the field components, and it is always the commutators of the cnergy ang
momentum with the field components that correspond to the time and space derivatives of the
latter. The branching into commutation and anti-commutation laws has its root in the
following elementary algebraic identitics:—

[AB, C]_

1l

+A[B, C_+[A, CI_B, (6.30)
[AB, C]_ = +A[B, C], -[A, C],B. (6.14)

The two plus signs on the right-hand side of (6.30) have the result that for tensor ficlds the
quantum expression for a classical product AB* can be cither + AB* or +B*A. On the
other hand the plus and minus signs on the right-hand side of (6.14) have the result that
for spinor ficlds the quantum cxpression for a classical product AB* has to be +AB* o
- B*A. TUndoubtedly the most symmetrical choice would be the mean JAB* + $B*A for
tensor ficlds and $AB* - IB*A for spinor fields. The differences of the various quantum
expressions for the same classical product are in most cases constants or zcro, expressible
in terms of commutators for tensor ficlds and anti-commutators for spinor ficlds,

Returning to Dirac’s clectron field, we can proceed further by eliminating f; and again
considering the submatrices:

E® = fcQk . (oHap* W) + m Qo By, \
P = FRQ(p Mgp*i), (6.31)
7' = Q(athg* ), [

The transformation to principal axes for the encrgy is achieved by

1
ol = Mg, (6.32)
T=1
where all the transformation coefficients S%) arc c-numbers. The index 7 is used in order
to distinguish the new variables from the old ones and to emphasise the fact that 2%
does not constitute a spinor. The S®) are the usual normalised solutions of Dirac’s equation
for a free particle of momentum 7%k; the index 7 distinguishes the two orientations of the

spin and the two signs of the cnergy-value, while the index s enumerates the four components
of the spinor. Thus S¥) forms a unitary matrix satisfying

SWfick . a +me? BSHI = W), 633

which is a diagonal matrix. 1n the usual representation of Dirac we have

1 o o o
o1 o o . e T 5 a

B= 6 o -1 o and ®=¢.B, €= +cV 12K + 22, (6.34)
o o o -1

The expressions for the momentum and load arc invariants of this transformation of variables.
We thus have
EW = ¢, Qf k1%l 4 52k (R)2 _ (K35 (K13 _ (g% ()1} ]
P = 7RO g0 4 2y kN2 4 I3 H(RI o (K1Y L (6.35)
g = QR g (k12 %02 4 gy (KIS* (I3 g (RN g R (I,

The anti-commutation law Is transformed into

[*®)r yl0Ie] =§, ,/Q. (6.36)
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If we define Qo®7*®7 which by the anti-commutation law has the eigenvalues o and 1,
to be the number of quanta of the kind distinguished by the superscripts, we have then to assign
negative energy-values to the quanta of the third and fourth kind. But since Qo*®p)
has also the eigenvalues o and 1, we can define the number of quanta in a different way:

N@r = Qplbirg®®rr 7=y, 2),}

: Ve (i 6.
NWT = Qu*®my®rr  (r=3 4. (6.37)

Then we can assign negative load but positive energy to the quanta of the third and fourth
kinds:
E® = ¢, Q{N®1 4 N2 N3 4 Nk _ 2},]
P = R{NBIL £ N2 - N03 _ NAM 4 5} (6.38)
g®) = N1 L NKIZ _ NKI3 _ NW4 4 5, J'

Here the zero-point energy, momentum and load correspond to —1 quantum for the quanta
of the third and fourth kinds. It could be just as well distributed as ~4 quantum for quanta
of all kinds if the mean value $vz* — Jo*v were adopted for the transcription of the classical
expression zo*.  Then in p* and ¢'® the + 2 disappears while in E%® the -z is preserved.

CONCLUSION

A main feature of the new theory is the fact that the superposition principle holds for each
state of a purc field. Interaction between states of different k is excluded. It can exist
only between different types of fields if a proper interaction energy is introduced. This
situation determines clearly the programme for further work. One has to introduce a coupling
between different fields in an invariant way. It seems to be possible in this way to account
for the production of new particles from the primary ones. It remains to be seen whether this
idea leads to an understanding of the ultimate particles.

(Issued separately March 7, 1944)



(Reprinted from NATURE, Vz;l. 153, page 164, February 5, 1944.)

Statistical Mechanics of Fields and the
- ‘Apeiron’

In view of the difficulties encountered in the
quantum theory of fields, we have developed & new
approach to this subject which bears a much closer
resemblance to ordinary quantum mechanics of
‘particles than the existing theories (Heisenberg and
‘Pauli). We consider the field in a finite volume
as a mechanical system described by its total energy
and momentum. The latter are obtained from the
classical expressions for the energy-momentum
densities simply by multiplication with Q. Each
field component is considered as an operator (for the
whole volume Q) and is not regarded as a function
of the co-ordinates at all. Between the field com-
ponents we have established very simple commuta-
tion laws, analogous to the ordinary law pg — ¢p =
k/i, which depend on the transformation character
of the field considerad. 'For example, for the scalar
meson field (potential v, its gradient f; its time deriva-
tive g; * means Hermitean adjoint; [a, b] means
ab — ba): ' :

B BN .hc
[v,0%) = [* 9] = iy

he

g% f1 = [f* gl = kg
Here the vector k is just an abbreviation for the
commutators ; ‘it is a dynamical variable, but in
virtue of the commutation laws a constant of motion,
that is, it commutes with all field quantities, with

the energy and the momentum.

We have verified! that in this case, and also for
all other known fields, these commutation laws (or
in the case of electrons similar anti-commutation
laws) lead, with the transcription

rof raf
(20 f] = 730 [B:f] = — 75
to the complete set of field equations and yield the
same results as the usual quantization method
(integral number of quanta with half-quantum zero
energy). .

But there appears a completely new feature of
" fundamental importance in the theory, connected
with the vector k introduced above. It turns out that
k corresponds to the geometrical variable ‘wave
vector’ introduced by Fourier analysis in the usual
theory. But it is here a real dynamical variable ; its



eigen values together with other quantum numbers
define the pure states of the field. The distribution
of these eigen values depends on the shape of the
volume €, but can be assumed for a large volume
to be uniform in the kgz, ky, k;:-space (forming a cubic
lattice).

In quantum mechanics it is necessary to introduce,
apart from pure states, linear combinations of such,
called mixtures; but it is not necessary that every
possible state should appear in a mixture. (That is
the main difference between our new theory and the
usual one, because there each Fourier coefticient, con-
sidered as a g-number, necessarily appears, having
at least its zero energy). A mixture contains in general
a selection of k-points, each of which may still be
occupied by any one of the quanta of the kind con-
sidered.

It is necessary to have a name for this sub-group
of pure states belonging to the same k-value, which
is something intermediate between the ordinary
notion of a quantum (or particle) and a mechanical
system. We suggest to use the word ‘apeiron’, intro-
duced by the Greek philosopher Anaximander (about
650 B.c.) for the boundless and structureless prim-
ordial matter.

For a definite system (pure field) no mechanical
knowledge is available to decide which apeiron may
appear (which k-points are occupied by apeirons).
Therefore we have to apply statistical methods. This
is a new type of statisties, to be distinguished sharply
from the ordinary distribution of quanta over the
possible quantum states. For example, in the case
of the scalar meson field referred to above, one has
not only to assign the number of positive and negative

mesons N]:, N}, (equal to G, or 1, or 2, .. .) of &

specified apeiron k, but also the number A (equal
to 0 or 1) which indicates whether a place in the
k-space is occupied by an apeiron or not. Both
distributions must be made simultaneously ; the N,
satisfy in this case the Bose-Einstein statistics (in the
case of electrons the Fermi-Dirac statistics), while
the n, evidently always belong to the Fermi-Dirac
type of statistics.

If, therefore, the total number of apeirons is a

given number 7, the distribution of A, the mean

value of A, as a function in the k-space has the
features well known from the electron theory of
metals. For low temperatures all k-points are occu-
pied up to a finite limit | k| = X, while all places
with higher | k | are empty. ¥For higher tempera-
tures this rectangular distribution curvé becomes



rounded off at the end, but in any event the function
Ak falls exponentially to zero for | k| — . If

€ (N :, N:) is the energy for the upeiron k in the
occupation state Nt. N: (for example, for the scular
meson field : g, = ¢,° (N+ + N_ + 1 )) the total
energy is B = ZA,c,; it behaves as if the field were

k
a Fermi-Dirac gas of molecules each of which was
an apeiron and therefore had an infinity of states

corresponding to the numbers N :, N : of quanta.

If now A, is replaced by its average A,, the sum E
will converge in spite of the zero energy ¢,° which s
proportional to | K |.

It is to be expected that all divergent sums and
integrals of the usual photon and meson theory are
made convergent by the proper application of the
apeiron statistics. In the case of collision phenomena,
one has no thermal equilibrium ; but the transition
probabilities depend not only on the initial and final
state but also on all possible ‘intermediate’ states.
The cross-section integrals are extended over the
statistical apeiron distribution.

The magnitude of the total number n of apeirons
in thermal equilibrium has to be chosen in such a
way that the self-energies of the elementary particles
are correctly represented ; that means that the upper
limit kg of the filled part of the k-space is connected
with the radius r, of the electron by a relation of
the kind kyre ~ h.

