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Abstract

The introduction describes promising theories which extend the Standard Model
inflationary and topological defect models. Although inflation solves some important
problems the model is poorly motivated in terms of currently understood particle physics.
Furthermore, conclusive tests of inflation are elusive. Topological defects, while less
of a panacea for the problems of the field, are well motivated by theories of Grand
Unification at 7' ~ 10"® GeV and make plausible candidates for the source of primordial
inhomogeneities. Crucially, cosmic strings, the best investigated class of topological
defect models, have testable consequences for the microwave background and the lensing
of galaxies. Chapters 2 — 4 adapt the second of these effects into a search method
for strings. Chapter 2 draws heavily on simulations of string networks to set limits
on the shape and distribution of horizon-spanning strings. Chapter 3 investigates the
appearance of galaxies lensed by such strings. In chapter 4 this knowledge is then built
into an algorithm which searches for strings on Schmidt plates. Ultimately only a weak
density limit of € 90 long strings per horizon volume can be set with this survey medium.
Finally, an extension of the work to deeper surveys is considered — running the search

algorithm on the large area Sloan survey should test the cosmic string model conclusively.

The introduction in chapter 1 also exposes the most significant grey areas in the
Standard Hot Big Bang model: (a) determining the form and density of the energy
content of the Universe, and reconciling this to (b) the age of the Universe, and (c) the
observed clustering of galaxies. This thesis makes two contributions to this area. Chapter
5 discusses a variant of the Cold Dark Matter model in which a dark matter component
decays radiatively at carly times. The model has the virtue that it can accommodate the
low apparent value of Qh inferred from observed large-scale galaxy clustering and the
high measured values of Q and h. Limits on the small-scale clustering predicted by such
models constrains the mass and lifetime of the decaying component to 0.5 < m < 30
keV. 0.2 < 7 < 500 years. Chapter 6 contributes to the observational tests of large-scale
galaxy clustering by constraining the clustering signal of a sample of high-redshift radio
galaxies. The clustering measured here is consistent with that measured with other radio

surveys. The high redshift data are important as they give clues to the evolution of the



density field with time. Forms of bias evolution which arise from continuity constraints
on the equations of motion for galaxies and the mass (i.e. b[z] = b[0] — a + o[l + z])
are shown to be entirely consistent with the data, as are unbiased b[z] = b[0] models.
Schemes in which bias in galaxy numbers arises from the differential formation and
motion of dark matter haloes (predicting b[z] = b[0] — a + a[l + z]°) are shown to be only
marginally consistent with the clustering measured at the highest redshifts, (z ~ 1.5).

Iimprovements to the dataset which would allow more conclusive limits are discussed.
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Chapter 1

Introduction

In the last few years observations of structure on the very largest scales in the universe
have advanced tremendously. They have reached a point where, at last, it is a serious
proposition to test theories of the composition of the universe and the processes at very
early times that generated present day structure. Many once fashionable theories of
structure formation can now reliably be dismissed. There remains, however, a plethora
of models which are as yet consistent with observations and, conversely, observations

which, as vet, have no credible explanation in terms of well understood physics.

The purpose of the work described in this thesis is to develop and apply tests of the
most promising theories. The current observational and theoretical status of the field
will be reviewed in this chapter. Chapters 2 to 4 investigate a promising scenario for
the generation of primordial fluctuations responsible for present structure — the cosmic
string model. Chapter 2 discusses the model, with reference to simulated and observed
data. Chapter 3 introduces an observational test for strings and Chapter 4 describes its
application to the UK Schmidt survey plates. Chapter 5 attempts to reconcile galaxy for-
mation and clustering data with dark matter models. It develops stringent new tests for
a promising variant of CDM with a decaying particle species. Chapter 6 describes work
on a very deep galaxy catalogue generated from stacked Schmidt plates, with particular
reference to the clustering of high redshift galaxies. Chapter 7 advances suggestions for

future work in these areas and focuses on some of the remaining important questions.
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1.1 Background Cosmology

1.1.1 The Standard Model

The following is a summary of basic results for an expanding isotropic universe. The
evidence for and against the Standard Model is not dealt with here — suffice to say
that the model has passed stringent tests and made some telling predictions — relevant

discussions can be found in Peebles (1993) and Sandage (1995).

The formulae are adopted from Padmanabhan (1993). Natural units in which ¢ =
I = kg = 1, and the Planck mass m, = G2 ~ 10" GeV are used throughout this

text. M, denotes the solar mass ~ 2 x 10% kg.

The starting point for discussions of the global structure of the universe is embodied
in the cosmological principle, i.e. the universe is homogeneous and isotropic. Hence it
appears the same in every direction from every point in space. The most general line
element consistent with this principle is the Friedmann-Robertson-Walker form

2
dr

dr* = di* — (1) T %

+ r2(d6* + sin® 0dyp?) | . (1.1)

Spatial hypersurfaces have positive, zero and negative curvatures for k < 0 (open) k = 0
(flat) and & > 0 (closed) cases respectively. k is determined by the spatial topology
and global geometry of the universe. Closed universes are compact whereas flat and
open universes are spatially infinite. a(t) is the universal scale factor, with the present
day value ay. The time dependence of the scale factor implies a universal expansion
or contraction with time. The observations indicate a present universal expansion such
that a stationary observer finds distant galaxies to be receding. r, 8 and 1) are analogous
to 3D spherical polar coordinates and remain fixed for a particle smoothly following the

Hubble expansion. i.c. they are comoving coordinates. Equation 1.1 can be recast as
dr* = di* = a*(1) |dr® + ,Sf{-r)(dﬂz + sin® 9(!.'1}.12) (1.2)

with Sp(7) =sinr for k=1, 5.(r) =7 for k = 0 and S(r) =sinhr for k = —1, with all

the comoving coordinates now dimensionless.
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Hubble’s constant H(t) measures the rate of universal expansion at time ¢

() =25 (1.3)
with H, = 100h km B Mpc." its present value. Current observations imply 2 = 0.5—1.0
and are discussed more fully in section 1.1.2. The physical distance of two comoving
particles separated by [ grows in proportion to a(t) such that in the rest frame of one
the other recedes at v = Hyl. In this fashion light from distant objects is redshifted. The
redshift z of a frequency emitted by a source expanding with the Hubble flow is given

by

=W =] (1.4)

with 7, and ¢, the age of the universe at emission and at the present day respectively.

z =~ Hyd is valid for sources expanding with the Hubble flow provided z < 1.

The dynamics of the universe as a whole are given by the I'riedmann Equations

2 a\? 8xGp k
H% = =] = - — 1.4
(a.) 3 a* (1.5)
a dn G . )
—=———(p+3p) (1.6)
a 3

with p and p the pressure and density respectively, of the cosmological fluid and
the gravitational constant. Here p includes all contributions to the energy density -
non-relativistic matter p,.. relativistic species p, and a possible vacuum term p,. In
the standard model the relativistic contributions are radiation at density p., and three

massless neutrino species at a combined density of ps, = 0.68p,.

Given the energy density an equation of state, p = p(p), completely specifies the
expansion behaviour of the universe. In typical models the universe evolves through
successive phases where one form of energy density dominates all the others. In such

cases the equation of state has a simple form:-
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non-relativistic matter | p =0 PulZ) = Pmoll + )
radiation p=p/3| plz) = ppoll+ 2)!
vacuum enerqy p=—py | P(2) = pyo
where the “0” subscripts denote present day (z = 0) values. The redshift dependencies

are true so long as no process operates to convert energy from one form to another. The
epoch at which the matter and radiation densities are equal at z = 2z, ~ 24 00092h*
is a crucial one. It is at this point that the universe becomes matter dominated and
small-scale structure can begin to grow. More will be said about this important phase

of universal evolution in section 1.2.3.

1.1.2 Fundamental Parameters: Qy, A and H,

A key question that cosmological theory must confront is that of the composition of the
universe. The first thing to note is that the density of matter, radiation and vacuum
energy governs the ultimate fate of the universe. The universe may be closed, open or
Jlat depending on the relative magnitudes of the expansion rate, set by Hy,, and the total
energy density. Open universes expand indefinitely whereas closed universes ultimately
enter a contraction phase and collapse in a “Big Crunch”. The flat case describes a
universe which is poised precisely between the open and closed states. The kind of
universe we inhabit is parameterized by §,, where
Q. = 8w lip, 2
0= 3HT (1.7)
with 4 > 1. Q; < 1 and Q, = 1 characterizing the closed, open and flat cases respec-
tively. These correspond to k > 0, < 0 and 0 in equation 1.1, and so affect the large scale

geometry of the universe. Alternatively the density can be expressed as
N —, C, (RO . .
po = 2.78 X 107°Quh" M, Mpc™. (1.8)

A considerable amount of controversy surrounds recent attempts to establish the

values of both €, and /[, and we will examine each in turn.
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Establishing the value of Q is at the forefront of cosmological research for numerous
reasons. One reason is noted above, Q, dictates the long-term behaviour of the universal
expansion. A second reason is of particular importance for structure formation theory
~ the rate at which overdensities grow depends on the amount of gravity available.
Structure grows more quickly in high-Q universes. This is vital if we are to understand
how fluctuations at the recombination epoch at z ~ 1100 (probed by CMB studies)
have grown into inhomogeneities of the sorts of amplitudes observed today at z ~ 0.
[Furthermore, we wish to test inflationary models (see section 1.3.3) which generically

predict 4 = 1 universes.

A fundamental problem in the direct evaluation of , from observation is that we
do not appear able to see directly the majority of the matter. The evidence for this
is necessarily indirect. though compelling. The main component of luminous matter
available is in the form of stars and gas in galaxies. This provides an € of roughly 0.3%.
The expected radiation background of CMB photons and relic neutrinos is insignificant
by comparison (£, , = 4.2 X 10_511.“2). There would appear to be little extra mass

available in the universe unless there is substantial ionized gas between the galaxies.

Numerous lines of enquiry. however, indicate that we are not seeing the major sources
of mass in the universe. For example, spiral galaxy rotation curves seem to indicate
gravitational fields far greater than can be accounted for by the luminous component.
Allowance for this extra unseen halo mass suggest Q, ~ 2%. At larger scales, if we
assume that clusters of galaxies are in virial equilibrium then the discrepancy becomes
even more marked. The cluster galaxies move in a gravitational environment which seems
to require Q4 ~ 20%. Iinally on the largest scales, large scale flows due to supercluster
infall suggest hidden mass on supercluster scales which is ~ 100 times in excess of
the visible matter. In a sense, these are lower bounds on g, since the addition of
homogeneously distributed matter on larger scales than these would leave the dynamics

unaffected. A review of the data is given in White (1989).

Not only is the additional matter invisible, it is very likely to be non-baryonic. A suf-
ficiently good understanding of the nucleosynthesis era of the Big Bang permits accurate

simulation of the abundances of the light elements generated from primordial baryons.
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It turns out that the *He and D abundances are highly sensitive to the baryon density

Q5 and the expansion rate h to the extent that observations yield the firm constraint of
Qph® = 0.0125 £ 0.0025 (1.9)

(Walker et al. 1991) which is far below what is needed to account for all the matter.
What, then, is the nature of the extra matter? Since the baryons are the only stable,
significantly massive particles within the standard model we are forced to look beyond
established physics for a solution. Many viable dark matter candidates have been sug-
cested in the literature. The candidate identifications of the dark matter span an enor-
mous range of mass from axions of mass ~ 10~V to black holes of mass ~ IOGNIG). The
greatest attention has been focused on models in which a Weakly Interacting Massive
Particle (WIMP) species forms an, as yet, undetected, cosmic background. The models

fall into two main categories.

e [lot Dark Matter (HDM ) — particles that were relativistic when they decoupled from
the rest of the matter in the universe and retain high velocity thermal motions.

The prototypical example is a massive p or 7 neutrino.

o Cold Dark Matter (CDM) - particles with insignificant thermal velocities — axions

or high mass supersymmetric particles are a popular choice.

In addition to these categories we could have Warm Dark Matter (WDM) which has
properties inbetween those of the above, or Mized Dark Matter (MDM) which allows
varying fractions of HDM and CDM. A review of the motivations and candidates for

dark matter models is provided by Trimble (1987).

The detection and identification of dark matter particles in the laboratory may prove
to be a difficult task. Despite our relative ignorance of the relevant particle physics we
can, however, predict how varying types of dark matter would affect the origins and
growth of structure. HDM and CDM make sufficiently distinct predictions about the

important scales and order of events in structure formation for firm tests to be applied.
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The comparison of rival dark matter theories will be discussed further in section 1.2 and

chapter 5.

In addition to standard matter and radiation backgrounds we could also appeal
to models with a significant gravitational contribution from vacuum energy, typically

parameterized by
A = 8wxGp,. (1.10)

Such models are, however, not well motivated by existing theories of particle physics

Planck scale values of A ~ 'm; are a factor of 10"?% in excess of observational limits
(see. for example, Carroll, Press and Turner 1992). On the other hand values allowing
Q, = A/3H; = 0.2 — 0.8, though seemingly ad hoc are not easily ruled out on direct

observational grounds.

Obtaining the value of I is also of great importance for cosmology. Firstly it sets
the length scale associated with distant objects, where we have only the redshift to set
the radial distance. This also directly affects the masses and densities which we infer,
e.g. the critical density in equation 1.8 is proportional to h?. Secondly H, relates to the
age of the universe, it is simply {1, = %HU_' = 6.52h7" Gyr in the Einstein-de Sitter case.
For open models and models with significant vacuum energy contributions the age of the
universe can be approximated by

ty ~ 6.52h71[0.7Q,, + 0.3 — 0.3Q ] %3 (1.11)
with €, and Q. the fraction of critical density contributed by the matter and vacuum
energy respectively. The expression (from Carroll, Press & Turner 1992) gives answers

correct to within a few % over plausible ranges for the parameters.

Perhaps unsurprisingly. measuring 1 is far from straightforward. Relatively crude
methods are used to infer cosmological distances independently of redshift and errors
are often hard to estimate. Until recently the possible values of h covered a broad
range of 0.5 — 1.0 (Rowan-Robinson 1986). Greater accuracy was promised by the key

project of the Hubble Space Telescope — observing Cepheid variables in distant galaxies.
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From observing these well understood high-luminosity stars in a Virgo-cluster galaxy a

measurement of H, = 80 £ 17 km s ! I\-'Ipc_l was published (Mould et al. 1995).

In an Einstein-de Sitter Universe (2 = 1, A = 0) this suggests the age of the universe
to be ty ~ 8 Gyr. This is in serious disagreement with independent estimates of the age
of the galaxy from globular clusters of 14 & 1.5 Gyr (Bergbush & VandenBerg 1992).
In fact most of the indirect arguments prefer a low value (h < 0.5), (e.g. equation 1.24
in the next section). The HST measurement, if correct, indicates that we occupy a
universe of low density (£ = 0.1 — 0.3) or a significant component of the closure density
is provided by vacuum energy (A > 0). At this stage, however, the new generation of
Hubble constant measurements have yet to converge to a convincing value. For example,
supernova methods with the HST still give A ~ 0.5 — 0.7 (e.g. Saha et al. 1994, Riess

et al. 1995). It will take some time before we will know how seriously discrepant the

. . 1
models are and which of the assumptions are wrong .

1.2 The Matter Distribution

This section briefly describes the standard formalism for evaluating and evolving cos-
mological density fields. It then proceeds to describe the current status of observations
and the theories that seem best able to account for what is seen. Greater detail on each

issie can be found in Peacock (1992) and Efstathiou (1989).

1.2.1 Mathematical Tools

Generally, in characterizing a density field we are interested in quantifying the deviations
from homogeneity on a given scale or in assessing the density at a given point. The
characteristic of prime importance is the density contrast ¢ defined by

plx)—p

f(x)=22"1F
X) 5 (1.12)

1 . . L . sy :
hh=0.75 is assumed in this thesis except where explicitly stated otherwise.
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We can characterize the inhomogeneities at a given scale with the autocorrelation

function of the density field
€(r) = (8(x)6(x+ r)). (1.13)
We can readily transform the density field é(x) into its Fourier modes 6, with
6, = fa(x)e"k‘xd-’.p. (1.14)

Note this really assumes that our field occupies a flat space (i.e. k = 0 in equation
1.1) in which the plane waves e** are a complete set, otherwise the corresponding
curved space results are needed. Such a transform is immensely useful when dealing
with gravitational growth. For small density perturbations growth occurs linearly and

the modes ¢, grow independently of each other, i.e
0, (L) = D(1)d,(0). (1.15)

A form for D(1) and an initial prescription for ¢, lets us easily evolve the density field
from t = 0 all the way to the non-linear phase (where é ~ 1 and the modes are no longer

independent ).

This recasting of the field in terms of Fourier components leads us naturally to the

definition of the Power Spectrum of the fluctuations
P(k) = (|6,*) (1.16)

which can easily be shown to be the Fourier transform of the autocorrelation function

£(r). A useful statistic — the variance of the field — can be readily derived
2 ko 3
a“(k) = / Al Pk)dk (1.17)
Jo
and leads to an alternative casting of the power spectrum which is dimensionless and
independent of v/27 factors in differing Fourier conventions:

2., _ da’ 35 2k oo sinkr ,
AYk) = T Azl P(k) = T.o &(r) = redr. (1.18)
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1.2.2 The Measurement of Clustering

Of course we cannot directly measure the density field as a continuum; we are limited
to observations of luminous objects i.e. galaxies. A seemingly reasonable assumption is
that light traces mass so that galaxies are clustered where the underlying dark mass is
clustered. If this were true, we could view galaxy clustering as a point process which
samples the density field of all the matter. With a mean galaxy density n, the point
probability 6 P of finding a galaxy in each of volume elements 6V, and &V, separated by

r would then be
6P = n(1 +£(r))6V,8V,. (1.19)

In practice the assumption that light accurately traces mass appears too strong. We
have to allow for a bias function b to relate the distribution of galaxies, measured as &,(r)
or A (k), to the distribution of matter, specified as {(r) or A(k). Although many physical
mechanisms to generate bias have been suggested, none are particularly convincing and
the issue is a major stumbling block in attempts to compare theory (which, in general,
predicts a value for A) with galaxy-galaxy correlation measurements. The bias is defined
such that
dp

:{)f

op

- (1.20)

galazies P lmass

In some cases the form of the bias can be quite simple, in a model due to Kaiser
(1984), galaxies form only in regions where the density contrast exceeds some threshold.
[f this threshold is greater than the rms fluctuation on the relevant scale then the galaxies

are born more clustered than the mass and hence
&,(r) = (8,(x)8,(x + 1)) = b(r)*¢(r) (1.21)
with b(r) approaching a constant when £(r) < 1; one which may well vary depending

on the type of galaxy used to probe the density field. Typical attempts to quantify

bias pick out scales on which the linear growth of perturbations should still be a valid
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approximation. A commonly encountered parameter is og, the rms mass fluctuation in
cubes of side 82" Mpe. This is the scale on which the rms fluctuation in galaxy number
counts is observed to be ~ 1. Studies with N-Body codes reveal that bias values of ~ 1.6
(CDM) and ~ 2.7 (HDM) can arise quite naturally once attempts are made to model the
complicated role of baryonic hydrodynamics in galaxy formation (e.g. Cen & Ostriker,
1992). Non-linear effects may well cause the bias to become a scale-dependent function
in regions below 82! Mpc. As a further complication it is well-established that different
classes of galaxy — (e.g. IRAS, optical, radio) are biased to different degrees (Peacock
& Dodds 1994). We will have more to say about attempts to quantify the bias in later

chapters.

1.2.3 The Evolution of Structure

With a model for the initial power-spectrum of density perturbations we can turn to
the calculation of the present day spectrum. Later sections will argue that both cosmic
strings and inflation yield a scale-invariant or Harrison-Zel’dovich power spectrum of
fluctuations in the early universe (i.e. P(k) x k™) with n ~ 1 (e.g. Zel’dovich 1972). In
inflation ép/p is the same at each epoch on the horizon scale and the same amplitude
is imprinted on each wavelength as it leaves the horizon. For strings the existence of a
scaling solution means that scales are subject to the same perturbation whenever they

enter the horizon.

The subsequent behaviour of perturbations depends on the universal expansion and
the prevailing form of the dark matter. Once modes have entered the horizon the ex-
pansion rate will determine whether gravitational growth is possible. In general during
the radiation dominated epoch the expansion is too fast and growth of sub-horizon scale
lluctuations proceeds at best logarithmically. After ¢ = leq the time of matter-radiation
equality at z ~ 24 00024 the modes can grow in proportion to the scale factor a(t). The
changeover between the two eras imprints a characteristic scale on the power spectrum,
that of the horizon size at matter-radiation equality,

16.0
s anz Mpe. (1.22)
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At large scales that have only entered the horizon since {,, we expect to see evidence of
‘ ; 5 |
the primordial power spectrum with P(k) x k. For smaller scales, i.e. k> k., >~ 277y

, 3 ; =5
the power spectrum should ‘turn over’ to the form P(k) o< k™.

The dark matter can imprint a second characteristic wavelength in the fluctuation
spectrum. If the thermal motions of the constituent particles are of relativistic size (as
in ot Dark Matter models) then free streaming diffusively erases small-scale structure
atl early times. This effect corresponds approximately to Gaussian filtering of the power

at a scale Apg of order

) N.QI‘VI)'( m, )—1 {l 2_‘;)
A s T l.

for a hot background of neutrinos with mass m, (Bardeen et al. 1986; hereafter BBKS).
In such scenarios there are typically negligible fluctuations on galactic scales and so
galaxies must form by the fragmentation of larger supercluster sized objects. However it
turns out that numerical simulations of structure formation show this model to be incon-
sistent with observations of galaxy clustering. Furthermore HDM-type models matching
the large-scale clustering data have insufficient small-scale power to form the observed
abundances of high-redshift QSO’s, radio galaxies and damped Lyman-a systems (e.g.
Mo & Miralda-Escudé 1994). HDM models with scale-invariant primordial spectra are

thus waning in popularity.

No such severe problems exist in the rival Cold Dark Matter (CDM) scenarios. Here
the random thermal motions of the particles are insignificant on the scales of interest
and any initial small scale power survives unmolested to late times. Structure can thus
grow hierarchically - small objects first, larger objects later — which seems more in
accord with what is observed. The assumption in HDM and CDM models is that the
baryonic contribution to € is dynamically insignificant and the baryons simply follow
the clustering of the dark matter after photon drag becomes unimportant at tiec (the
recombination epoch). Power spectra for representative CDM and HDM-type models

are given in figure 1.1.

Despite a promising qualitative agreement between the properties of CDM type mod-

els and the observations a quantitative problem arises when direct comparisons are made,
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Figure 1.1: COBL normalized model power spectra from BBKS (1986). The solid line shows an
adiabatic CDM model, the dashed line is an adiabatic HDM-type model with one massive and

two massless neutrino species. In both models Q@ = 1 and h = 0.5. Note the severe damping ol

power above k =~ 0.2h Mpe™! in the HDM case due to free-streaming of the constituent particles.

CDM transfer functions can be reliably calculated (BBKS) and effectively have only two
[ree parameters. Firstly, there is a shape parameter Qh which determines the scale at
which ryy features in the spectrum. Secondly we require a normalisation of the amplitude
at some large scale i.e. by constraints on g or the COBE rms quadrupole measurement
which constrains the power on scales of hundreds of Mpc. A baryonic contribution to
also modifies the predicted power though not significantly for fractions as low as (1.9).
The problem arises when € = 1 CDM spectra consistent with plausible values for Qh
(i.e. 0.5-1.0) are extrapolated well away from the chosen normalisation scale. Spec-
tra normalised on the very large COBE scales (k ~ 0.002h Mpc™') generate too much
small scale power yielding predicted galactic velocity dispersions up to twice the size of
those observed. Normalisation by og (defined in section 1.2.2) underproduces large-scale
clustering compared to that observed in galaxy catalogues. As both g and the COBE

quadrupole are quite well pinned down it is apparent our guesses for the shape parameter

are incorrect.

Attempting to allow for the modification of the observed power by bias, nonlinear
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evolution for A%(k) > | and redshift-space distortions, Peacock & Dodds (1994) fit CDM

transfer functions to various clustering datasets and conclude a best fit for
Qh = 0.255+0.017. (1.24)

A spatially flat CDM universe looks like being ruled out by this analysis. The significance

of this puzzling result and attempts to explain it are the basis of chapter 5.

1.3 Extending the Standard Model

1.2.1 The Main Issues

The standard model has several notable successes in accounting for global properties of
the Universe, notably the Hubble expansion, the CMB radiation and the light element
abundances. It would seem fair to believe that we have a good description of the impor-
tant physical processes operating up to 7'~ 1 GeV. However numerous enigmas persist

which have no explanation within established physics. The most significant of these are

o The horizon problem The universe appears homogeneous and isotropic even be-
tween regions which have never been in causal contact. The range of causal contact
a time ! after the Big Bang is given by

— /" cdl e
H= L an (1.25)

which is convergent as a o "% in the radiation dominated phase. The tempera-
tures of the microwave sky in opposite directions agree to within ~ 0.01% and yet
the horizon size at last scattering was ~ 100 Mpc subtending about 2° on the sky.
The standard model offers no mechanism by which we would expect such causally

disconnected regions to be so similar.

o the flatness problem Q = 1 universes are in unstable equilibrium as

(1.26)
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: : 60
To have Q ~ 1 at the present epoch requires = 1 to better than one part in 10"
at the Planck epoch. Either = 1 exactly due to some unknown principle or an
incredible fine tuning of the parameters is required to have a universe where €2 is

even close to 1.

o density fluctuations The inhomogeneities in the Universe are often believed to have
formed by the gravitational amplification of initially tiny density perturbations
formed in the early universe. The source of these initial fluctuations is not pro-
vided in the standard model. The current understanding of the origin of large-scale
universal structure is that small density fluctuations in the early universe form an
initial spectrum of overdense and underdense regions. The overdense regions are
unstable to gravitational collapse and grow at the expense of the underdensities.
Over a substantial fraction of the age of the universe these small primordial fluc-
tuations evolve into the large-scale inhomogeneities of the present day. This basic
picture has much to recommend it. Over the scales of interest gravity is the only
known force with the strength to form bound or collapsing structures. If we view
galaxies as test particles in a cosmological force field then their peculiar velocities
appear consistent with the action of gravity (the peculiar velocity of a galaxy is
its deviation from the homogeneous Hubble flow). Furthermore, the observation of
bound objects at high redshift, such as quasars, and the recent detection of fluctu-
ations in the cosmic microwave background tell us that substantial deviations from

homogeneity are not a recent development.

We also want to understand how the present day amplitude of the density fluctu-
ations has arisen. The degree of fluctuation on the horizon scale 6, is fixed by the

C'OBE measurement to be of order

A(J .A:‘VC_\.“_';
Op ™~ — ~ ==

- ~107° 1.27
c” l'enmB ( )

as discussed in Appendix C of Padmanabhan (1993).
[t may be possible that all these problems will be solved by a theory of quantum

gravity. Such a theory becomes essential when we try to understand the properties of

the Universe at times earlier than the Planck time of ~ 10™%%s. Until the effects ol
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quantizing gravity are better understood it may seem reasonable to regard the solution
to these problems to be in initial conditions laid down at the Planck epoch. An important
recent advance in cosmology, however, is the realisation that many of these problems may
have an explanation in processes occurring at energies of ~ 10" GeV at the later GUT
epoch. This holds out the possibility that the crucial physics can be analysed in classical
spacetime without recourse to quantum gravity. The most widely discussed model in
which these issues are addressed is the inflationary paradigm of Guth (1981) which will

be described after a brief description of the relevant high energy physics.

1.3.2 GUTs, Scalar Fields and Symmetry

The concept of symmetry is a crucial one in current theories of fundamental particle
interactions. The key idea is that physical laws describing quantum fields should be in-
variant under groups of transformations - spacetime ones i.e. translations, rotations and
Lorentz boosts and internal ones relating interacting fields to each other. Two general
tvpes of symmetry are distinguished. Gauge symmetries are “local” in the sense that
the laws are invariant under symmetry transformations which differ at every spacetime
point. Global symmetries are invariances only respected by transformations which are
constant in space or time. An important goal of physics is to find a single underlying
symmetry responsible for all the interactions of particles and fields. An attempt to do
just this is embodied in supersymmetry theories which try to unite the behaviour of spin

I/2 particles and the spin 1 gauge bosons which exchange forces between them.

The apparent problem with this view is as follows — the existence of gauge symmetries
implies the masslessness of all associated gauge bosons — whereas only one, the photon
satisfies the condition. For example, gauge bosons mediating the weak force have masses
of ~ 100 GeV. The difficulty is resolved by invoking phase transitions to break the
symmetry of the quantum fields concerned via the Higgs mechanism (e.g. see Zel’dovich
1986). The scheme works by introducing spin 0 scalar fields with equilibrium states af
non-zero field values. That means that for a scalar field ¢ the initial symmetry can be
broken by the field evolving from ¢ = 0 to a ¢ = ¢o ground state. The ground state is

invariant only under a subgroup of the transformations of the original symmetry group.
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The example will be made more explicit in the subsequent discussions of inflation and

topological defects.

Such behaviour is well established in condensed matter physics. For example, above
the Curie temperature a ferromagnet has a rotationally invariant Hamiltonian. As the
temperature drops below the critical value the magnet spontaneously acquires a magnetic

moment pointing in an arbitrary direction, breaking the symmetry of the original state.

It appears that two of the four fundamental forces of nature, namely the electro-
magnetic and weak, can be described by the unified gauge theory of Weinberg, Glashow
and Salam. At low energies these two forces appear very different but above the energy
scale of ~ 100 GeV (roughly the mass of the W and Z bosons) an underlying symmetry
emerges. It is expected therefore that there exists a phase transition at roughly this
temperature and below that value the high energy symmetry is broken. Furthermore,
strong interactions are well described by an SU(3) symmetry group — another phase
transition occurs at ~ 100 MeV when quarks and gluons become confined in hadrons.
Particle interactions can be described by a theory comprising the contribution of three
symmetry groups SU(3) x SU(2) x U(1). The associated couplings g5, g, and g, are
logarithmically energy dependent and become roughly comparable at ~ 10 GeV (i.e.
107" = 107" of the Planck scale). Tt is possible that a Grand Unification of the weak,
strong and electromagnetic interactions will appear above this energy scale, i.e. a GUT

E r 5
phase transition occurs at T' ~ 10'° GeV.

A picture now emerges of a sequence of phase transitions in the early universe which
give rise Lo the present day behaviour of particles. Admittedly the extrapolation of
physics applicable at 100 GeV scales to energies 13 orders of magnitude higher is a huge
one and probes energies well beyond those attainable in terrestrial accelerators. However
in addition to solving some deep problems in particle physics the existence of GUT scale
pliase transitions may provide answers to some of the cosmological enigmas posed above

we now turn to these considerations.
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1.3.3 Phase Transitions & Inflationary Models

Comprehensive reviews of the inflationary model are given in Brandenberger (1993) and

Liddle & Lyth (1993).

If we are to solve the horizon problem we need all regions within the present horizon
to have been in causal contact at some early time during the universal evolution. In the
standard model the universal expansion rate obeys a x t* with 0 < a < 1 e.g. a = 1/2
during radiation domination, o = 2/3 when matter comes to dominate. The value of
ry in equation 1.25, which represents the range of causal contact, therefore converges to

smaller values at earlier times.

If, however, we postulate an epoch of universal expansion where a > 1 the comoving
lorizon size in equation 1.25 becomes divergent. We then have a mechanism whereby
all locations within the present particle horizon can once have been in causal contact
and then expanded bevond the horizon to subsequently re-enter at some later time with
a < 1. This would imply, for example, that apparently disconnected parts of the last
scattering surface were once within the same horizon, prior to a @ > 1 “inflationary”

phase.

To generate a a > 1 expansion turns out to require an unusual equation of state, not

satisfied by matter or radiation, of
p+3p <. (1.28)

Such a state of affairs could occur if the dominant gravitational component were to act
as a cosmological constant. In this case p = —p and the time evolution of the scale factor
becomes exponential. The expansion (regardless of any initial curvature which rapidly

becomes insignificant) obeys

i
(X e (1.29)

with Hubble constant

B S7(ip,

- 3 (1.30)
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These solutions of the Friedmann equations are known as de Sitter space and satisfy the
conditions of an inflationary phase. The exponential expansion rapidly redshifts away
any matter and radiation contributions to the background density. Also the curvature
in equation 1.1 which varies as k/a* soon becomes insignificant compared to the vacuum
density. Substantial curvature prior to inflation can thus be redshifted away to near

negligible levels — solving the flatness problem.

The duration of inflation is characterized by the number of e-foldings, i.e. the natural
logarithm of the amount of expansion between the onset and end of inflation. We have

two conditions

o The present horizon of ~ 3000h~" Mpc must have occupied the pre-inflationary

horizon of ~ 10 m and

e a general initial curvature must have been sufficiently eradicated for its dynamical
effects to be insignificant over most of the post-inflationary universe. so that |Q —
1| < 107> after inflation at the GUT scale.

G0

Both conditions require an inflationary expansion of at least ~ ¢” i.e. more than 60

e-foldings before inflation terminates.

To connect inflation with the standard model we clearly need inflation to end at
some epoch and the standard evolution to ensue. As mentioned inflationary expansion
would dilute all matter and radiation contributions to € to negligible levels. To have
dynamically significant values of these fields today requires that we eventually dump
the vacuum energy of inflation into these fields. The model therefore requires a phase
lransition during which the latent heat within the vacuum “reheats” the universe as
P, — 0. A phase transition which is not instantaneous reheats the universe to some

substantial fraction of the pre-inflationary temperature.

In the search for an entity whose energy density mimics that of a cosmological con-
stant and ultimately changes phase attention has been focused on the high-temperature

behaviour of quantum fields. Scalar quantum fields with the potential to undergo phase
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transitions have been explored in the context of spontaneous symmetry breaking in par-
ticle physics. Such ficlds were described in the previous section in the context of Grand

[Tnified Theories.

The properties of scalar fields are generally specified by constructing a Lagrangian

density
L= (')ﬂc,br')”qﬁ - V(o) (1.31)

consisting of a kinetic term and a potential term. In this notation the pressure p and

energy density p are given by

& | :
p= ¢ - V(§) - (Vo) (1.32)
2 6
and
1 12 b | 112 q
p=50" +V(9)+5(Ve) \1:a3)

Symmetry breaking fields result when the zero-temperature potential has a minimum
at non-zero field values. Many potentials can be constructed to satisfy this requirement

one example is the Mezican Hat form
V(g) = —p2|0]* + Alo)* (1.34)

which has a minimum at |¢| = ;L/\/ﬁ representing the stable equilibrium or ground state
ol the field. This description is incomplete if we allow ¢ to interact with an environment
at temperature T" as thermal fluctuations will also feature in the energy distribution. In
the most natural extensions of the scheme an interaction term £,  |[¢|*T? is added to
the Lagrangian and can be absorbed into V(@) to yield an effective potential V (¢, 7).

The appearance of the potential at various temperatures is shown in figure 1.2.

I'he possibility of a temperature dependent phase transition now becomes apparent.
At large 1" the potential is temperature dominated and is effectively a parabola with

a minimum at o = 0. As 7" decreases the other potential terms become steadily more
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Figure 1.2: Symmetry breaking potential as a function of temperature. (i) 7'>> Tt and the true
ground state lies at ¢ = 0, (i) 7' ~ T., the ¢ = 0 state becomes degenerate with ¢ # 0 states
(iii) T < T. the true ground states of the field are now ¢4 and ¢_, the field can evolve from the

¢ = () metastable state to stable equilibrium with V = 0.

significant until at a critical temperature T, the ¢ = 0 state becomes degenerate with
one or more non-zero ¢ states of the same energy. As 7' < 7', the equilibrium or “false
vacuum” at ¢ = 0 becomes unstable and a new “true vacuum” ground state is established
at & ~ ju/v/2X\. The expectation is thus that the field undergoes a phase transition at
T oo T

¢r Plalse vac.

— @irue vac. and the latent heat of the transition ~ V(0) is emitted
through couplings to other fields. An energy difference of AV ~ p4/2)s exists between
the initial and final equilibrium states. If V' = 0 in the final ground state the field
can function as a cosmological constant with energy density ~ AV until it falls to the
uew equilibrium point. Such a transition occurring at the GUT scale has to reheat the
Universe to a temperature of ~ 10" GeV and the corresponding energy density of the

false vacuum is of order ~ T3 so p, ~ 10 kg m™2.

