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Abstract

We calculate the deformed and non-deformed cohomological Hall algebra (CoHA)
of the preprojective algebra for the case of cyclic quivers by studying the Kontsevich-
Soibelman CoHA and using tools from cohomological Donaldson-Thomas theory.
We show that for the cyclic quiver of length K, this algebra is the universal en-
veloping algebra of the positive half of a certain extension of matrix differential
operators on C*, while its deformation gives a positive half of an explicit integral
form of Guay’s Affine Yangian Yy, ,(gl(K)). By the main theorems of [BD23]
and [SV23], we also determine the Maulik-Okounkov Yangian for the case of cyclic
quivers. Furthermore, we provide evidence for the strong rationality conjecture,
calculate the spherical subalgebra of the non-deformed CoHA for any quiver with-
out loops, the associated graded algebra of non deformed CoHA with respect to
perverse filtration for any quiver, recover results about the CoHA of compactly
supported semistable sheaves on the minimal resolution of the Kleinian singu-
larity C?/Zg, identify a commutative algebra inside the additive shuffle algebra
associated to the cyclic quiver and following the ideas of Davison-Hennecart-
Kinjo-Schiffmann-Vasserot, we prove existence of cocommutative coproduct on
the CoHA. We end by conjecturally relating the obtained integral form with the
algebra defined by Gaiotto-Rapcak-Zhou, in the context of twisted M-theory.
This thesis is based on [Jin24].



Lay Summary

This thesis concerns connections between two seemingly unrelated fields of study,
Enumerative geometry and Quantum Groups. One of the biggest challenges in
fundamental physics is finding a unified theory that successfully merges Ein-
stein’s General Relativity, which governs the physics of large-scale phenomena
like galaxies, with Quantum Theory, which governs very small-scale phenomena
such as atoms. String Theory is a theoretical framework that attempts to achieve
this unification, predicting that the dimension of space-time is not four but ten.
The additional six dimensions arise from a space called Calabi-Yau 3-fold, which
is curled up with an extremely small radius. My thesis focuses on invariants asso-
ciated to the Calabi-Yau 3-fold. These numbers have a remarkable property: the
number remains unchanged under small changes to the underlying geometry for
deep and sometimes mysterious reasons. In String Theory, these invariants are
called the number of BPS states. Due to the work of several people, these num-
bers can be obtained by computing the dimension of certain mysterious vector
spaces. Since joining two particles gives a new particle, one expects that these
vector spaces have a multiplication structure.

In 2008, Kontsevich and Soibelman proved that there is indeed such a multipli-
cation rule on these vector spaces, called Cohomological Hall algebra for Quivers
with potential, which provides a local model of Calabi-Yau 3-folds. By consider-
ations coming from M-theory, it was conjectured by Kevin Costello for a special
case of cyclic quivers that these algebras are a certain explicit algebra, called the
Affine Yangian. Affine Yangians are a type of quantum group, which are rich
algebraic structures whose origins are deeply rooted in physics but a source of a
lot of mathematical advancements. My thesis concerns the relationship between
these two fields of study and, in particular, I prove this expectation of Kevin
Costello.
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Chapter 1

Introduction

1.1 Motivations

Given a quiver @) and potential W € CQ/[CQ, CQ], where CQ denotes the path
algebra, in [KS11] Kontsevich and Soibelman defined a cohomological Hall algebra
structure on the critical cohomology

as a mathematical definition of the algebra of BPS states. Here @y is the
vanishing cycle functor associated to the function Tr(W)q on the moduli space
of d dimensional representations Mq(Q)) of the quiver (). The main result of this

thesis calculates the algebra and its deformations Ag’w for the quiver 61? and

potential WX as defined in Example 2. This choice of quiver with potential, often
called the tripled quiver with canonical potential, provides a presentation of the
moduli space of representations of the preprojective algebra of the cyclic quiver
Q¥ equipped with an endomorphism, as a global critical locus. This gives rise to
new integral forms of affine Yangians and Lie algebras, which are of independent
interest. We start by explaining our main motivations, coming from enumerative
geometry and the local geometry of the moduli space of objects in 2-Calabi-Yau
categories.

1.1.1 Noncommutative Donaldson-Thomas theory

Given any projective 3-Calabi-Yau (CY) variety X, indivisible Chern class « €
H®*"(X,Z) and a generic stability condition ¢, the Donaldson-Thomas invariants
DTS, defined in [Tho00] are virtual counts of semistable sheaves on X of given
Chern class a. They are defined by taking the degree of the virtual fundamental
class of the moduli space of sheaves MS,(X). Later, given any scheme Y, Behrend
defined a constructible function vy : Y — C and showed that DTS, is precisely the
weighted Euler characteristic x(MS$(X), v S (x)) [Beh09][Theorem 4.18]. When

Y can be written as the critical locus of a function f : ¥ — C where Y is smooth,
then there exists the vanishing cycle sheaf P® Q" which satisfies (see [KL16][2.1]



for details)
> (1) dimH(Y, P2, Q) = x(Y, vy).

Thus, the cohomology B
H(Y,*®;Q"")

could be understood as a categorification of the DT invariant.

For any 3CY variety X, the moduli space 9¢,(X) can rarely be written as
a global critical locus. However, by the result of [Tod18| analytically locally
these moduli spaces can be written as the moduli space of representations of
a Jacobi algebra Jac(Q, W)(Definition 2.0.7)'. Furthermore, the moduli stack
of representations of a Jacobi algebra can be written as the critical locus of a
smooth function Tr(W) on a smooth moduli space Mq(Q). The study of the DT
invariants of a non-compact Calabi—Yau threefold via virtual counts of moduli of
Jac(Q, W) modules, where Jac(Q, W) is the Jacobi algebra derived equivalent to
X, was initiated by Szendr6i in the case of the conifold [Sze08]. For any quiver @),
we can define the tripled quiver CNQ with the canonical cubic potential W (Example
2). When X = C? the moduli stack Coh,,(C?) of torsion sheaves of length n can
be described as a moduli stack of n_dimensional representations of the Jacobi
algebra of the tripled Jordan quiver Q;,, with canonical potential W, := x[y, z].

The example concerning the main result of this paper captures the geometry of
Kleinian surfaces. Let Sx — C? /Zk 1 be the minimal resolution of the quotient
singularity where the action of Z g is given by (z,y) — (wz,w™ly) and W&+ =1
is a primitive root of unity. We then have an equivalence of derived categories

DP(Coh(Sx x C)) ~ D*(Jac(QX, WK)) (1.1)

where Q¥ is the cyclic quiver with K41 vertices. The Jacobi algebra J ac(af?, W)
is the 3CY completion of the preprojective algebra Ilgox [KW21].

1.1.2 Cohomological Hall algebras of preprojective alge-
bras

There is a deep relationship between cohomological Donaldson-Thomas Theory
of objects in the 3CY completion C of a 2CY category C and the Borel-Moore
homology of objects in C which goes under the name of dimensional reduction
([Kin22|, [DP22], [Dav17]|[Appendix]). In particular, the dimensional reduction
theorem implies that for any quiver @, there is an isomorphism?

H(Ma(Q), i) Qo)) = B (Ma(llo). Q) (12)

The mixed Hodge structure on the right, i.e. on the BM homology of the stack
of representations of the preprojective algebra Ilg, plays an important role in

ITo be more precise, Toda’s theorem gives an analytic potential and so we need to consider
an analytic Jacobi algebra Jac{Q, W} as defined in [Dav23b][Definition 2.7].

2Note that the quotient stack M4 (Ilg) is not smooth, so here by Q""" we mean the shifted
complex Q[—2(d, d)], where (—, —) denotes the Euler form, as defined in Definition 2.0.4.

10



multiple branches of mathematics. In particular, by the Ext quiver construction,
the stack of representations of the preprojective algebra étale locally models the
geometry of the stack of objects in arbitrary 2CY categories possessing good
moduli spaces [Dav23a]. Examples of such moduli spaces include Higgs bundles
on smooth projective curves, moduli of local systems on Riemann surfaces, and
coherent sheaves on K3 surfaces. The first two examples also make studying this
space a valuable tool in the study of non-abelian Hodge theory, while on the other
hand, there is an algebra structure on

Any = @ HM(4(Tg), Q)

deNQo

which has been defined in the context of equivariant cohomology for the case of
Jordan quiver [SV13] in the context of AGT conjecture and later defined for arbi-
trary quivers in [YZ18b]. This algebra acts on the cohomology of Nakajima quiver
varieties by raising operators and, in some sense, is the biggest possible algebra
acting on the cohomology of Nakajima quiver varieties, making it an important
object in geometric representation theory. It is shown in [RS17][Appendix A] and
[YZ20a] that up to a sign twist, the isomorphism in (1.2) in fact preserves the
algebra structure and thus is an isomorphism of algebras. Thus studying Ag w
completely determines Ay, .

1.2 Results

1.2.1 Integral matrix W, Lie algebras

Let A be a formal variable and let D;(C*) be the algebra of h—differential oper-
ators on C*. It is defined as a unital associative C[h] linear algebra generated by
2+, D subject to the relations:

Dz=2z(D+h), 2"zt =21 =1 (1.3)

We will view Dy, (C*) as a C[h] linear Lie algebra with the commutator Lie bracket
[-, -], coming from the associative algebra structure on D(C*). A central extension
of the Lie algebra D;(C*), after specialization at h = 1, is called Wj o Lie
algebra. The W), Lie algebra was first introduced in [KP81]. Its connection
with the vertex algebras W(gly) for central charge N, where N is any natural
number, has been developed in [Fre+95] [KR96]. Their matrix generalization was
considered in [Awa+95] (see also [Str21], [EP19] and [CH19] for a more physical
perspective).

Let Dy(C*) & gl be the C[h] linear associative algebra of K x K matrices
with values in Dj(C*), i.e. for any f(z,D)® X and ¢g(z,D)®Y in Dy(C*) @ gl
where f(z,D),g(z,D) € Dy(C*) and X,Y € gly, the multiplication is given by

(f(z, D) ® X)(9(z, D) ®Y) = f(2,D)g(z, D) ® XY

We view D;(C*) ® gl as a C[A] linear Lie algebra with the commutator Lie

11



bracket coming from the associative algebra structure on D;(C*) ® glg, i.e. Lie
bracket is given by

[f(2, D) ® X,g(2,D) Y] = (f(z,D)g(2, D)) ® XY — (g9(z, D) f(z, D)) @ Y X
for any f(z, D) ® X,9(z,D) ® Y in Dy(C*) ® gly. The elements
Trea(X) =2"D*® X where k € Z,a >0, X € gl
form a spanning subset of D;(C*) ® gl,. We slightly extend this Lie algebra by

defining an integral form.

Definition 1.2.1. Let
Wi C (Di(C*) @ gli) ®cp [
be the C[A] linear subspace spanned by T .(X), X € gl and

tk,a = Tkﬂ(l)/h

where k € Z,a > 0, X € gl and by 1, we mean the identity matrix Id € gl,.

The subspace Wy C (D;(C*)®gl ) @c C[A*!] in fact forms a Lie subalgebra
(Proposition 8.1.1). We remark that the Lie algebra Wy is also considered in
[GRZ23]. We consider the classical limit as i — 0 of Wk.

Let O(T*C*) be the ring of functions on T* C*. We denote by po(T* C*), the
Lie algebra on O(T* C*), where the Lie bracket is given by the standard Poisson
bracket {—, —}. Let O(T* C*) ®slx be the Lie algebra with the Lie bracket given
by

feX,geY]=fie[X,Y]
for any X,Y € sl and f,g € O(T* C*).

The Lie algebra po(T* C*) acts on O(T* C*) ® sl via the Poisson bracket

with the first tensor product, i.e.

flgeX)={fgeX
for any f € po(T*C*) and g ® X € O(T*C*) ®@ sl. Let
po(T*C*) x (O(T*C*) ® slk)

be the Lie algebra given by the semidirect product of po(T* C*) with O(T* C*) ®
slg. The classical limit 7 — 0 of Wy is exactly the Lie algebra po(T* C*) x
(O(T* C*) ® sl), i.e. There is an isomorphism of Lie algebras

(Wie)/(h = 0) =~ po(T* C*) x (O(T* C*) @ sl).

In Proposition 8.1.3, we present this Lie algebra via generators and rela-
tions. Our first main result describes the cohomological Hall algebra A@? K s

a universal enveloping algebra of the positive half of the Lie algebra po(T* C*) x
(O(T*C*) ®slk).

12



Theorem A (Theorem 8.2.6). Let K > 1. There is an isomorphism of Lie
algebras

Gor e = (po(T"C7) x (O(T* C") @ slic41))

between the the affinized BPS Lie algebra gBP S — for the cyclic quiver (Section
6.1.17) and the positive half (po(T* C*) x ((’)(T* C*) @ slk))™ C po(T*C*) x
(O(T*C*) @ slk), defined in Definition 8.1.4. This gives an isomorphism of
algebras

A = U((po(T* C) x (O(T" C*) @ slie41)) ),

QK WK
where x 1s a sign twist, defined in Section j.1.4.

It is also possible to recover the positive half of W itself, without taking the
classical limit. To do so, we consider the deformed cohomological Hall algebra.
For any torus T' acting on the quiver QK leaving the potential WK invariant,
there is a cohomological Hall algebra (Section 4.1) structure on the equivariant
vanishing cycle cohomology

AL = D Hr(Ma(@F), "0 e QI ).

deNK+1

Our next main result, calculates this algebra for T = C*, whose action on
Ma(QF), leaves the added loops w; invariant for all i € Q)y. We set up a bit more
notation. For any commutative ring R and a R linear Lie algebra g, its tensor
algebra is defined to be

Tr(g) = Po®r - Srg,
—_—

m>0 m times

and correspondingly, the universal enveloping algebra over R is defined to be the
quotient

Ur(g) := Tr(g)/(ab—ba —[a,b] | a,b € g).
Theorem B (Theorem 11.0.3). For K > 1, let C* act on representations of the
tripled quiver Q¥ by acting on all the original arrows a with weight 1, all opposite
arrows a* with weight —1 and with weight 0 on added loops w;,i € [0, K| (Section
5.0.2). Then there is an isomorphism of C[h] linear Lie algebras
= Oy
between the deformed affinized BPS Lie algebra, defined in the Section 6.1.17
and the positive half of an integral form of differential operators on C* valued in
matrices, defined in Defintion 8.1.2. This gives an isomorphism of C[h] linear

algebras
AP~ Uy (W) )

QK WK
where x 1s a sign twist, defined in Section j.1./.

Next, we cansider the action of a larger torus T = C* x C*, which acts on the
added loops w; for all 7 € )y non-trivially. This gives rise to quantum groups.

13



1.2.2 Integral form of Yangians

Given a semisimple Lie algebra g, in [Dri85] Drinfeld defined the Yangian V(g)
as a deformation of the universal enveloping algebra U(g[z]) of the polynomial
current Lie algebra g[z]. Yangians form a family of quantum groups related to ra-
tional solutions of classical Yang-Baxter equations. For any quiver @, in [MO19],
the authors defined the Yangian Ygo by geometrically defining R matrices using
stable envelopes on the singular cohomology of Nakajima quiver varieties and
applying the FFRT formalism to construct quantum groups. One of Maulik and
Okounkov’s motivations was to realise the Quantum cohomology ring as a max-
imal commutative subalgebra of the Yangian. From the calculations in [MO09]
for the quiver variety for cyclic quivers, it was clear that one needs slightly larger
algebra than the usual affine Yangians for the case of cyclic quivers. They conjec-
tured a strong relation between the quantum cohomology of the Nakajima quiver
varieties and the Bethe subalgebras of Ygo. However, the algebras YI\Q/[O are
not known for cases beyond ADE and Jordan quivers. The computation for the
Jordan quiver occupies much of the latter half of [1\£O\19}, where it is shown to

be isomorphic to the affine Yangian j)hth (gl(1)) of gl(1) and used in their proof
of AGT conjecture. For the ADE quivers @), a central quotient of Ygo is shown
to be isomorphic to the Yangian V,(gg), as defined by Drinfeld [McB13].
For any quiver with potential ), W, the cohomological Hall algebras are also
known to satisfy a similar property, i.e. there is a Lie algebra gg%?,’T such that
O = Symy, 0 (gg;%T[u]) as graded vector spaces [DM20], allowing us to think
of .A w as generalized Yangians. For particular choices of torus, it is shown that
for ADE quivers, there is an isomorphism of algebras Q,N ~ Y*(gQ)([YZBb]—i-
T ~
.. QJOIW/W\J_C; -
y;lm (gl(1)) by ([Dav22a]+ [Rap+23]) and [SV13] where + denotes the positive
half. Furthermore, for all tripled quivers with canonical potential @, W, there is
an isomorphism of algebras

[SV17]) and for Jordan quiver, there is an isomorphism of algebras .4

MO,+ ., 4T _
Yo - AQ,W

as proved in [BD23] and isomorphism
MO,~ . TN

is proved in [SV23], where A~ — is a nilpotent cohomological Hall algebra. Here,

T is an appropriately chosen torus Strictly speaking, Maulik-Okounkov Yangians
are only defined with respect to T-equivariant cohomology, where T is some
torus that scales the natural symplectic form on the Nakajima quiver varieties
associated to the quiver @), non-trivially.

We now consider the cyclic quiver Q¥ and choose T = C* x C* to be a 2 torus.
The spherical subalgebra of the localized K-theoretic version of the cohomological
Hall algebra [Pad23] of the preprojective algebra, defined by considering K theory
instead of cohomology, was considered in [Negl5| for the case of cyclic quivers.
It is shown to be isomorphic to the positive half of the quantum toroidal algebra
U,.(gl(K)). Tts rational counterpart, the affine Yangian, has been defined in

14



[Gua07] to be a C[hy, hy] algebra Yy, 1, (gl(K)) for K > 2 as a deformation of a
central extension of U(slg[u®,v]). The case when K = 2 was first defined by
Kodera in [Kod19] and also considered by Bershtein-Tsymbaliuk in [BT19]. A
specialization of this algebra at by = hy has been shown to be isomorphic to a
spherical subalgebra of .A — where C* C T acts by scaling the arrows with

WK
the same weight in [YZ20b] However .A~~ is not spherically generated and
this makes computing A — essentlally a new problem. In Proposition 10.2.6
implies that .Aa —_ ®H1r(pt) Frac(Hr(pt)) = Vi (0U(K)) @y (pr) Frac(Hr(pt)).
Motivated by this, we slightly enlarge the algebra by including the non spherically

generated part. Note that our only addition is to add elements ﬁi to the existing
definition of Affine Yangian. We use the conventions in [BT19]. We define

Definition 1.2.2 (CoHA Affine Yangian). Assume n > 2. Let yhl EQCOHA be the

C[hy, hio) algebra generated by X;., H;, for any i € Z/nZ,r € Zxo and ﬁf),ﬁ(_r)
for r € Z>¢, with the relations

[X‘Jr X;,s] = 5i,jHi,r+s (RO)

i,r)

[Hi,raHj,s] - 0 (Rl)

for any n > 2. When n > 2,

(X Xo5] = (X0 Xl = —mi(ha + e /2)[ X35, X55] £ aihe /2{ X5, XG55}

7,17 2,77 1,77

(R2)

[Hz 7‘+17X ] [Hz TvX]:ts+1] mij(hl + h2/2>[Hiv"1’X;‘f5] + aijh2/2{Hl"T7X;|’:5}
(R3)
(X5, X]=0 forall |i—j|>1 (R4)
Z [X’i:,l:To.(l)7 [X’L':f:’r‘a(z) ) XZ:E:LS:I] = O ) [Hi70’ Xj, ] ial]Xi (R’5)

0ES?
() (b + h) 8D =T7 |3 (X35 (X5 (X0 [ X ol | (Intd)
1€EZ/nZ
—hyT" Z Xfo ( z+1 0 [Xzi:ﬂ 0 [ ) z+n 1 0
1€EZ/nL
foranyi,j € Z/nZ and r,s € Z>o where m;; = —0;11,;+06; j+1, @ij = — 0 j+1—

0; j—1. Here T is an operator defined so that T(Xf;) = :I:(Xfrﬂ) T(H7 ) =0
and T is a derivation, i.e. T(ab) := T(a)b + aT(b) for any a,b. By the curly
brackets, we mean {a,b} := ab+ ba and finally, S, is the symmetric group in 2
elements.

When n = 2, we have the following relations:

[er—i—l’Xi] [Xi X'L:ts—&-l] ih?‘{Xi Xi} (R2~1)

2,77 1,7

15



+ + + + +
[Xz':f:r+27 Xj,s] - Q[Xi,TJrl’ X]'78+1] + [Xiﬂ"’ Xj’s+2] - (RQQ)
o+ )X, X5 F Ma({XG 1, X} — (X5 X)) for j #1,
[Hi,r+1,Xz’j,Es] - [Hz‘j,EraXi%sH] - ih2{Him’Xij,Es}7 (R3.1)
+ + + —
[Hi,r+27 Xj,s] - Q[Hi:TJFl’ Xj18+1] + [HZ"T’ Xj’$+2] o (R32)

Fiy (P + h2)[Hi,mes] + hz({Hz',rH,st} —{Xir, in,s-i-l}) for j # i,
(Hio, XG) = Fai; X5 [Hin, X0 ) = FQHG 0 + ha{Hi0, X5, }), (R4D)

J»$?
Tlsz;nrlg) [Xz‘:f:rlv [X’i:f:’rQ’ [X’i:f:’r‘;;’ Xﬁmm =0. (51)
(h1) (i + ho) &Y = T7 (X550, Xia] + [ X170, X]) (Int2)

— B, T" (X(foxlfo + XX o)

Clearly V" @ gy o CIIEY, (huthz) '] 2 Vny i (01(0)) @ gy ) CIIEY, (Bt
hy)*!], since we have only added elements &Y to the originial definition of
Vi, (al(K)) which by relations (Int1) and (Int2), after multiplication by (%) (hy+
hy) belong to Vi, i, (gl(n)). We then have

Theorem C (Theorem 10.2.10). For K > 1, let T = C*xC* be the 2-torus which

acts on representations of the tripled quiver Q¥ by scaling all the original arrows
a with weight (1,0), all opposite arrows a* with weight (0,1) and added loops
wi, 1 € [0, K] with weight (—1,—1) (Section 5.0.2). Then we have an isomorphism

of C[hy, ho] algebras
Tx o E+D+.CollA
QK WK — ¥ —hauthe

where yﬁf,f;,}fj,{f"“ yﬁfgj;jfr;m is the subalgebra generated by X' and ﬁ(ﬁ

fori e [0,K]|,r >0 and x is a sign twist, defined in Section /.1.4.

~n,CoHA Lo
Let y’;;ﬁ‘;H be the subalgebra of yg;ﬁgHA which is generated by generators

<ﬁ$),X-i Hi, | i€ Z/nZ,r > 0) (So we only exclude the generators /") for

2,77
A A
r > 0). Let ﬂjﬁ{f * = ﬂj’f;‘f [(k;,)] be the extended algebra, where we have

added central elements (k;, | i € Z/nZ,r > 0) to the list of generators. Then we
have

Corollary A (Theorem 12). For K > 1, the Maulik-Okounkov Yangian Yéﬁ?ﬂ
is isomorphic to an extended integral form of Guay’s affine Yangian. i.e. There
is an isomorphism of C[hy, hs] linear algebras

MO,T _ ~—(K+1),CoHA e
YQK - y*ﬁz,ﬁﬁrhz

Proof Strategy for Theorems A, B, C

We remark that although by taking the classical limit, Theorem C = Theorem
B = Theorem A, to prove them, we first prove Theorem A. There exists a
cocommutative coproduct on A’é\g R which is compatible with the cohomological
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Hall algebra structure on .,4 % R (Section 6.1). By the Milnor-Moore theorem,
X_ __ ~ U(P) where P is the Lie algebra of the primitive elements with respect

to this coproduct. We refer to this Lie algebra as the affinized BPS Lie algebra

gBPS__  There exists a filtration, referred to as the perverse filtration 3 on

QK WK
AX_ __  given by a decomposition type theorem. The associated graded algebra

QK1W
with respect to this filtration is isomorphic to Sym(g BPSA} [u]), where gB—BS I is

the non-affinized BPS Lie algebra (Section 4.1.5). ThlS implies that, as a vector
gers BPS —[u], but not as a Lie algebra (Section .().2). With the

space 8 mr ~ Oox
help of an action of the three-dimensional Heisenberg Lie algebra (Section 6.3),
we show that a much smaller subspace of gBPS —, and the relations among them,

determine the affinized BPS Lie algebra. Flnally, to compute the relations, we

construct a geometric action of A’é\g r on the cohomology of the equivariant
Hilbert scheme Hilb“<+1(C?) and the cohomology of Hilbert scheme of points on
the minimal resolution Hilb(Sk) (Chapter 7). By identifying the induced action

of 991387 with the action of the affine Lie Algebra and the infinite-dimensional

Helsenberg Lie algebra due to Nakajima, we prove Theorem A in Section 8.2.
To calculate A% R R we use the embedding into the cohomological Hall al-

gebra Ag}’g of the same quiver but without potential. The algebra structure on

Ag’% can be explicitly described in terms of a shuffle product (Section 10.1).

The calculation of the undeformed version gives a minimal set of generators of

Ag’z R (Proposition 10.2.1). We find the image of these generators in Agl;

(Proposition 10.2.2). This allows us to construct a homomorphism of algebras
from the positive half of Guay’s affine Yangian to the algebra A@% K (Section

10.2.1). Finally, with the help of the PBW theorem for AN i We prove that

this morphism is an the isomorphism, proving Theorem C (Proposmon 10.2.6 and
Theorem 10.2.10). Finally, we take the classical limit ~; + hy — 0 to calculate
the C* deformed algebra .A(C X__ proving Theorem B.

1.2.3 Spherical subalgebra

The spherical subalgebra, i.e, the subalgebra generated by the smallest possible
dimension vectors of the deformed version of the cohomological Hall algebra,
has been studied extensively in [YZ18a]. An important tool used in [YZ18a]
is embedding into the cohomological Hall algebra of quiver without potential.
However, no such injection exists in the non-deformed case (Section 10.1). As
an application of general tools from [Dav22a|, developed in Section 6.3, we can
precisely calculate the spherical part for any quivers without loops.

Theorem D (Theorem 6.4.2). Let Q) be any quiver without loops. Then there is
an isomorphism of algebras

U(n[D]) ~ SAL
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where n is the positive half of the Kac-Moody Lie algebra (Definition 4.2.2)
assocmted with Q, nwS[D] is the current Lie algebra (Definition 6.5.8), S.A%W C

A — 15 the subalgebra generated by .A forz' € Qo and x is a sign twist,
deﬁned in Section 4.1.4. e

We remark that for quivers without loops, SA~ v = Aow if and only if the

quiver is an orientation of a finite type ADE Dynkm quiver [Dav22al[Proposition
5.7).

1.2.4 Less Perverse Associated Graded Algebra

For any quiver @, let @ be double of the quiver (), obtained by adding opposite
arrow a* to @) for any arrow a € Q. Let Il = C@/(ZGGQ1 la, a*]) be the prepro-
jective algebra associated to ). Let A’ﬁ@ be the preprojective algebra associated
to (), where x is a sign twist defined in Section 4.1.4.

Let JH : M(Ily) — M(Ilg) be the affinization morphism. Then in [Dav22a],
Davison proved that even though the stack 2 (Ilg) is not smooth and the mor-
phism JH is not proper, one still have splitting

JH. DQyin,) ~ €D PH(IH. DQyin,,))[—i].

’LGQZZO

As a result of this splitting, [Dav22a] defined an increasing filtration £°Ar,,
on Ay, which they call the less perverse filtration (Section 4.2.2). This filtration
is defined by setting

A, = H(M(Ilg), Pr=' JH, DQYy, )

Perverse filtrations defined in this way have played an important role in non-
abelian Hodge theory and representation theory and are important objects of
study.
Davison further showed that this filtration respects the algebra structure on
11, and infact that there is an isomorphism of algebras £o Ay, ~ U(gg ). Our
next theorem proves a refinement of this result.

Theorem E (Theorem 6.5.1). Let Q be any quiver. Then there is an isomorphism
of algebras

U(g (D)) = Gres (Af,)

where gBPS is the BPS Lie algebra defined in Section 5 and glﬁpﬁ [D] is the current
Lie algebm (Definition 0.5.8).

1.2.5 Strong rationality conjecture

Given f: X — Y a three-fold flopping contraction with exactly one exceptional
fibre, which is isomorphic to a rational curve C, one can associate numerous
invariants. One is the Gopakumar-Vafa invariant nc,. In [Dav23b], the author
gives a cohomological categorification BPS, ; of these numbers in terms of BPS
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cohomology of the contraction algebra associated with the flopping curve C', where
d is the FEuler characteristic of the coherent sheaves on X. The invariance of BPS
invariants under the choice of Euler characteristic for 3CY varieties has been
conjectured in the work of Pandharipande and Thomas [PT09]. By analogy, the
conjecture [Dav23b|[Conjecture 5.9] is the statement that this invariance lifts to
an isomorphism of BPS cohomology

BPSTA >~ BPST,d—i—l .

Here, the isomorphism is constructed by defining a Hecke correspondence
from the cohomological Hall algebra. In particular, it implies the strong rational-
ity conjectures in [Tod23]|[PT09] for flopping curves. We can consider a similar
Hecke correspondence for the case when X = Sk x C where Sg — C?/Zg 4
is the minimal resolution of a Kleinian singularity. Then the proof of Theorem
C implies that the Hecke correspondence indeed gives an isomorphism between
BPS cohomology, as we vary d.

Corollary B (Corollary 8.2.3.1). The cohomological lift of the strong rationality
congecture is true for Sk x C.

1.2.6 Cohomological Hall algebra of Kleinian surfaces

Given any smooth quasi-projective surface S, in [KV23], the authors defined a
cohomological Hall algebra structure on the Borel-Moore homology of the stack
of compactly supported sheaves on S. Furthermore, this structure was upgraded
to the categorical level in [PS23]. Given any finite subgroup G C SLy(C), let
S¢ — C?/G be the minimal resolution. Then in [DPS23], the authors study the
cohomological Hall algebra Aﬁ(S(;) of w-semistable properly supported sheaves
on Sg with fixed slope p. They show that there is an isomorphism of algebras

A5 (S) =~ Aj(Tlgg)

where Q¢ is the affine ADE quiver associated to the group G by the McKay
correspondence. Here Ag(HQ) is the cohomological Hall algebra of slope 0, (-
semistable representations of the preprojective algebra (), where the stability
condition ( is explictly determined in terms of w and pu. Now assume G = Zg 1.
The main result and the properties of the affinized BPS Lie algebra allow us to
explicitly determine AS,(HQK) as a subalgebra of AHQ «» for any choice of ¢’ and
(/. In particular, as a corollary, we recover the calculation of the cohomological
Hall algebra of 0-dimensional sheaves A(Sk) as in [Mel+23] and of A%(Sk) as in
[DPS23].

Corollary C. 1. Let W(Sk) be the Lie algebra defined in the Corollary (9.0.2.1).
We then have an isomorphism of algebras (Corollary (9.0.2.1))

A(Sk) ~ U(W(Sk)).
2. Let W2 (Sk) be the Lie algebra as defined in the Definition 9.0.5. We then
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have an isomorphism of algebras (Corollary 9.0.5.1)

A2 (Sic) = U(WE(Sk)).

1.2.7 Shuffle algebra realization and commutative subal-
gebras

It is an interesting problem to construct the realization of quantum groups in
terms of a shuffle algebra, which is an algebra structure on the symmetric poly-
nomial ring with a shuffle product. This idea dates back to the work of Enriques
n [Enr01]. In [Neg23b], the localized K-theoretic Hall algebras are realized in
terms of polynomials in the shuffle algebra satisfying Feigin-Odesskii type wheel
conditions®. However, determining the explicit integral form is far from being
known. In [Neg22|, the author described the seminilpotent K-theoretic Hall al-
gebra of the preprojective algebra of the Jordan quiver as a shuffle algebra with
polynomials satisfying certain divisibility conditions, giving a shuffle realization
of an integral form of U,,(gl(1)). In [Zhal9], the author gives some necessary
but not sufficient divisibility conditions in the shuffle algebra associated to the
surface to be in the image of the K-theoretic Hall algebra of any smooth projec-
tive surface. In [Tsyl7a], the author describes an integral form of the Yangian of
sl,+1 by divisibility conditions.

In Section 10.2.2, we describe the image of A % R in the shuffle algebra AT X
as a subalgebra generated by certain specific polynomlals We remark that the
additive shuffle algebra (without wheel conditions) considered in [BT19][Section
5.2] is isomorphic to the algebra AA}? after localization (Remark 10.1.2).

We now state an interesting corollary of this embedding. By computing the

image of a natural trivial Lie subalgebra of gms‘;[r/v we define elements L,,,n > 1

in the shuffle algebra (Corollary 10.2.2.1) such that

Corollary D (Corollary 10.2.2.1). For alln > 1, let AL ¢ A"X be the subalgebra
QK
generated by L,. Then A% ~ C[Ly, Lo, -] is a polynomial subalgebra.

For the quantum toroidal algebra U, (gl(1)), a commutative polynomial sub-
algebra is defined in [FT11][Theorem 2.4] and its action on the K theory of
Hilb™(C?) has been studied in relation to the theory of Macdonald polynomials.
Its rational counterpart, has been defined in [Tsy17b][Theorem 7.7}, and it can be

seen as the image of the commutative Lie algebra 95 BPST  in the shuffle algebra

from [Dav22al[Section 3.13]. @or:Wor

1.2.8 Algebras in physics literature

n [GRZ23], for every K # 2, the authors construct certain double deformed
current algebras AX as the algebra of gauge-invariant local observables on M2
branes, in the twisted M-theory background. They further construct a C[hy, hq]

31In some references, the shuffle algebra is defined to be the subalgebra of symmetric Laurent
polynomials satisfying the wheel conditions. See [Neg23b][Definition 2.9].
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linear algebra Y by gluing two copies of AK . They show that Y is also an
integral form of the affine Yangian Y, 5, (gl( X)) and after quotienting by a central
element, this algebra deforms Wy. We expect that (see Section 13)

Conjecture 1. For any K > 2, there is an isomorphism of algebras

YK ~ yf(iK’?,CoHA
This would also explain the expectation in [Cosl7][Section 1.8] concerning
the embedding of the cohomological Hall algebra in Costello’s deformed double
current algebra Oy, (M, (e, K)), since it is shown in [GRZ23][Theorem 2] that

Costello’s algebra is isomorphic to a particular integral form of the algebra AX
which contains the positive half of Y& [GRZ23][Definition 7.01].

1.2.9 Notations

e All schemes/stacks are considered over C.

e For any algebraic group G, BG := pt /G is the stack theoretic quotient,
while Hg := H(BG, Q).
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Chapter 2

Quivers and Moduli Spaces

In this chapter, we will introduce our main object of study. We first set up some
notations.

A quiver is a directed graph @ = (Qo, @1, s,t), where Qo, Q) are finite sets
and s,t: Q1 — Qo. The set (g is the set of vertices, and (), is the set of edges.
For every edge a € @1, s(«) is the source of the edge, and t(«) is the target of
the edge.

Definition 2.0.1 (Path algebra). Let CQ be the path algebra of @, i.e., the
algebra over C having the paths in () as a basis, with multiplication given by
concatenation of paths. For each vertex i € (), there is a lazy path of length 0
starting and ending at i, and we denote by e; the resulting element of CQ.

Given a quiver @, the doubled quiver @ is the quiver obtained by adding a
new arrow a* for each arrow a € @1, with s(a*) = t(a) and t(a*) = s(a). We then

define
Definition 2.0.2 (Preprojective algebra). The preprojective algebra is defined

as the quotient B
Mg = CQ/(} _a.a’)).

From now on, by a representation of a quiver, we mean a left C'¢) module.

Definition 2.0.3 (Dimension). A left CQ module p is said to be of dimension
d € N? defined by
d; := dim(e; - p).

Convention 1. For quiver @), and for any 0 < ¢ < |Qo] — 1 we set J;
(0,---,0,1,0,---,0) € N9 and for any m < |Qo|—1, we set [i,m) = Zj =i+m mod ( ‘QOD J; €
¢ Os
N@ is a cyclic string of Os and 1s with m+ 1 consecutive 1s starting from position
i and remaining terms 0. Note that [i,0) = §; and [i + 1, |Qo| — 2) = 0 — ¢; where
d=(1,---,1).
———

|Qo| times

Given two representations p, p’ of dimension d, e respectively, we consider the
Euler form

(p, /) := dim(Hom(p, o)) — dim(Ext' (p, p')).
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which in this case, only depends on the dimensions d, e.

Definition 2.0.4 (Euler form). Given a pair of dimension vectors d,e € N@o,
we define the Euler form

XQ(d,e) = Z diei — Z ds(a)et(a).
1€Qo ac@Q1

Definition 2.0.5 (Serre Subcategory). A Serre subcategory S C CQ —mod such
that for every short exact sequence of representations

0—p1—p2—p3—0,

po is in S if and only if py, p3 are in S.

Definition 2.0.6 (Potential). A potential' on a quiver @ is an element W €
CQR/[CQ,CQJ. A potential is given by a linear combination of cyclic words in
@, where two cyclic words are considered to be the same if one can be cyclically
permuted to be the other. If W is a single cyclic word and a € )1, then we define

OW/0a = Z dc
W=cac
And we extend this definition linearly to general .

