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Abstract

We calculate the deformed and non-deformed cohomological Hall algebra (CoHA)
of the preprojective algebra for the case of cyclic quivers by studying the Kontsevich-
Soibelman CoHA and using tools from cohomological Donaldson-Thomas theory.
We show that for the cyclic quiver of length K, this algebra is the universal en-
veloping algebra of the positive half of a certain extension of matrix differential
operators on C∗, while its deformation gives a positive half of an explicit integral
form of Guay’s Affine Yangian Ÿℏ1,ℏ2(gl(K)). By the main theorems of [BD23]
and [SV23], we also determine the Maulik-Okounkov Yangian for the case of cyclic
quivers. Furthermore, we provide evidence for the strong rationality conjecture,
calculate the spherical subalgebra of the non-deformed CoHA for any quiver with-
out loops, the associated graded algebra of non deformed CoHA with respect to
perverse filtration for any quiver, recover results about the CoHA of compactly
supported semistable sheaves on the minimal resolution of the Kleinian singu-
larity C2/ZK , identify a commutative algebra inside the additive shuffle algebra
associated to the cyclic quiver and following the ideas of Davison-Hennecart-
Kinjo-Schiffmann-Vasserot, we prove existence of cocommutative coproduct on
the CoHA. We end by conjecturally relating the obtained integral form with the
algebra defined by Gaiotto-Rapčák-Zhou, in the context of twisted M-theory.
This thesis is based on [Jin24].
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Lay Summary

This thesis concerns connections between two seemingly unrelated fields of study,
Enumerative geometry and Quantum Groups. One of the biggest challenges in
fundamental physics is finding a unified theory that successfully merges Ein-
stein’s General Relativity, which governs the physics of large-scale phenomena
like galaxies, with Quantum Theory, which governs very small-scale phenomena
such as atoms. String Theory is a theoretical framework that attempts to achieve
this unification, predicting that the dimension of space-time is not four but ten.
The additional six dimensions arise from a space called Calabi-Yau 3-fold, which
is curled up with an extremely small radius. My thesis focuses on invariants asso-
ciated to the Calabi-Yau 3-fold. These numbers have a remarkable property: the
number remains unchanged under small changes to the underlying geometry for
deep and sometimes mysterious reasons. In String Theory, these invariants are
called the number of BPS states. Due to the work of several people, these num-
bers can be obtained by computing the dimension of certain mysterious vector
spaces. Since joining two particles gives a new particle, one expects that these
vector spaces have a multiplication structure.

In 2008, Kontsevich and Soibelman proved that there is indeed such a multipli-
cation rule on these vector spaces, called Cohomological Hall algebra for Quivers
with potential, which provides a local model of Calabi-Yau 3-folds. By consider-
ations coming from M-theory, it was conjectured by Kevin Costello for a special
case of cyclic quivers that these algebras are a certain explicit algebra, called the
Affine Yangian. Affine Yangians are a type of quantum group, which are rich
algebraic structures whose origins are deeply rooted in physics but a source of a
lot of mathematical advancements. My thesis concerns the relationship between
these two fields of study and, in particular, I prove this expectation of Kevin
Costello.
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Chapter 1

Introduction

1.1 Motivations

Given a quiver Q and potential W ∈ CQ/[CQ,CQ], where CQ denotes the path
algebra, in [KS11] Kontsevich and Soibelman defined a cohomological Hall algebra
structure on the critical cohomology

AQ,W :=
⊕

d∈NQ0

H(Md(Q),
pΦTr(W ) Qvir

Md(Q))

as a mathematical definition of the algebra of BPS states. Here pΦTr(W ) is the
vanishing cycle functor associated to the function Tr(W )d on the moduli space
of d dimensional representations Md(Q) of the quiver Q. The main result of this

thesis calculates the algebra and its deformations AT
Q,W for the quiver Q̃K and

potential W̃K as defined in Example 2. This choice of quiver with potential, often
called the tripled quiver with canonical potential, provides a presentation of the
moduli space of representations of the preprojective algebra of the cyclic quiver
QK , equipped with an endomorphism, as a global critical locus. This gives rise to
new integral forms of affine Yangians and Lie algebras, which are of independent
interest. We start by explaining our main motivations, coming from enumerative
geometry and the local geometry of the moduli space of objects in 2-Calabi-Yau
categories.

1.1.1 Noncommutative Donaldson-Thomas theory

Given any projective 3-Calabi-Yau (CY) variety X, indivisible Chern class α ∈
Heven(X,Z) and a generic stability condition ζ, the Donaldson-Thomas invariants
DTζ

α defined in [Tho00] are virtual counts of semistable sheaves on X of given
Chern class α. They are defined by taking the degree of the virtual fundamental
class of the moduli space of sheaves Mζ

α(X). Later, given any scheme Y , Behrend
defined a constructible function νY : Y → C and showed that DTζ

α is precisely the
weighted Euler characteristic χ(Mζ

α(X), νMζ
α(X)) [Beh09][Theorem 4.18]. When

Y can be written as the critical locus of a function f : Ỹ → C where Ỹ is smooth,
then there exists the vanishing cycle sheaf pΦf Qvir which satisfies (see [KL16][2.1]
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for details) ∑
(−1)i dimHi(Ỹ , pΦf Qvir) = χ(Y, vY ).

Thus, the cohomology
H(Ỹ , pΦf Qvir)

could be understood as a categorification of the DT invariant.
For any 3CY variety X, the moduli space Mζ

α(X) can rarely be written as
a global critical locus. However, by the result of [Tod18] analytically locally
these moduli spaces can be written as the moduli space of representations of
a Jacobi algebra Jac(Q,W )(Definition 2.0.7)1. Furthermore, the moduli stack
of representations of a Jacobi algebra can be written as the critical locus of a
smooth function Tr(W ) on a smooth moduli space Md(Q). The study of the DT
invariants of a non-compact Calabi–Yau threefold via virtual counts of moduli of
Jac(Q,W ) modules, where Jac(Q,W ) is the Jacobi algebra derived equivalent to
X, was initiated by Szendrői in the case of the conifold [Sze08]. For any quiver Q,

we can define the tripled quiver Q̃ with the canonical cubic potential W̃ (Example
2). When X = C3 the moduli stack Cohn(C3) of torsion sheaves of length n can
be described as a moduli stack of n dimensional representations of the Jacobi
algebra of the tripled Jordan quiver Q̃Jor with canonical potential W̃Jor := x[y, z].

The example concerning the main result of this paper captures the geometry of
Kleinian surfaces. Let SK → C2/ZK+1 be the minimal resolution of the quotient
singularity where the action of ZK+1 is given by (x, y) → (ωx, ω−1y) and ωK+1 = 1
is a primitive root of unity. We then have an equivalence of derived categories

Db(Coh(SK × C)) ≃ Db(Jac(Q̃K , W̃K)) (1.1)

whereQK is the cyclic quiver withK+1 vertices. The Jacobi algebra Jac(Q̃K , W̃K)
is the 3CY completion of the preprojective algebra ΠQK [KW21].

1.1.2 Cohomological Hall algebras of preprojective alge-
bras

There is a deep relationship between cohomological Donaldson-Thomas Theory
of objects in the 3CY completion C̃ of a 2CY category C and the Borel-Moore
homology of objects in C which goes under the name of dimensional reduction
([Kin22], [DP22], [Dav17][Appendix]). In particular, the dimensional reduction
theorem implies that for any quiver Q, there is an isomorphism2

H(Md(Q̃),
pΦTr(W̃ ) Q

vir
Md(Q̃)

) ≃ HBM(Md(ΠQ),Qvir) (1.2)

The mixed Hodge structure on the right, i.e. on the BM homology of the stack
of representations of the preprojective algebra ΠQ, plays an important role in

1To be more precise, Toda’s theorem gives an analytic potential and so we need to consider
an analytic Jacobi algebra Jac{Q,W} as defined in [Dav23b][Definition 2.7].

2Note that the quotient stack Md(ΠQ) is not smooth, so here by Qvir we mean the shifted
complex Q[−2(d,d)], where (−,−) denotes the Euler form, as defined in Definition 2.0.4.
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multiple branches of mathematics. In particular, by the Ext quiver construction,
the stack of representations of the preprojective algebra étale locally models the
geometry of the stack of objects in arbitrary 2CY categories possessing good
moduli spaces [Dav23a]. Examples of such moduli spaces include Higgs bundles
on smooth projective curves, moduli of local systems on Riemann surfaces, and
coherent sheaves on K3 surfaces. The first two examples also make studying this
space a valuable tool in the study of non-abelian Hodge theory, while on the other
hand, there is an algebra structure on

AΠQ :=
⊕

d∈NQ0

HBM(Md(ΠQ),Qvir)

which has been defined in the context of equivariant cohomology for the case of
Jordan quiver [SV13] in the context of AGT conjecture and later defined for arbi-
trary quivers in [YZ18b]. This algebra acts on the cohomology of Nakajima quiver
varieties by raising operators and, in some sense, is the biggest possible algebra
acting on the cohomology of Nakajima quiver varieties, making it an important
object in geometric representation theory. It is shown in [RS17][Appendix A] and
[YZ20a] that up to a sign twist, the isomorphism in (1.2) in fact preserves the
algebra structure and thus is an isomorphism of algebras. Thus studying AQ,W

completely determines AΠQ .

1.2 Results

1.2.1 Integral matrix W1+∞ Lie algebras

Let ℏ be a formal variable and let Dℏ(C∗) be the algebra of ℏ−differential oper-
ators on C∗. It is defined as a unital associative C[ℏ] linear algebra generated by
z±1, D subject to the relations:

Dz = z(D + ℏ), z+1z−1 = z−1z+1 = 1. (1.3)

We will view Dℏ(C∗) as a C[ℏ] linear Lie algebra with the commutator Lie bracket
[·, ·], coming from the associative algebra structure onDℏ(C∗). A central extension
of the Lie algebra Dℏ(C∗), after specialization at ℏ = 1, is called W1+∞ Lie
algebra. The W1+∞ Lie algebra was first introduced in [KP81]. Its connection
with the vertex algebras W(glN) for central charge N , where N is any natural
number, has been developed in [Fre+95] [KR96]. Their matrix generalization was
considered in [Awa+95] (see also [Str21], [EP19] and [CH19] for a more physical
perspective).

Let Dℏ(C∗) ⊗ glK be the C[ℏ] linear associative algebra of K × K matrices
with values in Dℏ(C∗), i.e. for any f(z,D)⊗X and g(z,D)⊗ Y in Dℏ(C∗)⊗ glK
where f(z,D), g(z,D) ∈ Dℏ(C∗) and X, Y ∈ glK , the multiplication is given by

(f(z,D)⊗X)(g(z,D)⊗ Y ) = f(z,D)g(z,D)⊗XY.

We view Dℏ(C∗)⊗ glK as a C[ℏ] linear Lie algebra with the commutator Lie
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bracket coming from the associative algebra structure on Dℏ(C∗) ⊗ glK , i.e. Lie
bracket is given by

[f(z,D)⊗X, g(z,D)⊗ Y ] = (f(z,D)g(z,D))⊗XY − (g(z,D)f(z,D))⊗ Y X

for any f(z,D)⊗X, g(z,D)⊗ Y in Dℏ(C∗)⊗ glK . The elements

Tk,a(X) = zkDa ⊗X where k ∈ Z, a ≥ 0, X ∈ glK

form a spanning subset of Dℏ(C∗)⊗ glK . We slightly extend this Lie algebra by
defining an integral form.

Definition 1.2.1. Let

WK ⊂ (Dℏ(C∗)⊗ glK)⊗C[ℏ] C[ℏ±1]

be the C[ℏ] linear subspace spanned by Tk,a(X), X ∈ glK and

tk,a := Tk,a(1)/ℏ

where k ∈ Z, a ≥ 0, X ∈ glK and by 1, we mean the identity matrix Id ∈ glK .

The subspace WK ⊂ (Dℏ(C∗)⊗glK)⊗C[ℏ]C[ℏ±1] in fact forms a Lie subalgebra
(Proposition 8.1.1). We remark that the Lie algebra WK is also considered in
[GRZ23]. We consider the classical limit as ℏ → 0 of WK .

Let O(T∗C∗) be the ring of functions on T∗C∗. We denote by po(T∗C∗), the
Lie algebra on O(T∗C∗), where the Lie bracket is given by the standard Poisson
bracket {−,−}. Let O(T∗C∗)⊗slK be the Lie algebra with the Lie bracket given
by

[f ⊗X, g ⊗ Y ] = fg ⊗ [X, Y ]

for any X, Y ∈ slK and f, g ∈ O(T∗C∗).
The Lie algebra po(T∗C∗) acts on O(T∗C∗) ⊗ slK via the Poisson bracket

with the first tensor product, i.e.

f · (g ⊗X) := {f, g} ⊗X,

for any f ∈ po(T∗C∗) and g ⊗X ∈ O(T∗C∗)⊗ slK . Let

po(T∗C∗)⋉ (O(T∗C∗)⊗ slK)

be the Lie algebra given by the semidirect product of po(T∗C∗) with O(T∗C∗)⊗
slK . The classical limit ℏ → 0 of WK is exactly the Lie algebra po(T∗C∗) ⋉
(O(T∗C∗)⊗ slK), i.e. There is an isomorphism of Lie algebras

(WK)/(ℏ = 0) ≃ po(T∗C∗)⋉ (O(T∗C∗)⊗ slK).

In Proposition 8.1.3, we present this Lie algebra via generators and rela-
tions. Our first main result describes the cohomological Hall algebra A

Q̃K ,W̃K as

a universal enveloping algebra of the positive half of the Lie algebra po(T∗C∗)⋉
(O(T∗C∗)⊗ slK).
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Theorem A (Theorem 8.2.6). Let K ≥ 1. There is an isomorphism of Lie
algebras

ĝBPS

Q̃K ,W̃K
≃ (po(T∗C∗)⋉ (O(T∗C∗)⊗ slK+1))

+

between the the affinized BPS Lie algebra ĝBPS

Q̃K ,W̃K
for the cyclic quiver (Section

6.1.17) and the positive half (po(T∗C∗) ⋉ (O(T∗C∗) ⊗ slK))
+ ⊂ po(T∗C∗) ⋉

(O(T∗C∗) ⊗ slK), defined in Definition 8.1.4. This gives an isomorphism of
algebras

Aχ

Q̃K ,W̃K
≃ U((po(T∗C∗)⋉ (O(T∗C∗)⊗ slK+1))

+),

where χ is a sign twist, defined in Section 4.1.4.

It is also possible to recover the positive half of WK itself, without taking the
classical limit. To do so, we consider the deformed cohomological Hall algebra.

For any torus T acting on the quiver Q̃K , leaving the potential W̃K invariant,
there is a cohomological Hall algebra (Section 4.1) structure on the equivariant
vanishing cycle cohomology

AT

Q̃K ,W̃K
:=

⊕
d∈NK+1

HT (Md(Q̃K), pΦ
Tr(W̃K)

Qvir

Md(Q̃K)
).

Our next main result, calculates this algebra for T = C∗, whose action on

Md(Q̃K), leaves the added loops ωi invariant for all i ∈ Q0. We set up a bit more
notation. For any commutative ring R and a R linear Lie algebra g, its tensor
algebra is defined to be

TR(g) :=
⊕
m≥0

g⊗R · · · ⊗R g︸ ︷︷ ︸
m times

,

and correspondingly, the universal enveloping algebra over R is defined to be the
quotient

UR(g) := TR(g)/⟨ab− ba− [a, b] | a, b ∈ g⟩.
Theorem B (Theorem 11.0.3). For K ≥ 1, let C∗ act on representations of the

tripled quiver Q̃K by acting on all the original arrows a with weight 1, all opposite
arrows a∗ with weight −1 and with weight 0 on added loops ωi, i ∈ [0, K] (Section
5.0.2). Then there is an isomorphism of C[ℏ] linear Lie algebras

ĝBPS,C∗

Q̃K ,W̃K
≃ (WK+1)

+

between the deformed affinized BPS Lie algebra, defined in the Section 6.1.17
and the positive half of an integral form of differential operators on C∗ valued in
matrices, defined in Defintion 8.1.2. This gives an isomorphism of C[ℏ] linear
algebras

AC∗,χ

Q̃K ,W̃K
≃ UC[h]((WK+1)

+)

where χ is a sign twist, defined in Section 4.1.4.

Next, we cansider the action of a larger torus T = C∗ ×C∗, which acts on the
added loops ωi for all i ∈ Q0 non-trivially. This gives rise to quantum groups.
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1.2.2 Integral form of Yangians

Given a semisimple Lie algebra g, in [Dri85] Drinfeld defined the Yangian Yℏ(g)
as a deformation of the universal enveloping algebra U(g[x]) of the polynomial
current Lie algebra g[x]. Yangians form a family of quantum groups related to ra-
tional solutions of classical Yang-Baxter equations. For any quiver Q, in [MO19],
the authors defined the Yangian YMO

Q by geometrically defining R matrices using
stable envelopes on the singular cohomology of Nakajima quiver varieties and
applying the FRT formalism to construct quantum groups. One of Maulik and
Okounkov’s motivations was to realise the Quantum cohomology ring as a max-
imal commutative subalgebra of the Yangian. From the calculations in [MO09]
for the quiver variety for cyclic quivers, it was clear that one needs slightly larger
algebra than the usual affine Yangians for the case of cyclic quivers. They conjec-
tured a strong relation between the quantum cohomology of the Nakajima quiver
varieties and the Bethe subalgebras of YMO

Q . However, the algebras YMO
Q are

not known for cases beyond ADE and Jordan quivers. The computation for the
Jordan quiver occupies much of the latter half of [MO19], where it is shown to

be isomorphic to the affine Yangian Ÿℏ1,ℏ2(gl(1)) of ĝl(1) and used in their proof
of AGT conjecture. For the ADE quivers Q, a central quotient of YMO

Q is shown
to be isomorphic to the Yangian Yℏ(gQ), as defined by Drinfeld [McB13].

For any quiver with potential Q,W , the cohomological Hall algebras are also
known to satisfy a similar property, i.e. there is a Lie algebra gBPS,T

Q,W such that

AT
Q,W ≃ SymHT (pt)

(gBPS,T
Q,W [u]) as graded vector spaces [DM20], allowing us to think

of AT
Q,W as generalized Yangians. For particular choices of torus, it is shown that

for ADE quivers, there is an isomorphism of algebras AT
Q̃,W̃

≃ Y +
ℏ (gQ)([YZ18b]+

[SV17]) and for Jordan quiver, there is an isomorphism of algebras AT
Q̃Jor,W̃Jor

≃
Ÿ+

ℏ1,ℏ2(gl(1)) by ([Dav22a]+ [Rap+23]) and [SV13] where + denotes the positive

half. Furthermore, for all tripled quivers with canonical potential Q̃, W̃ , there is
an isomorphism of algebras

YMO,+
Q ≃ AT

Q̃,W̃

as proved in [BD23] and isomorphism

YMO,−
Q ≃ AT,Ñ

Q̃,W̃

is proved in [SV23], where AT,Ñ
Q̃,W̃

is a nilpotent cohomological Hall algebra. Here,

T is an appropriately chosen torus. Strictly speaking, Maulik-Okounkov Yangians
are only defined with respect to T -equivariant cohomology, where T is some
torus that scales the natural symplectic form on the Nakajima quiver varieties
associated to the quiver Q, non-trivially.

We now consider the cyclic quiver QK and choose T = C∗×C∗ to be a 2 torus.
The spherical subalgebra of the localizedK-theoretic version of the cohomological
Hall algebra [Păd23] of the preprojective algebra, defined by consideringK theory
instead of cohomology, was considered in [Neg15] for the case of cyclic quivers.
It is shown to be isomorphic to the positive half of the quantum toroidal algebra
Üq,t(gl(K)). Its rational counterpart, the affine Yangian, has been defined in
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[Gua07] to be a C[ℏ1, ℏ2] algebra Ÿℏ1,ℏ2(gl(K)) for K > 2 as a deformation of a
central extension of U(slK [u

±, v]). The case when K = 2 was first defined by
Kodera in [Kod19] and also considered by Bershtein-Tsymbaliuk in [BT19]. A
specialization of this algebra at ℏ1 = ℏ2 has been shown to be isomorphic to a
spherical subalgebra of AC∗

Q̃K ,W̃K
where C∗ ⊂ T acts by scaling the arrows with

the same weight in [YZ20b]. However AT
Q̃,W̃

is not spherically generated and

this makes computing AT
Q̃,W̃

essentially a new problem. In Proposition 10.2.6

implies that AT
Q̃K ,W̃K

⊗HT(pt) Frac(HT(pt)) ≃ Ÿℏ1,ℏ2(gl(K)) ⊗HT(pt) Frac(HT(pt)).

Motivated by this, we slightly enlarge the algebra by including the non-spherically
generated part. Note that our only addition is to add elements K

(r)
± to the existing

definition of Affine Yangian. We use the conventions in [BT19]. We define

Definition 1.2.2 (CoHA Affine Yangian). Assume n ≥ 2. Let Y(n),CoHA
ℏ1,ℏ2 be the

C[ℏ1, ℏ2] algebra generated by X±
i,r, Hi,r for any i ∈ Z/nZ, r ∈ Z≥0 and K

(r)
+ ,K

(r)
−

for r ∈ Z≥0, with the relations

[X+
i,r, X

−
j,s] = δi,jHi,r+s (R0)

[Hi,r, Hj,s] = 0 (R1)

for any n ≥ 2. When n > 2,

[X±
i,r+1, X

±
j,s]− [X±

i,r, X
±
j,s+1] = −mij(ℏ1 + ℏ2/2)[X±

i,r, X
±
j,s]± aijℏ2/2{X±

i,r, X
±
j,s}

(R2)

[Hi,r+1, X
±
j,s]− [Hi,r, X

±
j,s+1] = −mij(ℏ1 + ℏ2/2)[Hi,r, X

±
j,s]± aijℏ2/2{Hi,r, X

±
j,s}
(R3)

[X±
i,r, X

±
j,s] = 0 for all |i− j| > 1 (R4)∑

σ∈S2

[X±
i,rσ(1)

, [X±
i,rσ(2)

, X±
i±1,s]] = 0 ; [Hi,0, X

±
j,s] = ±aijX±

j,s (R5)

(ℏ1)(ℏ1 + ℏ2)K(r)
± = Tr

 ∑
i∈Z/nZ

[X±
i,0, [X

±
i+1,1, [X

±
i+2,0, [· · · , X±

i+n−1,0]]]]

 (Int1)

−ℏ2Tr

 ∑
i∈Z/nZ

X±
i,0

(
[X±

i+1,0, [X
±
i+2,0, [· · · , X±

i+n−1,0]]]
)
)


for any i, j ∈ Z/nZ and r, s ∈ Z≥0 wheremij = −δi+1,j+δi,j+1, aij = 2δi,j−δi,j+1−
δi,j−1. Here T is an operator defined so that T(X±

i,r) := ±(X±
i,r+1),T(Hi,r) = 0

and T is a derivation, i.e. T(ab) := T(a)b + aT(b) for any a, b. By the curly
brackets, we mean {a, b} := ab + ba and finally, S2 is the symmetric group in 2
elements.

When n = 2, we have the following relations:

[X±
i,r+1, X

±
i,s]− [X±

i,r, X
±
i,s+1] = ±h2{X±

i,r, X
±
i,s}, (R2.1)
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[X±
i,r+2, X

±
j,s]− 2[X±

i,r+1, X
±
j,s+1] + [X±

i,r, X
±
j,s+2] =

ℏ1(ℏ1 + ℏ2)[X±
i,r, X

±
j,s]∓ ℏ2({X±

i,r+1, X
±
j,s} − {X±

i,r, X
±
j,s+1}) for j ̸= i,

(R2.2)

[Hi,r+1, X
±
i,s]− [H±

i,r, X
±
i,s+1] = ±h2{Hi,r, X

±
i,s}, (R3.1)

[Hi,r+2, X
±
j,s]− 2[Hi,r+1, X

±
j,s+1] + [Hi,r, X

±
j,s+2] =

ℏ1(ℏ1 + ℏ2)[Hi,r, X
±
j,s]∓ ℏ2({Hi,r+1, X

±
j,s} − {Xi,r, X

±
j,s+1}) for j ̸= i,

(R3.2)

[Hi,0, X
±
j,s] = ±ai,jX±

j,s, [Hi,1, X
±
i+1,s] = ∓(2H±

i+1,s+1 + ℏ2{Hi,0, X
±
i+1,s}), (R4.1)

Sym
r1,r2,r3

[X±
i,r1
, [X±

i,r2
, [X±

i,r3
, X±

i+1,s]]] = 0. (5.1)

(ℏ1)(ℏ1 + ℏ2)K(r)
± = Tr

(
[X±

0,0, X
±
1,1] + [X±

1,0, X
+
0,1]
)

(Int2)

−ℏ2Tr
(
X±

0,0X
+
1,0 +X+

1,0X
+
0,0

)
Clearly Y(n),CoHA

ℏ1,ℏ2 ⊗C[ℏ1,ℏ2]C[ℏ±1
1 , (ℏ1+ℏ2)±1] ≃ Ÿℏ1,ℏ2(gl(n))⊗C[ℏ1,ℏ2]C[ℏ±1

1 , (ℏ1+
ℏ2)±1], since we have only added elements K

(r)
± to the originial definition of

Ÿℏ1,ℏ2(gl(K)) which by relations (Int1) and (Int2), after multiplication by (ℏ1)(ℏ1+
ℏ2) belong to Ÿℏ1,ℏ2(gl(n)). We then have

Theorem C (Theorem 10.2.10). For K ≥ 1, let T = C∗×C∗ be the 2-torus which

acts on representations of the tripled quiver Q̃K by scaling all the original arrows
a with weight (1, 0), all opposite arrows a∗ with weight (0, 1) and added loops
ωi, i ∈ [0, K] with weight (−1,−1) (Section 5.0.2). Then we have an isomorphism
of C[ℏ1, ℏ2] algebras

AT,χ
Q̃K ,W̃K

≃ Y(K+1),+,CoHA
−ℏ2,ℏ1+ℏ2

where Y(K+1),+,CoHA
−ℏ2,ℏ1+ℏ2 ⊂ Y(K+1),CoHA

−ℏ2,ℏ1+ℏ2 is the subalgebra generated by X+
i,r and K

(r)
+

for i ∈ [0, K], r ≥ 0 and χ is a sign twist, defined in Section 4.1.4.

Let Yn,CoHA

ℏ1,ℏ2 be the subalgebra of Yn,CoHA
ℏ1,ℏ2 which is generated by generators

⟨K(r)
+ , X±

i,r, Hi,r | i ∈ Z/nZ, r ≥ 0⟩ (So we only exclude the generators K
(r)
− for

r ≥ 0). Let Yn,CoHA,e

ℏ1,ℏ2 = Yn,CoHA

ℏ1,ℏ2 [⟨ki,r⟩] be the extended algebra, where we have
added central elements ⟨ki,r | i ∈ Z/nZ, r ≥ 0⟩ to the list of generators. Then we
have

Corollary A (Theorem 12). For K ≥ 1, the Maulik-Okounkov Yangian YMO,T
QK

is isomorphic to an extended integral form of Guay’s affine Yangian. i.e. There
is an isomorphism of C[ℏ1, ℏ2] linear algebras

YMO,T
QK

≃ Y(K+1),CoHA,e

−ℏ2,ℏ1+ℏ2 .

Proof Strategy for Theorems A, B, C

We remark that although by taking the classical limit, Theorem C =⇒ Theorem
B =⇒ Theorem A, to prove them, we first prove Theorem A. There exists a
cocommutative coproduct onAχ

Q̃K ,W̃K
which is compatible with the cohomological
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Hall algebra structure on Aχ

Q̃K ,W̃K
(Section 6.1). By the Milnor-Moore theorem,

Aχ

Q̃K ,W̃K
≃ U(P) where P is the Lie algebra of the primitive elements with respect

to this coproduct. We refer to this Lie algebra as the affinized BPS Lie algebra
ĝBPS

Q̃K ,W̃K
. There exists a filtration, referred to as the perverse filtration P on

Aχ

Q̃K ,W̃K
, given by a decomposition type theorem. The associated graded algebra

with respect to this filtration is isomorphic to Sym(gBPS

Q̃K ,W̃K
[u]), where gBPS

Q̃K ,W̃K
is

the non-affinized BPS Lie algebra (Section 4.1.5). This implies that, as a vector
space ĝBPS

Q̃K ,W̃K
≃ gBPS

Q̃K ,W̃K
[u], but not as a Lie algebra (Section 5.0.2). With the

help of an action of the three-dimensional Heisenberg Lie algebra (Section 6.3),
we show that a much smaller subspace of ĝBPS

Q̃K ,W̃K
, and the relations among them,

determine the affinized BPS Lie algebra. Finally, to compute the relations, we
construct a geometric action of Aχ

Q̃K ,W̃K
on the cohomology of the equivariant

Hilbert scheme HilbZK+1(C2) and the cohomology of Hilbert scheme of points on
the minimal resolution Hilb(SK) (Chapter 7). By identifying the induced action
of gBPS

Q̃K ,W̃K
with the action of the affine Lie Algebra and the infinite-dimensional

Heisenberg Lie algebra due to Nakajima, we prove Theorem A in Section 8.2.
To calculate AT,χ

Q̃K ,W̃K
, we use the embedding into the cohomological Hall al-

gebra AT,χ
Q̃K

of the same quiver but without potential. The algebra structure on

AT,χ
Q̃K

can be explicitly described in terms of a shuffle product (Section 10.1).

The calculation of the undeformed version gives a minimal set of generators of
AT,χ
Q̃K ,W̃K

(Proposition 10.2.1). We find the image of these generators in AT,χ
Q̃K

(Proposition 10.2.2). This allows us to construct a homomorphism of algebras
from the positive half of Guay’s affine Yangian to the algebra AT,χ

Q̃K ,W̃K
(Section

10.2.1). Finally, with the help of the PBW theorem for AT,χ
Q̃K ,W̃K

, we prove that

this morphism is an the isomorphism, proving Theorem C (Proposition 10.2.6 and
Theorem 10.2.10). Finally, we take the classical limit ℏ1 + ℏ2 → 0 to calculate
the C∗ deformed algebra AC∗,χ

Q̃K ,W̃K
, proving Theorem B.

1.2.3 Spherical subalgebra

The spherical subalgebra, i.e, the subalgebra generated by the smallest possible
dimension vectors of the deformed version of the cohomological Hall algebra,
has been studied extensively in [YZ18a]. An important tool used in [YZ18a]
is embedding into the cohomological Hall algebra of quiver without potential.
However, no such injection exists in the non-deformed case (Section 10.1). As
an application of general tools from [Dav22a], developed in Section 6.3, we can
precisely calculate the spherical part for any quivers without loops.

Theorem D (Theorem 6.4.2). Let Q be any quiver without loops. Then there is
an isomorphism of algebras

U(n+Q[D]) ≃ SAχ

Q̃,W̃
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where n+Q is the positive half of the Kac-Moody Lie algebra (Definition 4.2.2)

associated with Q, n+Q[D] is the current Lie algebra (Definition 6.3.8), SAχ

Q̃,W̃
⊂

Aχ

Q̃,W̃
is the subalgebra generated by Aχ

Q̃,W̃ ,δi
for i ∈ Q0 and χ is a sign twist,

defined in Section 4.1.4.

We remark that for quivers without loops, SAχ

Q̃,W̃
= Aχ

Q̃,W̃
if and only if the

quiver is an orientation of a finite type ADE Dynkin quiver [Dav22a][Proposition
5.7].

1.2.4 Less Perverse Associated Graded Algebra

For any quiver Q, let Q be double of the quiver Q, obtained by adding opposite
arrow a∗ to Q for any arrow a ∈ Q. Let ΠQ = CQ/(

∑
a∈Q1

[a, a∗]) be the prepro-
jective algebra associated to Q. Let Aχ

ΠQ
be the preprojective algebra associated

to Q, where χ is a sign twist defined in Section 4.1.4.
Let JH : M(ΠQ) → M(ΠQ) be the affinization morphism. Then in [Dav22a],

Davison proved that even though the stack M(ΠQ) is not smooth and the mor-
phism JH is not proper, one still have splitting

JH∗DQvir
M(ΠQ) ≃

⊕
i∈2Z≥0

pH(JH∗DQvir
M(ΠQ))[−i].

As a result of this splitting, [Dav22a] defined an increasing filtration L•AΠQ

on Aχ
ΠQ

, which they call the less perverse filtration (Section 4.2.2). This filtration
is defined by setting

LiAΠQ := H(M(ΠQ),
pτ≤i JH∗DQvir

M(ΠQ)).

Perverse filtrations defined in this way have played an important role in non-
abelian Hodge theory and representation theory and are important objects of
study.

Davison further showed that this filtration respects the algebra structure on
Aχ

ΠQ
and infact that there is an isomorphism of algebras L0Aχ

ΠQ
≃ U(gQ̃,W̃ ). Our

next theorem proves a refinement of this result.

Theorem E (Theorem 6.5.1). Let Q be any quiver. Then there is an isomorphism
of algebras

U(gBPS
Q̃,W̃

[D]) ≃ GrL•(Aχ
ΠQ

)

where gBPS
Q̃,W̃

is the BPS Lie algebra defined in Section 5 and gBPS
Q̃,W̃

[D] is the current

Lie algebra (Definition 6.3.8).

1.2.5 Strong rationality conjecture

Given f : X → Y a three-fold flopping contraction with exactly one exceptional
fibre, which is isomorphic to a rational curve C, one can associate numerous
invariants. One is the Gopakumar-Vafa invariant nC,r. In [Dav23b], the author
gives a cohomological categorification BPSr,d of these numbers in terms of BPS
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cohomology of the contraction algebra associated with the flopping curve C, where
d is the Euler characteristic of the coherent sheaves on X. The invariance of BPS
invariants under the choice of Euler characteristic for 3CY varieties has been
conjectured in the work of Pandharipande and Thomas [PT09]. By analogy, the
conjecture [Dav23b][Conjecture 5.9] is the statement that this invariance lifts to
an isomorphism of BPS cohomology

BPSr,d ≃ BPSr,d+1 .

Here, the isomorphism is constructed by defining a Hecke correspondence
from the cohomological Hall algebra. In particular, it implies the strong rational-
ity conjectures in [Tod23][PT09] for flopping curves. We can consider a similar
Hecke correspondence for the case when X = SK × C where SK → C2/ZK+1

is the minimal resolution of a Kleinian singularity. Then the proof of Theorem
C implies that the Hecke correspondence indeed gives an isomorphism between
BPS cohomology, as we vary d.

Corollary B (Corollary 8.2.3.1). The cohomological lift of the strong rationality
conjecture is true for SK × C.

1.2.6 Cohomological Hall algebra of Kleinian surfaces

Given any smooth quasi-projective surface S, in [KV23], the authors defined a
cohomological Hall algebra structure on the Borel-Moore homology of the stack
of compactly supported sheaves on S. Furthermore, this structure was upgraded
to the categorical level in [PS23]. Given any finite subgroup G ⊂ SL2(C), let
SG → C2/G be the minimal resolution. Then in [DPS23], the authors study the
cohomological Hall algebra Aω

µ(SG) of ω-semistable properly supported sheaves
on SG with fixed slope µ. They show that there is an isomorphism of algebras

Aω
µ(SG) ≃ Aζ

0(ΠQG)

where QG is the affine ADE quiver associated to the group G by the McKay
correspondence. Here Aζ

0(ΠQ) is the cohomological Hall algebra of slope 0, ζ-
semistable representations of the preprojective algebra Q, where the stability
condition ζ is explictly determined in terms of ω and µ. Now assume G = ZK+1.
The main result and the properties of the affinized BPS Lie algebra allow us to
explicitly determine Aζ′

µ′(ΠQK ) as a subalgebra of AΠ
QK

, for any choice of ζ ′ and

µ′. In particular, as a corollary, we recover the calculation of the cohomological
Hall algebra of 0-dimensional sheaves A(SK) as in [Mel+23] and of Aω

µ(SK) as in
[DPS23].

Corollary C. 1. LetW (SK) be the Lie algebra defined in the Corollary (9.0.2.1).
We then have an isomorphism of algebras (Corollary (9.0.2.1))

A(SK) ≃ U(W (SK)).

2. Let W ω
µ (SK) be the Lie algebra as defined in the Definition 9.0.3. We then
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have an isomorphism of algebras (Corollary 9.0.3.1)

Aω
µ(SK) ≃ U(W ω

µ (SK)).

1.2.7 Shuffle algebra realization and commutative subal-
gebras

It is an interesting problem to construct the realization of quantum groups in
terms of a shuffle algebra, which is an algebra structure on the symmetric poly-
nomial ring with a shuffle product. This idea dates back to the work of Enriques
in [Enr01]. In [Neg23b], the localized K-theoretic Hall algebras are realized in
terms of polynomials in the shuffle algebra satisfying Feigin-Odesskii type wheel
conditions3. However, determining the explicit integral form is far from being
known. In [Neg22], the author described the seminilpotent K-theoretic Hall al-
gebra of the preprojective algebra of the Jordan quiver as a shuffle algebra with
polynomials satisfying certain divisibility conditions, giving a shuffle realization
of an integral form of Üq,t(gl(1)). In [Zha19], the author gives some necessary
but not sufficient divisibility conditions in the shuffle algebra associated to the
surface to be in the image of the K-theoretic Hall algebra of any smooth projec-
tive surface. In [Tsy17a], the author describes an integral form of the Yangian of
sln+1 by divisibility conditions.

In Section 10.2.2, we describe the image of AT,χ
Q̃K ,W̃K

in the shuffle algebra AT,χ
Q̃K

as a subalgebra generated by certain specific polynomials. We remark that the
additive shuffle algebra (without wheel conditions) considered in [BT19][Section
5.2] is isomorphic to the algebra AT,χ

Q̃K
after localization (Remark 10.1.2).

We now state an interesting corollary of this embedding. By computing the
image of a natural trivial Lie subalgebra of gBPS,T

Q̃K ,W̃K
, we define elements Ln, n ≥ 1

in the shuffle algebra (Corollary 10.2.2.1) such that

Corollary D (Corollary 10.2.2.1). For all n ≥ 1, let AT
K ⊂ AT,χ

Q̃K
be the subalgebra

generated by Ln. Then A
T
K ≃ C[L1, L2, · · · ] is a polynomial subalgebra.

For the quantum toroidal algebra Üq,t(gl(1)), a commutative polynomial sub-
algebra is defined in [FT11][Theorem 2.4] and its action on the K theory of
Hilbn(C2) has been studied in relation to the theory of Macdonald polynomials.
Its rational counterpart, has been defined in [Tsy17b][Theorem 7.7], and it can be
seen as the image of the commutative Lie algebra gBPS,T

Q̃Jor,W̃Jor
in the shuffle algebra

from [Dav22a][Section 3.13].

1.2.8 Algebras in physics literature

In [GRZ23], for every K ̸= 2, the authors construct certain double deformed
current algebras AK as the algebra of gauge-invariant local observables on M2
branes, in the twisted M-theory background. They further construct a C[ℏ1, ℏ2]

3In some references, the shuffle algebra is defined to be the subalgebra of symmetric Laurent
polynomials satisfying the wheel conditions. See [Neg23b][Definition 2.9].
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linear algebra Y K by gluing two copies of AK . They show that Y K is also an
integral form of the affine Yangian Ÿℏ1,ℏ2(gl(K)) and after quotienting by a central
element, this algebra deforms WK . We expect that (see Section 13)

Conjecture 1. For any K > 2, there is an isomorphism of algebras

Y K ≃ Y(K),CoHA
ℏ1,ℏ2 .

This would also explain the expectation in [Cos17][Section 1.8] concerning
the embedding of the cohomological Hall algebra in Costello’s deformed double
current algebra Oℏ1(Mℏ2(•, K)), since it is shown in [GRZ23][Theorem 2] that
Costello’s algebra is isomorphic to a particular integral form of the algebra AK

which contains the positive half of Y K [GRZ23][Definition 7.01].

1.2.9 Notations

• All schemes/stacks are considered over C.

• For any algebraic group G, BG := pt /G is the stack theoretic quotient,
while HG := H(BG,Q).
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Chapter 2

Quivers and Moduli Spaces

In this chapter, we will introduce our main object of study. We first set up some
notations.

A quiver is a directed graph Q = (Q0, Q1, s, t), where Q0, Q1 are finite sets
and s, t : Q1 → Q0. The set Q0 is the set of vertices, and Q1 is the set of edges.
For every edge α ∈ Q1, s(α) is the source of the edge, and t(α) is the target of
the edge.

Definition 2.0.1 (Path algebra). Let CQ be the path algebra of Q, i.e., the
algebra over C having the paths in Q as a basis, with multiplication given by
concatenation of paths. For each vertex i ∈ Q0, there is a lazy path of length 0
starting and ending at i, and we denote by ei the resulting element of CQ.

Given a quiver Q, the doubled quiver Q is the quiver obtained by adding a
new arrow a∗ for each arrow a ∈ Q1, with s(a

∗) = t(a) and t(a∗) = s(a). We then
define

Definition 2.0.2 (Preprojective algebra). The preprojective algebra is defined
as the quotient

ΠQ := CQ/⟨
∑

[a, a∗]⟩.

From now on, by a representation of a quiver, we mean a left CQ module.

Definition 2.0.3 (Dimension). A left CQ module ρ is said to be of dimension
d ∈ NQ0 defined by

di := dim(ei · ρ).

Convention 1. For quiver Q, and for any 0 ≤ i ≤ |Q0| − 1 we set δi =

(0, · · · , 0︸ ︷︷ ︸
i 0s

, 1, 0, · · · , 0) ∈ NQ0 and for anym ≤ |Q0|−1, we set [i,m) =
∑j=i+m mod (|Q0|)

j=i δj ∈

NQ0 is a cyclic string of 0s and 1s with m+1 consecutive 1s starting from position
i and remaining terms 0. Note that [i, 0) = δi and [i+1, |Q0| − 2) = δ− δi where
δ = (1, · · · , 1︸ ︷︷ ︸

|Q0| times

).

Given two representations ρ, ρ′ of dimension d, e respectively, we consider the
Euler form

(ρ, ρ′) := dim(Hom(ρ, ρ′))− dim(Ext1(ρ, ρ′)),
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which in this case, only depends on the dimensions d, e.

Definition 2.0.4 (Euler form). Given a pair of dimension vectors d, e ∈ NQ0 ,
we define the Euler form

χQ(d, e) :=
∑
i∈Q0

diei −
∑
α∈Q1

ds(α)et(α).

Definition 2.0.5 (Serre Subcategory). A Serre subcategory S ⊂ CQ−mod such
that for every short exact sequence of representations

0 → ρ1 → ρ2 → ρ3 → 0,

ρ2 is in S if and only if ρ1, ρ3 are in S.

Definition 2.0.6 (Potential). A potential1 on a quiver Q is an element W ∈
CQ/[CQ,CQ]. A potential is given by a linear combination of cyclic words in
Q, where two cyclic words are considered to be the same if one can be cyclically
permuted to be the other. IfW is a single cyclic word and a ∈ Q1, then we define

∂W/∂a =
∑

W=cac′

c′c

And we extend this definition linearly to general W .

Definition 2.0.7 (Jacobi algebra). The Jacobi algebra associated to (Q,W ) is
defined to be

Jac(Q,W ) := CQ/⟨∂W/∂a|a ∈ Q1⟩.

Although the definition might seem artificial, these algebras provide a way to
study important examples of non-compact Calabi-Yau 3-folds.

Example 1. Let Q̃Jor be a 3 loop quiver with one vertex and three loops.

•

Y

X Z

and let W̃ = X[Y, Z] be the potential. Then

Jac(Q̃Jor, W̃ ) ≃ C[X, Y, Z].

The above example has a natural generalization.

Example 2 (Canonical Cubic Potential). Given a quiver Q, we consider the

quiver Q̃, given by adding loops ωi to each vertex i ∈ Q0. Then the tripled quiver

Q̃ carries the canonical cubic potential

W̃ =

(∑
i∈Q0

ωi

)(∑
a∈Q1

[a, a∗]

)
.

1Also called superpotential in physics terminology
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We have an isomorphism of algebras

ΠQ[ω] ≃ Jac(Q̃, W̃ )

for the polynomial ring ΠQ[ω] where ω 7→
∑
ωi.

Example 3. Let G ⊂ SL(C2) be any finite subgroup of SL(C2). Let XG be the
minimal resolution of the affine quotient C2/G. The McKay correspondence asso-
ciates an affine ADE quiver QG to the group G. Let Y = XG×A1. Then it follows
from the Derived McKay correspondence [KV00] that there is an equivalence of
derived categories

Db
c (Coh(XG × A1)) ≃ Db(Jac(Q̃G, W̃QG)−mod).

In particular, let G = Z2. Then C2/Z2 = {(x, y, z) | x2 = yz} and the minimal
resolution is given by T∗P1. We can identify Y = TotP1(OP2 ⊕OP1(−2)) and we
have derived equivalence

Db
c (TotP1(OP1 ⊕OP1(2))) ≃ Db(Jac(Q̃2, W̃ 2)−mod),

where quiver Q̃2 is given by

• •ω0

a1

a∗2

a2

a∗1

ω1

with the potential W̃ 2 = (ω0 + ω1)([a1, a
∗
1] + [a2, a

∗
2]).

For any toric 3CY manifoldX, there is a procedure developed in mathematical
physics, known as dimer models, through which one can construct a quiver with
potential. These quiver encodes D-branes on X. Mathematically , this procedure
construct a tilting bundle T := ⊕Ti on X such that

RHom(T ,−) : Db
c (Coh(X)) ≃ Db(Jac(Q,W )−mod)

There is a derived equivalence between the bounded derived category of compactly
supported coherent sheaves on X and the bounded derived category of finite-
dimensional modules over the Jacobi algebra Jac(Q,W ) = EndX(T ). See [IU15]
for details.

Example 4. Let X = TotP1(OP1(−1) ⊕ OP1(−1)) be the resolved conifold. Let
T1 = π∗OP1 and T2 = π∗OP1(1) where π : TotP1(OP1(−1)⊕OP1(−1)) → P1 is the
projection map. Then it can be checked that EndX(T ) = Jac(Qcon,WKW) where
Qcon is the quiver

• •
a1

a∗2

a2

a∗1
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and WKW = a1a2a
∗
2a

∗
1 − a1a

∗
1a

∗
2a2 is the Klebanov–Witten potential.

