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Abstract

We investigate the local and global well-posedness of a variety of nonlinear Dirac type
equations with null structure on R'*!. In particular, we prove global existence in L? for a
nonlinear Dirac equation known as the Thirring model. Local existence in H® for s > 0, and
global existence for s > %, has recently been proven by Selberg-Tesfahun where they used X*®
spaces together with a type of null form estimate. In contrast, motivated by the recent work of
Machihara-Nakanishi-Tsugawa, we prove local existence in the scale invariant class L? by using
null coordinates. Moreover, again using null coordinates, we prove almost optimal local well-
posedness for the Chern-Simons-Dirac equation which extends recent work of Huh. To prove
global well-posedness for the Thirring model, we introduce a decomposition which shows the
solution is linear (up to gauge transforms in U(1)), with an error term that can be controlled in
L. This decomposition is also applied to prove global existence for the Chern-Simons-Dirac
equation.

This thesis also contains a study of bilinear estimates in X:St’b(Rz) spaces. These estimates
are often used in the theory of nonlinear Dirac equations on R'*!. We prove estimates that are
optimal up to endpoints by using dyadic decomposition together with some simplifications due
to Tao. As an application, by using the I-method of Colliander-Keel-Staffilani-Takaoka-Tao,
we extend the work of Tesfahun on global existence below the charge class for the Dirac-Klein-
Gordon equation on R+,

The final result contained in this thesis concerns the space-time Monopole equation. Recent
work of Czubak showed that the space-time Monopole equation is locally well-posed in the
Coulomb gauge for small initial data in H*(R?) for s > %. Here we show that the Monopole
equation has null structure in Lorenz gauge, and use this to prove local well-posedness for large
initial data in H*(R?) with s > 1.
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Notation

We write a < b if there is some constant C', independent of the variables under consideration,
such that a < Cb. If we wish to make explicit that the constant C' depends on § we write a Ss b.
Occasionally we write a < b if C' < 1. We use a = b to denote the inequalities a < b and b < a.
We let 1o denote the characteristic function of the set Q C R?, although we occasionally abuse
notation and write 1j,~n instead of 1y ~ny. If A is a matrix, we use AT to denote the

conjugate transpose.

We define 9,, to be the partial derivative in the z, direction, and let o = ¢. The space-
time gradient is denoted by 9 = (9p,01,...,04) = (04,01, ...,04), and the usual gradient is
V = (01,...,04). The Einstein summation convention is in effect, in other words repeated
Greek indices are summed over u = 0,...,d, and repeated Roman indices are summed over
i = 1,...,d. Indices are raised and lowered with respect to the metric ¢ = diag (—1,1,...,1).
Thus

O=09,0"=-0?+A, A=0,0"=0{+..+0;

For a measurable set 2 C R? and 1 < p < co we let LP(€2) denote the usual Lebesgue space

of p-integrable functions. We also use the mixed version LY L%(I x Q) with norm

el zp ooy = ( / < / u(t,x)lqu) dt>
I Q

where I C R and we make the obvious modification if p,q = oco. Occasionally we write
LP(R?) = LP when we can do so without causing confusion. This comment also applies to
the other function spaces which appear throughout this paper. We let C§° denote the space
of smooth functions with compact support and use S to denote the Schwartz class of smooth
functions with rapidly decreasing derivatives. If X is a metric space and I C R is an interval,
then C'(I, X) denotes the set of continuous functions from I into X.

The Fourier transform of a function f € L!(R%) is denoted by f(£) = Jpa f(z)e™ S da.
We use the notation f(T, €) for the space-time Fourier transform of a function f(t,z) on R,
We write F, f for the Fourier transform of the function f with respect to the variable y. If
1 <p<ooands€R, then we define the standard Sobolev space W*P as the completion of S

using the norm

[ fllwew = [IA°fllLe

where we define the Fourier multiplier A® as W &) = (5)3]?. In the special case p = 2 we let

H®* =W#*2. For s > —2, we define the homogeneous variant via the norm
P
1 lyirew = NIV Fllze

ix
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where |V|? denotes the Fourier multiplier |§|S\f = |5f We also define the Sobolev spaces in

the case p = 1 by restricting s € N and defining W*! via the norm

fllwes =Y 10" il

Ikl <s



Chapter 1

Introduction

This thesis contains a study of the low regularity theory for a number of nonlinear partial
differential equations (PDEs) arising in relativistic quantum mechanics. Namely, the Thirring
Model, the Chern-Simons-Dirac equation, the Dirac-Klein-Gordon equation, and the space-time
Monopole equation. We do not attempt to present a complete theory for such equations, rather
we focus on the problem of lowering the required regularity to ensure that local and global

well-posedness holds.

There are a number of ways to motivate the study of PDE at low regularities. For
instance, many PDEs arise in mathematical physics (in particular, all the equations studied
in this thesis) and physically relevant quantities such as the charge (L? norm), energy (H*
norm), and momentum (roughly the H z norm) occur at low regularities. Thus it is of
interest to develop an deeper understanding of how these equations behave in these regularity
classes. Another motivation is more mathematical in nature. Looking for solutions with little
regularity is often substantially harder than finding smooth solutions. Consequently a large
number of mathematical tools have to be developed to deal with the additional difficulties
that working in low regularities brings. A number of these tools have subsequently been
found to either substantially simplify existing results at higher regularities, or in fact even
lead to new results in the smooth regularity class. An example! of this can be found in the
work of Colliander-Keel-Staffilani-Takaoka-Tao where a crucial component in their study of the
nonlinear Schrédinger equation at low regularities was the discovery of a new Morawetz-type
inequality [24]. Subsequently this new inequality was used to prove the global existence of large
solutions to the energy critical nonlinear Schrodinger equation, a fact that was new even for

generic smooth initial data [25].

The nonlinear Dirac equations we consider in this thesis can all be thought of as nonlinear
wave equations with null structure. The presence of null structure allows improved local and
global well-posedness results for nonlinear wave equations at low regularities. To illustrate this,

consider the following example of nonlinear wave equation on R'*3

Ou = B(0u, du) (1.1)

IThis example comes from an excellent interview with T. Tao by the Clay Mathematics Institute, which can
be found at hitp://www.claymath.org/interviews/tao.php.
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with initial data w(0) = f € H*(R3), 9;u(0) = g € H*1(R3), where B is some bilinear form.

Equation (1.1) is invariant under the scaling
u(t, ) = u(At, Ax)

and so the scale invariant data space is H3. Local well-posedness in the high regularity case,
s > % + 1, follows from the standard energy inequality, together with the fact that H® is
an algebra for s > % This classical result can be improved to s > 2 by using Strichartz
estimates?, and is due to Ponce-Sideris [69]. The requirement s > 2 is in fact optimal due
to the counterexamples of Lindblad in [57, 58] who considered various special cases of the
nonlinearity B. Thus the nonlinear wave equation (1.1) is in general only well-posed for initial

data in H?*¢ x H'*¢ which is % a derivative above the scale invariant regularity %

If we now consider the case where B(0u,du) = Qo(u,u) = dyu® — |[Vu|? in (1.1), then in
light of the counterexamples of Lindblad, we might expect that the optimal local well-posedness
result is again s > 2. However, a remarkable breakthrough due to Klainerman-Machedon [49]
showed that, if B is a linear combination of the null forms Qo and Q;;(u,v) = 0;ud;v — d;vou,
then local well-posedness holds with initial data (f,g) € H? x H'. This was then lowered to
5> % in a series of subsequent papers [51, 52]; see also the work of Zhou [88]. The improvement
comes from the fact that if u, v are solutions to the homogeneous wave equation, then from
the point of view of space-time estimates, the product ();; behaves significantly better than the
general product Judv. Homogeneous bilinear estimates for null forms are now well understood
due to Foschi-Klainerman [41] for the L? case, and more recently Lee-Vargas [56], and Lee-
Rogers-Vargas [55] in the LP case. It is a remarkable fact that null forms appear naturally in
a number of important PDEs in mathematical physics. For example the Dirac-Klein-Gordon
equation, the Maxwell-Dirac equation, and the Yang-Mills equation all exhibit null structure

when viewed in the appropriate way [53]. Of course finding null structure is often far from trivial.

We now turn our attention to the Dirac equation on R!*!
— iy O +myp =0 (1.2)

where we regard v as a vector in C?, and the matrices v* are defined by

0 1 . {0 -1
7O:<1 0)’ 7_<1 0)' (13)

The Dirac equation is one of the fundamental equations of relativistic quantum mechanics and
is used to model particles of spin %, such as electrons. It was introduced by Paul Dirac as a
relativistic version of the Schrédinger equation; see Section 1.1 for a brief derivation, or [83, 85]

for a more in-depth look at the properties of the Dirac equation.

The Dirac equation is the Euler-Lagrange equation associated to the Lagrangian

L= —ipy" 91 + mapep

2Strichartz estimates give control over the LPL% norm, see for instance [47] for optimal estimates of this
form. Strichartz estimates can be proven for any dispersive PDE and have proven highly useful in the local and
global theory of such equations.



with the corresponding stress-energy tensor
TS5 = —ipy*0pv — 65L

where 1) = 1)T+? is the Dirac adjoint. For a solution 1 to (1.2), by computing the divergence of

T'g" we obtain the conservation of the energy

E = Tdx = / —ipy° 0y da = iyt Orap — map) da
R1+1 R1+1

R1+1

as well as the momentum

M = Tdx = —i Py 011 da.

R1+1 R1+1

The invariance of solutions under the change of phase e leads to the conservation of charge

Q= Yl da.
R1+1
The energy F, and momentum M, are not coercive, in particular there exist negative energy
solutions to the Dirac equation. Thus the energy and momentum do not play a role in the
global theory of the Dirac equation. On the other hand, the charge @ is coercive (as is just the
L? norm of the solution) and it will prove to be a crucial component of the global well-posedness

arguments we present in this thesis.

A simple calculation shows that any solution % to (1.2) is also a solution to the Klein-Gordon
equation
Oy — my = 0.

Thus it is natural to expect that the presence of null structure will prove to be crucial to
any low regularity well-posedness theory for the Dirac equation. To understand the form null
structure may take for the Dirac equation, consider a solution 1 to (1.2) on R'*! with m = 0
and ¥(0)T = (f,9)T. We claim that the product® 17 is a null form where ¥ = 14" and t
denotes the conjugate transpose. To see this, let ¢ be a solution to

’Yuauﬁb = 1.
Then O¢ = 0 and if we write ¢ = (¢1,¢2)T and ¥ = (¢1,%2)7, a computation shows that
B = 2R () = 2R( (01 — 02)62(0 + 01 ) = 2R(Qo(02,81) + Qou (62, 61))

where Qo (u,v) = Jpudv — 0, ud,v and Qo1 (u, v) = dyud,v — O, udsv are the classical null forms.
Thus the term 1) is a null form. The problem with this approach to uncovering null forms is

that it involves solving an auxiliary equation, which can often lead to a loss of information.

An alternative approach to attempting to find classical null forms is to just estimate the
product 1) directly. To this end note that we can write the solution to (1.2) as ¥ (t,z) =

3This type of product will appear frequently in the Dirac equations we consider in this thesis, and is closely
related to the symmetry of the Lorentz group.
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f(z—t) and 2 (t,z) = g(z +t). Since Y = 2R (¢1¢2), we see that
100 L2 (=7, xr) < 201 f(x = O)g(z + t) | 22y S [1f22llgll Lz (1.4)

On the other hand, if we consider the product |t|?, then by the Sobolev embedding theorem,
1 1
N2l rrrcmy S THISR 4+ 198 o S THIAIZ 4 + 19l ). (L5)

Thus to estimate the product [1|?> we require % derivatives, while from (1.4), the null form 1)
can be controlled by L2. Consequently, we expect that the nonlinear Dirac equation with the
nonlinearity 17 will behave better at low regularities than the corresponding equation with a
generic quadratic nonlinearity such as |¢|2. This is indeed the case; see for instance the results
in [12, 75].

To prove low regularity existence for the nonlinear Dirac equations with null structure, we
need to find ways to exploit null form estimates of the form (1.4). One way to do this is to use
the X*? spaces of Bourgain-Klainerman-Machedon. These types of spaces were first used by
Bourgain in the context of the nonlinear Schrodinger equation [8, 9]. Subsequently? versions
of these spaces adapted to the wave equation were introduced by Klainerman-Machedon in
[49, 51]. Let ||U,||Xib = H<T + ) (¢)sau(r, §)||L31§(R1+1). Then by the transference principle (see
[31, Lemma 4] or [79, Lemma 2.9]), we obtain for all ¢ € S(R?)

l9lizz, S Inllxoe ol xon (1.6)

for any b > % This type of null form estimate is a crucial component in the low regularity
theory of the nonlinear Dirac equation on R'*! and has been used by a number of authors; see
for instance [17, 60, 67, 68, 75] or Chapter 4 for more estimates of this type. An alternative
approach that has proven successful [19, 48, 63] is to use product Sobolev spaces based on the

null coordinates o« =z 4+ t, § = x — t; see Chapter 2 and Chapter 3.

We now give a brief outline of the main results contained in this thesis.

Global Well-posedness for the Thirring model
The Thirring model is given by

—iyh 0, + mp = Ay ) Y

1.7
w(O) = ( )

where 1) is a C2-valued function of (t,x) € R'™! and m,\ € R. The Dirac matrices y* are
defined in (1.3), and for a vector valued function 1 we let ¢ = ¥T7°, where 1! denotes the

conjugate transpose. The Thirring model corresponds to the Lagrangian

_ I N _
Loy = —ipy" 00 + maptp — 5 (V") ()

4Though similar spaces were used earlier by Rauch-Reed [70] and Beals [4] in the context of singularity
propagation for wave equations.



and has the associated conserved quantities:

Eras = /R By O — m) + Ay ) (Br,) da, (energy)

My = —i / Y0019 de, (momentum)
R

Qrm = /Ri/JTl/J dz = ||¢]|2,. (charge)

As in the the discussion of the free Dirac equation, the only coercive quantity is the charge, and
the energy and momentum will not play a role. The Thirring model was first introduced by
Walter Thirring [84] to model the self interaction of a Dirac field and subsequently was heavily
studied in the physics literature. In particular it was found to be completely integrable [2, 54]

and in the massive case m # 0 have (multi) soliton solutions [3, 66] of the form
fw T eiwt
w(ta x) = ( ) —iwt °
gu(x)e

t—cx x—ct

Note that using Lorentz invariance, (¢,z) — ( T \/ﬁ)’ we obtain a family of traveling

solitons.

A natural question to ask is: if we take initial data with finite charge, 1o € L?(R), is the
Thirring model (1.7) globally well-posed? From a purely mathematical point of view, this is an
interesting question as the Thirring model is L? critical and additionally satisfies conservation
of charge [[¢(t)llLz = l|voll 2.

Local well-posedness (LWP) for the Thirring model is known for s > 0 due to recent work of
Selberg-Tesfahun [75]. Progress on the question of global existence was first made by Delgado
[35] for initial data in H®, s > 1. The general idea is as follows. Let ¢ = (u,v)T. Assuming

is a solution to (1.7), a computation shows that

(0 + 0)|u|?* = 2mS(uD)
(0 — 0.)|v|* = —2mS(uD).

Therefore, by integrating and taking LZ° norms of both sides, we obtain

t
1002 < 10(0) ]2 +2m / () |2 "

Applying Gronwall’s inequality then gives the upper bound |4 (¢)[%2« < [[¥(0)]|%e®™. As
the time of existence can be controlled by the L° norm, this bound is enough to prove global

existence in the high regularity case s > % due to the embedding H® C L™ [75].

In Chapter 2, we first show that the Thirring model is locally well-posed in the charge
class, improving the recent work of Selberg-Tesfahun [75]. Secondly we prove that global well-
posedness (GWP) also holds from initial data in the charge class L2, and moreover that any
additional regularity is retained. We remark that, as the Thirring model is L? critical, the time
of existence of the local well-posedness result will depend on the profile of the initial data. Thus
the conservation of charge does not give sufficient control over the dynamics to rule out the

possibility of concentration of charge at a point. Instead we have to exploit the structure of the
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system by using a novel decomposition, together with a more refined version of the argument

of Delgado given above.
Note: The results in Chapter 2 have appeared in

[18] T. Candy, Global existence for an L? critical nonlinear Dirac equation in one dimension,
Adv. Differential Equations 16 (2011), no. 7-8, 643-666.

Local and Global Well-posedness for the Chern-Simons-Dirac system on R!*!

The Chern-Simons-Dirac (CSD) system is given by

— iy Dy +myp =0
DAy — D, Ay = P (1.9)
0tAg — 0,A1 =0

with initial data ¥(0) = f, A(0) = a, where the spinor 9 is a C2-valued field, the gauge
components A, are real-valued, the covariant derivative is given by D, = d, — i4,, and
as in the case of the Thirring model, we let 1) = 9T7°. The Chern-Simons action on R*?2
was introduced in [22]. Subsequently, it was proposed as an alternative gauge field theory to
the standard Maxwell theory of electrodynamics on Minkowski space R1*2 [36]. The R!*!
system (1.9) we study in Chapter 3 was introduced in [46]. Note that the second equation
in (1.9) is the one dimension analogue of the Chern-Simons action, while the last equation
is the standard Lorenz gauge condition. Various properties of the Chern-Simons action have
been studied previously, namely the existence of vortex solutions, as well as its topological
properties; we refer the reader to [38, 43] for more information. More recently, a number of
results have appeared studying the well-posedness theory of the various Chern-Simons theories
[13, 44, 45, 46, 76].

In Chapter 3 we prove that the system (1.9) is locally well-posed provided we have f € H?,

a € H” with *71 <r <s<r+1. In addition, we use the decomposition introduced in Chapter

2 to prove global well-posedness for the CSD equation provided s > 0. This extends the work

of Huh [46] who proved local well-posedness in the case s = r = 0 and global well-posedness if

s =r = 1. Note that solutions to (1.9) are invariant under the scaling (¢, A) — A(¢, A) (At, Az).

Hence the scale invariant space is H ~2 x H~2 and so the local well-posedness result we prove
-1

in Chapter 3 is essentially optimal, except possibly at the endpoint s = =~.

Note: The results in Chapter 3 are joint work with Nikolaos Bournaveas and Shuji

Machihara and have appeared in

[15] N. Bournaveas, T. Candy, and S. Machihara, Local and global well-posedness for the
Chern-Simons-Dirac system in one dimension, To appear in Differential and Integral
Equations (2012), arXiv:1110.6345.



Global well-posedness for the Dirac-Klein-Gordon equation on R!*!

The Dirac-Klein-Gordon (DKG) equation is given by

_i’Yuauw + My = ¢y

(= 04 m?)6 = T (1.10)

with initial data

b(O0)=voe H*,  ¢(0)=¢o€ H",  8¢(0)=dr € H " (1.11)

for some values of s, € R. The DKG equation models the interaction of a meson field, ¢, with
the fermion 1 via the Yukawa interaction [7]. There are a number of previous results on the low
regularity existence theory for the DKG equation [11, 17, 16, 20, 21, 40, 61, 63, 67, 72, 73, 82].

We describe these results in more detail in the introduction to Chapter 4. It is known from
=
|s|] < r < s+ 1, and moreover that this region is essentially sharp [63]. In terms of global

the work of Machihara-Nakanishi-Tsugawa that local well-posedness holds provided s >

well-posedness, the best result is due to Tesfahun who showed global well-posedness provided®
%1 <s<0, s+Vs2—s<r<s+1 [82]. The proof of global existence follows from the
the conservation of charge, [|%(t)[|z2 = [[1o||L2, together with the I-method of Colliander-Keel-
Staffilani-Takaoka-Tao. However, there is a complication because there is no conservation law
for the scalar ¢. Thus an additional induction on free waves argument of Selberg [72] is needed
to complete the proof. A related idea was used by Colliander-Holmer-Tzirakis to prove GWP
for the Zakharov and Klein-Gordon-Schrdinger systems [26].

In Chapter 4 we improve the result of Tesfahun and prove global well-posedness for

L <o 1+( 1)2 <r<s+1
65,54 s—3) —s<r<s+L

The proof follows the argument of Tesfahun and makes use of the I-method, together with the
induction on free waves argument introduced by Selberg [72]. The main new contribution is a

study of bilinear estimates of the form

[rdballc poov S ¥l o 19l o202 (1.12)
where we define HU”Xib = |[(r £ &)*(¢)*u(r, {)HL2 . We prove optimal (up to endpoints)
7.6

conditions on the exponents s, b, s;,b; such that the estimate (1.12) holds. The proof uses a

dyadic decomposition, together with a number of simplifications due to Tao [78].

Local well-posedness for the space-time Monopole equation

The space-time Monopole equation is
Fa=x%xDuo (1.13)

where I'4 is the curvature of a one-form connection A = A,dx®, D, is a covariant derivative

of the Higgs field ¢, and * is the Hodge star operator with respect to the Minkowski metric

5Note that global well-posedness for s > 0 follows from the persistence of regularity result proved in [72].
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diag(-1, 1, 1) on R'*2. The components of the connection A = A,dz®, and the Higgs field ¢,

are maps from R'*2 into g
Ay R = g, ¢: R =g,

where g is a Lie algebra with Lie bracket [-,-]. For simplicity we will always assume g is the Lie
algebra of a matrix Lie group such as SO(d) or SU(d). The curvature F4 of the connection A,
and the covariant derivative D 4¢ are given by

Fa==(0aAs — 03A0 + [Aa,A,g]>da:a Nd2®,  Dad = (0aé + [Aq, 8])dz®.

N | =

The space-time Monopole equation is an example of a non-abelian gauge field theory and can
be derived by dimensional reduction from the anti-selfdual Yang-Mills equations; see for instance
[29] or [65]. It was first introduced by Ward in [86] as a hyperbolic analogue of the Bogomolny
equations, or magnetic monopole equations, which describe a point source of magnetic charge.
The space-time Monopole equation is an example of a completely integrable system and has
an equivalent formulation as a Lax pair. The Lax pair formulation of (1.13), together with the
inverse scattering transform, was used by Dai-Terng-Uhlenbeck in [29] to prove global existence
and uniqueness up to a gauge transform from small initial data in W?!(R?). The survey [29]
also contains a number of other interesting results related to the space-time Monopole equation.

The space-time Monopole equation (1.13) is gauge invariant. More precisely, if (4, ¢) is a
solution to (1.13) then so is (gAg~! + gdg~!, gpg—!) where the gauge transform g : R*2? — G
is a smooth and compactly supported map into the Lie group G. Thus, to obtain a well-posed
problem we need to specify a choice of gauge. Recently® Czubak [28], showed that the space-
time Monopole equations in the Coulomb gauge are locally well-posed for small initial data in
H?® with s > %.

In Chapter 5 we instead consider the Lorenz gauge condition
0, A% =0

and prove that the Monopole equation is well-posed for large initial data in H?® for any s > i.
The main component of the proof is to show that the Monopole equation also has null structure
in the Lorenz gauge. To exploit this null structure, we are forced to rewrite the equation using
certain projection operators. Once we write the Monopole equation in the right form, the well-

posedness proof essentially follows from the null form estimates of Foschi-Klainerman [41].

Note: The results in Chapter 5 are joint work with Nikolaos Bournaveas and have appeared
in
[14] N. Bournaveas and T. Candy, Local well-posedness for the space-time Monopole equation

in Lorenz gauge, Nonlinear Diff. Equations and Applications 19 (2012), no. 1, 67-78.

1.1 Derivation of the Dirac equation

The Dirac equation is one of the fundamental equations of relativistic quantum mechanics and

is used to model particles of spin %, such as electrons. It was introduced by Paul Dirac as a

6Though the result was obtain earlier in Czubak’s PhD thesis [27].
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relativistic version of the Schrodinger equation and can be motivated as follows. In Quantum
mechanics, every observable corresponds to an operator. Thus for the energy F, and momentum
p we have”

E — i0y, p — —iV.

