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Abstract

The conceptual distinction between logic and control is an important tenet of logic pro-
gramming. In practice, however, logic program languages use control strategies which
profoundly affect the computational behaviour of programs. For example, sequential
Prolog’s depth-first-left—first control is an unfair strategy under which nontermina-
tion can easily arise if programs are ill-structured. Formal analyses of logic programs
therefore require an explicit formalisation of the control scheme. To this ends, this re-
search introduces an algebraic process semantics of sequential logic programs written
in Milner’s Calculus of Communicating Systems (CCS). The main contribution of this
semantics is that the control component of a logic programming language is concisely
modelled. Goals and clauses of logic programs correspond semantically to sequential
AND and OR agents respectively, and these agents are suitably defined to reflect the
control strategy used to traverse the AND/OR computation tree for the program. The
main difference between this and other process semantics which model concurrency is
that the processes used here are sequential. The primary control strategy studied is
standard Prolog’s left—first—depth—first control. CCS is descriptively robust, however,
and a variety of other sequential control schemes are modelled, including breadth—first,
predicate freezing, and nondeterministic strategies. The CCS semantics for a partic-
ular control scheme is typically defined hierarchically. For example, standard Prolog
control is initially defined in basic CCS using two control operators which model goal
backtracking and clause sequencing. Using these basic definitions, higher-level bisim-
ilarities are derived, which are more closely mappable to Prolog program constructs.
By using various algebraic properties of the control operators, as well as the stream
domain and theory of observational equivalence from CCS, a programming calculus
approach to logic program analysis is permitted. Some example applications using the
semantics include proving program termination, verifying transformations which use
cut, and characterising some control issues of partial evaluation. Since process alge-
bras have already been used to model concurrency, this thesis suggests that they are
an ideal means for unifying the operational semantics of the sequential and concurrent

paradigms of logic programming.
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Chapter 1

Introduction

Formal methods of software engineering attempt to introduce mathematical rigour
into the development and analysis of computer software. The main motivation of
the formal approach is to make software verifiably more reliable, which is a quality
sorely lacking in informal ad hoc software development. A second motivation is to
form the necessary foundations for sound computer-based automatic programming
and verification systems, which require the entire programming environment to be
formally modelled. To this end, there has been much attention given toward developing
new formal methods of program specification, derivation, and verification, as well as
developing high-level programming languages.

Logic programming is an active research area which is making contributions
towards formal software engineering and high—level programming language design. A
tenet of logic programming is that mathematical logic can be used as a practical pro-
gramming language, and hence declarative logic programs may act as their own speci-
fications (Kowalski 1974). A declarative logic program inherently reflects a high—level
human-oriented statement of what the program is intended to compute. This con-
trasts to von Neumann languages, where the relationship between programs and their
specifications is much less direct, and which require formal language semantics to help
map programs to their intended declarative meanings. This semantic mapping stage
is unnecessary with declarative logic programs, since they directly specify the relation
they compute. In addition, logic programming conceptually distinguishes the declar-
ative logic from the control (Kowalski 1979). This permits the specification inherent
in a logic program to be analysed without regard to the particular refutation schemes

used to infer results from it.



Most practical logic programming languages use simple refutation procedures
which are efficient to implement. For example, Prolog’s standard refutation procedure
uses a depth—first search rule and a left—to-right computation rule, which is efficiently

implemented on current computer hardware!

. Unfortunately, this strategy is unfair:
the depth—first search can proceed down infinite branches of the search tree, to the
detriment of computational completeness. In addition, Prolog’s standard strategy
selects clauses and goals by their order within the program, and computations therefore
depend upon the textual form of programs. As a consequence, logic programs must
be tailored with the effects of this control strategy in mind, or else inefficient or non—
terminating computations can arise. The problem is further compounded when extra—
logical control features like the cut are considered. All of these operational phenomena
of Prolog detract from the declarative aspirations of logic programming.

Some examples of the idiosyncracies of Prolog are as follows. Consider the
following simple Prolog program:
ancestor(X,Y) : — parent(X, Z), ancestor(Z,Y).
parent(bob, tim).
parent(bob, jim)
parent(mary, bob).

The ancestor predicate is written with Prolog’s standard control strategy specifically

in mind. If its goals are permuted,
ancestor(X,Y) : — ancestor(Z,Y), parent(X, Z).

then a looping computation occurs due to left-recursion. The operational semantics

of the program is made more complex if a cut is used,
ancestor(X,Y) : — parent(X, Z), ancestor(Z,Y), .

This cut prunes the backtracking in the goals prior to it, and also prunes search in
any ancestor clauses following this one. Any adequate operational account of Prolog
needs to formally account for all the above operational phenomena. Subtle changes to
Prolog programs, which might fully respect the integrity of the program’s declarative

semantics, may result in undesirable and erroneous computational behaviour. The fact

! Henceforth, “Prolog” refers to sequential Prolog as described in (Clocksin and Mellish 1981).



that cuts cause confusion amongst both novice and experienced programmers further
presses the case for a more rigorous semantic modelling of Prolog.

Formal methods of program analysis require the use of a semantics of the
programming language. Programming language semantics are mathematical systems
which formally model aspects of the computational behaviour of programming lan-
guages, and thereby allow formal reasoning to be undertaken about the language and
programs written in it. The behaviour modelled by the semantics varies according
to the needs of the analysis. Some semantics are concerned with modelling the com-
puted input—output relations of programs, while others can model phenomena such as
resource usage, termination and non—termination, and other more abstract notions.
Language semantics are strongly influenced by the particular mathematical tools in
which they are defined, such as lambda calculus, first—order predicate logic, or alge-
braic rewrite rules.

Proving properties of Prolog programs is an active area of research. When un-
fair control strategies are being considered, the formal analyses of programs require a
semantic representation of the control. As shown above, Prolog program computations
are fundamentally dependent upon the syntactic structure of the program, such as goal
and clause order. Therefore, a minimum requirement is that the computational effects
of goal and clause order are formally accounted for. Extra—logical facilities such as the
cut also must be modelled if they are to be used. Different operational semantics for
Prolog have been suggested for this purpose, including denotational, meta-interpretive,
and proof-theoretic semantics. The utility of these formalisms is largely dependent
upon the mathematical model used and the intended application. For example, deno-
tational semantics use lambda calculus, which lends itself well to the modelling of all
Prolog features under one formalism. The abstract and complex domain spaces which
arise, however, make it more suitable for language analysis, and decidedly unsuitable
for proving properties of individual Prolog programs. Meta-interpreters allow the con-
cise representation of many complex logic program control schemes, with the advantage
that such representations are executable. Meta—interpreters are not intended to be ap-
plied towards proving program properties, as their operational semantics depends upon
that of the meta-language.

Semantic formalisms used for imperative languages are not effective for mod-



elling logic programs, as logic program computations are quite different in nature to
their imperative counterparts. Imperative programs are characterised by transitions
over a state, which is normally the value of variables in the memory. This is exploited
by Hoare logics, predicate transformers, and other formalisms. Logic program com-
putations, however, are nondeterministic rather than deterministic, and the state of a
logic program computation cannot be modelled by functions over the memory (there
is no notion of “memory” to be modelled in the first place). Instead, logic program
computations are better modelled by computation trees, such as an SLD or AND/OR
trees. Perhaps because the logic programming paradigm is considerably newer than
other more conventional ones, there has not been as much attention given towards
deriving useful mathematical models of nondeterministic computations.

This thesis presents a new algebraic process semantics for sequential logic pro-
grams, and in particular, Prolog. An AND/OR process model of Prolog computations
is used, in which logic program components are modelled by sequential processes or
agents. The semantics permits the formal representation of and reasoning about logic
program control, and can be used as a calculus of logic program control tailored to
a particular control strategy of interest. This is useful for applications such as the
analysis of Prolog program termination and transformation properties, which require
a formal operational semantics of the inference scheme.

The semantics is written in Milner’s Calculus of Communicating Systems (CCS)
(Milner 1989). Although CCS is normally applied towards concurrency, this thesis es-
tablishes its suitability as a tool for describing and analysing sequential logic programs.
The use of a theory intended to model concurrency towards modelling the sequential
logic programming paradigm is not as controversial as expected, since the character-
isation of sequential logic program computations using sequential AND/OR process
trees is strongly related to theoretical models of concurrent logic program control. Se-
quential logic program computations are effectively characterised by AND/OR trees.
Ascribing processes to the nodes of these AND/OR trees results in an operational se-
mantics for the language. Rather than using concurrent processes, however, sequential
ones are defined. CCS effectively models networks of sequential processes, as it con-
tains the necessary mathematical means with which sequentiality can be defined and

reasoned with. This application is in line with the philosophical motivations behind



CCS discussed in the preface of (Milner 1989):

People will use [a theory] only if it enlightens their design and analysis of
systems; therefore the experiment is to determine the extent to which it
is useful, the extent to which the design process and analytical methods
are indeed improved by the theory. The experimental element is present
because the degree of this usefulness is hard [...] to predict from the math-
ematical nature of the theory [...] In computer science there is something
which one may call the pertinence of a theory which must be judged by

experiment.

In this respect, this thesis shows that CCS’s theory of concurrency is a very pertinent
and pragmatic theory for describing and analysing sequential logic programs.

A flavour of the CCS semantics is now shown. The above example program is
transliterated into a corresponding CCS semantic representation. This representation
uses control operators which correspond to the particular control strategy under which
the program will be executed. For example, if standard Prolog control is to be used,

the above program is represented in the semantics as:

ancestor(X,Y) ©F ancestory (X,Y)
ancestor;(X,Y) def parent(X, Z) > ancestor(Z,Y’)
parent(X,Y) def parent1(X,Y) | parenty(X,Y) | parents(X,Y)
parent;(X,Y) def (X,Y) = (bob, tim)
parenty(X,Y) def (X,Y) = (bob, jim)
parents3(X,Y) def (X,Y) = (mary, bob)
The control operators ; and > represent clause sequencing and goal backtracking

respectively, and taken together, model Prolog’s depth-first-left—first control. The
semantics of the cut is similarly modelled. Appending a cut to the ancestor clause

results in the CCS expression,
ancestor1(X,Y) def parent(X, Z) > ancestor(Z,Y) By True

where Dy is a cut operator. These control operators are defined in terms of basic
CCS expressions. By applying CCS theory to these operator definitions, different

computational phenomena of the source program can be studied. For example, one



can apply CCS to this representation to simulate symbolic computation. Using CCS’s

stream notation, the execution of parent results in the stream

parent(X,Y) = succ(6y) . succ(s) . succ(f3) . done . 0

Here, m are actions representing computed answer substitutions 6; which have
the form 6; = {X <« bob,Y < tim}. The done action indicates termination, and
0 denotes inactivity. The = symbol is an operator denoting observational equiva-
lence. Two CCS expressions are observationally equivalent if they generate the same
observable output or behaviour. With some restrictions, observationally equivalent
expressions are substitutive with one another in CCS. More analytical reasoning can
be performed. CCS’s domain of streams can be used to analyse termination char-
acteristics of the program, for example, how a non—terminating parent clause would
affect the execution of ancestor. The algebraic basis of these operators permits formal
algebraic reasoning to be performed on programs with respect to Prolog’s standard
control scheme. For example, different associative, distributive, and non—commutative
properties which are derived for these operators can be employed within proofs of pro-
gram properties. Another powerful property given by the underlying CCS formalism
is the ability to perform bisimulations on agents. Two agents are said to be bisimilar if
they are equivalent with respect to some established notion of behavioural equality, for
example, if they generate the same stream of computed results. Bisimulation proofs
are similar in flavour to inductive proofs, and proceed by showing that an equivalence
relation holds for all the possible states and observed behaviours of two agents.
Besides modelling Prolog’s depth-first—left—first control with cut, the seman-
tics of some other sequential control schemes is investigated. A variety of breadth—
first control strategies, a basic predicate freezing scheme, and some nondeterministic
schemes are modelled. The semantics is also applied towards proving properties of
logic programs, such as termination, the validity of source-to—source transformations,
and partial evaluation transformations. Given that CCS has already been applied to-
wards concurrent logic program languages, this thesis suggests that process algebras
are a means of unifying the operational semantics of sequential and concurrent logic

programming paradigms.



1.1 Thesis outline

Chapter 2 reviews some logic programming terminology, and gives a brief outline of the
CCS formalism used throughout the thesis. This chapter is not intended as a tutorial
introduction to either logic programming or CCS; the reader is referred to other sources
for a fuller introduction to these topics.

Chapter 3 is the main chapter of the thesis. The topic of programming language
semantics is first reviewed. The basic AND/OR process tree model which underlies
the semantics is described. A CCS semantics of standard Prolog control is then pre-
sented. The central component of the semantics are two control operators which model
goal backtracking and clause sequencing. The semantics of these operators is first de-
fined in terms of rudimentary CCS primitives. Then, using these low—level definitions,
high-level bisimilarities or behavioural equivalences are defined for the operators. The
semantics of Prolog’s cut is similarly modelled. The issue of dataflow is addressed.
Since logical variables are not supported in CCS, some extensions to CCS are neces-
sary in order to handle the Herbrand domain of logic programs.

Properties of the CCS semantics of Prolog are derived in chapter 4. First, some
termination properties are derived which describe the behaviour of the semantics with
respect to streams of computed answer substitutions. Some compositional properties of
the semantics are proven, such as associativity, distributivity, and non—commutativity.
The concept of well-termination is addressed, which refers to the well-behavedness of
the semantics with respect to a termination protocol. The correctness and semantic
completeness of the semantics is also established with respect to three other semantic
models of Prolog: SLD resolution and the immediate consequence operator Tp; a
functional semantics for Prolog; and a Prolog meta—interpreter for Prolog.

The semantics is applied in program termination analysis in chapter 5. The
program termination problem as it pertains to Prolog is reviewed. A simple and
general technique for analysing the program termination characteristics which exploits
well-founded orderings of predicative arguments is outlined. A number of examples
are given.

Chapter 6 applies the semantics towards validating source-to—source Prolog

transformations which use cut. Cuts can be inserted into programs to prune unwar-



ranted search. The transformations verified here exploit the determinism of program
components. The semantic treatment of the cut, as well as CCS’s bisimulation proof
technique, are well-suited to this application.

A final application of the semantics is given in chapter 7, in which the semantics
is used to characterise partial evaluation transformations of Prolog programs. Partial
evaluation is accomplished by performing bisimilar transformations on a program’s
CCS representation. This permits a rudimentary semantics of the control component
of partial evaluation algorithms, and explains how this control is related to the control
used to execute the source and residual programs.

The robustness of CCS towards modelling other sequential control schemes is
explored in chapter 8. Three different breadth—first control strategies are modelled.
As with the semantics of standard control, these semantics are defined hierarchically.
A simple predicate freezing mechanism is modelled. Some nondeterministic control
strategies are studied, which can also be considered to be semantic models of simple
parallel computation strategies. The application of these semantics within program
analysis is discussed. The possibility of intercomposing different control operators to
model hybrid control schemes is an attractive feature.

A summary of major results concludes the thesis in chapter 9. Future direc-
tions of this research are discussed, including using the semantics in a semi—automated

environment, and the issue of extending the semantics to handle concurrency.



Chapter 2

Preliminary Definitions

Some preliminary definitions are given for logic programming and CCS, which are used

throughout the rest of the thesis.
2.1 Logic programming

The following definitions are in (Lloyd 1984), and a gentle introduction to them is in
(Hogger 1990). A program clause is a sentence of first-order predicate logic having the

form

V(HV-GIV--V=Gy)  (n>0)

where H, G; are atoms of arity > 0, H is a positive atom, and all the G; are negated.

The logic program syntax adopted for program clauses is
H: -Gy, .., Gy (n>0)

for rules, where H is the clause head and the goals G; comprise the body, and

for assertions or facts. A query is a clause without a positive atom H,
V(=G V-V -Gy) (n>0)
which has the logic program syntax
?— Gi,y.ery Gy (n > 0)

The term clause will henceforth refer to program clauses. A predicate is an ordered

list of clauses with the same head name and arity (for simplicity, it is assumed that a

9



given predicate name will have only one arity value). A logic program is a finite set
of predicates. Clause headers and goals will often be indexed to indicate their relative
order within predicates and clause bodies respectively.

The arguments of the atoms in logic programs are terms, which are compositions
of functors, constants (0 arity functors), and logical variables. A shorthand notation
for a tuple (¢, ... ,t;) of terms is £. Given a logic program P, the Herbrand universe Up
for P is the set of all ground terms formed from the constants and functions appearing
in P. The Herbrand base Bp is the set of all ground atoms of P with the set of terms
from the Herbrand universe as arguments.

A substitution 0 is a set of variable-term replacement pairs { Xy < ¢1,- -+, X}
tr}, meaning each logical variable X; is simultaneously bound to the correspond-
ing term %;. The empty substitution is denoted e. The application of a substitu-
tion # to a term t is denoted tf, and means that every occurrence of every vari-
able X; in ¢ that exists in a substitution pair X; < ¢; is replaced by ¢;. For ex-
ample, if t = a(X,0(Y.X,Z),Z), and 0 = {X « w,Z < f(X),W <« b}, then
t0 = a(w,b(Y,w, f(X)), f(X)). When applying a substitution to a tuple of terms,
as in t0, the @ distributes to each term within ¢. The composition of substitutions of 6
and v is denoted 6 o 7y, and has the property that #(6 o ) = (¢0)y. A substitution 6 is
called a unifier for a finite set of expressions S if S0 is a singleton. 6 is a most general
unifier (mgu) if, for each unifier o of S, there exists a substitution v such that o = 6+.

Unification algorithms are used to determine the mgu’s of terms to be unified.
In order for unification to be sound, it is assumed that an occur check is performed,
which checks that a variable is never bound to a term which contains that variable as a
subterm. It is henceforth assumed that an occur check is performed during unification.
Due to the computational inefficiency of performing an occur check, however, it is often
dropped in practical implementations of logic program languages.

The logic programming paradigm refers to the following computational inter-
pretation for the above definitions. A computation rule R is a function which selects
one atom from a list of atoms constituting a program query. For example, Prolog uses

the rule that the first goal in a sequence of goals is always selected:
R( A17 A2a aAk' ) = Al
Let goal Q); be “? — Ay,..., Ay, ..., Ar.”, and clause Cjy1 be “A: — By, ..., B,.”, and R
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be a computation rule. Then @Q;1 is derived from @; and C;; using mgu 6,41 via R

if: (i) A, is the atom selected by R; (ii) A;,0i+1 = AB;11; and (iii) G;4; is the goal
?— (Al, ceey Am—la Bl, ceey Bq, Am_|_1, ey Ak) 9i+1

Qi+1 is the resolvent of Q); and Cjy;.

Let P be a program, @ a goal, and R a computation rule. An SLD-derivation'
of PU{-Q} via R consists of a finite or infinite sequence Qg, @1, ... of goals (Q = Qy),
a sequence C1, Cy, ... of clause variants from P, and a sequence 61, 05, ... of mgu’s, such
that each Q;41 is derived from @; and Cjy; using 6;41 via R. The selected clause from
C1, Cy, ... is a variant in the sense that it is standardised apart, which means that the
logic variables within it are uniquely named with respect to any logic variable used
in the derivation so far. This is done to avoid variable clashes during unification. An
SLD-refutation of P U {—-Q} via R is a finite SLD—derivation which has the empty
clause as the last goal in the derivation. A failed SLD-derivation is one that ends in a
non—empty goal with the property that the selected atom in the goal does not resolve
with any clause.

SLD resolution computes values during the accumulation of substitutions dur-
ing the resolution steps for an SLD-refutation. The final binding obtained represents
an instantiation of terms for which the refutation holds. This computed binding sub-
stitution is a computed result for the program. When multiple refutations are queried
from the SLD refutation algorithm, each computed binding substitution represents
another solution to the query. SLDNF resolution is SLD resolution with negation as
failure, which permits negative literals to be used in queries and clause bodies. A safe
negation as failure rule states that, if ground A has a finitely failed SLD-derivation,
then infer —A.

SLD-resolution can be modelled by an SLD-tree. Given a program P, a goal
G, and a computation rule R, an SLD—tree for P U {G} via R is defined as follows
Each node of the tree denotes a (possibly empty) goal. The root node is G. If 7 —
A,y Apy ooy A (k> 1) is a node, and A, is the atom selected by R, then this node
has a descendent for each clause resolvable with A,,, and each of these descendents

denotes the corresponding resolvent goal. Nodes which denote the empty clause have

1 SLD is an acronym for Linear resolution with Selection function for Definite clauses.
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no descendents, as do nodes which have no resolvents. In the above, the structure of
the SLD-tree is dependent upon the goal selection rule R used, which is fixed for the
entire tree. Changing R will change the SLD—tree derived.

A Herbrand interpretation I is an assignment of truth values to the atoms in
Bp. A Herbrand model for a logic program P is a Herbrand interpretation which
logically satisfies all the program clauses in P. However, there can be many different
Herbrand models for a program, many of which contain more elements from Bp than
are necessary to satisfy P. A minimal model M Mp is the (unique) minimal set of atoms
from Bp which satisfy the completion of P. An important result is that computed
results arising from SLD resolution on a program P are precisely those belonging to
MMp.

A formal technique for linking the declarative and operational semantics of logic

programs is by the use of an immediate consequence operator Tp, defined as:

Tp(I)={ A€ Bp:A<« By,..,By,. is a ground instance
of a clause in P, and By,...,B, CI }

M Mp can be incrementally constructed from Tp. Initially, the set
TEH(0) = {A € Bp: A + true is a ground instance of an assertion in P}

is created, which represents the set of atoms from Bp derivable from program asser-

tions. Then Tp is recursively applied to itself:
TR®W) = T(Tp ()
It turns out that, because Tp is monotonic and continuous,

lim T3(0) = MMp

n—o0

2.2 Basic CCS syntax and semantics

This section briefly reviews the essential elements of CCS used in this thesis. This is
not intended as a tutorial introduction to CCS; see (Milner 1989) for a comprehensive
treatment. Applications of the semantics use relatively little CCS theory, and the
understanding of basic termination and transformation proofs does not require intimate

knowledge of CCS.
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Figure 2.1: An agent

An agent or process is a mechanism whose behaviour is characterised by discrete
actions. An agent can be conceptualised as a black box with input—output lines extend-
ing from it which are labelled with action names (figure 2.1). Actions are transmitted
along input lines (non—overbarred) and output lines (overbarred). The behaviour of
the agent is characterised by the nature of the transmission of actions. Research in
process algebras is concerned with the establishing of useful theories for modelling and
analysing this characterisation of agent behaviour. Of particular interest are networks
of autonomously executing agents which interact via discrete communications with one
another, as this is a popular model of concurrency. Here, the input—output lines of
agents are shared between sets of agents. Agents can be hierarchical: an entire network
can be considered to define an agent, and the internal definitions of the agents in this
network can be likewise defined by networks of agents.

CCS is an algebra which allows the description and analysis of the behaviour
of complex networks of agents. Agents are described using a set of agent expressions,
&, which use five basic operators. Letting E range over £, then £ are the formulae
recursively constructed using the following expressions (the meanings of which are

described in detail later):

aF Prefix

> icr i Summation
Ey | E;  Composition
E\L Restriction
E[f] Relabelling

Milner defines the semantics of these equational operators using the transitional rules
of figure 2.2. These transitions are sequents in which the expression below the line can

be inferred when the expressions above the line (if any) hold. Throughout the figure,
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E; % E ,
Act ——F— Sum; —— 1 (jeI
a.ESE Sicr Bi % B
ESFE F3F
Comiy ———— ma ——G
E|F & E'\F E|F 5 E|F
eLtrp rlip
Com3 p
E|F 5 E'|F'
ESE ESE
Res ———p—— (a,a¢L) Rel — o5
E\L = E'\L E[f] =" E'[f]
rPsp
Con = (A def pP)
A= P

Figure 2.2: Transitional semantics of basic CCS calculus

the expression E = E' represents the transition of agent F into agent E' through the
action a. The E’ expression is an a—derivative or derivative of E. When multiple
transitions occur as in E 3 -+ 28 then «ay - -y, is an action sequence of E. The
FE expression is conceptually equivalent to the notion of a state in the same sense as
in automata theory. An agent’s state is defined by the behaviour of the agent at a
particular moment in time. Because an expression £ unambiguously determines a
behaviour, F itself can be regarded as denoting a state.