Definition 2.0.8 (Nilpotent Representation). We define the notion of nilpotency
as considered in [BSV20], which is based on the work of Lusztig [Lus91]. Let
NQ ⊂ CQ-mod be the subcategory of semi-nilpotent representations of the quiver

Q, i.e representations ρ for which there exist some l such that CQ≥l · ρ = 0.
Furthermore,

• We say that a representation of ΠQ is nilpotent if underlining CQ module
is nilpotent. We shall denote that subcategory of representations by N .

• Let Q̃ be the tripled quiver introduced in Example 2. We define Ñ ⊂ CQ̃-
mod to be the subcategory for which underlining Q module is in NQ.

We will also consider representations under stability conditions.

Definition 2.0.9 (Semistability). Given a quiver Q, a stability condition is a
tuple ζ ∈ QQ0 . For a non-zero representation ρ of Q, we define the slope

µζ(ρ) :=
χζ(dim(ρ)) := ζ · dim(ρ)

| dim(ρ)|
.

Note that it only depends on dim(ρ). A representation ρ is semistable if for all
non-zero, proper ρ′ ⊂ ρ, we have µζ(ρ

′) ≤ µζ(ρ) and stable if the inequalities
are strict. We say that ζ is generic for dimension d if for all d′ < d, we have
µζ(d

′) ̸= µζ(d).

For µ ∈ (−∞,∞) a slope, we denote by

Λζµ ⊂ NQ0

the submonoid of dimension vectors d such that d = 0 or µζ(ρ) = µ.

2.0.1 Torus Actions

Given any quiver Q and a lattice N = Zr, let the map w : Q1 → N be a weighting
function on the edges. Fix T = HomGroup(N,C∗). For every a ∈ Q1, we can define
a homomorphism T → C∗ given by t→ t(w(a)). This gives a morphism of stacks
λa : BT → BC*. Taking pullback, defines a cohomology class t(a) ∈ H2(BT,Q)
given by t(a) = λ∗a(u) where u is the generator of H2(BC*, Q) ≃ Q[u]. Given a
path p = a1a2 · · · an on the quiver Q, we define its weight to be w =

∑i=n
i=1 w(ai).

A linear combination of paths is said to be homogeneous if the weights of each
path in the linear combination are the same.
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2.1 Moduli Spaces of quiver representations

Given a quiver Q and dimension d, define

Repd(Q) :=
∏
a∈Q1

Hom(Cd(s(a)),Cd(t(a)))

GLd :=
∏
i∈Q0

GLd(i)

where the group GLd acts on Repd(Q) by conjugation. Let

Md(Q) = Repd(Q)/GLd(Q)

be the moduli stack of d dimensional representations of Q. Let Md(Q) =
Spec(C[Repd(Q)]

GLd) be the coarse moduli space parametrizing semisimple points.
We then have the affinization map given by taking the direct sum of successive
quotients in the Jordan-Holder filtration of the representation

JHd : Md(Q) → Md(Q).

There is an action of T on Repd(Q) by

(t, (ρa)a∈Q1) → (t(w(a)) · ρa)a∈Q1

and then we define

MT
d(Q) := Repd(Q)/(GLd(Q)× T ).

Similarly, we define the stack

MT
d(Q) := Md(Q)/T

where T acts on Md(Q) since the action of Repd(Q) commutes with the action
of the gauge group GLd. We have an induced morphism

JHT
d : M

T
d(Q) → MT

d(Q).

We can also consider the versions of these objects with stability conditions.
Given a King’s stability condition ζ, we define Repζ−ss

d (Q) ⊂ Repd(Q) to be the
open subvariety of ζ semistable representations. We refer [Rei08] for an excellent
introduction to quiver moduli spaces.

We define the quotient stack MT,ζ−ss
d (Q) := Repζ−ss

d (Q)/(GLd(Q)×T ). When

there is no T , we have the coarse moduli space Mζ−ss
d (Q) given by GIT Quotient.

Since the points of this variety are in bijection with polystable representations, it
is easy to see that T acts on Mζ−ss

d (Q). We define MT,ζ−ss
d (Q) to be the quotient

stack Mζ−ss
d (Q)/T . We then have the induced morphism

JHT,ζ
d : MT,ζ−ss

d (Q) → MT,ζ−ss
d (Q).
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We denote by JHT,ζ
µ = ⊕d∈Λζµ JH

T,ζ
d : MT,ζ−ss

µ (Q) → MT,ζ−ss
µ (Q), whereMT,ζ−ss

µ :=

⊕d∈ΛζµM
T,ζ−ss
d (Q) and MT,ζ−ss

µ := ⊕d∈ΛζµM
T,ζ−ss
d (Q). Finally for two dimension

vectors d′ and d′′, we define RepT,ζ−ss
d′,d′′ ⊂ RepT,ζ−ss

d′+d′′ to be the subvariety of rep-

resentations such that the flag Cd′
i ⊂ Cd′

i+d′′
i for all i ∈ Q0 is preserved. Let

GLd′,d′′ ×T ⊂ GLd′+d′′ ×T be the subgroup preserving this flag. We then define
the quotient stack of extensions

ExtT,ζ−ss
d′,d′′ (Q) := RepT,ζ−ss

d′,d′′ (Q)/(GLd′,d′′ ×T ).

For any algebra A given by the quotient of CQ by a two sided ideal which
is preserved by T , we define quotient stack MT,ζ−ss

d (A) as the GLd quotient
of ζ semistable d dimensional representations of A. We similarly have stacks
ExtT,ζ−ss

d′,d′′ (Q) and coarse moduli spaces MT,ζ−ss
d (A). We will be focusing espe-

cially on the case when A = ΠQ, which is the quotient of the path algebra of
the doubled quiver Q. This stack can be more conceptually understood in the
following way.

2.1.1 Representations of preprojective algebra

Let Q be the doubled quiver. Then we can identify

Repd(Q) ≃ T ∗Repd(Q)

by the pairing between Hom(Cd(s(a)),Cd(t(a))) and Hom(Cd(t(a)),Cd(s(a))) for any
arrow a ∈ Q1. The symplectic manifold T ∗Repd(Q) carries the action of Gauge
group GLd with moment map

µQ,d : Repd(Q) → gld :=
∏
i∈Q0

gldi

given by

(ρ(a), ρ(a∗))a∈Q1 7→
∑
a∈Q1

[ρ(a), ρ(a∗)].

Here we have identified gld with gl∨d by the trace pairing. Then a substack
of Md(Q), the quotient stack µ−1

Q,d(0)/GLd can be identified with the stack of
representations of the preprojective algebra Md(ΠQ).

LetMζ−ss
d (ΠQ) = µ−1,ζ−ss(0)/GLd be the open substack of ζ semisstable stable

quiver representations. We may also consider GIT quotients Mζ−ss
d (ΠQ). Similar

to quiver representations, we have semisimplification morphism

JH : Md(ΠQ) → Md(ΠQ).

When the torus T preserves the moment map relations, we can construct moduli
spaces MT,ζ−ss

d (ΠQ) and MT,ζ−ss
d (ΠQ) in exactly similar way as before.

These stacks are often highly singular, as seen in the following example.

Example 5. Let Q be the Jordan quiver. Then the µ−1
QJor,d

(0) is space of com-
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muting matrices and thus the stack of preprojective algebra representations is

Md(ΠQJor
) = {A,B ∈ End(Cn) | [A,B] = 0}/GLd .

This can be equivalently described as the stack Cohd(A2) of length d torsion
sheaves on A2 and the coarse moduli space Md(ΠQJor

) can be identified with
symmetric space of d points on plane Symn(C2). Finally, the Jordan holder map
is identified with the support morphism Supp : Cohd(A2) → Symn(C2).

Earlier, we defined the notion of nilpotency N for preprojective algebra rep-
resentation. Following Lusztig, we can define Lusztig nilpotent stack MN

d (ΠQ)

as the closed substack µ−1,N
d (0)/GLd of nilpotent representations of ΠQ where

µ−1,N
d (0) := (µ−1

d (0) ∩ RepN
d (Q).

Example 6. Let Q be the Jordan quiver. Then the Lusztig nilpotent stack
MN

d (ΠQJor) parametrizes commuting nilpotent matrices of dimension d.
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Chapter 3

Perverse Sheaves and Vanishing
Cycles

In this chapter, we will briefly introduce the theory of Perverse sheaves and
introduce Vanishing cycles, a central object in the cohomological Donaldson-
Thomas theory, and explain the dimension reduction theorems, which provide a
way to compute vanishing cycles.

3.1 Perverse Sheaves

Our reference for this section is [Ach21]. Let X be any algebraic variety and let
Xan denote the analytification of X. Let Sh(X) denote the abelian category of
sheaves over Q on X. For a Q vector space V , VX ∈ Sh(X) denote the constant
sheaf on X associated to V . We say that a sheaf is constructible if there exists a
stratification X =

∐
Xi such that the restriction of the sheaf F to each Xi is a

locally constant sheaf.
Let Db(X) denote the derived category of sheaves on X. An object F is

constructible if the cohomologies Hi(F) are constructible. Let Db
c (X) denote

the derived category of constructible complexes. This category comes with six
functors f!, f∗, f

!, f ∗,Hom(F ,−) and F ⊗−.
Let p : X → pt be a constant map. Then the dualizing complex DQX is

defined to be p!Qpt. This defines the verdier duality functor D : Db
c (X)op →

Db
c (X) given by D(F) = Hom(−,DQX).
We then define perverse t-structure on Db

c (X) by

pD≤0
c (X) := {F ∈ Db

c (X) | dim(Supp(Hi(F)) ≤ −i,∀ i ∈ Z}
pD≥0

c (X) := {F ∈ Db
c (X) | D(F) ∈ pD≤0

c (X) }

Then, finally, we define

Definition 3.1.1. The category of Perverse sheaves on X is defined to be the
heart of the perverse t structure, i.e.

Perv(X) := pD≤0
c (X) ∩ pD≥0

c (X).
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We will often denote the i the cohomology functor associated to Perverse-t-
structure by pHi(−).

Example 7. If X is any smooth irreducible variety, then L[dim(X)] is a Perverse
sheaf onX. In the cases whenX is smooth, we will denote byQvir

X := QX [dim(X)]
as the constant perverse sheaf on X.

3.1.1 Perverse Sheaves on Stacks

In earlier sections, we only defined the category of perverse sheaves when the
underlying space is an algebraic variety. There is a way to define these categories
for smooth Artin stacks X.

The first step is to define the constructible category Db
c (X) with six-functor

formalism. This is done in [LO08a] and [LO08b]. In the setting when X is the
quotient stack X/G, which is the case we will be dealing with in this thesis, the
constructible derived category Db

c (X/G) is defined to be the equivariant derived
category Db

G(X).
Then the second step is to define a perverse t structure, which is done in

[LO09], which defines the category of Perverse sheaves. For any stack X, let
Perv(X) denote the category of Perverse sheaves on X. In the case when X is
smooth, we will denote by Qvir

X the perverse sheaf QX[dim(X)].

Example 8. We can interpret standard cohomology theories via the six functor
formalism. For any stack X any F ∈ Db

c (X) and the morphism to point p : X →
pt, we write H(X,F) := p∗(F) and Hi(X,F) := Hi(p∗(F)). We can define

HBM(X,F) := p∗(DF)

Hc(X,F) := p!(F)

where D is the Verdier duality functor.

Convention 2. Given any space X, let Db(Perv(X)) denote the unbounded
derived category of constructible complexes on X such that for each connected
component X ′ ⊂ X, the cohomology sheaves pHi(F) vanish for i << 0.

3.1.2 Decomposition Theorem and Intersection Cohomol-
ogy Sheaves

Despite the abstract definition, the category of Perverse sheaves behaves quite
nicely. The category of perverse sheaves is known to be a finite length category
(both Artinian and Noetherian). Furthermore, there is a complete description of
the simple Perverse sheaves.

Let i : Z ↪→ X be any locally closed, irreducible, smooth subvariety. Then
in general, it is not true that either of the functors i! or i∗ preserves perverse
heart. However, there exist intermediate extension functor i!∗ defined by i!∗F =
Im(pH0(i!F) → pH0(i∗F)) which preserves perverse t structure i.e. We have a
functor i!∗ : Perv(X) → Perv(Y ).
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Orignally defined in work of Goresky-Macpherson [GM77], given a local sys-
tem L on Z, L[dim(Z)] ∈ Perv(Z). We define the IC sheaves as the image of
this perverse sheaf via the intermediate extension functor, i.e.

ICZ(L) := i!∗(L[dim(Z)]).

For any variety X, for which each connected component is irreducible, we
define the intersection complex

ICX :=
⊕

Z∈π0(X)

ICZ(QZsm [dim(Z)]),

i.e. it is the intermediate extension of the constant perverse sheaf on the smooth
locus. We then have the following fundamental theorem.

Theorem 3.1.2. Let L be a irreducible local system on Z, then ICZ(L) is a
simple object in Perv(X) and all simple objects in Perv(X) are of this form.
Furthermore, every perverse sheaf admits a finite filtration whose subquotients
are simple IC sheaves ICZ(L).

Suppose one is in a setting where one wants to study the cohomology of some
space X and assume further that there is a morphism f : X → Y such that we
understand the cohomology of the fibers, but maybe some of the fibers are ill-
behaved. It might still be possible that these fibers don’t contribute much to the
overall cohomology. Thus, studying the pushforward f∗QX is worthwhile, which
might tell us something about the support. This technique is quite heavily used
in some of the main theorems of this thesis.

The following theorem of Beilinson–Bernstein–Deligne-Gabber [Bei+18], called
the BBDG decomposition theorem, is precisely of this nature. We have

Theorem 3.1.3. If f : X → Y is a proper morphism from a smooth algebraic
variety. Then we have splitting

f∗Qvir
X ≃

⊕
i∈Z

pHi(f∗Qvir
X )[−i]

and each of pHi(f∗Qvir
X ) are semisimple perverse sheaves.

Note that H(Y, pτ≤i(f∗Qvir
X )) ⊂ H(X,Qvir

X ) defines a canonical filtration on the
cohomology, often called Perverse filtration. In this thesis, we will see several
instances of such filtrations. The Splitting 4.3 for the semisimplification mor-
phism JH can be seen as an instance where the first part of this theorem is true,
even when the underlying morphism JH is not proper. The decomposition in
equation 4.15 is even more interesting as neither the underlying space Md(ΠQ) is
smooth, nor the morphism JH is proper. Yet, we have both parts of the BBDG
decomposition theorem.
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3.2 Vanishing Cycles

Vanishing cycles provide a coefficient system of counting points in the moduli
space of objects in 3CY categories, which are locally a critical locus. In this
section, we will introduce vanishing cycles and the properties we need in later
sections. For more details, refer to [KS90] and [DM20]. Let f : X → C be
a function on a smooth complex variety X. Then we consider the following
commutative diagram:

X0 X≤0 X X>0

{z = 0} {z ∈ C | Re(z) ≤ 0} A1 {z ∈ C | Re(z) > 0}

i0

i

i≤0

f

r

Definition 3.2.1 (Nearby cycle functor). The perverse1 nearby cycle functor

pΨf : D
+(X) → D+(X)

is defined to be
Ψf := i∗i

∗r∗r
∗[−1]

By adjunction, there is a natural transformation id → r∗r
∗, precomposing

with i∗i
∗ yields a natural transformation

i∗i
∗[−1] → pΨf . (3.1)

Definition 3.2.2 (Vanishing cycle functor). The vansishing cycle functor

pΦf : D
+(X) → D+(X)

is defined to be the cone of above morphism

pΦf := Cone(i∗i
∗[−1] → pΨf )

These functors behave nicely with the perverse structure. As we have

Proposition 3.2.3 ([Ach21], Thoerem 4.2.8). Let f : X → A1 be a regular
function. The functors pΦf and pΨf are t-exact for the perverse-t structure.

Thus in particular, the vanishing cycle sheaf : pΦf (Qvir
X ) is a perverse sheaf

on X. The vanishing cycle sheaf captures the singularity of the function. Let’s
consider the smoothest function of all first.

Example 9. Consider the identity function id : C → C, id(z) = z. Then by
definition, we have pΨid QA1 [1] = i∗i

∗r∗QA1
>0
. So we have to compute the talk

(r∗QA1
>0
)0. By [Ach21][Lemma 1.2.10], we have

Hk(i∗r∗QA1
>0
) = lim

0∈U
Hk(U, (r∗QA1

>0
)|U) = lim

0∈U
Hk(A1

>0∩U,QA1
>0∩U) = Hk(A1

>0,QA1
>0
)

1We have shifted the usual functor by [-1].
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where last equality is true since for any open disc U containing 0, the inclusion
A1
>0∩U ↪→ A1

>0 is a homotopy equivalence. Since this vanishes unless k = 0, this
is just Q. Thus pΨid = i∗Q0. And so pΦid(QA1 [1]) = 0.

Proposition 3.2.4. The vanishing cycle sheaf pΦf Qvir
X is supported on the critical

locus Crit(f) = {df = 0}.

Proof. Let x ∈ X which is not in the critical locus. Thus, for a neighbourhood
x ∈ U , we may assume that f : U → A1 is smooth. Let id : A1 → A1 be
the identity function. Then by smooth pullback (Section 3.2.2), we have 0 =
f ∗ pΦid QA1 ≃ pΦf f

∗QA1 = pΦf QX .

Let’s consider another example where f is not a smooth function.

Example 10. Consider the function f : A1 → A1 given by f(z) = zn for some
n ≥ 2. Let (A1

>0)
1/n = f−1(A1

>0. By definition pΨf (QA1 [1]) = i∗i
∗r∗Q(A1

>0)
1/n .

Now just like Example 9, we have

Hk(i∗r∗Q(A1
>0)

1/n) = H((A1
>0)

1/n,Q(A1
>0)

1/n) = Qn

since there are n connected components. So pΨzn Qvir
A1 = i∗Qn

0 and thus

pΦzn Qvir
A1 = i∗Qn−1

0

Example 11. Let Q be any quiver, d be any dimension vector, and W be any
potential. Consider the morphism Tr(W ) : Md(Q) → C. Then

crit(Tr(W )) = Md(Jac(Q,W )).

So in particular,

H(Md(Q),
pΦQTr(W )) = H(Md(Jac(Q,W )), pΦQTr(W )).

Like perverse sheaves, vanishing cycles can be generalized to Artin stacks. In
this thesis, we will mainly be dealing with the case of smooth quotient stacks
X/G, where one can understand its cohomology as the equivariant cohomology
HG(X,

pΦf ).

Definition 3.2.5 (Critical cohomology). Given a function f : X → A1, we define
critical cohomology with slight abuse of notation:

H(X, pΦf ) := H(X, pΦf Qvir
X ).

The vanishing cycle functor enjoys many nice properties, which we shall ex-
plain now. We refer [DM20] for more details. We assume that all the stacks
considered are quotient stacks.

3.2.1 Thom-Sebastiani

There is an analogue of the Künneth isomorphism for the critical cohomology.
Let f and g be two functions on smooth stacks X and Y respectively. The Thom-
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Sebastiani theorem states that there is a natural equivalence

TS : pΦf⊞g(F ⊠ G)|f−1(0)×g−1(0) ≃ pΦf F ⊠ pΦg F

and when Supp(pΦf⊞g(F ⊠ G)) ⊂ f−1(0) × g−1(0), we get an isomorphism on
cohomology

TS: H(X, pΦf F)⊗ H(Y, pΦf G) ≃ H(X×Y, pΦf⊞g(F ⊠ G)).

3.2.2 Pullback

Given a morphism p : X → Y between smooth stacks, there is a natural morphism

p∗ pΦf → pΦfp p
∗

which is an isomorphism when the map p is smooth. Applying this to QY and
pushing forward to the point, we get a pullback map

p∗ : H(Y, pΦf QM) → H(X, pΦfpQX).

3.2.3 Verdier Duality

There is a natural isomorphism D pΦf ≃ pΦf D where D is the Verdier duality
functor.

3.2.4 Pushforward

Given any morphism p : X → Y and a function f : Y → C there is a natural map

pΦf p∗ → p∗
pΦfp

which is an isomorphism when p is proper. Applying this to F = QX and compos-
ing gives a morphism pΦf QY → p∗(

pΦfpQX). Applying D and pushing forward
to the point yields a map for p proper:

p∗ : H(X, pΦfpQX) → H(Y, pΦf QY)[2(dim(Y)− dim(X))].

3.3 Dimension Reduction

Let X = X ′ × An be a smooth variety, let f be a function on X of weight one
for the scaling action on An and trivial action on X and let π : X → X ′ be the
projection map so that we can write

f =
∑

1≤i≤n

xiπ
∗(fi)

where fi are functions on X ′ and xi are coordinates on An. Let

Z ′ := {x ∈ X ′ | fi(x) = 0 ∀ x ∈ X ′}
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and let Z := π−1(Z ′). Let iZ′ : Z ′ ↪→ X ′, and i : Z → X be the inclusions. Then
the natural map

π!
pΦf π

∗ → π!π
∗(iZ′)∗(iZ′)∗

is an isomorphism [Dav17][Appendix A].

Example 12. We apply dimension reduction isomorphism to the sheaf F = QX′ .
This gives an isomorphism of complexes

π!
pΦf QX ≃ π!π

∗(iZ′)∗QZ′ ≃ π!i∗QZ = QZ′ [−2n].

Taking global sections gives an isomorphism of cohomology

Hc(X,
pΦf QX) ≃ Hc(Z,QZ) ≃ Hc(Z

′,QZ′ [−2n]). (3.2)

Applying Verdier duality gives an isomorphism of cohomology:

HBM(Z ′,QZ′ [−2n]) ≃ H(X, pΦf (Qvir
X )[dim(X)]).

This isomorphism also extends to quotient stacks. Suppose that an algebraic
group G acts on X ′ and An such that the function f is also G invariant. Then
we get an isomorphism of sheaves

π!
pΦf QX/G ≃ QZ′/G[−2n].

Taking Verdier dual gives an isomorphism of sheaves

DQZ′/G[2n− (dim(X/G))] ≃ π∗
pΦf Qvir

X/G. (3.3)

We shall be applying isomorphism 3.3 to dimensionally reduce from Kontsevich-
Soibelman Cohomological Hall algebras to the Schiffmann-Vasserot Cohomologi-
cal Hall algebra of preprojective algebra in Section 4.2.1.

Example 13. Let f : A2 → C given by f = xy. Then we can write f as xfy
where fy : A1 → C, fi(y) = y. Then applying dimension reduction gives

H(A2, pΦf Qvir
A2) ≃ HBM(pt,Q) ≃ Q.

Notice that we could have rather written f = yfx, and we would have gotten
another natural isomorphism

H(A2, pΦf Qvir
A2) ≃ HBM(pt,Q) ≃ Q.

These two morphisms differ by a sign. They are one of the major reasons why we
sometimes twist multiplication rules in the cohomological Hall algebra by specific
choices of signs. See Proposition 6.1.12 to see this manifestation in the coproduct.

Notice that there is an underlying assumption that there is a weight 1 scaling
action. This condition can be slightly relaxed. We have the following theorem of
Davison-Padurariu [DP22], which we write in the generality we need.
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Theorem 3.3.1 (Deformed Dimension Reduction). Let G be any algebraic group
acting on X ′ and the affine space An. Assume that An is given C∗ action by non-
negative weights, which commutes with G action. Let C∗ acts on X = X ′×An by
trivial action on X ′ and given action on An. Now assume that f is G invariant
and C∗ semi-invariant, with strictly positive weight. Assume that one can write
An = Am × An−m, G× C∗ equivariantly and one can write

f = f0 +
∑

1≤i≤m

fixi

where f0, f1, · · · , fm are pulled back from X×An−m and xi are the coordinates of
Am. Then there is a natural isomorphism of sheaves

π!
pΦf QX/G ≃ q!

pΦf0 QZ/G[−2m],

where Z ⊂ X × An−m is the vanishing locus of functions fi, 1 ≤ i ≤ n and
q : X × An−m → X is the projection morphism.

Notice the case when n = m is the usual dimension reduction theorem, par-
ticularly isomorphism 3.3.

Example 14. Let f be a function f : A2 → C given by f(x, y) = xy+xn, n ≥ 2.
Then we define a C∗ action so that it scales y by weight n − 1 and x by weight
1. We can write A2 = A1

x × A1
y where we see xn, x as pullback of functions on

A1
x and y as the coordinate. Then deformed dimension reduction theorem with

Am = A1
y, An−m = A1

x and X ′ = pt gives isomorphism

H(A2, pΦf Qvir
A2) ≃ Q

3.3.1 Saito’s Mixed Hodge Modules

Given X any algebraic variety X, we saw that the constructible category Db
c (X),

and hence the category Perv(X), provides a way to study the cohomology of the
space X. When X is a smooth and projective variety, it is well known that the
cohomology H(X,Q) has a Hodge decomposition. This is, however, not true for
an arbitrary algebraic variety. In [Del71], Deligne proved that the cohomology of
any complex algebraic variety admits a canonical Mixed Hodge structure.

In [Sai86a] and [Sai86b], Saito introduced the theory of Mixed Hodge modules.
This theory is a way to unify the Mixed Hodge structures and Perverse sheaves
formalism. For any algebraic variety X, let MHM(X) denote the category of
polarizable mixed Hodge modules. When X is a point, MHM(pt) is just the
category of polarizable mixed Hodge structures. The derived category of mixed
Hodge complexes Db(MHM(X)) can be seen as an analog of Db

c (X) and admits
six functor formalism. Finally there exist a conservative functor

ratX : Db(MHM(X)) → Db
c (X)

which maps the abelian category MHM(X) to Perv(X).
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This generalization is particularly useful in cohomological Donaldson-Thomas
theory, as now we can study the mixed Hodge structure on the critical cohomol-
ogy, which provides refinements to DT invariants. In this thesis, we will be
working with Perverse sheaves, but all the objects defined can be upgraded at
the level of Mixed Hodge modules, so every cohomology considered has a Mixed
hodge structure. One of the main theorems (PBW isomorphism 4.6), which we
shall be using in this thesis, is proved via going through this upgrade.
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Chapter 4

Cohomological Hall algebra

4.1 Kontsevich-Soibelman Cohomological Hall

algebra

We recall the construction of the cohomological Hall algebra of a quiver with
potential from [KS11]. Let Q be any quiver with potential W and let T be any
torus defined by weighting w : Q1 → Zr such that the weight of potential W is 0.
Then given any stability condition ζ and slope µ, we consider the graded vector
space

AT,ζ
Q,W,µ :=

⊕
d∈Λζµ

AT,ζ
Q,W,d

where
AT,ζ
Q,W,d := H(MT,ζ−ss

d (Q), pΦTrζd(W ) Q
vir),

and Tr(W )ζd : M
T,ζ−ss
d (Q) → C is the trace function1, the grading is given by

dimension and cohomology and Qvir is the constant T equivariant perverse sheaf
defined2 by

Qvir|MT
d (Q) = QMT

d (Q)[−(d,d)].

We then consider the convolution diagram

MT,ζ−ss
d1,d2

(Q)

MT,ζ−ss
d1

(Q)×[pt /T ] M
T,ζ−ss
d2

(Q) MT,ζ−ss
d1+d2

(Q)

π1×π3 π2

1We shall ignore the subscripts from Tr(W )ζd when context is clear.
2We choose this twist since we want to think of AT

Q,W as version of AQ,W with equivariant

parameters. For AQ,W , the sheaf Qvir = Q[−(d,d)] is perverse, while for AT
Q,W we choose the

sheaf so that restriction to the fibres of projection MT
d (Q) → pt /T are perverse.
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By taking the inverse of the Thom-Sebastiani isomorphism (3.2.1), we have the
isomorphism of graded vector spaces:

TS−1 : H(MT,ζ−ss
d1

(Q), pΦTr(W ) Qvir)⊗ H(MT,ζ−ss
d2

(Q), pΦTr(W ) Qvir)

≃ H(MT,ζ−ss
d1

(Q)×MT,ζ−ss
d2

(Q), pΦTr(W )d1
⊞Tr(W )d2

Qvir).

By the natural map [pt /T ] → pt, we have a forgetful morphism j : MT,ζ−ss
d1

(Q)×[pt /T ]

MT,ζ−ss
d2

(Q) → MT,ζ−ss
d1

(Q)×MT,ζ−ss
d2

(Q), so by taking the pullback (3.2.2), we have
the morphism of graded vector spaces

j∗ : H(MT,ζ−ss
d1

(Q)×MT,ζ−ss
d2

(Q), pΦTr(W )d1
⊞Tr(W )d2

Qvir)

≃ H(MT,ζ−ss
d1

(Q)×[pt /T ] M
T,ζ−ss
d2

(Q), pΦTr(W )d1
⊞Tr(W )d2

Qvir).

By taking pullback (3.2.2) along the morphism π1×π3 we have the morphism
of graded vector spaces

(π1 × π3)
∗ : H(MT,ζ−ss

d1
(Q)×[pt /T ] M

T,ζ−ss
d2

(Q), pΦTr(W )d1
⊞Tr(W )d2

Qvir) →
H(MT,ζ−ss

d1,d2
(Q), pΦTr(W )|

M
T,ζ−ss
d1,d2

(Q)
QMT,ζ−ss

d1,d2
(Q))[−(d1,d1)− (d2,d2)].

since dim(Md(Q)) = −(d,d). Then finally doing the pushforward (3.2.4) along
π2, gives a morphism of graded vector spaces

(π2)∗ : H(MT,ζ−ss
d1,d2

(Q), pΦTr(W )|
M
T,ζ−ss
d1,d2

(Q)
QMT,ζ−ss

d1,d2
(Q))[−(d1,d1)−(d2,d2)] →

H(MT,ζ−ss
d1+d2

(Q), pΦTr(W ) Qvir).

Note that above respects the cohomological grading since

dim(MT,ζ−ss
d1+d2

)− 2 dim(MT,ζ−ss
d1,d2

(Q)) = −(d1,d1)− (d2,d2).

Composing the above morphisms together gives a morphism of cohomologically
graded vector spaces

mT
d1,d2

:= (π2)∗(π1 × π3)
∗j∗TS−1 : AT,ζ

Q,W,d1
⊗AT,ζ

Q,W,d2
→ AT,ζ

Q,W,d1+d2
.

Taking the direct sum of maps md1,d2 over all (d1,d2) ∈ Λζµ × Λζµ defines a map
of Λζµ × Z graded vector spaces

mζ
µ : A

T,ζ
Q,Wµ ⊗AT,ζ

Q,W,µ → AT,ζ
Q,W,µ

where by Λζµ we mean the dimension grading while Z is the cohomological grading.

The map mζ
µ in fact gives AT,ζ

Q,W,µ a structure of Λζµ×Z graded associative algebra
structure [KS11][Section 2.3]. We will often denote the multiplication by ⋆. We
note that when ζ = (0, · · · , 0) and µ = 0 then MT,ζ−ss

d (Q) = MT
d(Q) and the

direct sum is over all d in NQ0 . We will denote the resulting algebra by AT
Q,W
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and AQ,W,µ for the case without T . Note that by definition AT,ζ
Q,W,µ is a HT(pt)

linear algebra.

4.1.1 Nilpotent 3d CoHA

Following [DM20], one can define a CoHA structure for any geometrically de-
fined Serre subcategory of the quiver representations. In this thesis, we will only
consider a case of this construction which is given by the Serre category Ñ of
nilpotent representations of the tripled quiver Q̃, defined in Section 2.0.8. Let

ω : MÑ ,ζ−ss
d (Q̃) → Mζ−ss

d (Q̃) denote the inclusion of the stacks, where MN
d (Q̃) is

the stack of ζ semistable d dimensional representations of quiver Q̃. We consider
the graded vector space

AT,ζ,Ñ
Q,W,µ :=

⊕
d∈Λζµ

AT,ζ,Ñ
Q,W,d

where we define

AT,ζ,Ñ
Q,W,d := H(MT,ζ−ss

d (Q), ω∗(ω)
! pΦTr(W ) Qvir).

Then, in the same way as the last section, the CoHA convolution diagram

constructs an associative algebra structure on AT,ζ,Ñ
Q,W,µ.

4.1.2 Relative CoHA

The algebra AT,ζ
Q,W,µ admits a lift to an algebra object RAT,ζ

Q,W,µ in the derived

category D+(Perv′(MT,ζ
µ (Q))) of perverse sheaves on the coarse moduli space.

3This lift is sometimes useful in studying this algebra as many of the products
in algebra can then be interpreted as morphisms of semisimple Perverse sheaves,
which are relatively easier to understand. Let

MT,ζ−ss
µ (Q) :=

∐
d∈Λζµ

MT,ζ−ss
d (Q)

and similarly let

Mζ−ss
µ (Q) :=

∐
d∈Λζµ

Mζ−ss
d (Q).

We denote MT,ζ−ss
µ (Q) and MT,ζ−ss

µ (Q) by MT (Q) and MT,ζ−ss
µ (Q) respectively,

in the case when ζ = 0, µ = 0. Finally let JHT
µ :=

∐
d∈Λζµ JH

T
d : MT,ζ−ss

µ (Q) →
MT,ζ−ss

µ (Q) to be the semisimplification morphism.
We consider the direct sum map

Mζ
µ(Q)×Mζ

µ(Q)
⊕−→ Mζ

µ(Q)

3The shifted perverse t structure on Db
c (M

T,ζ−ss
d (Q)) is defined by setting p′

τ≤i :=
pτ≤i−dim(T ) and p′

τ≥i := pτ≥i−dim(T ). Let Perv
′
(X/T ) to be heart with respect to this shifted

perverse structure. This is defined so that for any F ∈ Perv
′
(X/T ), (X → X/T )∗(F) ∈

Perv(X).
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It is proved in [MR19] that this morphism is a finite and commutative morphism
of schemes. This morphism lifts to the T quotients

MT,ζ
µ (Q)×[pt /T ] MT,ζ

µ (Q)
⊕T−−→ MT,ζ

µ (Q)

is also finite and commutative. We consider the monoidal product

F ⊠⊕T G := ⊕T
∗ (F ⊠[pt /T ] G)

over [pt /T ] on D+(Perv′(MT,ζ
µ (Q)), allowing us to consider algebra objects

in D+(Perv′(MT,ζ
µ (Q)). Since the morphism ⊕T is finite, it implies that the

monoidal product is bi-exact and symmetric.
Let Λζµ × [pt /T ] be the stack consisting of the copy of [pt /T ] for every

dimension vector d ∈ Λζµ. Then the Λζµ graded algebra structure on AT,ζ−ss
Q,W,µ

can be understood as the algebra structure on the object p∗
pΦTr(W ) Qvir

MT,ζ
µ (Q)

∈
D+(Λζµ× [pt /T ]) where p : Mζ

µ(Q) → Λζµ× [pt /T ] is the canonical morphism and
Λζµ × [pt /T ] is a monoid over [pt /T ] given by the sum of dimension vectors. We
now consider something intermediate.

Let
RAT,ζ

Q,W,µ := (JHT,ζ
µ )∗

pΦTr(W )(Qvir

MT,ζ
µ (Q)

).

Since, after doing semisimplification, non-trivial extensions are the same as the
direct sum, the CoHA convolution diagram lifts to the commutative diagram

ExtT,ζ−ss
d1,d2

(Q)

MT,ζ−ss
d1

(Q)×[pt /T ] M
T,ζ−ss
d2

(Q) MT,ζ−ss
d1+d2

(Q)

MT,ζ−ss
d1

(Q)×[pt /T ] MT,ζ−ss
d2

(Q) MT,ζ−ss
d1+d2

(Q)

π1×π3 π2

JHTd1
× JHTd2

JHTd1+d2

⊕T

Now, we can do the same game as in the definition of Kontsevich-Soibelman
CoHA, but instead we push forward underlying sheaves to MT,ζ−ss

µ (Q). It is
proved in [DM20] and [Dav22b] that this defines a morphism

Rm : RAT,ζ
Q,W,µ ⊠⊕T RAT,ζ

Q,W,µ → RAT,ζ
Q,W,µ

which makesRAT,ζ
Q,W,µ an algebra object inside the monoidal category D+(Perv′(MT,ζ

µ (Q))).
We will often refer to this as the relative CoHA. Taking cohomology of the mo-
prhism Rm above, we obtain the usual CoHA AT,ζ

Q,W,µ.

4.1.3 Tautological bundles

Given a family F of d dimensional ζ semistable representations of CQ we can
obtain a line bundle by taking Det(F). This gives a map Det : MT,ζ−ss

d (Q) → BC*
u
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where BC*
u = pt /C∗

u and we use variable u to emphasise that u ∈ H2(BC*
u,Q) is

the tautological generator for this C∗. Thus, we have a map of stacks

(Det× id) : MT,ζ−ss
d (Q) → BC*

u×MT,ζ−ss
d (Q) (4.1)

which induces a natural map in the constructible category

pΦ0⊞Tr(W )d QBC*
u ×MT,ζ−ss

d (Q) → (Det× id)∗
pΦTr(W )d QMT,ζ−ss

d (Q) (4.2)

while by Thom-Sebastiani pΦ0⊞Tr(W )d QBC*
u ×MT,ζ−ss

d (Q) ≃ QBC*
u
⊠pΦTr(W )d QMT,ζ−ss

d (Q)

and so after shifting by [(d,d)] and taking global sections, we get

(Det× id)∗ : H(BC*
u,Q)⊗ H(MT,ζ−ss

d (Q), pΦTr(W )d) → H(MT,ζ−ss
d (Q), pΦTr(W )d)

This gives an action of Q[u] = H(BC*
u,Q) on AT,ζ

Q,W,µ which we denote by ·. We
will see later that this action acts by derivation.

We may also pushforward the morphism 4.2 by JHT,ζ
d to induce similar action

of Q[u] on RAT,ζ
Q,Wµ.

4.1.4 Perverse filtration and BPS Lie algebra

Sign Twist

We slightly twist the multiplication on AT,ζ
Q,W so that the resulting algebra satisfies

the PBW theorem. Given dimension vectors d′,d′′, we define

τ(d′,d′′) = χQ(d
′,d′)χQ(d

′′,d′′) + χQ(d
′,d′′)

Then a bilinear form ψ on (Z/2Z)Q0 is defined so that we have

ψ(d′,d′′) + ψ(d′′,d′) ≡ τ(d′,d′′) mod 2.

Then AT,ζ,ψ
Q,W is defined as an algebra on the same vector space, but with the

multiplication mψ
d′,d′′ = (−1)ψ(d

′,d′′)md′,d′′ . Similarly we define RAT,ζ,ψ
Q,W,µ to be the

algebra object with the same underlying complex of perverse sheaves on RAT,ζ,ψ
Q,W,µ

but with the modified multiplication Rmψ
d′,d′′ = (−1)ψ(d

′,d′′)Rmd′,d′′

For a general situation of quiver Q with potential W , we fix a choice of ψ.
For the tripled quiver Q̃ and canonical potential W̃ , we have

τQ̃(d
′,d′′) ≡

∑
α:i→j

d′
id

′′
j + d′

jd
′′
i

and so we choose

ψ(d′,d′′) = χQ(d
′,d′′) =

∑
i∈Q0

d′
id

′′
i −

∑
α:i→j

d′
id

′′
j .

when the quiver Q is fixed, we will denote this sign twist by χ.
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4.1.5 Perverse filtration and integrality

We assume that quiver Q is symmetric from now on4. The morphism JHT,ζ
d

behaves like a proper map [DM20] by which we mean that it satisfies an analog
of the decompositon theorem, i.e. the direct image (JHT,ζ

d )∗
pΦTr(W ) splits, that

is we have a non-canonical isomorphism in Db(Perv′(MT,ζ−ss
d (Q))):

(JHT,ζ
d )∗

pΦTr(W ) Qvir ≃
⊕
i∈Z

p′Hi((JHT,ζ
d )∗

pΦTr(W ))[−i]. (4.3)

Furthermore, it is proved in [DM20] that p′Hi((JHT,ζ
d )∗

pΦTr(W )) = 0 for all i <
1, so the above splitting starts from i ≥ 1. For any i, applying the natural
transformation p′(τ≤i) → id, gives a split morphism

p′τ≤i((JHT,ζ
d )∗

pΦTr(W ) Qvir) → ((JHT,ζ
d )∗

pΦTr(W ) Qvir).

Thus pushing forward all the way to the point, gives an injection

PiAT,ζ,ψ
Q,W,d := H(MT,ζ−ss

d (Q), p
′
τ≤i((JHT,ζ

d )∗
pΦTr(W ) Qvir)) → AT,ζ,ψ

Q,W,d,

giving an increasing filtration

P•(AT,ζ,ψ
Q,W,d) := 0 ⊂ P1(AT,ζ,ψ

Q,W,d) ⊂ P2(AT,ζ,ψ
Q,W,d) · · · ⊂ AT,ζ,ψ

Q,W,d

of AT,ζ,ψ
Q,W,d. This filtration respects the algebra structure on AT,ζ,ψ

Q,W,µ. It is shown in

[Dav22a][Theorem 3.3] that in fact the vector space ⊕d∈ΛζµP
1(AT,ζ,ψ

Q,W,d) is preserved

under the Lie bracket induced by the associative algebra structure onAT,ζ,ψ
Q,W,µ. The

BPS Lie algebra is defined to be the Λζµ × Z graded vector subspace5

gBPS,T,ζ
Q,W,µ :=

⊕
d∈Λζµ\0

P1(AT,ζ,ψ
Q,W,d) ⊂ AT,ζ,ψ

Q,W,µ.

Furthermore, by the action of tautological bundle (Section 4.1.3), we have a
morphism of graded vector spaces H(BC*

u,Q)⊗ gBPS,T,ζ
Q,W,µ → AT,ζ,ψ

Q,W,µ which induces
a morphism from the tensor algebra

THT (pt)(H(BC
*
u,Q)⊗ gBPS,T,ζ

Q,W,µ ) → AT,ζ,ψ
Q,W,µ. (4.4)

Let SymHT(pt)
(H(BC*

u,Q) ⊗ gBPS,T,ζ
Q,W,µ ) ⊂ T(H(BC*

u,Q) ⊗ gBPS,T,ζ
Q,W,µ ) be the sub-

space of symmetric tensors, then restricting morphism (4.4) yields a map of Λζµ×Z
graded HT(pt) modules

SymHT(pt)
(H(BC*

u,Q)⊗ gBPS,T,ζ
Q,W,µ ) → AT,ζ,ψ

Q,W,µ. (4.5)

We then have

4This is not essential and there are more general results involving µ generic stability condi-
tions in [DM20]

5Since we define the BPS Lie algebra after fixing the twist ψ, we omit it from the notation.
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Theorem 4.1.1 (PBW Isomorphism [Dav22a], [DM20]). The morphism (4.5) is
an isomorphism of Λζµ × Z graded HT(pt) modules. In fact, let GrP(AT,ζ,ψ

Q,W,µ) be
the associated graded algebra with respect to the Perverse filtration. Then there
is an isomorphism of algebras

GrP(AT,ζ,ψ
Q,W,µ) ≃ SymHT(pt)

(H(BC*
u,Q)⊗ gBPS,T,ζ

Q,W,µ ) (4.6)

where for any HT(pt) module V , SymHT(pt)
(V ) = THT(pt)(V )/⟨x ⊗ y − y ⊗ x =

0 | x, y ∈ V ⟩ is the quotient of the tensor algebra.

Relative Integrality Theorem

There is a lift of Proposition 4.1.1 to the Relative CoHA. Following [DM20], we
define the BPS sheaf BPST,ζQ,W,µ to be

BPST,ζQ,W,µ := p′τ≤1((JHT,ζ
µ )∗(

pΦTr(W )))[1]. (4.7)

So that

gBPS,T,ζ
Q,W,µ ≃ H(MT,ζ−ss

µ (Q),BPST,ζQ,W,µ[−1]). (4.8)

By definition, we have a canonical morphism

BPST,ζQ,W,µ[−1] → RAT,ζ
Q,W,µ.

Applying the action of Q[u] introduced in Section 4.1.3, yields a morphism of
complexes

H(BC*
u,Q)⊗ BPST,ζQ,W,µ[−1] → RAT,ζ

Q,W,µ.

Since the category D+(Perv′(MT,ζ
Q,W,µ(Q))) is symmetric monoidal over [pt /T ],

for any object F ∈ D+(Perv′(MT,ζ
Q,W,µ(Q))), we may define

Sym⊕T (F) :=
⊕
i≥0

Symi
⊕T (F)

where Symi
⊕T (F) is the Si invariant part of

F ⊠⊕T · · ·⊠⊕T F︸ ︷︷ ︸
i times

.

Thus, in exactly the same way as before, since RAT,ζ
Q,W,µ has relative CoHA struc-

ture, the above morphism lifts to a morphism

Sym⊕T

(
H(BC*

u,Q)⊗ BPST,ζQ,W,µ[−1]
)
→ RAT,ζ

Q,W,µ (4.9)

of objects in D+(Perv′(MT,ζ
Q,W,µ(Q))). We then have

Theorem 4.1.2 ([DM20]). The morphism 4.9 is an isomorphism and for any
d ∈ Λζµ\0, there is an isomorphism of perverse sheaves
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BPST,ζQ,W,d ≃

{
pΦTrζd(W ) ICMT,ζ−ss

d (Q) if Mζ−st
d (Q) ̸= 0

0 otherwise
(4.10)

where Trζd(W ) : MT,ζ−ss
d (Q) → C is the unique function through which the of

morphism Trζd(W ) : MT,ζ−ss
d (Q) → C factors.

Remark 4.1.3. • This theorem builds on the work of Reineke and Meinhardt
in [MR19], who proved a version of this theorem for the case when W = 0.
Then one proves the above statement by showing that the vanishing cycle
functor, in some sense, commutes with the semisimplification morphism.

• We have stated this theorem at the level of Perverse sheaves, but these
isomorphisms lift to the level of Monodromic Mixed Hodge modules, which
is how they are proved.

Example 15. Let Q be the Jordan quiver and W = xn for some n > 1. Then
calculating the critical cohomology H(Md(QJor),

pΦTr(xn))by definitions is already
quite difficult. However, by the PBW theorem, we have an isomorphism of graded
vector spaces⊕

d≥0

H(Md(QJor),
pΦTr(xn)) ≃ Sym

(
gBPS
QJor,xn

⊗ H(BC*
u,Q

)
.

Furthermore, there aren’t any simple modules of dimension d > 1 for the Jordan
quiver since the path algebra is the polynomial ring C[x]. Thus

gBPS
QJor,xn

= gBPS
QJor,xn,1

= H(A1, pΦxn) = Qn−1

by Theorem 4.1.2 and Example 10. Thus we have⊕
d≥0

H(Md(QJor),
pΦTr(xn)) ≃ Sym(Qn−1 ⊗Q[u])

which completely determines the vanishing cycle cohomology H(Md(QJor),
pΦTr(xn)).