If we now consider the relativistic energy momentum relation F = /—p? + m?2, and use the
correspondence principle, we arrive at the Klein-Gordon equation

—02p = —Ap +m2¢.

The Klein-Gordon equation initially led to a number of conceptual difficulties, in particular it
predicted a negative probability density for the wave function. Consequently, the Klein-Gordon
equation was discarded and a new approach was needed. The key idea of Dirac was to linearise

the energy momentum relation by using matrices. In other words writing

E=+\-p2+m2=a-p+pm

where a = (a;) and we require ojoy + apa; = 20,5, o8 + Ba; = 0, and B2 = 1. If we
now apply the correspondence principle we obtain the equation i9;%) = —ia - Vb + mpBe). To
ensure the operator is self-adjoint, we also require the matrices «; and 8 to be Hermitian. If

we multiply by 3, and let 4° = 3, 4/ = Ba;, then we arrive at the Dirac equation
— iy +myp =0
where we regard v as a vector in CV, the matrices v* are required to satisfy the conditions
Pt =2g ()T =10 ()= (1.14)
If we specialise to the case d = 1, then one representation of the Dirac matrices is
70=<0 1>, 71=<0 _1>.
10 1 0

We have not mentioned the more geometric interpretation of the Dirac equation and we refer
the interested reader to [83] for a more geometric perspective. See also [85] for more on the

physics of the Dirac equation.

1.2 Function Spaces

In this section we briefly define the main function spaces we use throughout this thesis, and
state a few important results. The results are all relatively well known and for the most part

we omit the proofs.

"For simplicity, we take ¢ = h = 1, where c is the speed of light and 7 is Planck’s constant.
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1.2.1 Sobolev Spaces on R

Sobolev spaces are widely used in the theory of PDE, and seem to be the natural spaces in
which to measure the smoothness of a distribution. The definition makes use of the Bessel

potentials (see for instance [77])

~

Asf(6) = L+ IEP)Ef(e).

We now define the Sobolev spaces W*P as follows.

Definition 1.2.1. For s € R, 1 < p < oo, we define WP as the closure of S using the norm

[ fllwsr = A fll o

Similarly, for s > —%, we define the homogeneous variant by using the norm

£l = NIV Fl 2o

In the case p =1, we define for k € N

I lwea = D 19%f e

|| <k

where kK = (K1,...,kn) and 0" = 07 -+ - Ofin.

Note that the restriction s > —g is needed for the multiplier |V|* to be defined as a map
from S to LP. The Sobolev spaces are all Banach spaces (by definition in our case), and in the

case s € N we have

1f e = N fllze + Y 107 f 2o

|k|=s

In the special case p = 2, the Sobolev space W*?2 forms a Hilbert space and we write H® = W*2,
One of the many alternative characterisations of H*® is the following, which will prove useful

later.

Theorem 1.2.2. Let 0 < s < 1. Then

ZE 2
||f\|Hs~||f||Lz+// ) —f@ dy g

|y|2 Iy\d

Proof. The equivalence of norms follows almost immediately from the observation that

_ iy |2
2 [1—e7’ ‘
€% ~ /Rd |y[2s+d dy

together with Plancheral and Fubini. O

There are versions of Theorem 1.2.2 in the case p # 2; see [6, Theorem 6.2.5].
Among the most useful properties of the Sobolev spaces is the following Sobolev embedding

theorem (see the appendix in [79]).

Theorem 1.2.3 (Sobolev Embedding Theorem). Let s > 0 and 1 < p < g < 0o with % =
Then for any f € C3°

1
ey

[fllza < 11 lyio.r-

10
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The endpoint ¢ = oo fails. This can be seen in the p = 2 case by using the Fourier transform

~

together with the example f(&) = bgﬂ(‘fg%' The essential point is that f ¢ L', but (€)% f € L2.

Despite this, if we spend € derivatives more, then the endpoint ¢ = oo does hold.
Theorem 1.2.4 (Sobolev Embedding Theorem, ¢ = o0). Let s > 0 and 1 < p < oo with s > %.
Then

[ fllee S N fllwsw.

An alternative approach is to replace the Sobolev norm W*P  with its Besov-Lipschitz

counterpart By ,

instance, [81, Proposition 1.1, Chapter 2].

see below. We also have the product inequality which can be found in, for

Theorem 1.2.5 (Sobolev Product Theorem). Let s >0 and 1 < p < co. Then

Ifgllwsr SN fllzallgliwer +llgllze [1flwers

provided%=%+%j,1<rj<oo, and 1 < g; < 00.

A simple consequence of Theorem 1.2.5 is that the L? based Sobolev space H* is an algebra
for s > g This important observation was a crucial component in the high regularity theory
of nonlinear wave equations, and can be used to give local well-posedness results for equations
of the form

Ou = |Oul?

with initial data in H® x H5~!, s> g + 1.
Finally we state a version of Hardy’s inequality that can be found in the appendix to [79].

Theorem 1.2.6 (Hardy’s Inequality). Let 0 < s < 4. Then
2= fllez < 1 1l g

1.2.2 Sobolev Spaces on Domains

In this thesis we often consider the local existence problem on say [0, 7] x R. This will require
the use of function spaces defined on [0, 7] x R, so we need to be able to define Sobolev spaces

on domains. The following definitions will prove useful.

Definition 1.2.7. Let B be a Banach space, and E C B a closed subspace. Then we define the
quotient space (or factor space in [87]) B/ E as the set of equivalence classes [x] = {x+y|y € E }

where x € B. The quotient space B/E is a Banach space with norm
I2)lp/e = inf |ylls
y€lz]

see for instance [87, pg 59].

Definition 1.2.8. Assume f € S'(R?) and let Q@ C R? be an open set. We say f =0 on Q if
for every ¢ € S with supp ¢ C Q, we have f(¢) = 0.

We can now define spaces on domains as follows.

Definition 1.2.9. Let X C 8’ be a Banach space. Then for an open set Q we define

X(Q)=X/{feX|f=0onQ}.

11



Chapter 1. Introduction

It is easy to see that {f € X | f = 0 on Q} is a closed subspace and hence X (Q) is also a
Banach space.

We often abuse notation and simply write f instead of [f] for the equivalence class of
f € X(£2). The usefulness of this definition is that any estimates on R? naturally extends to
arbitrary open domains Q C R%. For instance if we have two Banach spaces X and Y and an

estimate of the form

1fllx S W fllys

then we immediately get
Ifllx@) S 1fllvo-

Moreover, if X is a function space defined on R't? which is continuously embedded in
C(R,H*(R%)), then X(S7) c C([0,T], H*(R%)) where Sy = (0,7) x R%. Thus we can
continuously extend functions in X(S7) to the boundary of the domain (0,7) x R¢. This

observation is important when considering the X spaces on domains. In particular it ensures
that if w € X*°(Sy) for b > 3, then both u(0) and u(T) are well-defined.

If we turn our attention to the Sobolev spaces H?, then the characterisation in Theorem
1.2.2 gives a hint on how to construct an intrinsic definition of the local Sobolev spaces. We
only state the following results in the one dimensional case. Similar results hold in higher

dimensions and for p # 2; see for instance [1, 6, 80].
Theorem 1.2.10. Let 0 < s < 3, R >0, and Ir = (—R, R).
(i) Then
R,
e 1) =R 1 1221y + —Tyas dwdy
Ir |9C ‘

(i1) Take Ir(z) = (x — R,z + R). Then
11y S D ey
JEL

and

Z 10 oy S I 0 (-

JEZ

(i) If%:%—l—s and s < % < 1 then we have
|||9\2fHH5(12) S N9l Z oo 1y 1 1o () + N9l o () g llwrroa () [ 1l £ 1)

Proof. For the readers convenience we sketch the proof. The inequalities are all well known, see
for instance [80, page 169] for a more general version® of (i). Part (ii) is essentially a corollary
of (i) while the last inequality (ii¢) is an application of Theorem 1.2.5.

We start by proving (i). For an interval I = (=R, R) define

W)
L A = 2

8We should mention that the WP spaces defined in [80] do not agree with the Sobolev spaces defined in
this thesis. More precisely in [80] the author takes W*P = B> , where B / is the Besov-Lipschitz space. Thus
the definitions only agree in the case p = 2.

12
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We need to show that
Il asrr) SE N 7 1y SR NN H0(2R)- (1.15)

The second inequality is straight forward as take any extension g € H*(R) of f € H*(Ig). Then
by Theorem 1.2.2 we have

2 2 l9(z) — g(y)I?
1£1% S l9llzew) 4‘/]R . Wda:dy
< gl
and so taking the infimum over all extensions g, we obtain the second inequality in (1.15).

The first inequality in (1.15) is harder to prove. For f € L?(Ig) we follow [80] and define
an extension E(f) of f by letting,

£()() = p(x)f(£2R — x) tr > R (1.16)
f(z) | < R

where p € C5° with p(x) =1 for |z| < R, supp p C {|z| < 2R}, and |p(z)| < 1 for ever z € R.
Then

& -& 2
11y < V€O By S IEDEagey + [ [ ELD DO gy

e [ [ 2] [l [ ] [
Ir JIR Ir JYy>R Ir Jy<—R R\IR ]R\IR

The first integral term is obvious. For the second we note that for |z] < R and y > R we have

E)(@) = EN) W) = [f(x) = p(y) f(2R = y)|
< |f@)lp(x) = p(y)l + [ f () = F2R - y)|

and [z — (2R — y)| < [z — y|. Hence

2R
[ [ et dd<//\f||p)12()ldydx
I Jy>R |~”C—y|+s In |z — y|1t2s
2R 2
F st
L e s

o W
oWl [ rars [ HE= L dyas
R R

N/LR ||fHﬁ?(IR)

The other terms are handled similarly and so we obtain (1.15).
We now prove (ii). The second inequality follows from a simple application of (¢) and so we

will concentrate on the first. Since

2 2 |f () *f(y)|2
N A e e

it suffices to prove

2
[ dedy < S U e (117

JEZL

13



Chapter 1. Introduction

Now

£(2) — Fy)P? 1f(2) — fy)I?
St drdy = —t - dxd,
A g oyt Y Ejzuﬂ R u—yP”s e
F)?
DN R e
F)?
7 dxdy.
/11 /ac jl>1 |l‘— |1+2s Y

Part (7) allows us to control the first integral. For the second we have

f)l? / 2 |f(z)]?
P& SO gy < [ 5Py + .
/zlm/u —i>1 |~"L‘— [+ 1,G) je—gl>1 (2l —j| - 1)

1

S may + Do w”ﬂ@?(w»-
ki1

JEZ L)

Therefore, as 1+ 2s > 1, an application of Young’s inequality for sequences gives (1.17) and
so result follows.
Finally we come to the proof of (iii). We begin by fixing s < %

Theorem 1.2.5 together with Sobolev embedding shows that,

< 1. An application of

Mgl fllers®) S N9l 7o ) 1 F e @) + gl oo @) lgllwoom @) l1f | 2o )
S gl e @y 1 F L@y + lgllzoe @) I gllwra®yl1f | Lo )

where r = % To obtain (ii7) we make use of the extension operator £ defined above. It is easy
to see that £ is bounded on L" for every 1 < r < co. Moreover the proof of (i) shows that it is

also bounded on H*. Hence

2 2
191 | e (1) < N1E@DIPEWDN o gy
SNED e @ IE @ + €D L@ IE @) Iwra@ €l Lr @)
S 91 1y 1 iz (1) + N9l o () 1€ @ lwra @y 1 F Nl o (1)

and so it suffices to prove that
€@ wra@) S Ngllwracin)-
However this follows easily using the characterisation
[ fllwre®) = | flle@) + 102 fll e w)-
Note that as a consequence of this we have
Ifllwrerm) = 1o rm) + 102 Lo (rp)-
O

The previous theorem will prove crucial in our study of the Thirring Model in Chapter 2.

14
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1.2.3 Besov-Lipschitz Spaces

As we have seen, the Sobolev embedding in Theorem 1.2.3 fails at the endpoint ¢ = co. One
way to get around this is to use the approach in Theorem 1.2.4 and put € more derivatives on the
righthand side. Alternatively we can make use of the Besov-Lipschitz scale of spaces By ,. The
definition of the Besov-Lipschitz spaces requires the following Littlewood-Paley decomposition.
Let ¢ € C§°(R) with ¢(r) =1 for |r| < 1 and supp ¢ C {|r| < 2}. Then, for any dyadic number
N € 27 we define the Fourier multipliers Py, Psy, and Py by letting

~

Pai@=othro. Pt =0-sh) i, e = (o(Eh-o2h) 7o,

Definition 1.2.11. Let s € R, 0 < p,q < oo. Then we define the Besov-Lipschitz space
B;yq(Rd) as the completion of S under the norm

q
1715, = IP<afls + > (NI Px Sl )

N>1

where the sum is over dyadic numbers N € 2V,

It is well known that H* = BS ,; see for instance [1]. In fact we only make use of the case
p = 2 in this thesis. The usefulness of the Besov-Lipschitz scale is that we can extend certain

endpoint estimates that fail for the Sobolev spaces. An example is given by the following lemma.

Lemma 1.2.12. Let f € S. Then

I S U1

d .
2
2,

Proof. This follows by noting that

~

d
1PN fllze S fllrgeimny S N2IPNfllze-

O
Another example is the following endpoint version of Theorem 1.2.5.
Theorem 1.2.13. Let —% <s< g. Then
£ gl S IS 4 gz (1.18)
2,

Proof. As we are using L? norms, we can replace the smooth multiplier q[)(%) — ¢(%) with the
sharp cutoff 1|¢j~n. Let
IN=Pnf=1genyf

for N > 1 with fl = x{|§|51}f. We also use the notation ]?<<N = 1{\§\<<N}J/C\- To prove (1.18)

we recall the characterisation

17~ Y N> fwlge.

Ne2N

as well as the Trichotomy formula

Pyn(fg) ~ fengn + fngen + D Pn(fugu)
M>N

15



Chapter 1. Introduction

where the sum is over dyadic numbers M € 2N. We estimate each of these terms separately.

For the first term we observe that

- ~ 4
|fengnliie S W Fenllslignlies S (D2 ME 1 farllze ) lgwle

M<KN
and so

2s 2 <« 2s d 2 9
> Nl fengnlie S 30 N (DD MEfurllie) llgwle
Ne2N Ne2N M<N

4 2
< (X MEul)” X N lanlZe ~ 1P 4 e
Me2N Neg2N By,

To estimate the term fyg«n a similar computation gives

2
s s d
> Nlngantis £ 30 N (3 MEllgulles ) Ifnle

Ne2N Ne2N M<N

Now since s < %, we have

d 2 —2s s —48
(3 Molgnlze) < (32 M) (0 Mgl ) < N gl

M<KN M<KN M<KN

and therefore

Y N®linganlis S lglde Do NUNIL: = IA2 4ol < IFI2 4 Nl
NEQN NEQN B2,1

Finally, for the remaining term ;. v Py (fmgar), we note that

| Y Pu(fugan)| 2 S D 1P (Faegan)le

M>N M>N

d
S D NElfarlzzllgall e

M>N

1
d a9 2
SNECSS M fwl3:) gl
M>N

Hence, for s > %d,

STNE|ST Pe(faann)|7e S lalde Y NEEEST M f 2

Ner M>N NeaN M>N
Slol 3 M fule 3 N
Me2N N<M
Sllallz Y- MOl
Me2N
S gl 11 4
B3
and so (1.18) follows. O

This has the following useful consequence.

16
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1
Corollary 1.2.14. Let 5+ < s < 3 and0 < T < 1. Assume p € B3, (R) and let pp(t) = p(%).

Then
lor (&) f Ol ms @) Sp 1l w)

with constant independent of T

Proof. Apply Theorem 1.2.13 together with the estimate HpT||B% S Hp||B% which can be
3.1 3,1

deduced from, for instance, the characterisation

—t) — )
[FAl! w||f||L2+/R||f(:c |t);+{(x)”L””dt

(See [1, Theorem 7.47]).
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Chapter 2

Global Well-posedness for the
Thirring Model

In this chapter we prove global existence from L? initial data for a nonlinear Dirac equation

known as the Thirring model [84]. Local existence in H® for s > 0, and global existence
1
29
spaces together with a type of null form estimate. In contrast, motivated by the recent work

for s > has recently been proven by Selberg and Tesfahun in [75] where they used X*°

of Machihara, Nakanishi, and Tsugawa [63], we first prove local existence in L? by using null
coordinates, where the time of existence depends on the profile of the initial data. To extend
this to a global existence result we need to rule out concentration of L? norm, or charge, at a
point. This is done by decomposing the solution into an approximately linear component, and

a component with improved integrability. We then prove global existence for all s > 0.

2.1 Introduction

We consider the nonlinear Dirac equation

— iy O + map = AWpyH )yt

2.1
$(0) = o >y

where v is a C? valued function of (t,z) € R and m,\ € R. The Dirac matrices v* are
as in (1.3) and for a vector valued function ¢ we let ¥ = ¥)T7?. The nonlinear Dirac equation
(2.1) is also known as the Thirring model and describes the vector self-interaction of a Dirac

field [84]. Classical solutions to (2.1) satisfy conservation of charge

IR (ON1Zz = llvollZz-

The scale invariant space is the charge class L?, thus the equation is L? critical and so we
expect the global well-posedness result proved below to be sharp. However, we have no explicit

counterexample to well-posedness for s < 0.

Let ¢ = (u) and 1y = <f> Writing out equation (2.1) in terms of u and v we obtain the
v g
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Chapter 2. Global Well-posedness for the Thirring model

system

Ou + Oyu = —imou — i2)\|v|2u

v — Opv = —imu — 2\ ul*v (2.2)
T

(u,v)" (0) = (f,9)"

where we take f,g € H®. In the classical case, s > 1, global existence was first proved by
Delgado in [35] where he noticed that if (u,v) is a solution to (2.2), then (|u|?, |v|?) satisfies
a quadratic nonlinear Dirac equation (see the calculation leading to (1.8)). Thus, particularly
for global in time problems, the nonlinearity is milder for the square of the solution. Together
with Gronwall’s inequality, Delgado used this quadratic nonlinear Dirac equation to obtain an
a priori bound on the L> norm of the solution. Since the time of existence can be shown to
depend only on the L* norm, an application of the Sobolev embedding theorem shows the
solution exists globally in time.

More recently, Selberg-Tesfahun [75] used the X*° spaces together with the null form type
estimate!

H|v\2U||Xib—1+e S el e (2.3)

to prove local existence in the almost critical case s > 0, where Xi’b and X% are the X5
spaces adapted to the linear propagators in (2.2). This estimate fails at the endpoint? s = 0 and
so the approach using standard X* spaces seems limited to the case s > 0. We also mention
that the paper [75] included global existence for s > % by using the method of Delgado referred
to above. Finally we remark that in [37] and [64] the closely related (though without null
structure) nonlinearity |u|?u was considered. Local well-posedness results for Dirac equations

with quadratic nonlinearities have appeared in [12], [62], [60], and [75].

In the current chapter, we use null coordinates to prove global existence in H? for all s > 0,
similar to the method used in the recent work of Machihara, Nakanishi, and Tsugawa [63]. The
use of null coordinates has certain advantages over using the X*? framework as we can work
exclusively in the spatial domain and make use of the embedding W' C L*°. Furthermore
the local existence component of the proof is surprisingly straightforward. Once we change into
null coordinates we will be forced to localise in both space and time. In the L? case this is not
an issue as the Dirac equation satisfies finite speed of propagation. However, when trying to
extend the global existence result to s > 0, localising in both space and time will prove to be a
little inconvenient and some technical results on localised Sobolev spaces will be required.

The time of existence of the local solution obtained below depends on the profile of the initial
data. As a consequence, the conservation of charge property does not imply global existence.
This is to be expected as we are dealing with an equation at a scale invariant regularity, see for
instance [79] for a discussion related to the problem of proving global existence for the energy
critical wave equation. Thus, to obtain a global in time result, we need to have some control
over the profile of the solution. This is done by modifying the approach of Delgado. Note that
in previous works, the method of Delgado gave L°° control of the solution provided the initial

IThe term null form estimate is used for (2.3) as the inequality relies crucially on the structure of the nonlinear
term. In particular if we replace |v|?u with |u|?u then this estimate fails. See the discussion leading to (1.6).
2This can be seen by letting u and v be the relevant homogeneous solutions.
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data belonged to L°°. Here however, we are working with low regularity solutions and have no
L control over the initial data. Thus a new idea is required.

The way forward is to decompose our solution into two components. We show that the
first of these components satisfies an essentially linear equation, while the second component
can be controlled in L*°, see Proposition 2.4.1. We remark that, since the Dirac equation in
one dimension is roughly a coupled transport equation, the solution does not disperse®. Thus
generically we should not expect the solution to have any better integrability than the initial
data. Thus the fact that we can decompose our solution into a linear piece and an L™ piece is

quite remarkable.

We now state the main result contained in this chapter.

Theorem 2.1.1. Let s > 0 and f,g € H®. There exists a global solution (u,v) € C(R, H®) to
(2.2) such that the charge is conserved, so

lu@)IIZz + lvONZz = 1172 + l9lZz

2

7o) and we have

for every t € R. Moreover, the solution is unique in a subspace of C(R,L

continuous dependence on initial data.
The first step in the proof of Theorem 2.1.1 is the following local in time result.

Theorem 2.1.2. Let f,g € L. There exists T > 0 such that we have a solution (u,v) €
C’([—T, 7], LQ) to (2.2). Moreover, the solution is unique in a subspace ofC’([—T, T, L? ) and

loc

we have continuous dependence on initial data.

In Theorem 2.1.2 we require T' > 0 to satisty, for every =z € R,

/ P+ lglPdy < e
|lz—y|<2T

for a small € > 0. Thus, as remarked above, conservation of charge does not immediately lead

to global existence.

We now give a brief outline of this chapter. In Section 2.2 we introduce the function spaces
we iterate in, as well the estimates we need for the proof of Theorem 2.1.2. Section 2.3 contains
the proof of Theorem 2.1.2 and in Section 2.4 we prove Theorem 2.1.1 in the case f,g € L2.
Finally, in Section 2.5 we extend the global result to s > 0.

2.2 Preliminaries

Let Ir = (—R, R) and Qr = (—R, R) x (—R, R) where R > 0, this notation is used throughout
this chapter. Define the spaces Y and Xpg as the completion of C'* using the norms

ullyy = HU*HL;;OL’;;(QR) + ||3aU*|\L;L§,(QR)

3This is not quite true, since in the case m > 0 we do have some dispersion since solutions to the Thirring
model are also solutions to a Klein-Gordon equation, and thus decay like the wave equation on R1*2. However,
as we allow the case m = 0, we can not exploit any dispersive effects in our proof of global existence.
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At
a=x+t
Qr
-R R z
B=x—1

Figure 2.1: Null coordinates and the domain Qg.

and

[vllxp = ||U*HL;°L3(QR) + ||aﬂv*||Lng(QR)
where u(t, ) is a space time map into C and we define u*(«, 8) = u(%ﬁ, %HB) We refer
to the coordinates (a, ) = (z + t,x — t) as null coordinates, see Figure 2.1. Note that if we
compare the Yz and X*° norms, it is easy to see what we gain by using null coordinates.
Roughly speaking, for X*? spaces we have % a derivative in L? in the null direction, which fails

to control L>. In our norms however, we have a full derivative in L', which does control L>,

despite the fact that the norms || - || .1 and || - [|yj1, have the same scaling.

The Y and X g norms are similar to those used in [63], where they used norms of the form
|- llz2 5. In fact the norms || - |‘L§L;° would suffice to give the L? case of Theorem 2.1.1.
However using LiLg" type spaces gives no control over derivatives in the null directions, which
is required in the persistence of regularity argument in Section 2.5. Thus we need to use the

slightly stronger Yr, Xz norms.
The first result we will need is the following energy type inequality.