The meaning of the transitions in figure 2.2 are now described. The Act tran-
sition represents an agent transition in terms of its immediate actions a. The symbol

“” temporally separates actions. A stream of actions is represented as
a1 .0 .

where a; € AU A are action labels. A is a set of action names, and A is the set of
co-names. By convention, names are used for input actions, and co-names for output
actions. The set of labels £ is L = AU A. The set of actions Act is Act = LU {7},

where 7 is a distinguished silent action?. An example transition using Act is a.b.F %

2 Because of the determinism modelled in the thesis, 7 will not be of great concern.
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b.E % E. A notation for multiple transitions like this is a.b.E Ly

The Sum; notation represents a choice of possible behaviours. For example,
the binary expression F; + E5 means that behaviours E; and E5 are alternative choices
of behaviour. The summation generalises to any finite number of terms. The choice
operator + is normally treated as being nondeterministic in CCS. In practice, however,
deterministic choices are often made. An example of Sum is the transition (a.P +
b.Q) % P. This represents the action a being chosen, which causes the alternative
choice of the other term to be pre—empted.

The Com transitions describe agent composition, which is the basic operator
for concurrency. Agent composition represents how agents behave, both autonomously
(Comj, Comz) and interactively (Comg). A fundamental activity within CCS is the
handshake, which is a successful simultaneous communication between two agents. In
order for a handshake to occur, two agents must simultaneously execute identical im-
mediate actions, one of which is a co—action of the other. In Com; and Comyg, if either
agent on the left or right of the composition operator | can produce a single transition,
then the whole expression makes the transition. However, if both expressions make
complementary transitions, a handshake results. This is represented by the silent 7

action. For example, by using Comy, the following transition can be done:
(a.P+b.Q)| @R+cS) % P|(@R+c.S)

while with Comg,

(a.P+b.Q)| (@R+cS) = P|R

since communication can occur between the terms a.P and @.R, resulting in the oc-
currence of a silent “7” action.

The Res transition represents restriction. Restriction removes the specified
actions in set L from being observed externally. This is useful for hiding actions from
external observation. For example, in (a.P+b.Q)\{b}, the restriction causes b’s output
to be suppressed; any transition of the term with b will be replaced by a 7 action.

The Rel transition is a relabelling rule. A relabelling function f : L — L
renames actions. A notation for finite relabelling functions is [ a1/b1, --- ,ax/by ]
where each b; is renamed by a;. For example, in (a.P + b.Q)[a/c], any transition using

the action a will be relabelled: c.(Pla/c]).
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The Con defines agent constants, and is the basic means for creating recur-
sive agent definitions. A constant is an agent whose meaning is defined by an agent

def .
= E”, where F is an

expression. For every constant A, there exists an equation “A
expression using the aforementioned £ operators. The definition of an agent constant
is semantically equivalent to the constant reference itself. The null or inactive agent is
denoted 0. An example of an agent constant is P et P +0.Q.

A common form of CCS expressions is (P; | ... | Py) \ L. The ezpansion law
converts such an expression into one having a summation of terms with all immediate
actions prefixed onto corresponding agent states. The (simplified) expansion law is as
follows. Let P = (P, | ... | P,) \ L with n > 1. Then

P = S{a.(Py|..|P!|..|IP,)\L : P, g>P;,oz§zLuE_)}
+ S{n(P PP POL - P S P Py Pl < )
The first summation represents the agents which autonomously change state. The sec-
ond summation represents the agents which change state interactively with one another
(via silent 7 actions), which happens when a 8 and 3 synchronise, or handshake.

Basic CCS uses the agent constant schema P def E, where P is an agent name
and F is a CCS expression. However, it is convenient for agents to have arguments
which can be actions, terms, or agent expressions themselves. CCS can be extended to
handle value—passing by treating an agent constant with an argument as representing a
family of agent expressions enumerated over the possible values that the argument may
have. For example, an agent P(I) 4" B in which T is an integer value > 0 represents

the set of agents,

P ¥ g

Y E
where each definition is specialised for a particular integer I. Agent arguments are
similarly enumerated. This idea will be used in the thesis for extending CCS to handle
logical variables over the Herbrand universe of a program.

Recursive agent expressions in CCS are treated as constant expressions. For
example, an alternative treatment of the recursive constant expression A def A is
fix(X = a.X), in which a new inference rule for the fix operator is used, which is
similar to Con except that the solution to the recursive equation is obtained. A result

of this interpretation of recursive equations is that, as long as some guardedness criteria
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are followed, recursive equations have unique solutions (Milner 1989, page 65). If two
recursive equations have the same external behaviours, it can then be concluded that
they both define the same agent. This uniqueness result will be assumed whenever
recursive agents are being considered.

A significant part of CCS theory is devoted to various concepts of behavioural
equality. Three basic theories of behavioural equivalence in CCS are given in (Milner
1989): (i) ~ strong equivalence; (ii) = equality or observation congruence; and (iii) ~
observation (or weak) equivalence. The type of equivalence chosen depends upon the
granularity of behaviour needed to distinguish the type of concurrency being studied.
Observation equivalence is the most practical for this thesis. It is the least strict equiv-
alence which still preserves syntactic substitutivity (or congruence) with respect to the
constrained use of CCS used here. In basic terms, two agents are observationally equiv-
alent if they generate the same observable behaviour under the same conditions. Since
the majority of control schemes studied here are deterministic ones, there is no need
to unduly account for the nondeterminism encountered with concurrent computations.
Observation equivalence is not strictly a congruence relation, as it is not fully substi-
tutive within expressions. The problem arises because observation equivalence is not
preserved by summation. For example, 5.0 ~ 7.b.0, but a.0 + 5.0 % 0.0+ 7.b.0. This is
not a practical problem here, since substitutions within expressions in summations are
never done.? The summation expressions used in the thesis denote deterministic choices
between success and failure. The equality theory used here therefore reduces to trace
equivalence; proofs, however, will respect the integrity of the observation equivalence
relation,

A bisimilarity is an observed behavioural equivalence amongst a pair of agents.
Two agents are shown to be bisimilar with respect to some given theory of behavioural
equality by performing a bisimulation on them. The bisimulation proofs in this thesis
use observational equivalence as the theory of equality, and the general form of these
proofs is as follows. Let A a4 4 represent the transition of A into A" where the action
sequence ¢ is one where all silent 7 actions are removed. Then P = (@) iff, for all

a € Act,

3 The nondeterministic control schemes studied in section 8.5 are an exception.
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(i) Whenever P % P', then for some @', Q 4 Q', and P' = Q'.

(ii) Whenever Q = @', then for some P’, P 4 P' and P' = Q'.
where Act = L U {7}, and L is the universe of actions and co-actions. To prove
bisimilarity between two expressions, it must be shown that, for all possible «, their
a—derivatives generate the same behaviours. Practically speaking, bisimulation proofs

proceed on a case-by—case basis, each case being a specific state transition for an agent.
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Chapter 3

An Algebraic Semantics of
Prolog

The semantics of Prolog in this chapter is the main focus of the thesis. This algebraic
process semantics is written in Milner’s CCS formalism. It is ideally suited for mod-
elling the control component Prolog, and as a result, will be applied later in the thesis
in program analyses which require a formal account of the control strategy.

The topic of program language semantics is surveyed in section 3.1. Section 3.2
discusses some design principles of the semantics. Section 3.3 presents a CCS semantics
of the basic control component of Prolog computation within CCS. This is first done at
an operator level, and then at a higher level using CCS bisimilarities. The semantics
of the cut is given in section 3.4. The topic of dataflow is discussed in section 3.5. A

discussion concludes the chapter in section 3.6.

3.1 Review

3.1.1 Programming language semantics

Programming language semantics mathematically describe the computational behaviour
of programming languages and programs written in them. Semantics are normally in-
tended to describe languages and programs at a conceptually abstract level so that
higher—level reasoning about them can be undertaken. Semantic formalisms differ
widely according to their intended application. Operational semantics model the com-
putational mechanisms underlying a language, often in terms of an abstract machine.
Such semantics are intended to describe the functionality of programming languages in

a way which lends insight into issues of language design and implementation. Program
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specification semantics describe the meaning of programs at a more human—oriented,
problem-domain level, and are used for program verification and derivation.

Semantics can be distinguished by the mathematical formalism in which they
are defined, such as lambda calculus, predicate logic, or algebras. The suitability
of different mathematical formalisms varies according to their intended use and the
programming paradigm they are modelling. For example, the lambda calculus used
in denotational semantics (Stoy 1977) is descriptively rich enough to describe a wide
variety of programming languages. Predicate logic has been successfully applied in
formal program derivation and verification, as logic can act as a semantic link between
logical specifications and the programming language, as well as justify the soundness
of derivation steps between the two (Hoare 1969) (Hoare 1985b) (Hehner 1984¢). Al-
gebraic semantics have been applied towards both language description (Plotkin 1981)
and formal program development (Jones 1986) (Sannella 1988). Algebras are also
useful for describing the semantics of concurrency (Hoare 1985a) (Hennessy 1988)
(Milner 1989).

Axiomatic semantics are commonly used for program development. They are
termed “axiomatic” because the semantics takes the form of a formal logical theory in
which axioms describe the semantics of program language constructs and valid deriva-
tions within the theory. Axiomatic semantics for partial and total correctness are
readily derived for imperative-style programming languages, since the deterministic
state transitions over the memory values which characterise them are easily modelled
in relational logic. Semantics for partial correctness establish the soundness of results
for terminating programs. Semantics for total correctness additionally specify the con-
ditions under which programs terminate, and therefore determine the soundness and
completeness of computations. The axiomatisation of terminating computations is
generally undecidable according to the Halting problem. This is not usually a lim-
itation, since most practical programs used in everyday applications have decidable
termination properties. Different types of axiomatic semantics include Hoare logics
(Hoare 1969) (Apt 1981), predicate transformers (Dijkstra 1975) (Gries 1981), and

program relations (Hehner 1984c).
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3.1.2 The semantics of logic programs and Prolog

A primary motivation behind logic programming is that mathematical logic can be a
practical programming language, and hence declarative logic programs may act as their
own specifications (Kowalski 1974) (Kowalski 1985). A clear conceptual separation
can be made between the declarative semantics of the program and the control used
to infer results from it (Kowalski 1979). A declarative logic program is a high—level
human-oriented statement of what the program is intended to compute. The behaviour
of the program is dependent upon the inference strategy applied to this declarative
representation. This is in contrast with von Neumann languages, where control is
explicitly encoded in programs, and the relation between a program and a declarative
statement of what it is intended to compute is much less direct. For example, to verify
imperative programs, a mapping of the program to its operational meaning is done
via a program language semantics, and then this expression is refined towards a higher
level declarative specification (Loeckx and Sieber 1984).

Declarative and operational semantics have been established for Horn clause
logic programs (van Emden and Kowalski 1976) (Apt and van Emden 1982) (Lloyd
1984). Many semantic interpretations of logic programs have been derived, and a com-
prehensive survey is beyond the scope of this review. Model-theoretic semantics treat
logic programs as logical theories, in which the program statements are interpreted
as logical formulae over the Herbrand universe. Procedural interpretations of logic
programs are concerned with the behaviour of computations when logical deductions
are performed on a program and query using SLD resolution. An important result is
that the success set computed by SLD resolution (the set of atoms that have SLD-
refutations) is equivalent to the minimal Herbrand model for the completion of the
program. Operational semantics of logic programs are concerned with behavioural ef-
fects of the implementation, such as the particular computation and search strategies,
extra—logical facilities such as the cut, and the treatment of negation as failure.

In practise, the conceptual separation of the declarative program logic from
the inference system control is not guaranteed. Logic program implementations such
as Prolog use unfair and unsafe computation schemes, and computed success sets are
not necessarily equivalent to what is specified by the program’s declarative semantics.

Because fair strategies are inefficient to implement, practical implementations of logic
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programming languages use weaker inference strategies which are practical to imple-
ment on current hardware. For example, Prolog with its standard control strategy
has proven to be a popular logic programming language. This depth—first traversal
of the SLD tree is efficiently implemented on conventional stack-based architecture.
Unfortunately, depth—first search is unfair, and termination is not assured: divergence
results if the program is ill-structured so that the search is forced to proceed down an
infinite branch of the computation tree. Therefore, the correctness and completeness
of Prolog programs fundamentally depends upon the textual order of goals and clauses,
and practical computations require programs to be tailored correctly.

There is much recent effort in deriving new semantic models of logic program
control, and in particular, Prolog’s depth—first left—to—right control strategy. A seman-
tics of control is necessary for analysing the behaviour of particular control strategies,
and proving program properties such as termination and the correctness of source—to—
source program transformations which are affected by control.

Meta—interpretive accounts of logic program computations have been suggested
(Hill and Lloyd 1988) (Sterling and Shapiro 1986). Meta—interpretive semantics de-
scribe computations via the definition of a logical meta—interpreter. Meta—interpreters
allow the writing of concise and executable operational semantics of different program-
ming languages, which makes them ideal for language prototyping. Meta—interpreters
can model the control component of a particular logic programming language, but in
order to do so, the operational semantics of the meta-language itself must be accounted
for. For example, given a meta—interpreter for Prolog that is to be executed in Prolog,
the semantics of Prolog’s depth—first—left—first control are relevant to any complete
operational analyses of the meta—interpreter axioms.

Many denotational semantics of Prolog programs have been proposed (Fitting
1985) (Jones and Mycroft 1984) (North 1986) (Arbab and Berry 1987) (Debray and
Mishra 1988) (Billaud 1990) (Baudinet 1988) (Nicholson and Foo 1989). These seman-
tics are compositional — the semantics of a program is defined in terms of the semantics
of its constituent components. Denotational semantics are also founded in the lambda
calculus, whose descriptive robustness permits essentially all of Prolog’s features to be
modelled within one formalism.

Proof theoretic accounts of logic program have been suggested (Andrews 1991)
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(Hallnas and Schroeder-Heister 1988). A tenet of these approaches is that logic, being
an essential component of the logic programming paradigm, should likewise be used
to describe the inference strategy. Control is modelled by axioms of logical inference,
while at the same time, the declarative semantics of the logic program is retained in
the formalism.

There are many other approaches to describing the operational semantics of
Prolog. (Francez et al. 1985) derives Hoare-style axiomatisations of the computation
tree. (Drabent 1987) use inductive assertions for axiomatising the mode relations
within the left—to-right backtracking of goals. (Deransart 1988) present an attribute

grammar account of logic program control.

3.2 Overview of semantic model

The CCS semantics of Prolog presented in this thesis is an algebraic AND/OR process
semantics of sequential Prolog. 1t is a distributed operational semantics in which Prolog
behaviour is modelled by networks of communicating processes. The rationale behind
this model will now be outlined.

A tenet of logic programming is that logic programs are directly interpretable
as high-level declarative statements of first-order predicate logic (Lloyd 1984). In the
discussion of the logical basis of logic programming in section 2.1, it is shown how
program clauses and queries are interpretable as statements of first—order predicate
logic, and how logically valid deductions can be deduced from them by applying SLD
resolution. In particular, the goals within clauses and program queries are logically
delineated by logical AND (A) connectives, and clauses by logical OR (V). This logical
structure can be further extended to a logic program’s execution via SLD trees. Each
node of the tree represents the current state of the goal being processed, and branches
represent different resolution strategies. The whole SLD tree represents the evolution
of SLD derivations performed on the program and query.

Another way of representing logic program computations is through the use of
an AND/OR tree. AND/OR trees are declarative representations of logical dependen-
cies in logical inferences and computations (Harel 1980). The “AND” and “OR” labels
refer to the logical contribution of the nodes: at least one OR node must be success

(logical OR), while all brethren AND nodes must be resolved (logical AND). Logic pro-
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Figure 3.1: AND/OR tree for logic programs

grams have a natural AND/OR tree interpretation (Lindstrom and Panangaden 1984).
An AND/OR tree defines the search space over the Herbrand universe of a logic pro-
gram, and computations which occur over this search space correspond to what is
denoted by the declarative semantics of the program. Program clauses map to OR
nodes, and and goals in clauses and queries map to AND nodes. AND/OR trees
therefore denote the declarative requirements that program components fulfill without
forcing a rigid procedural interpretation on the details of the derivation process: the
only procedural requirements specified are the logical satisfactions denoted by AND
and OR nodes themselves. AND/OR trees differ from SLD trees in that they explicitly
represent the logical contribution that program components have on the computation.
Such information is not rendered within SLD trees, as the state of the computation
is denoted only by a dynamically changing program goal set, along with computed
binding substitutions. AND/OR trees are especially useful for representing concurrent
logic program computations, as the loose procedural requirements assigned to AND
and OR nodes are ideal for describing concurrency. The terms AND parallelism and
OR parallelism refer to the fact that all the AND and OR nodes can be executed in
parallel; the only procedural requirement is that all AND nodes succeed, and that one

OR node succeeds.
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While AND/OR trees are suitable for representing the declarative semantics of
logic programs, they do not model the control during computations. Logic program
implementations require the introduction of control mechanisms in order to make effi-
cient execution possible, whereas AND/OR trees do not specify control at all. What is
needed is a way to represent the interaction and communication amongst the nodes in
an AND/OR tree. The process concept allows the injection of an operational seman-
tics to AND/OR trees. A process or agent is a mechanism whose behaviour is char-
acterised by discrete actions. The process paradigm is a powerful means with which
to conceptualise computations which are characterised by discrete autonomous mech-
anisms that communicate with one another. This is naturally applicable to concurrent
logic program computations, since concurrently executing program components can be
modelled as concurrent communicating processes (Lindstrom and Panangaden 1984)
(Conery and Kibler 1985) (Waern 1986). They are particularly successful within the
concurrent logic program framework, as the modular nature of concurrent logic pro-
grams coincides with the compositional nature of process semantics.

AND/OR process models combine the declarative semantics of AND/OR trees
with the operational semantics of processes. Given an AND/OR tree, each AND and
OR node is modelled as a process which has encoded within it a particular control
regimen and communication protocol. Doing so introduces an operational semantics
to the AND/OR tree: the AND and OR processes determine the manner in which the
tree is explored.’

Communicating networks of processes are conveniently described by process
algebras (Hoare 1985a) (Hennessy 1988) (Milner 1989). Process algebras allow the
detailed description and analysis of complex networks of concurrent processes. The
particular process algebra used in this thesis is Milner’s Calculus of Communicating
Systems (CCS) (Milner 1989). CCS has been applied to the semantics of concurrent
Prolog implementations in (Beckman et al. 1986) (Beckman 1986), A unique contribu-
tion of this thesis, however, is that sequential AND and OR agents are defined, rather
than concurrent agents as in most other process models. This might seem controversial

at the outset, as process models are typically intended for describing concurrent com-

! One peculiarity of nomenclature is that AND and OR. nodes are modelled as OR and AND agents
respectively. This arises because AND and OR agents define the operational behaviour of descendent
agents, while AND and OR nodes define the logical contribution of those nodes themselves.
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putations. However, (Saraswat 1989) states that sequential control can be considered
to be a specialisation of concurrent control; as a result, the modelling of sequential
Prolog using tools normally reserved for concurrency is worth consideration.

Unlike imperative computations, logic program computations are not easily
characterised as functions over the memory state, since there is no memory involved.
Rather than state transitions over a store, logic program states are more naturally mod-
elled by computation trees: the state of a computation is directly reflected by the struc-
ture of the computation tree. It turns out that the process algebra paradigm is ideal for
describing the semantics of sequential logic program control, since AND/OR trees can
be modelled by process algebras. As with concurrent computations, sequential logic
program computations are also characterised by AND/OR trees whose structure dy-
namically changes during the computation. This tree structure is effectively modelled
by concurrent processes, under the provision that they interact sequentially. Sequential
computation is indeed a specialised control strategy within concurrent computation,
as can be seen in formal treatments of sequencing in concurrency theory (Hoare 1985q)
(Milner 1989). Deriving sequential models of logic program computation entails spe-
cialising process interaction to comply with a sequential control regimen. A result of
this thesis is that different inference strategies used by different logic program control
schemes simply require the definition of appropriate processes.

The sequential AND/OR process semantics in this thesis is operationally similar
to the concurrent ones in (Lindstrom and Panangaden 1984) and (Conery and Kibler
1985), the main difference being its sequentiality. As described above, the execution
of a Prolog program will result in the creation and deletion of agents. Viewed as
a whole, the dynamically changing structure of the network of agents parallels the
computation tree for the program. The composition of agents themselves mirror the
syntactic structure of Prolog programs. An AND agent is created for each clause in
a predicate, and an OR agent is created for each predicate. AND agents spawn OR
agents, and vice versa, according to the call structure of goals in the Prolog program.
Communication between agents takes the form of either value arguments when an
agent is invoked, or action messaged when an agent completes a computation. The
above description is very general; the following sections will describe the semantics in

greater detail.
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The semantics is written as a process algebra using Milner’s CCS. A Prolog
program has corresponding CCS expressions defined for it, which is henceforth collec-
tively called the program’s CCS semantics. CCS is a concise and descriptively powerful
calculus of concurrency, and its lean set of control operators quite readily models se-
quential Prolog control. CCS’s compositionality of agents is well-suited to describing
the modular nature of logic programs. CCS’s ability for hierarchically modelling com-
putations is also ideal for the hierarchical treatment of Prolog control done within the
semantics. CCS theory itself allows many computational phenomena of logic program
computation to be studied, such as computed streams of results, symbolic computa-
tions, behavioural equivalence, non—termination, and looping. CCS’s stream domain
is a powerful means of analysing many Prolog program properties, such as termination
and transformations.

The semantics is conceptually divided into control and dataflow, and these two
aspects of the semantics will be presented separately. A semantics of control involves
the modelling of Prolog’s left-to-right computation or goal selection rule and depth-
first search rule. Dataflow is concerned with the representation of the data objects over
the Herbrand universe, the application of answer substitutions through the program,
and the structure of computed results. Because a main motivation in this thesis is
to formally describe logic program control, dataflow is often abstracted away. It is
assumed in these cases that the data domain being used is the same as with pure logic
programs — a domain using logical variables over the Herbrand universe. However, the

semantics is easily extended to model the details of dataflow.

3.3 Control

This section presents a CCS semantics of the basic control strategy of Prolog. The
definitions of some semantic operators for control are discussed in 3.3.1. Section 3.3.2
extends this semantics by considering a higher—level description of control. An example
translation and symbolic computation is in section 3.3.3. See section 4.4 for a detailed

comparison of the semantics and SLD resolution.
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3.3.1 Control operators

The two events affecting the standard control strategy of Prolog are success and termi-
nation, which are represented by the actions succ(f) and done respectively. The sort
for a program P is L(P) = {succ(f), done, }. By convention, overlined actions are for
output or produced communications, while non—overbarred or co—actions are used for
input or consumed communications. For example, done is generated by a terminating
agent, while done will be used by an agent which is awaiting the termination signal
of some other agent. A coincident action and co—action pair results in a handshake or
basic communication between two agents.

The 6 argument in a succ(f) action is a computed answer substitution. It takes
the form of a set of variable-term pairs Var < term, which represent variable bindings.
A typical example is § = { X < a(Y), Y < ¢ }. The 0 notation may be subscripted
when necessary. Empty answer substitutions are denoted by e. It is often convenient
to represent succ(f) by just succ, and assume that 6 is implicit. The precise structure
and use of these binding substitutions is discussed in section 3.5.

A fundamental concept is the stream. A successful finite computation takes the

form of a stream of succ actions,

suce(0y) . succ(f) . -+ . succ(fy) . done . 0 (k>1)

where the action succ(f;) (1 < i < k) represents a successful derivation returning an-

W

swer substitution 6;, action done represents the end of the computation, separates
stream elements, and the null agent 0 represents the end of all activity. Finite failure

is represented by termination with no success actions:
done . 0

The done action is a termination convention which is eventually communicated for all
terminating computations. All agents to be used in the semantics are defined to be
well-terminating, which means that they respect this termination protocol. Infinite

streams have the form,

suce(0y) . succ(fs) . -

Here, no done is ever generated.
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[f1= [succ/suce, done'[done ]
F= {sucd, done' }

Done ¥ done.0

True & succ(e).Done

False ®  Done

Figure 3.2: Some basic definitions

Some basic semantic definitions used throughout the thesis are in figure 3.2,
while the basic semantics of control are in figure 3.3. Three types of equality are used
in the figures. Syntactic substitutivity is denoted by =, and is used to make semantic
definitions more concise. Semantic equivalence is denoted =, and is used for defining
the translation function M| ] in figure 3.3. Lastly, CCS constant definitions, which
define agents, use def.