Note that gBPS
QJor,xn

is a graded Lie algebra, but there aren’t any components
for dimension > 1. Thus infact gBPS

QJor,xn
≃ Qn−1 is a trivial Lie algebra.

Although it may look like that above theorem completely determines BPS
sheaves, in practice it is quite difficult to calculate the vanishing cycle of the
intersection cohomology sheaves. We recall the following theorem of Toda, which
relates the BPS sheaves with or without stability.

Proposition 4.1.4 ([Tod23]). For any symmetric quiver Q, potential W , ζ ∈
QQ0 a stability condition and d ∈ NQ0 a dimension vector, there is a natural
isomorphism

(qζd)∗BPSζQ,W,d ≃ BPSQ,W,d

where qζd is the GIT affinization map

qζd : M
ζ−ss
d (Q) → Md(Q).
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Note that the Lie bracket on gBPS,ζ
Q,W,µ lifts to a morphism of complexes in

Db(Perv(Mζ−ss
µ (Q)))

[·, ·] : BPSζQ,W,µ[−1]⊠⊕ BPSζQ,W,µ[−1] → BPSζQ,W,µ[−1]

which after pushforward along the map qd and applying Toda’s theorem, gives

Proposition 4.1.5. There is an isomorphism of Lie algebras

gBPS,ζ
Q,W,µ ≃

⊕
d∈Λζµ\0

gBPS
Q,W,d. (4.11)

The structure of these Lie algebras is not known and is an active area of
research. However, a lot more can be said in the case of tripled quiver with
potential, i.e, when Q = Q̃ and W = W̃ . In fact, in that case, it gives rise to the
CoHA of preprojective algebras.

4.2 Preprojective Cohomological Hall algebra

Let w : Q → N be a torus weighting on the doubled quiver such that the
preprojective algebra relation

∑
a∈Q1

[a, a∗] is homogeneous with respect to this

weighting. We then consider the Λζµ × Z graded HT(pt) module 6

AT
ΠQ

:=
⊕

d∈NQ0

HBM(MT
d(ΠQ),Qvir)

where we define7 Qvir|MT
d (ΠQ) := QMT

d (ΠQ)[−2(d,d)]. In [YZ18b] (For any quiver)

and [SV13] (For the Jordan quiver), by doing virtual pullback and push forward,
the authors define a NQ0 ×Z graded associative algebra structure AT

ΠQ
which we

refer to as the preprojective cohomological Hall algebra. We can also twist the
multiplication in AT

ΠQ
as we did for AQ̃,W̃ in Section 4.1.4. Let us denote the

resulting algebra by AT,χ
ΠQ

. In a similar way, in [SV20], authors define a NQ0 × Z
graded algebra structure on

AT,N
ΠQ

:=
⊕

d∈NQ0

HBM(MT,N
d (ΠQ),Qvir).

These algebras can be seen as a particular case of the Kontsevich-Soibelman
cohomological Hall algebra.

6There also exist versions with a stability condition, however, we don’t need to consider that
for our applications.

7Note that the quotient stack Md(ΠQ) is not smooth, so the defined shifted complex is not
the same as the intersection complex. Note that DQvir

MT
d (ΠQ)

= (DQMT
d (ΠQ))[2(d,d)].

46



4.2.1 Tripled quiver with canonical cubic potential

In Example 2, we saw that for the tripled quiver Q̃ with canonical cubic potential
W̃ , we have an isomorphism of algebras Jac(Q̃, W̃ ) ≃ ΠQ[ω]; this in fact allows
us to see the algebra AT

ΠQ
as the dimension reduction of AT

Q̃,W̃ ,µ
where the torus

T action on Md(Q̃) is defined by uniquely extending the action on Md(Q) such

that it leaves the potential W̃ invariant. Let

π : MT
d(Q̃) → MT

d(Q)

be natural forgetful morphism. We have decomposition

MT
d(Q̃) = Md(Q)×Md(L) (4.12)

where L is quiver with vertices Q0 and loops ωi on each vertex i. We may consider
the C∗ action, which scales the loops. Then applying dimension reduction (3.3)
gives an isomorphism of complexes

DQvir
MT

d (ΠQ) ≃ π∗
pΦTr(W̃ ) Q

vir
MT

d (Q̃)
. (4.13)

Taking cohomology, gives an isomorphism of NQ0 × Z graded HT(pt) modules

DRd : H(MT
d(Q̃),

pΦTr(W )) ≃ H(MT
d(ΠQ),Qvir). (4.14)

In [RS17][Appendix A] and [YZ20a], it shown that taking sum of maps D̃Rd :=
DRd ·

(
d
2

)
over all d ∈ Λζµ, where

(
d
2

)
:=
∏

i∈Q0

∏(di
2

)
gives an isomorphism of

Λζµ × Z graded algebras

D̃R: AT
Q̃,W̃

≃ AT,ζ
ΠQ
.

A similar analysis for the case of nilpotent representations, as done in [Dav22a],
one obtains an isomorphism of algebras

D̃R: AT,Ñ
Q̃,W̃

≃ AT,N
ΠQ

.

4.2.2 Support lemma and Less Perverse Filtration

In this section, we restrict ourselves to the non-equivariant setting. We remark
that these results also hold when any torus T . We saw that morphism 4.13 is an
isomorphism of complexes. Combined with the Integrality Theorem 4.1.2, this

gives a integrality theorem for the pushforward JHQ
∗ DQvir

MT (ΠQ), where we treat

DQvir
MT (ΠQ) as a complex on M(Q). We have a commutative diagram

M(Q̃) M(Q)

M(Q̃) M(Q)

π

JHQ̃ JHQ

π′
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Thus, we have an isomorphism of complexes

JHQ
∗ DQvir

M(ΠQ) ≃ π′
∗ JH

Q̃
∗ Qvir

Md(Q)
≃ Sym⊕

(
q∗BPSQ̃,W̃ [−1]⊗ H(BC*

u,Q)
)

It turns out that the complex q∗BPSQ̃,W̃ [−1] itself becomes a perverse sheaf on

M(Q). This is explained by the support lemma. Let l : Md(Q)×A1 → Md(Q̃) be

an embedding of stacks induced by the closed inclusion Repd(Q)×A1 → Repd(Q̃)
defined by sending a representation ρ of Q and a scalar λ to a representation of
Q̃ whose underlying Q representation is ρ and the loops ωi act by multiplication
with the scalar λ. Then it is proved in [Dav23c][Lemma 4.1] that

Theorem 4.2.1 (Support Lemma). There exist a unique complex

BPSΠQ ∈ D+(Perv(M(Q)))

such that
BPSQ̃,W̃ ≃ l∗(BPSΠQ ⊗QA1 [1]).

Thus, we have an isomorphism of complexes

JHQ
∗ DQvir

M(ΠQ) ≃ Sym
(
BPSΠQ ⊗ H(BC*

u,Q)
)

(4.15)

Furthermore, it is shown in [Dav22b] that BPSΠQ is in fact a semisimple

perverse sheaf. Thus it follows that the complex (JHQ
d )∗DQvir

Md(ΠQ) splits, infact
we have

(JHQ
d )∗DQ

vir
Md(ΠQ) ≃

⊕
i∈2Z≥0

⊕
j∈Si

ICZj(Lj[dim(Zj)])[−i].

where Zj ⊂ Md(ΠQ) are locally closed irreducible smooth subvarieties ofMd(ΠQ)
and Lj are simple local systems on Zj. As we did in Section 4.1.5, we can apply
the truncation functors to get another filtration. It follows that the morphism

LiAχ
ΠQ,d

:= H(Md(ΠQ),
pτ≤i(JHQ

d )∗DQ
vir
Md(ΠQ)) → Aχ

ΠQ,d

is an injection, giving an increasing filtration, called the Less Perverse Filtration
which starts from degre 0, i.e we have

L•AΠQ,d := 0 ⊂ L0AΠQ,d ⊂ L1AΠQ,d ⊂ · · ·AΠQ,d.

By exactness of monoidal product, it is shown in [Dav22b][Proposition 5.1]
that the algebra structure on Aχ

ΠQ
is compatible with the Less perverse filtration.

Since the algebras Aχ
ΠQ

and Aχ

Q̃,W̃
are isomorphic via dimension reduction, this

gives a filtration L′ on the algebra Aχ

Q̃,W̃
. Note that this filtration, which we

call the Less Perverse filtration on Aχ

Q̃,W̃
, is different from the Perverse filtration

defined in Section 4.1.5. For example by definition,

L′0(AQ̃,W̃ ) ≃ Sym(gBPS
Q̃,W̃

)
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while theP0(AQ̃,W̃ ) = 0. Let us denote GrL′(AQ̃,W̃ ) the associated graded algebra
with respect to the Less perverse filtration. In Theorem 6.5.1, we shall determine
the associated graded algebra GrL(AΠQ), providing an analog of PBW theorem
4.1.1.

4.2.3 Kac polynomials and Graded Dimension of BPS Lie
algebra

Given any quiver Q, for any finite field Fq and any dimension vector d ∈ NQ0 . A
representation is said to be indecomposable if it cannot be non-trivially written
as a direct sum of two representations of Q. A representation ρ is said to be
absolutely indecomposable if it remains indecomposable after tensoring with the
closure of Fq, i.e., ρ⊗Fq Fq is indecomposable.

Let aQ,d(q) be the number of isomorphism classes of absolutely indecompos-
able d dimensional representations of Q over Fq. There is an intricate relation-
ship between the Kac polynomials and the Lie algebra associated with the quiver,
which can be considered as the generalization of Gabriel’s Theorem, which clas-
sifies finite type quivers. We recall

Definition 4.2.2 (Associated Kac-Moody Lie algebra). For any quiver Q, the
real subquiver Q′ is defined to be the subquiver of Q containing those vertices
of Q that do not support any edge loops, along with all arrows between these
vertices. Let gQ′ be the associated Kac-Moody Lie algebra. It is defined as a Lie
algebra generated by symbols ei.fi, hi; i ∈ Q′

0 with the relations

[hi, ej] = aijej

[hi, fj] = −aijfj
[ei, fj] = δijhi

[ei,−]aij+1(ej) = 0;

[fi,−]aij+1(fj) = 0;

where aij is the number of edges joining i and j in the graph obtained from Q′.
We identify ZQ′

0 along with the symmetrized Euler form χQ(d, e)+χQ(e,d) with
the root lattice ∆gQ′ of the Lie algebra gQ′ along with the Cartan pairing via the

morphism d 7→
∑

diαi where αi are the simple roots of gQ′ . Let n+Q′ be the Lie

subalgebra generated by ei and n−Q′ denote the Lie subalgebra generated by fi.

Then it is a Theorem of Kac that:

Theorem 4.2.3 ([Kac80]). aQ,d(q) is a monic polynomial in q of degree 1−(d,d)
with coefficients in Z. It doesn’t depend on the orientation of Q. For a quiver
without loops, aQ,d(q) is non-zero if and only if d is a positive root of the associated
Lie algebra gQ.

Example 16 (Finite type). If Q if finite type ADE quiver then by theorem of
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Gabriel,

aQADE ,d(q) =

{
1,when (d,d) = 1(d is a positive root)

0, otherwise
(4.16)

Example 17 (Jordan Quiver). If Q is the Jordan quiver, then the path algebra is
just the polynomial ring Fq[x]. By classification of modules over PID, absolutely
indecomposable representation of dimension n is isomorphic to Fq[x]/(x−a)n for
some n. Thus

aQJor,d(q) = q,∀d ∈ Z>0.

More generally, for an arbitrary quiver Q, there exists a formula to compute
the Kac Polynomial due to Hua [Hua00]. Kac conjectured that the coefficients of
aQ,d(Q) are always positive. For indivisible dimensional vectors, this was proved
in 2004 by Crawley-Boevey and Van den Bergh ([CV04]). Then, using DT invari-
ants, Mozgovoy proved this for a quiver without loops in [Moz13]. Finally, this
conjecture was settled by Hausel, Letellier, and Rodriguez-Villegas in [HLR13] for
arbitrary quivers. There is also a proof of this conjecture using BPS Lie algebras.
In fact, in [Dav23a], Davison proved this conjecture by realizing the coefficients
of Kac polynomials as the graded dimensions of BPS Lie algebras gBPS

Q̃,W̃
. We have

Theorem 4.2.4 ([Dav23c]). For any quiver Q,∑
i

(−1)i dim(gBPS,i

Q̃,W̃ ,d
)qi/2 = aQ,d(q

−1). (4.17)

Example 18 (BPS Lie algebra for the Jordan quiver). Let QJor be the Jordan
quiver. Then by Equation 4.17 and calculation of Kac polynomial for Jordan
quiver in Example 17, it follows that for all n > 0,

gBPS

Q̃Jor,W̃Jor,n
= Q[2].

Since all of these spaces are 1 dimensional, for all n, choose any non-zero ele-
ment αn in gBPS

Q̃Jor,W̃Jor,n
. Since the BPS Lie algebra is graded, it follows that the

commutator
[αn, αm] = 0

since the commutator must be of cohomological degree −4, but there isn’t any
element of cohomological degree −4 in dimension m+ n. Thus

gBPS

Q̃Jor,W̃Jor
≃
⊕
n≥1

Q[2].

Although the Lie bracket is trivial, one should think of this as the positive half
of the infinite-dimensional Heisenberg Lie algebra, as we shall see that this Lie
algebra acts on the cohomology of the Hilbert scheme of points on a plane and its
action lifts to the action of the full infinite-dimensional Heisenberg Lie algebra.

Example 19. We can also calculate the size of the Nilpotent cohomological Hall

algebra. Let i : MNQ
d (Q) → Md(Q) be the inclusion of the coarse moduli space of
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nilpotent Q representations, clearly MNQ
d (Q) is projective. We have a Cartesian

diagram

M
NQ
d (Q) Md(Q)

MNQ
d (Q̃) Md(Q̃)

i′

JH
⌟

JH

i

and so we have

JH∗DQvir
MN (ΠQ) ≃ i! JHQ

∗ DQvir
M(ΠQ) ≃ Sym

(
i!BPSΠQ ⊗ H(BC*

u,Q)
)

and thus there is an isomorphism of graded vector spaces

AÑ
Q̃,W̃

≃ Sym
(
H(MNQ

d (Q), i!BPSΠQ)⊗ H(BC*
u,Q)

)
But since Verdier duality functor D commutes with the vanishing cycles and
intersection cohomology sheaf, it follows that

H(MNQ
d (Q), i!BPSΠQ) ≃ (Hc(M

NQ
d (Q), i∗BPSΠQ))

∨

Note that (MNQ
d (Q) is homotopic to (Md(Q) via torus T action which scales the

arrows, for which the BPS sheaf is equivariant. Thus we have

Hc(M
NQ
d (Q), i∗BPSΠQ) = H(MNQ

d (Q), i∗BPSΠQ) ≃ H(Md(Q), i
∗BPSΠQ) ≃ gBPS

Q̃,W̃
.

Thus we have isomorphism of graded vector spaaces

H(MNQ
d (Q), i!BPSΠQ) ≃ (gBPS

Q̃,W̃
)∨

and so ∑
i

(−1)i dim(Hi(MNQ
d (Q), i!BPSΠQ))q

i/2 = aQ,d(q). (4.18)

Example 20. In Example 6, we saw that MN
d (ΠQJor) parametrizes commuting

nilpotent matrices. Now, by the above two examples, and dimension reduction
in Section 4.2.1, we have an isomorphism of vector spaces

⊕
d≥0

HBM(MN
d (ΠQJor),Q) ≃ Sym

(⊕
n≥1

Q[u][−2]

)
Note that for n, smallest cohomological degree in Q[u][−2] is 2. We conclude that
the lowest cohomological degree of HBM(MN

d (ΠQJor),Q)) is 2 and we have

dim(HBM,2(MN
d (ΠQJor),Q)) = 1.

Thus, the top dimensional homology degree of the space N2(Cn) of commuting
nilpotent matrices is 2n2 − 2 and of dimension 1, implying that N2(Cn) is irre-
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ducible and of dimension n2 − 1, recovering the theorem of Branovsky [Bar01].

Kac also conjectured that the constant term aQ,d(0) in the case when quiver
Q is the same as the dimension dim(n+Q′) of the Lie algebra associated to Q.
Hausel proved this [Hau10] by counting points over finite fields on Nakajima
quiver varieties. Thus we have

aQ,d(0) = dim(n+Q′,d). (4.19)

The above relations allow us to conclude non-trivial statements about the BPS Lie
algebra. For any quiver Q, since Tr(W̃ ) = 0 for d = δi, we have an isomorphism
of vector spaces Aχ

Q̃,W̃ ,δi
≃ C[xi,1]. We define αi ⊂ Aχ

Q̃,W̃
to be the inverse of

1 ∈ C[xi,1]. Clearly αi ∈ gBPS,0

Q̃,W̃ ,δi
when the vertex i doesn’t support any edge loops.

We claim that for any i, j, aQ,δj+(1+aij)δi(q) = 0, this is because Kac’s polynomials
are orientation independent. So if we choose the orientation such that all the
arrows are from vertex i to j, then there is no indecomposable representation of
dimension δj + (1 + aij)δi. We thus have a map of Lie algebras

n+Q′ → gBPS,0

Q̃,W̃
(4.20)

given by ei 7→ αi where n+Q. The equality mentioned above suffices to show that
this morphism is an injection. This is done by comparing the action on the
Nakajima quiver varieties(See Chapter 7.3.1) with Nakajima’s action, which is
known to be faithful. We have

Proposition 4.2.5 ([Dav22b], Theorem 6.6). The map (4.20) gives an isomor-
phism of Lie algebras8

n+Q′ ≃ gBPS,0

Q̃,W̃
.

4.2.4 Flat deformation

In the case when the natural mixed Hodge structure on AQ,W is pure, the de-

formed cohomological Hall algebra AT,ψ
Q,W forms a flat deformation of Aψ

Q,W .

Proposition 4.2.6. Let w : Q1 → Zs be aW invariant weighting function and let
v : Zs → Zs′ be a surjective morphism inducing an inclusion of tori T ′ → T where
T ′ is the torus associated to weighting vw. Choose a splitting of v : Zs → Zs′

inducing an isomorphism HT (pt) ≃ HT ′(pt)⊗HT ′′(pt). Assume the mixed Hodge
structure on AQ,W is pure. Then we have an isomorphism of NQ0 × Z graded
HT(pt) modules

AT
Q,W ≃AT ′

Q,W ⊗ HT ′′(pt)

gBPS,T
Q,W ≃gBPS,T ′

Q,W ⊗ HT ′′(pt),

8In [Dav22b], one writes the above isomorphism for the negative half. But to our perspective,
it is more natural to identify it to the positive half as the cohomological Hall algebra acts by
creation operators on the cohomology of Nakajima quiver varieties.
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while there is an isomorphism of NQ0 × Z graded HT ′(pt) algebras

AT,ψ
Q,W ⊗HT (pt) HT ′(pt) ≃ AT ′,ψ

Q,W

and NQ0 × Z graded HT ′(pt) Lie algebras

gBPS,T
Q,W ⊗HT (pt) HT ′(pt) ≃ gBPS,T ′

Q,W .

Proof. This statement is proved for Q̃, W̃ in [Dav23c][Theorem 9.6]. The proof
works as it is in this case, as it only relies on the purity of AQ,W . The state-

ment gBPS,T
Q,W ≃ gBPS,T ′

Q,W ⊗HT ′′(pt) as vector spaces follows from the PBW theorem

(Proposition 4.1.1) while the isomorphism of algebras AT,ψ
Q,W ⊗HT (pt) HT ′(pt) ≃

AT ′,ψ
Q,W implies in particular that there is map of NQ0 × Z graded Lie algebras

gBPS,T
Q,W ⊗HT (pt) HT ′(pt) ≃ gBPS,T ′

Q,W , which then becomes an isomorphism by a size
argument.

We will, in particular, be applying the above proposition in the setting of the
tripled quiver Q̃ with tripled canonical potential W̃ , which is shown to be of pure
mixed Hodge structure in [Dav23c][Theorem A]. In particular, this implies that

Theorem 4.2.7. The cohomological Hall algebera AT
Q̃,W̃

is free module over

HT(pt).

A similar theorem holds for the case of nilpotent CoHA. It is proved in
[Dav23c] and [SV17] that

Theorem 4.2.8. There is an isomorphism of NQ0 × Z graded HT(pt) modules

AT,Ñ
Q̃,W̃

≃ AÑ
Q̃,W̃

⊗ HT(pt) i.e. The nilpotent cohomological Hall algebra AT,Ñ
Q̃,W̃

is

free module over HT(pt).
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Chapter 5

BPS Lie algebra of Cyclic quivers

Let QK = ÃK be the cyclic quiver of length K + 1, i.e. we have K + 1 vertices
0, 1, · · · , K with arrows i → i + 1 for i = 0, · · · , K and an arrow K → 0. We

then consider the tripled cyclic quiver Q̃K with the canonical potential W̃K as in
Example 2 (See Figure 5.1). Let T be any torus action which leaves the potential

W̃K invariant. We consider two distinct choices for the torus T .

0

3 1

2

ω0

a∗30

a01a30

ω3

a∗23

a∗01

ω1

a12a23
a∗12

ω2

Figure 5.1: Q̃3, W̃ 3 =
∑

i∈Z/4Z ωi(a
∗
i,i+1ai,i+1 − ai,i−1a

∗
i,i−1)

• Action of C∗ given by weighting function w : Q̃K → Z, such that w(a) = 1,
w(a∗) = −1 and w(ωi) = 0 for all vertices i ∈ QK

0 .

• Action of T = C∗ × C∗ given by weighting function w : Q̃K → Z2 where
w(a) = (1, 0), w(a∗) = (0, 1) and w(ωi) = (−1,−1) for all vertices i ∈ QK

0 .

We denote by Aχ

Q̃K ,W̃K
, the cohomological Hall algebra of the tripled cyclic quiver

with canonical potential and its C∗ and T deformed versions by AC∗,χ

Q̃K ,W̃K
and

AT∗,χ

Q̃K ,W̃K
respectively.
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(Deformed) BPS Lie algebra of Cyclic quiver

In this section, we shall calculate the BPS Lie algebra for tripled cyclic quivers
with a canonical cubic potential. Following the work of Davison, Hennecart, and
Schelegel Mejia, these Lie algebras are now known for arbitrary tripled quivers
with canonical potential (See Section 5.1).

In the case of cyclic quivers, we can calculate these algebras more directly, as
we explain next. We first calculate the Kac polynomial for cyclic quivers, which
tells us about the graded dimensions of BPS Lie algebras.

Proposition 5.0.1. The Kac polynomial of the cyclic quiver QK is given by

aQ,d(q) =

{
q +K when d ∈ Z>0 · δ (positive imaginary root)

1 when d ∈ ∆+
re (positive real root)

(5.1)

where ∆+
re and δ = (1, · · · , 1) are respectively, the real positive roots and the

primitive imaginary root of the affine Lie algebra s̃lK+1.

Proof. By Kac’s Theorem, aQ,d(q) is non-zero if and only if d is a positive root

of ÃK . When d is a positive real root, i.e., when (d,d) = 1, we have that the
highest degree of the Kac polynomial is 1− (d,d) = 0. To compute the constant,
we note that dim(gQ,d) = 1 and thus aQ,d = 1 in this case. When d is a positive
imaginary root, then the degree of the Kac polynomial is given by 1− (d,d) = 1.
Thus it is enough to compute the constant, i.e to compute dim(n+

ÃK ,n·δ
) which is

well known to be K, giving aQ,d(q) = q +K is this case.
The case when d = δ is easier to visualize. Either all arrows are non-zero, in

that the product of all arrows determines the representation, i.e., q−1 choices, or
when one of them is non-zero, which gives K +1 choices(choice of vertex). Thus,
in total, we get q − 1 +K + 1 = q +K absolutely indecomposables.

Proposition 5.0.2. There is an isomorphism of Lie algebras

gBPS

Q̃K ,W̃K
≃ n+

QK
⊕ sQ[s]

gBPS,C∗

Q̃K ,W̃K
≃ (n+

QK
⊕ sQ[s])⊗ HC∗(pt)

gBPS,T
Q̃K ,W̃K

≃ (n+
QK

⊕ sQ[s])⊗ HT(pt)

where n+
QK

⊕ sQ[s] is a trivial central extension of nQK and deg(sn) = n · δ.

Proof. From Proposition 4.2.5, we have an isomorphism of Lie algebras

n+
QK

≃ H0(gBPS

Q̃K ,W̃K
).

In particular this also shows that H0(gBPS

Q̃K ,W̃K
) is generated as a Lie algebra by

αi, where we recall that αi ∈ gBPS

Q̃K ,W̃K ,δi
. The Kac polynomial of the cyclic quiver

(5.0.1) and it’s relation with BPS Lie algebra (4.17) also tells us that for every
n ∈ Z>0, there exist γn·δ ∈ H−2(gBPS

Q̃K ,W̃K ,n·δ
). By equation (5.0.1), there is no
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element of cohomological degree −4 in dimension Z>0δ. Thus it follows that
[γn·δ, γm·δ] = 0. Again, by equation 5.0.1, there is no −2 cohomological degree
term in dimension δ + δi for any i, thus it follows that [γn·δ, αi] = 0. But then αi
generates H0(gBPS

Q̃K ,W̃K
) and all of H−2(gBPS

Q̃K ,W̃K
) is central and so we are done. This

argument does not work for deformed versions. However in [DHM24][Corollary
11.9], it is shown that for any quiver Q and for any torus action such that the

canonical cubic potential W̃ remains invariant, gBPS,T

Q̃,W̃
is a trivial deformation of

gBPS
Q̃,W̃

, i.e. there is an isomorphism of Lie algebras

gBPS,T

Q̃,W̃
≃ gBPS

Q̃,W̃
⊗ HT (pt).

Hence, the conclusion follows.

The BPS Lie algebras gBPS
Q̃,W̃

for tripled quiver Q̃ and potential W̃ are now

completely known in terms of generators and relations. This also gives a candidate
for a double of the BPS Lie algebra.

5.1 Generalized Kac-Moody Lie algebra

In this section, we will recall the construction of the Generalized Kac-Moody Lie
algebra for a monoid with a weight function defined in [DHM24], based on the
earlier construction of Borcherds-Bozec Kac-Moody Lie algebras in [Boz16].

Let (M,+) be a monoid. Let (−,−) :M ×M → Z be the symmetric bilinear
form. Then we define

Definition 5.1.1 (Primitive Positive Roots). The set of primitive positive roots∑
M,(−,−) is defined to be the set of m ∈M,m ̸= 0 such that 2− (m,m) ≥ 0 and

2−(m,m) >
∑s

j=1(2−(mj,mj)) for any non-trivial decomposition m =
∑s

j=1mj

with mj ∈M,mj ̸= 0.

Definition 5.1.2 (Simple Positive Roots). The set of simple positive roots Φ+
M,(−,−)

is defined to be the union of the set of primitive positive roots
∑

M,(−,−) and

lm, l ≥ 1 where m ∈
∑

M,(−,−) and (m,m) = 0.

Then define subsets

Φ+,real
M,(−,−) := {m ∈ Φ+

M,(−,−) | (m,m) = 2} ( Real positive roots )

Φ+,im
M,(−,−) := {m ∈ Φ+

M,(−,−) | (m,m) ≤ 0} ( Imaginary positive roots )

Φ+,iso
M,(−,−) := {m ∈ Φ+

M,(−,−) | (m,m) = 0} ( Isotopic positive roots )

Φ+,hyp
M,(−,−) := {m ∈ Φ+

M,(−,−) | (m,m) < 0} ( Hyperbolic positive roots )

Definition 5.1.3 (Cartan Matrix). Let

AM,(−,−) = (am,n = (m,n))m,n∈Φ+
M,(−,−)

to be the Cartan Matrix for M, (−,−).
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The final piece of the data is the weight function.

Definition 5.1.4 (Weight Function). Let

P : Φ+
M,(−,−) → N[t±1/2]

given by P 7→ Pm(t
1/2) be the weight function. We assume that Pm(t

1/2) = 1
whenever (m,m) = 2.

Let Pm(t
1/2) =

∑
j∈Z pm,jt

j/2 with pm,j ∈ N.

Definition 5.1.5 (Generalized Kac Moody Lie algebra for Monoid and Weight
Function). Given a monoid M with symmetric bilinar form (−,−), such that
(m,n) ≤ 0 if m ̸= n and (m,m) ∈ 2Z≤1. The generalized Kac Moody Lie
algebra gM,(−,−),P is defined to be the Lie algebra generated by em,j,l, fm,j,l, hm
with m ∈ Φ+

M,(−,−), j ∈ Z and 1 ≤ l ≤ pm,j, with the relations

hm+n = hm + hn

[hm, hn] = 0

[hm, en,j,l] = am,nen,j,l

[hm, fn,j,l] = −am,nfn,j,l
[em,j,l, fn,j′,l′ ] = δm,nδj,j′δl,l′hn

ad(em,j,l)
1−am,n(en,j′,l′) = 0 if am,n = 2

ad(fm,j,l)
1−am,n(fn,j′,l′) = 0 if am,n = 2

[em,j,l, en,j′,l′ ] = [fm,j,l, fn,j′,l′ ] = 0 if am,n = 0

We place em,j,l in cohomological degree j, each fm,j,l in cohomological de-
gree −j and hm of cohomological degee 0. We define positive half g+M,(−,−),P ⊂
gM,(−,−),P by Lie subalgebra generated by em,j,l. Similarly define Cartan hM,(−,−),P

as the Lie subalgebra generated by hm. We then have the following theorem.

Theorem 5.1.6 ([DHM24]). Let Q be any quiver. LetM = NQ0 and let (d, e)ΠQ =
χQ(d, e) + χQ(e,d) be the bilinear form. Let

P (d) =


∑

j∈Z dimHj(ICMd(ΠQ))t
j/2 when d ∈ Φ+,real

NQ0 ,(−,−)ΠQ
\Φ+,iso

NQ0 ,(−,−)ΠQ∑
j∈Z dimHj(ICMd′ (ΠQ))t

j/2 when d = ld′ ∈ Φ+,iso

NQ0 ,(−,−)ΠQ
,d′ ∈

∑+
NQ0 ,(−,−)ΠQ

be the weight function. Then there is an isomorphism of Lie algebras:

gBPS
Q̃,W̃

≃ g+NQ0 ,(−,−)ΠQ ,P
.

We will refer to the Lie algebras gNQ0 ,(−,−)ΠQ ,P
by gGKM

Q .

Example 21 (Jordan Quiver). Let Q be the Jordan quiver. Then (m,n)ΠQ =
χQ(m,n) + χQ(n,m) = 0. Thus all m ∈ Z>0 are isotopic positive roots. Then

P (m) = dim(Hj(ICM1(ΠQ)))t
j/2 = dim(Hj(ICA2))tj/2 = t−1.
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Thus the associated generalized Kac Moody Lie algebra is generated by em :=
em,−1,1, fm := fm,−1,1, hm for m ≥ 1 with the relation hm = mh1, hi commutes
with ej, fj and [ei, fj] = δi,jhi and thus this is just infinite dimensional Heisenberg

Lie algebra ˆgl(1).

Example 22 (Cyclic Quivers). Let Q be the cyclic quiver QK . Then the Sym-
metrized euler form is given by

2

(
K∑
i=0

(di − di+1)
2.

)

So only solutions to 2− (d,d)ΠQ ≥ 0 is given by strings of type (n, · · · , n, n+
1, n + 1, · · · , n + 1, n, · · · , n), i.e d = n · δ + [i,m) or (n + 1) · δ for some n ≥ 0,
i ∈ [0, K] and 0 ≤ m ≤ K − 1 (See section 1 for Notation).

Moreover if d = n · δ+ [i,m), then it cannot be a primitive root since one can
write 2 − (d,d) = 0, but 2 − (n · δ, n · δ)Π

QK
= 2. Similarly if d = [i,m) = δi +

δi+1+ · · ·+δi+m−1 then also it can’t be a primitive root as then 2− (d,d)Π
QK

= 0

but then so does 2 − (δi, δi)Π
QK

which contradicts the primitiveness of d. Thus,

we have real positive roots δi for i ∈ [0, K] and imaginary positive roots lδ, l ≥ 1.
Now we consider the weight function.

P (δi) =
∑

dim(Hj(Qpt))t
j/2 = 1

P (lδ) =
∑

dim(Hj(ICMδ(ΠQK )))t
j/2 = t−1

So we have generators ei, fi, hi for i ∈ [0, K] of cohomological degree 0 and
elδ, flδ, hlδ of cohomological degree −2, 0, 2 respectively satisfying the relations
above, i.e the affine Lie algebra ĝl(K + 1).

We can also define the notion of a Verma Module.

Definition 5.1.7 (Verma Module of Generalized Kac Moody Lie algebra ). Let
gGKM,≤0
Q be the negative Borel, i.e., Lie subalgebra generated by fm,j,l and hm.

For f ∈ Hom(ZQ0 → Z), we define the Verma module as

VgGKM
Q ,f = U(gGKM

Q )⊗
U(gGKM,≤0

Q )
C

where C becomes a U(gGKM,≤0
Q ) module via the quotient U(gGKM,≤0

Q ) → U(hM)
and hm · 1 = f(m).

Then, analogous to the usual case of semisimple Lie algebras, one defines

Definition 5.1.8. The Lowest Weight module LgGKM
Q ,f is defined to be quotient

of VgGKM
Q ,f by the unique maximal submodule of VgGKM

Q ,f which doesn’t contain
1⊗ 1.

Example 23 (Jordan Quiver). Let Q be the Jordan quiver. Choose f−1 ∈
Hom(Z → Z) given by f(1) = −1. Then

V ˆgl(1),f1
= L ˆgl(1),f1

≃ C[e1, e2, e3, · · · , ].
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Chapter 6

Affinized BPS Lie Algebra

For any symmetric quiver Q and potential W , we saw in the Section 4.1.5, that
there exists a Lie algebra gBPS

Q,W such that Sym(gBPS
Q,W [u]) ≃ Aψ

Q,W as vector spaces.

This makes it natural to wonder if the vector subspace gBPS
Q,W [u] ⊂ Aψ

Q,W is itself
closed under the commutator Lie bracket coming from the associative algebra
structure on Aψ

Q,W . The answer to this question is no for a general quiver with
potential Q,W 1. However, the answer becomes yes in the case of the tripled
quiver with potential Q̃, W̃ . This is obtained by constructing a coproduct which
uses factorization structure on the stack of representations of the Jacobi algebra
for the tripled quiver with potential and is outlined by Davison in [Dav22a]. We
prove that this construction works here. The construction for more general 3-
Calabi–Yau completions of 2-Calabi–Yau categories will appear in the joint work
of Davison, Hennecart, Kinjo, Schiffmann and Vasserot.

6.1 Factorization coproduct and the Affinized

BPS Lie algebra

In the case of tripled quiver with canonical potential, there is an isomorphism of
algebras Jac(Q̃, W̃ ) ≃ ΠQ[ω] and thus a representation of Jac(Q̃, W̃ ) is the same
as a representation of preprojective algebra ΠQ with an endomorphism. This
allows us to define

Definition 6.1.1. Let U ⊂ C be any open subset. Then we define MU
d (Q̃) ⊂

Md(Q̃) to be the open substack of representations, such that the generalized
eigenvalues of ωi for all i ∈ Q0 are all inside U . We can similarly define coarse
moduli space MU

d (Q̃). We will denote this moduli space by MU(Q̃) when the
dimension vector is clear from the context.

Given a short exact sequence of representations

0 → ρ1 → ρ2 → ρ3 → 0,

1This can be seen when Q,W comes from the derived category of resolved conifold and will
be explained in future work.

59



the eigenvalues of ρ1(ω) and ρ3(ω) are in U if and only if eigenvalues of ρ2(ω)

are in U . This means that MU(Q̃) forms a Serre subcategory and hence from
[DM20][Section 3], we have

Proposition 6.1.2. For any open U ⊂ C, let

AU
Q̃,W̃

:=
⊕

d∈NQ0

H(MU
d (Q̃),

pΦTr(W̃ ) |U).

Then AU
Q̃,W̃

has a structure of cohomological Hall algebra.

For any U ⊂ U ′, we have open immersions MU
d (Q̃) ↪→ MU ′

d (Q̃) and thus the
restriction morphism

H(MU ′

d (Q̃), pΦTr(W̃ ) |U ′) → H(MU
d (Q̃),

pΦTr(W̃ ) |U)

gives a morphism of cohomologically graded vector spaces

AU ′

Q̃,W̃
→ AU

Q̃,W̃
.

Proposition 6.1.3. For any open U ⊂ U ′ ⊂ C, the restriction morphism
ρU ′,U : AU ′

Q̃,W̃
→ AU

Q̃,W̃
is morphism of associative algebras.

Proof. Since the proof follows the same strategy, we only prove the case when
U ′ = C. We have a commutative diagram

Extd1,d2(Q̃)

Md1(Q̃)×Md2(Q̃) ExtUd1,d2
(Q̃) Md1+d2(Q̃)

MU
d1
(Q̃)×MU

d2
(Q̃) MU

d1+d2
(Q̃)

π1×π3 π2

(π1×π3)|U (π2)|UiU,d1
×iU,d2

iU,d1+d2

where ExtUd1,d2
(Q̃) is the stack of short exact sequences where ρ(ω) for each term

in the short exact sequence has generalized eigenvalues inside U . Taking pullback
on the cohomology in the first square, we have a commutative diagram:

H(Md1(Q̃),
pΦTr(W ))⊗ H(Md2(Q̃),

pΦTr(W )) H(Extd1,d2(Q̃),
pΦTr(W ))

H(MU
d1
(Q̃), pΦTr(W ) |U))⊗ H(MU

d2
(Q̃), pΦTr(W ) |U) H(ExtUd1,d2

(Q̃), pΦTr(W ) |U)

(π1×π3)∗

i∗U,d1
⊗i∗U,d2 i∗

((π1×π3)|U )∗

The right square is cartesian and the morphism π2, (π2)||U is proper, so ig-
noring the cohomological shifts, by proper base change (Lemma 6.1.9(a)), the
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following square commutes

H(Extd1,d2(Q̃),
pΦTr(W )) H(Md1+d2(Q̃),

pΦTr(W ))

H(ExtUd1,d2
(Q̃), pΦTr(W ) |U) H(MU

d1+d2
(Q̃), pΦTr(W ) |U))

(π2)∗

i∗ i∗U,d1+d2

((π2)|U )∗

Thus, the proposition follows by composing the above two commutative squares.

We shall write ρU when U ′ = C2. When U is an open ball, the restriction
morphism ρU is an isomorphism.

Proposition 6.1.4. For U an open ball, the restriction morphism ρU : AQ̃,W̃ →
AU
Q̃,W̃

is an isomorphism of algebras. i.e we have

H(Md(Q̃),
pΦTr(W )d) ≃ H(MU

d (Q̃),
pΦTr(W )d|U ).

Proof. Let iU : MU(Q̃) ↪→ M(Q̃) be the inclusion. Then

JH∗
pΦTr(W̃ ) ICMU (Q̃) =(iU)

∗(JH∗
pΦTr(W̃ ) ICM(Q̃)) (6.1)

=(iU)
∗ Sym

(
BPSQ̃,W̃ ⊗ H(BC*

u,Qvir)
)

(6.2)

=Sym
(
(BPSQ̃,W̃ )|MU (Q̃) ⊗ H(BC*

u,Qvir)
)

(6.3)

Now by the support lemma (Theorem 4.2.1), BPSQ̃,W̃ = l∗(BPSΠQ ⊠QA1 [1])
where

l : M(ΠQ)× A1 → M(Q̃)

is morphism which takes a representation ρ of ΠQ and hence of Q and a scalar λ

and outputs a representation of Q̃ where ρ(ωi) is scalar λ and rest is defined by
original representation ρ(a) for a ∈ Q1. We have a Cartesian diagram

M(ΠQ)× A1 M(Q̃)

M(ΠQ)× U MU(Q̃)

l

i′U

l′

iU

and so by open base change

i∗UBPSQ̃,W̃ = i∗U l∗(BPSΠQ ⊠QA1 [1]) = l′∗(BPSΠQ ⊠QU [1]).
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Thus

H(MU(Q̃), pΦTr(W )|U ) = Sym
(
H(MU(Q̃), (BPSQ̃,W̃ )|MU (Q̃))⊗ H(BC*

u,Qvir)
)

(6.4)

= Sym
(
H(M(ΠQ),BPSΠQ))⊗H(U,Q)⊗ H(BC*

u,Q)
)

(6.5)

Since U is an open ball, H(U,Q) = Q and thus we have isomorphism of
cohomologically graded vector spaces

H(MU(Q̃), pΦTr(W̃ )|U ) ≃ Sym
(
H(M(ΠQ),BPSΠQ)⊗ H(BC*

u,Q)
)
≃ H(M(Q̃), pΦTr(W̃ )).

Since ρU respects the cohomological grading and algebra morphism, it is an iso-
morphism of algebras.

Furthermore, for two disjoint open balls U1 and U2, since any point ρ ∈
MU1

∐
U2(Jac(Q̃, W̃ )) admits a canonical direct sum decompotion ρ1 ⊕ ρ2 such

that generalized eigenvalues of ρ1(ω) are in in U1 and ρ2(ω) are in U2. we have
an isomorphism of stacks

MU1
∐
U2

∗ (Jac(Q̃, W̃ )) ≃ MU1
∗ (Jac(Q̃, W̃ ))×MU2

∗ (Jac(Q̃, W̃ )). (6.6)

Let M
U1

∐
U2

d1,d2
be the stack of d = d1 + d2 representations of Q̃ where (d1)i

of the generalized eigenvalues of ρ(ωi) are in U1 and (d2)i of the generalized

eigenvalues of ρ(ωi) are in U2 or equivalently the image of MU1
d1
(Q̃)×MU2

d2
(Q̃) in

the above isomorphism. We have closed embedding

iU1,U2

d1,d2
: MU1

d1
(Q̃)×MU2

d2
(Q̃) → M

U1
∐
U2

d1,d2
(Q̃)

given by the direct summap. We will now calculate the pullback i∗ pΦTr(W̃ )Q
vir

M
U1

∐
U2

d1,d2
(Q̃)

.

We remark that even though there is an isomorphism of supports (Equation
6.6, we can’t apply the Thom-Sebastiani isomorphism theorem directly since
the underlying smooth stacks are not isomorphic, i.e i : MU1

d1
(Q̃) × MU2

d2
(Q̃) ̸≃

M
U1

∐
U2

d1,d2
(Q̃).

Note thatM
U1

∐
U2

d1,d2
(Q̃) is the quotient stack RepU1,U2

d1,d2
(Q̃)/(GLd1×GLd2) where

RepU1,U2

d1,d2
(Q̃) is the space of representations where ρ(ωi) is a block diagonal matrix,

where the top block is of dimension (d1)i and has all its eigenvalues in U1 and
bottom block is of dimension (d2)i and all its eigenvalues are in U2. When the

context is clear, we will ignore writing Q̃.
Let Tr(W̃ )U1,U2

d1,d2
be the restriction of the function Tr(W̃ ) on Rep

U1
∐
U2

d1,d2
. Since

the function Tr(W̃ )U1,U2

d1,d2
is GLd1 × GLd2 invariant, we may assume that all of

ρ(ωi) for i ∈ Q0 are in some Jordan normal form. So we may assume that the
entries ρ(ωi)ki,li of the di × di matrix ρ(ωi) are 0 except for the diagonal entries
ρ(ωi)k,k, 1 ≤ k ≤ di and entries right above diagonal entries ρk,k+1, 1 ≤ k ≤ di−1.
Finally since (d1)i of the generalized eigenvalues of ρ(ωi) are in Ui, we may assume
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that ρ(ωi)k,k ∈ U1 for 1 ≤ k ≤ (d1)i and ρ(ωi)k,k ∈ U2 for (d1)i + 1 ≤ k ≤ di.
λ1 1

λ1
λ2

λ3 1
λ3

 (6.7)

Example 6.1.1: d1 = 3, d2 = 2, (λ1, λ2, λ3), λ1, λ2 ∈ U1;λ3 ∈ U2

Then for any representation ρ, we have

Tr(W̃ )U1,U2

d1,d2
(ρ) =

∑
i∈Q0

Tr

((∑
i∈Q0

ρ(ωi)

)
[ρ(a), ρ(a∗)]

)
=
∑
a∈Q1

Tr
(
ρ(ωt(a))ρ(a)ρ(a

∗)− ρ(ωs(a))ρ(a
∗)ρ(a)

)
=
∑
a∈Q0

 ∑
1≤i,j≤(d)t(a)

ρ(ωt(a))ij(ρ(a)ρ(a
∗))ji −

∑
1≤i,j≤(d)s(a)

ρ(ωt(a))ij(ρ(a
∗)ρ(a))ji


Since the matrix ρ(ωi) is block diagonal, we have

Tr(W̃ )U1,U2

d1,d2
(ρ) =

∑
a∈Q0

 ∑
1≤i,j≤(d1)t(a)

ρ(ωt(a))ij(ρ(a)ρ(a
∗))ji −

∑
1≤i,j≤(d1)s(a)

ρ(ωt(a))ij(ρ(a
∗)ρ(a))ji

+

∑
a∈Q0

 ∑
1≤i,j≤(d1)t(a)

ρ(ωt(a))ij(ρ(a)ρ(a
∗))ji −

∑
1≤i,j≤(d1)s(a)

ρ(ωt(a))ij(ρ(a
∗)ρ(a))ji


=
∑
a∈Q1

 ∑
1≤i,j≤(d1)t(a)

ρ(ωt(a))ij

 ∑
1≤k≤ds(a)

ρ(a)jkρ(a
∗)ki

−

∑
a∈Q1

 ∑
1≤i,j≤(d1)s(a)

ρ(ωs(a))ij

 ∑
1≤k≤dt(a)

ρ(a∗)jkρ(a)ki

+

∑
a∈Q1

 ∑
(d1)t(a)+1≤i,j≤(d)t(a)

ρ(ωt(a))ij

 ∑
1≤k≤ds(a)

ρ(a)jkρ(a
∗)ki

−

∑
a∈Q1

 ∑
(d1)s(a)+1≤i,j≤(d)s(a)

ρ(ωs(a))ij

 ∑
1≤k≤dt(a)

ρ(a∗)jkρ(a)ki


= Tr(W̃ )U1

d1
+ Tr(W̃ )U2

d2
+Gd1,d2 (6.8)

where Tr(W̃ )Uidi : M
Ui
di
(Q̃) → C is the restriction of the function Tr(W̃ )d1 and
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Gd1,d2 =
∑
a∈Q1

 ∑
1≤j≤(d1)t(a)

(d1)s(a)+1≤k≤ds(a)

ρ(a)jkgjk(a) +
∑

1≤j≤(d1)s(a)
(d1)t(a)+1≤k≤dt(a)

ρ(a∗)jkg
∗
jk(a

∗)


(6.9)

where

gjk(a) =
∑

1≤i≤(d1)t(a)

ρ(ωt(a))ijρ(a
∗)ki −

∑
(d1)s(a)+1≤i≤ds(a)

ρ(ωs(a))kiρ(a
∗)ij

and

g∗jk(a
∗) =

∑
(d1)t(a)+1≤i≤dt(a)

ρ(ωt(a))kjρ(a)ij −
∑

1≤i≤(d1)s(a)

ρ(ωs(a))ijρ(a)ki.