Definition 2.0.7 (Jacobi algebra). The Jacobi algebra associated to (Q, W) is
defined to be
Jac(Q, W) := CQ/(0W/dala € Q).

Although the definition might seem artificial, these algebras provide a way to
study important examples of non-compact Calabi-Yau 3-folds.

Example 1. Let @ Jor be a 3 loop quiver with one vertex and three loops.

Y
@
X C o ;) Z
and let W = X[Y, Z] be the potential. Then

Jac(Qyor, W) ~ C[X, Y, Z].
The above example has a natural generalization.

Example 2 (Canonical Cubic Potential). Given a quiver (), we consider the
quiver @, given by adding loops w; to each vertex i € Q,. Then the tripled quiver
(@ carries the canonical cubic potential

W = <Z wi> (Z la, a*]) .
1€Qo acQn

T Also called superpotential in physics terminology
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We have an isomorphism of algebras
Mglw] ~ Jac(Q, W)

for the polynomial ring Ilg[w] where w — " w;.

Example 3. Let G C SL(C?) be any finite subgroup of SL(C?). Let X be the
minimal resolution of the affine quotient C?/G. The McKay correspondence asso-
ciates an affine ADE quiver Q¢ to the group G. Let Y = X x Al. Then it follows
from the Derived McKay correspondence [KVO00] that there is an equivalence of
derived categories

DP(Coh(X¢ x A')) ~ D*(Jac(Qe, Wo,,) — mod).

In particular, let G = Zy. Then C?/Zy = {(z,y, 2) | * = yz} and the minimal
resolution is given by T*P!. We can identify Y = Totp: (Opz & Op1(—2)) and we
have derived equivalence

DP(Totp1 (Op1 @ Op1(2))) ~ Db(JaC(@vz,/W\/E) — mod),

where quiver @5 is given by

ng

"
a

with the potential T2 = (wo + w1)([ar, af] + [az, a3]).

For any toric 3CY manifold X, there is a procedure developed in mathematical
physics, known as dimer models, through which one can construct a quiver with
potential. These quiver encodes D-branes on X. Mathematically , this procedure
construct a tilting bundle 7 := &7; on X such that

RHom(7, —) : D*(Coh(X)) ~ D"(Jac(Q, W) — mod)

There is a derived equivalence between the bounded derived category of compactly
supported coherent sheaves on X and the bounded derived category of finite-
dimensional modules over the Jacobi algebra Jac(Q, W) = Endx (7). See [IU15]
for details.

Example 4. Let X = Totpi (Op1(—1) @ Op1(—1)) be the resolved conifold. Let
Ti = 1*Op1 and T3 = 7 Op:1 (1) where 7 : Totp: (Op1 (—1) & Op1(—1)) — P! is the
projection map. Then it can be checked that Endx (7) = Jac(Qecon, Wkw) where
Qcon is the quiver

X
ag
ai

N

24



and Wiw = ajasaia; — ajaiasay is the Klebanov-Witten potential.

Definition 2.0.8 (Nilpotent Representation). We define the notion of nilpotency
as considered in [BSV20], which is based on the work of Lusztig [Lus91]. Let
NQ C CQ-mod be the subcategory of semi-nilpotent representations of the quiver

Q, i.e representations p for which there exist some [ such that C@Zl -p = 0.
Furthermore,

e We say that a representation of Il is nilpotent if underlining CQ module
is nilpotent. We shall denote that subcategory of representations by N.

o Let @ be the tripled quiver introduced in Example 2. We define N C C@—
mod to be the subcategory for which underlining () module is in /\/'@.

We will also consider representations under stability conditions.

Definition 2.0.9 (Semistability). Given a quiver @), a stability condition is a
tuple ¢ € Q9. For a non-zero representation p of Q, we define the slope

x¢(dim(p)) := ¢ - dim(p)
| dim(p)| '

pe(p) =

Note that it only depends on dim(p). A representation p is semistable if for all
non-zero, proper p' C p, we have pc(p) < pc(p) and stable if the inequalities
are strict. We say that ( is generic for dimension d if for all d’ < d, we have

pe(d’) # pe(d).

For p € (—00,0) a slope, we denote by
¢ Q
A, CN¥°

the submonoid of dimension vectors d such that d = 0 or pc(p) = p.

2.0.1 Torus Actions

Given any quiver () and a lattice N = Z", let the map w : ()1 — N be a weighting
function on the edges. Fix T' = Homgyoup (IV, C*). For every a € @)1, we can define
a homomorphism 7" — C* given by ¢ — ¢(w(a)). This gives a morphism of stacks
A\o: BT — BC". Taking pullback, defines a cohomology class t(a) € H*(BT, Q)
given by t(a) = A\:(u) where u is the generator of H*(BC", Q) ~ Q[u]. Given a
path p = ajas - - - a, on the quiver (), we define its weight to be w = Zi? w(a;).
A linear combination of paths is said to be homogeneous if the weights of each
path in the linear combination are the same.
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2.1 Moduli Spaces of quiver representations

Given a quiver () and dimension d, define

Repg(Q) := ] Hom(C6(@), cat@))

a€Q1

GLd = H GLd(z)
1€Qo

where the group GLg acts on Repy(Q) by conjugation. Let

Ma(Q) = Repy(Q)/ GL4(Q)

be the moduli stack of d dimensional representations of Q. Let Mg(Q) =
Spec(C[Rep4(Q)]“L4) be the coarse moduli space parametrizing semisimple points.
We then have the affinization map given by taking the direct sum of successive
quotients in the Jordan-Holder filtration of the representation

JHq: md(Q) — Md(Q)

There is an action of 7" on Repy(Q) by

<t7 (pa)ate) — (t(w(a)) ’ pa)aEQ1

and then we define

M4 (Q) := Repy(Q)/(GLa(Q) x T).

Similarly, we define the stack

M§(@Q) = Ma(Q)/T

where T acts on Mq4(Q) since the action of Repy(Q)) commutes with the action
of the gauge group GL4q. We have an induced morphism

JHg : MG (Q) — Ma(Q).

We can also consider the versions of these objects with stability conditions.
Given a King’s stability condition ¢, we define Repy (@) C Repq(Q) to be the
open subvariety of ¢ semistable representations. We refer [Rei08] for an excellent
introduction to quiver moduli spaces.

We define the quotient stack 92 (Q) := Repd *(Q)/(GLa(Q) x T'). When
there is no 7', we have the coarse moduli space MY *(Q) given by GIT Quotient.
Since the points of this variety are in bijection with polystable representations, it
is easy to see that T acts on M **(Q). We define M*"*(Q) to be the quotient
stack M$™(Q)/T. We then have the induced morphism

TH® Mg(Q) = Mg (@),
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We denote by JHZ’C = @deAﬁ JH;F’C : 9)’(,7;,(*88(@) N MZ,CfSS(Q)’ where gﬁg,Cfss =

@deAﬁgﬁg»C*“(Q) and MJ<™ = @deAﬁMﬁ‘*“(Q). Finally for two dimension

vectors d’ and d”, we define RepdT,’C(;,s " C RepdT}i:ff to be the subvariety of rep-

resentations such that the flag C% ¢ CE+d for all i € Q is preserved. Let
GLgr a7 XT C GLg/4a7 XT' be the subgroup preserving this flag. We then define
the quotient stack of extensions

Extyy:(Q) == Repger™(Q)/(GLaar xT).

For any algebra A given by the quotient of CQ) by a two sided ideal which
is preserved by T, we define quotient stack i)ﬁdT’C_SS(A) as the GLgq quotient
of  semistable d dimensional representations of A. We similarly have stacks
Extgfd_,,s 5(Q) and coarse moduli spaces MJ*®(A). We will be focusing espe-
cially on the case when A = Ilg, which is the quotient of the path algebra of
the doubled quiver Q. This stack can be more conceptually understood in the

following way.

2.1.1 Representations of preprojective algebra

Let Q be the doubled quiver. Then we can identify

Repq(Q) = T"Repy(Q)

by the pairing between Hom(C3((®) C*@)) and Hom(CAH) CA(@)) for any
arrow a € (1. The symplectic manifold T*Rep,(Q) carries the action of Gauge
group GLgq with moment map

HQ.d Repd(@) — glq == H glg,
1€Q0
given by
(p(a), p(a*))aééh = Z [p(a), p(a*)].

ac@Q

Here we have identified gly with gly by the trace pairing. Then a substack
of M4(Q), the quotient stack ué}d(O) /GLg can be identified with the stack of
representations of the preprojective algebra 9tq(Ily).

Let MG (Tg) = p~¢7%(0) /GLq be the open substack of ¢ semisstable stable

quiver representations. We may also consider GIT quotients MngS(HQ). Similar
to quiver representations, we have semisimplification morphism

JH : S)ﬁd(HQ) — Md(HQ)

When the torus T preserves the moment map relations, we can construct moduli

spaces M (I1g) and M5 (Ig) in exactly similar way as before.

These stacks are often highly singular, as seen in the following example.

Example 5. Let () be the Jordan quiver. Then the ,ué}ord(O) is space of com-
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muting matrices and thus the stack of preprojective algebra representations is
My(Tlg,,) = {A, B € End(C") | [4, B] = 0}/ GL,

This can be equivalently described as the stack Cohy(A?) of length d torsion
sheaves on A? and the coarse moduli space My(Ilg,, ) can be identified with
symmetric space of d points on plane Sym”™(C?). Finally, the Jordan holder map
is identified with the support morphism Supp : Cohy(A?) — Sym,,(C?).

Earlier, we defined the notion of nilpotency N for preprojective algebra rep-
resentation. Following Lusztig, we can define Lusztig nilpotent stack WIQ[ (Ilg)

as the closed substack ,u;LN(O) /GLq of nilpotent representations of Il where

g™ (0) = (11" (0) N Rep} (@)

Example 6. Let () be the Jordan quiver. Then the Lusztig nilpotent stack
M (IIgier) parametrizes commuting nilpotent matrices of dimension d.
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Chapter 3

Perverse Sheaves and Vanishing
Cycles

In this chapter, we will briefly introduce the theory of Perverse sheaves and
introduce Vanishing cycles, a central object in the cohomological Donaldson-
Thomas theory, and explain the dimension reduction theorems, which provide a
way to compute vanishing cycles.

3.1 Perverse Sheaves

Our reference for this section is [Ach21]. Let X be any algebraic variety and let
X denote the analytification of X. Let Sh(X) denote the abelian category of
sheaves over Q on X. For a Q vector space V, Vx € Sh(X) denote the constant
sheaf on X associated to V. We say that a sheaf is constructible if there exists a
stratification X = J[ X; such that the restriction of the sheaf F to each X; is a
locally constant sheaf.

Let DP(X) denote the derived category of sheaves on X. An object F is
constructible if the cohomologies H!(F) are constructible. Let D(X) denote
the derived category of constructible complexes. This category comes with six
functors fi, f., f', f*, Hom(F, —) and F ® —.

Let p : X — pt be a constant map. Then the dualizing complex DQy is
defined to be p'Qy. This defines the verdier duality functor D : DP(X)°P —
DE(X) given by D(F) = Hom(—, DQx).

We then define perverse t-structure on D(X) by

PD0(X) := {F € D>(X) | dim(Supp(H'(F)) < —i,V i € Z}
PDZ(X) == {F € D(X) | D(F) € "D*(X) }

Then, finally, we define

Definition 3.1.1. The category of Perverse sheaves on X is defined to be the
heart of the perverse t structure, i.e.

Perv(X) :="D3"(X)N*D=°(X).
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We will often denote the 7 the cohomology functor associated to Perverse-t-
structure by PH'(—).

Example 7. If X is any smooth irreducible variety, then £[dim(X)] is a Perverse
sheaf on X. In the cases when X is smooth, we will denote by Q¥ := Qx [dim(X)]
as the constant perverse sheaf on X.

3.1.1 Perverse Sheaves on Stacks

In earlier sections, we only defined the category of perverse sheaves when the
underlying space is an algebraic variety. There is a way to define these categories
for smooth Artin stacks X.

The first step is to define the constructible category D2(X) with six-functor
formalism. This is done in [LO08a] and [LO08b]. In the setting when X is the
quotient stack X /G, which is the case we will be dealing with in this thesis, the
constructible derived category D?(X/G) is defined to be the equivariant derived
category D2 (X).

Then the second step is to define a perverse t structure, which is done in
[LO09], which defines the category of Perverse sheaves. For any stack X, let
Perv(X) denote the category of Perverse sheaves on X. In the case when X is
smooth, we will denote by Q%" the perverse sheaf Qx[dim(X)].

Example 8. We can interpret standard cohomology theories via the six functor
formalism. For any stack X any F € DE(%) and the morphism to point p : X —
pt, we write H(X, F) := p.(F) and H' (X, F) := H'(p.(F)). We can define

(X, F) = 1. (DF)
H.(X,F) :=p(F)

where D is the Verdier duality functor.

Convention 2. Given any space X, let DP(Perv(X)) denote the unbounded
derived category of constructible complexes on X such that for each connected
component X’ C X, the cohomology sheaves PH(F) vanish for i << 0.

3.1.2 Decomposition Theorem and Intersection Cohomol-
ogy Sheaves

Despite the abstract definition, the category of Perverse sheaves behaves quite
nicely. The category of perverse sheaves is known to be a finite length category
(both Artinian and Noetherian). Furthermore, there is a complete description of
the simple Perverse sheaves.

Let © : Z — X be any locally closed, irreducible, smooth subvariety. Then
in general, it is not true that either of the functors ¢, or i, preserves perverse
heart. However, there exist intermediate extension functor i), defined by 7, F =
Im(PH° (i) F) — PHY(i,F)) which preserves perverse ¢ structure i.e. We have a
functor iy, : Perv(X) — Perv(Y).
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Orignally defined in work of Goresky-Macpherson [GM77], given a local sys-
tem £ on Z, L[dim(Z)] € Perv(Z). We define the IC sheaves as the image of
this perverse sheaf via the intermediate extension functor, i.e.

TC4(L) = in(L[dim(2))).

For any variety X, for which each connected component is irreducible, we
define the intersection complex

ICx = @ TIC2(Qzem[dim(Z)]),

Zemo(X)

i.e. it is the intermediate extension of the constant perverse sheaf on the smooth
locus. We then have the following fundamental theorem.

Theorem 3.1.2. Let L be a irreducible local system on Z, then ICz(L) is a
simple object in Perv(X) and all simple objects in Perv(X) are of this form.

Furthermore, every perverse sheaf admits a finite filtration whose subquotients
are simple IC' sheaves IC z(L).

Suppose one is in a setting where one wants to study the cohomology of some
space X and assume further that there is a morphism f : X — Y such that we
understand the cohomology of the fibers, but maybe some of the fibers are ill-
behaved. It might still be possible that these fibers don’t contribute much to the
overall cohomology. Thus, studying the pushforward f.Qx is worthwhile, which
might tell us something about the support. This technique is quite heavily used
in some of the main theorems of this thesis.

The following theorem of Beilinson—Bernstein—Deligne-Gabber [Bei+18], called
the BBDG decomposition theorem, is precisely of this nature. We have

Theorem 3.1.3. If f : X — Y is a proper morphism from a smooth algebraic
variety. Then we have splitting

£Q ~ P H (£.Q8)[—i]

i€Z
and each of PH!( f.Q%") are semisimple perverse sheaves.
X pie p

Note that H(Y,P7=(f.Q%W)) C H(X, QYY) defines a canonical filtration on the
cohomology, often called Perverse filtration. In this thesis, we will see several
instances of such filtrations. The Splitting 4.3 for the semisimplification mor-
phism JH can be seen as an instance where the first part of this theorem is true,
even when the underlying morphism JH is not proper. The decomposition in
equation 4.15 is even more interesting as neither the underlying space M4 (Ilp) is
smooth, nor the morphism JH is proper. Yet, we have both parts of the BBDG
decomposition theorem.

31



3.2 Vanishing Cycles

Vanishing cycles provide a coefficient system of counting points in the moduli
space of objects in 3CY categories, which are locally a critical locus. In this
section, we will introduce vanishing cycles and the properties we need in later
sections. For more details, refer to [KS90] and [DM20]. Let f : X — C be
a function on a smooth complex variety X. Then we consider the following
commutative diagram:

=77 o <0 T~
XO > XSO < 3 ! X>0

| l L

{z=0} —— {2 €C|Re(2) <0} —— Al +— {2z € C|Re(z) >0}

Definition 3.2.1 (Nearby cycle functor). The perverse' nearby cycle functor

P, DT(X) — DY(X)

is defined to be
U= g rr*[—1]

By adjunction, there is a natural transformation id — r,r*, precomposing
with i,7* yields a natural transformation
B0 [—1] = Py (3.1)

Definition 3.2.2 (Vanishing cycle functor). The vansishing cycle functor
"o, : DY(X) —» D (X)
is defined to be the cone of above morphism
PO, = Cone(i,i*[—1] — PUy)

These functors behave nicely with the perverse structure. As we have

Proposition 3.2.3 ([Ach21], Thoerem 4.2.8). Let f : X — Al be a regular
function. The functors *®; and ¥ are t-exact for the perverse-t structure.

Thus in particular, the vanishing cycle sheaf : *®;(Q¥") is a perverse sheaf
on X. The vanishing cycle sheaf captures the singularity of the function. Let’s
consider the smoothest function of all first.

Example 9. Consider the identity function id : C — C, id(z) = z. Then by
definition, we have PW;y Qu1[1] = i*i*r*@A;O. So we have to compute the talk
(rQa1,)o. By [Ach21][Lemma 1.2.10], we have

H*(i*r.Qqu1 ) = lim H*(U, (r.Qa1 i) = lim H (ALoNU, Quu np) = HY(AL, Qur )

1We have shifted the usual functor by [-1].
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where last equality is true since for any open disc U containing 0, the inclusion
Al NU < Al, is a homotopy equivalence. Since this vanishes unless k& = 0, this
is jUSt @ Thus p‘yid = Z*QO And so pq)id(QAl[l]) = 0.

Proposition 3.2.4. The vanishing cycle sheaf?®; Q% is supported on the critical

locus Crit(f) = {df = 0}.

Proof. Let x € X which is not in the critical locus. Thus, for a neighbourhood
r € U, we may assume that f : U — Al is smooth. Let id : A’ — Al be
the identity function. Then by smooth pullback (Section 3.2.2), we have 0 =

JrP@iq Quu = PPf f*Qu1 =705 Qx. O
Let’s consider another example where f is not a smooth function.

Example 10. Consider the function f : A! — A! given by f(2) = 2" for some
n > 2. Let (AL)Y™ = f~1(ALl,. By definition *W(Qu[1]) = LT Q1 ym-
Now just like Example 9, we have

H* (. Qe i) = H((AL)'™, Qa1 i) = Q"

vir

since there are n connected components. So *V¥.. Q}T = 4,Qf and thus
PP, QY =,Qp !

Example 11. Let @ be any quiver, d be any dimension vector, and W be any
potential. Consider the morphism Tr(W) : M4(Q)) — C. Then

crit(Tr(W)) = Ma(Jac(Q, W)).
So in particular,

H(Dﬁd(Q)a PP QTr(W)) = H(md(JaC<Q7 W)); PP QTr(W))-

Like perverse sheaves, vanishing cycles can be generalized to Artin stacks. In
this thesis, we will mainly be dealing with the case of smooth quotient stacks

X/G, where one can understand its cohomology as the equivariant cohomology
He(X,P®y).

Definition 3.2.5 (Critical cohomology). Given a function f : X — Al we define
critical cohomology with slight abuse of notation:

H(X,P0)) = H(X,"®; QF).

The vanishing cycle functor enjoys many nice properties, which we shall ex-
plain now. We refer [DM20] for more details. We assume that all the stacks
considered are quotient stacks.

3.2.1 Thom-Sebastiani

There is an analogue of the Kiinneth isomorphism for the critical cohomology.
Let f and g be two functions on smooth stacks X and ) respectively. The Thom-
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Sebastiani theorem states that there is a natural equivalence
TS : pq)fagg(./—"& g)|f71(0)ngl(0) ~ P(I)f‘/'_'& P(I)gf

and when Supp(P® m,(F X G)) C f71(0) x ¢g~'(0), we get an isomorphism on
cohomology

TS: H(X,P®; F) @ H(Y),"®;G) ¥ H(X x Y, Oz, (F X G)).

3.2.2 Pullback

Given a morphism p: X — 2) between smooth stacks, there is a natural morphism
p* pq)f — P(I)fpp*

which is an isomorphism when the map p is smooth. Applying this to Qg and
pushing forward to the point, we get a pullback map

p*: H(m,pq)f @gm) — H(:{’pCI)fp @x)

3.2.3 Verdier Duality

There is a natural isomorphism D?®; ~ ?® ;D where D is the Verdier duality
functor.

3.2.4 Pushforward

Given any morphism p: X — 2) and a function f: ) — C there is a natural map
p(I)fp* — D« p(I)fp

which is an isomorphism when p is proper. Applying this to F = Qg and compos-
ing gives a morphism P®¢ Qg — p. (PP, Qx). Applying D and pushing forward
to the point yields a map for p proper:

pe: H(X,P® 5 Qx) = H(D, PP s Q)[2(dim(Y) — dim(X))].

3.3 Dimension Reduction

Let X = X’ x A™ be a smooth variety, let f be a function on X of weight one
for the scaling action on A™ and trivial action on X and let 7: X — X’ be the
projection map so that we can write

f= Z i (fi)

1<i<n
where f; are functions on X’ and x; are coordinates on A". Let
Z'={xeX'| fi(zx) =0V 2 e X'}
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and let Z := 17 1(Z'). Let iz : Z/ — X', and i : Z — X be the inclusions. Then
the natural map
W!pq)f T — Wyﬂ*(izl)*(izl)*

is an isomorphism [Dav17][Appendix A].

Example 12. We apply dimension reduction isomorphism to the sheaf F = Qx-.
This gives an isomorphism of complexes

mP®; Qx ~ mm*(iz).Qz ~ mi.Qz = Qz[—2n].
Taking global sections gives an isomorphism of cohomology
Ho(X,P®;Qx) ~ Ho(Z,Qz) ~ Ho(Z',Qz/[—2n)). (3.2)
Applying Verdier duality gives an isomorphism of cohomology:
HPM(Z', Qz[—2n]) ~ H(X,P®(Q¥)[dim(X))]).

This isomorphism also extends to quotient stacks. Suppose that an algebraic
group G acts on X’ and A" such that the function f is also G invariant. Then
we get an isomorphism of sheaves

m 0 Qx/c = Qz/c|—2n).
Taking Verdier dual gives an isomorphism of sheaves
DQzc2n — (dim(X/G))] ~ 7, *®; QY)q. (3.3)

We shall be applying isomorphism 3.3 to dimensionally reduce from Kontsevich-
Soibelman Cohomological Hall algebras to the Schiffmann-Vasserot Cohomologi-
cal Hall algebra of preprojective algebra in Section 4.2.1.

Example 13. Let f: A> — C given by f = xy. Then we can write f as xf,
where f, : At = C, f;(y) = y. Then applying dimension reduction gives

H(A? P®, Q)%) ~ H*M(pt, Q) ~ Q.

Notice that we could have rather written f = yf,, and we would have gotten
another natural isomorphism

H(AQ,"@f QL) ~ HBM(pt7 Q) ~Q.

These two morphisms differ by a sign. They are one of the major reasons why we
sometimes twist multiplication rules in the cohomological Hall algebra by specific
choices of signs. See Proposition 6.1.12 to see this manifestation in the coproduct.

Notice that there is an underlying assumption that there is a weight 1 scaling
action. This condition can be slightly relaxed. We have the following theorem of
Davison-Padurariu [DP22], which we write in the generality we need.
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Theorem 3.3.1 (Deformed Dimension Reduction). Let G be any algebraic group
acting on X' and the affine space A™. Assume that A" is given C* action by non-
negative weights, which commutes with G action. Let C* acts on X = X' x A™ by
trivial action on X' and given action on A™. Now assume that f is G invariant
and C* semi-invariant, with strictly positive weight. Assume that one can write
A" = A" x A" G x C* equivariantly and one can write

f=Jo+ Z fixi
1<i<m
where fo, f1, -+, fm are pulled back from X x A"~ and x; are the coordinates of

A™. Then there is a natural isomorphism of sheaves

PP Qx/c > P g, Qz/c[—2m),

where Z C X x A"™ 4s the vanishing locus of functions f;,1 < i < n and
q: X x A" — X is the projection morphism.

Notice the case when n = m is the usual dimension reduction theorem, par-
ticularly isomorphism 3.3.

Example 14. Let f be a function f : A? — C given by f(z,y) = vy + 2™, n > 2.
Then we define a C* action so that it scales y by weight n — 1 and = by weight
1. We can write A> = A} x A} where we see 2",z as pullback of functions on
Al and y as the coordinate. Then deformed dimension reduction theorem with
A™ = A}J, A"~ = Al and X’ = pt gives isomorphism

H(A? P, Q%) ~Q

3.3.1 Saito’s Mixed Hodge Modules

Given X any algebraic variety X, we saw that the constructible category DP(X),
and hence the category Perv(X), provides a way to study the cohomology of the
space X. When X is a smooth and projective variety, it is well known that the
cohomology H(X, Q) has a Hodge decomposition. This is, however, not true for
an arbitrary algebraic variety. In [Del71], Deligne proved that the cohomology of
any complex algebraic variety admits a canonical Mixed Hodge structure.

In [Sai86a] and [Sai86b], Saito introduced the theory of Mixed Hodge modules.
This theory is a way to unify the Mixed Hodge structures and Perverse sheaves
formalism. For any algebraic variety X, let MHM(X) denote the category of
polarizable mixed Hodge modules. When X is a point, MHM(pt) is just the
category of polarizable mixed Hodge structures. The derived category of mixed
Hodge complexes DP(MHM (X)) can be seen as an analog of D?(X) and admits
six functor formalism. Finally there exist a conservative functor

raty : D’ (MHM (X)) — D2(X)

which maps the abelian category MHM (X)) to Perv(X).
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This generalization is particularly useful in cohomological Donaldson-Thomas
theory, as now we can study the mixed Hodge structure on the critical cohomol-
ogy, which provides refinements to DT invariants. In this thesis, we will be
working with Perverse sheaves, but all the objects defined can be upgraded at
the level of Mixed Hodge modules, so every cohomology considered has a Mixed
hodge structure. One of the main theorems (PBW isomorphism 4.6), which we
shall be using in this thesis, is proved via going through this upgrade.
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Chapter 4

Cohomological Hall algebra

4.1 Kontsevich-Soibelman Cohomological Hall
algebra

We recall the construction of the cohomological Hall algebra of a quiver with
potential from [KS11]. Let @ be any quiver with potential W and let T" be any
torus defined by weighting w : ()1 — Z" such that the weight of potential W is 0.
Then given any stability condition ¢ and slope p, we consider the graded vector

space
T’C Py— T7<
‘AQ7W7I'L T @ AQ7Wd
deAg,
where

Agﬁ/v,d = H(m?C_SS (@), pq)ﬂfi(vv) Q™M)

and Tr(W)§: MI™(Q) — C is the trace function', the grading is given by
dimension and cohomology and Q' is the constant T equivariant perverse sheaf
defined? by

Q" mz (@) = Quir(g[—(d, d)].

We then consider the convolution diagram

M a(Q)
MEC(Q) Xy /1) MEE(Q) My (@)

We shall ignore the subscripts from Tr(VV)fi when context is clear.

2We choose this twist since we want to think of Ag,w as version of Ag w with equivariant
parameters. For Ag w, the sheaf Q"' = Q[—(d, d)] is perverse, while for Ag_w we choose the
sheaf so that restriction to the fibres of projection 9% (Q) — pt /T are perverse.
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By taking the inverse of the Thom-Sebastiani isomorphism (3.2.1), we have the
isomorphism of graded vector spaces:

TS HERLE(Q), M) @) @ HERLS(Q), M) Q)
~ H(DﬁTC bS(Q) > ED’IZ;;C—SS(Q)7 pCI)Tr(W)dlﬂﬂTr(W)dQ @vir).

By the natural map [pt /T] — pt, we have a forgetful morphism j : DﬁdT’f_SS(Q) X pt /7]

MEE(Q) — ML (Q) xME(Q), so by taking the pullback (3.2.2), we have
the morphism of graded vector spaces

- T,(—ss T,(—ss vir
J H(fmdf (Q) x fmdf (Q), Py g, mTe(W)a, Q™)
~ HMg ™ (Q) Xppi /1) Mgl (Q), PPy, w1x(m)a, Q™)

By taking pullback (3.2.2) along the morphism 7; X w3 we have the morphism
of graded vector spaces

(71 X m3)*: H(Smgf_ss(Q) X [pt /T] E)ﬁgf_ss(Q) POy JHTE(W ) QVH)
H(MG 35 (Q), " Py, T QmTvC*SS(Q))[_(dlﬂdl) = (dz,d2)].

djds (Q) dq,dy

since dim(Mq4(Q)) = —(d,d). Then finally doing the pushforward (3.2.4) along
o, gives a morphism of graded vector spaces

(72t B Q) nan o, o) (A i) (do, )] =
H(MG 43 (Q). PPy Q).
Note that above respects the cohomological grading since
dim (Mg ) — 2dim(My 4" (Q)) = —(di, di) — (da, da).

Composing the above morphisms together gives a morphism of cohomologically
graded vector spaces

de1,<12 1= (mg)«(m X m3)*j* TS AQWd ®AQ W.da _>AQWd1+d2

Taking the direct sum of maps maq, 4, over all (dy,ds) € AC Ai defines a map
of AC x Z, graded vector spaces

‘AQ W AQ Win ‘AQ Win

where by AC we mean the dimension grading while Z is the cohomological grading.

The map mC in fact gives .A ., & structure of AC x Z, graded associative algebra
structure [KSll][Sectlon 2. 3] We will often denote the multiplication by x. We
note that when ¢ = (0,---,0) and g = 0 then M (Q) = ML (Q) and the

direct sum is over all d in N9, We will denote the resulting algebra by Agw
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and Ag w,, for the case without 7. Note that by definition Ag’ﬁﬁ,ﬂ is a Hr(pt)
linear algebra.

4.1.1 Nilpotent 3d CoHA

Following [DM20], one can define a CoHA structure for any geometrically de-
fined Serre subcategory of the quiver representations. In this thesis, we will only
consider a case of this construction which is given by the Serre category N of
nllpotent representations of the tripled quiver ), defined in Section 2.0.8. Let

imW *(Q) — MS™(Q) denote the inclusion of the stacks, where I (Q) is
the stack of ¢ semistable d dimensional representations of quiver (). We consider

the graded vector space
ATS N . T.CN
RIATE EB AQwa
deAs,

where we define
A5 = HONT™(Q), 7.(@)' PP Q).

Then, in the same way as the last section, the CoHA convolution diagram

_ T.CN
constructs an associative algebra structure on AQ’%V -

4.1.2 Relative CoHA

The algebra AQ i, admits a lift to an algebra object RAQ i, 10 the derived
category DT (Perv'(M¢(Q))) of perverse sheaves on the coarse moduli space.
3This lift is sometimes useful in studying this algebra as many of the products
in algebra can then be interpreted as morphisms of semisimple Perverse sheaves,
which are relatively easier to understand. Let

mz,ngS(Q) — H mg,cfsS(Q)

deA§,

and similarly let
M(@Q) = [ Ma™(@).
deA,
We denote M¢~%(Q) and ML<%(Q) by IM"(Q) and M[~*(Q) respectively,
in the case when ¢ = 0, = 0. Finally let JH] := aeas JHY : MI<(Q) —

MT$75(Q) to be the semisimplification morphism.
We consider the direct sum map

MS(Q) x ME(Q) 5 MS(Q)

3The shifted perverse t structure on DP(MZE*7*(Q)) is defined by setting 7<% :=
prsi—dim(T) gpd P72 = Pr2i=dim(T) et Perv’ (X/T) to be heart with respect to this shifted
perverse structure. This is defined so that for any F € Perv (X/T), (X — X/T)"(F) €
Perv(X).
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It is proved in [MR19] that this morphism is a finite and commutative morphism
of schemes. This morphism lifts to the T quotients

T
M(Q) X ymy M (Q) == MIK(Q)
is also finite and commutative. We consider the monoidal product
F&@T g .= @Z(J’—" IX[pt/T] Q)

over [pt/T] on DF(Perv'(M[¢(Q)), allowing us to consider algebra objects
in D¥(Perv'(M*(Q)). Since the morphism @” is finite, it implies that the
monoidal product is bi-exact and symmetric.

Let A5, x [pt /T] be the stack consisting of the copy of [pt/T] for every
dimension vector d € AS. Then the A graded algebra structure on A@g >
can be understood as the algebra structure on the object p, POr sz,c ( Q)
D* (A, x [pt /T]) where p : 95,(Q) — AS, x [pt /T is the canonical morphism and
A, x [pt /T is a monoid over [pt /T given by the sum of dimension vectors. We
now consider something intermediate.

Let

RAQ Wy (JHS’C)* p®Tr(W)(Q;trZ;,§(Q)).

Since, after doing semisimplification, non-trivial extensions are the same as the
direct sum, the CoHA convolution diagram lifts to the commutative diagram

Extga,"(Q)
V XQA
T, —ss T,(—ss T,(—ss
M Q) X o1y My (Q) My an (Q)
JHG, % JHdT2l lJHgl o
MEE(Q) X e ) MEST(Q) ~ > M)

Now, we can do the same game as in the definition of Kontsevich-Soibelman
CoHA, but instead we push forward underlying sheaves to MATL’C*SS(Q). It is
proved in [DM20] and [Dav22b] that this defines a morphism

which makes RA v, an algebra object inside the monoidal category D (Perv'(M[€(Q))).
We will often refer to this as the relative CoHA. Takmg cohomology of the mo-
prhism Rm above, we obtain the usual CoHA AQ W

4.1.3 Tautological bundles

Given a family F of d dimensional ( semistable representations of C() we can
obtain a line bundle by taking Det(F). This gives a map Det: imTC *(Q) — BC;,
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where BC;, = pt /C! and we use variable u to emphasise that « € H*(BC;, Q) is
the tautological generator for this C*. Thus, we have a map of stacks

(Det x id): ME(Q) — BC,, xME(Q) (4.1)
which induces a natural map in the constructible category
p@OEBTr(W)d QB(C:; XW:,C—SS(Q) — (Det X ld)* p(bTr(W)d ng’c_ss(Q) (42)

while by Thom-Sebastiani *® gy (177, @Bcc:j )48 () = Qpc: X Oy, ng,g_ss(Q)
and so after shifting by [(d, d)] and taking global sections, we get

(Det x id)*: H(BC,, Q) ® HERES(Q), *rywy) = HERES(Q), *ryn),)

This gives an action of Q[u] = H(BC_, Q) on Ag’ﬁ,m which we denote by -. We
will see later that this action acts by derivation.

We may also pushforward the morphism 4.2 by J Hg’c to induce similar action
of Q[u] on RAQ W

4.1.4 Perverse filtration and BPS Lie algebra
Sign Twist

We slightly twist the multiplication on Ag%v so that the resulting algebra satisfies
the PBW theorem. Given dimension vectors d’,d”, we define

T(d/,d”) — XQ(d/,d,)XQ(d”7dN) _|_ XQ(d,,d//)
Then a bilinear form ¢ on (Z/27Z)? is defined so that we have
Pp(d,d") +¢(d",d") = 7(d',d”") mod 2.

Then Ag%}ﬂ is defined as an algebra on the same vector space, but with the
multiplication mqé’,7d,, = (=19 g gv. Similarly we define RAg’%’pM to be the
algebra object with the same underlying complex of perverse sheaves on RAS’}%}{’M
but with the modified multiplication Rmﬁ,7d,, = (=) Rmg qn

For a general situation of quiver ) with potential W, we fix a choice of .
For the tripled quiver () and canonical potential W, we have

d/ d// Z d/d// + d/ d//
ai—j
and so we choose
w(d/7 d//) - d/ d// Z d/d// Z d/d//
1€Qo :i—j

when the quiver @ is fixed, we will denote this sign twist by x.
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4.1.5 Perverse filtration and integrality

We assume that quiver Q is symmetric from now on*. The morphism JHg’C
behaves like a proper map [DM20] by which we mean that it satisfies an analog

of the decompositon theorem, i.e. the direct image (JHdT’C)*pQTr(W) splits, that

is we have a non-canonical isomorphism in DP(Perv'(M5¢™*(Q))):

(JHZ®), Prw) Q™ ~ @D PH ((THG®). P By [~ (4.3)
€L

Furthermore, it is proved in [DM20] that *H((JHC), POppy) = 0 for all @ <
1, so the above splitting starts from ¢ > 1. For any ¢, applying the natural
transformation * (7<) — id, gives a split morphism

PTE((THG )PPy @) = ((JHg ) PPrvaw) Q).
Thus pushing forward all the way to the point, gives an injection
PAGS = HOME(Q),Pr (). Pnon @) = A
giving an increasing filtration
P ( g%%) =0C ‘I‘I(Ag’%’d) - ‘432(«45’,%1) e C Ag’,cvifd

of Ag’ﬁ,’[}f’d. This filtration respects the algebra structure on Ag%’u It is shown in

[Dav22a][Theorem 3.3] that in fact the vector space @, AS pLe (Ag’ﬁ,’;fd) is preserved

under the Lie bracket induced by the associative algebra structure on Ag%u The
BPS Lie algebra is defined to be the Az x 7 graded vector subspace®

BPST.C ._ 1 AT T
Sowyu = @ B (Agwa) C A
deAs\o

Furthermore, by the action of tautological bundle (Section 4.1.3), we have a

morphism of graded vector spaces H(BC,, Q) ® gg?v?,’:‘:’C — Ag’ﬁ,"}{’u which induces

a morphism from the tensor algebra
* BPS,T, T,
THT(pt) (H(Bcu7 Q) ® gQ,W“u C) — 'AQ,%}L' (44)

Let Symy, i (H(BC}, Q) ® ggw,*) € T(H(BC,, Q) g5, ) be the sub-
space of symmetric tensors, then restricting morphism (4.4) yields a map of Ai X7
graded Hr(pt) modules

Symy, o) (H(BCy, Q) ® goiwin®) = AGSit: (4.5)

We then have

4This is not essential and there are more general results involving 1 generic stability condi-
tions in [DM20)]
5Since we define the BPS Lie algebra after fixing the twist 1/, we omit it from the notation.
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Theorem 4.1.1 (PBW Isomorphism [Dav22al, [DM20]). The morphism (4.5) is

an isomorphism of Ag X Z graded Hr(pt) modules. In fact, let Grm(Ag’ﬁ,’[}fu) be

the associated graded algebra with respect to the Perverse filtration. Then there
15 an isomorphism of algebras

Crp(AgSir,) = Symy, i (H(BC,, Q) © g, ) (4.6)

where for any Hr(pt) module V, Symy, (V) = Ty (V) /(r @y -y @z =
0| z,y € V) is the quotient of the tensor algebra.