In figure 3.2, the [f] expression is a shorthand notation for the relabelling
function which decorates the succ and done actions. The F' notation denotes this set
of decorated actions. The agent Done denotes finite failure . The T'rue agent represents
logical true, and results in a success action with an empty answer substitution, followed
by termination. Conversely, Flalse represents finite failure.

The semantics of Prolog control is in figure 3.3. A function M[ ] converts
Prolog program constructs to their CCS meanings. The CCS translations are auto-
matically compiled from Prolog source programs. Throughout the figure, atoms are
represented by capital letters, and tuples of terms are denoted t.

Prolog predicates define OR agents in (i). Here, a predicate is considered to
be an ordered list of clauses of the same name and arity. The operational task of an
OR agent is to linearly sequence its child AND agents which define the clauses for the
predicate. This is done via the sequencing operator in (iv). P is executed concurrently
with b.Q). Because all agents are well-terminating, P will generate a done action when
it terminates. This action is relabelled to b, and is further restricted to make it local
to this expression. () waits for this b action to be generated; when it is seen, the

b and b will handshake, and @ will resume execution. The net effect of this is for
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(i) Predicates (OR agents)

M[ [P, Py, ,P] = P(X) = P(X):Py(X): - ¢ P(X)
(ii) Clauses (AND agents)
M[P(i). 1= R(X) € (X =i)
M[P@):—A B, 2]= PX) ¥ X=DeM[A]>M[B]>
DM Z]

(iii) Program queries

M[:=A B, Z]= M[AJ>M[B]> >M[Z]

(iv) Sequencing operator

P:Q ¥ (Pb/done] | 0.Q)\ b

(v) Goal backtracking operator

P>Q %  (Plf]| NextGoal;) \ F

NextGoal; % succ' (0).(Q0 3 NextGoal;) + done'.Done

(vi) Single goal calls

G(t) : G is a defined predicate
MIG@) ] © ) Done : G not defined
succ(@).Done + Done : G is a builtin atom

Figure 3.3: CCS semantics of Prolog control
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Q@ to execute if and only if P has terminated. Should P never terminate, () will be
suspended indefinitely. Getting back to the OR agent in (i), this sequencing strategy
is employed between all the clauses in the predicate, and results in the execution of
clauses using their textual order in the program. Each clause (AND agent) reference
in the OR agent definition is uniquely labelled via subscripts.

AND agents are defined for individual clauses in (ii). Unification is treated as
an explicit call to a unification algorithm. Argument terms are factored out of clause

headers as follows. The clause
p(Xa b(Y)) ‘T a’(X)a

is equivalent to

p(4,B) : — (4,B) = (X,b(Y)), a(X), ..

where = is a builtin unifier. This clause is represented in CCS as
pi(4,B) = ((4,B) = (X,b(Y)) > a(X) > ---

The definition of the unification agent is:

t =1y def M.Done + Done
It returns either M.Done where 6 is the most general unifier of t1 and o, or Done
if £; and ¢y do not unify.

AND agents for assertions have a single call to the unification agent. The
operational task for AND agents with backtracking is to sequentially process the goals
in the clause body using left—to-right exhaustive backtracking. This is done with the
>> backtracking operator in (v). In P> @, P is executed autonomously. Using [f],
all the output of P is relabelled, and then restricted by “\F”. The effect of this is to
limit the scope of P’s output to this expression, which will allow this expressions to be
freely nested within other expressions without causing interference. The NextGoal;
loop then processes all the output generated by P. When P computes a result, () is
invoked. When () terminates, the loop calls itself recursively to process the next action
of P. This continues until P terminates (signalled via the done’ action). Notation is
abused somewhat in the definition of NextGoal;. NextGoal; is uniquely distinguished

by the “i” index for each unique instance of backtracked goal pairs in the program.
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However, NextGoal; is more properly defined as an agent operator over @):

P>Q Y (Plf]| NextGoal(Q)) \ F
NextGoal(X) def succ (0).(X } NextGoal(X)) + done'.Done

The NextGoal; notation has been chosen over this for conciseness, since the loop’s
context within expressions is usually known.

The semantic meaning of each goal in the AND agent of (ii) is defined in (vi).
If a goal refers to a defined predicate, the OR agent for that predicate is used. Should
the goal be undefined in the program database, then Done or False is used. If the
goal refers to a builtin atom (eg. “=”), then that agent will be called. It is assumed
that builtin agents like = either return a result and terminate, or just terminate.

Finally, backtracked goal expressions in program queries (iii) have the same

semantics as AND agent bodies in (ii).

a(X,Y) ¥ 4(X,Y)as(X,Y)
a(X,Y) € p(X,2)>q(2.Y)
a(X,Y) ¥ Done a(Y,X)
a(X,Y): - p(X,Z), q(Z,Y). p(X,Y) P (X,Y)Epa(X,Y)
ZE?;)/) —r(Y), a(Y, X). (X.7) ;1% V)~ (fo)
p(f,h). = p(X)Y) = (X)Y)=(/h)
q(h,i). o
HX,Y). ¢(X,Y) = q(X,)Y)
a(X,Y) € (X,Y) = (h,i)
HX,Y) ¥ 4 (x,Y)
t1(X,Y) CF Prye

Figure 3.4: Logic program and CCS translation

An example translation is in figure 3.4. Note that because r is undefined, the
goal 7(Y) is replaced with Done or finite failure. Also note that there is a declarative

interpretation of the CCS translation, where “ 3”7

is read as logical OR and “>” as
logical AND, and the atomic agent references are relations. The basic CCS rules of

transition in figure 2.2 are applicable to this semantic translation and the definitions
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of 7 and >. This permits symbolic computation and other analyses to be performed
on the logic program semantics.
Incidentally, the or (;) operator used in most Prolog implementations is simply

modelled using 3 :

M[P:—A,(B;C),D.]1=P ¥ A (B:C)>D

3.3.2 High level bisimilarities

Seq—1: Done;P ~ P

Seq — 2: (@.P);Q ~ a.(PiQ) (a# done)
Back —1: (succ(f).P)>Q ~ Pb»Q6

Back — 2: Done>Q = Done

%

Back —3: P succ(f) . Q succ(f) . (P> Q)

Back — 4 : P > Done

%

P>Q (1)

Q

Back — 5: (succ(d) . P)>Q QO (Pr>Q)

Note: In (1) and elsewhere, the expression X > Y is an
abbreviation for X > (Y,Y"), where Y is an original state of the
right-hand side (explained in text).

Figure 3.5: High-level bisimilarities for standard control

A bisimilarity in CCS is an observable behavioural equivalence between agent
expressions. It was discussed in section 2.2 that weak bisimilarity or weak observational
equivalence, denoted in CCS by “~”, is an adequate theory of behavioural equality for
this thesis. Since the provision described in that section will be followed throughout
the semantics?, ~ can be treated as an equivalence relation.

The bisimilarities in figure 3.5 define behaviour of the semantic operators at a

higher—level than the basic CCS definitions of the control operators (new symbols used

% Substitutions within summation expressions are never done.

33



in them are defined below). These rules represent various states of the sequencing and
backtracking mechanisms.

The Seq rules sequences agents so that the previous agent first issues done
before the next agent proceeds. Because the Seq bisimilarities are very simple, the
application of either of the two will simply be labelled as a Seq transition. The
derivation of these Seq rules follow.

Theorem 3.3.1

P
a.(P:Q) (o # done)

Seq—1: Done; P
Seq—2: (a.P)iQ

~
~
~
~

Proof:  These bisimilarities are derived using the definition of : and the inference

rules of the basic CCS operators.?

Seq—1: Done;P = (done0):P : Con Done

~ ((done.0)[b/done] | b.P)\b :Con :

~ (b.0|b.P)\ b : Rel

~ (0|P)\b : expansion

~ P\b : (0|P) = P

~ P :bg L(P) (by defn 7)
Seq—2: (a.P)}Q =~ («a.P)[b/done]|b.Q)\b :Con |

~ ((a.(P[b/done])) | 6.Q) \ b :Rel, a# done

~ «a.(P[b/done] | b.Q) \ b : expansion

~ a.(P:Q) cdefn. %

An OR agent’s exhaustive search of sequenced clauses means that multiple
solutions are obtained for a particular goal invocation. These solutions take the form
of streams of computed answer substitutions, and allow these streams to be processed in
a manner which models Prolog control. However, rather than using the CCS expansion
theorem, it is convenient to use the Back bisimilarities for stream processing. Their
net effect is to take each result from the left hand side, and apply it to the right hand

side, until the result stream of the left hand side is exhausted. A new operator is used:

Pr;Q Y (Pf]](Q: NextGoal;)) \ F

The expression A > B represents the state of the backtracking mechanism between

agents A and B when the computation of B is active. The “i” index refers to the

3 Henceforth, the right-hand column of derivations will justify the inference step just applied to derive
the current expression. The CCS rules of figure 2.2 will be freely referred to.
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NextGoal; loop, which is defined within P > (). This is a convenient way of circum-

venting the need to carry an extra parameter in >, such as in:

> (Q,Q) ¥ (PIf]](Q": NextGoal(Q))) \ F

where NextGoal(Q) loops over the agent expression ). However, the indexed version
is syntactically simpler, and the “i” index can be ignored, since the context of B
within expressions is usually known. The Back derivations follow. Each Back rule is

justified by using the expansion theorem along with the definitions of > and B> .

Theorem 3.3.2 Let P and @) be agents that generate well-terminating streams. Then

the following bisimilarities hold:

Back —1: (succ(d).P)>Q =~ Pp QO

Back — 2: Done>(Q = Done

Back —3: P succ(d).Q = succ(d). (P Q)
Back — 4 : P»Done ~ Pi>Q

Back —5: (succ(f). P)>Q =~ Q6% (Pr>Q)

Proof: The derivations take the same form as those for Seq. Note that the form of P
is only relevant so far as it conforms to those given in the bisimilarities; nonterminating

and looping P do not affect the integrity of the bisimilarities. (Also note the comment

in figure 3.5, which explains the form of Back-4.)

Back —1:

(suce(0).P) > Q

((succ(@) P)[f]| succ(8)'.(QO ; NextGoal;) + done’.Done) \ F: Con >
(succ(f) ) (P[f]) | succ(0)'.(QO i NextGoal;) + done'.Done) \ F: Rel f
(P[f] | (Q0 7% NextGoal;) + done'.Done) \ F : expansion
P> Qo sdefn. >

%

IR

The notation QO denotes the application of the binding computed by P onto Q.

Back — 4

P » Done

~ (P[f]| (Done? NextGoal;)) \ F : Con 1>

~ (P[f]| (Done: NextGoal(Q))) \ F tdefn NextGoal;
~ (P[f]| NextGoal(Q)) \ F : Seq

~ (P[f] ] succ(8) .(Q8 : NextGoal(Q)) + done'.Done) \ : Con NextGoal(Q)
~ (P[f] | succ(8).(Q0; NextGoal;)) + done’.Done) \ F :defn. NextGoal;
~ P>Q tdefn.>

The derivations of Back-2 and Back-3 are similar to Back-1 and Back-4, and are
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omitted. The derivation of Back-5 is more involved. Firstly, by applying Back-1, the

LHS can be rewritten as,

(succ(0).P)>Q ~ PrQ6 (1)

The bisimilarity is now shown by structural induction on the size of the stream gener-

ated by @Q in (1) and the RHS.

Base case: Substituting Q8 ~ Done in both expressions:

(1) : P> Q0 P 1> Done : subst. QO

P>qQ : Back — 4

Q

RHS: Q0% (P> Q) Done’: (P> Q) :subst. Q

P>qQ : Seq

Q

Inductive case: Let Q0 =~ succ(y).Q':

(1) : PrQO0 =~ P suce(y).Q : subst. Q
~ succ(y).(P> Q") (2) : Back — 3
RHS: Q0% (P> Q) (suce().Q") 3 (P> Q) : subst. Q6

suce(y).(Q" T (P> Q))  (3) :expansion

Q

Now, (2) and (8) are bisimilar by the induction hypothesis, since Q' generates a smaller
stream than ). The bisimilarity holds for terminating Q.
When Q0 loops, then the expressions are bisimilar, since the LHS yields

Pl SPp L

and the RHS gives
Li(P>Q) > Li(P>Q)
These expressions are therefore bisimilar. (The € notation means that application of

the expansion theorem yields no action sequence.) O

The fact that an agent is nonterminating is irrelevant for the Seq and Back-1 through
Back-4 bisimilarities, since they are only concerned with the immediate actions of their
argument expressions.

Some normal forms for an expression with backtracking are identifiable, and

are normal in the sense that any backtracking expression reduces to one of them. Note
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that the canonical normal form of any non—looping semantic expression is, of course, a
stream of zero or more computed answer substitutions, possibly terminated by Done.
However, the normal forms identified here will pertain to the intermediate expressions

obtained during backtracking.

Theorem 3.3.3 The normal forms for an expression P> Q) are

P>qQ
Pr»qQ
suce.(P > Q)
Done

Proof: Agent behaviours are denoted by terminating or non—terminating action
sequences composed of succ and done actions. When expressions denoting these agent
behaviours are placed within expressions with > and B>, a finite number of expression
forms are produced. These expressions are the normal forms.

The proof proceeds by applying the expansion theorem to the expression A B,
and showing that all possible derivatives of this expression are normal forms. Three
possible behaviours of agents A and B are: (i) A IEC A (i) A doye 0; and (1)
B % B'. Letting, A and B generate all these behaviours, by applying the expansion
theorem to A1> B:

A B =~ (A[f]| (B} NextGoal;)\F + (0| Done)\F

~

using (i) using (i)
~ A'>B + Done (1)
The behaviour of B in (iii) has no effect in the above, as “\F 7 suppresses it. Now

A't> B is similarly expanded. The possible behaviours of A' and B are: (iv) A’ Suge g1

(v) A’ done 0; (vi) B "¢ B': and (vii) B done . Using these cases, the erpansion

theorem is applied to A' > B in (1):

A'> B =~ succ.(A'[f]| (B"} NextGoal;)\F + (A'[f]| (NextGoal;)\F

~~

using (vi) using (vii)
~ succ.(A'>B') + A>B (2

Behaviours (iv) and (v) have no effect, as they are restricted.
In (1) and (2) above, the derivatives are finite in number and form, and are

therefore normal forms. O
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The next theorem shows that Back-1 through Back-4 are operationally com-
plete, in the sense that they account for all the possible transitions between the normal

forms of theorem 3.3.3.

Theorem 3.3.4 The Back-1, Back-2, Back-3, and Back-4 bisimilarities completely
account for all the possible transitions between normal forms.
Proof: The proof follows theorem 3.3.3, except that a Back bisimilarity is identified

with each normal form derived. Three possible behaviours of agents A and B are: (i)

AT AL (i1) A done 0; and (iii) B> B'. Applying the ezpansion theorem to A > B:

~

A B =~ (A[f]| (B} NextGoal;)\F + (0| Done)\F

using (i) using (i)
~ A'>B + Done (1)
—— —_—
(i) Back—1 (ii) Back—2

This represents the use of Back-1 and Back-2. Now A' > B is similarly expanded.
The possible behaviours of A and B are: (iv) A' 5% A" (v) A’ done g, (vi) B 5" B';

and (vii) B done g, Using these cases, the expansion theorem is applied to A' > B in
(1):

A'> B = succ.(A'[f]| (B"; NextGoal;)\F + (A'[f]| (NextGoal;)\F

~~ ~~

using (vi) using (vii)
~ suce.(A'>B') + A'>B (2)
—_— S~——
(vi) Back—3 (vii) Back—4

The use of Back-3 and Back-4 are shown here.
In (1) and (2) above, each normal form is derived by applying one of the

backtracking bisimilarities. Thus the Back rules are complete. O

A result of this theorem is that Back-5 is actually redundant. It is still useful within
proofs.

Another useful bisimilarity is the Resol rule of figure 3.6. This rule defines the
behaviour of a single resolution step, and permits a higher—level abstraction of agent

invocation. The proof of Resol follows.
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Resol :

(i) Done :t and t; do not unify

P;(t) = ¢ (i) succ(f).Done : 0 =mgu(t,t;), and Pi(3) = (7 =1;)

(i4i) QO 10 = mgu(i, %), and Pi(i) ¥ G =1)>Q
Figure 3.6: Resolution rule
Theorem 3.3.5
Resol :
(i) Done :t and t; do not unify
P;(t) = < (i) succ(f).Done :0 = mgu(t,t;), and P;(z) def (T =1;)
(411) QO : 0 = mgu(t,t;), and P;(%) o (Z=1t)>Q

Proof: Fach case is proved separately.

Case (i): Non-unifiability. This means that the call to the unification agent is bisimilar
to Done. Therefore, if P; is an assertion, then P;(t) ~ (t = t;) = Done. If P is a rule,
then by using Back-2, P;(t) ~ (t = t;) > Q ~ Done > Q ~ Done.

Case (ii): Successful unification with an assertion. Like case (i), substituting the equiv-
alence M.Done for the unification call gives the desired result, where 0 is the mgu.
Case (iii): Successful unification with a rule. Let P;j(X) def (X =) > Q, and let the
call be Py(t). Then (i =t;) ~ succ(f).Done for a mgu 6. Ezpanding P;:

Pi(t) = (t=t)>Q : Con P,
~ succ(f).Done > Q : subst. unification
~ QO:(Doner>(@Q) :Back-5
~ Q0 Done : Back — 2
o ~ Q0 :P? Done~ P

3.3.3 Example symbolic computation

The control bisimilarities model computational behaviour identical to that of Pro-
log. An example symbolic computation using them is now given. Given the program

and CCS translation in figure 3.4, the following is a symbolic evaluation of the query
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OR

AND

OR

>

N

AND p-1

p-2 -1

Figure 3.7: AND/OR process tree

“?— a(X,Y)”. First, the stream generated by a general call to p is determined:

(

~
~
~
~

Q

X, 7)

pl(Xa Z) 3p2(Xa Z)

(succ(61).Done)  (succ(B2).Done)

succ(0y).succ(f2). Done

:Con p

:Resol, 0 ={X « f,Z < g},
Oy ={X < f,Z < h}

: Seq

The call to a(X,Y) is now derived using the above stream:
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)5 aa(X,Y)
,Z) > Q(Zvy)) A a2(XvY)

Done > q(h,Y)) { a2(X.Y)

XXX

(

( (

( (
((succ(62).Done
( (

(

(

succ(fy).
succ(fy).
succ(63).Done * ag(X,Y)
succ(63).az(X, Y)
succ(f3).(Done > a(Y, X))
succ(63).

22 22 ZZ 22 22 ZZ

92)-D0n6) >q(9,Y)) {ax(X,Y)
) > Done) $ as(X,Y)
(succ(f2).Done) > q(Z,Y)) ; az(X,Y)

)3
Done B> succ(f3).Done) & az(X,Y)

03).(Done > Done) $ as(X,Y)
succ(03).(Done > q(Z,Y)) 5 a2(X.Y)

: Con a

: Con a;

: subst. p(X,Z) above

:Back — 1

: Con ¢, Resol ¢

: Back — 4

:Back — 1

: Con ¢, Resol ¢,
93 = {Y — Z}

: Back — 3

: Back — 4

: Back — 2

: Seq

: Con as

: Back — 2

An AND/OR process tree representation of the expression “(p(X, Z)>q(Z,Y)) ; ¢2(X,Y)”

in the above derivation is in figure 3.7. Alternatively, if steps are performed in unison,

and if the Back-5 bisimilarity is used, a more concise derivation is possible:

) H GQ(X Y)

R XX
>Q

)
03).Done) > q(Z, Y))E

((succ(6q).succ(

a(9,Y) i ((succ(fz).Done) > q(Z,Y)) ;

a(9:Y) i q(h,Y) 3 (Done>q(Z,Y)) } a
(ga Y) : q(ha Y) : Done; aZ(X Y)

q(h.Y) ;

: Con a, ag
s subst. p(X, Z)

:Back — 5
:Back — 5

: Back — 2

: Resol ¢, Seq
: Resol ¢, Seq
: Seq

: Con a9, Back — 2

Throughout the above derivations, there is an implicit dataflow used which reflects

what occurs within Prolog computations. For example, variables are treated as logical

variables, logical variables are automatically renamed when necessary, variables are

universally quantified within AND agents, and variables are existentially quantified

between sequenced AND agent calls within OR agents. Section 3.5 discusses this in

more depth.



3.4 The cut

One of sequential Prolog’s less desirable features is the cut, “!”. The cut affects the
operational semantics of a program, and is used to allow a measure of user control
over Prolog’s standard left—to-right depth—first control strategy. Used judiciously, it
is an effective means by which the search tree can be pruned during a program’s
computation. Although the cuts in a program are usually ignored when ascertaining
a program’s declarative semantics, the use of a cut would imply that the program
is possibly not written declaratively, since declarative programs should have as little
operational information encoded within them as possible.
Consider the predicate,

p :— a, b !, d
p :— e f.
p i— g, h

The operational behaviour of the cut is as follows. Goals a and b are first resolved.
Should a or b fail, then control passes to the second clause of p. If a and b succeed, then
the cut is activated, and d is then resolved. However, activation of the cut means that
the choicepoints for a and b are discarded: a and b are not backtrackable any more.
In addition, the clauses following the activated cut are not searched. The net effect of
the cut is to commit the search to the clause containing the cut, and not backtrack to

goals resolved prior to the cut.
3.4.1 Semantics of the cut

A general schema for translating Prolog programs with cuts into CCS is outlined in
figure 3.8. In addition to ; and > from before, three new operators, ?, ot , and 4y are
used. By convention, > binds tighter than >4 , and tf binds tighter than o}, . These
conventions affect the semantics of CCS expressions. Some example translations are
in figure 3.9, with bindings explicitly represented with parentheses.

Figure 3.10 defines some operators which define the operational semantics of
Prolog’s cut. The cut operators 3 and 4y correspond syntactically to the cuts within

a clause. In the definition of o} ,
At B ¥ (A[f]| (succ (0).BO + done'.Done)) \ F
only the first solution is obtained from A, after which B is invoked and A is ignored.
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Let predicate P be defined by clauses [Py, ...

and P;:— Goals. be a clause of P.

M[[ [Pla"'a-P’iaPi+17"'7Pk]

M[ P;: — Goals. | = def

{ pY M[ Goals |

’Pk)]?
déf---Pic;)PiJrl"' i cut € P
déf”_PZ_?PZ.Jrl... : otherwise

:cut € Goals, P; not last clause

P, = M[ Goals ]| : otherwise
True : Goals = 1.
) M[ Goals']| : Goals =!,Goals’.
M[ Goals ] = atly M[ Goals'] :Goals = a,!,Goals'
a> M[Goals' ]  :Goals = a,Goals'
True : Goals = null
a :Goals = a
M Goals ] = at M[ Goals']] :Goals = a,!,Goals'
a> M[[ Goals']] :Goals = a,Goals'
Figure 3.8: Translating predicates with cuts into CCS
M[P :-V] = B © Trye
M[P; :—a,bc!.] = Pidéf(abbbc)bu True
M[P; :=Yabe] = Pidéfabbbc
M[P :—ablcd] = B @b (c>d)
M[P :—abledle] = B @b (c>d)He)
where Pdéf---Pi?PHl---

Figure 3.9: Example translations of clauses with cuts
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Ap B def (A[f] | (succ'(0).BO + done'.Done)) \ F
Aty B = (A[f] ] (sucd(0).BO + done'.Donelt/done])) \ F
PIQ ¥ (P[LQ)\!

where ¢ ¢ L(A)UL(B)U L(Q)

Figure 3.10: Operator definitions for cut

This differs from the backtracking operator [>:

A>B (A[f]] (succ (0).(BO; NextGoal;) + done'.Done)) \ F

where successive solutions from A are retrieved via the NextGoal; loop. The
operator differs from 4 in that it is used when the search of following clauses is
dependent upon whether this cut (the first) succeeds or fails. Consequently, M; uses
two possible termination signals, £ when the cut has not been activated and search
should continue in following clauses, and done when the cut has been activated and
search is pruned. The sequencing operator ? is almost identical to ;:

PiQ € (P[LQ)\¢

PiQ £ (P t/done]| £Q)\
The difference is that ? does not relabel the termination signal done from P. Instead,
this relabelling is done elsewhere within the clause by M .