We then have

Proposition 6.1.5. The coefficients of upper right block of ρ(a)ij for all arrows
a, a∗ ∈ Q1 are 0 iff all the entries of lower left block in ρ(a)ij for all a, a∗ ∈ Q1

are 0. i.e
The functions gjk(a) = 0 for all 1 ≤ j ≤ (d1)t(a), (d1)s(a) + 1 ≤ k ≤ ds(a) and
gjk(a

∗) = 0 for all 1 ≤ j ≤ (d1)s(a), (d1)t(a) + 1 ≤ k ≤ dt(a) if and only if
ρ(a)ki = 0 for all (d1)t(a) + 1 ≤ k ≤ dt(a), 1 ≤ i ≤ (d1)s(a) and ρ(a∗)ki = 0 for
(d1)s(a) + 1 ≤ k ≤ ds(a), 1 ≤ i ≤ (d1)t(a).

Proof. The proposition relies on the fact that the difference between the general-
ized eigenvalues of the top diagonal and lower diagonal matrix can never be zero
since they are in disjoint sets.
By assumption the matrices ρ(ωi) are of Jordan normal type, so the entries
ρ(ωi)kl = 0 for k ̸= l and k + 1 ̸= l. So for admissible choices of j, k, we
have

gjk(a) = (ρ(ωt(a))j,j − ρ(ωs(a))k,k)ρ(a
∗)k,j + ρ(ωt(a))j−1,jρ(a

∗)k,j−1 − ρ(ωs(a))k,k+1ρ(a
∗)k+1,j

(6.10)

• We plug k = ds(a) and j = 1. Then

g(d)s(a),1 = 0 = (ρ(ωt(a))1,1 − ρ(ωs(a))ds(a),ds(a))ρ(a
∗)ds(a),1

implies that ρ(a∗)ds(a),1 = 0 since ρ(ωt(a))1,1 ∈ U1 and ρ(ωs(a))ds(a),ds(a) ∈ U2

so ρ(ωs(a))ds(a),ds(a) can never be disjoint.

• We now plug k = ds(a) and j = 2. Then since ρ(a∗)ds(a),1 = 0, equation 6.10
implies that (ρ(ωt(a))2,2 − ρ(ωs(a))ds(a),ds(a))ρ(a

∗)ds(a),2 = 0 then again since
ρ(ωt(a))2,2 and ρ(ωs(a))ds(a),ds(a) are in disjoint sets, ρ(a∗)ds(a),2 = 0. We then
inductively conclude that ρ(a∗)ds(a),j = 0 for all 1 ≤ j ≤ (d1)t(a).
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• Now we may plug k = ds(a) − 1 and j = 1. Then since we already proved
ρ(a∗)ds(a),j = 0, by same argument as above we conclude that ρ(a∗)ds(a)−1,1 =
0 thus inductively ρ(a∗)ds(a)−1,j = 0 for all 1 ≤ j ≤ (d1)t(a). Then by
induction on k, we finally conclude that ρ(a∗)k,j = 0 for all (ds(a)+1 ≤ k ≤
dt(a) and 1 ≤ j ≤ (d1)t(a).

The proof of vanishing of all admissible ρ(a)ki is exactly the same.

Let X = RepU1,U2

d1,d2
. Then it admits a GLd1 ×GLd2 equivariant decomposition

RepU1,U2

d1,d2
(L)×Repd1

(Q)×Repd2
(Q)×

∏
a∈Q1

Hom(C(d1)s(a) ,C(d2)t(a))×
∏
a∈Q1

Hom(C(d2)s(a) ,C(d1)t(a)).

Let

X ′ = RepU1,U2

d1,d2
(L)

Y = Repd1
(Q)× Repd2

(Q)

Z1 =
∏
a∈Q1

Hom(C(d1)s(a) ,C(d2)t(a))

Z2 =
∏
a∈Q1

Hom(C(d2)s(a) ,C(d1)t(a))

Let C∗ acts on X ′ trivially and with weight 1 on each of Y, Z1, Z2 by scaling.
This action makes the function Tr(W )U1,U2

d1,d2
semi-invariant and commutes with

the action of GLd1 ×GLd2 . Let An = Y × Z1 × Z2, Am = Y2, An−m = Y × Z1.
Then, by deformed dimension reduction (Theorem 3.3.1), and Proposition 6.1.5,
it follows that there is a natural isomorphism of vector spaces

H(M
U1

∐
U2

d1,d2
(Q̃), pΦ

Tr(W̃ )
U1,U2
d1,d2

) ≃ H(MU1
d1
(Q̃)×MU2

d2
(Q̃), pΦ

Tr(W̃ )
U1
d1

⊠ pΦ
Tr(W̃ )

U2
d2

).

(6.11)
The isomorphism 6.11 is natural but not canonical, as there is a choice. We
could have taken Am = Y1 and An−m = Y × Z2 and still get the isomorphism
of vector spaces in Equation 6.11. However, as it turns out, they differ by sign.
To see this, we prove isomorphism 6.11 in a slightly different way, seeing it as a
case of Thoma-Sebastiani isomorphism and a more straightforward application
of the usual dimension reduction theorem. This allows us to have the above
isomorphism at the level of sheaves and under the above sign issue. We have the
following lemma:

Lemma 6.1.6. Let X be any smooth variety and G be any algebraic group acting
on X and on an affine space A2m. Let

f : X = X × A2m → C

be a G invariant function. Assume that there is G equivariant decomposition
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A2m = Am
1 × Am

2 such that

f = f0 +
∑

1≤i≤m

( ∑
1≤j≤m

gijyi

)
xi

such that g0 is a lift of a function on X, y1, . . . , ym are the coordinates on Am
1 and

x1, . . . , xm are the coordinates on Am
2 and gij, 1 ≤ i, j ≤ m are linear functions

on X such that matrix G = {gij, 1 ≤ i, j ≤ m} is invertible. Let i : X → X×A2n

be the zero section. Then we have two different natural isomorphisms

D1 : i
∗ pΦf Qvir

X
≃ pΦf0 Qvir

X ⊗ H(Z(y1, . . . , ym)) (6.12)

and

D2 : i
∗ pΦf Qvir

X
≃ pΦf0 Qvir

X ⊗ H(Z(x1, . . . , xm))

such that the following diagram is almost commutative

i∗ pΦf Qvir
X

pΦf0 Qvir
X ⊗ H(Z(y1, . . . , ym))

pΦf0 Qvir
X ⊗ H(Z(x1, . . . , xm)) i∗ pΦf

D1

D2 π2

π1

i.e π2D1 = (−1)mπ1D2

Proof. Since gij is invertible, we have an isomorphism of complex analytic spaces

G : X×Spec(C[x1, . . . , xm])×Spec(C[y1, . . . , ym]) → X×Spec(C[x1, . . . , xm])×Spec(C[ỹ1, . . . , ỹm]

given by ỹi =
∑

1≤j≤m gijyi and rest is identity. With this choice, the following
diagram

X × Spec(C[x1, . . . , xm])× Spec(C[y1, · · · , ym] A1

X × Spec(C[x1, . . . , xm])× Spec(C[ỹ1, . . . , ỹm]

f

G
f̃

commutes, where f̃ = f0 +
∑

1≤i≤m xiyi. By Thom-Sebastiani isomorphism, we

have a natural isomorphism pΦf̃ Q
vir
X

≃ pΦf0 Qvir
X

⊠ pΦ∑
1≤i≤m xiyi Qvir

A2m . We thus
have natural isomorphism

π∗
pΦf Qvir

X
≃ pΦf0 Qvir

X
⊗ H(A2m, pΦ∑

1≤i≤m xiyi Q
vir
A2m).

To compute H(A2m, pΦ∑
1≤i≤m xiyi Qvir

A2m). We may consider the projection π1 :

A2m = Am
1 × Am

2 → An
1 and think of f =

∑
1≤i≤m xiyi as function of weight 1,

where we think of yi as a the coordinates of Am
2 and xi as lift of function on Am

1 .
Then, via the dimension reduction theorem, we have a natural isomorphism
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H(A2m, pΦ∑
1≤i≤m xiyi Q

vir
A2m) ≃ H(Z(y1, . . . , ym),Q).

On the other hand, we may also consider the projection π2 : An
1 × An

2 → An
2 and

do the dimension reduction where we think of xi as coordinates. Then we get a
natural isomorphism:

H(A2m, pΦ∑
1≤i≤m xiyi Q

vir
A2n) ≃ H(Z(x1, . . . , xm),Q).

Then the statement follows from work of Davison in [RS17][Lemma 4.1], where
they check they check that the diagram

H(A2m, pΦ∑
1≤i≤m xiyi Qvir

A2m) H(Z(y1, . . . , ym),Q)

H(Z(x1, . . . , xm),Q) Q

(π1)∗

(π2)∗ =

=

commutes upto a sign, i.e (π1)∗ = (−1)m(π2)∗. Then the statement follows, since
pΦf Qvir

X
is supported on the image of the zero section i.

We will now apply the above lemma to the situation when

X = RepU1
d1
(Q̃)× RepU2

d2
(Q̃)

Am
2 =

∏
a∈Q1

Hom(C(d1)s(a) ,C(d2)t(a))

Am
1 =

∏
a∈Q1

Hom(C(d2)s(a) ,C(d1)t(a))

Then we have

D1 : (i
U1,U2

d1,d2
)∗ pΦ

Tr(W̃ )
U1

∐
U2

d1,d2

(Qvir

M
U1

∐
U2

d2
(Q̃)

) ≃ pΦ
Tr(W̃ )

U1
d1

(Qvir

M
U1
d1

(Q̃)
)⊠pΦ

Tr(W̃ )
U2
d2

(Qvir

M
U2
d2

(Q̃)
)

Taking disjoint union over all decomposition d = d1 + d2, we have

Proposition 6.1.7. We have a natural isomorphism

D1 : i
∗ pΦTr(W̃ )U1

∐
U2
(Qvir

MU1
∐
U2 (Q̃)

) ≃ pΦTr(W̃ )U1
(Qvir

MU1 (Q̃)
)⊠ pΦTr(W̃ )U2

(Qvir
MU2 (Q̃)

)

Thus, we have natural isomorphisms:

pΦTr(W̃ )U1
∐
U2
(Qvir

MU1
∐
U2 (Q̃)

) i∗i
∗ pΦTr(W̃ )U1

∐
U2
(Qvir

MU1
∐
U2 (Q̃)

)

i∗(
pΦTr(W̃ )U1

(Qvir
MU1 (Q̃)

)⊠ pΦTr(W̃ )U2
(Qvir

MU2 (Q̃)
))

η

D1

The first morphism is an isomorphism since the morphism i is an isomorphism
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on the support of the underlying sheaves. Pushing forward to the point yields an
isomorphism of vector spaces

IU1
∐
U2 : H(MU1

∐
U2(Q̃), pΦTr(W )|U1

∐
U2
) → H(MU1(Q̃), pΦTr(W )|U1

)⊗ H(MU2(Q̃), pΦTr(W )|U2
).

(6.13)

Proposition 6.1.8. The morphism IU1
∐
U2 : AU1

∐
U2

Q̃,W̃
→ AU1

Q̃,W̃
⊗ AU2

Q̃,W̃
is an

isomorphism of algebras.

Proof. We proceed as in proof of Proposition 6.1.3. We have

Ext
U1

∐
U2

(d1,e1),(d2,e2)

M
U1

∐
U2

d1,e1
×M

U1
∐
U2

d2,e2
ExtU1

d1,d2
× ExtU2

e1,e2
M

U1
∐
U2

d1+d2,e1+e2

(MU1
d1

×MU2
e1
)× (MU1

d2
×MU2

e2
) MU1

d1+d2
×MU2

e1+e2

π1×π3 π2
E

Π1,3:=π
U1
1 ×πU2

1 ×πU1
3 ×πU2

3 Π2:=π
U1
2 ×πU2

2
i
U1

∐
U2

d1,e1
×iU1

∐
U2

d2,e2
i
U1

∐
U2

d1+d2,e1+e2

(6.14)

Lets denote M
U1

∐
U2

d,e = Xd1,e1 and MU1
d ×MU2

e = Xd,e for any d, e, Id,e for any

i
U1

∐
U2

d,e and when context is clear, I for i
U1

∐
U2

d1,e1
× i

U1
∐
U2

d2,e2
.

Here in the first square, we can take the pullback, as in proposition 6.1.3. Since
π1 × π3 and Π1,3 are affine fibrations, the dimension reduction morphism is also
compatible, and the following diagram is commutative

H(Xd1,e1 ×Xd2,e2 ,
pΦ⊠ pΦ) H(Ext

U1
∐
U2

(d1,e1),(d2,e2)
, pΦ)

H(Xd1,e1 ×Xd2,e2 , I
∗
d1,e1

(pΦ)⊠ I∗d2,e2
(pΦ)) H(ExtU1

d1,d2
× ExtU2

e1,e2
, Π∗

1,3I
∗(pΦ⊠ pΦ))

H(Xd1,e1 ×Xd2,e2 ,
pΦ⊠ pΦ) H(ExtU1

d1,d2
× ExtU2

e1,e2
, Π∗

1,3(
pΦ⊠ pΦ))

(π1×π3)∗

(Id1,e1
×Id2,e2

)∗ E∗

Π∗
1,3

D1×D1 D1

Π∗
1,3

The right-hand square in the commutative diagram 6.14 is not Cartesian. How-
ever, it is on the critical locus since given a short exact sequence of ΠQ[ω] modules

0 → ρ1 → ρ2 → ρ3 → 0

where ρ2 splits into ρU1
2 ⊕ ρU2

2 then ρ1 and ρ3 splits into direct sum ρU1
1 ⊕ ρU2

1

and ρU1
3 ⊕ ρU2

3 respectively such that we have short exact sequences 0 → ρUi1 →
ρUi2 → ρUi3 → 0 for i = 1, 2. Thus by Lemma 6.1.9 and the fact that dimension
reduction commutes with Kunneth isomorphism [Dav17][Proposition A.8], we
have commutative diagram

68



H(Ext
U1

∐
U2

(d1,e1),(d2,e2)
, pΦ) H(Xd1+d2,e1+e2 ,

pΦ)

H(ExtU1
d1,d2

× ExtU2
e1,e2

, Π∗
1,3I

∗(pΦ⊠ pΦ)) H(Xd1+d2,e1+e2 , I
∗
d1+e1,d2+e2

pΦ)

H(ExtU1
d1,d2

× ExtU2
e1,e2

, Π∗
1,3(

pΦ⊠ pΦ)) H(Xd1+e1,d2+e2 ,
pΦ)

(π2)∗

E∗ I∗d1+e1,d2+e2

(Π2)∗

D1 D1

(Π2)∗

.

Thus we are done by composing the two commutative diagrams, as the top row
defines CoHA multiplication for AU1

Q̃,W̃
⊗AU2

Q̃,W̃
and the bottom row is the CoHA

multiplication for AU1
∐
U2

Q̃,W̃

Lemma 6.1.9. Let

X Y

Z Z ′

g′

f ′ f

g

(6.15)

be a commutative square of complex manifolds where morphism g, g′ is proper and
A : Z ′ → C is a holomorphic function. Then the following diagram commutes

H(X, (f ′)∗ pΦAgQZ) H(Y, f ∗ pΦAQZ′ [2(dim(Z ′)− dim(Z))]

H(Z, pΦAgQZ) H(Z ′, pΦAQZ′ [2(dim(Z ′)− dim(Z))]

if any of the following is true:

(a) Above square is Cartesian and the morphisms f, f ′ are open inclusions.

(b) f ′, f are closed immersions and in the commutative cube

X Y

crit(Agf ′) crit(Af)

Z Z ′

crit (Ag) crit(A)

g′

f ′

f
iX

g′c

f ′c

iY

fc

g

iZ

gc

iZ′

,

all faces except the back are known to be Cartesian and f ′
c, fc are isomor-
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phism.

Proof. Part (a) follows from proper base change, since there is natural isomor-
phism g′∗(f

′)∗ pΦAg(QZ) ≃ f ∗g∗
pΦAg(QZ). See [Dav17][Proposition 2.14] for how

this implies commutativity at the level of cohomology. For part (b), since pΦAgQZ

is supported on crit(Ag), we have isomorphism pΦAg(QZ) = (iZ)∗(iZ)
∗ pΦAg(QZ).

Thus we have

g′∗(f
′)∗ pΦAg(QZ) = g′∗(f

′)∗(iZ)∗(iZ)
∗ pΦAg(QZ)

= g′∗(iX)∗(f
′
c)

∗(iZ)
∗ pΦAg(QZ)

= (iY )∗(g
′
c)∗(f

′
c)

∗(iZ)
∗ pΦAg(QZ)

= (iY )∗(fc)
∗(gc)∗(iZ)

∗ pΦAg(QZ)

= f ∗(iZ′)∗(gc)∗(iZ)
∗ pΦAg(QZ)

= f ∗g∗(iZ)∗(iZ)
∗ pΦAg(QZ) = f ∗g∗

pΦAg(QZ)

and so the commutativity follows.

Thus, for any disjoint balls U1 and U2, we have series of morphism of algebras

AQ̃,W̃ AU1
∐
U2

Q̃,W̃
AU1

Q̃,W̃
⊗AU2

Q̃,W̃
AQ̃,W̃ ⊗AQ̃,W̃ρU1

∐
U2 IU1

∐
U2 ρ−1

U1
⊗ρ−1

U2

Composing gives a morphism of algebras

∆ : AQ̃,W̃ → AQ̃,W̃ ⊗AQ̃,W̃ .

Proposition 6.1.10. The morphism ∆ doesn’t depend on the choice of disjoint
sets U1 and U2.

Proof. Note that if ρ is some d dimensional representation of quiver Q̃ then for
any z, so does ρ′ where ρ′(ωi) = ρ(ωi) + zIddi×di for all a ∈ Q̃1 ̸= ωi and ρ

′(a) =

ρ(a) otherwise. We note that this transformation leaves Tr(W̃ )(ρ) invariant. So

we have an automorphism Tz : Md(Q̃) → Md(Q̃) which leaves the potential
invariant and thus induces an isomorphism on the critical cohomology. Similarly
for any λ ̸= 0, we may scale the action i.e. we define a representation ρ′ where
ρ′(ωi) = λρ′(ωi), ρ

′(a) = ρ(a)/λ and ρ′(a∗) = ρ′(a∗) for a ∈ Q1. This defines an

automorphism Sλ : Md(Q̃) → Md(Q̃) which leaves the potential invariant and
thus induces an isomorphism on the critical cohomology.
Now suppose we are given two distinct balls U ′

1 and U
′
2. By Proposition 6.1.3 and

6.1.4, we may assume that balls U1, U2, U
′
1, U

′
2 have sufficiently small radius ϵ.

Then, doing translation Sλ for any appropriate choice of λ, we may assume that
U ′
1 and U

′
2 are apart by the same distance as U1 and U2. Then by the translation,

there exist some z such that there is an isomorphism (T z)∗ : AQ̃,W̃ → AQ̃,W̃ such

70



that following diagram commutes

AU1
∐
U2

Q̃,W̃
AU1

Q̃,W̃
⊗AU2

Q̃,W̃

AQ̃,W̃ AQ̃,W̃ ⊗AQ̃,W̃

AU ′
1

∐
U ′
2

Q̃,W̃
AU ′

1

Q̃,W̃
⊗AU2

Q̃,W̃

≃

ρ−1
U1

⊗ρ−1
U2

ρU1
∐
U2

(Tz)∗|U′
1
∐
U′
2

≃

(Tz)∗|U′
1
⊗(Tz)∗|U′

2

ρ−1

U′
1
⊗ρ−1

U′
2

and so morphism ∆ is independent of the choice of disjoint sets U1 and U2.

Proposition 6.1.11. The morphism ∆ is coassociative, i.e, the following dia-
gram commutes

AQ̃,W̃ AQ̃,W̃ ⊗AQ̃,W̃

AQ̃,W̃ ⊗AQ̃,W̃ AQ̃,W̃ ⊗AQ̃,W̃ ⊗AQ̃,W̃

∆

∆ ∆⊗1

1⊗∆

Proof. Let U1, U2, and U3 be three disjoint open balls. Then we have the restric-
tion morphism

ρU1
∐
U2

∐
U3 : AQ̃,W̃ → AU1

∐
U2

∐
U3

Q̃,W̃

Furthermore, by taking the direct sum, we have a morphism iU1
∐
U2

∐
U3 :

MU1(Q̃)×MU1(Q̃)×MU1(Q̃) → MU1
∐
U2

∐
U3(Q̃) which induces isomorphism

AU1
∐
U2

∐
U3

Q̃,W̃
≃ AU1

Q̃,W̃
⊗AU2

Q̃,W̃
⊗AU3

Q̃,W̃
.

Finally we again have inverse of restriction maps giving series of morphisms

∆2 : AQ̃,W̃ → AU1
∐
U2

∐
U3

Q̃,W̃
≃ AU1

Q̃,W̃
⊗AU2

Q̃,W̃
⊗AU3

Q̃,W̃

ρ−1
U1

⊗ρ−1
U2

⊗ρ−1
U3−−−−−−−−→ AQ̃,W̃⊗AQ̃,W̃⊗AQ̃,W̃ .

By exactly the same argument as in Proposition 6.1.10, the morphism ∆2 is
independent of the choice of disjoint sets U1, U2, and U3. We claim that we have
(∆⊗1)∆ = ∆2 = (1⊗∆)∆, which proves the desired statement. Since the proof
is the same, we will only show ∆2 = (1⊗∆)∆.
Let U ′

2 and U ′′
2 be two disjoint balls inside ball U2. Then clearly the following
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diagram commutes

AQ̃,W̃

AU1
∐
U2

Q̃,W̃
AU1

∐
U ′
2

∐
U ′′
2

Q̃,W̃

AU1

Q̃,W̃
⊗AU2

Q̃,W̃
AU1

Q̃,W̃
⊗AU ′

2

∐
U ′′
2

Q̃,W̃

AQ̃,W̃ ⊗AQ̃,W̃ AQ̃,W̃ ⊗AU ′
2

∐
U ′′
2

Q̃,W̃

ρU1
∐
U2

ρU1
∐
U′
2
∐
U′′
2

ρU1
∐
U2,U1

∐
U′
2
∐
U′′
2

iU1
∐
U2 iU1,U

′
2
∐
U′′
2

id⊗ρU2,U
′
2
∐
U′′
2

ρ−1
U1

⊗ρ−1
U2

ρ−1
U1

⊗id

id⊗ρU′
2
∐
U′′
2

where the morphism iU1,U ′
2

∐
U ′′
2 is the pullback of direct sum map MU1(Q̃) ×

MU ′
2

∐
U ′′
2 (Q̃) → MU1

∐
U ′
2

∐
U ′′
2 (Q̃). Since the morphism MU1(Q̃) × MU ′

2(Q̃) ×
MU ′′

2 (Q̃) → MU1
∐
U ′
2

∐
U ′′
2 (Q̃) is same as the composition MU1(Q̃) × MU ′

2(Q̃) ×
MU ′′

2 (Q̃) → MU1(Q̃) × MU ′
2

∐
U ′′
2 (Q̃) → MU1

∐
U2

∐
U3(Q̃), we have commutative

diagram

AU1
∐
U ′
2

∐
U ′′
2

Q̃,W̃

AU1

Q̃,W̃
⊗AU ′

2

∐
U ′′
2

Q̃,W̃
AU1

Q̃,W̃
⊗AU ′

2

Q̃,W̃
⊗AU ′′

2

Q̃,W̃

AQ̃,W̃ ⊗AU ′
2

∐
U ′′
2

Q̃,W̃
AQ̃,W̃ ⊗AU ′

2

Q̃,W̃
⊗AU ′′

2

Q̃,W̃
AQ̃,W̃ ⊗AQ̃,W̃ ⊗AQ̃,W̃

iU1,U
′
2
∐
U′′
2

iU1
∐
U′
2
∐
U′′
2

id⊗iU′
2
∐
U′′
2

ρ−1
U1

⊗id ρ−1
U1

⊗id⊗id ρ−1
U1

⊗ρ−1
U2

⊗ρ−1
U3

id⊗iU′
2
∐
U′′
2

id⊗ρ−1
U1

⊗ρ−1
U2

Composing the two, we see that the bottom row is (1⊗∆), the left vertical row
is ∆, and the diagonal is ∆2. Thus, the statement follows.

Intuitively, since U1 and U2 can be exchanged via a homotopy, one can expect
the coproduct to be cocommutative. We now claim that the morphism ∆ is
cocommutative to a sign. We have

Proposition 6.1.12. We have

∆d,e = (−1)
∑
a∈Q1

ds(a)et(a)+es(a)dt(a)σ(∆e,d).

where σ : AQ̃,W̃ ⊗AQ̃,W̃ → AQ̃,W̃ ⊗AQ̃,W̃ is the morphism defined by σ(a⊗ b) =
b⊗ a.

Proof. Let σ′ : MU2
d2
(Q̃) ×MU1

d1
(Q̃) → MU1

d1
(Q̃) ×MU2

d2
(Q̃) be an isomorphism of

stacks defined by sending (ρ, ρ′) 7→ (ρ′, ρ) and let σ′′ : M
U2

∐
U1

d2,d1
(Q̃) → M

U1
∐
U2

d1,d2
(Q̃)
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be a change of coordinates by exchanging the diagonal blocks and the offdiagonal
blocks. In formulas, for any arrow a ∈ Q̃, it can be defined as

σ′′ : ρ(a)ij 7→


ρ(a)i+(d2)t(a),j+(d2)s(a)when(i, j) ∈ [1, (d1)t(a)]× [1, (d1)s(a)]

ρ(a)i−(d1)t(a),j−(d1)s(a)when(i, j) ∈ [(d1)t(a) + 1,dt(a)]× [(d1)s(a) + 1, (d1)s(a)]

ρ(a)i−(d1)t(a),j+(d2)s(a)when(i, j) ∈ [(d1)t(a) + 1,dt(a)]× [1, (d1)s(a)]

ρ(a)i+(d2)t(a),j−(d1)s(a)when(i, j) ∈ [1, (d1)t(a)]× [(d1)s(a) + 1, (d)s(a)]

So we have a commutative diagram

MU1
d1
(Q̃)×MU2

d2
(Q̃) M

U1
∐
U2

d1,d2
(Q̃) MU1

∐
U2(Q̃)

MU2
d2
(Q̃)×MU1

d1
(Q̃) M

U2
∐
U1

d2,d1
(Q̃)

i
U1,U2
d1,d2

σ′

i
U2,U1
d2,d1

σ′′

Taking pullback, the following diagram commutes

H(M
U1

∐
U2

d1,d2
, pΦ

Tr(W̃ )U1
∐
U2
) H(MU1

d1
(Q̃)×MU2

d2
(Q̃), i∗d1,d2

pΦ
Tr(W̃ )U1

∐
U2
)

H(M
U2

∐
U1

d2,d1
, (σ)∗ pΦ

Tr(W̃ )U1
∐
U2
) H(MU2

d2
(Q̃)×MU1

d1
(Q̃), (σ′)∗i∗d1,d2

pΦ
Tr(W̃ )U1

∐
U2
))

H(M
U2

∐
U1

d2,d1
, pΦ

Tr(W̃ )U2
∐
U1
) H(MU2

d2
(Q̃)×MU1

d1
(Q̃), i∗d2,d1

pΦ
Tr(W̃ )U2

∐
U1
)

(σ′′)∗ (σ′)∗

= =

The morphism D1 : i∗d1,d2

pΦ
Tr(W̃ )

U1
∐
U2

d1,d2

→ pΦ
Tr(W̃ )

U1
d1

⊠ pΦ
Tr(W̃ )

U2
d2

is given by

dimension reduction of top right block of ρ(a) and ρ(a∗), i.e. the space∏
a∈Q1

Hom(C(d1)s(a) ,C(d2)t(a)). So, due to the change of coordinates σ, the mor-

phism D1 : (σ′′)∗(i∗d2,d1
) pΦ

Tr(W̃ )
U1

∐
U2

d1,d2

→ pΦ
Tr(W̃ )

U2
d2

⊠ pΦ
Tr(W̃ )

U1
d1

is then exactly

same as dimensionanly reducing the space
∏

a∈Q1
Hom(C(d2)s(a) ,C(d1)t(a)). i.e., it

is the morphism D2 : (i∗d2,d1
) pΦTr(W̃ )U2

∐
U1

→ pΦTr(W̃ )U2
⊠ pΦTr(W̃ )U1

. Thus, we

have the following commutative diagram

H(MU1
d1

(Q̃)×MU2
d2

(Q̃), i∗d1,d2

pΦ
Tr(W̃ )U1

∐
U2

) H(MU1
d1

(Q̃)×MU2
d2

(Q̃), pΦ
Tr(W̃ )U1

⊠ pΦ
Tr(W̃ )U2

)

H(MU2
d2

(Q̃)×MU1
d1

(Q̃), (σ′)∗i∗d1,d2

pΦ
Tr(W̃ )U1

∐
U2

)) H(MU2
d2

(Q̃)×MU1
d1

(Q̃), pΦ
Tr(W̃ )U2

⊠ pΦ
Tr(W̃ )U1

)

H(MU2
d2

(Q̃)×MU1
d1

(Q̃), i∗d2,d1

pΦ
Tr(W̃ )U2

∐
U1

) H(MU2
d2

(Q̃)×MU1
d1

(Q̃), pΦ
Tr(W̃ )U2

⊠ pΦ
Tr(W̃ )U1

)

D1

(σ′)∗ (σ′)∗

D2

=
(−1)

dim(
∏

a∈Q1
Hom(C

(d2)s(a) ,C
(d1)t(a) ))

D1

Where the bottom square commutes by the Lemma 6.1.6. Composing the above
two commutative diagrams gives the desired result.
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In earlier sections, we twisted m. Consider twisted coproduct ∆χ defined by

∆χ
d,e = (−1)χQ(d,e) ∆d,e .

Since ∆ is coassociative, clearly ∆χ is also coassociative. By this sign twist, we
now have a cocommutative coproduct.

Proposition 6.1.13. The twisted coproduct ∆χ is cocommutative and compatible
with mχ.

Proof. Co-commutativity is clear by Proposition 6.1.1 since

σ(∆χ
d,e) = (−1)χQ(d,e)σ(∆d,e) = (−1)χQ(d,e)+

∑
a∈Q1

ds(a)et(a)+es(a)dt(a)∆e,d

= (−1)χQ(e,d)∆e,d = ∆χ
e,d.

and for compatibility, let a and b be elements of dimension vector d1 and d2

respectively. Then

∆χ
d,e(m

χ(a⊗ b)) = (−1)χQ(d,e) ∆d,e(m
χ(a⊗ b))

= (−1)χQ(d,e)+χQ(d1,d2)∆d,e(m(a⊗ b))

= (−1)χQ(d,e)+χQ(d1,d2)(m(∆(a)⊗∆(b)))

which is the same as

(−1)χQ(d,e)+χQ(d1,d2)
∑

x1+x2=d
y1+y2=e
x1+y1=d1
x2+y2=d2

m(∆x1,y1(a)⊗∆x2,y2(b))

= (−1)χQ(d,e)+χQ(d1,d2)
∑

x1+x2=d
y1+y2=e
x1+y1=d1
x2+y2=d2

(−1)χQ(x1,x2)+χQ(y1,y2)mχ(∆x1,y1(a)⊗∆x2,y2(b))

(−1)χQ(d,e)+χQ(d1,d2)
∑

x1+x2=d
y1+y2=e
x1+y1=d1
x2+y2=d2

(−1)χQ(x1,x2)+χQ(y1,y2)+χQ(x1,y1)+χQ(x2,y2)mχ(∆x1,y1(a)⊗∆x2,y2(b))

=
∑

x1+x2=d
y1+y2=e
x1+y1=d1
x2+y2=d2

mχ(∆χ
x1,y1

(a)⊗∆χ
x2,y2

(b))

as desired.

So ∆χ is a cocommutative coproduct on a connected algebra2. Any connected
graded bialgebra is a Hopf algebra. Thus by Milnor Milnor-Moore theorem
Aχ

Q̃,W̃
≃ U(P) where P are the primitive elements with respect to the coproduct

2A graded algebra A is connected if A0 is the ground field and An = 0∀n <= 0.
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∆χ. We will now compute primitive elements for the coproduct ∆χ. We first
observe that

Proposition 6.1.14. The action of tautological bundle (u·) : AQ̃,W̃ → AQ̃,W̃ is a
coderivation, i.e we have

∆χ(u · x) = (u⊗ 1 + 1⊗ u) ·∆χ(x).

Proof. Clearly the restriction morphism AQ̃,W̃ → AU
Q̃,W̃

is u linear since we have

commutative diagram

BC*
u×Md(Q̃) Md(Q̃)

BC*
u×MU

d (Q̃) MU
d (Q̃)

act

id×iU iU

act

On the other hand, we have a commutative diagram:

MU1
d (Q̃)×MU2

e (Q̃) MU1
∐
U2(Q̃)

BC*
u×BC*

u BC*
u

id,e

Det⊗Det Det

⊗

and thus the isomorphism i∗ : AU1

Q̃,W̃
⊗ AU1

Q̃,W̃
≃ AU1

∐
U2

Q̃,W̃
satisfies i∗d,e(u · x) =

⊗∗(u) · i∗d,e(x) = (u⊗ 1 + 1⊗ u)i∗d,e(x). Thus

∆(u · x) = (ρ−1
U1

⊗ ρ−1
U2
)(i∗d,e)(ρU1

∐
U2(u · x)) = (ρ−1

U1
⊗ ρ−1

U2
)(i∗d,e)(u · ρU1

∐
U2(x))

= (u⊗ 1 + 1⊗ u)∆(x)

Then the same holds for the twisted by coproduct ∆χ.

Proposition 6.1.15. The elements of gBPS
Q̃,W̃

⊗ C[u] are primitive with respect to

the coproduct ∆χ.

Proof. By the support lemma [Dav23c][Lemma 4.1], BPSQ̃,W̃ is supported on

the space with only one eigenvalue. Thus gBPS
Q̃,W̃

is primitive for the ∆ coproduct.

Then the claim follows from the previous proposition.

Remark 6.1.16. We can now, in fact, give a shorter proof of cocommutativity.
We know from integrality theorem that gBPS

Q̃,W̃
⊗C[u] generates the algebra Aχ

Q̃,W̃
.

Since Aχ

Q̃,W̃
is compatible with ∆χ, it suffices to check the cocommutativity of

the generators. But by the previous proposition, the elements inside the vector
subspace gBPS

Q̃,W̃
⊗C[u] are primitive with respect to ∆χ and hence cocommutative.

By the PBW theorem (Proposition 4.1.1), Aχ

Q̃,W̃
≃ Sym(gBPS

Q̃,W̃
⊗ C[u]) and so by

considering the size of P , it follows that P = gBPS
Q̃,W̃

⊗ C[u]. This shows that the

sub vector space gBPS
Q̃,W̃

⊗ C[u] ↪→ Aχ

Q̃,W̃
is closed under the Lie bracket.
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Definition 6.1.17 (The affinized BPS Lie algebra). For any quiver Q, the
affinized BPS Lie algebra ĝBPS

Q̃,W̃
is defined to be the Lie algebra structure on

the NQ0 × Z graded vector space

ĝBPS
Q̃,W̃

:= gBPS
Q̃,W̃

⊗ C[u] ↪→ Aχ
Q,W

where the Lie bracket is defined by taking the commutator Lie bracket coming
from the associative algebra structure on Aχ

Q̃,W̃
.

Let ĝBPS,i

Q̃,W̃ ,d
denote the dimension d, cohomological degree i peice of ĝBPS

Q̃,W̃
. By

Proposition 4.2.3, for a fixed dimension vector d, the Poincare series of ĝBPS
Q̃,W̃

is

given by ∑
i∈Z

dim(ĝBPS,i

Q̃,W̃ ,d
)qi/2 = (1− q)−1aQ,d(q

−1) (6.16)

where aQ,d(q) is the Kac Polynomial. Note that ĝBPS
Q̃,W̃

is not necessarily isomorphic

to the trivial extension of gBPS
Q̃,W̃

as Lie algebras, even though they are isomorphic

as vector spaces.

Convention 3. Given an element α ∈ gBPS
Q̃,W̃

, we denote by

α(n) := un · α ∈ ĝBPS
Q̃,W̃

6.2 Deformed Affinized BPS Lie Algebra

Let w : Q̃ → N be a torus weighting such that w(ωi) = 0 for all i ∈ Q0
3. Let

T ′ = Hom(N,C∗). Then since w(ω) = 0, where ω =
∑

i∈Q0
ωi, the morphism

λ : Md(Q̃) → Sym(A1)

which records the generalized eigenvalue, is T ′ equivariant. This induces a mor-
phism

λT : MT ′

d (Q̃) → Sym(A1).

We can apply the construction of factorization coproduct to AT ′,χ

Q̃,W̃
, where we

consider AT ′,χ

Q̃,W̃
as an object in the category of HT ′(pt) modules, i.e. we have a

HT ′(pt) module morphism

∆T : AT ′,χ

Q̃,W̃
→ AT ′,χ

Q̃,W̃
⊗HT ′ (pt) AT ′,χ

Q̃,W̃
.

Considering the primitive elements of the cocommutative coproduct ∆T , shows
that the HT (pt) module

ĝBPS,T ′

Q̃,W̃
:= gBPS,T ′

Q̃,W̃
⊗ C[u] ⊂ AT ′,χ

Q̃,W̃

3This condition is cruicial. This construction doesn’t work, for example, in the case of
tripled ADE quiver with canonical potential with torus weighting w(a) = 1,w(a∗) = 1 and
w(ωi) = −2 for all i ∈ Q0.
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has a structure of Lie algebra, where the Lie bracket is defined by taking the
commutator Lie bracket, coming from the associative algebra structure on AT ′,χ

Q̃,W̃
.

Furthermore, there is an isomorphism of HT ′(pt) algebras

UHT ′ (pt)(ĝ
BPS,T ′

Q̃,W̃
) ≃ AT ′,χ

Q̃,W̃
.

We call ĝBPS,T ′

Q̃,W̃
the T ′−deformed affinized BPS Lie algebra.

6.3 Heis Lie algebra action

The action of the tautological bundle on the vector space Aψ
Q,W increases the

cohomological degree by 2. We can describe the other half of this action, which
acts by decreasing the cohomological degree. This structure has been exploited
in [Joy21] as a translation operator in the construction of vertex algebras and
by [Dav22b] for the calculation of the affinized BPS Lie algebra for the Jordan
quiver. We consider the action by scaling by the automorphisms of MT,ζ

d (Q).
More precisely, we have a morphism

act : BC*
u×MT,ζ

d (Q) → MT,ζ
d (Q)

defined by sending the tautological line bundle L and family of representations
F to F ⊗ L. Doing the pullback (3.2.2), gives a map of sheaves

pΦTr(Wd)(QMT,ζ−ss
d (Q)) → act∗(QBC*

u
⊠ pΦTr(Wd)(QMT,ζ−ss,ψ

d (Q))). (6.17)

After shifting and taking global sections, this gives a map of cohomologically
graded vector spaces

act∗ : H(MT,ζ−ss
d (Q), pΦTr(Wd)) → H(BC*

u,Q)⊗ H(MT,ζ−ss
d (Q), pΦTr(Wd)).

In particular, for any α ∈ AT,ζ,ψ
Q,W,d we have

act∗(α) =
∑
n≥0

un ⊗ α(n).

We define
∂ : AT,ζ,ψ

Q,W → AT,ζ,ψ
Q,W

by α 7→ α(1). Since the morphism act∗ preserves the cohomological degree, ∂ is
an operator which decreases the cohomological degree by −2. We then have

Proposition 6.3.1. [Dav22a] The morphisms

∂ : AT,ζ,ψ
Q,W → AT,ζ,ψ

Q,W

u : AT,ζ,ψ
Q,W → AT,ζ,ψ

Q,W
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define derivations on AT,ζ,ψ
Q,W i.e.

∂(a ⋆ b) = (∂a) ⋆ b+ a ⋆ (∂b)

u(a ⋆ b) = (u · a) ⋆ b+ a ⋆ (u · b).

Furthermore, for any α ∈ AT,ζ,ψ
Q,W,d, we have [∂, u]α = |d|α.

We now show that the operators ∂ and u interact with the perverse filtration P
on AT,ζ,ψ

Q,W in a nice way.

Proposition 6.3.2. The action u increases the perverse degree by 2 while ∂
decreases the perverse degree by 2, i.e.

u ·Pi ⊂ Pi+2

∂ ·Pi ⊂ Pi−2

Proof. Applying JHT,ζ
d to morphism (6.17), gives a morphism of complexes in

Db(MT,ζ−ss
d (Q))

a : (JHT,ζ
d )∗

pΦTr(Wd)(Q
vir

MT,ζ−ss
d (Q)

) → (JHT,ζ
d )∗ act∗(QBC*

u
⊠ pΦTr(Wd)(Q

vir

MT,ζ−ss
d (Q)

)).

After taking semisimplification, the action map collapses, and so we have the
following commutative square:

BC*
u×MT,ζ−ss

d (Q) MT,ζ−ss
d (Q)

MT,ζ−ss
d (Q) MT,ζ−ss

d (Q)

JHT,ζd

act

π2

JHT,ζd

where π2 is the projection to the second component. Thus we have

(JHT,ζ
d )∗ act∗(QBC*

u
⊠pΦTr(Wd)(Q

vir

MT,ζ−ss
d (Q)

)) ≃ H(BC*
u,Q)⊗(JHT,ζ−ss

d )∗
pΦTr(Wd)(Q

vir

MT,ζ−ss
d (Q)

).

But since

τ≤n(H2k(BC*
u,Q)⊗(JHT,ζ

d )∗
pΦTr(Wd)(Q

vir

MT,ζ−ss
d (Q)

)) = τ≤n−2k((JHT,ζ
d )∗

pΦTr(Wd)(Q
vir

MT,ζ−ss
d

)),

the morphism τ≤n(a) factors through⊕
k≥0

H2k(BC*
u,Q)⊗ τn−2k((JHT,ζ

d )∗
pΦTr(Wd)(Q

vir

MT,ζ−ss
d

)).

So for any α ∈ Pi, act∗(α) =
∑

n≥0 u
nα(n) where αn ∈ Pi−2n and thus in partic-

ular α1 ∈ P≤i−2. Finally, the action of u increases the perverse degree, which is
exactly [DM20][Lemma 5.8] applied to the determinant bundle.

The above argument also shows that if αd ∈ gBPS,T,ζ
Q,W,d then ∂(αd) = 0, since
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the perverse filtration starts from degree 1 (Section 4.1.5). Now, by repetitively
applying the Proposition 6.3.2, it follows that

Proposition 6.3.3. Let αd ∈ gBPS,T,ζ
Q,W,d , then unαd ∈ P2n+1 and we have

∂(unαd) = n|d|un−1αd.

The action of u, ∂ can be interpreted as an action of the 3-dimensional Heisenberg
Heis on AT,ζ

Q,W , as considered in [Dav22a].

Definition 6.3.4. Let Heis be the Lie algebra over Q having basis p, q, c such
that

[q, p] = c,

c is central. We give Heis a ‘cohomological’ grading by setting elements p, q, c
as elements of cohomological degree 2,−2, 0 respectively. Then M is said to be a
graded Heis module, if M = ⊕i∈ZM2i and the Heis action respects the grading,
i.e. p(M2i) ⊂M2i+2, q(M2i) ⊂M2i−2, c(M2i) ⊂M2i.

If a graded Heis module L has a Lie algebra structure, then it is said to be a
Heis Lie algebra if p and q act by Lie algebra derivations on L. In many cases,
a much smaller subspace controls Heis Lie algebras. For any Heis Lie algebra
L, let L≤0 = ⊕i≤0L2i be the the subspace of non-positive even graded elements.
Clearly L≤0 ⊂ L forms a Lie subalgebra.

Definition 6.3.5 (Negatively determined Heis Lie algebras). We say that a
Heis Lie algebra L is negatively determined if Li = 0 for all odd i and the map
q : L2i → L2i−2 is an isomorphism of vector spaces for any i > 0.

If we have two negatively determined Lie algebras, then a morphism between
them is also negatively determined.

Proposition 6.3.6. Let L and H be two negatively determined Heis Lie algebras
such that there is a homomorphism of Lie algebras

ϕ≤0 : L≤0 → H≤0

which commutes with the action of Heis, i.e, where for any α−2i ∈ L−2i, i >
0, ϕ≤0(pα−2i) = pϕ≤0(α−2i), for any α−2i+2 ∈ L−2i+2, i > 0, ϕ≤0(qα−2i+2) =
qϕ≤0(α−2i+2) and for any α0 ∈ L0, ϕ

≤0(cα0) = cϕ≤0(α0). Then, the map ϕ≤0

extends uniquely to map ϕ : L → H of graded Heis modules. Furthermore, ϕ
is a Lie algebra homomorphism if and only if ϕ([α2i, ϕ2j]) = [ϕ(α2i), ϕ(α2j)] for
i+ j ≤ 0.