Relative Integrality Theorem

There is a lift of Proposition 4.1.1 to the Relative CoHA. Following [DM20], we
define the BPS sheaf BPSg’ﬁ,m to be

BPSGSy, =P (JHPO). (P nqwy))[1]- (4.7)
So that
Soury = HONL™(Q), BPS Sy, [-1)). (4.8)
By definition, we have a canonical morphism
T, T,
BPSHSy . [—1] = RAL .-

Applying the action of Q[u] introduced in Section 4.1.3, yields a morphism of
complexes

H(BC., Q) @ BPSLS, [—1] = RALS, .

Since the category D*(Perv'(/\/lg’ﬁ,[,, ,(®))) is symmetric monoidal over [pt /77,
for any object F € D*(Perv’(/\/lg’ﬁ,vvu(Q))), we may define

Symgr(F) = @ SymZéT (F)

i>0
where Sym/,r(F) is the S; invariant part of

;F‘IE@T'IE@T.FJ
z't?r,nes

Thus, in exactly the same way as before, since R.Ag%v ., has relative CoHA struc-
ture, the above morphism lifts to a morphism

Symgr (H(BC,, Q) @ BPSG,,[-1]) = RAGS, (4.9)

of objects in D*(Perv’(./\/lg’%/’“(Q))). We then have

Theorem 4.1.2 ([DM20]). The morphism /.9 is an isomorphism and for any
de Ai\O, there is an tsomorphism of perverse sheaves
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(4.10)

. (—st
Q.w,d :
0 otherwise
where TrS(W) : MECT(Q) — C is the unique function through which the of
morphism Tr§(W) : MG (Q) — C factors.

Remark 4.1.3. e This theorem builds on the work of Reineke and Meinhardt
in [MR19], who proved a version of this theorem for the case when W = 0.
Then one proves the above statement by showing that the vanishing cycle
functor, in some sense, commutes with the semisimplification morphism.

e We have stated this theorem at the level of Perverse sheaves, but these
isomorphisms lift to the level of Monodromic Mixed Hodge modules, which
is how they are proved.

Example 15. Let ) be the Jordan quiver and W = 2™ for some n > 1. Then
calculating the critical cohomology H(9M4(Qjor),? Prv(om))by definitions is already
quite difficult. However, by the PBW theorem, we have an isomorphism of graded
vector spaces

B HOR4(Quor), " Prrany) ~ Sym (g6 ,» @ H(BC,, Q) .

d>0

Furthermore, there aren’t any simple modules of dimension d > 1 for the Jordan
quiver since the path algebra is the polynomial ring Clz]. Thus

BPS BPS 1 -1
gQJorvxn - ngor,xn’l = H(A ,prn> = Qn

by Theorem 4.1.2 and Example 10. Thus we have

@ H(mtd(QJor)a p(I)Tr(ac”)) = Sym(Qn_l X Q[UD

d>0

which completely determines the vanishing cycle cohomology H(94(Qjor), ¥ Py (any )-
Note that g¢'® . is a graded Lie algebra, but there aren’t any components

r?mn
for dimension > 1. Thus infact ggfivxn ~ Q" ! is a trivial Lie algebra.

Although it may look like that above theorem completely determines BPS
sheaves, in practice it is quite difficult to calculate the vanishing cycle of the
intersection cohomology sheaves. We recall the following theorem of Toda, which
relates the BPS sheaves with or without stability.

Proposition 4.1.4 ([Tod23]). For any symmetric quiver Q, potential W, ¢ €
Q@ a stability condition and d € N9 q dimension vector, there is a natural
1somorphism

(qg)*BPSEZWd ~ BPSowa

where qfi is the GIT affinization map
dg: Mg =(Q) = Ma(Q).
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Note that the Lie bracket on ggfv?,:i lifts to a morphism of complexes in

D*(Perv(M;,(Q)))
[, ] BPSY ., [—1] B BPSE, yy, ,[—1] = BPSE - [—1]
which after pushforward along the map qq and applying Toda’s theorem, gives

Proposition 4.1.5. There is an isomorphism of Lie algebras

BPS,
gQ,W,fL2 @ ggﬁ%& (4.11)
deA$\o

The structure of these Lie algebras is not known and is an active area of
research. However, a lot more can be said in the case of tripled quiver with
potential, i.e, when () = Q) and W = W. In fact, in that case, it gives rise to the
CoHA of preprojective algebras.

4.2 Preprojective Cohomological Hall algebra

Let W : Q — N be a torus weighting on the doubled quiver such that the
preprojective algebra relation Zate la, a*] is homogeneous with respect to this

weighting. We then consider the Ai x Z graded Hr(pt) module °

Afy, = @ HM(d (1), Q™)
deNQo
where we define’ QVir\mg(HQ) = Quz (11)[—2(d, d)]. In [YZ18Db] (For any quiver)
and [SV13] (For the Jordan quiver), by doing virtual pullback and push forward,
the authors define a N@° x Z graded associative algebra structure A% o which we

refer to as the preprojective cohomological Hall algebra. We can also twist the
multiplication in A% , as we did for Ag 3 in Section 4.1.4. Let us denote the

resulting algebra by Aﬁg‘. In a similar way, in [SV20], authors define a N% x Z
graded algebra structure on

N N vir
AR = @ HPM (" (11g), Q™).
deN@o

These algebras can be seen as a particular case of the Kontsevich-Soibelman
cohomological Hall algebra.

6There also exist versions with a stability condition, however, we don’t need to consider that
for our applications.
"Note that the quotient stack Mg (Ilg) is not smooth, so the defined shifted complex is not

the same as the intersection complex. Note that DQ‘Q’;{T(HQ) = (DQopr(11,))[2(d, d)].
d
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4.2.1 Tripled quiver with canonical cubic potential

In Example 2, we saw that for the tripled quiver Q: with canonical cubic potential
W, we have an isomorphism of algebras Jac(Q, W) =~ Ilg[w]; this in fact allows
us to see the algebra AL o, as the dimension reduction of Ag W where the torus

T action on My(Q) is defined by uniquely extending the action on Mg () such
that it leaves the potential W invariant. Let

™ ME(Q) — MG(Q)
be natural forgetful morphism. We have decomposition
zde(@) = Ma(Q) x Ma(L) (4.12)

where L is quiver with vertices )y and loops w; on each vertex . We may consider
the C* action, which scales the loops. Then applying dimension reduction (3.3)
gives an isomorphism of complexes

vir ~ P N vir

Taking cohomology, gives an isomorphism of N@° x Z graded Hr(pt) modules
DRq : HOE(Q), "riqr) ~ HOE (11g), Q) (4.14)

In [RS17][Appendix A] and [YZ20a], it shown that taking sum of maps DRq :=
DRgq - (‘21) over all d € AS, where (‘21) = [Lieg, 11 (dQ) gives an isomorphism of
Ai x 7, graded algebras - e
AT ~ )
DR: A@,'VV ~ AHQ.
A similar analysis for the case of nilpotent representations, as done in [Dav22al,
one obtains an isomorphism of algebras

= TN TN
DR: AZY ~ AR,

4.2.2 Support lemma and Less Perverse Filtration

In this section, we restrict ourselves to the non-equivariant setting. We remark
that these results also hold when any torus 7. We saw that morphism 4.13 is an
isomorphism of complexes. Combined with the Integrality Theorem 4.1.2, this
gives a integrality theorem for the pushforward JHY ID)Q;J?T(HQ), where we treat

DQy: (lg) 85 & complex on M(Q). We have a commutative diagram

M(Q) —— M(Q)

JH® lJH@



Thus, we have an isomorphism of complexes
JH ]D)@"“HQ ~ T, JHQ QV“ @ = Symy, (q*BPS@W[—l] ® H(B(CZ,Q))

It turns out that the complex ¢, BPS Q,W[_l] itself becomes a perverse sheaf on

M(Q). This is explained by the support lemma. Let [ : Mq(Q) xA! — Dﬁd(@) be
an embedding of stacks induced by the closed inclusion Repy(Q) x At — Repd(@)
defined by sending a representation p of Q and a scalar \ to a representation of
() whose underlying @ representation is p and the loops w; act by multiplication
with the scalar A. Then it is proved in [Dav23c|[Lemma 4.1] that

Theorem 4.2.1 (Support Lemma). There exist a unique complex
BPSn, € DT (Perv(M(Q)))

such that
BPS@,W ~ [, (BPSm, ® Qai[1]).

Thus, we have an isomorphism of complexes
JH? DQYypy,,) ~ Sym (BPSn, ® H(BC;,Q)) (4.15)

Furthermore, it is shown in [Dav22b] that BPSy,, is in fact a semisimple

perverse sheaf. Thus it follows that the complex (JH&Q)*DQ%&HQ) splits, infact
we have

(HG).DQ, gy = €D @D, (Lyldim(Z,)))[i)

1€2Z >0 JES;

where Z; C Mq(Ilg) are locally closed irreducible smooth subvarieties of Mgq(Ilg)
and £; are simple local systems on Z;. As we did in Section 4.1.5, we can apply
the truncation functors to get another filtration. It follows that the morphism

LAY, a = H(Ma(llo), r= (JHG).DQy, ) — Al 4

is an injection, giving an increasing filtration, called the Less Perverse Filtration
which starts from degre 0, i.e we have

L°Ap,a:=0C £%°An,q C &' Anga C - Anga-

By exactness of monoidal product, it is shown in [Dav22b][Proposition 5.1]
that the algebra structure on .AX is compatible with the Less perverse filtration.
Since the algebras .A and .A~ o are isomorphic via dimension reduction, this
gives a filtration £’ on the algebra .A . Note that this filtration, which we
call the Less Perverse filtration on A~,W is different from the Perverse filtration
defined in Section 4.1.5. For example by definition,

£7(Ag ) = Sym(g2)

48



while the P3°(A5 a7) = 0. Let us denote Gry/(Ag 77) the associated graded algebra
with respect to the Less perverse filtration. In Theorem 6.5.1, we shall determine
the associated graded algebra Gre(Am, ), providing an analog of PBW theorem
4.1.1.

4.2.3 Kac polynomials and Graded Dimension of BPS Lie
algebra

Given any quiver @, for any finite field F, and any dimension vector d € N9, A
representation is said to be indecomposable if it cannot be non-trivially written
as a direct sum of two representations of (). A representation p is said to be
absolutely indecomposable if it remains indecomposable after tensoring with the
closure of Fy, i.e., p ®p, Fq is indecomposable.

Let ag.a(q) be the number of isomorphism classes of absolutely indecompos-
able d dimensional representations of () over [F,. There is an intricate relation-
ship between the Kac polynomials and the Lie algebra associated with the quiver,
which can be considered as the generalization of Gabriel’s Theorem, which clas-
sifies finite type quivers. We recall

Definition 4.2.2 (Associated Kac-Moody Lie algebra). For any quiver @, the
real subquiver @' is defined to be the subquiver of ) containing those vertices
of ) that do not support any edge loops, along with all arrows between these
vertices. Let g/ be the associated Kac-Moody Lie algebra. It is defined as a Lie
algebra generated by symbols e;.f;, h;;i € Qf with the relations

ei, =] (ej) = 0;
fzv ]al]+1(f ) - O
where a;; is the number of edges joining ¢ and j in the graph obtained from @'

We identify Z% along with the symmetrized Euler form y(d,e) +xo(e, d) with
the root lattice Ay, of the Lie algebra go- along with the Cartan pairing via the

[
[
[627 fj} - 5ljh
[
[

morphism d — ) d;a; where «; are the simple roots of gg. Let nzg, be the Lie
subalgebra generated by e; and ng, denote the Lie subalgebra generated by f;.

Then it is a Theorem of Kac that:

Theorem 4.2.3 ([Kac80]). ag.a(q) is a monic polynomial in q of degree 1—(d,d)
with coefficients in Z. It doesn’t depend on the orientation of Q. For a quiver
without loops, ag.a(q) is non-zero if and only if d is a positive root of the associated
Lie algebra gg.

Example 16 (Finite type). If @ if finite type ADE quiver then by theorem of
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Gabriel,

1,when (d,d) = 1(d is a positive root)

0, otherwise

(IQADE7d(q> = { (416)

Example 17 (Jordan Quiver). If @ is the Jordan quiver, then the path algebra is
just the polynomial ring F,[z]. By classification of modules over PID, absolutely
indecomposable representation of dimension n is isomorphic to F,[z]/(x —a)" for
some n. Thus

aQJoryd(q) = q>Vd € Z>0-

More generally, for an arbitrary quiver (), there exists a formula to compute
the Kac Polynomial due to Hua [Hua00]. Kac conjectured that the coefficients of
ag.a(Q) are always positive. For indivisible dimensional vectors, this was proved
in 2004 by Crawley-Boevey and Van den Bergh ([CV04]). Then, using DT invari-
ants, Mozgovoy proved this for a quiver without loops in [Moz13]. Finally, this
conjecture was settled by Hausel, Letellier, and Rodriguez-Villegas in [HLR13] for
arbitrary quivers. There is also a proof of this conjecture using BPS Lie algebras.
In fact, in [Dav23al], Davison proved this conjecture by realizing the coefficients
of Kac polynomials as the graded dimensions of BPS Lie algebras ggp%. We have

Theorem 4.2.4 ([Dav23c]). For any quiver Q,

> (=1 dim(gg s )" = agala™). (4.17)

i

Example 18 (BPS Lie algebra for the Jordan quiver). Let @Qjo; be the Jordan
quiver. Then by Equation 4.17 and calculation of Kac polynomial for Jordan
quiver in Example 17, it follows that for all n > 0,

S g
QiorsWior,n

Since all of these spaces are 1 dimensional, for all n, choose any non-zero ele-
ment o, in g8 . Since the BPS Lie algebra is graded, it follows that the

QJor’WJorvn
commutator

[, ] =0

since the commutator must be of cohomological degree —4, but there isn’t any
element of cohomological degree —4 in dimension m + n. Thus

BPS -
gQ?ZVVTO/ =~ @ Q[Q]‘

n>1

Although the Lie bracket is trivial, one should think of this as the positive half
of the infinite-dimensional Heisenberg Lie algebra, as we shall see that this Lie
algebra acts on the cohomology of the Hilbert scheme of points on a plane and its
action lifts to the action of the full infinite-dimensional Heisenberg Lie algebra.

Example 19. We can also calculate the size of the Nilpotent cohomological Hall
algebra. Let i : Mﬁfé(@) — M4(Q) be the inclusion of the coarse moduli space of

20



nilpotent () representations, clearly M dQ(@) is projective. We have a Cartesian
diagram

and so we have
JH DQVII‘ (1g) = ~ g JH DQVWH(H ) ~ Sym (Z BPSHQ ® H(B(Cua@))

and thus there is an isomorphism of graded vector spaces
Ny — .
AY 5 = Sym (H(MG7(Q), #BPS,) ® H(BC,,Q))
But since Verdier duality functor I commutes with the vanishing cycles and
intersection cohomology sheaf, it follows that
N@ -\ ! Na vt Vi
H(Md (Q)7l BPSHQ) = (Hc(Md (Q)?Z BPSHQ))

Note that (MN (Q) is homotopic to (Mg(Q) via torus T action which scales the
arrows, for which the BPS sheaf is equivariant. Thus we have

H(M)2 (@), " BPSn,) = HIML? (@), i*BPSn,) = H(Mq(Q), ' BPSn,) ~ g27%.

Thus we have isomorphism of graded vector spaaces
N —. .
H(M)® (@), BPS,) ~ (6275)"

and so
Na

> (—1) dim(H (M4 °(Q),#' BPSn,))q""* = ag.a(q). (4.18)

i

Example 20. In Example 6, we saw that imgf (IIgsor) parametrizes commuting
nilpotent matrices. Now, by the above two examples, and dimension reduction
in Section 4.2.1, we have an isomorphism of vector spaces

@ HEM (O (T e ), Q) =~ Sym (@ Qlu] )

d>0 n>1

Note that for n, smallest cohomological degree in Q[u][—2] is 2. We conclude that
the lowest cohomological degree of HEM (9 (I guer), Q)) is 2 and we have

dim(HP (0 (gier), Q) = 1.

Thus, the top dimensional homology degree of the space No(C™) of commuting
nilpotent matrices is 2n? — 2 and of dimension 1, implying that A3(C") is irre-
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ducible and of dimension n* — 1, recovering the theorem of Branovsky [Bar01].

Kac also conjectured that the constant term ag q(0) in the case when quiver
() is the same as the dimension dim(ng,) of the Lie algebra associated to Q.
Hausel proved this [HaulO] by counting points over finite fields on Nakajima
quiver varieties. Thus we have

aqg.a(0) = dim(ng, 4). (4.19)

The above relations allow us to conchl(j/e non-trivial statements about the BPS Lie
algebra. For any quiver @, since Tr(W) = 0 for d = §;, we have an isomorphism

X ~ . . X 1
of vector spaces A@7W75i ~ Clx;1]. We define o C A@,W to be the inverse of

1 € Clz;4]. Clearly o; € ggpﬁs/,’% when the vertex ¢ doesn’t support any edge loops.

We claim that for any ¢, 7, aQ,;gj:r(Haij)gi (q) = 0, this is because Kac’s polynomials
are orientation independent. So if we choose the orientation such that all the
arrows are from vertex ¢ to j, then there is no indecomposable representation of

dimension d; + (1 + a;;)d;. We thus have a map of Lie algebras

+ BPS,0
No = 855 (4.20)
given by e; — a; where na The equality mentioned above suffices to show that
this morphism is an injection. This is done by comparing the action on the
Nakajima quiver varieties(See Chapter 7.3.1) with Nakajima’s action, which is
known to be faithful. We have

Proposition 4.2.5 ([Dav22b], Theorem 6.6). The map (4.20) gives an isomor-

phism of Lie algebras®
BPS,0

t o~
No = a5

4.2.4 Flat deformation

In the case when the natural mixed Hodge structure on Ag w is pure, the de-
formed cohomological Hall algebra quév forms a flat deformation of Ag,w-

Proposition 4.2.6. Let w: ()1 — Z° be a W invariant weighting function and let
v: Z°5 — 7 be a surjective morphism inducing an inclusion of tori T' — T where
T’ is the torus associated to weighting vw. Choose a splitting of v : Z°8 — Z°
inducing an isomorphism Hr(pt) ~ Hy (pt) ® Hpw (pt). Assume the mized Hodge
structure on Agw is pure. Then we have an isomorphism of N9 x Z graded
Hr(pt) modules

Ag,W EAS,W ® HT” (pt)

BPS,T _ _BPST
Yow “=8ow ® Hyn(pt),

8In [Dav22b], one writes the above isomorphism for the negative half. But to our perspective,
it is more natural to identify it to the positive half as the cohomological Hall algebra acts by
creation operators on the cohomology of Nakajima quiver varieties.
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while there is an isomorphism of N9 x Z graded Hy:(pt) algebras
T, T,
AQ}Z;V ®HT(pt) HT’ (pt) ~ AQ’I:‘Z)/

and N9 x 7 graded Hy/(pt) Lie algebras

BPS,T BPS, T/
gow ®urey Hr(pt) = ggw -

Proof. This statement is proved for @, W in [Dav23c|[Theorem 9.6]. The proof

works as it is in this case, as it only relies on the purity of Agw. The state-
ment gg},)IAS/T =~ gg?v?/’T, ® Hyn (pt) as vector spaces follows from the PBW theorem
(Proposition 4.1.1) while the isomorphism of algebras Aglév Oty (pt) Hrr(pt)
Agff, implies in particular that there is map of N9 x Z graded Lie algebras

ggﬁ?}T iy (pt) Hr (pt) =~ ggﬂ%T’, which then becomes an isomorphism by a size

argument. O

We will, in particular, be applying the above proposition in the setting of the
tripled quiver ) with tripled canonical potential W, which is shown to be of pure
mixed Hodge structure in [Dav23c][Theorem A]. In particular, this implies that

Theorem 4.2.7. The cohomological Hall algebera ‘AgW is free module over
Hr(pt). ’

A similar theorem holds for the case of nilpotent CoHA. It is proved in
[Dav23c| and [SV17] that

Theorem 4.2.8. There is an isomorphism of N@ x Z graded Hr(pt) modules
Ag% r~ A%[,W ® Hr(pt) i.e. The nilpotent cohomological Hall algebra Ag% is
free module over Hy(pt).
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Chapter 5

BPS Lie algebra of Cyclic quivers

Let QX = ;1\;( be the cyclic quiver of length K + 1, i.e. we have K + 1 vertices
0,1,---, K with arrows ¢ — ¢+ 1 for ¢ = 0,--- , K and an arrow K — 0. We

then consider the tripled cyclic quiver Q% with the canonical potential WX as in
Example 2 (See Figure 5.1). Let T" be any torus action which leaves the potential

Wy invariant. We consider two distinct choices for the torus 7.

0
ago/r/ l\\arn
ax ap
Ve /K 30 Olé N\
w3 3 1 w1
NI A7k
,\ ass ajy /
a23 a12
e

: . N3 1173 _ * *
Figure 5.1: Q3, W3 = Ziez/m Wil @7 1 @iip1 — Qii107; )

e Action of C* given by weighting function w : af? — Z, such that w(a) = 1,
w(a*) = —1 and w(w;) = 0 for all vertices i € QF.

e Action of T = C* x C* given by weighting function w : @\E — Z2 where
w(a) = (1,0), w(a*) = (0,1) and w(w;) = (=1, —1) for all vertices i € Q¥.

We denote by A’é} TR the cohomological Hall algebra of the tripled cyclic quiver

with canonical potential and its C* and T deformed versions by ASX__and
QK’WK

*

AT
Q

sX 1
% R respectively.
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(Deformed) BPS Lie algebra of Cyclic quiver

In this section, we shall calculate the BPS Lie algebra for tripled cyclic quivers
with a canonical cubic potential. Following the work of Davison, Hennecart, and
Schelegel Mejia, these Lie algebras are now known for arbitrary tripled quivers
with canonical potential (See Section 5.1).

In the case of cyclic quivers, we can calculate these algebras more directly, as
we explain next. We first calculate the Kac polynomial for cyclic quivers, which
tells us about the graded dimensions of BPS Lie algebras.

Proposition 5.0.1. The Kac polynomial of the cyclic quiver Q¥ is given by

q+ K when d € Z~o - 9 (positive imaginary root)
ag.alq) = PR (5.1)
1 when d € A, (positive real root)
where AY, and § = (1,---,1) are respectively, the real positive roots and the

primitive imaginary root of the affine Lie algebra sl .

Proof. By Kac’s Theorem, ag q(q) is non-zero if and only if d is a positive root

of Ax. When d is a positive real root, i.e., when (d,d) = 1, we have that the
highest degree of the Kac polynomial is 1 — (d,d) = 0. To compute the constant,
we note that dim(gga) = 1 and thus agq = 1 in this case. When d is a positive
imaginary root, then the degree of the Kac polynomial is given by 1 —(d,d) = 1.
Thus it is enough to compute the constant, i.e to compute dim(n}K . 5> which is
well known to be K, giving ag a(q) = ¢ + K is this case. 7

The case when d = § is easier to visualize. Either all arrows are non-zero, in
that the product of all arrows determines the representation, i.e., ¢ — 1 choices, or
when one of them is non-zero, which gives K + 1 choices(choice of vertex). Thus,
in total, we get ¢ — 1 + K 4+ 1 = ¢ + K absolutely indecomposables. O]

Proposition 5.0.2. There is an isomorphism of Lie algebras

gc%%%ﬁ ~ ﬁng @ sQls]
~ (ngx @ sQ[s]) ® He«(pt)

gBPS,E:
~ (n)x @ sQ[s]) @ Hr(pt)

QK WK
BPS,T
9ok wr

where ngK ® sQls] is a trivial central extension of ngx and deg(s™) =n - 0.

Proof. From Proposition 4.2.5, we have an isomorphism of Lie algebras

UEK ~ H0<gz~is7m’/~f<>

BPS __) is generated as a Lie algebra by

. . 0
In particular this also shows that H (g@ng

«;, where we recall that a; € g%%sv’ﬂ 5 The Kac polynomial of the cyclic quiver

(5.0.1) and it’s relation with BPS Lie algebra (4.17) also tells us that for every

. _9 . .
n € Zso, there exist 7,5 € H (gg%%va?,n@)' By equation (5.0.1), there is no
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element of cohomological degree —4 in dimension Z-qd. Thus it follows that
[Yn-6s Ym-s) = 0. Again, by equation 5.0.1, there is no —2 cohomological degree
term in dimension 0 + §; for any 4, thus it follows that [y,.5, a;] = 0. But then «;
generates Ho(gg%% ) and all of H? (gg%s’ ) is central and so we are done. This
argument does not work for deformed versions. However in [DHM24|[Corollary
11.9], it is shown that for any quiver @) and for any torus action such that the

canonical cubic potential W remains invariant, ggP%T is a trivial deformation of
ggp%, i.e. there is an isomorphism of Lie algebras
BPS,T _, _BPS
8w = 8gw ©Hr(pt)
Hence, the conclusion follows. O

The BPS Lie algebras ggp% for tripled quiver @ and potential W are now

completely known in terms of generators and relations. This also gives a candidate
for a double of the BPS Lie algebra.

5.1 Generalized Kac-Moody Lie algebra

In this section, we will recall the construction of the Generalized Kac-Moody Lie
algebra for a monoid with a weight function defined in [DHM?24|, based on the
earlier construction of Borcherds-Bozec Kac-Moody Lie algebras in [Boz16].

Let (M, +) be a monoid. Let (—, =) : M x M — 7Z be the symmetric bilinear
form. Then we define

Definition 5.1.1 (Primitive Positive Roots). The set of primitive positive roots
> (— - is defined to be the set of m € M, m # 0 such that 2 — (m,m) > 0 and
2 - (m,m) > 3751 (2—(m;,m;)) for any non-trivial decomposition m = > °_, m;
with m; € M, m; # 0.

+
M’(_v_)
) and

Definition 5.1.2 (Simple Positive Roots). The set of simple positive roots &
is defined to be the union of the set of primitive positive roots >_,, (-
Im,l > 1 where m € ZM,(fﬁ) and (m,m) = 0.

Then define subsets

@Lr(efl_) i={m € &y, | (m,m)=2} (Real positive roots )
QEL’TLH ={m € 45&(777) | (m,m) <0} ( Imaginary positive roots )
@Efii_) i={m e Py, | (m,m)=0} (Isotopic positive roots )
@Eiyf’ﬁ) ={m € 45;(47(777) | (m,m) < 0} ( Hyperbolic positive roots )

Definition 5.1.3 (Cartan Matrix). Let
AM?(_v_) = (amvn = (m7 n))m,né@&y(_’_)

to be the Cartan Matrix for M, (—, —).
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The final piece of the data is the weight function.

Definition 5.1.4 (Weight Function). Let

P:oF

+
M(——) " N[t

given by P + P,,(t'/?) be the weight function. We assume that P,,(t'/?) = 1
whenever (m,m) = 2.

Let P (%) = 3 e P gt"? with p,,; € N.

Definition 5.1.5 (Generalized Kac Moody Lie algebra for Monoid and Weight
Function). Given a monoid M with symmetric bilinar form (—,—), such that
(m,n) < 0if m # n and (m,m) € 2Z<;. The generalized Kac Moody Lie
algebra g~ - p is defined to be the Lie algebra generated by e, i, fmji, Am
with m € ¢A+J7(—7—)’j € Z and 1 <[ < p,, j, with the relations

hm+n = h + hn

s ] =
[Py €njitl = @mmen,ji
Py frjil = =@ S
[em.jit fnjrv] = OmndjjrOrprhn
ad(em7j7l)1 dmn(en i) = 01f @y, =2
ad(fm,j,l)l G (fagp) = 0if @y =2
=

[fm]lafn]’l/] =0if amn—o

[emjl7enj/ U

We place e, ;; in cohomological degree j, each f,, ;; in cohomological de-
gree —j and h,, of cohomological degee 0. We define positive half gJ‘Jr/L(_V_)V p C
gu,(—,—),p by Lie subalgebra generated by e,, ;;. Similarly define Cartan by~ ) p
as the Lie subalgebra generated by h,,. We then have the following theorem.

Theorem 5.1.6 ([DHM24]). Let Q be any quiver. Let M = N?° and let (d, €)n, =
xo(d, e) + xq(e,d) be the bilinear form. Let
ez dim HY (ZC iy (11g))t/? when d € Do \@§5§° g

Z]‘ez dim Hj(IC/\/ld,(HQ))zfj/2 when d = Id’ € @géz(?(fﬁ)%,d’ € Zggo,(_’_

P(d) =

g
be the weight function. Then there is an isomorphism of Lie algebras:

BPS ~ gt
90w = Bnao,(— ), P

We will refer to the Lie algebras gyeo - rig.P by gGKM

Example 21 (Jordan Quiver). Let @ be the Jordan quiver. Then (m,n)n, =
Xo(m,n) + xg(n,m) = 0. Thus all m € Z-, are isotopic positive roots. Then

P(m) = dim(H* (ZC 1, )% = dim(H? (ZCp2))t/? = 7.
d i(TC (o) /2 — q iTC J/2 1
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Thus the associated generalized Kac Moody Lie algebra is generated by e, :=
em—1.1, fm = fm,—11, hm for m > 1 with the relation h,, = mh,, h; commutes
with e;, f; and [e;, f;] = 0; jh; and thus this is just infinite dimensional Heisenberg
Lie algebra glzl).

Example 22 (Cyclic Quivers). Let @ be the cyclic quiver Q¥. Then the Sym-
metrized euler form is given by

2 (i(dz — di+1>2.>

1=0

So only solutions to 2 — (d, d),, > 0 is given by strings of type (n,--- ,n,n+
ILn+1,---,n+1,n,---,n),ied=n-0+1[i,m) or (n+ 1) -6 for some n > 0,
i€]0,K]and 0 <m < K — 1 (See section 1 for Notation).

Moreover if d = n- ¢+ [i,m), then it cannot be a primitive root since one can
write 2 — (d,d) = 0, but 2 — (n-6,n - 0)n,, = 2. Similarly if d = [i,m) = & +
dit1+ -+ dirm—1 then also it can’t be a primitive root as then 2 — (d, d)HQK =0
but then so does 2 — (4;, 5%')11@ « Which contradicts the primitiveness of d. Thus,
we have real positive roots §; for i € [0, K| and imaginary positive roots {(d,] > 1.
Now we consider the weight function.

So we have generators e;, f;, h; for i € [0, K] of cohomological degree 0 and
eis, fis, his of cohomological degrAee —2,0,2 respectively satisfying the relations
above, i.e the affine Lie algebra gl(K + 1).

We can also define the notion of a Verma Module.

Definition 5.1.7 (Verma Module of Generalized Kac Moody Lie algebra ). Let

gSKM’SO be the negative Borel, i.e., Lie subalgebra generated by f,,;; and h,.

For f € Hom(Z% — Z), we define the Verma module as

Vg = Vg™ By g €

where C becomes a U(ggKM’SO) module via the quotient U(ggKM’SO) — U(by)
and h,, - 1 = f(m).

Then, analogous to the usual case of semisimple Lie algebras, one defines
Definition 5.1.8. The Lowest Weight module ngxMyf is defined to be quotient

of Vjexm ¢ by the unique maximal submodule of Vjexm ¢ which doesn’t contain
Lol Q

Example 23 (Jordan Quiver). Let @ be the Jordan quiver. Choose f; €
Hom(Z — Z) given by f(1) = —1. Then

‘/ngl)J‘l = Lglfl),fl ~ (C[el, €9,€3," " ’].
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Chapter 6
Affinized BPS Lie Algebra

For any symmetric quiver () and potential W, we saw in the Section 4.1.5, that

there exists a Lie algebra gg'yy such that Sym(ggPV%[ ]) ~ .Aé W as vector spaces.

This makes it natural to wonder if the vector subspace gBPS [u] C Aé,W is itself
closed under the commutator Lie bracket coming from the associative algebra
structure on A¢ . The answer to this question is no for a general quiver with
potential (@, VV1 HOWNevg, the answer becomes yes in the case of the tripled
quiver with potential (), W. This is obtained by constructing a coproduct which
uses factorization structure on the stack of representations of the Jacobi algebra
for the tripled quiver with potential and is outlined by Davison in [Dav22a]. We
prove that this construction works here. The construction for more general 3-
Calabi-Yau completions of 2-Calabi—Yau categories will appear in the joint work
of Davison, Hennecart, Kinjo, Schiffmann and Vasserot.

6.1 Factorization coproduct and the Affinized
BPS Lie algebra

In the case of tripled quiver with canonical potential, there is an isomorphism of
algebras Jac(Q), W) ~ Ilg|w] and thus a representation of Jac(Q, W) is the same
as a representation of preprojective algebra Il with an endomorphism. This
allows us to define

Definition 6.1.1. Let U C C be any open subset. Then we define Sﬁg(@) C
zmd(@) to be the open substack of representations, such that the generalized
eigenvalues of w; for all © € @)y are all inside U. We can similarly define coarse
moduli space MU(Q). We will denote this moduli space by SJIU(Q) when the
dimension vector is clear from the context.

Given a short exact sequence of representations

0= p1— p2—p3—0,

IThis can be seen when @Q, W comes from the derived category of resolved conifold and will
be explained in future work.
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the eigenvalues of p;(w) and ps3(w) are in U if and only if eigenvalues of ps(w)

are in U. This means that MY (Q) forms a Serre subcategory and hence from
[DM20][Section 3], we have

Proposition 6.1.2. For any open U C C, let

AL = D HORE(Q) oy o).

deNQo

Then .A% W has a structure of cohomological Hall algebra.

For any U C U, we have open immersions MY (Q) < MY (Q) and thus the
restriction morphism

HONY (Q), By, iy lo) = HEORY (D), "Dy 7, o)
gives a morphism of cohomologically graded vector spaces
U’ U
AQ"7W % A©7W'

Proposition 6.1.3. For any open U C U’ C C, the restriction morphism
pUU A%/W — A%W is morphism of associative algebras.

Proof. Since the proof follows the same strategy, we only prove the case when
U’ = C. We have a commutative diagram

EXtd1,d2 (Q)

mlh (Q) X mdz(@) Ethl,d2(©) iD’th—dQ (@)

— ~
tu,d, ><iU,dQT (m1x73)|U (m2)|v TiU,dﬁdQ
& >

MY (Q) x MY (Q) MY 4, (Q)

where Extghd2 (@) is the stack of short exact sequences where p(w) for each term
in the short exact sequence has generalized eigenvalues inside U. Taking pullback
on the cohomology in the first square, we have a commutative diagram:

H(OMq, (Q), " Prv(wy) ® H(Ma, (Q), P Prv(w)) ————— H(Extq, a,(Q), " Prvow)

(71'1 ><7r3)*

lZU,dl ®irra, z*l

~ ~ (w1 xm3) ) ~
H(MY (Q), " Py |v)) © HONG, (Q), " Py ) —>UH(Eth1,d2<Q)7p(I)Tr(W) lv)

The right square is cartesian and the morphism 9, (72)|jy is proper, so ig-
noring the cohomological shifts, by proper base change (Lemma 6.1.9(a)), the
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following square commutes

~ (7.‘-2)* ~
—

H(EXtdl,dQ (Q)a p(I)Tr(W)) H(mdl-l—dQ(Q)? pCI)TT(VV))

. )k
ll* ‘U,d; +d2l

~ ((m2) )= ~
H(Ethth(Qqu)Tr(W) |U) I H(mg1+d2 (Q)Jpq)Tr(W) |U))

Thus, the proposition follows by composing the above two commutative squares.
O

We shall write p;y when U’ = C?. When U is an open ball, the restriction
morphism py is an isomorphism.