The case of the electronic field can be treated in
such a way that the contribution to the energy of each
electron and positron is positive. But then there is a
negative zero energy, and therefore no thermal equili-
brium of the apeiron is possible. This does not seem
to us to be a real difficulty, because & set of electrons
left to themselves is not in equilibrium. Electric
clouds like those in metals exist only on account of the
fact that in this case the interaction energy with
other particles (which is omitted in our considerations)
is large compared with the thermal energy.

Investigations on the application of this theory to
the elementary particles, their masses and their
mutual collision cross-sections are in progress.

Max Born.
H. W. PEnNa.
Department of Mathematical Physics,
University, Edinburgh.
A Proe. Roy. Soc. Edinburgh (in the press).
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XII.—Quantum Mechanics of Fields. 1l1. Statistics of Pure Fields. By
Professor Max Born, I'R.S., and H. W. Peng, Ph.D., Carncgic Rescarg],
Fellow, University of Edinburgh.

(MS. received April 10, 1944. Read May 1, 1944)

INTRODUCTION

THE quantum mecchanics of ficlds * recently developed by us leads to a modification of
statistical mechanics of clementary particles which seems to overcome some of the difficulties
(divergence of integrals) occurring in the usual quantum theory of fields. The main difference
between the new theory and the usual onc is as follows.

In the usual theory the wave-vector k is introduced classically and, so to speak, kine-
matically by the Fourier analysis of the field. ‘The Fouricr coefficients of the field componentg
are then treated according to quantum mechanics as non-cominuting quantitics; those
belonging to the wave-vector k describe the corresponding “model” mechanical system,
namely the kth radiation oscillator.  But the statement that the Fourier coefficients belonging
to & certain k all vanish, which statement classically is significant, is now meaningless because
there is a lowest state with zero-point energy for cach radiation oscillator.  The field is thus
made to be equivalent to the assembly of radiation oscillutors of all possible wave-vectors
which, being necessarily infinite in number, contribute an infinite zcro-point energy for the
pure field and lead to other divergent integrals for the interaction between different fields,

In the new theory, on the other hand, the whole ficld occupying a certain volume is treated
as onc mechanical system. ‘The ficld components, cach as a whole, arc non-commuting
quantities, while the cnergy and momentum are simply algebraic functions of these.  Besides
the energy and the momentum there occur three other constants of motion 4,, 4, £, forming
a vector k. The latter are primarily defined as certain commutators of the field components
and arc, as such, sclf-adjoint dynamical variables referring to the whole volume of field.
It turns out that they commute with all ficld components, and hence with the energy and the
momentum, and also among themselves. Hence if matrices are used to represent the non-
commuting quantitics, and if the representation is chosen in such a way that the matrices for
by, Ry, &, arc all diagonal with the cigenvalues (z.e. the diagonal clements) of cach matrix
grouped together when they are equal, then all the matrices representing the field components
and also their functions will appear as step-matrices with each step belonging to a certain
set of eigenvalues of %,, 4, £, (or, for shortness, belonging to a certain (4)). In view of the
way the eigenvalucs of 4., 4,, 4, are grouped together, the different steps always belong to
different sets of eigenvalues (z.e. different (£)).

This decomposition into submatrices belonging to different (£) in the new theory corre-
sponds to, and replaces, the cxpansion into Fouricr terms of different wave-vectors in the
usual theory. As shown in I, the submatrices belonging to (%) for all the field components,
the momentum and, when the field equations are lincar, the energy, coincide respectively
with the matrices representing the corresponding Fourier coefficients of the field components,
the momentum and the energy of the kth radiation oscillator of the usual theory. When
the boundary conditions are taken into account the possible values for (£) are exactly those
values which the wave-vector when introduced kinematically can take. (This will be shown
in § 1 below.) These possible values for (4) may be taken in the usual way as discrete, forming
a three-dimensional k-lattice, if the volume of the ficld is large but finite.

But in the decomposition of the matrices, including those representing the field components,
there is no reason why all submatrices belonging to all possible (%) should occur. Exactly
which of these actually occur depends on the dynamical state of the system (7.e. the volume

* We shall refer to Part I of this series of papers by simply quoting I.  Sce these Proceedings, LX11, 1944,
40-57.
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of field as a whole) and is described expressly by the constants of motion 4, £,, 4, for this
dynamical state. This clevation from kincmatics to dynamics of the wave-vector k of the
field as a whole is then the main difference between the new theory and the usual one.

It may be remarked in passing that in the usual theory the use of the Fourier expansion,
though convenient, is of course not nccessary.  Indeed the general idea of the usual theory
has to be formulated primarily in the co-ordinate representation, namely that the field at
the znfinitesimal neighbourhood of cach point r forms a “model” mechanical system. In
this representation the main difference between the new theory and the usual one exhibits
itself no less fundamentally in that in the new theory no kinematical analysis of the volume
of ficld into zufinitesimal neighbourhoods of points is allowed. The only kinematical notion
still retained is the size of the volume. In applications this volume refers always to that con-
cerning a measurement. If one analyses this volume into smaller but finite volumes one has
to compare the results with those of finer measurements, which is a problem the details of
which we need not go into for the present. For the whole volume there exists only oze
dynamical co-ordinate vector, which is the quantum-mechanical conjugate variable of the
total momentum contained in this volume of field and undoubtedly serves its only purpose
when the motion of the volume of field as a whole is being investigated.

Having thus emphasised the deep-lying character of the difference between the new
theory and the usual one, we return to the k-representation and seck for a physical interpreta-
tion of the dynamical variables %, £,, 4, of the ncw theory.

To begin with, we may recall the fact that in ordinary quantum mechanics the properties
of a system of Anown constitution (by this term we mean, e.g., the masses of the particles which
are assumed to be known, or the frequencies of the oscillators) are described by a set of
matrices which are essentially trreducible; z.e. they cannot all be transformed simultaneously
into the form (A here denoting any matrix of the set)

A" O
O A"

without the step-matrices being simply tautological reproduction of the first step,*
A’=A"=. .. In such cascs one can derive all information about the system from the
set of the first-step step-matrices, which set is also the only irreducible representation of the
non-commuting set of dynamical variables describing the system.

But in the new quantum mechanics of fields the properties of a volume of field turn out
to be described by a set of matrices which are really reducible, because the step-matrices
belonging to different () are distinct. ‘The transition from the type of commutation laws
which lead to the irreducible matrices of ordinary quantum mechanics, and the new type
of commutation laws which admit non-trivial reducible solutions, corresponds in classical
mechanics to the transition from the mechanics of point masses, represented by ordinary
differential equations (one independent variable, time /), to the mechanics of continuous
matter, represented by partial differential equations of the hyperbolic type (4 independent
variables x, v, z, # with the signature + + + —). This is a new aspect of the relation of
differential equations to the algebra of non-commuting quantities. It also constitutes a
generalisation of the representation theory of the ordinary quantum mechanics dealing with
a system of known constitution. Some physical hypothesis has to be introduced for inter-
preting the use of such reducible representations, and thus for enabling us to decide how the
pure states T of the volume of field are to be described in this kind of representation and
what the corresponding energy-values are.

* For the demonstration of this theorem see Born and Jordan, Elementare Quantenmechanik, Springer,
1930, § 23, for a single particle, and § 17 for a system of particles.

1 The notion of “pure state” was used in I, section 3, in a way which did not take account of the funda-
mental difference between ordinary quantum mechanics and the present field theory concerning the irreducibility
of the matrices. We have to correct these statements according to our present better understanding of the
mathematical structure of the new theory.
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We shall now show that such reducible representation could have been used also in the
ordinary quantum mechanics to describe an assembly of systems of known constitution,
yet the advantage of using such reducible representation only appears when one wisheg to
describe an assembly or a grand assembly of systems of variable constitution. To illustrage
this we consider for simplicity an assembly of two harmonic oscillators of known frequencieg
vy, vo which are unequal. Instcad of studying the Hamiltonian

= 0(/’1 +V171) + J“(/’2 +Vﬂ2)

with the commutation law [p;, ¢,]= —#/id; which is the usual method, working wity'
essentially irreducible reprcscntatlons onc can also study that reducible rcplescntatlon of
the energy-operator E=3(p? +1%?%) with the commutation law [p, ¢]= —77i in which the
V1
o
paring the two ways of describing the same assembly we obtain the rule for the enumeration
of the pure states.

If an assembly is described by a reducible rcprcscntation the purc states of the assembly
are obtained by combining the pure states of the various step-matrices in all possible ways,
The encrgy-value for a pure state of the assembly is obtained by summing the corresponding
eigenvalues of the various step-matrices of the energy-operator.

However, if the above assembly of two harmonic oscillators were of variable frequencies -
the values of which depend on the knowledge derived from measurements, the method working
with the reducible representation is then by far the simpler to apply. This method can also
be used for a grand assembly of varying number of systems which then corresponds to various .
dimensions of reducible representations. The totality of the pure states of the various
reducible representations gives the pure states of the assembly or grand assembly of systems
of variable constitution.

Adopting this use of reducible representations, we may conversely consider a volume of
ficld as an assembly of systems of variable (£). We suggest the term apeszon * for the system
described by the step-matrices; an apeiron of wave-vector (£) is the kth radiation oscillator,f -
considered not as a virtual assembly of states, but as a kind of material particle (like a photon).
It has as many degrees of freedom as the number of independent polarisations for a real field
and twice this number for a complex field. TFor each degree of freedom there exists a quantum
number N =o, 1, 2, . . ., which in the usual way may be mterprctcd as the number of quanta
of a certain klnd occupying the apeiron.