Proof. For any element α2i ∈ L2i with i > 0, we define ϕ(α2i) to be the unique
element in H2i such that qiϕ(α2i) = ϕ≤0(qiα2i) and for any α2i ∈ L2i with i ≤ 0,
we set ϕ(α2i) = ϕ≤0(α2i). The map is well defined by the injectivity of q on
positive components.
The morphism ϕ is a map of Heis modules since when i = 1, any α2 ∈ L2 satisfies
qϕ(α2) = ϕ≤0(qα2) and if i > 1, then ϕ(qα2i) is defined to be unique element
in H such that qi−1ϕ(qα2i) = ϕ≤0(qiα2i), which is clearly satisfied by qϕ(α2i).
Similarly, since qicϕ(α2i) = cqiϕ(α2i) = cϕ≤0(qiα2i) = ϕ≤0(cqiα2i) = ϕ≤0(qicα2i)
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implies that ϕ(cα2i) = cϕ(α2i). Finally succesive application of [q, p] = c implies
that for any α ∈ H or L, qi+1pα = pqi+1α + (i + 1)qicα. So qi+1(pϕ(α2i)) =
(pqi+1 + (i+ 1)qic)ϕ(α2i) = pqϕ≤0(qiα2i) + (i+ 1)cϕ≤0(qiα2i) = ϕ≤0((pqi+1 + (i+
1)cqi)α2i) = ϕ≤0(qi+1pα2i). Thus pϕ(α2i) = ϕ(pα2i).
It suffices to check that it is indeed a Lie algebra homomorphism if ϕ([α2i, ϕ2j]) =
[ϕ(α2i), ϕ(α2j)] for i + j ≤ 0. For this, we consider α2i ∈ L2i and β2i ∈ L2j. If
i + j ≤ 0, then ϕ([α2i, α2j]) = ([ϕ(α2i), ϕ(α2j)]) by the assumption. So, we can
assume i+ j > 0. Then ϕ([α2i, α2j]) is the unique element such that

qi+jϕ([α2i, α2j]) = ϕ≤0(qi+j[α2i, β2j]) =

i+j∑
r=0

(
i+ j

r

)
ϕ≤0[qrα2i, q

i+j−rα2j]

By assumption, we have

i+j∑
r=0

(
i+ j

r

)
ϕ≤0[qrα2i, q

i+j−rα2j] =

i+j∑
r=0

(
i+ j

r

)
[ϕ(qrα2i), ϕ(q

i+j−rα2j)]

=

i+j∑
r=0

(
i+ j

r

)
[qrϕ(α2i), q

i+j−rϕ(α2j)]

= qi+j[ϕ(α2i), ϕ(β2j)].

and thus ϕ([α2i, α2j]) = [ϕ(α2i), ϕ(α2j)] for all i, j and we are done.

Definition 6.3.7. We say that a Heis module M is integrable if it admits a
Heis module decomposition M = ⊕n∈ZM

[n] such that each the central element
c acts on M [n] by scaling with n. We correspondingly say that M is integrable
Heis Lie algebra if it it integrable Heis module, Heis Lie algebra, and if the Lie
algebra structure is also Z graded (i.e [M [n],M [m]] ⊂M [n+m]).

An example of an integrable Heis Lie algebra is as follows.

Definition 6.3.8. For any Lie algebra g we define g[D] := g ⊗Q Q[D] to be
a Lie algebra given by basis αDn where n ≥ 0 and α ∈ g with the relations
[αDn, α

′
Dm] = [α, α

′
]Dn+m where α, α

′ ∈ g and n,m ∈ Z≥0.

Proposition 6.3.9. Let g be a Z graded Lie algebra. Then

g[D] =
⊕
m∈Z

gm[D]

is negatively determined integrable Heis Lie algebra defined by q(αmD
n) =

nαmD
n−1, c(αmD

n) = mαdD
n and p(αmD

n) = mαdD
n+1 for any αm ∈ gm.

We then have the following consequence of Proposition 6.3.6.

Proposition 6.3.10. Let L be a negatively determined integrable Heis Lie alge-
bra such that Li = 0 for all i < 0. Then there is an isomorphism of Lie algebras
L0[D] ≃ L where L0 ⊂ L is the degree 0 Lie subalgebra.
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Proof. Since L is integral, it admits a decomposition L = ⊕m∈ZL
[m] such that

L0 = ⊕m∈ZL
[m]
0 is Z graded Lie algebra. By Proposition 6.3.9, the Lie algebra

L0[D] is integrable Heis Lie algebras. Note that L0[D] and L are both negative
determined Lie algebras. Thus by Proposition 6.3.6, the morphism id : L0 → L0

extends to a morphism of Lie algebras ϕ : L0[D] → L. This morphism is an
injection, since for a non zero α ∈ L0, q

i(ϕ(αDi)) = α ̸= 0. Similarly it is
surjection since for any α2i ∈ L2i, ϕ((q

iα2i)D
i) = α2i.

Next, we see that affinized BPS Lie algebras are also negatively determined inte-
grable Heis Lie algebras.

Proposition 6.3.11. For any quiver Q, the affinized BPS Lie algebra ĝBPS
Q̃,W̃

is

negatively determined integrable Heis Lie algebra.

Proof. From Proposition 6.3.2, it follows that

ĝBPS
Q̃,W̃

=
⊕

i∈Z,d∈NQ0

ĝBPS,i

Q̃,W̃ ,d
=
⊕
m∈Z

 ⊕
i∈Z,d∈NQ0 ,|d|=m

ĝBPS,i

Q̃,W̃ ,d


is integrable Heis Lie algebra. The cohomology degrees of the BPS Lie algebra
gBPS
Q̃,W̃

is determined by the Kac polymomial (4.2.3) and in particular, it implies

that gBPS,i

Q̃,W̃
= 0 if i > 0 and for all odd integers i ∈ Z. But then since there is

an isomorphism of cohomologically graded vector spaces ĝBPS
Q̃,W̃

≃ gQ̃,W̃ [u], ĝBPS
Q̃,W̃

is spanned by un ·α where α ∈ gBPS
Q̃,W̃

and in particular if the cohomological degree

of un · α > 0 then n ≥ 1. For a fixed dimension vector d, the derivation ∂ is
a morphism of vector spaces ∂id : ĝ

BPS,i

Q̃,W̃ ,d
→ ĝBPS,i−2

Q̃,W̃ ,d
. When i is an even positive

integer then by Proposition 6.3.3, the map ∂id is surjective since it sends the
elements unα for n > 0 to n|d|un−1α. But by above argument or Equation 6.16,
ĝBPS,i

Q̃,W̃ ,d
and ĝBPS,i−2

Q̃,W̃ ,d
has the same dimension when i > 0 and thus ∂ is in fact

isomorphism and we are done.

6.4 Spherical subalgebra of CoHA

We define the spherical part of a NQ0 graded algebra as a subalgebra generated
by the smallest possible dimension vectors.

Definition 6.4.1 (Spherical Generation). For any quiver Q, let A be a NQ0

graded algebra over a ring R. Then we say that A is spherically generated if A
is generated as an R algebra by ⟨Aδi | i ∈ Q0⟩. The spherical part of algebra A
is the subalgebra generated by ⟨Aδi | i ∈ Q0⟩ and is denoted by SA.

We then have the following interesting consequence of the above abstraction. We
determine SAQ̃,W̃ for any quiver without loops.

Theorem 6.4.2. For any quiver Q, let Q′ be the subquiver formed after removing
all the loops of Q. Then

81



1. The subvector space gBPS,0

Q̃,W̃
⊗ H(BC*

u,Q) ⊂ ĝBPS
Q̃,W̃

is closed under the Lie

bracket and we have a Lie algebra isomorphism

gBPS,0

Q̃,W̃
⊗ H(BC*

u,Q) ≃ n+Q′ [D].

2. For any Q, there is an embedding of algebras

U(n+Q′ [D]) ↪→ Aχ

Q̃,W̃

which is an isomorphism if and only if the quiver Q is of finite type.

3. For quiver Q without loops, the image of above embedding is the spherical
subalgebra SAχ

Q̃,W̃
, so that we have an isomorphism of algebras

U(n+Q′ [D]) ≃ SAχ

Q̃,W̃
.

Proof. For part (1), we note that given α(n) = un · α and β(m) := um · β in
gBPS,0

Q̃,W̃
⊗ H(BC*

u,Q) where α, β ∈ gBPS,0

Q̃,W̃
, we have

[α(n), β(m)] =
∑
i≥0

un+m+iγi (6.18)

for some γi ∈ gBPS,−2i

Q̃,W̃
, since [α(n), β(m)] is of cohomological degree 2n + 2m

and gBPS
Q̃,W̃

is all supported in non-positive cohomological degrees (see proof of

Proposition 6.3.11). We claim that almost all the terms in the above summation
are superfluous, i.e., we claim that γi = 0 for all i > 0. Since the summation in
(6.18) is a finite sum, let N > 0 be the smallest such that γi = 0 for all i > N .
We apply the derivation ∂, n + m + N times to the Equation 6.18 and using
Proposition 6.3.3 gives that

0 = (n+m+N)!(|d|)n+m+NγN

where d is the dimension vector on which [α(n), β(m)] are supported. Thus γN = 0.
Contradicting the minimality of N . Thus N = 0 and the claim follows.
Thus gBPS,0

Q̃,W̃
⊗H(BC*

u,Q) ⊂ ĝBPS
Q̃,W̃

is closed under the Lie bracket. It is a negatively

determined integrable Heis Lie algebra which starts from degree 0. Thus by
Proposition 6.3.10, there is an isomoprhism of Lie algebras gBPS,0

Q̃,W̃
⊗H(BC*

u,Q) ≃
gBPS,0

Q̃,W̃
[D]. Further, by the Proposition 4.2.5, there is an isomorphism of Lie

algebras gBPS,0

Q̃,W̃
≃ n+Q′ and so we are done. Part (2) follows from the fact that

Kac polynomials are constant if and only if Q is of finite type. Finally for part
(3), we observe that the subalgebra generated by Aχ

Q̃,W̃ ,δi
is exactly the universal

enveloping algebra of the Lie subalgebra of ĝBPS
Q̃,W̃

generated by ĝBPS
Q̃,W̃ δi

for i ∈ Q0.

But then for a quiver without loops, we have gBPS
Q̃,W̃ ,δi

= gBPS,0

Q̃,W̃ ,δi
and so we are done

by the above argument.
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In the light of above theorem, one might be tempted to conjecture that infact
the affinized BPS Lie algebra are trivial extension of the Lie algebra structure
on gBPS

Q̃,W̃
, i.e. there is an isomorphism of Lie algebras ĝBPS

Q̃,W̃
≃ gBPS

Q̃,W̃
[D]. However,

this breaks down already in the case of the Jordan quiver.
Let W+

1+∞ be the positive half of W1+∞ Lie algebra, which is a universal central
extension of the Lie algebra of differential operators on C∗. The Lie algebraW+

1+∞
is spanned by zmDn where m ∈ Z≥1, n ∈ Z≥0 where we have set D = zd/dz. The
Lie bracket is given by

[zmDa, znDb] = zm+n((D + n)aDb −Da(D +m)b).

There is a filtration F on W+
1+∞ such that the associated graded Lie algebra

GrF (W
+
1+∞) is spanned by zmDn where m ∈ Z≥1, n ∈ Z≥0 such that the Lie

bracket is given by

[zmDa, znDb] = (an− bm)zm+nDa+b−1.

Then it is proved in [Dav22a] that

Theorem 6.4.3. There is an isomorphism of Lie algebras

ĝBPS
Q̃Jor,W̃Jor

≃ GrF (W
+
1+∞).

Note that in Example 18, we calculated that gBPS

Q̃Jor,W̃Jor

≃ ⊕n≥1Q[2] is commutative

Lie algebra. Thus, the trivial extension gBPS

Q̃Jor,W̃Jor

[D] is also commutative, but

from the above theorem, the affinized BPS Lie algebra is highly non-trivial. In
our next theorem, we show that this can be made true, but at the cost of passing
through the associated graded algebra with respect to the Less Perverse filtration.

6.5 Less Perverse Associated Graded Subalge-

bra

We provide another application for the above abstraction. In Section 4.2.2, we
defined Less perverse filtration L′• of the CoHA. Our next theorem completely
determines GrL′•(Aχ

Q̃,W̃
) ≃ GrL•(Aχ

ΠQ
) for arbitary quiver Q.

Theorem 6.5.1. There is an isomorphism of algebras

GrL′•(Aχ

Q̃,W̃
) ≃ U(gBPS

Q̃,W̃
[D])

where gBPS
Q̃,W̃

[D] is trivial extension of BPS Lie algebra gBPS
Q̃,W̃

.

Proof. We claim that

u · L′i ⊂ L′i+2

∂ · L′i ⊂ L′i−2
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In Proposition 6.3.2, we checked that this is true in the case of Perverse filtration
for the action of ∂; the same argument works for Less Perverse filtration. The
action of u is given by the cup product with c1(Det(L)) where L is the tautolgical

bundle on Md(Q̃). Thus, by [BD23][Proposition 5.7], the action of u increases
the Less perverse filtered degree by 2, proving the claim.
Since the Less perverse filtration starts from degree 0, we have

GrL′•(Aχ

Q̃,W̃
) =

⊕
i≥0

GriL′•(Aχ

Q̃,W̃
)

where GriL′•(Aχ

Q̃,W̃
) = L′i(Aχ

Q̃,W̃
)/L′i−1(Aχ

Q̃,W̃
) and gBPS

Q̃,W̃
∈ Gr0L′•(Aχ

Q̃,W̃
) since

Gr0L′•(Aχ

Q̃,W̃
) = H(M(Q), Sym(BPSΠQ)). Let α, β ∈ gBPS

Q̃,W̃
. Then since ∂α = 0, it

follows that un · α ∈ Gr2iL′•(Aχ

Q̃,W̃
) and we have splitting

GrL′•(ĝBPS
Q̃,W̃

) =
⊕
i≥0

Gr2iL′•(ĝBPS
Q̃,W̃

)

Thus, in the associated graded algebra, ĝBPS
Q̃,W̃

is negatively determined integrable

Heis Lie algebra with no strictly negative terms(Here we are using less perverse
grading then the cohomological grading) and thus by Proposition 6.3.10, there is
an isomorphism of Lie algebras

GrL′•(ĝBPS
Q̃,W̃

) ≃ Gr0L′•(ĝBPS
Q̃,W̃

)[D] = gBPS
Q̃,W̃

[D].

Thus we have morphism of Lie algebras gBPS
Q̃,W̃

[D] → GrL′•(Aχ

Q̃,W̃
), where the Lie

algebra structure on the right comes from associative algebra structure. This
innduces morphism of algebras

U(gBPS
Q̃,W̃

[D]) → GrL′•(Aχ

Q̃,W̃
)

which is clearly an isomorphism by PBW theorem.
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Chapter 7

Nakajima Quiver Varieties for
Cyclic Quivers

In this chapter, we will consider the action of cohomological Hall algebras on
the cohomology of Nakajima quiver varieties. These actions have been defined in
[YZ18b], [Dav22b], [SV20] in the case of stability condition ζ−, which demands
that the image of the framed vector generates the entire representation (Section
7.4.1). When the quiver is cyclic, this gives an action of CoHA on the cohomology
of the equivariant Hilbert Scheme. However, we can do similar consturction for
a different stability condition (Section 7.4.10) ζn which allows us to define action
of a subalgebra of CoHA on the cohomology of Hilbert scheme of points on the
resolution of Kleinian singularity C2/ZK (Section 7.4.15). We study these two
actions by comparing them with the work of Nakajima, where they defined the
action of Kac-Moody Lie algebra on the cohomology of the equivariant Hilbert
scheme and the action of Heisenberg Lie algebra on the cohomology of the Hilbert
scheme of points.

7.1 Nakajima quiver variety

Given any quiver Q, fix an identification of the vertex set Q0 with the set
[0, 1, . . . , K] where K = |Q0| − 1. Let f ∈ NQ0 be a dimension vector, called
the framing vector. Then we consider the space of representations:

Repd,f (Q) :=
∏
a∈Q1

Hom(Cd(s(a)),Cd(t(a)))×
∏
i∈Q0

Hom(Cfi ,Cdi).

Then the cotangent bundle T ∗Repd,f (Q) carries the action of GLd which preserves
the symplectic form. So we have the moment map

µd,f : T
∗Repd,f (Q) → gld. (7.1)

Then Nakajima quiver variety is defined by taking the GIT quotient of µ−1
d,f (0). By

a trick due to Crawley-Boevey [Cra01], we can look at the space T ∗Repd,f (Q) as
a representation of another quiver Qf of dimension (d, 1). Qf is defined by adding
a vertex ∞ to the vertex set Q0, and an arrows αi,n for all i ∈ Q0, 1 ≤ n ≤ fi
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where the source s(αi,n) = ∞ and t(αi,n) = i. For any dimension vector d ∈ NQ0

and number n ∈ N, let (d, n) ∈ NQf be the dimension vector where we denote
by (d, n)∞ = n and (d, n)i = di for all i ∈ Q0. Here to get a representation
of quiver Qf from Repd,f (Q), we are essentially identifiying Hom(Cfi ,Cdi) with
Hom(C,Cdi)fi .
Note that the moment map for (d, 1) dimensional representation of the prepro-
jective algebra gives a morphism

µQf ,(d,1) : Rep(d,1)(Qf ) → gl(d,1)

The morphism 7.1 is the composition of µQf ,(d,1) and the projection gl(d,1) → gld.

µd,f : Rep(d,1)(Qf ) gl(d,1) gld
π

So we have an extra relation ∑
i∈Q0,1≤n≤fi

ρ(α∗
i,n)ρ(αi,n) = 0

in µ−1
Qf ,(d,1)

(0). However, since the dimension of the vertex ∞ is 1, this is same
condition as having ∑

i∈Q0,1≤n≤fi

Tr(ρ(α∗
i,n)ρ(αi,n)) = 0. (7.2)

However this is superflous since the defining relations for µ−1
(d,f)(0) are∑

a∈Q0
[ρ(a), ρ(a∗)] +

∑
i∈Q0,1≤n≤fi

ρ(αi,n)ρ(α
∗
i,n) = 0 but then Tr([A,B]) = 0 so

this implies that ∑
i∈Q0,1≤n≤fi

Tr(ρ(αi,n)ρ(α
∗
i,n)) = 0

which is same as equation 7.2. Thus there are essentially no new equations and
so

µ−1
d,f (0) = µ−1

Qf ,(d,1)
(0).

So from now on we will working with later point of view. Taking the affine GIT
quotient defines

Definition 7.1.1 (Affine Nakajima Quiver Variety). The affine Nakajima quiver
variety is defined to be the affine quotient

N0
d,f (Q) = C[µ−1

Qf ,(d,1)
(0)]GLd ].

Remark 7.1.2. Given any quiver Q with two-dimensional vectors d and framing
f , it determines a 3dN = 4 quiver gauge theory, and its Higgs Branch is identified
with the affine Nakajima quiver variety.

Example 24 ([Nak16]). Let Q be the A1 quiver. Let d = n and f = r. Then
µ−1
Qr,(n,1)

(0) = (X, Y ) ⊂ Hom(Cr,Cn) × Hom(Cn,Cr) such that XY = 0. Note

that Y X is GLn invariant and satisfies (Y X)2 = 0. Infact one can show that
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N0
A1
(n, r) = {A ∈ GLr | A2 = 0, rank(A) ≤ n}.

Example 25. When Q is the Jordan quiver. Then the affine Nakajima quiver
variety N0

(n,1)(QJor) is isomorphic to Symn(C2).

The varieties N0
d,f (Q) are singular. There is a way to define an open subset of

µ−1
Qf ,(d,1)

(0) where the action of GLd is free. Given a dimension vector d and a

stability condition ζ ∈ QQ0 , we extend this to a stability condition ζ̂ ∈ Q(Qf )0 by
setting ζ∞ = −

∑
diζi. Assume that ζ̂ is generic for dimension vector (d, 1). This

defines an open subset µ−1(0)ζ−ss
Qf ,(d,1)

⊂ µ−1
Qf ,(d,1)

(0) of ζ̂ stable representations.

Example 26 (ζ∞ stability condition). For any quiver Q, let ζ ∈ QQ0 be any
tuple where ζi < 0 for all i ∈ Q0. Then ζ̂ is generic for any dimension (d, 1)
since χζ̂(d

′, 0) =
∑
ζidi ̸= 0 for all (d′, 0) < (d, 1) unless di = 0 and χζ̂(d

′, 1) =∑
i∈Q0

ζi(d
′
i−di) unless all (d

′, 1) = (d, 1). Infact since χζ̂(d
′, 1) is always positive

unless d′ = d implies that for any ζ stable representation of quiver Q, it cannot
be stable unless d′ = d. Also, χζ̂(d

′, 0) is always negative, so it doesn’t impose
any condition on the stability. Thus, a representation of ζ is semistable iff it is
generated by the image of a vector at the vertex ∞. We shall denote this stability
condition by ζ∞.

Definition 7.1.3 (Nakajima quiver variety). Given quiver Q, dimension vector
d, framing vector f and generic stability condition ζ, the Nakajima quiver variety
is defined to be the quotient

Nζ
d,f (Q) = µ−1

Qf ,(d,1)
(0)ζ−ss/GLd

We have the following fundamental theorem of Nakajima.

Theorem 7.1.4. The open subset µ−1(0)ζ−ss
Qf ,(d,1)

is a non-singular complex variety

of dimension dim(Rep(d,1)(Qf ))−dim(GLd) =
∑

a∈Q0
(ds(a)dt(a))+2

∑
i∈Q0

difi−∑
i∈Q0

d2
i and the Nakajima quiver variety Nζ

d,f (Q) is a non-singular complex
variety of dimension dim(Rep(d,1)(Qf )) − 2 dim(GLd) = 2

∑
a∈Q0

(ds(a)dt(a)) +

2
∑

i∈Q0
difi − 2

∑
i∈Q0

d2
i = −2χQ(d,d) + 2d · f .

Note that for any weightingw : (Qf )1 → Zr for which
∑

a∈Qf
[a, a∗] is homogenous.

Then the corresponding T action preserves µ−1
Qf ,(d,1)

(0) and thus defines an action
on Nakajima quiver variety. By the definition of GIT, there exists a projective
morphism

q : Nζ
d,f (Q) → N0

d,f (Q) (7.3)

which is a symplectic resolution whenever surjective.

Example 27. Let QJor be the Jordan quiver. Let d = n be the dimension
vector and f = r be the framing. Then the quiver Qf is the ADHM quiver. For
ζ = −1, we have an isomorphism Nζ

n,r(QJor) ≃ Mr,n where Mr,n is the moduli of
instantons. More precisely, it is space of the pairs (F , ϕ) where F is torsion free
sheaf on CP2 of rank r, second chern class c2(F) = n and ϕ : F |l∞≃ Or

l∞
is the

framing at the line at infinity l∞ = [0 : z1 : z2].
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When r = 1, this space coincides with the Hilbert scheme of points on a plane,
and the affine Nakajima quiver variety N0

n,1(QJor) is isomorphic to Symn(C2).
The GIT map is just the Hilbert-Chow morphism Hilbn(C2) → Symn(C2).

By definition, Nakajima quiver varieties come with non-trivial tautological bun-
dles for every vertex:

Definition 7.1.5 (Tautological Bundles on Nakajima quiver Variety). For each
vertex i of the quiver, we define tautological bundle Vi to be the vector bundle
associated with the GLdi principal bundle

(µ−1
Qf ,(d,1)

(0) ∩ Repζ̂−ss
(d,1)(Qf ))/GLid → Nζ

d,f (Q)

where by GLid we mean
∏

j ̸=iGLdj , and the action on µ−1
(d,1)(0)∩Rep

ζ̂−ss
(d,1)(Qf )/GLid

is given by the injection
∏

j ̸=iGLdj → GLd.
Later, we will also consider topologically trivial vector bundles Wi of rank fi
defined by Nζ

d,f (Q) × Cfi → Nζ
d,f (Q). Nakajima quiver variety carries an action

of the torus T , and the equivariant Chern class of Wi will then carry non-trivial
information.

In Section 2.1.1, we defined the Lusztig nilpotent stack of preprojective algebra
representations. Analogously, we can define

Definition 7.1.6. Given any quiver Q, dimnesion d, framing f and stability
condition ζ, we define nilpotent quiver variety Lζd,f (Q) as the closed subvariety

q−1(0) where q : Nζ
d,f (Q) → N0

d,f (Q) is the GIT projective morphism defined in
equation 7.3.

Note that since q is a projective morphism, Lζd,f (Q) is always projective.

7.2 Critical locus description of Nakajima

quiver varieties

In [Dav22b], Davison provides a critical locus description of the Nakajima quiver

varieties Nζ<

d,f (Q). Their method doesn’t work for an arbitrary generic stability
condition ζ. In this section, using dimension reduction, we will show that the
statement is true at the level of cohomology.
Given framing f , we consider the tripled framed quiver Q̃f . This is the usual
doubled framed quiver Qf that we used to define the Nakajima quiver varieties,
but with an extra loop at every vertex, including a loop at the framing vertex.
We then consider the canonical cubic potential

W̃f =

 ∑
i∈(Qf )0

ωi

 ∑
a∈(Qf )1

[a, a∗]

 .
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Assume that ζ̂ is generic for dimension vector (d, 1). Then the 3d Nakajima
quiver variety is defined to be smooth variety

Mζ,3d
d,f (Q) := Repζ̂−ss

(d,1)(Q̃f )/GLd,

where Repζ̂−ss
(d,1)(Q̃f ) ⊂ Rep(d,1)(Q̃f ) the open subset of ζ semistable representa-

tions. We can similarly define Repζ̂−ss
(d,1)(Qf ) ⊂ Rep(d,1)(Qf ) the open subset of ζ̂

stable Qf representations. Let Trζ(W̃f ) denote the restriction of the trace func-
tion. We then have

Lemma 7.2.1. Let πQf ,d : Rep(d,1)(Q̃f ) → Rep(d,1)(Qf ) be the projection map.
Then

crit(Trζ(W̃f )) ∩ π−1
Qf ,d

(Repζ̂−ss
(d,1)(Qf )) = crit(Trζ(W̃f )) ∩ Repζ̂−ss

(d,1)(Q̃f )

Proof. This proof uses same argument as in [Dav23c][Lemma 6.3]. Let ρ ∈
crit(Trζ(W̃f )) ∩ Repζ̂−ss

(d,1 (Q̃f )\ crit(Trζ(W̃f )) ∩ π−1
Qfr,d

(Repζ̂−ss
(d,1)(Qf )). Then since

Jac(Q̃f , W̃f ) ≃ ΠQf
[ω], we have that ρ = (ρ′, f) where ρ′ is a representation

of ΠQfr
with an endomorphism f ∈ EndΠQf

(ρ′). Our assumtion on ρ is equivalent
to ρ′ being not a semistable representation of ΠQf

. But then by the existence of
Harder-Narasimhan filtrations, there exists a filtration of ρ′ as a ΠQf

module

0 = ρ′0 ⊂ ρ′1 ⊂ ρ′2 · · · ⊂ ρn = ρ′,

such that the slopes µ(ρ′i/ρ
′
i−1) are strictly decreasing. Each of ρ′i/ρ

′
i−1 is ζ̂

semistable. Consider the restriction f|ρ′1 : ρ′1 → ρ′n. Since µ(ρ′1) > µ(ρ′n/ρ
′
n−1),

f|ρ′1 : ρ
′
1 → ρ′n → ρ′n/ρ

′
n−1 is the 0 morphism. Thus f|ρ′1 factors through ρ′n−1.

Since µ(ρ′1) > µ(ρ′i/ρ
′
i−1) for all i, we may continue this argument inductively to

conclude that ρ′1 is invariant under f . Thus (ρ′1, f|ρ′0) forms a sub representation
of ρ with higher slope, contradicting the semistability of ρ.

Note that

π−1
Qf ,d

(Repζ̂−ss
(d,1)(Qf )) = Repζ̂−ss

(d,1)(Qf )×
⊕
i∈Qf

Hom(Cdi ,Cdi)

is a GLd equivariant decomposition. Thus, by the above lemma and the dimen-
sional reduction theorem (3.3) applied in the case when

X = π−1
Qf ,d

(Repζ̂−ss
(d,1)(Qf ))

X = Repζ̂−ss
(d,1)(Qf )

An =
⊕
i∈Qf

Hom(Cdi ,Cdi),

it follows that

DR : HT
c (M

ζ,3d
d,f (Q),

pΦTrζ(W̃f )
QMζ

d,f (Q)[2(d, 1) · (d, 1)]) ≃ HT
c (N

ζ
d,f (Q),Q).

89



Thus, by applying Verdier duality, since dim(Mζ,3d
d,f (Q) − dim(Nζ

Q(d, f) −
2(
∑

i∈Qf
d2
i ) = −1, it follows that

Proposition 7.2.2. Let ζ ∈ QQ0 by any stability condition such that ζ̂ is generic
for dimension vector (d, 1). Then we have a natural isomorphism of graded vector
spaces

(−1)(
d
2)DR : HT (Mζ,3d

d,f (Q),
pΦTrζ(W̃f )

ICMζ,3d
d,f (Q)[−1]) ≃ HT (Nζ

d,f (Q),Q
vir). (7.4)

Note that here we have twisted dimension reduction isomorphism by the sign

(−)(
d
2), this is so that we have compatibility with the action of preprojective alge-

bra, as we shall later see.

7.3 CoHA Action

In this section, we will construct the action of COHA on the Nakajima quiver
variety for the stability condition ζ∞. This is done in [Dav22a] in the formulation
we explain next and in [YZ18a], [SV20] for preprojective CoHA’s. We will also
see the compatibility with the cup product of the tautological line bundle. Later,
we will see how these ideas can be used to define an action of a subalgebra of
CoHA for a different stability condition.
Given two dimension vectors d1,d2 and framing f , let

Mζ∞,3d
(d1,d2,f)

(Q) = {0 → (ρ1)(d1,0) → (ρ2)
ζ∞−ss
(d1+d2,1)

→ (ρ3)(d2,1) → 0}

denote the stack of short exact sequences where ρ2 is ζ∞ semistable. We then
have the usual correspondence diagram

Md1(Q̃)×Mζ∞,3d
d2,f

(Q) Mζ∞,3d
(d1,d2,f)

(Q) Mζ∞,3d
d1+d2,f

(Q),
π1×π3 π2

where the morphism π1 × π3 is projection to (ρ1, ρ3) and π2 is projection to ρ2.
π2 is a proper map, since the ζ∞ stability condition implies that every (d2, 1)
dimensional quotient of a (d1 + d2, 1) dimensional ζ∞ semistable representation
is also semistable. Then, by doing push-pull along vanishing cycle cohomology,
it follows that we have a left action of AQ̃,W̃ on⊕
d∈NQ0

H(Mζ∞,3d
d,f (Q), pΦTr(W̃f )

ICMζ∞−ss
d,f (Q)

[−1]) ≃
⊕

d∈NQ0

H(Nζ∞

d,f (Q),Q
vir) =: Nζ∞

f (Q)

Here, the second isomorphism is defined in Proposition 7.2.2.

Proposition 7.3.1. For any quiver Q and framing f , the cohomological Hall
algebra Aχ

Q̃,W̃
acts on the cohomology of Nakajima quiver variety Nζ∞

f (Q).

The proof that the above defines an action is the same for associativity of coho-
mological Hall algebra as proved in [KS11]. We denote this action by •.
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Since we have defined the action of CoHA, there is an action of gBPS
Q̃,W̃

on Nζ∞

f (Q).

In theorem 5.1.6, we saw that gBPS
Q̃,W̃

can be realized as a positive Half of the

Generalized Kac Moody Lie algebra. Infact the action of gBPS
Q̃,W̃

can be lifted to

action of full gGKM
Q .

Theorem 7.3.2 ([DHM24], Theorem 10.5). The gBPS
Q̃,W̃

action on Nζ∞

f (Q) extends

to gGKM
Q action and there is decomposition of gGKM

Q modules

Nζ∞

f (Q) ≃
⊕

(d,1)∈Φ+
ΠQf

H∗(IC(MΠQf
,(d,1)))⊗ LgGKM

Q ,d̂.

where d̂ ∈ Hom(ZQ0 ,Z) given by d′ 7→ (d,d′)ΠQ − f · d′.

Example 28. (0, 1) is always a real positive root. Thus LgGKM
Q ,0̂ where 0̂ : d′ 7→

f · d′ is always a summand in Nζ∞

f (Q).

Example 29 (Jordan Quiver). Let Q be the Jordan quiver and let f = 1. Then in
Example 27, we showed that Nζ∞

(n,1)(QJor) ≃ Hilbn(C2). We claim that only simple

roots of form (n, 1) ∈ Φ+
ΠQ1

are (0, 1). This is simply because ((n, 1), (n, 1))ΠQ1
=

2(1 − n). But then 2 − ((n, 1), (n, 1))ΠQ1
= 2n. So if n ≥ 1, we may write

(n, 1) = (0, 1) + (1, 1) + · · · + (1, 1) where (1, 1) is repeated n times and each
of 2 − ((1, 1), (1, 1))ΠQ1

= 2, while 2 − ((0, 1), (0, 1))ΠQ1
= 2 contrdicting the

primitivity of (n, 1). Thus, only simple roots are (0, 1). But then, by the above
theorem

Nζ∞

1 ≃ L ˆgl(1),−1,

recovering theorem of Nakajima-Grojnowski.

On the other hand, there is the action of preprojective CoHA Aχ
ΠQ

on Nζ∞

f (Q)

defined in [YZ18b][Section 5] and [SV20][Section 5.6]. However, it is shown in
[YZ20a][Theorem A] that these actions are compatible under the twisted dimen-

sion reduction morphism D̃R in Section 4.2.1.
Although we will not be pursuing this until Chapter 12, the perspective we want
to give is that AN

Q̃,W̃
≃ AN

ΠQ
should be thought of as the opposite half of the

CoHA in the following way. First, it is shown in [SV20] that we can lift the above
action to the case of nilpotent quiver variety(One can also prove using the above
construction).

Proposition 7.3.3 ([SV23]). For any quiver Q and framing f , the nilpotent
cohomological Hall algebra AN ,χ

Q̃,W̃
acts on the cohomology of nilpotent Nakajima

quiver variety1

Lζ
∞,N

f (Q) :=
⊕

d∈NQ0

HBM(Lζ
∞

d,f (Q),Q[2(d,d)− 2f · d]).

1Note that the nilpotent quiver variety Lζ∞

d,f (Q) aren’t always smooth.
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Now, we claim that there is duality

H(Nζ∞

d,f (Q),Q
vir) ≃ HBM(Lζ

∞

d,f (Q),Q[2(d,d)− 2f · d])∗

This is simply because the varieties Nζ∞

d,f (Q) and Lζ
∞

d,f (Q) are homotopic. But

Lζ
∞

d,f (Q) is also a projective variety. Hence, its usual cohomology is the same as
the compactly supported cohomology, which is Poincaré dual to the Borel-Moore
homology. Thus by Proposition 7.3.3, we get a right action of AN

Q̃,W̃
on Nζ∞

f (Q).

Remark 7.3.4. Note that there is addition action of GLf on Mζ∞,3d
d,d (Q) for any

quiver Q which reparametrize the framing of Q̃f . Then the action of CoHA also
works equivariantly. We get a left action of AT

Q̃,W̃
on⊕

d∈NQ0

HT×GLf (Nζ∞

d,f (Q),Q
vir).

and similarly a right action of AT,Ñ
Q̃,W̃

. In the case when T scales the symplectic

form non-trivially, due to a theorem of [BD23] and [SV23], these CoHA can be
realized as positive and negative half of MO Yangian respectively, which implies
that after taking direct sum across all framings, these actions are faithful(See
Chapter 12). However, faithfulness is conjectural when T acts trivially on the
symplectic form.

Compatibility with Cup product

Note that, in the same way, we constructed the action of tautological bundles
on AQ,W in Section 4.1.3, we can construct analogus action of the tautological

line bundle ⊗i∈Q0Vi on Nζ∞

f (Q) by u · v :=
∑

i∈Q0
c1(Vi) ∪ v. The following

proposition will be useful later to understand the induced action of the affinized
BPS Lie algebra.

Proposition 7.3.5. The action of AQ̃,W̃ on Nζ∞

f (Q) satisfies

(u · α) • v = u · (α • v)− α • (u · v)

Proof. We have

u · (α • v) =
∑
i∈Q0

c1(Vi) ∪ ((π2)∗(π1 × π3)
∗(α⊗ v)

=
∑
i∈Q0

(π2)∗((π2)
∗(c1(Vi)) ∪ (π1 × π3)

∗(α⊗ v))

=
∑
i∈Q0

(π2)∗((π1 × π3)
∗((c1(Vi)⊗ 1 + 1⊗ c1(Vi)) · (α⊗ v))

=
∑
i∈Q0

(u · α) • v + α • (u · v)
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where the third equality is true since for a short exact sequence 0 → L1 → L2 →
L3 → 0, c1(L2) = c1(L1) + c1(L3).

7.4 Kleinian singularity and McKay correspon-

dence

Let G ⊂ SL2(C) be a finite subgroup. The McKay correspondence associates
to every finite subgroup of SL2(C) a Dynkin graph of affine type ADE. Let
ρ0, ρ1, · · · , ρd−1 be the set of all the isomorphism classes of irreducible repre-
sentations of the group G where ρ0 is assumed to be the trivial representation.
Since G ⊂ SL2(C) ⊂ GL2(C), we have the tautological representation of G on C2.
Let aij be the multiplicities in the decomposition of the tensor product ρi ⊗ C2

into the sum of irreducible representations, that is

ρi ⊗ C2 ≃
d−1⊕
j=0

ρ
aij
j .

Then the graph with the set of vertices 0, 1, · · · , d − 1 and aij edges between
the vertices i and j is the corresponding McKay graph. We now consider the
finite cylic group of order K + 1 ZK+1 = ⟨ω⟩ ⊂ SL2(C) embedded in SL2(C) by

ω 7→
(
ω 0
0 ω−1

)
where ω is a primitive K+1-th root of unity. The McKay graph

corresponding to the group ZK+1 gives the doubled cyclic quiver QK .
On the other hand, we may consider the affine quotient C2/ZK+1. It is a singular
space with a singularity at the origin. Interestingly, the Nakajima quiver variety
associated with the quiver cyclic quiver QK gives a minimal resolution of this
singularity. In the case we are interested in, these varieties can be understood as
equivariant Hilbert schemes.

7.4.1 Equivariant Hilbert scheme

Let Hilb(C2) denote the Hilbert scheme of points on C2. Since ZK+1 acts on C2,
we have an induced action of ZK+1 on Hilb(C2). For any finite group G, let R(G)
be the monoid of the isomorphism classes of finite-dimensional representations of
the group G. For every representation V ∈ R(ZK+1), let

HilbV (C2) = {J ⊂ C[x, y],C[x, y]/J ≃ZK+1
V }

where ≃ZK+1
denote isomorphism as representations of the finite group ZK+1.

This gives a decomposition into components

(Hilb(C2))ZK+1 =
⊕

V ∈R(ZK+1)

HilbV (C2). (7.5)

where (Hilb(C2))ZK+1 is the fixed point locus of the ZK+1 action on Hilb(C2). Note
that since ZK+1 is abelian, all the irreducible representations are 1 1-dimensional.
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Thus for every representation V , V ≃ ⊕ρ⊕di
i as ZK+1 representations, where ρi

is the 1 dimensional representation of weight i, given by v 7→ ωiv. This gives an
isomorphism of monoids d : R(ZK+1) 7→ NK+1.

Example 30. Consider the ideal I of the functions which vanish at the points of
a free ZK+1-orbit. The orbit consists of K + 1 elements and the correspond-
ing ZK+1-module C[x, y]/I is a regular representation ρreg of ZK+1. In fact
d(ρreg) = (1, 1, · · · , 1)︸ ︷︷ ︸

K + 1 times

= δ. The action of ZK+1 on C2 is free outside the origin.

The restriction of the Hilbert-Chow map (Proposition 7.4.2) gives the minimal
resolution Hilbρreg(C2) → C2/ZK+1.

Tutological bundles

By the way we have defined them, HilbV (C2) is an ZK+1 invariant subvariety
of Hilbdim(V )(C2). Denote by On

C2 , the tautological rank dim(V ) bundle on the

Hilbert scheme Hilbdim(V )(C2) (See Definition 7.4.7). Consider the restriction

(Odim(V )

C2 )|HilbV (C2) over Hilb
V (C2). Then, each fibre carries a structure of repre-

sentation of G. We thus have

(On
C2)|HilbV (C2) ≃

⊕
k∈ZK+1

Hk ⊗ ρk,

giving tautological bundles Hk on HilbV (C2). Note that we can equivalently write
Hk = Hom(ρi, (On

C2)|HilbV (C2))

Nakajima quiver variety description

The equivariant Hilbert scheme is an example of a Nakajima quiver variety.

Proposition 7.4.1 ([Nak02]). We have an isomorphism of smooth connected
algebraic varieties

HilbV (C2) ≃ Nζ∞

d(V ),δ0
(QK)

and so their dimension is 2d0(V )−
∑

i∈ZK+1
(di(V )− di+1(V ))2.

On closed points, given an ideal J , the above isomorphism sends J to a represen-
tation of QK

δ0
, given by

Vi = HomZK+1
(ρi,C[z1, z2]/J)

for i ∈ [0, K] and V∞ = C and the morphisms between these vector spaces
are given by composition with the morphisms z1 : C[z1, z2]/J → C[z1, z2]/J and
z2 : C[z1, z2]/J → C[z1, z2]/J given by multiplication by z1 and z2 respectively. In
particular, this means that the above isomorphism sends the tautological bundles
Hi on HilbV (C2) to the tautological bundles Vi on the Nakajima quiver variety
Nζ∞

d(V ),δ0
(QK).

Convention 4. Given any smooth variety X and an irreducible closed subvariety
V , let

[V ] ∈ H2(dim(X)−dim(V ))(X)
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be the fundamental class [AF24][Appendix A].

Nakajima action

We now briefly explain the action of the positive half n+K+1 of the affine Kac-

Moody Lie algebra s̃lK+1 on

Nζ∞

δ0
(QK) ≃

⊕
V ∈R(ZK+1)

H(HilbV (C2),Qvir)

due to [Nak98]2. For each i and V , the Hecke correspondence is defined to be the
subvariety

Bi(V ) := {(I1, I2) ∈ HilbV−ρi(C2)×HilbV (C2)|I2 ⊂ I1} ⊂ HilbV−ρi(C2)×HilbV (C2).

Note that x, y act trivially on I1/I2. By [Nak98][Section 5], Bi(V ) are known to
be smooth Lagrangian submanifolds inside the product HilbV−ρi(C2)×HilbV (C2).
Let ei be the standard Chevalley generators of n+K+1 as in (4.2.2). We consider
the usual correspondence diagram

Bi(V ) HilbV−ρi(C2)× HilbV (C2)

HilbV−ρi(C2) HilbV (C2)

p1 p2

Let v ∈ H(HilbV−ρi(C2),Qvir). The action of n+K+1 on Nζ∞

δ0
(QK) is defined by

ei(v) := (−1)di(V−ρi)+di+1(V−ρi)(p2)∗(p
∗
1(v) ∪ [Bi(V )]). (7.6)

Strictly speaking, in the original work, Nakajima constructed operators on a La-
grangian subvariety of HilbV (C2), which is dual to the cohomology of HilbV (C2).
This formulation is present in the work of Nagao in [Nag09][Section 5.3.1]. Later
in Chapter 12, we will see how these operators are generalized to the action of
Yangians on the Equivariant cohomology of these varieties by Varagnolo [Var00].

Minimal resolution as Nakajima quiver variety

Theorem 7.4.2 ([Kro89]). The affine Nakajima quiver variety N0
δ,δ0

(QK) is

isomorphic to the affine quotient C2/ZK+1 and the quiver variety Nζ∞

δ,δ0
(Q) ≃

Hilbρreg(C2) is the minimal resolution via the GIT map3

π : Nζ∞

(δ,δ0)
(QK) → Nζ0

(δ,δ0)
(QK) ≃ C2/ZK+1.

The exceptional fibre π−1(0) components can be understood as Nakajima corre-
spondences defined in the previous section. Consider Bi(ρreg) for i ̸= 0. Then by

2There is an action for general Nakajima quiver variety for quiver without loops. Here we
only focus on a special case.

3There is more general result for any finite subgroup of SL2(C).
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Proposition 7.4.1, the dimension of Hilbρreg−ρi(C2) is 0 and thus Hilbρreg−ρi(C2) =
{pti}, for some point pti ∈ Hilbρreg−ρi(C2). Thus by definition, we may view
Bi(ρreg) as a subvariety of Hilbρreg(C2):

Bi(ρreg) = {pti ⊂ I} ⊂ Hilbρreg ≃ SK (7.7)

The subvarieties Bi(ρreg) are smooth Lagrangian manifold inside the surface SK .
These are isomorphic to P1 [Nak01b][Proposition 6.2]. In [Nak01b][Example 6.3],
it is shown that the exceptional fiber π−1(0) is the union of Bi(ρreg). For any

representation ρ of QK
δ0

of dimension (d, 1) and for any arrow a ∈ QK
δ0
, let ρa :

Cs(a) → Ct(a) be the corresponding linear map and ρ∗a : Ct(a) → Cs(a) be the map
in the opposite direction.

Example 31. We can observe that Bi(ρreg) correspond to the isomorphism
classes of representations of dimension δ where ρa = 1, ρ∗a = 0 where a : j−1 → j
for j = 1, · · · , i− 1; ρa = 0, ρ∗a = 1 where a : j − 1 → j for j = i + 2, · · · , K + 1
and ρa = 1, ρ∗a = 0 where a : ∞ → 0, while the choice of the maps ρi−1→i and
ρ∗i→i+1 correspond to P1 (See Figure 7.1 for K = 3, i = 2).

1

v0

v3 v1

v2

1

0

0

0µ

1

λ

0

1

Figure 7.1: Bi(δ) for K = 3, i = 2

The cohomology H(SK ,Q) is spanned by [SK ] ∈ H0(SK ,Q) and irreducible com-
ponents of exceptional fibers [Bi(ρreg)] ∈ H2(SK ,Q). On the other hand, since
Nakajima quiver varieties are tautologically generated [MN18], it follows that the
Chern class of the tautological bundles c1(Ri) also spans H

2(SK ,Q). For any finite
subgroup G ⊂ SL2(C), the geometric McKay correspondence [GV83] gives a du-
ality between the irreducible components of the exceptional fiber π : SG → C2/G
and the tautological bundles associated to the irreducible representation of the
group G. Reinterpretating this in terms of the Nakajima quiver variety gives

Proposition 7.4.3. For all i ∈ {1, · · · , K}, we have

[Bi(ρreg)] ≃
K∑
k=1

cikc1(Vk),

where cik ∈ EndK(Z) is the Cartan matrix for the AK quiver, i,e cik = 2δik −
δi,k−1 − δi,k+1 where 1 ≤ i, j ≤ K.
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Proof. For each edge i where i ̸= 0, we have tautological morphisms ρi,i+1 : Vi →
Vi+1 and ρ∗i−1,i : Vi → Vi−1. So the preprojective relations give rise to a complex
of tautological bundles

Vi
ρ∗i−1,i⊕ρi,i+1

−−−−−−−→ Vi−1 ⊕ Vi+1

ρi−1,i−ρ∗i,i+1−−−−−−−→ Vi

Thus we have a map between vector bundles

Vi
ρ∗i−1,i⊕ρi,i+1

−−−−−−−→ Ker(ρi−1,i − ρ∗i,i+1).