Proposition 2.2.1. Assume u is a solution to dyu + d,u = F with u(0) = f, f € C*(Ir),
and F € C*(Qg). Then

lullye <flle2q) + 1F" Ly 22 (0n)-
Similarly, if v solves Opv — J,v = G with uw(0) = g and g, G € C™, then
[ollxs < llgllz2r) + Gy 22 (2n)-

Proof. We only prove the first inequality as the second is almost identical. Write the solution

u as

u(tw)zf(x—t)—i—/o F(s,x —t+ s)ds.
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2.3. Local Existence

Then a simple change of variables gives

* 1 ¢ *
W B) =10+ [ F e
Therefore the proposition follows from the definition of || - |y, together with Minkowski’s

inequality.
O

The energy type inequality gains a full derivative in the relevant null direction, this gain of
regularity will prove crucial and is a substitute for the null form estimates of the form (2.3)
used in [75].

We will also require the following estimate, which is essentially the embedding W' c L*°.

Lemma 2.2.2. For any R > 0 we have

[ 2200 (0m) < llullva
and
[v*[|r2 L (@r) < [Vl x4-

a™B

Proof. Since C'*° is dense in Y and Xg, it suffices to consider the case u,v € C°°°. Then for

every «, 8 € Qg

(o, B) = /0 Do™ (7, B)dry + u* (0, B).

Taking the supremum over « followed by the L? norm in 3 gives the inequality for u*. The
inequality for v* is similar.
O

Corollary 2.2.3. Let 0 < T < R. Then we have the continuous embeddings Yr,Xr C
C([_TvT]sz(IRfT))-

Proof. Write u(t,x) = u*(x+t,z —t). Since (t,z) € [-T,T]|x (—R+T,R—T)and 0 < T < R
we have |t + z| < R and |z — t| < R. Therefore

||u||L?OLi(ITXIR—T) = H’U,*(l' +i,x— t)”LfOLi(ITXIR—T)

< [lw (e, Bl Lz L n)
and so the previous lemma gives
lullLoor2 (rpxrn_r) < [[ullvg- (2.4)

The L? continuity of u(t) then follows from the uniform bound (2.4) together with the density
of C* in Yx. The embedding Xr C C([-T,T], L*(Izr_r)) follows from a similar application
of Lemma 2.2.2. ]

2.3 Local Existence

We deduce Theorem 2.1.2 from the following localised version via translation invariance.
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Chapter 2. Global Well-posedness for the Thirring model

Theorem 2.3.1. Let 0 < R <
f,9 € L*(Ir) satisfy

ﬁm‘. There exists € > 0 depending only on A such that if

120y + l9ll2() <€ (2.5)

then there exists a unique solution (u,v) € Yr X Xg to (2.2) such that
lullve + lvllxn < 2e.

Moreover the solution map, mapping initial data satisfying the condition (2.5) to the solution

(u,v) € Yr X Xg, is Lipschitz continuous.

Proof. Let
Xr = {(u,v) € Yr x Xg| |Jully, + [vllx, < 2¢}

where € > 0 is a small constant to be fixed later. Define Ng : X — Xr by Ng(u,v) = (u,v)

where

t

u(t,x) = f(z —1t) zmv+i2)\|v|2u)(s,x —t+ s)ds

c\c\

v(t, ) = g(z +1t) (imu + i2\|u?v) (s, z + t — s)ds.

By Proposition 2.2.1 we have

*|2 *

2
ullyg vl x, < et|mo” HL1L2(QR)+||mU ||L1L2 (Qr) +2H>\|1’ u HL}XL%(QR)—'_2H>‘|U’*| ”*HL;Lg(QR)'

An application of Hoélder’s inequality shows that

10"l 22 22 @n) + 10 Ly 22 (00) < 2RIV 522 (2) + 2RI Lo 12 (01

< 4Re.

The nonlinear terms can be controlled by Holder’s inequality followed by Lemma 2.2.2, for

instance

|||” U*H%L%(QR) < ||U*||%3LEC(QR)HU*HLgoLg(QR)

< ol lull vz
the remaining term is similar. Combining these estimates we obtain
lullyz + [0l xs < €+ (4R|m| + 16[Ale*)e.

Therefore provided 0 < R < - and e is sufficiently small (depending only on \), we see that

16
Npg is well defined. To show ]\‘f R is a contraction mapping follows by a similar application of
Proposition 2.2.1. Hence we obtain existence. Continuous dependence on initial data in X is
a simple corollary of the estimates used to deduce that Np is a contraction mapping.

It only remains to prove uniqueness. Assume we have a solution (u',v') € Yr x Xp with
initial data (f,g) € L?(Ig) satisfying (2.5) and let (u,v) denote the solution constructed by the

above fixed point argument with the same initial data (f,g). By choosing R’ < R sufficiently
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2.3. Local Existence

At

Q5(0)

8y

—2R 2R

Figure 2.2: The regions Q% (z;) in the proof of Theorem 2.1.2.

small we have

[l + 10l xpr < 2

and so (u/,v’) € Xr/. Note that we also have (u,v) € Xr C Xg/. Thus, as there is a unique
fixed point in X/, we deduce that (u',v") = (u,v) on Qpg/. Define

Rpnaz = sup {T < R| ”u/HYT + ||U/||X7‘ < 26}

and suppose Ry,q, < R. Then by the above argument we have (u/,v") = (u,v) on £, for every

r < Ryq: and hence

10 ¥ + 10 X80 = Ntllvay,, + IVl xa,..

< lullve + llvllxs < 26

Consequently (u',v") € X, for some r > Ry,4., contradicting the definition of R,,4,. Therefore
we must have R,,,, = R and so our solutions agree on (2. Finally, we note that by uniqueness,
the continuous dependence on initial data extends from X to Yr x Xg.

O

We can now prove Theorem 2.1.2 by using translation invariance and uniqueness.

Proof of Theorem 2.1.2. Assume f,g € L? and let Ir(x) = (r— R,z+R). Choose R sufficiently

small so that

5161123 (||fHL2(IR(jR)) + HgHLz(IR(jR))) <€ (2.6)
J

where 0 < R < ﬁ and e > 0 is the constant in Theorem 2.3.1. By Theorem 2.3.1 and spatial
invariance we then get a solution (u;,v;) € YR z; X XRx,, where Yg ., denotes the Yr space
centered at z; = jR with radius R, see Figure 2.2. Using uniqueness we can glue these solutions

together to get a solution (u,v) on (J;cz Qi (2;) where
Qp(x)={(t,y) |[t+y—z| <R, [t—y+az| <R}
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Chapter 2. Global Well-posedness for the Thirring model

Letting T = £ and noting that |z; — 2j41| = R we have (—1,T) x R C Ujez Qg(z;). Thus it
only remains to prove that, firstly, (u,v) € C([-T,T], L?) and secondly, that the solution map

is continuous.

To this end assume (fx, gr) converges to (f,g) in L?. By choosing N > 0 sufficiently large
we can ensure that (fx,gr) satisfies (2.6) for every k > N and j € Z. Using Theorem 2.3.1
and repeating the above argument we then get a solution (ug,v;) on (—=T,T) x R. Moreover,
the Lipschitz continuity of the localised solution map together with the embedding of Corollary
2.2.3 gives for every |t| < T

/ fu(t) — g (D) + [o(t) — v (6) e < / 1~ il + 19 — gul?da.
|o—z;|<T

|z—z;|<2T

Summing these inequalities over j € Z we obtain

lu—ullrerz +llv—vkllrgere S If = fellez + [lg — grllz2

and so the solution map is continuous. It is also now easy to see that (u,v) € C([-T,T], L?).

O

2.4 Global Existence

We start by showing global existence forward in time; existence backwards in time will then
follow by a symmetry argument. Suppose we tried to iterate forwards the local in time result
of Theorem 2.1.2. Then we would obtain a sequence of strictly increasing times Ty < 17 < ...
and a solution on [0, T;], where the size of each T; would depend only on how small we needed

to make R before

sup/ |u(Tj_1,x)|2 + |U(Tj_1,x)\2da: < €.
yeER Jjz—y|<R

Thus, roughly speaking, provided we can ensure R does not shrink to zero, we would obtain
global existence. Note that the usual conservation of charge property is not sufficient, as it
does not prevent the charge from concentrating at a point. Instead we need to make use of the

structure of the equation (2.2) via an argument similar to that of Delgado [35].

Proposition 2.4.1. Let 2 < p < oco. Assume (u,v) € C™ is a solution to (2.2) on [0,T] x R

with initial data f,g € C§°. Then there exists a decomposition
(u,v) = (ur,vr) + (un,vN)

such that
lur(t, )| = [f(z —1)], loL(t, )| = [g(z +¢)],

and for every 0 <t < T,
lun (Ol + llon@llzz Smr [1fll22 + llgllz2-
Proof. Assume (f,g) € C§° and let u, v denote the corresponding (smooth) solutions to (2.2).
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2.4. Global Existence

Let (un,vn) be the solution to

drun + Opun = —imu — i2\|[v|Pun

Oiun — Oz0N = —imu — i2/\\u|2vN
with un(0) = vy (0) = 0 and let (ur,vr) be the solution to

Opup, + Opur, = —i2\|v|?ur,

Owvr, — Opvp, = —i2\|ul?vr,

with initial data ur(0) = f and v;(0) = g. Note that by uniqueness of smooth solutions we

have (u,v) = (ug,vr) 4+ (un,vy). A computation shows that

Oh|un|? + 0 Jun|? = 2mS(viy)

&
R

at\vN|2 — GZ\UNP =2mS(uTy)

and

8t|uL|2 + axluL|2 =0

6t|’UL‘2 — 6w|v,;|2 =0

where $(z) denotes the imaginary part of z € C. Thus we can write the solutions uy, and uy
as |ur| = |f(z —t)| and

¢
luy (t,z)|> = Qm/ S(van)(s,x — t + s)ds. (2.7)
0
Since v = vg, + vx and |vg (¢, z)| = |g(a + t)| we have
¢ ¢ ¢
’ / S(vun)(s,x —t + s)ds‘ < / lv(s,x —t+ s)|>ds + / lun (s, 2 —t + s)|?ds
0 0 0
¢
S [ loes +a - )Pds
0
¢
+/ lon (s, —t+ 5)|* + Jun(s,z — t + 5)[>ds
0
t
2 2 2
< lgllze +/0 lon ($)lzee + [lun ()] o0 ds.
Taking the L3° norm of both sides of (2.7) we obtain
¢
2 2 2 2
lun ()llzee Sm llgllze +/0 un($)llzee + llon ()2 ds.

A similar argument gives

t
low ()17 S I£1172 +/O lun ($)lZee + llow (s)l[7z0 ds.

Therefore using Gronwall’s inequality we see that for every 0 < ¢ < T we have
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Chapter 2. Global Well-posedness for the Thirring model

lun @)Lz + lonOllze Smr [[fllz2 + [lgllz2-

The finiteness of the L? norm follows by using conservation of charge

lu(® iz + lv®)llzz + llur@®)llzz + [lvc @)l

lun (O)llL2 + llon @)z <
S I llez + llgllcz-

Thus the result follows by interpolation. O

Remark 2.4.2. The equation for uy, = (ur,vr) implies that we have
ur(t,z) = (e f(z —t),e2g(x + 1))

for some real valued function A = (Ay, A2). Thus uy, is linear up to a gauge transform in U(1).
It should be possible to follow [64] and use this structure to deduce further properties of the

evolution but we do not do so here.

The above proposition contains the decomposition alluded to in the introduction. Essentially
the term wy is linear while the remaining term, upy, has vanishing initial data and more
integrability than one would naively expect. This additional integrability will then allow us

to rule out concentration of charge.

The proof of Theorem 2.1.1 in the case s = 0 is now straightforward.

Proof of Theorem 2.1.1 in the case s = 0. Suppose f,g € L? and let (u,v) € C([0,T),L?) be
the corresponding solution to (2.2) where [0,7") is the maximal forward time of existence. By

Theorem 2.1.2 it suffices to prove that

lim sup sup/ [u(t)|? + |v(t)|>dy = 0. (2.8)
t=T  zeRJ|z—y|<4(T—-t)
Since assuming (2.8) holds, there exists 0 < t* < T such that 4(T —t*) < ﬁ and

sup | ()P + fole) Py < e
2R J|o—y|<a(T—t+)

where € = ¢()) is the small constant from the proof of Theorem 2.1.2. Taking (u(t*),v(t*)) as
new initial data, by Theorem 2.1.2 we can extend the solution to [0,T") U [t*,¢* 4+ 2(T — ¢*)].
However, since t*+2(T —t*) > T, this contradicts the assumptions that [0,T") was the maximal
forward time of existence. Therefore we must have T = oo and so solution exists globally in

time.

We now prove (2.8). Since the solution depends continuously on the initial data, we may

assume that f,g € C§°. An application of Proposition 2.4.1 with p = oo shows that
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2.5. Persistence of Regularity

sup / [u(t)[2 + o (t) 2dy
z€R J|y—z|<4(T—t)

< sup / Fy— B + gy + 1)Pdy
z€R J|y—z|<4(T—t)

(T =) (lun ()17 + llow (B)]1Z)

<r Sup/ |f(y)Pdy
z€R J|y—z+T|<5(T—t)

+oup | 9Py + (T = ) (171 + lg]2):
2€R J|y—z—T|<5(T—t)
Hence letting ¢ tend to T we obtain (2.8) and so we have global existence forward in time.

To obtain global existence backwards in time suppose (u, v) is a solution to (2.2) on (=T, 0]
and define v'(¢,z) = v(—t,z) and v'(¢,z) = u(—t,2z). Then (v/,v") solves (2.2) on [0,7") with
m and A replaced with —m and —A\. The forwards in time argument above then shows that we
can extend (u',v") to [0,00). Undoing the time reversal we see that we have a solution (u,v) on
(—00,0]. Therefore for every initial data f,g € L? we have a global solution (u,v) € C(R, L?)
to (2.2).

O

2.5 Persistence of Regularity

In this section we extend the global result for s > % of Selberg and Tesfahun [75] to s > 0.
This will complete the proof of Theorem 2.1.1. Ideally, since we already have global existence
for s = 0, we would like to include the s > 0 result in the L? iteration scheme by using the
standard persistence of regularity type arguments. However, since the Yr, Xr norms contain
derivatives in L', they do not interact very well with fractional derivatives. Consequently, the
proof of global existence for s > 0 will be slightly more complicated than the L? case and some
technical results on localised Sobolev spaces will be required. We remark that we still make no

use of the X*® type spaces, thus null coordinates can also be used for s > 0, see also [63].

The main result we prove in this section is the following.

Theorem 2.5.1. Let 0 < s < % and % =L 4 5. There exists a small constant 0 < €* < 1 such

)
that if |m| < €* and f,g € H® satisfy
[fllze + llglle <€, (2.9)

then there ezists a solution (u,v) € C([—1,1], H®) solving (2.2). Moreover, the solution is

unique in a subspace of C([—1,1], H?) and depends continuously on the initial data.

The small mass assumption in Theorem 2.5.1 is required as the interval of existence is

[~1,1]. To motivate this consider the local existence result in L?, Theorem 2.3.1, where we

1

needed the time of existence? to satisfy T' < ]

. Thus if T' = 1 we have to take the mass, m, to

be small. Note that for any mass m, and any initial data f,g € LP, by rescaling we can ensure

4Note that the size of the domain Qp was essentially the time of existence of a solution.
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Chapter 2. Global Well-posedness for the Thirring model

the conditions in Theorem 2.5.1 are satisfied.

Assuming Theorem 2.5.1 holds, the proof of Theorem 2.1.1 is straightforward.

Proof of Theorem 2.1.1 in the case s > 0. The persistence of regularity proven by Selberg and
Tesfahun in [75], reduces the problem to showing global existence for 0 < s < i. We now make
use of a simple scaling argument. Take f,g € H® and define f, = T%f(T-T)y gr = 7'%9(711:)7
m' = Tm. By choosing 7 sufficiently small we see that f, g, and m’ satisfy the conditions of
Theorem 2.5.1. Therefore we get a solution (u,,v,) € C([-1,1], H?) to (2.2) with m replaced
by m’. To undo the scaling we let u(t,x) = 7= 2u (77,77 z) and define v similarly. It is
easy to see that (u,v) is a solution to (2.2) with (u,v) € C([-T,T], H®) where T only depends
on the size of some negative power of || f||z» + ||g|/z». To conclude the proof we note that the
decomposition in Proposition 2.4.1 shows that ||u(t)||ze + ||[v(t)||zr < C(t) < oo for every t € R
where C(t) € LS, (R). Therefore the solution must exist globally in time. O

We have reduced the proof of global existence for s > 0 to proving the local result in
Theorem 2.5.1. The main tool to do this will again be the use of null coordinates together with

a decomposition along the lines of Proposition 2.4.1.

We now present some results on localised Sobolev spaces that we require in the proof of
Theorem 2.5.1. For more detail we refer the reader to Section 1.2. To start with note that any
inequality for W*P(R) implies a corresponding inequality for the localised space W*P(I) for

any open set I C R. In particular, if % < %—i—s and 1 < p < ¢ < 0o, we have Sobolev embedding

Ifllzecry S I llwean

and if 0 < s < § and y € R we have Hardy’s inequality®

f(x)

|z — yl*

S ey
L2(1)

We also make use of the following well known characterisation of localised Sobolev spaces.
Theorem 2.5.2. Let 0 < s < %

(i) Then
f)P?
1113 s(Ir) ©R ||f||L2(IR) +/ / |,Jj — y‘1+2€ S iras drdy

(i) Take Ir(x) = (x — R,x + R). Then

10y S DN iy

JEL

and

MWy S 1F ey

JEZ

5See for instance page 334 of [79] for a proof of Hardy’s inequality on R%.
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2.5. Persistence of Regularity

(i) If%z%—ks and s < % < 1 then we have
1912 f | e 1y S N917 e (i) 1 e 22 + Mgl e ) gl oy 1 o 2 -

Proof. See Theorem 1.2.10. O
We also require the following estimates.

Proposition 2.5.3. Let 0 < s < %

H / x)dt’

0"y g 00) S vl x

(i) Then

i S Pl

(i) We have

and

[ Ly s 22y S Mlullve-

Proof. We start with (7). The characterisation in Theorem 2.5.2 shows that

xT 2 xr
| [ pemae], . <] [ Fe
-2 H3(12) -2

The L? component is easily controlled by using Minkowski’s inequality. For the remaining part

dydzx.

R L
L2(I2) J1, J1, |z — y|tt2s

we note that, by symmetry, we may assume x > y. Then using the inequality

|/ P, z)dt’ —[ F(#,y)dt'| < /$|F(t’ x)|dt’+/y2|F(t’,x)—F(t’,y)|dt’
/|F DI+ F@) - Fo)l )

we reduce to estimating the integrals

F t’ dt
/ (f7 1R, )|dt')? dyds
12 12

|$— |1+23

|1F(z W7
/ / 1+2s L) dydz.
I J Iy \x - |
The latter is again easily controlled by an application of Minkowski’s inequality and so it only
remains to estimate the former. To this end note that

(7P, x)ldt)® |F(t, )2 2

1+2s dyd 1+2 T iges Wdr ) dt

I J1 |z =y 12 _o |z —y[ttes

Ft,z)2  |Ftx)* \% )\

5(/(/| CET L T

A e N e o

2
< ([ e en)| )
Iz L2(I5)

|z + 2% || 121, |z —t]°
< ||FH%}H;(92)

and

[N

31



Chapter 2. Global Well-posedness for the Thirring model

where we needed 0 < s < 3 to apply Hardy’s inequality.

To prove the first inequality in (i) we note that by Holder’s inequality together with Lemma
2.2.2 it suffices to show that for all o € I

||U*HH;(12) S HU*”L;“(IQ) + ||567J*||L}3(12)o
To this end we note that

* * 2
A2 <l o) = IF 4
lv HH;(IQ) S ||Lg(12)+/12 L Jo— s odry
|0

vy *

* * 50° (8)

S Wl | [ [ o asdody
2 2 (e

where, as before, we may assume o < «. To control the integral term we just change the order

of integration to obtain

7 9sv* (B i 2 B .
[ [ [ 2B asaois = [ 10a0@) [ [ ol indods
I2 12 o |0 fY| ]2 ﬁ —2

S 0sv* |21 (1)

since 0 < s < 3. Therefore the first inequality in (ii) follows. The second is similar and we
omit the details. O

For the remainder of this chapter we fix p, ¢ such that

1 1

- == 2.10

57 ) +s ( )
and )

- =1-2s. 2.11

. (2.11)

Note that 2¢ = p and for s < %, we have 2 < p <4 and 1 < g < 2. Also by Sobolev embedding,
H*(I) C LP(I). Define the spaces Y and X§ by using the norms

||UHYI§ = ||U*HL3°H§(QR) + ||8aU*||LgL§(QR) =+ ||6CEIU’*||L}¥H§(QR)

and

||U||X,§ = HU*||L50H3(QR) + ||3BU*||L3,L§(QR) + ||5BU*HL15H3(QR)~

Note that in the case s = 0 we simply have Y = Yx. It is easy to see that if f € H* then

solutions to

Ou+ Ozu =0
u(0) = f

lie in Y for any gq. A similar comment applies for the space X%. Furthermore, we have the

following properties.
Proposition 2.5.4. Let 0 < s < %
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2.5. Persistence of Regularity

(i) For any 0 < T < R we have the embeddings

ull oo mrs (1rx1n_r) S llullvg

and

[0l Lo brs (xS Il0llxs, -
(ii) Suppose Opu + Opyu = F with uw(0) = f and f,F € C§°. Then
Nullyvg S 1 e 2q) + HF*”L‘Z.L%(QR) + HF*”L}]HE(QR)'
Similarly, if Opv — 0zv = G with v(0) = g and g,G € C§°, then

10l xs, S N9l ) + 1G22 0n) + 1G7 I 2y 2 (00)-

Proof. We begin by proving (z). Write

x+t
u(t,z) = / O™ (v, 2 — t)dy + u* (0,2 — t).
0
Since (t,z) € IT X Ir_1 we have |z —¢| < R and so
[0, 2 = )l s (15— 2) < Nu™(0, B) 15 2m)-
Together with a slight modification of Proposition 2.5.3 we see that

x+t
fut D < || [ owwr iz =], 0 = Olla )
0 sUr-71)

<N Bav™ (e, x = )l Ly, g 13—y + 1070, D)l g (15)

< lullyvg-

The proof of the remaining estimate in () is similar.

To prove (ii) we follow the proof of Theorem 2.2.1 and write the solution v as

* _ 1 ¢ *
) =v(0,8) = £+ 5 [0 8)

Applying Proposition 2.5.3 we obtain (i7) for u. The inequality for v is similar and we omit the
details.

O

We also need the following version of the decomposition in Proposition 2.4.1.

Lemma 2.5.5. Assume f,g € C5° and |m| < 1. Let (u,v) € C* be the corresponding solution
to (2.2). Then we can write (u,v) = (ug,vr) + (un,vn) with

lup(t,2)| = |f(x =), |o(t,2)] = [g(z + 1),
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and (un,vN) satisfies
lunllzee @2 + VN llzge @2) S llullye + [v]lx,-
Proof. We begin by using the same decomposition as in Proposition 2.4.1,
(u,v) = (ur,vr) + (un, V),

where we recall that |u} (o, 8)] = |f(8)], [vi(a, B)| = |g(a)|, and

(e [e3%

ks (@, B2 = m /@ San)* (. B)dy,  [oly(@ B =m /ﬂ ()" (e 7)d.

Estimating uny we get
«
ke (@50 < 107 + | Nk DI

and so the estimate for uy follows by an application of Gronwall’s inequality together with
Lemma 2.2.2. The estimate for vy is similar.
O

The technical details are in place and we are now able to prove a local version of Theorem
2.5.1.