Two events happen when a cut is activated: (i) the choice points of the goals
found prior to the cut in the clause are discarded; (ii) the clauses following the clause
with the cut are not searched. The CCS representation of these events is done by
suspending agents. This is performed in CCS by simply not communicating to the
agents which are to be suspended — by forcing deadlock. When a cut is activated, & and
oty immediately force deadlock with the agent on the left—hand side. This represents
the pruning of backtracking amongst previous goals in the clause. In addition, M, also
changes the done signal so that clauses following the activated clause are deadlocked,

which models the pruning of the search space. The ? is defined to deadlock subsequent
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clauses if the cut is activated, or to execute them otherwise. The deadlock mechanism
is illustrated in the next theorem, which states that any agent whose immediate actions

are restricted is bisimilar to 0, since it is deadlocked.

Theorem 3.4.1 For all a € L(P),

(Za.P)\a ~ 0

Proof:  The restriction of a in a.P creates deadlock, since restriction prevents the
communication of any a or @ from occurring outside the expression. Applying the

expansion theorem results in 0, since all immediate actions a are restricted. O

Theorem 3.4.1 is used for suspending both OR and AND agents. With OR agents,
the expression P ? @ means that the sequencing of () is conditional upon the agent
P renaming its termination signal to the one expected by | (ie. £). This conditional
sequencing is performed by the use of M; within the clause with the cut. The following

theorems illustrate how agents are suspended using this scheme.

Theorem 3.4.2 Let P be a terminating OR agent which produces the action sequence
s, and then quits with termination signal £. So P ~ 5.0.0, and P ? Q = s5.Q). Otherwise,
if P terminates with some termination signal o # £, and P = s.a.0, then P ? Q =~ P.

Proof:  Let P be an agent which produces the action sequence s terminated by the

termination signal £, ie. P ~ s.0.0. Then,

PiQ ~ (P|tQ)\¢ :Con ;
~ (s.£.0]£Q)\ ¢ :subst. P
~ 5.(0.0]£.Q)\ ¢ :expansion
~ s.(0]Q)\/ : expansion
~ s.Q csimplify (0]1Q =~ Q, ¢ L(Q))

However, should P not do this relabelling, then £ ¢ L(P), and P terminates with a

different termination signal not seen by ? Let P = s.done.O:

P ? Q =~ s.done.0 (,J Q : subst. P
~ s.done.(0£.Q)\ ¢ :Con :, expansion
~ s.done.(£.Q) \ / s simplify
~ s.done.0 : theorem 3.4.1
~ P : subst. P
O
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Theorem 3.4.3 Let A be an AND agent that produces a solution, ie. A =~ succ(f).A’.
Then At B =~ B6.

Proof:

to its arguments. Ezpanding A B,

Recall B represents the execution of B with all appropriate bindings applied

AN B = (A[f]]| (succ(0).B + done'.Done)) \ F : Con D
~ (succ(9).A'[f] | (succ'(0).B + done'.Done)) \ F : subst. A
~ (A'[f]| BO)\ F : expansion
~ (A'[f))\ F | Bb : Res, BO\F =~ B0
~ 0| Bf : theorem 3.4.1
~ B s simplify
O
Cut —1: ((succ(0).P)M; Q);C ~ Qb
Cut—2: ((dome.P)M Q);C ~ C
Cut — 3 ((succ(0).P) > Q) ; ~ Qf
Cut — 4 ((done.P) Q) C ~ Done

Figure 3.11: Bisimilarities for cut

Theorems 3.4.2 and 3.4.3 show how OR and AND agents are suspended respec-

tively. Together, they are used to effect a program cut. When a cut is activated, all

previous goal choicepoints are removed (theorem 3.4.3), and the search is terminated

throughout remaining clauses (theorem 3.4.2). The bisimilarities in figure 3.11 model

the cut.
Theorem 3.4.4

Proof:

O

Cut —1: ((succ(f).P), Q); C
Cut—2: ((done.P)>fy Q) C
Cut—3: ((succ().P)Q);C
Cut — 4 ((done.P) ™ Q) ; C

Apply theorems 3.4.2 and 3.4.3.
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3.4.2 Negation as failure, pruning operators, and if-then—else

A variety of other control devices can be modelled using concepts from the semantics

of the cut. Negation as failure is implemented within Prolog as:

not P: — call(P), !, fail.
not P.

A semantic Not operator is based on the operational effects of this Prolog definition:

Not P ( P[f] | succ'.Done + done' succ.Done ) \ F

This definition explicitly causes P to deadlock once an answer has been obtained from
it. Note that safe negation as failure would require P to be ground before invocation.

Two pruning operators — soft cuts and one—solution operators (Hill et al. 1990)
— can also be modelled in CCS. The standard cut as described previously has been
referred to as a hard cut, which is distinguished from a soft cut or snip. Given the

predicate fragment,
P :—a,bQ,cd.
Py —e.

the soft cut @, when activated, discards the subtrees for P, and any other clauses
which may follow. This is analogous to the commit operator used in concurrent logic
programming. The soft cut operator is modelled in CCS as
A@B ¥ (A[f]| NextSoft;) \ F
NextSoft; def succ' (0).(BO § NextSoft;[¢/done]) + done'.Done
This is almost identical to the definition of >, except that, when @ is activated, the

done signal is renamed in the manner done in My . In addition, the clause following

the one with a soft cut is then sequenced with ?,

P¥pp
PlI—A,@,B. def
. = Ple@B
P :— E. dof
P, = FE.

Of course, a soft cut in the last clause of a predicate has no effect, and so standard
backtracking with > would be used.

A one—solution operator is as follows. In the program

Py:—ab&,c,d.
PQ I — €.
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the one—solution operator &, when activated, discards the choice points for goals a and
b. When goals ¢ and d fail, search continues unaffected at P,. This therefore acts as
a local commit for a clause’s goals. The CCS semantics of & is a simplification of the
hard cut semantics:

M[a, &,b]=ar{b

In this translation, the pruning of the search done by ? and Dy is not introduced. An

example translation is the following:

M[P :—ab&cd&e] = P, @eb)dt(c>d) e

where P ...p P ...,
Finally, the if-then—else or implication control construct is modelled as follows.

In Prolog, implication is implemented as,

P:—-C—-QR = P:—-C,! Q.
P:—R.

The equivalent CCS semantics is therefore
MI(C—QR)]= (Ctt QR

When the else component is empty, the expression used is

MI(C—=Q)]= (CHQ)

These expressions are inserted within AND agent bodies which use the implication

control construct.

3.4.3 Example symbolic computation

The semantics of cut is best illustrated by an example computation. Consider the
Prolog predicate and its CCS translation in figure 3.12. A symbolic computation of

the goal “? — p(b,c)” follows:
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p(XY) = pi(XY)pa(X.Y)
p(X.Y) = R(X) b g(Y)
p(X,Y) - h(X)a '7 g(Y) P2(X,Y déf p(Y,Y)
p(Xa Y) - p(YaY)
def .
o) 9(X) i 91(X) 3 g2(X)
N €
glc): — fail. < g1(X) d:f X=0
¢@(X) £ X =c¢> Done
h(e).
h(c) : — h(X). hX) € hi(X) 7 hy(X)
hmX) ¥ x=c¢
he(X) ¥ X =c> h(X)
Figure 3.12: Prolog program and CCS translation
p(b,c)

Q

Q

X

= P (Ca C) 0 pQ(Ca C)

Q

Q

QN

p1(b,c) ; pa(b,c)

(h(b) e g(c)) ; pa(bc)
(Done By g(¢)) 2 pa(b,0)
pa(b, c)

(h(c) B¢ g(c)) ; pa(c,c)

((h1(c) § ha(c)) Ble g(c)) § pa(c,c)
((succ(e).Done § ho(c)) B¢ g(c)) ; pa(c,c)
9(c)

Done

:Con p

: Con p;

: Resol h twice

: Cut — 2

:Con po, p

: Con p;

: Con h

: Resol h;

:Cut —1

: Resol, expansion

The activated cut pruned the infinite computations at hs and ps.

3.5 Dataflow

The issue of the logic variable domain and dataflow within the CCS semantics is dis-
cussed. Some notation which permits dataflow to be hand-simulated during semantic

analyses of programs is first introduced. Extensions to CCS which enable a Herbrand

domain and logical variables to be supported are then described.

3.5.1

Since the main motivation of the CCS semantics is to model control, the details of the

data domain are often kept abstract, and are implicitly assumed to function appro-

49

A semantic notation for dataflow




priately. Because the data given to logic programs determines the course of computa-
tions, some applications such as termination analyses require a more precise treatment
of dataflow. Unless it is absolutely clear how the logical variables in CCS expressions
are affected during the course of analyses, errors can easily be introduced. This will
probably occur for all but the most trivial Prolog programs, given the dynamic nature
of dataflow within computation trees. The notation of this section is intended to help
alleviate this problem. This dataflow notation is a variation of that used by the func-
tional semantics in (Baudinet 1988). Their implementation within CCS is discussed in
the following section.

The form of a computed binding substitution is determined by the logical vari-
ables used in agent arguments, the idea being that only substitutions of interest are

returned as results. For example, in the clause
p(X,Y) : —a(X,Z), b(Z,Y).

the only bindings which would be returned as a computed result from p are the ones
for X and Y. A function Ilg is used to restrict answer substitutions to the variables

in a set S. For example,
Mixy{X < a,Y b, Z +c} ={X < a,Y + b}
Another function vset returns the set of variables found in term ¢, for example,
vset(s(X,1(Y))) ={X,Y}

When a clause p; is invoked with arguments ¢, the call should return an answer substi-
tution referencing the variables in #, which is vset(#). This is denoted by 1L, ger(iy pi(t).
Within the CCS semantics, Il is initially applied when an OR agent is invoked.
Given a call to a predicate p(#), the OR agent expression subsequently invoked is
p1(t) © --+ 3 pg(f). The argument # is passed uniformly to each clause (AND agent).
So,

Hvset(f) (pl (?) HEERE pk(t)) ~
(Hvset(f) n (t)) o (Hvset(f) P (t))

Each p;(f) call reduces to a stream of succ(f) actions to which II is eventually applied:

p(t)

X

Mg (suce(0y) . -+ . succ(by) . --+) = succ(llg Oy) . --- . succ(llg O,) - -
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Similarly, for a program query “? — g1(t1), ... , gr(tr).”,
Wyger((iy i 91 (1) B - - D> gr(T)
The notation

accumulates answer substitutions during computations. Here, 6 denotes the set of
answer substitutions obtained thus far in the computation, say, for a previous set of
backtracked goals.

The above dataflow mechanisms can be introduced into the Back and Cut
bisimilarities. With regards to the backtracking operators > and B> , dataflow af-
fects three of the equivalences in figure 3.5. Back-1 is embellished with the following

dataflow information:

(succ(f).P) > Q(t) =~ 6o (P> Q(th))

The answer substitution result from the left hand side contributes to the final answer
substitution for the whole backtracking expression (“ 6 o ”), and that P’s result is
applied to Q(t) before invoking it (“ Q(#0) 7). The effect of this is that 6’s will be
accumulated and applied as goals are solved. The application of previously computed

substitutions to newly computed ones occurs when Back-3 is applied:

fo (P succ(y).Q) =~ 0o succ(y).(Pr Q)
~ succ(fov).(P > Q)

Finally, Back-4 is used to remove the application of previously obtained results from
further results:

o (P> Done) ~ Pp>Q

The Cut bisimilarities are similarly treated. For example, Cut-1:

((succ(8).P) B¢ Q(F) :C =~ 6o Q(i0)
3.5.2 A Herbrand extension to CCS

CCS does not directly support logical variables. However, CCS’s value passing mech-
anism can be extended so that logical variables over a Herbrand universe is accom-
modated. This extension is similar to that done to handle value and agent arguments

within CCS.
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The data domain used by the semantics is the Herbrand universe for the pro-
gram, Up, as well as the domain of answer substitutions over Up. Because basic CCS
represents behaviour at the level of atomic actions, representing Up requires enhancing
the basic calculus to one with value passing over the Herbrand domain. (Milner 1989)
translates agent expressions using value passing into basic ones without such values by
creating enumerated agent expressions over the total space of domain values. Similarly,
to handle Up, all agent expressions defined for logic program constructs will implic-
itly denote basic CCS expressions enumerated over Up. Given some agent constant

p'(X,Y) defined for the program predicate p(A, B), the constant is equivalent to
def
P(X,)Y) = Ut t; €U, 1Pt 15 = ...}

p'(X,Y) represents a set of agent expressions in which each agent is devoted to a tuple
of arguments from Up. For example, given the AND agent p;(X) def q(a,b,t(X)), the
corresponding Herbrand universe is Up = { a,b,t(a),t(b),t(t(a)),... }. Then, using a

suitable enumeration ordering, the agent p; represents the following family of agents:

! def

Pq = dap(a)

/ def

Py = apt(d)

! def

Di(a) = babt(t(a))

! def

Dyv) = Gab,i(t(b))
def

P = abi((t(a))

supplemented by a similar enumeration of ¢g. Using this implicit translation, all the
transitional inference rules of CCS will be valid, since expressions are reducible to basic
CCS expressions over atomic actions.

The value passing variables used by CCS must be enhanced in order to function
as logical variables. CCS does not address the concept of fresh variable renaming, which
is required in first—order predicate logic. To enable CCS value variables to be treated

logically, a new Con rule must be used:

P 5 P
Con* o = (A déf P)
A— P
where P* is the definition of A with all the variables X; in A uniquely renamed. This is
exactly what is done in predicate logic: the variables in predicative formulae are freely

renamed as necessary, as long as the renaming does not interfere with variable names
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used elsewhere. It is assumed that there is an infinite set of possible variable names
which can be used when accessing a new agent definition, and that variable names
will be freely and appropriately chosen from this set. The observational equivalence
of agents holds up to a renaming of logical variables, since two expressions which are
identical up to a renaming of variables represent the same family of agent expressions.

The answer substitutions found in the 6 argument of succ(f) actions are enu-

merated in a similar manner as agent definitions:
/ —
succ ({X = A)Y < B}) = Uy .cvp { sucex iy, +

This enumeration, however, uses logical variable names as part of the ordering. CCS
does not permit such meta—reflection on variable names. To perform this enumeration,

two new rules of inference are required:

Unify; = (6 = mgu(t, t2))

t = to = succ(f).Done

Unifyo (—30.£,0 = 150)

t1 =ty = Done
These two rules perform unification externally from the other CCS transition rules,
and allow variable names to be included as part of the computed 6 result in M
These additional transition rules should not interfere with the integrity of the other
CCS rules, since these transitions do not introduce any behavioural phenomena during
their invocation (the empty e transition is used).*

Another issue is the distribution of answer substitutions within semantic ex-
pressions. Firstly, it is assumed that the sequenced AND agent calls within OR agents

use normal CCS value passing. For example, given the OR agent definition,
~y def ~\ A ~\ A ~ ~
P(z) = Pi(3) ] Pa(2)§ -+ § Pe(2)

Z is a tuple of CCS value passing variables. This allows the variable scoping in the P,
terms to be mutually exclusive. Computed results, however, are shared amongst goals

in AND agents which use backtracking. Consider a clause,

p(tO) :_gl(t1)7 agk(tk)

4 Note that in section 3.3.1 and the rest of the thesis the unification term = is conceptualised as a
call to a unification agent.
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This is implemented in CCS as,

p(&) = (% =to) > g1(t160) > ga(t26061) > -+ > gi(t,0001 - - - Op_1)

where 6y is returned from “=", and 6; is from g; (1 < i < k). This represents the

cumulative application of answer substitutions onto successive goals. Here, computed
answer substitutions are automatically applied to goals in a backtracked expression.
When some m is computed, this # is instantly applied to the environment. As a
consequence, goals which are subsequently invoked will have # automatically applied
to them.

Only the variables which are resident in a call to an agent are returned in
the computed result for the agent, and computed substitutions for variables found

elsewhere in the clause are pruned from this result. Given some clause agent,

o
.

e

Pz(i) =F=1t> Gl(t~1) > D> Gk(gk)
the mechanism which prunes answer substitutions computed by P; is:

> Gi(f1) > -+ > Gr(t))[f] | VarLoop(fg o - - 0 041, vars(z)) \ F

ISX
Il
Spali

where

VarLoop(6, D) o succ (7y).suce(Ilp (0 o v)).VarLoop(0, D) + done'.Done

The vwars and II operators have the same usage as in section 3.5.1, and are meta—
operators which inspect the syntax of CCS expressions to determine the form of vari-
ables. Therefore, as with the definition of = above, vars and II are implemented as
CCS transition rules. The general idea is that each computed answer substitution is
intercepted and pruned to contain only the variables of interest, which are those in D
— the variables in the invoking call argument.

Using the above methods for (i) extending the Herbrand universe, (ii) auto-
matically rename logical variables whenever necessary, (iii) automatically distributing
and applying answer substitutions within backtracked expressions, and (iv) pruning
computed results, the logical domain of Prolog programs is modelled within the CCS
semantics. This modelling of Prolog’s data domain is done implicitly; it is assumed

throughout the thesis that the above mechanisms exist behind the scenes.
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3.6 Conclusion

3.6.1 Discussion

This chapter presented a new CCS semantics for sequential Prolog. Two main semantic
operators, { and >, model Prolog’s standard control strategy. Control is further
described by high—level bisimilarities, which take the form of rewriting rules. The
semantics of the cut, snip, and negation by failure were also described. Some example

symbolic computations were performed. Some contributions of the semantics are:

e The operational semantics of Prolog is compositional. Prolog programs are map-

pable to semantic expressions.

e The stream of answer substitution domain is not overly abstracted from the
declarative domain of logic programs. Symbolic execution of the control operators
result in the generation of stream output. This differs with the handling of
streams within denotational semantics, in which streams may be a component of

a complex abstract computational domain.

e Dataflow is conveniently abstracted from the control component of the semantics,

which permits a concise semantics of control.

e The cut is elegantly modelled. The semantics of the cut uses some additional
operators which intercompose directly with the existing semantics of standard

control, while preserving the same stream domain.

This semantics of Prolog can be classified as a structured operational semantics
(Plotkin 1981) (Hennessy 1990). This is so because CCS itself is defined by structured
algebraic transition rules (figure 2.2), and these transitions are applicable to CCS
translations of Prolog programs. The semantics retains a strong conceptual relationship
with CCS. This relationship with structured algebraic semantics notwithstanding, a
contribution of this semantics with respect to other semantics of Prolog is its conceptual
foundation as a sequential AND/OR process model of Prolog.

One particular process model of Prolog control was suggested, which admittedly
might not be the simplest or most lucid design possible. CCS was chosen because it
is a well-accepted, solidly founded formalism. Other process algebras such as CSP

(Hoare 1985a) might also prove suitable. Process algebras like CCS are well-suited
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towards modelling sequential Prolog. The AND/OR process tree paradigm is an ideal
way of describing Prolog control, and encoding this characterisation in CCS results in
an effective formalisation. This contrasts to the use of semantic formalisms commonly
used for modelling imperative languages, whose characterisation of computations as
transitions over states of memory values is irrelevant for logic program computations.
Another advantage of the process semantic approach is that the temporal nature of
streams (traces) provides a framework for modelling the sequential logic program res-
olution. In addition, the compositional nature of process semantics corresponds to
the compositional structure of logic programs, and the algebraic foundation of process
algebras is closely related to first—order predicate logic.

A criticism of this semantics might be that a system like CCS, which is de-
signed to model concurrency, is too unwieldy for modelling sequential computations.
Much of the theoretical results of CCS, especially the various classifications of compu-
tational equivalence, are not useful in a sequential context. Therefore, another possible
approach would have been to define a stream semantics of Prolog directly on the lan-
guage using structured transition rules as in (Hennessy 1990). The conceptual basis
afforded by the use of CCS, however, is instrumental in the design of the semantics.
CCS already contains the necessary formal concepts for modelling sequential Prolog,
and a direct result of this is the concise account of control presented here. Reformu-
lating the semantics of processes would have added to the design effort.

The semantics of Prolog defined at the level of the > and { operators is too
low—level to be practical. At this basic level of control, the semantics is encumbered
with communication details which detract from any intuitive modelling of control over
the computation tree. The introduction of bisimilarities does capture the essence of
Prolog control at a higher level. The use of bisimilarities should not detract from the
very real semantic information afforded by the operator definitions: the definitions of >
and ; permitted the derivation of the bisimilarities, and will also be used for deriving
various other semantic properties.

Some example semantic translations were verified using the Concurrency Work-
bench (CWB) system, a semi-automated CCS verification system (Cleaveland et al.
1989). The CWB allows different analyses such as tracing and bisimulations to be

performed on CCS expressions. The current incarnation of the CWB is written to
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handle basic CCS expressions without parameter passing, and cannot handle infinite
state spaces. These shortcomings naturally limit its applicability towards testing the
CCS expressions used here. However, some AND/OR process trees for basic Prolog
programs were constructed and loaded into the CWB, and the resulting traces obtained
conformed to Prolog’s expected control.

With respect to CCS, the extensions outlined in section 3.5 to handle logical
variables warrant more study. Rather than extend the existing basic CCS formalism,
a new incarnation of CCS that directly supports logical variables should be developed.

The theoretical ramifications of logical variables in a process algebra needs attention.

3.6.2 Comparison to related research

Much attention has been devoted to the semantics of pure logic programs executed
under a generalised search rule and computation rule (van Emden and Kowalski 1976)
(Clark 1979) (Apt and van Emden 1982) (Lloyd 1984) (Hogger 1990). These approaches
are not especially concerned with the particular idiosyncracies of Prolog control. In
applications require consideration of the control strategy, the semantics of control is
only informally handled.

The semantics in (Baudinet 1988) is similar in style and purpose to this one (see
section 4.5 for a technical comparison). She proves termination properties of Prolog
programs using a functional semantics of the language. Her approach is similar to
this one in that her semantics maps directly to program components, the semantic
domain is streams of answer substitutions, and her semantic functions X and LI which
describe the results of program backtracking and sequencing are similar in functionality
to the > and } operators respectively. The CCS approach differs fundamentally from
Baudinet’s in that it describes the operational semantics of Prolog directly, whereas
Baudinet defines the final results of executing a logic program assuming Prolog’s search
and computation rules. The CCS semantics is essentially a rational reconstruction of
Baudinet’s semantics. Given the expression A X B, the X operator is defined to
apply the stream of answer substitutions from A to the stream generated by B, which
indirectly reflects the behaviour of Prolog’s backtracking. Nontermination and looping
is explicitly handled by cases dependent upon the form of the streams given to X.

The CCS semantics deduces program behaviour directly from the semantics of Prolog
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control as defined by the > and ; operators. Given the expression A > B, the final
result of this expression is derived using the operational semantics of > itself. Repeated
expansion of this expression yields the same result as X, and the expansion itself can be
performed inductively, rather than explicitly. The advantage of this approach is that
a wide variety of control strategies are definable in CCS. The semantics properties
of new control schemes are then deducible from their low-level CCS definitions. In
addition, looping phenomena are deduced from the CCS semantics, but are defined
axiomatically in Baudinet’s approach.

The semantics of cut are quite different. Baudinet treats the cut by using
special cut flags within computation traces. These markers are used by the operators
for modifying traces to simulate the effect of cuts. CCS models the cut using the
and (,J operators. The effect of the cut on computation traces falls directly from the
CCS definitions, without corrupting the semantics of streams.

Stylistically, Baudinet’s semantics is designed towards concisely describing the
nature of dataflow and the application of answer substitutions through streams. A
cosmetic difference is that she uses function notation such as lambda expressions to
express the distribution of dataflow, whereas we directly distribute answer substitutions
throughout CCS expressions. However, both hers and our treatment of dataflow are
essentially the same. Realistically, when using either of these semantics in an analytical
application, one would probably make the dataflow implicit in order to lessen notational
and semantic cumbersomeness.