1o ensure sufficient e-foldings during inflation we need ¢ to change slowly with time
which implies V' > ¢*. (V#)%. This ensures that p+ p = 0 while inflation proceeds as
it satisfies the requirement that equations 1.32 and 1.33 are dominated by the potential

terms. Spatial derivatives of ¢ rapidly become negligible as the expansion damps them

away,
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These considerations result in a simple equation of motion for the field

. dV ’
JHp= —— (1.35)

do
which comes from applying the Euler-Lagrange equations to 1.31 in an expanding FRW
spacetime and ignoring the spatial and temporal derivatives of ¢. The Hubble value.
H = a/a parameterizes the expansion rate as usual. The slow rolling criteria can be

expressed in terms of two dimensionless parameters as

2 AN 2
=il &1 (1.36)
T Tor \V ‘ '
m'z i
= _::?1 v < 1. (1.37)

The Planck mass m, = G2, These conditions ensure the potential is flat enough for

its time evolution to be slow.

g s z : : - | s
De Sitter space contains an event horizon of size H~ . In analogy with black holes,
thermal fluctuations can appear as Hawking radiation, at temperature

1

Lag= o (1.38)
These quantum fluctuations can be frozen in by the expansion to become classical cur-
vature perturbations. The invariance of de Sitter space under time translations yields
a scale invariant power spectrum of fluctuations (P(k) « k) which is gravitationally
amplified after inflation and hence can provide the initial density perturbations. The
scale invariance of the power spectrum can thus be counted as a prediction of inflation.
['urthermore the fluctuations are expected to be Gaussian (the density field is a superpo-
sition of Fourier modes with independent random phases) and adiabatic, i.e. curvature

fluctuations which do not discriminate between matter and radiation.

The picture is complicated by the fact that density perturbations within the present
lhorizon were generated during the final 60 e-foldings of inflation when the inflationary

oxpansion was coming to an end and may not be precisely exponential. If the derivatives
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of V() are no longer negligible at this stage the primordial power spectrum can exhibit

tilt away from scale invariance (P(k) x & with n = 1) such that
(1 —n)=06e—2y (1.39)

in terms of the dimensionless derivatives of (1.36,37).

The amplitude of density fluctuations on the horizon scale can be shown to be (e.g.
Peacock 1996)
H*  3u’

1 qs ‘_r; "

(1.40)

Using equations 1.30, 1.35 and 1.36 we can rewrite this as 0, ~ \/p_‘/m;\/g Inflation
must end with ¢ ~ | and so with p, ~ T we get §, ~ I’f/mi A GUT scale T,
gives the observed value of &, ~ 107°. Unfortunately this turns out to require a very
weakly coupled ¢-field to get the required number of expansion e-foldings. With regard
to equation 1.34, A < 107", There is no known physical principle to explain why the
coupling should be so small and the problem is regarded as a serious shortcoming for the

inflationary model.

One further relic effect of inflation would be a background of gravitational waves gen-
erated by the coupling of the fluctuating ¢-field to gravity. Probably the most stringent
test of their presence would be in a measurement of scalar and tensor contributions to
the CMB anisotropy (Starobinsky 1985). The ratio of these would furnish a measure-
ment of €. There exists, therefore, some hope of measuring the parameters characterizing

inflation.

Although inflation solves many of the cosmological questions posed in section 1.3.1
it has many free parameters and is not a well-constrained theory. The search for the
description of an inflaton field that behaves as required has proved discouraging and
in some respects the problem of appealing to special initial conditions at the Planck
epoch is not cirenmvented. We now turn to look at a rival theory, also based on phase

transitions in the early universe.
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1.3.4 Topological Defect Models

Not all symmetry breaking phase transitions taking place in the early universe necessarily
lead to inflation. In fact, we have seen in the above section that certain rather specific
conditions must be met for an inflationary phase to account for cosmological observations.
There is, however, another property of phase transitions which is relevant to the issue -
their capacity to generate topological defects. This class of theory is considered a serious
rival for inflation in its explanation of primordial density fluctuations and has the general

advantages of fewer free parameters and less ambiguous observational effects.

In terms of the previous discussion, topological defects arise when a phase transition
drives a scalar field from a ¢ = 0 initial state to one of the degenerate ground states of
the potential V' (¢). This means that more than one set of components of ¢ can satisfy
|6|* = |%|'z with V(¢,) = 0. As a prototype we hold ¢ to be a multiplet of scalar fields

¢, observing

16 = > & (1.41)

with potential

9.9

Vi(p) = %,\([(,-')ig —g7) (1.42)

in which A and o are constants for the field.

A phase transition during the cooling of the early universe drives ¢ to a fluctuating
[unction of position. ¢ is then at the ground state nearly everywhere and subsequently
attempts to relax to a coherent alignment (i.e. zero field derivatives) over larger and larger
scales as the horizon expands. That is, initially causality limits the coherence range of
the field to the horizon volume at the phase transition — later neighbouring volumes come
into contact and alignment continues where they meet. This can continue unhindered
except where field configurations cannot be erased by a local internal rotation of the field.
The topological defects that such locations represent are trapped field configurations -
the field derivatives around such points are non-zero and so an energy density is frozen

inat defect sites. Given a theory which admits topological defects such regions are
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I'igure 1.3: Domain walls as the boundaries between distinct but degenerate ground states of the

o-field in the T' < T. regime.

guaranteed to form during a phase transition in the early universe (Kibble 1976). The
gravitational effects of these seed perturbations then generate CMB anisotropies and

structure (typically with non-Gaussian characteristics).

Various types of topological defect can arise depending on the internal dimension-
ality of the field ¢ and whether the broken symmetry is of the global or gauge kind.
In the gauge case both scalar and gauge fields adjust to minimize the energy trapped
by the defect and so the energy is quite well localized. Global defects do not have a
corresponding mechanism to quash the long range field derivatives and generally have

divergent total energy integrals and long range interdefect forces.

e Domain Walls arise i ¢ has one internal degree of freedom and the low temperature
field exhibits spontaneously broken discrete symmetries, i.e. V(¢) has a discrete
set of degenerate minima. Domain walls are planar defects separating regions of
different phase (figure 1.3). The field passes through ¢ = 0 as it changes value
and so there is a trapped energy on this surface where ¢ steps from ¢_ to -

Adjoining walls with oppositely directed steps can join and annihilate. Walls will

move at speeds < ¢ so we expect no more than a few per Hubble volume. It can be

shown that cosmological domain walls would perturb radiation backgrounds to an

unacceptable degree unless o < 1 MeV which is way below the energy associated

with GUT phase transitions. GUT-scale domain walls would overclose the universe
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by a factor of 10°*! (e.g. Brandenberger 1993). Straightforward implementations

of domain wall generated perturbations are therefore ruled out.

e Strings. In this case ¢ is a complex scalar field with two degrees of freedom. The
phase of ¢ changes continuously by integer multiples of 27 in a loop around each
defect. This yields linear defects or strings. Such defects are observed to form in
low temperature phase transitions in liquid 1He as quantized vortex lines (Hendry
1994). This case has been the most intensively investigated and is discussed in
more detail in the next section. Global strings have an energy per unit length
which diverges logarithmically with distance from the string and have not been
investigated in depth in cosmological contexts. We therefore confine subsequent

comment to the gauge case.

e Monopoles. Here ¢ has three dimensions and the associated defects are particle-
like. Gauge monopoles can behave as magnetic monopoles with a magnetic charge
M and their existence would imply the quantization of charge. As briefly discussed
below, gauge monopoles would be expected to dominate the mass of the universe at
the present epoch and so the simplest models are inconsistent with the data. In the
global case there are long range inter monopole forces which an allow annihilation
at a rate comparable with the universal expansion yielding a scaling solution. Such

scenarios are harder to rule out (Rhie & Bennett 1990).

o Textures arise in 4-component symmetry breaking fields. Ground state occupation
leaves three free functions of position — the Higgs field can point in any direction in a
4D-space. Inhomogeneities in the field gradient energy density represent transient
energy concentrations. the texture can subsequently unwind and allow the field
to reconnect smoothly. For textures to cause scale invariant initial conditions for
structure formation at the 6, ~ 107 level requires o ~ 10’7 GeV which is within
a plausible GUT range. Implementations of the model are described in Cen et al.

(1991).

In early versions of topological defect models the existence of monopoles was seen
as a problem. Phase transitions at the GUT scale yield monopoles at a density of ~

one per GUT horizon volume. They would dominate the mass density of the Universe
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to an enormous extent at the present epoch unless some mechanism aligned the field
over scales well beyond the current horizon. This concern was a motivating force behind
inflationary theories. The huge stretching of the gradients during exponential expansion
“inflates” the monopoles to a very low density. Thus topological defects occurring prior
to any inflationary phase would probably not be of great significance once inflation had

ceased.

1.3.5 The Formation of Strings

We now focus on the gauge string model. We consider the Lagrangian density in the
Abelian Higgs string model (Nielsen & Olesen 1973) in which the complex scalar field ¢
interacts with a vector field A (which is the gauge field required for the energy of the

string to be localized) .

l - r J L al L
£ = :ED“_G')J')”-:_*) — V(o) + q)‘.";”,f* e (1.43)
The covariant derivative is given by D, = 9, — ieA with gauge coupling constant e.
The potential V(o) is the 2D version of equation 1.42, the “Mexican Hat” (figure 1.4a).
I, is the antisymmetric tensor d, A, — J,A,. The Lagrangian has U(1) symmetry and

describes the simplest model for gauge strings with a localized energy density.

Below the critical temperature the ground states form a circle with ¢ = oe'’ where 0
is the polar angle along C'. Such a potential admits one-dimensional topological defects

known as strings. The formation proceeds as follows.

At T > T,. ¢ sits at the origin with zero expectation value. As the temperature
in the early universe falls the equilibrium at the origin becomes unstable and ¢ falls
to a stable equilibrium point somewhere in the circular trough of the potential nearly
everywhere. The ground state expectation value for this complex scalar field will then
be (¢) = go'” with arbitrary phase angle 6. But at some points V(¢) cannot fall to zero,
e.g. al point P in figure 1.4b the local field points away from P at every neighbouring
point. The field at P therefore cannot totally align itsell with the local field whichever

direction it points in the 2D ¢ field and so it is constrained to remain at the origin. The
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(a) ¥iP) (b)

Im (¢)

Figure 1.4: (a) The Mexican Hat potential at 7' = 0. The ¢ field is complex. A rotationally
invariant potential V(&) contains a circle C' of ground states for which |¢| = . (b) Trapped
point within an otherwise relaxed field configuration. The field at P cannot align itself with the
local field and so remains at |¢| = 0 with a trapped energy of ~ V(0). The field makes a rotation
of 27 in any circuit around P. Thus P is the site of a tepological defect in the field which cannot

be removed without reheating to T ~ Tt..

non-zero field derivatives and the residual potential energy thus contrive to produce a
trapped energy density at P. Mathematically speaking this corresponds to loops around
P having a non-trivial winding number i.e. the phase angle § changes by 27 as the loop
is traversed. By translational symmetry there is a continuous line of points with (¢) = 0
which form the high mass core of the string. Thus a thin tube remains in the false

vacuum state.

The mass per unit length of the string is pu ~ o for gauge strings. A string that lies

along the z-axis has stress-energy tensor
797 = pé(x)é(y)diag(1,0,0,—1). (1.44)

In cosmological contexts the scalar field arises from a grand unified theory of the funda-
mental forces. and in the case of most interest is the field breaking the symmetry between
the strong and electroweak interactions. In this case o ~ 10" GeV and A ~ 1. Causality
implies that the scalar field will not be coherent over scales greater than the horizon size,

so as T falls below 7. a network of strings will form with correlation length € < ¢ (i.e. ~
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Figure 1.5: Loop formation by a self-intersecting long string.

one long string per horizon volume). Numerical simulations of the formation phase (also
discussed in chapter 2) indicate that ~ 80% of the initial network energy is in “infinite”

horizon crossing strings and ~ 20% in closed loops (Vachaspati & Vilenkin 1984).

After formation the network evolves principally via loop production by infinite strings
(figure 1.5) and loop shrinkage due to gravitational radiation. The two processes yield
a mechanism by which the string network can lose energy. If this loss of energy is such
that the correlation length of the network always obeys £(¢) ~ ¢ then a scaling solution

results (e.g. Bennett 1990). If p, is the energy density in long strings then

Py~ [ ~ pt™? (1.45)
and so
P_Z X pu (1.46)

ie. pgis afixed fraction of the background density and so “scales” in an epoch dependent

way. Il we calculate the resulting density fluctuations on the scale of the Hubble volume

then

0. Swlip, é
o N&w—piwii[](f;awf}(}—g—z. (1.47)

1 a7
} PU -i ”(.]é m I"l

['o generate the observed ¢, requires o ~ 10'°GeV which is in the range encountered in

discussions of strong and electroweak unification.
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1.3.6 Cosmological Effects of Strings

Having dealt with the motivation for the string model we now move to consider the
cosmological implications of strings in more detail and examine constraints that can be

placed on the theory.

General relativistic properties of strings have been investigated by Vilenkin (1981)
and Gott (1985). It can be seen from the form of 7% in equation 1.44 that the active

or Newtonian gravitational potential of a straight string vanishes as

V3¢ = 4rGTS = 0. (1.48)

Locally an observer close to the string feels no acceleration in this weak field approxima-
tion. However the global solution to Einstein’s equations for the metric around a z-axis

string is
dr? = di? — dz* — dr® — v*(1 — 4G p)dy® (1.49)

which is the same as for a flat spacetime except it has an angle deficit of 87Gp. Although

the metric is locally flat the global spacetime has the geometry of a cone.

Initially parallel light beams are, after passing the string, convergent with an angle

of convergence of up to

¥ = 87G (1.50)

cffectively lensing the source. Observing an object which is behind a long string will
generally yield two identical images separated by up to 1. More detail will be given in

chapter 2 which adapts this effect into a search method for strings.

The gravitational effects of strings should give rise to several observable effects. An
example is the situation in which an observer views a point source of radiation with a
string transversely crossing the line of sight. The radiation is Doppler shifted by the

moving string and a discontinuous shift in the frequency of the radiation is observed as
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the string passes. In the case of a uniform radiation background the observer detects a
discontinuity across the locus of the string. For the CMB the temperature would vary
by

b‘rlu

O =8rGpyn: (v X s) (1.51)

either side of the moving string. Here s is the vector direction of the string locus and
n a unit vector along the line of sight. v is the velocity of the string and 7 the Lorentz

factor (1 — |v|2)"”2

If the strings are sufficiently massive the observed fluctuations of the microwave
background temperature could be generated by the superposed contributions of strings
between z = 0 and the last scattering surface (Kaiser & Stebbins 1984). The microwave
sky would then be a mosaic of small patches of constant temperature radiation with
discontinuous boundaries at string loci. The mean patch size would be set by the angular
separation of strings at the highest intervening redshift, roughly the horizon size at

of Oy = 2°. Additional sources of CMB anisotropy include the standard model

“rec
ingredients of: the Rees-Sciama effect from potential fluctuations between z = 0 and
z = z;,, temperature, potential and velocity perturbations on the last scattering surface

and gravitational wave eflects.

Numerical simulations of the CMB in the string model have been generated by
Bennett, Stebbins & Bouchet (1992) and generate an rms temperature fluctuation of
0T [T ~ 19G . If strings alone are responsible for the COBE rms measurement then the

mass per unit length of strings is constrained to be
Gp=(15+05)x 107 = p=2.0x 10" kgm™ = 3.1 x 10"My pc~". (1.52)

Coulson et al. (1994) have argued that this is an underestimate and calculate Gu = (2.0+
0.5) % 107°. Tt appears that for CMB anisotropy experiments with angular resolution of
order a few arcminutes that string generated perturbations would give a pattern clearly
distinct from the Gaussian perturbations of inflation. Therefore there is hope that the
new generation of CMB experiments will provide a means of discriminating between the

models (e.g. see Hara et al. 1993, Moessner et al. 1994).
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Matter moving past the string at relativistic speeds also converges and would form
shock regions in wakes behind the string. Two particles initially at rest begin to move
towards each other when a string passes between them. In the case where the string
moves at velocity v perpendicular to the line connecting the particles, the particles

acquire a relative velocity of u = |v|yv.

In addition to providing scalar gravitational effects we also expect gravitational ra-
diation from long strings which may have measurable indirect effects. The existing
gravitational wave background is constrained by nucleosynthesis arguments and by mil-
lisecond pulsar timing. The observed densities of primordial isotopes are affected by
the expansion rate at nucleosynthesis which is increased by extra radiation backgrounds,
e.g. gravitational waves, extra neutrino species and so forth. Unacceptable ®He and D
fractions would result from string generated gravitational waves unless G < 6 x 7
The waves would also affect the observed rate of pulse emission from millisecond pulsars.
[n interpreting the measurements some estimate must be made of the spectrum of grav-
itational radiation from string loops — the most conservative arguments give limits on
(i comparable to the above. These additional constraints are discussed in Hindmarsh

& Kibble (1995).

[f we supplement a perturbation generatling string network with a chosen form for
the dark matter we have the ingredients needed to form structure. A moving string can
generate velocity perturbations in the dark matter which streams past and thus form ac-
cretion wakes in a plane behind the string. Thus the global gravitational effects of strings
naturally generate planar overdensities. Small scale structure on the strings reduces the
string tension (7T in equation 1.44) and yields an active gravitational potential. Thus
cvlindrical accretion is also possible and can give rise to filamentary overdensities. The
relative proportions of the two effects depend on the degree to which string microstruc-
ture (i.e. wiggliness) is present and the velocity distributions of the strings and dark
matter. Long-string mediated structure formation is addressed in Aguirre & Branden-
berger (1995). Loops can act as pointlike gravitational sources and also seed structure
(Bertschinger & Watts 1988). Numerical simulations show that strings with G/ = a few
% 107" combined with HDM is compatible with observations for reasonable values of the

Sh™' Mpc bias and Hubble's constant (e.g. Mahonen 1996). The status with CDM is less
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clear though the string model certainly does not alleviate any of the problems discussed

in section 1.2.3.

We would expect to be able to distinguish a string-motivated scenario from, say, an
inflationary version, by the non-Gaussian nature of the density perturbations. In the
string model correlations exist between the phases of different power spectrum modes.
On the other hand the present day density field contains contributions from many over-
lapping wakes and so the field may be fairly close to Gaussian. Whether present data
really allow us to discriminate between strings and explicitly Gaussian models such as

inflation is as yet unclear (though see Robinson & Albrecht 1995).

1.4 Summary

To conclude this chapter I will summarize the key conclusions and map out the areas to

be addressed in subsequent chapters.

The Standard Hot Big Bang model has had some notable successes and still deserves
to be taken seriously as a framework for interpreting cosmological observations. The
first half of this chapter has exposed the most significant grey areas — (a) determining
the form and density of the energy content of the Universe and reconciling this to (b)
the age of the Universe, and (c) the observed clustering of galaxies. This thesis makes
two contributions to this area. Chapter 5 discusses a variant of the CDM model in
which a dark matter component decays radiatively at early times. The model has the
virtue that it can accommodate (a) the low apparent value of the power spectrum break
wavenumber (x Qh for CDM models, equation 1.24) inferred from observed large-scale
galaxy clustering and (b) the high measured values of 2 and h (section 1.1.2). Chapter
5 uses measures of the small-scale clustering predicted in such models to constrain the
principal attributes of the decaying particle species, its mass and lifetime, producing tight
bounds on the allowed parameter space which remains. Chapter 6 contributes to the
observational tests of large-scale galaxy clustering by constraining the clustering signal
of a sample of high-redshift radio galaxies. The high redshift data are important as they

give clues to the evolution of the density field with time and yield constraints on the
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Standard Model parameters of section 1.1 and the bias parameter described in section
1.2. Recent work with comparable datasets has measured clustering of a surprisingly
high amplitude for such redshifts — chapter 6 addresses the question of whether these

values are plausible in the light of our data.

The second half of this introduction has examined two promising theories which ex-
tend the Standard Model — inflationary and topological defect models. In conclusion.
although inflation solves some important problems — the horizon and flatness problems
ol section 1.3.1 — the model is poorly motivated in terms of currently understood particle
physics. Furthermore. conclusive tests of inflation are elusive and may have to await sub-
stantial advances in high-energy physics and gravity-wave detectors. Topological defects,
while less of a panacea for the outstanding problems of the field, are well motivated by
theories of Grand Unification at T' ~ 10'® GeV and make plausible candidates for the
source of primordial inhomogeneities. Crucially, cosmic strings, the best investigated
class of topological defect models, have testable consequences for the microwave back-
ground and the lensing of galaxies. Chapters 2 to 4 adapt the second of these effects into
a search method for strings. Chapter 2 draws heavily on simulations of string networks
to set limits on the shape and distribution of horizon-spanning strings. Chapter 3 inves-
tigates the appearance of galaxies lensed by such strings. In chapter 4, this knowledge
is then built into an algorithm which searches for strings on Schmidt plates. Finally, an
extension of the work to deeper surveys is considered - running the search algorithm on

the large area Sloan survey should test the cosmic string model conclusively.



Chapter 2

The Properties of Cosmic Strings

As discussed in the introduction the detection of cosmic strings would be of huge sig-
nificance for physics. The unambiguous observation of string lensing of galaxies with

measurable redshifts would, at a single stroke allow us to

e demonstrate the occurrence of a phase transition in the very early universe, (prob-
ably one of crucial importance to particle physics) and allow us to measure the

energy scale at which this occurred.
e provide a much-needed mechanism for seeding structure.

e allow us to directly measure Q which is a function of the lensing angle per unit

redshift.

The most attractive aspect of the string scenario is that an unambiguous detection is
possible given a deep enough galaxy catalogue to search for potential lensing events. The
next three chapters describe the way in which such a search could proceed. This chapter
seeks to estimate the most important parameters influencing any search programme,
drawing on analytical and simulated research on strings. Chapter 3 discusses the nature
of individual lensing events which are the observational signature of strings. Chapter
I describes the application of a search method to ~ 100 high galactic latitude UKST
plates and looks forward to extending the search with the next generation of deep galaxy

SUrveys.
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2.1 String Lensing

The spacetime in the environment of a cosmic string is locally but not globally flat
~ it is conical as if a wedge of angular size ¢ = S8wGp were removed and the faces
identified. A prediction of this spacetime configuration is that strings will gravitationally
lens background galaxies. If an observable galaxy lies beyond the string with its line of
sight within an angle ~ 87 G to the line of sight to the string then lensing effects will
give rise to a two images of the galaxy with separation

sin @

E Dgq :
b= 8rGip—" . 2.1
v = 8nGp Dy 7T1—% -0] (2.1)

!

(Vilenkin 1986), with D and Dgq the angular-diameter distances of the background
galaxy and between the string and galaxy respectively. v = (1 — |v|2_)"1"2, with v the
velocity of the string, n a unit vector in the observer to object direction and ¢ the angle
at which the string crosses the line of sight to the lensed object. The v dependent terms
are relativistic effects in the general case of a moving string. The situation is illustrated
in figure 2.1a. It will be useful later to have equation 2.1 in a redshift dependent form,

thus

(2.2)

= . \—1/2 :

] = (1+zg)—'ﬂ (1 —v-n)

with z, and z, the string and galaxy redshifts. These equations are valid so long as

Q= 1and Dg < Hy .

Given the range ol mass per unit length g quoted in equation 1.52 the angular
. - . " . . . .
separations of lensed objects should range up to ~ 107. A single long string lying in
front of a number of galaxies would manifest itsell as a line of double galaxy images
; P W e P ;
across the sky, i.e. alane ~ 207 wide containing aligned image pairs separated by up to
1" e . . . .
107, see figure 2.1¢c. The lane would form a great circle on the sky in the case of a straight
hiorizon-spanning string. Most image pairs due to Iong straight strings are expected to

be identical in magnitude. size and colour in this simple picture — there is no significant
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(a) (b)

Figure 2.1: (a) Basic lensing arrangement as described in the text. The string S lies perpendicular
to the plane of the page and moves at velocity v. G" and G” are identical images formed due to
lensing of the background galaxy G. (b) Partial lensing which may occur with extended objects.
Only part of the galaxy falls within the lensing region (dashed lines) and so a truncated secondary

image 1s formed.

magnification or distortion (Gott 1985) and Doppler shifting between images in a pair

is at the
Aw/w ~ 8rGu|v| (2.3)

level (Stebbins 1988). If the lensed object is sufficiently extended there is a possibility
that only part of it will fall into the lensing region in which case one of the images will
be truncated and have a sharp edge at the position of the string, figure 2.1b (Paczy1iski
1986). The Space Telescope would probably be needed to resolve such effects. Terrestrial
telescopes would see such partial lensing events as differences in magnitude between the

two images.

Examining the velocity dependent factors in the lensing equation (2.1) shows that

the lensing angle ¢» takes a value in the range

Hla'(')‘;l:-“siu 8 << H_uzf.'u sin # (2.4)
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FFigure 2.1: (¢) Lane of double images produced by a cosmie string (solid line) with a background
ol galaxies. Galaxies or parts of galaxies that fall within the region Opax(zs) from the string
(dashed lines) are lensed into two identical images either side of the string. Images in each pair
are separated by up to f,4x, the maximum value of expression 2.2 which is ~ 10" with the
mass-per-unit length of equation 1.52. The centroids of each image pair are shown by crosses —

a lane 0. wide (dotted lines) contains all these centroids.

(e)

Figure 2.1: (d) Lensing in the case of a string with relativistic transverse motion. The string S
is tilted at angle @ to the line of sight (in the yz-plane). It moves at speed v in the x-direction.
(e) The appearance of galaxies lensed by such a string. Each pair is sheared by an angle v from

the apparent path of the string S* inferred from the distribution of lensed pairs.
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where ¢y = 87GuDsy/Dg and & = (1 —v)/(1 + v). Taking the mean value of the

transverse string velocity to be © = 0.5 and sin 6 = 2/ gives
0.37T1hy < ¥ < 1.10¢,. (2.5)

I'rom this it appears that moving, randomly oriented strings, on average, do not cause
significantly greater lensing than do stationary strings, though a combination of orienta-
tion and motion effects can cause the lensing angle to be significantly reduced. However
the mean value of ¢» expected when all these effects are taken into account is still ¥ = 1,
so we will continue to use 1, as the best estimate of ¢» when the orientation and velocity

are unknown.

An additional complication to the basic model, first noted by Vilenkin (1986), arises
when the string has rapid transverse motion v ~ ¢ and does not lie perpendicular to
the line of sight to the distant galaxy (figure 2.1d). In this case the observer sees more
distant parts of the string with a retardation and the apparent direction of the string
differs from its true direction. This effectively shears the line of galaxy pairs as shown

in figure 2.1e, with shear angle
5
tan y = — cot # (2.6)
"

These are the crucial predictions of the cosmic string model as far as direct observa-
tional search programmes are concerned (e.g. Hindmarsh 1990). The presence of a lane
of aligned, largely identical galaxy pairs on the sky could not be produced by any other
plausible mechanism. Chapter 4 will develop this signature into a test for the presence
of strings on existing galaxy catalogues as an extension to the methods of Hindmarsh.
The rest of this chapter is concerned with the properties of strings that are relevant to

such a search prograinlme.

These arguments apply to long horizon-spanning strings. Closed loops of string can
cause significant relative magnifications of the images (Hogan & Narayan 1984). If the
loop is moving relativistically the magnified images can detectably change position and

magnitude over a timescale as short as a few months. One possible loop detection was
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reported in 1987 in which a small ~ arcmin? field appeared to contain lensed galaxy pairs
but after follow-up observations it is still unclear whether these are not just accidental
close pairs of galaxies. This candidate is discussed in Cowie & Hu (1987) and Hu (1990).
We do not expect to detect string loops with the methods described here. The search
programme discussed in this work relies heavily on the similarity of objects in lensed pairs
and their line-like distribution on the sky — as predicted for horizon-spanning strings.

Neither signature applies particularly well in the case of loops.

2.2 String Microstructure

One further characteristic of horizon spanning strings is of importance here. Numerical
simulations of strings indicate that the build up of large-scale features is accompanied by
the survival of relatively microscopic structure (Bennett 1990, Bouchet 1990, Albrecht
1990, Shellard & Allen 1990: hereafter Be90, Bo90 A90 and SA90). The scales at which
substructure exists may be smaller than that allowed for in string simulations — even as
low as the correlation lengths during the original string formation process. Furthermore,
string segments may intercommute and velocity and direction discontinuities result —

also contributing to the microstructure.

An effect that gives concern for attempts to detect lensing would be wiggliness on the
scales separating the background galaxies. A significant degree of string curvature here
would wreck the hypothetical alignment of galaxy pairs in a strip. Since pair alignment
is one of the key signatures for string lensing any search programme would be made
substantially more difficult. In the search algorithm developed in chapter 4 we will be
looking for lanes of galaxy pairs on the scales of several arcmin to a few degrees on
the sky. At Schmidt plate depths of z ~ 0.2 this means we will be searching for string
segments with lengths of order 10" Mpc. Before any such programime is undertaken
it is therefore crucial to have an estimate of the level of substructure on 1 — 504" Mpe

scales. We examine this issue in the following section.
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2.2.1 The Basic Concerns

As with mauny fields in contemporary physics the input of numerical methods and com-
puter simulation has been crucial to the understanding of cosmic strings. A string net-
work in an expanding universe represents a non-equilibrium system with chaotic initial
conditions. Although important progress towards modelling strings has been made with
analytical methods many features have ounly come to the fore by examining the results

of high-resolution simulations.

A typical issue is that of string loops — once central to models of string mediated
structure formation. A high density of loops in the matter dominated era would have
provided point-like gravitational seeds around which matter could collect in galaxy sized
clumps. Indeed the correlation function expected of loops and that observed of galaxy
clusters had a notably similar form (Turok 1985). The large gravitational wave output of
these loops was, however, far in excess of limits provided by pulsar timing data (section
1.3.6). The cosmic string model remained on shaky ground until simulations (Be90,
Bo90) showed that the newly-discovered phenomenon of string microstructure rendered
all but the smallest loops unstable. Since then the model has been rethought with the

structure formation around long strings playing a much more dominant role.

The analysis of string microstructure has revealed some interesting features which

we will discuss in turn:

¢ Simulations of the formation and evolution of a string network show that on very
large scales infinite strings have the form of a Brownian walk which can be charac-
terized by a persistence length ¢ — the scale above which neighbouring lengths of
string make effectively random angles to each other. The network tends to incoher-
ence on scales where the light travel time approaches the age of the universe. The
infinite string is therefore not straight, over large enough scales we expect curvature
parameterized by a radius ~ (. The simulations imply ¢ is, at each epoch. some

substantial fraction of the horizon size. Hindmarsh (1990; hereafter H90) suggests

20° 3

) & — (2.7)
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where ( is given as the apparent angular persistence length of a string on the
sky and /3 is the coherence length of the string network (i.e. the mean inter-string
distance) in horizon units. /J is estimated to be of order ~ 0.3 by Albrecht & Turok
(1989). At late times the velocities of the string segments tend to be coherent over

similar scales as the string locus itself is coherent (SA90).

o Strings exhibit wiggliness on small scales. Simulated strings in an interacting
network develop kinks and curvature at scales well below the horizon size. Winks
arise as a byv-product of the loop formation and intersection processes outlined in
section 1.3.5. A newly formed kink is a sharp discontinuity in the direction of the
string locus and typically propagates along the string at speeds of ~ ¢. Kinks {rom
loop formation decay very slowly in the matter dominated era, their amplitude
decreasing as ~ (”! (Be90). Whether this is significant to lensing depends on the
resolution of the experiment being performed — a wiggly string appears smooth if
below the experimental resolution but the effective mass per unit length is increased
to ji. Thus wiggly strings give greater lensing as ¥ = 87Gn. Again appealing to
simulated data we find that g(J) ~ 1.5¢ in the matter dominated epoch on the
scale of the coherence length of the string network, 7 (SA90). We will show later
that this effect is insignificant on the scale of individual galactic lensing events and

50 ji = pt can be assumed in what follows.

e The fractal dimension of the long strings changes as a function of scale. If L is the
total length of string between two points and R the straight line distance between
the same points then (L/H) x (R/H )" with H the horizon scale. The fractal
dimension d increases from ~ 1 at ~ 100h~! Mpe scales to the Brownian walk
value of 2 at ~ 1000h~" Mpc scales where the string tends towards incoherence

(SA 1990).

¢ In the case of string loops a characteristic cut-off scale is generated by the gravita-
tional back reaction. Strongly curved portions of string emit gravitational radiation

at a rate of

E= -r,(_;';.'z (2.8)
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with v dependent on the loop configuration but ~50 from simulated data (Vachas-

pati & Vilenkin 1985). The energy of any loop is E = lu so loops of length
lg < Guyty (2.9)

with ¢y the Hubble time, will have decayed away by the present epoch. It follows

that we should not expect to see any loops of size < 0.5h™" Mpc by the present.

e For infinite strings the situation is slightly more complicated — curvature on a
variety of scales gives a spectrum of gravitational radiation. The damping of sub-
structure by radiation may be less efficient than a naive estimate would imply
(Sakellariadou 1990). This is because the damping becomes less efficient as the
amplitude of the wiggles decreases. In this case [ is probably only an upper limit

to the scale on which strings can be considered straight.

All these factors are of importance for a thorough understanding of microstructure.
However the discussions offered in the literature are difficult to relate directly to quan-
tities we want to understand from a lensing point of view. In practice, therefore, it will
be invaluable to estimate the parameters of interest from simulated data. The only way
we can estimate the power in the substructure of long strings is to analyse data for large
(= 20h~" Mpc) scales as no significantly higher resolution datasets were available. We
work on the assumption that there are no characteristic scales between ~ [, and the cor-
relation length of the string network ~ 1y;. If we can establish a power-law dependence

of power on large scales we may feel safe in extrapolating this down to ~ 0.5~ Mpe.

2.2.2 Analysis of Flat Space Simulation

The data we choose to analyse are the results of simulations on a Cray supercomputer
(Hindmarsh et al. 1996) and were kindly provided by Dr. Mark Hindmarsh. String
networks are evolved on a 256” cubic lattice in a flat spacetime. The initial conditions
correspond to those of Vachaspati & Vilenkin (1984) in that the strings are originally
random walks with a correlation length of order the horizon size. From this initially

chaotic configuration the network is evolved to a steady state by determining positions
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and velocities on two interlocking but non-overlapping lattices. The calculations required
between timesteps are described in Smith & Vilenkin (1987). Energy and momentum are
conserved and when two strings intersect they are presumed to intercommute in accord
with an analysis by Shellard (1988). Ultimately most of the energy resides in loops of the
minimum size allowed by the simulation, but with a few long strings stretching across the
horizon. As these are flat space simulations they take no account of universal expansion.
Any expansion will serve to damp out string substructure and so we can consider the
results of our analysis to be a worst case — it will at least serve to keep our resulting

estimates conservative.

The simulation data are provided in a series of conformal time steps upto a final
state in which the putative horizon size is half the lattice size, i.e. Iy ~ %L. A record is
made after each time step of an ordered set of pointers, the string locus lying between
successive lattice points (2, ¥y, 2z, ) in the list. [, = L/256 will denote the lattice point
spacing in what follows. All the output strings are closed loops (i.e. they begin and
end at the same lattice point) but an approximation to horizon crossing strings is made
by loops much longer than the width of the simulation cube. Also provided are the
crudely quantized velocities (in steps of 0.5¢) of string at the points it passes through
- we have chosen not to use them in our analysis since here we are only interested in

the instantaneous loci of strings on the sky. The assumption will be that the transverse

string velocity is coherent over the same range that the string locus is coherent.
Slices through a typical simulation cube are shown in figure 2.2.