Theorem 2.5.6. Let 0 < s < % and 5 = % + s. There exists 0 < €* < 1 such that for any
|m| < € and f,g9 € C§° with
[fle ey + lgllLer) <€,

the corresponding solution (u,v) € C* to (2.2) satisfies

||UHL;>°H;(11><11) + HU”L,?"H;(leIl) S Hf”HS(b) + ||9||H6(I2)

with constant independent of f, g, and m.

Proof. By Proposition 2.5.4 it suffices to prove

lullyy + llvllxs S Wfllae ) + N9llame )

Since p > 2, by taking €* < €, where € is the constant appearing in Theorem 2.3.1, we have a

smooth solution® (u,v) such that
lully, + [lv]lx, < 2€".
An application of Proposition 2.5.4 gives the estimate

lullys S Iy + llmo™ + 2X 0™ [Pu]

1130 + Imv" + 200 Put |y o). (212)

SNote that the classical smooth solution from the initial data f, g belongs to Y2 x X5 and so agrees with the
solution given by Theorem 2.3.1.
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2.5. Persistence of Regularity

For the second term, noting that 2¢g = p and 1 < ¢ < 2, we have by Lemma 2.5.5

[mv* + /\\U*|QU*||L3L§(92) S €*||U*||L§Lg°(92) + H‘v*|2HLZLEO(QZ)HU’”LZQL%(QQ)
S €llollx + (1913200 + Iow e, ) ) Il

S €l + (lglo i) + 101, ) lullve-

Thus taking ¢* > 0 sufficiently small, we have

N 1
I+ Mo™ el 13, 00) < g (lullv + [10]xz)-

. We can
LLHj(Q2)

control the first term by using (i) in Proposition 2.5.3 while for the cubic term by Theorem

For the third term in (2.12) we need to estimate ||/U*||L}¥H§(Sz2) and ||[v*[?u*

2.5.2 we have for all o € I

: |

H|U*|2U H3(I2) N HU*||2L;°(12)||U*HH5(12) + HU*HL;;O(IQ)||U*||WBW(12)||U*|\Lg(lz)-

Therefore,
|||U*|2U* LLH5(Q2) S HU*”iiLE‘?(Qz)Hu*HLg"HE(Qg) + HU*HLiLEC(Qz)HU*||L§W$*q(92)||u*||Lg°Lg(Qz)
S ol lullvy + ol xallollxs (1F e ) + lully,)
2
<€) (Nullvg + vl xs)

where we used Lemma 2.5.5 together with the characterisation

I fllwiw ) = N fllLe ey + 102 fll Lo (ry)

which follows from the proof of Theorem 2.5.2. Thus provided we choose €* sufficiently small,
we obtain .
lellvy < Cllfllae ) + 7 (Il + [1ollxs)-

A similar argument shows

1
lollx; < Cllglls (1) + 7 (lullvz + llollx;)

and so result follows.

Finally we come to the proof of Theorem 2.5.1.

Proof of Theorem 2.5.1. Let ¢* > 0 be the constant from Theorem 2.5.6. Assume f,g € H®
satisfy (2.9) and |m| < €*. Choose a smooth approximating sequence fy,, g, € C§° converging
to f,g in H®. Note that we may also assume f,, g, satisfy (2.9) for every n € N. Suppose for

the moment that we had the estimate

lunllzge s (ryxr) + [1vnllLge e (rxry S L fnll sy + llgnll =) (2.13)

with the constant independent of n € N. The continuous dependence on initial data
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Chapter 2. Global Well-posedness for the Thirring model

proven by Selberg and Tesfahun in [75] implies that (u,,v,) converges to a solution (u,v) €
C([-T*,T*], H*) with possibly” T* < 1. The uniform bound (2.13) on the interval (—1,1)
implies we can repeat the H® local existence result of [75] and extend the solution to (at least)
the interval [—1,1]. Thus we obtain (u,v) € C([—1,1], H®) as required.

It remains to prove (2.13). To this end assume f, g € C5° and let (u,v) be the corresponding
smooth solution. Similar to the proof of Theorem 2.1.2 we take Ir(x) = (r — R,z + R). Since

the Dirac equation is invariant under translation by Theorem 2.5.6 we have for every j € Z

Hu||L§<’H;(Il><Il(j)) + ||U||L§°H;(11x11(j)) S ||f||Hs(12(j)) + HQHHs(Iz(j))'

Therefore, by (i) in Theorem 2.5.2 we have for every [t| < 1
lu()17: + o@)1F: < Z <||U(t)“?{;(11(j)) + ||”(t)||%1,-;(11(j))>
JEZ

S Z <||f|@1s(12(j)) + HQH%SUQ(]‘)))

=

S I + gl

Thus the inequality (2.13) holds and the result follows.

"The proof of local existence contained in [75] gives a time of existence T* depending on the size of the initial
data in H*.
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Chapter 3

Local and Global well-posedness
for the Chern-Simons-Dirac

System in One Dimension

We consider the Cauchy problem for the Chern-Simons-Dirac system on R'*! with initial data
in H*. Almost optimal local well-posedness is obtained. Moreover, we show that the solution
is global in time, provided that initial data for the spinor component has finite charge, or L?

norm.

3.1 Introduction

The Chern-Simons action was first studied from a geometric point of view in [22]. Subsequently,
it was proposed as an alternative gauge field theory to the standard Maxwell theory of
electrodynamics on Minkowski space R'*? [36]. As well as being of interest theoretically, it
has also been successfully applied to explain phenomena in the physics of planar condensed
matter, such as the fractional quantum Hall effect [59]. Recently, much progress has been made
on the Cauchy problem for the Chern-Simons action coupled with various other field theories
such as Chern-Simons-Higgs, [13, 45], and Chern-Simons-Dirac [45].

In this chapter, we consider the Cauchy problem for the Chern-Simons-Dirac (CSD) system
in R, This system was first studied by Huh in [46] as a simplified version of the more
standard CSD system on R'*2. The CSD system on R!*! is given by

—iy" D,p + map = 0
0 Ay — B, Ag = b (CSD)
0tAg — 0, A1 =0

with initial data v(0) = f, A(0) = a, where the spinor v is a C? valued function of (t,z) =
(v9,71) € R and the gauge components Ay and A; of the gauge A = (Ao, A1) are real
valued. The covariant derivative is given by D, = 0, — 1A, and as in the previous chapter,
1 = 740, The matrices v are defined in (1.3). Note that the second equation in (CSD) is one
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Chapter 3. Local and Global Well-posedness for the CSD Equation

dimension analogue of the Chern-Simons action, while the last equation is the standard Lorenz
gauge condition.

The system (CSD) is interesting from a mathematical point of view for a number of reasons.
Firstly solutions to (CSD) satisfy conservation of charge, i.e. we have ||¢(t)||p2 = ||f||z2 for
any t € R. This is similar to the Dirac-Klein-Gordon (DKG) equation where conservation of
charge also holds. We remark that conservation of charge forms a crucial component in the
study of global existence for DKG [72, 82], see also Chapter 4. On the other hand, conservation
of charge fails for other quadratic Dirac equations which have been studied in the literature
[12, 60, 62]. Secondly, there is substantial null structure in the nonlinear terms in (CSD), in

the sense that (CSD) is roughly equivalent to a system of nonlinear wave equations of the form
OW = Q(W, ¥)

where Q(¥,¥) is a combination of the null forms Q;; = 0;¥,0;¥, — 0;¥,0;,¥, and Qy =
9" 0,¥0,¥. Moreover the structure of the equation means that in the mass free case m =0,
the spinor ¥ can be explicitly solved in terms of the initial data ¥ and the gauge A. This idea
was used in [46] to derive a number of interesting observations on the asymptotic behaviour of

solutions to (CSD) as t — oo.

Currently the best known results for the Cauchy problem for (CSD) are due to Huh in [46]
where it was shown that the (CSD) system is locally well-posed for initial data in the charge
class (f,a) € L? x L%, and globally well-posed for (f,a) € H' x H*. To prove the local in
time result, Huh rewrote (CSD) as a system of nonlinear wave equations and showed that the
nonlinear terms contained null structure. The null form estimates of Klainerman and Machedon
[49] then completed the proof.

In the current chapter we follow the approach used in Chapter 2. Instead of rewriting
(CSD) as a wave equation, we factor the Dirac and Gauge components into null-coordinates
x + ¢ and use Sobolev spaces adapted to these coordinates. In one space dimension, Sobolev
spaces based on null coordinates seem to behave better than the closely related Xib type spaces
of Bourgain-Klainerman-Machedon which have been used in many other low-regularity results

on Dirac equations in one dimension; see for instance the results in [19, 63].

The main result in this chapter is the following.

Theorem 3.1.1. Let _71 <r<s<r+1and(f,a) € H*x H". Then there exists T > 0 and a
solution (1, A) € C([=T,T],H* x H") to (CSD). Moreover the solution depends continuously
on the initial data, is unique in some subspace of C([—T, T), H® x HT'), and any additional

reqularity persists in time'.

Remark 3.1.2. If we set m = 0, then solutions to (CSD) are invariant under the scaling (1, A) —

%(1/), A)(%, %) Hence the scale invariant space is H~2 x H 2. Since we do not expect any
well-posedness below the scaling regularity, the range of well-posedness in Theorem 3.1.1 is

essentially optimal, except possibly at the endpoint r = %1 Moreover, it should be possible

to show that (CSD) is ill-posed in some sense outside of the range given in Theorem 3.1.1 by

using the techniques in [63], but we do not consider the problem of ill-posedness here.

IMore precisely, if (10, ao) € H x H” with s’ > s, >r, and ' < s’ <1’ + 1, then we can conclude that
(v, A) e C([-T, T],Hsl X HTI)7 where T only depends on the size of ||f||gs + ||a||mr-
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3.1. Introduction

s=r s=r+1

Y

Figure 3.1: The domain of local/global well-posedness from Theorem 3.1.1 and Corollary 3.1.5.
We have local existence inside the lines s = r and s = r + 1 for r > —%. Global existence holds
inside the shaded region.

Remark 3.1.3. The proof of Theorem 3.1.1 uses product Sobolev spaces based on the null
coordinates o = x +t, 3 = x — t. If instead we tried to prove Theorem 3.1.1 using the X*?®

space techniques used in Chapter 4, we would require the estimate

vl go S Nullyo ol e (3.1)

where |[w]|xso = [[(€)*(T £ €)’W||r2(r2) is the standard X*P space associated to the linear

1
— 1

seen in Theorem 4.1.1 in Chapter 4. Hence Theorem 3.1.1 is i of a derivative better than what

propagators in (CSD). However the estimate (3.1) requires the condition s > as can be

can be obtained via standard X spaces.

Remark 3.1.4. The natural scaling for the CSD equation shows that the spinor ¢ and the gauge
A scale the same way. Thus scaling suggests that the spinor ¢ and the gauge A should have
the same regularity, in other words we should take (f,a) € H® x H®. Theorem 3.1.1 shows that
we can break this scaling by adding one derivative to the spinor component and still obtain

well-posedness.

The local existence portion of Theorem 3.1.1 will follow by the standard iteration argument,
using estimates contained in [63]. The proof of uniqueness is more difficult and does not follow
directly from the existence proof, primarily because the spaces used to prove existence do not
scale nicely on the domain [T, T] x R. Instead we will need to prove a more precise version of
an energy inequality from [63]. See Proposition 3.4.3 below. Finally the persistence of regularity
is quite interesting as it allows both the regularity of the spinor, ¢, and the gauge, A, to be

varied independently, provided that we remain in the region of well-posedness.

We now turn to the question of global well-posedness. In the case s > 0 we can exploit
the conservation of charge together with a decomposition argument from [19] to obtain the

following GWP region, see Figure 3.1.

Corollary 3.1.5. Assume that s > 0 in Theorem 3.1.1. Then the local solution can be extended
to a global solution (1, A) € C(R,H* x H").
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Chapter 3. Local and Global Well-posedness for the CSD Equation

Remark 3.1.6. An interesting question that remains open is that of GWP below s = 0. This
is substantially more difficult than the case s > 0 as there is no conserved quantity below the
charge class. However it may be possible to apply the I-method of Colliander-Keel-Staffilani-
Takaoka-Tao [23] and develop a global well-posedness theory below the charge class. This
has been done for the related Dirac-Klein-Gordon system, see Chapter 4. There are some
obstructions to applying the method used in Chapter 4 to the GWP problem for the CSD
equation below the charge class, see Remark 4.3.10 in Chapter 4.

We now give a brief outline of this Chapter. In Section 3.2 we gather together the estimates
we require in the proof of Theorem 3.1.1. The local existence component of Theorem 3.1.1 is
proven in Section 3.3. The proof of uniqueness is contained in Section 3.4. Finally in Section

3.5 we prove Corollary 3.1.5.

3.2 Estimates

We start by introducing the following notation from [63]. If a,b,c € R we write ¢ < {a, b} to
denote that either )
a+b>0, ¢ < min{a, b}, c<a+b—§

or
1
a+b>0, ¢ < min{a, b}, céa—l—b—a

Note that the condition ¢ < {a,b} implies that the following product inequality for Sobolev

spaces holds

”fg”H“(R) < ||fHHa(R)||9||Hb(R)-

This estimate, and other versions of it (see Lemma 3.2.3), will be used frequently throughout
this chapter.
The main estimates we require in the proof of Theorem 3.1.1 have already been proven in

[63]. Define
||U||Zi” = H(T:Ff>5<7'i§>b¢(7'v f)HL3£

Note that Zj[’b is just a product Sobolev space in the null directions = £ ¢. The Zi’b space is
enough to control the nonlinear terms in (CSD). However, for s close to _71, the space th’b is
not contained inside C'(R, H*(R)). Thus to prove the local well-posedness result in Theorem
3.1.1, we need to add a component to control the L$° HS norm. To this end, following [63], we

define the space Yi’b by using the norm

lllyze = 146)°( % &)"a(r )| -

It is easy to see that
el < lulyzo

and so Z3" MY € O(R, H*(R)). We remark that spaces of the form Y*" have been used

1

5 in the periodic case in [9]; see also

previously to augment the standard X spaces for b =
[42].
The first result we need is the following energy type inequality.
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3.2. Estimates

Lemma 3.2.1 ([63] Lemma 3.2). Let s,b € R and S = (—1,1) x R. Suppose u is a solution to

Outou=F
u(0) = f

on S. Then

lull g0 sy + lallypogsy S W lae +inf (IFl]goms + 1 llypmr) (3.2)

F'|s=F

where the infimum is over all F' € Z3*™ ' N Y™ with F' = F on S.

The previous energy inequality is sufficient to prove existence of solutions to (CSD), however
to obtain uniqueness we require a slightly more refined version of Lemma 3.2.1 which we leave
to Section 3.4.

To close the iteration argument we make use of the following nonlinear estimate contained
in [63].

Lemma 3.2.2 ([63], Lemma 3.4). Let s1,82,b1,b2,s € R and assume there exists ag,by € R
such that

ag < {81,[)2}, bo < {Sg,bl}, s < {ao,bo + 1}

-1 -1
b — b —.
S1+ 01 > 5 So + bg > 5

Then we have

”uv”}/;‘*l S lul zh [|v] Z;’Nm-

We also have the following modification of the well known product estimates for Sobolev

spaces.

Lemma 3.2.3 ([63]). Assume s < {s1,b2} and b < {b1,s2}. Then

luvll gy < lull g0 0]l oz

Proof. Tt suffices to prove [[V¢||gspe S [[¥] o1 o [l sz - Which is equivalent to showing
x = + I +
that

/ / D1, €0)8 (1, £2)i(7s., £3)dor(€)dor ()
T1+12=73 JE1+E2=E3 (3.4)

g ”'IZJHH;I Hfl H¢||H;2th2 ”n”H;SH;b

where do is the surface measure on {21 +x5 = x3}. Recall the one dimensional product estimate

can be written as

| fall =2

/ (€0 Fa(€) Fo (€3)do () < [l fullin sl (3.5)
§1+E€2=¢3

where we require the condition s < {s1,s2}. The estimate (3.4) now follows from two
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Chapter 3. Local and Global Well-posedness for the CSD Equation

applications of (3.5)

/ / D1, €0)8(ra, £2)i(rs, £3)dor(€)dor ()
T1+72=73 JE{1+E2=E3

S @Bl 3w € Tr) o)
T1+T2="T3 ¢ ¢ ¢
N ||7JJ||H;1H;>1 H¢||Hi2Hf2 ||77||H;SH;’“
]

Finally we require the following lemma which will help simplify the arguments leading to

uniqueness.
1
Lemma 3.2.4. Let 5+ <5< 3 and 0 <T < 1. Assume p € B3, and let pr(t) = p(%). Then
lor@®ull o Sp lull 2o (36)
with constant independent of T .

Proof. A change of variables shows that

lor @l 0 =[50 [FENI -2 00,
T
=[[m [ 2e-xom,,
and hence (3.6) follows from the estimate
oz () f (Ol Sp I1f 1Lz (3.7)

see Corollary 1.2.14.

3.3 Local Existence

We start by noting that if we let ¢ = (uy,u_)?, and Ay = Ay F A1, we can rewrite (CSD) in

the form

i(Opuy + Opuy) =mu_ — A_uy
1(Opu— — Opu_) = muy — Aju_ (3.8)
ut(0) = fx

and

8tA+ + 633144_ = —2%(114_5_)
HA_ — 0, A_ = 2R(usT_) (3.9)
A+(0) = ax

where fi = f1 £ fa, ax = ag F a1, and we use R(z) to denote the real part of z € C. The

formulation (3.8), (3.9) is much easier to work with than (CSD) as the null structure is more
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r A

s=r s=r+1

Y

Figure 3.2: The time of existence given by the rescaled version of Theorem 3.3.1 at regularity
H* x H", only depends on the size of the initial data at the regularity H" x H*~! (provided
s—1> 3.

apparent. Namely all the nonlinear terms involve products of the form ¢_ which behave
far better than the product ¥ ¢4, see for instance the estimates in Chapter 4. The fact that
the nonlinear terms in (3.8) and (3.9) are all +— products is a reflection of the null structure

present in the (CSD) system.

We deduce Theorem 3.1.1 from the following.

Theorem 3.3.1. Let _71 <r<s<r+1and assume f € H*, a € H". Choose r* > _71 with
s —1<r* <r. Then there exists € > 0 such that if |m| < € and

[f 1l + llall e <€

then there exists a solution (¢, A) € C([-1,1],H® x H") to (CSD) with (¢, A)(0) = (f,a).
Moreover solution depends continuously on the initial data and if we let 1 = (uy,u_)T and
AL = Ag F A; then

us € Z2(S)NYEO(S),  Ax € ZRN(S)NYEY(S)
for any b > % with s <b<r*+1and S=[-1,1] xR.

Assume for the moment that Theorem 3.3.1 holds, we deduce Theorem 3.1.1 as follows. Let
(f,a) € H® x H" with _71 <r<s<r+1. Theorem 3.3.1 together with a scaling argument
then gives a solution (¢, A) € C([-T,T], H®* x H") that depends continuously on the initial
data, where T only depends on some negative power of || f|z+ + ||al/ g~ with r* > S and
s—1 < r* < r, see Figure 3.2. The uniqueness we leave until the next section. Hence, to
complete the proof of Theorem 3.1.1 it only remains to check that any additional regularity
persists in time.

Suppose the initial data has additional smoothness (f,a) € H™ x H® with sq > s, rg > 7,
and ro < sp < 79 + 1. Applying the local existence result we have (¢, A) € C’((—TO7 Toy), H® x

H TO) for some Ty > 0. Persistence of regularity will follow if we can obtain Ty > T. To this
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Chapter 3. Local and Global Well-posedness for the CSD Equation

end, we note that it is enough to show that if Ty < T and

imsp ([9(0) 20 + () 10) = o0 (3.10)
—1o
then we also have
lim sup (||1/)(t)HHs + HA(t)HHT) = 00. (3.11)
t—To

This is done in steps as follows. We first deduce by the rescaled version of Theorem 3.3.1 that
timsup ([4(8) 70 + 1AM wacgeg-1, 51 401) = (3.12)
t—To

for any sufficiently small ¢ > 0. Since if not, then we can choose some sequence of points
tn = To with sup,, [[¢(tn) || o + [AE] macoo 1,5
and applying a rescaled version of Theorem 3.3.1 with initial data (¢(¢,), A(t,)), we can extend

1oy <o0o. Taking t,, sufficiently close to T

our solution beyond Tp, contradicting (3.10). Therefore, provided Ty < oo and (3.10) holds, we
must have (3.12).
Repeating this argument with (3.10) replaced with (3.12) we obtain

1 D (190) 1,5 v+ AN g 1. 5210) =

—To

We continue in this manner and observe that after k iterations, the max{so—k, 5t +e}
Hmaxd{ro—k, 5 +¢} norm must blow up as we approach Ty. Taking k£ such that sg — k < s

and 1o — k < r we obtain (3.11) as required.
We now come to the proof of small data local well-posedness for (CSD).
Proof of Theorem 3.3.1. Let _71 <r<s<r+1 and choose b > % with s < b < 7r*+ 1. Note

that this is possible since r* > s — 1 and r* > _71 Let r < s’ <s. We claim that Lemma 3.2.2

and Lemma 3.2.3 imply the estimates

luvllyy—r < lluvllyy -2 S el gz ollvll 5o (3.13)
and
[wvll gro-1 < lluv]l gyro-s S lul ZiabIIUIIZ;*»' (3.14)

To obtain the estimate (3.13), an application of Lemma 3.2.2 reduces the problem to showing
that there exists ag, by € R such that

ap < {S/vb}a bO = {T*vb}a S/ < {a07b0 + ]-}

-1 -1
"+bh> — b > —.
S +0> 5 r 40> 5

Since 7* <r < s <s< b, welet ag = ¢, by = r*. It is clear that s’ < {s’,b} and r* < {r*,b}.
Thus the only remaining conditions are
!/ * / * / / * ]‘
sS+r +12>20, s <rt 41, s<s +r —|—1—§.

But these also hold provided r*,s" > _71 and s’ < r* + 1, which follows since s’ < s < r* + 1.
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3.3. Local Existence

Consequently (3.13) holds.

The remaining estimate, (3.14), follows from Lemma 3.2.3 provided that
s' < {s',b}, b—1=<{r*,b}.

Using the assumptions s’ r* > _71 and b > % this reduces to

1

s’ < b, s’<s’+b—§

1

b—1<r", b71<r*+b75.

These inequalities also hold in view of the assumptions _71 < s < b and % <b<rr+ 1.

Therefore (3.13) and (3.14) both hold.

It suffices to consider the system (3.8) and (3.9) with the assumption

S llfellar + llal e <
+

Let S = (—1,1) x R and define the Banach space E° = {v = (v4,v_) | vy € Z3"(S)NY0(S)}
with norm

o]

Es = Z ”Uinyi*o(S) + HUiHZib(s)
+

Note that since Y°(S) ¢ L{°HE(S) we have lvllLeems(sy S lvlles and so v € E* implies
ve C([-1,1],H®). Let ' =", || f+| g+ + ||a+ |z~ and define the closed subset X, C E* x E"
by

Xe = {lluller + |4l - < 2Ce} N {]|u|

s + ||Allgr < 20T}
Define the map § : X, — X, by letting S(u, A) = (v, B) be the solution to
i(0r £ O0p)vx = mug + Agus
(0 £ 05)By = £R(uyu_) (3.15)
’Ui(O) = fi, Bi<0) = a+.

Then using Lemma 3.2.1 together with (3.13) and (3.14) we obtain

lollze + 1Bller Y (Ifellme + laxar)
+

+ |ml(lull 2 + | Aller) + (ull e + [[Al g ) (lulles + | Aller)
and
loller + 1Bllge < g (1 e lare + llas o)
+ [ml (lull - + 1Al g ) + (lull e + 1Al ).
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The assumption (u, A) € X, then gives the inequalities

T 4 Cel’ + C?%el
€+ Ce2 + C?e?