The reducible representation with 4, 2, £, represented by

. o . .
frequency-operator is represented by v=( N ), vy, vy being the step-matrices. By com-
2

P P A

where the step-matrices £,, £, ctc. are multiples of unit matrices, then describes an assembly
of » apcirons of wave-vectors k', k”, . . . k™). We thus reach the following physical inter-
pretation for the constants of motion 4, 4, %, of the field; namely that, by their being
reducible into various distinct steps, they describe the entire configuration of the wave-vectors.
(They may therefore be called the configuration wave-vector of the assembly of apeirons.)
Since the step-matrices belonging to a certain (£) arc cssentially irreducible, no two apeirons
can have the same value for their wave-vector. This exclusion principle follows from the
way we are using reducible representations.

* The term #mepov was introduced by Anaximander of Milctos (about 550 B.C.) for the boundless and
shapeless primordial matter which is the first product (arché, épx#) of the creation and develops into the
specific types of ordinary matter.

1+ The term radiation oscillator used throughout this paper differs from its current use in the minor point
that we do not analyse it into simple harmonic oscillators, onc for cach polarisation.
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The pure states of the volume of field are to be enumerated by indicating those wave-
vectors for which apeirons appear, together with the quantum numbers indicating how cach
apeiron is occupied by quanta. The volume of ficld is thus equivalent to a grand assembly
of apcirons, and-can be compared to a volume of gascous molecules.

We have therefore to treat a volume of field by statistical methods. In the following
sections we shall consider in detail the canonical distribution of the apeirons, particularly
for the electromagnetic field* We shall sce that Planck’s law is essentially valid. The
apeiron distribution is like that of a Fermi gas with a high degeneration temperature, if we
assume that the number of apcirons in a finite volume is finite and take the zcro-energy of
the apeirons seriously for statistical consideration.  Since this zero-energy cannot be measured
as heat, the “temperature” parameter characterising the apeiron distribution may be unrelated
to the temperature measured with thermometers. The distribution of the apeirons affects,
however, many observable quantities, such as the cross-sections for collision processes which
will be treated in subsequent papers.  But it is clear that with such a distribution of the apeirons
all sums over the assembly of apeirons arc convergent.

1. PROBABILITY OF DISTRIBUTION

The mechanical treatment of a ficld, as explained in I, led to the following description of

“a pure field. Using the reducible k-representation (see I and the Introduction of this paper),
the Schroedinger wave-cquations for the volume of field are reduced to the following for the
apeirons:—

fi i v
p(k)qr(k;=; grad W®; EEP®E aEiarvas (1.1)

The step-matrices p*), E® are here represented by operators; these are functions of the
operators &, 4® and their adjoints which represent the step-matrices of the field components
(¢f. 1, § 2). Here the index 7 indicates the polarisation; the total number of independent
polarisations is 1 for ascalar field, 2 for the electromagnetic field, and 3 for the vector-meson
field (I, § 5). We shall confine oursclves to such fields. Owing to the fact that the field
components are complex quantities there are two operators, denoted here by ¢ and 3, for
each wave-vector T k and polarisation 7. For a real field the 2’s and the #’s of opposite
wave-vectors are identical, thus reducing these field variables by one-half.

The wave-functions involve x, y, z, £ as parameters; as their arguments one may take
the eigenvalues a;,, 8, of the operators a®, 5#; i.e.

b4l =\Fk(akr) ékf; %, ¥, 2, !)' (I'Z)

The operators 2, &®, applied to (1.2), simply multiply the wave-function by a;y, &, Te-
spectively; while their adjoint operators, applied to (1.2), produce the partial derivatives
with respect to a;., &y, respectively (see I, § 3, equation (3.10)).

Since the operators p® and E*) do not involve x, y, z, #, the solution of (1.1) is, by the
method of separation of variables, a linear combination of the eigenfunctions

‘/’k, ~@iry & Irr)"i(p"'r—n"‘)/h- (1.3)
The eigenvalues p; and E; are (after the symmetrisation of factors, sce I)
Pr= ﬁkZ(Nln‘+ = Njr), (1.4)
T
Ep=€ 0 (Nige + Nigo +1), e =FicV 2+ 22, (1.5)
T

* It can be seen that the application of statistical mechanics to the apeirons of a pure electron (Dirac) field
leads to no canonical equilibrium.

1 Here and in what follows k denotes the wave-vector of one apeiron. We regret that the same symbol
has bLeen used in I both for this and for the configuration wave-vector of the assembly of apeirons, but the
context and the other symbols which occur in an equation will determine the meaning of k.
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where the last cquation is restricted to the case of lincar ficld equations, and 7%in/c is the regt
mass of the quanta (zero for photons). Ior a complex field the cigenvalues Ny, represent
the number of quanta of positive and negative load (z.¢. charge in the clementary unit), the
eigenvalue of the load being

Ir= Z(Nk-r-r - Nlrr—)- (1.6)

For a real ficld the eigenvalues N, satisfy the restriction
N)Fﬂ. =N, = Ng, Nk-r+ =Nir- = Nyo, (1-7)

where £ and £ refer to any two apeirons of equal but opposite wave-vectors.

In thermodynamical considerations the assembly of apeirons has to be considered as
enclosed in a box with walls. If the volume Q of the box is large and if the shape of the box
is rectangular, one can replace the (unknown) boundary conditions at the walls by the postulate
of periodicity of the wave-functions of the apeirons. Since Z(N,ﬂ+ —N,-_) can assume all

T

integral values, one has from (1.3), for a cube of volume £,

27
Ty, hymemhy, k=t 18
"o o™ 5" 9
with integral values #,, 4, 4, forming a k-latticc. By the usual consideration there are thus
Q
gs= (;Tjsdkzdkwdkz (1:9)

possible values for the wave-vector of an apeiron to lic in the sth interval, k to k + Zk.

Let Az=1 or o if the possible value k for the wave-vector (called the kth radiation
oscillator in the Introduction) is taken up by an apeiron or not. If 4, =1 the apeiron can
be occupied by a certain number Ny, . of quanta of the kind 7+. Hence the total number
of apeirons and the total number of quanta of the kind 7 in the sth interval are respectively:

k +dk k+dk

ng= Zk, 4,, Vspg = % AlcNkT:i:- (I-Ibo)

We have confined oursclves to such ficlds as the electromagnetic field where the number
of quanta can assume the values o, 1, 2, 3, . . . The occupation of the 7, apeirons by the
ver+ quanta thus obeys Bose’s statistics.  Since the occupation by quanta of different kinds is
uncorrelated for a complex ficld, we have for the probability for the distribution where there
are vy, quanta of the kind 7+ occupying some or all of the #, apeirons of the sth interval,

and so on for all other intervals,
log Wy = E E E Bery (1.11)
L -

Ba-r:l: = (7, +Vs'r;1;) log (7, + Vs*r:t) —ng log N5 — Very log Vsr4- (1.12)

On the other hand, since 4 can only be o or 1, we apply Fermi’s statistics and get for the
probability for the distribution for which #, apeirons occupy some or all of the g, possible
k-values of the sth interval, and so on for all other intervals,

log Wy= D F, (1.13)

Fs=gs lOggs — g lOg g — (gs - ng) log (g, - 7). (1.14)

The compound probability W for the distribution where 7, apeirons and v, quanta of
the kind 7+ are in the sth interval, and so on for all other intervals, is thercfore given by

log W =log (WeWy) = D F,+ > D" > Bery. (1.15)
s s T %
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We note that for this distribution the total momentum, the total cnergy, the total load and
the total number of apeirons of the assembly are respectively, by (1.10) and (1.4), (1.5), (1.6),

P=2 Api= D2 KD (Wyr, —vsr); (1.16)
k 3 T

E=ZA,\.E,L.=ZGSZ(VS”+VS.,_+ 1), es=h'c\/7;2+kf; (1.17)
k s T

q‘:zquk =ZZ(VST+_VST—); (1.18)
k $ T

”=2AI: =Z”s' (1-19)
k s

For a real field we have, from (1.7) and (1.10),
ng=1ng; Vi =Vsr— = Viry  Vory =Vir— = Vg (1.20)

so that, by (1.18), g =0; the load-operator becomes insignificant. The remaining equations
given above hold, provided we add a factor onc-half everywhere in connection with the summa-
tion over s. This factor comes in in (1.11) and (1.13) becausc the distribution is now
correlated by (1.20), and in (1.16), (1.17), (1.19) because the step-matrices are now identical
in pairs.

It is convenient to adopt throughout this paper the convention that a factor one-half is
always hidden in the summation symbol over s for real fields.

2. CANONICAL DISTRIBUTION OF THE QUANTA

We assume in this section that the apeiron distribution is arbitrarily given. The
canonical distribution of the quanta is then obtained by making (1.15) a maximum under
suitable subsidiary conditions.

Since we have enclosed the assembly of apeirons and quanta in a box with walls, the
total momentum (1.16) of the assembly in cquilibrium is zero. The total cnergy of the

quanta is constant
U=, > (Npry + Npr ) = 3 €, Wary + Vi) (2.7)
k T s T

(This differs from the energy-value (1.1%7) of the assembly merely by the zero-cnergy of the
apeirons, which is known from the given apeiron distribution.) The total load (1.18) is also
constant; but it vanishes identically for a rcal ficld.