Denotational semantics such as (Debray and Mishra 1988) account for Prolog’s
standard control strategy with cut (the Baudinet semantics can be considered to be a
lean denotational semantics). The descriptive power of denotational semantics permits
a semantics the entire Prolog language within one formalism. Features like the cut and
database operations like “assert” are modelled using embellished domain spaces and
continuations. But just because a semantic system can describe all the features of a
language, it does not mean that it does so as lucidly or intuitively as possible. As
with meta—program semantics below, programs lose their declarative interpretation
within a denotational setting. Denotational semantics are more suitable for describing
programming languages, as their complex abstract domain spaces is difficult to apply

towards proving program properties (Ashcroft and Wadge 1982).
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Another related semantics of control is in (Billaud 1985) (Billaud 1988) (Billaud
1990). Billaud defines an abstract interpreter for standard Prolog control with cut.
Unlike meta—interpreters, Billaud’s interpreter is defined in terms of an abstract Pro-
log machine encoded by algebraic rewrite equations. A strength of his approach is
that Prolog code is directly mappable to rewrite equations, which permits program
properties to be proven. In addition, his semantic equations have a functional fixpoint
characterisation, which allows declarative properties of the semantics to be readily pro-
duced. His semantics differs from this one mostly in the underlying conceptual bases of
the two formalisms — processes versus algebraic encoding of an abstract machine. For
example, his equations explicitly encode stack structures of the underlying abstract
machine. The handling of cuts requires manipulation of an algebraic expression which
denotes an abstract data structure encoding the stack configuration required to prune
search. The CCS semantics is a degree more abstract than this, and as a consequence,
stacks are not explicitly denoted. Despite their different underlying formalisms, Bil-
laud’s semantics and this one are closely aligned with respect to their intention to
model the control component of Prolog.

The meta—programming approach defines a logical meta—program semantics of
Prolog. (Hill and Lloyd 1988) suggest an executable Horn clause semantics for various
Prolog implementations, essentially deriving pure Prolog interpreters for Prolog. De-
pending on the complexity of the implementation being modelled, for example, whether
extra—logical features like “var” or annotated variables are included, the declarative
semantics is appropriately extended. Meta—program semantics offer concise axioma-
tisations of the operational semantics of languages, with the added advantage that
such axiomatisations are implementable. Meta—interpreters are better applied towards
describing general properties of a logic programming language, rather than towards
proving properties of individual programs. The operational semantics of the meta—
language must be considered in addition to the operational semantics of the source
language being interpreted if an exact operational model of program behaviour is to
be obtained. (The CCS semantics models a meta—interpreter in section 4.6.)

Proof theoretic semantics of Prolog control have been suggested (Andrews
1991). He shows the correspondence between an operational semantics for an ab-

stract Prolog machine and a natural deduction theory. Prolog’s control strategy is
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described by the proof rule axioms. The advantage this has over CCS is its clearer
conceptual link with declarative logic programming, which would enable declarative
properties of programs to be more naturally modelled. However, the semantic link
with the declarative logical basis of logic programs is not really as strong as claimed.
The operational semantics of logic program connectives differs from the semantics of
the connectives used by the proof theory. For example, the logical AND used to delimit
program goals differs from the logical AND used by the proof theory. With respect
to proving properties of control, the CCS semantics of control might prove to be a
more succinct formalism for studying operational behaviours of programs. Having a
stream—based domain is advantageous for describing phenomena such as cuts, nonter-
mination, and looping. It is also widely adaptable to other sequential and concurrent
control strategies (chapter 8).

(Deransart 1988) uses attribute grammars to describe operational semantics.
By decorating a representation of the computation computation tree, different com-
putation rules can be modelled and analysed. Although it is primarily intended as a
formal means for studying specific control strategies, it can also be applied towards
analysing given program properties.

An application which uses CCS for describing an aspect of sequential Prolog
control is in (Fung 1988). CCS-like expressions are used to describe novice programmer

conceptualisations of logic program control. For example the expression

(SP1 (SPIRHS — (+ (SP1IRHS SP1-)
(FPIRHS FP1-))))

says that, to execute clause SP1, the body (SP1RHS) is contacted; if it is successful,
SP1 succeeds, and if not (FP1RHS), it fails. In the above, “+” and “—” denote actions
and co—actions, while the terms SP1 and others are actions indicating the success and
failure of clause components (heads and bodies). Fung then applies the expansion
theorem to the CCS representation for a program to obtain all the possible “directions”
of control. Novice programmer errors in Prolog programming can then be compared
with this expanded representation of control possibilities, which is done to check for
control misconceptions commonly encountered by novices. Although her application is
not intended as a formal semantics of the Prolog language, it does recognise the utility

of the process algebra paradigm for describing aspects of Prolog control.

60



Chapter 4

Properties of the semantics

Some properties of the semantics defined in chapter 3 are derived. These proper-
ties describe different algebraic and computational behaviours which are useful within
applications. In addition, this chapter establishes the correctness and semantic com-
pleteness of the semantics. Partial correctness means that any answer substitution
computed by the semantics is consistent with the declarative semantics of the program
— computed results are sound. The completeness of the semantics for a programming
language does not necessarily refer to the same notion of completeness as is used when
saying that an inference system is complete. Completeness means that the semantics
adequately and faithfully models the programming language. Completeness is typi-
cally proven by showing the correspondence with the semantic formalism in question
with some other semantics or abstract machine for the language which is deemed to
be correct.

Section 4.1 derives some termination properties. Algebraic properties of the
control operators, such associativity, distributivity, and non—commutativity, are de-
rived in section 4.2. Section 4.3 shows that all the agents defined by the semantics
are well-terminating, which is required for termination analyses. Section 4.4 illus-
trates how the semantics models Prolog’s computation and search rules, by showing
the correspondence between the semantics and both SLD-resolution and the immediate
consequence operator Tp. The semantics is next compared to a functional semantics
by (Baudinet 1988) in section 4.5. Lastly, the correspondence between it and the CCS

semantics of a Prological meta—interpreter for Prolog is shown in section 4.6.
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4.1 Termination properties

The termination of a computation is not an observable phenomena, since termination
can be thought of as a permanent lack of observable activity(Hehner et al. 1986) .
What is required is a means for establishing when an agent terminates — a termination
convention. In section 4.3, both OR and AND agents are shown to be well-terminating,
which means that the action done is always generated by an agent before and only
before it terminates:

s done

P="="0

where s is a stream of actions |s| > 0, and 0 is the null or inactive agent. When an
agent generates done, it is understood that the agent has terminated. The done action
is a termination convention. If done is not seen, then the agent is still active, and
may still generate a finite or infinite number of actions, or perhaps none if it is looping.
Having well-terminating agents means that the semantics is well-behaved with respect
to adhering to a protocol of termination. Such predictability of behaviour is required
when formally analysing termination.

There are three basic behaviours of AND and OR agents.

1. Finite computations. A finite computation is represented as a finite sequence of

zero or more answer substitutions:
succ(0y) . -+ . succ(0g) . Done (k>0)

This is denoted as succ(6;) ,_,.Done or just succ(d;) .Done when k > 0, or Done

when k£ = 0.

2. Infinite productive computations: This occurs when a non-terminating agent gen-

erates an infinite stream of answer substitutions:
succ(0y) . -+ . succ(Og) . -
. — L w . — L w
It is denoted succ(6;) ;_, or just succ(6;)

3. Looping computations: Looping computations are distinguished from infinite pro-
ductive computations in that they produce no output whatsoever. We denote

looping by “1”, and define it in CCS as:



This L agent is defined by a recursive call to itself, which is the simplest CCS
expression that exhibits looping behaviour. A looping agent is in a state where
it produces no actions whatsoever: =3 : S = S’. Looping is also known as
livelock, and its difference with a terminated agent O is subtle. A terminated
agent also has no observable behaviour. By the definition of well-termination,
any terminated agent must generate done before terminating. A looping agent
has no such termination signal, nor any actions for that matter. Therefore, for

any looping agent P, we have P = 1.

The next two theorems show the behaviour of clause sequencing and goal back-
tracking with respect to different combinations of finite and infinite answer substitution
streams (looping is looked at later). Theorem 4.1.1 shows how streams are sequentially

composed.

Theorem 4.1.1 Let o and 8 represent answer substitutions, and let A and B generate
the following combinations of sequences:
(i) A=xal.Done and B=pF.Done (>0, k>0)

(11) A=av and B = (anything)
(iii) A=xal.Done and B=~p¥ (5 >0)

Then A% B generates the following for the above cases:
(i)  of.BF.Done
A'B =~ (i) av
(i11) o.pY
Proof: If CCS’s expansion theorem is applied to each of these cases, the behaviour
observed is bisimilar or observationally equivalent to the generated behaviours above.

For example, in case (i), apply induction on the size of the stream generated by

A. When j =0, then Done’} B =~ B by Seq. For j =n+1,

ot Done t B

a.a™.Done’ B : notation
a.(a™.Done’ B) :expansion

a.(a™.B% Done)  :inductive hypothesis
a"t1. 8% Done : notation

a e

For case (i), the equivalence o® 7 B =~ oY holds by induction on the stream

from A (details omitted). Likewise, in (iii), by induction on j, the expansion theorem
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and Seq are applied to of : B to generate ol .. O

In the following, predicates a and ¢ shows case (i) behaviour:

The stream generated for “? — a(Z).” takes the form

succ({X + 1}) . succ({X « 2}) . succ({X + 3}) . succ({X < 4}) . Done

case (iii) applies between the first two clauses, and case (ii) applies between the last

two clauses, as a has the form a1 (X) ¢ az(X) ? a3(X), and ap(X) ~ succ({X < 4}) .

The next theorem states that, if the stream generated by the left—hand-side
of backtracked agents is finite, then the resulting stream may be finite or infinite.
Otherwise, if the left—-hand stream is infinite, nonterminating or looping behaviour will

occur.

Theorem 4.1.2 Let « and (B represent answer substitution results, and let 6 be the

answer substitution environment which includes the result last computed by A.

(i) Let A =~ o™.Done (n >0). Then

p*.Done :if BO =~ p¥i.Done (i=1,...,n) for every 0 from A,
A>B = nt+je+.tin=k
g cif BO=x (Y for any 0
(ii) Let A =~ o and no derivative of B loops. Then A>B ~ 3% or AB~ .1 (i >
0).
Proof:  For case (i), each o; in o™.Done (1 < i < n) results in a new 6 environ-
ment in which B is executed. The first condition is for BO to produce a finite stream

B7i.Done (j; > 0) for each of these «;.
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Ap> B

a™.Done > B : subst. A
ar.a™ . Done> B : notation
a™ Y. Done > B6 :Back — 1

a™ 1. Done > 7. Done : subst. B6O
Bt (a™ . Done> Done) : expansion
BIt.(a™ t.Done > B) : Back — 4

RN

Repeating this for all «;, we get BI1.572. ... .BI» . Done. This is a finite stream of
size j1 + ja + ... + jn = k.

If BO generates an infinite stream for some 0 from A (say, for ay), then

A>B

a1 A'> B :subst. A

A'>Bf# :Back-—1

A'»>pBY  :subst. B

6 w

The last step is a result of the obvious bisimulation between A' > v.0% ~ v.(A' > %)
and v.B“.

X1 R

Case (ii) states that a terminating stream is impossible when A is nontermi-
nating. This can be seen by considering that there is no derivative for a“ > B which
generates the action done, since by Back-2, P> Q) ~ Done only when P =~ Done, and

the condition here states that no derivative A" of A is bisimilar to Done. O

For theorem 4.1.2 to be useful, the precise effect that the left—-hand goal has on the
right—hand one needs to be ascertained. The stream generated by A > B is solely
dependent upon what effect A’s answer substitutions have on B’s computation, and
whether A itself terminates or not. This reflects how backtracking introduces a high
measure of computation tree variability into computations. Program examples for this

theorem follow. In

the body of p conforms to the first part of case (i), since each stream generated by b

is finite. ¢’s goals exhibit the other part of case (i), as the call to ¢ returns the infinite

65



stream succ(e) . Lastly,

r:— f(X),h(X).
f(1).

f(X) = f(X).
h(X).

is a case (ii) example, as the stream for r will be infinite no matter what the form is
of h.

The next three theorems describe looping. Recall that — denotes a single
action transition, and = denotes a multiple action transition. Theorem 4.1.3 shows
how looping behaviour can be expanded out of agent expressions, while theorem 4.1.4

shows how looping inhibits agent sequencing.

Theorem 4.1.3 If P generates a looping derivative, P = 1, then P ~ s. L.

Proof: Apply expansion theorem. O
Theorem 4.1.4 13P = 1
Proof: Bisimilarity of two expressions is proven by showing that, for each a-

derivative of one expression, the a—derivative of the other expression is bisimilar. Let-
ting € represent a null action, the left-hand side has only one derivative, L * P 5 1% P.
Similarly, for the right hand side, 1 < 1. Both these expressions yield states which

are bisimilar. O

Theorem 4.1.5 shows how looping inhibits backtracking. Recall that the >
operator represents the state of backtracking when the right—hand-side is processing.

Theorem 4.1.5

(i) LB = 1
(i) AL ~ L
Proof: Similar to theorem 4.1.4. O

An example of looping behaviour is the following:
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Theorem 4.1.4 is applicable to the clauses for a, while cases (i) and (ii) of theorem
4.1.5 apply to the goals of b and d respectively.

The looping behaviour described in theorems 4.1.3, 4.1.4, and 4.1.5 can be
incorporated with the stream composition theorems 4.1.1 and 4.1.2. Doing so means
that all Prolog program behaviour is represented. In A B and A B, agents A and B
can generate finite streams, infinite streams, or loop, and these theorems characterise

the form of the resulting behaviour of these expressions.

4.2 Compositional properties

The compositional properties of 7 and > derived in this section show the effect
of intercomposing : and > with themselves and each other. Some relationships
between Prolog’s control mechanism and the stream of answer substitutions derived
during the computation is also shown, including the asymmetry inherent within Prolog
computations.

The ; operator is first shown to be associative.
Theorem 4.2.1 Associativity of sequential composition
(PIQ)IR ~ P (QIR)

Proof: Let d and e be unique action labels, and let [d] = [d/done] and [e] =
[e/done]. The equivalence is proved using the following static laws. For consistency,

the numbering found in (Milner 1989, pages 80 - 81) is retained.

8(2): PUQIR) = (PIQ)R _

9(1): P\L =P if L(P)N(LUL)=1

9(4) : (PIQ\L = P\L|Q\L if L(P)NL(Q)N(LUL) =10
11(1) : P[b/a] = P if a,a¢ L(P)

11(3) : P\a[b/c] = P[b/c]\a if bc#a

The derivation of the equivalence follows:
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(P5Q)IR

~ ((Pld] [d.Q) \ d)[e] | e.R) \ e Con
~ ((Pld] [ d-Q)e] \ d) | e.R) \ e 11(3)
~ ((Pld] [d.Q)e]\ d) [e.R\d)\e :9(1)

~ ((Pld] | d.Q)fe]) |e.R) \ e\ d 1 9(4)

~ ((Pld][e] | d.Q[e])) [e.R) \ e\ d :11(1)
~ ((P[d]le] | d.Qe]) [e.R)) \e\d  :8(2)

~ ((Pld] | d.Qle]) [eR) \e\d t11(1)
~ ((Pld] | d.Q[e] [ e.R) \ e) \ d 1 9(1),9(4)
~ ((Pd|dQiR)\d cdefn.
Dz P (Q:R) cdefn.

Some distributivity results are now shown.
Theorem 4.2.2 Right—distributivity:
(AiB)pD =~ (A> D)} (B> D)

Proof:  First consider terminating agents. The proof proceeds by induction on the

length of the sequence s generated in A B = Done.

Base case |s| =0: Here s =€ and A} B ~ Done. So A ~ Done and B =~ Done. Then

LHS : (A B)> D=~ (Done’ Done) > D : subst. A, B
~ Done> D : Seq
~ Done : Back — 3

RHS: (A>D): (B> D) (Done > D) (Doner> D) :subst. A, B
Done; Done : Back — 3 twice

Done : Seq

QX

Inductive case |s| = k + 1: There are two cases:

(i) Let A =~ Done. Then

LHS : (A;B)>D (Done; B) > D : subst. A

B> D : Seq

Y

RHS: (A>D): (B> D) (Doner> D) ; (B> D) :subst. A
Done i (B> D) : Back — 3

B> D : Seq

X1 &R

0 JE—
(1) Let A B s 1, Done, where s = succ(0).t and |t| = k. Ezpanding the expres-

sion:
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LHS : (AsB)> D (succ(6).A" 3 B) > D : subst. A

DO ((A': B) > D) : Back — 5

X

RHS: (A>D); (B> D) (succ(§).A' > D) i (B> D) :subst. A

DO (A'>D):(B>D) :Back-5

Y

By applying the induction hypothesis on the smaller stream generated by A' % B, these

expressions are bisimilar.

If A loops (A = L), then the following results:

LHS : (AsB)pD =~ (L:B)>D : subst. A
~ 1lp>D : Theorem 4.1.4
~ 1 : Theorem 4.1.5

RHS: (A>D):(B>D) ~ (L>D): (B D) :subst. A
) : Theorem 4.1.5

: Theorem 4.1.4

QN

The bisimilarity is valid.
Theorem 4.2.3 > is right-distributive over 3 :
(A1 j A2t - TA)>B = (4>B)i(A2>B)5 - 1 (4> B)
Proof: Induction on the length of sequenced agent list.
Base case: (A1 A2)>B ~ (A1 > B)i (A2 > B) holds by theorem 4.2.2.

Inductive case k+1 sequenced agents:

(Ari A5 -+ T Ap) > B

~ (A1 (A% -+ T A1) > B :assoc. (Theorem 4.2.1)

~ (Ai>B)i((A2% -+ 5 Agy1) > B) s inductive hypothesis
Dz (A1>B)i(Aa> B) % -+ i (Ags1 > B)  :tinductive hypothesis

Theorem 4.2.4 > is not left-distributive through 3 :

D>(A7B) % (D> A)% (D> B)

Proof: Let A and B both terminate. So A ~ s.Done and B =~ t.Done.

D =~ succ(0).D'. Then
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LHS: D> (A:B)

~ succ(f).D' > (A} B) : subst. D

~ D' (A% B)f : Back — 1

~ D' (s.Done i t.Done) : subst. A, B

~ s.t.(D' > Done) : Back — 3 repeated
~ s.t.(D'> (A% B)) (1) : Back — 4

RHS: (D> A); (D> B)
~ (succ(f).D' > A) 3 (succ(f).D' > B) : subst. D
~ (D' A0) % (D' > Bb) : Back — 1
~ (D' s.Done)’ (D' > t.Done) : subst. A, B
~ s.(D'® Done); t.(D' > Done) : Back — 3 repeated
~ s.(D'>A); t.(D' > B) (2) : Back — 4

However, (1) and (2) are not bisimilar, since the sequence s.t found in (1) is separated

by the sequence generated by D' > A in (2). O
The associativity of > is now proven.
Theorem 4.2.5 Associativity of backtracking
(A B)>C =~ A (Bp>CC)

Proof: The proof uses structural induction over the form of the stream generated by

A. Consider first a terminating stream from A.

Base case: Let A ~ Done. Then,
LHS: (A>B)>C (Doner> B) > C : subst. A
Done > C : Back — 2
Done : Back — 2

X1 &R

RHS: A (B> () Doner> (B> C) :subst. A

Done : Back — 2

Y

Inductive case: Let A =~ succ(f).A’. Then,
LHS: (AxB)>C (succ(9).A'>B) > C s subst. A

(BO:(A'>B))>C : Back — 5

(BO>C) i ((A'>B)>C) :right distr.

X1 &R

RHS: A (B>C0) (succ(9).A' > (B 1> C) : subst. A

(B>C):(A>(Br>C)) :Back -5

X

Now, BO>C = (B> C)0, because 0 is implicitly distributed to C in the first term. The
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other term in both expressions is bisimilar by the induction hypothesis over the smaller

stream generated by A'. Both expressions are bisimilar. O
Finally, an inherent asymmetry in Prolog control is shown.

Theorem 4.2.6 Both | and > are non-commutative:

PiQ # QP

P>Q #% Q>P
Proof: For P:Q, let P ~ s.Done and Q = t.Done, where s # t. Then by theorem
4.1.1, P @Q = s.t.Done. But similarly, Q} P =~ t.s.Done, and s.t.Done # t.s.Done.

A similar argument holds for P> Q. O

Theorem 4.2.6 is a direct result of interpreting Prolog computations using CCS'’s
domain of answer substitution streams. Commutativity is especially relevant when
considering predicates with modes, and looping and nontermination properties. In
order to derive a more conventional model-theoretic interpretation, the stream domain
must be relaxed, and the notion of sets of computed answer substitutions must be used.
For example, if some program P computes P :S>@ 0, then one must treat the atomic

components of stream s = .- - - ., as a set UF_; {a; }. Note that in a set interpretation

of sequences, one loses both the order and multiplicity of computed results.

4.3 Welltermination

An agent P is well-terminating if (i) for every derivative P’ or P, P’ done i impossible,

and (ii) if P’ 08¢ then P' ~ done.0 (Milner 1989)!. Well-terminating does not insist
that P must terminate, but only that it generates done iff it does terminate. Showing
that agents are well-terminating means that they are in some sense computationally
well-behaved, which is required for analysing properties of program termination. Dif-

ferent semantic expressions are now shown to be well-terminating.

Theorem 4.3.1 If P, Q are well-terminating, then so is P Q.

s done

Proof: (i) Because P and @ are well-terminating, it neither possible for P = =,

nor for @ L done Furthermore, inspecting the definition of 3,

P:Q = (P[b/done] | b.Q) \ b

! Even though the actual definition uses the stronger ~ equivalence, the & equivalence holds also.
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done

the action done cannot be produced. Therefore, P73 Q) S L done impossible.

(1) If P 5 Q & done R, then done is not from P, because : wuses it. So
P:qQ L Q wdone o for some [t| > 0 and |w| > 0. Because Q is well-terminating,
Q done . Therefore R =~ 0.

From (i) and (i), P Q is well-terminating. O

Theorem 4.3.2 If P,Q are well-terminating, then so is P> Q).
Proof: (i) From the definition of >,

P>Q ¥ (Plf]| NextGoal;) \ F

NextGoal; succ .(Q  NextGoal;) + done'.Done

P>Q Adone g impossible, as the action done is not generated by well-terminating P
and Q, and is not generated elsewhere in the above expressions.

(i) Given P> Q é@ R and the definition of > in (i) above, the only term
which can generate done is the term Done in NextGoal;. Because Done ~ done.0 by
definition, then R ~ 0.

From (i) and (ii), P > Q is well-terminating. O

Theorem 4.3.3 All agents defined by the semantics of basic Prolog control are well-
terminating.
Proof: By structural induction on the composition of agent expressions for a pro-
gram. The base case are terminating AND agents having the forms:
def .

P, = Done s undefined goal

pY succ(f).Done + Done : builtin atom (unification)
Both these forms are well-terminating. The inductive case is over the the composition
of 7 and > expressions. By associativity,

Pljpg::Pk = Pl:(PQ::Pk) : Theorem 4.2.1

GGy >G = Glb(GQD"'DPk) : Theorem 4.2.5

Applying the inductive hypothesis to both expressions, both are well-terminating using

theorems 4.3.1 and 4.3.2. Therefore the semantics define well-terminating agents. O

Some comments about the semantics of cuts are worth mentioning. Expressions
with D, are not well-terminating, since the termination signal £ can be substituted

-5 . . . . o .
for done. However, because b}, is always used in unison with ; , expressions are
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well-terminating. Informally, this can be shown by considering the expression for a
predicate P with cuts,

P55 Py Py
where Py is the last clause of P. Even though P; through Py are not well-terminating,
termination of the whole expression occurs only if Py terminates. The whole expres-
sion is well-terminating because Py, is well-terminating, since 0, cannot be used

within it.
4.4 Correspondence with SLD resolution

There is a correspondence between the semantics and SLD-resolution described in sec-
tion 2.1. In particular, there is a direct mapping between the AND/OR trees denoted
by semantic expressions and SLD-trees used to model SLD-derivations. The sound-
ness of the semantics then follows from the soundness of SLD-resolution. When the
soundness of SLD-resolution is referred to, it is assumed that the unification algorithm
uses an occurs check.

Section 3.2 discusses how the semantics denotes AND/OR trees. A useful mea-
sure of an AND/OR tree’s complexity is its depth. An n-depth AND/OR tree is a finite
AND/OR tree with at most n levels of nested AND nodes along any of its branches.
For example, a 1-depth AND/OR tree is one with at most one AND node on a branch.
A 0—depth tree is an empty tree. With respect to a CCS representation of an AND/OR
tree, the depth is a measure of the greatest number of nested AND agent invocations
used to resolve a set of goals.

The next lemma shows how the semantics uses Prolog’s left—to—right computa-

tion rule.