We wish to find long strings which most closely approximate those which we expect
to observe. Thus we take the final configuration of one of the simulations and extract the
longest strings within it. It turns out that the longest strings are contained in two loops
of combined length ~ S0L in lattice units. These two loops represent all the horizon-
spanning string within the simulation — each horizon-length piece can be considered a
separate long string. The fact that all these segments add up into closed loops is merely
an artefact of the periodic boundaries. The other objects within the simulation all have

leneths < [y, and can be considered to be true loops.
5 H P

Initially we imagine projecting the string on an arbitrary plane in the sky i.e. we
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= 0.00 to 0.25

Figure 2.2: Four slices through the final state of the flat-space string simulations. The simulation
volume is a cube of side L with periodic boundary conditions. The horizon scale in this figure
is gy = %L and the coordinates are in units of L. In addition to many small loops there are
two long strings of combined length ~ 80L which takes the form of two very large loops, each

spanning a given horizon volume many times.

suppress one of the spatial dimensions in the simulation. Taking a long portion of the
string we can envisage forming a vector X joining the two end points. X lies within
our arbitrary plane — if we define another vector Y perpendicular to X but also in the
plane we can now characterize deviations from string straightness as motion in the Y
direction. That is we have reduced the string locus to a function y(z) where 2 and y
are displacements from the origin in the directions of X and Y. Figure 2.3a shows this

pictoriallv. This casts the string locus in the most useful form. We are interested in how
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the wiggle of the string causes it to deviate from its average direction on the sky. Here

y measures the deviations perpendicular to the mean direction .

There are several ways we could analyze the wiggle from here on. For example
we could use spline fitting to the discrete data to define a “smooth” string and find the
average curvature of the string as a function of scale. Here we propose to Fourier analyse
y(2) using an FI'T to attempt to characterize the typical amount of substructure on a

given scale, i.e. we want to calculate

(k) = /UN y(2)e™ da (2.10)
and obtain the power spectrum of the transverse displacements

P, (k) = (|g(k)I?). (2.11)

Certain mathematical niceties must be observed before we can proceed down this
ronte. Firstly we must ignore the periodic boundaries of the simulated data and allow
the string to continue into neighbouring cells — i.e. if the string moves out of the cell we
let it enter the next cell along rather than enter at the opposite face of the existing cell.
This ensures that we have one coherent function for one long string. Secondly we require
y(x) to be single-valued for the Fourier transform to be meaningful. Therefore we need to
suppress the progress of the string in the —X direction. ln practice we amend a portion
of string which “turns back on itsell™ by reflecting it about the Y axis (figure 2.3b).
This obviously removes curvature information from the data to some extent — however
we expect the analysis to hold on scales below the typical number of steps, I ~ 25[;
the string takes before it “turns back™ in this way. This is rather unphysical but we are
really not that interested in the string behaviour on scales > Iz (where Brownian walk

behaviour is expected) as this is easily modelled, e.g. equation 2.7.

Finally we must bin the data for the FI'T algorithm in such a way that each bin
contains some information without smoothing out the small-scale behaviour in which
we are most interested. A resolution scale is imposed on the simulation in the form of

the mean separation between lattice points — the data merely interpolate between these
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Figure 2.3: (a) Exiraction of y(2) from the string data described in section 2.2. (b) Amending

strings that “turn-back”™ on themselves as described in the text.

points so there is no information on smaller scales. The optimum case is therefore to
choose a bin size of order b where b is the largest single step a string can make between

lattice points, i.e. b~ /3l .

The power spectrum of deviations from straightness is shown in figure 2.4 with the
relevant simulation (and by extension astrophysical) scales indicated. Also shown is a

two-parameter fit to P, (k) which is well modelled by
SN e i BiBY _—
P, (k) = ak (2.12)

with @ = 0.34 when & is in lattice units, k = 2xLa~". The fit would probably be
shallower if more weight were given to low £ values — reflecting the onset of decoherence
at k < ky — but it is the high & > ky end that concerns us most and here the fit is
extremely satisfactory. We expect no physical scales to be important for string evolution
between the horizon size (lj; ~ fy) and the gravitational back-reaction scale I, (see
page 42 for a discussion). We have no information on the power below I (> ) but
il our expectations are correct then we can anticipate a scale-free spectrum in the range
[,y — lg and therefore extrapolate the l:= %% hehaviour beyond our simulation imposed

cut-off.

We can see directly from the power law behaviour of Py(k) that the strings are not
3 e e e | e E ._2 - o - 13 B4 . "
well modelled by a random walk P ~ k7% or a fractal or “flicker-noise™ type spectrum

with P ~ k7', We have tested the Fourier technique by putting in a random walk
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Figure 2.4: (a) The function y(x) evaluated for the final string simulation in which /y; = 0.5L.

x and y are in units of L. (b) The power spectrum of the string ‘wiggliness’ function y(z). k is

measured in box size units i.e. k= 2xLz~'. Shown are some of the key astrophysical scales, ki,

the simulation scale, kyy the horizon scale and kpp the 'turn-back’ scale below which the string

really us a single valued function of x. A two-parameter fit to the data yields P, (k) ~ .34k~ 257

in the range of interest for lensing (k > ky).
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string of step length b with the position angles varying randomly between each step.

The process recaovers the k™* power expected.

Recall that we are interested in the coherence of lensed-pair position angles over a
given scale. We can characterize the curvature as the variance in position angle between
neighbouring image pairs on the sky, 03. The local deviation from string straightness
can be characterized by the gradient y'(z) = dy/dz ~ tanf(z) ~ 6(z) [for § < 1] a
distance x along the X vector. A relatively straightforward manipulation of the F'Ts

gives us the relevant information as g}’{k} = tkg(k).

We have

y o y';‘.m

Tk 5 g (2.13)
and so

l'l’-(?':p sl N

dink ~ 7 const. (2.14)

i.e. the angular variance per In k is approximately a constant. To integrate equation 2.14
over the range &, to infinity (where k_ is the wavenumber corresponding to the inter-pair
separation 2) is impossible as the integral is divergent. However we expect gravitational
radiation to damp down the microstructure for & < kg (with kg the wavenumber at the
gravitational cut-off scale of equation 2.9) and so the best guess for average variance in

the angle # is given by

_. e v ol e 8 o~
ﬁ;@géf;%gimcﬂ. (2.15)

il ! T

Without a cut-off the upper limit k¢ would be replaced by k,, ~ (27 /3000 v z_)h Mpc ™"
which is effectively the smallest scale on which a wiggly string could affect the position
angle coherence — the scale of image separation for individual pairs. However for 10"
lensing k&, > kg for string redshifts of less than unity and as we anticipate no power
for & > k¢ the expression 2.15 gives the same result. This also explains why the wiggle
does not give an amplified lensing angle as discussed on page 42. On the scales affecting

individual lensing events the string can be considered straight.
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[ligure 2.5: The parameters governing the scatter in position angle ¢y of lensed pairs along a
string. Here v 1s the separation between the pairs in the mean direction of the string locus.

i1 and ¢+ are the angular separations of the galaxy images in lensed pair 1 and lensed pair 2

respectively. The symmetry axes of the pairs make angles 0, and #» to the mean direction of the
string locus. ag(x) is then the mean value of |#; — 8] for pairs separated by z. The dotted box
shows a strip in the direction of z, wide enough to contain the centroids of both image pairs.

The mean thickness of such a strip will be given by ().

— 5 2 A . % : % _—
I'he behaviour of o over the range of observational interest is shown in figure 2.6a.
The simulation data are indeed well modelled by the form

op(x)/rad®* = 0.111n ( (2.16)

%
0.5h=1Mpc/
This indicates a very slow increase in angular deviation as we look at larger and larger
portions of string. It is clear that these simulations yield long strings with coherence
lengths of order the horizon though an extrapolation upto @ ~ lj; is invalid as we have
suppressed “turn-back”™ above about 500h~! Mpec. It appears that the rms scatter in

ot —~1 osaedt . ! .
position angle along a ~ 10A™" Mpc length of string will be of the order of 30°. Previous
arguments on the gravitational damping scale for long strings (page 43) have indicated
that the kg chosen here is probably a lower limit in which case the 2 here is really :

> kg sen here is | ] se the oy here is really a

best case, though the function is fairly insensitive to small changes in ke,.

. 2 . . . . . r
A plot of o () is germane to our discussion — it allows us to set the minimum width

of strip that would contain all the lensed pairs due to a string segment of length ~ .
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Figure 2.6: (a) The rims deviation of the string from straightness as a function of distance along
the string . oy quantifies the mean angle of curvature of the string portion in degrees. The
dashed line indicates rms values measured directly from the simulated data. The filled line shows

the fit provided by o3 (x)/rad® = 0.111In (2/0.5h" Mpc).

Such a plot is provided in figure 2.6b. The data are well matched by
o2 ~0.028z" % (2.17)

Figure 2.5 shows how gy(z) and o,(z) bear on the discussion of lensing with string

microstructure.

To review, we have analysed a specific string simulation to gain an estimate of string
microstructure in ranges of importance to lensing based search programmes. We find
the 2D projection of strings on the sky to be well modelled by a featureless power
spectrum P ~ k™2, Using this and the assumed absence of new physical effects between
the gravitational back-reaction scale ~ 0.1h~" Mpc and the simulation resolution scale
~ 20h~" Mpc we have produced plots direct from the data and analytical formulae
to model the sub-simulation scale behaviour. We will use these results in earnest to

construct a string searching algorithm in chapter 4.
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Iligure 2.6: (b) The rms deviation of the string from straightness as a function of distance along
the string ®. ¢, is the average width a rectangle of length @ must have to contain all the string
portion. The dashed line shows the behaviour of the simulated data. o2 ~ 0.0282!%7 (solid line)

is roughly observed in the [y, — [y region.

2.3 The Density and Detectability of Strings

[n order to estimate the chances of success for any search for strings we need to have
an idea of the volume density of long strings. From the final set of flat-space simulation
data we note that the longest two strings in the simulation have a combined total length
of I, ~ 80L. Most of the remaining segments of string lie in very small loops with radii

the order of I, — a comoving scale of around 20h~' Mpc. The area of sky in which

sim
lensing effects of a given loop are detectable is negligible compared to that of a single
long string. We will therefore take 80L as an estimate of the total detectable string in
the volume represented by the simulation (=~ 83'?[_)., at least where any lensing dependent

search is employed.

For the final simulation cube we have L ~ %EH and thus we have roughly 20/} of long
string per horizon volume fif,. This is in reasonable agreement with other simulation
data. Bennett (1990) finds p, = 31 £ T/!’ﬁ. Albrecht & Turok (1990) find p, ~ Ih‘/:’ﬁ and

Shellard & Allen (1990) find p, = 36 £ ."J/."f_, in the matter dominated era. These results
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are collected in the monograph by Vilenkin & Shellard (1994). Our long string density
is within a factor 2 of these amounts. Using our value for now, the volume density of

string can be estimated as

dl,
Ps = AV —

I~
o

-2 (2.18)

—
T

['rom this we can readily calculate the length of string (on average) out to a redshift =

from an arbitrarily placed observer. For 0 = 1

. 32?1% _1;!2 }.JI.

L(:):T[l—(us) 1“,, (z< 1) (2.19)
and then

dly s 0V Ml (2.20)

dz — dV dz
This can be converted into the angular length of string on the sky a as

da  dadl, -
— = — 5%~ 807z 2.21
dz dl, dz : )

which can be integrated up to yield
a= / 807z’ dz' = 407 2* rad ~ 7.2 x 10%2% degree. (2.27)
Jo

In a similar calculation, Hindmarsh (H90, equation 16) finds a ~ 4.1 x 1022 degree.
This is within 50% of our value and reflects the scatter in the published values of p.. We
will stick with the value in equation 2.22 for now, remembering that a x pgzg if rescaling

to a different density is required.

We are now in a position to estimate the chances of success of any string detection
programme. The two crucial parameters will be the area of sky searched A, and the
redshift limit z_;, to which strings can be detected with a given survey. We will discuss
this issue in successive layers of detail. firstly estimating the chances of any string at

all crossing A. Then we will assume that only a small portion of that string needs to

be within onr area for a successful detection (borne out by simulations in chapter 4).
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min

Figure 2.7: Estimate of the survey depth (in terms of a minimum redshift) required for a given
area of A sterradian to contain a length of string. That is, given an area of sky A, what is the
redshift of the nearest portion of string crossing that area?” The survey depth must lie in the

unshaded region for an above 50% probability that a string will be found in A.

Finally we will check these analytical arguments against the simulated data for the case

where the search material is UKST plates of area 25 deg”.

For a string to cross a circular patch of sky of radius # radians the patch centre
must be within 23 of a string segment. Given the value of a above, we can calculate
the area density of strings. In the case where none of these string segments overlap (a
good assumption as long as a» < 4x) the Poisson probability of our patch containing a

length of string is
(2.23)

Strictly speaking a binomial distribution is more appropriate as we are interested in the
chances of one or more strings crossing the area but the distributions coincide for o,
3 < 1. For p to exceed 50% requires that af > 27 1In 2. We can convert this into some
more uselul units using equation 2.22 so that

" In2
20z%.

“min

(2.24)
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Figure 2.8: z,i, as a function of the number of fields required for a string detection where the field
size is I = 0.2°, 1°, 5° for the full, dashed and dot-dashed lines respectively. The parameters
of the search dataset must fall above each line for a good (at least ~50%) chance of detection.
Note that the z,,;, attainable be well below the mean redshift = of a given survey. The relevant

effects will be discussed fully in section 3.2,

[ can be at most # and so we have a rough limit for any all sky survey of =z > 0.1.

min
As we shall see later this is really the upper limit of any detection programme based on
UK Schmidt data. In terms of area we have 3 = cos™' (1 — A/27) and so our two survey
parameters must satisfy

)

A
22, cos H(1— ol B 0.03 (2.25)

“min b
i

for a search to have a good chance of success. The parameter space of A and z_; that

a successful search must occupy is plotted in figure 2.7.

This analysis is. however, overly pessimistic as we do not necessarily need the string
segment to be of the size of our search area in order to detect it. Imagine that for at

least one successful detection we need only [j» of string to cross our search area and that
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we therefore search N fields of radius /.. Our detection probability is then
AR (2.26)

50% success then requires

In 2

2 e
Zmin > 20:\;{[3 (227
which for a given z ; reduces the total area that needs to be searched by a factor of

v N. Thus figure 2.7 can be recast in terms of the number of fields of size I;» one needs to

search at a given z_; (see figure 2.8). This is, if anything, an overly optimistic argument
as it assumes the string segments form a “gas” of /;» length units whereas in reality these
segments are linked together and so fill the search area less evenly. The two equations
2.25 and 2.27 could reasonably be regarded respectively as upper and lower limits to the

Zin Tequired for searches over a given area.

These are simply estimates based on the expression 2.22. Using the string simulations
we can randomly place observers within the simulation cube and see how much string
lies on the sky out to a given redshift. All-sky projections for one such vantage point
are given in figure 2.9. If we have a search area A and limiting redshift z_; in mind we
can simply see if any string crosses the area, on average, when the observer’s location
and orientation are randomly selected within the simulation cube (assuming that we are
not too near the edge). Anticipating the search method employed in chapter 4 we will
use a search area of 5 x 20 Schmidt plates each of area 5° x 5°. We will then class the
string as detectable if ~ 50 % of the areas contain a detectable length of string, i.e. more
than 1° of string at z < z . on at least one of the plate sub-areas. This is carried out
for large numbers of random vantage points and lines of sight to obtain an ensemble
average. This process should be reliable for z < 1 as then we are dealing with volumes
which are significantly smaller than the simulation volume L” and can be considered as

multiple independent realizations of the string network. The plot for the results (for this

and other values of A) is provided in figure 2.10.

We will refer back to the results of this section later when assessing the usefulness of

various datasets in searching for strings.
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Fignre 2.9: The simulation data as seen over the whole sky by an observer at the centre of the
simulation cube of figure 2.2. Each successive plot increases the redshift out to which the observer

can see string on the sky and hence the volume sampled.
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Iligure 2.10: The proportion of search areas containing detectable string for the flat space sim-
ulation data. The areas employed are, (a) a « sterad area corresponding to the Sloan northern
sky survey area. A 50 % chance of detection only arises for z > 0.09, (b) a 5 x 20 sized zone of
5° % 5° Schmidt plates with a > 50 % chance arising for z > 0.15 and (c¢) the 3° % 100° area of

the Sloan deep survey which only contains significant lengths of string at =z > 1.



Chapter 3

The Characteristics of Lensed

(Galaxies

The previous chapter has investigated the characteristics of long strings that are im-
portant for any search method based on galaxy lensing. This chapter focuses on the
appearance of those lensed galaxies dealing with issues of significance to search pro-
grammes made on any dataset. In each case, though, the arguments will be illustrated
with reference to UKST/COSMOS data. It is on this dataset that a search is finally
carried out (chapter 4), using ~ 100 high galactic latitude fields of the UKST Bj survey.
The final part of chapter 4 will extend the discussion to search programmes based on
deeper survey data and argues that with such data conclusive tests of the string model

should be possible.

As this chapter principally illustrates its arguments using the specific example of
Schmidt plates it will be helpful to discuss the general qualities of the plate data before
beginning. The principle attribute of Schmidt telescopes is their wide field of view
they are very well suited for systematic photographic surveys over large areas of sky.
The UK Schmidt Telescope in Australia has been operating since 1973. Its programme
of obtaining wide-field Bj-band photographs of the whole of the southern sky is now
complete. The survey comprises ~ 900 Kodak IIla-J plates, each roughly 6° across.

The limiting magnitude is approximately By ~ 22 for plates exposed in the best seeing

59
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conditions. Usually the seeing is of the order 3” - not great compared with that of 4m
telescopes in the better sites — however this concern is offset by the sheer volume of data

the plates can provide.

A ftypical plate. therefore, contains images of several hundred thousand stars and
galaxies. The COSMOS plate scanning machine at the R.O.E. (MacGillivray & Stobie
1985) has digitised the best plates for each UK Schmidt field to produce pixel density
maps suitable for computer analysis. Software can then extract the parameters of im-
ages on the plate by applying a threshold at a specified percentage above the local sky
background intensity. Pixels above the threshold are connected up into discrete ob-
jects and parameters are determined for each using moments up to second order (Beard,
MacGillivray & Thanisch 1990). The image characteristics of importance for a string
lensing search. namely the B; magnitude, orientation and ellipticity are recorded in im-
age analysis files which are generally available to the astronomical community. There is
therefore a database of the images in the southern sky, brighter than B ~ 22, which can
be interrogated to find the locations and characteristics of interesting objects. Our search
for string-lensed objects will principally concentrate on high-declination (0 > 6 > —30°)
fields so that follow up work can be carried out on northern or southern hemisphere
telescopes. We also stick to high galactic latitude plates (at |b| > 30°) to reduce the

prevalence of foreground stars.

The redshift distribution of galaxies on the plates can be estimated (Efstathiou 1995)

using the formula

dN 5 z ]-’%‘"2 :
e & L.‘{B.]} (3.1)

where

z(By) = 0.0113( B, — 17)"” 4+ 0.0325 (3.2)

is a good approximation for By < 22. Plots of dN/dz for By ~ 21.5 and 22.5 (respectively

average and good limiting magnitudes for Schmidt plates) are given in figure 3.1.
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Figure 3.1: Redshift distributions for By < 21.5 (filled line - a typical limiting magnitude for
Bj-band Schmidt plates) and By < 22.5 (dashed line — the limiting magnitude of the deepest
Schmidt plates). The functional form is taken from Efstathiou (1995) and give median redshifts

of T~ 0.20, (By < 21.5) and 7 ~ 0.25, (B; < 22.5).

3.1 The Appearance of Lensed Galaxies

3.1.1 Image Analysis of Lensed Galaxies

The types of objects we expect to see lensed on Schmidt plates have a range of charac-
teristics. Generally these will be typical of galaxies in the range z = 0.05 — 0.35 where
the bulk of the galaxies are found for By < 21.5 (see figure 3.1). Bj-band images of

distinct lensing events can principally vary due to

e the magnitude and morphology of the individual galaxies in the lensed pair. These
will be near identical for each galazy in a given pair unless the lensed object is
sufficiently extended that there is a possibility that only part of it will fall into
the lensing region of the string (figure 2.1b). An attempt to model this effect is

provided in section 3.1.2.

o the angular separation of the two component images in a pair. Whether or not the
two images can be seen to be distinct depends on the lensing angle. This becomes

a deblending problem as discussed below.
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During the preliminary stages of our search programme it will be vital to utilize any
information on what lensed pairs can look like. The more definitive criteria we can apply
: . & ” . 4 ¥ "

to close pairs in the data, the more effectively we can remove images that lie within 10
of each other by chance. This will reduce the noise due to chance alignments of otherwise

unrelated close pairs and translates into a greater depth limit for the search technique.

At the By < 21.5 median redshift of 7 o~ 0.20 the angular size of an ~ 10 kpc diameter
galaxy will be of order 3”. This is comparable to the FWHM of the seeing disk on a
Schmidt plate. This means that little morphological information will be available for
the fainter galaxies on Schmidt plates — they will be approximately 3 FWHM Gaussian
discs.  As this is the bulk of any galaxies we can expect to be lensed at all (lensing
probability goes as ~ z?) we do not expect morphology differences between images in a
pair to be a good discriminant. We will. however, use it when we reliably can. We need
to remove pairs in which the component images are clearly of different magnitude. This
depends on the accuracy of the magnitude estimates possible with COSMOS analysed
Schmidt plates, which will be a function of B;. We will attempt to estimate the function
(|ABy|) below. Note this assumes that relatively few pairs are truncated in the manner

of figure 2.1b. This issue will be dealt with in the next section.

The two criteria mentioned above are applicable when the two images in a pair are
separated sufficiently for both to be seen as distinct. The COSMOS image analysis soft-
ware features a deblending algorithm which attempts to distinguish overlapping images
(Beard et al. 1990). Generally the effectiveness of the deblending is a function of the
separation and magnitude of the underlying images. In cases where deblending fails the
COSMOS analyser will interpret the two overlapping images as one image. We therefore
need to investigate the likely appearance of such images and be sure not to exclude them

when a final list of possible lensed objects is made.

In order to investigate these effects we must simulate the appearance of lensed pairs
and subject them to the same image analysis process we apply to the real data. The
steps involved are as follows

o Approximate each galaxy as a Gaussian disc with intensity profile I, exp(—r*/20?)

with o, ~ 1.3" 10 simulate a seeing FWHM of ~ 3", As we are prepared for most
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of the galaxies in the survey to be unresolved we neglect to model the el L profile

of spirals.

e Put pairs of such images down onto a pixel array with a range of separations
1 . . 4 W ¥
(s = 0 — 10") allowing I, to vary between pairs. Allow 1" per pixel to simulate

the COSMOS scanning scale.

o Add a Gaussian distributed noise component to each pixel to simulate the sky

background

e Subject the pixel array to image analysis using parameters similar to those used

in the original COSMOS/UKST plate analysis.

o Set the level at which By = By, ~ 21.5 by the intensity I, at which only about

half the individual images are detected by the image analyser.

In practice we did not have direct off-line access to the COSMOS image analyser
and instead made use of the Starlink PISA software — this is the APM object finding
software described in Irwin (1985). In basic function (detecting images as a series of
contiguous pixels above some threshold intensity) the two programmes should behave
in a very similar manner and produce comparable output for total intensities, image
orientations and ellipticities. The one major difference which could be of relevance is
in the efficiency of the deblending routines. We can use the COSMOS image analysis
data themselves to estimate the separation at which COSMOS deblending starts to fail.
Study of a typical image analysis file shows there are virtually no image pairs separated
by less than ~ 4”. If we then impose this limit on PISA by forbidding it to deblend
lensed pair images with s < 4” then we can simulate this effect. This implies that below
4"

s = 4" close pairs will be treated as single objects as anticipated above.

Some examples of the pixel data and resulting image analysis are given in figure 3.2.

The PISA data are output in the form of an ASCII file containing for each image its
ellipticity e, angle of orientation # and integrated intensity /. By comparing these to the

input parameters for the simulation. (s, B and 6,,,.) we find that
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Figure 3.2: (a) A sample pixel file showing a range of simulated images of lensed galaxy pairs.
Each galaxy is approximated as a Gaussian disc with FWHM =~ 3". Moving from left to right
the galaxy magnitude in each column is By ~ 21, 20, 19. Moving upwards from the bottom
the lensing angles in each row are s >~ 2, 4" and 6”. (b) The result of PISA image analysis on
the simulated data. At 2" the images cannot be deblended and a single ellipse is output. At 4"
the limit of the deblending range is reached - although this appears to be the limit of COSMOS
deblending, the PISA algorithm fares quite well in apportioning the correct flux to each. At 6"

the images are well separated and are of patently similar magnitude and shape.
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Figure 3.3: Plots of the rms values of (a) Ae(By) and (b) Af0(Bj) - the scatter in the PISA
output parameters as a function of magnitude — for simulated lensing with separations 1" (filled
line), 2" (dashed), 3" (dot-dashed) and 4” (dotted). The values are used to estimate tolerances

(for the image analysis data) within which close pairs can be considered identical.

: S . < s ;
e below the deblending scale of 47 the analysed image is in the form of an ellipse
with its long axis directed along the line separating the images in the pair. The

separation s can be recovered if the ellipticity e is known via
s(e) ~ 4.1e + 8.2¢* (3.3)
where s is in ” (this is an empirical fit to the PISA output).

e the errors in measuring the angle of orientation A# and ellipticity Ae are functions

of the image magnitude and separation. Thus Af and Ae can be represented as 21
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Figure 3.4: (a) Probability of partial lensing of background galaxies at By < 21.5 as a function of
string redshift zg. The function is sensitive to the galaxy radius rg; assumed. The value adopted

here is g = 5 kpe.

arrays. Given B and s, the likely error for real images can be extracted from each
array to estimate the reliability of COSMOS measurements. Plots for Af( By, s)

and Ae(Bj.s) are given in figure 3.3.

o the magnitude errors become significant above By ~ 18.5 and can be modelled by
AB; ~ 0.1(B; —18.5). This agrees well with an analysis by MacGillivray & Stobie
(1985).

3.1.2 Partial Lensing

With an established number count-redshift relation (equation 3.1) we can try to derive
the probability of partial lensing (illustrated in figures 2.1b and 3.4b). If only half a
galaxy were lensed in this fashion the magnitude difference with its partner would be
ABj ~ 2.510g,,2 =~ 0.75. This is of the order of the matching tolerance we have allowed
for calibration errors for the faintest objects (above). Since our method for extracting
lensed pair candidates relies heavily on corresponding images having similar magnitudes

the degree of partial lensing may be an important consideration.
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[igure 3.4: (b) Simulating the effects of partial lensing. The central bold line denotes the locus
of the string, the vertical dashed lines are the limits of the lensing region. A is the offset of
the centre of the background galaxy from the edge of the lensing region (with negative values
denoting a centre within the region i.e. < ¢ from the string). The galaxy has an angular diameter
of ~ f; and a total flux of Sy. The partially lensed image formed to the left of the string has a

flux Sy = S1(So,0g, A) with S; < Sg.

We can attempt a crude estimate of the frequency of such events by comparing the
angular size 6,(z,) of a galaxy at redshift Z with the string lensing angle (‘1/.?(35,:-:5) of
equation 2.2). We will assume to start with that the galaxies are uniformly bright discs
of size ~ f,. The probability of such a galaxy being cut by the extreme edge of the

lensing region, given that it is lensed at all, is then roughly

Pent = HS/'U" (Hg < )

Peut 1 (Hg > 'l.'"f’}
and the chance of an average lensed galaxy being so affected is obtained by integration

over the redshilt distribution

B 0 dN .
Pt () ’:l ?;’:_-1.1(3593;;)5“(‘@' (3.4)
Ts g
This function is dependent on the string redshift z, and the assumed galaxy radius
!’g as
re(1l+2,) :
g, =-% 2 I (3.5)

8~ TR,S,.(r)
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Where [,(z) allows for the fact that we generally measure isophotal angular size rather
than metric size. Surface brightness decreases as (1+ z)™* so here I(2) =~ (14 z)7% In
figure 3.4(a) are plotted the P, values for z; = 0 — 0.2 when 7, = 5 kpc. The redshift

distribution is characteristic of a limiting magnitude By = 21.5.

Clearly, from figure 3.4a there are a significant portion of partially lensed pairs even
for nearby strings with large lensing angles. A more refined treatment of the problem is
required as real galaxies do not have uniform well-bounded brightness profiles. Figure
3.4a just gives the proportion of galaxies falling near enough to the lensing-region edge
to be significantly affected. We will need to adapt our candidate selection criteria in
two ways: (i) find an optimum AB; that we allow between pairs so that we include as
many partially lensed pairs as possible without arbitrarily increasing the background of
accidental close pairs too much, and (ii) adapt the formula 3.3 converting ellipticity to

inferred separation to allow for this effect.

The starting point for both issues is to simulate the effect numerically — a schematic
diagram showing the important parameters is given in figure 3.4b. We will assume that
the galaxy profile is given by /(8)dQ = ¢ =% 40 where 6, is given by 3.5, 8 is the angle
from the galaxy centre and dQ2 is an element of solid angle on the sky. If the total flux
from the galaxy is S, and the flux from the partially lensed image is 5, then S5, /S5 is a
function of f, and the offset of the galaxy centre from the edge of the lensing region (an
angle ¥ away from the string) denoted by A. A can be negative or positive depending

on whether the galaxy centre is within or without the lensing region.

The function 5, /5, can be found easily by numerical integration on a 2D grid. Figure
3.4c shows 9, /5, as a function of A for a range of galactic angular sizes. As A — oo the
ratio goes to zero as progressively less and less of the galaxy is lensed at all, whereas for
A — —oo virtually all of the galaxy is lensed and 5,/5, — 1 — this is slightly artificial
as A cannot fall below —. All curves pass through 5,/5, = 0.5 at A = 0 as this is
the point where exactly half the galaxy is lensed, irrespective of its size. Empirically the

shape of each curve is well fit by

9 o _ A -
:s_—u_ 5 [l—lanh (.f“}g})‘| (3.6)
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S,/8,

A/

Figure 3.4: (¢) The function S;/Sy (A) for a range of galactic angular sizes. Shown are the
curves for #; = 0.3 (the shallowest curve), 0.6, 1.0”, 1.8"”, 3.2"”, 5.6 and 10.0” (solid lines).

The dashed lines show the fit provided by equations 3.6 and 3.7.

with
f{ﬂg)’_v{).l s 1.893—0.00‘2332. (3.7)

The magnitude difference between the two images is ABy = 2.5log;(.5,/5,). Given
a threshold for the allowed magnitude difference between images in a pair ABj ..,
equation 3.6 can be inverted to find the maximum value of A that would give images
within this tolerance, i.e.

max

= [(8,)arctanh(1 — 2 x 107044Pimax) (3.8)

The effective size of the lensing region for this maximum A B is therefore x ¢+ A

max”’

Values of AR, . which eive A___ > 0 allow the inclusion of galaxies with centres outside
Jmax g ax

- m
the lensing zone and hence includes more lensed pairs for a given background density.
Clearly the converse applies for A .. < 0. Increasing AB; .. vields to competing
effects — the lensing zone is effectively widened allowing more genuinely lensed pairs to
be detected — however this widening also allows more chance pairs from the background

to be included. What is needed is an estimate of the AB; . value which optimizes the
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pair selection and gives the highest ratio of string lensed pairs to background or “noise”

pairs.

The first stage is to find the overall effect of varying ABj, .. on a string at z_ lying in
front of galaxies with area density per unit redshift dgf\rg/r.-'.zgd.ﬂl. The effective width of
the lensing zone, ¢»+ A

is a function of z_, z, and AB;__.. The number of detectable

max g

lensed pairs generated by the string, N, over a length on the sky L will then be given
by
- d°N

00
N:a( Zg AB.Imax) = [ H;eff ﬁ dzg (.319)
o Zs Ng

where the effective width function W_g is defined as

I/V"’rr - 2[ i Zs? :n) + Alllaxt “g &BJmax) ] (w + Amax > ﬁl-”']
["ifeff = 0 (ur) A Ama.x S f.l”)

and serves to remove the contribution of galaxies which are lensed by less than 4" and
are consequently not deblended into pairs (see page 63). The factor of 2 arises because

a lensing region of ¢ + A is present on either side of the string.

max

The strings will be found by placing a strip on the sky and looking for the pairs
within it (see figure 2.1c¢ for the appearance of a strip containing all the lensed pair
centroids). We can set the length of strip by requiring at least some number N _. of

min

lensed objects to fall within it. Later on we will set this number to be N ; = 6, hence
using that value here gives L = 6/Ny(1deg). The width of the strip is ~ o,(L) + 0,,,,,

where o, ~ 0.2L is the strip widening factor allowing for string microstructure (equation

2.17) illustrated in figure 2.5.

The number of background chance pairs which act as “noise” within such a strip is

given by
Ny = —2 (0, (L) + bynay) L- (3.10)

AN, [dA(ABy g Omax) 18 the observed area density of pairs closer than 0, ., i.e. ~

10" (equations 1.50 and 1.52), and with magnitude differences less than AB; . on a
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Iigure 3.4: (d) Signal-to-noise as the ratio Ng/Ny, for Schmidt plate pairs as a function of the
magnitude-difference threshold ABjuax. The separate curves correspond to strings at different

redshifts, moving downwards z, = 0.025,0.050,0.075, 0.100.
stringless sky. Given that we define the length in terms of N, and N_;, we can write
the expression for the signal-to-noise as

x_\*:i N *\f (1deg)
N, — 0.2N,(1deg)N

(3.11)

min

for o, > 10”. This formula will be useful later for comparing the signal-to-noise obtain-

able with deeper catalogues.

Choosing the optimum value of ABy, .. is therefore a matter of obtaining the maxi-
mum possible value of the ratio N /Ny (z,, ABj,..) (in effect the signal-to-noise) consis-
tent with allowing the magnitude scatter discussed on page 66. Iigure 3.4d shows this
using r, = 5kpe, 0, = 10", L = 1° and typical Schmidt plate forms for dzf\“'g/rfsgdz-l

and dN,/dA.

max

It is apparent from the figure that the signal-to-noise (i.e. true lensed pairs to chance
close pairs) is a weak function of ABy, ., with a maximum at AB;, . = 0 and an almost
constant value beyond ABj, .. = 0.5. The best approach therefore will be to adopt the
minimum magnitude-difference threshold consistent with the maximum scatter expected

in estimating faint magnitudes i.e. AB;j .. = 0.6 for a limiting magnitude of 21.5. It is
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interesting that this analytical approach gives a signal-to-noise value which falls below
unity when z, 2 0.075 - this is roughly the maximum depth to which the search method

proves effective when tested on simulated data (chapter 4).

Choosing a low value for ABj . also implies that the intensities of each object in a
candidate pair will be quite similar. In fact, simulations with PISA suggest that in the
range S, /S5, = 0.5 — 1.0 the mean measured ellipticity for a given separation varies by
< 10%. Choosing ABy, .« = 0.6 means that AB; ~ 0.15 for pairs lensed by a string at

z, = 0.05. Thus we will be justified in continuing to use equation 3.3.

3.1.3 Extracting Candidate Pairs from the Data

Having established the likely image analysis response to string lensed galaxies we now
turn to the issue of extracting real close pairs from COSMOS data. Standard COSMOS
image analysis files contain all the information we need, the X and Y coordinates of each
image on a given plate, its magnitude, its RA and DEC, its ellipticity and orientation.
Star/Galaxy discrimination methods are reliable for By < 20 (MacGillivray & Stobie

1985).

The first step in our search programme is to reduce such files by cataloguing all
the images that could be string lensing events, i.e. close pairs of galaxies or single high
ellipticity objects. However care needs to be taken as diffraction spikes and haloes
around bright stars, satellite trails and bright, nearby galaxies appear on nearly all the
plates. The COSMOS image analyser often treats these features as if they were rows or
clusters of objects (figure 3.5). We have to remove such objects lest they contaminate
our subsequent analysis. Fortunately this is relatively straightforward. Bright stars only
appear to have significant diffraction spikes when their images occupy Niix 2 250 pixels.
Fach time such an image is found a sufficiently large square area of width ~ 5 Ny
pixels is completely removed from the dataset. This is found to be the minimum size
consistent with removing all the spurious diffraction spike data. Satellite trails are found
to contain very high ellipticity (e > 0.7) imnages which do not appear elsewhere in the
dataset. The exclusion of small areas (= 50 pixels square) around such images generally

removes most of the contamination due to trails. In the case of bright galaxies COSMOS
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Figure 3.5: Cosmos image-analysis output for (a) a bright star (b) a satellite trail. In both cases
the image analyser artificially breaks up the halo or trail into a curve of highly elliptical images.
Such spurious objects need to be removed from the catalogue in case they interfere with image

selection when searching for strings.

is quite effective at labelling fragmented objects at the edge as spurious. Typically this
pre-processing removes about ~ 2% of the data from each file and so does not impair

our area coverage significantly.