Consider the locus Zi where the above map is not an isomorphism. It follows
from Example 31 or [Nak01b][Example 6.3] that Zi = Bi(ρreg). But note that
the morphism

Vi−1 ⊕ Vi+1

ρi−1,i−ρ∗i,i+1−−−−−−−→ Vi
is a a surjection. Since it is not a surjection, then it must be 0. But then this gives

a subrepresentation of Q
K

which is not ∞ generated, contradicting the stability.
Thus, this morphism is a surjection. But this implies that the fundamental class
[Bi(ρreg)] = 2c1(Vi)− c1(Vi+1)− c1(Vi−1).

By Proposition 7.3.1, we have action of gBPS

Q̃K ,W̃K
on

Nζ∞

δ0
(QK) =

⊕
d∈NQ0

H(Mζ−−ss
d,fr (Q), pΦTr(W̃f )

IC
Mζ̂−ss

d,fr (QK)
[1]) ≃

⊕
V ∈R(ZK+1)

H(HilbV (C2),Qvir).

The induced action of the n+
QK

⊂ gBPS

Q̃K ,W̃K
on Nζ∞

δ0
(QK) can be identified with

Nakajima’s operators ei. We have

Proposition 7.4.4. The action of generator αi ⊂ gBPS

Q̃K ,W̃K ,δi

αi : H(Hilb
V−ρi(C2),Qvir) → H(HilbV (C2),Qvir),

coincides with the action of Nakajima operator ei.

Proof. It is shown in [YZ20a][Theorem 5.1], that dimension reduction from
Aχ

Q̃,W̃
≃ Aχ

ΠQ
is compatible with action on Nakajima quiver variety. Furthermore,

in [YZ18b][Theorem 5.6], it is shown that the action of x0i,1 ∈ C[xi,1] = Aχ
ΠQ,δi

coincides with the action of Nakajima operators.

We also consider the action of any non-zero γδ ∈ gBPS,−2

Q̃K ,W̃K ,δ
, this make sense since

by Proposition 5.0.2, gBPS,−2

Q̃K ,W̃K ,δ
is a 1 dimensional vector space and u · γδ on

Nζ∞

δ0
(QK). Choose a non zero element |0⟩ ∈ H(Hilb0(C2),Qvir) ⊂ Nζ∞

δ0
(QK). We

then have

Proposition 7.4.5. For some non-zero λ′ ∈ Q, we have an equality

γδ|0⟩ = λ′[SK ]
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and

(u · γδ)|0⟩ = λ′

(
K∑
i=1

c1(Ri)

)
= λ′

(
K∑
i=1

K∑
j=1

Aij[Bj(ρreg)]

)

where A = C−1, is the inverse of the Cartan matrix of AK.

Proof. The action of γδ gives a map

γδ : H(Hilb0(C2),Q)) → H(Hilbρreg ,Qvir) ≃ Q[2]⊕QK [0]

Since the element γδ is of cohomological degree −2, we have γδ|0⟩ = λ′[S] for
some λ′. We claim that λ′ ̸= 0.
By Theorem 5.1.6, the action of gBPS

Q̃K ,W̃K
lifts to an action of double gGKM

QK . By

Example 28, Nζ∞

δ0
(QK) contains the Lowest weight module LgGKM

QK
,0̂ of gGKM

QK where

0̂ : d′ 7→ −δ0 · d′. In Example 22, we calculated gGKM
QK and in particular we

can identity γδ with Chevalley generator eδ. We also have annihilation operator
fδ and element hδ in the Cartan. We can identify the vaccum element |0⟩ as
1⊗ 1 ∈ LgGKM

QK
,0̂. Since LgGKM

QK
,0̂ is a Lowest weight module, by definition fδ|0⟩ = 0

and hδ|0⟩ = −δi · δ|0⟩ = −|0⟩. But then eδ|0⟩ can’t be 0, since otherwise hδ|0⟩ =
[eδ, fδ]|0⟩ = 0. Thus eδ|0⟩ ≠ 0 and hence γδ|0⟩ ≠ 0 and thus λ′ ̸= 0.
Next, by Proposition 7.3.5, it follows that (u · γδ) ⋆ [0] = u · ([S]) = c1(R) =∑K

i=1 c1(Ri). Then, the claim follows from Proposition 7.4.3.

The inverse of the Cartan matrix of AK can be described explicitly. We note
down the matrix.

Proposition 7.4.6. The inverse of the Cartan matrix of AK is given by Matrix
Ak,j = min(k, j)− kj

K+1
.

7.4.2 Hilbert schemes

For the minimal resolution SK → C2/ZK+1, we consider the N×Z graded vector
space

VK :=
⊕
n∈N

HBM(Hilbn(SK),Qvir)

and introduce a similarly defined action of a subalgebra of A
Q̃K ,W̃K and study

their relationship with Nakajima’s operators. Note that since Hilbn(SK) is
smooth, there is an isomorphism between the Borel-Moore homology and the
usual cohomology HBM(Hilbn(SK),Qvir) ≃ H(Hilbn(SK),Qvir).
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Nakajima operators

In [Nak97], for any quasi-projective surface S, the author constructs the action
of certain operators pm(α) for m ∈ Z and α ∈ H(S,Q) on

V (S) :=
⊕
n∈N

HBM(Hilbn(S),Qvir)

such that they satisfy infinite dimensional Heisenberg Lie algebra type relations.
We explain the construction for m > 0, since that’s what we will be using later.
Let

Hilbn,n+m(S) = {I ⊂ J, Supp(I/J) = pt ∈ S} ⊂ S × Hilbn+m(S)× Hilbn(S).

Note that, we have a map s : Hilbn,n+m(S) → S given by taking s(I ⊂ J) =
Supp(I/J). For any I ⊂ {1, 2, 3}, let πI be the projection maps from S ×
Hilbn+m(S)× Hilbn(S) to components in I. Then

pm(α) : H
BM(Hilbn(S),Qvir) → HBM(Hilbn+m(S),Qvir)

is defined to be pm(α)(c) = (π2)∗((π1,3)
∗((PD([S]) ∩ α) ⊗ c) ∩ [Hilbn,n+m(S)])

where PD : H(S,Qvir) ≃ HBM(S,Qvir) is the Poincare duality map. The action of
pm(α) for m < 0 is defined similarly. Furthermore, the action of operators pn(α)
for any n and α is faithful on V (S) [Nak97].

Lehn and Lin-Qing-Wang relations

In [Leh99], the author constructs operators on the Hilbert schemes of points on
surfaces by combining Nakajima’s operators and the action of the Chern classes
of tautological bundles.

Definition 7.4.7 (Tautological bundles on Hilbert scheme of points). Let F be
any locally free sheaf on the smooth quasi-projective surface S. For any n ≥ 0,
let Zn

S ⊂ Hilbn(S)×S be the universal family. The associated tautological bundle
F [n] is defined to be (π1)∗(OZnS

⊗ (π2)
∗F ) where π1, π2 are the projection maps

from Hilbn(S) × S. It is a locally free sheaf of rank rn on Hilbn(S) where the
rank of F is r. By definition, the fiber F [n](Z) for Z a point in Hilbn(S) can be
naturally identified with H0(Z, F⊗OZ). When the context is clear, we sometimes
abuse notation and refer to the associated tautological bundle F [n] as F itself.

Definition 7.4.8 (Lehn operators). Given cohomology class α ∈ H(S,Q), let
pn(α) be the Nakajima operator. Then we define an operator p1n(α) = [∂, pn(α)]

on V (S) where ∂ · v = c1(O[m]
S ) ∪ v for any v ∈ HBM(Hilbm(S),Qvir) ⊂ V (S) and

more generally we define

pkn(α) := adk∂(pn(α)) = [∂, [∂, [· · · , [∂︸ ︷︷ ︸
k times

, pn(α)]]]].

For a smooth projective surface S, the relations between the opera-
tors [pknn (α), pkmm (β)] have been computed in [Leh99][Theorem 3.10] and
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[LQW02][Theorem 5.5]. The formula involves contributions of the first Chern
of the canonical bundle c1(KS) and the Euler class c2(TS). However, the sur-
face SK is only quasi -projective in our setting. However, due to the result
of [MN18], the cohomology of SK is still pure. Furthermore, SK is Calabi-
Yau, i.e. KSK = OSK . Let i : SK ↪→ SK be a smooth compactification.
Then the pullback H∗(Hilbn(SK),Q) → H∗(Hilbn(SK),Q) is a surjection of co-
homology rings. Furthermore, the Chern classes of tautological bundles are
supported on the pure cohomology, so that ci(V ) ∪ α = ci(V )|SK ∪ α. Since
i∗(c1(KSK

)) = c1(KSK ) = c1(OSK ) = 0 and i∗(c2(TSK )) = 0 by cohomological
degree reasons, we conclude from [Leh99][Theorem 4.2] and [LQW02][Theorem
5.5, 4.2, Definition 5.1] that:

Proposition 7.4.9. For any v ∈ VK, we have:

1. For any line bundle F on SK, we have:

[c1(F ), p1(α)]v = p11(α)v + p1(c1(F )α)v.

2. For any n1, n2 ≥ 1, a1, a2 ≥ 0 and α, β ∈ H(SK ,Q), we have:

[pa1n1
(α), pa2n2

(β)]v = na11 n
a2
2

a2n1 − n2a1
(n1 + n2)a1+a2−1

pa1+a2−1
n1+n2

(αβ)v.

CoHA subalgebra action

We now consider a subalgebra

Aℑ
Q̃K ,W̃K

:=
⊕

n∈Z≥0·δ

A
Q̃K ,W̃K ,n·δ

of A
Q̃K ,W̃K . We show that there is an action of Aℑ

Q̃K ,W̃K
on VK . To do so, we use

the work in [KV00], which describes Hilbn(SK) as the Nakajima quiver variety
on a cyclic quiver with a different stability condition than what we considered
before.

Definition 7.4.10 (Kuznetsov’s stability condition). For any n ≥ 1, given a
dimension vector n · δ, we consider the stability condition ζn on the cyclic quiver
QK defined by ζni = −2n for all i = 1, · · · , K and ζn0 = 2Kn− 1.

Note that this stability condition lies in a chamber different from ζ−

[Cra21][Theorem 4.2]. We now show that ζn stability fits the criterion to ap-
ply the Proposition 7.2.2.

Proposition 7.4.11. The stability condition ζ̂n is generic for the dimension
(n · δ, 1).
Proof. We have to show that µζ̂n(d

′) ̸= µζ̂n((nδ, 1)) for any d′ < (nδ, 1).

• Assume that d′ = (d, 0) for some d < nδ. Then we have
∑K

i=0 ζ
n
i di = 0.

Thus

(2Kn− 1)d0 = 2n

(
K∑
i=1

di

)
. (7.8)
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This implies that 2n divides d0, which is not possible since d0 ≤ n unless
d0 = 0. But if d0 = 0 then by the equation 7.8,

∑K
i=1 di = 0 and so each of

di = 0.

• Now assume dim(ρ′) = (d, 1) for some d < nδ. Then again, by the same
argument, we see that it implies d = n · δ, which contradicts that ρ′ is a
subrepresentation.

The reason why we consider this peculiar stability condition is due to the following
theorem.

Proposition 7.4.12. [Kuz07] [Theorem 4.3] For any n ≥ 0, there is a canonical
isomorphism of varieties

gn : Hilbn(SK) ≃ Nζn

n·δ,δ0(Q
K).

Let Vζ
n

i be the tautological bundles on the Nakajima quiver variety Nζn

n·δ,δ0(Q
K).

Note that since SK ≃ Nζ∞

δ,δ0
(QK) there are tautological bundles Vi on SK , which

by Definition 7.4.7 gives tautological bundles [Vi][n] on Hilbn(SK). We then have

Proposition 7.4.13. Under the above isomorphism, the tautological vector bun-
dles Vζ

n

i on Nζn

n·δ,δ0(Q
K) are pulled back to vector bundles [Vi][n] on Hilbn(SK).

Proof. This is really in the construction of the isomorphism. Let Z be a closed
point in Hilbn(SK). It is a length n subscheme in SK . Let OZ be its structure
sheaf. Then the map gn associates a closed point on Nζn

n·δ,δ0(Q
K) by assigning

vector space Vi(Z) := H0(SK ,Vi ⊗ OZ) to the vertex i where i = 0, · · · , K,
H0(SK ,OSK ) to the vertex ∞. Since the fiber of (Vi)[n] on any point Z is exactly
H0(SK ,Vi ⊗OZ) the statement follows.

By Proposition 7.2.2, there is an isomorphism of graded vector spaces:

⊕
n≥0

H(Mζn,3d
n·δ,δ0(Q

K), pΦTrζ
n
(W̃δ0

) ICMζn,3d
n·δ,δ0

(QK)
[−1]) ≃

⊕
n≥0

HBM(Nζn

(n·δ,δ0)(Q
K),Qvir) ≃ VK .

We now mimic the construction as in Section 7.3. For any n,m ≥ 0, we consider
the stack of short exact sequences

Mζn+m,3d
n·δ,m·δ,δ0(Q

K) = {0 → (ρ1)(n·δ,0) → (ρ2)
ζn+m−ss
((m+n)·δ,1) → (ρ3)(m·δ,0) → 0},

where ρ1, ρ2, ρ3 are representations of Q̃δ0 of dimension (n·δ, 0), ((m+n)·δ, 1), (m·
δ, 1) respectively such that ρ2 is ζn+m-semistable. We then have

Lemma 7.4.14. Let ρ be a representation of dimension ((n+m) · δ, 1) such that
ρ is ζn+m-semistable then any quotient ρ′ of dimension (m ·δ, 1) is ζm-semistable.
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Proof. Let π : ρ → ρ′ be the surjection. Let V ⊂ ρ′ be a non-zero proper
subrepresentation such that V ̸= ρ′. Define χm((d, a)) = (

∑K
i=0 ζ

m
i di) + ζm∞a.

Recall(Section 2.0.9) that the slope of the representation V is defined as µζm(V ) =

χm((d, a))/(
∑i=K

i=1 di+a). Thus, it suffices to show that χm(V ) ≤ 0. We consider
the representation π−1(V ).

• Assume that dim(V ) = (d, 1). Then dim(π−1(V )) = (d + n · δ, 1) and is
a non-zero proper subrepresentation of ρ. Since ρ is ζn+m-semistable, it
follows that χn+m(π

−1(V )) < 0. So

0 > χn+m(π
−1(V )) =

K∑
i=0

(
ζn+mi (di + n)− ζm+n

i (m+ n)
)

=
K∑
i=1

(−2(n+m)(di −m)) + (2K(m+ n)− 1)(d0 −m)

= −2(n+m)

(
K∑
i=1

(di − d0)

)
+m− d0

But then since V ⊂ ρ′ is a proper subrepresentation, d < m · δ. The above
inequality implies that

K∑
i=1

(di − d0) > (m− d0)/2(n+m) > 0

But since
∑K

i=1(di−d0) is an integer, above inequality implies that in fact∑K
i=1(di − d0) ≥ 1. So

χm(V ) =
K∑
i=0

ζmi (di −m)

= (−2m)
K∑
i=1

(di − d0) +m− d0 ≤ −m− d0 < 0.

• Now assume that dim(V ) = (d, 0). Then again

0 > χn+m(π
−1(V )) =

K∑
i=0

ζn+mi (di + n)

=
K∑
i=1

(−2(n+m)(di + n)) + (2K(n+m)− 1)(d0 + n)

= −2(n+m)(
K∑
i=1

(di − d0))− n− d0

and so
∑K

i=1(di−d0) > −(n+d0)/(2(n+m)) ≥ −(n+m)(2(n+m)) > −1/2,

since d0 ≤ n. But then since
∑K

i=1(di − d0) is an integer, in fact we have
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∑K
i=1(di − d0) ≥ 0. Now

χm(V ) =
K∑
i=0

ζmi (di) = −2m(
K∑
i=1

(di − d0))− d0 ≤ 0.

So for every non-zero proper subrepresentation V ⊂ ρ′, χm(V ) ≤ 0 and so ρ′ is
ζm-semistable.

Thus we have the usual correspondence

Mn·δ(Q
K)×Mζm,3d

m·δ,δ0(Q
K) Mζn+m,3d

n·δ,m·δ,δ0(Q
K) Mζn+m,3d

(n+m)·δ,δ0(Q
K)

π1×π3 π2
.

The map π1 × π3 is smooth since it is a fibre bundle. Unlike the ζ− stability
condition, it is not entirely obvious why the morphism π2 is a proper map. How-
ever, by the previous lemma, fibres of the map π2 are Quot schemes, and so,
in particular, the morphism π2 is proper. Thus again, just as in the definition
of cohomological Hall algebra, we do the pushforward (3.2.4) along π2 and the
pullback (3.2.2) along π1×π3 in the vanishing cycle cohomology and finally apply
the Thom-Sebastiani isomorphism (3.2.1) to get that

Proposition 7.4.15. There is a left action of Aℑ
Q̃K ,W̃K

on the cohomologically

graded vector space VK. It satisfies (u·α) v = u·(α v)−α (u·v) where action of

u on v ∈ HBM(Hilbn(SK),Qvir) ⊂ VK is given by cup product with
∑K

i=0 c1(V
[n]
i ).

Proof. The associativity of the action can be proven in the same way as the
associativity of the cohomological Hall algebra in [KS11]. The action of u is
induced by the determinant line on the Nakajima quiver variety realization in
Proposition 7.4.12. Thus, the claim follows from Proposition 7.4.13.

Thus we have an induced left action of gℑ
Q̃K ,W̃K

on VK where

gℑ
Q̃K ,W̃K

:=
⊕
n≥1

gBPS

Q̃K ,W̃K ,n·δ
.

Proposition 7.4.16. The action of gℑ
Q̃K ,W̃K

on the graded vector space VK is

faithful.

Proof. We first claim that there is isomorphism of graded vector spaces

HBM(Hilbn(SK),Qvir) ≃ gBPS

Q̃Kδ0
,W̃K

δ0
,(n·δ,1)

.

We have a commutative diagram

Mζn−ss
(n·δ,1)(Q̃

K
δ0
) M(n·δ,1)(Q̃K

δ0
)

Mζn,3d
n·δ,δ0(Q

K) M(n·δ,1)(Q̃K
δ0
),

JHζ
n

(n·δ,1)

qζ
n

(n·δ,1)

JH(n·δ,1)
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where q is the affinization map and JH are the Jordan-Holder maps. Note that
JHζn

(n·δ,1) is a pt /C∗ fibre bundle and thus we have

(JHζn

(n·δ,1))∗
pΦ

Trζ
n
(W̃K

δ0
)
IC

Mζn−ss
(n·δ,1)(Q̃

K
δ0

)
≃ pΦ

Trζ
n
(W̃K

δ0
)
ICMζn,3d

n·δ,δ0
(QK)

[−1]⊗ H(BC*
u,Q).

So, in particular,

BPSζ
n

Q̃Kδ0
,W̃K

δ0

= p′τ≤1((JHζn

(n·δ,1))∗
pΦ

Trζ
n
(W̃K

δ0
)
IC

Mζn−ss
(n·δ,1)(Q̃

K
δ0

)
[1]) ≃ pΦ

Trζ
n
(W̃K

δ0
)
ICMζn,3d

n·δ,δ0
(QK)

.

By the theorem of Toda (Proposition 4.1.4), we have a natural isomorphism

H(Mζn,3d
n·δ,δ0(Q

K),BPSζ
n

Q̃Kδ0
,W̃K

δ0

[−1]) ≃ gBPS

Q̃Kδ0
,W̃K

δ0
,(n·δ,1)

.

Finally, by Proposition 7.2.2, there is an isomorphism

H(Mζn,3d
n·δ,δ0(Q

K), pΦ
Trζn (W̃K

δ0
)
ICMζn

n·δ,δ0
(QK)

[−1]) ≃ HBM(Nζn

(n·δ,δ0)(Q
K),Qvir).

and thus the claim follows from Proposition 7.4.12.
So we may identify the action of gℑ

Q̃K ,W̃K
on VK ≃ ⊕n≥0g

BPS

Q̃Kδ0
,W̃K

δ0
,(n·δ,1)

by the

natural identification gℑ
Q̃K ,W̃K

≃ ⊕n≥0g
BPS

Q̃Kδ0
,W̃K

δ0
,(n·δ,0)

. Let α ∈ gBPS

Q̃Kδ0
,W̃K

δ0
,(m·δ,0)

for

some m ≥ 0. By Theorem 5.1.6, we may identify gBPS

Q̃Kδ0
,W̃K

δ0

as a positive Half of the

generalized Kac Moody Lie algebra gGKM
Π
QK
δ0

. Note that (0·δ, 1) is a primitive positive

root of gGKM
Π
QK
δ0

, since the Symmetrized Euler form ((0 · δ, 1), (0 · δ, 1))Π
QK
δ0

= 2.

Thus there exist Chevalley generators for dimension (0 · δ, 1) in the subspace
⊕n≥0g

BPS

Q̃Kδ0
,W̃K

δ0
,(n·δ,1)

⊂ gGKM
Π
QK
δ0

. We denote them by e∞, f∞ and h∞ where e∞ ∈

gBPS

Q̃Kδ0
,W̃K

δ0
,(0·δ,1)

. We claim that [α, e∞] ̸= 0, which proves the assertion. Note that

[α, f∞] = 0 as there are no elements in dimension (m ·δ,−1). Also by definition of
Generalized Kac Moody Lie algebra, [α, h∞] = ((m·δ, 0), (0·δ, 1))Π

QK
δ0

= −h∞ ̸= 0.

But then if [α, e∞] = 0, then [α, [f∞, e∞]] = 0 = [α, h∞] = 0 which we checked is
non-zero.

Proposition 7.4.17. Up to a non-zero scalar, the operator γδ acts on VK as the
Nakajima raising operator p1([SK ]).

Proof. Applying dimension reduction (3.3) by forgetting loops, i.e. the morphism

of representation spaces Repδ(Q̃) = Repδ(Q
K) × Repδ(L

K) → Repδ(Q
K), where

LK is the quiver obtained by removing all the arrows a and a∗ from the tripled

quiver Q̃K , The action of gBPS

Q̃K ,W̃K ,δ
on VK gives a map of cohomologically graded

vector spaces

a1,n : HBM(Mδ(ΠQK ),Qvir)× HBM(Hilbn(SK),Qvir) → HBM(Hilbn+1(SK),Qvir).
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We consider the stability condition ζ1(Definition 7.4.10) so that Mζ1

δ (ΠQK ) ≃
Cohpt(S) ≃ S/C∗. Then by Toda’s theorem (Proposition 4.1.4), gBPS,ζ1

Q̃K ,W̃K ,δ
≃

gBPS

Q̃K ,W̃Kδ
, we have an isomorphism of vector spaces gBPS

Q̃K ,W̃K ,δ
≃ HBM(SK ,Qvir).

By observing the cohomological degree, we can identify γδ with [SK ] ∈
HBM(SK ,Qvir). Let

Mst
(n,n+1)(ΠQ) := {0 → (ρ1)δ → (ρ2)(n+1)·δ,1 → (ρ3)(n·δ,1) → 0}

be the variety of short exact sequences on representations of ΠQδ0
such that

ρ1 is ζ1-semistable, ρ2 is ζn+1-semistable and ρ3 is ζn stable. Given a point
(Z1 ⊂ Z2) ∈ Hilbn,n+1(SK), it induces a short exact sequence of sheaves

0 → Os → OZ2 → OZ1 → 0

for some s ∈ SK which equivalently after applying g from Proposition 7.4.12,
gives an exact sequence of representations

0 → ĝ1(s) → gn+1(Z2) → gn(Z1) → 0

where ĝ1(s) is the kernel of the surjection g1(s) → ρ0 where ρ0 is unique (0, 1)
dimensional representation. The same can be done the other way, i.e., given
a short exact sequence 0 → ρ1 → ρ2 → ρ3 → 0 in Mst

(n,n+1)(ΠQK ), we can

apply the inverse of isomorphism g to get a closed point g−1
n (ρ3) ⊂ g−1

n+1(ρ2) of
Hilbn,n+1(SK). Thus, it follows that Hilbn,n+1(SK) ≃ Mst

(n,n+1)(ΠQ). We then
consider the commutative diagram

SK × Hilbn(SK) Mst
(n,n+1)(ΠQ) ≃ Hilbn,n+1(SK) Hilbn+1(SK)

SK × Hilbn+1(SK)× Hilbn(SK)

p1×p3 p2

iπ1,3 π2

where the morphism p1 × p3 is projection to (ρ1, ρ3) and p2 is projection to
ρ2. In particular, p1 × p3 is already quasi-smooth, and p2 is proper. However,
since dimension reduction is compatible with the action of the cohomological Hall
algebra of preprojective algebra on Nakajima quiver varieties [YZ20a]4), we have

a1,n([SK ]⊗ α) = (p2)∗(p1 × p3)
!([SK ]⊗ α) = (π2)∗(π

∗
1,3([SK ]⊗ α) ∩ [Hilbn,n+1(SK)])

= p1([SK ])α,

as we wanted.

4In particular, since π1×π3 is smooth, we use the compatibility between dimension reduction
with pullback and pushforward.
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Chapter 8

Affinized BPS Lie algebra for
Cyclic Quivers

8.1 Integral Matrix W1+∞ Lie algebras

In the introduction, we defined the associative algebras Dℏ(C∗) and Dℏ(C∗)⊗glK
for any K ≥ 1 (Definition 1.2.1). We further defined a subspace WK ⊂ (Dℏ(C∗)⊗
glK)⊗C[ℏ] C[ℏ±1]. We check that

Proposition 8.1.1. The subspace WK ⊂ (Dℏ(C∗)⊗glK)⊗C[ℏ]C[ℏ−1] forms a Lie
subalgebra.

Proof. We recall that WK is the C[ℏ] linear subspace spanned by Tm,a(X) =
zmDaX where m ∈ Z, a ≥ 0, and tm,a = Tm,a(1)/ℏ where 1 ∈ glK is the identity
matrix. Since [D, z] = ℏz and [D, z−1] = −ℏz−1 it follows inductively that

[zmDa, znDb] = zm+n((D + nℏ)aDb −Da(D +mℏ)b). (8.1)

Since the expression on the right is of the form ℏ · (some linear expression in tp,q),
it shows that the Lie brackets [tm,a, tn,b] are closed. We can similarly check for
the Lie brackets of type [tm,a, Tn,b(X)] since

[zmDa, znDbX] = zm+n((D + nℏ)aDb −Da(D +mℏ)b)X. (8.2)

The other Lie brackets are clearly closed since Dℏ(C∗)⊗ glK forms a Lie algebra.

We now define the positive half of WK , by mimicking the definition of standard
positive half of the affine Lie algebra.

Definition 8.1.2 (Positive half of WK). The positive half (WK)
+ is defined to

be C[ℏ] linear subalgebra generated by Tk,a(X) where k ≥ 1, a ≥ 0, X ∈ glK or
k = 0, a ≥ 0, X ∈ nK where nK ⊂ glK is the Lie subalgebra generated by upper
diagonal matrices and tk,a where k ≥ 1, a ≥ 0.

We will also consider the classical limit of WK . Note, however, that the way it is
defined, we cannot directly set ℏ = 0 since tn,a = Tn,a(1)/ℏ. But using relations
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(8.1) and (8.2) and more generally

[zmDaX, znDbY ] = zm+n(D + nℏ)aDbXY − zm+nDa(D +mℏ)bY X, (8.3)

for any X, Y ∈ glK , it follows that

Proposition 8.1.3. Let W̃K be the Lie algebra generated by Tk,a(X) where X ∈
slK and tk,a where k ∈ Z and a ≥ 0 with the relations

[tm,a, Tn,b(X)] = (na−mb)Tm+n,a+b−1(X) (8.4)

[tm,a, tn,b] = (na−mb)tm+n,a+b−1 (8.5)

[Tm,a(X), Tn,b(Y )] = Tm+n,a+b([X, Y ]) (8.6)

Then there is an isomorphism of Lie algebras

(WK)/(ℏ = 0) ≃ W̃K

Recall the Lie algebra po(T∗(C∗))⋉(O(T∗(C∗)) defined in Section 1.2.1. We note
that

po(T∗(C∗))⋉ (O(T∗(C∗))⊗ slK)) ≃ W̃K ,

since po(T∗(C∗)), the Lie algebra of the functions on the cotangent bundle T∗(C∗)
is generated by D = z ∂

∂z
and z±1 with the Poisson bracket, determined by

{D, z} = z. It is spanned by zkDa where k ∈ Z, a ≥ 0 and the morphism

A: po(T∗(C∗))⋉ (O(T∗(C∗)) → W̃K ,

given by A(zk1Da1 , zk2Da2X) 7→ tk1,a1 + Tk2,a2(X) is an isomorphism of Lie alge-

bras. We now define the positive half of W̃K in the same way as before.

Definition 8.1.4 (Positive half of W̃K). Let W̃+
K ⊂ W̃K be the Lie subalgebra

spanned by Tk,a(X) where k ≥ 1, a ≥ 0, X ∈ slK or k = 0, a ≥ 0, X ∈ nK where
nK ⊂ slK is the Lie subalgebra generated by upper diagonal matrices and tk,a
where k ≥ 1, a ≥ 0.

We now show that W̃K is, in fact, a Lie algebra in the category of Heis modules.
Let

HK =
∑

(i− 1/2−K/2)Ei,i

be a diagonal element inside slK . We defined it so that [HK , Ei,j] = (i − j)Ei,j
for Ei,j ∈ slK .

Definition 8.1.5 (Grading on W̃+
K ). The Lie algebra W̃

+
K has two gradings. We

define the cohomological grading by CG(Tm,a(X)) = 2a,CG(tm,a) = 2a − 2 and
dimension grading induced by dim(Tm,a(Eij)) = Km+j−i and dim(tm,a) = Km.

Proposition 8.1.6. There is an action of Heis on W̃+
K by derivations, given by

p→
[
t0,2
2

− T0,1(HK)

K
,−
]

q → ∂D
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where ∂D(Tm,a(X)) = aKTm,a−1(X), ∂D(tm,a) = aKtm,a−1. For every graded piece
of fixed dimension dim, the central charge is the dimension dim , and the Lie
algebra W̃+

K is negatively determined.

Proof. Since p acts as a commutator, it is a derivation. The same can be checked
for q using Lie algebra relations (8.4). On the other hand,

[q, p](Tm,a(Ei,j)) = (mK + (j − i))Tm,a(Ei,j)

[q, p](tm,a) = mKtm,a

The negatively determined assumption holds since the Heis grading is the coho-
mological grading and ∂D is injective for a ≥ 1.

Next, we see that W̃+
K is generated by a much smaller set of generators.

Proposition 8.1.7. The Lie algebra W̃+
K is generated as a Lie algebra by

the elements t1,a for a ≥ 0, T0,a(Ei,i+1) for i = 1, 2, · · · , K − 1; a ≥ 0 and
T1,a(E1,K), a ≥ 0.

Proof. Since [t1,0, tn,b] = (−b)tn+1,b−1, the elements tn,a, n ≥ 1; a ≥ 0 are in the
subalgebra generated by t1,a where a ≥ 0. The elements Ei,i+1 for i ∈ [1, K − 1]

and zEK,1 are the generators of the positive half of the affine Lie algebra s̃lK ,
which is nK ⊕ zQ[z]slK . Since [Tm,a(X), Tn,b(Y )] = Tm+n,a+b([X, Y ]), it follows
that all Tk,a(X) where k ≥ 1, a ≥ 0, X ∈ slK or k = 0, a ≥ 0, X ∈ nK are in the
algebra generated by T0,a(Ei,i+1) for i = 1, 2, · · · , K−1; a ≥ 0 and T1,a(E1,K), a ≥
0 and so we are done.

8.2 Proof of Theorem A

We are ready to calculate the affinized BPS Lie algebra ĝBPS

Q̃K ,W̃K
for K ≥ 1. The

affinized BPS Lie algebra for the cyclic quiver QK is spanned by α
(n)
d where αd ∈

gBPS

Q̃K ,W̃K
. It suffices to understand the Lie bracket between these generators. By

Proposition 5.0.2, we have an isomorphism of Lie algebras gBPS

Q̃K ,W̃K
≃ n+

QK
⊕sQ[s].

Let reK ⊂ ĝBPS

Q̃K ,W̃K
be the subvector space spanned by the elements α

(n)
d for n ≥ 0,

where αd ∈ gBPS,0

Q̃K ,W̃K
≃ n+

QK
. It follows from Theorem 6.4.2 that

Proposition 8.2.1. We have an isomorphism of Lie algebras

reK ≃ n+
QK

[D].

Next, let imK ⊂ ĝBPS

Q̃K ,W̃K
be the subvector space generated by the elements α

(n)
m·δ

where αm·δ spans g
BPS,−2

Q̃,W̃ ,m·δ
≃ C. Since gBPS,−2

Q̃,W̃ ,m·δ
is one dimensional, αm·δ is uniquely

determined up to a non-zero scalar.
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Proposition 8.2.2. For any n ≥ 1, there exist some non-zero scalar λn ∈ Q
such that we have an equality

[α
(1)
δ , αn·δ] = λnα(n+1)·δ.

Proof. Note that the Lie bracket [α
(1)
δ , αn·δ] is an element of cohomological degree

−2 in the dimension (n + 1) · δ. Since ĝBPS,−2

Q̃K ,W̃K ,(n+1)·δ
≃ Q is a one dimensional

vector space, it is either 0 or up to a non-zero scalar, it is α(n+1)·δ. We claim that
it is non-zero. We consider the action on the cohomology of Hilbert scheme of
SK constructed in Proposition 7.4.15 and show that the Lie bracket [α

(1)
δ , αn·δ]

acts non-trivially. We claim that for any n ≥ 1, up to a factor of a non-zero
scalar, there is an equality

αn·δ v = pn([SK ])v

where pn([SK)]) is Nakajima’s operator (See Section 7.4.2) and v ∈ VK . The case
when n = 1 is proved in Proposition 7.4.17. Then by Proposition 7.4.9

α
(1)
δ v =

K∑
i=0

[c1(Ri), p1([SK ])]v =
K∑
i=0

(p11([SK ])v + p1(c1(Ri))v) (8.7)

= (K + 1)p11([SK ])v +
K∑
i=0

p1(c1(Ri))v

where for each i, Ri is the tautological bundle on SK . But then, assuming the
claim for n = N , we have

[α
(1)
δ , αN ·δ] v = (K + 1)[p11([SK ]), pN([SK ])]v +

K∑
i=0

[p1(c1(Ri)), pN([SK ])]v

= −(N)(K + 1)pN+1([SK ])v,

The second equality is again a consequence of Proposition 7.4.9. But then for
any n, there exists some v ∈ VK such that pN+1([SK ])v ̸= 0, since Nakajima’s

operators act faithfully (see Section 7.4.2), and thus [α
(1)
δ , αN ·δ] ̸= 0 and thus

up to a factor of non-zero scalar [α
(1)
δ , αN ·δ] = α(n+1)·δ and both the claim and

proposition follows by induction.

From now on, we fix γδ as some renormalization of αδ, so that for the vacuum
vector |0⟩ = [0] ∈ HBM(Hilb0,Q0) ∈ Nζ∞

δ0
(QK) we have γδ • |0⟩ = [SK ]. This is

allowed by Proposition 7.4.5. Then we have γ
(r)
δ = ur · γδ. Finally for all k ≥ 1,

we fix
γk·δ := adk−1

γ
(1)
δ

(γδ) (8.8)

which by the previous propositon, is just the renormalization of αk·δ and it spans
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gBPS,−2

Q̃K ,W̃K
. Similarly, we have

γ
(r)
k·δ := ur adk−1

γ
(1)
δ

(γ
(0)
δ ).

Now we study how an element of imK interacts with an element of reK . By
[a1, a2, a3, · · · , aN ] we mean the iterated Lie bracket [a1, [a2, [a3, [· · · , aN ]]]].

Proposition 8.2.3. For any i ∈ [0, K], the Lie bracket [αi, γ
(1)
δ ] ̸= 0.

Proof. We consider the action of A
Q̃K ,WK

on Nζ∞

δ0
(QK) as constructed in Section

7.3. We show that [αi, γ
(1)
δ ] • |0⟩ ≠ 0. By Proposition 7.4.4, we can identify the

action of αi with the action of the generator ei of the affine Lie algebra s̃lK+1 on
Nζ∞

δ0
(QK), due to Nakajima (Section 7.4.1).

Note that Hilbρ0(C2) = pt as I = ⟨x, y⟩ is the only ZK+1 equivariant ideal with
C[x, y]/I ≃ ρ0. Thus B0(ρreg) = Hilbρ0(C2). Let [0[0,1)] ∈ H(Hilbρ0(C2),Qvir) be
the fundamental class of the point. Thus by (7.6), we have

α0 • |0⟩ = [0[0,1)].

Similarly, since the closed points of Hilb1(C2) are just the maximial ideals
(x − t1, y − t2), only ZK+1 equivariant point is the ideal (x, y). It follows that
Hilbρi(C2) = 0 for all i ̸= 0 and so by (7.6), for all i ̸= 0 we have

αi • |0⟩ = 0.

Now for any i ̸= K, we consider the equivariant Hilbert scheme Hilb⊕ij=0ρj(C2).

By Proposition 7.4.1, Hilb⊕ij=0ρj(C2) is 0 dimensional connected scheme and thus

just a point. Let [0[0,i)] ∈ H(Hilb⊕ij=0ρj(C2),Qvir) be the fundamental class of the
point. Consider α1 • (α0 • |0⟩). Again since each of the schemes Hilbρ0(C2) and
Hilbρ0⊕ρ1(C2) are points and ρ0 ⊂ ρ0⊕ρ1, it follows that B1(ρ0) = Hilbρ0⊕ρ1(C2).
We thus have by (7.6) that

α1 • (α0 • |0⟩) = [0[0,2)].

We may continue this argument succesively to calculate αi−1•(αi−2•(· · ·α0 |0⟩))
for any i ∈ [1, K]. By associativity of the action of the n+

QK
, we conclude that for

any i ∈ [1, K],

(αi−1 ⋆ αi−2 ⋆ · · · ⋆ α0) • |0⟩ = [0[0,i)] ∈ H(Hilb(⊕ij=0ρj)(C2),Q).

Now consider the equivariant Hilbert scheme Hilb(⊕ij=0ρj)⊕ρK (C2). Again, by
Proposition 7.4.1, it is a 0-dimensional connected scheme and hence a point.
Let [0[K,i+1)] ∈ H(Hilb(⊕ij=0ρj)⊕ρK (C2),Qvir) be the fundamental class of the point.
Then again by (7.6), we have

αK • ((αi−1 ⋆ αi−2 ⋆ · · · ⋆ α0) • |0⟩) = (−1)[0[K,i+1)] ∈ H(Hilb(⊕ij=0ρj)⊕ρK (C2),Qvir).

Note that the sign comes from the sign in the formula (7.6). For any i ∈ [1, K], we
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now consider Hilb(⊕Kj=0,j ̸=iρj)(C2). Again, Hilb(⊕Kj=0,j ̸=iρj)(C2) is a point by Proposi-

tion 7.4.1. Let [0[i+1,K)] ∈ H(Hilb(⊕Kj=0,j ̸=iρj)(C2),Qvir) be the fundamental class of
the point. Then by the same argument as above, we conclude for any i ∈ [1, K],
that

(αi+1⋆αi+2⋆· · ·αK⋆αi−1⋆· · ·α0)•|0⟩ = (−1)K−i[0[i+1,K)] ∈ H(Hilb(⊕Kj=0,j ̸=iρj)(C2),Qvir).

Note that ρreg − ρi = ⊕K
j=0,j ̸=iρj. By (7.6), for i ∈ [1, K], we have αi • [0[i+1,K)] =

(−1)[Bi(ρreg)], where by 7.7, we may view Bi(ρreg) as a Lagrangian inside the
surface SK . In particular [Bi(ρreg)] ∈ H(SK ,Qvir). We thus have for i ∈ [1, K],

(αi ⋆ αi+1 · · · ⋆ αK ⋆ αi−1 · · · ⋆ α0) • |0⟩ = (−1)K+1−i[Bi(ρreg)].

But since αi • |0⟩ = 0 for i ̸= 0, we can write above as

[αi, αi+1 · · · , αK , αi−1 · · · , α0] • |0⟩ = (−1)K+1−i[Bi(ρreg)]. (8.9)

Now for i ̸= 0, we consider the commutator [αi, γ
(1)
δ ]. Again since αi • |0⟩ = 0, we

have by Proposition 7.4.5 that

[αi, γ
(1)
δ ]|0⟩ = αi • γ(1)δ |0⟩ = αi ⋆ (

∑
j

(
∑
k

Akj)[Bj(ρreg)]).

But by the Equation 8.9, this is the same as

[αi, γ
(1)
δ ]|0⟩ =

∑
j

(−1)K+1−j
∑
k

Akj[αi;Bj] • |0⟩,

where [αi,Bj] represents the commutator

[αi, αj, αj+1 · · · , αK , αj−1 · · · , α0].

and Ak,j are the entries of the inverse of the Cartan matrix of AK . It is easy to
calculate the inverse of the Cartan matrix of AK . We have Akj = min(k, j) −
kj
K+1

, which shows that Sj =
∑

k Akj = j(K + 1 − j)/2. Similarly, since n+
QK

≃
(slK+1[z, z

−1])+ after identifying ei with Ei,i+1 and e0 with zEK+1,1; we may
identify [αi,Bi] = 2((−1)K−izEi,i+1) while [αi,Bi−1] = [αi,Bi+1] = (−1)K−izEi,i+1

and [αi,Bj] = 0, otherwise. In particular [αi,Bi] = 2[αi,Bi−1] = 2[αi,Bi+1]. Thus
we have

[αi, γ
(1)
δ ] • |0⟩ = (−1)K+1−i(Si −

Si−1 + Si+1

2
)[αi,Bi] • |0⟩ = (−1)(K+1−i)/2[αi,Bi] • |0⟩.

But [αi,Bi] • |0⟩ ≠ 0 by the same argument for faithfulness as in Proposition

7.4.5. This in particular means that [αi, γ
(1)
δ ] ̸= 0. By symmetry, we also get the

same relation for i = 0, since we can construct the representation by adding the
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framing to vertex 1 instead of 0. Thus we have

[α0, γ
(1)
δ ] • |0⟩ = (−1)K

2
[α0, α0, α1, · · · , αK ] • |0⟩ ≠ 0

and so we are done.

Note that [αi, γ
(1)
δ ] is an element of cohomological degree 0, in dimension δ + δi.

From proposition 8.2.3, it follows that [αi, γ
(1)
δ ] = λ[αi,Bi] for some non-zero λ,

since ĝBPS,0

Q̃K ,W̃K ,δ+δi
is 1 dimensional. But then, the above calculation even precisely

determines λ, and so finally, we have

[αi, γ
(1)
δ ] =

(−1)K+1−i

2
[αi,Bi]. (8.10)

Furthermore, since [αi, γ
(0)
δ ] = 0, we have [γ

(0)
δ , α

(1)
i ] = (−1)K+1−i

2
[αi,Bi].

Corollary 8.2.3.1 (Strong rationality for Kleinian singularity). For any d ∈
NQ0, the commutator

[γ
(1)
δ ,−] : Aχ

Q̃K ,W̃K
→ Aχ

Q̃K ,W̃K

maps gBPS

Q̃K ,W̃K ,d
isomorphically to gBPS

Q̃K ,W̃K ,d+δ
.

Proof. The Lie algebra generated by αi where i ∈ [0, K] is isomorphic to the Lie
algebra n+

QK
≃ (slK+1[z, z

−1])+ by Proposition 4.2.5. The isomorphism is given
by the identification αi with Ei,i+1 for i ̸= 0 and α0 with zEK+1,1. Thus after this
identification, equation (8.10) implies that

[γ
(1)
δ , Ei,i+1] = zEi,i+1, [γ

(1)
δ , zEK+1,1] = z2EK+1,1

But then one can write αd ∈ gBPS,0

Q̃,W̃ ,d
as linear combination of commutators of

Ei,i+1 and zEK+1. Thus if αd ̸= 0 then [γ
(1)
δ , αd] ̸= 0. While for αd ∈ gBPS,−2

Q̃,W̃
,

[γ
(1)
δ , αd] ̸= 0 is Proposition 8.2.2. Since γ

(1)
δ is an element of cohomological

degree 0, for any αd ∈ gBPS
Q̃,W̃ ,d

, [γ
(1)
δ , αd] ∈ gBPS

Q̃,W̃ ,d+δ
. So we have checked that the

morphism
[γ

(1)
δ ,−] : gBPS

Q̃,W̃ ,d
→ gBPS

Q̃,W̃ ,d+δ

is injective. Since the dimensions are the same, it is an isomorphism.

Proposition 8.2.4. The subspace imK forms a Lie subalgebra of ĝBPS

Q̃K ,W̃K
and is

generated by γ
(r)
δ for r ≥ 0.