Lemma 4.4.1 Consider the CCS translation G1 > --- > Gy for some goal G =7 —
G1,...,G. The semantics uses a computation rule which selects the first goal G .
Proof:  Assume each goal has the form G; =~ @;.G' where o; € {3uce, done}. G is
therefore

Ckl.G’l > OéQ.GIQ >--- D> asz
Applying the expansion theorem to this expression results in either
G > (.Gy > > ap.GY)
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if a1 = suce, or Done if ay = done. This represents the selection of Gy from amongst

the goals. O

The mapping of the semantics with SLD-resolution is now illustrated by show-

ing how AND/OR trees denoted by semantic expressions correspond to SLD—trees.

Theorem 4.4.2 Given a program P and query G, the AND/OR tree derived from the
semantics corresponds to the SLD—tree for P U {G} using Prolog’s left-to-right com-
putation rule. In particular, the expressions M.Done and Done map to success
and failure leafs of the SLD—tree respectively, non-leaf nodes have corresponding back-
tracked expressions in the semantics, and sibling descendents of a node in the SLD tree
map are delimited using ; in semantic expressions.

Proof: The proof uses induction on the depth of the AND/OR trees produced by the
semantics.

Base case: 0-depth AND/OR tree. There are two subcases.

(i) Success leaf. Let goal G be a single literal which calls H def Hy: ---iH, (n>
1). Then
G o~ Hyi--iH- i H, (i <i<n)

R

Hy3 -+ isucc(f).Done’ -+ i H, : Resol

The goal G above maps to the root of the SLD—tree, and the H; term with its associated
mgu 6 corresponds to a success leaf of the SLD~tree for the clause H;. The other Hj;
are treated similarly (when case (ii) is also considered).

(ii) Failure. Let goal G = G1 > ---> G, (n > 1). By lemma 4.4.1, the goal

selected is G1. However, to have a 1-depth tree, no clause resolves with Gi:

G ~Gi>-->Gy
~ (Hi;  iHyp)>Ge> - >Gy (m>1)
~ Done’ --- i Done)>Gy>---> G, :all H;~ Done
~ Donel> Gy > --- > Gy c simplify
~ Done : Back — 2

The goal G again maps to the root of the SLD—tree, but because there are no resolvents
for Gy, this root is a failure leaf. This is denoted by the expression Done above.
Inductive case: Assume that k — 1 depth AND/OR trees have corresponding

SLD—trees. Consider a k depth AND/OR tree, which derives either succ() or Done.
Let the root node of the AND/OR tree be the goal expression G1 > -+ > Gy. Without
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any loss of generality, assume that the selected goal G1 has depth k. Let Gy refer to

the equations,

H Hyj o Hy

H1 déf BOdyl

H, def Body,

where Body; is a single call to = if the clause is an assertion. Then

Gi>->Gy
(Hy; - iHp)> - >Gy : subst. Gy
(Hi> - >Gp)i - 5 (Hp> > Gy) :left— distributivity

Y

Now, when Resol is applied and the H; are suitable replaced, the expression reduces to
(Body; > -+ > Gp)b; 1 -+ (Body; >+ >Gp)l; (1<i<j<m) (1)

because terms denoting clauses which did not resolve fall out of the expression. This
expression represents one AND-level of the AND/OR tree for G. All AND/OR subtrees
denoted by further derivations of terms in this expression will necessarily be of depth
< k. This expression maps to the top of the SLD—tree for goal G: G corresponds with
the root of the SLD—tree, and each term delimited by | maps to one descendent branch
of the SLD—tree for 7 — Ghy,...,Gy, where Gy is the selected goal. Thus, because (f)
maps to the top of the SLD—tree for goal G, and since the subterms have corresponding
SLD—trees by the induction hypothesis, then the whole AND/OR tree for G corresponds

to the SLD-tree for the query created using the same left-to-right computation rule. O

The particular SLD—tree used by a computation depends upon the goal selection or
computation rule used. Theorem 4.4.2 therefore affirms that that the CCS semantics
models the same SLD—tree as Prolog, by virtue of the fact that the same left-to-right
computation rule is used.

The soundness of the semantics can now be stated.

Theorem 4.4.3 The CCS semantics for a program P derives computed results which
are sound with respect to P’s standard declarative semantics.

Proof: SLD-resolution is sound (Lloyd 1984). O

The above can be made clearer by showing the correspondence of the CCS

semantics with the immediate consequence operator Tp commonly used to link the
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declarative and operational semantics of logic programs (see section 2.1). This permits
a more direct comparison with the minimal model M Mp from a program’s declarative
semantics to be performed. Because CCS expressions naturally map to AND/OR
trees, the relationship between computed results and T’p is direct and intuitive. The
following notation from (Lloyd 1984) will be used. If A is an atom, [A] = {A’ € Bp :

A''= Af, for some substitution 0}. [A] is the set of all ground instances of A.

Theorem 4.4.4 For each answer substitution succ() computed by the semantic de-

notation of a single literal goal G and program P,
[GO] € MMp

Proof: There is a direct correspondence between computed results and the sets of
atoms generated by the Tp operator. This can be shown by structural induction on the
depth of AND/OR trees denoted by semantic expressions.

Base case: Consider a single goal G denoting an AND/OR tree of depth 1. Then
G resolves with agents representing assertions. Computed results from this tree are
contained in those computed by TH((), the atoms of Bp represented by all program

assertions. If G = succ(6;) (i > 1), then
Ui [G6;] C [G] (G an assertion) = TH(B) C MMp

Inductive case: Assume that the results computed by semantic expressions denoting
AND/OR trees of depth k — 1 are contained in Tllﬁfl(@), and are therefore in M Mp.
Consider a goal G(t) which denotes a tree of depth k. The OR agent definition with
which G(t) matches has the form

GX) € Gi(X)7 - 1Ga(X) (n>1).

There exists at least one Gj in Gi(t) i --- i Gn(t) which denotes a tree of depth k.

Assume there is only one such Gj, and let it be
Gi(X) € (X =) > Body (1<j<n).

(The computed results from the other Giz; hold by the induction hypothesis, since they
all denote trees of depth < k.) Letting ¢ = mgu(t,t;), then after applying Resol,
G,(t) ~ Body ¢. Because the goal G(t) is an AND agent and contributes one level to
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the depth of the tree, the subtree for Body ¢ must necessarily be of depth k — 1. Thus,

by the definition of Tp, G; (t) computes a result contained in TIIB(@), and
Ui [GO;] C Tp(®) C MMp
for all computed succ(6;) from Body ¢. O

The above easily generalises to multiple literal goals (details omitted).

To show that the semantics uses the same search rule as Prolog, computed solu-
tions from semantic expressions must be shown to correspond to the results computed
by using Prolog’s search rule on the corresponding SLD—tree — a tree which has already
been shown to be equivalent in theorem 4.4.2. (Hogger 1990) describes Prolog’s search

strategy on SLD—trees as follows:

1. The SLD—tree is constructed using Prolog’s left—to-right computation rule.

2. For each non-leaf node, it’s descendents are given a priority, which is simply
the textual ordering of the program clauses in some predicate which was used to

resolve with the selected goal.
3. The search begins at the tree’s root node.

4. A search step from a non—leaf node searches whichever one of the node’s so-far-
unsearched immediate descendents has the highest priority; the next search step

is from that descendent.

5. A search step from a leaf node identifies that node’s most recently searched
ancestor, if any, having so-far—unsearched immediate descendents, and the next
search step is from that ancestor. If there is no such ancestor, then the whole

tree has been searched.

Step 1 constructs the SLD—tree according to Prolog’s left—to-right computation rule.
Steps 3 and 4 are responsible for the top—-down, depth—first nature of Prolog’s search,
while step 5 is responsible for the exhaustive backtracking nature of the search.

The next theorem shows how the semantics uses Prolog’s search strategy.

Theorem 4.4.5 Prolog’s search rule is modelled by the semantics.
Proof: The proof uses induction on the depth of the AND/OR tree in a similar way
as theorem 4.4.2.
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Base case: 0-depth AND/OR tree. If goal G has more than one literal, then
it must be a failure leaf in order for it to be of depth 1. Derivations of this trivially
use an ezhaustive depth—first search. Otherwise, consider a one literal goal G, which
refers to an agent H def H{% .- % H,. To be of depth 1, the H; are either assertions
which resolve with G (H; ~ succ(f).Done), or do not resolve with G (H; =~ Done). In
either case, when Seq is applied to the goal, these H; contribute to the final solution
to the program according to the sequential order of the clauses in the predicate. This
corresponds to Prolog’s searching the SLD-tree using the textual ordering of clauses.
The search is trivially depth—first.

Inductive case: Assume that k — 1 depth AND/OR trees use Prolog’s search
strategy, and consider a k—depth AND/OR tree. For simplicity, consider a goal G11>Ga,
and assume that G1 contributes k levels of depth to the derivation. Let G invoke some
Y H: .-- % Hy,, where H; def Body; and Body; is a single call to = in the case of

assertions. Then,

Gi > Gy
~ (Hy} - Hy) > Gy : subst. G4
~ (Body; > G2)01; --- i (Body; > G2)8; :left —dist., apply Resol, simplify

Because each term has a depth < k, then, by the induction hypothesis, Prolog’s search
strategy is employed on each. Now, by theorem 4.1.1, a term must execute to completion
(generate "Done’) before the term following it can commence. This means that a depth—
first search of each resolvent of the SLD—tree is being performed. In addition, the above
uses the same textual ordering scheme as Prolog. Thus Prolog’s search strategy is used.

O

4.5 Equivalence with a functional semantics

This section shows the correspondence between the CCS semantics and a functional
stream-based semantics by (Baudinet 1988). The semantics of the cut will not be
addressed, but it could be similarly compared.

Baudinet presents a skeletal denotational semantics in which Prolog program
constructs define functions over streams of answer substitutions. As with the CCS
semantics, her domain of answer substitution streams has as its basic element an

answer substitution, which is a set of replacement pairs { Var < term }. Streams
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< 81,8y > :if Sy is finite and proper
<SS >U<S >=

<S> Lif Sy s infinite or improper
010 f(61)) U -+ U (8,0 F(6,)) Lif S =<0y,..,0, >
SMf =< Biof(B)) U U Bpofu))l <L> :1if S=<0,...0p, L >
(010 f(61)) U (B0 f(62)) U --- cif S =<01,09,...>

Figure 4.1: Semantic function definitions

have three forms:
(i) Finite streams: < 6y,...,0, >
(ii) Infinite streams: < 6q,6,,... >
(iii) Looping streams: < 61, ...0;, L >, where L represents looping.

Streams without | are termed proper, and those with L are improper.

Two semantic functions used by Baudinet are defined in figure 4.1. The U
operator concatenates streams. The X or join operator distributes a stream S on the
left onto a functional expression f on the right by applying each answer substitution
element in stream S with the right side expression. In addition, that element is used
as an argument within the right side expression.

Some notation dealing with dataflow is used, which is similar to that in section
3.5.1. IIp restricts a stream to variables found in set D. This D set is constructed
using wset(t), which returns all the logical variables found in tuple . For example,
vset(a(X),b(Y, f(Z))) = {X,Y,Z}. Answer substitutions are accumulated using the
usual notation, eg. 6 o+.

Baudinet’s functional semantics of Prolog is in figure 4.2. All these semantic
expressions define functions which produce the same streams of answer substitutions
as Prolog. In (1), a predicate p is a concatenation of all the streams produced by each
of its component clauses. The functions in (2a) and (2b) define clauses. The function
in (2a) represents facts, and returns a single element stream containing the mgu of the

unification, or a null stream if no unification is possible. The function in (2b) returns
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1) [210) = [m]I®OLU--Ulp]E)

for predicate p, clauses p1,...,p;.

if (0= fail) then <>
(2a) [pi](}) =

else I, .y (<6 >)

where 6 = mgu(p(t), head;), p; head;.

if (0= fail) then <>

(26) [pi](2)

else IL,.0yq) (60 [ bodyf ])

where 6 = mgu(p(t), head;), p; head; : — body;.

o z(B) ] = Op([alta) X X[ b(Esg), ..., 2(E.¢) )

where m > 1, D = vset(tq,...,t,).

Figure 4.2: A functional semantics of Prolog over streams

the result of applying the mgu to the meaning of the body of the clause; the mgu 6 is
included in the result (via “ 6 o ”), as well as applied to the body. Finally, (3a) and
(3b) define the semantics of goals. Null goal bodies result in an empty stream in (3a).
The stream produced by non—null goal bodies in (3b) is defined by joining the stream
produced by the first goal with the functional meaning of the rest of the goals. The
“\” notation represents the fact that the rest of the goal expression uses the elements
from the left hand side as arguments (evident in the definition of X in figure 4.1).
The remainder of this section shows the semantic equivalence between LI and
and between X and >. To show equivalence, the following mapping of streams between

the two systems is implicit:

Functional ccs
Null streams : < > & Done
Finite streams : < 01,05....0, > & succ(by) . succ(B) .- - . succ(by) . Done
Infinite streams: < 6,60s,...> & succ(fy) . suce(fg) .-
Looping streams: < 6y,..,0,, 1L > < succ(fy) . . succ(fy) . L



The U operator corresponds to the ? operator. ITtem (1) of figure 4.2 defines
a predicate p with clauses p1,...py to be [p]() = [p1 JE)U---U[ p ](£). The

CCS translation for a predicate is p(X) ot p1(X)? -+ ¢ py(X). Invoking p(X) with

arguments ¢ is therefore p(f) ~ pi(£) ¢ --- * py(f). Theorem 4.5.1 states that these

expressions are equivalent.

Theorem 4.5.1 U and | are functionally equivalent.
Proof:  From the definition of U in figure 4.1, the expression A U B produces the
following for different A:

(i) < A,B> :Ais finite and proper

AUB =< (i1) <A> : A is infinite
(i1) < A> : A loops

In CCS, the corresponding results are:

(i) oy .-+-.ayn.B :Theorem 4.1.1, A~ aj. - ay.Done
A'B ~ ¢ (it) A : Theorem 4.1.1
(i51) A : Theorem 4.1.4

The X operator corresponds to the > operator. Figure 4.2 defines the semantics

of an expression with goals to be:

(tagp1) M Ao (- X Ap.[ gi J(E2rba - B—1) -+ +))

This expression represents the cumulative left—to-right application of computed results

through a backtracking expression. The equivalent expression in CCS is

g1(t1) > g2(t201) > - - > g (20102 - - - O 1)

The X function treats streams as single computed objects, whereas [> treats backtrack-
ing as an algebraic expression which constructs successive stream elements when the
expansion law or the Back equivalences are applied to it. The following shows that

the streams generated by X and > are the same.

Theorem 4.5.2 The X and > operators compute equivalent streams of answer substi-
tutions.
Proof:  The operators are proven to be equivalent by induction over the number of

goals in a backtracking expression. (For clarity, 11 is ignored throughout).
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Base case: For one goal, the functional semantics generates:

The CCS semantics generates similar streams, since the stream generated is equivalent

to G1 (12:1)

Inductive case: Consider n backtracked goals Gi(t1),...,Gn(t,). The result is shown
for the three types of streams generated by G1(t1).
(i) G1 generates a finite stream. For streams of size 0, the functional semantics
produces:
[G11(E) ™ Ag.[[ Ga(ta), ... Gn(En) ]

= <>NX >\¢|]I GQ(EQ) . G;(En) ﬁ : subst. [[ G ]]('El)
= <> capply X

CCS generates:

GI(EI) > G2(£2)~l> e D Gn(n)~

= Done> Ga(ta) > -+ > Gp(ty) :subst. Gy
= Done : Back — 4

For streams of size k > 0, the functional semantics produces:

[G11(E) X AG[ Ga(ta), s Gultn) T N
= < 01,..,0, >X >‘¢|]I Gg(tg), ,Gn(tn) ]]] : subst. [[ G ]](tl)
(91 o A(Gl)) L (92 o A(Gg)) - (Gk o A(Gk)) (1) capply X

where A(6) = [ Go(t20), ..., G (£,0) ]. CCS produces:

G1(t1) > Ga(ta) > - > Gu(tn)

~ (succ(fy) .---. succ(y) . Done) > Go(ta) > -+ > Gp(t,) : subst. Gy
~ (010 A'(61))5 ((succ(s) .-+ . succ(by) . Done)>
Gg(t~291) > D> Gn(fngl)) (2) : Back — 5
~ (10 A (61)) 5 (020 A (02))5 -+ 7 (O o A'(6r)) : Back — 5 repeated

where A'(0) = Go(t20) > -+ - > Gy (£,0). Now for (1 < i < k), because 6; o A(6;) and
0; o A'(6;) each have n — 1 goals, they are equivalent by the induction hypothesis. (1)
and (2) are therefore equivalent by the equivalence of U and 3 (theorem 4.5.1).

(ii) G1 generates an infinite stream. Similarly to (i) above, the expressions for-

mulated are
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(010 A(61)) U (620 A(62)) U --- (3)

(610 A'(61)) ¢ ((succ(fa) .---) > A'(61)) (4)
where A(0) = [ Go(£20), ..., Gn(£,0) ] and A'(6) = Ga(t20) > - - - > G, (t,0). By inspec-
tion, successive applications of Back-5 to (4) are equivalent to corresponding terms in
(3), and 0; o A(0;) and 6; o A'(6;) are equivalent by the induction hypothesis.

(iii) G1 loops. Let Gy generate < 01, ...,0r, L > for some k > 0. The functional

semantics generates:

[G1 1) X AQ[ Ga(t2), ... Gultn) T
= (f1o0A(01)) U --- U (BroA(lr) U <L > (5)

where A() = [ Go(20), ..., G (£,0) . The CCS expression is:

G1(t1) > Ga(ta) > - > Gu(tn)

~ (succ(fy) .---. succ(fy) . L) > Ga(ta) > -+ > Gy (t,) : subst. Gy
~ (010 A(61)) 5 (020 A'(02)) 7 -+ 100 A'(Bk)) 3
(L>Go(ty) - > Gr(ty)) : Back — 5 repeated

< (0o Al(Bk))i L (6) :Llp>AxL
(theorem 4.1.5)

%

(010 A'(61)) 3 (020 A'(62)) § --

where A'(0) = Ga(t20) > -+ - > G, (,0). Because ;0 A(6;) and 0; 0 A'(6;) are equivalent
by the induction hypothesis, then (5) and (6) are equivalent by theorem 4.5.1.

The streams generated by X and > are equivalent. O

In summary, Baudinet’s functional semantics and the CCS semantics share
some characteristics. Both use a stream domain over answer substitutions, which
is significantly less abstract than what is used by other denotational semantics of
Prolog (Debray and Mishra 1988). The semantic behaviour of Prolog programs is
denoted at the program level, rather than at a meta—program level as in (Hill and
Lloyd 1988). Both systems use semantic operators which map to a Prolog programs
goals and clauses, and the semantic meaning of these operators is the same.

The two formalisms, however, differ in a number of respects. The most obvious
difference is the mathematical machinery used. Baudinet’s semantics is a skeletal
denotational semantics, in which all the components of the semantics are functions.

The meaning of a program — the stream of answer substitutions which it computes — is
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defined by the fixpoint solution of the functional equations for the program. The CCS
semantics uses algebraic operators whose semantics in turn are defined using algebraic
transitions. The meaning of a program is derived by reducing the algebraic expressions
for a program using equivalence—preserving semantic substitutions. CCS does have a
fixpoint interpretation, and applying it onto the CCS semantics of Prolog results in a
semantic model similar to Baudinet’s.

A major difference is that the functional semantics defines the final computed
results of goals and clauses axiomatically, while the CCS semantics defines the oper-
ational semantics of them from which computed results are deduced. For example,
the X operator defines the final stream result of two backtracked expressions, while
the > operator models backtracking by successive applications of the expansion the-
orem or bisimilarities to it. The X produces the results of backtracking in one fell
swoop, whereas > constructs the stream with iterative (inductive) expansion. The
CCS semantics can be regarded as a rational reconstruction of Baudinet’s semantics,
as it constructs the final stream results, and reasons directly about nontermination

and looping, while Baudinet defines the semantics axiomatically.

4.6 Equivalence with a Prolog meta—interpreter

( .

((X,Y)) : — solve(X), solve(Y).
solve(not(X)) : — not solve(X).

(

Figure 4.3: Prolog meta-interpreter

Meta—interpreters are a powerful way of prototyping and implementing logic
programming languages and tools. For example, the basic Prolog meta—interpreter in
figure 4.3 models Prolog’s standard control strategy with negation as failure.

(Hill and Lloyd 1988) study some semantic issues for this and other Prolog meta—
interpreters. They treat such meta-interpreters as pure Horn clause programs (figure

4.4), and discuss how the declarative and operational semantics of meta-interpreters
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solve(true)
VXY solve((X,Y)) < solve(X) A solve(Y)
)) « -~ solve(X)
)

clause(X : = Y) A solve(Y)

V X solve(not(X
VXY solve(X

Figure 4.4: Logical semantics of meta-interpreter

correspond to those of the programs they execute.

By virtue of their ability to treat programs as data, meta—interpreters can easily
encode various control strategies for logic programming languages. However, meta—
interpretive semantics are not intended to be used as programming calculi for proving
program properties “in the small”. The operational semantics of the meta—language
must be accounted for when modelling the operational semantics of the object language.
For example, in the meta—interpreter in figure 4.3, the meta-language’s backtracking
mechanism is used in the second and fourth clauses, and negation as failure is used in
the third clause.

The intention of this section is to ascribe a CCS semantics of control onto
the basic meta—interpreter shown in figure 4.3, and then demonstrate how the meta—
interpreter’s CCS semantics corresponds to the CCS semantics for the object pro-
grams which it executes. This exercise will present a new semantics of Prolog meta—
interpreters, and also verify the semantic completeness of the CCS semantics itself.

Dataflow is not treated here, and a logic variable domain is assumed throughout.

solve(X) def solvey (X) § solves(X) | solvez(X) 3 solves (X)
solvey (X) C X = true
solves(X) def (X = (A4, B)) > solve(A) > solve(B)
solvez(X) def (X =not(A)) > Not solve(A)
solvey(X) o Clause(X,Y) > solve(Y')

Figure 4.5: CCS semantics of meta-interpreter

A CCS semantics of the meta—interpreter of figure 4.3 is in figure 4.5. The >,
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and Not operators are as before. An agent Clause is new, and needs some elaboration.
A first reaction to Prolog’s clause utility is to consider it to be a messy extra—logical
utility similar to the likes of assert and retract. However, (Hill and Lloyd 1988) suggest

a logical interpretation of clause. Consider a predicate defined by the clauses

Pl(lzl) Hla Bl.
Pg(tg) L= BQ.
Pk(gk) L= Bk

where B; is either a list of goals G, ..., G,,, or the atom true in the case that P; is an

assertion. The declarative semantics of clause is

v clause(P(t:I),Bl)

V clause(P(t2), Ba)

V clause(P(ty), By)
where clause is a relation over the syntactic components of the predicates in the pro-
gram. The corresponding operational meaning of clause(P(X),Q), when X and Q are
uninstantiated, is to return each of the defined bodies ) for predicate header P, with
the arguments X bound appropriately. Of course, logical variables differ in meaning
depending upon whether they range over program code as @ does in clause(P, @), or
whether they are part of an argument within the program code itself as do the variables
in X (see (Hill and Lloyd 1988)).

A CCS treatment of clause is as follows. The domain of the clause relation is
atoms from the Herbrand universe, embellished with operators for goal conjunction
and negation. Likewise, the Clause agent in figure 4.5 will use value arguments over
similar constructs. Clause itself is defined in figure 4.6. A call clause(P, )) returns a
stream of m actions, each 6 binding @) to a clause body whose head unifies with
P, and with this unifying binding applied through it. The Clauses agent has encoded

in it the clauses for all the predicates in the program database:

clause(p(X),Cy) . clause(p(X),Cy) . - . clause(p(X),Cy) . Done

where C; are either the goals of rules, or true in the case of assertions. The order of this
sequence reflects the textual order of clauses in the program. ClauseLoop then unifies
each clause to the predicate head in H; when a clause unifies, the body is returned
with the unifying substitution applied to it. The behaviour of Clause is stated in the

following lemma.
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Let [f] = [ succd'/suce, done'/done ]
F = { succ, done' }

Clause(H, B) o ( Clauses [done' /done] | ClauseLoop(H, B) ) \ {done’, clause}

Clauses clause(P(t1),By) . --- . clause(P(t}), By) . Done

ClauseLoop(H, B) def clause(P, Q) . GetBody(H, B, P, Q) } ClauseLoop(H, B)

+ done'.Done

def

GetBody(H,B,P,Q) = ((H = P)[f]| (sucd(0) . succ({B « Q0}) . Done

+ done' .Done) ) \ F

Figure 4.6: Clause agent

Lemma 4.6.1 Given a goal G = P(t), and a predicate P composed of n clauses:

where C; are lists of goals, or true if P; is an assertion. If at least one clause resolves

with G, then
Clause(P(t),Y) =~ succ(f;) . --- . succ(;) . Done (1 <k <n)

where each 0; = {Y <+ C;0;} and 0; = mgu(t,t;), for (1 <i <k) and (1 <j<n). (k
can be less than n in cases where some clauses do not unify.) Otherwise, if no clauses
unify with G, then Clause(P(t),Y) ~ Done.