Having cleared the data of contamination we can perform a straightforward search
for close pairs, recording the parameters of galaxies which lie within 10” of each other
and any objects of significant ellipticity. Nearly all the objects in the catalogue are
elliptical to some degree. We need a means of discriminating further to reduce the data

to a manageable size. This is dealt with in the next section.

Because COSMOS star/galaxy discrimination becomes unreliable at faint magnitudes
(i.e. By > 20) we also need to include all the unclassified images which form close pairs
or are elliptical. However, we can use some of the information from section 3.3 to reject

some of these pairs/ellipses:-

e We roughly know the separation at which deblending becomes unreliable to be
~ 4" therefore we will not trust images separated by < 3" or so. By the same
token objects separated by > 6" should be very effectively deblended so images

with ¢ > 0.6 are almost certainly single objects and not merged pairs.
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o Close pairs should have magnitudes differing by less than 0.6.

o Well separated elliptical objects that form pairs should have similar ellipticities

and orientations within the allowable errors of section 3.3.

3.2 Likelihood Analysis

Although we can remove some of the more spurious images we are still left with a large
quantity of data. Typically ~ 10 pairs and ~ 10" elliptical images per field remain by
this stage. Clearly it would be useful to have a weighting scheme to assess the significance
of these remaining data — i.e. a means of concentrating the search on the objects that
are most likely to be string-lensed galaxies. We know how galaxies are distributed in
space and have modelled how they would appear when lensed so it is possible to tackle

the problem via probability arguments.

To this end we construct an expression for the likelihood L of a given image to be
the result of string lensing. This will be influenced by our expectations for the redshift
distributions of the galaxies and the strings. Our likelihood function will be chosen to
represent the probability of lensing of a galaxy of apparent magnitude m by an angle
as these are the parameters available for the image pairs in the data. That is we wish

to estimate

d*N
L= 3.12
dm df ( )
which, restated in terms of known functions, is
2 A7 I o~ An =
_ d°N dVdz . dVd (3.13)

T dmdV dz df ~ T iz 0l

Now., ®(m) relates to the luminosity function for the galaxies on the Schmidt plates, i.e.
the number density of galaxies with luminosities between L and L + dL. The function

® is usually cast in luminosity dependent terms as a Schechter function such that

e '(L)dL .
k) BPA\T L E, R

MLML:@M(
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=
ot

with parameters a ~ | and ®_ ~ 0.014h* Mpc™ from Loveday et al. (1992). We convert

this into a magnitude dependent form as
O(M)dM ~ 0.013¢~*dM h*> Mpc™> (3.15)

with @ = (L/L,) = 1072 =M and M, is found to be —19.68 — 5log ok in the B,

band. We can convert between apparent and absolute magnitudes using

(14 z)R(-,.S}\.(?-)) K

M = m — 5log;, ( T0pc i (2) (3.16)

with a K-correction factor which we will take to be K(z) ~ 3z (after Shanks 1990).
I'inally by calculating dV/dz we can obtain the galaxy distribution in terms of z and m
as

N AV

dmdz o )E =L

3000h " [Ry S, ()]
(1+2)V1+Qz

(3.17)

It ought to be stressed that this is a simple no-evolution model, ®_ and M_ have no
z-dependence, but it agrees well with observed counts and Schmidt-plate galaxy redshift

distributions (e.g. equation 3.1).

From equation 2.2 we find the redshift z of any galaxy lensed by an angle by a
string at redshift z..

| Fe (S?r(_r’,u,— 9)2 (3.18)
 — 9 _6 ). »

max

and derive the factor dz/df that we need to convert equation 3.17 into our likelihood of

equation 3.12,

dz _ 87Gu—146 ;

— =2—— (87 Gu—=60_ .. 3.19

f (BI‘HFIX - )S{ o max] ( )
with 6 = 87Gu/\/TF z.. Note this ignores the velocity dependent factors in (2.1) in

accord with the discussion on page 39.

Given a string redshift =, we then calculate the probability of a galaxy of magnitude

s

m being lensed by an angle #. This is our likelihood as a function of string redshift
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Iigure 3.6: Contours of likelihood over the (#,m) plane for pairs resulting from string lensing.
Thicker lines denote higher contours and intervals are at Aln £ = 0.5. The highest contour is
at ~ 100N per magnitude per arcsecond per steradian where Ny is the number of strings per

horizon volume. These values can be viewed as the number of string generated pairs expected in

a given magnitude and separation range for surveys of limiting magnitude By ~ 21.5.

L(m,,z,). We know from equation 2.21 that the angular length of string on the sky

varies as da/dz, o z, so we can integrate £ over all possible string redshifts (0 — oc,
remembering there is no lensing where z, > :-:g) to obtain a probability that any given
pair is due to lensing. £(m, #) to compare with our data. A contour plot of this function

is given in figure 3.6.

We will need to compare this with the distribution for all the close pairs and ellipses
in the data. Even if strings are present we only expect a small fraction of the images
present to truly be lensing events. The rest just appear to be lensed due to intrinsic
ellipticity or the chance pairing of similar though distinct galaxies. It therefore makes
sense to downweight £ by a factor which takes into account the number density of all
the objects used in the search as a function of m and inferred 6. We will denote this
function by Lp as the “background” equivalent of equation 3.12. We will weight each
object by a likelihood ratio defined as p(m,0) = L(m,0)/Lg(m,0) which then gives the
relative probability that a given image is due to lensing. Lg(m,#) is simply estimated
from COSMOS data for 10 Schmidt plates. Plots of Ly for ellipses and pairs, and the

likelihood ratio in each case are given in figures 3.7 and 3.8.
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With this function calculated we can reject some objects that have a very low like-
lihood of being due to lensing. This can be achieved by setting a threshold p),, and
rejecting objects with p < py;,,,. The optimum value will be set by subjecting simulated

data to the technique, and picking the py, = which gives our search the greatest depth.
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Figure 3.7: (a) Contours of likelihood over the (#,m) plane for ellipses in the dataset. Thicker
lines denote higher contours and intervals are at ALy = 0.5. The highest contour is at ~ 400, 000
per magnitude per arcsecond per steradian. The plot represents the area density of elliptical
images found per magnitude per inferred arcsecond separation for surveys of limiting magnitude

By ~ 21.5.
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Figure 3.7: (b) Contours of likelihood over the (€, m) plane for pairs in the dataset. Thicker lines
denote higher contours and intervals are at AlnLp = 0.5. The highest contour is at ~ 6000 per
magnitude per arcsecond per steradian. The plot represents the area density of pairs found per

magnitude per arcsecond separation for surveys of limiting magnitude By ~ 21.5.
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Figure 3.8: (a) Likelihood ratio contours p = £/Lp used in the weighting of ellipsoidal candidates.
Intervals are at Ap = 0.5 with the thicker lines denoting higher regions. As can be seen, faint

high ellipticity objects are most favoured by this scheme. The highest contour (thickest line) is

at p~3x 1072,

6,/8mGu

Figure 3.8: (b) Likelihood ratio contours p = L£/Lp used in the weighting of deblended pair
candidates. Intervals are at Ap = 0.5 with the thicker lines denoting higher regions. As can be
seen, faint low separation images are most favoured here. The highest contour (thickest line) is
al. p ~ 0.6. Note the contour lines cannot be directly compared between (a) and (b) as pairs
are, on average, ~ 100 times rarer than ellipses. The dashed lines are equivalent likelihood ratio

contours. Close pairs of separations < 4" do not feature in the dataset, the contours below

0 ~ 0.4 x 87y are an artefact of the contouring process.



Chapter 4

Searching for Cosmic Strings

4.1 Searching for Strings

4.1.1 The Search Algorithm

Now that we have produced a catalogue of all the possible lensed objects over our search
area we can turn to investigating their spatial distribution on the sky. Recall that the
key signature of lensing due to a horizon-spanning string is a line of lensed pairs. The
analysis presented in chapter 2 shows that the orientation of the pairs is non-random for
short enough string segments, i.e. to some extent we should also expect the pairs to be
aligned. This section will discuss the operation of a string search algorithm which takes
the ‘reduced’ file of candidate pairs and attempts to extract those regions with the most

stringlike properties.

Firstly, as we are going to consider aligned objects, it makes sense to bin the data
according to orientation. We will consider the objects in one bin at a time when we
ook for non-random correlations between the ()bj(,’(?t posil.}ons. The bin size 95 depﬂil(l&i
on the length x of string we expect to detect through the predicted scatter oy(z) in
equation 2.16. As noted in section 3.1.1 the estimate of the orientation of a given object
also has an error A@( By.s). As a result we may need to place the same object in several

neighbouring bins if A is > f — that is if the error is too big to determine exactly

80
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Figure 4.1: The basic search method once all close pairs and ellipses have been catalogued. In (a)
the pairs/ellipses of similar orientation are identified. (b) Those objects in the same orientational
bin which occupy strips of width 10" at a density greater than average are extracted as string
candidates. The diagram takes no account of the widening of strips due to string curvature. Also
ignored here is the fact that the strip and pairs/ellipses need not be co-directional in the case of

shear (equation 2.6).

which bin it should occupy. In the resulting file of binned data, close pairs and elliptical

images are treated on an equal footing.

We have now reached the crucial phase of analysing our potential lensing events for
a stringlike distribution. The basic philosophy will be to extract pairs/ellipses of the
same orientational bin which lie within a 10" strip on the sky. String candidates will
be identified when objects occupy a given strip at a significantly greater density than
average. The strip will not be assumed to be co-directional with the orientation of the
pairs within it, to allow for velocity-shear (equation 2.6). We can also allow the strip
to be widened beyond 10” to allow for string curvature (section 2.2), though with a
corresponding increase in the “noise” due to random pairings. Figure 4.1 illustrates the

basic method of grouping objects into strips.

In computational terms the strips of aligned images are obtained as follows

I. Select an object o, from the current observational bin.

2. Search through the rest of the data until an object o, is found, of like orientation
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and less than L away.

max

3. Define a W = 10" wide, 2L, long strip centred on o, and in the direction of

0y — 0q.

4. Find all the objects in this bin lying within the strip. If the number of objects
exceeds NV, then record the N, closest images within it and the length L, 4 <

L hax enclosing them. This means L .4 = Leand(Nmin)-

max

5. Return to step (2) until the given bin is exhausted.

3

Return to step (1) until the given bin is exhausted.

. Work through all the orientational bins - then sort the total output for that field

by L.,,a to obtain the shortest strips.

This process thus vields the strips with the highest density of candidate lensed ob-
jects. In this we are assuming that the string will produce a notably higher density of
co-directional images than are present in the background data. As the number of string
lensed pairs on the plate decreases as a function of string redshift z_ there comes a point
at which this assumption is no longer reliable. This criterion defines the depth limit zj;,,
of the search technique. The value of this limit will be set by running the programme

on simulated data, described in the next section.

As described above the programme has some unfixed parameters, namely L, . (the

Ta

maximum strip length to which the algorithm is sensitive) and N the least number

min (

of candidate lensed objects allowed per strip). L can be set by demanding at least a

max

few candidate strips to be output for each field. Initially L _ . can be set to a small value

max

which is then increased should no candidates be output. This is preferable to starting

with L_ .. — oo which although guaranteed to yield the correct answer after sorting

requires too much in terms of CPU time and pre-sort storage. L therefore becomes

max

a function of N

min*®

Setting N_. is tricky. As our problem is essentially one of extracting the string-

“Ymin

signal from a background of noise it would seem natural to require N _; to be as large

as possible. In any orientational bin, a background of randomly positioned phoney
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lensing events of density p,, would contribute p, WL + (,r)blf'l-”fﬂ)]”"E objects to a strip of
dimensions W and L. Thus Poisson noise in the background will allow some regions
to occupy strips at the required density and so be catalogued. Clearly the significance
of this is minimized by making p,W L as great as possible, which given the previous
considerations would suggest choosing the largest N . possible — of order the largest
number of true lensed objects there could be on the plate. The problems here are that
at high string redshift the number of lensed objects on the plate is not very large (of
order 10 for z, = 0.1). Secondly the expected lack of straightness for strings (section 2.2)
means that we must widen the strip as we move away from the centre (the position of
object 0, ) to allow for the uncertainty in the string locus caused by string microstructure

(chapter 2). We model the width required via expression (2.17) such that

o, ~ 0.2 (4.1)
we must allow the strip to widen perpendicular to o, — o, such that

W(z) = 10" + 0.2z. (4.2)

where 2 is the distance in arcseconds parallel to o, — 0,. Therefore increasing the length
L soon causes the area covered by the strip to behave as ~ 4. Eventually the noise will
become more significant than the string signal for very long strips. Optimizing N ;. is
not straightforward therefore. The best guess will be selected by simulation in the next

section, picking a value that gives the largest z;, .

4.1.2 Testing the Search Algorithm

Before we undertake in earnest to search for strings it is vital to test our algorithm
on simulated data. This will allow us to estimate the string redshift z, out to which

detection is viable with the Schmidt data. We also have some adjustable parameters in

the search algorithm (described in the previous section) which we must optimize.

We have already dealt with much of the analysis relating to the appearance of string

lensed galaxies on a plate. To summarize briefly we have looked into
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o the curvature and small-scale wiggle of strings

e the appearance of lensed galaxies on a plate following COSMOS digitisation and

image analysis

e the distribution of magnitudes and image separations of string lensed galaxies

Given this knowledge it is relatively straightforward to add data for simulated string
lensed pairs to an image analysis file. Firstly we choose our string redshift z, and a string
locus, crossing one of our 5° Schmidt fields. We require the locus to represent the wiggly
strings discussed in chapter 2 and so the string is allowed to deviate by upto oy(5°) ~ 1°
(equation 2.17) as it crosses the plate, perpendicular to the line joining its start and end
points. This is equivalent to choosing the string to be an arc with a radius of curvature

in the range 15° (maximum deviation) to oo (no deviation).

Now, each time we find a galaxy of magnitude m in the dataset which lies within
6, < 10" of our string locus, we sample a redshift z from the distribution in expression
3.1 and calculate a lensing angle ¥ via equation 2.2. Now if z > z, and 9 < 8, we have

5

a lensed galaxy and will add a second, companion image to the data.

In deciding how to add the data for the second image in our newly simulated pair we
need to refer to the results of section 2.2 and 3.2. If ¥ > 4" then the deblender would
have been able to separate the pair. Therefore we can simply add an image identical to
our original galaxy a distance 1 away and on the opposite side of the string. We want
the pair to make an angle 8 chosen randomly in the range 0 < [f,| < o, to the local
tangent to the string locus, thus simulating the wiggle effects studied in section 2.2. If
1 < 4" the deblender would have failed to separate the paired images and we need to
form an ellipse at the midpoint of the two original images. The ellipticity will be given

by the inverse of equation 3.3, with a new magnitude of m' ~ m — 2.5log,, 2

Image cutting due to incomplete lensing of a galaxy was discussed in section 3.1.2.
The effect can give rise to significant magnitude differences between the images in a pair
and needs to be allowed for in the simulation. The offset A of any galaxy from the
edge of the lensing region can be used to calculate the magnitude difference expected.

ABy( . 2, A). In the deblended case a lensed image of magnitude m + AB; is placed

,'—s
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Figure 4.2: The simulation of galaxy lensing by a cosmic string crossing a Schmidt field. Shown

on the left is an image analysis plot of a small 4mm x 4mm (4.5" x 4.5’) part of UKST J-field

no. 757. To the right is the same area with the data altered to simulate the effect of a cosmie

string passing through the field (dashed line). The labelled objects illustrate some of the key

considerations of chapters 2 & 3. Object a is a faint galaxy behind the string and so is lensed

into two identical images either side of the string. b is a similar case but here the lensing plane

is not exactly parallel to the string locus — this reflects the microstructure or wiggle — analyzed

in chapter 2. Object ¢ is lensed by only a small angle < 4" and so the resulting pair is not

resolved. The resuli is an ellipse with its long axis approximately perpendicular to the string

locus. Object d is either a star or a galaxy with an inferred redshift z < z; and so is not lensed

despite its apparent proximity to the string. e is a close pair of similar magnitude objects present

in the data before the string was added and hence a source of noise in the subsequent analysis.

Despite the straight appearance of the string here it in fact is an arc of radius ~ 15 reflecting

the anticipated large scale curvature of strings on the sky.
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on the opposite side of the string locus, a distance 1 + A from the parent image. In
the undeblended case the magnitude of the resulting ellipse is simply changed to m’ ~
m — 2.5log;, 2+ AB;. Note that this results in the partial lensing of some objects with
centroids outside the lensing region, though typically these will be pairs with AB; > 0.75
and will not ultimately be included in the list of candidates for the string-searching

algorithm.

Proceeding along the length of the string in this fashion we can produce a new
image analysis file containing a hidden string which we may then feed into our search
algorithm. The fact that we simply add our lensed pairs o existing Schmidt data means
that awkward effects such as chance alignments of pairs, plate defects, and so forth, are
present in the simulated data and must be dealt with effectively before the algorithm

will succeed. Figure 4.2 illustrates some aspects of the simulation process.

We use the simulated data to tune our free parameters N,

min

and py,,- To do this
we construct a series of plates containing simulated string data. On each plate we
. in the range 0 — 0.20. We then allow the search

We

hide a long string of with redshift =z
programme to look through the plates using particular values of py,, and N, ;. .

define the string as included when an output strip of objects contains simulated string

data. Clearly any string that manifests itself as a line of > N_;.

images with p > pp.
will eventually be catalogued by such a method, the issue is to extract it from the large
number of other candidate strips generated by background pairs and ellipses. Here we
will proceed by ranking the candidate strips according to image density, i.e. according to
Pe = Noin/ Leana Where L, 4 is the length of the strip containing N ;. images. The best

candidates are the densest ones which, with N_. fixed, means those with the shortest

min
I

rcana- This scheme works because the image density generated by a string monotonically

decreases with z_, so the highest members of the ranked list are candidates relating to
the nearest strings. The assumption will be that a given strip can be conclusively proved
to be string-generated or not by some method (e.g. deep telescope imaging) once it is
included in the ranked output list. In reality it will only be possible to test a finite
number of candidates in this way. The number of list members which can be tested

effectively determines the depth z . the survey can attain.
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The position in the ranked output list which the string candidate occupies gives us
a convenient way to compare the effects of varying the search parameters. Clearly the
best case is where the simulated string that we added appears at the top of the list. If
the string data only appears low down in the list (or is not included) then it will not
be followed up by a conclusive test and we are beyond the depth the survey technique
can attain. In this way it is possible to estimate zj; (Pj;ms Nimin) and hence optimize the
likelihood ratio threshold defined in the previous section. The definitive test we propose
here is to follow up the candidates by deep CCD imaging (see next section) and we
estimate that ~ 200 candidates can be followed up in this way in a week of observing
time. Thus a string crossing one of ~ 100 fields must be at worst the second ranked

candidate for the field (on average).

The highest average rank attained by a simulated string crossing a plate is a function

of the string redshift =, and the parameters which affect the signal-to-noise, N . and

Plim- Plots pertaining to this function are given in figures 4.3a & b. Given the follow-up
criteria discussed above, we define the string as found when the average rank of the true
string on a plate is < 2. Two sets of plots are given, the first set uses an angular bin
size of = 30°, the second #g = 10°. 30° is the value required by the microstructure
analysis of string simulations in chapter 2. If this is a worst case then a lower fg may
be allowed, but that can probably not be reduced below about 10° owing to random
errors in the COSMOS measurements of position angles for faint objects. It can be seen
from the plots that low N, performs almost as well as the higher values and that an
maximum detection redshift of z;, ~ 0.07 is attainable with N . = 6, Inp;, ~ —6.6
and 6z = 30° so these values are adopted in what follows. Note that the lower value of
#g = 10° allows detection at depths of z;,, =~ 0.10, i.e. the signal to noise for distant

strings is significantly improved as the microstructure or wiggliness is reduced.

4.1.3 Output for UKST Fields

We have examined 100 UK Schmidt fields which represent the area we need to search to
have a good chance of finding string out to our maximum detectable redshift of ~ 0.07

(sections 2.3 and 4.1.2). The plates have been chosen in an equatorial band, at |b| > 30°
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thus optimising the chance of detecting a long string, which would roughly approximate

I
" and

a great circle on the sky. The range of sky covered is roughly RA = 21" — 3
6 = —30° — 0. Parameters for the search algorithm are taken from the optimum
detectability case found by simulation (see previous section), i.e. Inp, = —6.6 and
Noin = 6. The idea is to output ~ 200 candidates from these fields which can then be

followed up by deep C"C'D integration at a > 2m telescope, either (a) detecting a cosmic

string or (b) establishing that z_ > 0.07 for the nearest string crossing the search area.

The plates were analysed as for the simulation data and a final list of candidates

produced — i.e. the densest 200 strips of N candidates on the plates. On a DEC

min
workstation this process requires about a day for each 50 plates analysed. It would
therefore not be prohibitively expensive (in CPU terms) to analyse the whole southern

sky (~ 900 plates) in this fashion.

Despite our careful pruning of the data before analysis the search procedure is found
to produce some candidates which can be rejected by eye, typically plate defects and
other misclassified objects from image analysis. Until recently the inspection of large
numbers of candidates in this way would have been highly time consuming. However,
publication of the STScI PDS scans of the UKST plates on CD-ROM has made it feasible
to extract small ~arcmin® images of large numbers of diverse regions of sky. We have
made greyscale images of all our candidates and trimmed the list to those that appear
plausible, rejecting all the candidates from a given strip if a single component is found

spurious. The candidate strips which survive this stage constitute our final list.

Following up these candidates requires CCD images of the cosmic string candidates
down to magnitudes By ~ 24 & R ~ 23. With such data, it will be quite unambiguous
whether a candidate is a true result of lensing or (as must be true in most cases), random
noise. String lensing causes no distortion or amplification, so any pairs must be exact
replicas, unless the string cuts the edge of a given image. Apart from checking the
existing image pairs. a true string will generate extra pairs. At these CCD depths, we
should detect 100 —200 galaxies per field with a median redshift z ~ 0.5. A cosmic string
crossing the C'CD field would produce ~ 5 additional lensed galaxy pairs. A comparable

B — R for each galaxy in a pair would add further weight to the lensing hypothesis.
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A detection of additional “colour-verified” lensing events would give an unambiguous

detection of a cosmic string.

Our candidate strips are far longer than could be encompassed by the field of view
of a typical CCD chip (~ 5 arcmin®). We can only follow up one candidate image per
strip per CCD exposure and it makes sense that the highest likelihood candidate should
be taken for this purpose. In this way we can form a list of image coordinates for the
most promising object in each strip. Such a list is provided below (with coordinates in
the J2000 form). The distribution of the candidate strips on the sky is shown in figures
4.4a & b. Figures 4.5a-d show 1 arcmin® CD-ROM images of the highest likelihood ratio

object in each strip.
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Figure 4.3: (a) The mean ranking for a simulated string candidate as a function of the likelihood
ratio threshold In pjiy, applied to the data and the number of candidates required per strip, Ny, .
The objects were binned with 6 = 30° as required by the analysis of section 2.2.2. The string
counts as detected il the rank < 2 as the candidate can then be followed up by deep imaging.
The various lines are for string redshifts, from the bottom z, = 0.05,0.06,0.07,0.08,0.10,0.12.
The detectability is insensitive to pm at redshifts zg < 0.05 as the string pairs/ellipses form the
densest strips on the sky. Above z =~ 0.05 a low threshold pii,, removes a lot of background
pairs/ellipses allowing the string to stand out. Note that this can backfire as Inpj, — 0 as real
lensed pairs are excluded from the data. Above z =~ 0.07 the low thresholds start to exclude
string data. Here therefore there is an optimum pj,, for detection at arcund —6.6, i.e. when
images having a less than ~ 0.1% chance of being due to lensing are rejected. Above z ~ (.08

no value of ppi,, ranks the true string highly enough for ultimate detection.
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limit to the bin size applicable for Schmidt plates as figure 3.3 shows the error in ascribing

orientations to low separation faint pairs to be of this order. If the analysis of section 2.2.2

predicts too much small-scale structure for strings compared with the more applicable case of

expanding space simulations then this figure may be more relevant in defining the limiting depth

of a search program.
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ID No.

0041
0051
0061
0074
0083
0093
0104
0113
0121
0131
0144
0154
0161
0171
0182
0193
0201
0211
0222
0233
0241
0251
0263
0271
0282
0294
0302
0313
0322
0333
0342
0351
0363
0373
0381

2
0
22
2
21
21

R.A. (J2000)

14.112
43.696

FAT5
52.506
42.547
41.659

2.944
52,180
26,812
21.754
19.339
22.079
20.140
39.100
22.788
59.399
13.628
46.345
19.339

0.114

6.077
15.146
28.573
52.556
24.062

G.386
32.081

4.523
1

59

50.240

5.088
10.019
23.875
49.256

35.566

-27
23
12
25
20
-26
-10

§ (J2000)

3  59.56
42 21.04
50  33.53
28 1345

2 40.25
28 39.72
34  33.79
12 58.16
49 39.56
26 46.37
18 45.70
47 34.32
23 44.49
14  25.30
50  38.20

7 59.43
49  55.44
11 46.68
18 45.70
55 9.29
47 30.01
24 45.15
29  34.25

3 36.99
21 6.13

5 3.50
44 52.68
41 51.80
53 2749

1 21.1%
31 40.32
14  45.64
32 5.36

4 10;32.
35 34.70

[D No.

0394
0402
0412
0421
0433
0441
0452
0464
0472
0484
0494
0503
0511
0523
0532
0541
0551
0563
0573
0583
0591
0601
0614
0621
0633
0644
0652
0661

R.A. (J2000)

18

50.026
4.424
48.022
10.836
7.374
35.389
56.856
36.970
0.718
9.128
55.690
53.924
23.772
7.730
33.136
40.700
47.590
37.198
40.633
3.046
0.314
11.455
39.203
14.167
3.336
41.718
9.073
2.011
25.538
48.462
6.247
43.408
28.575
2.220
15.271

-15

§ (J2000)
39 52.02
I 28.03
42 13:78
8] 40.15
12 37.88
54 52.66
22 27.67
4 33.95
3 41.13
20 45.39
16 14.73
51 40.90
51 4.40
57 33.53
34 49.50
10 54.99
45 29.94
44 45.58
22 29.96
20 2.20
20 2.00
48 20.31
57. 12.44
48 57.65
33 56.07
48 48.66
14 28.78
9 57.90
4 43.92
50 40.38
G 236
54 26.54
51 44.43
23 34.98
10 21.88

92
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ID No.

0742
0754
0763
0774
0782
0793
0304
0312
0821
0831
0843
0852
0864
0873
0884
0894
0901
0912
0921
0932
0943
0952
0961
0971
0983
0993
1002
1011
1022
1031
1043
1051
1064
1072
1082

22

2
21
22
23
22

1
21
23

2
23
22

K O

R.A. (J2000)

1

31.796
37.808
37.636

56.575

53.654
32.946
49.332
51.770
56.605
25.850
18.578
19.944
51.944
47.141

7.381
22.090
31.772

34477

-19

-19

-12

§ (J2000)

38 40.35

4 22.54
58 20.35
59 16.98
18 0.05
49 50.28
54 48.46
16 59.78
30 10.02
34 45.51
25 8.00
11 57.45
23 2847
48  40.55
44 016
27 58.41
35 19.71

7 3.86
26 21.04
41 43.76

9 20.28
32 28.06
36 22.57
24 24.14
32 24.03
42 28.38
33 18.30
39  34.14
29  58.42
28 56.34

9  59.75

2 3.69
21 25.08
38 17.87
54 40.62

ID No.

1091
1101
1114
1124
1131
1143
1151
1162
1174
1182
1192
1202
1213
1221
1231
1242
1254
1263
1274
1283
1292
1303
1313
1324
1334
1343
1353
1362
1373
1383
1403
1412
1423
1432
1444

22
1
0

21

23

21

21

21

22
0
1
2

23

23
0
1

23
1

23
1
0
1

21
0

23

21

21
1

21

22
2
0
0

23

R.A. (J2000)

46.340
58.346

6.194
28.327
53.448
11.690
39.794
30.011
30.256
21.920
17.914
49.654

9.258
49.642

6.689

1.603

6.158
40.891
28.730
47.214
16.261

3.829
21.642
58.728
25.778
20.106
24.197
23.405
15.848
33.293
25.246
37.286
36.178
23.665
24.364

-12

§ (J2000)

44

14.66
44.96
32.35
34.74
38.80
50.62
34,40
45.13
54.95

9.19
37.31
27.20
47.30
40.34
36.17
46.89
24.81
11.99
57.71
30.77
30.13
55.24

7.20
15.31
43.28
41.28
26.94
40.80
17.90
32.16
53.92
42.13
22.07

6.48

6.82

93
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IDNo.  R.A. (J2000) § (J2000) ID No.  R.A. (J2000) § (J2000)
1452 2 40  37.808 -6 4 22.54 1801 23 30 36.364 -26 8 21.27
1461 8] 13 40.825 -9 22 18.28 1812 1 10 53.180 -2 15 45,57
1471 1 13 18.9549 -18 2 47.10 1824 23 22 21994 -10 El 57.69
1483 22 27 38419 -19 54 8.44 1833 2 25 35216 -20 14 0.88

1492 1 5 7123 -17 12 53.29 1844 1 0 29.185 -25 59 58.93
1501 2 44 50.950 -27 18 9.80 1851 23 48  56.567 -3 52 21.11
1512 23 51  59.850 -7 55  35.04 1864 23 38 52,116 -10 36 57.87
1522 23 0 22.043 -b 52 2.13 1872 2 40 38.896 -19 18 12.81
1534 21 37 52615 -5 49 56.25 1883 23 39 57.380 -9 45  58.95
1543 23 51 22806 -19 49 24.37 1891 23 32 2.015 -7 17T 53.42
1554 1 46  49.768 -22 49 4.46 1903 0 50 16858 -23 44 51.53
1564 1 52 55337 27 7 50.97 1913 23 22 15870 -21 4 30.68
1574 22 23 50.125 -19 52  50.77 1921 0 11 14.539  -16 43 0.57
1583 23 22 21.994 -10 4 57.69 1933 0 59 13.438 -15 0 46.45
1593 22 40 3.533 -1 31 29.36 1943 0 55 25338 -26 24 37.22
1603 0 35 6.083 -24 56 31.64 1952 0 13 6.067 -16 21  49.58
1612 0 17 45370 -25 42 3.09 1964 23 21 56.030 -22 56 8.86
1622 2220 6.025 -20 & 20.14 1972 23 39 54961 -17 36 5.72
1633 23 9 55368 -19 37 28.82 1981 22 11 18.100 -7 11  533.56
1641 2 38 16.066 -18 52 33.42 1991 22 33 54.428 -21 29 46.86
1653 23 49 42424 <20 20 30.33 2004 0 2 39.113 -26 55 17.18
1661 22 47 47810 -4 3 42,94 2012 0 0 4226 -27 25 49.42
1671 2 48 37.786 -3 44 0.16 2023 23 48 8989 -26 10 4.52
1681 23 42 25.866  -21 25 48.51 2034 0 3 2930 -24 59 16.21
1691 22 50 34.757 -8 45 40.44 2041 23 51 25942 -26 25 49.33
1702 0 21 34913 -16 2 21.56

1711 22 45 51.354 -3 8 3233

1724 2 18 23.339 -9 45 16.88

1733 1 12 4.979 -15 5 1:52

1742 2 34 5466 0 -21 22 0.40

1751 0 25 13.883 -8 45 52,20

1762 23 5 49196 -12 27 35.07
1771 23 12 22820 -19 30 20.06
1781 1 14 5.081  -25 47 30.91
1791 227 24638 16 24 45.16
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4.2 Placing Limits on the String Model

4.2.1 The UKST Output

The ultimate aim of the work presented in the last three chapters is to place limits on
the cosmic string model. We have seen that the model has numerous parameters despite
its initial motivation (discussed in the introduction) as a better specified model than
inflation. Of these parameters the most crucial in our analysis have been o, and o, which
quantify the string microstructure in a way which bears directly on the search method
chosen. The other crucial parameter is the density of long strings in the Universe, p..
Surveys which fail to find strings should be able to place an upper limit on this parameter.
As indicated before it is not possible to place a very strong constraint by searching for
strings on Schmidt plates — but these are early days in the search for strings. Future
deep galaxy surveys will continue to push the limit on p, downwards to a point where it
contests the values (a) thought likely by simulators of string networks, and (b) thought

necessary for strings to be a source of structure formation.

The overriding philosophy of the search method for strings espoused in chapters 2

and 3 can be summarized as follows:

e Select a survey medium which provides the largest available area coverage and

depth.

e I'rom a knowledge of (i) galactic image structure in the survey and (ii) the prop-
erties of simulated strings, find criteria which give the greatest signal-to-noise for

strips of string-lensed images.

¢ [Ixamine the strips, the densest first, to conclusively demonstrate whether or not
they are due to strings. If a string is found then the search is, of course, successful

and the work is complete.

o In the case where no true strings are found, the least dense string followed up in

this way. i.e. the last strip examined, provides an estimated lower limit 2, to the

redshift of the nearest string crossing the survey area A.
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Figure 4.4: (a) Distribution of string candidates from the UKST plates searched.
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Figure 4.4: (b) As for (a) but with candidates ranked in the range 100 — 200.
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Figure 4.5: (a) Images of the best string-lensing candidates from the 100 plate survey

image is 45" on a side.
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e Using the formulae of section 2.3 these parameters can be converted into an upper

limit on the string density p..

The remaining section of this chapter will establish the (weak) limits that can be
placed with the UK Schmidt data and then discuss how these limits can be greatly

improved by forthcoming large-area deep surveys.

In section 2.2 we established that for a 50% detection chance, the search procedure

must reach strings at a redshift of

In 2
psf:j

~

(4.3)

as an upper limit to the redshift required and

In 2
et m (‘1‘1}

as a reasonable lower limit. Here 3 was the radius of the search area in radians, N the
number of plates of side I, radians. We can invert these formulae to produce limits
on p, that follow from unsuccessful attempts to find strings. For example our search
programme with Schmidt plates (when followed up by deep imaging) has a redshift limit
of ~ 0.07 and covers an area of 100 x 25deg® which means 3 ~ 0.8 rad. By the first
formula we can establish a hard upper limit of

In 2

3
“lim/

ps < ~ 170 15? (4.5)

The second argument gives a much tighter limit of

In 2 _a
22 N !"D

“lim

These “back-of-an-envelope” calculations take second place to the estimate made using
the string simulations (figure 2.10). Here we established that a 50 % chance of detection
2 0.15 when p, ~ 2{}11__12. We cannot reach this

on 100 Schmidt plates would require z;
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limiting redshift but we know that in general zﬁm X pgl_r"-l'l, so a failure to find string
in the range z = 0 — 0.07 gives us the constraint

< 9072 A7

Ps = YUy (4.7)

As we noted above this is almost an order of magnitude higher than the values of order
p. =~ 201;;* that arise in matter-dominated expanding-universe simulations and so is a
long way off from seriously contesting the model. Increasing our area coverage would
help. Using the whole Schmidt plate survey (northern Palomar Schmidt plates and
southern UKST plates) would give us ~ 1000 plates and lower the limit to p, < 9 ZIT,'J.
The problem with this is that we would need to obtain deep CCD images of ~ 2000
fields (i.e. 10 times as many as before) in order to successfully push zj;,, to ~ 0.07 over
such an area. This is almost certainly prohibitive in terms of telescope time. It therefore
must be concluded that Schmidt plates are inadequate as a means for searching for
strings. However, having established the method, we can look forward to the deeper

galaxy catalogues where conclusive tests should be possible.

4.2.2 The Sloan Survey

The Sloan Digital Sky Survey (Gunn & Knapp 1993) aims to provide a complete pho-
tometric and spectroscopic survey of 7 sterradians of the northern sky. Imaging data
will be obtained in five bands (u,g,r,1i,2) using an array of thirty 2048% pixel CCDs. Of
order 10® galaxies will be imaged to g ~ 23(B; ~ 23.5) mag — redshifts will be ob-
tained for those brighter than g ~ 19(B; ~ 20). In the southern sky repeated imaging
of a 3° x 100° patch of sky is expected to yield much fainter data — complete down to

g~ 25(Bj ~ 25.5) mag.