Taking into account these subsidiary conditions we get, for the determination of the
canonical distribution of the quanta,

Olog W ap ouU N Og

(2.2)

=0 . +
MWers o Bau,,i Y e

where a, B, v are Lagrange multipliers. Substituting (1.15), (1.12), (1.16), (2.1) and
(1.18) into (2.2), we get

7, + v,
]Og ST ek =+ 0. ﬁkg +BE$ Ay (23)
Ver4
or 7
; . (2.4)

Vsr4 =€ia Jhk Bl dy _ I

This indicates that the distribution is independent of the polarisation. It is easily scen that
@ vanishes identically because the total momentum vanishes. vy is to be determined from
the total load and vanishes if the latter vanishes. Indeed for a real field y should have never
been introduced because the total load vanishes identically. We have therefore for the
canonical distribution of photons,

72
Vs7'=e—F,‘_s_—l=V§T- (2.5)
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We shall prove that the multiplier B is inversely proportional to the temperature T
Consider a volume of clectromagnetic radiation and change the volume Q slowly by a 1'0\’Cr5ibl(;
process, allowing transfer of heat to take place which means a variation of the number of
quanta. We have, for the total variation of log W, p and U,

Slogw=3 3 32lg Wy
s 1 & OVsry

¢
(2.6
= Z ZZ(‘L a. ﬁ'ks +Bes)8V.t'r:!:’ : )
s T +
Sp = 2 Z ﬁks(svs'r+ - Svs-r—) + Z Z (Vs.”_ s Vs,._)q;—zg—sag, (2.7)
SU = Z Z 63(81/51'1\- + Svs‘r—) + Z Z (Vs1‘+ + VST_)%SQ' (28)

The second cquality of (2.6) follows from the assumption that the radiation was originally 5
canonical distribution of quanta. The terms of (2.7), (2.8) containing the variation of k,
with respect to the volume Q arc to be calculated from (1.8) without * changing the quantum
numbers Z,, 4, 4.

On combining (2.6), (2.7), and (2.8) we get, on dividing both sides by B,
1
B

where P stands for the expression

O¢ ofik,
P=- z‘: ; (Vry. + Vs-r-—)é‘s -éa . 2 Z(Vs-r-l- - 1’.97—)7;2" (2.10)

S T

I

S log W=8U +
8 B

o . 5p + P3Q, (2.9)

Since we can treat the motion of the total volume of radiation by classical mechanics, we have
dp =157, where f is the total external force acting on the volume of radiation during the
interval of time 82, Thus the last two terms of (2.9) represent the total work done by the
system

~8w=P5Q ~v . £5z, (2.11)

and hence P signifies the pressure and
v=-a/f (2.12)

is the molar velocity of the total system.
Comparing (2.9) with the first law of thermodynamics

3Q=08U - éw, (2.13)

we see that B is an integrating factor of the heat transfer 8Q and hence, according to the
second law of thermodynamics, proportional to 1/T. As usual we put (herc £ denotes the
Boltzmann constant)

B=1/*T, S=~klog W, (2.14)
then S is the entropy.

(2.9) shows at once that (~a, B) =(v/£T, 1/£T) form a four-vector. Hence temperature
is not a scalar but its reciprocal is the fourth component of a four-vector. This has been
already considered in a formal way by Bergmann.t

In our present case, however, we have, by our use of the k-representation which is the
analogue of the usual Fourier analysis, committed ourselves to the system of reference which
is at rest with the walls of the volume Q. Hence, by (2.12), we see again that a=o.

In equilibrium the distribution of the quanta must be isotropic. This imposes, by (2.5),
a condition on the distribution of the apeirons. For an isotropic distribution of quanta it

* This follows from the adiabatic principle of quantum mechanics.
1 Bergmann, Phys. Rev., LIX, 1041, 928,
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can be casily verified that the pressure (putting a=o in (2.10))
Z 2 Z Vor . 7("2 (2.15)

can be considered as produced by the rebounding of the quanta on the walls. For this
purposc consider the group velocity of the waves which, according to de Broglie, represents
the particle velocity and is defined by the derivate of the energy with respect to the momentum.
In our casc the momentum is

ﬁks:}: = + flks (') 16)

for the positive or negative quanta; the energy is €; and therefore the group velocity is
Oe,
U,y = olik,, (2.17)

Introducing this into (2.15) and using (1.8) we get for the pressure
Jeg olik
P=- 3 gt S sk oy (U, . fik
2;%” ok, 0Q 39222” o (e ). (

Consider, on the other hand, the momentum imparted to the wall by the quanta, the momenta
of which are 7ik.,.; their velocities U, and their number for unit volume v+7£/Q. The pressure
produced by the impact and rebounding on the wall is, by the considerati  familiar from the

kinetic theory of gases,
1 '
—ﬁZZZWTi Ugsy Tihys, (2.19)
s T +%

where the inward normal to the wall is chosen to be the x-axis. The summation over s extends
over all directions of k, including the quanta hitting the wall (iZ,,4 < o) as well as the quanta
rebounding from the wall (fiz,,,. > o). TFor an isotropic distribution of quanta comparison
of (2.18) and (2.19) shows immediately

Pa::Pu:P:':P' (2.20)

w

.18)

Tor a real field the same result holds. The hidden factor one-half in the summation
symbol compensates the superfluous summation over the positive and negative quanta which
are physically indistinguishable.

For photons, since the rest mass vanishes, (2.15) gives the well-known relation between
the radiation pressure and density:

U
=3.I(—ZZTZ§V”i€s=§ ﬁ (2.21)

We have thus established the physical meaning of U and 8. Comparing (2.5) with
Planck’s law of black-body radiation, we conclude that for all frequencics up to the ultra-
violet where Planck’s law has been experimentally verified 7, cannot differ appreciably from

. & That is to say, all the harmonic oscillators of low frequencies must be occupied by
apeirons for the electromagnetic field.

3. CANONICAL DISTRIBUTION OF THE APEIRONS

We consider now the distribution of the quanta as arbitrarily given and determine the
canonical distribution of the apeirons by making (1.15) a maximum under suitable subsidiary
conditions.

For the subsidiary conditions we assume the total number of apeirons (1.19) and the total
zero-encrgy U’ of the apcirons are constant,

=de26k=w27tses. (3.1)
k T s
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Here @ denotes the total number of independent polarisations of the field. U’ differs fropy,
the energy-value (1.17) by the known cenergy of the quanta.
Taking (1.19) and (3.1) into account, we get for the determination of the canonicy)
distribution of the apeirons
dlogW _oU’ on
“on, T onm, - Fou, (32)

The two Lagrange multipliers are here denoted by B’ and - f'w.  Substituting (1.135), (1.19),

and (3.1) into (3.2), we get
s Vs
S+ Z Z log £ =B (we, - (3-3)

or
&

ng=
FLCHEINY | § § (I (3.4)
T 4 N + Vsri:

This is cssentially a Fermi distribution with a degeneration temperature proportional to p,
The factor involving v, .. indicates how the apeiron distribution is influenced by the quanta
occupying the apeirons. But this influence is only appreciable where the first term of the
denominator of (3.4) is comparable to unity, z.e. where the occupation of the harmonic
oscillators by the apcirons is falling off.  In this region the distribution of the apeirons depends

very much on how they are being occupied by quanta.
If the given distribution of the quanta is canonical we introduce (2.4) (putting & =o0) into

(3.4) and get

g .
P =1 — 27 P% cosh y + ¢ 7 2)B 4 g

ng= (35
In the case of the electromagnetic ficld we must suppose f'w >> 1 so that the apeiron
distribution is degenerate in order to mect the demand #, = g, for all frequencies up to the ultra-
violet where Planck’s law has been verified. The falling off of the apeiron distribution then
occurs at such high energy e, that the factor of (3.5) containing ¢ %% can be replaced by unity
for all ordinary temperatures. Substituting (1.9) for g, and making use of the fact that the
rest mass for the photons vanishes, we get from (3.5) for the number of clectromagnetic
apcirons of an cnergy between € and e + de:

Q e2de
2w 3B PG ) (3.6)

ng=

The number of polarisations is @w=2. Remembering the hidden factor one-half in the
summation symbol over s, we get from (1.19) and (3.1)

Q [* €ede
- 433}y - L (3:7)
, Q [*  éde
T omRB) g F e (3.9)

These integrals can be treated by the usual method dealing with a degencrate electron gas,
but the results in our case are much simpler and more exact because the numerators of the
integrand are rational. The expansion into powers series of 1/’ now terminates; the
maximum percentage error in z or U’ is due to the neglect of e ##(B'u)? or e FH(B'w)* in
comparison to unity. We get thus for » and U’

Qud 7 \2
=S 9
, Q 4 T 2 7 \4
AR A 619
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ince p has to be much larger than the energy of an ultra-violet photon, (3.9) shows that the
number of apeirons per unit volume must be larger than one per ultra-violet wave-length
cube. The cnergy-density due to the zero-energy of the apeirons is, by (3.10), larger than
that of one ultra-violet photon per ultra-violet wave-length cube, and is therefore larger than
the average density of matter (times ¢2) of the universe.

Onc might speculate that the number of apeirons per unit volume is even larger so that
there will be one apeiron per volume of an clementary particle, Z.e. per cube of the “electron
radius.”

Owing to the fact that the physical role played by the zero-cnergy is as yet unknown, we
mention a few possibilitics of the canonical distribution.