Proposition 6.1.4. For U an open ball, the restriction morphism py : AQW —
Ag 5 s an isomorphism of algebras. i.e we have

H<9ﬁd<Q)7 p(I)Tlf(VV)d) = H(mg(@)> p(I)Tlf(‘/V)(i|U)'

Proof. Let iyp: MY(Q) — M(Q) be the inclusion. Then

TH. PPy, ) TCo gy = (i) (TH. @y 7, IC ) (6.1)
—(iy)* Sym (BPSW ® H(BC., @Vﬂ) (6.2)
— Sym ((BPSW)WU@ ® H(BC", @Vir)) (6.3)

Now by the support lemma (Theorem 4.2.1), BPS 5w = L.(BPSn, K Qa1 [1])
where

L M(Ilg) x A' — M(Q)

is morphism which takes a representation p of Il and hence of @ and a scalar A
and outputs a representation of () where p(w;) is scalar A and rest is defined by
original representation p(a) for a € ();. We have a Cartesian diagram

M(Ig) x A' —— M(Q)

] To

M(Ilg) x U — MY(Q)
and so by open base change

i BPS g 5 = il (BPSn, K Qui[1]) = LL(BPSn, R Qu[l]).
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Thus

HOY(Q), Prqwy)y) = Sym (H(MU(@), (BPS 5 5) v (3) © H(BC,, QV“)>
(6.4)

— Sym (H(M(I1g), BPSn,)) ® H(U,Q) @ H(BC, Q?) |
6.5

Since U is an open ball, H({U,Q) = Q and thus we have isomorphism of
cohomologically graded vector spaces

HO (Q). "0y, 7)) = Sym (HOM(ILg), BPSn,) @ H(BC,, Q) ~ HEN(Q), By, ).

Since py respects the cohomological grading and algebra morphism, it is an iso-
morphism of algebras.
O

Furthermore, for two disjoint open balls U; and U,, since any point p €
MU1 LUz (Jac(Q, W)) admits a canonical direct sum decompotion p; @ ps such
that generalized eigenvalues of p;(w) are in in U; and py(w) are in Us. we have
an isomorphism of stacks

MU IV (Jac(Q, W) ~ MY (Jac(Q, W)) x MP2(Jac(Q,W)).  (6.6)

Let thig;jg be the stack of d = d; + djy representations of @ where (dy);
of the generalized eigenvalues of p(w;) are in U; and (dy); of the generalized
eigenvalues of p(w;) are in Uy or equivalently the image of imgi(@) X img;(@) in
the above isomorphism. We have closed embedding

ULz . ol (A Us (3 U U2, A

Gayds Mgl (Q) x M2(Q) — mdi,]alg “(Q)

gt B2 @)
We remark that even though there is an isomorphism of supports (Equation

6.6, we can’t apply the Thom-Sebastiani isomorphism theorem directly since
the underlying smooth stacks are not isomorphic, i.e 7 : zmﬁ’;(@) X Sﬁgi(Q) *

Uiz, A
Mo, (Q). ~ ~
Note that 2)3?3]5[2U2 (Q) is the quotient stack Repgi:gj (Q)/(GLg, x GLg,) where

Repgi:gj (@) is the space of representations where p(w;) is a block diagonal matrix,

where the top block is of dimension (d;); and has all its eigenvalues in U; and
bottom block is of dimension (ds); and all its eigenvalues are in Uy. When the

given by the direct sum map. We will now calculate the pullback ¢* P@MW)

context is clear, we will ignore writing ). -
Let Tr(W)gi:gj be the restriction of the function Tr(W) on Repgi]&LUQ. Since

—

the function Tr(W)gL’gj is GLg, x GLg, invariant, we may assume that all of
p(w;) for i € @y are in some Jordan normal form. So we may assume that the
entries p(w;)k,; of the d; x d; matrix p(w;) are 0 except for the diagonal entries
p(wi)kk, 1 < k < d; and entries right above diagonal entries py 41,1 < k < d;—1.
Finally since (d;); of the generalized eigenvalues of p(w;) are in U;, we may assume
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that p(w;)kx € Uy for 1 < k < (d;); and p(w;)gr € Us for (di); +1 <k < d,.

A1
M
A2 (6.7)
Az 1
Az

Example 6.1.1: d; = 3,d2 =2, ()\1,)\2, )\3), )\1, Ay € Ul; )\3 € U,
Then for any representation p, we have

TP () zTr(<z >) [p<a>,p<a*>])

1€Qo i€Qo
= Y Tr (p(wia)p(a)p(a”) = p(wsa))p(a®)p(a))
a€Q1

= D plww)i(pla)p(a)) s - p(wia) )i (p(a”)p(a));i

a€Qo 1§Z7.]S(d)t(a) 1<i,j

I /\

( )s(a)

Since the matrix p(w;) is block diagonal, we have

Te(W)5 92 (p) = > > plwn)is(pl@pa)i— Y plwa)ii(p(a®)pla))s:

a€Qo \1<4,j<(d1)¢(a) 1<4,5<(d1) s(a)

> Y pwia)i(pl@p(@)i— > plwia)is(pla®)p(a));i

a€Qo \1<i,j<(d1)y(a) 1<6,5<(d1) 5(a)
= Z Z p(wt(a))zj Z p(a)jep(a”)r; -
a€Q1 \1<4,5<(d1)y(a) 1<k<dg(q)
> > pwiw)i | DL pla)pmela) | |+
a€Q1 \1<i,5<(d1) 5(a) 1<k<dy(q)
Z Z P(Wi(a))ij Z pla)jep(a)i -
acQ1 (dl)t(a)+1§i7j§(d)t(a> 1§k§ds(a)
> > pws@)is | D pla)mp(a)s
a€Q1 \ (d1)s(a)+1<i,5<(d) s(a) 1<k<dy(q)
= Te(W)g! + Tr(W)g? + Ca a, (6.8)

where TI(W)g: ; zmgz(@) — C is the restriction of the function Tr(W)d and

1
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Gaya, = Y > pla)jkgir(a) + > p(a*)jug;(a”)

aeQ1 1<5<(d1)(a) 1<5<(d1)s(a)
(d1)s(a)T1<k<d,(q) (d1)t(a) +1<k<dy(q)
(6.9)
where
gir(a) = Z P(Wia))ijP(@* ki — Z P(Ws(a) Jkip(a@”)ij
1<i<(d1)(a) (d1)s(a)T1<i<dy(a)
and

gm(a”) = > pwr)eip(@iy— D> plws@)ip(@)k
1<i<(

(d1)¢(a)+1<i<dy(q) i<(d1)s(a)

We then have

Proposition 6.1.5. The coefficients of upper right block of p(a):; for all arrows
a,a* € Q1 are 0 iff all the entries of lower left block in p(a);; for all a,a* € @4
are 0. 1.e

The functions gji(a) = 0 for all 1 < j < (di)ia), (d1)s@) + 1 < k < dg) and
gir(a*) = 0 for all 1 < j < (di)sa), (i)t +1 < b < dy if and only if
pla)g; = 0 for all (dl) )+ 1 <k <dyay, 1 <0< (dy)sy and p(a*)y; = 0 for
(dl) )+ 1<k < d S 1 < (dl)t(a)'

Proof. The proposition relies on the fact that the difference between the general-
ized eigenvalues of the top diagonal and lower diagonal matrix can never be zero
since they are in disjoint sets.

By assumption the matrices p(w;) are of Jordan normal type, so the entries
p(wi)g = 0 for k # L and k + 1 # [. So for admissible choices of j, k, we
have

gik(a) = (p(Wia))sj — P(Ws@)) ki) (@ kg + P(Wica))j—1,;P(a" )k j—1 — P(Ws(a))kk+1P(a7 )41,

(6.10)
e We plug & = d,,) and j = 1. Then
9d)ai 1 = 0= (p(Wra))11 = P(Ws(a))d,yaydue))P(0 )d, 0 1
implies that p(a*)a,,1 = 0 since p(Wi(a))11 € Ur and p(Ws(a))d,().dy0 € Uo

SO p(ws(a))dsm),ds(a) can never be disjoint.

e We now plug k = dy(,) and j = 2. Then since p(a)q,,,1 = 0, equation 6.10
implies that (p(wi(a))2,2 — P(Ws(a))d, ey dura))P(@ )d, ()2 = O then again since
P(Wi(a))2,2 and p(Ws(a))d, (,).d,, are in disjoint sets, p(a*)a,,, 2 = 0. We then

inductively conclude that P(a*)ds(a>,j =0forall 1 <j < (di)ya).
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e Now we may plug £ = dy,) — 1 and j = 1. Then since we already proved
P(@*>ds(a),j = 0, by same argument as above we conclude that P(a*)ds(arl,l =
0 thus inductively p(a®)a,,,-1; = 0 for all 1 < j < (di)ya). Then by
induction on k, we finally conclude that p(a*);; = 0 for all (dyq)+1 < k <
dy) and 1 < j < (dy)ya)

The proof of vanishing of all admissible p(a); is exactly the same.
O

Let X = RepUl’U2 Then it admits a GLg, X GLg, equivariant decomposition

Repy g2 (L) xRepg, (Q) xRepg, (@) x [ Hom(C™:@, C@)i@)x T Hom(C)sw, Clh)a),

a€Q, aeQ,
Let
X' = Repy'q2(L)
Y = Repd1 (@) X Repd2 (@)
7, = H H0m<C(d1)s(a)’(C(d2)t(a))
a€Q;
Ty = H Hom(c(dQ)s(a)’C(dl)t(a))

0661

Let C* acts on X’ trivially and with weight 1 on each of Y, Z;, Zy by scaling.

This action makes the function Tr(W)gi’de semi-invariant and commutes with

the action of GLg, X GLq,. Let A" =Y X Z; X Zy, A" =Y, A" =Y x Z;.
Then, by deformed dimension reduction (Theorem 3.3.1), and Proposition 6.1.5,
it follows that there is a natural isomorphism of vector spaces
U102 A 1) 2(0)
Hg B7(Q), P gy 0n.02) = HORGH(Q) x ME(Q), PPy yr KPD

alal (W)ga! Te(W)g2 )-

(6.11)
The isomorphism 6.11 is natural but not canonical, as there is a choice. We
could have taken A™ = Y; and A" =Y x Z, and still get the isomorphism
of vector spaces in Equation 6.11. However, as it turns out, they differ by sign.
To see this, we prove isomorphism 6.11 in a slightly different way, seeing it as a
case of Thoma-Sebastiani isomorphism and a more straightforward application
of the usual dimension reduction theorem. This allows us to have the above
isomorphism at the level of sheaves and under the above sign issue. We have the
following lemma:

Lemma 6.1.6. Let X be any smooth variety and G be any algebraic group acting
on X and on an affine space A*™. Let

f: X=XxA"™ 5 C

be a G invariant function. Assume that there is G equivariant decomposition
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AP = AT x AT such that

f=fh+ Y, (Z gy>x

1<i<m \1<j<m
such that go is a lift of a function on X, y1,...,ym are the coordinates on AT* and
T1,..., %, are the coordinates on AL' and g;;,1 < 1,5 < m are linear functions

on X such that matriz G = {g;;,1 < 14,7 < m} is invertible. Leti: X — X x A*"
be the zero section. Then we have two different natural isomorphisms

Dy :i"P0, QY ~ P QY @ H(Z(y1,- .-, Ym)) (6.12)
and

Dy i"P 0, QY ~ PPy QY @ H(Z (21, ..., 2))
such that the following diagram is almost commutative

Dy

Z*p¢fQ%r > p@fo@\gr@H(Z(yl:aym))

b -

"0, QF @ H(Z (21, . 7)) BN

1.e 7T2D1 = (—1)m7T1DQ

Proof. Since g;; is invertible, we have an isomorphism of complex analytic spaces

G : X xSpec(Clz1,...,xm]|)xSpec(Cly1, - - ., ym]) = X xSpec(Cl[z1, ..., xm])xSpec(Clyi, . . .

given by y; = >, <j<m 9i7Yi and rest is identity. With this choice, the following
diagram

f

X X Spec(@[ml,...,xm]) X SpeC((C[yl,--- 7ym] Al
Gl /

X % Spec(Cla, ..., w]) X $pec(Clii - - in]

commutes, where f = fo+ X 1<icm Ti¥i- By Thom-Sebastiani isomorphism, we
have a natural isomorphism P® QY ~ PO; Qf ®POy .\ Qf,.. We thus
have natural isomorphism

m R O 0, O © HAY s o, B

To compute H(A*" *®s~ . QY5,.). We may consider the projection  :
A?™ = AT x AT — A7 and think of f = > i<i<m TiYi as function of weight 1,
where we think of y; as a the coordinates of AJ" and z; as lift of function on A"
Then, via the dimension reduction theorem, we have a natural isomorphism
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H(AZ™, p(I)Zlgigmmi%‘ QL) ~H(Z(y1, ... Ym), Q).

On the other hand, we may also consider the projection my : A} x A} — A7 and
do the dimension reduction where we think of z; as coordinates. Then we get a
natural isomorphism:

H(A2m7p¢21§i§mwi?ﬁ QXQr") = H(Z(xb s 737771)7 @)

Then the statement follows from work of Davison in [RS17][Lemma 4.1], where
they check they check that the diagram

H(A2m7 pq)zlgigm T3Ys ngm) (71'—1)*> H(Z(yla T 7ym)? Q)

o |

H(Z(z1,...,2m),Q) = > Q

commutes upto a sign, i.e (1), = (—1)™(m3).. Then the statement follows, since

P, Q}ir is supported on the image of the zero section 1.

]

We will now apply the above lemma to the situation when

X = Rep( (Q) x Repg:(@Q)
Al = H Hom(c(dl)s(a)7c(d2)t(a))
acQ,
AT = H Hom((c(dQ)s(a)7C(d1)t(a))
a€Q,
Then we have

Tr<W>X§( zmgg@)

vir

(W)t ) ( g1 02 @)

~ N vir P
- (I)Tr(W)Z}( mﬁ;(@)m ®

Dy (i) e
Taking disjoint union over all decomposition d = d; + d3, we have
Proposition 6.1.7. We have a natural isomorphism

vir vir

Dy 7 pq)Tr(W)Ul 1w, ( MU 11Uz (@)) = p(I)Tr(W)Ul ( MU (@)) b pq)Tr(W)Uz ( ;qurUz(@))

Thus, we have natural isomorphisms:

P iy s (U 11 ) PPy s (Ui 11 )
\ Dll
i*(pq)Tr(W)% ( ;/jiirUl (Q)) X pq)Tr(W)UQ ( ;);itrUQ(Q)>)

The first morphism is an isomorphism since the morphism 7 is an isomorphism
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on the support of the underlying sheaves. Pushing forward to the point yields an
isomorphism of vector spaces

JUi LU . H(mUlHUQ (@)’ pcDTr(W)|U1]_[U2> N H(m’tw (@):pq)Tr(W)\Ul) ® H(gﬁUz (@)’ pCI)Tr(W)|U2)-
(6.13)
Proposition 6.1.8. The morphism Vi1V ; g0 1102 A%I’VV @ AL _ is an

QW QW
1somorphism of algebras.

Proof. We proceed as in proof of Proposition 6.1.3. We have

Uy H Us
EXt(dl e1),(dz,e2)

oy L0 s o L2 Exty! 4, x Extl? oy L

di.e; da,e2 el,e2 di+d2,e1+e2
.U U. .U U. - = .U U.
zd%,]e_;ll QXZdQ,EQ QT ]71,3::7r§f1><7r§]2 ><7r§]1 ><7r§72 Hz::wgl ><7rg2 Tzdigj;eﬁ%
< >
U1 Us U1 Uz Uy Uz
(Mgl x M2) x (Mg, x M2) My ra, X M’ e,
(6.14)
Lets denote MY Y2 — dMU x MUz = Xy, f d,e, Iy, f
ets denote My = X, e, an 4 XM = Xq. for any d, e, Iq,e for any
UL [TU . U [[Us . UL LU
U1 U2 50 when context is clear, I for 01 V2 y ;U1 U2
d,e ) di.e; da,e2

Here in the first square, we can take the pullback, as in proposition 6.1.3. Since
m X 7y and II; 3 are affine fibrations, the dimension reduction morphism is also
compatible, and the following diagram is commutative

(71'1 ><7T3)*

H(Xq, 0, X Xdyey, PP X PD) > H(Extg 1520 ) 7)

(Iay ,eq XIdQ,ez)*l E*l

H(Xd,0, X Xdpons I, o, P®) RT3 o (PP)) ——— H(Ext]! a4y X Ext!? H;?J*(@x@))

d;,e; da,e2 s, 1, ej,ez’

D1 X Dll Dll

H(X4, e, X Xdyep, "OPRPP) ———n——> H(Extg1 a, X Ext{? I (PO XP D))

Hfg, 1, ey,e2’

The right-hand square in the commutative diagram 6.14 is not Cartesian. How-
ever, it is on the critical locus since given a short exact sequence of Ilg[w] modules

0—=p1—=p2—p3—0

where py splits into p5* @ p52 then p, and ps splits into direct sum pt* @ pi2
and pgl &) ng respectively such that we have short exact sequences 0 — pgj" —
pg P pg" — 0 for ¢ = 1,2. Thus by Lemma 6.1.9 and the fact that dimension
reduction commutes with Kunneth isomorphism [Dav17][Proposition A.8|, we
have commutative diagram
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UL 11U ~ Py
H(EXt(dll]ilf(d%eQ) ) pq)) (72) > H(Xd1+d2,e1+e27 pq))

* 13
E dj+ej,dotes

1 * * (Db Peh (12)« * Db
H<Ethl,d2 X Ethf,egvnl,BI (P(I) IEP(I))) —2> H(Xd1+d2,e1+e27 [d1+e1,d2+e2pq)) ’
Dll Dll

H(Ethidz x EthlQ,ezv HT,S (pq) X p(I))) S H(Xd1+e1,d2+e27 P(I))

Thus we are done by composing the two commutative diagrams, as the top row
defines CoHA multiplication for A%W ® Agzw and the bottom row is the CoHA

multiplication for Aglwu v
]
Lemma 6.1.9. Let
x Ly
f’l lf (6.15)
Z—— 7

be a commutative square of complex manifolds where morphism g, g' is proper and
A: Z" — C is a holomorphic function. Then the following diagram commutes

H(X, (f) PP ag Qz) —— H(Y, f*PP4 Qz [2(dim(Z") — dim(Z))]

| [

H(Z,?®4,Qz) — H(Z',?®4 Qz[2(dim(Z’) — dim(Z))]

if any of the following is true:
(a) Above square is Cartesian and the morphisms f, f' are open inclusions.

(b) f', f are closed immersions and in the commutative cube

~

g
N
A
N
<

X g

ix iy

crit(Agf.’.) ge l > crit(Afj

~

fe A

@
N
=
s}
(_
.
N
N

crit (Ag) —2 \ crit(A)

all faces except the back are known to be Cartesian and f., f. are isomor-
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phism.

Proof. Part (a) follows from proper base change, since there is natural isomor-
phism ¢ (f') *®4,(Qz) =~ f*9.*Pa,(Qz). See [DavlT7|[Proposition 2.14] for how
this implies commutativity at the level of cohomology. For part (b), since *® 4, Q4
is supported on crit(Ag), we have isomorphism *®4,(Qz) = (i2).(i2)* PP 4,(Qz).
Thus we have

G () P Pag(Qz) = gu(f)(i2)4(i2)" PPag(Qz)
= g, (ix)(f2)"(i2)" "4y (Q2)
= (iy )u(9e)(f2)"(i2)" PPy (Q2)
= (iy )« (fe)"(9e)+(i2)" PPy (Q2)
(ge)«(d
)*F

~

= ["(iz)x(gc)« (i ) PP 40(Qz)

= [9:(i2):(i2) PP ag(Qz) = [79. " P 4y(Qsz)

and so the commutativity follows. O]

Thus, for any disjoint balls U; and U,, we have series of morphism of algebras

o Ui 1] U2 U1 Us
AQW PUy [ Uy “A@,W V1 LIUz A ® 'AQ 1% Po! ®/’U2 AQ W& AQ w

Composing gives a morphism of algebras
A A@,W — A@,W ® A@,W'

Proposition 6.1.10. The morphism A doesn’t depend on the choice of disjoint
sets Uy and Us.

Proof. Note that if p is some d dimensional representation of quiver @ then for
any z, so does p’ where p'(w;) = p(w;) + 2zIdq,xa, for all a € Q1 # w; and p'(a) =
p(a) otherwise. We note that this transformation leaves Tr(W)(p) invariant. So
we have an automorphism T, : Ma(Q) — Ma(Q) which leaves the potential
invariant and thus induces an 1s0m0rph18m on the critical cohomology. Similarly
for any A\ # 0, we may scale the action i.e. we define a representation p’ where
p(wi) = M (w;), p'(a) = p(a)/X and p'(a*) = p/(a*) for a € Q1. This defines an
automorphism Sy : 9Mq(Q) — Ma(Q) which leaves the potential invariant and
thus induces an isomorphism on the critical cohomology.

Now suppose we are given two distinct balls U] and UJ. By Proposition 6.1.3 and
6.1.4, we may assume that balls Uy, Us, Uy, U have sufficiently small radius e.
Then, doing translation S, for any appropriate choice of A\, we may assume that
Ui and Uj are apart by the same distance as U; and U,. Then by the translation,
there exist some 2 such that there is an isomorphism (7%)* : Az — Ag 7 such
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that following diagram commutes

~ QW QW
Pl V T T N‘J%ﬁ
( z \U’ L[U/ (TZ)TU{(X)(TZ)TUé AQ:WJ ® AQ w
1 1T
\ Pui ®Puy
Ui 11U; U2
A@,W — A A

and so morphism A is independent of the choice of disjoint sets U; and Us.
O

Proposition 6.1.11. The morphism A is coassociative, i.e, the following dia-
gram commutes

A@ﬁ; e — A@,W & A@ﬁ;

al |aen

Asw @ Agw e Aaw ©Agw ® Agiw
Proof. Let Uy, Us, and Usz be three disjoint open balls. Then we have the restric-
tion morphism
Ui 11U 11U
UL LU L Us AQW N A 1LI 2[1Us

Furthermore, by taking the direct sum, we }Nlave a morphism U+ HU211Us
MU1(Q) x MU (Q) x MV1(Q) — MU IV21Us(Q) which induces isomorphism

Ag OIS o AT @ AL © AT

Finally we again have inverse of restriction maps giving series of morphisms

Puy ®pU2

2 Aggy - ADLOTIU & g0 g gln g gt PR o p 0 A
By exactly the same argument as in Proposition 6.1.10, the morphism A, is
independent of the choice of disjoint sets Uy, Us, and Us. We claim that we have
(A®1)A = Ay = (1®A) A, which proves the desired statement. Since the proof

is the same, we will only show A, = (1 ® A) A.

Let Ul and UY be two disjoint balls inside ball Us. Then clearly the following
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diagram commutes
Agw

Pu ug 11Uy
pUl 1HUg

AU L1V oA
QW Puy 11Uy, U LIUSTTUY QW

U111 U2 iUl,UéLIUé’l
U U U 11U
AV @ Ay AU g UL
Q7 Q id@pU2 U/ ]_[U”Q W Q W
P, BPU, lpﬁl wid
e U/ HU//

Agiw ® Agier— Agiw © ASH

&p, U’ uY

where the morphism ULV IV s the pullback of direct sum map EJﬁUl(Q)
MU LU (Q) — oMU UL (). Since the morphism MY (Q ) X 9)?U2(Q)
MY (Q) — MU LI () is same as the composition MU (Q) x MY2(Q)
DﬁUg(é) — DﬁUl(@) X fmUﬁuU”(Q) mUlHU?HUS(Q), we have commutative
diagram

X X X

U LUy 11uy
AQW

/ 1"
, » ;U1 LU 1TU,
JU1.US 11U}

Al ® ALY —>A~~®AU2 0 A

QW 1d®ZU/ vy QW QW
Py, ®idl PU, ®1d®idl Py, ®Py, OPy
o U2 H Uél U2 U2

Composing the two, we see that the bottom row is (1 ® A), the left vertical row
is A, and the diagonal is A,. Thus, the statement follows. n

Intuitively, since U; and U; can be exchanged via a homotopy, one can expect
the coproduct to be cocommutative. We now claim that the morphism A is
cocommutative to a sign. We have

Proposition 6.1.12. We have

Age = (—1)%aces L@ e tes@ @ 5 (A, 4).

where 02 Az @ Az — Agiw ® Aggp 15 the morphism defined by o(a ® b) =
b®a.

Proof. Let o’ : Sﬁgz(@) X zmﬁ;(@) — zmg;((g) X mgj(@) be an isomorphism of
stacks defined by sending (p, p') — (¢, p) and let o : Dﬁg;]iw(@) — ﬁﬁgi]&[z[]z Q)
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be a change of coordinates by exchanging the diagonal blocks and the offdiagonal
blocks. In formulas, for any arrow a € @), it can be defined as

P\ )it(d2)e(a),i+(d2 S(a)When 8 ) (dl) ] [17 (d )8((1)]

dl)t (a) + 17 dt(a ] [(dl) + 1 (dl)s(a ]
di)ua) + 1, dia)] x [1, (dl) )]
1

,(d1) )] X [(d1)s@) + 15 (d)s(a)]

"

(d2)

o2 p(a)ij — p\a);— (d1)¢(a)d— (dl)g(a)When
(d2)
(d1)

(@)i+( (2, 7)
(@)i~( (i,7)
pla)i—( (d1)4(a)j+(d2 s(a)When<i7j)
p(a)H—(dz)t(a) J—(da s(a)When<i7j)

So we have a commutative diagram

UU

MY (Q) x ML2(Q) 22, om L1V2(@) —— amvi LI (Q)

d 7

M2 (Q) x M(Q) o M (Q)
Taking pullback, the following diagram commutes

UL 11U ~ ~
H<‘§md1,I&[2 ’ ) p(I)Tlr(W)Ul Il U2) — H(mgi (Q) X mg; (Q)? tdy,d, pq)Tr(W)Ul ]_[Ug)

@y | <o’>*l

U2]1U * A A oy
B (01 P07 10s) —— HEE(Q) % DL (). (o), 0, P 1)

g :

U: U ~ N ek
H(mdj,lall ljp(I)Tr(W)UzHUJ ? H(mgz (Q) X mgi (Q)> Zd2,d1 pq)T\r(W)UQ]_[UI)

The morphism D; : iy, 4,7 ® (W)Ul]_[U2 — (ID,MW)UI& P ()2 is given by
dimension reduction of top right block of p(a) and p(a*), ie. the space
[Ticq, Hom(C@)s@) Cl4)u@). So, due to the change of coordinates ¢, the mor-
phism D (U”)*(it*izm)pq)Tr(W)giEQUQ — PO (W)UQIZ P, (i) is then exactly
same as dimensionanly reducing the space Hate Hom(C(d2 s@, Cl), ie., it
is the morphism D : (itig,dl)pq)q‘r(W)U2HU1 = PPy v, PP y0, . Thus, we
have the following commutative diagram

Ui (5 Us (35 % D UL~ Us o~
HERY (@) % MG (@), 74, 0y PPy 1) — 2 HOGL(@Q) x MG Q). P, 57,0
(J,)*l l(a/)*
U/ A Ui/ A * % Us /A Ui/ A
H(Emdi (Q) x mdll (@), (") ’dy,dy P<I>TY(V~V)U1 LHUs)) o, H(Emdg (Q) x imdll (Q),*®
) (d2)5(a) (A1) ¢(a
:\L (_l)dlm(l—[a€§1 Hom(C “2/s(a) c\“1)t( )))l

HMG2(Q) x M (@) 44, q, P Prygiyvaivs) —p— HORG2(Q) x MG (Q), PPy, 577y BP Py 7,01 )

PP i)

KPP

Tr(W)V2 ﬁ(VT/)Ul)

Where the bottom square commutes by the Lemma 6.1.6. Composing the above
two commutative diagrams gives the desired result.

]
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In earlier sections, we twisted m. Consider twisted coproduct AX defined by
Aﬁ,e = (_1)XQ(d7e) Ad,e .

Since A is coassociative, clearly AX is also coassociative. By this sign twist, we
now have a cocommutative coproduct.

Proposition 6.1.13. The twisted coproduct AX is cocommutative and compatible
with mX.

Proof. Co-commutativity is clear by Proposition 6.1.1 since

o(AYe) = (—1)@@g(Ag) = (—1) QO Fraca; D@ Temdin A 4

= (_1>XQ(evd)Ae7d — Aé,d'

and for compatibility, let a and b be elements of dimension vector d; and ds
respectively. Then

AY (mX(a® b)) = (=1)X ) Ago(mX(a ® b))
_ (_1>XQ(d,e)+xQ(d1,d2) Ad,e(m(a ® b))

= (— 1l (m(Afa) © A))

which is the same as

(—ppelderixeldid) N " (A, L (a) @ Ay, (D))
x1+zo=d

Yy1t+y2=e
r1+y1=d;
To+y2=d2
— (_1\xae(de)+xq(di,d2) _ 1 \xQ@1,22)+xqQ (¥1,¥2) 1y X
= (1) 9 (=1)xe SWIIMX(Agy 1 (@) @ Ay g (D))
x1+xo=d
y1ty2=e
r1+y1=dy
zo+y2=d2
xQ(d,e)+xq(d1,d2 XQ(z1,22)+xQ (¥1,y2)+xQ (z1,y1)+XQ(%2,¥2) ., X
(1) @(d,e)+x0o( ) E ( (—1) Ql )+xq( )+xq( )+xq( Im (Azl,yl(a)®Ax2,y2(b))
x1+xo=d
y1ty2=e
r14+y1=d;
T2+y2=d2
_ E X X X
- m (Aml,y1<a)®A12,y2(b)>
r1+xo=d
y1+y2=e
z1+y1=d;
z2+y2=d2
as desired. O

So AX is a cocommutative coproduct on a connected algebra®. Any connected

graded bialgebra is a Hopf algebra. Thus by Milnor Milnor-Moore theorem

X __ ~ U(P) where P are the primitive elements with respect to the coproduct

QW

2A graded algebra A is connected if A is the ground field and A,, = 0¥n <= 0.
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AX. We will now compute primitive elements for the coproduct A*. We first
observe that

Proposition 6.1.14. The action of tautological bundle (u-): Az w — Az is a
coderivation, i.e we have

A¥u-z2)=(u®1+1®u)  AX(x).

Proof. Clearly the restriction morphism .A~ = — AY &7 is u linear since we have
commutative diagram

BC, xMq4(Q) «*— md(é)

Tid xiy iUT
BC, xMY(Q) «*— MY(Q)

On the other hand, we have a commutative diagram:

MU (Q) x ML(Q) —2= MU LLV(Q)

Det ® Detl lDot

BC, x BC, ———— BC,

and thus the isomorphism ¢* Ag1~ ® .AU1 ~ gﬂl * satisfies i o(u - ) =
®(u) fge(r) = (u®1+1® )@de( ). Ths

Au-z) = (pg, @ ppy)iae) (s 1ve(u - ) = (P @ pry) (g e) (- pu 110, (@)

=u®l+1®u)Ar)

Then the same holds for the twisted by coproduct AX.
O

Proposition 6.1.15. The elements of gBP S @ Clu] are primitive with respect to
the coproduct AX.

Proof. By the support lemma [Dav23c|[Lemma 4.1], BPSg is supported on

BP

the space with only one eigenvalue. Thus 95 S is primitive for the A coproduct.

Then the claim follows from the previous proposmon. O
Remark 6.1.16. We can now, in fact, give a shorter proof of cocommutativity.
We know from integrality theorem that gBPS ® Clu] generates the algebra AX

Since .A)ifwv/ is compatible with AX it suf‘ﬁces to check the Cocommutatwlty of

the generators. But by the previous proposition, the elements inside the vector
subspace gBPS ® C[u] are primitive with respect to AX and hence cocommutative.

By the PBW theorem (Proposition 4.1.1), A% _ ~ Sym(gBPS ® Clu]) and so by
considering the size of P, it follows that P = gBPS ® Clu ] This shows that the
sub vector space gBP 5 @ Clu] < .A 7 18 closed under the Lie bracket.
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Definition 6.1.17 (The affinized BPS Lie algebra). For any quiver @), the
affinized BPS Lie algebra gl?-Pi is defined to be the Lie algebra structure on

the N@ x Z graded vector space

~BPS . BPS
5w = %W ® Clu] — AS w

where the Lie bracket is defined by taking the commutator Lie bracket coming

from the associative algebra structure on A’é W

)

Let gBPSZ denote the dimension d, cohomological degree i peice of gBP 5. By
Prop051t10n 4.2.3, for a fixed dimension vector d, the Poincare series of glipv% is
given by
Zdlm glzpil 2= (1-q) lagald™) (6.16)
i€Z

BPS

where ag 4(q) is the Kac Polynomial. Note that 95 is not necessarily isomorphic

to the trivial extension of gBPS

as vector spaces.

as Lie algebras, even though they are isomorphic

BPS

Convention 3. Given an element o € g= o we denote by

(n) ._ ~BPS
o =" a e gQW

6.2 Deformed Affinized BPS Lie Algebra

Let w : @ — N be a torus weighting such that w(w;) = 0 for all i € Qy*. Let
T" = Hom(N, C*). Then since w(w) = 0, where w =, wj, the morphism

A Ma(Q) — Sym(AY)

which records the generalized eigenvalue, is 7" equivariant. This induces a mor-
phism _
AT omE (Q) — Sym(AY).

We can apply the construction of factorization coproduct to Ag’fvxv, where we

)

consider A@ = as an object in the category of Hyv (pt) modules, i.e. we have a

Hy/(pt) module morphism
AT ATX = AT @y Agy

Considering the primitive elements of the cocommutative coproduct AT, shows
that the Hy(pt) module

~BPS, 7 . _BPS,T’ T,x
Gonw =95 ©CllcAZX

3This condition is cruicial. This construction doesn’t work, for example, in the case of
tripled ADE quiver with canonical potential with torus weighting w(a) = 1,w(a*) = 1 and
w(w;) = —2 for all i € Q.
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has a structure of Lie algebra, where the Lie bracket is defined by taking the
commutator Lie bracket, coming from the associative algebra structure on Ag X

)

Furthermore, there is an isomorphism of Hy(pt) algebras

~BPS,T" T x
Uni, (pt) (9@ W ) =~ -’4@7w-

We call ﬁgP%T/ the T"—deformed affinized BPS Lie algebra.

6.3 Heis Lie algebra action

The action of the tautological bundle on the vector space Ag,W increases the
cohomological degree by 2. We can describe the other half of this action, which
acts by decreasing the cohomological degree. This structure has been exploited
in [Joy21] as a translation operator in the construction of vertex algebras and
by [Dav22b] for the calculation of the affinized BPS Lie algebra for the Jordan
quiver. We consider the action by scaling by the automorphisms of ide’C(Q).
More precisely, we have a morphism

act : BC, xM(Q) — MI(Q)

defined by sending the tautological line bundle £ and family of representations
F to F ® L. Doing the pullback (3.2.2), gives a map of sheaves

F (I)Tr(Wd) (ngz;xC*SS(Q)) — act, (QB(CZ X p(I)Tr(Wd) (Qimzj",gfss,w(Q) )) . (6 17)

After shifting and taking global sections, this gives a map of cohomologically
graded vector spaces

act” : HONL™(Q)," Prvaw,)) — HBCy, Q) @ HONT™(Q), P Prywy))-

In particular, for any o € Agﬁﬁ’fd we have

act Z u" ® Q(n)-
n>0

We define
0: A — ALSY

by a +— a(y. Since the morphism act® preserves the cohomological degree, 0 is
an operator Whlch decreases the cohomological degree by —2. We then have

Proposition 6.3.1. [Dav22a] The morphisms

01 ALGY — ATGY
w: ATGE - ATGY
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define derivations on .AQ Wwole.
J(axb) = (0a) b+ ax*(0b)
u(laxb) =(u-a)xb+ax*(u-b).

Furthermore, for any o € Ag’ﬁ,’ﬁd, we have [0, ula = |d|a.

We now show that the operators 0 and u interact with the perverse filtration
on .AQ 1, in a nice way.

Proposition 6.3.2. The action u increases the perverse degree by 2 while O
decreases the perverse degree by 2, i.e.

U (BZ C ;B’L'+2
a (ﬁpl C ;BifQ

Proof. Applying JHdT’C to morphism (6.17), gives a morphism of complexes in
DMy (Q))

a: (JHLC). péﬁ(wd)((@;;;gcfs%@)) — (JHg*). act.(Qpc; ® pq)“(wd)((@gt%’g’“(@))'

After taking semisimplification, the action map collapses, and so we have the
following commutative square:

BC;, x5 (Q) — MI>(Q)

lfrz lJHT":

mtg;(—SS(Q) JHT MTC SS(Q)

where 75 is the projection to the second component. Thus we have
(THES). act. (Qoc; KPP Qi ) = HBC,, Q) (THE ™). PP (Ui )
But since

(HH*(BC, Q)@ (THE)., i) Qe ) = 75" (THE). PPy Qe ),
the morphism 75"(a) factors through

P H*(BCL Q) @ 7 (THFS). P v (Qppic—o):

k>0

So for any a € P, act*(a) = >°, . u"ag) where a,, € P'~>" and thus in partic-
ular o; € P="2. Finally, the action of u increases the perverse degree, which is
exactly [DM20][Lemma 5.8] applied to the determinant bundle.