Proof. The claim about generation follows from the definition of γ
(r)
k·δ and the fact

that u acts by derivation. It suffices to show that for k ≥ 1, n,m ≥ 0, the Lie
bracket [γ

(n)
δ , γ

(m)
k·δ ] ∈ imK . Since for all r ≥ 1, γ

(n)
r·δ is of cohomological degree
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2n− 2, there must exist λn,mk ∈ Q and µn,mk ∈ Q such that

[γ
(n)
δ , γ

(m)
k·δ ] = λn,mk γ

(n+m−1)
(1+k)·δ + µn,mk β

(n+m−2)
(1+k)·δ (8.11)

where β(1+k)·δ ∈ gBPS,0

Q̃K ,W̃K
. It suffices to show that µn,mk = 0. Note that showing

this for m = 0, n ≥ 0, i.e. to show that µn,0k = 0 for all n ≥ 0 is enough, since

if for some i ≥ 0, [γ
(n)
δ , γ

(i)
k·δ] ∈ imK then applying u gives that [γ

(n+1)
δ , γ

(i)
k·δ] +

[γ
(n)
δ , γ

(i+1)
k·δ ] ∈ imK . So if [γ

(n+1)
δ , γ

(i)
k·δ] ∈ imK then so does [γ

(n)
δ , γ

(i+1)
k·δ ]. We

consider the action of Aℑ
Q̃K ,W̃

on VK as constructed in Proposition 7.4.15. We

then have
Claim: For any m ≥ 1, there exist a non-zero scalar λ′′m ∈ Q, such that for any
v ∈ VK , we have the equality

γ
(n)
m·δ v = λ′′m

(
(K + 1)pnm([SK ])v +mn

∑
pn−1
m (c1(Ri))v

)
(8.12)

Proof: We use the same argument as in Proposition 8.2.2. We identify the action
γδ v with p1([SK ])v, and then the result follows from the repetitive use of formulas

in Proposition 7.4.9 applied to the definition of γ
(n)
m·δ (equation 8.8). □

It follows from the above claim (8.12), equation (8.11), and Proposition 7.4.9,
that up to a factor of a non-zero scalar, for all v ∈ VK , we have

[γ
(n)
δ , γ

(0)
k·δ ] v = γ

(n−1)
(1+k)·δ v

To connlude, tt suffices to show that for some v ∈ VK , u
n−2α(1+k)·δ v ̸= 0. By

Proposition 7.4.16, the action of gℑ
Q̃K ,W̃K

on VK is faithful, thus the statement

that there exists v ∈ VK such that un−2α(1+k)·δ v ̸= 0 is true for n = 2. Now,
assume otherwise for some n > 2. Then for all v, [γ0δ , u

n−2αn·δ] v = 0. But by
Proposition 8.2.3.1, [γδ, u

n−2αk·δ] = un−3α′
(k+1)·δ for some α′

(k+1)·δ. Thus action

of un−3α′
(k+1)·δ isn’t faithful either. Thus, we inductively conclude that action of

some non-zero β(k+n−2)·δ ∈ gℑ
Q̃K ,W̃

on VK isn’t faithful, which is a contradiction

to Proposition 7.4.16.

Note that as vector spaces imK + reK = ĝBPS

Q̃K ,W̃K
. Thus it remains to understand

[imK , reK ].

Proposition 8.2.5. We have

[imK , reK ] ⊂ reK

and is determined by [γ
(n)
δ , α

(m)
i ], n ≥ 0 and i ∈ [0, K],m ≥ 0.

Proof. Since im is generated by γrδ , r ≥ 0 it suffices to show that [γrδ , re] ⊂ re. But
re is also generated by eni by the Proposition 8.2.1 so, in fact we need to consider
the commutators between [γrδ , e

n
i ]. The commutator [γrδ , f

n
i ] is an element of

dimension δ + δi in ĝBPS

Q̃K ,W̃K
. Since imK only contains elements whose dimension

vector is a multiple of δ, the commutator must be in reK .
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We now sieve back everything together. Recall the Lie algebra W̃+
K+1 from Def-

inition 8.1.4. By Proposition 8.1.6, W̃+
K+1 is a negatively determined Heis Lie

algebra. We consider the Lie subalgebra W̃+,≤0
K+1 ⊂ W̃+

K+1. It is a Lie subalge-
bra spanned by T0,0(X) where X ∈ n+K+1, Tm+1,0(X) where ∈ glK+1,m ≥ 0 and
tn,1, tn,0 for all n ≥ 1. Similarly, by Proposition 6.3.11, ĝBPS

Q̃K ,W̃K
is a negatively

determined Heis Lie algebra. Let (ĝBPS

Q̃K ,W̃K
)≤0 ⊂ ĝBPS

Q̃K ,W̃K
be the non positive de-

gree subspace of ĝBPS

Q̃K ,W̃K
. Clearly it is generated by α

(0)
i , i ∈ [0, K] and γ

(0)
n·δ, γ

(1)
n·δ

for n ≥ 1.

Theorem 8.2.6. For any K ≥ 1, the morphism F : (ĝBPS

Q̃K ,W̃K
)≤0 → W̃+,≤0

K+1 given

by

γ
(0)
n·δ → (−1)n(n− 1)!(K + 1)ntn,0

γ
(1)
n·δ → (−1)n(n)!(K + 1)n−1 ((K + 1)tn,1 − Tn,0(HK+1))

α
(0)
i → T0,0(Ei,i+1),∀i ∈ [1, K]

α
(0)
0 → T1,0(EK+1,1)

extends to an isomorphism of Lie algebras

F̂ : ĝBPS

Q̃K ,W̃K
→ W̃+

K+1.

Proof. We check that F satisfies the conditions in Proposition 6.3.6. We first
check the compatibility with Heis actions. We have

F (u · γ(0)n·δ) = F (γ
(1)
n·δ)

= (−1)n(n)!(K + 1)n−1 ((K + 1)tn,1 − Tn,0(HK+1))

=

[
t0,2
2

− T0,1(HK+1)

K + 1
, (−1)n(n− 1)!(K + 1)ntn,0

]
= pF (γ

(0)
n·δ),

where the last equality is the consequence of the definition of p in Proposition
8.1.6 and similarly F (∂ · γ(1)n·δ) = nF (γ

(0)
n·δ) = qF (γ

(1)
n·δ) by Proposition 8.1.6. We

now check that F is a morphism of Lie algebras. Since the structure constants
between [γ

(1)
n·δ, γ

(0)
m·δ] and [γ

(1)
n·δ, γ

(1)
m·δ] for m,n > 1 are determined by relations of

[γ
(1)
δ , γ

(0)
m·δ] and [γ

(1)
δ , γ

(1)
m·δ], we only consider the latter. Clearly F ([γ

(0)
δ , γ

(0)
n·δ]) =

0 = −(−1)n+1[(K + 1)t1,0, (n− 1)!(K + 1)ntn,0] = 0. Next, we see that

[F (γ
(1)
δ ), F (γ

(0)
n·δ)] = [(−1)((K + 1)t1,1 − T1,0(HK+1)), (−1)n(n− 1)!(K + 1)ntn,0]

= (−1)n+1n!(K + 1)n+1tn+1,0

= F (γ
(0)
(n+1)·δ)

= F ([γ
(1)
δ , γ

(0)
n·δ])

where the last equality is Equation (8.8). The same argument holds for the
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relation [γ
(1)
n·δ, γ

(0)
δ ] = γ(n+1)·δ. On the other hand via Proposition 8.2.4 we have

relation [γ
(1)
δ , γ

(1)
n·δ] = (n − 1)/(n + 1)γ

(1)
(n+1)·δ whose compatibility can be checked

in the same way. We now consider relations among α
(0)
i and γn·δ. For i ̸= 0, we

have

[F (γ
(1)
δ ),F (α

(0)
i )] = [(−1)((K + 1)t1,1 − T1,0(HK+1)), T0,0(Ei,i+1)]

= T1,0(Ei,i+1)

=
(−1)K−i

2
[T0,0(Ei,i+1), T0,0(Ei,i+1), · · · , T0,0(EK,K+1), T0,0(Ei−1,i), · · · , T1,0(EK+1,1)]

= F ([γ
(1)
δ , α

(0)
i ])

via Equation 8.10. The same argument holds when n > 1 and when i = 0. In
the same way, for i ̸= 0

[F (γ
(0)
n·δ), F (α

(0)
i )] = [(−1)n(n− 1)!(K + 1)ntn,0, T0,0(Ei,i+1)]

= 0 = F ([γ
(0)
n·δ, α

(0)
i ])

and for i = 0, we have

[F (γ
(0)
n·δ), F (α

(0)
0 )] = [(−1)n(n− 1)!(K + 1)ntn,0, T1,0(EK+1,1)]

= 0 = F ([γ
(0)
n·δ, α

(0)
0 ])

where the last equalities are because of Proposition 5.0.2. Finally, the relations
between [α

(0)
i , α

(0)
j ] are also satisfied since by Proposition 5.0.2, the Lie algebra

generated by α
(0)
i is exactly the positive half n+K+1 and the above map is just the

identification of n+K+1 with s̃l
+

K+1.

By Propositon 6.3.6, F extends to a map of Heis modules F̂ . To check if the map
extends to the whole Lie algebra, it suffices to check the relations for [γn·δ, γ

(2)
m·δ],

[γ
(1)
n·δ, γ

(1)
m·δ], [γn·δ, α

(1)
i ]. Since by definition, it is a map of Heis modules, this boils

down to checking the relation for [γ
(2)
δ , γn·δ]. But again it can be checked by

definition that

F̂ (γ
(2)
δ ) = (−1)((K + 1)t1,2 − 2T1,1(HK+1))

and so

[F̂ (γ
(2)
δ ), F̂ (γn·δ)] = [(−1)((K + 1)t1,2 − 2T1,1(HK+1)), (−1)n(n− 1)!(K + 1)ntn,0]

= (−1)n+1(n)!(K + 1)n((K + 1)tn+1,1 − Tn+1,0(HK+1))

= 2/(n+ 1)F (γ0(n+1)·δ)

= F̂ ([γ
(2)
δ , γn·δ]).

where the last equality follows from Proposition 8.2.4. Thus F̂ is a map of Lie
algebras. By Proposition 8.1.7, the map F̂ is surjective. The map F̂ preserves
cohomological grading and total dimensions. We note by Proposition 5.0.2, that
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dim((ĝBPS,i

Q̃K ,W̃K
)|d|) =


1 if i = −2, |d| ≡ 0 mod K + 1

K + 1 if i ∈ 2Z≥0, |d| > 0

0 otherwise

and

dim((W̃+
K+1)

CG
dim) =


1 if CG = −2, dim ≡ 0 mod K + 1

K + 1 if CG ∈ 2Z≥0, dim > 0

0 otherwise

Since they are the same, it follows that the morphism F̂ is, in fact, an isomorphism
of Lie algebras.

116



Chapter 9

Application: CoHA of Kleinian
surface

We recall π : SK → C2/ZK+1 is the minimial resolution of the Kleinian singularity
C2/ZK+1. By [KV00][1.4,3.4], there is an equivalence of derived categories

Ψ: Db(Coh(SK)) → Db(ΠQK −Mod)

which restricts to an equivalence

Ψ: Db(Cohps(SK)) → Db(ΠQK −mod)

where Cohps(SK) is the abelian category of compactly supported coherent sheaves
on SK . This equivalence doesn’t preserve the heart given by the usual bounded
derived t structures on the derived category. It is known that the abelian sub-
category on the left, which is mapped to the representation category of the finite
dimensional representations of the preprojective algebra of the cyclic quiver ΠQK

is the abelian category of compactly supported perverse coherent sheaves associ-
ated to π : SK → C2/ZK+1 [Van04][3.1].
Recall that for i ∈ [1, K], Bi(ρreg) are the irreducible components of the excep-
tional fiber π−1(0) (Section 7.4.1). Let ω ∈ PicQ(SK) := Pic(SK) ⊗Z Q be a
Q polarization of SK . By polarization, we mean that ⟨ω,Bi(ρreg)⟩ > 0 for all
i ∈ [1, K], where ⟨−,−⟩ is the intersection pairing on the Picard group of SK .
The slope of a sheaf F ∈ Cohps(SK) is defined to be

µω(F) :=

{
χ(F )

ch1(F)·ω if ch1(F) · ω ̸= 0

∞ otherwise

For any µ ∈ Q>∪∞, let Cohωµ(SK) be the classical truncation of the derived stack
of ω-semistable properly supported coherent sheaves of SK of slope µ. Then in
[PS23][2.3.2] and [DPS23][3.1], the authors define a cohomological Hall algebra
Aζ
µ(SK) on the Borel-Moore homology HBM(Cohωµ(SK),Q) of the stack Cohωµ(SK).

Furthermore, it is shown that under the above derived equivalence, this algebra
is isomorphic to the semistable cohomological Hall algebra of the preprojective
algebra of the cyclic quiver. More precisely,
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Proposition 9.0.1. [DPS23] [Corollary 3.4] Let ζi = ⟨ω,Bi(ρreg)⟩ for 1 ≤ i ≤ K
and

ζ0 :=

{
1
µ
−
∑K

i=1 ζi , if µ ̸= ∞
−
∑K

i=1 ζi , if µ = ∞
.

The derived equivalence Ψ induces an algebra isomorphism

Aω
µ(SK) ≃ Aζ

Π
QK

,0.

where Aζ
Π
QK

,0 is the ζ-semistable, slope 0 preprojective cohomological Hall algebra

of the cyclic quiver QK.

In what follows, we will calculate the algebra Aζ
Π
QK

,0, which by the dimension

reduction theorem, [Dav22a][Section 3.2.2] is isomorphic to the algebra Aζ,χ

Q̃K ,W̃K ,0
.

We first consider a more general setting. Given any symmetric quiver Q, stability
condition ζ and slope µ, consider the Lie subalgebra

ĝBPS,ζ
ΠQ,µ

:=
⊕

d∈Λζµ\{0}

gBPS
Q̃,W̃ ,d

[u] ⊂ ĝBPS
Q̃,W̃

.

We then consider its universal enveloping algebra

Cζ
Q̃,W̃ ,µ

:= U(ĝBPS,ζ
ΠQ,µ

) ⊂ Aχ

Q̃,W̃
.

The following proposition gives a general way to realize the algebra Aζ,χ

Q̃K ,W̃K ,µ
as

a subalgebra of Aχ

Q̃K ,W̃K ,µ
explicitly.

Proposition 9.0.2. There is an isomorphism of algebras

Cζ
Q̃,W̃ ,µ

≃ Aζ,χ

Q̃,W̃ ,µ
.

Proof. For every d ∈ Λζµ, we have open inclusion Mζ
d(Q̃) ↪→ Md(Q̃), which after

restriction, induces a map of algebras (iζµ)
∗ : Cζ

Q̃,W̃ ,µ
→ Aζ

Q̃,W̃
such that

(iζµ)
∗
|gBPS :

⊕
d∈Λζµ\{0}

gBPS
Q̃,W̃ ,d

→
⊕

d∈Λζµ\{0}

gBPS,ζ

Q̃,W̃ ,d

is an isomorphism by Toda’s theorem (Equation 4.1.5). Now since the cup prod-
uct with the tautological bundle commutes with the open inclusion, it follows
that the morphism

(iζµ)
∗
| :

⊕
d∈Λζθ\{0}

gBPS
Q̃,W̃ ,d

[u] →
⊕

d∈Λζµ\{0}

gBPS,ζ

Q̃,W̃ ,d
[u]

is an isomorphism of Lie algebras. But then by the PBW theorem (4.1.1) for
Aζ,χ

Q̃,W̃ ,µ
, it follows that in fact (iζµ)

∗ is an isomorphism.
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We now consider the algebras Aω
µ(SK) ≃ Aζ,χ

Q̃K ,W̃K ,0
. When µ = ∞, the only

ω-semistable properly supported coherent sheaves on SK are the 0 dimensional
sheaves. The cohomological Hall algebra A(S) of 0-dimensional sheaves on any
quasi-projective surface S is studied and explicitly calculated in [Mel+23]. We
calculate this algebra for S = SK using Proposition 9.0.2. Note that for ζi > 0
and ζ0 = −

∑
ζi, having the slope µζ(d) = 0 implies that di = d0 = n for some

n ≥ 0. Thus the cohomolgical Hall algebra is the universal enveloping algebra
of the Lie subalgebra ⊕n≥1g

BPS

Q̃K ,W̃K ,n·δ
[u] ⊂ ĝBPS

ΠKQ
. So by Theorem 8.2.6, it follows

that

Corollary 9.0.2.1. Let W (SK) ⊂ W̃K+1 be the Lie subalgebra on the subspace
spanned by Tn,a(Hi) where i ∈ [1, K], n ≥ 1, a ≥ 0 and tn,a where n ≥ 1, a ≥ 0
with the relations

[tm,a, tn,b] = (na−mb)tm+n,a+b−1

[tm,a, Tn,b(Hi)] = (na−mb)Tm+n,a+b−1(Hi)

[Tm,a(Hi), Tn,b(Hj)] = Tm+n,a+b([Hi, Hj]) = 0

Then we have an isomorphism of algebras

A(SK) ≃ U(W (SK)).

When µ ̸= ∞, then µζ(n · δ) ̸= 0 and in particular the Lie subalgebra
⊕d∈Λζ0

gBPS
Q̃,W̃ ,d

[u] is always a Lie subalgebra of the real part reK ⊂ ĝBPS

Q̃K ,W̃K
. Given

the stability condition ζ = {ζi | i ∈ [0, K]}, we are interested in representations
of slope 0. We solve for dimension vectors d, where d is a real positive root of
the affine Lie algebra s̃lK+1 which satisfies the equality

µζ(d) =
K∑
i=1

ζi(di − d0) + d0/µ = 0. (9.1)

Since ζi > 0, any solution would be of type

n · δ + [K + 1− j, i+ j) = (n+ 1, · · · , n+ 1︸ ︷︷ ︸
i times

, n, · · · , n, n+ 1, · · · , n+ 1︸ ︷︷ ︸
j times

)

for i > 0. Note that if d′,d′′ satisfies the equation (9.1) then so does d′ + d′′.
Since gBPS

Q̃,W̃ ,n·δ+[K+1−j,i+j)
is 1 dimensional, we can identify the generator with

Tn+1,0(EK+2−j,i+1) when j > 0 and with Tn,0(E1,i+1) when j = 0.

Definition 9.0.3. Given ω a Q−polarization of SK and slope µ ∈ Q>, let ζi =
⟨ω,Bi(ρreg)⟩ for 1 ≤ i ≤ K and ζ0 = 1/µ−

∑K
i=1 ζi. Let L ⊂ Z≥0 ×Z>0 ×Z≥0 be

the subset of tuples (n, i, j) such that d = n ·δ+[K+1−j, i+j) satisfies equation
(9.1). Let W ω

µ (SK) ⊂ W̃K+1 be the Lie algebra spanned by Tn+1,a(EK+2−j,i) for
all (n, i, j) ∈ L, j > 0, a ∈ Z≥0 and Tn,0(E1,i+1) for all (n, i, 0) ∈ L, a ∈ Z≥0

satisfying
[Tm,a(X), Tn,b(Y )] = Tm+n,a+b([X, Y ]).
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for any X, Y ∈ glK+1.

We then have by Theorem 8.2.6, Proposition 9.0.2 and Proposition 9.0.1 that

Corollary 9.0.3.1. Let ω be any Q polarization of SK and let µ ∈ Q>0 be any
slope. Then there is an isomorphism of algebras

Aω
µ(SK) ≃ U(W ω

µ (SK)).
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Chapter 10

Affine Yangians and deformed
CoHA

We will now consider cohomological Hall algebrasAT
Q̃,W̃

in the case when the torus

T doesn’t preserve the symplectic form, i.e., in the case when the construction of
the affinized BPS Lie algebra doesn’t work. In this case, we get a deformation of
the universal enveloping algebra U(gBPS

Q̃,W̃
[u]), i.e., Yangians. We calculate these

algebras by embedding them into cohomological Hall algebras AT
Q̃
, which carry a

description using the Shuffle product.

10.1 Injection to shuffle algebra

Given any T , with W = 0, the cohomological Hall algebra can be explicitly
described in terms of the shuffle product. Since Repd(Q) is homotopic to a point,
we have as a graded vector space

AT
Q =

⊕
d∈NQ0

HT (pt)[xi,n|i ∈ Q0, 1 ≤ n ≤ di]
Sd

where Sd :=
∏
Sdi is the product of symmetric groups and Sdi acts by permuting

the variables xi,1, . . . , xi,di . Then it is proved in [KS11][Theorem 2.2]) that1

Proposition 10.1.1. Let f ∈ AT
Q,d′ and g ∈ AT

Q,d′′ then the product is given by

f(x0,1, . . . , x|Q0|−1,d′
|Q0|−1

) ⋆ g(x0,1, . . . , x|Q0|−1,d′′
|Q0|−1

) = (10.1)∑
σ∈Shd′,d′′

σ(f(x0,1, . . . , x|Q0|−1,d′
|Q|0−1

)g(x0,d′
0+1, . . . , x|Q0|−1,d′

|Q0|−1
+d′′

|Q0|−1
)KQ(xd′ ;xd′′)),

where KQ(xd′ ;xd′′) is called the shuffle kernel, and it depends on the quiver pre-

1Originally this is proved only in the case when T is trivial by localization formula, but then
the same proof works in the case when there is T equivariance.
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cisely by

KQ(xd′ ;xd′′) :=

∏
a∈Q1

∏
1≤m≤d′

s(a)

d′
t(a)

<n≤d′
t(a)

+d′′
t(a)

(xt(a),n − xs(a),m + t(a))

∏
i∈Q0

∏
1≤m≤d′

i
d′
i<n≤d′

i+d′′
i

(xi,n − xi,m)
(10.2)

and Shd′,d′′ ⊂ Sd′+d′′ is defined to be the subset of permutations (σi) ∈ Sd′+d′′

where i ∈ Q0 such that

σi(1) < · · · < σi(d
′
i) and σi(d

′
i + 1) < · · · < σi(d

′
i + d′′

i )

This product is often referred to as the shuffle product.

Remark 10.1.2. For tripled cyclic quiver Q̃K , also incorporating the twist χ in
(4.1.4) the shuffle kernel can be written as

K
Q̃K

(xd′ ;xd′′) := (−1)
∑
i∈ZK+1

d′
id

′′
i −d′

id
′′
i+1

∏
i,j∈ZK+1

∏
1≤m≤d′

i
d′
j<n<d′

j+d′′
j

ωCoHA
i,j (xi,m, xj,n)

(10.3)
where

ωCoHA
i,j (z, w) = (w − z + t1)

δj,i+1 (w − z + t2)
δj,i−1

(
w − z − t1 − t2

w − z

)δj,i
(10.4)

In [BT19][Section 5.2], a similarly defined algebra structure on the ring of Laurent
symmetric functions is considered as an additive shuffle algebra of cyclic type.
Let ShBT

QK = ⊕d∈NK+1ShBT
QK ,d be a NK+1 graded vector space, where

ShBT
QK ,d := C(t1, t2)(xi,n|i ∈ ZK+1, 1 ≤ n ≤ di)

Sd

This vector space is endowed with a associative algebra product ⋆BT given by

f(x0,1, . . . , xK,d′
K
) ⋆BT g(x0,1, . . . , xK,d′′

K
) :=

Sym

f(x0,1, . . . , xK,d′
K
)g(x0,d′

0+1, . . . , xK,d′
K+d′′

K
)
∏

i,j∈ZK+1

 ∏
1≤m≤d′

i
d′
j<n<d′

j+d′′
j

ωi,j(xi,m, xj,n)




where2.

ωi,j(z, w) =

(
w − z + t1
w − z

)δj,i+1
(
w − z + t2
w − z

)δj,i−1
(
w − z − t1 − t2

w − z

)δj,i
.

2We do the substitution ℏ1 = −t2, ℏ2 = t1 + t2, ℏ3 = −t1

122



and for a function f ∈ C(t1, t2)(xi,n|i ∈ ZK+1, 1 ≤ n ≤ di), it’s symmetrization is
defined to be

Sym(f) :=

 ∏
i∈ZK+1

1

di!

(∑
σ∈Sd

σ(f(x0,1, . . . , xK,dK ))

)
.

Let AT,χ
Q̃K ,Loc

be the same vector space as ShBT
QK but with the algebra product

induced by the algebra structure on AT,χ
Q̃K

. Then the morphism

S : AT

Q̃K ,Loc
→ ShBT

QK

given by

S(f(xd)) = (−1)
∑
i∈ZK+1

(di2 )+didi+1f(xd)

 ∏
i∈ZK+1

1

di!

 ∏
1≤n≤di

1≤m≤di+1

1

xi,n − xi+1,m




is an algebra isomorphism and so in particular AT,χ
Q̃K

↪→ AT,χ
Q̃K ,Loc

→ ShBT

Q̃K
is an

injection of algebras.

Homomorphism to shuffle algebra

Given any quiver Q with potential W and a torus T preserving the potential W ,
assume that there exist a weighting w′ : Q1 → Z≥0, for which W is homogeneous
and of strictly positive weight. Let Q′ ⊂ Q be the subquiver consiting only
those edges a for which w′(a) = 0. Then there is a homomorphism from the
cohomological Hall algebra AT,χ

Q,W to AT,χ
Q . Let id,T : Z

T
d (Q) := Tr(W )−1

d (0) →
MT

d(Q) be the inclusion where Tr(W )d : M
T
d(Q) → C. By considering the torus

action associated with the weighting w′, one can construct a homotopy between
ZT

d (Q) and MT
d(Q

′). The vanishing cycle functor comes with a natural map

pΦW Qvir
MT

d (Q) → (id,T )∗(id,T )
∗Qvir

MT
d (Q)

which after taking global sections, gives map of graded vector spaces

id,T : AT
Q,W,d → H(ZT

d (Q), (id)
∗Qvir

MT
d (Q)) ≃ AT

Q,d.

Here, the second isomorphism is simply because both MT
d(Q

′) and MT
d(Q) are

homotopic to a point. This gives a map of NQ0 × Z graded vector spaces

iT : AT,ψ
Q,W → AT,ψ

Q .

Then it is proved in [BD23][Prop 4.4] that
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Proposition 10.1.3. The morphism

iT : AT,ψ
Q,W → AT,ψ

Q .

is a homorphism of NQ0 × Z graded algebras.

Remark 10.1.4. We remark that Proposition 10.1.3 can be considered as the
generalization of the morphism to shuffle algebras considered by Schiffmann-
Vasserot in [SV13] for Jordan quivers, and later generalized by Yang-Zhao in

[YZ18a]. Let w : Q
1 → Zr such that

∑
[a, a∗] is homogenous and let T be torus

defined by weighing w′ : Q̃1 → Zr uniquely extended from w such that potential

W̃ is of weight 0. Then they consider another shuffle algebra structure ShT,SVQ on

the vector space AT
Q̃
. In their algebra, the shuffle kernel is given by

∏
a∈Q1

∏
1≤m≤d′

s(a)

d′
t(a)<n≤d′

t(a)+d′′
t(a)

(xt(a),n − xs(a),m + t(a))


∏

i∈Q0

∏
1≤m≤d′

i

d′
i<n≤d′

i+d′′
i

(xi,m − xi,n + t(a) + t(a∗)


∏
i∈Q0

∏
1≤m≤d′

i

d′
i<n≤d′

i+d′′
i

(xi,n − xi,m)

which is the same as
(−1)d

′·d′′
KQ̃(xd′ ;xd′′).

Thus, there is an isomorphism of algebras:

AT
Q̃
→ ShT,SVQ

given by f 7→ (−1)(
d
2)f .

We now show that this morphism respects the action of Heis constructed in
Proposition 6.3.1.

Proposition 10.1.5. The morphism iT is a morphism of Heis modules.

Proof. Since the diagram

MT
d(Q) BC*

u ×MT
d(Q)

ZT
d (Q) BC*

u×ZT
d (Q)

det× id

det× id

id×iTdiTd

commutes, it follows from the naturality of the morphism (3.1) that the diagram

pΦ0⊞Wd
QBC*

u ×MT
d (Q) (Det× id)∗

pΦWd
QMT

d (Q)

(id×iTd)∗QBC*
u ×ZTd (Q) (iTd)∗QZTd (Q)
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commutes. By taking global sections, it follows that the action by u commutes.
The compatibility with the ∂u action follows in the same way since the diagram

BC*
u×MT

d(Q) MT
d(Q)

BC*
u×ZT

d (Q) ZT
d (Q)

act

act

id×iTd iTd

commutes as Tr(W )(ρ) = 0 =⇒ Tr(W )(λρ) = 0 for any λ ∈ C.

The morphism iT is not, in general, an injection. We can already see this case
for tripled cyclic quivers.

Not injection for small torus

Since gBPS

Q̃K ,W̃K
is non-trivial by Proposition 5, it follows that neither of algebras

Aχ

Q̃K ,W̃K
,AC∗,χ

Q̃K ,W̃K
are commutative. However by the shuffle formula above, Aχ

Q̃K

and AC∗,χ

Q̃K
are commutative. This, in particular, means that the algebra mor-

phisms i and iC
∗
cannot be injective.

10.1.1 Injection for generic torus

However for the torus T, it is shown in [Dav23c][Theorem 10.2] and [SV13] that

H(MT
d(Q̃

K) pΦ
Tr(W̃K)

) is a torsion free HT×GLd
module, which in particular implies

that

Proposition 10.1.6. The natural morphism

iT : AT,χ
Q̃K ,W̃K

→ AT,χ
Q̃K

is an injection of NQ0 × Z graded algebras.

10.2 Cyclic quivers and Affine Yangians

We now study the T deformed cohomological Hall algebra AT,χ
Q̃K ,W̃K

. By Proposi-

tion 4.2.6, we have an isomorphism of cohomologically graded vector spaces

AT,χ
Q̃K ,W̃K

≃ Aχ

Q̃K ,W̃K
⊗ C[t1, t2]

This morphism restricts to an isomorphism of cohomologically graded HT(pt)
modules gBPS,T

Q̃K ,W̃K
≃ gBPS

Q̃K ,W̃K
⊗ C[t1, t2]. Thus for every element αi ∈ gBPS

Q̃K ,W̃K
, i ∈

[0, K] and γn·δ ∈ gBPS

Q̃K ,W̃K
, n ≥ 1, we have a unique (up to scalar), non-canonical

lift α̃i := αi⊗1 and γ̃n·δ := γn·δ⊗1, since both H−2(gBPS,T
Q̃K ,W̃K ,n·δ

) and H0(gBPS,T
Q̃K ,W̃K ,δi

)

are 1 dimensional vector spaces. We then have
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Proposition 10.2.1. The C[t1, t2] algebra AT,χ
Q̃K ,WK

is generated as a C[t1, t2]
algebra by uk · α̃i for all i ∈ [0, K], k ≥ 0 and uk · γ̃δ for all k ≥ 0.

Proof. There is an isomorphism of Lie algebras

gBPS,T
Q̃K ,W̃K

≃ gBPS

Q̃K ,W̃K
⊗ C[t1, t2]

by [DHM24][Corollary 11.9]. For every α ∈ gBPS

Q̃K ,W̃K
we set α̃ = α ⊗ 1 ∈ gBPS,T

Q̃K ,W̃K

via this isomorphism and α̃(mi) := um · α̃. By Theorem 8.2.6, we may identify
gBPS

Q̃K ,W̃K
as a Lie subalgebra of W̃K+1, spanned by Tk,0(X) where k ≥ 1, X ∈ slK

or k = 0, X ∈ nK where nK ⊂ slK is the Lie subalgebra generated by upper
diagonal matrices and tk,0 where k ≥ 1. For any k ≥ 1, up to a factor of non-zero
scalar, tk,0 can be written as tk,0 = adk−1

t1,1
(t1,0). Similarly, each of Tk,0(X) where

k ≥ 1, X ∈ slK or k = 0, X ∈ nK can be written as succesive Lie brackets on
T0,0(Ei,i+1), i ∈ [1, K] and T1,0(EK+1,1). Thus every basis element αd ∈ gBPS

Q̃K ,W̃K ,d

can be written as a linear combination of products of α
(0)
0 , α

(0)
1 , · · · , α(0)

K , γ
(1)
δ , γ

(0)
δ ,

i.e. there exists an expression gαd
such that

gαd
(α

(0)
0 , α

(0)
1 , · · · , α(0)

K , γ
(0)
δ , γ

(1)
δ ) = αd.

We fix such an expression for every basis element αd ∈ gBPS

Q̃K ,W̃K ,d
. We then define

a map of C[t1, t2] modules

ψd : gBPS

Q̃K ,W̃K ,d
⊗ C[t1, t2]⊗ C[u] → AT,χ

Q̃K ,W̃K

given by

ψd(αd ⊗ f(t1, t2)⊗ um) = f(t1, t2)u
m · gαd

(α̃
(0)
0 , α̃

(0)
1 , · · · , α̃(0)

K , γ̃
(0)
δ , γ̃

(1)
δ )

and thus we have map of free C[t1, t2] modules

Ψ : Sym

(⊕
d

gBPS

Q̃K ,W̃K ,d
⊗ C[t1, t2]⊗ C[u]

)
→ AT

Q̃K ,W̃K

However, Ψ⊗C[t1,t2]C[t1, t2]/(t1, t2) is an isomorphism by the PBW theorem (The-
orem 4.1.1) and thus Ψ is an isomorphism of C[t1, t2] modules by the graded
Nakayama lemma and so the statement follows.

Image in the Shuffle algebra

We now determine the image of AT,χ
Q̃K ,W̃K

under the map iT. By Proposition

10.2.1, it suffices to understand the image of α̃
(k)
i , γ̃

(k)
δ for all k ≥ 0.

Proposition 10.2.2. The image iT(AT,χ
Q̃K ,W̃K

) ⊂ AT,χ
Q̃K ,W̃K

is the C[t1, t2] sub-

algebra generated by xri,1 ∈ AT,χ
Q̃K ,δi

for all r ≥ 0, i ∈ [0, · · · , K] and (t1 +
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t2)
K(x0,1 + x1,1 + · · · + xK,1)

r ∈ AT,χ
Q̃K ,δ

for all r ≥ 0. We have iT(α̃
(r)
i ) = xri,1

and iT(γ̃
(r)
δ ) = λ(t1 + t2)

K(x0,1 + x1,1 + · · ·+ xK,1)
r for some non-zero scalar λ.

Proof. Since iTδi : CoHA
T
(0,··· ,1,··· ,0) ≃ C[t1, t2][xi,1] and α̃i = (iT)−1(1), Proposition

10.1.5 implies that
iT(α̃

(k)
i ) = xki,1

for all k ≥ 0. Let iT(γ̃0δ ) = f where f ∈ Q[t1, t2][x0,1, x1,1, x2,1, · · · , xK,1]. Then
by the shuffle formula (10.1), it follows that

γ̃0δ ⋆ α̃i = f(x0,1, x1,1, · · · , xi,1, · · · , xK,1)
(xi,2 − xi,1 − t1 − t2)(xi,2 − xi−1,1 + t1)(xi,2 − xi+1,1 + t2)

(xi,2 − xi,1)
+

(10.5)

f(x0,1, x1,1, · · · , xi,2, · · · , xK,1)
(xi,1 − xi,2 − t1 − t2)(xi,1 − xi−1,1 + t1)(xi,1 − xi+1,1 + t2)

(xi,1 − xi,2)

and

α̃i ⋆ γ̃
0
δ = f(x0,1, · · · , xi,2, · · · , xK,1)

(xi,2 − xi,1 − t1 − t2)(xi+1,1 − xi,1 + t1)(xi−1,1 − xi,1 + t2)

(xi,2 − xi,1)
+

(10.6)

f(x0,1, · · · , xi,1, · · · , xK,1)
(xi,1 − xi,2 − t1 − t2)(xi+1,1 − xi,2 + t1)(xi−1,1 − xi,2 + t2)

(xi,1 − xi,2)

Since γ̃
(0)
δ is of cohomological degree −2 and α̃

(0)
i is of cohomological degree 0, the

Lie bracket [γ̃0δ , α̃i] = 0 is of cohomological degree −2. Since H−2(gBPS,T
Q̃K ,W̃K ,δ+δi

) =

0, we must have [γ̃0δ , α̃i] = 0. Since

(xi,2 − xi,1 + t3)(xi,2 − xi−1,1 + t1)(xi,2 − xi+1,1 + t2)

(xi,2 − xi,1)
−

(xi,1 − xi,2 + t3)(xi+1,1 − xi,2 + t1)(xi−1,1 − xi,2 + t2)

(xi,1 − xi,2)
=

(xi,2 − xi,1 + t3)(xi+1,1 − xi,1 + t1)(xi−1,1 − xi,1 + t2)

(xi,2 − xi,1)
−

(xi,1 − xi,2 + t3)(xi,1 − xi−1,1 + t1)(xi,1 − xi+1,1 + t2)

(xi,1 − xi,2)
,

equation (10.5), (10.6) and the condition that α̃i ⋆ γ̃
0
δ = γ̃0δ ⋆ α̃i implies that for

all i ∈ {0, 1, · · · , K} we must have

f(x0,1, · · · , xi−1,1, xi,1, xi+1,1, · · · , xK,1) = f(x0,1, · · · , xi−1,1, xi,2, xi+1,1, · · · , xK,1)

This means that for any i, f is independent of the variable xi,1, i.e. f ∈ C[t1, t2].
Since γ̃

(0)
δ is of cohomological degree−2, this implies that the degree of polynomial

f(t1, t2) must be K. Now [γ0δ , α
(1)
i ] is an element of cohomological degree 0 in the

dimension vector δi + δ. Since the C[t1, t2] action only increases the cohomologi-
cal degree, it means that up to a scalar, the only non-zero term of cohomological
degree 0 in dimension δi + δ in gBPS,T

Q̃K ,W̃K
is [α̃i, α̃i, · · · , α̃K , α̃i−1, · · · , α̃0] (Propo-

sition 5.0.2). Again by the shuffle product description of AT,χ
Q̃K

, we can explictly

calculate [iT(α̃i), i
T(α̃i), · · · , iT(α̃K), iT(α̃i−1), · · · , iT(α̃0)]. We see that for some

non-zero constant λi ∈ Q we have
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[iT(α̃i), i
T(α̃i), · · · , iT(α̃K), iT(α̃i−1), · · · , iT(α̃0)] = λi

(t0 + t1)
K [iT(γ̃

(0)
δ ), iT(α̃

(1)
i )]

f(t1, t2)
(10.7)

Now Proposition 8.2.3 implies that there exist some µi ̸= 0 such that in AT,χ
Q̃K ,W̃K

,

[γ̃δ
(0), α̃

(1)
i ] = µi[α̃i, α̃i, · · · , α̃K , α̃i−1, · · · , α̃0] + (t1, t2)i(AT,χ

Q̃K ,W̃K
).

This implies(
f(t1, t2)

λi(t0 + t1)K
− µi

)
[α̃i, α̃i, · · · , α̃K , α̃i−1, · · · , α̃0] ∈ (t1, t2)i(AT,χ

Q̃K ,W̃K
).

By the PBW theorem (Proposition 4.1.1), the only element of cohomological

degree −2 in dimension vector δ + δi could be γ̃
(0)
δ ⋆ α̃

(0)
i . We again apply the

shuffle product formula to calculate iT(γ̃
(0)
δ ) ⋆ iT(α̃

(0)
i ). We see that

[iT(α̃i), i
T(α̃i), · · · , iT(α̃K), iT(α̃i−1), · · · , iT(α̃0)] /∈ (t1, t2) · iT(γ̃(0)δ ) ⋆ iT(α̃

(0)
i )

and thus [α̃i, α̃i, · · · , α̃K , α̃i−1, · · · , α̃0] /∈ (t1, t2)i(AT,χ
Q̃K ,W̃K

). But

[α̃i, α̃i, · · · , α̃K , α̃i−1, · · · , α̃0] ̸= 0 by the calculation of gBPS,T
Q̃K ,W̃K

in Proposi-

tion 5.0.2. Thus, we must have

f(t1, t2) = λiµi(t0 + t1)
K .

So iT(γ
(0)
δ ) = λ(t0 + t1)

K up to a non-zero scalar λ. Then by Proposition 10.1.5,

iT(γ
(r)
δ ) = λ(t0 + t1)

K(x01 + x11 + · · ·+ xK,1)
r and we are done.

This already allows us to identify a commutative subalgebra inside the image
iT(AT

Q̃K ,W̃K
) ⊂ AT

Q̃K
.

Corollary 10.2.2.1. Let e =
∑

i∈[0,K] xi,1 ∈ AT,χ
Q̃K ,δ

. For each n ≥ 1, we define

Ln := [e, [e, [· · · [e,︸ ︷︷ ︸
n−1 times

, 1]]]] ∈ AT,χ
Q̃K ,n·δ

Then, the subalgebra generated by Ln, n ≥ 1 is a polynomial subalgebra isomorphic
to C[L1, L2, · · · ].

Proof. Consider the Lie subalgebra generated by γ̃n·δ, n ≥ 1. Then, by Propo-
sition 5.0.2, it is a trivial Lie algebra, and the subalgebra generated by this
Lie algebra is a polynomial subalgebra inside AT,χ

Q̃K ,W̃K
. Let us call this algebra

AK . We show that the image of this under iT up to a factor of polynomials
in C[t1, t2] is exactly the subalgebra generated by the above generators. For any

n ≥ 1 and γ̃n·δ ∈ H−2(gBPS,T
Q̃K ,W̃K ,n·δ

) consider the commutator [γ̃
(1)
δ , γ̃n·δ]. Then since
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γ̃
(1)
δ ∈ P≤3 and γ̃n·δ ∈ P≤1, it follows that [γ̃

(1)
δ , γ̃n·δ] ∈ P≤3 where we recall that

P≤i denote the perverse filtration defined in Section 4.1.5. Thus, it should be a
linear combination of elements of the form P≤1,P≤1 ⋆P≤1 or u ·P≤1. However
minimal cohomological degree of u · P≤1 is 0 and thus it follows that we must
have

[γ̃
(1)
δ , γ̃n·δ] = λγ̃(n+1)·δ +

∑
ni+nj=n+1

λni,nj γ̃ni·δ ⋆ α̃nj ·δ +
∑

ki+kj=n+1

fki,kj(t1, t2)γ̃ki·δ ⋆ γ̃kj ·δ

(10.8)

where α̃nj ·δ ∈ n−
QK

⊂ H0(gBPS

Q̃K ,W̃K ,nj ·δ
) for some λ, λni,nj ∈ C and linear functions

fki,kj(t1, t2). We claim that each of λni,nj = 0. For any α̃nj ·δ, by Proposition
5.0.2, there exist α̃j in dimension δj such that [α̃nj ·δ, α̃j] ̸= 0. But then since γ̃n·δ
commutes with n−

QK
, applying [−, α̃j] to the above equation (10.8) gives that

0 =
∑

ni+nj=n+1

λni,nj γ̃ni·δ ⋆ [α̃nj ·δ, α̃j].

But each of non-zero γ̃ni·δ ⋆ [α̃nj ·δ, α̃j] can be extended to a basis of AT
Q̃K ,W̃K

by

the PBW theorem (Proposition 4.1.1). Since the above equation gives a relation,
it implies that λni,nj = 0. Furthemore λ ̸= 0 by Proposition 8.2.2. Thus it follows

that we must have [γ̃
(1)
δ , γ̃n·δ] ∈ AK . By equation 10.8, it follows that the algebra

generated by [γ̃
(1)
δ , γ̃n·δ], n ≥ 1 and γ̃δ contains all the generators γ̃n·δ of A

K . But
then, so does

L̃n := [γ̃
(1)
δ , [γ̃

(1)
δ , [· · · [γ̃(1)δ︸ ︷︷ ︸

n−1 times

, γ̃δ]]]] ∈ AK ⊂ AT
Q̃K ,W̃K

(10.9)

Thus algebra generated by L̃n, n ≥ 1 is AK , the commutative subalgebra. Thus,
we are done from Proposition 10.2.2.

Proposition 10.2.2 also gives a slight refinement of a particular case of [SV17] and
[Neg23a] about spherical generation of localized cohomological Hall algebra. We
note it down as the argument will be helpful later.

Corollary 10.2.2.2. The C[t1, t2] linear algebra AT,χ
Q̃K ,W̃K

is not a spherically gen-

erated C[t1, t2] algebra, while the localized algebra AT,χ
Q̃K ,W̃K

⊗ C[t−1
1 , t−1

2 ] is spher-

ically generated.

Proof. The fact that AT,χ
Q̃K ,W̃K

is not spherically generated follows from the fact

that the cohomological degree of α̃
(r)
i ≥ 0, while cohomological degree of γ̃0δ = −2.

Since the product structure preserves cohomological grading, it is not possible to
reach this element by taking products of α̃

(r)
i , nor by multiplication with any

element of C[t1, t2], since that would also increase cohomological degree.
On the other hand by Proposition 10.2.2, up to a factor of non-zero scalar,
iT(γ

(0)
δ ) = (t1 + t2)

K ∈ AT,χ
Q̃K ,W̃K ,δ

. By the argument above iT(γ
(0)
δ ) cannot be
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written as the C[t1, t2]−linear combination of products of iT(α̃
(r)
i ). However, we

can write it as a C[t±1
1 , t±1

2 ]−linear combination of the products of iT(α̃
(r)
i ). Let

Y2 = α̃
(0)
0 α̃

(0)
1 + α̃

(0)
1 α̃

(0)
0 (10.10)

Z2 = [α̃
(0)
0 , α̃

(1)
1 ] + [α̃

(0)
1 , α̃

(1)
0 ] (10.11)

for K = 1 and

YK+1 =
∑

i∈ZK+1

α̃
(0)
i ·

(
[α̃

(0)
i+1, [α̃

(0)
i+2, · · · , [α̃

(0)
i+K−1, α̃

(0)
i+K ]]]

)
(10.12)

ZK+1 =
∑

i∈ZK+1

[α̃
(0)
i , [α̃

(1)
i+1, [α̃

(0)
i+2, [· · · , [α̃

(0)
i+K−1, α̃

(0)
i+K ]]]] (10.13)

for K ≥ 2.
Note that second term in ZK+1 is α̃

(1)
i+1. Using the shuffle product formula (10.1),

it follows that for
iT(Y2) = (−2)((x1,1 − x0,1)

2 + t1t2)

and

iT(YK+1) = (−1)K(t1 + t2)
K−1

∑
i∈ZK+1

(
xi+1,1xi−1,1 − 2xi+1,1xi,1 + x2i,1 + t1t2

)
for K ≥ 2. Similarly, we calculate that

iT(Z2) = (−2)(t1 + t2)(x1,1 − x0,1)
2

and

iT(ZK+1) = (−1)K(t1 + t2)
K
∑

i∈ZK+1

(
xi+1,1xi−1,1 − 2xi+1,1xi,1 + x2i,1

)
for K ≥ 2.
Thus for all K ≥ 1, it follows that

(t1 + t2)i
T(YK+1)− iT(ZK+1) = (−1)K(K + 1)(t1 + t2)

K(t1t2)

and thus it follows that

1

(−1)K(K + 1)

((
t1 + t2
t1t2

)
iT(YK+1)−

(
1

t1t2

)
iT(ZK+1)

)
= (t1 + t2)

K

Thus by Proposition 10.1.5, it follows that for any K ≥ 1, we can write γ̃rδ as a
non-zero scalar multiple of

Kr
K+1 := ur · ((t1 + t2)YK+1 −ZK+1

t1t2
) (10.14)
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Now that we know the image of AT,χ
Q̃K ,W̃K

in the shuffle algebra, we show that the

image is an integral form of an affine Yangian.

10.2.1 Affine Yangian

Let n ≥ 2. Let Ÿℏ1,ℏ2(gl(n)) be the affine Yangian of gln considered in [BT19],
which is a slight reparametrization and is isomorphic to the affine Yangian defined
by [Gua07]. The definition of the affine Yangian for n = 2 was first given in
[Kod19].