(@) One might treat the zero-cnergy on the same footing as that associated with the
emission and absorption of quanta. TFor the canonical distribution of the quanta and apeirons
one has then to introduce onc parameter f3 for the subsidiary condition E = U + U’ = constant
(see (1.17), (2.1), (3.1)). This makes ' identical with § which, as shown in section 2, is
inversely proportional to the temperature measured with thermometers. Since the zero-
energy does not contribute to the specific heat of a volume of black-body radiation, one has

Qpg

U'=Uo= Ssmtiicy (3.11)

where pq is the value of p at zero temperature.  Then (3.9) gives the variation of the total
number of apeirons per unit volume with respect to temperature:

n =”04\/1 '*‘71;‘552 \/\’/;A'*V‘ 1‘(',52 "§ }

B8 ), )
Qus £ = a1\
’10—96772/L3£3’ = Lo ) <<1

() Onc might consider the hypothesis that the zero-energy has a separate physical
significance unrelated to heat.  Then B is unrelated to the temperature.

If the material walls enclosing the radiation interact with the radiation only in so far as
to emit and absorb quanta, the walls may be regarded as permeable for those apeirons, which
are unoccupicd by quanta. B’ is then a cosmic parameter which essentially determines the
distribution of the apeirons throughout the universe.

(¢) In both cases considered above the enormous total zero-energy creates a difficulty
for the existing theory of gravitation. Hence one might reject the existence of the zero-
energy of the apeiron. This can be done in the new quantum mechanics of fields, in the same
way as in the usual theory, by simply omitting the zcro-energy because the latter amounts
only to a constant and does not affect the equations of motion. One is then at liberty to
assume any apeiron distribution guided by known facts, such as the experiments verifying
Planck’s law and the finite cross-section for collision processes.

We shall leave the decision among these possibilities to futurc investigation.

We remark that the canonical distribution of the quanta and the apeirons can very simply
be obtained by means of the grand partition function *

—ASSAL(Npr . + Ny _Yep = ySSAp(Npp 4 ~Npp o) - B/ 30Bep 434,
E=Z¢' TNy 4+ Npr =)o = VESAR(Npr 4 ~Npp =) = BT 2BIBg Ak (3.13)
(g.10.)
Here the summation (g. z0.) is over all the quantum numbers 4, Ny, that are nceded to
specify a pure state of the volume of field. The parameters B, y, B, { define the grand
canonical distribution and are rclated to the average values of U, ¢, U’, # by
dlog = dlog = , dlog = dlog =

= — g=~—

oy

* Yor the usc of grand partition functions sce, e.g., Fowler and Guggenheim, Statistical Thermodynamics,
Cambridge University Press, 1939, Chap. VL

) = "'__a“B_/_y n= ac ° (3-14)
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The cvaluation of = is clementary and simple; it yiclds

log = =3 log {1 +¢ 7% *5(1 — 2¢ =% cosh y + ¢~ 7*)%}. (3.15)
%

Substituting this in (3.14) and comparing the resultant expressions with those given above
expressing U, ¢, U’, 2 as sums over the distribution of the apeirons and quanta, we obtain
the same results (2.4) (with a=o0) and (3.5) (with {=f'w) for the canonical distribution,
This method is particularly satisfactory because it deals with the total system (Z.e. the volume
of ficld or, what is the same, the assembly of apeirons and quanta) as a whole, expressing all
its statistical properties with the help of one partition function which automatically leads to
the Bose statistics for the quanta and the Fermi statistics for the apeirons (treated separately
in §§ 1, 2 and 3). It also opens the way to applying the powerful methods of Darwin and
Fowler.*

* Sce, for instance, Fowler, Statistical Mechanics, Cambridge University Press, 1936.
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XV.—Quantum Mechanics of Fields. III. Electromagnetic Field and Electron
Field in Interaction. By Professor Max Born, F.R.S, and H. W. Peng,
Ph.D., Carnegie Research Fellow, University of Edinburgh.

(MS. reccived June 29, 1944. Read October 30, 1944)

INTRODUCTION

STUDYING the interaction of different purc ficlds, we have been led to some essential
modifications of the ideas on which our quantum mecchanics of fields is based. We shall
explain these here for the example of the interaction of the Maxwell and the Dirac field.

In Part I * we showed that a pure field in a given volume €2 can be described by considering
the potentials and field components as matricces, not attached to single points in Q (as the theory
of Heisenberg and Pauli), but to the whole volume. Further, we assumed the total energy
and momentum to be the product of Q and the corresponding densities. In Part II } we
showed that this conception has to be modified ; the cigenvalucs of the energy and momentum
as defined in Part I represent neither the states of single particles nor of a system of particles,
but of something intermediate which corresponds to the simple oscillators of Heisenberg-
Pauli and which we have called apesrons. The total cnergy and momentum of the system
is a sum over the contributions of an assembly of apcirons. Mathematically the differences
of the quantum mechanics of a field from that of a set of mass points (as treated in ordinary
quantum mechanics) is the fact that the matrices representing a field are reducible (while
those representing co-ordinates of mass points are irreducible); each irreducible submatrix
corresponds to an apeiron.

The considerations of Part II make it obvious that the correct theory of quantised ficlds
must be a much closer union of mechanics and statistics than we had anticipated in Part I.

A second indication of the need for more precise definitions and modifications is now
obtained from the consideration of the nature of the interaction terms in the Lagrangian.
We have assumed in Part I that the Lagrangian characterising a system is given by the
usual function of the ficld quantities taken from the classical theory. So long as one has to
do with pure fields this leads to no ambiguity. In the classical theories of the photon, meson,
or electron field the Lagrangian is of the second degree in the field quantities. If one
introduces a Fourier transformation (transition to the momentum space) the new expressions
are still of the second degree and essentially the same as the original ones. It is true, we have
also considered the case of arbitrary functions (non-linear equations) ; but we cannot ascertain
whether the general function assumed to be the Lagrangian has as arguments the field
quantities in the ordinary space or in the Fourier space. Hence the general theory is formally
correct but has very little concrete content.

If we now consider the coupling of two pure fields we cannot avoid a decision about the
function by which we represent the interaction. In the case (Maxwell plus Dirac)-field this
function is of the 3rd degree in the space representation ; its Fourler transformed, also of the
3rd degree, is a quite different and much more complicated function. Which of them is the
correct one? If this question has been decided, the function chosen will then be considered
as a matrix function and remains as such unchanged for every canonical (matrix) trans-
formation. Hence if we have to choose the Fourier transformed function we would maintain
that this rather complicated function is also the correct expression for the quantum theory
of the fields in the space representation ; the simpler classical expressions would then be only
approximately true, in the sense of the correspondence principle.

Now we have a guide for this decision in the fact that the Heisenberg-Pauli theory, apart
from the well-known awkward divergent terms, satisfactorily represents the facts of absorption,

* Thesc Proceedings, LXI1, 1044, 40. + Zbid., 92.
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emission, scattering, ctc. This theory is based on the Fourier representation (momentum
space). Hence we have to consider this representation as fundamental, and we have to choose
the Lagrangian correspondingly, replacing Fourier cocfficients by matrices in the same way
as in the first approach to quantum mechanics (Heisenberg-Born-Jordan).

The whole argument which leads to a new and satisfactory theory for interacting fields
is based on the correspondence postulate, and in order to make this clear it seemed to yg
advisable to go back to first principles. Thercfore we begin with the classical form of the
theory and introduce then the quantisation method of Heisenberg and Pauli. It is now ap
easy step to replace this semi-classical procedure by our new method, which is a generalised
quantum mechanics using only non-commuting quantities.

A main feature of this theory is the definition of the total energy and momentum by the
traces of the matrices representing the densities ; this is an obvious generalisation of the apeiron
sums used in Part II. It is further necessary to generalise the commutation laws for the
field quantities given in Part T in such a way that they include the commutation of any quantity
with that which is produced from it by permuting the apeirons; in this manner the full
correspondence with the Heisenberg-Pauli commutation laws is obtained.

That the new theory is not less satisfactory than that of Heisenberg and Pauli is obvious
from its derivation. The difference can be expressed by saying that the new theory admits
an arbitrary apciron distribution, while that of Heisenberg and Pauli assumes a uniform
apeiron distribution (in momentum space). Hence all results not involving this distribution
will be the same, while the divergent integrals produced by the uniform distribution become
now convergent and may lead to new results.

We think, however, that the new theory may have more far-reaching consequences con-
cerning the connection of the ultimate particles. These difficult problems, which have to be
considered in relation to the most general principles of quantum theory, will be postponed
for another article.