[l + (| Bl &

C
g+ |Blge < C

NN

o]

Therefore, provided e is sufficiently small, depending only on the constants in (3.13), (3.14),
and (3.2), we see that S is well defined. A similar argument shows that S is a contraction
mapping. Consequently we have existence, uniqueness in X, and continuous dependence on
the initial data. O

3.4 Uniqueness
In this section we will complete the proof of Theorem 3.1.1 and show that the solution obtained
in Section 3.3 is unique. More precisely, we will prove the following.

Proposition 3.4.1. Let %1 <r<s<r+1,7T>0,anddb > % Define Sy = (-T,T) x R.
Assume (u, A) and (v, B) are solutions to (3.8) and (3.9) with ux,v+ € Z3°(Sr) and Ay, Bi €
Z7%(St). If (u, A)(0) = (v, B)(0) then (u, A) = (v, B) on Sr.

The proof of Proposition 3.4.1 is slightly involved as we need to understand the behaviour
of the energy inequality Lemma 3.2.1 on the domain Sz for small T. For the Y*® component

this is reasonably straightforward.

Lemma 3.4.2. Lets€ R, 0<T <1, and 0 < e < 1. Suppose ¢ is a solution to

O £ 0xp = F
$(0) = f.

Let p € C§° and define pr(t) = p(%) Then

oz ()9

v So Il + [|(€)° min{T, |7 £ €71 (3.16)

S e + TNy pes (3.17)

with constant independent of T .

Proof. Tt is easy to see that (3.16) follows from the estimate

|7 fortt [ e F s )

Laps S [[min{T, |Ti§|_1}ﬁHL§L}—. (3.18)
g

Note that by scaling it is sufficient to consider the case T = 1. Consequently min{1, |7 +¢&|71} ~
(r £&)71 and so (3.18) follows from Lemma 3.2 in [63]. The remaining inequality (3.17) then
follows by observing that since 0 < T' < 1,

min{T, |7 £ &7} ST(r £ &)L

O

It remains to control the Zi’b component of the energy inequality. This is significantly more

difficult as both multipliers (7 + £) and (7 — &) involve the time variable. This observation,
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3.4. Uniqueness

together with the fact that Y*° has a different scaling to Z*°, is the main difficulty in the

following proposition.

Proposition 3.4.3. Let _71 <s<0and 0 < T < 1. Choose 0 < ¢ < % and let % <b<

min{l+s,1—¢}. Assume p,o0 € C§° with p(t) =1 fort € [-1,1], o(t) =1 fort € supp p, and
supp p C supp o C [—2,2].
Define pr(t) = p(%) and or(t) = o(%). Let ¢ be a solution to
Byb + Dptp = F.

Then
lpr ()9

Lp
20 ST or(t)yl

y;’o + TeHF‘

o (3.19)

with the implied constant independent of T .

Proof. We only prove the + case as the — case is similar. Note that since o (t) = 1 on supp pr

we may simply write 1) = o). Let Q C R? and define
1@) =+ 8% -0 [ FEr-niooa], .
R L2 ()

We break R? into different regions and estimate each region separately. We first consider the
set
Q= {lr+¢ <77}

and split this into the regions 2|7 — £| > |¢| and 2|7 — £| < |¢]. In the former region, since s < 0
and (1 + &) <T7Y,

I 207 =€ > € ST [ 77 = 000,

ng
ST *lpz(T) 2 1]

1_
o T2 70|y

5,0
Yy

5,0,
Yy

On the other hand if 2|7 — &| < |¢| then |7| =~ |¢]| ~ |7 + &| < T~!. Hence

1010 {2 =€ < el 5|7+ 97 = 9 [ Frtr = V@ TN

L7 e(Im=€LIm+EIST—Y)
ST 1) eaqriar-o ¥y 2o

Sp T X T T727 [y

5,0
Yy

1_
=T7"|[y|

5,0,
Y+

Therefore
I() ST 9]y so-
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Chapter 3. Local and Global Well-posedness for the CSD Equation

We now consider the region Qp = {|7 +¢| > T~1}. Note that

(r(0%) " (r8) = 7 [ i = 0 + A+ )7 = )i )y
1 1 ~ ~
= g [T (@n)re) 8+ (rF) (70)

and so, using the fact that |7+ &| > T7! > 1 implies |7 + | = (7 + &), we have

1(9) < T*1H<r + O Hr —¢)* ((8tp)T¢)~’

L?—yg (QQ)

(3.20)

b—1 s -

= F) | .

+ererta—erterr) |, o)

We estimate each of these terms separately. For the first term we follow the €7 case and

decompose € into 2|7 — ¢| > |£] and 2|7 — £| < [¢]. In the former region we use the fact that
(1 + &)1 <T'° to deduce that

— ~

7 i+ - ) [ @upelr - NI N

L2 ((n{2lr—¢|2 (61}
57| [ @it - VO TG,
S T @p)rllae ¥y so
So T2 Wy 2.

On the other hand for 2|7 — £| < |¢] we have |7 + | = |£| and so

— ~ ‘

e+ € e / @)z (r — B, E)dn

L2 (Q2n{2]7—£I<IEl})

— ~

ST r+ 00— g)° / @ — (O T E)aN

L7 ¢ (22)
—_—

ST lyposup r = &) @up)r(r = V|-

To control the 0;p term we use

— —

[ = €°@ep)r(r = Nl 2 S [ = €°@ep)r (T = M| 2 1y —gj <)
+|[(r =& @upr(r Mz gr-gzr-1)

Sz gri<r-) || @) || oo + T 510007 || 2

1
T*fs
SP 2

and so we can estimate the first term in (3.20).
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3.4. Uniqueness

Finally, to estimate the remaining term in (3.20), we write

[+ttt —g [F0-nFO O

L3,5(92)
ST|(r+e e r —gy FrA = DFO OB |
2|7 +EI<IA+E] L7 e(S2)
+ Tt + P14 — 0 pr - DENOD|
2|7+ 2 A+¢] L2 ()

In the region 2|7 +&| < |\ +&| we have [\ +£| ~ |7 — A| and so, using the fact that |[7+¢&| > T 1,

e+ erteir - |

A= DF (N
2| T¢I A+

Lg—ﬁg(QZ)

S |le -0 [ - ime - e+ o | Foela,
7€
So IF] z3b e

where the last line follows from an application of Lemma 3.2.4. On the other hand, if 2|7 +¢&| >
A + &|, we can simply use the estimate (7 + £)*71Fe < (A + £)b~1F¢ followed by another

application of Lemma 3.2.4. Therefore we have

ST

s,b—1+e
zx

i+ et =g [ 7O - nFOo0|

L?—‘E(QQ)

and consequently the result follows.
O

We remark that the factor 72~ in front of the term |[¢)|

T small, this will blow up since b > % This cannot be avoided, as a simple scaling argument

v in (3.19) is not ideal as for

shows that this is in fact the best possible exponent on 7. Essentially the problem arises

because the spaces Y0 and Z*? scale differently. More precisely the Y50 space scales like Z*°

at the endpoint b = % However, the term T 270 is not a huge problem, because if we take b

sufficiently close to §, then we can safely absorb this into the inhomogeneous term T°¢|| F|

s,e—1
Yo
in Lemma 3.4.2.

Corollary 3.4.4. Let %1 <s5<0,0<e< %, and % < b < min{l 4+ €,1 + s}. Assume

0<T <1 and define St = (—=T,T) x R. Let ¢ be the solution to
O£ 0,00 =F
with ¥(0) = f. Then

]

. ST fllgs +T¢ 4/ '
zovse) STH Ml 4T inf (1 possse + 1]

Z;:,b71+25) .
Proof. Follows from Lemma 3.4.2 and Proposition 3.4.3. O
We now come to the proof of Proposition 3.4.1.

Proof of Proposition 3.4.1. It is enough to consider the case _71 <r < s<0. Choose ¢ > 0
sufficiently small such that

-1
>t de (3.21)
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Chapter 3. Local and Global Well-posedness for the CSD Equation

and

1 1
— — . 22
2<b<2+e (3.22)

A standard argument using Corollary 3.4.4 reduces the problem to obtaining the estimates

18l go-r42e S WMl g0 191l e, (3.23)
(] y2et S | z3t I(b”Z;b, (3.24)
[l g1 S WMl gz (3.25)

We start with (3.23). By Lemma 3.2.3 we need
s < {s, b}, b—1+42e < {b,r}.
The first condition is straightforward since s > %1 and b > % For the second we need
b+r >0, b— 1+ 2e < min{b,r}, b—l+2€<b+7‘—%
which all hold in view of the assumptions (3.21) and (3.22).

To prove (3.24), we observe that by an application of the triangle inequality on the Fourier

transform side, it suffices to show that

99l

vt S |W||Zib*2<||¢||zg2ewb-
By letting ap = s and by = r — 4¢ in Lemma 3.2.2, we can reduce this to showing

s < {s,b}, r —4de < {b—2¢e,r — 2¢}, s =<{s,r+1—4e}

+b—2¢> ;1 +b—2¢> ;1
s € 5 r € 5
The first condition is obvious. For the second condition we need
. 1
b—2e+r—2¢>0, r — 4e < min{b — 2¢,r — 2¢}, ’]"746<b—26+7'726—§
which all follow from (3.21) and (3.22). The third condition in (3.26) can be written as

1
s+r+1—4e>0, s < min{s,r + 1 — 4e}, 8<8+’I‘+1—46—§

and again each of these inequalities follows from (3.21), (3.22) and r < s < 0. The remaining

conditions in (3.26) are also easily seen to be satisfied and so (3.24) follows.
Finally to prove (3.25) we use Holder’s inequality to obtain

[l g = WO [ (£l S 1 Dlaz,

S F O Oz,

< ||¢Hzf_r*b'
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3.5. Global Existence

3.5 Global Existence

Here we prove Corollary 3.1.5.

Proof of Corollary 3.1.5. The persistence of regularity in Theorem 3.1.1 shows that it suffices
to prove global existence in the case s = 0 and %1 < r < 0. Let (ug,Ayr) be the solution
to (3.8) and (3.9) given by Theorem 3.1.1 with initial data (fi+,as+) € L? x H". We extend
(ug, Ay) to some maximal interval of existence (=T, T"). To show the solution is global in time,

it is enough to show that if 7' < co then we have the bound

sup || A+(®)||gr < oo. (3.27)
te(—=T,T)

Since supposing (3.27) holds, we can extend the solution past (—7,T) by using the L2
conservation of uy, together with the local well-posedness of Theorem 3.1.1, contradicting

the fact that (—7,7T) was the maximal time of existence. Consequently we must have T' = oc.

To obtain the bound (3.27) we make use of the decomposition introduced in Chapter 2. We

split the Dirac component of our solution uy into a mass free part u} satisfying

i(Opul + 0pul) = —Azul

u(0) = fx
and a term u¥ with vanishing initial data

i(Opul £+ 0pul) = mus — Azul)

u¥ (0) = 0.
Observe that ug = uf +u¥. Since Ay is real valued, a computation shows that
8t|ui|2 + 8x|ui|2 =0

and
8t|ug|2 + 8I|u£‘2 = 2mS(uza ).

Hence
[l (t,2)] = |fe(z F 1) (3.28)

and, arguing as in the proof of Proposition 2.4.1,

P (I Ollzge + X O)llze) Sram £l + 1] e (3.29)
<

To obtain the bound (3.27), we note that the equation for A, easily leads to
¢
1A+ @Oy + 1A~ my < llas [ + llaar +/O Juya|[L2ds (3.30)
and so it suffices to bound f|S‘<T |uy(s)u—(s)||z2ds in terms of the initial data fi. If we now
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Chapter 3. Local and Global Well-posedness for the CSD Equation

use the decomposition u+ = u¥ + u} we have

urt- = uywt +uga = whal +ulal +uat. (3.31)

The terms involving u} are straightforward by (3.29), while for the remaining term Hélder’s

inequality followed by a change of variables gives

/| o luf (sYaZ (s)ll ez myds St llf+(z = 8)F_(x + 8)l2 w2y S I llzzllf= Iz
s|<

Therefore the required bound (3.27) follows. O
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Chapter 4

Bilinear Estimates and
Applications to (Global
Well-Posedness for the

Dirac-Klein-Gordon Equation on
Rl—l—l

We prove new bilinear estimates for the Xib(RQ) spaces which are optimal up to endpoints.
These estimates are often used in the theory of nonlinear Dirac equations on R'**. The proof of
the bilinear estimates follows from a dyadic decomposition together with some simplifications
due to Tao. As an application, by using the I-method of Colliander, Keel, Staffilani, Takaoka,
and Tao, we extend the work of Tesfahun [82] on global existence below the charge class for the

Dirac-Klein-Gordon equation on R!*1,

4.1 Introduction

We consider the problem of proving bilinear estimates in the Bourgain-Klainerman-Machedon

type spaces X3 on R2, where we define the spaces X" via the norm

1600 = [1(m £ % DT, O)llz2  (g2)

with (-) = y/1+]-]2. These spaces have been used in the low regularity theory of various
nonlinear Dirac equations in one space dimension, [60, 75], as well as the Dirac-Klein-Gordon
(DKG) system [67, 73]. Although, as we have seen in the first half of this thesis, product
Sobolev spaces based on the null coordinates x + ¢t have also proved useful. In applications of

the X ;b spaces to low regularity well-posedness, we often require product estimates of the form
|‘UUHX;1H>1 < ||U||Xiz2ﬂb2 ||UHX§;”3 (4.1)
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Chapter 4. Bilinear Estimates and Applications to GWP for the DKG Equation

where s;,b; € R and £, are independent choices of £. A number of estimates of this form,
for specific values of s; and b; have appeared previously in the literature [60, 73, 75]. The case
where +1 = +5 = =3 is not particularly interesting, as a simple change of variables reduces

(4.1) to two applications of the 1-dimensional Sobolev product estimate

£l -1 @)y S I fllmez@)llgll mos (m)-

Thus leading to the conditions'

1
bj + b, > 0, b1+b2+b3>§ (4.2)

and )
sj + s >0, 81+82+S3>§ (4.3)

where j # k. On the other hand, if we have +1 = 45 = 4+ and +3 = F, then we can make
significant improvements over (4.3). This observation allows one to exploit the null structure
that is often found in nonlinear hyperbolic systems in one dimension, see for instance the

discussion leading to (1.6) in the introduction.

To state our first result we use the following conventions. For a set of real numbers
{a1,a2,a3}, we let amas = max; a;, amin = min;a;, and use am,eq to denote the median.
If a € R then we define

a a>0

0 a<0.

ay =

We state our product estimate in the dual form.

Theorem 4.1.1. Let s;, b; € R, j =1,2,3 satisfy

1
b1+62+b3>§, bj + b, > 0, (j #k) (4.4)

and for k € {1,2}

s§14+ s9 =0,

Sp + 53 > —bmin,

1
5k+53>§*51*b2*b37 (4.5)
1
51+ 82+ 53 > §*b33
1 1
1+ s2 + S3 > (7 - bmaz) + (7 - bmed) - bmzn
2 + 2 +
Then
| [ syt m)dodt] S [l ggun Dol pnoa 1l (4.6)
R2 +

Moreover the conditions (4.4) and (4.5) are sharp up to equality.

Remark 4.1.2. There are cases where we can allow equality in (4.4) or (4.5), for instance the

IFor the sake of exposition, we are ignoring the endpoint cases. The sharp result allows one of the inequalities
in (4.2) to replaced with an equality, a similar comment applies to the condition (4.3).
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4.1. Introduction

case

1
81252283:0, b]ZO’ b2:b3:§+6

holds [73, Corollary 1]. We have not attempted to list or prove the endpoint cases here, as this
would significantly complicate the statement of Theorem 4.1.1. Additionally, Theorem 4.1.1
is sufficient for our intended application to global well-posedness for the Dirac-Klein-Gordon

equation.

Define the Wave-Sobolev spaces H*? by using the norm

Il e = [[(I7] = D€ (7, )l 2. (r2)-

Then as a simple corollary to Theorem 4.1.1 we can replace one of the Xi’b

righthand side of (4.6) with a H*® norm.

norms on the

Corollary 4.1.3. Letr,s1,52,b; €R, j =1,2,3 satisfy

1
b1+b2+b3>§, bj+bk>07 (]#k)

and for k € {1,2}
sp+r =0,
Sk + 1 > —bmin
§1+ 82 > _bmina

1
S1-i-82>*—b1—b2—bg7

2
1
31+52+T>§—bka
1 1
s1+ S +71r> (7 _bmax) + (7 _bmed> — bimin-
2 + 2 +

Then
| st andot] S il oo [l gonos ol

Proof. We decompose 13 into the regions {(7,£) € R'*!1| £ 7¢ > 0} and observe that on the
first region (|| — |£|) = (7 — &) while in the second region {|7| — [£]) = (7 + &£). The corollary

now follows from two applications of Theorem 4.1.1. O

Remark 4.1.4. This result should be compared to the similar estimates contained in [73] and
[82]. We also note that the decomposition used in the proof of Corollary 4.1.3 can be used to
give bilinear estimates in the Wave-Sobolev spaces H™?, giving an alternative (though closely

related) proof of Theorem 7.1 in [33] (up to endpoints).

The second main result contained in this chapter concerns the global existence problem for
the DKG equation on R'*!. The DKG equation can be written as

— O + My = ¢y
(—B+m?)o=yy
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Chapter 4. Bilinear Estimates and Applications to GWP for the DKG Equation

w(0) e HY | ¢[0] € H" x H™!
Chadam [20], 1973 s=1 r=1
Bournaveas [11], 2000 s=0 r=1
Fang [39], 2004 s=0 i<r<i1
Bournaveas-Gibbson [16, 17], 2006 s=0 1<r<i1
Machihara [61], Pecher [67], 2006 s=0 0<r<1
Machihara-Nakanishi-Tsugawa [63], 2010 s=0 r=0
Selberg [72], 2007 F<s<0|s+Vs2+s<r<l+s
Tesfahun [82], 2009 F <s<0|s+VsP—s<r<l+s
Figure 4.1: Summary of previous GWP results for the DKG equation
with initial data
b(0)=voe H*,  ¢(0)=¢oe H",  3¢(0)=¢1€ H " (4.8)

for some values of s, € R. The Dirac spinor ¢ € C?, and the real-valued scalar field ¢ € R, are

functions of (t,z) € R, The matrices y* are defined in (1.3) and m, M € R are constants.

There are two main features of the DKG equation (4.7) which we wish to highlight here.
The first feature concerns the conservation of charge which can be stated as follows: if (¢, ¢)

is a smooth solution to (4.7) with sufficient decay at infinity, then for all times ¢ € R we have

[9@llz> = I 0)] 22 (4.9)

The conservation of charge is crucial in controlling the global behaviour of the solution (1, ¢).
The second feature we would like to note is that the nonlinearity in the DKG equation has null
structure. Roughly speaking, this refers to the fact that the nonlinear terms in (4.7) behave
significantly better than generic products. The null structure is a crucial component in the low
regularity existence theory for the DKG equation and has been used by a number of authors
[17, 40, 61, 67, 73]. The observation that null structure can be used to improve local existence

results for nonlinear wave equations is due to Klainerman and Machedon in [49].

The question of local well-posedness (LWP) for the DKG equation was first considered by
Chadam [20]. Subsequently, much progress has been made by numerous authors [17, 40, 61,
67, 73]. The best result to date is due to Machihara, Nakanishi, and Tsugawa [63] where it was
shown that (4.7) with initial data (4.8) is locally well-posed provided

§> —=

5 [s] <r<s+1.

Moreover, this region is essentially sharp, except possibly at the endpoint s = —%. More
precisely, outside this region the solution map is either ill-posed, or fails to be twice

differentiable; see [63] for a more precise statement.

In the current article we are interested in the minimum regularity required on the initial data
(4.8) to ensure that the corresponding local in time solution (¢, ¢) to (4.7) can be extended
globally in time. Global well-posedness (GWP) in the high regularity case s = r = 1 was
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first proven by Chadam [20], this was then progressively lowered to s > 0 by a number of
authors [11, 16, 40, 67] by exploiting the conservation of charge (4.9) together with the local
well-posedness theory, see Figure 4.1. The first result below the charge class was due to Selberg
[72] where it was shown that the DKG equation is GWP in the region®

1
—§<s<07 —s+vs2—s<r<s+1.

Note that when s < 0, the conservation of charge cannot be used directly since 1 ¢ L?, thus
the problem of global existence is significantly more difficult. Instead Selberg made use of the
Fourier truncation method of Bourgain [10], which allows one to take initial data just below a
conserved quantity. There is a difficulty in directly applying this method to the DKG equation
however, as there is no conservation law for the scalar ¢. Instead, one needs to exploit the
fact the nonlinearity for ¢ depends only on the spinor . Thus, as we have control over ¥ via
the conservation of charge, we should be able to estimate the growth of ¢. This strategy was
implemented by Selberg via an induction argument involving the cascade of free waves [72].
We should note that a related idea was used by Colliander-Holmer-Tzirakis to prove GWP for
the Zakharov and Klein-Gordon-Schrdinger systems [26]. We remark that in the s > 0 case,
the growth of the H” norm of ¢ could be controlled by the standard energy inequality together
with the one dimensional product estimate, see for instance [16]. If we implemented the same
argument in this setting we would end up with the restriction s > I—& To improve this we need
to use the more involved induction on free waves argument introduced by Selberg.

Currently, the best result for GWP for the DKG equation is due to Tesfahun [82] where the
GWP region of Selberg was extended to

1
—§<s<07 s+vs2—s<r<s+1.

The improvement comes from applying the I-method of Colliander, Keel, Staffilani, Takaoka,
and Tao, see for instance [23] for an introduction to the I-method. In the current article, we

prove the following.

Theorem 4.1.5. The DKG equation (4.7) is globally well-posed for initial data 19 € H?,
(¢0,¢1) € H" x H™=1 provided

L <o 1+( 1)2 <r<s+1

G <? , S S s<r<s+1.
The proof of Theorem 4.1.5 follows the argument used in [82] together with the bilinear
estimates in Theorem 4.1.1. More precisely, we use the I-method together with the induction
on free waves approach of Selberg. The main idea, following the usual I-method, is to define a

mild smoothing operator I such that, firstly, for some large constant N, we have the estimate

I fll2wy S NN fllas@y S N 2Lf| 2. (4.10)

Secondly, we require I to be the identity on low frequencies. We then try to estimate the growth
of [[IY(t)||rz in terms of ¢. It turns out that despite the fact that I¢ no longer solves the DKG

equation, there is sufficient cancellation of frequencies to ensure that the charge [[1¢(t)]|L2

2Note that this also gives GWP in the region s > 0, |s| < r < s + 1 by persistence of regularity, see for
instance [73].
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N[

/
o=

D=

|
[N
Vo) \ 4

Figure 4.2: Global well-posedness holds in the shaded region by Theorem 4.1.5. Local well-
posedness holds inside the the lines r = |s| and r = s + 1 for s > =} by [63].

is almost conserved. This almost conservation property follows from the usual proof of the
conservation of charge, together with a number of applications of Theorem 4.1.1. Thus we can
estimate the growth of ||¢)(t)|| s from (4.10). The induction on free waves approach of Selberg
then allows us to control the scalar field ¢ and completes the proof of Theorem 4.1.5, thus we
obtain GWP in the region in Figure 4.2.

We now give a brief outline of this chapter. In Section 4.2, we recall some properties of the
X*? and H™" spaces which we require in the proof of Theorem 4.1.5. The proof of Theorem
4.1.5 is contained in Section 4.3. In Section 4.4 we prove that the conditions in Theorem 4.1.1
are sufficient for the estimate (4.6). Finally, the counter examples showing that Theorem 4.1.1

is sharp up to equality are contained in Section 4.5.