Definition 10.2.3. Ÿ+
ℏ1,ℏ2(gl(n)) is a C[ℏ1, ℏ2] algebra generated by the elements

X+
i,r where i = 0, · · · , n− 1 and r ≥ 0 such that for all i ∈ [0, n− 1] and r, s ≥ 0

we have relations

[X+
i,r+1, X

+
i+1,s]− [X+

i,r, X
+
i+1,s+1] = (ℏ1 + ℏ2/2)[X+

i,r, X
+
i+1,s]− ℏ2/2{X+

i,r, X
+
i+1,s}

(10.15a)

[X+
i,r+1, X

+
i−1,s]− [X+

i,r, X
+
i−1,s+1] = −(ℏ1 + ℏ2/2)[X+

i,r, X
+
i−1,s]− ℏ2/2{X+

i,r, X
+
i−1,s}

(10.15b)

[X+
i,r+1, X

+
i,s]− [X+

i,r, X
+
i,s+1] = ℏ2(X+

i,rX
+
i,s +X+

i,sX
+
i,r) (10.15c)

[X+
i,r, X

+
j,s] = 0 ∀ |i− j| > 1 (10.15d)∑

σ∈S2

[X+
i,rσ(1)

, [X+
i,rσ(2)

, X+
i+1,s]] = 0 (10.15e)

when n ≥ 2 and

[X+
i,r+1, X

+
i,s]− [X+

i,r, X
+
i,s+1] = ℏ2{X+

i,r, X
+
i,s} (10.16a)

[X+
i,r+2, X

+
i+1,s]− 2[X+

i,r+1, X
+
i+1,s+1] + [X+

i,r, X
+
i+1,s+2] =

ℏ1(ℏ1 + ℏ2)[X+
i,r, X

+
j,s]− ℏ2({X+

i,r+1, X
+
i+1,s} − {X+

i,r, X
+
i+1,s+1}) (10.16b)

Symr1,r2,r3 [X
+
i,r1
, [X+

i,r2
, [X+

i,r3
, X+

i+1,s]]] = 0 (10.16c)

when n = 2.

Note that we can give a dimension grading to the algebra Ÿ+
ℏ1,ℏ2(gl(n)) by declar-

ing dim(X+
i,r) = δi where δi = (0, · · · , 1, · · · , 0) ∈ Nn. We also have a cohomolog-

ical grading given by declaring CG(X+
i,r) = 2r and CG(ℏ1) = CG(ℏ2) = 2. Then

the size of this algebra is known due to earlier work. We have

Proposition 10.2.4. There is an isomorphism of free C[ℏ1, ℏ2] modules

Ÿ+
ℏ1,ℏ2(gl(n)) ≃ Sym(Ln)⊗ C[ℏ1, ℏ2]
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where Ln is Nn × Z graded vector space of graded dimension

dim((Ln)CG
dim) =


n− 1 if CG = 0,dim ∈ Z≥1 · δ
n if CG ≥ 1,dim ∈ Z≥1 · δ
1 if CG ∈ Z≥0,dim is a positive real root of s̃ln

0 otherwise

(10.17)

Proof. We define a filtration F of Ÿ+
ℏ1,ℏ2(gl(n)) by assigning X+

i,r degree 2r and

rest 0. Then the associated graded algebra GrF (Ÿ+
ℏ1,ℏ2(gl(n))) ≃ U(Ln)⊗C[ℏ1, ℏ2]

where L is Lie algebra generated by relations Ln is a Lie algebra over C, generated
by X+

i,r, r ≥ 0, i ∈ [0, n− 1] with the defining relations

[X+
i,r+1, X

+
i,s]− [X+

i,r, X
+
i,s+1] = 0

[X+
i,r+2, X

+
i+1,s]− 2[X+

i,r+1, X
+
i+1,s+1] + [X+

i,r, X
+
i+1,s+2] = 0

Symr1,r2,r3 [X
+
i,r1
, [X+

i,r2
, [X+

i,r3
, X+

i+1,s]]] = 0

when n = 2 and

[X+
i,r+1, X

+
i+1,s] = [X+

i,r, X
+
i+1,s+1]

[X+
i,r+1, X

+
i−1,s] = [X+

i,r, X
+
i−1,s+1]

[X+
i,r+1, X

+
i,s] = [X+

i,r, X
+
i,s+1]

[X+
i,r, X

+
j,s] = 0 ∀|i− j| > 1

Symr1,r2 [X
+
i,r1
, [X+

i,r2
, X+

i±1,s]] = 0

when n > 2.
Given any commutative algebra A, we can consider the Lie algebra sln(A), defined
by the Lie bracket [X ⊗ a, Y ⊗ b] = [X, Y ]⊗ ab where X, Y ∈ sln and a, b ∈ A are

arbitrary elements. Let ŝln(A) be the universal central extension of sln(A) which
is as vector spaces sln(A) ⊕ Ω1(A)/dA, where Ω1(A)/dA is the space of 1 forms
on the affine variety Spec(A), modulo the exact forms (We refer to [MRY90] and
[Gua07] for details). The Lie algebra is defined by

[z1 ⊗ a1, z2 ⊗ a2] = [z1, z2]⊗ a1 · a2 + ⟨z1, z2⟩a2da1

where ⟨·, ·⟩ is the Killing form. We consider the setting when A = C[u±1, v].

Let b+n ⊂ ŝln[u
±1, v] be the positive half. It can be identified as the Lie algebra

spanned by Xuavb where X ∈ sln, a ≥ 1, b ≥ 0 and Xvb where X ∈ n+n and Kb[a]
where a, b ≥ 1, such that they satisfy the relations

[Xum1vn1 , Y um2vn2 ] = [X, Y ]⊗um1+m2vn1+n2+⟨X, Y ⟩(m2n1−m1n2)Km1+m2 [n1+n2],

with Kb[a] central.
For n > 2, by [Gua07][Lemma 3.4] and for n = 2, by [Dia+25][Proposition
IV.3.10]; we have an isomoprhism of Lie algebras Ln ≃ b+n given by X+

i,r 7→
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Ei,i+1v
r and X+

0,r 7→ En,1uv
r. The advantage is that now we have an explicit

spanning set of the Lie algebra Ln. The dim and CG grading makes Ln a Nn ×
Z graded vector spaces. Computing these graded dimensions proves the above
theorem.

Proposition 10.2.5. Assume K ≥ 1. Then we have a homomorphism of alge-
bras3

Φ : Ÿ+
−t2,t1+t2(gl(K + 1)) → AT,χ

Q̃K ,W̃K

given by the assignment X+
i,s 7→ α̃

(s)
i .

Proof. By Proposition 10.1.6, there is an injection of algebras iT : AT,χ
Q̃K ,W̃K

↪→
AT,χ
Q̃K

. Since iT(Φ(X+
i,s)) = xsi,1. We can use the explicit shuffle product (Equation

10.2) on AT,χ
Q̃K

to check that the defining relations (10.2.3) of the positive half of

the affine Yangian are satisfied.
Assume K > 1. Then by the Shuffle formula, we have

[xri,1, x
s
i+1,1] = −(t1 + t2)x

r
i,1x

s
i+1,1

{xri,1, xsi+1,1} = xri,1x
s
i+1,1(2(xi,1 − xi+1,1) + t2 − t1)

[xri,1.x
s
i,1] = 2(t1 + t2)

(
xsi,2x

r
i,1 − xri,2x

s
i,1

xi,2 − xi,1

)
{xri,1.xsi,1} = −2(xri,2x

s
i,1 + xri,1x

s
i,2)

[xri,1, x
s
j,1] = 0 ∀ | i− j |> 1

Thus when ℏ1 = −t2, ℏ2 = t1 + t2, the Relations 10.15a,10.15b, 10.15c, 10.15d
are clearly satisfied. Checking Serre relation 10.15e is a similar but lengthier
computation.
When K = 1. The shuffle formula for quiver

•0 •1−t1−t2
t1

t2

t1
t2

−t1−t2 ,

gives

[xri,1, x
s
i+1,1] = −2xri,1x

s
i+1,1(t1 + t2)(xi+1,1 − xi,1)

{xri,1, xsi+1,1} = −2xri,1x
s
i+1,1((xi+1,1 − xi,1)

2 + t1t2)

[xri,1.x
s
i,1] = 2(t1 + t2)

(
xsi,2x

r
i,1 − xri,2x

s
i,1

xi,2 − xi,1

)
{xri,1.xsi,1} = −2(xri,2x

s
i,1 + xri,1x

s
i,2)

3A 1-parameter version of this proposition is also proved in [YZ18a] for any loop-free quiver
Q.
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So

[X+
i,r+2, X

+
i+1,s]−2[X+

i,r+1, X
+
i+1,s+1]+[X+

i,r, X
+
i+1,s+2] 7→ 2(t1+t2)(x

r
i,1x

s
i+1,1)(xi,1−xi+1,1)

3

and similarly, we have

−t1t2[X+
i,r, X

+
j,s] + (t1 + t2)({X+

i,r+1, X
+
i+1,s} − {X+

i,r, X
+
i+1,s+1}) 7→

2(t1 + t2)x
r
i,1x

s
i+1,1(xi,1 − xi+1,1)

3.

Thus Relation 10.16b is satisfied.
Similarly,

[X+
i,r+1, X

+
i,s]− [X+

i,r, X
+
i,s+1] 7→ 2(t1 + t2)

xsi,2x
r+1
i,1 − xr+1

i,2 x
s
i,1 − xs+1

i,2 x
r
i,1 + xri,2x

s+1
i,1

xi,2 − xi,1

= 2(t1 + t2)(−1)(xri,2x
s
i,1 + xri,1x

s
i,2)

But
(t1 + t2){X+

i,r, X
+
i,s} 7→ −2(t1 + t2)(x

r
i,2x

s
i,1 + xri,1x

s
i,2).

So the Relation 10.16a is also satisfied. We can similarly check the Serre relation
10.16c.

We now show that in fact the morphism Φ is an injection4.

Proposition 10.2.6. Assume K ≥ 1. Then we have an injection of algebras:

Φ : Ÿ+
−t2,t1+t2(gl(K + 1)) → AT,χ

Q̃K ,W̃K

given by the assignment X+
i,s 7→ α̃

(s)
i .

Proof. We show that, in fact, we have an isomorphism

Φ : Ÿ+
−t2,t1+t2(gl(K + 1)) ≃ SAT,χ

Q̃K ,W̃K
↪→ AT,χ

Q̃K ,W̃K

Clearly by definition, Φ is a surjection on its image. The spherical subalge-
bra SAT,χ

Q̃K ,W̃K
is cohomologically and dimensionally graded. It is shown in

[SV20][Theorem 5.18] that SAT,χ
Q̃K ,W̃K

is isomorphic to the nilpotent cohomo-

logical Hall algebra AT,N ,χ
ΠQ

≃ AT,Ñ ,χ

Q̃,W̃
. We now compute the graded dimension

of nilpotent CoHA. By Theorem 4.2.8, we have an isomorphism of free C[t1, t2]
modules

AT,Ñ
Q̃,W̃

≃ AÑ
Q̃,W̃

⊗ C[t1, t2].

In Example 10.18, we proved that there is an isomorphism of graded vector spaces:

AÑ
Q̃,W̃

≃ Sym(H(MNQ
d (Q), i!BPSΠQ)[u]).

4In an earlier version of the paper, for K > 1, we proved this by comparing graded dimension
after taking Perverse filtration.
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and ∑
i

(−1)i dim(Hi(MNQ
d (Q), i!BPSΠQ))q

i/2 = aQ,d(q). (10.18)

and thus by calculation of Kac polynomial for cyclic quiver in Equation 5.0.1, it
follows that

dim(H(MNQ
d (Q), i!BPSΠQ [u])

i) =


K if i = 0,d ∈ Z≥1 · δ
K + 1 if i ≥ 1,d ∈ Z≥1 · δ
1 if i ∈ Z≥0,d is a positive real root of s̃lK+1

0 otherwise

(10.19)

which matches the graded dimensions of the affine Yangian in Proposition 10.2.4.
Thus, the morphism Φ is an injection.

Remark 10.2.7. From the above argument, it follows that there is an isomor-

phism of C[t1, t2] linear algebras Ÿ+
−t2,t1+t2(gl(K+1)) ≃ AT,Ñ ,χ

Q̃K ,W̃K
. This statement

is now also proved in [Dia+25][Theorem IV.3.11].

We now identify the integral form precisely.

Lemma 10.2.8. There exists a derivation T : Ÿ+
ℏ1,ℏ2(gl(n)) → Ÿ+

ℏ1,ℏ2(gl(n)) such

that T (X+
i,r) = X+

i,r+1

Proof. We define T (X+
i,r) = X+

i,r+1 and extend it by T (ab) := T (a)b + aT (b) for

a, b ∈ Ÿ+
ℏ1,ℏ2(gl(n)) and note that it satisfies the relations in Definition 10.2.3 and

hence is well defined5.

Definition 10.2.9. Assume n ≥ 2. Let Y(n),+,CoHA
ℏ1,ℏ2 ⊂ Ÿ+

ℏ1,ℏ2(gl(n)) ⊗C[ℏ1,ℏ2]

C[ℏ±1
1 , (ℏ1+ℏ2)±1] be a C[ℏ1, ℏ2] linear sub algebra generated by X+

i,r and K
(r)
n for

r ≥ 0 such that for all r ≥ 0, we have an extra relation

(ℏ1)(ℏ1 + ℏ2)K(r)
n = Tr(Zn − ℏ2Yn)

where

Y2 := X+
0,0X

+
1,0 +X+

1,0X
+
0,0

Z2 := [X+
0,0, X

+
1,1] + [X+

1,0, X
+
0,1]

and

Yn :=
∑

i∈Z/nZ

X+
i,0 ·
(
[X+

i+1,0, [X
+
i+2,0, · · · , [X+

i+n−2,0X
+
i+n−1,0]]]

)
Zn :=

∑
i∈Z/nZ

[X+
i,0, [X

+
i+1,1, [X

+
i+2,0, [· · · , [X+

i+n−2,0, X
+
i+n−1,0]]]].

5Alternatively one can use [GNW18][Lemma 2.22] to construct such a operator in

Ÿ(0)
ℏ1,ℏ2

(gl(n)).
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for n ≥ 2. Note that second term in the sum defining Zn is X+
i+1,1.

Note that these extra elements are defined purely via cohomological Hall algebras,
but quite remarkably they satisfy interesting algebraic simplification when ℏ2 = 0.
See Proposition 11.0.2 in particular.

Theorem 10.2.10. We have an isomorphism of C[t1, t2] algebras

Φ̃ : Y(K+1),+,CoHA
−t2,t1+t2 → AT,χ

Q̃K ,W̃K
,

given by the assignment X+
i,s 7→ α̃

(s)
i and K

(r)
K+1 7→ γ̃

(r)
δ .

Proof. The map is well defined by Proposition 10.2.6, Equation 10.14, and Propo-
sition 10.2.2. By Corollary 10.2.1, the morphism Φ̃ is a surjection. The al-
gebra AT

Q̃K ,W̃K
is a free C[t1, t2] module by Theorem 4.2.7. After localizing,

Φ̃ ⊗C[t1,t2] C(t1, t2) is just the morphism Φ ⊗C[t1,t2] C(t1, t2) in the Proposition

10.2.6, which is an injection. So Φ̃ is an injection, and we are done.
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Chapter 11

Deformed Affinized BPS Lie
algebra for Cyclic Quivers

We recall that in Section 6.1, we gave AC∗,χ

Q̃K ,W̃K
a cocommutative coproduct by

considering the eigenvalues of ω :=
∑
ωi, and we concluded that there is an

isomorphism of algebras

AC∗,χ

Q̃K ,W̃K
≃ UC[t](ĝ

BPS,C∗

Q̃K ,W̃K
),

where ĝBPS,C∗

Q̃K ,W̃K
is a C[t] linear Lie algebra, called the C∗ deformed affinized BPS Lie

algebra. Previous results allows us to calculate the Lie algebra ĝBPS,C∗

Q̃K ,W̃K
explicitly.

Since gBPS,C∗

Q̃K ,W̃K
≃ gBPS

Q̃K ,W̃K
⊗ C[t] as graded vector spaces, let α̂i and γ̂δ be unique

non-canonical lift of αi, γδ ∈ gBPS

Q̃K ,W̃K
. We then have

Proposition 11.0.1. The C[t] linear Lie algebra ĝBPS,C∗

Q̃K ,W̃K
is generated by uk · α̂i

for all i ∈ [0, K], k ≥ 0 and uk · γ̂δ for all k ≥ 0.

Proof. Note that since AC∗,χ

Q̃,W̃
is a free C[t] module, the isomorphism of algebras

AC∗,χ

Q̃,W̃
≃ UC[t](ĝ

BPS,C∗

Q̃K ,W̃K
) implies that ĝBPS,C∗

Q̃K ,W̃K
is a free C[t] module. We define a

map of free C[t] modules

J : ĝBPS

Q̃K ,W̃K
⊗ C[t] → ĝBPS,C∗

Q̃K ,W̃K
,

defined by J(α
(k)
i f(t)) := uk · α̂i and J(γ(k)δ )f(t)) = f(t)uk · γ̂δ and extending to

ĝBPS,C∗

Q̃K ,W̃K
by the Lie algebra relations on ĝBPS

Q̃K ,W̃K
(Theorem 8.2.6). It suffices to

show that the morphism J is surjective. Let mC∗ = (t) ⊂ C[t] be the maximal
ideal. Then the morphism J/(mC∗) is an isomorphism of NQ0×Z graded modules,
where each graded piece is finite-dimensional and thus J is an isomorphism of
vector spaces and so in particular surjective.

We now calculate AC∗,χ

Q̃K ,W̃K
. Since there is an isomorphism of algebras

AC∗,χ

Q̃K ,W̃K
≃ AT,χ

Q̃K ,W̃K
⊗C[t1,t2] C[t1, t2]/(t1 + t2),
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it follows by Theorem 10.2.10, that there is an isomorphism of algebras

(Y(K+1),+,CoHA
−t2,t1+t2 )t1+t2=0 ≃ AC∗,χ

Q̃K ,W̃K
.

But setting t2 = ℏ, yields

(Y(K+1),+,CoHA
−t2,t1+t2 )t1+t2=0 ≃ UC[ℏ](SK+1) (11.1)

and an isomorphism of Lie algebras

ĝBPS,C∗

Q̃K ,W̃K
≃ SK+1, (11.2)

where SK+1 is a C[ℏ] linear Lie algebra generated by X+
i,r, r ≥ 0, i ∈ [0, K] and

KrK+1, r ≥ 0 with the defining relations

[X+
i,r+1, X

+
i+1,s]− [X+

i,r, X
+
i+1,s+1] = −ℏ[X+

i,r, X
+
i+1,s] (11.3)

[X+
i,r+1, X

+
i−1,s]− [X+

i,r, X
+
i−1,s+1] = ℏ[X+

i,r, X
+
i−1,s] (11.4)

[X+
i,r+1, X

+
i,s]− [X+

i,r, X
+
i,s+1] = 0 (11.5)

[X+
i,r, X

+
j,s] = 0 ∀|i− j| > 1 (11.6)∑

σ∈S2

[X+
i,rσ(1)

, [X+
i,rσ(2)

, X+
i+1,s]] = 0 (11.7)

Tr(ZK+1) = ℏ2K(r)
K+1 (11.8)

when K > 1 and

[X+
i,r+1, X

+
i,s]− [X+

i,r, X
+
i,s+1] = 0 (11.9a)

[X+
i,r+2, X

+
i+1,s]− 2[X+

i,r+1, X
+
i+1,s+1] + [X+

i,r, X
+
i+1,s+2] = ℏ2[X+

i,r, X
+
j,s] (11.9b)

Symr1,r2,r3 [X
+
i,r1
, [X+

i,r2
, [X+

i,r3
, X+

i+1,s]]] = 0 (11.9c)

Tr(Z2) = ℏ2K(r)
2 (11.9d)

when K = 2.
The isomorphism of the C[ℏ] linear Lie algebras ĝBPS,C∗

Q̃K ,W̃K
→ SK+1 is given by

ur · α̂i 7→ X+
i,r for all i ∈ [0, K], r ≥ 0 and ur · γ̂δ 7→ K

(r)
K+1, r ≥ 0. The Lie algebra

SK+1 can be described more explicitly. Recall the Lie algebra (WK+1)
+ from

Section 8.1. We consider a derivation of (WK+1)
+, defined by adPK+1

:= [PK+1, ·]
where

PK+1 =
(K + 1)2

2
t0,2 + (K + 1)T0,1(H

′
K+1) + (K + 1)ℏT0,0(H ′′

K+1)

such that H ′
K+1 =

∑K+1
i=1 (K + 3/2 − i)Ei,i and H ′′

K+1 =
∑K+1

i=1 µiEi,i for any
µi satisfying µi − µi+1 = (1 − i/(K + 1)) and

∑
µi = 0. They are chosen

so that [H ′
K+1, Ei,i+1] = Ei,i+1 for all i ∈ [1, K], [H ′

K+1, EK+1,1] = −K and
[H ′′

K+1, Ei,i+1] = (1 − i/(K + 1))Ei,i+1 for all i ∈ [1, K]. This might look adhoc,
but important property is that they satisfy equations 11.10.
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Proposition 11.0.2. We have an isomorphism of C[ℏ] linear Lie algebras

G : SK+1 → (WK+1)
+

given by

X+
0,r 7→ adrPK+1

(T1,0(EK+1,1))

X+
i,r 7→ adrPK+1

(T0,0(Ei,i+1))

K
(r)
K+1 7→ adrPK+1

(t1,0)

Proof. We see that in terms of matrices

adrPK+1
(T1,0(EK+1,1)) = (−1)r(K + 1)rDrzEK+1,1 (11.10)

adrPK+1
(T0,0(Ei,i+1)) = (−1)r(K + 1)r(D + (1− i/(K + 1))ℏ)rEi,i+1 (11.11)

It can be checked explictly that the defining relations (11.3)(11.4)(11.5) (11.6)
(11.7) and similarly the ones for K = 1 of SK+1 are satisfied. Recall that we
defined

ZK+1 =
∑

i∈Z/(K+1)Z

[X+
i,0, [X

+
i+1,1, [X

+
i+2,0, [· · · , [X+

i+K−1,0, X
+
i+K,0]]]]]

Let Ri = [X+
i,0, [X

+
i+1,1, [X

+
i+2,0, [· · · , [X+

i+K−1,0, X
+
i+K,0]]]]]. Then When i = 0, K,

we calculate that

G(Ri) = (−1)(K + 1)

(
zD + (2− i+ 1

K + 1
)ℏz
)
(Ei,i − Ei+1,i+1)

When i = 0, K, we calculate that

G(R0) = (−1)(K + 1)

(
zD(EK+1,K+1 − E1,1) +

ℏzK(EK+1,K+1 − E1,1

K + 1
− ℏzE1,1

)
G(RK) = (−1)(K + 1) (zD(EK,K − EK+1,K+1) + ℏz(EK,K − EK+1,K+1))

Then summing up them up gives

G(ZK+1) =
K∑
i=0

G(Ri) = ℏzId

Thus G(ZK+1) = ℏ2t1,0, thus relations 11.8 and 11.9d are satisfied for r = 0. But
note that G(T (X+

i,r)) = G(X+
i,r+1) = adPK+1

(G(Xi,r)) thus these relations are also
satisfied for r > 1. It is a surjective map of Lie algebras since (WK+1)

+ is gener-
ated by t1,r, r ≥ 0 and T0,r(Ei,i+1), T1,r(EK+1,1), all of which are inductively in the
image of G. To show the injection, we note that G respects both cohomological
and dimension grading on SK+1, induced by the isomorphism ĝBPS,C∗

Q̃K ,W̃K
≃ SK+1.

It is easy to check by Proposition 5.0.2 that the graded dimensions of SK+1 and
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(WK+1)
+ are finite dimensional and are the same. Thus G is, in fact, an iso-

morphism. Alternatively, it is an injective map after localizing with C[ℏ−1] since
then G[ℏ−1] is the positive half of the isomorphism of Lie algebras considered in
[Tsy17a][Theorem 2.2].

Combining Proposition 11.0.2 and Equation (11.2) implies

Theorem 11.0.3. There is an isomorphism of of C[ℏ] linear Lie algebras

ĝBPS,C∗

Q̃K ,W̃K
≃ (WK+1)

+
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Chapter 12

Application: Maulik-Okounkov
Yangian for Cyclic Quiver

Given any quiver Q in [MO19] and torus T which scales the natural symplec-
tic form on the Nakajima quiver varieties associated with quiver Q, Maulik and
Okounkov defined an associative algebra HT(pt) linear algebra YT,MO

Q called the
Maulik-Okounkov Yangian. They further conjectured a strong relationship be-
tween the Bethe Subalgebra of these algebras and the equivariant Quantum co-
homology ring of the Nakajima quiver varieties, which makes calculating these
HT(pt) linear algebras a worthwhile investment. In the latter half of [MO19], the
authors calculate these algebras for the Jordan quiver and realise them as the
affine Yangian of gl(1), which are algebras that were defined via Cohomological
Hall algebras in [AS13]. In [Zhu24], it is proved that, after localization, the K-
theoretic version of the MO Yangian is isomorphic to quantum toroidal algebras.
Thus, after taking additive degeneration, it is natural to expect the relation be-
tween the affine Yangian and MO Yangian for cyclic quivers. In this chapter, we
calculate HT(pt) linear algebras Y

T,MO
Q in the case of cyclic quivers. We note the

emphasis on HT(pt) linearity, as the Nakajima quiver varieties are not proper, so
after localizing, i.e., YT,MO

Q ⊗HT(pt) Frac(HT(pt)) forgets a lot of the geometry of
Nakajima quiver varieties.

12.0.1 Maulik-Okounkov Yangian

Following [SV23], we first quickly recall the definition of the MO Yangian. Let
Q be any quiver and Let T be any torus, defined by weighting w : Q1 → Zr
such that ρ =

∑
a∈Q1

[a, a∗] is homogenous. We recall that the torus associated
to this is given by Hom(Zr,C∗). In particular for ρ, we get a homomorphism
T → C∗ given by t 7→ t(w(ρ)), which by taking pullback, defines a cohomology
class t(ρ) ∈ HT(pt). We define ℏ := t(ρ) and we assume that ℏ ̸= 01.Given
any framing f ∈ NQ0 , we can extend weighting w′ to a weighting w : Qf 1 → Zr

1The assumption ℏ ̸= 0 is crucial as only in this case MO Yangians are defined.
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defined by w′(a) = w(a) for all a ∈ Q1 and w′(αi,m) = w(ρ),w′(α∗
i,m) = 0. Let

NG̃Lf ,ζ
∞

f (Q) :=
⊕

d∈NQ0

HG̃Lf (Nζ∞

d,f (Q),Q
vir).

be the equivariant cohomology of Nakajima quiver varieties, where G̃Lf = GLf ×
T , and GLf =

∏
i∈Q0

GLfi is the gauge group which reparametrize the framing.
Then in [MO19], by developing theory of Stable envelopes, authors define certain
morphisms

Rf1,f2(Q) ∈ EndH
G̃Lf

(N
G̃Lf1

,ζ∞

f1
(Q)⊗HT(pt) N

G̃Lf2
,ζ∞

f2
(Q))⊗H

G̃Lf
(pt) Frac(HG̃Lf

(pt))

for any choice of framing f1, f2 ∈ NQ0 , where f = f1 + f2.
By the way the theory is structured, these morphisms automatically satisfy the
Yang-Baxter equations. They prove that for any f = f1 + f2 + f3, we have

R12
f1,f2

(Q)R13
f1,f3

(Q)R23
f2,f3

(Q) = R23
f2,f3

(Q)R13
f1,f3

(Q)R12
f1,f2

(Q)

Let S be any ring containing Q. Given a collection of S modules Fi and spectral
R matrices Rij ∈ End(Fi ⊗ Fj)(u), satisfying the Yang-Baxter Equation, there is
a general way called the FRT formalism, named after Faddeev, Reshetikhin, and
Takhtadzhyan, which constructs a quasi-triangular Hopf algebra which naturally
acts on Fi ⊗ S(u). This was exploited by Maulik and Okounkov to construct the
Maulik-Okounkov Yangian.
For any quiver Q, let

AT,ζ
∞

Q =
⊕
f∈NQ0

EndG̃Lf

(
NG̃Lf ,ζ

∞

f (Q)
)
.

Then the MO Yangians are defined to be a subalgebra

YT,MO
Q ⊂ AT,ζ

∞

Q

defined by certain operators using above R matrices, as explained in
[MO19][Section 5.2.6]. Due to the work of Botta-Davison in [BD23] and
Schiffmann-Vasserot in [SV13], there is now an understanding of this subalge-
bra in terms of cohomological Hall algebras, which we now recall.

12.0.2 Relation with Cohomological Hall algebras

For any Nakajima quiver variety Nζ∞

d,f (Q), we have tautological bundles Vi and
Wi as defined in Section 4.1.3. These defines operators chl(Vi), chl(Wi) acting
by cup product on there cohomology. We see them as elements inside ATQ. In

Section 7.3.1, we saw that there is action of AT
Q̃,W̃

and AT,Ñ
Q̃,W̃

on NG̃Lf ,ζ
∞

f (Q), and
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so we have morphisms

ρQ : AT,χ

Q̃,W̃
→ AT,ζ

∞

Q (12.1)

ρNQ : AT,Ñ ,χ

Q̃,W̃
→ AT,ζ

∞

Q (12.2)

Assume that the weighting w : Q1 → Zr is defined so that it factors through
weighting w′′ : Q1 → Z2 given by w′′(a) = (1, 0),w′′(a∗) = (0, 1). Then it is
proved in [BD23][Corollary 1.4] that the morphism ρQ is an injection, while the
same is proved in [SV17] for ρNQ . Combining Theorem 4.13 and Lemma 3.18 of
[SV23], and Corollary 1.4 of [BD23], it follows that

Theorem 12.0.1. The Maulik-Okounkov Yangian can be identified by the subal-
gebra of the cohomology ring of Nakajima quiver variety generated by the image
of ρQ, ρ

N
Q and tautological operators chk(Vi) and chk(Wi). i.e we have

YT,MO
Q = ⟨AT

Q̃,W̃
,AT,Ñ

Q̃,W̃
, chk(Vi), chk(Wi)⟩ ⊂ AT,ζ

∞

Q

as HT (pt) algebras.

We now specialize to the case when Q = QK is a cyclic quiver and torus T = T.
By Remark 10.2.7, we may identify AT,Ñ ,χ

Q̃K ,W̃K
with the positive Half of the affine

Yangian Ÿ+
−t2,t1+t2(gl(K +1)). However, in the view that the action on the Naka-

jima quiver variety is the right action, it is more natural to identify the nilpotent
CoHA with the opposite algebra of the affine Yangian, i.e., with the negative half.
This statement is also proved in [Dia+25][Theorem III.7.3]. We have

Proposition 12.0.2. Let Ÿ−
ℏ1,ℏ2(gl(n)) be the negative Half of the affine Yangian,

i.e. the subalgebra ⟨X−
i,r | i ∈ Z/nZ, r ≥ 0⟩ of Y(n),CoHA

ℏ1,ℏ2 defined in Definition

1.2.2. Then for any K ≥ 1, we have an isomorphism of algebras AT,Ñ
Q̃K ,W̃K

≃
Ÿ+

−t2,t1+t2(gl(K + 1)) such that for any framing f , this isomorphism induces left

action of Ÿ−
−t2,t1+t2(gl(K + 1)) on NG̃Lf ,ζ

∞

f (QK).

In Theorem 10.2.10, we proved that AT
Q̃K ,W̃K

is isomorphic to an integral form

Y+,(K+1),CoHA
−t2,t1+t2 of the affine Yangian and thus inducing action of the integral form

on NG̃Lf ,ζ
∞

f (QK) for any framing f . It suffices to understand how the positive and
negative halves glue, which we can do by the work of Varagnolo.

12.0.3 Varagnolo Action of Yangian

We consider the action of the full affine Yangian on the Nakajima quiver variety,
due to Varagnolo [Var00], which is based on work of Nakajima in the context of
equivariant K theory. In the case of two-parameter deformation and K = 1, this
action was also considered in [Kod19] and in [Dia+25]. The action is defined by
convolution, in a similar way to Nakajima’s action of Kac-Moody Lie algebras we
considered earlier.
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Let f be any framing vector. Given two dimension vectors d1 and d2,
Let d2 = d1 + δi for some i ∈ Q0. Then we define subvariety
C+
i (d, f) ⊂ Nζ∞

d,f (Q) × Nζ∞

d+δi,f
(Q) given by pairs (ρ1(a), ρ1(a

∗), ρ1(αi,l), ρ1(α
∗
i,l))

and (ρ2(a), ρ2(a
∗), ρ2(αi,l), ρ2(α

∗
i,l)) such that the representation ρ2 is quotient

of representation ρ1. It is proved in [Nak01a] that these subvarieties are La-
grangian and smooth. We can then define line bundle Li on C+

i (d, f) by p
∗
2Vi/p∗1Vi

where p1 : C+
i (d, f) → Nζ∞

d,f (Q) and p2 : C+
i (d, f) → Nζ∞

d+δi,f
(Q) are the pro-

jection maps and Vi are the tautological bundles at vertex i. Then for any

d, one define morphisms x+i,r : HG̃Lf (Nζ∞

d,f (Q),Qvir) → HG̃Lf (Nζ∞

d+δi,f
(Q),Qvir)

by (−1)(δi,d)(p2)∗((c1(Li)r ∪ p∗1(α)) and x−i,r : HG̃Lf (Nζ∞

d,f (Q),Qvir) →
HG̃Lf (Nζ∞

d−δi,f (Q),Q
vir) by (−1)(δi,d−δi)(p1)∗((c1(Li)r ∪ p∗2(α)).

Given any (d, f) and i ∈ [0, K], s ∈ Z≥0. let hi,s be the element in the tautological

ring of Nζ∞

d,f (Q) defined by

Resz=0

(
zs
(
−1 +

λ−1/z(Fi(d, f))

λ−1/z(q1q2Fi(d, f))

))
/(t1 + t2)

where Fi(d, f) is the element in the equivariant K theory KT×GLf (Nζ∞

d,f (Q)) given
by

Fi(d, f) = (q1q2)
−1Wi − (1 + (q1q2)

−1)Vi + q−1
1 Vi−1 + q−1

2 Vi+1

Here q1, q2 are line bundles associated to action of T, i.e c1(q1) = t1 and c1(q2) = t2
and λ1/z(V ) is the equivariant chern polynomial λ1/z(V ) =

∑
i≥0 ci(V )/zi. Then

we have

Theorem 12.0.3 ([Var00]). For any framing f , there is an action of affine Yan-

gian Ÿ−t2,t1+t2(gl(n)) on NG̃Lf ,ζ
∞

f (QK), given by X±
i,r 7→ x±i,r and Hi,s 7→ hi,s∪

Thanks to Theorem [YZ18a][Theorem 5.6], we can see the operators x±i,r as an
action of the spherical part of CoHA.

Proposition 12.0.4. Under the morphism Ÿ+
−t2,t1+t2(gl(K + 1)) → AT,χ

Q̃K ,W̃K
,

the Varagnolo’s action of Ÿ+
−t2,t1+t2(gl(K + 1)) on the NG̃Lf ,ζ

∞

f (QK) coincides

with AT,χ
Q̃K ,W̃K

action defined in Section 7.3. Similarly the Varagnolo’s action

of Ÿ−
−t2,t1+t2(gl(K + 1)) can be identifed with the action of AT,N ,χ

Q̃K ,W̃K
under the

isomorphism Ÿ−
−t2,t1+t2(gl(K + 1)) → AT,Ñ ,χ

Q̃K ,W̃K
.

Furthemore, by [Dia+25][Theorem III.7.8], the subalgebra ⟨chk(Vi), chk(Wi)⟩ ⊂
AT,
QK

, generated by tautological classes is isomoprhic to the subalgebra

⟨hi,s, chk(Wi)⟩ ⊂ AT
QK . This is simply because universal polynomials exist that

relate the Chern polynomial and Chern characters.

Let Yn,CoHA

ℏ1,ℏ2 be the subalgebra of Yn,CoHA
ℏ1,ℏ2 which is generated by generators

⟨K(r)
+ , X±

i,r, Hi,r | i ∈ Z/nZ, r ≥ 0⟩ (So we only exclude the generators K
(r)
− for

r ≥ 0). Let Yn,CoHA,e

ℏ1,ℏ2 = Yn,CoHA

ℏ1,ℏ2 [⟨ki,r⟩] be the extended algebra, where we have
added central elements ⟨ki,r | i ∈ Z/nZ, r ≥ 0⟩ to the list of generators.
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Since the cup product with tautolgical classes chk(Wi) commutes, it follows from
Theorem 12.0.1 that there is a C[t1, t2] linear algebra surjection

Ψ : YK+1,CoHA,e

−t2,t1+t2 → YMO,T
QK

⊂ AT
QK

where the morphism sends ki,r 7→ chr(Wi).

Theorem 12.0.5. The morphism Ψ is an isomorphism of C[t1, t2] linear algebras.
Proof. It suffices to show that this morphism is an injection. The affine Yan-
gian is a free C[t1, t2] module, and so does the Maulik-Okounkov Yangian by
[MO19][Theorem 5.5.1]. Thus, it suffices to show that:

Ψ: (YK+1,CoHA,e

−t2,t1+t2 )K → (YMO,T
QK

)K

is an isomorphism, where for any any algebra A, AK denote the localization

A ⊗C[t1,t2] C(t1, t2). Clearly (YK+1,CoHA,e

−t2,t1+t2 )K = (Ÿ e−t2,t1+t2(K + 1))K, where

Ÿ e−t2,t1+t2(K + 1)) denote the extended affine Yangian (We add central elements

ki,r, i ∈ [0, K], r ≥ 0). Let (Ÿ0,e−t2,t1+t2(K + 1))K be the subalgebra generated
by generators Hi,s and ki,l. Then it shown in [Dia+25][Theorem III.5.6], that the

extended affine Yangian (Ÿ e
−t2,t1+t2(K + 1)K has a triangular decomposition, i.e

the morphism

m : (Ÿ+
−t2,t1+t2(K+1)K⊗(Ÿ0,e

−t2,t1+t2(K+1))K⊗(Ÿ−
−t2,t1+t2(K+1))K → (Ÿe

−t2,t1+t2(K+1))K

is an isomorphism of vector spaces. It is proved in [SV23] that the Maulik-
Okounkov Yangian also admits a triangular decomposition, and so we have

m : (YMO,T,+
QK

)K ⊗ (YMO,T,0
QK

)K ⊗ (YMO,T,−
QK

)K → (YMO,T
QK

)K,

such that there is isomorphism of algebras (YMO,T,+
QK

)K ≃ (AT
Q̃K ,W̃K

)K and

(YMO,T,−
QK

)K ≃ (AT,Ñ
Q̃K ,W̃K

)K and (YMO,T,0
QK

)K ≃ ⟨chk(Vi), chk(Wi)⟩. Thus, the mor-

phism ΨK restricted to each of the parts of the triangular decomposition is an
isomorphism, and so we are done by the following lemma.

Lemma 12.0.6. Suppose F : A → B a morphism of algebras where both A and
B admits a triangular decomposition A+ ⊗A0 ⊗A− m−→ A, B+ ⊗B0 ⊗B− m−→ B.
Suppose that F restricts to isomorphism of algebras F+ : A+ → B+, F 0 : A0 → B0

and F− : A− → B− then F is an isomorphism of algebras.

Proof. We have commutative diagram

A B

A+ ⊗ A0 ⊗ A− B+ ⊗B0 ⊗B−

F

mA

F+⊗F 0⊗F−

mB

and thus F is isomorphism of vector spaces. Since F is a morphism of algebras,
we are done.
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Chapter 13

Relation with algebras of
Gaiotto-Rapčák-Zhou

In [Rap+23], a procedure to do the Drinfeld double of the spherical part of CoHA
is explained. Then, a certain quotient of the Drinfeld double gives rise to reduced
Drinfeld double [YZ18a][Section 4.1]. Mimicking the same construction of reduced

Drinfeld double to Y(n),+,CoHA
ℏ1,ℏ2 yields the algebra Y(n),CoHA

ℏ1,ℏ2 for n > 2, defined in
Definition 1.2.21. Then in an analogous way to [Gua07], we define

Definition 13.0.1 (CoHA Loop Yangian). Let L(n),CoHA
ℏ1,ℏ2 be the C[ℏ1, ℏ2] algebra,

defined to be the quotient Y(n),CoHA
ℏ1,ℏ2 /(c) where c :=

∑n−1
i=0 Hi,0

We then have a doubled version of the Proposition 11.0.2, which follows from work
of Tsymbaliuk [Tsy17a] who calculated the classical limit of affine Yangians.

Proposition 13.0.2. We have an isomorphism of C[ℏ] linear algebras

L(n),CoHA
ℏ,ℏ2 /(ℏ2) ≃ UC[ℏ](Wn).

Proof. We use the morphism considered in [Tsy17a][Theorem 2.2]2 whose positive
half is the morphism we considered in Theorem 11.0.2 i.e., we define a morphism
of algebras

Ψ : L(n),CoHA
ℏ,ℏ2 /(ℏ2) → UC[ℏ](Wn)

1More precisely, we apply the construction to the localized algebra (which is spherically
generated due to Proposition 10.2.2.2 and 10.2.6) and take the minimal subalgebra containing

both Y(n),+,CoHA
ℏ1,ℏ2

and (Y(n),−,CoHA
ℏ1,ℏ2

) := (Y(n),+,CoHA
ℏ1,ℏ2

)op.
2The codomain of the morphism considered in [Tsy17a][Theorem 2.2] is a central extension,

however in the proof, they consider the morphism induced after quotienting by the central
extension.
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which sends

X+
0,r 7→ nrDrz ⊗ En,1

X+
i,r 7→ nr(D + (1− i/n)ℏ)r ⊗ Ei,i+1

X−
0,r 7→ nr(z−1Dr)⊗ E1,n

X−
i,r 7→ nr(D + (1− i/n)ℏ)r ⊗ Ei+1,i

H0,r 7→ nr(Dr ⊗ En,n − (D + ℏ)r ⊗ E1,1)

Hi,r 7→ nr(D + (1− i/n)ℏ)r ⊗ (Ei,i − Ei+1,i+1).

We haven’t defined image of K
(r)
± , but note that we can still calculate image of el-

ements Zn, and we can check that this map must send K
(0)
+ to z

ℏ = T1,0(1)/ℏ = t1,0
while K0

− to − z−1

ℏ = −T−1,0(1)/ℏ = −t−1,0 which allows to extend define using the
same trick as in proof of Proposition 11.0.2. After inverting ℏ, this map is an iso-
morphism by [Tsy17a][Theorem 2.2] while it is a surjection, since again Dℏ(C∗)⊗
g̃ln is generated by t1,r, t−1,r, T−1,r(E1,n), T0,r(Ei,i+1), T0,r(Ei+1,i), T1,r(En,1) all of
which can be easily seen to be in the image.

We consider the C[ℏ1, ℏ2] linear algebras3 Y K and its loop version LK , as defined
in [GRZ23][Definition 7.01, 6.02]. By [GRZ23][Remark 6.18], the algebra LK

satisfies
LK/ℏ2 ≃ UC[ℏ](WK),

which by Propostion 13.0.2 is also satisfied by L(n),CoHA
ℏ,ℏ2 . They also show that the

algebras Y K and LK are the integral forms of the affine Yangian Ÿℏ1,ℏ2(gl(K))
and the loop Yangian L̈ℏ1,ℏ2(gl(K)) := Ÿℏ1,ℏ2(gl(K))/c respectively. For K = 1,

Y K and LK are in fact isomorphic to the affine Yangian Ÿℏ1,ℏ2(gl(1)) of ĝl(1) and
its loop version respectively [GRZ23][Theorem 17]. Furthermore, it is known due
to ([Dav22a]+ [Rap+23]) and [SV13] that

AT
Q̃Jor,W̃

≃ Ÿ+
ℏ1,ℏ2(gl(1)).

We thus expect that there is an isomorphism of algebras for all K > 2,

Y K ≃ Y(K),CoHA
ℏ1,ℏ2

3We are switching ϵ1 to ℏ2 and ϵ2 to ℏ1.
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ogy”. In: Astérisque 408 (2019), pp. ix+209.

[Moz13] Sergey Mozgovoy. “Motivic Donaldson-Thomas invariants and the Kac conjecture”.
In: Compos. Math. 149.3 (2013), pp. 495–504.

[MR19] Sven Meinhardt and Markus Reineke. “Donaldson-Thomas invariants versus in-
tersection cohomology of quiver moduli”. In: J. Reine Angew. Math. 754 (2019),
pp. 143–178.

[MRY90] Robert V. Moody, Senapathi Eswara Rao, and Takeo Yokonuma. “Toroidal Lie
algebras and vertex representations”. In: Geom. Dedicata 35.1-3 (1990), pp. 283–
307.

[Nag09] Kentaro Nagao. “Quiver varieties and Frenkel-Kac construction”. In: J. Algebra
321.12 (2009), pp. 3764–3789.

[Nak01a] Hiraku Nakajima. “Quiver varieties and finite-dimensional representations of quan-
tum affine algebras”. In: J. Amer. Math. Soc. 14.1 (2001), pp. 145–238.

[Nak01b] Hiraku Nakajima. Quiver varieties and McKay correspondence. https://member.
ipmu.jp/hiraku.nakajima/TeX/hokkaido.pdf. Dec. 2001.

[Nak02] Hiraku Nakajima. “Geometric construction of representations of affine algebras”.
In: Proceedings of the International Congress of Mathematicians, Vol. I (Beijing,
2002). Higher Ed. Press, Beijing, 2002, pp. 423–438.

[Nak16] Hiraku Nakajima. Introduction to quiver varieties – for ring and representation
theoriests. 2016. arXiv: 1611.10000 [math.RT].

[Nak97] Hiraku Nakajima. “Heisenberg algebra and Hilbert schemes of points on projective
surfaces”. In: Ann. of Math. (2) 145.2 (1997), pp. 379–388.

[Nak98] Hiraku Nakajima. “Quiver varieties and Kac-Moody algebras”. In: Duke Math. J.
91.3 (1998), pp. 515–560.

151

https://arxiv.org/abs/2311.13415
https://arxiv.org/abs/2311.13415
https://member.ipmu.jp/hiraku.nakajima/TeX/hokkaido.pdf
https://member.ipmu.jp/hiraku.nakajima/TeX/hokkaido.pdf
https://arxiv.org/abs/1611.10000
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