1. THE INTRODUCTION OF THE INTERACTION BETWEEN THE ELECTRON FIELD
AND THE ELECTROMAGNETIC FIELD IN GENERAL

Without interaction, let the electromagnetic field be described in general by a Lagrangian
L'(#,;) of the field strengths
Ouy, Ou,
uﬂh_axa—axh, (I'I)

and the electron field be described by a Lagrangian L" of the spinors », v* and their derivatives
v,, vy. The combined field, together with interaction, is then t described by the Lagrangian

9
L =L"(up3) +L"(2, v*; v,, 7)), (1.2)
where only the definition of #, and v; is now altered so as to take account of the interaction:

7] ze e e
Uy =Da‘0, ‘U;=D;7J*; Da=5x—a +%ua, D;=a—xa —%—tu,. (1.3)
For abbreviation let
oL oL oL
; V*=__ . V== .
Oy, v ¢ v (1-4)

o=

and similarly for the conjugates. The variational equations with respect to #;, #* and » are

ou ze
- aT:h + ;Tc{(w:) — (V) =o. (1.5)
-D,V,+V=o, -DVy+V*=o. (1.6)

+ This section represents a generalisation of the introduction of the interaction with Maxwell’s field given
by Pauli, Rev. Mod. Phys., X111, 1941, 207.
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In order that (1.5) may be integrable the charge-current vector
ze
Sh= - ﬁ—c{(vV;'D - (Vao®)} (.7
must satisfy the equation of continuity, which is by (1.3) and (1.6)

% == :i%{(v;.V,‘:) +@V*) ~(V,25) — (Vo¥)} =o. (1.8)

This is the case if the Lagrangian is invariant under the general gauge transformation

. ¢ dy .
1Y —_ 6 vy
v — €', g =ty = o and hence v, — v,", (1.9)
g

where y is an arbitrary real function of the co-ordinates. Then (1.8) is verified by varying
v, v, and their conjugates according to (1.9) and demanding the total variation of L with

respect to y to vanish.
The energy-momentum tensor T, for the combined field including the interaction can

also be partitioned into two parts in a gauge-invariant way:

Tg,,=T;,,+T;',,, (1.10)
T;h =2y;Up; — L'8;p, (1.11)
T;';. =, Vi) + (Vh”:) ~ L8, (1.12)

The divergence of the part T,, which may be attributed to the electromagnetic field is, by
using the cyclic divergence equations resulting from (r.1) and in virtue of the source term
of (1.5),

oT, oU,;

%‘;h:”ai‘égh’ = = %555 (1.13)
The divergence of the part T,, which may be attributed to the electrons in the presence of
the electromagnetic field is, by using the identity

P
=0,V =D, V3 +v,.D}V} (r.14)
7
and (1.6) and (1.4),
aT"
52 =Dy, V1) +(Vh-Dio,) +(0,V*) + (V)
h
v dv,, 6v*> < 90,
(22 (7 (O (v 9%
<8xgv> <ax,,vh> <V6x,, \V"ax,,)' (1.19)

By using (1.8) the 9/dx, here can be replaced by D, where it operates on v and z,, and by D;
where it operates on ¢* and #;. By using (1.13) and cancelling terms (1.15) becomes
aT:h M * . *
-5;)‘—=(th,—ng,,, Vi) +(Va, Dy, - Djzy). (1.16)
By using (1.3) again and noting that, by (1.1),

73

ze
DhDv-DuDh=}l}uhm D:D:“D;D:= —ﬁ—‘_”hm (1.17)
(1.16) becomes, by using also (1.7),
3T;',, ze .
S =7 {@V3) = (V30*)} = ~ wpgsh =25 (1.18)

ox, fic
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This verifies the Lorentz law of force in general. The sum of (1.13) and (1.18) yields the
conservation laws for the energy and momentum

0T,
o o. (1.19)

2. CHANGE OF NOTATION FOR THE PASSAGE FROM THE LAGRANGIAN FORMALISM
T0 THE HAMILTONIAN ForMALIsM. MAxwgLL’s FieLp aAnp Dirac’s FIELD

In order to prepare the classical theory of § 1 for quantisation by the method of Heisenberg
and Pauli or by the new method, it is necessary to pass from the Lagrangian formalism to
the Hamiltonian formalism by treating the time differently from the spatial co-ordinates,
It is then appropriate to use the space-vector notation.

We specialise to Maxwell’s field and Dirac’s field in interaction described by the

Lagrangian

L = iuﬂhuﬂh + g{(yaay'y*) - ('va,v;)} + mcz(ﬂﬁﬂ*), (2- I)

where a;, a,, a; and B are Dirac’s matrices, but ag=¢t="' -1 in consequence of our use of
pseudo-Euclidian metric. In space-vector notation let

(%1, X9, Xy) =T, xg=tcl;
(”1’ %y, ”3) = A’ Uy = “)6 5
(sg3, 231, 2015) =H, (ta1, #sgy 143) =B ;
(alr Qs as) =a, Qg =1t L (2'2)
(515 $25 S3) =], Sg=1p;
ze 10v e
(24, v, v3)=f+aAv, 7J4=L<—‘£‘ % T v>.

Among the components of the energy-momentum tensor we shall need only T,,, which by

integration over a volume  give the total momentum p and energy E contained in £, as
follows :—

L(Tm; Togy Tog)dT=1cPp, ‘ .LTMJT = -E. (2.3)

The equations of § 1 will now be specialised for the Lagrangian (2.1) and written in the
notation (z.2) and (z.3), as far as they will be needed in the following sections. They can
be ordered in four groups:

(2) Equations which are merely definitions of the densitics of current and charge, and
the total momentum and energy:

j=—ewar®),  p=—e(wr®), (2.4), (2.5)
1 1 i
p =j ,<-EAH —Ap+—{(fo*) - <wf*>}>df, (2.6)
g\¢ ¢ 22
E?+H? #i
E =j ( b Aj+ ;ZZ—C.{(f. az¥) — (v . £%)} + mc2(vﬁw*)>d7'. (2.7)
o
(&) The field equations in space:
grad v =1, curl A=H, div E=p, (2.8), (2.9), (2.10)
(¢) The field equations in time:
P Eigadg, ST _cuH-j
~2 5, “E+egra ?, - 5 —cwlH-j, (2.11), (2.12)
% ov

%
v —ev¢+7_€f.a+ez;a.A+mczvﬂ. (2.13)
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(d) The equation of continuity which is a conscquence of (2.4), (2.5), 2.8), and (2.13):

1 0p
divj+- ~=o. .
oo (2.19)
In addition, in order to avoid the arbitrary gradient which can be added to the vector
potential A according to the gauge transformation (1.9), it is practical to adopt the restriction

divA=o (2.15)

for any time 2. This restriction fixes the electromagnetic potentials and leaves only a constant
phase factor undetermined for the electron ficld. The scalar potential is then determined
by the density of charge according to Poisson’s equation

div grad ¢ = —p, (2.16)

which follows easily from (2.135), 2.11), and (2.10).

3. SEPARATION OF THE ELECTROMAGNETIC FIELD INTO A TRANSVERSAL AND A
LoNGITUDINAL PART IN THE WAVE-VECTOR REPRESENTATION

It is a well-known theorem that any vector field can be decomposed into a divergence-free
part plus a curl-free part. For the electromagnetic field H is, by (2.9), divergence-free and
A is, by (2.15), chosen to be so. E is not divergence-free, but its divergence is determined,
by (z.10) and (2.5), by the fundamental variables of the electron field.

Hence as the fundamental variables of the total field we shall take those of the electron
field plus those of the divergence-free part of the clectromagnetic field, because the curl-free
part of the electromagnetic field can be expressed in terms of the variables of the electron
field. This can be done explicitly by resolving all field variables into their Fourier
coefficients.

We enclose the field in a rectangular box and expand all the field components into three-
dimensional Fourier series, assuming the usual periodic boundary conditions. For the
electron field the field components are complex quantities. Let }

o(r)= Dot )= Zf? e"1r etc, (3.1)
7 T

The wave-vector 1 covers the whole reciprocal space. For the electromagnetic field the field
components are real. Therefore } we write

A(n) =D (AT + Age~kT)  etc, (3-2)
%

Here the wave-vector k covers only half the reciprocal space in order that all the Fourier
coefficients Ay’s and A}’s may be independent. Then the Fourier coefficients of the
divergence-free part of any vector field are perpendicular to the wave-vectors and will be
called transversal, while those of the curl-free part are parallel to the wave-vectors and will
be called longitudinal.

By inserting the Fourier series for E and p in (2.10) and equating the coefficients of
exp (¢k.r) on both sides we get

k. E;=py. (3-3)
Thus the longitudinal part of E; is, by projection along the direction parallel to k,
k.E .
Ek, long. = _kz_l.c == lk%- (34)
The transversal part of E; is therefore
Ei, . =Ej ~ Ep, 1ong. = Ey +7kp /2% (3-5)

t Unlike the usual practice, no normalisation factor is introduced in the Fourier analysis. The Fourier
cocfficients of a quantity are then of the same physical dimension as that of the quantity itself.
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We shall, however, regard this equation as the definition of E, in terms of E; . and take
the latter as a fundamental variable. In fact, as will be shown immediately, the field equationg
for the electromagnetic ficld can be expressed in terms of the variables of the transversy]
part alone.