Proof: Induction on number of clauses given to Clauses. O
The main proof of semantic correspondence is now given.

Theorem 4.6.2 Given a program P and query ), and assume no negation by failure
1s being used. The computed result executed by the meta—interpreter is the same as

what is generated by the operational semantics for P and Q directly, ie. solve(Q) = Q.

Proof: [t will be shown that the CCS semantics of the meta—interpreter in figure 4.5
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with respect to query solve(Q) is bisimilar to the CCS semantics of the query Q itself:

Mees[ s0lve(Q) ] = Mees[ Q]

This is done by showing that solve is bisimilar to another agent solve' which is seman-
tically equivalent to the CCS semantics of source programs themselves. In particular,
solve is applied to each predicate in the program database using its most general call,
ie. solve(P(X)). It is shown that the semantics of this general query is bisimilar to
another agent solve’P(X), which is just a syntactic variation of the CCS semantics of
program P(X) itself.

Consider a general predicate P composed of n clauses, each of which has the
form “P(t;) : — B;.”, where B; is a list of goals if the i'" clause is a rule, or “true” if

an assertion. The expansion of the general meta—interpreter call to P is:

solve(P(X))

~ solves(P(X)) : Con solve, simplify
~ Clause(P(X') Y) > solve(Y) : Con solvey

~ (succ(fy) . --- . succ(By,) . Done) > solve(Y) : Lemma 4.6.1

In the last step, all the clauses unify with the general goal, and therefore there are n
bindings, each having the form 0; = {Y < B;$;}, where ¢; is a binding of the header
terms with the general X argument. If we apply Back — 5 to each succ(6;) in the

stream on the left, this expression is bisimilar to
solve(Bi¢1) ; + -+ | solve(Byén) (1)

Consider a term solve(B;¢;) (1 <i < n) from this expression. The clause body B; has

one of two forms. If it is an assertion, then

solve(B;;)
~ solve(true ¢;) : B; is an assertion
~ solvey(true ¢;) : Con solve, simplify

succ(¢pi).Done  (2) : Resol solve;

However, if it is a rule with k goals, then
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solve(B;;)

solve((G1(t1), ..., G (tx)) bs) :B; is a rule
solves((G1(t1), ..., Gr(t)) ;) : Con solve, simplify
solve(G1(t1)$;) > solve((Ga(t2), ..., Gi(tr))$i) : Resol solves

X R

solve(G1(t1)¢;) > solve(Ga(t2)d;) >
oo > solve(Gr(ty)di)  (3) : Resol solves repeated

It will now be shown that expressions (1), (2), and (3) are bisimilar to the CCS se-

mantics of the source program being executed. Firstly, in (1),
solve(P(X)) ~ solve(Bi¢1)? -+ solve(Bpy)
solve(P(X)) is bisimilar to a new agent solve'(X), which is defined as
solvelp(X) def solvelp, (X): -0 ¢ solvelp (X) (4)

These solvep, agents are defined from (2) and (3) as follows. Each solve(Bi¢;) (1 <
i < n) from (1) is bisimilar to solvelp, (X) in (4). This solvep, (X) is defined according
to whether case (2) or (3) holds:
) X =1 for (2)
solvep (X) def i

(X =1;) > solve(Gy1(t1)) > -+ > solve(Gy ()  for (3)
where ¢ = mgu()z',fi). This conversion is performed on all the predicates in the
program; consequently, all the goals in the new solve’Pi agents are made to refer to

these newly constructed agents:
solvep, (X) def (X =) > solveg (1) > - > solveg, (tx)

Once this has been done, the following correspondence is noted between the solve' agent

for a particular predicate P,

def solvep, ({Z) Po--- §solvelp (X)

X =t

solveln(X)

solve’Pi(X) def
(X =1;) > solveg (t1) > -+ > solve’Gk(fk)

and the CCS semantics of that same predicate P:
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These agent definitions are bisimilar, because they both define the same recursive agent
expression, differing only by their syntactic relabelling of agent names. Because the
solutions to recursive expressions are unique in CCS, they must be equivalent (Milner

1989, pages 56-58). O

For programs with negation by failure, the semantic translation of the meta—interpreter
call for a negated goal G is “Not G”, which is the same as the semantics of negated
goals in CCS. Hence the translation is the same.

Theorem 4.6.2 shows how the operational semantics of Prolog in which the
meta—interpreter executes under is exploited when executing Prolog programs. This
is a significant exercise, since the computational behaviour of such interpretations
is crucially dependent upon the operational behaviour of the meta—interpreter when
executed with Prolog’s standard control. This is reflected in the specific order of goals
in the second and fourth clauses of the meta—interpreter, which execute properly with
Prolog’s left—to-right computation rule. This semantics of the meta—interpreter could
therefore be used within analyses, such as proving termination properties. However,
as shown above, the semantics of the meta-interpretation of the source program is
equivalent to that of the program itself. In the context of proving program properties,
performing analyses on the semantics of programs is more practical than doing so on

a meta—program which uses programs as data.

4.7 Conclusion

This chapter has derived some algebraic properties of the semantics, as well as verified
the correctness of the semantics. The termination properties give a stream characterisa-
tion of Prolog computations, and allow the semantic modelling of non-termination and
looping. Properties such as associativity, right—distributivity, and non—commutativity
define the compositional characteristics of the operators, and permit semantic expres-
sions to be manipulated algebraically. Finally, some well-termination properties were

derived, which establish an aspect of the integrity of semantic expressions.
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Together, the termination and compositional properties contribute to a pro-
gramming calculus of Prolog control. The termination properties define equivalence
substitutions of expressions when the stream behaviours of component sub—expressions
are known. The compositional properties define sound algebraic manipulations of se-
mantic expressions. These properties will be usefully applied later within program

analyses.
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Chapter 5

Program Termination

Initial work in logic program termination assumed that a general fair search strategy
was to be used, and proving program termination reduced to proving the existence
of solutions for given programs. However, with the use of unfair search strategies
such as Prolog’s in which the search can easily follow nonterminating and looping
branches of the computation tree, existential proofs of termination are not adequate.
In addition, Prolog’s depth—first—left—first control means that a program’s behaviour is
crucially dependent upon goal and clause order, and programs are usually written with
the effect of ordering in mind. Because a Prolog program’s behaviour can be subtlely
dependent upon goal and clause order, termination characteristics are often difficult for
programmers to intuit. This presses the need for formal methods of proving program
termination with respect to particular control strategies.

The technique proposed in this chapter uses the CCS semantics of Prolog control
within termination analyses. The type of termination studied is that which occurs
with finite and infinite SLD—-derivations; the nontermination which arise in unification
algorithms which do not use an occurs check is not addressed. The intention here is
not to suggest a new automatic termination proof technique, but rather, to propose
a framework which explicitly uses a semantics of control within termination proofs.
By using the semantics of Prolog control, including the termination properties derived
in chapter 4, a more precise semantic characterisation of Prolog program behaviour
is possible. CCS is especially useful in termination applications, since finite, infinite,
and looping computations are straight—forwardly modelled. The proofs illustrate how
a stream—based semantic characterisation of control can be exploited when proving

termination properties.
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Section 5.1 reviews the termination problem in conventional programming and
logic programming. A strategy for proving Prolog termination using the semantics is
outlined in section 5.2. Some example termination analyses are presented in section

5.3. A discussion concludes the chapter in section 5.4.

51 Review

5.1.1 The termination problem

Formally verifying that a computer program will terminate is an important issue in
software reliability (see (Loeckx and Sieber 1984) or (Berg et al. 1982) for detailed
treatments). To say a program terminates is to imply that the computation is finite,
and that the computation ends in a finite amount of time. The issue is immediately
complicated by the Halting Problem, which states that general program termination
is undecidable (Boolos and Jeffrey 1980). Most practical programs fortunately fall
in a class that have tractable termination characteristics, and therefore have feasible
termination proofs.

The state of an imperative computation is the set of variable values found in the
memory, and is denoted o. A deterministic imperative computation is characterised
by the transition sequence over program states: o; — g;11 — -+ 0. A program P is
a partial function over the state. It is partial because some computations might not
terminate for particular o. The intention is for P : 0; — oy to compute from some
initial state 6; a final state ;. Although various formal programming methodologies
differ in philosophy and mathematical tools used, they all use similar means to prove
termination, which is required for establishing program completeness. A computation

is terminating if there are a finite number of state transitions during execution:
O, —> 09 — + — Of

One mathematical means for proving termination is by using a variant function (Gries
1981). A variant is a function over the state o such that, (i) for each program transition
0j = 0j4+1, then f(o;41) < f(0;) for some well-founded ordering relation <, and (ii)
f(of) = 0 for any final state oy. If a variant is definable for a program, then the

program state complies with a well-founded ordering, which is one in which there is
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no infinitely decreasing sequence,

- = floz) < flo2) =< f(ow)

The variant is designed so that each successive state transition decreases the variant
function value towards 0. Termination is assured because the ordering is well-founded:
the function cannot decrease forever. Variant definitions are problem domain specific,
and their derivation is often non—trivial. Although some methodologies do not explic-
itly use variants, they all use the same fundamental technique of demonstrating that

state transitions adhere to a well-founded ordering.
5.1.2 Logic program termination

Logic program correctness is conceptually divided into partial correctness and com-
pleteness (Hogger 1984). A program is partially correct if the values it computes are
consistent with the specification. Logic program completeness is a more involved. Logic
program computations can return multiple (possible infinite) solutions to queries. Be-
cause the particular set of solutions computed by a program is dependent upon the
control strategy used to explore the search space, completeness requires consideration
of the control. A logic program is complete with respect to some control strategy and
specification when (i) it computes all the values that the specification says it should,
and the search space explored is finite, and (ii) the control scheme used is exhaustive.
Logic program computation is modelled by SLD-resolution, which in turn can
be denoted by an SLD-tree (see chapter 2). Logic program termination is directly
denoted by SLD-trees. Given an SLD-tree for a program, each leaf node denotes
a terminating computation. Empty leaf nodes denote successful computations, while
non—empty leafs denote finitely failed computations. Some branches of the tree may not
terminate; there is no leaf node terminating the branch. These branches denote non—
terminating computations — ones which do not compute a result. Finite and infinite
computations are characterised by finite and infinite SLD—trees respectively. An infinite
SLD-tree may have no infinite branches, but instead have an infinite number of empty
leaf nodes. This means that there are an infinite number of solutions computed®.
The effect of the control strategy on an SLD—tree is as follows. The computation

rule — the order in which goals are selected for resolution — determines the existence

L All the solutions may possibly be identical.
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of infinite computation tree branches for a computation. The independence of the
computation rule (Lloyd 1984) states that any computation selection rule will result
in the same set of successful derivations. However, the computation rule determines
which SLD tree is used for the computation. The search rule — the order in which
clauses are selected for resolution — determines how the particular SLD tree being used
will be searched, and in particular, the order in which branches within the SLD trees
are searched. A search rule is fair if all computable solutions are produced in a finite
amount of time, and is unfair if computable solutions may never be produced. An
example of a fair search rule is breadth—first search, while an unfair search rule is the
depth—first rule used by standard Prolog.

The computed results generated in an SLD tree can be characterised by streams
of computed answer substitutions if one associates each empty goal (node) with the
corresponding answer substitution used to compute it. This stream characterisation
of SLD tree computations allows the morphology of the tree to be abstracted away to
obtain just the computed results which are computed within it. Therefore, instead of
reasoning about finite and infinite branches of a tree, streams permit a more direct
modelling of the essence of logic program termination: a program terminates if the
stream of computed results is finite, and a program is nonterminating if the stream is
infinite.

The seminal work in (Clark 1979) (see also (Apt and van Emden 1982) (Hogger
1984)) treats logic program termination by proving the ezistence of finite successful
SLD trees for particular input. Proving the termination of a program amounts to

formally proving that the following holds:
VZ[I(z) — JgP(z * g)]

In this formula, £ and g are tuples of logical variables, T * g is a tuple representing a
permutation of Z and g, I(Z) is an input relation asserting some criteria on the input
arguments, and P(Z % ¢) is a computed relation for program P. The formula asserts
that, whenever the input satisfies some condition I, then there exists a computed
result P. Given that general SLD resolution is refutation complete, proving that a
program terminates under this formulation reduces to showing that there exists a finite
successful SLD tree for some goal query. The proof methodology implicitly uses a fair

inference strategy, and specific control schemes are not formally accounted for within
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proofs. However, particular control schemes can be informally handled by keeping the
intended control scheme in mind during the proof, and applying the verification formula
and proof steps appropriately. For example, consider the declarative representation of

a goal query:

7= q1(t1), g2(t2), g3(ts). & V(gi(t1) A g2(t2) A gs(t3))

Prolog’s left-to-right control is handled by treating the conjunction on the right with
the ordering of goals in the original query in mind. Because logical and (A) is reflexive
and insensitive to the order of arguments, any enforced orderings with it are informal.

(Hogger 1990) suggests a termination proof technique. Nontermination only
occurs within recursive programs® Consequently, given a program P and a compu-
tation rule R, Hogger identifies potentially—recursive reductions or PRR’s, which are
the recursive calling structures within P using R. After finding them, he applies a
well-founded ordering proof to the arguments to prove termination. A mapping p is
derived between the argument terms of a PRR and a well-founded set, which is any
structure [, <] in which W is a set, < is a strict partial order, and W is well-founded

wrt <: for w; € W, there exists no infinite path
Ce < wg < wh < w.

For example, given the following clauses,
A(ty) : — B(t,), othersy...
B(Eb) i C(ZQ), D(£3), 0thers2...
D(t.) : — E(ty), A(ts), otherss...

To show the recursive behaviour of A given Prolog’s left—to-right computation rule,

one unfolds the call to B,
A('Ea) i 0(52)91, D(Eg)al, 0thers*91...
and then unfolds the call to D,

A('Ea) il 0(52)91, E(£4)9192, A('E5)9192, others*0192...

2 Note that the non-termination which arises during the unification of terms when there is no occurs
check is not addressed, as it is assumed that the unifications performed are sound, and therefore use
an occurs check.
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where 01 and 6y are the mgu’s of the unfolding of B and D respectively, and others*
are accumulated others; goals (which are ignored here). This left—to-right unfolding
reflects Prolog’s computation rule. It must be shown that (i) A(Z,) is derivable, and
1w(A(ty)) € W, and (ii) p(A(5)6102) < u(A(t,)). Condition (i) assures that A(f,)
represents an invocation of interest, ie. any invocation which might conceivably occur
within the program. Condition (ii) states that nontermination will occur, and is similar
to the conventional approaches mentioned in section 5.1.1.

Hogger’s termination analysis is generalisable to any computation rule by ap-
propriately changing the unfolding procedure. However, this generality means that
there are a multitude of PRR’s which may conceivably be analysed, many of which
may never realistically occur within the computation. For example, in the example
above, should C(3)6; loop, then the well-foundedness of the PRR for A is irrelevant,.
In addition, this technique does not explicitly handle the search rule or backtracking,
so the unfolding must be duplicated for each potentially unifiable clause within the
program. In summary, Hogger proposes a formal characterisation of termination for
Prolog programs, while recognising the effect of the computation rule on termination.
However, like (Clark 1979), precisely accounting for specific control strategies such as
Prolog’s standard control requires appropriate adaption of the proof procedure, which
is informally undertaken.

Non—termination can be characterised using concepts from term rewriting sys-
tem technology (Dershowitz 1987). The idea is that terms being rewritten must in some
sense become syntactically simpler if termination is to result. Non—termination arises
when terms increase in syntactic complexity. The following from (Dershowitz 1987)
makes this concept more concrete. The homeomorphic embedding relation > on a set

T of terms is defined recursively as follows:

S = f(81,82 -y 8m) > g(t1,to, ..csty) =1

if either there exists some s; (1 <4 < m) such that s; > ¢, or f = g and si; >t for all
j=1,...,n, where 1 <iy <i9 < --+ <14, <m. The > denotes the notion of syntactic
simplicity: s>t means that ¢ is syntactically simpler than s, and can be obtained from
s by deletion of selected term components. A derivation t; =ty = - - = t; = -+ =
ty = - - is self-embedding if ¢, > t; for some j < k. A rewrite system is self-embedding

if it allows a self-embedding derivation.
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Theorem 5.1.1 If a finite rewrite system is non—terminating, then it is self-embedding.
Proof: If a system R does not terminate, then there exists at least one infinite
derivation t1 = to = ---. Since there can be only a finite number of function symbols

appearing in the derivation (those in t1 and in R), then t; > t; for some j < k. O

Logic programming can be characterised by term rewriting systems
(Dershowitz and Plaisted 1985). Similarly, the CCS semantics is characterisable as a
term rewriting system, where program equations and bisimilarities are considered to
be rewrite rules. The nature of termination and non—termination of semantic symbolic
computations parallels term rewriting derivations. Theorem 5.1.1 will therefore be

referred to in the thesis when divergence is encountered.

5.1.3 Prolog program termination

Research in proving Prolog program termination has been approached from two differ-
ent perspectives. One approach looks at the termination problem for general Prolog
programs. Generalised Prolog termination is necessarily complicated by the undecid-
ability of termination, and is further compounded by the complexity that arises in
nondeterministic logic program computations. The other approach is to study the
termination characteristics of particular classes of programs which have decidable and
desirable termination characteristics. As mentioned above, logic program termination
analyses like those in (Clark 1979) (Hogger 1984) (Hogger 1990) can be applied towards
Prolog control, the control component being informally considered. Recent approaches
have been suggested which attempt to formalise the effects of Prolog’s left—to-right
depth—first control on program termination. A few of these approaches are now sur-
veyed.

(Francez et al. 1985) introduce two methods for proving Prolog program termi-
nation. One technique is to derive a parametric variant function over the computation
tree, which complies with a well-founded ordering over the data domain. This dupli-
cates the style of variant functions used in verifying imperative programs. This method
is exceedingly complex, as the variant function must account for backtracking amongst
different clauses. The other technique is compositional and treats logic program com-
ponents as stream generators. This seems to be a clearer approach, but it still uses

complicated arithmetic variants.
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(Vasak and Potter 1986) characterise program termination using an inductive
technique reminiscent of abstract interpretation. They derive sets of goals which share
termination characteristics. In addition, they do not explicitly account for any search
strategy, which means that features such as Prolog’s cut cannot be considered.

(Bezem 1989) (Apt and Bezem 1990) analyse the termination properties of re-
current and acyclic logic programs. They use a refined well-founded ordering called
a level mapping, which is a function mapping variable—free atoms to N, and is de-
noted |A|. Should an atom have logical variables, the largest valued level mapping
possible for all possible ground instances of the atom is used. Given some clause
“P :— Ay, --- ,A,.7, the head and each goal has derived for it a level mapping. A
program P is acyclic if the level mapping of each clause’s head is greater than the level
mappings of its goals (negated literals have the same mapping as their non—negated
equivalents). Recurrent programs are acyclic programs without negation. To prove
termination, one treats the level mappings of the goals in a clause as a multiset over
N, and then define for it a well-founded ordering. Some results of their research is
that acyclic programs terminate for all queries, acyclic programs can compute all total
recursive functions, and pragmatically speaking, well-founded multiset orderings are
a convenient tool with which to prove the termination properties of logic programs.
Because the termination of acyclic programs are insensitive to the inference strategy,
their approach is relevant to Prolog only as far as a Prolog program can be determined
to be acyclic, which is theoretically undecidable, and impractical to expect of real
Prolog programs.

(Apt and Pedreschi 1990) extend the above by redefining the notion of recur-
rency for Prolog’s left—to-right computation rule. Level mappings for atoms must
reduce for only a prefix of goals in a clause (a given initial sequence of the goals),
rather than all the goals as is required for recurrent programs. This prefix is defined
to be the set of goals which have finite SLD trees for some model I. Then, as with
recurrent and acyclic programs, termination proofs involve finding level mappings for
the program statements, under the provision that only given prefixes of goals have to
satisfy the mappings.

(Baudinet 1988) analyses Prolog program termination by deriving a functional

semantics of Prolog (see sections 3.6 and 4.5 for details). The meaning of a program is
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the meaning of the set of functional equations for it. Two styles of proofs of program
termination are possible. One approach uses induction over the structure of streams
or predicate arguments. Alternatively, functional fixpoint proofs can be used.

Recent research has focussed on automating termination proofs for Prolog pro-
grams (Plumer 1990) (Verschaetse and Schreye 1991). Because termination is unde-
cidable in general, the class of programs successfully handled by these techniques is
necessarily restricted. Many programs can be shown to terminate by showing that
the recursive calls within them subscribe to syntactic simplification orderings, which
is an instance of the well-founded ordering technique for termination proofs discussed
above. Such proofs can be derived automatically when the arguments of recursive calls
use terms which are syntactically simpler than the header’s corresponding arguments.
However, more attention is required if local variables are used within clause bodies,
as it is not possible to syntactically determine the ordering relations between variable
arguments without first knowing what is computed by them. Pliimer’s methodology
handles ground queries, and applies dataflow analysis and ideas from rewriting system
technology to automatically derive ordering relations for such programs, under the as-
sumption that these programs are well-moded, normalised, and do not have mutually
recursive calls. Verschaetse and De Schreye generalise Pliimer’s approach to handle any
goal satisfying given mode criteria. They convert a Prolog program into an abstract
set of relations which relate the sizes of arguments with one another. Termination is

proven if this abstract relation is solvable.

5.2 A technique for analysing Prolog termination

The CCS semantics of Prolog control, along with the termination properties of section
4.1, contribute to a calculus of Prolog control which can be used towards proving pro-
gram termination properties. Termination analyses use the semantics of Prolog control
— the CCS bisimilarities for clause sequencing, backtracking, resolution, and “cut” -
along with the termination and algebraic properties of chapter 4. The stream char-
acterisation of Prolog computation afforded by this semantics is useful in termination
proofs. Note that the nontermination which can arise in unification algorithms not
using the occurs check is not addressed here (discussed further in section 5.4).

All termination proofs of Prolog programs, including the ones given here, share a

100



fundamental flavour. Termination of a (Prolog) program can be shown if the recursive
calls in it are computationally smaller or simpler than the original. This notion of
“simpler” is formally demonstrated by establishing that the arguments to recursive

predicates adhere to a well-founded ordering. The general technique used is:
1. A given Prolog program has a corresponding CCS translation derived for it.

2. Only a recursive structure (what Hogger calls a PRR in section 5.1.2) can con-
ceivably be nonterminating, and non—recursive structures are assumed to termi-
nate. Using the semantics, clause and query goals are symbolically expanded to

generate PRR’s.

3. To prove termination of a PRR, a well-founded set [W, <] is defined, for set
W and well-founded ordering <. The recursive arguments are demonstrated to
conform to this well-founded set. Ideally, structural induction over the terms
of the arguments may suffice. Complex argument domains may require more

sophisticated ordering relations.

4. Whenever the form of a goal or clause stream can be deduced, termination prop-
erties can be applied. Structural induction over the size of streams themselves

may also be useful.

The above needs some clarification. First, PRR’s are not guaranteed to be the recursive
calls which will occur during a program’s computation, but are possible recursions

which might occur. For example, in the following clauses,

P:— A T.
T:—-Q, P.
expanding T will determine that P is a PRR. However, during program execution, ()
might always fail (perhaps it is undefined), so this PRR will never execute. The actual
recursions that will occur during a program’s execution are difficult — if not impos-
sible — to predetermine from the program’s syntax; information about the program’s
declarative semantics is required.
Different well-founded orderings are possible for programs, and the particular
ordering chosen is program dependent. For example, many simple programs can use

an ordering relation over the size of argument terms, which means that structural
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induction can be used. Multiset orderings can also be convenient (Apt and Bezem
1990). In any case, to prove termination, the ordering used should be well-founded,
which means that there is no infinitely decreasing ordered sequence. The well-founded
ordering should also be a strict partial order. A strict partial order over a set S is a

relation < over S x S such that, Vz,y,z € S, the relation is:

asymmetric: —(x <yAy <)
irreflexive : —(z < x)
transitive:  (z <2) if (z<y)A(y < 2)

Asymmetry and irreflexivity introduce strictness to the ordering, which prevents loop-

ing recursive structures, for example,

p(X) : - p(z).