4.2 Linear Estimates

Here we briefly recall some of the important properties of the Xi’b and H™® spaces which we

make use of in the proof of Theorem 4.1.5, for more details we refer the reader to [31] and [79].
We start by defining
SAT = (07 AT) x R.

This notation will be used throughout this chapter. We need a number of properties of the
localised spaces X‘j[’b(SAT). Firstly, we note that if b > %, then v € X*%(Sar) implies u €
C([0, AT], H®). Secondly, we have the following lemma.

Lemma 4.2.1. Let s€ R, 0< AT <1, and v € C°(R). If =3 < by < by < 5 then
v (ag) e )] o S ATl
AT ’ Xy Xy
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Consequently, we have |ul| ATb~b flul] Moreover if —% < b < L then

gbl(SAT)N sbz(s )

1T0.ary(B)ullxs0 S lull oo (sam

with constant independent of AT.

Proof. The first conclusion is well known and can be found in, for instance, [79]. The second
conclusion is perhaps not as well known and for the convenience of the reader we include the
proof here. The definition of Xft’b(S AT) together with a change of variables on the frequency

side shows that is suffices to prove

11,2y (®) f e S 1l e (4.11)

By duality we may assume that 0 < b < % Then by a well-known characterisation of the

Sobolev spaces H?®, (see Theorem 1.2.2) we have

20,001 (D)F(2) = Loar ()£ (1))
10,871/ 1B ~ 120,71 f1132 + / LATlD T dtdt’

< IfI? +/AT/AT|f It )|2dtdt/+2/AT/ SO — e dt'dt
L2 ‘t—t/|1+2b ¥/ [0,AT] |t—t/‘1+2b

AT )|2 ,
< IfI2 +2/ / _OF gy,
A +¢[0,AT) |t - t’|1+2b

To complete the proof we use Hardy’s inequality (see Theorem 1.2.6, or alternatively [79, Lemma

A.2]) together with the assumption 0 < b < 3 to deduce that

ar )|2 / < AT 2 1 1
— = dt'dt t (7 7)dt
/ / JoaT |t—t'|1+2b ~/o PO e + AT

< 2
%,

S £

L2 H [t — AT|”‘ L2

O

Remark 4.2.2. An obvious way to try to prove (4.11) would be to follow the proof of Lemma
3.2.4 in Chapter 3 and use the estimate

1fgllee S NS5 Nlgllae

1
2
2

1
(see Theorem 1.2.13). However, the sharp cutoff 1y ) just barely fails to belong to B3, and

so this approach does not work. Thus, we need to use the more direct approach given above.

To control the solution to the Dirac equation we make use of the energy estimate for the

Xi’b spaces, see [31, Lemma 5| for a proof.

Lemma 4.2.3. Let s € R, b > ,andO<AT<1 Suppose f € H?, FEX”’ 1(SAT), and

let u be the solution to

ou+0,u=F
u(0) = f.
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Chapter 4. Bilinear Estimates and Applications to GWP for the DKG Equation

Then u € Xib(SAT) and we have the estimate

l[ell

2°(Sar) S ”fHH* + HFHXi”*l(sAT)-

We also require the H™? versions of the above results.

Lemma 4.2.4. Letr € R, 0 < AT < 1, and v € CF(R). Then if —1 < by < by < L we have

t _
], <555l

Consequently, we have ||ullgrrv: (507) S AT 708 |ul| oo (5579

Define H™? as the completion of S(R?) using the norm

lallzgrs = llullzreo + [Beul -0

Then, provided b > 3, we have H"*(Sar) C C([0,AT], H*) N C'([0, AT], H*~') where the

29
embedding is continuous. This can also be written as

lultllloge s S Nlullyere

where we use the shorthand [[u[t]||g: = [|u(t)||: + [|Osu(t)| ms. We require the following H™?

counterpart to Lemma 4.2.3.

Lemma 4.2.5. Letr € R, b>1 0< AT <1, and m € R. Suppose f € H", g € H"™', and
F € H=1=1(Sa7) and let u be the solution to

Ou =m?u+ F
u(0) = f, Opu(0) = g.

Then u € H"(Sar) and we have the estimate

[wllzer(sar) S W lar +1lgllmr— + 1 F | mr—10-1(507)-

Proof. See [82]. O

4.3 Global Well-Posedness for the Dirac-Klein-Gordon
Equation

We are now ready to consider the proof of global well-posedness for the DKG equation. To
uncover the null structure for the DKG equation, we let 1 = (v4,%_)%. Then the DKG

equation (4.7) can be written as

Opps £ 0001 = —iMrpy + i)+

N (4.12)
O¢ = m?¢ — 2R (¢4 ¢ _)

with initial data
¥ (0) = fi € H¥, #(0) =¢o € H", 0:4(0) = ¢y € H™ L. (4.13)
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4.3. Global Well-Posedness for the Dirac-Klein-Gordon Equation

Note that the right hand side of (4.12) has the bilinear product 1, ¢ _, which, as we have seen
in Theorem 4.1.1, behaves significantly better than the corresponding product with ++. The
+— structure can also be seen in the term ¢¢1 via a duality argument [73]. These are the key

observations used in the local well-posedness theory for the DKG equation.

To prove the global well-posedness result of Theorem 4.1.5, by the local well-posedness result
in [73], it suffices to prove that the data norms ||t (T)| g, ||u[T]|| g- remain finite for all large
times 0 < T' < oco. To this end, we make use of the I-method together with ideas from [72] and
[82]. Let pg € C'* be even, decreasing, and satisfy

1 jg<1

po(§) = i
& le>2

Let p(§) = po(%) and define the I operator by ﬁ/}(&) = p(ﬁ)zﬁ(f). We have the following

straightforward estimates. Firstly, since s < 0, we have for any o € R,

I lae S WA ae- S N2 llae- (4.14)

In particular, by taking o = s, we observe that to obtain control over |4 (t)| xs, it suffices to
estimate ||1¢)(t)||z2. Secondly, if supp g C {|{| 2 N}, s <0, and s; < sz, then we can trade
regularity for decay in terms of NV,

lgllzzer S N 72 {lgll o> = N 7254 I g ey (4.15)

~

Thirdly, we note that the I operator is the identity on low frequencies, so if supp f c {l¢| < N}
then If = f. Finally, if f is real-valued, then I f is also real-valued since p was assumed to be

evell.

The I-method proceeds as follows. Assume we have a local solution
vy € C([0,AT), H®), ¢ € C([0,AT],H") N C' ([0, AT]|,H" ")

to (4.12), (4.13). Note that from (4.14) we have I (t) € L2. We would like to use the
conservation of charge to control ||I¢)(t)||2. However I¢ is no longer a solution to (4.12)
and so we can not expect |[[[9(t)[[zz to be conserved. Despite this, if we follow the proof of

conservation of charge, then
o0 [ 11040 + 10 (0Pds = 20( [ To,000, +T5 oty o)
R R
= 2?)%(/RM+( — OpItpy — iMIp_ +il(¢np))
+ 1Y _ (0 Itp— — iM Iy + iI(gmm))dx)

- 2%(1' [T 100+ M_I(¢¢+)dx). (4.16)

Now as ¢ is real-valued, I2¢ is also real-valued and hence
2R (26T, Iy + To_Iyy) ) =0.
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Chapter 4. Bilinear Estimates and Applications to GWP for the DKG Equation

Subtracting this term from (4.16) and using the fundamental theorem of Calculus then gives

sup ([ (t)II72 + [Hv—(t)]172)

t’€[0,AT)]

Il 4B +2Y sup \// (602) ~ 6T Ty dadt].  (4.17)

T t'€[0,AT)

Thus provided we can show the last term in (4.17) is small, we can deduce that over a small

time [0, AT, [[ 114 (t)|| 2 does not grow to large. The first step in this direction is the following.

Lemma 4.3.1. Let =t < s <0 and —s <r < 1+2s. Assume b= 1 + € with € > 0 sufficiently
small. Then for any AT <1, N> 1 we have

_sup ‘/ / (pu) — 12¢Iu Ivdmdt‘

€[0,AT]
g AT§72EN2577‘+26HIQ(i)”H.,-fzs,b(SAT) HIuHXS:’b(SAT) HIUHX?F’b(SAT) (418)
where Sar = (0,AT) xR
Proof. See Subsection 4.3.1 below. O

Remark 4.3.2. The use of I2¢ instead of just ¢ or I¢ on the right hand side of (4.18) may
require some explanation. Roughly speaking, the larger the negative exponent on N in (4.18),
the better the eventual GWP result will be. Moreover, an examination of the proof of Lemma
4.3.1 shows that the exponent on N depends entirely on the number of derivatives on ¢. In
other words, we could replace the term N2577||I2@|| gr—2:6 with N¥="||TX@|| r—ksv for any
k € N (provided r — ks < 1). However, the size of ¢ with respect to N ends up being of the
order N—2%. This follows by observing that schematically ¢ is a solution to O¢ = 2, and by
(4.14), the low frequency component of 12 is essentially of size N ~2¢. Thus it is natural to take
I%¢, which via (4.14), also has size roughly N 2.

Remark 4.3.3. The powers of AT and N on the right hand side of (4.18) are essentially sharp
if we are working in the spaces X i’b, H#?. This follows from the counter examples in Section

4.5 together with a scaling argument.

Lemma 4.3.1 allows us to estimate the growth of ||[I¢4(t)||z on [0, AT], provided that

we can control the size of the norms HI@ZJiHXi,b and [[12¢|| rr—2:0(5,,)- This control is

(Sar)
provided by a modification of the usual local well-posedness theory.

Lemma 4.3.4. Let =L <5<0, —s<r< —|— 2s, and b= 5 + € with € > 0 sufficiently small.
Assume f+ € H® and gb[ e H x H™ 1. Choose AT« 1 and N > 1 such that

(AT%”*ZS*?'E + N*”QS“C) 1126]0]| s < 1 (4.19)

and )
(AT =+ N7 (Lfy o + i) < 1. (4.20)

Then the Dirac-Klein-Gordon equation (4.12) with initial data (4.13) is locally well-posed on
the domain [0, AT] x R. Moreover, the solution (¢, ¢) satisfies

1l ooy + 1T~ xongsy gy S W Fellze + 1S 2o
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4.3. Global Well-Posedness for the Dirac-Klein-Gordon Equation

and
2
112 llpar—250(5a0) S NT2B[0N szm—22 + (1T flle + TS~ Ilz2)"

Proof. See Subsection 4.3.2 below. O

Remark 4.3.5. Note that since ||[I?¢[0]| gr—20 < ||0[0]||z+dN 2%, by choosing N sufficiently
large and AT sufficiently small, we can ensure that the inequality (4.19) is satisfied. A similar

comment applies to (4.20).

Remark 4.3.6. The reason that we can extend the work of Tesfahun [82] is due to the conclusions
in Lemma 4.3.1 and Lemma 4.3.4. In more detail, Lemma 4.3.1 improves [82, Lemma 8] by
adding a power of AT on the right hand side of (4.18). Since AT will be taken small, this is a
significant gain. Similarly, Lemma 4.3.4 extends [82, Theorem 8] by having a larger exponent
on AT in (4.19). As a consequence, we can take AT larger, which improves the eventual GWP
result. The point here is that the larger AT becomes, the fewer time steps of length AT are

required to reach a large time 7.

We now follow the argument used in [82] and sketch the proof of Theorem 4.1.5. The

persistence of regularity result in [73] shows that it suffices to prove GWP in the case

1< <0 1+ ( 1)2 < <1+2 (4.21)
G <% , s s s<r <3 s. .
2
Note that this region is non-empty as the intersection of the curves s — i + (s — i) — s and
% + 2s occurs at s = —é.

Choose some large time 7" > 0 and assume € > 0 is small. Let N be some large fixed
constant to be chosen later depending on the initial data ||1)(0)| g+ and ||¢[0]|| -, as well as the
various constants appearing in Lemma 4.3.1 and Lemma 4.3.4. Take AT = Nz—a=e, If N

is sufficiently large then from (4.14)
(AT%+T—2$—3€ + N—r+23+25> ||I2¢[O]HH"'*25 <1
2
(AT N (g + 1Ef ) < 1.

Therefore by Lemma 4.3.4 we get a solution (¢, ¢) to (4.12) on [0, AT]. We would now like to
repeat this argument % times to advance to the time 7. The only obstruction is the possible
growth of the norms ||I¢4(t)||z2 and ||[I2@[t]|| gr—2-. Our aim is to use Lemma (4.3.1) to show
that ||I14(t)]|r2 is “almost conserved” and consequently obtain large time control over the

norm ||I94 (t)| 2. This is accomplished by using an induction argument as follows.

Assume n < % and suppose we have a solution (¢, ¢) on [0, nAT] with the bounds
2 2 2 2
sup (10003, + 1To- Ol ) < 207 £ 13, + 20173 (4.22)
te[0,nAT]
and
. 2
sup [[126{] 520 < O (120000 sy + (M Fi ez + 12F-1122)°)  (428)
te[0,nAT]

where the constant C* is some large constant independent of N, AT, and n. If N is sufficiently
large, depending on C* and the initial data || fu ||z, ||#[0]|| -, then we can apply Lemma 4.3.4
with initial data ¥(nAT), (¢(nAT),8:¢(nAT)), and extend the solution to [0, (n + 1)AT].
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Chapter 4. Bilinear Estimates and Applications to GWP for the DKG Equation

Suppose we could show that the bounds (4.22) and (4.23) on [0,nAT] implied that they also
hold on the larger interval [0, (n + 1)AT] with the same constant C*. Then by induction we
would have (4.22) and (4.23) on [0,7]. Since T was arbitrary, Theorem 4.1.5 would follow.
Thus it suffices to verify the estimates (4.22) and (4.23) on the interval [0, (n + 1)AT]. We
break this into two parts, proving the bound on || Ity (t)| 2, and then estimating || I2¢[t]|| grr—2:.

Bound on the Spinor ¥. Let

L) = sup (14Ol + 10-0)]z)

te(0,z
Note that the bounds (4.22) and (4.23) imply that

N72s

A
BN—2S

I'(nAT) < 2T(0) <
_ (4.24)

up 1126ty
te[0,nAT]

where A = A(C*,T,||¥(0)||gs) and B = B(C*, T, ||¥(0)|| as=, ||#[0]||zz~) depend on the initial

data, the constant C*, and T, but are independent of n, N, and AT. If we now combine

Lemma 4.3.1, Lemma 4.3.4 together with (4.17) we obtain the following control on the growth
of I'(¢).

Corollary 4.3.7 (Almost conservation law). Let %1 <s<0and—-s<r< %—|—2s and b = %—Fe
with € > 0 sufficiently small. Suppose

AT = Ner=ts=s:
and we have the bounds (4.24). Then provided N is sufficiently large,
[(AT) < T(0) + CAT2 2 N~"+2(A + B)T(0).
Proof. By Lemma 4.3.1, Lemma 4.3.4, and (4.17) it suffices to show that
ATEHr—2s=3e =25 p 4 N—T+2ep |

and
ATl—eN—QsA + N2€—%—2SB < 1.

However these inequalities follow provided AT = N mz—i:=5 and we choose N sufficiently

large. O

The previous corollary, together with (4.24) shows that

I'(nAT) + CAT? 2 N~"+2¢(A + B)[(nAT)
[(nAT) + 2CAT> 2 N~"+2¢(A 4 B)I(0).

Repeating this argument n times we obtain control over I'(t) at time (n + 1)AT
T((n+ 1)AT) < T(0) + 2CnAT 2 N~"+2¢(A 4 B)T(0).
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4.3. Global Well-Posedness for the Dirac-Klein-Gordon Equation

Since the number of steps n < % we get

T((n+ 1)AT) <T(0) + 20TAT 22 N~"+2¢(A 4 B)T(0).

We want to make the coefficient of the second term small. Thus we need to ensure that, using

the requirement on AT in Corollary 4.3.7,

—(144€)(25—¢)

20TAT 2 2N""12¢(A 4 B) & N 1o as5c 726 « 1. (4.25)

By choosing N large, and € > 0 sufficiently small, we see that (4.25) will follow provided
—25— r(l +2r —45) < 0. Rearranging, we get the quadratic polynomial 212 4 (1 —4s)r+2s > 0

and so we need

(1) e <
54 54 s <.

Therefore, provided we choose N large enough, depending on T', A, and B, we get
I'((n+ 1)AT) < 2I'(0)

as required.

Bound on ¢. Recall that our goal was to show that, if the bounds (4.22) and (4.23)
hold for ¢t € [0,nAT], then in fact they also held on the larger domain [0, (n + 1)AT] (with
the same constants). The bound for ||+ || 2 was obtained above. Thus it remains to bound
|120[t]|| grr—2+ on the interval [0, (n+1)AT]. The argument that gives the required bound makes
use of an idea due to Selberg in [72] on induction of free waves. The idea is to break ¢ into a
sum of homogeneous waves, together with an inhomogeneous term and then use an induction
argument to estimate the contribution that each of these homogeneous waves makes to the size
of |[12¢[t]|| f—2s. We note that this idea was also used in [82].

We begin by observing that the induction assumptions (4.22) and (4.23) together with
Lemma 4.3.4 give for every 0 < j < n

17+ o, + I1T0-lxons,y < Co (I Fellza + 175122 ) (1.26)

where S; = (jAT7 (j+ 1)AT) x R and the constant C is independent of C*, j, n, N, and AT.
Suppose we could show that (4.26) implies that

2
sup (\P20ft] 2 < Co(I22000] e + (W fllez + M -llez) ). (427)
te[NAT,(n+1)AT]

Then by taking C* = Cy we see that the bound (4.23) holds for ¢ € [0, (n + 1)AT]. Thus by
induction, together with the fact that the constants in (4.22) and (4.23) are independent of n,

we would obtain control over the solution on [0,7] and Theorem 4.1.5 would follow.

We now show that (4.26) implies (4.27). We make use of the following result which is a

variant of a corresponding result in [82].

Lemma 4.3.8. LetmeR,0<AT<1,_Tl<s<0,0<7"<%+28, andb>%. Assume
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Chapter 4. Bilinear Estimates and Applications to GWP for the DKG Equation

u € Xi’b(SAT) and v € Xi’b(SAT). Then there exists a unique solution ® € H"*(Sar) to

0% = R(uv) + m?®
o(0) = 9,8(0) = 0.

Moreover we have

sup ||12®[t]]| 20 S (AT + N™2F%) (4.28)

Tu|| 0. |I’U 0,b .
t€[0,AT) I ||X+ (SAT)| ”X, (Sar)

Proof. The existence/uniqueness claim follows from Lemma 4.2.5 together with an application
of Theorem 4.1.1. To prove (4.28) we write & = ®; 4+ P where

D(I)I = §R(ulowvlow) + mQ(Pl

D,(0)=0,  8®,(0) = 0.

and Uy = IL‘&K%ﬂ, Vow = ]l|€|<%@. The standard representation of solutions to the
Klein-Gordon equation, together with the Sobolev product law and the observation that

9 . .
I (Ulowvlow) = UlowVlow, BIVES

AT
sup ||12<I>1[t]||H;725 < / |wi0w (£)Viow (E)|| grr—2s-1dt
te[0,AT) 0

AT
S [ Tt Ol 1o ®)] 2
0

S AT||IU||X$b(sAT)||IU||X§”(SAT)~
To bound the remaining term, ®,, we note that by the energy estimate for H*? spaces in
Lemma 4.2.5,

sup || ®at]| ;-2 (4.29)
te[0,AT)

S ||I2¢2||H7~72s,b(SAT)
S ||12(u1} - ulowvlow)||Hr72sfl,b—1(SAT)

5 ”ulowvhiHH—%,b—l(SAT) + HuhivlowHH—%,b—l(SAT) + ”UhivhiHH—%,b—l(SAT) (430)

where up; = U — Ujo is the high frequency component of w, v, is defined similarly, and we
used the assumption r < % + 2s. By Corollary 4.1.3 we have the estimate

lrdball g0 S I g —rracn [W2ll gor o (4.31)
+

for 5! < s; < 0. To control the first term in (4.30) we use (4.31) with s; = —3 + 2¢ together
with (4.15) to obtain

Hulowvhi”H‘%“"l(SAT) S [wiow ”Xi'b(SAT) thinx:%““b(SAT)

_1
SNl x5y 0l x00 (514

A similar application of (4.31) allows us to estimate the second term in (4.30). Finally, for the
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4.3. Global Well-Posedness for the Dirac-Klein-Gordon Equation

last term in (4.30) we use (4.15) and (4.31) with s; = s to deduce that

”uhivhiHHf%’b(SAT) < ||uhi||X;%75+2e,b(SAT) ”’UhiHXi'b(SAT)

1
SN Ll o0 (5 IVl 00 (510

where we needed —% — s+ 2¢ < s which holds provided s > —% and e sufficiently small.
O

Remark 4.3.9. The lack of complex conjugation in the previous lemma causes no difficulties as
the X :St’b spaces we consider in this chapter are invariant with respect to complex conjugation,
ie. ue€ Xi’b = uc X:St’b.

Remark 4.3.10. If we tried to apply the I-method to the CSD equation considered in Chapter
3, the main obstruction is the estimate for the gauge potential A that corresponds to Lemma
4.3.8. Essentially since the equation for the gauge A is first order in time, we only gain ATz
instead of the full factor of AT in Lemma 4.3.8. This leads to substantial difficulties later in
the proof and prevents a simple application of the method used here to the CSD equation.

We now have the necessary results to control the growth of |[I2¢[t]||gr—2s. Let 0 < j < n
and define gbg»O) to be the solution to

D(,ZSE-O) _ m2¢§0)

(4.32)
SV GAT) = 9(GAT), 0,6 (JAT) = B6(JAT).

Let ®; = ¢ — ¢§0) be the inhomogeneous component of ¢. The inequality (4.26) together with

Lemma 4.3.8 and the assumption AT = N 1+24::42;6€, shows that for every 0 < j < n

2
sup 112®, [t gr—2e S AT (I follpz + 1Tf-llz2)” (4.33)
LE[JAT,(j+1)AT]

We now claim that for 1 < j < n we have the estimate

sup (1261 gy
te[0,(n+1)AT]
2
< sup PO Wil + CAT(| I ]2 + I1Tf-|l22)". (4.34)
te[0,(n+1)AT]

Assume for the moment that (4.34) holds. Then after n applications of (4.34), together with

the standard energy inequality for the homogeneous wave equation, we obtain

2
sup 26O Ml < sup 200 (8] ypr-ze + OnAT (1 f1 |22 + 11f- ] 12)
te[0,(n+1)AT) te[0,(n+1)AT)

2
S N2610])| gy + CRAT (1 f1 Iz + 11~ 12) " (4.35)
If we now combine (4.33) and (4.35) we see that since n < <=

sup I [t]]] pyr—2s < sup 1120 (]| 22 + sup [ @ [t] ]| 12
te[nAT,(n+1)AT)] ) te[nAT,(n+1)AT) " te[nAT,(n+1)AT) ’

2
SN0 + (n+ DAT(ILf4 2z + 1151122 )

2
SIP6000 2o + (WL f4llze + TS~z )
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where the implied constant is independent of N, C*, and AT. Thus we obtain (4.27) as required.
It only remains to prove (4.34). We begin by observing that

(6" = &) GAT) = 6(GAT) - ¢, JAT) = ®;_1(JAT).
Hence the difference ¢§-0) — d);-o_)l satisfies the equation

D(d);'()) - (1)50—)1) = m2(¢§‘0) - ¢§0—1)
(% — ') (JAT) = @;_1 (JAT),
96\ — 60V (JAT) = 8,%;_1 (FAT).

J J—

Therefore
0
sup (1207 o2
te[0,(n+1)AT]
0 0 0
< osup POl + sup 12(68 = 68 [El] e
te[0,(n+1)AT) te[0,(n+1)AT]

< osup P2 [ -z + C@ i [GAT]| o2
te[0,(n+1)AT)]

and so (4.34) follows from (4.33). Consequently, we deduce that the induction assumptions
(4.22) and (4.23) hold on the larger interval [0, (n + 1)AT] and hence Theorem 4.1.5 follows.