[

The above argument also shows that if ag € ggPVSI;/,:g,g then d(aq) = 0, since
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the perverse filtration starts from degree 1 (Section 4.1.5). Now, by repetitively
applying the Proposition 6.3.2, it follows that

Proposition 6.3.3. Let ag € gg?‘,?/:g’g, then u"agq € P and we have

I(u"aq) = n|dju"tag.

The action of u, d can be interpreted as an action of the 3-dimensional Heisenberg
Heis on Agﬁ,v, as considered in [Dav22a].

Definition 6.3.4. Let Heis be the Lie algebra over Q having basis p, ¢, ¢ such
that

[q,p] = ¢,

c is central. We give Heis a ‘cohomological’ grading by setting elements p, q, c
as elements of cohomological degree 2, —2, 0 respectively. Then M is said to be a
graded Heis module, if M = @;c7zM>; and the Heis action respects the grading,
i.e. p(My;) C Mo, q(Ma) C Moo, c(My;) C Moy;.

If a graded Heis module £ has a Lie algebra structure, then it is said to be a
Heis Lie algebra if p and ¢ act by Lie algebra derivations on £. In many cases,
a much smaller subspace controls Heis Lie algebras. For any Heis Lie algebra
£ let £50 = @i<0La; be the the subspace of non-positive even graded elements.
Clearly £=° C £ forms a Lie subalgebra.

Definition 6.3.5 (Negatively determined Heis Lie algebras). We say that a
Heis Lie algebra £ is negatively determined if £; = 0 for all odd ¢ and the map
q : L9; — L£o;_o is an isomorphism of vector spaces for any 7 > 0.

If we have two negatively determined Lie algebras, then a morphism between
them is also negatively determined.

Proposition 6.3.6. Let £ and $ be two negatively determined Heis Lie algebras
such that there is a homomorphism of Lie algebras

(bSO: =0 _>55S0

which commutes with the action of Heis, i.e, where for any a_o; € £ 9,1 >
0, ¢§0(p01—2i) = pﬁbgo(a—m‘); Jor any a_si0 € L£_9i19,1 > 0, ¢§0(q04—2i+2) =
qd="(a_2i12) and for any ag € Lo, =(cay) = cp="(ap). Then, the map ¢=°
extends uniquely to map ¢: £ — 9 of graded Heis modules. Furthermore, ¢
is a Lie algebra homomorphism if and only if ¢([azi, po;]) = [P(vs), ()] for
147 <0.

Proof. For any element ay; € £o; with ¢ > 0, we define ¢(ay;) to be the unique
element in £,; such that ¢'¢(am;) = ¢=(¢'ay;) and for any ay; € Loy with i < 0,
we set ¢(ao;) = ¢=Y(ag;). The map is well defined by the injectivity of ¢ on
positive components.

The morphism ¢ is a map of Heis modules since when i = 1, any ay € £, satisfies
qd(az) = ¢=(qa) and if i > 1, then ¢(qaw;) is defined to be unique element
in § such that ¢"'¢(qas;) = ¢=°(q’ay;), which is clearly satisfied by q@(ay;).
Similarly, since gicg(an;) = cq'd(as) = c6=(g'an) = 6="(cqian) = 6=(gicaz)
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implies that ¢(cag;) = co(as;). Finally succesive application of [g, p] = ¢ implies
that for any o € $ or £, ¢""'pa = pg™a + (i + 1)¢'ca. So ¢ (pd(ay)) =
(pg™" + (i + 1)q'c)d(az) = pgd=C(q'az) + (i + 1)cd=0(q"azs) = ¢=((pg"™" + (i +
Deg')ag) = ¢=0(¢" pag;). Thus po(ag;) = ¢p(pa).

It suffices to check that it is indeed a Lie algebra homomorphism if ¢([ag;, ¢o;]) =
[d(v2i), d(aw;)] for @ 4+ j < 0. For this, we consider ay; € £9; and [y € Lo;. If
i+ 7 <0, then ¢([ava, azj]) = ([¢(a), ¢(as;)]) by the assumption. So, we can
assume ¢ + j > 0. Then ¢([ag;, ag;]) is the unique element such that

i+j

lﬂéb([am, anj]) = ¢<0(qiﬂ i, B25]) = Z (l ‘;])(bgo[qra% qu*rO@j]
r=0
By assumption, we have
i+ J idj—r (i + J irj—r
Z - ¢=[¢" i, q Qrgj] = Z P(q" i), d(g ag;)]
r=0 r=0
> “) ), a6l
r=0
= ¢ [¢(0zs), $(52)]-
and thus ¢([o;, as;]) = [@(aa), d(aw;)] for all 4, j and we are done. O

Definition 6.3.7. We say that a Heis module M is integrable if it admits a
Heis module decomposition M = ®,cz M ] such that each the central element
c acts on M by scaling with n. We correspondingly say that M is integrable
Heis Lie algebra if it it integrable Heis module, Heis Lie algebra, and if the Lie
algebra structure is also Z graded (i.e [M™, M™] c pmin+ml),

An example of an integrable Heis Lie algebra is as follows.

Definition 6.3.8. For any Lie algebra g we define g[D] := g ®g Q[D] to be
a Lie algebra given by basis aD"™ where n > 0 and o € g with the relations
[aD", o' D™ = [a, o' ]D"*™ where o, € g and n,m € Zxg.

Proposition 6.3.9. Let g be a Z graded Lie algebra. Then

= @gm[D

meZ

is negatively determined integrable Heis Lie algebra defined by q(a,,D™) =
na, D", c(a, D) = magD™ and p(a,, D) = magD™™ for any am, € gm-

We then have the following consequence of Proposition 6.3.6.

Proposition 6.3.10. Let £ be a negatively determined integrable Heis Lie alge-
bra such that £; =0 for all v < 0. Then there is an isomorphism of Lie algebras
£o[D] =~ £ where £y C £ is the degree 0 Lie subalgebra.
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Proof. Since £ is integral, it admits a decomposition £ = @,nez L™ such that
Lo = @mezﬂ[om] is Z graded Lie algebra. By Proposition 6.3.9, the Lie algebra
£o[D] is integrable Heis Lie algebras. Note that £4[D] and £ are both negative
determined Lie algebras. Thus by Proposition 6.3.6, the morphism id : £y — £
extends to a morphism of Lie algebras ¢ : £9[D] — £. This morphism is an
injection, since for a non zero a € £y, ¢ (qu(aD’)) = «a # 0. Similarly it is
surjection since for any ag; € L9, ¢((¢* OCQZ)D ) = g O

Next, we see that affinized BPS Lie algebras are also negatively determined inte-
grable Heis Lie algebras.

Proposition 6.3.11. For any quiver @, the affinized BPS Lie algebra g]§P§v 15
negatively determined integrable Heis Lie algebra.

Proof. From Proposition 6.3.2, it follows that

W- @ w9 @ @

i€Z,deNXo meZ \i€Z,deNXo,|d|=m

is integrable Heis Lie algebra. The cohomology degrees of the BPS Lie algebra
glépﬁ is determined by the Kac polymomial (4.2.3) and in particular, it implies

that g]ipASf = 0 if ¢ > 0 and for all odd integers ¢ € Z. But then since there is

an 1somorphlsm of cohomologically graded vector spaces ggp% ~ gQW[ ul, ggp%

BPS

is spanned by u" - a where a € g2 W and in particular if the cohomological degree

of u" - > 0 then n > 1. For a fixed dimension vector d, the derivation 0 is
i . ~BPS,i ~BPS,i—2 . .
a morphism of vector spaces 9j: 95wa g@,w,d . When 7 is an even positive

integer then by Proposition 6.3.3, the map 0Jy is surjective since it sends the
elements u"a for n > 0 to n|d|u"*a. But by above argument or Equation 6.16,
ggP;/Zd and ggpiz ? has the same dimension when ¢ > 0 and thus 9 is in fact
isomorphism ahd we are done. O

6.4 Spherical subalgebra of CoHA

We define the spherical part of a N¥ graded algebra as a subalgebra generated
by the smallest possible dimension vectors.

Definition 6.4.1 (Spherical Generation). For any quiver Q, let A be a N
graded algebra over a ring R. Then we say that A is spherically generated if A
is generated as an R algebra by (A, | i € Qo). The spherical part of algebra A
is the subalgebra generated by (As, | i € Qo) and is denoted by S.A.

We then have the following interesting consequence of the above abstraction. We
determine SA@ i for any quiver without loops.

Theorem 6.4.2. For any quiver Q, let Q' be the subquiver formed after removing
all the loops of (). Then
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1. The subvector space gBPSO ® H(BC,,Q) C ﬁgp,sv is closed under the Lie
bracket and we have a Lze algebra zsomorphzsm

glilis,o ® H(BC,,Q) ~ né, [D].

2. For any @, there is an embedding of algebras
U(ng, [D]) — "L%,W
which is an isomorphism if and only if the quiver Q) is of finite type.

3. For quiver ) without loops, the image of above embedding is the spherical
subalgebra Sf% i SO that we have an isomorphism of algebras

U(nf,[D]) ~ SAY .

Q?W

Proof. For part (1), we note that given o™ = 4" - a and ™ = v™- 3 in
gBPSO ® H(BC,,, Q) where o, 8 € gZP;/O, we have

>0

for some v; € glipi % since [a™, B0™] is of cohomological degree 2n + 2m

and g§P§ is all supported in non-positive cohomological degrees (see proof of

Proposmon 6.3.11). We claim that almost all the terms in the above summation
are superfluous, i.e., we claim that 7; = 0 for all 7 > 0. Since the summation in
(6.18) is a finite sum, let N > 0 be the smallest such that «; = 0 for all i« > N.
We apply the derivation 9, n + m + N times to the Equation 6.18 and using
Proposition 6.3.3 gives that

0= (n+m-+N)(d)" Ny

where d is the dimension vector on which [a(™, 30™)] are supported. Thus vy = 0.
Contradicting the minimality of N. Thus N = 0 and the claim follows.
Thus gBPS 0®H(BCU, Q) C a@Pg is closed under the Lie bracket. It is a negatively

determlned integrable Heis L1e algebra which starts from degree 0. Thus by
Proposition 6.3.10, there is an isomoprhism of Lie algebras gBPS Y @H(BC,Q) ~

gliPAS,O[D]. Further, by the Proposition 4.2.5, there is an 1som0rphlsm of Lie

BPS 0

algebras 957 = ng and so we are done. Part (2) follows from the fact that

Kac polynomlals are constant if and only if @ is of finite type. Finally for part
(3), we observe that the subalgebra generated by AX W 5, is exactly the universal

gers gen7erated by gBPS for i € Q.

BPS BPS,0
QW5 gQW&

enveloping algebra of the Lie subalgebra of 95
But then for a quiver without loops, we have g2 and so we are done

by the above argument.
]
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In the light of above theorem, one might be tempted to conjecture that infact
the affinized BPS Lie algebra are trivial extension of the Lie algebra structure

on gC%PASV i.e. there is an isomorphism of Lie algebras gBPS ~ gBPS [D]. However,

this breaks down already in the case of the Jordan qu1ver

Let W, "t be the positive half of W, Lie algebra, which is a universal central
extension of the Lie algebra of differential operators on C*. The Lie algebra W7,
is spanned by 2" D™ where m € Zs1,n € Zso where we have set D = zd/dz. The
Lie bracket is given by

(2™ D?, 2" D"] = 2™"((D +n)*D® — D*(D +m)").

There is a filtration F' on Wi such that the associated graded Lie algebra
Grr(Wi ) is spanned by 2™D"™ where m € Zs1,n € Zso such that the Lie
bracket is given by

[2™D® 2" D" = (an — bm)z™ "D T~
Then it is proved in [Dav22a] that

Theorem 6.4.3. There is an isomorphism of Lie algebras

ﬁf’fﬁiﬁ;r = GIF(WI—:-OO)'

BPS

Note that in Example 18, we calculated that 05 o = ®n>1Q[2] is commutative
QiorsWior

BPS ___[D] is also commutative, but

Jor,VV Jor
from the above theorem, the affinized BPS Lie algebra is highly non-trivial. In
our next theorem, we show that this can be made true, but at the cost of passing
through the associated graded algebra with respect to the Less Perverse filtration.

6.5 Less Perverse Associated Graded Subalge-
bra

We provide another application for the above abstraction. In Section 4.2.2, we
defined Less perverse filtration £° of the CoHA. Our next theorem completely
determines Grgse (A% 5.7 ) o2 Gree (A ) for arbitary quiver Q.

Theorem 6.5.1. There is an isomorphism of algebras

Grow(AY 1) =~ U2 D)
where gBPS (D] is trivial extension of BPS Lie algebra gBPS.
Proof. We claim that

U - S/i c £/i+2
9. c e’
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In Proposition 6.3.2, we checked that this is true in the case of Perverse filtration
for the action of 0; the same argument works for Less Perverse filtration. The
action of u is given by the cup product with ¢;(Det(L£)) where L is the tautolgical
bundle on Mg(Q). Thus, by [BD23][Proposition 5.7], the action of u increases
the Less perverse filtered degree by 2, proving the claim.

Since the Less perverse filtration starts from degree 0, we have

Gree(A @Grg,. .7

>0

where Grfy.(.ﬁ%W) Z_S’i(A%W)/S’i_I(A’E ) and glipﬁ € Gr%,.(f%w) since
Gr%,.(.AéW) = HM(Q), Sym(BPS,,)). Let o, 8 € gBPS Then since da = 0, it
follows that u™ - o € Gr?f,.(f% W) and we have Sphttlng

Gl"g/o g~ = @ GIE/. ABPS

>0

Thus, in the associated graded algebra, gBPS is negatively determined integrable

Heis Lie algebra with no strictly negatlve terms(Here we are using less perverse
grading then the cohomological grading) and thus by Proposition 6.3.10, there is
an isomorphism of Lie algebras

Groe(G2°) = Grle (62°8)[D) = g273(D).

Thus we have morphism of Lie algebras ggps [D] — Gl"g/'(.A ), where the Lie

algebra structure on the right comes from associative algebra structure. This
innduces morphism of algebras

U(gBPS [D]) = Gree (A5 )

which is clearly an isomorphism by PBW theorem.
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Chapter 7

Nakajima Quiver Varieties for
Cyclic Quivers

In this chapter, we will consider the action of cohomological Hall algebras on
the cohomology of Nakajima quiver varieties. These actions have been defined in
[YZ18b], [Dav22b], [SV20] in the case of stability condition ¢~, which demands
that the image of the framed vector generates the entire representation (Section
7.4.1). When the quiver is cyclic, this gives an action of CoHA on the cohomology
of the equivariant Hilbert Scheme. However, we can do similar consturction for
a different stability condition (Section 7.4.10) ("™ which allows us to define action
of a subalgebra of CoHA on the cohomology of Hilbert scheme of points on the
resolution of Kleinian singularity C?/Zj (Section 7.4.15). We study these two
actions by comparing them with the work of Nakajima, where they defined the
action of Kac-Moody Lie algebra on the cohomology of the equivariant Hilbert
scheme and the action of Heisenberg Lie algebra on the cohomology of the Hilbert
scheme of points.

7.1 Nakajima quiver variety

Given any quiver (), fix an identification of the vertex set )y with the set
[0,1,...,K] where K = |Qo] — 1. Let f € N? be a dimension vector, called
the framing vector. Then we consider the space of representations:

Repg (@) := H Hom (CI¢@), CAt@)) x H Hom(C% C%).
a€Q1 i€Qo

Then the cotangent bundle 7" Repg ¢(Q) carries the action of GLg which preserves
the symplectic form. So we have the moment map

,Ud7f : T*Repdf(Q) — g[d (71)

Then Nakajima quiver variety is defined by taking the GIT quotient of u;lf(O). By
a trick due to Crawley-Boevey [Cra01], we can look at the space T Repg ¢(Q) as
a representation of another quiver Q¢ of dimension (d, 1). @ is defined by adding
a vertex oo to the vertex set )y, and an arrows «;, for all © € Qp,1 < n <f;
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where the source s(«;,,) = oo and #(«;,,) = i. For any dimension vector d € N9
and number n € N, let (d,n) € N be the dimension vector where we denote
by (d,n)s = n and (d,n); = d; for all i € Q. Here to get a representation
of quiver Q¢ from Repg¢(Q), we are essentially identifiying Hom(C¥%, C%) with
Hom(C, C4i)f.

Note that the moment map for (d, 1) dimensional representation of the prepro-
jective algebra gives a morphism

[1Qe,d.1) - Repia ) (Qf) — 8l

The morphism 7.1 is the composition of g, ,1) and the projection glq 1) — glg-

Hdf Rep(d,l)(@) > Ol —— ola

So we have an extra relation

> plef)p(ain) =0

1€Qo,1<n<t;

in ,uéi @ 1)(O). However, since the dimension of the vertex oo is 1, this is same
condition as having

> Tr(p(ef,)p(cin)) = 0. (7.2)

i€Qo,1<n<f;

However this is superflous since the defining relations for u(’(jlf)(O) are
2 acqolP(@), P(a™)] + D icqi<nss, P(@in)p(ei,) = 0 but then Tr([A, B]) = 0 so

this implies that
Y. Tr(p(ein)plar,)) =0

i€Qo,1<n<f;
which is same as equation 7.2. Thus there are essentially no new equations and
SO
Nc_i,lf(o) = Mé:,(d,l)(o)'
So from now on we will working with later point of view. Taking the affine GIT
quotient defines

Definition 7.1.1 (Affine Nakajima Quiver Variety). The affine Nakajima quiver
variety is defined to be the affine quotient

Ng¢(Q) = C[Ma,(d,n(o)]ud]-

Remark 7.1.2. Given any quiver () with two-dimensional vectors d and framing
f, it determines a 3d N' = 4 quiver gauge theory, and its Higgs Branch is identified
with the affine Nakajima quiver variety.

Example 24 ([Nak16]). Let @ be the A; quiver. Let d = n and f = r. Then
ué;(ml)((}) = (X,Y) € Hom(C",C") x Hom(C",C") such that XY = 0. Note
that Y X is GL, invariant and satisfies (Y X)? = 0. Infact one can show that
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N, (n,7) = {A € GL, | A> = 0,rank(4) < n}.

Example 25. When () is the Jordan quiver. Then the affine Nakajima quiver
variety N?n’l)(Q Jor) 18 isomorphic to Sym"(C?).

The varieties N ¢(Q) are singular. There is a way to define an open subset of
,uéi d 1)(0) where the action of GLq is free. Given a dimension vector d and a

stability condition ¢ € Q%?, we extend this to a stability condition é € Q@ by
setting (oo = — > d;(;. Assume that ¢ is generic for dimension vector (d,1). This
defines an open subset /fl(O)E?;S(S a1 C ,uéi( d’1)(0) of ¢ stable representations.
Example 26 (¢* stability condition). For any quiver Q, let ( € Q9 be any
tuple where ¢; < 0 for all i € Q. Then  is generic for any dimension (d, 1)
since Xg(d’,O) = > ¢d; # 0 for all (d’,0) < (d, 1) unless d; = 0 and Xé(d’, 1) =
> icq, Gi(di—d;) unless all (d', 1) = (d, 1). Infact since x;(d’, 1) is always positive
unless d’ = d implies that for any ( stable representation of quiver @, it cannot
be stable unless d’ = d. Also, Xé(d’ ,0) is always negative, so it doesn’t impose
any condition on the stability. Thus, a representation of { is semistable iff it is
generated by the image of a vector at the vertex co. We shall denote this stability
condition by (.

Definition 7.1.3 (Nakajima quiver variety). Given quiver @), dimension vector
d, framing vector f and generic stability condition (, the Nakajima quiver variety
is defined to be the quotient

Ng,t‘(Q) = ﬂé:,(d71)(0)<_ss/GLd
We have the following fundamental theorem of Nakajima.

Theorem 7.1.4. The open subset u‘l(O)gf’S(SdJ) 1S a non-singular complex variety
of dimension dim(Rep q 1)(Qr)) —dim(GLa) = >_,c, (ds(@i(a)) +2 D5, difi —
Zz‘er d? and the Nakajima quiver variety Nif(Q) is a non-singular complex
variety of dimension dim(Rep(q1)(Qf)) — 2dim(GLa) = 23, o, (ds@di()) +
2> ico, difi =230, d? = —2yq(d,d) +2d - f.

Note that for any weighting w : (Qf); — Z" for which Y acq, @, @*] is homogenous.
Then the corresponding 7" action preserves ,ua’( d’1)(0) and thus defines an action
on Nakajima quiver variety. By the definition of GIT, there exists a projective
morphism

¢ Ngp(Q) = Ng#(Q) (7.3)

which is a symplectic resolution whenever surjective.

Example 27. Let Qj,, be the Jordan quiver. Let d = n be the dimension
vector and f = r be the framing. Then the quiver Qs is the ADHM quiver. For
( = —1, we have an isomorphism N%T(Q Jor) = M, , where M, ,, is the moduli of
instantons. More precisely, it is space of the pairs (F, ¢) where F is torsion free
sheaf on CP? of rank r, second chern class ca(F) =n and ¢ : F [~ O _ is the
framing at the line at infinity I, = [0 : 21 : 22].
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When r = 1, this space coincides with the Hilbert scheme of points on a plane,
and the affine Nakajima quiver variety NJ(Qor) is isomorphic to Sym"(C?).
The GIT map is just the Hilbert-Chow morphism Hilb"(C?) — Sym™(C?).

By definition, Nakajima quiver varieties come with non-trivial tautological bun-
dles for every vertex:

Definition 7.1.5 (Tautological Bundles on Nakajima quiver Variety). For each
vertex ¢ of the quiver, we define tautological bundle V; to be the vector bundle
associated with the GL,4, principal bundle

(Mé:,(d,n(o) N Rep%;,sls) (Qr))/ GLy — Ng,f(Q)

where by GL we mean [1;.2; GL4;, and the action on ,u(_le) (O)ORepaSls) (Qr)/ GLY
is given by the injection [,_; GL4; — GLa.

Later, we will also consider topologically trivial vector bundles W; of rank f;
defined by Ng,f(Q) x Chi — Ngjf(Q). Nakajima quiver variety carries an action
of the torus 7', and the equivariant Chern class of W, will then carry non-trivial
information.

In Section 2.1.1, we defined the Lusztig nilpotent stack of preprojective algebra
representations. Analogously, we can define

Definition 7.1.6. Given any quiver (), dimnesion d, framing f and stability
condition (, we define nilpotent quiver variety Lif(Q) as the closed subvariety
¢ (0) where q : Nfi,f(Q) — Ng’f(Q) is the GIT projective morphism defined in
equation 7.3.

Note that since ¢ is a projective morphism, Lfi (@) is always projective.

7.2 Critical locus description of Nakajima
quiver varieties

In [Dav22b], Davison provides a critical locus description of the Nakajima quiver
varieties Nf:f(Q). Their method doesn’t work for an arbitrary generic stability
condition . In this section, using dimension reduction, we will show that the
statement is true at the level of cohomology. B

Given framing f, we consider the tripled framed quiver (¢. This is the usual
doubled framed quiver Q¢ that we used to define the Nakajima quiver varieties,
but with an extra loop at every vertex, including a loop at the framing vertex.
We then consider the canonical cubic potential

Wf: Z w; Z [a,a”]

i€(Qf)o a€(Qr)1
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Assume that ¢ is generic for dimension vector (d,1). Then the 3d Nakajima
quiver variety is defined to be smooth variety

MSF(Q) = Rep(y 3 (Qr)/ GLa,

where Repf;sls)(@f) C Rep(d,l)(éf) Athe open subset of ¢ semistable representa-
tions. We can similarly define Repf;js) (Qf) C Rep(d’l)(@) the open subset of ¢

stable Qf representations. Let TI'C(Wf> denote the restriction of the trace func-
tion. We then have

Lemma 7.2.1. Let mg,q : Rep(d’l)(@f) — Rep(dvl)(@) be the projection map.
Then

crit(Tré (W) N 7rc_2f17d(Rep§;js) (Qr)) = crit(Teé (W) N Repf;lsj (Qf)
Proof. This proof uses same argument as in [Dav23c|[Lemma 6.3]. Let p €
crit(Trs(We)) N Repf(; ®(Qr)\ crit(Tr¢ (W) N Wél}nd(Repf;Sf)(@)). Then since

JaC(éf,/Wf> ~ g w], we have that p = (p/, f) where p’ is a representation
of Ilg, with an endomorphism f € Endp,_(p'). Our assumtion on p is equivalent
to p' being not a semistable representation of Ily,. But then by the existence of
Harder-Narasimhan filtrations, there exists a filtration of p’ as a Ilg, module

0=pp Cpi Cpy--Cpn=7r,

such that the slopes u(p)/p,_,) are strictly decreasing. Bach of p}/pl_, is ¢
semistable. Consider the restriction fi,; : py — p,. Since u(py) > pu(pl,/pr, 1),
fior: Py = P — /P,y is the 0 morphism. Thus f, factors through p) ;.
Since u(py) > wu(p;/p;_;) for all i, we may continue this argument inductively to
conclude that p) is invariant under f. Thus (o}, f|,;) forms a sub representation
of p with higher slope, contradicting the semistability of p. O

Note that
mor a(Rep(y s (Qr)) = Rep(y 3 (@) x €D Hom(C¥, C¥)
1€Qr

is a GLgq equivariant decomposition. Thus, by the above lemma and the dimen-
sional reduction theorem (3.3) applied in the case when

X = mgr a(Rep(i ) (@)

X = Rep(g 3 (Qr)

A" = @5 Hom(C*,C%),
1€Qs

it follows that
DR : H (MGH(Q). " Pryc iy Quag (9 [2(d: 1) - (d, 1)]) ~ HI(NG+(Q), Q).
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Thus, by applying Verdier duality, since dim(./\/lfi’f}d(Q) — dim(Ng(d,f) —
2(2 e, i) = —1, it follows that

Proposition 7.2.2. Let ( € Q9 by any stability condition such thaté is generic
for dimension vector (d,1). Then we have a natural isomorphism of graded vector
spaces

(-1)EDR: H'(MSH(Q), D 1y¢(iiy Loy~ 1) = H” (NG £(Q), Q). (7.4)

Note that here we have twisted dimension reduction isomorphism by the sign

(—)@), this is so that we have compatibility with the action of preprojective alge-
bra, as we shall later see.

7.3 CoHA Action

In this section, we will construct the action of COHA on the Nakajima quiver
variety for the stability condition (*°. This is done in [Dav22a] in the formulation
we explain next and in [YZ18a], [SV20] for preprojective CoHA’s. We will also
see the compatibility with the cup product of the tautological line bundle. Later,
we will see how these ideas can be used to define an action of a subalgebra of
CoHA for a different stability condition.

Given two dimension vectors dy,ds and framing f, let

oo7 d oo _
Mg (@) =0 = (p)ar0) = (02){q, 1ty = (P3)(dsr) = 0}

denote the stack of short exact sequences where py is (* semistable. We then
have the usual correspondence diagram

M, (Q) X Mg, 7(Q) i Miay Q) — MG ,4(Q):
where the morphism m; X 73 is projection to (p1, p3) and 79 is projection to ps.
T is a proper map, since the (> stability condition implies that every (dg,1)
dimensional quotient of a (d; + ds, 1) dimensional (*° semistable representation
is also semistable. Then, by doing push-pull along vanishing cycle cohomology,
it follows that we have a left action of ‘AQ,W on

o 3d > vir . &
@ H(Mg,f3 (Q)7pq)ﬂ(ﬁ/})ICMgfj—SS(Q)[_l]) = @ H(Nif(Q),Q ):- Ng (Q)
deNQo deNQo
Here, the second isomorphism is defined in Proposition 7.2.2.

Proposition 7.3.1. For any quiver ) and framing £, the cohomological Hall
algebra A%W acts on the cohomology of Nakajima quiver variety Ng (Q).

The proof that the above defines an action is the same for associativity of coho-
mological Hall algebra as proved in [KS11]. We denote this action by e.
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Since we have defined the action of CoHA, there is an action of ggp% on N (Q).

In theorem 5.1.6, we saw that QEP,V% can be realized as a positive Half of the

Generalized Kac Moody Lie algebra. Infact the action of ggp% can be lifted to

action of full gGKM

Theorem 7.3.2 ([DHM24], Theorem 10.5). The ngPASJ action on N§ (Q) extends

GKM

to gGKM action and there is decomposition of gg " modules

NT(@= P H(ZC(Mug, @) © Lygin g

d,1)edt
(d,1)e MG,

where d € Hom(Z2,Z) given by d’ — (d, d)p, —f-d.

Example 28. (0, 1) is always a real positive root. Thus LQSKM’G where 0 : d’ —

f.d’ is always a summand in N§~ (Q).

Example 29 (Jordan Quiver). Let @) be the Jordan quiver and let f = 1. Then in
Example 27, we showed that Nf:l) (Qjor) ~ Hilb™(C?). We claim that only simple
roots of form (n, 1) € @ﬁ@l are (0,1). This is simply because ((n,1), (n,1))n,, =
2(1 = n). But then 2 — ((n,1),(n,1))n,, = 2n. So if n > 1, we may write
(n,1) = (0,1) + (1,1) + --- 4+ (1,1) where (1,1) is repeated n times and each
of 2 —((1,1),(1,1))m,, = 2, while 2 — ((0,1),(0,1))m,, = 2 contrdicting the
primitivity of (n,1). Thus, only simple roots are (0,1). But then, by the above
theorem
Sl

Nl - Lg[61)7_17

recovering theorem of Nakajima-Grojnowski.

On the other hand, there is the action of preprojective CoHA AﬁQ on NEOO (Q)
defined in [YZ18b|[Section 5| and [SV20][Section 5.6]. However, it is shown in
[YZ20a][Theorem A] that these actions are compatible under the twisted dimen-

sion reduction morphism DR in Section 4.2.1.
Although we will not be pursuing this until Chapter 12, the perspective we want
to give is that A g ﬁfQ should be thought of as the opposite half of the

CoHA in the followmg way. First, it is shown in [SV20] that we can lift the above
action to the case of nilpotent quiver variety(One can also prove using the above
construction).

Proposition 7.3.3 ([SVQS]) For any quiver Q and framing £, the nilpotent
cohomological Hall algebra A~~ acts on the cohomology of nilpotent Nakajima

quiver variety'

LY (Q) = @ H™MLHQ),Q2(d, d) — 2f - d]).

deNQo

INote that the nilpotent quiver variety Lg; (Q) aren’t always smooth.
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Now, we claim that there is duality
H(Ng;(Q), Q") =~ H™(Lg(Q), Q[2(d, d) — 2f - d])’

This is simply because the varieties Ng;(@) and Lg;(@) are homotopic. But

Lg;(@) is also a projective variety. Hence, its usual cohomology is the same as
the compactly supported cohomology, which is Poincaré dual to the Borel-Moore
homology. Thus by Proposition 7.3.3, we get a right action of .Ag 7 on N$T(Q).

Remark 7.3.4. Note that there is addition action of GL¢ on Mﬁf}“(@) for any

quiver ) which reparametrize the framing of @f. Then the action of CoHA also

works equivariantly. We get a left action of AZ} 7 on

@ HT><GLf (Nf::(Q), QVir).

deNQo

and similarly a right action of Ag/\wf In the case when T scales the symplectic

form non-trivially, due to a theorem of [BD23] and [SV23], these CoHA can be
realized as positive and negative half of MO Yangian respectively, which implies
that after taking direct sum across all framings, these actions are faithful(See
Chapter 12). However, faithfulness is conjectural when 7" acts trivially on the
symplectic form.

Compatibility with Cup product

Note that, in the same way, we constructed the action of tautological bundles
on Agw in Section 4.1.3, we can construct analogus action of the tautological
line bundle ®;cq,Vi on N§ (Q) by u - v := > icg, c1(Vi) Uv. The following
proposition will be useful later to understand the induced action of the affinized
BPS Lie algebra.

Proposition 7.3.5. The action of Agw on NS (Q) satisfies
(u-a)ev=u-(cev)—ae(u-v)

Proof. We have

u-(aev) =Y (V) U((ma)i(m x m5)"(a @)

1€Qo

=Y (m)(m) (@ (V) U (m x 7m3) (@ @ v))
1€Qo

=Y (m)l(m x m) () @ 1+10aM)) - (a@v))
1€Qo

:Z(u-a)ov—l—ao(u-v)

1€Qo
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where the third equality is true since for a short exact sequence 0 — L1 — Ly —
L3 =0, c1(L2) = c1(Ly) + c1(Ls). [l

7.4 Kleinian singularity and McKay correspon-
dence

Let G C SLy(C) be a finite subgroup. The McKay correspondence associates
to every finite subgroup of SLy(C) a Dynkin graph of affine type ADE. Let
P, P1,- - > Pa—1 be the set of all the isomorphism classes of irreducible repre-
sentations of the group G where pg is assumed to be the trivial representation.
Since G C SLy(C) C GLy(C), we have the tautological representation of G on C2.
Let a;; be the multiplicities in the decomposition of the tensor product p; @ C?
into the sum of irreducible representations, that is

d-1
poC~Da
j=0

Then the graph with the set of vertices 0,1,---,d — 1 and a;; edges between
the vertices ¢ and j is the corresponding McKay graph. We now consider the
finite cylic group of order K + 1 Zg 1 = (w) C SLe(C) embedded in SLy(C) by

W > (C(L)) wa> where w is a primitive K + 1-th root of unity. The McKay graph

corresponding to the group Zy ;1 gives the doubled cyclic quiver QK.

On the other hand, we may consider the affine quotient C*/Zy . It is a singular
space with a singularity at the origin. Interestingly, the Nakajima quiver variety
associated with the quiver cyclic quiver Q¥ gives a minimal resolution of this
singularity. In the case we are interested in, these varieties can be understood as
equivariant Hilbert schemes.

7.4.1 Equivariant Hilbert scheme

Let Hilb(C?) denote the Hilbert scheme of points on C?. Since Zg ., acts on C?
we have an induced action of Zg 1 on Hilb(C?). For any finite group G, let R(G)
be the monoid of the isomorphism classes of finite-dimensional representations of
the group G. For every representation V € R(Zk 1), let

Hilb¥ (C?) = {J € Clz,y],Clz,y]/J ~z,.., V}

where ~z, , denote isomorphism as representations of the finite group Zg .
This gives a decomposition into components

(Hilb(C?))*<+ = €5  Hilb"(C?). (7.5)

VER(ZK+1)

where (Hilb(C?))%x+1 is the fixed point locus of the Zx ;1 action on Hilb(C?). Note
that since Zk 1 is abelian, all the irreducible representations are 1 1-dimensional.
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Thus for every representation V, V ~ ®p; 4 as Zg,1 representations, where p;
is the 1 dimensional representation of weight 7, given by v — w'v. This gives an
isomorphism of monoids d : R(Zg 1) — NETL

Example 30. Consider the ideal I of the functions which vanish at the points of

a free Zgi-orbit. The orbit consists of K 4 1 elements and the correspond-

ing Zg+i-module Clz,y]/I is a regular representation pree 0f Zgii. In fact

d(preg) = (1,1,--+ ,1) = §. The action of Zg;1 on C? is free outside the origin.
—_——

K + 1 times
The restriction of the Hilbert-Chow map (Proposition 7.4.2) gives the minimal

resolution Hilb?*s(C?) — C?/Zg. ;.

Tutological bundles

By the way we have defined them, HilbY (C?) is an Zg,, invariant subvariety
of Hilb®™()(C?). Denote by Of., the tautological rank dim(V’) bundle on the

Hilbert scheme Hilb¥™()(C?) (See Definition 7.4.7). Consider the restriction

(Oé;m V))|H11bv (c2) Over HilbY (C?). Then, each fibre carries a structure of repre-
sentation of G. We thus have

(OF2) iy (c2) @ Hi @ pr,

k€EZ K +1

giving tautological bundles H;, on Hilb" (C?). Note that we can equivalently write
Hy = Hom(p;, (O(?:?)|Hilbv(62))

Nakajima quiver variety description

The equivariant Hilbert scheme is an example of a Nakajima quiver variety.

Proposition 7.4.1 ([Nak02]). We have an isomorphism of smooth connected
algebraic varieties

HilbY (C?) ~ N§ 1) 4, (Q)
and so their dimension is 2do(V) —>Z,c5 . (di(V) — d; (V)2

On closed points, given an ideal J, the above isomorphism sends J to a represen-
tation of Qf, given by

‘/i = HOHIZK_H (pla (C[Zla 22]/‘])

for i € [0,K] and V. = C and the morphisms between these vector spaces
are given by composition with the morphisms z; : Clz1, 25]/J — C[z1, 29]/J and
2o : Clzy, 23]/ J — C[z1, 23]/ J given by multiplication by z; and z; respectively. In
particular, this means that the above isomorphism sends the tautological bundles
H; on Hilb" (C?) to the tautological bundles V; on the Nakajima quiver variety

¢ K
Nd(v) 00 (Q ) .
Convention 4. Given any smooth variety X and an irreducible closed subvariety

V, let
[V] c H2(dim(X)7dim(V)) (X)
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be the fundamental class [AF24][Appendix A].