The Sloan survey will thus provide unprecedented depth and area coverage with
median galaxy redshifts of order Z ~ 0.4 for the large area northern-sky survey and
Z ~ 0.6 for the deeper southern sky project. The forthcoming data thus appear ideal
for extending the search for cosmic strings. This section will offer a briel consideration
of whether a search programme based on Sloan data would offer a definitive test of the

existence of strings.
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The amounts of string at the relevant survey depths and areas can be assessed by
reference to figure 2.10. From this can be seen that at a search area of & sterad has a
~100% chance of a degree long section of string lying within the median galaxy redshift
of Z =~ 0.4. The 3° x 100° deep survey does not have a good chance of containing string
at less than z ~ 1, here all the detectable string lies well beyond the median galaxy
redshift of Z ~ 0.6. Thus the chances of seeing large numbers of string lensed objects
is quite low, something like 20 — 30% (the value of curve (¢) at z = Z). Given these

considerations, the rest of the discussion will focus on the larger area survey.

In addition to the greatly superior volume coverage provided by the survey there
are numerous other advantages over the largely photographic data available at present.
Firstly the presence of multi-colour data for each object allows a very straightforward test
of lensing in the case of close pairs. Equation 2.3 tells us that there is negligible relative
redshifting or blueshifting of images when lensed by GUT-scale strings. Therefore in
addition to requiring the magnitudes of close pairs to be very similar, we also expect
similar colours. The existence of CCD quality photometry on each object will allow both
magnitude and colour discrimination tests to be much more reliable. The much improved
sampling of images permitted by the 0.5 arcsec pixels will also allow morphology a role
in discriminating between otherwise comparable lensed image candidates. In addition
the sampling will make deblending of images separated by a few arcsec simpler and less

prone to error.

In essence therefore we expect that the Sloan survey, while observing a much larger
region of the universe than has hitherto been possible, will also provide the means to
greatly cut down the “noise” associated with cataloguing chance close pairs as lensing
candidates. As a test of the improvements possible we estimate the signal-to-noise N_ /N
in analogy with section 3.1.1. It will be recalled that this gives the ratio of true string-
lensed pairs to chance background pairs when a strip lies on top of a string, and must

be > 1 for a good chance of detection. The calculation is basically the same except that

e the limiting magnitude is ~ 2.5 deeper than for Schmidt plates and so the galaxy

92 OU,GX‘E,S

density per deg” is roughly 1 ~ 30 higher.

o the number of close pairs increases as, at least, the square of the image density
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and so the background pair density is ~ 900 higher. This assumes the objects have
random positions, in fact the galaxies are clustered and hence the number of close
pairs will increase more steeply than this — but this estimate will suffice for our

purposes.

o The images will be much better sampled than on the Schmidt plates and with
better signal-to-noise per pixel. Deblending should be possible above ~ 2", This
means that a calculation of N /Ny for pairs alone should give a good estimate of
the redshift limit for detectable strings. In the Schmidt calculation (section 3.1.2)
no account was made of the elliptical images which ultimately had to be included

in the search algorithm. Thus the good agreement between the calculated and

“lim

that found from simulation is rather fortuitous.

e The magnitudes and morphologies of the image will be much better determined
than is possible with Schmidt plates. Consequently the rejection of ill-matched
chance pairs is much more effective. Since data will be provided in multiple bands
we can also use colour as a discriminant — lensing is achromatic so the colours of

each object in a pair should be the same.

Some of these aspects are illustrated in figures 4.6a-f. Figures (a) and (b) show a
simulated string crossing a 2.5" square portion of the sky in the B(~ g)-band (figure (a)
with limiting magnitude ~ 24) and the R(~ r)-band (figure (b) with limiting magnitude
~ 23). The string is placed at z, >~ 0.075 (the detection limit for Schmidt plates) and
galaxy redshilts are selected according to magnitude using expressions 3.1 and 3.2. As it
stands the path of the string is difficult to discern, owing to the high background density
of images. Things are only slightly improved by image analysis and selection of close,
similar pairs, i.e. (closer than 10", Amag < 0.6, as for Schmidt plates). The result of
this pair selection is given in figure 4.6¢ for the B-band and 4.6d for the R-band data.
The string locus is faintly discernible as an excess of pairs, running in the X direction,
at Y ~ 350. A huge improvement is made by enforcing a requirement that each of the
lensed images in a pair has the same magnitude and colour (equation 2.3). Figures 4.6Ge
and [ show the B and R-band pairs that satisfy [(B; — By)| < 0.2, [(R, — R,)| < 0.2,

(B, — R,)— (B, — R,)| < 0.2 (i.e. conservatively estimating an improvement factor of
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~ 3 in the accuracy of magnitude measurement when the Sloan data is compared to
the Schmidt). All seven of the string-lensed pairs which appear in both passbands are
retained by this condition, but the background is reduced to two non-string pairs. The

locus of the string is clearly marked out by the pairs along its length.

The simulated string in figure 4.6a-f was placed at a redshift z, ~ 0.075, the distance
at which search methods using Schmidt plates are found to fail. It seems reasonable
to suppose that this string would be quite easily found with the Sloan data and in
fact much greater depths could be obtainable. This chapter ends with an estimate of
the improvement in depth obtainable with such data, and whether this is adequate to
set interesting constraints on the model. We calculate N /Ny as in equation 3.11, as a
function of string redshift z_ for the two datasets — Schmidt and Sloan. The two functions

are shown in figure 4.7.

The Schmidt result (a) is calculated as before, assuming that AB; > 0.6 and using
a background galaxy density of ~ 1000 per deg®. The background pair density is found
from the plates and for ABy < 0.6 is ~ 10 per deg?. The redshift distribution is of the

form 3.1 with By = 21.5. Pairs are resolved if ¢ > 4",

The Sloan result (b) assumes that the background galaxy density is ~ 3 x 10" per
deg? and that magnitudes will be accurate to AB;y ~ 0.2. The background pair density
can be (crudely) estimated from figures 4.6e and f (as real data were used as the basis for
these simulations) to be ~ 10° per degz. This makes sense though, it was argued above
that the pair density (at the same AB; threshold) should be ~ 900 times higher for the
Sloan data. There is a roughly threefold improvement in discrimination by requiring
AB; < 0.2 instead of 0.6. The spread in colours between all image pairs is ~ 0.6
and so requiring the colours to be the same within ~ 0.2 of a magnitude gives another
approximately threefold factor in pair rejection. Increasing the discrimination between
images in a pair by a factor ~ 3% we expect to keep only ~ 900/3% = 100 times as many
images, and this is found to be the case. The redshift distribution is again of the form

3.1 with B; = 24. Pairs are resolved if ¢ > g,

As demonstrated in chapter 3, the Schmidt result falls below unity at z, > 0.07. The

Sloan result, on the other hand, gives N /N, > 1 out to z, ~ 0.3. In figure 2.10. the
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50% chance-of-detection threshold is already satisfied for z, =~ 0.15 for the large area
Sloan survey with p, o~ 20@2 but we can apparently go much deeper than this. Failure

to detect string out to z = 0.3 with the Sloan survey would set the interesting limit of
g =2 J
ps < 5ly" (4.8)

Such a result would encroach very significantly on the range of p, thought likely by sim-
ulators of string (cf. the much higher densities predicted by Bennet (1990) and Shellard

& Allen (1990) quoted in section 2.3).

To conclude, therefore, searching for cosmic strings has proved difficult on Schmidt
plates. The relatively sparse background density of galaxies fails to delineate strings on
scales where they are significantly straight and the low mean redshift of galaxies z, ~ 0.2
means that only low-redshift strings have a good chance of lensing detectable objects.
Furthermore the image discrimination is rather inefficient, deblending limitations become
significant on the same scales as lensing is most likely to occur. This forces the inclusion of
elliptical images which are already very abundant as background noise. Useful limits on
the string model cannot be set using the Schmidt data without an unfeasible quantity
of follow-up work on large telescopes. However the final part of this chapter has put
forth arguments as to why an equivalent test on the large-area Sloan survey data should
definitively test the model. A thorough search programme with the Sloan data will find

cosmic string or force a substantial rethinking of the overall model.
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Figure 4.6: (a) and (b) see text for details.
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Ns/Nb

Figure 4.7: Signal-to-noise as the ratio Ng/Ny, for string-lensed pairs as a function of string
redshift z,. Curve (a) shows the prediction for Schmidt plates for AB < 0.6, a deblending limit
of ¥ > 4" and image density appropriate to B = 21.5. N, /Ny, stays above unity until z, >~ 0.07.
Curve (b) shows the corresponding prediction for the Sloan data with AB < 0.2, AR < 0.2,
[AB — AR| < 0.2, a deblending limit of 1) > 2" and image density appropriate to B = 24. The

signal-to-noise is then greater than unity out to zg =~ 0.3.



Chapter 5

(o =1 CDM with Relativistic
Decays

5.1 Introduction

As discussed in chapter 1, observations of large-scale galaxy clustering have produced
something of a crisis for theories of structure formation. The paradigm for the past
decade has been a model where scale-invariant adiabatic primordial fluctuations cause
clustering to grow in collisionless cold dark matter. In many ways, observations have
supported the basic elements of this picture. The clustering power spectrum is smooth
and featureless, with no sign of the oscillatory features that would be expected if normal
baryonic material were dynamically dominant (e.g. Peacock & Dodds 1994; hereafter
PD). The detection of cosmic microwave-background (CMB) anisotropies on a variety
of angular scales favours a fluctuation spectrum which seems close to adiabatic and

scale-invariant for wavelengths above about 100 Mpc (e.g. White, Scott & Silk 1994).

Despite these encouraging features, there has emerged a consensus that there is a
problem with the shape of the fluctuation spectrum. The density of the universe should

be written on the sky in the form of a break in the spectrum at around the comoving
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horizon scale at matter-radiation equality
ry = 16.0[QA%]™" Mpe. (5.1)

This number, and all others in this chapter, assumes 7' = 2.726 K for the CMB tem-
perature (Mather et al. 1994). Since observed wavenumbers come in units of A I\-‘Ipc_],
the combination A is measurable, and in practice is estimated by fitting a model of a
scale-invariant spectrum modified by the Cold Dark Matter (CDM) transfer function.
According to PD, an approximate 95 per cent confidence range for the apparent value
of the density is

0.22 < Qhl,yparent < 0-29 (5.2)
(allowing for effects of non-linearity and redshift-space distortions). The problem is
that this number appears to be inconsistent with current estimates of A and an Q = 1

Einstein—de Sitter universe, and a variety of possible solutions have been suggested.

(1) Maybe € ~ 0.3. This is perhaps the most obvious solution observationally, but
brings in philosophically worrying fine tunings, either if the universe is open or if vacuum

energy provides the remaining fraction of the critical density.

(2) Perhaps h really is around 0.25 (Shanks 1985; Bartlett et al. 1995). This ex-
planation has the merit of simplicity, but would fly in the face of all the experimental

evidence.

(3) A primordial spectrum tilted away from scale-invariance alters the fitted apparent
density. However, a large degree of tilt is required and this is difficult to reconcile with

the CMB studies (Cen et al. 1992; PD).

(4) The fit assumes pure CDM. If the baryonic density parameter {lp is non-zero,
what is measured for Q = 1 is roughly Qh exp[—‘ZQB] (PD). If h >~ 0.7, Qg 2 0.5 would
be required; it is very hard to see how such a high value can be consistent with primordial

nucleosynthesis (e.g. Walker et al. 1991).



Chapter 5: Qy = 1 CDM with Relativistic Decays 114

(5) One can tinker with the dark matter content to improve things, and the Mixed
Dark Matter model with roughly 20-30 per cent of the dark matter being light neutrinos

has received considerable recent attention (e.g. Klypin et al. 1993).

(6) Lastly, the apparent low density can be regarded as informing us that matter-
radiation equality must be later than the standard figure. This can be achieved with an
enhanced density of relativistic species, probably associated with the decay of a massive

particle.

With the exception of (1), all of these are measures designed to save the Einstein—de
Sitter universe without abandoning the basic picture of gravitational instability. In this
sense, all are tainted with something of an air of desperation. Nevertheless, because of the
profound consequences of any disproof of the Einstein—de Sitter model, it is important
to explore all avenues thoroughly. The least contrived escape routes seem to be those
involving modifications either of the dark matter or of the relativistic content, and it is on
this latter possibility that this chapter' concentrates. It turns out that the characteristic
prediction of such a model is of an enhanced amplitude of fluctuations on small scales,
and this feature can be used to place limits on the decaying particle involved in the model.
In section 5.2, the model is reviewed and a fitting formula to describe the resulting power
spectrum is established. Section 5.3 assembles the relevant observational constraints in

terms of small-scale clustering and the abundances of high-redshift objects.

5.2 CDM with a Decaying Particle

5.2.1 The Basic Model

Structure formation scenarios incorporating decaying particles have a long history (e.g.
Davis et al. 1981; Bardeen, Bond & Lfstathiou 1987). However, this model was given
a strong boost by experimental work suggesting the possibility of neutrino eigenstates
with m ~ 17 keV (e.g. Simpson 1985). Although it is now believed that these results

were spurious, the possibility of a mass of this order for e.g. the 7 neutrino is far from

"The work presented in this chapter was published as McNally & Peacock (1995)
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being ruled out. Such a neutrino cannot be stable, otherwise it would close the universe
many times over. An acceptable present density can be achieved if the massive neutrino
decays to products that are relativistic today — either to other massless neutrinos or
possibly to some exotic new species. Decays to photons are not allowed for two reasons.
First, the COBE results on the lack of CMB spectral distortions severely limit the
allowed energy injection prior to recombination (Mather et al. 1994). Secondly, the
relativistic density in photons is observed, and a total relativistic density is conventionally
obtained by multiplying by a factor 1.68 to allow for three species of massless nentrinos.
The possibility considered here, however, is that the true relativistic density is higher.
If the decays producing this enhanced background occurred at redshifts greater than
conventional matter-radiation equality (z ~ 24 000 th}, the onset of matter domination
would be delayed, and we would have an explanation of the large-scale structure problem.
The other constraint on the model is that decay should happen after nucleosynthesis at
z ~ 10°, to ensure that the light element abundances are not affected; this leaves a wide
range of possible lifetimes and hence masses for the model. Dodelson, Gyuk & Turner
(1994) have discussed specifically more complicated nucleosynthesis effects which occur
when the decay is contemporaneous with nucleosynthesis (decay lifetime ~ 10 s), but we
will see below that lifetimes this short do not have such interesting consequences for the

Mpec-scale fluctuation spectrum.

The analysis presented in this chapter follows on from work by Bond & Efstathiou
(1991; hereafter BE). They calculated density fluctuations in €2 = 1 models dominated
by CDM, in which 17-keV neutrinos having lifetimes between 1 and 10? yr decayed to
relativistic products. BE derived power spectra which differ from standard CDM in two

key ways.

(1) The decay increases the density of relativistic degrees of freedom (‘radiation’ for
short) and so delays the onset of matter-radiation equality. The length scale associated
with the Hubble radius at this epoch is correspondingly modified. This modification is
parametrized by @ (Bardeen et al. 1987) which is the ratio of energy density in relativistic

species with a decaying particle to that without. Equation 5.1 now reads

ry = 16.0 [Q8% 7" 6172 Mpe (5.3)
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and as a result the apparent value of Qh (the effective shape parameter for CDM transfer
functions) is dependent on the mass and lifetime of the decaying particle. An appropriate
choice of these parameters can reconcile the Qh ~ 0.25 value which best fits the observed
large-scale structure with the theoretically favoured © = 1 and the observationally im-

plied h = 0.5 - 1.0.

(2) If the decay time exceeds ~ 'lOm.]:fv y1 the universe can pass through two periods
of matter domination. the first occurring when the density of undecayed particles exceeds
that of relativistic species. This is followed by a phase dominated by the relativistic decay
products. The second phase of matter domination arrives when the density of the cold
dark matter exceeds that of the decay products. As a result of these processes the power
spectrum is characterized by two length scales. Fluctuation growth can occur in the first
matter-dominated epoch — providing greater small-scale power than is generated in the
standard CDM scenario, and pushing the formation of sub-cluster-size objects to higher

redshift.

This chapter extends the model of BE, allowing both the lifetime and mass of the
hypothetical particle to vary. These parameters are then constrained by consideration

of structure formation on large and small scales.

5.2.2 Power-Spectrum Scalings

It is useful to begin with a sketch of the dependence of # on the mass and lifetime of the

decaying particle. The units adopted will be

m

Il

mass / keV (5.4)

7 = decay time / yr. (5.5)

We will treat the decaying particle as a heavy neutrino, in the sense that the initial
number density of the particle will be set equal to that for a massless neutrino. The
energy density in decaying particles therefore becomes dominant over the radiation at
time 1., when me? is of the order of the radiation energy k7'. Until this point p x 7™

. 5 A - b Ti— -2 s lw .
and the age of the universe is t ~ (Gp) 12 5« T2 x m™2. Once they are non-relativistic,

the density of heavy neutrinos scales as p x a~?, whereas the density of radiation in the
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standard massless neutrino model scales as p « a~*. By the time of decay, the massive

neutrinos therefore dominate the conventional relativistic density by a factor

o
>

2/3
Pdecay o Uecay i ( i ) & mr.-;,-’:ar'gj;j‘ (:

Py+3v Ueqp ['1:(1]

Here a,q; and ag,.,, are the scale factors at the first matter-radiation equality and at
decay respectively: pg..,, is the energy density in the relativistic decay products from
the massive neutrinos; and p. 5, is the standard energy density for radiation and three
light neutrinos. This assumes an effectively instantaneous decay for the particles at time

7 and a negligible mass for the two other neutrino species. We can now write

g — Pyyay T Pdecay - 1.45
Ir)-;—|—3:/ B 1.68

1+ .?;(_??1.21')2’{3] 5

—_
o
=1

it

with @ a dimensionless constant. By a numerical solution of the full equations describing

the problem. BE obtained = ~ 0.15.

We now turn to the parameter dependences of the horizon sizes at the various epochs
of matter-radiation equality. The horizon scale at the the time at which the non-
relativistic density of the massive neutrinos first becomes dominant is given by equation
5.3. Now, a massive neutrino has Qh* = m/0.095 in our units (e.g. Kolb & Turner 1990,
but scaling to the COBET = 2.726 K); 6, = 1.45/1.68; and 0, is as given above. We
can therefore deduce the sizes of the comoving horizons at the two equality scales:

eql

BT 1.41m™! Mpe (5.8)

2/311/2

rﬁ'z =14.9h7% |1 + ;r(m.zr) Mpe. (5.9)

The effect of this is to yield a power spectrum with two characteristic break wavenum-
bers, of order the reciprocal of the appropriate r;. The result can be modelled as the sumn

of two CDM spectra with differing power-law break lengths and different amplitudes, i.c.

A%k) = Aleo(k) + @Al s (k/B). (5.10)
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Throughout, we shall express power spectra in dimensionless form:
A*(k) = do®/dInk = K2 P(k) /27> (5.11)

The expression 5.10 says that the small-scale power spectrum looks like the CDM model
which fits large-scale structure, but with a ‘bump’ superimposed which is a copy of the
large-scale spectrum that has been shifted to smaller scales by a factor 3 and boosted
by a factor a’. The large-scale spectrum, ALqS, would be just the standard BBKS CDM

spectrum (Bardeen et al. 1987) with an apparent density

-1/2

145 1. & B
Qh|appar-cm = Qh ( 1.68 [1 3:(?7127')2!3]) . (5.12)

The shift 3 is just the ratio of the horizon sizes deduced above:

1z

3 =10.6mh" [1 + a(m? )2‘(3] (5:1:3)
The ‘boost factor’” a is more subtle. Until the decay epoch, the spectrum has only the
small-scale break, and there can be no growth on these scales during the second period of

radiation domination hetween « and a,.,. The spectrum on larger scales can grow,

decay eq

which imprints the second break. If the spectrum has a primordial power-law index n.
then A% x k**" on large scales; the difference in power at the two breaks (ky & k,, say)
is then given by a translational factor (k,/k,)**™ and the growth which occurs on large

i . v 3 ¥ . ‘ v q2 i ,
scales during the second period of radiation domination (a factor [rj} /?“W“] inép/p):

cq? ‘cql]3+.re
2 _\"H /TH

[I{(IZ d(:n\]l' (—)11}

. . - e I
In the scale-invariant n = 1 case (assumed hereafter), this is just a = [r™* /7 “*] :
To obtain this ratio, note that ry o jies during the relevant (matter-dominated) phase;

since we start at a time o m ™2 and end at 7, we finally obtain
I A E 4
o=y [???'T]J \ (5:15)

where y is a further dimensionless constant which must be determined by fitting an exact

integration. To obtain the value of this constant, the power spectrum 5.10 is compared



Chapter 5: Qy = 1 CDM with Relativistic Decays 119

with the BE results for 17-keV neutrinos decaying at 0, 1, 10, 102, 10° and 10" yr. These
spectra are reproduced in figure 5.1a. It was found useful to adopt a softening parameter
7 such that that

(5.16)
This smooths the transition region at which the small-scale power of the second term
becomes dominant over that of the first. The best fit obtained requires the prefactor for

a to be y = 1.29, with v = 0.30.

The above analysis has constructed the power spectra for a universe containing = 1
in CDM plus a decaying massive neutrino, including both the correct large-scale shape
and the size plus location of the small-scale bump. The requirement for an apparent

Qh = 0.25 fixes m>r il the true Hubble constant is known:

m*r ~ (125h% — 7}3’#2,

—_
w
s
=1

—

and this also fixes the boost parameter a. The only freedom in the model is then the
location of the small-scale feature, which depends only on the mass. To illustrate this
procedure, figure 5.1c¢ shows three models with m*r = 120, and fixing the apparent Qh
at 0.25. There is clearly a large range of possibilities for the power at & > 1, which is

what makes this model of interest.

To complete the picture we must allow for the damping of power that occurs due
to free streaming of the massive neutrinos whilst they are still relativistic. An analysis
of this effect by Bardeen et al. (1986) shows that damping corresponds to approxi-
mately Gaussian filtering of the linear power spectrum with R; = 2.6(9;’32)_11\41)(' =
0.247m™" Mpec. In practice, the scales and masses of interest are such that this damping
has a negligible effect. Finally, we have seen that there are a number of assumptions
which lead to the restriction on o (assumed abundance of decaying particles; scale-
invariant spectrum), there will be some advantages to abandoning physical preconcep-
tions on occasion and treating o and 3 as completely free parameters which describe

empirically any small-scale features in the power spectrum.
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[Figure 5.1: (a) Best fits to the Bond & Efstathiou (1991) power spectra obtained via the scalings

of section 5.2. The mass is set at 17 keV and the lifetime varied from 0 to 10" yr. The 0-yrs

curve is equivalent to standard CDM (BBKS). There is progressively more large-scale power as

the lifetime is increased. h = 0.5 throughout. (b) The power spectra of (a) subjected to the

non-linear correction of Peacock & Dodds (1994; PD). (¢) Three power spectra with parameters

satisfying m*7 = 120 and hence fulfilling the large-scale structure requirement (equation 5.2) for

Qhyeye = 0.5. A range of small-scale behaviour is still possible. (d) The power spectra of (b)

subjected to the non-linear correction of PD. The points with error bars are the power spectrum

obtained by angular deprojection of the APM galaxy survey (Baugh & Efstathiou 1093).
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5.3 Constraints

5.3.1 Normalization

We now need to place limits on the model by comparing its predictions with observations
of structure in the universe. For this, we require normalization for the theoretical power
spectra. This can be expressed as the linear theory rms density contrast when averaged
over spheres of radius 8 A~ Mpc, i.e. og. White, Efstathiou & Frenk (1993) use the
observed abundance of rich clusters to deduce a hard allowed range of o4 = 0.52 — 0.62.
Direct measurements of og from clustering require a knowledge of the bias parameter,
and Feldman, Kaiser & Peacock (1994) give og = 0.91/b — 0.18/6"® from the study of
IRAS galaxies. Studies of peculiar velocities and comparison to density fields can yield
estimates of b; such estimates are summarized in table 1 of Dekel (1994), and yield 1/b
from this technique in the range 0.6 — 1.3, corresponding to og = 0.47 — 0.89. The higher
values can probably be eliminated by the pairwise random motions of galaxies. This issue
was studied thoroughly by Gelb & Bertschinger (1994), who concluded that og > 0.7
was untenable, and that even og = 0.5 yielded uncomfortably high velocities. We shall
adopt a4 = 0.6, which is perhaps at the higher end of the allowed range; since we are
looking to see if extra small-scale power is required, it makes sense to be conservative and
adopt the highest reasonable normalization for the large-scale mass spectrum. PD give
a discussion of the relation between A*(k) and og, and argue that og largely measures
the power at k ~ 0.2 i Mpe™'. For BBKS scale-invariant spectra, an accurate numerical

fit for the effective wavenumber is
o/ h Mpr_' =0.172 4 0.011[In(22A/0.34 )]?. (5.18)

Finally, therefore A%(0.18 h Mpc™') = 0.6% is adopted as the normalization.

To evolve these linear power spectra to the present day (z = 0) involves non-linearities
which can alter the power spectrum significantly at small scales. In evolving the A(k) >
1 portion of the power spectrum we use the formulae of PD (derived from the work of
Hamilton et al. 1991. which was based on N-body simulations on the relevant scales)

to incorporate the effects of non-linear evolution. Whilst this correction increases the
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small-scale power for shallow power-law regions it actually removes power in regions with
a strong k-dependence. Figures 5.1b & d show the non-linear correction applied to the

spectra of 5.1a & ¢ respectively.

5.3.2 High-Redshift Objects

One way of constraining the small-scale (k > 0.2hMpc™") power is to require that
it is sufficient to form the observed abundances of high-redshift objects, in particular
quasars, radio galaxies and damped Lyman « systems. Radio galaxies have a well-defined
mass, but this is rather large; they are also a rare population, so that current data do
not set a very strong constraint on fluctuation spectra (Peacock 1994). Quasars are a
more numerous population, but the ease with which observed quasar abundances can be
attained is very much dependent on the (uncertain) mass assumed (e.g. Efstathiou &

Rees 1988; Haehnelt 1993) and their use is avoided here.

More stringent constraints can be derived from recent deep measurements of damped
Lya systems with H1 column densities greater than ~ 2 x 10%® em™ (Lanzetta et al.
1991). These have been used by several authors to investigate rival dark matter models.
If the fraction of baryons in the virialized dark matter haloes equals the global value
(1, then these data can be used to infer the total fraction of matter that has collapsed
into bound structures at high redshifts (Ma & Bertschinger 1994; Mo & Miralda-Escudé
1994). The highest measurement at (z) ~ 3.2 implies j;; ~ 0.005, and hence a collapsed
fraction of >~ 10 per cent if Qg = 0.05. The Walker et al. (1991) constraint to the baryon

density is applied here, namely QBf12 = 0.0125 £ 0.0025.

The assumption will be that the damped Lya systems are the progenitors of present
day spiral galaxies. Evidence for this view has been provided by absorption in lensed
quasar systems. showing the systems to be of galactic dimensions (Wolfe et al. 1992).
Furthermore the barvon mass inferred in present day galaxies is comparable to that of
the damped Lya systems at z ~ 3. The photoionizing background prevents systems with
circular velocities of less than about 50 kms™' cooling sufficiently to form bound systems
(e.g. Efstathiou 1992). We follow Mo & Miralda-Escudé (1994) and use this conservative

velocity limit to estimate the minimum mass of object that the Lya measurements detect.
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Virial equilibrium for a halo of mass M and radius 7, demands

B> l'jI‘I'
o A

5.1¢
= (5.19)

For a spherically collapsed object this velocity can be converted directly into a Lagrangian

comoving radius containing this mass (White et al. 1993):

212y
i H Q1 /2(1 4 2)1/2(1 4 178Q-06)1/6°

The values introduced above require r, > 0.15h™" Mpc.

To use the measurement to constrain the candidate power spectra the well-known
formalism of Press & Schechter (1974) is employed, which gives a collapsed fraction Q_
above some mass scale M, given a redshift z and a means of computing the z = 0 rms

density contrast as a function of mass o(M,z = 0):
Q> Mgy 2) = 1 = erf [6,(1 4 2)/V20( Mgy, 7 = 0)] (5.21)

a(M) can be evaluated by filtering the power spectrum on the required scale. Here we
use a spherical “top hat’ filter of radius R (for which f(k) = 3(siny — ycos y)/y” with
y = kRy) with a corresponding mass of ~'l-7rpRr_|3-/3. Our lower mass limit corresponding
to 7, = 0.15h7" Mpc is therefore M, = IDQ‘GII."'IME,. 6. is the critical overdensity
required for collapse, which for a ‘top hat’ overdensity undergoing spherical collapse is
1.686. This canonical value has recently received support from N-body simulations on

relevant scales by Ma & Bertschinger (1994).

Our power spectra are therefore required to produce an 2. which ezceeds the Lya
collapsed fraction at all z, for M > ]_{}9'6?:._11\-'1[5?‘ The true collapsed fraction could be
higher than the observed one because some large fraction of the baryonic material in
collapsed haloes could be ionized or in stars. Figure 5.2 shows how various models fare
in meeting this demand. The points with errors are the HI fraction in damped Lya
systems from Lanzetta (1993) and Storrie-Lombardi et al. (1995). Standard Qh = 0.5

('DM. curve (c), successfully attains a sufficient collapsed [raction at the high- redshift
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Figure 5.2: Collapsed baryon fractions (in terms of critical density) for four dark matter models.
(a) Mixed Dark Matter with Qupm=25 per cent, and i = 0.5, (b) CDM with Qh = 0.25, (c)
CDM with Qh = 0.5, (d) CDM + relativistic decay model with Qh = 0.5, 7 = 10 yr and m = 3.5
keV. The points with lo error bars are damped Lya system densities adopted from Lanzetta
(1993) apart from the = = 4 point, taken from Storrie-Lombardi et al. (1995). Only models (¢)
and (d) have enough small-scale power to account for the collapsed fraction at =z ~ 3.2, though
model (¢) is ruled out by large-scale observations. We have assumed Qg = 0.05 throughout, each
model being normalized to og = 0.6 at = = 0. All these comparisons assume h = 0.5; since Qyy
scales as h™1, a higher true Hubble constant would lower the data points and make it easier for

some models to satisfy the constraints.

end. Models that agree with the APM at large scales do less well. (b) Q4 = 0.25 CDM
and (a) MDM with Qpy = 0.25 both fall short of having enough small-scale power.
The Qh = 0.5 CDM + relativistic decay model (d) for 7 = 10 yr and m = 3.5 keV
has ample small-scale power thanks to the extra bump from the first epoch of matter

domination.

How seriously should these constraints be taken? A pure Qh = 0.25 spectrum does
not fail to fit the data by a very large amount, and it is not implausible that such a
model could be rescued by tweaking the assumptions in the calculations — perhaps most

readily by assuming a larger Qg. Furthermore, the data themselves may not be definitive.
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The inferred column density of a damped Lya system is exponentially sensitive to its
velocity width, and this can easily be artificially enhanced by superposition of Lya forest
systems in the wings. Storrie-Lombardi et al. (1995) also suggest that the (z) = 3.2
Lanzetta point may be slightly too high. It cannot be claimed, therefore, that the need
for extra small-scale power is rigorously established. Nevertheless, because it is unlikely
that all collapsed H 1 can escape ionization, it is valuable to explore models that allow a

significant increase of the collapsed fraction at high z.

5.3.3 Galaxy Clustering

The above constraints require only some minimum level of power; however, we are not
at liberty to exceed this minimum by too large a factor. One limitation is provided
by modelling the infrared Tully-Fisher relation between galaxy luminosity and circular
velocity in the scenario of interest. A number of authors (e.g. Cole et al. 1994) have
shown that standard Qh = 0.5, g >~ 0.7 CDM has too much power on small scales,
yielding, for a given luminosity, circular velocities which are 60 per cent larger than is
observed. Without a relatively complicated modelling of galaxy formation the candidate

spectra cannot be subjected to the same test.

A more straightforward upper limit to the power can be provided by comparison of the
candidate power spectra with the observed small-scale power spectrum, best determined
by angular deprojection of the APM galaxy survey (Baugh & Efstathiou 1993, who
give data down to k ~ 8 hMpc™'). The degree of small-scale bias relating the power
spectrum of mass to that of the observed light is not known with any great accuracy,
but the mass-to-light ratios of clusters strongly encourage us to believe that the small-
scale clustering of light must exceed that of mass, if 2 = 1. Although some models
have been advocated in which this would not be true (e.g. the paper by Couchman &
Carlberg 1992 on b = | standard CDM), it is reasonable to regard such a situation as
observationally unacceptable. A conservative upper limit to the allowed degree of small-
scale power can be set by demanding that the theoretical non-linear power spectrum of
the mass at no point exceeds that of the light, as measured by the deprojection of the

APM angular clustering. As with the Tully-Fisher relation, 24 = 0.5 CDM with our
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chosen normalization [ails this test.

5.4 Allowed Models

5.4.1 Limits on Parameters

The limits on the decaying neutrino models derived by the above methods are summa-

rized in figures 5.3 and 5.4.

5.3a and b are more ‘empirical’ representations of the results in that they

Figures
show the values of a and 3 that give a permissible power spectrum in light of the Lyman
a and APM constraints. 5.3a and b differ in the assumed value of the Hubble constant,
ho = 0.5 and 0.75 respectively. The baryon fraction depends on h and is correspondingly
modified. The large-scale portion of the theoretical power is fixed at h = 0.25 CDM
and the small-scale high-£ portion alone is varied. A band of acceptable values results,
which narrows as h is increased, through the change in Qg. As § and a are dependent on
the combination ('n;-.gr)"”s, selecting a particular value of h effectively fixes the ‘growth’
parameter a. The dot-dashed lines on the figure indicate the growth allowed when m?*r
is such that Qh = 0.5 and Qh = 0.75 are matched on to the large-scale observations.

Within the usual range discussed for h ,therefore, the model is constrained to have a

shift parameter [ ~ 80 — 2500 and a growth factor a ~ 30 — 80.

Figures 5.4a and b translate the results of figures 5.3a and b from general form,
to apply specifically to the decaying neutrino model, identifying regions in the mass—
lifetime plane ruled out by the constraints discussed above. Figure 5.4a refers to an
Qh = 0.50 model with Qg = 0.050, figure 5.4b to Qh = 0.75, Qp = 0.022. The region
disallowed by the Lya structure formation requirement at z = 3.2 is indicated by the
darker shaded areas. In order not to exceed the small-scale APM curve, the parameters
must lie somewhere in the plane away from the lighter shaded region. The dashed line
from top-left to bottom-right of each plot represents m*r ~ 120 and 500, the values
= 0.25 with QA . = 0.50 and 0.75. We can summarize

required to reconcile Qh, ;o ent
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Figure 5.3: Constraints on the o and 3 parameters introduced in section 5.2.2. For a given value
of 3, o must lie above the Lya line for a sufficient collapsed fraction to form at » = 3.2. a must
however lie below the APM curve to avoid exceeding the APM power spectrum for k > 14 Mpe™!.
A band of permitted a and 3 values results (unshaded region). Furthermore if m*7 is fixed to
match the large-scale structure then o = const. This is shown as the dashed-dotted line in each

case: (a) Qp = 0.050, Qh = 0.50, (b), Qp = 0.022, Qh = 0.75.
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the conclusions from these figures as follows:

Qh =050 = 0.5<m<30keV, 0.2< 7 <500 yr (5.22)

Qh =075 = 2.0<m<30keV, 0.5< 7 <100 yr. (5.23)

Are these parameter values physically plausible? The dot-dashed line in figures 5.4a and

b shows the equation
m’r = 3 x 10* keV? yr, (5.24)

which is the form of a naive prediction for the relation between mass and lifetime for a
particle that decays via the weak interaction. This takes the usual E® scaling of weak-
interaction cross-sections and scales to the decay of the u lepton. In neither case does
this ‘muon-decay’ line cross the large-scale structure line in a permitted region; if the

model is to be considered plausible, the decay physics involved must be more exotic.