4.3.1 Proof of Lemma 4.3.1

Let Q(f,g) = I(fg) — I?fIg. Note that

~

QUF.9)() = /R (0(€) — pl& — n)?p(m) F(€ — ma(m)dn.

An application of Cauchy-Schwarz together with Lemma 4.2.1 gives

t/
I(pu) — 121 Tddt‘<]l , I
[ (o) = o) Todedt] < 10.:0@6 0 oyl oy o
< I
S 1RO ooy M7
ST TN L P
Thus, by the definition of Xi’b(SAT), it suffices to prove that
1 _2¢ Ar25—1r42€ 72
196, o S ATE BN 2y iy (4:36)

where we may assume that ¢ and w are supported in [—AT,2AT] x R. Note that since the I
operator only acts on the spatial variable z, I?¢ and Iu are also supported in [-AT, 2AT] x R.
Write ¢ = o + Oni and u = ujo + up; where, as in the proof of Lemma 4.3.8, we define
$low = Jl‘ EK%%’ and wje, is defined similarly. We consider each of the possible interactions

separately.
e Case 1 (low-low). In this case we simply note that Q(¢,u) = 0 and hence (4.36) holds
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4.3. Global Well-Posedness for the Dirac-Klein-Gordon Equation

trivially.

e Case 2 (low-high). We need to use the smoothing property of the bilinear form Q(¢,u)
to transfer a derivative from ¢, to up;. More precisely, suppose | — 7| < % and |n| > %

Then since p/(z) S N~%[z[*7! for |z| > £ we have

1p(€) — p(& —n)*p(n)| = |p(&) — p(n)|
SNl HE — 1|

I e N L
PO R P

provided r — 2s < 1. Hence

1Q(row, uni) (7, €)| S /]Rz 1€ = 11" row (T = A, & = )|~ p(n)[ini (A, m)|dAdny.
Thus we can move the derivative |V|"~2¢ from up; to ¢jow, where we let (|§|5\f)(§) EIG)
This is the essential step which allows us to prove (4.36) in the low-hi case. We now apply
(4.15) and Theorem 4.1.1 with s; = s9 =0, s3 = 2¢, by = % —¢€, by =0, and b3 = b to obtain

||Q(¢low7 uhi)”XO'*%*‘

-2 —r42
gy S VI Boul VI ] o

SV Growl (V1772 Tuni| g2e

N AT%N—T+25+2e||]2¢||LOOHT»725 IUHxiﬂb
S H;

S ATEN 22 P | o | Tu] o
where we used the assumption supp ¢ C {[-AT,2AT] x R}.

e Case 3 (high-low). In this case we do not have to transfer any regularity and we simply
use the estimate p(&) — p(€ —n)%p(n) < 1. Then (4.15) together with an identical application
of Theorem 4.1.1 to the low-hi case gives

||Q(¢hi7ulow)” 0,—%+4e

)(¥ (Sar

) S Hd)hiulow”xif%“
< nl, Tl 2
< AT%N257T+2E||I2¢)HL§CH;‘725 ||I’UJ||Xi,b

< ATZ N2 712 || 2o

[Tu] o0

where as before, we used the assumption supp ¢ C {[-AT,2AT] x R}.

e Case 4 (high-high). This is the most difficult case and we need to make full use of the
generality of Theorem 4.1.1 to obtain the term AT 17¢. We decompose ¢p; = (25;;- + ¢;,; where

¢7;; = ]]‘{T§<0}$hi

is the restriction of ¢s; to the second and fourth quadrants of R™!. Note that ||¢%| X <

||| grs.6. Assume that we have £ = +, F = — in (4.36), it will be clear that the proof will also
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apply to the £ = —, = = + case.

e Case 4a (high-high +). As in the high-low case we start by discarding the smoothing
multiplier . We now apply Theorem 4.1.1 with s = —s + 2¢, s = s, s3 =0, by = by = %,

and by = 3 — € to obtain

|‘Q(¢Lvuhi)llxo‘—%+e S ||¢ZiuhiHXo,—%+e

(Sar)

N ||¢ZiHX;s+2e,% ||UhZ||Xi

S N2 P 3|

1
4

1
T2 0,%
X4

S AT N2 P o

|IUHX$”’

where we needed —s < r, € > 0 sufficiently small, and in the final line we used the assumption
that ¢, u, are compactly supported in the interval [—-AT, 2AT] together with Lemma 4.2.1 and
Lemma 4.2.4.

e Case 4b (high-high —). Here we first apply Lemma 4.2.1, discard the multiplier @, and
then apply Theorem 4.1.1 with s1 =0, s5 = —s+¢€, s3 =5, by = by = i, and by = % + € to

obtain

— 1_ —
Q5 uni) | o pee | S AT uml o

1
4

(SaT)

i_ _
5 AT4 E||¢hi||X:s+e,% Huhi”Xib

SATT N2y [Tl o
0

H'r'72s,
< ATz 2 N2 20| s

[T o

where, as previously, we used the assumption on the support of ¢ in the last line.

4.3.2 Proof of Lemma 4.3.4

Lemma 4.3.4 follows by a standard fixed point argument using Lemma 4.2.3, Lemma 4.2.5, and

the estimates
1 r—48—oO€ —T S €
||I(uv)||X1,bf1(SAT) 5 (AT2+ 253 +N +2s5+2 )||I2u||HT72S’b(SAT)||[U||X%’b(SAT) (437)
and
e 1.9
T2 (w0) | grr—2e-1.0-1 (Sp) S (ATl §NE2 )||1u||X3,b(SAT)|uv||X3,b(SM). (4.38)

See for instance [82].

We start by proving (4.37). As in the proof of Lemma 4.3.1, we decompose © = Ujow + Un;

and v = Vo + Upni-
e Case 1 (low-low). We split ujpn = ufgw + u,,,, Where we use the same notation as in
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Subsection 4.3.1, Case 4. Observe that an application of Theorem 4.1.1 gives

(4.39)

Xz

[ st < ] o
]R2

7/]2 ||X7»725,%7r+2s+§ H¢3 ”
+

provided that 0 < r—2s < % and € > 0 is sufficiently small. Hence, using Lemma 4.2.1 together
with two applications of (4.39) we see that

1_oen £
HI(UlowUlow)||Xi«b*1(sAT) SAT? 25||Ulowvlow”Xi’7€(SAT) + Hul:';wvlowHXi’b*l(S’AT)

+—2¢, +
S AT>? Hulow HX;72S,%77-+25+3(SAT) ||vlow HX?F’%JFE(SAT)

:F
+ Hulow ||X;:25,%7r+25+§ (Sa) ||’Ulow ”X% (SaT)

1 96
S AT 27 Pl prrae (s 110 g0 507

e Case 2 (low-high). Note that Corollary 4.1.3 implies that

1l xgo-r S Mllrrene 9]l oo (4.40)

provided

1
s1 >0, 82>—§+6, S1 + 89 > €.

We now apply (4.40) with s; = r — 2s, so = 25 — 1 + 2¢ to get

”I(ulowvhi)HXi’b’l(SAT) 5 Hulow”HT*?va(SAT) ||’UhiHXis—r+2e,b(SAT)

< N23—7’+25||[2uHH7~,25.b(SAT) ”IUHX?F’b(SAT)'

e Case 3 (high-low). An application of (4.40) with s; = 2¢, so = 0 gives

||I(um'vzow)Hxivb*l(sﬂ) S unill e s (sa7) ||Ulow||X$b(SAT)

< N257r+26||[2uHHT_2S,b(SAT) ||IUHX:0F’b(SAT).

e Case 4 (high-high). We apply (4.40) with s; = r, s = —r + 2¢ and observe that

1 Cunivni) | o0 (507 S Ntnill o amy [Vnillx —re2en (g

5 N2s_7'+26||12u||HT*23*”(SAT) HIU”XO;'I)(SAT)

where we used the assumption r > —s together with (4.15).

We now prove prove (4.38). We again break u = gy + tp; and v = vy, + vp; and consider

each of the possible interactions separately.
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e Case 1 (low-low). Corollary 4.1.3 together with the assumption r — 2s < % gives
|‘I2(ulowvlow)||HT*25*1«I’*1(SAT) § ||ulowvlowHH7%,b71(SAT)
S ”“lowHXi‘(SAT)||”low||X9‘(sAT)

< ATL2¢ HIUHXSr’b(SAT) ”IU”XS’E’(SAT)'

e Case 2 (low-high). The remaining cases use the estimate

1l 301 S Ml ool oz (4.41)

which, by Corollary 4.1.3, holds provided

> L > L + > 1+
S1 9 So 0% S1 + 89 2 €.

The low-high case now follows by taking s; =0, so = —% + 2¢ and observing that

HIQ(U/lowU}”') ||H7‘_25_1>b_1(SAT) 5 HulowvhiHH—%‘b—l(SAT)

< iow ||Xi’b(SAT) ||vhiHX7%+2€Yb(SAT)

1
S N7l xon 5 110l 500 55

e Case 3 (high-low). We let s; = —1 4 2¢, s, = 0 in (4.41) and use an identical argument

to the previous case.

e Case 4 (high-high). As before, we use (4.41) with s; = —% +2¢ — s and s = s and apply

a similar argument to the above cases.

4.4 Bilinear Estimates

In this section we prove Theorem 4.1.1. To help simplify the proof, we start by introducing

some notation. Let m : R? x R* — C and consider the inequality
| [l M £ 75,6 ()] S T sz, (1.2

where 7,§ € R3, T = {&1+&+& =0, 71 +712+735 =0}, and do is the surface measure on the
hypersurface I'. Without loss of generality, we may assume f; > 0 as we are using L? norms
on the right hand side of (4.42). Note that the X estimate contained in Theorem 4.1.1 can
be written in the form (4.42) after applying Plancherel and relabeling.

Following Tao in [78], for a multiplier m, we use the notation [|m||3rxr] to denote the
optimal constant in (4.42). This norm || - [|;3 rxr)] Was studied in detail in [78]. We recall the
following elementary properties. Firstly, if m; < my then it is easy to see that |[mi| ;3 rxr <
[mz]|[3,rxr)- Secondly, via Cauchy-Schwarz, for j, k € {1,2,3}, j # k, we have the characteristic

function estimate

11A(75, &)1 (Thy &)l 3. RxER] S ( Sgl)lpR HAmeA : (r=X\&—n)eB}|? (4.43)
T,£)ER?
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4.4. Bilinear Estimates

where A, B C R?, and || denotes the measure of the set  C R?. We refer the reader to [78]

for a proof as well a number of other properties of the norm || - || rxr]-
Let
AL =11 £&, Ao = Ty £ &, A3 = T3 F &3.

Note that if (7,¢) € I, then
AL+ Ao+ Ay = 4265 (4.44)

Let N;,L; € 2 j = 1,2,3, be dyadic numbers. Our aim is to decompose the &; and \;
variables dyadically, and reduce the problem of estimating ||m/||j3 rxg] to trying to bound the

frequency localised version

3
Hm(ﬂ O 1 L1 1Ny, 01~ L) ’[3 RxR]

together with computing a dyadic summation. Note that if we restrict |{;| &~ N;, then since
&1+ & + & = 0 we must have Nyap & Npeq where Npo = max{Nj, Na, N3}, we define
Nyed and Ny, similarly. If we also restrict |A;| ~ L;, then (4.44) implies that Lp,q, =
max{Lymed, N3}. Hence

~ 3
IEDY > Ly T e, a2y I~} -

Nmax®Nmed Lmaz~max{N3,Lmeq}

Combining these observations with results from [78] leads to the following.

Lemma 4.4.1.

Imlls gz Ssup 3 > [ICASL R AV

‘[3,Rxm
Nmaz®Nmed=N Lyaz~max{N3,Lmyeq}

Proof. The inequality follows from the triangle inequality together with [78, Lemma 3.11].
Alternatively, we can just compute by hand. For ease of notation, let ay, = |[fi1j¢,|~n, |22,
by, = [f2ligmnallzes ene = 1 fsLiggan, |2, and Ay, Ny N, = Hm(T’g)nglmﬁj\%NjH[S,RXR]'
Then since ¢; lie on the surface I', we have §; + & + §3 = 0 and so

/F m(r, O, f(rj,&)do(1,€) = Y > /F m(r, OIL_, f;(75, &) Li¢, |~n, do (7, €)

Nmaz®Nmed Nmin<Nmed

< § E a’NleQCNSANhNZyNS'

Nmaz~Nmed Nmin <N7ned

Without loss of generality we may assume that N3 > Ny > N3 and so Ny &~ Ns. For simplicity
we also assume that N7 = Ny as the general case N7 ~ N, is essentially the same. Then

/m(va)Hé’?:lfj(ijfj)do—(ﬂg)gZaNlel Z CNSANLNI,NI&
r N,

N3< Ny
S(Suchg)(Sup E ANl,N1,N3)§ a‘Nle1
Na N Na<vy Ny

< (sup Z ANI,NI,Ng,)H?:lej”L’Z-
M Ny<N,y
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Thus we have

lmls ey S sup > > Hm(ﬂ O (g, I~ )

‘ 3,RXR]
Nimaz®Nmed=N Nmin<Nmed [ ]

To decompose the A; variables follows an similar argument. We omit the details.
O

We now come to the proof of Theorem 4.1.1. To begin with, by taking the Fourier transform

and relabeling, the required estimate (4.6) is equivalent to showing

| [ w1 o (O] ST i, (1.45)

where

(€)1 (&) 2 (&)~
(£ &) (ra £ &) (m3 F &)

Note that Theorem 4.1.1 follows from the estimate |[m||;3 rxr) < 00. Now since

m(Ta 5) =

(L3S ES P T C AP | R 1 CA FEPTVAN) WROTRY (PPN | Y. it

an application of Lemma 4.4.1 shows that is suffices to estimate, for every N € 2N,

3 —sj7—bj 3
> > (T2 Ny L) [Ty L oy, 1 e s oy (4:46)

NmazRNmed=N Lyaz~max{Lmed,N3}

The first step to estimate this sum is the following estimate on the size of the frequency localised

multiplier.

Lemma 4.4.2.
min-~—“min?

1 1 1 1 1 1
Mg, s s cr) S min { N2, L2, LIS, LILY }

Proof. Let I = |[I5_Lqjg,pmn;, w3 mxm): I we let A = Lyyjmi;, i~y and B =
L{|ap|~Ly, |€e|~N,} i (4.43), then an application of Fubini gives

I S [2gigs1mm;, 101253 LlenlmNe, elme) 13 R xR

Ssup [{INl~ Ly« A=XNI~ L} P {l&GI =N 2 [€=&~ N }H|?
AEER
Smin{L2, L7} min{N?, N2}

and hence I < L% N, 3 On the other hand, another application of (4.43) together with a

change of variables gives
1
IS may I palrLa I3 RxR] S sup. {nt&l=Li : [rF6—(nF&)l =~ Ls}|”
T,£€
51
SLiLj.

A similar argument gives I < L3 L? and hence lemma follows. O

We are now ready to preform the computations needed to estimate the dyadic summation
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4.4. Bilinear Estimates

(4.46). We split this into two parts, by computing the inner summation and then the outer

summation. We note the following estimate

a’ 6<0
Z N°® ~ ¢ log(b) §=0
SN b 50

which we use repeatedly. Moreover, we have log(r) < € for any € > 0 and r > 1

Lemma 4.4.3. Let b; +b;, > 0 and by + bz + b3 > % Then for any sufficiently small € > 0

—by 7 —ba 7 —b3 3
> L7 Ly " Ly |15y L jan;, 10 1oy |3 R xR)
Lae~max{Lmyeq,N3}

S N5 (NG 0TI NN+ Ny e N e (e,

~ min min mn

Proof. We split into the cases Lyeq < N3 and Lieq = Nj.

e Case 1 (Lyeqa < N3). Since the the righthand side of Lemma 4.4.2 does not behave
symmetrically with respect to the sizes of the L;, we need to decompose further into Ly,q. = L3
and Lyq0 # Ls.

e Case 1a (Lyeq < N3 and Ly,q, # L3). We have by Lemma 4.4.2

3 3 3
Hszl:ﬂ'ﬂfj‘zvaMjlzLj}H[Z’),RXR]sLMZTLmln{ min’ iled}‘

Since the righthand side is symmetric under permutations of {1,2,3}, we may assume L; >
Ls > Ls. Then for any € > 0

Yo LMLy LI g e, i e s oy

Lmaz~N32 Lmed
1 1
_ 5 5—b
<N b E L bzmln{ ’rmn7 22} E: L§ °

ngNg L3<L2
b1 2 : 3—b3)4+—b2 é
S, L2 IOg(LQ)mln{ mmw 2}
La< N3
—bi+35 3—bs)y + 3 —b2
S N; > Ly
L2<Nwmn

FNZLNGE ST LT )

Nm,in<L2<N3
Now for the first sum in (4.47) we have
1_y 1_
N:;bl Z Lé%*bS)JrJr%sz 5 N((z 3)++2 )+N by lOg( mzn)

mwn
Lo<Nmin

1_ _ ) £
< N( bmaz)++(3 bmed)+N3 b'n”n+2'

min

(0]
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For the second sum we first consider the case (3 — b3); — by > 0. Then

2 by E (5—b3)+—b2 2 (3—b3)4—b1—b2
Nman Ly? < Nman
Npmin<L2<N3
N 2 N( 2 maﬂﬂ)%**bm,ed*bmin

min

On the other hand if (3 — b3); — bo < 0 we get

— —b3)4+—b b —b:
NrianS b Z LQz b N Nvfwn2+(2 S)JrN b log(NS)
Nmzn\L2<N3
<N(* bmar)++(§_bmed)+N ‘m.1.'n+2

mn

Together with (4.47) this then gives

—by 7 —ba 7 —b3 3
> Ly Ly Ly TG _1 1 g
Lmaz%NBZLmed

~Nj, [N |~Li} H [3,RXR]

min min

SN?T(N(% bmaz)+—bmed— bm7'nN2 + Ny bmmN(z—bmaT)++( med)+>

min min

S NSE (Ns —b1—b2— b3N2 +N3 mmN( maz)++(§—bmed)+>
where we used the inequality

N2 N(2 maz)+7b7ned7bmin N2 N2 —b1—ba— b3_|_N( maz)++(%7bm€d)+N:;bmin. (448)

min min min

which is trivial if b, < % On the other hand, if b,,4, > %, then (4.48) follows by noting that

since b; + by, > 0 we have by,eq > 0 and so

N2 N3 bmed—bmin <N2 medNS—bmin N(2 7'wd)+N3—bm,7tn

min min min

as required.

e Case 1b (Lyed < N3 and Lyya: = L3). Lemma 4.4.2 together with the assumption
Linar = L3 gives

T8 1 oy, 1 oy S Liin Vi

Suppose L1 < L. Then

—by 7 —bs 7 —bs (|73
Z Ly Ly Ly 3HHJ':11{|€J’|=N¢7IAjlzLj}H[&RxR] (4.49)
Lm,amzNiszmed
NP —b 3-b
<N7?LG 33 ZL22ZL12 '
La< N3 Li<L2
< N2 763 L(%*bl)Jr*bzl I
min 3 Z 2 Og( 2)
La<N3

< Nz N((%*b1)+fb2)+fb3+e

min’ '3
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4.4. Bilinear Estimates

for any € > 0. If we have

NimNé(%*bl)+*b2)+*b3

Ni_bl —ba—ba ph L Np b E Ny bmin N (3 ~bmaz)++(3—bmea)+ (4.50)

min min min

then we get

1_
(449) 5 N§ (N3 —b1—b2— b3N2 +N3 bdN"%”n +N bmmerﬁ“L mam)++(2 bmed)+)

min

as required. The case L; > Lo follows an identical argument and so it remains to show (4.50).
1
2

To this end note that if (3 — b1)y+ — by < 0 then we simply have

N2 N((77b1)+7b2)+7b3 N2 N b3

min min

On the other hand, if (3 — b1)4 — by > 0, then by using (4.48) we have

N2 Né(%—b1)+—b2)+—b3 N2 Né%—bl)Jr—bz—bs

min min

1p )+ —bmed—bmi
N2 N 3 max me min
min* '3

<N2 N2 —b1—by— b3+N(i_b7"a-ﬂ)++(§_bmcd)+N_ min

and so we obtain (4.50).
e Case 2 (Lyeq = N3). In this case we have Ly,q0 & Lineq and by Lemma 4.4.2
3
T g o 1 mz l xm) S N L

Suppose L1 > Lo > L3. Then

— — — ——b
Z L1b1L2b2L bdNTfanﬁmnNNizm Z L brbe Z L ’

LmazanledZN\'i L2>N3 L3<L2
b3)+ —b1—bo
Ly>Ns

<N2 N(27b3)+ by —bo+e

min

< N2 N(% bmaz)+—bmed —bmin+e

min

provided by + by + b3 > 2, b; + b; > 0, and we choose € > 0 sufficiently small. Since this

argument also holds for all other size combinations of the L;, we get from (4.48)

—b1 7 —ba 7 —b3 3
> Ly Ly Ly [T gt 23 s oy
LmamanledZN(S

SN?T(NQ —b1—ba— b3N2 —|—N b"”"N(Z mar)++(%*bmed)+)

min mwn

and so lemma follows.

We now come to the proof of Theorem 4.1.1.
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Chapter 4. Bilinear Estimates and Applications to GWP for the DKG Equation

Proof of Theorem 4.1.1. By Lemma 4.4.1 and Lemma 4.4.3 it suffices to estimate the sum

sup Z (H:;:l N;SJ‘ ) Ny NB—B
N Nmao®NmeamN

for the pairs

(a,ﬁ)e{c, b1+b2+b3—;—e>, <; b3—6>, ((;—bmax)++(;—bmed)+, bmm—e>}

where € > 0 may be taken arbitrarily small. Let s§ = s1, s;, = s2, and s5 = s3 + 5. Then we
have to show

sup Z (H?Zle_S;)N%m < 00.

N NinaomNmeasN
Since this summation is symmetric with respect to the IN;, we may assume N; < Ny < V3.
Then

’7 ’
3 —5; a — 55— s} —s1ta
> (HFle )Nmm SN 3 N <o
NmazRNmea=N NN

provided s} + 53 > 0 and s} + s5 + s3 > a. These conditions hold by the assumptions in

Theorem 4.1.1 provided we choose € sufficiently small.

O
4.5 Counter Examples
Here we prove that the conditions in Theorem 4.1.1 are sharp up to equality.
Proposition 4.5.1. Assume the estimate (4.6) holds. Then we must have
1
bj + b =0, b1 + by + b3 > 5 (451)
and for k € {1,2}
s1+ 89 =0, (452
Sg + S3 > bmzna (453)
1
Sk + S3 2 Q—bl—bg—bg, (454)
1
51+ 82+ 53> 5~ bs, (4.55)
1 1
81+ So + S3 2 (* — bmaz) + (* — bm@d> — bmin- (456)
2 + 2 +

Remark 4.5.2. We note that in some regions the + structure in (4.1.1) is redundant and so the
counter examples for the Wave-Sobolev spaces used in [34] and [73] would apply. In fact, the
counterexamples in [34] already essentially show that we must have (4.51), (4.52), and (4.56).
On the other hand, the conditions (4.53 - 4.55) reflect the %+ structure and thus cannot be
deduced from [34].