Nakajima action

We now briefly explain the action of the positive half nj;,, of the affine Kac-
Moody Lie algebra slx 1 on

N (@)~ € HHIL(C?), Q™)

VER(ZK +1)

due to [Nak98]*. For each i and V, the Hecke correspondence is defined to be the
subvariety

B,(V) = {(I, I,) € HilbY 7 (C*)xHilb" (C?)|I, C I} C Hilb" 7 (C?) xHilb" (C?).

Note that z,y act trivially on I;/I,. By [Nak98][Section 5], B;(V) are known to
be smooth Lagrangian submanifolds inside the product Hilb" ~*(C?) x Hilb" (C?).
Let e; be the standard Chevalley generators of nj. 41 as in (4.2.2). We consider
the usual correspondence diagram

Bi(V) —-s HﬂbV Pi(C?) x Hilb" (C?)
HilbY ~*i(C?) HilbY (C?)
Let v € H(Hilb" #(C?),Q"). The action of nj;,, on N§ (QX) is defined by

ei(v) = (1) VPtV (py), (pi(v) U [Bi(V))). (7.6)

Strictly speaking, in the original work, Nakajima constructed operators on a La-
grangian subvariety of Hilb" (C?), which is dual to the cohomology of Hilb" (C?).
This formulation is present in the work of Nagao in [Nag09][Section 5.3.1]. Later
in Chapter 12, we will see how these operators are generalized to the action of
Yangians on the Equivariant cohomology of these varieties by Varagnolo [Var00].

Minimal resolution as Nakajima quiver variety

Theorem 7.4.2 ([Kro89]). The affine Nakajima quiver variety NMO(QK) is

isomorphic to the affine quotient C?/Zy 1 and the quiver variety NMO(Q) ~
Hilb?(C?) is the minimal resolution via the GIT map®

N%MO)(QK)%NC (QK) C*/Zic 1.

The exceptional fibre 771(0) components can be understood as Nakajima corre-
spondences defined in the previous section. Consider B;(preg) for i # 0. Then by

2There is an action for general Nakajima quiver variety for quiver without loops. Here we
only focus on a special case.
3There is more general result for any finite subgroup of SLy(C).
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Proposition 7.4.1, the dimension of Hilb” ™" (C?) is 0 and thus Hilb” ™ (C?) =
{pt;}, for some point pt; € Hilb” ?(C?). Thus by definition, we may view
B (preg) as a subvariety of Hilb”(C?):

%i(preg) = {ptz- C [} C Hilbfree ~ Sk (77)

The subvarieties 2B;(pye) are smooth Lagrangian manifold inside the surface Sk.
These are isomorphic to P! [Nak01b][Proposition 6.2]. In [Nak01b][Example 6.3],
it is shown that the exceptional fiber 771(0) is the union of B;(peg). For any

representation p of Q_gg of dimension (d,1) and for any arrow a € Qgg , let p, :
C*@ — C"% be the corresponding linear map and p’ : CH%) — C* be the map
in the opposite direction.

Example 31. We can observe that 9B;(p.) correspond to the isomorphism
classes of representations of dimension ¢ where p, =1, p% =0 wherea: j—1 —j
forj=1,---,1—1; p,=0,pf =1 wherea:j—1—=jforj=1+2,--- , K+1
and p, = 1,p: = 0 where a : oo — 0, while the choice of the maps p;_1-; and
pi_yiv1 correspond to P! (See Figure 7.1 for K = 3,4 = 2).

1

|

\/

Figure 7.1: 9B;(9) for K = 3,i =2

The cohomology H(Sk, Q) is spanned by [Sk] € H°(Sk, Q) and irreducible com-
ponents of exceptional fibers [B;(p.es)] € H*(Sk, Q). On the other hand, since
Nakajima quiver varieties are tautologically generated [MN18], it follows that the
Chern class of the tautological bundles ¢, (R;) also spans H*(Sg, Q). For any finite
subgroup G C SLy(C), the geometric McKay correspondence [GV83] gives a du-
ality between the irreducible components of the exceptional fiber 7 : S — C?/G
and the tautological bundles associated to the irreducible representation of the
group G. Reinterpretating this in terms of the Nakajima quiver variety gives

Proposition 7.4.3. For alli € {1,--- , K}, we have

K
preg E CikC1 Vk

k=1

where ¢, € Endg(Z) is the Cartan matriz for the Ax quiver, i,e ¢y = 204 —
51"]@_1 — (51‘7;9_;,_1 where 1 S Z,j S K.
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Proof. For each edge ¢ where 7 # 0, we have tautological morphisms p; ;11 : V; —
Vi and pf_y; 1 Vi — Vi1, So the preprojective relations give rise to a complex
of tautological bundles

P:_l i$pi,i+1 pi—l,i_p;i_g_l

Vi—————Vie1® Vi Vi

Thus we have a map between vector bundles

Pi_1,i®piit1

Vi ——— Ker(pi—1; — Pzz‘+1)-

Consider the locus Z; where the above map is not an isomorphism. It follows
from Example 31 or [NakOlb][Example 6.3] that Z; = B;(preg). But note that

the morphism
pifl,i*p;i.Fl

Vio1 @ Vin Vi

is a a surjection. Since it is not a surjection, then it must be 0. But then this gives

a subrepresentation of @K which is not oo generated, contradicting the stability.
Thus, this morphism is a surjection. But this implies that the fundamental class

[Bi(preg)] = 2c1(Vi) — ci(Viga) — c1i(Vica). n

BPS
By Proposition 7.3.1, we have action of 957 x OB

)

NG, (@) = €D HMG 4 ™(Q). Pryiny TC oy 1) = €D H(HI'(C), Q).
denco " VER(ZK +1)

The induced action of the nQK C gBPS~ on Ng?(QK ) can be identified with

WK
Nakajima’s operators e;. We have

BPS
Proposition 7.4.4. The action of generator a; C gQK WE 5,

a; - H(HIIb" 77(C?), Q") — H(Hilb" (C?), Q")
coincides with the action of Nakajima operator e;.

Proof. 1t is shown in [YZ20a|[Theorem 5.1], that dimension reduction from
Aé 7 = AﬁQ is compatible with action on Nakajima quiver variety. Furthermore,

in [YZ18b][Theorem 5.6, it is shown that the action of 29, € Clz;1] = Ay,
coincides with the action of Nakajima operators.

BPS,—2 . .
We also consider the action of any non-zero vs € g R R 5 this make sense since

K
BPS, 2

7

by Proposition 5.0.2, g is al dlmensmnal vector space and u - 75 on

50 “(QF). Choose a non zero ’element 0) € H(Hilb"(C?), Q") Ng;o(QK) We

then have

Proposition 7.4.5. For some non-zero X' € Q, we have an equality

710) = XN[Sk]
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and

(u-7s)0) =X <Z c1(R > = X( ZA” i (Preg) >

i=1 j=1
where A = C~1, is the inverse of the Cartan matriz of Ay.

Proof. The action of s gives a map
vs: H(Hilb"(C?),Q)) — H(Hilb" =, Q"") ~ Q[2] @ Q0]

Since the element 75 is of cohomological degree —2, we have v5]0) = X[S] for
some ). We claim that A" # 0.
By Theorem 5.1.6, the action of gB-BS~ lifts to an action of double gGKM. By

GKM

Example 28, NC (Q¥) contains the Lowest weight module L g1 0 of goK where

0:d — —6 -d. In Example 22, we calculated ggKM and in particular we

can identity s with Chevalley generator es. We also have annihilation operator

fs and element hs in the Cartan. We can identify the vaccum element |0) as

1®1 € Lyoxu 5. Since Lyaxa g is a Lowest weight module, by definition f510) =0
QK QK

and hs|0) = —0; - 0|0) = —|0). But then es|0) can’t be 0, since otherwise hs|0) =
les, f5]|0) = 0. Thus e5|0) # 0 and hence 75|0) # 0 and thus X' # 0.

Next, by Proposition 7.3.5, it follows that (u - vs) % [0] = u - ([S]) = c1(R) =
Zfil ¢1(R;). Then, the claim follows from Proposition 7.4.3.

The inverse of the Cartan matrix of Ax can be described explicitly. We note
down the matrix.

Proposition 7.4.6. The inverse of the Cartan matriz of Ak is given by Matrix

Ay ; = min(k, j) — Kkil

7.4.2 Hilbert schemes

For the minimal resolution Sx — C? /Zk 1, we consider the N x Z graded vector
space
Vi == @ HM (Hilb"(Sk), Q™)

neN

and introduce a similarly defined action of a subalgebra of A+ oK WK and study
their relationship with Nakajima’s operators. Note that smce Hilb"(Sk) is
smooth, there is an isomorphism between the Borel-Moore homology and the

usual cohomology HBM(Hilb™(Sk ), Q') ~ H(Hilb™(Sk), Q"'r).
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Nakajima operators

In [Nak97], for any quasi-projective surface S, the author constructs the action
of certain operators p,,(«) for m € Z and o € H(S,Q) on

V(S) = @ HPM(Hib"(S), Q")

neN

such that they satisfy infinite dimensional Heisenberg Lie algebra type relations.
We explain the construction for m > 0, since that’s what we will be using later.
Let

Hilb™"*+™(8) = {I C J,Supp(I/.J) = pt € S} C S x Hilb"™(S) x Hilb"(S).

Note that, we have a map s : Hilb™"*"™(S) — S given by taking s(I C J) =
Supp(I/J). For any I C {1,2,3}, let m; be the projection maps from S x
Hilb™*™(S) x Hilb™(S) to components in /. Then

pm () : HBM(Hilb™(S), Q") — HEM(Hilb"T™(S), Q')

is defined to be pp(a)(c) = (m2).((m13)" (PD([S]) N ) ® c) N [Hilb™" " (S)])
where PD : H(S,Q"") ~ H®M(S Q") is the Poincare duality map. The action of
pm(a) for m < 0 is defined similarly. Furthermore, the action of operators p,(«)
for any n and « is faithful on V' (S) [Nak97].

Lehn and Lin-Qing-Wang relations

In [Leh99], the author constructs operators on the Hilbert schemes of points on
surfaces by combining Nakajima’s operators and the action of the Chern classes
of tautological bundles.

Definition 7.4.7 (Tautological bundles on Hilbert scheme of points). Let F' be
any locally free sheaf on the smooth quasi-projective surface S. For any n > 0,
let Z% C Hilb"(S) x S be the universal family. The associated tautological bundle
F is defined to be (71)+(Ozz @ (m2)*F) where 7, T, are the projection maps
from Hilb"(S) x S. It is a locally free sheaf of rank rn on Hilb"(S) where the
rank of F' is r. By definition, the fiber FI"/(Z) for Z a point in Hilb™(S) can be
naturally identified with H’(Z, F®Oy). When the context is clear, we sometimes
abuse notation and refer to the associated tautological bundle FI" as F itself.

Definition 7.4.8 (Lehn operators). Given cohomology class a € H(S, @), let
pn() be the Nakajima operator. Then we define an operator pl(a) = [0, p,()]
on V(S) where 8- v = ¢; (O U for any v € HBM(Hilb™(S), Q) € V() and
more generally we define

Pn(a) = adj(pa(a)) = 9,0, -~ [0, pu(@)]]]].
k times

For a smooth projective surface S, the relations between the opera-
tors [pFm(a),pt(8)] have been computed in [Leh99][Theorem 3.10] and

n
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[LQWO02][Theorem 5.5]. The formula involves contributions of the first Chern
of the canonical bundle ¢;(Kg) and the Euler class cy(7s). However, the sur-
face Sk is only quasi-projective in our setting. However, due to the result
of [MN18], the cohomology of Sk is still pure. Furthermore, S is Calabi-
Yau, ie. Ks, = Os,. Let i : Sg — Sk be a smooth compactification.
Then the pullback H*(Hilb"(Sk),Q) — H*(Hilb"(Sk), Q) is a surjection of co-
homology rings. Furthermore, the Chern classes of tautological bundles are
supported on the pure cohomology, so that ¢;(V) U a = ¢(V)|s, U a. Since
i*(c1(Kg)) = c1(Ksy) = 1(Os,) = 0 and i*(ca(T5,)) = 0 by cohomological
degree reasons, we conclude from [Leh99][Theorem 4.2] and [LQWO02][Theorem
5.5, 4.2, Definition 5.1] that:

Proposition 7.4.9. For any v € Vi, we have:

1. For any line bundle F' on Sk, we have:
[e1(F), pi(@)]v = pr(a)v + pi(er(F)a)o.

2. For any ny,ns > 1, aj,a9 > 0 and o, 5 € H(Sk,Q), we have:

ANy — N2aGq a1+a2 1(aﬁ)v.

[pglll (Oé),pZQQ (B)]U - ntlnn(f (nl + n2)a1+a2 1 n1+n2

CoHA subalgebra action

We now consider a subalgebra

QKW}(: @ 'AQKWKné

neZZO -0

of A@; R We show that there is an action of .,4 % 7R on V. To do so, we use
the work in [KV00], which describes Hilb"(Sk) as the Nakajima quiver variety
on a cyclic quiver with a different stability condition than what we considered

before.

Definition 7.4.10 (Kuznetsov’s stability condition). For any n > 1, given a
dimension vector n - d, we consider the stability condition (" on the cyclic quiver
Q¥ defined by (" = —2nforalli=1,--- , K and ¢ = 2Kn — 1.

Note that this stability condition lies in a chamber different from (~
[Cra21]|[Theorem 4.2]. We now show that (™ stability fits the criterion to ap-
ply the Proposition 7.2.2.

Proposition 7.4.11. The stability condition CA" 1s generic for the dimension

(n-4,1).
Proof. We have to show that us (d') # pg((nd, 1)) for any d’ < (nd, 1).
e Assume that d’ = (d,0) for some d < nd. Then we have Zfio ¢'d; = 0.

Thus K
(2Kn —1)dy = 2n (Z di> . (7.8)

=1
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This implies that 2n divides dy, which is not possible since dy < n unless
dy = 0. But if dy = 0 then by the equation 7.8, Zfil d; = 0 and so each of

e Now assume dim(p’) = (d, 1) for some d < nd. Then again, by the same
argument, we see that it implies d = n - §, which contradicts that p’ is a
subrepresentation.

]

The reason why we consider this peculiar stability condition is due to the following
theorem.

Proposition 7.4.12. [Kuz07] [Theorem 4.3] For any n > 0, there is a canonical
1somorphism of varieties

gn » Hilb"(Sg) = N3 5 (QF).

Let VC be the tautological bundles on the Nakajima quiver variety Nn s 50(QK ).
Note that since Sk =~ Ng 5, (@Q™) there are tautological bundles V; on Sk, which
by Definition 7.4.7 gives tautological bundles [V;]" on Hilb"(Sx). We then have

Proposition 7.4.13. Under the above isomorphism, the tautological vector bun-
dles V&" on vaé,&o (Q™) are pulled back to vector bundles [Vi]" on Hilb"(Sk).

Proof. This is really in the construction of the isomorphism. Let Z be a closed
point in Hilb"(Sk). It is a length n subscheme in Sk. Let Oy be its structure
sheaf. Then the map g, associates a closed point on Nn 5.60 (Q¥) by assigning
vector space Vi(Z) := H(Sk,V; ® Oz) to the vertex i where i = 0,--- | K,
H°(Sk, Os,.) to the vertex co. Since the fiber of (V)" on any point Z is exactly
H?(Sk,V; ® Oy) the statement follows. O

By Proposition 7.2.2, there is an isomorphism of graded vector spaces:

",3d ¢ viry
@H (Mg Q%) Pryen i ICMS%,%%QK)[_”) @HBM(N wan (@), Q) =

n>0 n>0

We now mimic the construction as in Section 7.3. For any n,m > 0, we consider
the stack of short exact sequences

n+m —ss

n+'m7 d
Mi-a,m.g,(so(QK) ={0 = (p)m-s0) = (Pz)f(m+n).5,1) — (p3)(m-s.0) = 0},

where py, po, p3 are representations of @50 of dimension (n-6,0), ((m+n)-4d,1), (m
J, 1) respectively such that ps is ("*-semistable. We then have

Lemma 7.4.14. Let p be a representation of dimension ((n+m)-6,1) such that
p is ("M -semistable then any quotient p' of dimension (m-9,1) is ("™-semistable.
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Proof. Let m : p — p' be the surjection. Let V C p’ be a non-zero proper
subrepresentation such that V' # /. Define x,((d,a)) = (X0, ¢"d;) + (7a.
Recall(Section 2.0.9) that the slope of the representation V' is defined as pem (V') =
Xm((d, @) /(=5 d;+a). Thus, it suffices to show that y,, (V) < 0. We consider
the representation 7—1(V/).

e Assume that dim(V) = (d,1). Then dim(7~(V)) = (d +n-§,1) and is
a non-zero proper subrepresentation of p. Since p is ("*™-semistable, it
follows that X, m (7 1(V)) < 0. So

0> Xntm(7™(V)) = Z s+ ) = ¢ (m A+ n))
:Z 2(n +m)(d; —m)) + 2K (m +n) — 1)(dy — m)

= —2(n+m) (Z(di - d0)> +m —dg

i=1

But then since V' C p’ is a proper subrepresentation, d < m -J. The above
inequality implies that

K

> (d; — do) > (m — do)/2(n+m) >0

=1

But since ZK (d; — dp) is an integer, above inequality implies that in fact
ZZK 1(di —do) = 1. So

K

K
= (=2m) Y (d; —do) +m —dg < —m —dy < 0.

=1

e Now assume that dim(V') = (d,0). Then again

0> Xn+m Z Cner

K

_Z 2(n +m)(d; +n)) + (2K (n+m) — 1)(dg + n)

K

= —2(n+m)()_(di —dy)) —n—dy

=1

and so Y1 (d;—dg) > —(n+dg)/(2(n4+m)) > —(n4+m)(2(n+m)) > —1/2,

since dg < n. But then since Zfil(di — dp) is an integer, in fact we have
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Zfil(di —dp) > 0. Now

Xm(V) = Zgzm(dl> = —2m(Z(di —dy)) —dp <0.

So for every non-zero proper subrepresentation V' C p’, x,n(V) < 0 and so p’ is
(™-semistable. 0

Thus we have the usual correspondence

m} d n+m’ d n+m d

1 ><7T3

The map m; X w3 is smooth since it is a fibre bundle. Unlike the (~ stability
condition, it is not entirely obvious why the morphism 75 is a proper map. How-
ever, by the previous lemma, fibres of the map 7 are Quot schemes, and so,
in particular, the morphism 7y is proper. Thus again, just as in the definition
of cohomological Hall algebra, we do the pushforward (3.2.4) along 7 and the
pullback (3.2.2) along 71 X 73 in the vanishing cycle cohomology and finally apply
the Thom-Sebastiani isomorphism (3.2.1) to get that

Proposition 7.4.15. There is a left action m of AQ — on the cohomologically

WK
graded vector space Vi. It satisfies (u-o)mv = u- (04!1)) am(u-v) where action of

w on v € HBM(HIIL™(Sk), Q) C Vi is given by cup product with S35 ¢; (V™).

Proof. The associativity of the action can be proven in the same way as the
associativity of the cohomological Hall algebra in [KS11]. The action of u is
induced by the determinant line on the Nakajima quiver variety realization in
Proposition 7.4.12. Thus, the claim follows from Proposition 7.4.13. O

Thus we have an induced left action of g2 — on Vi where
QK,WK
BPS
QK WK @gQK,W,m'
n>1

Proposition 7.4.16. The action of 92771;1—/7( on the graded vector space Vi is
faithful.

Proof. We first claim that there is isomorphism of graded vector spaces

HPM(Hilb™ (Sk), Q) ~ ?’;ESVT/? (n-6,1)"

We have a commutative diagram

M35 Q) M) (QF)

lJH(n 5,1) lJH("'é’l)
C’VL

n,3d 9(n-5,1)
ia&o(QK) M(nél)(ng)
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where ¢ is the affinization map and JH are the Jordan-Holder maps. Note that
Jan. 51y 1s a pt /C* fibre bundle and thus we have

Cn p P - . B "
(JH(, 5.1))s PP en WE) Icmgzgs;) @F) = %cn(wﬁ) IC 0 or[~1] @ H(BC,, Q).
So, in particular,
<1 C” p - ) ;
0 0

By the theorem of Toda (Proposition 4.1.4), we have a natural isomorphism

ME 3Ok < —1]) ~ B __
H( TL§50(Q )BPSQK WK[ 1]) QK WK (nél)

Finally, by Proposition 7.2.2; there is an isomorphism
" .3d " vir

and thus the claim follows from Proposition 7.4.12.

: : : 3 ~ BPS

So we may identify the action of 5% v OB Vi ~ @nzogév ﬁ/VK,(mm) by the
BPS BPS

natural identification g~ 7 = @”>09QK WK (nd0)’ Let a € gé? 1}{/7( i) for

BPS

some m > (0. By Theorem 5.1.6, we may 1dent1fy g~ — as a positive Half of the

50’ 50
generalized Kac Moody Lie algebra gHKM Note that (0-6, 1) is a primitive positive
50
root of gGgM, since the Symmetrized Euler form ((0-46,1),(0 -4, 1)), = 2.
5 %0
Thus there Oexist Chevalley generators for dimension (0 - d,1) in the subspace

@nzogBPS gﬁgy. We denote them by e, foo and ho, where e, €
BPS

QE WE (n:5,1) K
gQK WK 051 We claim that [, eo] # 0, which proves the assertion. Note that
[, foo] = 0 as there are no elements in dimension (m-d, —1). Also by definition of
Generalized Kac Moody Lie algebra, [, hoo| = ((m-d,0), (0-6, 1))HQK = —ho # 0.
[
But then if [a, e5] = 0, then [o, [foo, €0]] = 0 = [, hoo] = 0 which we checked is

non-zero.

O

Proposition 7.4.17. Up to a non-zero scalar, the operator s acts on Vi as the
Nakagima raising operator py([Sk]).

Proof. Applying dimension reduction (3.3) by forgetting loops, i.e. the morphism
of representation spaces Reps(Q) = Reps(QF) x Reps(L*) — Reps(QX), where
L¥ is the he quiver obtained by removing all the arrows a and o from the tripled

quiver QX The action of gBPS on Vi gives a map of cohomologically graded

WK
vector spaces

a1 - HPV (05T ), Q) x HBM(HIIb™ (S ), Q') — HPM(Hilb™ (S), Q™).

104



We consider the stability condition ¢!(Definition 7.4.10) so that ﬁﬁgl (Hgx) ~
Cohp(S) ~ S/C*. Then by Toda’s theorem (Proposition 4.1.4), gg\l;s;%(é ~
: : BPS ~ TBM[C v
g@?ﬁ?a’ we have an isomorphism of vector spaces g@?ﬁﬁf,(s ~ H°Y(Sgk, Q™™).
By observing the cohomological degree, we can identify 75 with [Sk] €
HEM(Sk, QVr). Let

MG (o) == {0 = (p1)s = (P2)(ms1)61 = (P3)ms) — 0}

be the variety of short exact sequences on representations of l_IQé0 such that
p1 is (!-semistable, p, is ¢(""l-semistable and ps is (" stable. Given a point
(Z1 C Zy) € Hilb™*1(Sk), it induces a short exact sequence of sheaves

O—)OS%OZQ%OZl—)O

for some s € Sk which equivalently after applying g from Proposition 7.4.12,
gives an exact sequence of representations

—_—

0— q1(s) = gn+1(Z2) = 9u(Z1) — 0

where ¢;(s) is the kernel of the surjection g;(s) — po where pg is unique (0, 1)
dimensional representation. The same can be done the other way, i.e., given
a short exact sequence 0 — p; — ps — p3 — 0 in M?ZWFI)(HQK), we can

apply the inverse of isomorphism g to get a closed point g, (ps) C g,11(p2) of
Hilb™" ™! (Sk). Thus, it follows that Hilb™"*(Sk) ~ Mg | (Ilg). We then

(n,n+1
consider the commutative diagram

Sk x Hilb™(Sk) &2 M3 (Tg) ~ Hilb™ ™ (Sk) —=— Hilb™ " (Sk)

Spe x Hilb™™ (Sg) x Hilb"(Sk)

where the morphism p; X ps is projection to (p1,ps3) and pe is projection to
p2. In particular, p; X ps is already quasi-smooth, and py is proper. However,
since dimension reduction is compatible with the action of the cohomological Hall
algebra of preprojective algebra on Nakajima quiver varieties [YZ20a]"), we have

a1, ([Sk] ® @) = (p2)«(p1 X ps3)' ([Sk] ® @) = (m2). (7} 5([Sk] ® ) N [HIlD™™ (S)))
= p1([Sk])a,

as we wanted.

4In particular, since 7, X 73 is smooth, we use the compatibility between dimension reduction
with pullback and pushforward.
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Chapter 8

Affinized BPS Lie algebra for
Cyclic Quivers

8.1 Integral Matrix W, ., Lie algebras

In the introduction, we defined the associative algebras D;(C*) and D, (C*) ® gl
for any K > 1 (Definition 1.2.1). We further defined a subspace Wy C (Dy(C*)®
glx) ®cpy ClRF!]. We check that

Proposition 8.1.1. The subspace Wy C (Dy(C*) @ gl ) @cpy Clh™Y] forms a Lie
subalgebra.

Proof. We recall that Wy is the C[h| linear subspace spanned by T, .(X) =
2™ D*X where m € Z,a > 0, and t,, . = Tpna(1)/h where 1 € gl is the identity
matrix. Since [D, 2] = hz and [D, 27!] = —hz~! it follows inductively that

(2™ D® 2" D’ = 2™ ((D + nh)*D° — D*(D + mh)®). (8.1)

Since the expression on the right is of the form A (some linear expression in t,,),
it shows that the Lie brackets [ty,q,tns] are closed. We can similarly check for
the Lie brackets of type [t q, Ths(X)] since

[2™D® 2"D*X] = 2™ ((D + nh)*D° — D*(D + mh)®) X. (8.2)

The other Lie brackets are clearly closed since D;(C*) ® gl forms a Lie algebra.
[

We now define the positive half of W, by mimicking the definition of standard
positive half of the affine Lie algebra.

Definition 8.1.2 (Positive half of Wy). The positive half (Wg)* is defined to
be C[h] linear subalgebra generated by T} .(X) where k > 1,a > 0, X € gl or
k=0,a > 0,X € ng where ng C gl is the Lie subalgebra generated by upper
diagonal matrices and tj , where £ > 1,a > 0.

We will also consider the classical limit of Wg. Note, however, that the way it is
defined, we cannot directly set h = 0 since t,,, = T}, ,(1)/h. But using relations

106



(8.1) and (8.2) and more generally
[2"D°X, 2" D’Y] = 2™™(D + nh)*D° XY — ™™ DD + mh)’Y X,  (8.3)

for any X,Y € gly, it follows that

Proposition 8.1.3. Let Wk be the Lie algebra generated by Ty, .(X) where X €
slg and ty,, where k € Z and a > 0 with the relations

[tm.a, Tnp(X)] = (na — mb) Tt atp—1(X) 8.4)
[tm.a tnp) = (na — mb)t1natb—1 (8.5)
[Tm,a(X)a Tn,b<Y ] - Tm+n,a+b<[X7 Y]) 86)

Then there is an isomorphism of Lie algebras
(Wie)/(h = 0) ~ W

Recall the Lie algebra po(T*(C*)) x (O(T*(C*)) defined in Section 1.2.1. We note
that
po(T7(C%)) x (O(T(C")) @ slk)) ~ Wk,

since po(T*(C*)), the Lie algebra of the functions on the cotangent bundle T*(C*)

is generated by D = z% and z*! with the Poisson bracket, determined by

{D,z} = 2. It is spanned by 2¥D® where k € Z,a > 0 and the morphism
A po(T*(C*)) x (O(T*(C")) — W,
given by A(zF1 D% 272 D2 X)) 5 1y, 01 + Thy.ay(X) is an isomorphism of Lie alge-

bras. We now define the positive half of Wy in the same way as before.

Definition 8.1.4 (Positive half of WK) Let W; C Wk be the Lie subalgebra
spanned by T} ,(X) where k > 1,a > 0,X € slg or k =0,a > 0, X € ng where
nx C slg is the Lie subalgebra generated by upper diagonal matrices and ¢y,
where £k > 1,a > 0.

We now show that WK is, in fact, a Lie algebra in the category of Heis modules.

Let

Hyi =) (i—1/2 - K/2)E;;
be a diagonal element inside slx. We defined it so that [Hg, E; ;| = (i — j)E;
for Em’ S 5[](.

Definition 8.1.5 (Grading on W;g ). The Lie algebra W; has two gradings. We
define the cohomological grading by CG(T},4(X)) = 2a,CG(t.) = 2a — 2 and
dimension grading induced by dim(7,, o(E;;)) = Km+j—i and dim(t,,,) = Km.

Proposition 8.1.6. There is an action of Heis on WI‘E by derivations, given by

toe  To1(Hg)
oy | B2 2R
p 9 K )

q— 0Op
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where Op(Tino(X)) = aK Ty, 0-1(X),0p(tma) = aKty 1. For every graded piece
of fivred dimension dim, the central charge is the dimension dim , and the Lie
algebra Wit is negatively determined.

Proof. Since p acts as a commutator, it is a derivation. The same can be checked
for ¢ using Lie algebra relations (8.4). On the other hand,

4, P (Tina(Eiy)) = (MK + (j — ) Tina(Eij)
[Q>p] (tm,a) = mKitmn.a

The negatively determined assumption holds since the Heis grading is the coho-
mological grading and 0p is injective for a > 1.
O

Next, we see that va;(' is generated by a much smaller set of generators.

Proposition 8.1.7. The Lie algebra W; is genemted as a Lie algebra by
the elements t1, for a > 0, Ty 4(Eiir1) fori = 1,2,--- /K — 1;a > 0 and
T o(Er k), a > 0.

Proof. Since [t10,tnp] = (—b)tn+15-1, the elements ¢, ,,n > 1;a > 0 are in the
subalgebra generated by ¢, where a > 0. The elements E; ;4 for ¢ € [1, K — 1]

and zEk; are the generators of the positive half of the affine Lie algebra sl
which is ng @ 2Q[z]slk. Since [T5,.0(X), Tnp(Y)] = Thinats([X,Y]), it follows
that all T}, ,(X) where £ > 1,0 > 0, X € slg or k =0,a > 0,X € ng are in the
algebra generated by T (E;i1+1) fori=1,2,--- K —1;a > 0and T o(Ey k), @ >
0 and so we are done. O

8.2 Proof of Theorem A

We are ready to calculate the affinized BPS Lie algebra gBPS for K > 1. The

affinized BPS Lie algebra for the cyclic quiver Q¥ is spanned by oz((in) where aq €

gBPS__ Tt suffices to understand the Lie bracket between these generators. By
QK WK

Proposition 5.0.2, we have an isomorphism of Lie algebras gBPS ~ nQ x ®sQ[s].

Let vex C gEBS~ be the subvector space spanned by the elements ad ) for n >0,

where ag € gBPSV?/ o~ n . It follows from Theorem 6.4.2 that
Proposition 8.2.1. We have an isomorphism of Lie algebras
tex nQK [D].

(n)

m-6

gebs - be the subvector space generated by the elements o

BPS 2 BPS,—2
~ mce
W,m C. 5i 95 W,mé

determined up to a non-zero scalar.

Next, let img C g

where a,,.s spans 95 is one dimensional, «,.5 is uniquely
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Proposition 8.2.2. For any n > 1, there exist some non-zero scalar X\, € Q
such that we have an equality

[04((51)7 Oén-é] = )\na(n—l—l)-é-

Proof. Note that the Lie bracket [ozgl), ozn.g]PiSs aén element of cohomological degree
—2 in the dimension (n + 1) - d. Since 9Q7,§W<,(n+1).5 ~ @ is a one dimensional
vector space, it is either 0 or up to a non-zero scalar, it is a(,41).5. We claim that
it is non-zero. We consider the action m on the cohomology of Hilbert scheme of
Sk constructed in Proposition 7.4.15 and show that the Lie bracket [agl), 5]
acts non-trivially. We claim that for any n > 1, up to a factor of a non-zero

scalar, there is an equality

.5 U = pp([Sk])v

where p,([Sk)]) is Nakajima’s operator (See Section 7.4.2) and v € V. The case
when n = 1 is proved in Proposition 7.4.17. Then by Proposition 7.4.9

of wo =3 [ei(Ro). m(SxDlo = Y_@i([Sxv + ple(R)w)  (8.7)
= (K + Dpi([Sx)) + 3 piler(Ri)w

where for each 7, R; is the tautological bundle on Sk. But then, assuming the
claim for n = N, we have

o, ans] wo = (K + 1)[pt([Sk]), pv ([Sx])]v + Z[pl(cl(Ri)),pN([SKD]v
= —(N)(K + Dpn41([Sk])v,

The second equality is again a consequence of Proposition 7.4.9. But then for
any n, there exists some v € Vi such that pyi1([Sk])v # 0, since Nakajima’s
operators act faithfully (see Section 7.4.2), and thus [agl),aN.g] # 0 and thus
up to a factor of non-zero scalar [agl), an.s| = Q(n+1).s and both the claim and
proposition follows by induction. n

From now on, we fix 75 as some renormalization of oy, so that for the vacuum
vector |0) = [0] € HPM(Hilb?, Qo) € N3~ (QF) we have ~; o [0) = [Sk]. This is

allowed by Proposition 7.4.5. Then we have ’ygT)

we fix

=u" - 7s. Finally for all £ > 1,

Vies 1= ad%_nl(%) (8.8)

which by the previous propositon, is just the renormalization of ay.s and it spans
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BPS,—2

5F k- Similarly, we have

g

T r k;— 0
7,5,4(2 = ad7§1)1(7§ )).

Now we study how an element of img interacts with an element of tex. By
[a1,as,as, - ,ay] we mean the iterated Lie bracket [aq, [az, [as, [ -+ , an]]]]-

Proposition 8.2.3. For any i € [0, K], the Lie bracket [Ozi,’ygl)] £ 0.

Proof. We consider the action of Azz |, —on Ng;o (QF) as constructed in Section

7.3. We show that [ai,vgl)] e [0) # 0. By Proposition 7.4.4, we can identify the

action of a; with the action of the generator e; of the affine Lie algebra gIKH on
Ngso(QK), due to Nakajima (Section 7.4.1).

Note that Hilb?(C?) = pt as [ = (x,y) is the only Zx; equivariant ideal with
Clz,y]/I =~ po. Thus Bo(preg) = Hilb(C?). Let [01y] € H(Hilb*(C?), Q™) be
the fundamental class of the point. Thus by (7.6), we have

ag @ |0) = [0p,p))-

Similarly, since the closed points of Hilb'(C?) are just the maximial ideals
(x — t1,y — ta), only Z 1 equivariant point is the ideal (z,y). It follows that
Hilb”(C?) = 0 for all 7 # 0 and so by (7.6), for all i # 0 we have

a; ]0) =0.

Now for any i # K, we consider the equivariant Hilbert scheme Hilb®i=0%7 (C?).
By Proposition 7.4.1, Hilb®i=0?/(C?) is 0 dimensional connected scheme and thus
just a point. Let [0p,;] € H(Hilb®=0% (C?), Q") be the fundamental class of the
point. Consider «; e (ag e |0)). Again since each of the schemes Hilb”(C?) and
Hilb?®P1(C?) are points and py C po @ p1, it follows that B (p) = Hilb?"* (C?).
We thus have by (7.6) that

aye(agel0)) = [0[0,2)]'

We may continue this argument succesively to calculate ;1o (c;_o@(---agm|0)))
for any i € [1, K]. By associativity of the action of the ng x, we conclude that for
any ¢ € [1, K],

(Qio1 % Qg%+ xag) @ |0) = [0 ] € H(Hilb®=0r)(C?), Q).
Now consider the equivariant Hilbert scheme Hilb(®i=02)®2x (C2).  Again, by
Proposition 7.4.1, it is a 0-dimensional connected scheme and hence a point.
Let [Ogxi11y] € H(Hilb®=02)®5(C2) Q¥") be the fundamental class of the point.
Then again by (7.6), we have
A ® ((ai—l K Q9 ko k Oéo) [ |O>) = (_]-)[O[K,H-l)] - H(Hﬂb(@;:()pj)@pl{ ((C2), QVir).
Note that the sign comes from the sign in the formula (7.6). For any i € [1, K|, we
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now consider Hilb(®=05#i#) (C2). Again, Hilb(®i=05#i#) (C2) is a point by Proposi-
tion 7.4.1. Let [Oj41,1)] € H(Hilb(®i=0.5##) (C2), Q¥") be the fundamental class of
the point. Then by the same argument as above, we conclude for any i € [1, K],
that

(Qip1%Quigok - - Qgkoy_1x- - - ) @] 0) = (_1)K7i [0[i+1,K)] € H(Hﬂb(@ﬁ{:(”#im)((y% @m)-

Note that preg — pi = B jp;. By (7.6), for i € [1, K], we have o; o [0j11,)] =
(—1)[®B;(preg)], where by 7.7, we may view B;(preg) as a Lagrangian inside the
surface Sk. In particular [B;(preg)] € H(Sk, Q). We thus have for i € [1, K7,

(OZZ' K’ KA KA Q1K Oéo) [ ] |O> = (—1)K+1_i[%i(preg)].
But since «; o |0) = 0 for i # 0, we can write above as

[ai7 Qi1 O, Q1 , (X ] b |0> ( )K_H z[%i(preg)]' (89)

Now for i # 0, we consider the commutator [«;, 'yél)]. Again since «; 0 |0) = 0, we

have by Proposition 7.4.5 that

[alafYé ]|0>_al.7§ |O = Q% Z ZAIC] preg )

But by the Equation 8.9, this is the same as

o 57110y = > (- K“—JZAM i B;] e |0),

J
where [o;, B;] represents the commutator
[, i, oo, o Qo).

and Ay ; are the entries of the inverse of the Cartan matrix of Ag. It is easy to
calculate the inverse of the Cartan matrix of Ax. We have Aj; = min(k, j) —
Kkil, which shows that S; = >, Ay; = j(K + 1 — j)/2. Similarly, since nQK ~
(slii1[z,271) " after identifying e; with E;;11 and ey with zExk,;1; we may
identify [y, B;] = 2((—1)X~"2E; ;11) while [y, Bi_1] = [ai, Biv1] = (—1)X 72 E; 144
and [oy, B;] = 0, otherwise. In particular [a;, Bi] = 2[ay, Bi_1] = 2[cy, Biy1]. Thus
we have

Si—1+ Sit1

i, 75 @ [0) = (=1) (S — 5o Bil e ]0) = (1)1 /2[a, B  [0).