5.4.2 Early Reionization

The existence of significant small-scale power in decaying-particle CDM can allow struc-
tures of mass 10° — 105%™ M to form earlier than in the standard model and so may
permit early reionization of the intergalactic medium. We have performed a brief analysis
based on the method of Tegmark, Silk & Blanchard (1994). They estimate a parameter
Jet» the net efficiency of ionization processes from stars, and calculate f, (M) the col-
lapsed fraction of the universe (which gives rise to the star formation). These they relate

to an ionization fraction y such that

Tegmark et al. give a range of [, values they believe permissible, dubbing the top of the
range ‘optimistic’ (in the sense of promoting early reionization), the bottom of the range

‘pessimistic’ and the median value ‘middle-of-the-road’. Once f

ne

. is set in this manner
the requirement of 100 per cent rejonization (x > 1) becomes a condition on f, which can

be calculated by the same Press-Schechter method as was used to analyse the Lyman
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Figure 5.4: Constraints on mass and lifetime of hypothetical decaying neutrino. Limits are based

on the damped Lya fraction at redshift z = 3.2 (darker shaded region forbidden). Values that

would exceed the APM power spectrum for k > 1A Mpc~! occupy the lighter shaded region. (a)

Model constraints for h = 0.5, Qg = 0.050. The dashed line shows the large-scale structure

constraint for Qh = 0.5, the dot-dashed line the m”7 ~ const law for decaying heavy leptons. (b)

Model constraints for Qh = 0.75, 5 = 0.022. The dashed line shows the large-scale structure

constraint for Qh = 0.75, the dot-dashed line the m”7 o~ const law for decaying heavy leptons.
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a constraint. In order to get a feel for the sort of redshifts at which reionization could
occur in our model we set m*r ~ 500, the value needed to give an apparent Qh = 0.25
in the case where @ = 1 and h = 0.75. We then vary the mass within the range 0.01
to 100 keV, 7 being set at 500/m?. [, is calculated for the resulting power spectra and

used to derive the redshift at which reionization is complete.

Figure 5.5 shows the expected reionization redshifts for each of the f, ., values sug-
gested. The mass scale for the Press-Schechter integration (cf. equation 5.21) relates to
the masses of the first galaxies to form, and there is a considerable range of possibilities
from 1051’?._1;\-{,_-_5, (Couchman & Rees 1986) to 10”7 — 1{}8:’1_11\4GJ (Blanchard, Valls-Gabaud

& Mamon 1992). Fortunately the power spectra are relatively flat in this range and the

coll- These results relate to the mass scale

collapsed fraction is relatively insensitive to M
'L()Th_li\’l,_i,. In rough agreement with the Tegmark et al. results, typical reionization
redshifts are in the range ~ 10 — 200 for an optimistic or middle-of-the-road f, .. A
pessimistic [ ., permits early reionization only around m ~ 1 keV. CMB photons will

be significantly scattered by the reionized plasma if the optical depth between z;, and

on
z = 01is ~ 1. To obtain this requires z,, ~ 50 (e.g. Padmanabhan 1993) which can
occur in the relativistic decay model for m ~ 2 — 10 keV — within our allowed range.
Such a result may well be of importance in wiping out details of the last scattering sur-
face on angular scales around ~ 1° (e.g. White, Scott & Silk 1994). White, Gelmini
& Silk (1994) predict a sensitive dependence of degree-scale CMB anisotropies on the
parameters of the decaying particle model. They suggest that m*r may, in principle, be
determined from the CMB, with a large 1° bump for models with large m*r. Such a
feature is excluded observationally, but this work has shown that the small-scale power in
this model may well cause sufficiently early reionization to complicate the measurements

in this range.

5.5 Summary

This chapter has demonstrated that the parameters of the 2 = 1 decaying-particle +
CDM model can be constrained by small-scale power-spectrum requirements. Whilst

5 =1 —
we must generate sufficient power at ~ 0.1A7 Mpc scales to affect significantly the
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Figure 5.5: Reionization redshifts as a function of decaying-particle mass for the case Qh = 0.75,
i.e. m?r ~ 500. We take the mass of the earliest galaxies to form to be 107A~*Mg though the
results are similar for the range 10° — 108:"?_11\'1@. The labels ‘optimistic’, ‘middle-of-the-road’
and ‘pessimistic’ (abbreviated to opt., m.o.r., and pess.) refer to the efficiency of reionization by
stars and are discussed in the text. Relonization occurs in the range z ~ 10 — 200 for most of

the parameter space investigated.

observed number of high-z damped Lya systems, the existence of APM clustering data on
comparable scales limits how much power can be added. Successful models of this general
kind are therefore quite tightly constrained. Although present data cannot be claimed
to provide definitive proof for a small-scale feature in the power spectrum, interesting

consequences are predicted for future data on high-redshift objects.

Within an acceptable range for h, the mass of any decaying neutrino is constrained
to lie between 0.5 and 30 keV and the lifetime to lie between 0.2 and 500 yr. Structure

formation can commence sufficiently early in this scenario to permit early reionization
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of the IGM. For a range of allowed parameters the reionization will inevitably occur

sufficiently early to modify CMB fluctuations on scales of ~ 1° and below.

Although it thus has some attractive features, the model is not without its difficulties.
Since we retain the Einstein—de Sitter universe, the problem of short Hubble times is not
evaded, and may ultimately prove fatal. Furthermore, as with all high-density models,
a convincing mechanism for biased galaxy formation needs to be supplied. However, the
merit of the picture studied here is that it is reasonably well constrained and so testable
directly in terms of particle physics. If the Einstein—de Sitter model is to be saved, this

is arguably the least contrived way to do it.



Chapter 6

The Clustering of High Redshift

Radio Galaxies

As chapter 1 has explained, the distribution of matter in the universe provides important
tests for theories of the origin and evolution of large-scale structure in the universe. The
distribution in space and the formation times of galaxies depend on the values of €,
Q5 and Hg, on the type of dark matter which is thought to be the dominant source
of gravity on large-scales, and the nature of the initial perturbation spectrum (due to
strings, inflation and so forth). Models in which these initial ingredients are specified
make predictions about the shape and amplitude of the power spectrum of the initial
fluctuations in the matter. This has a direct bearing on the observed clustering of
galaxies and the formation epochs of massive high redshift objects (e.g. damped Lya

systems, radio galaxies and quasars).

There are, of course, significant difficulties in inverting cosmological observations to
test these theories. Galaxy formation is a complex process involving forces other than
gravity. The power spectrum on the scale of object formation has in general become
non-linear such that simple extrapolations from the primordial power spectrum at early
times are not trivial. Galaxy clustering studies can probe scales in which the perturbation
spectrum is still evolving linearly though there are other difficulties, probably the most

controversial example of which is that of bias. The biasing concept has arisen from

133
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the realisation that the luminous objects in the universe, which we observe may not
trace the mass, which we wish to infer. The issue was discussed in section 1.2.2 where
the linear bias parameter b was introduced (equation 1.20). By this definition, bf is
the factor by which the two-point correlation function of objects of class i exceeds the
autocorrelation function of the mass fluctuations. Indeed Peacock & Dodds (1994) found
a strong dependence of bias on object type, the relative bias factors for Abell clusters,
radio galaxies, optical galaxies and IRAS galaxies being by : by 10y : 0y =4.5:1.9: 1.3 :
I for low redshifts = < 0.2. The content of this result is equivalent to the discovery that
the scale length of clustering, r; if £(r) = (v/r;)™", is such that r4, > rg > ro5 > 7. These
results however say nothing about the evolution of bias for a given class of objects, i.e.
whether b = b;(z) where b;(z) may be an increasing or decreasing function of redshift.
Indeed there are good theoretical reasons to expect the bias to have been greater in the
past. These arguments will be dealt with at the end of this chapter. The main aim of
this chapter is to establish limits on the high-redshift form of the bias for radio galaxies.
Some recent controversial results have suggested that the bias may have a very strong
dependence on redshift, i.e. b(z) > b(0) for this class of objects. An understanding of
these effects for a given class of objects will have important implications for the clustering
of all galaxies at high redshift, since biasing mechanisms are presumed to operate in

similar ways regardless of the object type used to trace the mass fluctuations.

6.1 A Brief History of Radio-Galaxy Clustering

In recent years, substantial work has gone into establishing the clustering of optical &
IRAS galaxies, of which the majority are normal spiral galaxies at low redshift = > 0.2.
Probably the foremost example of such work was the APM galaxy survey (Maddox et
al. 1990) which analyzed the clustering of Schmidt telescope By < 21 galaxies. Here
the angular correlation function w(#) was found to obey a power law at small scales,

w(f) x 8177 with v ~ 1.7, and with a break at larger scales.

In contrast, radio galaxies form a rare and interesting subpopulation of extragalactic
= 1 2 S g 3 T ey | v ar ) e ] 12 4 =
objects. Generally their hosts are giant elliptical galaxies of mass > 10°° M _. Radio

galaxies provide a significantly different sample for clustering studies, radio surveys typ-
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ically cover very large areas and sample very large volumes (crucially they can probe to
z 2 2) but with sparser coverage owing to the intrinsic rarity of sources. On ~ 10—100A™"
Mpec scales radio galaxies are useful in quantifying the large-scale structure of the uni-
verse — uniform source selection is relatively straightforward and the typical redshift
of sources is = ~ 1. Radio surveys thus sample cosmologically representative volumes

whereas optical surveys lack the necessary depth to investigate the large scale regime.

Establishing the degree of large-scale radio-clustering has been attempted by many

authors with mixed success.

o The general isotropy of the radio sky is a long established result, e.g. Webster
(1977) showed the radio galaxy count fluctuations in randomly placed Gpc sized

cubes was <3%.

e Peacock & Nicholson (1991; hereafter PN) obtained redshifts for ~ 300 sources with
S 2 0.5 Jy at 1.4GHz for which 2z < 0.1 and concluded that the &(r) = (r/ry)™"
hehaviour is observed for the sample, with 7y = 11.0£1.2 A" "Mpc and 5 = 1.8+0.3.
This is greater clustering than for optical galaxies (r, ~ 5h~' Mpc) and reflects
the preference of the giant elliptical host galaxies for richer environments — clusters

also have enhanced correlations with r, >~ 14h~" Mpc (Sutherland 1988).

e More controversially, Kooiman et al. (1995; hereafter KBK) examine the angular
correlations of 55,000 Green Bank catalogue sources (v=4.85 GHz, S > 25mJy) and
find a w(#) amplitude 70 times in excess of that predicted by the PN parameters.
One factor in the mismatch between the KBK and PN results is that they sample
different redshift ranges - KBK obtain angular clustering data and use an uncertain
redshift distribution ¢(z) to compare their results with theory. There is, though,
the possibility of very strong evolution of the observed clustering amplitude with
redshift (i.e. r, = ry(z]) due to biasing. To see if their proposed high-amplitude

clustering is real is one goal of this chapter.

e Drinkwater & Schmidt 1996 analyse 263 Parkes sources (¢v=2.7 GHz, § > 0.5)y)

and find they can rule out r, > 50k~ Mpc with 99.9% confidence. This would
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formerly have been thought an uninteresting range, but the KBK analysis was

thought to require 7y in excess of this.

6.2 The Optical Stack Data

A current project at the Royal Observatory Edinburgh is the co-addition or “stacking” of
Schmidt plates to generate star & galaxy catalogues with very faint limiting magnitudes.
Over a period of 20 vears a large set of exposures of a single UKST field (ESO/SRC 287)
have been obtained in each of five colour bands. The field is centred on 21h 28m, —45°
(1950) and lies well outside the galactic plane with & ~ —45°. Hence it is ideal for
extragalactic work. In the bands that we will be concerned with for our radio source
investigation, J (= B;) and R, there exist 64 plates for each. An [I-band stack of 30
plates is also available. Hawkins (1994) gives a detailed account of how the stacked
datasets are constructed. Here we will give a brief overview of the stacking method and
the properties of the resulting data. We will then describe how the data are used in our

radio galaxy work.

Flach plate to be stacked is digitized by the COSMOS machine producing an array
of 16pm (~ 1") pixels, storing the value of the photographic transmission for each pixel.
The array is then subjected to image analysis by the COSMOS software to obtain pa-
rameterized data for each image present. One plate is selected as the master plate and
subdivided into 15" squares. A master coordinate system is then defined by requiring
that stellar images in each 15" square on each plate have the same coordinates as on
the master plate. In this way a position dependant coordinate transformation can be
derived to rotate, translate and rescale each plate into the master coordinate frame. This
is essential as differential refraction between plates taken at different hour angles means
that the pixel data cannot be directly superimposed. Before addition the contribution
of each plate is weighted by a factor (r,rscnri)_2 where o, is the mean width at half max-
imum of stellar images on the plate and o, the sky noise in several standard regions.
This optimizes the addition as the seeing and background noise vary from plate to plate.
Each plate can then be added to the master pixel by pixel, using linear interpolation

between the nearest four pixels to the transformed position. The pixels are added as the
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logarithm of their photographic transmission, known as the photographic density. This
is done because transmission is a highly nonlinear representation of the images on the
plate. Taking the logarithm corrects for this somewhat and also has the advantage that
the noise is roughly independent of density level — allowing a single weighting factor for

each plate.

After stacking the co-added pixel data are analysed by COSMOS to produce pa-
rameterized data for each of the images. Calibration is carried out by comparison with
deep CCD frames from the 3.6m ESO telescope at La Silla. Hawkins suggests that the
limiting magnitudes for the ./ and R stacks are 25.5 and 24 respectively — close to the
maximum improvement theoretically possible with 64 plates. Completeness limits are
~ 24 for J and ~ 22.5 for B. The 30 plate I-stack is only complete to [ ~ 20.5 and
is not of comparable depth. Here complete signifies the faintest magnitude at which all
objects can be detected and limiting the faintest magnitude at which any object is found.
There are reasons to expect traditional methods of star/galaxy discrimination to fail at
these faint magnitudes. Principally it is because image profiles of faint galaxies and stars
are dominated by the seeing of the Schmidt data (of order 3”) confounding traditional
methods of discrimination which rely on surface brightness differences between the two

object types (e.g. MacGillivray & Stobie 1985).

A different method of calibration was attempted by me in the early days of my PhD.
Here the stack was calibrated in intensity by reference to a CCD sequence of a ~ 3
section of the field. After convolution with an appropriate Gaussian function to render
the CCD seeing equivalent to the average for the stack, the two fields were aligned by
least squares fit to a transformation allowing scaling, translation and rotation for ~ 20
star centroids. Iollowing subtraction of the respective mean sky levels, corresponding
pixels in the CCD and stack were compared and fitted to the functional form I.cp =

FIgos) = Algog efoos/B)

, where A, B and C were chosen to give the best fit to /g
(COSMOS pixel density) and Inep (linear CCD intensity). The form chosen gave a good
agreement over a wide range of intensities. The function would then be used to generate
a look-up table via which the COSMOS pixel data is linearised. Such a technique will

be useful for future stack projects requiring accurate magnitudes for all the objects

detected. This is most important for projects needing a large dyvnamic range in the
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intensity measurements. For projects relying on faint galaxies, such as that described in
this chapter the objects are near to the sky level intensity and nonlinearities in the plate
response are not a problem. For this project, errors in a crude magnitude estimation are
swamped by subsequent uncertainties in the redshifts derived from them (section 6.4) -

so we use a simple magnitude estimator based on stellar CCD magnitudes.

The J & R stacks represent the deepest data available over a large contiguous area
of ~ 25 degree®. In the section 6.4 we describe how the data are used to detect the faint
optical counterparts to 5 > 3 mJy Molonglo radio sources. The radio search area is
slightly greater than is covered by the optical stacks ~ 0.0083 sr and so the number of

S > 6 mJy sources which we could hope to optically identify is only 912 sources.

6.3 The Molonglo Survey Radio Data

Drs Dick Hunstead and Taisheng Ye of the University of Sydney, Australia have kindly
provided us with a list of 1680 radio source positions (¢=843 MHz, S > 3mJy) in the ~25
deg® area of Schmidt field 287. The final radio map was constructed from a mosaic of 120
individual overlapping radio maps in the field, generated by the Molonglo Observatory
Synthesis Telescope (MOST) described in Hunstead (1991). The rms of the individual
maps is 1.5 mJy, though when several overlapping maps are combined —~ which is possible
over most of the field - this is substantially lower and typically reaches ~ 0.5 mJy (Ye
- private communication). A simple point source fitting algorithm was used to generate
the source list, with all sources of flux > 3 mJy catalogued. This effectively includes all
objects with 6-sigma detections or better. The point-source fitting algorithm may cause
the flux densities of extended objects to be underestimated but there should not be many
such cases and we will not allow for the effect in this work. Number counts versus flux are
shown in differential form in figure 6.1. The data are clearly incomplete for 5 < 6 mlJy.
The probable cause of this is that the mosaic technique provides incomplete coverage
of faint sources in patches in the field where there are a below average number of radio
map overlaps. If this is the case then the area coverage below ~6 mlJy is not uniform
and the fainter sources are not suitable for clustering analysis as they stand. Without

direct access to the original radio data it is difficult to model the position dependency
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Figure 6.1: Differential number counts N(S) vs. flux S for the Molonglo field 287 survey with
N2 error bars for each bin. The data are well described by a power law of index ~ 0.9 between
~ 6 and ~ 1000 mJy. The dashed lines are the predictions of the seven model radio luminosity

functions from Dunlop & Peacock 1990. Below about 6 mJy the data clearly become incomplete.

of this incompleteness hence we take the simplest course of rejecting objects with S < 6

mJy in the clustering analysis — leaving 1071 sources in the list.

Ye has attempted to match the S > 3 mJy radio positions with optical objects on
the COSMOS database of single .J-plate data and has found ~ 200 matches within an
offset of < 5” (we will show his data when we perform our own matching). This is
comfortably ahead of chance the association rate and shows that at least some of the
radio sources have optical counterparts at J < 21 and z < 0.5. Here we attempt optical
matching with deep G4 plate ./ and R-band stacks which should allow identification of
most objects with = < 1.5. Crude redshift estimates can be made on the basis of the
magnitudes of matching optical objects. It is our hope that the approximate radial

distance information we can obtain in this way will help us overcome projection effects

when we come to analyvze the angular clustering of these objects.
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6.4 Constructing the Radio Galaxy Catalogue

6.4.1 Radio/Optical Match-up and Calibration

The first step in matching optical images with our radio data is to extract small stack
areas corresponding to the source locations. Software to convert RAs and DECs to the
stack x, y coordinate system is employed but as this is part of the standard COSMOS
repertoire it will not be described here. Armed with the Molonglo positions in stack
coordinates we can proceed to the question of how large an area to extract around each.
This is a question of how much offset we can expect between a radio source and its
optical counterpart. Even without extended sources, the radio centroid positions are
expected to be in error by ~ 3" (Hunstead 1991 quotes this as a Gaussian r.m.s. of the
offset) and the centroids of stack images by ~ 1” at most, so we should allow at least
3" around each source even if the sources are perfectly coincident in real life. A further
problem is that perfect coincidence may not be the norm when the radio and optical
images are resolved and hence present an extended profile. The exact centroid position
will then, to some extent, depend on the morphology and size of image. Clearly this is

most significant for the optically bright galaxies and large radio sources.

We have no information on the angular size of our individual radio sources but we
can estimate the relevant order of magnitude by comparison with other radio data. Oort
(1988) has measured the median angular size of radio sources as a function of flux at 1412
MHz. He presents results for the median angular size 6, .4 which can be approximately

modelled as

0 ca/” = /S/mly. (G.1)

A further issue we have considered is the presence of double-lobed Fanaroff-Riley 11
objects where the optical part of the galaxy lies in a radio-quiet region between the
lobes. It has been found by Laing et al. (1983) that in 96% of FRIIs the optical centre
lies within 0.26 of the midpoint between the two radio hotspots - # being the angular

separation of hotspots.
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Figure 6.2: Two parameter fits to convert PISA magnitudes to observed CCD magnitudes.
Measured star magnitudes for sequence stars on the J and R stacks are here fitted to CCD
data from Hawkins (1986). The best fit formulae and standard deviations are Jppup =

48.20 logm J]'r|s_,\ — 4 .L(jl, oy = 0.45 and R’l'[{{_}]_ﬂ, = 53.18 ]Og’m Rp]s,\ = 49.81} oR = 0.34

With all these considerations brought to bear it was thought safest to extract large
areas to ensure that all optical counterparts, if any, were somewhere in the frame. We
chose to take 64 x 64 pixel arrays (~ 1 arcmin?) at each of the 1680 radio positions in each
of J, R and I. To allow for the presence of FRIIs we also took 64 x 64 regions around the
midpoint of any two sources separated by less than 1.5". There were 58 such locations.
For each stack a 256 x 256 calibration field was also extracted corresponding to a region
for which accurate CC'D photometry was available. In order to obtain parameterized
data for the objects in the extracted region, each 64% frame was subjected to image
analysis using the Starlink PISA software. Beforehand each image was smoothed with
a 3" FWHM Gaussian kernel to improve the signal-to-noise of the fainter objects in
each field (by smoothing out uncorrelated pixel noise). The threshold for image analysis
was sel to be 2.50,, above the sky where o, was the noise at the sky-level. We
allowed any image of more than 3 contiguous pixels to be catalogued. The two 2562
calibration regions were analysed in an identical fashion. PISA magnitudes (integrated
pixel densities) were fitted to CCD magnitudes for the stars identified in Hawkins (1986)
to allow a rough calibration of our data. The two parameter fits in JJ and R are shown

in figure 6.2.



Chapter 6: The Clustering of High Redshift Radio Galaxies 142

The effectiveness of the image analysis can be assessed by plotting the differential
number-magnitude relation for the J and R data. Such plots are given in figure 6.3.
They show that Hawkins® estimates of completeness are essentially correct with the
number densities at J ~ 24 and R ~ 22.5 falling away from the dN/dm  10%%"
power law found for galaxies in the magnitude range 20 — 25 (e.g. Koo & Kron 1992).
In this project the assumption is made that the magnitude limits are the same over
regions within ~ 2.5° of the plate centre. Systematic effects such as vignetting are small
(Am[< 4°] < 0.1 from Dawe & Metcalfe 1982) and random effects such as variations
in plate sensitivities should be averaged out by the stacking process. The scatter in
the redshift-magnitude relation is so large (section 6.4.2) that magnitude errors of ~ 0.5
would be needed before the results of this chapter were significantly affected. In addition
the imposition of conservative completeness levels J < 24, R < 22.5 should prevent any

position-dependent incompleteness in the image catalogue.

With all objects in each of the 64* J & R stack fields catalogued and calibrated we can
turn to the problem of matching an optical image to each radio-source. This is not trivial
since the expected radio positions may be in error by up to several arcsec and at these
faint magnitudes fields crowded enough for confusion between different optical candidates
to arise. The issue ol assigning optical counterparts to radio sources in crowded fields has
been considered by Downes et al. (1986) and we follow their straightforward “frequentist”
method here. Given an optical candidate of magnitude m a distance r from the radio
position one simply calculates the Poisson probability of such an object appearing by
chance, that is the probability of something appearing in the parameter space (< r,

< m). The candidate least likely to be there by chance is then selected as the candidate.

Given a surface density p(< m) of objects brighter than m the expected number of

objects within a radius r of the radio position is

p=mp(< m )2 (6.2)

and the Poisson probability of at least one object appearing by chanceis P ~ 1 —¢™" ~

p for p < 1. If a probability threshold P~ is set the expected number of events for which
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Figure 6.3: Differential galaxy counts A(m) in number per square degree per magnitude for the
J and R band stack data. The expected A(m) o 109%™ relation is roughly observed in each
case until incompleteness set in at J ~ 24 and R ~ 22.5. Note that the contribution of stellar
images begins to dominate brighter than J, R ~ 21 changing the power law index.

P. < P" s

m —

E= £ ol (6.3)
E= P*[1+W(P./P")) P*< P, (6.4)
where P, = mp( -r'n]im)rf with p(my;,) the area density of all objects brighter than the

limiting magnitude m,;,, and there is an upper limit to the search radius such that » < 7.
Given P* the Poisson probability of chance matchings occurring is 1 — § =, Setting the

value of P™ thus allows control of the number of spurious matches in the final sample.

Where multiple candidates appear within r, the object least likely to be there by
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chance (i.e. the lowest value of P, ) is picked. p(< m) is estimated from the 64% cosmos
fields using regions at least 10” away from the field centres and so avoiding contamination
by most of the detectable radio sources. Each field contains ~ 20 objects and so a sizeable
sample can be constructed with p(< m) established in 0.2 mag intervals in J and R.
The image density at the respective plate limits is p(J;,,) =~ 2.5 x 107 per square arcsec

and p(Ry;,,,) ~ 1.7 x 107 per square arcsec.

For each field J and R images within 2" are matched to one another where possible -
this is close enough for any confusion to be very rare while allowing for small centroiding
offsets in each band. Thus there are effectively three datasets, the unmatched .J-data,

the unmatched R-data and a catalogue of images detected in both .J and R.

Before we apply the machinery of the above ranking system it is important to check
that there are no systematic offsets between the optical and radio positions. This is most
simply achieved by stacking the combined optical data for the 1071 .5 > 6 mJy fields such
that the central pixel. corresponding to the inferred radio position, is coincident for each
of the co-added frames. Even given significant random offsets in the positions of radio
sources and their optical counterparts we should expect to see a significant peak in the
centre of the stack, due to an enhanced density of objects (the true optical counterparts)
over the assumed random background. The results of this test are shown in figures 6.4
(a)-(d). Figures (a) and (b) show contour plots of the stacked fields for two subsets of
the data, (a) is the half of the fields with the lowest RAs (b) the half with the highest
RAs. It is clear that some sort of systematic effect is present: in figure (a) the peak
object count is offset down and to the left, ~ 2 away from the central position whereas
in figure (b) the peak is central. Neither plot is very circularly symmetric. To attempt to
correct for this offset a transformation allowing rescaling, rotation and translation was

applied to the data such that

¢ = a4+ ¢ RA+ @, DEC +ay (6.5)
Yy = y+aRA+a;DEC+ ¢ (6.6)
where the a, are fitted by finding the values which minimize the sum of the squares of the

offsets of all objects within 4" of the original radio position (0,0). The assumption is that

in this range the number of true radio galaxy images will exceed the random background
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so that the radio-optical offsets dominate the data given to the fitting routine. The best
it is provided by a; = 5.353, a, = 0.261, a; = —103.048, a, = 0.010, a5 = —0.292,
ag = —13.410. These values cause offsets in the range 2’ — 2 ~ —1.5 — 1.5 and
y —y ~ —0.5 — 0.5 over the range of RA and DEC covered by UKST field 287. The
origin of this mismatch is unclear, it could be due to transformation errors in either
the COSMOS or the radio data. Problems with single plate COSMOS parameters are
discussed by Unewisse et al. (1993) and may be relevant, though having largely sorted
the issue out with the transformation above, it is not investigated further here. Figure
6.4 (¢) shows the combined optical data for all the radio sources before this correction
is applied and figure (d), the same data with the correction. The peak in figure (d) is
slightly more compact and symmetrical than that in (c¢) and is well fit by a Gaussian
point spread function with o ~ 2.7, which is close to the expected random error in the

radio positions.

The following table gives the cumulative numbers of matches versus radio-optical
offset for (i) Ye’s match of all > 3 mJy sources with images from the COSMOS database
(Hunstead — private communication), (ii) matches between the > 6 mJy radio sources
and combined .J and R data before the transformation and (iii) the match-up after the
transformation. There is a clear gain in detection when the transformed positions are
used with ~ 20% more objects within 1” of the radio position. The data also reproduce
Ye’s (1994) optical matching tolerably well when J, R < 21 images are matched to the
whole > 3 mJy radio source list, which is a useful consistency check on the procedure so

far.

offset | Ye (1994) | No trans. | Trans.
i 23 49 61
% 4 62 141 183
&5 118 269 301
i 181 367 396
< 5" 224 165 486
< 6" 260 573 569
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Figure 6.4: Contour plots of image density for superpositions of the optical data around each
radio position. (0,0) is the radio position when transformed to the COSMOS =z, y coordinates

for each field.

Having corrected for systematic effects we can return to the ranking procedure which
tells us how to proceed when the random offsets in radio-optical position are comparable

to the distance between optical objects, as here. The search radius r, is set at
r, = [(205)% + S(mJy)/6]'/2 (6.7)

where op ~ 2.7" is the radio positioning error established above and then allowed to

vary by 2 standard deviations which should enclose ~ 86% of the sources. The S-term

allows for significantly extended radio sources. Irom equation 6.1 we know that the

1/2 n

. : : =0 S — :
angular extent of sources is roughly S mJy / . Assuming the optical counterpart
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can be anywhere in a circular region of radius 0.55"/? and calculating the r.m.s. offset
gives (A?‘z)]‘“ = .5'(!11.].\_-')”2/\/‘3. Twice this r.m.s is allowed for, as with the Gaussian
positional offset. The two terms are then added in quadrature to yield r,. A maximum
r, of 18" is set to avoid going too near the edge of the pixel data for each field. r, = 18" is
enforced for the 58 fields containing the putative lobe centres of FRII objects. consistent

with being within 0.26 of the midpoint of lobes separated by 8 < 1.5,

Within 7, the optical images are then weighted according to (P, PR)UZ, P; or Pp
depending on whether the object in question is matched or unmatched, and the best
candidate (lowest /?) picked. If no image lies within 7, in either band then a null output
is recorded. Matchings in the 58 inter-lobe fields are accepted if a candidate there has a
lower P value than any object at the lobe positions. In this case matchings in the two

fields centred on the assumed lobes are rejected. This occurred in 10 cases.

A final catalogue of matchings is made when a threshold is applied to the data
such that all objects with a probability of being due to chance coincidence with the
radio position P > P* are rejected. Setting the threshold P is a matter of balancing
the total number of objects detected, Np say, against the number of objects appearing
by chance, which can be estimated as N ~ Y; £(P”) where E is found using the
expression 6.4 and summed over all the fields searched. Here P, is calculated as P. ~
0.5772[p(Jyim) + p(Ryy,)] = 0.26 with the stack parameters and a mean search area
712 ~ 127 arcsec” when r, is calculated as above for each field. The detection fraction

is roughly (Np — N¢.)/Np.

Applying these estimates to the optical matches for the 912 .5 > 6 mJy sources and

58 inter-lobe regions which lie on the stack gives the following results.
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P* | E(P*) | Np | true matches | det. frac.
0.001 | 0.0064 | 96 ~ 91 95%
0.006 | 0.0294 | 278 ~ 250 90%
0.018 | 0.0636 | 410 ~ 349 85%
0.040 | 0.1086 | 530 ~ 424 80%
0.066 | 0.1466 | 594 ~ 446 5%
0.107 | 0.1831 | 634 ~ 444 70%

It is apparent from this table that the number of estimated true matches N, — N,
steadily increases with P™ upto around P* = 0.066 and thereafter no improvement is
made. At higher thresholds the number of coincidental matchings steadily increases and
just reduces the fraction of true matchings. Choosing the threshold P* depends on what
the catalogue will be used for as there is a tradeofl between detection numbers and the
signal to noise. For clustering studies the presence of a “rogue” fraction N /Np reduces
the amplitude of correlations by a factor ~ (1—1\FC:/J\“'|)]2 assuming the chance matchings
to be randomly distributed. On the other hand, error bars on w(#) scale as NL;I’!Q. The

significance of a clustering signal in any one bin (i.e. the size of the error compared to

the amplitude of the measurement) will therefore scale as

'“.!( 6) - ( ."\'TC: ) A v
— oy Np | 1 ——=] . 6.8
Ty > g "IVD ( ) )

This has a maximum at P* = 0.036 which will be adopted for the rest of this chapter.
At this value there are optical matchings for 506 objects of which roughly 20% will be

spurious.

6.4.2 Redshift Estimation

Given estimates for the J and R magnitudes of the optical counterparts to the radio
sources, an attempt to infer the redshift of each object can be made. This proceeds by
trying to establish a relation between the optical magnitudes and the redshifts of radio

galaxies. The optical Hubble diagrams for radio galaxies have relatively low scatter
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about a well-defined magnitude-z relation (e.g. Spinrad & Djorgovski 1987) owing to the

low spread in absolute magnitude of radio sources.

Here we establish the .J and R band Hubble diagrams using a sample of ~ 60 radio
galaxies from the Leiden-Berkeley Deep Survey (LBDS), described in Peacock, Dunlop
& Windhorst, 1996. We assume that the relations will be the same for the LBDS data
as for our Molonglo sources which is reasonable given the selection criteria of the LBDS
sample, S > 1 mJy at v = 1.4 GHz. Optical data for these galaxies is provided in the
photographic £ and .J bands (as used here) and the Gunn-Thuan ¢ and r bands. Where
only g and r data is available we use the rough conversions B ~ r — 0.3 (Dunlop &

Peacock 1993) and 0.7.J ~ g — 0.3r — 0.2 adapted from Jorgensen (1994 ).

Plots of = versus R and z versus J are given in figure 6.5. Three parameter fits for

z(R) and z(.J) give us

logyg 2 = —7.90 + 0.544 R — 0.00822 R (6.9)
and

log,o 2y = —6.63 + 0.386.J — 0.00426.J° (6.10)

The respective scatters in log,, z are 0.16 and 0.27 respectively, in terms of z these are
Azp = 0.37zz and Az; = 0.62z;. These relations are the optical analogues of the
infrared I'(z) relation for radio galaxies (Lilly, Longair & Allington-Smith 1985) which
for 2 < 1, K < 18 yields

log,o 2 ~ —5.368 + 0.384K — 0.00385 K, (6.11)

The scatters on the z(R) and z(.J) relations are quite large, this can be improved
slightly by using both relations in combination where both magnitudes are measured

such that

2/ Az% + 2, /A2

“RJ = : - (6.12)
RI= "1 /AZ2 + 1/AZ3 ’
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Figure 6.5: Three parameter fits for (a) z = z(R) (b) z = z(J) for the LBDS survey (Peacock,

Dunlop & Windhorst, 1996). The scatter for z(R) is substantially lower than for z(.J).

with a scatter of roughly Azp; = 0.31zp;. This is still quite a large scatter but this
should not affect our clustering analysis too greatly. For the clustering studies undertaken
here, it is more important that the galaxies are ordered correctly in redshift distance, as
this will be the parameter used to divide the data up into subsets before the clustering
analysis. The clustering amplitude in each subset will be parameterized by the median
redshift of the galaxies which, with large numbers of objects, should be a reliable esti-
mate, even if the errors in individual redshifts are quite large. At the completeness limits
of the stack data, J < 24, R < 22.5 relations 6.9 and 6.10 imply a limiting redshift of

z = 1.5 for the sample.

Our final catalogue is now complete and we can compare the observed numbers of
identified sources and their redshift distribution with those expected. One estimate of the
required quantities can be obtained by integrating the local radio luminosity function.
This has been derived at 1.4 GHz by Windhorst (1984) and fits well to the parametric

form

d*N By
—_— = (1 6.13
dVdlog,, P ? ( t ;”") (6.13)

with ¢" = l(]"—"zh"'g(1‘1){“"5 and P* = 10**"h " WHz 'sr™". The redshift distribution is
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Figure 6.6: Redshift distributions for the 506 best identifications at > 6 mJy as a histogram in
bins of Az = 0.25. Note the sudden drop above =z ~ 1.5 due to the optical completeness limit
being reached. The dotted line is the expected distribution for a uniform flux-density limit of

6 mJy from Windhorst (1984).

then
dN " A" dV ds .
- = T 6.14
dz /5 In10 dz S(1+ P(z)/P~) ( )
with
. ’ | ®
P(z)/(h™*WHz 'st™) = 8.57 x 10%°(5/Jy) {2 (1 s )] (14 2)1t*  (6.15)

and our survey covering A ~ 0.0083 sr. We will take a spectral index of @ = 0.8 to be

representative.

The value of this function for S > 6 mJy is shown in figure 6.6 along with the
redshift distribution estimated from the sample. The total number of sources out to
z o~ 1.5 expected in this model is obtained by integrating equation 6.14 with respect to
z and yields Nygp = 505. This is about the total number observed but recall that only
about 80% of this sample is thought to be correctly identified, therefore this model RLI

predicts the incompleteness to be about 20%.

These. then. are the predictions in a non-evolving model, i.e. ¢ and P™ have no

z-dependence. This is certainly too strong an assumption over a redshift range > 1.
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Interestingly though. this model seriously under-predicts the numbers in the lowest red-
shift bin z = 0 — 0.25, the measured value is 133 whereas the model estimate is 87
sources in this range. This discrepancy is too large to be accounted for by the expected
fraction of misclassified matchings ~ 80%, unless the ranking scheme of the previous
section is biased towards optically brighter objects. This would shift the proportion of
misclassified objects towards the brighter end of the sample. It is quite easy to construct
models in which this is the case - we have effectively weighted our matching candidates by
1/ B4 (m) i.e. the inverse of the probability distribution of the background as a function
of magnitude. More reliable is the likelihood ratio technique (e.g. Sutherland and Saun-
ders 1992) where the weight would be Prg(m)/ By (m) where Ppg(m) is the probability
distribution of the actual radio galaxy magnitudes. If Pgq is a steeply rising function
of magnitude then bright objects will be over-weighted by our system and faint objects

under-weighted. Such an effect may be operating here.