The Fourier coefficients of the scalar potential are determined by virtue of (2.16), by the
electron field

) . b1 =pr/ 2> (3.6)
By this and (3.5), (2.11) yields simply
1 0A
-~ —51‘~Ek+zk</>k—Ek+zk —Ek,t,_ 37)
From (2.12) follows the vector equation
10E; | .
z W—*Zk/\Hk =Jr (3.8)

but the longitudinal part of this is, by (3.3), nothing but the equation of continuity

N Yhs "'z.k'jk) (3~9)

which involves only the variables of the electron field, and is a consequence of the field
equations for the latter. Hence (3.8) is, by (3.9), equivalent to

I 3Ek, tr,

P ot —ZkAHk JL +k Jk. (3-10)

The other variables, H, and A,, are entirely transversal. Either may be taken as a funda-
mental variable, the other can then be expressed in terms of it. By (2.9), H;. can be expressed
in terms of A;, thus

H, =7kAA,. (3.11)

Conversely, this can be solved for A; (because the latter is transversal) and yields
=7knH, /42 (3.12)

After inserting in (2.6) the Fourier series for the field quantities the integration gives for the
total momentum

1 #i
p =Q( ZZ{ELJ\H: +EfaH, - Akpl: - A:Pk} + ;-Z{(fzﬂh - (vlf:)}>’ (3.13)
P 1

By (3.12) and (3.5) this becomes the sum of contributions by the transversal electromagnetic
field and the electron field without any interaction term,

1 7
b= Q<Z;{Ek, whHE +Ef o AHL + ;Z {2 - (v,f,')}>. (3.149)
3 ]

However, the total energy E still contains interaction terms:

E =Q<2{Ek, tr.*E:, . +Hy Hy +PkPI:/'é2 - Ak~j1: -A; Ji
k

ﬁ * . ¥*
+ 2—:; {£,.007) = (0. £])} + chZ(szm )>. (3.15)

The equations (2.4), (2.5), (2.8), and (2.13), which are mainly concerned with the clectron
field, become, in terms of the Fourier coefficients,

je= —eZ(kaavr)) Pr= ""Z(Z’ukﬂz.): (3.16), 3.17)
7 7
ilo, =1, (3.18)
airvie —e2{¢kﬂ,_k+vl+h¢k} + f, a+eZ{ﬂ,_kAk o +2,, AL .o} + 8. (3-19)
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The total charge ¢ contained in the volume Q is, by integrating (2.5),

g=-eQ3 (v2)). (3.20)
1

4. QUANTISATION OF MAXWELL’S FIELD AND DIrRAC’s FIELD IN INTERACTION
BY THE METHOD OF HEISENBERG AND PAULI
(@) Stmple Treatment
A simple and practical way of applying the method of Heisenberg and Pauli for the
quantisation of a field—in our case the combined ficld of Maxwell and Dirac—is the following:
after the field quantities have been resolved into their Fourier coefficients (what we have done
in § 3), the field is treated as an assembly of oscillators characterised by the wave-vectors.
Then the field equations in time (§ 2 (¢)) give rise to the equations of motion of the oscillators,
viz. in our case (3.7), (3.10), (3.19) and thcir adjoint cquations. The canonical variables,
which can be read off from the time-derivative terms of these equations, are the following
conjugate pairs:—
* * *
U U Ay Ep i Ej e, A

The equations which arise from space-derivatives are, according to this view, to be regarded
partly as definitions of some auxiliary variables (namely, (3.11) as the definition of H, and
(3.18) of f}) and partly as constraints among the above canonical variables (namely,

k. A, =0, ik.Ep =0 (4.1)

and their adjoint equations). Quantisation consists in considering all the canonically conjugate
pairs of variables as g-numbers which satisfy simple commutation or anti-commutation laws,
as follows.

For the spinor components (s denoting the spinor index) anti-commutation laws hold t

* * *
(V10 Uis)s = V152 + V1215 =1/ (4.2)

All other anti-commutators vanish.
For the vector components let the axes be chosen so that k lies on the z-axis. The x- and

y-components of A and E} ,  satisfy the commutation laws
[Ak:u Erx, tr.] = Elt:c, tr.Akx - AkxE:z, tr. = ﬂi"/g’ [Akw E:y, tr.] = z'ﬁ‘/Q’ ('éz = kv = O). (4-3)

All other commutators vanish.
By an arbitrary rotation of the co-ordinate axes (4.3) becomes in general {

iHic -]
(Akzs EZy, o] = §<8xy - _k-zy> (4-9)
All the vector components of Ay, E} ., Ey . and A} commute with all the spinor com-
ponents of #; and 7;.
The quantised equations of motion are

oF z
5= BT, F=AuEl.; Bpw Al oo @.5)

where the total energy E of the assembly of oscillators is given by the g-number expression §
of (3.15). The close formal analogy between the classical and quantum equations of motion
can be demonstrated by working out the commutators of (4.5). If F is a component of A,,
in (3.15) only the term E; u.-E:, . does not commute with A;. By (4.4) and (4.1) the

1 Jordan and Wigner, Zeifs. f. Physik, XLvVII, 1928, 631.

1 Novobatzky, Joc. cit.

§ Since the order of factors can be arbitrarily changed in a ¢-number expression but not so in a ¢g-number
expression the g-number expression of (3.15) (as well as that of (3.14), etc.) is slightly ambiguous. This has
no effect on the anti-commutation laws or commutation laws. The zero-point momentum and charge, however, .
can be avoided by taking the mean of the two possible g-number expressions as discussed in Part I.



134 Max Born and H. W. Peng

commutator has the value
(E, Ay]= —2licE; . (4.6)

Hence (4.5) with F=A, is formally identical with (3.7). If F=E . the relevant term of
(3.15) can be written, using the adjoint of (3.11), in the form

H,.H!-A’.j.=(knH,). A - A% j. (.7)

With the help of the adjoint of (4.4), (4.5) with F=E; ¢ is seen to be formally identical with
(3.10). Making usc of (3.6), (3.16), (3.17), (3.18), their adjoint equations and (4.2) the
quantised cquation of motion (4.5) for », is formally identical with (3.19), if the order of the
factors ¢ and » in the latter equation is properly adjusted.

Instead of working with the Heisenberg representation (4.5) one can consider the variables
of (4.5) as operators satisfying (4.2) and (4.4) and describe the ficld (which is here treated as
an assembly of oscillators) by the Schroedinger wave function V. " contains, besides the
independent variable 7, the variables on which the operators of (4.5) act. One then replaces
(4.5) by the wave equation

- —=-EY, (4.8)
where the Hamiltonian E is the operator expression of (3.15).

(0) Complete Treatment

In the complete and rigorous application of Heisenberg and Pauli’s method for the
quantisation of a field the equations (2.8), (z.9), (2.10), and (2.15), where only space derivatives
appear, are to be treated on the same footing as the equations containing time-derivatives.
The quantised equations of motion in space supplement those in time (4.5), namely

grad F=%[p, F];  F=F(r), the field variables at the point r. (49)

p denotes the total momentum of the field contained in the volume Q. If the Fourier series
(3.1) and (3.2) for the field variables are used and their Fourier coefficients considered as
g-numbers (the r in field theories is a c-number which may be compared to the time ¢ in the
quantum mechanics of particles) (4.9) becomes

[P, Fl] =ﬁ1Fl7 Fl =y fl; [p) Fk] =ﬁka) Fk=Ak) Ek, tr. Hk) jk: Pk (4'10)

One has now to add to the canonical variables considered in the simple treatment the
quantities f;, H; and their adjoints as fundamental field variables. The following additional
commutation and anti-commutation laws containing the additional field variables have to
hold and to be considered as fundamental as those given above, (4.2) and (4.4):

10, ils = = [fis, 215 =71Q,  [Frsa tende =2alu/Q; (4.11)
[Hie Eiy, e = = [Hiy, Btz 0] =[Eiy, trs Hizd = = [Eiz, tr, Hiy] =7ick,/Q. (4.12)

It is understood that the vector indices x, ¥, z in (4.12) may be cyclically permuted. With
P given by the g-number expression of (3.14), (4.10) follows directly from the totality of
commutation and anti-commutation laws if one chooses F,=v,, f;, and F.=A;, E ¢, Hp.
By using the definition (3.16) and (3.17), and also (4.10) with F; =1, together with the adjoint
equation, one sees that (4.9) holds for Fy=j, and p;; for instance

[P, pr)= —ez {(qP, vusaler) + @ilP, 27 )}
]
= —e> (il +K)@u2r) — (@rp0)il} =Tikpy.  (4.13)
1
By (4.2) and (4.11) the combination f;, —/lv,, anti-commutes with all the field variables

of the electron field and commutes with those of the clectromagnetic field. Hence it vanishes.
By (4.4) and (4.10) the combinations H; -:¢kaA,, /k.E; . and /k.A; commute with all
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ficld variables. Hence these expressions commute with the total momentum and the total
encrgy of the field; thercfore they vanish in virtue of (4.9) and properly chosen boundary
conditions, or in virtue of (4.5) and proper initial conditions.

Thus in the complete treatment (3.18), (3.11), and (4.1) as g-number ecquations result
from the commutation and anti-commutation laws. In virtue of (4.10) and (4.9) these
equations can be written in a way formally identical with the classical equations (2.8), (2.g),
(2.10), and (2.15).

The demonstration of the formal identity between the classical and quantum equation
of motion in time can now be carried out in the same manner as in the simple treatment.

It follows from (4.10) and its adjoint that the components of the momentum and the
energy all commute with each other.

[/)x’ pu] =o, etc, [p, E] =0. (4.14)
In the Schroedinger representation (4.5) and (4.9) are to be replaced by the equations
fi o¥ fi
;’ _8;= —'E\F, Z_ grad \I‘.::p\F’ (4.I5)

where E and p are the operator expressions of (3.15) and (3.14). Because of (4.14) the wave
equations (4.15) are compatible.