But [ay, B;] @ |0) # 0 by the same argument for faithfulness as in Proposition

7.4.5. This in particular means that [ay, 75 ] # 0. By symmetry, we also get the
same relation for ¢ = 0, since we can construct the representation by adding the
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framing to vertex 1 instead of 0. Thus we have

(=D*
2

[ao,% ] ¢ |0) = [0, g, a1, ae] @ ]0) # 0

and so we are done. O

Note that [o, fyé )] is an element of cohomological degree 0, in dimension ¢ + ¢;.

From proposmon 8.2.3, it follows that [oz,,%g | = Aoy, B;] for some non-zero A,

since g P50 TR sis is 1 dimensional. But then, the above calculation even precisely

determmes A, and so finally, we have

-1 K+1—i
i, 757 = %[ai, Bi]. (8.10)
Furthermore, since [ai,véo)] = 0, we have hg ), 1(1)] = —(_I)I;H [, By

Corollary 8.2.3.1 (Strong rationality for Kleinian singularity). For any d €
N the commutator

s =) A = A

QK WK QK WK

maps glégsﬂf(

BPS

1somorphically to 908 WE ass”

Proof. The Lie algebra generated by «a; where i € [0, K| is isomorphic to the Lie
algebra ngK ~ (slg41[z,271])" by Proposition 4.2.5. The isomorphism is given
by the identification o; with E; ;14 for ¢ # 0 and o with 2Ek41 1. Thus after this
identification, equation (8.10) implies that

[%gl)a Eiin] = 2E; 141, [%gl)v 2Eiinn] = 2*Exi1a

But then one can write ag € g~%?i as linear combination of commutators of

FE;it1 and zEk4;. Thus if ag # 0 then [75 ,ag] # 0. While for aq € gBPS -2

[qél) ,aq] # 0 is Proposition 8.2.2. Since 7§) is an element of cohomological

degree 0, for any ag € ggpv?/ & Y, ag) € ggpvfl drs S0 we have checked that the
morphism o
1 BPS BPS
[vs ' =1+ 80w.a " 90,W.ars
is injective. Since the dimensions are the same, it is an isomorphism.
[
Proposition 8.2.4. The subspace img forms a Lie subalgebra of gBPS and s

WK

generated by 7 for r > 0.

Proof. The claim about generation follows from the definition of v,ﬁfg and the fact

that u acts by derivation. It suffices to show that for £ > 1,n,m > 0, the Lie

bracket [v; () ,%in;)} € img. Since for all » > 1, %E:}) is of cohomological degree
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2n — 2, there must exist A" € Q and p"™ € Q such that

n nm (n+m—1 n+m—2
™ e = A s 5((1+k),5 ) (8.11)
where S(141).5 € gBPSO It suffices to show that p;”"™ = 0. Note that showing
this for m = 0,n > O i.e. to show that p;" = 0 for all n > 0 is enough, since

if for some ¢ > 0, [fy(; ", 15:25] € img then applying u gives that [’y(gnﬂ),v,(:%] +

[7((;"),7,(;;1)] € img. So if [%nﬂ),v,g%] € imy then so does [vén),vl(jj{l)]. We

consider the action m of Ag\g & on Vi as constructed in Proposition 7.4.15. We

)

then have
Claim: For any m > 1, there exist a non-zero scalar A/ € Q, such that for any
v € Vi, we have the equality

Ay me = (6 + i ([Sl)o + mn Y i (e (Ri)) (8.12)

Proof: We use the same argument as in Proposition 8.2.2. We identify the action
vsmv with p1([Sk])v, and then the result follows from the repetitive use of formulas
in Proposition 7.4.9 applied to the definition of 75; )5 (equation 8.8). [l
It follows from the above claim (8.12), equation (8.11), and Proposition 7.4.9,
that up to a factor of a non-zero scalar, for all v € Vi, we have
n 0 n—1
™ gl mv = 7((1+k))-5 "v
To connlude, tt suffices to show that for some v € Vi, u" 21456 mv # 0. By
Proposition 7.4.16, the action of gg? or on Vi is faithful, thus the statement

K
that there exists v € Vi such that u”*2a(1+k).5 mv £ 0 is true for n = 2. Now,
assume otherwise for some n > 2. Then for all v, [y),u" ?a,.;]mv = 0. But by
Proposition 8.2.3.1, [y5, u" 2ag.s] = u"‘30/(k+1)_5 for some af,,) 5 Thus action
of u”*3o/(k 1) isn’t faithful either. Thus, we inductively conclude that action of

some non-zero B(y4n—2).5 € g%’w on Vi isn’t faithful, which is a contradiction

to Proposition 7.4.16. O]
Note that as vector spaces img + tex = gFlliS~ Thus it remains to understand
[img, teg].

Proposition 8.2.5. We have
[img, ve] C teg

and is determined by [yén), al™), n>0andiec|0,K],m>0.

Proof. Since im is generated by ~§,r > 0 it suffices to show that [}, ve] C ve. But
e is also generated by el by the Proposition 8.2.1 so, in fact we need to consider
the commutators between [v§,el]. The commutator [v§, f/'] is an element of
dimension ¢ + ¢; in gBPS . Since img only contains elements whose dimension

vector is a multiple of 5 , the commutator must be in teg. O
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We now sieve back everything together. Recall the Lie algebra W; 41 from Def-
inition 8.1.4. By Proposition 8.1.6, W 41 1s a negatively determined Heis Lie

algebra. We consider the Lie subalgebra W;ﬁo C Wg 41+ It is a Lie subalge-
bra spanned by T (X ) where X € nj, |, Tpi10(X) where € glg,,m > 0 and

tn1,tno for all n > 1. Similarly, by Proposition 6.3.11, gEBSA}/( is a negatively

ZIID(SV[/K)<O C ﬁgPs be the non positive de-
(1)

. Clearly it is generated by o!” i € [0, K] and 'yn,(;,vn.(;

determined Heis Lie algebra. Let (g=~

gree subspace of gBPS

forn > 1.

Theorem 8.2.6. For any K > 1, the morphism F : (gg{;sﬁ)@ — W++<10 given
by
%5 (=1)"(n = UK +1)"tn0
’Yns (=D)™()!(K + )" (K + Dtny — Too(Hi 1))
—> TOO(E11+1) Vi € [1 K}
(

— Tio(Ext11)

extends to an isomorphism of Lie algebras

/\BPS 7+
g = = Wi .

Proof. We check that F' satisfies the conditions in Proposition 6.3.6. We first
check the compatibility with Heis actions. We have

Flu-y) = F(3\Y)
= (=1)"(n)!(K + )" ((K + Dtng — Tno(Hg41))
toe  Toi(Hgi1)

5 e () = DK 1)

pF()),

where the last equality is the consequence of the deﬁmtlon of p in Proposition
8.1.6 and similarly F(0 - 7( )) = nF('y( )) = qF(Wn 5) by Proposition 8.1.6. We

now check that F'is a morphlsm of Lie algebras. Since the structure constants

between [”yflg,’y; 5] and [”yn 5,’ym 5] for m,n > 1 are determined by relations of

[vgl),vfr?)é] and [75 ),7,51.)5], we only consider the latter. Clearly F ([yé )777(”)5]) =

0=—(—=1)""[(K + Dt10, (n — DK + 1)"t, 0] = 0. Next, we see that

[F(D), F(yiD] = [(=1)((K + Dtry — Tro(Hreq)), (—1)" (0 = DK + 1))

( )an'(K + 1)n+1tn+170
0)

F(V(nﬂ)(s)
1 0

= F([s" )

where the last equality is Equation (8.8). The same argument holds for the
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relation [7£ 3;7 %go)]

relation [fyg ) AL Y, 5] (n—1)/(n+ 1)7((&1). s whose compatibility can be checked
(0)

in the same way. We now consider relations among o,
have

Y(n+1)5- On the other hand via Proposition 8.2.4 we have

and 7,.s. For ¢ # 0, we

FOM),F @) = (-1 ((K + 1)ty — Tio(Hi41)), Too(Biirn)]
=Tio(Eii+1)
(_1)K7i
= —~  |40,0 i,34+1)5 40,0 it+1)y """ 40,0 K,K+1),40,0 i—1,2)y """ » 41,0 K+1,1
5 [Too(Eiiv). Too(Eiiva). -+ Too(Exin)s Too(Eimri), - Tro(Excsr)

= F([s”, o))

via Equation 8.10. The same argument holds when n > 1 and when 7 = 0. In
the same way, for 7 # 0

(), F(al)] = [(—1)"(n — DK + 1)"t00, Too(Eiin)]
= 0= F(hs e’

n-0?’

and for ¢ = 0, we have

[F(A), Fad)] = [(=1)"(n — DIE + 1)"t0, Tr0(Exc1,1)]
=0=F([y\%, a8

where the last equalities are because of Proposition 5.0.2. Finally, the relations

between [a§°), 043(0)] are also satisfied since by Proposition 5.0.2, the Lie algebra

generated by a§°> is exactly the positive half n}; 41 and the above map is just the
~+

identification of nj;,, with sl . )

By Propositon 6.3.6, F' extends to a map of Heis modules F'. To check if the map

extends to the whole Lie algebra, it suffices to check the relations for [v,.s, 77(73,)5],

[%(1127 %(n)(s] [Vn-s, ¢ all )] Since by deﬁnit(io)n, it is a map of Heis modules, this boils
2

down to Checklng the relation for [y;”,7,s]. But again it can be checked by
definition that

F(?) = (—1)((K + Dtro — 2101 (Hir1))

E(P), E(ng)] = (1) (K + 1)trs — 2701 (Hie 1)), (1) (n — DUK + 1))
(=)™ ()(K + D)"((K + Dtpsr1 — Tnvr0(Hg41))
=2/(n+ 1)F(141)s)

= F([1?, Yns))-

where the last equality follows from Proposition 8.2.4. Thus Fisa map of Lie
algebras. By Proposition 8.1.7, the map F' is surjective. The map F' preserves
cohomological grading and total dimensions. We note by Proposition 5.0.2; that
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1 ifi=-2]d/=0 mod K +1
dim((ﬁgwifgﬁ)|d|) =K +1 ifie2Z,|d >0

0 otherwise
and
1 if CG=-2,dim=0 mod K +1
dim((Wi, )§e) = K +1 if CG € 2Zs, dim > 0
0 otherwise

Since they are the same, it follows that the morphism £ is, in fact, an isomorphism
of Lie algebras. O
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Chapter 9

Application: CoHA of Kleinian
surface

We recall 7 : Sy — C? /Zk 11 is the minimial resolution of the Kleinian singularity
C?%/Z 1. By [KV00][1.4,3.4], there is an equivalence of derived categories

¥: D(Coh(Sk)) — D"(Ilyx — Mod)
which restricts to an equivalence
W D(Coh,s(Sk)) — DP(gx — mod)

where Cohy,(Sk) is the abelian category of compactly supported coherent sheaves
on Sk. This equivalence doesn’t preserve the heart given by the usual bounded
derived t structures on the derived category. It is known that the abelian sub-
category on the left, which is mapped to the representation category of the finite
dimensional representations of the preprojective algebra of the cyclic quiver g«
is the abelian category of compactly supported perverse coherent sheaves associ-
ated to 7: Sx — C?/Zk 1 [Van04][3.1].

Recall that for i € [1, K], ®B;(preg) are the irreducible components of the excep-
tional fiber 771(0) (Section 7.4.1). Let w € Picg(Sk) := Pic(Sk) ®z Q be a
Q polarization of Sk. By polarization, we mean that (w,B;(preg)) > 0 for all
i € [1, K], where (—,—) is the intersection pairing on the Picard group of Sk.
The slope of a sheaf F € Coh,s(Sk) is defined to be

i = [ ) 20

oo otherwise

For any 1 € Q= Uoo, let Coh}(Sk) be the classical truncation of the derived stack
of w-semistable properly supported coherent sheaves of Sk of slope p. Then in
[PS23][2.3.2] and [DPS23|[3.1], the authors define a cohomological Hall algebra
AS,(Sk) on the Borel-Moore homology HP™(Coh(Sk ), Q) of the stack Coh® (Sk).
Furthermore, it is shown that under the above derived equivalence, this algebra
is isomorphic to the semistable cohomological Hall algebra of the preprojective
algebra of the cyclic quiver. More precisely,
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Proposition 9.0.1. [DPS23] [Corollary 3.4] Let (; = (w, Bi(prey)) for 1 <i < K

and
G {ﬁ—;f;ci f oo
_Z¢:1Ci ,if pp =00
The derwed equivalence V induces an algebra isomorphism

A (S) = Ay o

where A%QK o s the C-semistable, slope O preprojective cohomological Hall algebra
of the cyclic quiver Q¥.

In what follows, we will calculate the algebra AlC_IQIﬁO’ which by the dimension
reduction theorem, [Dav22a][Section 3.2.2] is isomorphic to the algebra AQ R o
We first consider a more general setting. Given any symmetric quiver @), stablhty
condition ¢ and slope u, consider the Lie subalgebra

~BPS,C . BPS ~BPS
gHQu : @ gQWd CgQ,W'
deAp\{0}

We then consider its universal enveloping algebra

¢ o ~BPS,¢ X
Com = Ulng.) © Ag iy
The following proposition gives a general way to realize the algebra A%ﬁ% E, 8
b 7#

a subalgebra of .A~ T, explicitly.

M

Proposition 9.0.2. There is an isomorphism of algebras

Cg N ~ C7X~ .
QW,u AQW,M

Proof. For every d € A5, we have open inclusion E))Tg(@) < Mq4(Q), which after
restriction, induces a map of algebras (45,)*: Cg W A% i such that

Nk BPS BPS,¢
(4, [gmrs © @ 95 wa EB 95 W.a
deAS\{o} deAp\{0}

is an isomorphism by Toda’s theorem (Equation 4.1.5). Now since the cup prod-
uct with the tautological bundle commutes with the open inclusion, it follows
that the morphism

BPS BPS( |
- D R D el
deAg\{o} deAi\{0}
is an isomorphism of Lie algebras. But then by the PBW theorem (4.1.1) for

A%XWN’ it follows that in fact (i5,)* is an isomorphism. O
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We now consider the algebras A%(Sk) ~ A;i % When i = oo, the only
w-semistable properly supported coherent sheaves on Sk are the 0 dimensional
sheaves. The cohomological Hall algebra A(S) of 0-dimensional sheaves on any
quasi-projective surface S is studied and explicitly calculated in [Mel423]. We
calculate this algebra for S = Sk using Proposition 9.0.2. Note that for (; > 0
and (o = — Y (;, having the slope p¢(d) = 0 implies that d; = dy = n for some
n > 0. Thus the Cohomolgical Hall algebra is the universal enveloping algebra
of the Lie subalgebra @,,>1g2> [u] C gBPS. So by Theorem 8.2.6, it follows

that

QK WK 1.6

Corollary 9.0.2.1. Let W(Sk) C WKH be the Lie subalgebra on the subspace
spanned by T, .(H;) where i € [1,K],n > 1,a > 0 and t,, where n > 1,a > 0
with the relations

[ m,ar n ] (na - mb) m+n,a+b—1
(tm.a, T (Hi)] = (na — mb) Ty naro—1(H;)
[Tona(Hy), T p(Hj)] = Tnas([Hi Hy]) = 0

Then we have an isomorphism of algebras
A(Sk) ~ U(W(Sk)).

When g # oo, then puc(n-9) # 0 and in particular the Lie subalgebra

Dacas g%l’)%’ J [u] is always a Lie subalgebra of the real part tex C g’ilis~. Given

the stability condition ¢ = {¢; | i € [0, K]}, we are interested in representatlons
of slope 0. We solve for dimension vectors d, where d is a real positive root of
the affine Lie algebra slx 1 which satisfies the equality

Zg, i —do) +do/p = 0. (9.1)

Since (; > 0, any solution would be of type

n-o+[K+1—j4i+j)=mn+1-- ,n+1ln- nn+1l--- n+1)

[ /

A t?rrnes 7 t?rrnes
for ¢ > 0. Note that if d’,d” satisfies the equation (9.1) then so does d’ + d”.

BPS . . . . . .
Since g= G mot[K41—jits) B 1 dimensional, we can identify the generator with

Tn+1’0(EK+2 371_;,_1) when j > 0 and with Tn,()(EL’H-l) when j =0.

Definition 9.0.3. Given w a Q—polarization of Sk and slope p € Q- let (; =
(W, Bi(preg)) for 1 <i < K and o= 1/p— 328 (. Let L C Zsg X Zisg X Zsg be
the subset of tuples (n, 4, j) such that d = n-0+[K +1—j,i+j) satisfies equation
(9.1). Let W;J(SK) C WKH be the Lie algebra spanned by T}, 41 4(Ex42—j,) for
all (n,i,7) € L,j > 0,a € Zso and T, 0(FE141) for all (n,i,0) € Lya € Zsq
satisfying

[Tm,a(X>v Tn,b(Y)] = Tm+n,a+b([X7 Y])
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for any X,Y € gly ;.
We then have by Theorem 8.2.6, Proposition 9.0.2 and Proposition 9.0.1 that

Corollary 9.0.3.1. Let w be any Q polarization of Sk and let p € Qg be any
slope. Then there is an isomorphism of algebras

A2 (Sic) = U(W(Sk)).
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Chapter 10

Affine Yangians and deformed
CoHA

We will now consider cohomological Hall algebras Ag 7 in the case when the torus

T doesn’t preserve the symplectic form, i.e., in the case when the construction of
the affinized BPS Lie algebra doesn’t work. In this case, we get a deformation of

the universal enveloping algebra U(ggp% [u]), i.e., Yangians. We calculate these
algebras by embedding them into cohomological Hall algebras AL, which carry a
description using the Shuffle product.

10.1 Injection to shuffle algebra

Given any T, with W = 0, the cohomological Hall algebra can be explicitly
described in terms of the shuffle product. Since Repy(@Q) is homotopic to a point,
we have as a graded vector space

AL = B Hr(pt)[zinli € Qo, 1 < n < dy*
deNQo

where Sq := [] Sq, is the product of symmetric groups and Sy, acts by permuting
the variables z; 1, ..., ;4. Then it is proved in [KS11][Theorem 2.2]) that'

Proposition 10.1.1. Let f € A} 4 and g € A}, 4 then the product is given by

f(CCOJ, . ’z‘QO‘_l’dTQO\fl) *g(l‘o’l, e ’x|Q0‘_1vd\NQO\71) = (101)

Y olf (o Tolrary, )9(E0dpins - Tiol-rdly, ) K o(Ta; zar),
UGShd/’d//

where Kq(xar; ar) is called the shuffle kernel, and it depends on the quiver pre-

!Originally this is proved only in the case when T is trivial by localization formula, but then
the same proof works in the case when there is T' equivariance.

121



cisely by

11 11 (Zt(a),n — Ts(a),m + Ha))

a€Q1 1<m<d{,,
d;(a><n§dg(a)+d”

e (10.2)

II I @

1€Qo  1<m<d]
d}<n<d}+dY

KQ((Bd/; $d”) =

and Shgrgr C Sartar is defined to be the subset of permutations (o;) € Sar+ar
where © € Qo such that

This product is often referred to as the shuffle product.

Remark 10.1.2. For tripled cyclic quiver @ K, also incorporating the twist y in
(4.1.4) the shuffle kernel can be written as

K gie(wars zar) = (=)= en S0 T T @008 (2, 25,
ij€lrs1  1<m<d}
d;<n<d;+d;’
(10.3)
where

5
—CoHA _ 6j,i+1 5‘7',7;,1 w—z— tl - t2 ”
Wiy (z,w) = (w— 2+ 1) (w—2z+1) . (10.4)

In [BT19][Section 5.2], a similarly defined algebra structure on the ring of Laurent
symmetric functions is considered as an additive shuffle algebra of cyclic type.
Let Sk = @genk1 Shg?d be a Nf+1 graded vector space, where

Shg?(,d = (C(tl, tg)(xi’nﬁ S ZK+1, 1 S n S di)sd

This vector space is endowed with a associative algebra product *g given by

fzor, .. 7$K,d/K) *BT 9(To15 - - - w'EK,d/I/() =
Sym f(xo,h . ,xK,d'K)g(iEo,ngrb cee >$K,d’K+d’I’<) H H wz’,j(%m, %‘,n)
6,JELK +1 1<m<d]
d)<n<d’+dY
where?.

_ w—z+ 1\ (w2 b\ (w2 =ty — 1\
Wi,j(zaw): w— 2 —’LU—Z - .

2We do the substitution Ay = —to, is = t1 + to, ig = —t;

122



and for a function f € C(t1,t2)(2;in|i € Zg41,1 < n <d,;), it’s symmetrization is
defined to be

Sym(f) = H dil' (Z U(f(xo,lv <. 7xK,dK))> .

iEZK+1 o€Sq

Let Ag\; be the same vector space as Shg?{ but with the algebra product

,Loc

induced by the algebra structure on A=X. Then the morphism
QK

S: AL = Shok

QK Loc
given by
; ) +d;d; 1 1

S(f(ra)) = (~)y=en ) | T | I ———

dz' Tin — Ti+1,m

1€LK+1 1<n<d; ’ ’
1<m<d;41

is an algebra isomorphism and so in particular .Ag% — AE%,LOC — Shg«TI; is an

injection of algebras.

Homomorphism to shuffle algebra

Given any quiver () with potential W and a torus 1" preserving the potential W,
assume that there exist a weighting w' : ()1 — Z>¢, for which W is homogeneous
and of strictly positive weight. Let ' C @ be the subquiver consiting only
those edges a for which w/(a) = 0. Then there is a homomorphism from the
cohomological Hall algebra Ag’év to Ag’x. Let iqr: ZX(Q) == Tr(W)3'(0) —
ML (Q) be the inclusion where Tr(W)q: MZ(Q) — C. By considering the torus
action associated with the weighting w’, one can construct a homotopy between
ZI(Q) and ML (Q'). The vanishing cycle functor comes with a natural map

Pdyy Q;{Y;(Q) — (id,T)*(id,T)*@ng(Q)
which after taking global sections, gives map of graded vector spaces
id,T . Ag,W,d — H(Zg(Q), (Zd)* &I‘E(Q)) ~ Ag,d'

Here, the second isomorphism is simply because both 94 (Q’) and ML (Q) are
homotopic to a point. This gives a map of N?0 x Z graded vector spaces

T . AT RY
Z . AQ7W % AQ .

Then it is proved in [BD23][Prop 4.4] that
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Proposition 10.1.3. The morphism
T . AT Ty
it Agw = Ag
is a homorphism of N9 x Z graded algebras.

Remark 10.1.4. We remark that Proposition 10.1.3 can be considered as the
generalization of the morphism to shuffle algebras considered by Schiffmann-
Vasserot in [SV13] for Jordan quivers, and later generalized by Yang-Zhao in

[YZ18a]. Let w : Q' — 7' such that > la, a*] is homogenous and let T" be torus
defined by weighing w’ : @1 — Z" uniquely extended from w such that potential
W is of weight 0. Then they consider another shuffle algebra structure Shg’SV on
the vector space Ag. In their algebra, the shuffle kernel is given by

H H (xt(a),n — Ts(a),m + t(a)) H H (xi,m — Tip + t(a) + t(a*)

acQ, 1<m<d, i€Qo  1<m<d,
di (o) <nSdi ey i) dj<n<d;+dy

H H (xi,n - xi,m)

i€Qo  1<m<d]
d;<n<d;+d}

which is the same as

(_1)d/.d//KQ(Xd/; Xd//).

Thus, there is an isomorphism of algebras:
T T,SV
given by f — (—1)(g)f

We now show that this morphism respects the action of Heis constructed in
Proposition 6.3.1.

Proposition 10.1.5. The morphism i’ is a morphism of Heis modules.

Proof. Since the diagram

ML (Q) L8 BC, xmL(Q)
iZ Tid Xk
Z5(Q) T3 BC L xZ(Q)

commutes, it follows from the naturality of the morphism (3.1) that the diagram

PQomiy Qper xmr(q) — (Det x id). PP, Quur ()

| |

(id Xig)*@B(c:; xZ5@Q — 7 (ig)*@zg(@
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commutes. By taking global sections, it follows that the action by u commutes.
The compatibility with the 9, action follows in the same way since the diagram

BC, xMg(Q) —*= MF(Q)

. T T
id de]\ Tzd

BC, xZ3(Q) — Z4(Q)

commutes as Tr(W)(p) =0 = Tr(W)(Ap) =0 for any A € C.
0

The morphism 77 is not, in general, an injection. We can already see this case

for tripled cyclic quivers.

Not injection for small torus

Since gBPS is non-trivial by Proposition 5, it follows that neither of algebras

WK

)

AX AS X are commutative. However by the shuffle formula above, AX
QK,WK QK WK
and A%X are commutative. This, in particular, means that the algebra mor-

phisms ¢ and i®" cannot be injective.

10.1.1 Injection for generic torus

However for the torus T, it is shown in [Dav23c|[Theorem 10.2] and [SV13] that
H(ME(QF) P,

that

(W )) is a torsion free Hyyqr,, module, which in particular implies

Proposition 10.1.6. The natural morphism
T, T,
A Aé}’g

QK WK

is an injection of N9 x 7 graded algebras.

10.2 Cyclic quivers and Affine Yangians

We now study the T deformed cohomological Hall algebra .A . By Proposi-
tion 4.2.6, we have an isomorphism of cohomologically graded vector spaces
T,x

This morphism restricts to an isomorphism of cohomologically graded Hr(pt)
modules g]i}lsv% ~ gg%sﬁ ® Clty,t2]. Thus for every element «; € gEESfV i €

[0, K] and 7,5 € gBPS ,n > 1, we have a unique (up to scalar), non—canomcal

BPS,T 0/ BPS,T
lift @; := o, ®1 and Vns = Yn.s @1, since both H™ (g~ —_ .5) and H (g@? T, )
are 1 dimensional vector spaces. We then have
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Proposition 10.2.1. The Clt,t5] algebra Ag% W is generated as a C[ty,ts]

algebra by u* - &; for alli € [0, K],k >0 and u* - 55 for all k > 0.
Proof. There is an isomorphism of Lie algebras

BPST _, .BPS
gQK WK gQK WK ® C[tlv tQ]

by [DHM24][Corollary 11.9]. For every a € g2 weset & =a® 1 € gZNiSV?V\R

via this isomorphism and a(™) := ™ . a. By Theorem 8.2.6, we may identify

gEiP/SAI/( as a Lie subalgebra of WK+1, spanned by T} o(X) where k > 1, X € slg

or k = 0,X € ng where ng C sli is the Lie subalgebra generated by upper
diagonal matrices and ¢ where k£ > 1. For any £ > 1, up to a factor of non-zero
scalar, t o can be written as tyo = adf;ll(tlyo). Similarly, each of Ty o(X) where
k>1,X € slg or k=0,X € ng can be written as succesive Lie brackets on
Too(Eiiv1),i € [1,K] and Ty o(Ex11.1). Thus every basis element ag € gBE>

QK WK .d
can be written as a linear combination of products of aéo), ozg ), e ozgg), v(g ), v(g ),
i.e. there exists an expression g,, such that

0) (0 0 (0 _(
gad<a(() )Jag )7 e 7a§()77§ )77(§ )> = Q4g.
We fix such an expression for every basis element ag € gBPS TR A We then define

a map of Clt, t2] modules

BPS T
¢d gQK WK d ® (C[tth] ® (C[ ] - AQ}f WK
given by
Yalaa @ f(ty,ta) @ u™) = fltr, ta)u™ - gag (@3, a1, -, aw 757, 350)

and thus we have map of free C[t1, t2] modules

W : Sym (@ On i g © Cltr, 1] ® C[u]) — A5
d

However, ¥ ®cy, +,) C[t1, 2]/ (t1, t2) is an isomorphism by the PBW theorem (The-
orem 4.1.1) and thus ¥ is an isomorphism of C[t1,t5] modules by the graded
Nakayama lemma and so the statement follows.

[

Image in the Shuffle algebra
We now determine the image of A % under the map i*. By Proposition

K
10.2.1, it suffices to understand the 1mage of a a ,75 ) for all k > 0.
Proposition 10.2.2. The image i (AZ’? WK) C Ag%va? is the C[ty,ts] sub-
algebra generated by xi, € Ag\}f 5 for all r > 0,7 € [0,---, K] and (t; +
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t2)X(woq + 11+ -+ TK1)" € Ag’% 5 for all ¥ > 0. We have iT(&gr)) = a7,

and iT(ﬁ(gT)) = Nty +t2)X (w01 + 711+ -+ 2K1)" for some non-zero scalar .

Proof. Since iy, : COHA%;),~~71,~-,O) ~ Clty, to][z;1] and &; = (i")~1(1), Proposition
10.1.5 implies that

T (~(k)

t ( ) =} i1

for all & > 0. Let ¢ ( ) f where f € @[tl,tg}[t’to 1,L1,1, X215, " ,IKJ]. Then
by the shuffle formula (10.1), it follows that

)<1'z',2 —xi1 —ti —to)(wig —wi11 +t1)(wi2 — Tig11 + t2)

ig*&i:f(xo,hm,l,“' yLily, " 5 TK,1 +
(i2 — 1)
(10.5)
(zig — @2 — t1 — t2) (@i — Tic11 + t1)(Ti1 — Tig1,1 + t2)
f@or,zug, s Tizy - ) (xin — i2)
and
L Tio — X1 — 1 — t2)(x; —xi1+t)(Ti—11 —xin +t
& x 75 = f(oa, T, ,xK,l)( b2~ Tl — 0~ )@ — @i 6@t — T 2)+
(zi2 — zi1)
(10.6)
(Tin —xio —t1 —to)(Tig11 — Tio + 1) (Tim11 — Ti2 + t2)
f@op, @i, ox) (Ti,1 — Ti2)

Since %0) is of cohomological degree —2 and &EO) is of cohomological degree 0, the

, 0 <10 : o —2( BPST _
Lie bracket [7¥, &;] = 0 is of cohomological degree —2. Since H (gQK . ) =

0, we must have [73, @;] = 0. Since

(@i2 —win+t3)(@i2 —@i—11 +t)(@i2 —@ip11 +t2) (@i —@i2+83)(@ig1,1 —wi2 +t)(@io1,1 — @2 +t2)
(Zi,2 —x4,1) (zi,1 — x4,2)
(@i2 —win +t3)(@ip1,1 — @1 +t) (@11 — @1 +t2) (@1 — @i +3)(@in — @11 +0) (@1 — @1 + tz)

(zi2 —xi1) (xi,1 — xi,2)

equation (10.5), (10.6) and the condition that a; x 7y = 79 x &; implies that for
alli € {0,1,---, K} we must have

f(l'o,l, s Ti—1,15, X415, Tit1,1, " " ,95K,1) = f($0,17 s Ti-1,1,L4,2, Ti41,1, 0 0t ,iCK,l)

This means that for any 4, f is independent of the variable z;, i.e. f € C[ty,a].

~(0) .

Since 7, is of cohomological degree —2, this implies that the degree of polynomial

f(t1,t2) must be K. Now [7?, 5 )] is an element of cohomological degree 0 in the
dimension vector §; + §. Since the Clty, t5] action only increases the cohomologi-
cal degree, it means that up to a scalar, the only non-zero term of cohomological

BPS,T ~ ~ ~
degree 0 in dimension 0; + d in g~ R is [q, Q-+, Ok, 1, -+, 0] (Propo-

sition 5.0.2). Again by the shufﬂe product description of AT@’%, we can explictly

calculate [i(a;), 47 (a), -+ i (), i (Qi_1),+ -+ , i (cp)]. We see that for some
non-zero constant \; € Q we have
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PR e ey (b t)RETEY), @)
[Z (ai)aZ (ai>7"' y 0 (aK)7Z (ai—l)"" ) (ao)] _)‘i f(tl,iQ)
(10.7)

K’

Now Proposition 8.2.3 implies that there exist some p; # 0 such that in A

)-

= pil@y, 0, -+ Ok, Q1 - -+, Q) + (1, )i (AQK TR

This implies
( f(th t2)
ANilto + 1)K

By the PBW theorem (Proposition 4.1.1), the only element of cohomological
(0) (0)

) [ T ] € (AT ).

degree —2 in dimension vector ¢ + 9; could be ﬁ * o, . We again apply the

shuffie product formula to calculate i*(3") » i*(a!”)). We sce that

(@), (@), i (@) T (@im), - 8 (@0)] ¢ (haite) - (557 #17(E])
and thus [y, qy, -+, QK, @1, -, O ¢ (t1,t2)i (.AQK WK) But
[, Qy o+ A, i1, -+ - ,ap] # 0 by the calculation of 91/33811‘7( in Proposi-

tion 5.0.2. Thus, we must have
fltit) = Nipalto + 1)

So iT(%O ) = Ato + t1)% up to a non-zero scalar A. Then by Proposition 10.1.5,
(’75 ) = Mt + t1)%(zo1 + 211 + -+ - + Tk1)" and we are done.

m
This already allows us to identify a commutative subalgebra inside the image
(AT )y AL,

’]T7
Corollary 10.2.2.1. Let e = ) ;) ) Tia € A@‘;,g' For each n > 1, we define

L, := [6, [6, [ e [677 1“]] = Ag\}?n.(g

n—1 times

Then, the subalgebra generated by L,,,n > 1 is a polynomial subalgebra isomorphic
to C[Ll, LQ, H ]

Proof. Consider the Lie subalgebra generated by 74,.5,n > 1. Then, by Propo-
sition 5.0.2, it is a trivial Lie algebra, and the subalgebra generated by this

Lie algebra is a polynomial subalgebra inside Ag’; T Let us call this algebra

)

AKX We show that the image of this under ¥ up to a factor of polynomials
in Clty, to] is exactly the subalgebra generated by the above generators. For any

n>1land7,s € H (gZiSV?/K 5) consider the commutator [%g ), An-s]- Then since

)
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U € P=3 and F,.5 € P!, it follows that [%1), Fns) € P=3 where we recall that
B=! denote the perverse filtration defined in Section 4.1.5. Thus, it should be a
linear combination of elements of the form P=! P! « P=! or u - P=!. However
minimal cohomological degree of u - B=! is 0 and thus it follows that we must
have

A, Ans) = MN(nt1)s + Z A Vg6 % Q.6 =+ Z St (T t2) Vi * Vi 6

ni+nj=n+1 ki+kj=n+1
(10.8)
where .5 € Mok C HO(QSBKSW " ) for some A, Ay, »; € C and linear functions

frik; (t1,12). We claim that each of Anin; = 0. For any a5, by Proposition
5.0.2, there exist @; in dimension §; such that [, .5, @;] # 0. But then since 7.5
commutes with n ., applying [—, a;] to the above equation (10.8) gives that

0= D Ay, Tnes * [An,s, 5],

ni+nj;=n+1

But each of non-zero 7,,.s [an .5, @;] can be extended to a basis of A — by
the PBW theorem (Proposition 4.1.1). Since the above equation gives a relatlon
it implies that A, ,, = 0. Furthemore A # 0 by Proposition 8.2.2. Thus it follows
that we must have [%1), Ans) € AK. By equation 10.8, it follows that the algebra
generated by ng), Yns),m > 1 and 5 contains all the generators 7,5 of AX. But
then, so does

L= 05" [ B, lll) € A% ¢ AL

vV
n—1 times

(10.9)

QK WK

Thus algebra generated by En, n > 1is AX, the commutative subalgebra. Thus,
we are done from Proposition 10.2.2.
m

Proposition 10.2.2 also gives a slight refinement of a particular case of [SV17] and
[Neg23a] about spherical generation of localized cohomological Hall algebra. We
note it down as the argument will be helpful later.

Corollary 10.2.2.2. The C[ty,ts] linear algebra .A % TR 1s not a spherically gen-
erated Clty,ts] algebra, while the localized algebra Aé?ﬁ ® C[t; 1,51 is spher-

ically generated.
Proof. The fact that .A % R is not spherically generated follows from the fact

that the cohomological degree of &i D> 0, while cohomological degree of 79 = —2.
Since the product structure preserves Cohomological grading, it is not possible to
reach this element by taking products of q; ), nor by multiplication with any
element of C[ty, t], since that would also increase cohomological degree.