Figure 6.7 shows the predictions of the seven RLF models discussed in Dunlop &
Peacock (1990; hereafter DP). These models were constrained by comparison to a range
of different datasets based on number counts as a function of flux and frequency. The five
curves in figure 6.7a show five predicted redshift distributions for the Molonglo sources
based on model RLIF's which were matched to the DP data using a free-form fitting
technique. A significant variation is seen. Models 1 and 2 are relatively flat and do not
appear seriously discrepant with our data out to the limiting redshift of ~ 1.5. Model
3 rises steeply in the range z ~ 0.25 — 1 and then falls as steeply for z > 1. In models
4 and 5 a similar high redshift peak occurs at z ~ 1.25, though the predicted redshift
distribution is broader and flatter. Notably models 1 and 3 predict ~ 100 objects in the
first bin and the mismatch with the data could be accounted for here by the mismatching
of ~ 20% of the sources in the catalogue. I'igure 6.7b show the redshift distributions of
(i) a model in which there is pure luminosity evolution of the radio sources and (ii) one
in which there source density and only positive luminosity evolution. Both these fit our
data quite well beyond the first bin where again there is a serious under-prediction of

objects.

The susceptibility to magnitude dependent bias discussed above is still relevant to the

comparison of the DP predictions and the data. Given the wide range of behaviour con-
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Figure 6.7: Redshift distributions predicted by model radio-luminosity functions from Dunlop
& Peacock (1990) versus the estimated distribution of the Molonglo-Schmidt stack catalogue.
(a) Five models derived from free-form fitting to a selection source count datasets: RLII

filled line, RLF2 — dashed line, RLF3 — dot-dashed line, RLF4 — dotted line, RLF5 — dash-three
dots line. (b) Two models based on pure luminosity evolution (filled line) and density evolution
with purely positive luminosity evolution (dashed line). The seven models show a wide range of

behaviour. Apart from the first bin, z = 0—0.25, where all the models significantly under-predict
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the numbers. the flatter models 1, 6 and 7 offer the best mateh to the observations.
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up with P* < 0.036. The ~ 506 output galaxies are divided into 4 redshift bins.

sistent with previous datasets it is clear that any predicted Pr(m) would be somewhat
speculative. There are. however, grounds for believing the two models in figure 6.7h are
closest to the true distribution of sources (Peacock, Dunlop & Windhorst, 1996). The
ranking method used here, therefore, is probably the safest one. These are the closest

forms to the redshift distribution of our dataset and so there should not be too severe a

magnitude dependent bias in the degree of misclassification.



it
o

Chapter 6: The Clustering of High Redshift Radio Galaxies &

6.5 w(f) & Constraints on High-z Structure

As our radial distance information for the radio galaxies is limited in precision (with
redshifts estimated from magnitudes) we will be confined to measuring the angular clus-
tering of galaxies in a set of broad redshift bins. The eventual outcome of this work will
be in setting limits to the three-dimensional clustering. If is essential therefore to under-
stand the relation between the two. This is a well established problem and is discussed
by many authors (e.g. Efstathiou et al. 1991; Neuschaefer and Windhorst 1995). The

bare bones of the argument are given below.

We begin with the more fundamental three-dimensional clustering of galaxies. The
correlation function &(r,z) can be represented as a power-law in the comoving scale r

and (1 + z),
E(r,z) = (’_) Tt Fy= ke (6.16)

"o

The parameter ¢ allows evolution in the amplitude of galaxy clustering. ¢ = 0 for
clustering which is fixed in proper coordinates and ¢ = —1.2 for clustering fixed in
comoving coordinates. These values may be taken to bracket the range encountered in

most models of galaxy formation and clustering.

The 3D clustering is related to its 2D projected analogue w(#) by Limber’s equation

(Peebles 1993) which yields

M(v-1/2] G 4

w(l) = /7 T 72) 97_1?0, (6.17)
with
. J& g(=)(dN[dz)* dz (6.18)

(f{;x'(rif\"/n’:} nf:}2

and

g(z) = (‘f‘z) 2VUR(x)(1 4 z)" @), (6.19)

dx
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Here dN/dz is the differential galaxy redshift distribution, I' is Euler’'s Gamma function
and 2 the radial coordinate distance. F(x) is a metric-dependent volume factor from

Peebles (1993). It is of the form

F(z) = \/1 — (Hya/e)(Q — 1) (6.20)

and is unity for an Einstein-de Sitter universe.

The two-point angular correlation function gives a measure of the excess galaxy
density over that expected for a random distribution on the sky. It is defined such that
given a mean galaxy density on the sky of n, the point probability é P of finding a galaxy

in each solid area element 6€2; and 6Q, separated by € is
§P = n*[1 + w(6)]6Q,69,. (6.21)

As such it is a relatively easy statistic to obtain and has been widely used to quantify
clustering in galaxy surveys without measured redshifts. Although not as useful as the
3D equivalent £(7) (equation 1.19), measurements of w(#) can set useful constraints on
clustering models. The principal problem with its use is that the projection of sources
from a broad range of redshifts onto the plane of the sky dilutes any clustering signal —
larger datasets are required to detect clustering of a given real-space amplitude. Here we
will attempt to use the redshift information derived in the previous section to coarsely
bin the radio galaxies in radial distance. This will reduce the projection effect and hence
make any existing signal easier to measure, although with a corresponding increase of
noise as we have less pairs per bin. It will be left open to experiment as to whether we

can recover extra information this way.

6.5.1 Measuring the Angular Clustering

The first step is to estimate how coarse the redshift bins need to be before we have
enough objects to detect a clustering signal with confidence. This can be guessed at
using a modified version of expression 6.8 to compare the error bar on the measurement of

clustering in one angular bin ~ [1+w(#)]/\/N(8) to the size of the expected measurement
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itself which is w(#)[1 — f]* where f is the fraction of misclassified sources — assumed to be
randomly distributed on the sky. N(8) the number of data pairs in a given separational
bin of width A@ from the sources and is given by

] 2THOAOINZ

(6.22)
with Ny the total number in the redshift bin and A the area over which they are spread
~ 27 deg”®. The significance, i.e. the ratio of the measurement to the error is then given

by

sig ~ NgA, 07" — f]? w ~ 0.3NgA, VA (6.23)
where the form w(#) = .f-'-lwrf)_o's and the right-hand expression holds for sources over
A = 27.2 deg® (which are correctly matched ~80% of the time) for separations of order
1 degree. A reasonable estimate of A, (i.e. the angular clustering at 1 degree) in the
redshift ranges sampled here is 0.01 — 0.05 (using the observed redshift distribution and
expressions 6.16 to 6.20 — see also figure 6.11) and the Af used here is 0.2°. A significance
level of 1-sigma therefore requires Ng ~ 100 to 1000. There is little point in the redshift
bins being finer than the expected error in redshift estimation >~ 0.3 at z = 1. The
first bin of width Az = 0.3 contain about 125 objects which is one value of Ny used
for the subsequent analysis. Clearly larger values of Ny improve the signal-to-noise at
the expense of redshift resolution. There are only ~ 500 objects however so the allowed
increase is not great. We have analysed the data a second time using Ny = 250 to see if

there is any gain in sensitivity.

For a given redshift distribution we can write w = w(#,ry,v.¢) i.e. giver the model
parameters the machinery of equations (6.16-20) can be easily used to obtain the angular
clustering predicted in that model. The inverse problem of deriving ¢ and 7, with a
knowledge of w(#) and dN/dz is more difficult, especially where fairly noisy estimates of
the clustering amplitude are expected, as here. The approach, therefore, will simply be
to estimate w(#) in coarse redshift bins and find which values of ¢ and r, are strongly

creluded.
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Typically w(@) is estimated from a given sample of galaxy positions by constructing

a catalogue of random galaxy positions and comparing any clustering signal from the

dataset to that of the random catalogue. This involves evaluating an estimator of the
form

DD(0)

w(f) = —= — | 6.24

(6) RR(0) ( )

where D D(8) is the number of data-data pairs and RR(6) the number of random-random

pairs for angular separations of 6§ + 66. However, here we will use the estimator

gy = DD(O) = 2DR(O) + RR(8)
e = RE(6) ‘

(6.25)

with DR(6) the cross-correlation between the data and a random catalogue. This is
argued by Hamilton (1993) to be more reliable for low-amplitude signals and is shown
by Landy & Szalay (1993) to have a nearly Poissonian variance (whereas the variances

of simpler estimators are quite sensitive to the assumed mean density of the sample).

The data were analyzed by dividing up the data into catalogues spanning redshift
ranges z ;. — 7., Such that there were Ng objects in the range and with z | the median
redshift. The clustering as a function of scale was evaluated using 6.25 with 0.2° bins
for the separations. Errors in each bin were estimated using the bootstrap resampling
method described by Barrow, Ghavsar & Sonada (1984). A resampled estimate for w(8)
is obtained by applying 6.25 to a resampled catalogue of Ny galaxies, randomly selected
from the input catalogue of Ny galaxies with selected galaxies not removed from the
input catalogue. That means that some galaxies are included in the resampled catalogue
twice or more, whereas some galaxies do not enter at all. 200 bootstrap resampled
measurements were made for each catalogue, the mean of the resampled estimates of
w(@) was taken to be the measured value of the clustering amplitude with one standard
deviation either side of this value taken to be a 1o error-bar. The clustering in the range
0 — 1° (5 angular bins) was then fit by minimising ,\2 with respect to the form

“".m(” 9) = ll't{ Zm)H—UIS (62()}

“m?



Chapter 6: The Clustering of High Redshift Radio Galaxies 159

where 8 here is in degrees. A, (z,)+ 0, is therefore the measure of angular clustering
at a scale of 1° at the median redshift of z_, with error +0,. Note that negative values
of A,, were not excluded from the fit and the exponent 1 — v was fixed at —0.8. The
use of y? in the fit deserves some explanation as the error estimates for w(#) in each
bin are not independent. Although minimum Y gives the best fit, the error in the
fitting parameter o, (established by the values of A, that give \* = \Z. + 1) will
consequently be underestimated. Fortunately it was shown by Mo, Jing and Bérner
(1992) that bootstrap errors are an overestimate of the true errors in each bin and
compensate perfectly for the tendency to underestimate o, by v? methods. Thus the

o,, estimates here are valid.

Examples of the clustering measured for each redshift range are shown in figures 6.9a
and b together with least-square fits in the range 0 — 1° (dashed lines). Figures 6.12
and 6.13 show the best fitting values of A, (with estimated errors) as a function of z,

for the radio galaxy catalogue with Ng = 125 and 250.

6.5.2 ry and Bias Constraints

To convert these measurements of the degree-scale clustering amplitude into constraints
on ry and ¢ we need to relate equations 6.26 and 6.17. We have measured the clustering

on a scale of 1°. This can be related to theoretical expectations via 6.17 where

e )
A, (z2n) = kGrg (ISU) : (6.27)
Here k = /m I'[(y = 1)/2] /T(y/2) = 3.679, with v set to 1.8. G'is given by 6.18 and
can be written G = (¢ (Hy,Q,dN/dz,€) though we will fix the first two parameters with
0 =1 and h = 0.75. We have estimates of the redshift distribution dN/dz for a given
subset of the total catalogue (labelled by z ). The errors derived in section 6.4.2 should
be taken into account here, and are used to obtain smoothed versions of the redshift
distributions lor the redshift bins (shown in figure 6.10). Given these assumptions we
can calculate the expected amplitude on a scale of 1° given ry = | 1h~" Mpc and a chosen

value of €. The resulting estimates of A, from these predicted values of (i (z,,,¢) and r,
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Figure 6.9: (a) The observed clustering in redshift bins of Np radio sources. Points are shown
with Poisson error bars which give the correct interpretation of the significance of clustering
measured in an individual angular bin. For the reasons discussed in the text bootstrap errors are
used to fit a functional form to the clustering, these are approximately 3'/% larger. The first
five bins are used to fit the form w() = A,07°83 (@ in degrees) which is shown as the dashed
line. One sigma deviations from the best fit are shown dotted. The samples shown in successive
figures are not completely independent, each successive redshift bin is Ng/2 objects further into

the list of sources (which are sorted according to redshift).
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Figure 6.9: (b) As for figure 6.9a but with Ny = 250 objects per redshift bin.
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Figure 6.10: Redshilt distributions for the samples used in the clustering analysis, when smoothed
with the estimated error from section 6.4.2. Each successive redshift bin is Ng/2 objects further
into the list of sources. Alternate bins are shown as filled and dashed lines to show the resulting
overlap between supposedly independent bins, when the errors are taken into account. The
overlap is not too severe, especially when the bins are large (Np = 250). These distributions are
used for the estimates of A, the expected 1° clustering amplitude for 7o = 11A~" Mpec shown in

the next figure

are shown in figure 6.11. Writing

| A ) [ T ]‘“”' .
1.8 % o v\*m A G.28
To ( m) ;.[l _ f]?(,’(;;m_() 180 { N J

and we can obtain a rather noisy estimate of the true ry (for each sub-catalogue with
median redshift z_ ) using the calculated value of G(::m.e] and the measured value of

A (zy). Recall f the fraction of misclassified objects was estimated to be ~ 0.2 in
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Figure 6.11: The predicted amplitude of angular correlations at 1° for the redshift distribution of
figure 6.6 using a model of £(r) = (r/rp)”" and equation 6.17. The data are chosen in a redshift
range Zmin — Zmayx Such that there are Ny = 125 objects in the range (top diagram) or N = 250
(bottom diagram). z,, is the median redshift in the range. The filled line shows the prediction
for rg = 11h~! Mpe, ¢ = —1.2 the dashed line for ro = 112! Mpe, ¢ = 0. The amplitude at a

given zy, scales with rq as (ro/1 1h=! Mpc)~7. All the results here assume y = 1.8.

section 6.4.1. This was carried out for the Ny = 125 and 250 data for ¢ = 0 and —1.2.
The results are shown in figures 6.12 and 6.13. Note, just for clarity, if we absorbed all
the redshift dependent factors into the scale length such that £(r,z) = (v/r [2])77 then

rd[z] = rg[2)(1 + 2)~ =7+ iy terms of the notation used here.

C

In addition to the results from the identified Molonglo sources the figures contain
an estimate of r, derived from the angular clustering measurement in the 4.85 GHz
Green Bank survey for § > 25mJy (KBK). The authors find an amplitude at 1° of

A, >~ 0.0055. Although the estimated errors on this parameter were not published,



Chapter 6: The Clustering of High Redshift Radio Galaxies 163

three different fitting methods were applied to the w(#) data points and suggest an error
of order £0.0020 in the measurement. This data point is to be reduced to an estimate of
rg at the appropriate median redshift using 6.28. Redshift data are not available for the
sample and so the integration of ¢ was carried out using the ensemble of seven RLI's
from Dunlop & Peacock 1990. With the variation in the resulting estimates of dN/d=
and the suggested error in A, approximate 1o confidence ranges for r; are

ro= 10.1-26.6""Mpc (e=-1.2), (6.29)

7o = 15.6—42.0h"'Mpc (e=0), (6.30)

given v = 1.8 and €, = 1. In the discussion of their results, KBK compare their w(6)
measurement with the predicted values using Limber’s equation and the Peacock and
Nicholson value of ry(z = 0) ~ 11h~" Mpc. They conclude that their measurement
exceeds the prediction by a factor of ~ 70 and discuss various arguments as to why this
discrepancy is so large. It appears from the work presented here that their analysis is in
error. Reference to figure 6.11 (bottom diagram) shows that amplitudes of A, ~ 0.005
are not unreasonable over a large range of redshift. The interquartile redshift span of the
4.85 GHz sample, given the Dunlop & Peacock RLF's is ~ 0.7 to 2 which would result in
very substantial projection of sources and hence dilution of the angular clustering - over
and above that shown in the figure. The error is most likely to be in their estimate of the
radio luminosity function. As the corrected estimate of r, is not particularly anomalous
it is included as a high z, data point in figures 6.12 and 6.13. The Drinkwater &

Schmidt (1996) upper limit of ry < 50h~" Mpc at z, =~ 1.1 is shown as an arrow and

seems consistent with the other data points.

What do these results tell us? Iirstly the expression 6.28 is not designed to detect
smooth redshift evolution of the scale parameter ry = ry(z). In this case r, would
no longer be separable from G in equation 6.17 and the expression as it stood would
be invalid. Rather the figures can be seen as an attempted check that we are not
looking at significantly different galaxy populations at different redshifts (with different
intrinsic ry’s). The errors on the measure 1° amplitude are rather too large to say
anything definitive about this or the likely value of ¢, but within 2o, all are consistent
with the low redshift Peacock & Nicholson result of 7, = 117! Mpc. Furthermore, the

highest redshift bins in each figure are in good agreement with the corrected Green Bank
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4.85 GHz result and the 2.7 GHz Drinkwater & Schmidt constraint, showing that the
clustering amplitudes derived in these three independent surveys are consistent with each
other. If ry were to rise smoothly with = then we might conclude that redshift dependent
biasing was in operation (see below). However the results in these figures are certainly

consistent with an unbiased model.

To confront the issue of redshift dependent biasing for these radio galaxies a slightly
more sophisticated approach is needed. Generally we will quantify the evolution of a
biased 3D two-point correlation function via

TS B = (3=7+¢) M)z
&(r,z) = (_;_“) (LZ) i (b{[]] (6.31)

and thus keep gravitational evolution of the clustering (parameterized by €) distinct from
the observed growth in amplitude due to bias (parameterized by b[z]). 0[0] is the bias
at zero redshift. Note r, is set constant at the Peacock and Nicholson value of r; ~
112~ Mpe from here on. Here we are implicitly assuming that biasing is not a function
of scale and does not change 7 significantly — both these results are approximately valid
in the linear regime. Our clustering data do not have the signal to noise required to test
such issues here and so will make the simplest assumption, a scale independent bias at

each redshift. We will restrict the analysis to bias models of the form
b[z] = b[0] — a + a(1 + z)° (6.32)

with a and 3 parameters that can be varied to describe most of the bias models en-
countered in the literature. This can then be included in the formalism of 6.17 to 6.20,
simply by the substitution g[z] — g[z]b%[z]/b%[0]. Carrying out the integration to give the
anticipated amplitude of [1 — f]z'w(f)) at 1° then gives the model output to be compared
with the measured amplitudes in figures 6.12 and 6.13. Since the signal-to-noise of the
amplitude measurements is not great we will simply see which models are convincingly
excluded by the data.

The first bias model considered is motivated by dynamical arguments. Nusser &

Davis (1994) and Fry (1996) consider models in which galaxies which form at a charac-

teristic redshift Zg with a bias parameter at that epoch of bf and subsequently move
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Figure 6.12: (a) The measured amplitude of correlations as the extrapolated amplitude at § = 1°.
There are Ny = 125 objects per redshift bin with z, the median redshift of the given sample.
(b) The values of ry as a function of z, using 6.28 and the values plotted in figure 6.11a. Filled
circles and lo error bars are for ¢ = —1.2, open circles and dashed lo error bars for ¢ = 0.
The horizontal bars are the interquartile ranges of the z in a given bin to give an idea of the
redshift range covered. The corrected Green Bank 4.85 GHz value of ry 1s shown for e = —1.2
(filled triangle) and ¢ = 0 (open triangle) with an estimate of the lo error in each case. The
interquartile range for = is roughly 0.7 to 2 and is not shown. The Drinkwater & Schmidt (1996)

upper limit of ry < 500~ Mpe at z, ~ 1.1 is shown as a downward pointing arrow.
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Figure 6.13: (a) As for figure 6.12 but with Ng = 250 objects per redshift bin. (b) As for figure

6.12 but calculating rg as a function of z,, using 6.28 and the values plotted in figure 6.11b.

due to gravity. The bias is defined as b(z) = 5gal(3= zf)/(?m(z) with 6ga|(z, zg) and 6,,(=)
the overdensities in galaxy numbers and the mass respectively at redshift z. Writ-
ing 6, = 6,(2) + by, identifying by = b(z;) =1+ Oinit/Om(z;) and allowing the
usual perturbation growth law for Einstein-de Sitter universes (6, o [1 +2]7") leads to

redshift-dependent bias of the form

blz] =1+ (b, — 1) (6.33)
for z < z; and 2 = 1. This can be expressed in the form (6.32) with o = (by—=1)/(1+42;)
and b(0) = {bf + ,:f}/( 1+ z;). From the analysis of Peacock & Dodds (1994) we know

that if IRAS galaxies trace the mass at =z = 0 (i.e. by = 1) then the local radio galaxy
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bias is b[0] = by ~ 20, ~ 2. This is the assumption here though the effect of different

values of b[0] will be discussed later. Setting b[0] = 2 then reduces 6.33 to the form

bz = 1+ (1+ 2). (6.34)

that is, equation 6.32 with @ = 8 = 1. In their summary of bias models, Matarrese
et al. (1996) dub this the object conserving model, since its form is determined by the

equations of continuity for the matter and the individual galaxies.

The second type of biasing model arises by considering the effect large-scale compo-
nents of the perturbation spectrum have on the small-scale components which determine
when objects of a given mass form by gravitational collapse. In the usual model of spher-
ically symmetric collapsing overdensities an object will form once the density in some
region exceeds a critical value of 6, ~ 1.69 (in an Einstein-de Sitter universe). In the
peak-background split scenario (e.g. Cole & Kaiser 1989) the large-scale density compo-
nents are added to the pre-existing small-scale density field, which perturbs the threshold
required for object collapse. If the large-scale component contributes an overdensity of
§ = 1 then the small-scale component only needs to reach é = 6. — 7 to collapse. The
resulting number density is modulated, and together with the gravitational effects of the
large-scale component (producing a density contrast oc 1+ 17) yields a bias. The form
of this bias can be derived using the Press-Schechter (1974) formalism. Given (M, =),
the mass-variance at redshift z of a sphere containing the galaxy mass M, we can define
v = 6./a(M,z). The Press-Schechter formula gives the number density of objects in a

given mass range as

dn

dln M

x vexp[—1*/2]. (6.35)

Perturbing the the background large-scale density components by 1 means v — (4. —
n)/o(M,z) causing a fluctuation in the predicted numbers of objects such that n' =
n(1+ n(v* —1)/8,). Writing again bgal = Om + b;nit sShows that the bias is the sum of the
statistical effect ¢;; = (n' — n)/n due to the collapse of objects on small scales and the

dynamical effect due to the gravity of the large-scale perturbation é,, = 7. The bias is
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therefore
2 2
e =1 L 6.1+ 2)
blz] =1 =]——=4 = .36
[2]=1+ 7 ; - 2 (6.36)
Fixing b[0] ~ 2 and using the canonical 6, = 1.69 this can be written as
b(z] = 0.4 + 1.6(1 + 2)? (6.37)

which is in the form 6.32 with a = 1.6 and 8 = 2. Strictly speaking this result is for dark
matter haloes. The calculation is carried out via the Press-Schechter approach which
assumes that the only objects that exist at a given epoch are those that have just formed
out of smaller subunits. For this reason, Matarrese et al. refer to this as the {ransient
model. How applicable this model is to galaxies is not entirely clear. However it is almost
certainly of relevance to clusters, with which radio galaxies are often associated and so
could well be relevant over large distances, where the clustering of galaxies occupying
different dark matter haloes is measured. Notably 6.36 becomes

bl =14+ —3F (6.38)

a(M,z)

for large v. This is the form of bias anticipated by BBKS and employed in the study
of QSO clustering by Croom & Shanks (1996). In terms of 6.32 3 = 1 follows from the
postulate that v is constant and defines some threshold above which galaxies can form.
Thus it can be seen that the two models are effectively interchangeable depending on

the assumptions made about galaxy formation.

These models are compared to the observed clustering data in figures 6.14 and 6.15.
[n figure 6.14 the binned clustering data for Ny = 125 and 250 are compared to the
predictions for the evolution of A, for models in which 3 =1, 2 and ¢ = —1.2, 0. It is
apparent from the plots that the most discrimination is achieved by the highest redshift
point for which Ng = 125. The Ng = 250 data constrain the models less well despite
the improved signal-to-noise for A, , as the larger spread in redshift in each bin dilutes
the effect of a rapidly evolving bias. J = 1 models show a reasonable agreement with the

data where a < 2 for ¢ = —1.2 and o« <4 for € = 0. Both these constraints are therefore

~ o
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consistent with the bias model 6.34. § = 2 models agree when a < 1 for ¢ = —1.2 and
a < 2 for e = 0. Only the model with ¢ = 0 is therefore consistent with expression
6.37 and even here the agreement with the highest redshift bin with Ng = 125 is only
at the 20 level. The other feature of the # = 1 and 2 plots is that the unbiased model
underpredicts the amplitude of the highest redshift bin for Ng = 250. This is however
only a lo offset and so the conclusion must be that unbiased models are also consistent

with the data.

An independent check of these results can be gained by comparing the measured
angular clustering of the Green Bank 4.85 GHz sources with the amplitudes predicted
by the bias models. Iere the redshift distribution is uncertain, though there are good
reasons (Peacock, Dunlop & Windhorst 1996) to expect models 6 and 7 of Dunlop &
Peacock (1990) to be applicable. Here we specifically assume model 6 which corresponds
to pure luminosity evolution in the radio luminosity function. Model 7 allows luminosity
and density evolution but is so constrained as to only affect the predicted clustering
amplitude by ~ 20% for the calculations made here. The comparison of the data and
models is shown in figure 6.15, where the point at 2z, ~ 1.3 is the Green Bank result.
Also shown is A, for all the 506 optically identified sources from the S > 6mJy Molonglo
data at z,, = 0.57. w(#) for the whole sample is shown in figure 6.16. As expected from
the trend with increasing Ng in figure 6.14, the N = 506 Molonglo amplitude constrains
the models only very weakly. In § = 1 models it allows a < 6 for e = —1.2 and a < 10 for
e=0.Inf=2a<2fore=-1.2and a <3 for ¢ = 0 are permitted. The Green Bank
datum, however, has a much higher median redshift and substantially smaller error, and
is therefore much more sensitive to evolution of the bias. Comparison with figure 6.14
shows that it provides very similar constraints to the Ng = 125 data. A table of the

constraints implied by the figures is given in table 6.1.

In fact, recent work on redshift distortions (summarized in Peacock 1996) suggests
that b; may be as high as ~ 2 if Q; = 1, in which case by = 4. Because the tests
presented here look only at the ratio by[2]/by[0] this does not affect things too severely.
The change bg[0] = 2 — 4 weakens the constraints on « by about 30% for 3 = 1 and

about 10% for 7 = 2.



A(zg)
0.1 0.05 0.1

0.05

A(Zy,)

A (z,) Ng=125 B=1

T T T T T T

A (2,,)

A(2,)

0.1

0.05

0.1

0.05

Chapter 6: The Clustering of High Redshift Radio Galaxies

A, (z,,) Ng=250 g=1

T T T T T T T T

Figure 6.14: The results of the clustering analysis. Ay (zm) is the best fit amplitude of w(0) at
1° with 1l error bars lor redshift bins of Ng = 125 objects (lefthand diagrams) or Np = 250
objects (righthand diagrams). Each bin is centred on z,,. Also shown are the predictions for A,
in a range of bias models of the form b[z] = b[0] — a4+ (1 + 2)7. In the top two plots, 3 = | and
o takes values 0, 2, 4, 6 in ascending lines. In the bottom two plots, # = 2 and o takes values 0,
1, 2, 3 in ascending lines. In each plot, the filled lines are the predictions for an € = —1.2 model

of clustering evolution, the dashed lines are for ¢ = 0.
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f=1|le==12|a<?2
e=10 a<4
B=2|e==-12]|a<l
c=10 a <2

Table 6.1: A summary of the bias constraints (in terms of expression 6.32) set by the radio-galaxy

clustering data.

The result of these comparisons is that of the theoretically motivated bias models,
6.34, 6.37 considered above, neither can be convincingly ruled out by existing high-z
radio galaxy clustering data. However the constraints here are already quite close to the
expected form 6.37 for the § = 2 transient model. This holds out the chance that with a
moderate improvement in the data this type of bias evolution may be ruled out. Limits
can already be set that rule out significantly more extreme forms of bias evolution. A
complete catalogue of radio sources in UKST/SRC field 287 down to S(843 MHz) ~ 1mJy
would contain > 4 times as many z < 1.5 radio-galaxies as the S(843 MHz) > 6mlJy
catalogue employed here. Sources within this redshift range are detectable on the .J
and R stacks. Given this amount of data the error bars on the clustering amplitudes
presented here could be reduced by a factor ~ 2 which would subject these bias models
to a much sterner test. It is inevitable that as the data on faint radio-galaxies improve

the more severe the constraints on these models will become.
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Figure 6.15: Comparison of the bias models of figure 6.14 and the results of the clustering analysis
for (i) at z, = 0.57 all the 506 optically matched Molonglo sources, (ii) at z, = 1.28 the Green
Bank sources with S > 25 mJy at 4.85 GHz. The top plot shows the predicted 1° clustering
amplitude for models with # = 1 and (in ascending lines) o =0, 2, 4, 6. The bottom plot is for
models with 7 = 2 and (in ascending lines) o« =0, 1, 2, 3. In each plot, the filled lines are the

predictions for an ¢ = —1.2 model of clustering evolution, the dashed lines are for ¢ = 0.
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Figure 6.16: The observed clustering for all the 506 optically matched radio sources with P* <
0.036. Poisson error bars are shown and the fit is performed as in figures 6.9 and 6.10. The best

fit amplitude of the clustering at 1° is A, = 0.0073 £ 0.0087.



Chapter 7

Summary

This thesis has concerned itself with three aspects of large-scale structure in the Universe.
In this final chapter I wish to sum up the conclusions of the work presented here, and to

mention ways in which the investigations could be extended.

Chapters 2 — 4 discussed tests of a specific scenario for the origin of density pertur-
bations in the universe, the cosmic string model. The model remains a viable alternative
to inflationary explanations for cosmic structure formation. Indeed it has important ad-
vantages — the predicted horizon-scale inhomogeneity is é;; ~ [ES_Ymm/Eplanck]2 ~ 1077
(a number which has no explanation in inflationary models) and furthermore the strings
may be directly detectable via their lensing effects. The work in this thesis has devel-
oped a search algorithm to look for them. It can be applied to survey data in order to
pick out the tracks of lensed pairs expected when a long string lies in front of galaxies.
Constraints derived from the COBE measurement fix the mass per unit length to be of

order 10'*%° M, Mpe™" which corresponds to pairs separated by upto ~ 10”

Chapter 2 worked directly with simulations of string evolution in order to characterize
the curvature and small-scale wiggliness on long strings. Understanding these effects is
vital for fixing the search parameters; the less straight the string the less easy the search.
Fourier analysis of the loci of strings (seen in projection on the sky) showed that the
deviations from string straightness could be characterized by a scale-free power spectrum

— - : —2.87 . o ,
below scales of ~ 500h~" Mpc of the form P, oc k="', Inversion of this expression gave
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“

two vital parameters. oy(x) the rms curvature of strings over a scale z, and a,(x), the
thickness required of a rectangular strip of length @ to encompass a typical string seen on
the sky. As a flat-space string simulation was employed it was argued that these results
should be a worst case (i.e. o, and o, are too large), as universal expansion ought to
damp the substructure. It would be intriguing to try this analysis on the output of

matter dominated, expanding universe string simulations to see if this is the case.

The chapter concluded by discussing the density of strings to establish the volume
needed for a successful search. The density of long horizon-spanning strings p, during
the matter dominated epoch is not well established and remains to be well pinned down
by simulation. Taking an intermediate value for p, an attempt was made to calculate

the minimum detection redshift z_. that a search would need in order to stand a good

min

chance of finding strings. Estimating this by randomly placing observers in the simulation

volumes gave z, . =~ 0.09 for the 7 sterad area of the forthcoming Sloan northern sky

> 1 for the 300 deg?® Sloan

~ 0.15 for 100 5° x 5° Schmidt plates and z,;, 2

Survey, Z,in

—1/2

deep survey. These limits can be scaled by (pS/‘ZOI;f) to obtain the effect of different

long string densities.

The third chapter looked into the appearance of galaxies when lensed by cosmic
strings. A straightforward prediction of the model is that galaxies lying behind a string
are lensed into two images, identical in size, shape, magnitude and colour. Chapter 3
showed that there are numerous complications to this picture. Firstly, if the images are
only separated by small angles it may be difficult to resolve the pair into two distinct
images. This issue was made explicit by showing the response of an image analyzer (e.g.
COSMOS) to seeing limited image data (e.g. faint Schmidt plate galaxies). Generally
below a certain lensing angle (~ 4" for COSMOS data) deblending techniques fail and
the two images are merged into an ellipse. Elliptical shapes are intrinsically very common
in galaxy datasets thus string search techniques which trigger on ellipses are subject to
significant noise. High resolution and low seeing are desirable for string survey media to
limit this effect. Secondly, calculations showed that significant numbers of galaxies are
only partially lensed as a result of only partly falling into the sharp-edged lensing region
around a string. In this case the two images are of different magnitude and shape. In

chapter 3 this effect was modelled and the characteristics of such dissimilar pairs com-
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pared with the background of coincidental galaxy pairs. The conclusion was that string
lensed pairs dominate over random background pairs most where the magnitude differ-
ence is small. Clearly the minimum detectable magnitude difference between images in a
pair depends on the quality of the data, thus datasets with accurate galaxy magnitudes

are best for string search programmes.

Chapter 3 ended with a prescription for removing spurious images from datasets prior
to the operation of the string searching algorithm. With specific reference to UKST
Schmidt plate data a weighting scheme for candidate lensed objects was derived. This
used the predicted distribution of strings, the redshift distribution of galaxies and the
redshift dependence of the lensing angle ¥(z, z,) to estimate the probability of a given
object being due to lensing, as a function of magnitude and pair separation. Divided
by the background distribution for all pairs and ellipses in the dataset, this then gives
a likelihood ratio which can be used as a weighting factor for each object fed into the

string detecting algorithm.

Chapter 4 introduced and tested the string searching technique. The basic function
of the algorithm is to detect co-directional candidate lensing events and see if they lie
in strips on the sky, at a density significantly above that expected due to chance. The
extent to which differently oriented pairs and ellipses can be considered co-directional
and the width of the strip required depend on the parameters oy and o, respectively. The
values established in chapter 2 were therefore built into the algorithm. The algorithm
was tested on simulations of Schmidt data to which lensed galaxy pairs were added to
the existing objects in accord with the expectations deduced in chapter 3, effectively
hiding a string on the plate. There are two free parameters, the minimum likelihood
ratio py;,, allowed for an individual lensing candidate to be considered for inclusion and
the minimum number of objects N ;. in a strip required for a detection to be recorded.
The criterion for detection was that in searching 100 Schmidt fields a simulated string
hidden on one of the fields featured in a list of the 200 densest strips. The length of list
permitted was determined by the telescope time required to confirm or reject candidates
by follow-up work on a larger telescope (estimated at a week’s observing for 200 areas.)
By varying the free parameters, optimum values were found which allowed strings to be

detected to a redshift of upto z, = 0.07.
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Applying the optimized algorithm to 100 real Schmidt fields, a list of 200 areas
was therefore established, which would contain any string at z, < 0.07 in the area
searched. Unfortunately this redshift limit is too low to stand a really good chance
of finding string, chapter 2 showed that for this the algorithm would need to detect
strings at z, >~ 0.15. Following up these 200 candidates would only set the weak string
density limit p, < 90/f;, a factor ~ 3 times above that thought likely given the results
of string-network simulations. Looking over greater areas with Schmidt plates does not
help as this merely increases the number of fields needing follow-up work for the same
limiting z, or reduces the maximum z, for detection if the number output strips is kept
constant. Better constraints on p, could be set if it could be shown that the true o,
and o, were significantly overestimated by the analysis here. Figure 4.3b shows that
z, = 0.08 strings can be easily detected if o4 is too high by ~ 3. Given COSMOS errors
in position angle measurements this tighter requirement on co-directionality can only
go so far. z, = 0.15 detection is probably unattainable, even if strings are very much
straighter than anticipated here. The investigation into searching for cosmic strings
therefore concluded by estimating the improvements possible with future deep galaxy
surveys focusing on the large area Sloan survey. Based on the expected improvements
in depth, signal-to-noise, resolution over Schmidt data and the availability of colour as a
discriminant for pairs. detection of strings out to z, ~ 0.3 is expected. At the long-string
densities predicted by simulation a string would be easily detected with the Sloan data.
The overall model would find it difficult to survive a failure to detect a single string by

this method.