Proof. Tt suffices to find necessary conditions for the estimate (4.45). Moreover we may assume
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+ = + since the case £ = — follows by a reflection in the 7; variables. Let A > 1 be some large

parameter. The main idea is as follows. Assume we have sets A, B,C C R'*! with
|A| = A%, |B| ~ X2, |C| ~ X%, (4.57)
Moreover, suppose that if (12,&2) € B and (73,§3) € C, then
(2 +73,6+&) € A (4.58)

and

(6 + £5) "1 (62) " (E)~ L
(7o + T3 + & + E3)01 (1 + E9)02 (15 — E3)bs AT (4.59)

Let fi =14, fo =1p, f3 = 1¢. Then using the conditions (4.57 - 4.59) we have

/m(ﬂf)H?:1fj(Tj7§j)dU(Ta§)Z)\_é/ / dr3d&3dTadEs
r BJo

~ \d2tds—d,

Therefore, assuming that the inequality (4.45) holds, we must have

dy+do+ds
2

XEFHETE S A BIEICLE ~ A

By choosing A large, we then derive the necessary condition

dy —dy —ds
+ 2

5 > 0. (4.60)

Thus it will suffice to find sets A, B, and C satisfying the conditions (4.57 - 4.59) with particular
values of 4, dy, do, and d3.

e Necessity of (4.51). We first show that b; + by > 0. Since the estimate (4.45) is
symmetric in by, by, it suffices to consider the pairs (7,k) € {(1,2), (1,3)}. For the first pair,

we choose
B={r+ A <1, [¢g <1}, C={7| <1 [§l<1}, A={7— ) <2 ¢ <2}

Then the conditions (4.57 - 4.59) hold with d; = dy = d3 = 0 and § = by + by and so from
(4.60) we obtain the necessary condition by + by > 0.

On the other hand, for the pair (1,3) we choose
B={|7|< L[ <1}, C={r+ A <L [ <1}, A={T -7 <2, [¢{] <2}

Then as in the previous case, the conditions (4.57 - 4.59) hold with d; = dy = d3 = 0 and
0 = by + b3 and so from (4.60) we obtain the necessary condition by + b3 > 0.

To show the second condition in (4.51) is also necessary, we take
B={lr =2\ <A [I<1}, O={r =2\ <A [ <1}, A= {7 +4N <2A, [¢] <2}
Then (4.57 - 4.59) hold with d; = dy = d3 = 1 and é = by + by + b3 which leads to the condition
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b1+b2+b3>%.

e Necessity of (4.52). Let
B={r=A <1, [E+ XN <1}, C={7| <1, [§] <1}, A={7+ A <2, [¢-) <2}

Then (4.57 - 4.59) hold with d; = dy = ds =0 and § = s1 + s2 and so we must have (4.52).

e Necessity of (4.53). By symmetry we may assume k = 1. Suppose by, = b and
choose
B=A{lr|<1, [§l<1},  C={lr-Al<1, [£-A[<1},

and
A={]T+ N <2, [€+ ) <2}

Then (4.57 - 4.59) hold with dy = ds = d3 = 0 and § = s1 + s3 + b; and so we must have
s1+s3+by >0.
On the other hand, if b,,;, = bs we let

B={lr+2A <1, [{l<1},  C={r=-A<1L [§-A<1},

and
A={lT =\ <2, [+ <2}

Then (4.57 - 4.59) hold with dy = dy = d3 = 0 and 0 = s1 + s3 + bz and so we obtain the
condition sy + s3 4+ by > 0.
The final case, by, = bs, follows by taking

and
A={]T+ N <2, |€—) <2}

Again the conditions (4.57 - 4.59) hold with dy = da = d3 = 0 and 6 = s1 + s3 + b3. Hence

(4.53) is necessary.
e Necessity of (4.54). As in the previous case, by symmetry, we may assume k = 1. Let

B={r-N<7

g<1}, o={m<3 le-N<3}

and

A A
= < - < - .
A {h+M\2,K+M\2}
Then (4.57 - 4.59) hold with d; = d3 = 2, do = 1, and § = s1 + s3 + by + be + b3. Thus we
obtain the necessary condition (4.54).

e Necessity of (4.55). In this case we choose

IRV

A
B={lr+el<1, E-N<5)  o={lr+e<t =A<

3
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and \
= < < =0
A={r+e <2 grai<3)

Then a simple computation shows that (4.57 - 4.59) hold with dy = d2 = ds = 1, and
0 = 81+ $2 + s3 + b3. So we see that (4.55) is necessary.

e Necessity of (4.56). We break this into the 3 conditions

1
51+82+83>17b17b27b3, $1+82+83>§7bj7bk, 51+52+832*bmm. (461)

For the first inequality, we take

| >~
| >~

Looo={r<d e-as

A
B:{ Sfy
<

€ = Al<

3
and \ \
A={Ir <3 lE+2I <5}

Then we have (4.57 - 4.59) with d; = dy = d3 = 2, and 0 = s1 4 s2 + s34 b1 + ba + b3. Therefore
we must have s; + so + 583 > 1 — by — by — bs.

We now consider the second inequality in (4.61). By symmetry, it suffices to consider
(7,k) € {(1,2),(1,3)}. Let

| >
| >

A
B={lr+e-N<3 k-N< ho={r-¢<1 g-a<

3

and \
A={|T+€+3)\| <\ Je+2) <§}.

Then (4.57 - 4.59) hold with d; = dy =2, d3 =1, and § = s1 + s2 + s3 + by + ba. Therefore we
must have s; + so + s3 > % — by — ba. On the other hand, for the case (j,k) = (1, 3), we take

B={rred<t e-N<ih  o={m<i kA<l
and
A:{|T+5+A|<%, |§+2A|<%}.

A simple computation shows that (4.57 - 4.59) are satisfied with d; = d3 = 2, do = 1, and
0 =51+ 82+83+0by + bs.
Finally, the third condition in (4.61) follows from the conditions (4.52) and (4.53).
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Chapter 5

Local Well-posedness for the
Space-Time Monopole Equation

in Lorenz Gauge

It is known from the work of Czubak [28] that the space-time Monopole equation is locally

well-posed in the Coulomb gauge for small initial data in H*(R?) for s > %. Here we prove

local well-posedness for arbitrary initial data in H®(R?) with s > % in the Lorenz gauge.

5.1 Introduction
The space-time Monopole equation is
FA = *DA(b (51)

where F4 is the curvature of a one-form connection A = A,dx®, D4 is a covariant derivative
of the Higgs field ¢, and * is the Hodge star operator with respect to the Minkowski metric
diag(-1, 1, 1) on R*2, The components of the connection A = A,dz®, and the Higgs field ¢,
are maps from R'*2 into g

Ay R¥Y2 5 g, ¢:RIT2 5 g,

where g is a Lie algebra with Lie bracket [-,-]. For simplicity we will always assume g is the Lie
algebra of a matrix Lie group such as SO(d) or SU(d). The curvature F4 of the connection A,
and the covariant derivative D 4¢ of the Higgs field ¢, are given by

Fy = %(%Aﬁ — Op Ao+ [Aas Ag] ) dz® NdaP,  Dag = (06 + [Aa, 6])da.

The space-time Monopole equation is an example of a non-abelian gauge field theory and can
be derived by dimensional reduction from the anti-selfdual Yang-Mills equations, see for instance
[29] or [65]. It was first introduced by Ward in [86] as a hyperbolic analog of the Bogomolny
equations, or magnetic monopole equations, which describe a point source of magnetic charge.

The space-time Monopole equation is an example of a completely integrable system and has
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an equivalent formulation as a Lax pair. The Lax pair formulation of (5.1), together with the
inverse scattering transform, was used by Dai-Terng-Uhlenbeck in [29] to prove global existence
and uniqueness up to a gauge transform from small initial data in W21(R?). The survey
[29] also contained a number of other interesting results related to the space-time Monopole

equation.

In the current article we study the local well-posedness of the initial value problem for the
space-time Monopole equation from rough initial data in H*(R?). We can think of the equation

(5.1) as a system which is roughly of the form?
Ou = |V|~*B(du, du) (5.2)

where B is some bilinear form. It is well known since the seminal paper of Klainerman-Machedon
[50], that to prove well-posedness results close to scaling for nonlinear wave equations of the form
(5.2), the bilinear form B must satisfy certain cancelation properties known as null structure
(at least in low dimensions d < 4). Consequently, the local behavior of the space-time Monopole

equation depends crucially on the presence of null structure.

The space-time Monopole equation (5.1) is gauge invariant. More precisely if (4, ¢) is a
solution to (5.1) then so is (Ag, ¢g) = (gAg~" + gdg~',gpg~") where the gauge transform
g : R — @G is smooth map into the Lie group G. Note that if we choose g(0) to be the
identity in G, then we have the existence of two different solutions (A, ¢) and (Ay, ¢4) with the
same initial data. Thus to obtain a wellposed problem we need to specify a choice of gauge.
Traditionally, for nonlinear hyperbolic systems with a gauge freedom such as Maxwell-Klein-
Gordon or Maxwell-Dirac, the gauge was chosen to satisfy the Coulomb condition 87 A; = 0,
but more recently null structure has been discovered in the Lorenz gauge as well [32, 74]. In
the Coulomb gauge, the system (5.1) can be written as a nonlinear system of wave equations
for (A1, As, ¢) coupled with a nonlinear elliptic equation for Ag. The advantage of this gauge is
that usually the estimates for the elliptic component Ay are quite favorable. Recently? Czubak
[28], showed that the space-time Monopole equations in the Coulomb gauge are locally well-
posed for small initial data in H® with s > %. The small data assumption is an artifact of the
choice of the Coulomb gauge, as the existence of a global Coulomb gauge requires a smallness

condition.

In the current chapter we instead consider the Lorenz gauge condition
0, A% = 0.

With this choice of gauge the space-time Monopole equations can be written as a purely
hyperbolic system and the small data assumption is not needed. Additionally our proof is
substantially shorter as we do not have to combine elliptic estimates with hyperbolic estimates,

which can often be technically very inconvenient. Our main result is the following.

Theorem 5.1.1. Assume s > 1 and ¢o,a € H*(R?). Then there ewists

T =T(||poll s ®2ys llall gsr2)) >0

IThe exact formulation depends on the choice of gauge, see below.
2Though the result was obtain earlier in Czubak’s PhD thesis [27].
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such that the space-time Monopole equation (5.1) coupled with the Lorenz gauge condition
0%“A, =0

has a solution (¢, A) € C([-T,T], H*(R?)) with (¢(0), A(0)) = (¢o,a). Moreover the solution
is unique in some subspace of C([=T,T], H*(R?)), the solution map depends continuously on

the initial data, and any additional reqularity persists in time>.

Remark 5.1.2. The space-time Monopole equation is invariant under the scaling AA(At, Az),
Ap(At, \z). Thus (5.1) is L? critical and so ideally we would like to prove local well-posedness
for s > 0. However the space-time Monopole equation is essentially a system of nonlinear wave
equations, and the fact that we are working in R'*2 means that there is a gap between what
scaling predicts, and the regularity possible via standard null form estimates. More precisely,

consider the equation

Du =@

where @ is a combination of the null forms
Qap(u,v) = 0qudpv — Ogudav.

Then the scale invariant space is H! x L2, but standard null form estimates only give well-
posedness for (u(0), 8,u(0)) € H® x H*~* for s > 2. Below 2, it can be shown that the first
iterate leaves the data space H®, see [88]. Thus in some sense the regularity H i in Theorem
5.1.1 and the work of Czubak [28], is the limit for iterative methods. On the other hand the
space-time Monopole has additional structure which is not used in the proof of Theorem 5.1.1.
Hence it may be possible to remove the restriction s > % by exploiting the structure in a

different way.

5.2 Preliminaries

Recall that the Hodge star operator, x, is defined for w € AP(M) by

1
A1 A
(*w))\p+1-<~/\d = thmz\dw tete

where (M, g) is a pseudo Riemannian manifold, 7 is the volume form with respect to the metric
g, and the previous formula is given in some local coordinate system. If we couple the space-time

Monopole equation (5.1) with the Lorenz gauge condition

O"A, =0

3More precisely if ¢o,a € H"(R?) for some r > s, then we also have (¢, A) € C([-T,T], H"(R?)) with T only
depending on [|¢o|| s (r2y and [|a|| s (r2)-
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and write out the resulting system in terms of ¢ and the components A, we obtain

Opd + 01 Ay — Da Ay = [Ag, Aq] + [, Ao]
OtAg — 01 A1 — 0245 =0

OpA1 — 01 Ag — 02 = [As, 9] + [A1, Ao]

OpAg + 01 — DaAg = [P, A1] + [A2, Ag].

Define u,v : R1*2 — g x g by
Ao+ Ay Ag — A4
u = v = .
¢+ Ay ¢ — A

[Ag, A1] + [0, Ag] £ ([, A1] + [A2, Ag]) = [¢p & Aa, Ag £ A4]

Then since

and

[A2, @] + [A1, Ao] = %([Az — ¢, Ay + @] + [A1 — Ag, A1 + Ag))

we can write the Monopole equation as

Oiup — O1uq — Oqug = §(u-v—v-u)

Opua + O1ug — Dour = [ug, u1]
1
Oyv1 + 0101 + Oavg = i(v-u—u-v)

8,51)2 — 81’02 —+ 82”[)1 = [1)2,’01].

(1 0 (o1 s (01
o 1) 2T\ o) {210

and let a = (a1, as). Then we can rewrite the previous equations in the more concise form

Define the matrices

(5.3)

where

We can now restate Theorem 5.1.1 as follows.

Theorem 5.2.1. Assume s > + and f,g € H°. Then there exists T = T(||f||g=, ||gllz=) > 0
such that (5.3) has a solution (u,v) € C([-T,T], H®) with (u(0),v(0)) = (f,g). Moreover, the
solution is unique in some subspace of C([=T,T], H®), the solution map depends continuously

on the initial data, and any additional reqularity persists in time®.

Note that Theorem 5.1.1 follows immediately from Theorem 5.2.1. To prove Theorem 5.2.1

4More precisely if f,g € H" for some r > s, then we also have (u,v) € C([~T,T], H") with T only depending
on || fllzs and ||lgll &>
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we will first diagonalise the left hand side of (5.3). Define the projections P+ to be the operator
with Fourier multiplier p+ () = 3 (I + éa . f) SO

— -~

P=f(§) = p=()f(E)-

It is easy to see that
f:’P+f+’P7f, OZVZZ‘VK'PJF*'Pf)
and P = Py, PP+ = 0. Therefore we can rewrite the above as

Orut Fi|V]ux = PLN(u,v)
Oy Fi|V|vy = PN (v,u)

where ut+ = Pru and vy = Prv. With this formulation we see that, for short times at least, u4
and vy should have Fourier support concentrated on the forwards light cone {7 —|¢| = 0}, while
u_ and v_ should have Fourier support concentrated on the backwards light cone {7+ |¢| = 0}.

Thus the natural spaces to iterate in are the spaces Xi’b defined by using the norm

[y = [l4r F 160" € &)l -

We also let H*"* be the closely related Wave-Sobolev space defined by
1l gse = [KIT] = I€D(€) Oz

We will iterate in the spaces ui,v € Xj_’b and u_,v_ € X%t for some % < b < 1 to be chosen

later. It is well known that the proof of Theorem 5.2.1 reduces to proving the estimates
2
1PN (u, v) [ go-10e S (ltllxe + lull oo + vl oo + -l x=e) (5-4)

and
2
1PN (o, ) ysoree S (s oo + i llyen + o les + o]l e0) (5.5)

where € > 0 is some small constant depending on s and b > £, see for instance [71] or Section
3 in [5]. Since Py is a bounded operator on H*, and ||7] — |¢]| < |7 £ ¢
b+ e < 1, the estimates (5.4) and (5.5) follow from

, we see that provided

2
IN Gy )l gzeevee S (s lgen + lulens + o leps + o s

and
2
IN G ) areseree S (s llyan + Bules + og e + o flyes)®
Now recalling that v = Pyuy + P_u_, v ="P_vy +Prv_, and

N(a,h) = (2(“ oy “)> ,
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we can reduce this further to just proving the estimates
[Py @ - Py @l prev-rve S W xRl 20
1 F2

18P, Pl v S 10 o1l

and
13P2, Pyl gyeamsee S 1] e

D|| s,
LIS

where +; and +5 are independent choices of + and —, and ¥ and ® are functions taking values

in g x g. Observe that

(=t 2)llxsr = 1ot 2)xse, N9 —2) e = [0 )l g0
Similarly
(=t 2) e = 1t ) gan, [l =) e = [0 2) e

and Pi(f(—))(z) = Pxf(—z). Furthermore a computation shows that Py = Pf.

Therefore, combining these observations, it suffices to prove

[P0 Padlyremsoe S 0] o |[] o (5.6)

It is well known that nonlinear wave equations are only well behaved at low regularities if
the nonlinear terms satisfy a null condition. The thesis of Czubak showed that the Monopole
equation in the Coulomb gauge has null structure. Here we will show that the nonlinear term
PV - PP also has null structure in the sense that the worst interaction for parallel waves
vanishes. An easy computation shows that py ()T = p4(€) and so

P PLd(¢) = / pa(mpe (€= n)TE =) - B,

Thus the symbol of PL W - P, ® is given by py(n)p+(§). The null structure is then contained in

the following lemma.

Lemma 5.2.2. We have the estimate

Ip+ (Mp+(E)] < 08, —n)

where 0(€,m) denotes the (positive) angle between £ and 1.

Proof. The (4, +) case follows from the computation

() = (14 pan) (14 o)

I (m m & & 7
:I _— —_—
"l <n2 771) (gg gl>+<|n|+
§-n Eom &1 0 1 § 7
= (1 I — S o4 ).
(e G |§|nl)<1 0>+(I£+|nl> "

together with the easy estimates <1 + élﬁ) < 8¢, —n), (52’71 - 51"2) < 6(¢,—n), and
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(é—l + ﬁ) < 0(¢,—n). If we now note that p_(n) = p(—n) we obtain the (+,—) case by

replacing n with —» in the previous computation.
O
Define Q+ (1, ¢) by
Qe 0)(€) = [ 0(€ ~ n. 0D ~ m)tn)an
Then by Lemma 5.2.2 we have reduced the proof of Theorem 5.2.1 to proving

1Q= (s D)l e —r+e S (1Ml x 2 Dl x50

This estimate is essentially well known and follows from the work of Klainerman-Selberg [53],
Foschi-Klainerman [41], using ideas from [30]. However as we could not find this inequality
explicitly stated in the literature, we will include a proof in the next section. We note that the
standard null form estimates for the wave equation in R'*™? were proven by Zhou [88]. The

origin of these types of estimates is the seminal paper of Klainerman-Machedon [49].

5.3 Null-Form Estimates

Here we prove the following estimate.

Theorem 5.3.1. Let s > i. Then there exists b > % and € > 0 with b+ € < 1 such that

1Qx (W, D)l srov-1te S 19l o0 0l] x5+ (5.7)

Note that this completes the proof of Theorem 5.2.1. To prove Theorem 5.3.1 we need to

introduce some notation. Let
v = 1€ —nl+nl - I¢], r— =&l = [I€ —nl = nll,
and define the bilinear operator S% (1, ¢) by
ST = [ (e~ mdtan
Moreover define the Fourier multipliers |V|*, A*, and Q% by

[VI(6) = €[*D(9), Rogh(€) = (6)° (e, Q(r,€) = ( F €)' D(©).

Then we have the following estimate, which follows from [41] and is the analogue of Theorem
3.5 in [53] for the X5 spaces.

Theorem 5.3.2. Let s,a, 81,52 € R and b > % Then the estimate
IVIESE@Ws D)llez, S NVl o VIl o (5.8)
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holds provided

s+a=51+32—§

Proof. The hard work is contained in the result of Foschi-Klainerman [41] where the following

estimate is proven
IV D2 (171 Vg ey S NIVI Fllze V120 2oy

under the above conditions on the exponents s, s1, S2, @ where EE/J(T, &) = || - |§|‘a{bv It is

easy to see that
D° (ez‘t|v|feiit|wg) — Si(emvlf, e:tit\v|g).

Now since the operator S¢ only acts on the £ variable, the expression on the lefthand side of
(5.8) is invariant under multiplication by the modulations ™. Therefore an application of the

Transference principle® completes the proof. O

Theorem 5.3.1 will now follow by using an argument from [30].

Proof of Theorem 5.3.1. We begin by noting that since the left and righthand sides of (5.7)
only depend on the size of the Fourier transform of 1) and ¢, we can use the triangle inequality

to write
1+ SA+IE—n)E1+]|n*)2

and hence reduce to the case i <s< % Choose € > 0 and b > % so that s = b — % + ¢. Note
that b+¢ < 1.

We now deal with the low frequency case. Assume the product ¥¢ has Fourier support
contained in the set {|¢| < 1}. Let p € C§°(R?) with p =1 for |¢] < 1. Then

Vo = p* (Vo) (5.9)

where the convolution is with respect to the = variable. By discarding the smoothing multiplier
{|7| — [£])>~1*€ and the null form @, and using the assumption (¢) < 1 together with (5.9),

5See for instance Lemma 2.9 in [79].
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we have

1Q<(, )l prow-1+c S llp* (V)22
S 1Ydllzrs
S Il rsllolez

< Il o] g

Therefore the low frequency case follows.

Since we may now assume || > 1, it suffices to prove

VI Qe (¥, @)l o1+ S 19l xo 0 16l x g0 (5.10)

To this end we will need the following estimate on the symbol of Q4,

Note that these estimates gives us a smoothing derivative |V|~! at the cost of a hyperbolic

derivative ry. To prove (5.11) note that

(Inl+ 1€ =nl = 1EDUnl + 1€ —nl + [€]) = 2(Inll€ —=nl —n- (£ —n))
=2[nl§ = n|(1 — cos(8(¢ —n,7m)))

which proves the first estimate. For the second we have

(1€l + 1€ = nl = nl]) (1€ = 1€ =l = 1)) =2(1& = nllnl +n- (€ —n))
= 2|¢ — nllnl(1 — cos(8(§ —n, —n)))

and since [£| > ||€ —n| — |n|| we have |¢| = [¢] + ||€ — n| — |n|| which gives the second estimate.
We also need the following estimate®

re < ||l = €[ + IT = A = [€ = nl| + [A F [nl]
which leads to
re STl = €T = A =& = n))(AF |n]). (5.12)

We are now ready to prove the + case. Combining the estimates for # and r; and assuming

[n] > |€ — n| (as we may be symmetry) we have

0(&—nn) 3 i+ LS Tl - EN = A= g =) TP A = )

6The + case follows by writing
re =KD =A=1E—n)—(A—In).

If 7 > 0 the triangle inequality gives inequality while if 7 < 0 then the term (7 — [£]) is less than zero and so
can be discarded. The — case follows from a similar computation after we note that

o< JlEr+1e=nl=ni
6= I =l + Il
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and so

I17Qu (0 D)llgos-ve || WSS (@ 40 7] bt=)

, -
Li .

Therefore the + case follows from Theorem 5.3.2 by taking” &’ = 2b—1+¢€, 51 = s, 59 = s+ %,
and o = b — % + €. It is easy to check that the required conditions on «, s1, s3, s, and b’ are
satisfied. To obtain the — case we note that (5.11) and (5.12) give the estimate

14 1 b—1+te
B¢ —n—y) < T2 < JelEr

~ Lk 1), 1 <|T| - |§|>17b76<7 —A- |§ - 77|>17b76<)\ + ‘77|>17b75,
€ =nlzlnlz " [ —nlz|nl2

Thus

V1 Q- (6, @)l oorse S [0 282737 (120l g, |72ty

2
Lt,:n

and so the required estimate follows from Theorem 5.3.2 by taking b’ =2b—1+¢, s1 = s+ %7
So = s+ %, and @« = b— % +e€. Again it is easy to check that the required conditions are satisfied.
O

"This is where we require the assumption s > %. As to apply Theorem 5.3.2 we need a > % and s + a =
S1 + 89 — % which implies s = a > i. Note that if we could take o = 0 then we would have local well-posedness
for all s > 0. However, heuristically speaking, since we have to assume o > % we can only use the null form Q4+

to cancel half the hyperbolic derivative (|7| — |§\)_% See the related discussion after Theorem 3.3 in [30].
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