On the other hand by Proposition 10.2.2, up to a factor of non-zero scalar,
iT(fygo)) = (t1 +0)F € AZ% TR By the argument above Z'T(fygo)) cannot be

K§
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written as the C[t1, 5]—linear combination of products of i*(\"). However, we
can write it as a C[t{, 3] —linear combination of the products of iT(&ET)). Let

Y =aal? + a0a" (10.10)
2, =[ay),a"] + [a§ ) ay)] (10.11)
for K =1 and
~(0 ~(0 ~(0 ~(0 ~(0
Vi = @ (@ a6 alll) (10.12)
1ELK 41
~(0 ~(1 ~(0 ~(0 ~(0
Zgy1 = Z @ E g [04§+)1’ [0%(4327 [ 7[()%(-1—)[(—1’ fﬁzd]]] (10.13)
iEZK+1
for K > 2.

Note that second term in Zx 4 is 5‘54131- Using the shuffle product formula (10.1),
it follows that for

(Vo) = (=2)((w1,1 — @0,0)* + tats)

and

PN (Viey1) = (=15 (t + )51 Z ($i+1,1$z‘—1,1 — 2Ti411%i0 + 1‘?’1 + tﬂfz)

iEZK+1

for K > 2. Similarly, we calculate that

i(25) = (—2)(t1 + to) (21,1 — T0,)*

and

iN(Zry1) = (D)5 (1 + )% Z (Tip11%i11 — 2Tig11T51 + %21)

1€LK 11
for K > 2.
Thus for all K > 1, it follows that

(t1 + t2)i" (Vics1) = 0 (Zxar) = (=15 (K + 1) (8 + t2)* (t1t2)
and thus it follows that

(_1>K(1K +1) ((tlt;f) i Vea) - (i) ZT<ZK+1)) = (t; + )%

Thus by Proposition 10.1.5, it follows that for any K > 1, we can write 75 as a
non-zero scalar multiple of

r . () Ve — 2
ey =l tltz = (10.14)

]
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Now that we know the image of Ag\; TR in the shuffle algebra, we show that the

image is an integral form of an affine Yangian.

10.2.1 Affine Yangian

Let n > 2. Let Y, 1, (al(n)) be the affine Yangian of gl, considered in [BT19],
which is a slight reparametrization and is isomorphic to the affine Yangian defined
by [Gua07]. The definition of the affine Yangian for n = 2 was first given in
[Kod19].

Definition 10.2.3. j}htﬁz (gl(n)) is a C[hy, ho] algebra generated by the elements
X', where i = 0,--- ,n — 1 and r > 0 such that for all i € [0,n — 1] and r, s > 0
we have relations

[X;,r?"—i-l? Xij—l,s] - [X;,rw X;—r‘,—l,s—s—l] = (hl + h2/2)[X'L,+T7 XiJ—rl-l,s] - h2/2{thr7 Xij—l,s}

(10.15a)
[Xz'J,rr—i-D Xitl,s] - [X:;” Xitl,s+1] = _(hl + h2/2)[Xz‘Tr7 Xitl,s] - hQ/Q{XiJ,rra Xitl,s}
(10.15b)
(X, X = (X Xin] = he(XGE XG5 + XX (10.15¢)
(X, XH] =0V [i—j|>1 (10.15d)
Z [X;,rra(l)? [Xi—j_r(,@)?Xi—:-l,s]] =0 (10.15e)

7€ S

when n > 2 and

(X, Xl = X3, Xl = ho{ X0, X3 (10.16a)
[XZTT-FQ? X{:—l,s] - 2[X;,rr+17 XiJ—rl-l,s—l—l] + [X:,rr? X;-ri-l,s+2] =
ha(ha + M) (X3, X3 ] = (XG5, Xt ) —{XGL X o)) (10.16b)

1,17 2,77 (2
; 5

Symrl,TQ,Tg [X’Ltlj? [X’LT'I’27 [X’L'TT:),? X{:—l,s]“ = 0 (]‘0]‘60)
when n = 2.

Note that we can give a dimension grading to the algebra j},;g’,h (gl(n)) by declar-
ing dim(X7) = 6; where 6; = (0,--- ,1,---,0) € N*. We also have a cohomolog-
ical grading given by declaring CG(X;;,) = 2r and CG(hy) = CG(hy) = 2. Then
the size of this algebra is known due to earlier work. We have

Proposition 10.2.4. There is an isomorphism of free C[hy, hy] modules

i salal(n)) = Sym(L,) @ Clhn, By
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where L, 1s N* X Z graded vector space of graded dimension

n—1 szG:O,dlmEZ21(5
dim((£,)SC ) — n if CG>1,dim e Zs; -6 N

1 if CG € Z>o,dim is a positive real root of sl,
0 otherwise

(10.17)

Proof. We define a filtration F' of yﬁt 1, (@l(n)) by assigning X degree 2r and

rest 0. Then the associated graded algebra GrF(j){lﬁQ (gl(n))) ~ U(L,)@C[h, ho]
where L is Lie algebra generated by relations £,, is a Lie algebra over C, generated
by X", r >0,i € [0,n — 1] with the defining relations

2,77

[Xz T+17X+] [X;_WX;;—&—I] =0
[Xz 20 X:H s] - Q[X:_r+1> X:H s+1] + [X:rm X:;l s+2] =0
Symrl,rg,rs [Xz—'—rl ) [X:’_T‘27 [X;"_T‘;g’ X?,J;l s]]] = O

when n = 2 and

[X'L r+1 X2+1 s] [Xz—i_m X:kl s+1]
[X'L r+1’X ] [Xz—t"7Xz—i_ls+1]
[Xjr+1’Xj_s] = [X;;ﬂXz_!_erl]
[Xfr,XJS] =0Vi—j|>1
Sy 1“1 9 [X'j_rl [X'j_rg’ X:tl s“ = O

when n > 2.

Given any commutative algebra A, we can consider the Lie algebra sl,,(A), defined
by the Lie bracket [X ® a,Y ®b] = [X,Y]® ab where X, Y € sl,, and a,b € A are
arbitrary elements. Let 5/[;(14) be the universal central extension of sl,,(A) which
is as vector spaces sl,(A) @ Q'(A)/dA, where Q'(A)/dA is the space of 1 forms
on the affine variety Spec(A), modulo the exact forms (We refer to [MRY90] and
[Gua07] for details). The Lie algebra is defined by

[2’1 ®ay,z2 CLQ] = [2’1, 2’2] ® aq - ag + (21, 22)asday

where (,-) is the Killing form. We consider the setting when A = Clu*!,v].

Let b C ;[:L[uﬂ, v] be the positive half. It can be identified as the Lie algebra
spanned by Xu®® where X € sl,,a > 1,b > 0 and Xv® where X € n and Kj[d]
where a,b > 1, such that they satisfy the relations

[Xu™o™ Yu™ 0™ = [ X, YV]@u™ 20" 24 (X V) (mang —ming) Ko, 1m, [n1+72),

with Kjla] central.
For n > 2, by [Gua07][Lemma 3.4] and for n = 2, by [Dia+25][Proposition
IV.3.10]; we have an isomoprhism of Lie algebras £, ~ b} given by X
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E;;qv" and Xéf » — Eyuv”. The advantage is that now we have an explicit
spanning set of the Lie algebra L£,,. The dim and CG grading makes £, a N x
Z. graded vector spaces. Computing these graded dimensions proves the above
theorem. O]

Proposition 10.2.5. Assume K > 1. Then we have a homomorphism of alge-
bras®

. T,
@ : yj—tQ,tl"rtQ (g[(K + 1)) - Aé\gyﬁ/\}
(s)

i .

given by the assignment X:S = Q

Proof. By Proposition 10.1.6, there is an injection of algebras " : Ag’%’ TR
Ag%. Since i" (®(X},)) = x},. We can use the explicit shuffle product (Equation
10.2) on Ag% to check that the defining relations (10.2.3) of the positive half of

the affine Yangian are satisfied.
Assume K > 1. Then by the Shuffle formula, we have

[5’5:,17 $f+1,1] = —(tl + t2)x:,1$f+1,1
{zi ot = 212000 (2 — 2 ) + 12 — 1)
X5 0X7 | — X o5
[} 125 1] = 2(t1 + t2) < 0,27,1 0,2 1,1)
’ 7 Tio2 — L1
{ai 2.} = —2(i0], + 27,27,)

[z =0V [i—j[>1

Thus when hy = —ts, hy = t; + to, the Relations 10.15a,10.15b, 10.15¢, 10.15d
are clearly satisfied. Checking Serre relation 10.15¢ is a similar but lengthier
computation.

When K = 1. The shuffle formula for quiver

to
~ N
—t1—t2 (2! “— t —— 0 —li1—t2 s

gives
[x;,lv 37?+1,1] = _2552,195?“,1(751 +t2)(@iy1,1 — Tin)
{71, $f+1,1} = _2$£,1If+1,1(($i+1,1 - xi,1)2 + tits)
ot — ' ot
r ) s _ 2 ¢ ¢ 1,2V1,1 2,2%73,1
R
{1{15’3?1} = _2(55:,233?,1 + xfleﬁ

3A 1-parameter version of this proposition is also proved in [YZ18a] for any loop-free quiver

Q.
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So
[X;,rr+27 Xitl,s]_Q[Xi—f_rJrl’ X’Z_FLS+1]+[X’LTT’ X’i—:l,erQ] = 2(t1‘|‘t2)(552137;1,1)($i,1_$i+1,1)3
and similarly, we have

_tth[XJr X;,_s] + (tl + tQ)({Xi_!_rJrl’ X’i—il,s} - {X+ Xi—kl,s+1}) =

(2 1,7 “

2(t1 + t2)ai 1070 1 (i — Tip11)”.

Thus Relation 10.16b is satisfied.
Similarly,

s or+l _ or+ls s+l r s+l
T 275 1 Tig Tjg — Lo Tig + T;ol;q

[X;;H, X=X X;;H] = 2(t + t2)

2,1

Tio2 — T
=2(t1 + t2)<_1)<x;,2xf,1 + 5’7:15’7152)

But
(t + to){ X} z+s} = =2t + ) (2] 077 + 27 ).

2,7

So the Relation 10.16a is also satisfied. We can similarly check the Serre relation
10.16¢. O

We now show that in fact the morphism @ is an injection®.

Proposition 10.2.6. Assume K > 1. Then we have an injection of algebras:

@ I Ol 1) = AT

(s)

i .

given by the assignment Xit, = Q

Proof. We show that, in fact, we have an isomorphism

D j}ft27t1+t2 (gl(K +1)) = SAE%,W - Ag%,v’v?

Clearly by definition, ® is a surjection on its image. The spherical subalge-
bra SALX — is cohomologically and dimensionally graded. It is shown in

QKW
[SV20][Theorem 5.18] that SA?E,T%V/V‘I? is isomorphic to the nilpotent cohomo-
logical Hall algebra A}TI’;\[’X ~ Ag’%x. We now compute the graded dimension

of nilpotent CoHA. By Theorem 471.2.8, we have an isomorphism of free C[ty,ts]
modules

Ag% >~ A-%/,W & C[tl, tQ]

In Example 10.18, we proved that there is an isomorphism of graded vector spaces:

AV~ Sym(H(M,?(Q), i BPSn, )[u])-

4In an earlier version of the paper, for K > 1, we proved this by comparing graded dimension
after taking Perverse filtration.
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and
i 1 it NG AN i
S 1) dim(H(M)? (@), 'BPSn))d? = agale).  (10.18)
and thus by calculation of Kac polynomial for cyclic quiver in Equation 5.0.1, it
follows that

K ifi - O,(i S 2Z21 '5

Ny — , K+1 ifi>1,deZ>1-0
dim(HMR?(Q), i BPSn ) = { 1+ 1= paS Tt -
1 it i € Z>,d is a positive real root of sz
0 otherwise
(10.19)

which matches the graded dimensions of the affine Yangian in Proposition 10.2.4.
Thus, the morphism & is an injection. O

Remark 10.2.7. From the above argument, it follows that there is an isomor-
phism of C[ty, t5] linear algebras j}ftg’tﬁtz (g K +1)) ~ Ag’\gf’v%. This statement
is now also proved in [Dia+25][Theorem IV.3.11]. 7

We now identify the integral form precisely.

Lemma 10.2.8. There exists a derivation T : j)a@ (gl(n)) — j}f;,hz (gl(n)) such
that T(X},) = X\,

Proof. We define T(X) = X, and extend it by T'(ab) := T'(a)b + aT'(b) for
a,be y;l 1, (8l(n)) and note that it satisfies the relations in Definition 10.2.3 and

hence is well defined”.
Il

Definition 10.2.9. Assume n > 2. Let y}(:?};j’COHA C V1 (81(n)) ®cin )

Clhy", (ha+h2)*'] be a C[hy, hio] linear sub algebra generated by X', and &Y for
r > 0 such that for all » > 0, we have an extra relation

() (By + M) &Y = T7(3, — han)

where

3o 1= [X(;melJTl] + [XimX({l]

and

D)IES Z X;,ro ) ([X;;l,m [X;—ri-2,07 B [X;Jrrn—zoX;Srn—LoHD
1€Z/nZ

But= Y X (X K b XG0 X sl
1E€EZ/NZ

®Alternatively one can use [GNWI18][Lemma 2.22] to construct such a operator in
Vs (91(1))-
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for n > 2. Note that second term in the sum defining 3, is X/, ;.

Note that these extra elements are defined purely via cohomological Hall algebras,
but quite remarkably they satisfy interesting algebraic simplification when Ay = 0.
See Proposition 11.0.2 in particular.

Theorem 10.2.10. We have an isomorphism of Cty,ts] algebras

(K+1),+,CoHA T,x
y to,t1+t2 - AQK WK’

(s)

given by the assignment X;; = ),

and 8i,, = 7

Proof. The map is well defined by Proposition 10.2.6, Equation 10.14, and Propo-
sition 10.2.2. By Corollary 10.2.1, the morphism & is a surjection. The al-
gebra A~ —is a free C[ty, 5] module by Theorem 4.2.7. After localizing,

WK

® ®C[t17t2} C(tl,tz) is just the morphism ® ®cy, ) C(t1,t2) in the Proposition
10.2.6, which is an injection. So ® is an injection, and we are done. O]
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Chapter 11

Deformed Affinized BPS Lie
algebra for Cyclic Quivers

We recall that in Section 6.1, we gave .AN @ cocommutative coproduct by

considering the eigenvalues of w := sz, and we concluded that there is an
isomorphism of algebras

C'x BPS,C*
QKWK — Ucte ](GQNK )

where g]?—zslj%v is a C[t] linear Lie algebra, called the C* deformed affinized BPS Lie

algebra. Previous results allows us to calculate the Lie algebra ﬁg\?% explicitly.

Since gglj(S;K o~ ggiswl( ® CJt] as graded vector spaces, let &; and 45 be unique
non-canonical lift of a;, s € gBPS . We then have

Proposition 11.0.1. The C[t] linear Lie algebra ﬁg%s% is generated by u* - &;
for alli € [0, K],k >0 and u* - A5 for all k > 0.

Proof. Note that since A(E*ff is a free C[t] module, the isomorphism of algebras

Ag% ~ U H(g~ 7 ) 1mphes that g}igs% is a free C[t] module. We define a

map of free Clt] modules

. ABPS /\BPS (C*

defined by J( (k) f( )) == u* - 4; and J( (k) )f(t)) = f(t)u* - 45 and extending to
ﬁgis‘fm by the Lie algebra relations on gBPS (Theorem 8.2.6). It suffices to
show that the morphism J is surjective. Let mec+ = (t) C C[t] be the maximal
ideal. Then the morphism J/(mc-+) is an isomorphism of N@° x Z graded modules,
where each graded piece is finite-dimensional and thus J is an isomorphism of

vector spaces and so in particular surjective. ]

We now calculate A%Xﬁ. Since there is an isomorphism of algebras

T?
AQK i = AGk x ©ct Clhy ]/ (0 + 1),
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it follows by Theorem 10.2.10, that there is an isomorphism of algebras

K+1),+,CoHA Cr,
(ygtz,h)-l—tg )t1+t2=0 = AQKX‘X/\IJ{'
But setting to = h, yields

K+1),+,CoHA
(y(—tz,tl)—l-tg Jtr+t2=0 = Ucp (Sk+1) (11.1)

and an isomorphism of Lie algebras

~BPS,C*

ZQ\I?,WK ~ SK_|_1, (112)

where Siy1 is a C[h] linear Lie algebra generated by X, r > 0,i € [0, K] and
R 41,7 > 0 with the defining relations

[X'i—f_rJrl’ X;:»l,s] - [XZT7X£1,3+1] = _h[Xz—j_r’ Xi—:»l,s] (113)
[X:T‘+1’ X’i—tl,s] - [Xi—j_w Xitl,s+1] = h[X:m Xz—tl,s] (114)
[Xi—j_rJrl’ Xz—j_s] o [Xi—‘:_ra Xi,+s+1] =0 (115)
(X Xl =0V]i—j|>1 (11.6)
Z I:Xi—;'o.(l)’ [X:TU(Q)7X7:—:>1,S” = O (117)
oES>
T'(3x41) = PR, (11.8)
when K > 1 and
(X Xi = [Xi, Xila] = 0 (11.9a)
[Xi—S"JrQ? Xi—il,s] - Q[X'L'—j_rJrl’ Xi—:Ll,erl] + [Xz'—j_ﬂ X:H,s+2] = h’2 [X:r? X]Ts] (119b)
SV, oy g [ X (X (X X I =0 (11.9¢)
T"(3,) = B2RY (11.9d)
when K = 2.
The isomorphism of the C[A] linear Lie algebras ﬁ%;s% — Sk, is given by

u" -y = X forall i € [0,K],r > 0 and u” - 45 — ﬁ%il,r > 0. The Lie algebra
Ski1 can be described more explicitly. Recall the Lie algebra (W 1)" from
Section 8.1. We consider a derivation of (Wgk1)", defined by adp, ,, := [Px41, ]
where

(K +1)?

5 tozt (K + 1)To1(Hpeyy) + (K + 1)hTy o(Hpey )

Pri1 =
such that Hjy,, = SIEYYK 4 3/2 — i)E;,; and Hy, = S LB, for any
w; satisfying p; — pipn = (1 — /(K + 1)) and > p; = 0. They are chosen
so that [Hy, |, Eiiy1] = Eiyq for all i € [1,K]|, [Hi,(, Exy11] = —K and
[Hi 1, Eiiy1) = (1 — /(K + 1)) E; ;41 for all i € [1, K]. This might look adhoc,
but important property is that they satisfy equations 11.10.

138



Proposition 11.0.2. We have an isomorphism of C[h] linear Lie algebras
G: Skq1 — (VVK+1)Jr
given by
Xo, = adp,, (T10(Eri11))
X5 = adp, (Too(Eii))
ﬁgll — adTPK+1 (tL())
Proof. We see that in terms of matrices
ad’,;KH (Tl’(](EK+171)) = (—1)T(K + 1>TDTZEK+1’1 (1110)
ad};K+l (TO,O(EZ',H—I)) = (—1)T<K + ].)T(D + (]. - Z/(K + 1))h)rEi’Z’+1 (1].].1)

It can be checked explictly that the defining relations (11.3)(11.4)(11.5) (11.6)
(11.7) and similarly the ones for K = 1 of Sk, are satisfied. Recall that we
defined

3K+1 = Z [X;,Lm [Xi_:l,l? [X;Lm,m [ T [Xi—:-K—l,()? X;Kom]]
i€Z)(K+1)Z
Let R; = [X;,rm [Xz‘tq,la [X;zo? [, [XiJ—ri-K—l,07XiJ—ri-K,0H]]]' Then When ¢ = 0, K,

we calculate that

1+ 1
K+1

61 = (-0 + 1) (204 @2 = 100 ) (B Broni)
When ¢ = 0, K, we calculate that

h2K(E _E
G(Ry) = (=1)(K +1) <zD(EK+1’KH —Ey)+ ( KKHlerl 1,1

G(Rg) = (-1)(K + 1) (2D(Eg,x — Exq1,x41) + h2(Ex g — Exi1,x41))

- hZE1,1>

Then summing up them up gives

K

G(3x+1) = Y _G(R;) = hzld

1=0

Thus G(3x.+1) = h?ty, thus relations 11.8 and 11.9d are satisfied for r = 0. But
note that G(T'(X%)) = G(X{,.,,) = adp,., (G(X,)) thus these relations are also
satisfied for r > 1. Tt is a surjective map of Lie algebras since (Wyg 1) is gener-
ated by t1,,7 > 0 and Ty, (E;i41), 11 (Ex411), all of which are inductively in the
image of G. To show the injection, we note that G respects bot}épcsoél*omological

and dimension grading on Sk, induced by the isomorphism g—: - SKki1-

It is easy to check by Proposition 5.0.2 that the graded dimensions of S x+1 and
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(Wxk 1)t are finite dimensional and are the same. Thus G is, in fact, an iso-
morphism. Alternatively, it is an injective map after localizing with C[A~!] since
then G[h~!] is the positive half of the isomorphism of Lie algebras considered in
[Tsyl7a][Theorem 2.2]. O

Combining Proposition 11.0.2 and Equation (11.2) implies

Theorem 11.0.3. There is an isomorphism of of C[h] linear Lie algebras

~BPSC*
05k e = Wics1)™
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Chapter 12

Application: Maulik-Okounkov
Yangian for Cyclic Quiver

Given any quiver ) in [MO19] and torus 7" which scales the natural symplec-
tic form on the Nakajima quiver varieties associated with quiver ), Maulik and
Okounkov defined an associative algebra Hp(pt) linear algebra Yg’MO called the
Maulik-Okounkov Yangian. They further conjectured a strong relationship be-
tween the Bethe Subalgebra of these algebras and the equivariant Quantum co-
homology ring of the Nakajima quiver varieties, which makes calculating these
Hr(pt) linear algebras a worthwhile investment. In the latter half of [MO19], the
authors calculate these algebras for the Jordan quiver and realise them as the
affine Yangian of gl(1), which are algebras that were defined via Cohomological
Hall algebras in [AS13]. In [Zhu24], it is proved that, after localization, the K-
theoretic version of the MO Yangian is isomorphic to quantum toroidal algebras.
Thus, after taking additive degeneration, it is natural to expect the relation be-
tween the affine Yangian and MO Yangian for cyclic quivers. In this chapter, we
calculate Hr(pt) linear algebras Yg’MO in the case of cyclic quivers. We note the
emphasis on Hr(pt) linearity, as the Nakajima quiver varieties are not proper, so
after localizing, i.e., Y(QT?’MO iy (pt) Frac(Hrp(pt)) forgets a lot of the geometry of
Nakajima quiver varieties.

12.0.1 Maulik-Okounkov Yangian

Following [SV23], we first quickly recall the definition of the MO Yangian. Let
@ be any quiver and Let T be any torus, defined by weighting w : Q, — Z7
such that p = >~ o [a,a"] is homogenous. We recall that the torus associated
to this is given by Hom(Z",C*). In particular for p, we get a homomorphism
T — C* given by t — t(w(p)), which by taking pullback, defines a cohomology
class t(p) € Hr(pt). We define i := t(p) and we assume that h # 0'.Given
any framing f € N9, we can extend weighting w’ to a weighting w : Q¢ — Z"

!The assumption 7 # 0 is crucial as only in this case MO Yangians are defined.
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defined by w'(a) = w(a) for all a € Q; and W'(ev;n) = w(p), w'(a;,,) = 0. Let

NG (Q) = @D HI(NGH(Q), Q).

deNQo

be the equivariant cohomology of Nakajima quiver varieties, where (/}\if = GL¢ x
T, and GL¢ = Hier GLg, is the gauge group which reparametrize the framing.
Then in [MO19], by developing theory of Stable envelopes, authors define certain
morphisms

GLg, € GLg, ¢
Rf17f2 (Q> S EndH&f (Nfl ' (Q) OH (pt) Nf2 ) (Q)) ®HCva(pt) FraC<H@if (pt))

for any choice of framing fi,f, € N9 where f = f; + f,.
By the way the theory is structured, these morphisms automatically satisfy the
Yang-Baxter equations. They prove that for any f = f; + f; + f5, we have

R%ifg(Q)R%iﬁ(Q)R%ifB(Q) = R%j,fg,(Q)R%ifg,(Q)R%ifg(Q)

Let S be any ring containing Q. Given a collection of S modules F; and spectral
R matrices R;; € End(F; ® F;)(u), satisfying the Yang-Baxter Equation, there is
a general way called the FRT formalism, named after Faddeev, Reshetikhin, and
Takhtadzhyan, which constructs a quasi-triangular Hopf algebra which naturally
acts on F; ® S(u). This was exploited by Maulik and Okounkov to construct the
Maulik-Okounkov Yangian.

For any quiver @, let

7OO 6 s oo
A5 = P Budg, (NFT (@)
feN@o

Then the MO Yangians are defined to be a subalgebra
T,MO T,
Y, C A

defined by certain operators using above R matrices, as explained in
[MO19][Section 5.2.6]. Due to the work of Botta-Davison in [BD23] and
Schiffmann-Vasserot in [SV13], there is now an understanding of this subalge-
bra in terms of cohomological Hall algebras, which we now recall.

12.0.2 Relation with Cohomological Hall algebras

For any Nakajima quiver variety Ng;(@), we have tautological bundles V; and
W; as defined in Section 4.1.3. These defines operators ch;(V;), ch;(W;) acting
by cup product on there cohomology. We see them as elements inside Ag. In

Section 7.3.1, we saw that there is action of A%W and Agj\wf on N?Lf’cm (@), and
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so we have morphisms
po: Ag’% — Ay (12.1)
7N7 b i
Py Agy = Agt (12.2)

Assume that the weighting w : Q, — Z’ is defined so that it factors through
weighting w” : Q, — Z? given by w”(a) = (1,0),w”(a*) = (0,1). Then it is
proved in [BD23][Corollary 1.4] that the morphism pg is an injection, while the
same is proved in [SV17] for pg/ . Combining Theorem 4.13 and Lemma 3.18 of
[SV23], and Corollary 1.4 of [BD23], it follows that

Theorem 12.0.1. The Maulik-Okounkov Yangian can be identified by the subal-
gebra of the cohomology ring of Nakajima quiver variety generated by the image
of po, pg and tautological operators chy(V;) and chy(W;). i.e we have

YIMO L (AT AT b (), (W) € AT

as Hr(pt) algebras.

We now specialize to the case when @) :~QK is a cyclic quiver and torus T'=T.

By Remark 10.2.7, we may identify Ag% with the positive Half of the affine

Yangian j)ftg’tﬁm (gl(K +1)). However, in the view that the action on the Naka-
jima quiver variety is the right action, it is more natural to identify the nilpotent
CoHA with the opposite algebra of the affine Yangian, i.e., with the negative half.
This statement is also proved in [Dia+25][Theorem II1.7.3]. We have

Proposition 12.0.2. Let j}h_h@ (gl(n)) be the negative Half of the affine Yangian,
i.e. the subalgebra (X, | i € Z/nZ,r > 0) of y,(ij);;fOHA defined in Definition

1.2.2. Then for any K > 1, we have an isomorphism of algebras Aglgvav}{ ~

"ft27tl+t2 (gl(K + 1)) such that for any framing £, this isomorphism induces left

action of j}__t%tﬁt? (gl(K 4+ 1)) on N?Lf’cw(QK)-

In Theorem 10.2.10, we proved that Ag; TR is isomorphic to an integral form

fgff;?f"HA of the affine Yangian and thus inducing action of the integral form

on NEM<™(QK) for any framing f. It suffices to understand how the positive and
negative halves glue, which we can do by the work of Varagnolo.

12.0.3 Varagnolo Action of Yangian

We consider the action of the full affine Yangian on the Nakajima quiver variety,
due to Varagnolo [Var00], which is based on work of Nakajima in the context of
equivariant K theory. In the case of two-parameter deformation and K = 1, this
action was also considered in [Kod19] and in [Dia+25]. The action is defined by
convolution, in a similar way to Nakajima’s action of Kac-Moody Lie algebras we
considered earlier.
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Let f be any framing vector. Given two dimension vectors d; and ds,

Let dy = dy + §; for some i € Q. Then we define subvariety
CH(d, ) C Ngp(Q) x Nipy,¢(Q) given by pairs (pi(a), pi(a*), pr(ais), pr(ef)))
and (pa(a), pa(a*), pa(cip), p2(c;,;)) such that the representation py is quotient
of representation p;. It is proved in [NakOla] that these subvarieties are La-
grangian and smooth. We can then define line bundle £; on C;*(d, f) by p3Vi/piVi
where p; : C(d,f) — NE;;(Q) and p, : Cf(d,f) — Ngi%f(Q) are the pro-
jection maps and V; are the tautological bundles at vertex i. Then for any
d, one define morphisms z, : H"(Ng,(Q), Q") — HGLf(Nfiojdhf(Q),@"ir)
by (=)D (pa).((cr(Le) U pi(a)) and z;, : HO(NG(Q),Q™) —
O (NS5, (), @) by (—1)04-8)(py), (4 (L) U p()).

Given any (d,f) and i € [0, K|, s € Z>. let h; s be the element in the tautological
ring of N§¢(Q) defined by

Rescg (= (1 + AA/(q(f(fd@? )6+

where F;(d, f) is the element in the equivariant K theory K7*GLs (Ng?(@)) given
by

Fi(d,f) = (q1g2) Wi — 1+ (1q2) " WVi+ ¢ Vi1 + 45 Via

Here ¢, g are line bundles associated to action of T, i.e ¢1(q1) = t1 and ¢1(q2) = t2
and A1/.(V) is the equivariant chern polynomial A,.(V) = 3.5 ci(V)/2". Then
we have

Theorem 12.0.3 ([Var00]). For any framing £, there is an action of affine Yan-

gi(m j)—tz,tﬁ-tz (g[(n)) on NSLLC)O(QK)} given by Xz:f:r = x?,:r and Hi,s — hi,sU

+

7,7

Thanks to Theorem [YZ18a][Theorem 5.6], we can see the operators x
action of the spherical part of CoHA.

as all

Proposition 12.0.4. Under the morphism V7, , .., (gI(K + 1)) — A%,W’

the Varagnolo’s action of j}ft%tﬁm(g[([( + 1)) on the NS (QK) coincides
with AZX _ action defined in Section 7.3. Similarly the Varagnolo’s action
QK,WK

of j}:t%tﬁm(g[([( + 1)) can be identifed with the action of A%/’

5 VX;} under the

. ) - TN,

isomorphism Y=, ;o (gl(K 4 1)) — A@?,VZI(/T('

Furthemore, by [Dia+25][Theorem II1.7.8], the subalgebra (chg(V;),chy(W;)) C
Ag’K, generated by tautological classes is isomoprhic to the subalgebra
(his, chy(W;)) C AgK. This is simply because universal polynomials exist that
relate the Chern polynomial and Chern characters.

A o
Let 7;’1%21{ be the subalgebra of yg;%jHA which is generated by generators

<ﬁ§:),X»i H;, | i€ Z/nZ,r > 0) (So we only exclude the generators /") for

1,1
CoHA CoHA
r > 0). Let ﬂ;h‘f * = ﬂlh(;H [(k;,)] be the extended algebra, where we have

added central elements (k;, | i € Z/nZ,r > 0) to the list of generators.
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Since the cup product with tautolgical classes chy(W;) commutes, it follows from
Theorem 12.0.1 that there is a C[ty, 2] linear algebra surjection
~—K+1,CoHA e MO, T
= y to,t1+1t2 — YQK - ATK
where the morphism sends k;, — ch,(W;).
Theorem 12.0.5. The morphism ¥ is an isomorphism of Clt, to] linear algebras.

Proof. 1t suffices to show that this morphism is an injection. The affine Yan-
gian is a free C[t,t3] module, and so does the Maulik-Okounkov Yangian by
[MO19][Theorem 5.5.1]. Thus, it suffices to show that:

—K+1,CoHA e MO,T
v (Vo to, b1t K — (YQK K

is an isomorphism, where for any any algebra A, Akx denote the localization

— K +1,CoHA, ¢ -
A ®cjty 1) C(ty,t2).  Clearly (Y_ toty b )k = (V46 (K + 1))k, where

ye,t2,t1+t2(K + 1)) denote the extended affine Yangian (We add central elements
kir,i € [0,K],7 > 0). Let (Y%¢_y, 4 41, (K + 1))k be the subalgebra generated
by generators H; s and k;;. Then it shown in [Dia+25][Theorem II1.5.6], that the
extended affine Yangian () to.tr 1t (B + 1)k has a triangular decomposition, i.e
the morphism

. 0, . .
m: (yjt27t1+t2 (K+1)K®(y*:27tl+t2 (K+1))K®(y*t2,t1+t2 (K+1))K - (yit2,t1+t2 (K+1))K

is an isomorphism of vector spaces. It is proved in [SV23] that the Maulik-
Okounkov Yangian also admits a triangular decomposition, and so we have

m:(Yoe xk® (Yo ™Mk @ (Yo Ik = (Yor )k,

such that there is isomorphism of algebras (Yg,?’T’JF)K ~ (AL __ )k and

QK
(Yo ™ )k (AM x and (Y2 ™)k ~ (chy(V), chg(W:)). Thus, the mor-
phism Uy restrlcted to each of the parts of the triangular decomposition is an
isomorphism, and so we are done by the following lemma.

]
Lemma 12.0.6. Suppose F': A — B a morphism of algebras where both A and
B admits a triangular decomposition AT @ A® A~ 5 A, Bt@ B°® B~ = B.
Suppose that F restricts to isomorphism of algebras F+: AT — B+, F?: A® — BO
and F~ : A= — B~ then F' is an isomorphism of algebras.

Proof. We have commutative diagram

A F

» B
mAT TmB

+ 0 - + 0 -
ATQA QA — BT @B @B

and thus F' is isomorphism of vector spaces. Since F' is a morphism of algebras,
we are done. N
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Chapter 13

Relation with algebras of
Gaiotto-Rapcak-Zhou

In [Rap+23], a procedure to do the Drinfeld double of the spherical part of CoHA
is explained. Then, a certain quotient of the Drinfeld double gives rise to reduced
Drinfeld double [YZ18a][Section 4.1]. Mimicking the same construction of reduced

Drinfeld double to y<” -+ CoHA yields the algebra y(” JOHA for > 2, defined in
Definition 1.2.2". Then in an analogous way to [Gua()?] we define

Definition 13.0.1 (CoHA Loop Yangian). Let E;L?);SOHA be the C[hy, hy] algebra,
defined to be the quotient yh’” oA (¢) where ¢ := 27 Hig

We then have a doubled version of the Proposition 11.0.2, which follows from work
of Tsymbaliuk [Tsy17a] who calculated the classical limit of affine Yangians.

Proposition 13.0.2. We have an isomorphism of C[h] linear algebras
n),CoHA
L ™ (h2) = Ucyy (W),

Proof. We use the morphism considered in [Tsy17a][Theorem 2.2]* whose positive
half is the morphism we considered in Theorem 11.0.2 i.e., we define a morphism
of algebras

W L7 (hy) = Uy (W)

'More precisely, we apply the construction to the localized algebra (which is spherically
generated due to Proposition 10.2.2.2 and 1() 2.6) and take the minimal subalgebra containing
both y(n) =+, COHA (yh?)h; CoHA) (yhl —20— CoHA)Op

2The codomain of the morphism considered in [Tsy17a][Theorem 2.2] is a central extension,
however in the proof, they consider the morphism induced after quotienting by the central
extension.
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which sends

Xafr —=n"D'z® E,,

Xf=n"(D+ (1 —i/n)h)" @ E;i

Xo, n(z7'D") @ Ey,

X, on'(D+(1—i/n)h)" @ B

Hy, = n' (D" ®E,, — (D+h) ® F,)
Hi,—n"(D+(1—i/n)h)" @ (Ei; — Eit141)-

We haven’t defined image of R(Q, but note that we can still calculate image of el-
ements 3,, and we can check that this map must send ﬁ(f) to z =Tio(1)/h =t

while £ to —% = —T_10(1)/h = —t_1 which allows to extend define using the
same trick as in proof of Proposition 11.0.2. After inverting A, this map is an iso-
morphism by [Tsyl17a][Theorem 2.2] while it is a surjection, since again D;(C*) ®
éi; is generated by tlﬂn,t_lﬂ», T—l,r(El,n>a TO,T(Ei,i+1)’ TO,T(Ei-l-l,i)a T17»,‘<En,1) all of
which can be easily seen to be in the image. O

We consider the C[hy, hy] linear algebras® Y& and its loop version L¥| as defined
in [GRZ23|[Definition 7.01, 6.02]. By [GRZ23|[Remark 6.18], the algebra L
satisfies

L¥ [y ~ Ugpp (W),

which by Propostion 13.0.2 is also satisfied by E%?g;COHA. They also show that the

algebras Y and LX are the integral forms of the affine Yangian Yy, 5, (gl(K))
and the loop Yangian L, n, (gl(K)) := YV, 1, (9I(K))/cc respectively. For K = 1,

Y and L¥ are in fact isomorphic to the affine Yangian Yy, 5, (gl(1)) of g/I(T) and
its loop version respectively [GRZ23][Theorem 17]. Furthermore, it is known due
to ([Dav22a]+ [Rap+23]) and [SV13] that

AL = Vi, (al(1),

We thus expect that there is an isomorphism of algebras for all K > 2,

K . y)(K),CoHA
Y _yﬁlfu

3We are switching €; to Ay and e to hi.
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