Chapter 5 moved on to consider the mismatch between Cold Dark Matter models and
the observed clustering of galaxies. The quality of large-scale clustering data provided
by the APM galaxy survey has permitted direct comparisons with dark matier models.
Numerous authors have found that the standard model of high ©, high #, CDM disagrees
with observations. e.g. the Peacock & Dodds (1994) result that Qh = 0.255 £ 0.017 for
scale-invariant CDM models. The search for plausible extensions to the basic picture
has established many variants such as a low Hubble constant, an open universe, Mixed
Dark Matter and primordial tilt in the power spectrum. Chapter 5 investigated a model

in which matter-radiation equality is delayed by the decay of a massive particle.
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The mass m and lifetime 7 of the particles are partially constrained by the observed
large-scale power— m°rt =~ 120 as noted by Bardeen, Bond & Efstathiou (1987). The
work in this thesis has substantially limited the remaining parameter space by investi-
gating the small-scale effects in the model. A general fitting formula for power spectra
for given values of m and 7 was presented. In relating the predicted small-scale power in
the theory to (i) the abundance of high-redshift objects and (ii) the observed clustering

on k > 1hMpc™" scales it was deduced that:-

0.5 < m < 30 keV
0.2 < 7 < 500 years.

Observations of large numbers of high-z damped Ly-a systems could rule the model out
by requiring too much small-scale power. The reionization of the Universe in allowed
variants of the model was also looked into and it was found that z ~ 100 reionization
was possible. This will strongly affect sub-degree CMB experiments if the decaying
particle scenario is correct. Future progress with this model will therefore involve probing
the clustering power spectrum and the CMB anisotropy on finer scales. For example,
the properties of the Ly-a forest should depend sensitively on the small-scale power.
Such an extension to the work would probably involve detailed N-Body simulations with

hydrodynamic codes.

Chapter 6 was devoted to the construction of a deep catalogue of optically matched
Molonglo radio galaxies (5 > 6mlJy at v = 843MHz) and the measurement of the
clustering within it. The work was motivated partly by a wish to check clustering am-
plitudes suggested to be puzzlingly high in a recently published analysis of S > 25mJy.
v = 4.85GHz sources (KBK). Furthermore the existence of a tight optical-magnitude vs.
redshift relation for radio galaxies allows testing of models for the evolution of clustering,
by looking at the clustering of sources in different redshift ranges. The first hall of the
chapter described the matching of radio sources to objects on 64-plate .J and R-band
Schmidt-plate stacks which are complete to J = 24 and R = 22.5. Rough redshift-

magnitude relations were established in each band by comparison with the smaller
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LBDS dataset (Peacock, Dunlop & Windhorst 1996) which has measured magnitudes
and redshifts. With a significant fraction ~ 0.6 of the sources matched, the roughly
established number-redshift relation was compared to partially constrained models pre-
sented in Dunlop & Peacock (1990). Models corresponding to pure-luminosity evolu-
tion and luminosity-density evolution were shown to provide a reasonable match to the

Molonglo/Schmidt-stack data.

The clustering of the optically identified sources in redshift bins was then found by
standard methods. The measured clustering amplitudes were compared to those pre-
dicted in models where the bias evolves with redshift. During this analysis it emerged
that the KBK analysis of their clustering was incorrect, their measured clustering ampli-
tude was reasonable and consistent with the values obtained using the Molonglo sources.
The combined results were not of sufficient accuracy to disprove all but the extreme
models of bias. Forms of bias evolution which arise from continuity constraints on the
equations of motion for galaxies and the mass (i.e. b[z] = b[0] — a + a[l + z]) were shown
to be entirely consistent with the data, as were unbiased b[z] = b[0] models. Schemes in
which bias in galaxy numbers arises from the differential formation and motion of dark
matter haloes (predicting 0[z] = 0[0] — a + a[l + 2]*) were shown to be only marginally

consistent with the clustering measured at the highest redshifts, (z ~ 1.5).

The amplitude of clustering at higher redshifts could be obtained by matching the
radio sources to deeper optical data (e.g. z < 2.2 for J ~ 25 and R = 23.5). Further-
more the existing clustering measurements for z < 1.5 could be better pinned down by
increasing the number of radio sources detected on the optical stacks. Improvement of
the completeness limit to S > 1mJy over the field would yield 4 times as many objects
within a redshift of 1.5 and would reduce the error-bars on the clustering amplitudes by
a factor of ~ 2. Either of these relatively minor improvements to the dataset would allow

much tighter constraints to be set for models of radio-galaxy clustering at high redshift.
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ABSTRACT

We present constraints on decaying-particle models in which an enhanced relativistic
density allows an Q = 1 Cold Dark Matter universe to be reconciled with acceptable
values for the Hubble constant. Such models may contain extra small-scale power, which
can have important consequences for enhanced object formation at high redshifts. Small-
scale galaxy clustering and abundances of high-redshift damped Lyman o absorption
clouds give a preferred range for the mass of any such decaying particle of 2 to 30 keV
and a lifetime of 0.5 to 100 yr for models with a high Hubble constant (h > 0.75). A lower
Hubble constant, h ~ 0.5, weakens the constraint to 0.5 <m <30 keV,02 <7 < 500 yr.
In permitted versions of the model, reionization occurs at redshifts ~ 10 — 200, and this
feature may be of importance in understanding degree-scale CMB anisotropies.

Key words: galaxies: clusters: general — galaxies: formation — cosmology: theory —

large-scale structure of Universe.

I INTRODUCTION

Observations of large-scale galaxy clustering have produced
something of a crisis for theories of cosmological structure
formation. The paradigm for the past decade has been a model
where scale-invariant adiabatic primordial fluctuations cause
clustering to grow in dark matter which is collisionless, and
which has negligible thermal velocities; in many ways, ob-
servations have supported the basic elements of this picture.
The clustering power spectrum is smooth and featureless, with
no sign of the oscillatory features that would be expected
if normal baryonic material were dynamically dominant (e.g.
Peacock & Dodds 1994: hereafter PD). The detection of cos-
mic microwave background (CMB) anisotropies on a variety
of angular scales favours a fluctuation spectrum which is in-
deed close to adiabatic and scale-invariant for wavelengths
above about 100 Mpc (e.g. White, Scott & Silk 1994).

Despite these encouraging features, there has emerged
a consensus that there is a problem with the shape of the
fluctuation spectrum. The density of the universe should be
written on the sky in the form of a break in the spectrum
at around the comoving horizon scale at matter-radiation
equality

= 160 [QhY] Mpc (1)

{as usual, h = Hy/100 kms~' Mpc™'). This number, and all
others in the paper, assumes T = 2.726 K for the CMB
temperature (Mather et al. 1994). Since observed wavenumbers
come in units of h Mpc™', the combination Qh is measurable,
and in practice is estimated by fitting a model of a scale-

invariant spectrum modified by the Cold Dark Matter (CDM)
transfer function. According to PD, an approximate 95 per
cent confidence range for the apparent value of the density is

0.22 < Qh| < 0.29 (2)

apparent

(allowing for effects of non-linearity and redshift-space distor-
tions). The problem is that this number appears to be incon-
sistent with current estimates of h and an Q = 1 Einstein-de
Sitter universe, and a variety of possible solutions have been
suggested.

(1) Maybe Q =~ 0.3. This is perhaps the most obvious so-
lution observationally, but brings in philosophically worrying
fine tunings, either if the universe is open or if vacuum energy
provides the remaining fraction of the critical density.

(2) Perhaps h really is around 0.25 (Shanks 1985; Bartlett
et al. 1995). This explanation has the merit of simplicity, but
would fly in the face of all the experimental evidence.

(3) A primordial spectrum tilted away from scale-invariance
alters the fitted apparent density. However, a large degree of
tilt is required and this is difficult to reconcile with the CMB
studies (Cen et al. 1992; PD).

(4) The fit assumes pure CDM. If the baryonic density
parameter Qp is non-zero, what is measured for Q = 1 is
roughly Qhexp[—2Qg] (PD). If h =~ 0.7, Qg = 0.5 would be
required; it is very hard to see how such a high value can be
consistent with primordial nucleosynthesis (e.g. Walker et al.
1991).

(5) One can tinker with the dark matter content to improve
things, and the Mixed Dark Matter model with roughly 20-30
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per cent of the dark matter being light neutrinos has received
considerable recent attention (e.g. Klypin et al. 1993).

(6) Lastly, the apparent low density can be regarded as
informing us that matter-radiation equality must be later than
the standard figure. This can be achieved with an enhanced
density of relativistic species, probably associated with the
decay of a massive particle.

With the exception of (1), all of these are measures de-
signed to save the Einstein—de Sitter universe without aban-
doning the basic picture of gravitational instability. In this
sense, all are tainted with something of an air of desperation.
Nevertheless, because of the profound consequences of any dis-
proof of the Einstein-de Sitter model, it 1s important to explore
all avenues thoroughly. The least contrived escape routes seem
to be those involving modifications either of the dark matter
or of the relativistic content, and it is on this latter possibility
that we wish to concentrate. It turns out that the character-
istic prediction of such a model is of an enhanced amplitude
of fluctuations on small scales, and we use this feature to
place limits on the decaying particle involved in the model. In
Section 2, we review the model and establish a fitting formula
to describe the power spectrum that results. Section 3 assem-
bles the relevant observational constraints in terms of small-
scale clustering and the abundances of high-redshift objects.

2 CDM WITH A DECAYING PARTICLE
2.1 The basic model

Structure formation scenarios incorporating decaying particles
have a long history (e.g. Davis et al. 1981; Bardeen, Bond & Ef-
stathiou 1987). However, this model was given a strong boost
by experimental work suggesting the possibility of neutrino
cigenstates with m >~ 17 keV (e.g. Simpson 1985). Although it
is now believed that these results were spurious, the possibility
of a mass of this order for e.g. the t neutrino is far from being
ruled out. Such a neutrino cannot be stable, otherwise it would
close the universe many times over. An acceptable present den-
sity can be achieved if the massive neutrino decays to products
that are relativistic today — either to other massless neutrinos
or possibly to some exotic new species. Decays to photons are
not allowed for two reasons. First, the COBE results on the
lack of CMB spectral distortions severely limit the allowed
energy injection prior to recombination (Mather et al. 1994).
Secondly, the relativistic density in photons is observed, and
a total relativistic density is conventionally obtained by multi-
plying by a factor 1.68 to allow for three species of massless
neutrinos. The possibility we wish to consider here, however,
is that the true relativistic density is higher. If the decays pro-
ducing this enhanced background occurred at redshifts greater
than conventional matter-radiation equality (z ~ 24000 QA°),
the onset of matter dommation would be delayed, and we
would have an explanation of the large-scale structure prob-
lem. The other constraint on the model is that decay should
happen after nucleosynthesis at = ~ 10%, to ensure that the
light element abundances are not affected: this leaves a wide
range of possible hietimes and hence masses for the model.
We note that Dodelson, Gyuk & Turner (1994) have discussed
specifically more complicated nucleosynthesis effects which
occur when the decay is contemporancous with nucleosyn-
thesis (decay lifetime ~ 10 s} but we will see below that

lifetimes this short do not have such interesting consequences
for the Mpc-scale fluctuation spectrum.

The analysis presented in this paper follows on from work
by Bond & Efstathiou (1991; hereafter BE). They calculated
density fluctuations in Q = | models dominated by CDM, in
which 17-keV neutrinos having lifetimes between 1 and [(¢
yr decayed to relativistic products. BE derived power spectra
which differ from standard CDM in two key ways.

(1) The decay increases the density of relativistic degrees
of freedom (‘radiation’ for short) and so delays the onset of
matter-radiation equality. The length scale associated with the
Hubble radius at this epoch is correspondingly modified. This
modification is parametrized by @ (Bardeen et al. 1987) which
is the ratio of energy density in relativistic species with a
decaying particle to that without. Equation (1) now reads

ru = 16.0[QR]7' 0" Mpc (3)

and as a result the apparent value of Qh (the effective shape
parameter for CDM transfer functions) is dependent on the
mass and lifetime of the decaying particle. An appropriate
choice of these parameters can reconcile the Qh >~ 0.25 value
which best fits the observed large-scale structure with the
theoretically favoured © = 1 and the observationally implied
h=05-009.

(2) If the decay time exceeds ~ 10mg3, yr the universe
can pass through rwo periods of matier domination, the first
occurring when the density of undecayed particles exceeds
that of relativistic species. This is followed by a phase dom-
inated by the relativistic decay products. The second phase
of matter domination arrives when the density of the cold
dark matter exceeds that of the decay products. As a result
of these processes the power spectrum is characterized by two
length scales. Fluctuation growth can occur in the first matter-
dominated epoch — providing greater small-scale power than
is generated in the standard CDM scenario, and pushing the
formation of sub-cluster-size objects to higher redshift.

In this paper we extend the model of BE, allowing both
the lifetime and mass of the hypothetical particle to vary. We
then constrain these parameters by consideration of structure
formation on large and small scales.

2.2 Power-spectrum scalings

We now sketch the dependence of @ on the mass and lifetime
of the decaying particle. We adopt the units

m = mass / keV (4)
t = decay time / yr. (3)

We will treat the decaying particle as a heavy neutrino, in the
sense that the initial number density of the particle will be
set equal to that for a massless neutrino. The energy density
in decaying particles therefore becomes dominant over the
radiation at time f.q; when me? is of the order of the radiation
energy k7. Until this point p > T* and the age of the universe
is t ~ (Gp)™"? %« T2 o m™2. Once they are non-relativistic,
the density of heavy neutrinos scales as p o a~*, whereas the
density of radiation in the standard massless neutrino model
scales as p > a . By the time of decay, the massive neutrinos
therefore dominate the conventional relativistic density by a
factor
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Pdecay Y o~ oc m*3e23, (6)
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Here aeq and age, are the scale factors at the first matter—
radiation equality and at decay respectively; pgecqy is the energy
density in the relativistic decay products from the massive neu-
trinos; and p,3, is the standard energy density for radiation
and three light neutrinos. This assumes an effectively instan-
tancous decay for the particles at time t and a negligible mass
for the two other neutrino species. We can now write
= P4y + Pdecay . ﬂ [I e X(HIJT)EH] . {?}
Pyadv 1.68
with x a dimensionless constant. By a numerical solution of the
full equations describing the problem, BE obtained x ~ 0.15.
We now turn to the parameter dependences of the horizon
sizes at the various epochs of matter—radiation equality. The
horizon scale at the the time at which the non-relativistic
density of the massive neutrinos first becomes dominant is
given by equation (3). Now, a massive neutrino has Qh® =
m/0.095 in our units (e.g. Kolb & Turner 1990, but scaling to
the COBE T = 2.726 K);: 0qy = 1.45/1.68; and 0,4, is as given
above. We therefore deduce the sizes of the comoving horizons
at the two equality scales:

0

r = 1.41m™" Mpe (8)

i = 149472 [1 + x(m*01*] " Mpe. o

The effect of this is to yield a power spectrum with two
characteristic break wavenumbers, of order the reciprocal of
the appropriate ry. The result can be modelled as the sum of
two CDM spectra with differing power-law break lengths and
different amplitudes, i.e.

A*(k) = Algs(k) + o2 A ss(k/B). (10)

Throughout, we shall express power spectra in dimensionless
form:

N(k)=de?/dInk = k*P(k)/27". (11)

The expression (10) says that the small-scale power spectrum
looks like the CDM model which fits large-scale structure, but
with a ‘bump’ superimposed which is a copy of the large-scale
spectrum that has been shifted to smaller scales by a factor
f and boosted by a factor o®. The large-scale spectrum, Al,
would be just the standard BBKS CDM spectrum (Bardeen
et al. 1987) with an apparent density

—1
::—zz [l + _\‘(m:r}g”]) ; (12)

The shift f is just the ratio of the horizon sizes deduced above:

Qh| =Oh (

apparent

f=10.6mh™ [l - x(m:'.r}z""‘] m. (13)

The ‘boost factor’ « is more subtle. Until the decay epoch,
the spectrum has only the small-scale break, and there can
be no growth on these scales during the second period of
radiation domination between dyec,y and a.q. The spectrum on
larger scales can grow, which imprints the second break. If the
spectrum has a primordial power-law index n, then A? o 3
on large scales; the difference in power at the two breaks (k,
& ki, say) is then given by a translational factor (k;/k»)**"
and the growth which occurs on large scales during the second

period of radiation domination (a factor [ /rif™ )% in 6p/p):
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- [?'t;qu*';ql]"ﬂ

I (14)
,.L]u- ,.glm}]q_

In the scale-invariant n = 1 case (assumed hereafter), this is
just o = [r7™/ri12, To obtain this ratio, note that ry o t'/3
during the relevant (matter-dominated) phase: since we start

at a time oc m~ and end at 7, we finally obtain
o=y [m*1]*, (15)

where y is a further dimensionless constant which must be
determined by fitting an exact integration. To obtain the value
of this constant, we compared the power spectrum (7) with
the BE results for 17-keV neutrinos decaying at 0, 1, 10, 10%,
10% and 10* yr. These spectra are reproduced in Fig. 1(a). It
was found useful to adopt a softening parameter y such that

Ak) = ( [Alss(K)) + [ ATss(k/ BT )" (16)

This smooths the transition region at which the small-scale
power of the second term becomes dominant over that of the
first. The best fit obtained requires the prefactor for « to be
y =129, with y = 0.30.

To sum up. we have constructed the power spectra for a
universe containing Q = 1 in CDM plus a decaying massive
neutrino, including both the correct large-scale shape and the
size plus location of the small-scale bump. The requirement for
an apparent Qh = 0.25 fixes m’t if the true Hubble constant
is known:

it ~ (125h% — 7)*7, (17)

and this also fixes the boost parameter 2. The only freedom in
the model is then the location of the small-scale feature, which
depends only on the mass. To illustrate this procedure, Fig. 1(c)
shows three models with m*t = 120, and fixing the apparent
Qh at 0.25. There is clearly a large range of possibilities for the
power at k = 1, which is what makes this model of interest.

To complete the picture we must allow for the damping
of power that occurs due to free streaming of the massive neu-
trinos whilst they are still relativistic. An analysis of this effect
by Bardeen et al. (1986) shows that damping corresponds to
approximately Gaussian filtering of the linear power spectrum
with Ry = 2.6(Qh*)"'Mpc = 0.247m~" Mpc. In practice, the
scales and masses of interest are such that this damping has a
negligible cffect. Finally, we have seen that there are a number
of assumptions which lead to the restriction on o (assumed
abundance of decaying particles; scale-invariant spectrum);
there will be some advantages to abandoning physical precon-
ceptions on occasion and treating « and f# as completely free
parameters which describe empirically any small-scale features
in the power spectrum.

3 CONSTRAINTS
3.1 Normalization

We now need to place limits on the model by comparing its
predictions with observations of structure in the universe. For
this, we require normalization for the theoretical power spectra.
This can be expressed as the linear theory rms density contrast
when averaged over spheres of radius 8 h ' Mpc, i.e. oy. White,
Efstathiou & Frenk (1993) use the observed abundance of
rich clusters to deduce a hard allowed range of gy = 0.52
~ 0.62. Direct measurements of gy from clustering require a
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inowledge of the bias parameter, and Feldman, Kaiser &
Peacock (1994) give oy = 0.91/b —0.18/b™® from the study of
IRAS galaxies. Studies of peculiar velocities and comparison
to density fields can yield estimates of b; such estimates are
summarized in table 1 of Dekel (1994), and yield 1/b from this
technique in the range 0.6 — 1.3, corresponding to oy = 0.47
-0.89. The higher values can probably be climinated by the
pairwise random motions of galaxies. This issue was studied
thoroughly by Gelb & Bertschinger (1994), who concluded
that ¢y > 0.7 was untenable, and that even gy = 0.5 yielded
uncomfortably high velocities. We shall adopt a3 = 0.6, which
is perhaps at the higher end of the allowed range; since we are
looking to see if extra small-scale power is required, it makes
sense to be conservative and adopt the highest reasonable
normalization for the large-scale mass spectrum. PD give a
discussion of the relation between A’(k) and oy, and argue
that og largely measures the power at k ~ 0.2hMpc™'. For
BBKS scale-invariant spectra, an accurate numerical fit for the
effective wavenumber is

kg /hMpe™" = 0.172 + 0.011[In(Qh/0.34)]%. (18)

Finally, therefore, we adopt A*(0.18 AMpc™') = 0.6 as
our normalization.

To evolve these linear power spectra to the present day
(z = 0) involves non-linearities which can alter the power
spectrum significantly at small scales. In evolving the A%(k) =
| portion of the power spectrum we use the formulae of
PD (derived from the work of Hamilton et al. 1991, which
was based on N-body simulations on the relevant scales) to
incorporate the effects of non-linear evolution. Whilst this
correction increases the small-scale power for shallow power-
law regions it actually removes power in regions with a strong
k-dependence. Figs 1(b) and (d) show the non-lincar correction
applied to the spectra of I(a) and (c) respectively.

32 High-redshift objects

One way of constraining the small-scale (k = 0.2hMpc™')
power is to require that it is sufficient to form the observed
abundances of high-redshift objects, in particular quasars, ra-
dio galaxies and damped Lyman o systems. Radio galaxies
have a well-defined mass, but this is rather large; they are also
arare population, so that current data do not set a very strong
constraint on fluctuation spectra (Peacock 1994). Quasars are a
more numerous population, but the ease with which observed
quasar abundances can be attained is very much dependent on
the (uncertain) mass assumed (e.g. Efstathiou & Rees 1988;
Hachnelt 1993) and we have avoided their use here.

More stringent constraints can be derived from recent
deep measurements of damped Lyx systems with H1 column
densities greater than ~ 2 x 10*” cm™? (Lanzetta et al. 1991).
These have been used by several authors to investigate rival
dark matter models. If the fraction of baryons in the virialized
dark matter haloes equals the global value Qg, then these
data can be used to infer the total fraction of matter that
has collapsed into bound structures at high redshifts (Ma &
Bertschinger 1994; Mo & Miralda-Escude 1994). The highest
measurement at (z) =~ 3.2 implies Qy; =~ 0.005, and hence a
collapsed fraction of ~ 10 per cent if Qg = 0.05. Here we
apply the Walker et al. (1991) constraint to the baryon density,
namely Qgh® = 0.0125 + 0.0025.
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The assumption here will be that the damped Lyx systems
are the progenitors of present day spiral galaxies. Evidence for
this view has been provided by absorption in lensed quasar
systems, showing the systems to be of galactic dimensions
(Wolfe et al. 1992). Furthermore the baryon mass inferred
in present-day galaxies is comparable to that of the damped
Lya systems at z ~ 3. The photoionizing background prevents
systems with circular velocities of less than about 50 kms™'
cooling sufficiently to form bound systems (e.g. Efstathiou
1992). We follow Mo & Miralda-Escudé (1994) and use this
conservative velocity limit to estimate the minimum mass of
object that the Ly measurements detect. Virial equilibrium
for a halo of mass M and radius r, demands
e @-. (19)

Fy
For a spherically collapsed object this velocity can be converted
directly into a Lagrangian comoving radius containing this
mass (White et al. 1993):

12
212y,

= : 20
HnQU?(l 0% 21”3(1 + 1'}89—0.6]|f{' (20)

i)

The values introduced above require ry > 0.15h~' Mpc.

To use the measurement to constrain our candidate power
spectra we employ the well-known formalism of Press &
Schechter (1974) which gives a collapsed fraction Q. above
some mass scale My, given a redshift z and a means of com-
puting the z = 0 rms density contrast as a function of mass
a(M,z =0):

Qu(> Moo, 2) = 1 —erf [e(1 +2)/720(Mean 2 = 0)].  (21)

a(M) can be evaluated by filtering the power spectrum on the
required scale. Here we use a spherical ‘top hat’ filter of radius
Ry (for which f(k) = 3(sin y—ycos y)/y* with y = kRy) with a
corresponding mass of 4npRj/3. Our lower mass limit corre-
sponding to o = 0.15h7" Mpc is therefore Mo = 107°h~' M.
dc 1s the critical overdensity required for collapse, which for
a ‘top hat’ overdensity undergoing spherical collapse is 1.686.
This canonical value has recently received support from N-
body simulations on relevant scales by Ma & Bertschinger
(1994).

Our power spectra are therefore required to produce an
Q. which exceeds the Lyax collapsed fraction at all z, for
M > 107°h~"M,. The true collapsed fraction could be higher
than the observed one because some large fraction of the
baryonic material in collapsed haloes could be ionized or in
stars. Fig. 2 shows how various models fare in meeting this
demand. The points with errors are the H 1 fraction in damped
Lye systems from Lanzetta (1993) and Storrie-Lombardi et al.
(1995). Standard Qh = 0.5 CDM, curve (c), successfully attains
a sufficient collapsed fraction at the high-redshift end. Models
that agree with the APM at large scales do less well. (b)
Qh = 0.25 CDM and (a) MDM with Qupm = 0.25 both fall
short of having enough small-scale power. The Qh = 0.5 CDM
+ relativistic decay model (d) for = 10 yr and m = 3.5 keV
has ample small-scale power thanks to the extra bump from
the first epoch of matter domination.

How seriously should these constraints be taken? A pure
Qh = 0.25 spectrum does not fail to fit the data by a very large
amount, and it is not implausible that such a model could be
rescued by tweaking the assumptions in the calculations -
perhaps most readily by assuming a larger Qy. Furthermore,
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Figure 2. Collapsed baryon [ractions (in terms of critical density) for
four dark matter models. (a) Mixed Dark Matter with Qypy=25 per
cent, and h = 0.5, (b) CDM with Qh = 0.25, (¢) CDM with Qh = 0.5,
(d) CDM + relativistic decay model with Qh = 0.5, © = 10 yr and
m = 3.5 keV. The points with la error bars are damped Lyx system
densities adopted from Lanzetta (1993) apart from the z = 4 point,
taken from Storrie-Lombardi et al. (1995). Only models (c) and (d)
have enough small-scale power 1o account for the collapsed fraction at
= = 3.2, though model (¢) is ruled out by large-scale observations. We
have assumed Qy = 0.05 throughout, each model being normalized to
ay = 0.6 at z = 0. All these comparisons assume h = 0.5; since Q)
scales as i ', a higher true Hubble constant would lower the data
points and make it easier for some models to satisty the constraints.

the data themselves may not be definitive. The inferred column
density of a damped Lyz system is exponentially sensitive to
its velocity width, and this can ecasily be artificially enhanced
by superposition of Lyx torest systems in the wings. Storrie-
Lombardi et al. (1995) also suggest that the (z) = 3.2 Lanzetta
point may be slightly too high. We therefore cannot claim that
the need for extra small-scale power is rigorously established.
Nevertheless, because it is unlikely that all collapsed H1 can
escape ionization, it is valuable to explore models that allow
a significant increase of the collapsed fraction at high z.

3.3 Galaxy clustering

The above constraints require only some minimum level of

power: however, we are not at liberty to exceed this minimum
by too large a factor. One limitation is provided by modelling
the infrared Tully Fisher relation between galaxy luminosity
and circular velocity in the scenario of interest. A number
of authors (e.g. Cole et al. 1994) have shown that standard
Qh = 05 oy >~ 0.7 CDM has too much power on small
scales, vielding, for a given luminosity, circular velocities which
are 60 per cent larger than is observed. Without a relatively
complicated modelling of galaxy formation we cannot subject
our candidate spectra to the same test.

A more straightforward upper limit to the power can be
provided by comparison of the candidate power spectra with

the observed small-scale power spectrum, best determined by
angular deprojection of the APM galaxy survey (Baugh &
Efstathiou 1993, who give data down to k ~ 8 hMpc™'). The
degree of small-scale bias relating the power spectrum of mass
to that of the observed light is not known with any great accu-
racy, but the mass-to-light ratios of clusters strongly encourage
us to believe that the small-scale clustering of light must cx-
ceed that of mass, if Q = 1. Although some models have been
advocated in which this would not be true (e.g. the paper by
Couchman & Carlberg 1992 on b = | standard CDM), it is
reasonable to regard such a situation as observationally unac-
ceptable. We will therefore set a conservative upper limit to
the allowed degree of small-scale power by demanding that the
theoretical non-linear power spectrum of the mass at no point
exceeds that of the light, as measured by the deprojection of
the APM angular clustering. As with the Tully—Fisher relation,
Qh = 0.5 CDM with our chosen normalization fails this test,

4 ALLOWED MODELS
4.1 Limits on parameters

The limits on the decaying neutrino models derived by the
above methods are summarized in Figs 3 and 4.

Figs 3(a) and (b) are more ‘empirical’ representations of
the results in that they show the values of « and f that give
a permissible power spectrum in light of the Lyman o« and
APM constraints. 3(a) and (b) differ in the assumed value
of the Hubble constant, h = 0.5 and 0.75 respectively. The
baryon fraction depends on h and is correspondingly modified.
The large-scale portion of the theoretical power is fixed at
Qh = 0.25 CDM and the small-scale high-k portion alone is
varied. A band of acceptable values results, which narrows
as h is increased, through the change in Q. As f and o are
dependent on the combination (m’t)*?, selecting a particular
value of h effectively fixes the ‘growth’ parameter «. The dot-
dashed lines on the figure indicate the growth allowed when
m?t is such that Qh = 0.5 and Qh = 0.75 are matched on to the
large-scale observations. Within the usual range discussed for
h, therefore, the model is constrained to have a shift parameter
f} ~ 80 — 2500 and a growth factor 2 ~ 30 — 80.

Figs 4(a) and (b) translate the results of Figs 3(a) and
(b) from general form, to apply specifically to the decaying-
neutrino model, identifying regions in the mass-lifetime plane
ruled out by the constraints discussed above. Fig. 4(a) refers
to an Qh = 0.50 model with Qz = 0.050, Fig. 4(b) to Qh =
0.75, Qg = 0.022. The region disallowed by the Lyx structure
formation requirement at z = 3.2 is indicated by the darker
shaded areas. In order not to exceed the small-scale APM
curve, the parameters must lic somewhere in the plane away
from the lighter shaded region. The dashed line from top-left
to bottom-right of each plot represents m>t ~ 120 and 500, the
values required to reconcile Qhypparent = 0.25 with Qhyrye = 0.50
and 0.75. We can summarize the conclusions from these figures
as follows:

Qh =050 = 05<m<30keV, 0.2 <7t <500yr (22)
Qh=075 = 20<m<30keV, 0.5<7t<100yr. (23)

Are these parameter values physically plausible? The dot-
dashed line in Figs 4(a) and (b) shows the equation

m't =3 x 10* keV?yr, (24)
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Figure 3. Constraints on the « and § parameters introduced in Section
22, For a given value of ff, » must lic above the Lyx line for a
sufficient collapsed fraction to form at z = 3.2. « must however lie
helow the APM curve to avoid exceeding the APM power spectrum for
k> 1h Mpc™'. A band of permitted x and f§ values results (unshaded
region). Furthermore if m?t is fixed to match the large-scale structure
then z = const. This is shown as the dashed-dotted line in each case:
la) Qg = 0.050, Qh = 0.50, (b) Qp = 0.022, Qh = 0.75.

which is the form of a naive prediction for the relation between
mass and lifetime for a particle that decays via the weak
interaction. This takes the usual E* scaling of weak-interaction
cross-sections and scales to the decay of the p lepton. In neither
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case does this ‘muon-decay’ line cross the large-scale structure
line in a permitted region; if the model is to be considered
plausible, the decay physics involved must be more exotic.

4.2  Early reionization

The existence of significant small-scale power in decaying-
particle CDM can allow structures of mass 10° — 10%h~ M,
to form ecarlier than in the standard model and so may per-
mit early reionization of the intergalactic medium. We have
performed a brief analysis based on the method of Tegmark,
Silk & Blanchard (1994). They estimate a parameter fp.., the
net efficiency of ionization processes from stars, and calculate
f<(M) the collapsed fraction of the universe (which gives rise to
the star formation). These they relate to an ionization fraction
% such that

y 2 3.8 X 10° frafs. (25)

Tegmark et al. give a range of f,, values they believe permis-
sible, dubbing the top of the range ‘optimistic’ (in the sense of
promoting early reionization), the bottom of the range ‘pes-
simistic” and the median value ‘middle-of-the-road’. Once f ., is
set in this manner the requirement of 100 per cent reionization
(¥ > 1) becomes a condition on f, which can be calculated
by the same Press—Schechter method as was used to analyse
the Lyman o constraint. In order to get a feel for the sort of
redshifts at which reionization could occur in our model we
set m’t ~ 500, the value needed to give an apparent Qh = 0.25
in the case where Q =1 and h = 0.75. We then vary the mass
within the range 0.01 to 100 keV, 7 being set at 500/m?. f is
calculated for the resulting power spectra and used to derive
the redshift at which reionization is complete.

In Fig. 5 we show the expected reionization redshifts
for each of the fy values suggested. The mass scale for the
Press—Schechter integration (cf. equation 21) relates to the
masses of the first galaxies to form, and there is a consider-
able range of possibilities from 10°h~'M, (Couchman & Rees
1986) to 107 — 10*h~"M, (Blanchard, Valls-Gabaud & Ma-
mon 1992). Fortunately the power spectra are relatively flat
in this range and the collapsed fraction is relatively insensi-
tive to M. Our results relate to the mass scale 107h™'M,.
In rough agreement with the Tegmark et al. results, typical
reionization redshifts are in the range ~ 10 — 200 for an op-
timistic or middle-of-the-road f,. A pessimistic [, permits
carly reionization only around m ~ 1 keV. CMB photons
will be significantly scattered by the reionized plasma if the
optical depth between zj,, and z = 0 is ~ 1. To obtain this
requires zi, ~ 50 (e.g. Padmanabhan 1993) which can occur
in the relativistic decay model for m ~ 2 — 10 keV - within
our allowed range. Such a result may well be of importance
in wiping out details of the last scattering surface on angu-
lar scales around ~ 1° (e.g. White, Scott & Silk 1994). We
note here that White, Gelmini & Silk (1994) predict a sen-
sitive dependence of degree-scale CMB anisotropies on the
parameters of the decaying particle model. They suggest that
m’t may, in principle, be determined from the CMB, with a
large 1° bump for models with large m?z. Such a feature is
excluded observationally, but we have shown that the small-
scale power in this model may well cause sufficiently early
reionization to complicate significantly the measurements in
this range.
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Figure 4. Constraints on mass and lifetime of hypothetical decaying neutrino. Limits are based on the damped Lyx {raction at redshift z = 32
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5 SUMMARY

We have demonstrated that the parameters of the Q = |
decaying-particle + CDM model can be constrained by small-
scale power-spectrum requirements. Whilst we must generate
sufficient power at ~ 0.1h "Mpc scales to affect significantly
the observed number of high-z damped Lyx systems, the ex-
istence of APM clustering data on comparable scales limits
how much power can be added. Successful models of this
general kind are therefore quite tightly constrained. Although
present data cannot be claimed to provide definitive proof

for a small-scale feature in the power spectrum, interesting
consequences are predicted for future data on high-redshift
objects.

Within an acceptable range for h, the mass of any decaying
neutrino is constrained to lie between 0.5 and 30 keV and the
lifetime to lie between 0.2 and 500 yr. Structure formation can
commence sufficiently early in this scenario to permit early
reionization of the IGM. For a range of allowed parameters the
reionization will inevitably occur sufficiently early to modify
CMB fluctuations on scales of ~ 17 and below.

Although it thus has some attractive features, the model
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Figure 5. Reionization redshifts as a function of decaying-particle
mass for the case Qh = 0.75, ie. m*t ~ 500. We take the mass of
the earliest galaxies to form to be 107h~'Mg though the results are
similar for the range 107 — 103~ M. The labels “optimistic’ *middle-
of-the-road’ and “pessimistic’ (abbreviated to opt., m.o.r. and pess.)
refer to the elficiency of reionization by stars and are discussed in the
text. Relonization occurs in the range = >~ 10 — 200 for most of the
parameter space investigated.

is not without its difficulties. Since we retain the Einstein-
de Sitter universe, the problem of short Hubble times is not
evaded. and may ultimately prove fatal. Furthermore, as with
all high-density models. a convincing mechanism for biased
galaxy formation needs to be supplied. However, the merit of
the picture studied here is that it is reasonably well constrained
and so testable directly in terms of particle physics. If the
Einstein—de Sitter model is to be saved, this is arguably the
least contrived way to do it.
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