5. NEw METHOD OF QUANTISATION

The Heisenberg-Pauli method developed in the last section can be considered as semi-
classical; while it uses the classical representation of the field variables by Fourier series (3.1)
and (3.2) which are ordinary functions of the position vector r, it considers the Fourier
coefficients not as functions of time, but as g-numbers. Now we proceed to a method
of complete quantisation in which space and time are treated on the same footing.
We discard the Fourier series as a sum of terms and replace for each field variable the set
of its Fourier coefficients by an array of elements which form a more complicated matrix }
than that necded to represent the individual g-number Fourier cocfficients by matrices in the
Heisenberg and Pauli quantisation. The total matrix belongs to the volume Q as a whole
and contains, as will soon appear, the totality of information about the field variable it
represents throughout this volume. The only non-vanishing anti-commutation and com-
mutation laws for the total matrices are those given in Part I, § 5 and § 6 (equations (5.13),

" (5.18), and (6.28)); they arc the following (s denoting the spinor index) :—

(o, 7/:]4-=I/Q) (5.1)
[fs, U:]+= - [f:: vs]+ = Z‘I/Q; f:s:nf:]+ =1a:1yQ: (5.2)
[Ha:: E;, tr]= - [Hw E:, tt.] = [Ey, tr. H:J == [Ex, tro H;] = ﬁ""lez/Q: (5~3)

where x, ¥, z may be cyclically permuted;
ific o o .o
[Az Byl =[A2, By ] =5 Oy~ (&2 + &) + 1) o). (5-4)

(5.2) and (5.3) contain also the definitions of the new self-adjoint variables I and k thus intro-
duced. These variables, like all the field variables, are represented by total matrices and are
not to be confused with the ¢-number wave-vectors used in § 3 or § 4 for Fourier analysis.
As shown in Part I, § 6, the three components of 1 commute with all the field variables of
the electron ficld by virtue of the anti-commutation laws (5.1) and (s.2) only. By (5.2) again
they commute among themselves. In the present case, because the field variables of the
electron field all commute with those of the transversal electromagnetic field, /,, /,, and 7,
commute also with all variables of the transversal electromagnetic field. Similarly, as a
consequence of (5.3) and (5.4), £,, &, and %, commute with all field variables, among them-
selves and also with Z;, /,, Z,.

+ Such a matrix will be referred to in what follows as a *total matrix.”
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Since all the field variables commute with £, &, %, 7, Z,, and /, the set of matrices which
represent them is reducible.  In the representation where 4, 4, 4, Z, Z,, and 7, are
simultancously diagonal the total matrices for all the field variables will appear as being
composed of submatrices placed along the diagonal. The representation is the direy
product of the two representations for the two pure fields considered in Part I, § 5 and §6,
separately. In this representation we have

Kiev, i =K'Sp10p1r, Lo, k1 =8 Sy (5.5
Fpr wr=Fpdpidy for F=H, Ey, A, j, p and their adjoints; (5.6)
Fpp e =0pp¥ipp» for TF=v,f and their adjoints; (5.7)

where the submatrices Z,, £, £, Z,, Z,, and /; are scalar (7. a number multiplied by a unit
matrix) and the submatrices Fio or Iy will be shown to be the same as those matrices
used in the Heisenberg and Pauli quantisation to represent the corresponding g-number
Fouricr coefficients.

As in the Heisenberg and Pauli quantisation where it is convenient to treat the field as
an assembly of oscillators each of which is described by the TFourier coefficients belonging
to a wave-vector, so in the new method of quantisation it is convenient to treat the field as
an assembly of apeirons cach of which is described by the submatrices belonging to an eigen-
value of the total matrices k or 1 introduced by (5.3) and (5.2). Vet in the new method of
quantisation the eigenvalue k' or 1’ needs only to assume a selection of the possible values of
the wave-vector, while all of them are automatically included in the Heisenberg and Pauli
quantisation where the wave-vector is introduced by means of Fourier analysis.

The non-vanishing anti-commutation laws and commutation laws obtained by taking the
diagonal submatrices 4'Z’, 7’ of (5.1), (5.2), (5.3), and (5.4) coincide cxactly with those of
Heisenberg and Pauli’s Fourier coefficients, namely (4.2), (4.10), (4.11), and (4.4), except
that now & and /” are written in place of the former 2 and /. The vanishing anti-commutation
and commutation brackets obtained by taking the non-diagonal submatrices £'7°, £7/" (either
k'#k” or I'#1” or both) of (5.1), (5.2), (5.3), and (5.4) arc trivial identities because no field
quantity, by virtue of its being reducible, contains any non-vanishing non-diagonal
submatrices.

In order to obtain the full correspondence of the commutation laws and anti-commutation
laws for the submatrices with those for the Fourier coefficients we have to supplement (5.1) by

[Po,P*, o7], =o, (5-8)

where P denotes any permutation matrix permuting all the /’-apeirons. It is sufficient,
however, to take P to be the set of cyclic permutations. (5.2), (5.3), and (5.4) are to be
supplemented in a similar way.

Let I denote the unit matrix 84~ and traceqy A denote the sum ZpApg. Then the
operation I traceg) produces a scalar matrix of the same number of rows and columns as the
matrix on which it operates. Let J trace have a similar significance where J denotes the
unit matrix dpp. Corresponding to (3.14) and (3.15), which express the total momentum
and energy as summations over the Fourier coefficients, we use now the summations over the
submatrices, namely

p =Q<—II trace({E, AH*+ E} AH} + i] trace ,{(fo*) - (zzf*)}>. (5.9\')
¢ 27 ;
E =Q<I traceqo(Ey, Bt + H.H® +p(8 + 2+ £)1p* - A.j* A% j}
#
+ 2—:.] tracey{(f.az*) — (vat . £¥)} + %] tracem(szf*)>, (5.10)

The density p and current j are now defined by
j= —eJ trace(CoC*av*), p= —e¢J trace)(CoC*v¥), (5.11), (5.12)
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where the matrix C satisfies the following conditions:—
kC=Ck, Cl-1C=kC, CC¥e==1. (5.13)

It follows from (5.13) that Cpp p- vanishes except if k'=k” and 1" -1'=k’ when it is of
modulus unity. Hence we have

(CoC¥pr, =8ppvr Oy (5.14)

and the correspondence of (5.11) and (5.12) with (3.16) and (3.17) is apparent.
The total charge is

g= —eQJ traceq(vv*). (5.15)

The correspondence of the submatrices of the new method of quantisation with the
Fourier coefficients of the Heisenberg and Pauli quantisation is so close that the demonstration
of the field equations given in § 4 for the Fourier coefficients may be now taken over for the
submatrices with corresponding formal change, which is too obvious to be repeated here.

In the Schroedinger representation (4.15) holds with E and p now considered as the
operator expression of (5.10) and (5.9).

Since the total matrices representing k and 1 commute with those representing the energy
E and the momentum p, k and 1 are constants of motion in time and space. That is, the
distribution of both the electromagnetic and the electronic apeirons (which is described by
the values k/, k”, etc., and I, 1", etc., that actually occur as submatrices of k and 1, ¢f. Part II)
remains the same throughout space and time in spite of the interaction between Maxwell’s
field and Dirac’s field. The interaction affects only the number of quanta occupying the
apeirons, the quanta being electrons and photons respectively. Hence our attempt made
in Part II to determine the apeiron distribution by statistical considerations cannot be based
on the theory in its present form, which is very likely only provisional. Then there may be
another way, also mentioned in Part II, to determine this distribution, namely by studying
its effect on the self-energies of the quanta and the transition probabilities of collision processes.

(Issued separately December 14, 1944)



(Reprinted from Nature, Vol. 154, page 544, October 28, 1944)

The Divergence Difficulty of Quantizéd
Field Theories

I~ the theory of interaction of particles like photons
and electrons or mesons and nucleons, etc., the ex-
periments are always made in such a way that the
different kinds of particles are observed in different
parts of spuce with different instruments. In these
parts of space one can speak of pure kinds of particles
and describe them by pure quantized fields—Max-
well’s field, Dirac’s field, ete. However, in the part
of space where the collisions really take place, the
pure fields are not simply additive but have to be
supplemented by an interaction field. All effects due
to the interaction can be obtained by considering
the stationary states of the whole system.

Because of the complication of the problem, one
has to use a method of successive approximation
called the perturbation method in which the inter-
action is regarded as small. It is well known that
then special care must be taken to remove the de-
generacy of the states of the unperturbed system in
a way so as to anticipate the eigenstates of the per-
turbed system. This preliminary step has, however,
been ignored in the usual practice for the inter-
action of fields; and consequently divergent ex-
pressions appear as soon as the next higher order of
the perturbation method is attempted.

The results obtained by the usual practice were
in good agreement with observations in the case of
the photon-electron interaction, although the diver-
gence of the higher approximation indicates that
some mistake must have been made, which might
be physical or mathematical. No such agreement .
with observation has been found in the case of the -
meson field. Some time ago an improved method!
based on physical reasoning was developed which
takes account, to the first approximation only, of
what is classically known as the ‘radiation reaction’.
This method is well confirmed by its applications,
especially to the meson field, but hitherto its theoret-
ical basis was not satisfactorily established.

It has now been found that this provisional method
can be rigorously established by a systematic appli-
cation of the ordinary perturbation theory for degener-
ate systems adapted to the case of the continuous
spectrum. I have found that the treatment of the
radiation reaction referred to above constitutes ex-
actly the preliminary step of the removal of de-



.

generacy. The continuation of the perturbation
method to higher approximations is then possible
without any diiliculty.

With this mathematical improvement, it might be
that the present field theories (without any change—-
such as that proposed by Dirac? or that by Born
and Peng?®) are sufficient to explain most of the
known facts. For example, the anomalous value of
the magnetic moment of the proton or the ncutron
can now be rigorously dealt with. It seems possible
that the infinite self-energy of the point electron,
which has always been a ditliculty in the classical
theory, will alse become finite in the quantum theory.
’ H. W. PExc.
Department of Mathematical Physics,

University, Edinburgh.
! Heitler and Peng, Proc. Camb. Phil. Soc., 38, 296 (1942).
2 Dirace, Proc. Roy. Soc., A, 180, 1 (1942).
* Born and Peng, Proc. Roy. Soc. Edinburgh, A, 62, 40 (1944).
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