Terminating programs are those whose recursive predicates have arguments which can
be mapped to well-founded orderings. Nonterminating programs are ones in which
there is no well-founded ordering possible for its recursive structures. The concepts
from term rewriting system divergence outlined in section 5.1.2 will be applied when

divergence is encountered in the proofs.

t1) : — b(t3), others; ...
a(t3) : — a(ty), othersy ...

b(ts) : — e(ts), a(tg), otherss ...

b(t7) : — a(tg), othersy ...

0

a(X) =€ a(X)as(X)
ar(X) ¥ (X =4) > b(is) > othersy - - -
as(X) def (X = t3) > a(f4) > othersy - - -

b(X) L by(X) 5 0(X)

bi(X) ¥ (X =8) > e(ls) > a(ir) > otherss - - -
bo(X) ¥ (X =1£) > a(fy) > othersy - - -

Figure 5.1: Program and CCS translation
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A general example of how the semantics is used in termination proofs is now
illustrated. Consider the program and translation in figure 5.1. In proving the termina-
tion of a query “? — a(f).”, the arguments in # can be partially or wholly instantiated.
Let such a query have uninstantiated arguments X. The proof proceeds by expanding

the CCS expression for the query:

X) sinitial query

IS
—~~

~ a1(X) 5§ az(X) ~ :Con a

(X =1;) > b(ty) > others; - - 1ag(X) :Con a;

At this point, Resol is applied, the resulting binding distributed appropriately (letting

the binding be 6;), and the expansion is continued:

b(t26,) > others;0; - - - : ag(X') : Resol

(b1 (12:291) B b2(£201)) > others:6; -+ } GQ(X) :Con b
((e(tgf2) > a(t762) > others*) i
* (a(tgh3) > others*)) > others10; : as(X) : (as above)

Q&

Here, 0, and 03 are the effects of resolving b; and by respectively, and others* are
accumulated goals not being analysed. Two PRR’s have been found so far. The first
PRR is preceded by a call to predicate e. If e contains a PRR, then its behaviour will
first have to be ascertained. Otherwise, it can be considered to be terminating. In
either case, theorem 4.1.2 must be used to show the behavioural interaction between
e and a. Once done, a well-founded set for the arguments in a(f;620) (6, being the
effect of each successful inference of e) is next discovered, using a similar expansion as
just done. The simplest situation is when structural induction on argument terms is
possible. The other PRR represented by a(tgf3) is treated similarly. Note that, if need
be, the stream results of b; and by may be coalesced by theorem 4.1.1. Once this first

clause of a has been analysed, the second call to as is similarly dealt with.

5.3 Example termination proofs

5.3.1 Non-terminating productive program

This example applies the semantics to the Prolog program in figure 5.2. The dataflow
notation from section 3.5.1 is used for doing necessary bookkeeping. Consider the

query “? — p(U,V)”. The following behaviour can be derived:
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p(X.Y) j{ pi(X,Y) i pa(X,Y)
p(a,b) pl(XaY) = (XaY) = (aa b)
p(b, c) p(XY) € (X,Y)=(bo)
g(a). T WD) Y w2 w2)e2)
a(Z) : — a(Z) w2 ¥ z=a
q(b) : = q(Y), p(Y, W). w2) w2
a(7) ¥ Z=boq(Y)>p(Y,W)

Figure 5.2: Logic program and CCS translation

p(U,V)

~ g 010 (p1(X,Y) I p2(X,Y)) :Con p, 01 ={U+ X,V <Y},
S={U,v}

~ g 07 o (succ(fy) . p2(X,Y)) : Resol p;, Seq,
Oy = {X < a,Y < b},

~ g 01 o (succ(y) . succ(f3).Done) : Resol po,

O ={X < b,Y < c}

~ g (succ(fy o 6y) . succ(fy 0 03) . Done) : apply 6,

~ succ(fy) . succ(fs) . Done capply 11, 04 ={U < a,V « b},
05 = {U < b,V « ¢}

The above shows how the results generated by clauses are sequentially composed.

Alternatively, theorem 4.1.1 could be used to join the two finite sequences from the

clauses. Next, consider the query “? — ¢(a).”:

g3(a) : Con ¢
~ succ(€).(q2(a) i g3(a)) : Resol ¢q;, Seq

2 3
~ succ(e).(q(a) i g3(a)) :Con g9
~ succ(€).(q(a) i Done) : Resol g3
~ succ(e).q(a) : Pi Done =~ P

(€)
~ succ(e).u()succ(e).q(a)) : repeat above

The bisimilar substitution in the last step holds because of the uniqueness of recursive

expressions Finally, consider the query “? — p(U,V),q(U).”:
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p(U,V) > q(U)
~ succ(fy) . succ(B2) . Done > q(U) : (from above) 0; = {U < a,V < b},
Oy ={U «< b,V « ¢}

~ 01 o (succ(fy) . Done B q(a)) : Back — 2, apply 6, to q(U)
~ 0, o (succ(f3) . Done > succ(e) ) : (from above) q(a) ~ succ(e)
~ 0o succ(e) . :theorem 4.1.2, Ppa¥~a¥
~ succ(fy) * :apply 61

The infinite stream from ¢ causes the backtracked expression to be infinite also.

5.3.2 Looping program

p(X) dzzfg)l(X)ipg(X)
pi(X) = a(X) > b
(X): = a(X),b def
ﬁ(x): o) p2(X) = p(X)
a(1) e ) E a(X) ay(X)
a(2): — a(2) a(X) % X =1
as(X) = a(X)
b.
b,
by def True

Figure 5.3: Looping program
This example illustrates the handling of looping within the semantics. Consider
the program in figure 5.3. The call a(2) is first analysed.

a(2) =ai(2)iaz(2) :Con a
~ Doneas(2) :Resol ay

~ as(2) : Seq
~ a(2) : Con as
~ 1 : Theorem 5.1.1

Next, the behaviour of the call a(X) is derived.
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a(X) =a(X)7ay(X) :Con a
~ succ({X < 1}) . a2(X) :Resol ay, Seq
~ succ({X < 1}).a(2) :Resol as
~ succ({X +1}). L : from above

One solution is generated, and then the computation loops. Now, given the query

“ _ p(X).":

p(X) = (a(X) > )] pa(X) : Con p,p;
~ ((succ(fy) . L) >b) 7 pa(X) : (from above) 01 = {X « 1}
~ ... ~succ(fr) . (L>b)ip(X) :expansion
~ succ(fy) . (L7 pa(X)) : theorem 4.1.5
~ succ(fy) . L : theorem 4.1.4

The query p(X) therefore infers {X « 1}, and then loops.

5.3.3 Adding cuts to force termination

p(X) dzszzn(X) : pa(X)
p(X): —a(X),!,b. plgii sz ag(( et
p(X) : = p(X) ey
(1) o) E @) a(X)
a(2) : - a(2) al(X) =€ X =1

as(X) ¥ a(X)
b.

by,

by def True

Figure 5.4: Program with cut

This example shows the effect of cuts on looping. Cuts are commonly used to
force nonterminating programs to terminate. The program in figure 5.4 is the program
of figure 5.3 with a cut inserted into it to force termination.

The manner in which the cut prunes away goals which cause looping when

backtracking is first shown. Executing the query “? — p(X).”:
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p(X) =pi(X)5 pa(X : Con p

~ (a(X) D¢ b) ;5 pa(X) : Con py
~ ((succ(01) . aa(X)) Me b) ; p2(X) :Resol ay, 01 =¢
~ b, :Cut -1

succ(e).Done : Resol by

The infinite subtree at as(X) is discarded by the cut, and the computation terminates.
A cut’s pruning of search through a looping clause is now illustrated. Consider

the goal “? — p(1).” in the looping program of figure 5.3:

p(1) = (a(1) > b) { pa(1) : Con p,p
~ ... = succ(e) . pa(l) :expansion
~ succ(e) . p(1) : Resol po
~ succ(e) p(l) = a?

Executing the terminating version of figure 5.4:

p(1) = (a(1) B¢ b) 5 pa(1) : Con p,py
~b :Resol a, Cut -1
~ succ(e).Done : Resol b

The infinite subtree at py(1) is discarded by the cut, and the computation terminates.
Cuts are commonly used to improve efficiency by pruning unwanted multiple

solutions. Consider a clause

P:— A.

in which A generates a stream of solutions succ(6;) .Done. If only one solution is

required, a cut can be inserted at the end of the clause
pP:—A

The semantics of this new behaviour is:

P =~ A True :Con P
~ succ(6y).succ(6;) ?:Q.Done > True :subst A
~ 01 o T'rue :Cut -1
~ succ(0y) . Done : Resol True

The cut takes the first solution from A as a final result.
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d(A,[A|X], X).
d(A,[BIX],[B|Y]): —d(A, X,Y).
p((1.1])-
p(X,[AY]): —d(A, X, Z), p(Z,Y).
i}
d(va) déf dl(QapaR):d2(Q7PaR)
d1(Q,P,R) ¥ (Q.P,R) = (4,[A|X], X)
d2(Q.P,R) ¥ (Q.P.R) = (A,[B|X],[B|Y]) >d(A X,Y)
p(Q.R) ¥ pi(QR)ipQ,R)
(@R ¥ (@R =(][])
p2(Q,R) ¥ (Q.R) = (X.[A]Y]) >d(A X,Z) > p(Z,Y)

Figure 5.5: Terminating program

5.3.4 Terminating program

The next example is from (Baudinet 1988). It will be proven that the query “? —
p([v1, ..., k], V)" produces a non-looping computation generating a stream of answer
substitutions of length k!. First, a result for predicate d is needed.

Lemma: The query “? — d(U,[vi,...,v;], W).” results in a non-looping computation
which generates a finite sequence of [ answer substitutions, each answer substitution
containing the instance W < [v],...,v;_,], where [v],...,v]_,] is a sublist of [vy, ..., v]
of length [ — 1.

Proof: By induction on the length of list [v1, ..., v;].

Base case [ = 0: A list of length 0 is [ ], and the query is “? — d(U,[],W).”.

dU,[,W) =di(U,[],W):do(U,[],W) :Con d
~ Done : Resol dy,d>, Seq

The result holds trivially.

Inductive case [ > 0: Consider a list [vy, ..., v;] of length /.
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d(Ua [vla"'avl]vw)
~ g dl(Ua [’01, -'-a'Ul]aW) H d2(U7 ['Ula ...,’Ul],W) :Con d, §= {UaW}

=~ succ(@l) . HS dQ(U, [1)1, ...,’Ul], W) : Resol dl,
91 = {U — 'Ul,W — [’02, ...,’Ul]}
~ succ(by) . IIg Oy 0 d(U, [ve,...,v],Y) :Resol dy, 02 ={U < A,B < vy,

X < [vg,...,v], W <« [B|Y]}

By the induction hypothesis, since [vg, ..., v;] is of length I—1 < [, then d(U, [va, ..., ], Y)
returns a non-looping stream of [ — 1 answer substitutions, where Y in each is a sublist

of [vg, ..., v;] of length [ —2, which is denoted L;_5. Ignoring U, this result is represented

-1 - o
as succ({Y < L;_9}) .Done. Continuing the derivation,

~ succ(by) . IIg O 0 succ({Y « L; 3}) ! Done - substituting d

~ succ(fy) . succ(fs) ! Done tapply 11 and 6,
O3 = {W <« [v1|Li_9], U < A}
Thus, the query “?— d(U, [v1,...,v;], W).” generates a stream of [ answer substitutions,
and each substitution unifies W to a sublist of [vy, ..., v;] of length I — 1. 0
The original problem is now proven. The query “? — p([v1, ..., 1], V').” produces
a non—looping computation generating a stream of answer substitutions of length [!.
Proof: By induction on the length [ of the list [uy,...,u;], and using the result for
predicate d from (1) above.

Base case [ = 0: A list of length 0 is [ ], and the query is “? — p([],V).”.

p((],V)
~ Uy pi([LV) A1 V) : Con p
~ succ(61).(Ilgyy p2([1,V)) : Resol p1, Seq, 01 ={V « []}
~ succ(bh). (Il 620 (d(A,[],Z)>p(Z,Y)) :Resol pg, 02 ={X <[],

V « [AlY]}
~ succ(bh).(Iyy02 0 ( Done>p(Z,Y) ) : from (1), d(A,[],Z) = Done
~ succ(0y) . Done : Back — 2

The stream generated is of length /! = 0! = 1.

Inductive case [ > 0: Consider a list [vy, ..., v;] of length /.
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p([v1, ..., ], V)

~ H{V} pl([’Ul, . ] ) pQ([’Ul, ...,’Ul], U) : Con P

~ H{V} pg([’l}l, .. ] ) : Resol P, Seq

~ Iy O30 (d(A, [v1,...,v], Z) >p(Z,Y)) :Resol po,
93 = {X — [1)1, ...,Ul],V — [A‘Y]}

~ My O30 (succ(y;) ' Done >p(Z,Y)) : from (1), substituting d,
Yi = {A — Uj,Z — Ll,l},
Li_y=vi, .oyl —v (1<5<Z10}

Since each list L;_1 from d is of length [—1, then by the inductive hypothesis, p(L;_1,Y)

generates a stream of (I — 1)! lists, each list denoted Lj_;:

succ(y;) .Done > p(Z Y)

5%

~ v 0 (succ(y;) "1 Done > p(L;-1,Y)) : Back — 1
—_1\!

~ v o (suce(y;) "' Done succ(0;) (-

.Done) s induction hypothesis,
0; = {Y — Lgfl}
N RN
~ v 0 succ(d;) = (succ(%)l ' Done Done) :Back — 3 repeated

~ succ(y o d;) =t (suce(y;) "1 Done > p(Z,Y)) :apply v1, Back —4

This occurs for each of the [ answers from d, and results in a stream of size [(I—1)! = [!.

The simplified final stream is

l!
p([vi, v, V) = succ({V < [vj|L] |]}) .Done
This is a finite non—looping stream of size /!. O

5.3.5 A program using a numerical well-founded ordering

¢(X,Y): = X > 100, Y is X — 10.
q(X,Y):— X <100, Uis X + 11, q(U,Y), q(Y, Z).

)
gX.Y) = q(X,Y)igX,Y)
a(X,Y) ¥ X>100> (Z is X - 10)
e(X,Y) ¥ X <100 (Uis X +11) > q(U,Y) > q(Y, Z)

Figure 5.6: 91 program
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A final example is the 91 program in figure 5.6. The program computes n = 91
if m <100, and n = m — 10 otherwise. After the termination proof of this program is
given, a variation of it will be analysed.

Proof: The proof follows one in (Hogger 1990). It is assumed that queries are
well-moded, so that the first argument is an integer, and the second argument is

uninstantiated. The CCS semantics uses some builtin agents. The definition of < is
A<B ¥ succ(e).Done + Done

where the first term is returned if A < B for numerical values A and B. The > agent

is similar. The is agent is defined as
. def ———7%
N is E = succ(f).Done

where § = {N < n} if E evaluates to value n. Note that the expression F must fully
evaluate; there is no facility for error handling.

The proof begins by expanding a general call to g for some integer argument n:
n,Y)

@ (n,Y) 5 g2(n,Y) : Con ¢
(n>100> 7 is n—10)5qy(n,Y) :Con ¢

NERIE-N

Note that ¢ is non—recursive and always terminates. The expansion continues on the

second clause:

q2(nay)
~ n<100> (Uisn+11)>q(U,Y)>q(Y, Z)

This expression has two PRR’s corresponding to the two recursive calls to ¢. For the
first recursive call, the mapping ;1 maps the first integer arguments of ¢ to the ordering

U<X iff X<U<III

where 111 is the minimal element in the ordering (the first argument of ¢ is driven
towards 111). Because the calls to < and is have been solved when this call to ¢
is reached, it can be deduced that n < 100 and U = n + 11, which implies that
n<U<111.

The second recursive ¢ has its first arguments mapped to the ordering

U<X iff X<UG<I10l
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where 101 is the minimal element. To apply this, it is assumed that the first three
agents in ¢y terminate. The execution of the call ¢(U,Y ) means that some declarative
information about ¢ can be used, ie. Y = 91 if U < 100 otherwise Y = U — 10. The
wfo follows when the effect of these three goals is combined.

Variation: The above proof does not use many useful properties of control, other than
the left—to-right ordering of goals. More varied behaviour results if the order of goals

in the second clause is permuted as follows,

GX,Y) ¥ (U is X +11) > qU,Y) > (X < 100) > (Y, Z)

Here, non—-termination will result. Consider the call ¢(n,Y) for some n > 100:

q(n,Y)
~ q(n,Y)g5(n,Y) : Con ¢
~ succ(br).¢h(n,Y) : expand q,

6, = {Y «n—10}
succ(01).(U is n+11>q(U,Y)>n <100>¢(Y,Z)) : Con ¢
succ(6y). (q(m Y)>n<100>q(Y, Z)) csimplify, m=n+11
succ(01).(g(m,Y) > Done) : simplify, Back — 2

22 ZZ Q

last simplification uses the fact that n > 100, and so n < 100 > ¢(Y, Z) ~ Done >
q(Y.Z) ~ Done. The expression g(m,Y) > Done cannot generate any succ(d) ac-
tions, because the Done acts as a finite failure for the backtracking. The only way
this expression can terminate is if it finitely fails, and this can only occur if g(m,Y)
terminates. However, the call g(m,Y) is a variation of ¢(n,Y’), m being larger than n.

Continued expansion of ¢ results in the nested behaviour,

~ succ(01).(g(m,Y) > Done)

~ succ(01).((g(m + 11,Y) > Done) > Done)

~ succ(01).(((g(m +22,Y) > Done) > Done) > Done)

~ succ(61).((((g(m + 33,Y) > Done) > Done) > Done) > Done

This looping behaviour is therefore bisimilar to L, and there is no well-founded or-
dering possible. The recursive calls do not permit a well-founded mapping (theo-
rem 5.1.1). This is because there is no minimal value for the ordering, as the argu-
ment term becomes self-embedding. The behaviour of the original call is therefore

q(n,Y) =~ succ(fy).L. O
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5.4 Conclusion

This chapter applied the CCS semantics of Prolog towards proving termination prop-
erties of Prolog programs. Using a well-founded orderings and some termination prop-
erties derived in chapter 4, some example termination proofs were given. The main

contributions of this technique are:

¢ A semantic characterisation of Prolog control is formally accounted for within
termination proofs. Pragmatically speaking, goal and clause order are always

maintained, backtracking is explicitly represented, and dataflow can be recorded.

e A stream-based domain is ideal for representing the universe of possible be-
haviours of logic program computations. Finite failure, finite streams, infinite
productive streams, and looping can be modelled in CCS. This permits nonter-
minating computations to be reasoned about, and not just those which universally

terminate.

e Prolog—specific termination properties give some tactical guidance for proofs. For
example, knowing how looping affects the interaction between program clauses
and goals can be exploited. The CCS semantics is a general calculus which allows
a variety of proof styles and techniques — a necessity given the variety of program

behaviours possible.

e Extra—logical control features like “cut” are easily handled. Proofs using cuts

often result in the discarding of stream components.

The scope of what is being done in this chapter needs to be reiterated. It is not
the intention here to suggest a novel or automated proof technique for proving Pro-
log program termination. Rather, a semantic framework for reasoning about program
termination given an explicit semantics of the control scheme has been proposed. A se-
mantics of Prolog control with its stream—based characterisation of program behaviour
is a useful means for reasoning about termination properties.

It can be argued that maintaining goal and clause order within termination
proofs is simple to handle manually and informally within termination proofs. This
might seem true for simple Prolog programs. However, formal methodologies require

a rigorous formal account of all relevant phenomena which affect computations, and
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this therefore includes goal and clause order. Such a semantics will be especially nec-
essary when more complex control schemes are being used. The semantics additionally
accounts for the stream characterisation of termination, nontermination, and looping,
and gives an effective semantics of the cut.

It is difficult to ignore dataflow within termination proofs. A major drawback
of this is that termination proofs of even the smallest logic programs quickly become
encumbered with bookkeeping regarding variable bindings and the computation state.
This is symptomatic of other analyses of Prolog program termination. When the data
domain is maintained “by hand”, errors may occur. An alternative with the CCS
semantics is to formally represent the data domain with the dataflow devices. The
solution is to use a semi—-automated theorem proving environment to do this record
keeping.

This research supplements the generalised termination proofs used by (Clark
1979) and (Hogger 1984) (Hogger 1990) by including a semantics of the control scheme
within termination analyses. The CCS semantics of control justifies much of the in-
formal proof tactics used by Clark and Hogger which simulate the effect of Prolog’s
computation rule. In addition, the semantics supports a complete characterisation of
Prolog behaviour, and as a result, the effects of backtracking, clause sequencing, as
well as looping and nontermination, are completely modelled.

Logic program termination research has not given much attention to the non-
termination which can arise with the use of unification algorithms that have no occurs
check. Without the occurs check, it is possible for terms with self-embedded vari-
ables to never terminate when unified. For example, when queried with the goal

“?— p(X, X).”, the predicate

p(X, f(X)) : = p(X, X).

will cause an infinite loop during unification, due to the circular binding. The semantics
could be enhanced to model this phenomenon by adding the following transition rule

to the two listed in section 3.5.2:

Unify3 =

——— when unification loops
=i 5 L / P

The condition for this transition is satisfied when the particular unification algorithm

used loops, which can occur when no occurs check is performed.
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This chapter rationally reconstructs the functional semantics in (Baudinet 1988).
Baudinet’s semantics is closely related to this one, and the style of termination anal-
yses are accordingly similar in spirit. However, the technical differences between her
semantics and this one discussed in sections 3.6.2 and 4.5 result in some stylistic differ-
ences in program proofs. The major difference stems from the different mathematical
tools used: Baudinet uses a functional semantics of Prolog, and this thesis uses an
algebraic semantics. It is debatable as to which formal tool is more naturally suited
to analysing Prolog computations; some of the following points might argue in favour
of CCS. Baudinet’s semantic operators, being functions over the domain of streams,
directly manipulate and generate finite, infinite, or looping streams. The CCS control
operators construct computed streams using the expansion theorem and other bisimi-
lar equivalences, and streams are best deduced inductively. Baudinet requires fixpoint
theory to prove that program components generate particular behaviours, especially
in the case of looping computations, whereas the CCS proofs use the expansion the-
orem and bisimilar substitutions to accomplish the same effect. Baudinet’s semantics
of the cut is more awkward than the CCS treatment. However, despite these stylistic
differences, the general style of termination analysis done by both formalisms is very
similar. Both would benefit with the incorporation of better well-founded ordering
strategies, for example, level mappings.

Recent research has suggested (semi-) automated techniques for proving the
termination of classes of Prolog programs (Plumer 1990) (Verschaetse and Schreye
1991). These termination proof methodologies are considerably more ambitious than
the manual termination analyses done here. Since these techniques informally assume
Prolog’s control scheme, incorporating a semantic account of Prolog control within
them is worth investigation. Such a semantics of control is especially necessary if the
cut and other more involved control strategies are to be considered. If the semantics
is treated as a term rewriting system, technology for proving the termination of term
rewriting (which (Plumer 1990) (Verschaetse and Schreye 1991) employ) would be

applicable, with the advantage that general control schemes are accounted for.
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Chapter 6

Transformations Using Cuts

This chapter applies the CCS semantics of Prolog towards verifying the correctness of
a selection of source-to—source Prolog program transformations which use cuts. The
notion of transformational validity used here is a strong one: two programs are valid if
they generate the same streams of computed answer substitutions, which means they
produce the same computed results in the same order. The example transformations
in this section all use cuts. It is assumed throughout the proofs that programs always
terminate. Extending the proofs to handle nonterminating or looping computations
would not be difficult, and would entail the application of the ideas of chapter 5.
Section 6.1 reviews Prolog program transformation. Some preliminary notions
are discussed in section 6.2. Section 6.3 uses the semantics to verify the soundness of
some source—to—source transformations. A conclusion and comparison to other research

concludes the chapter in section 6.4.

6.1 Review

Declarative logic programs are particularly suitable for transformation, as their logical
foundation permits logically sound transformations to be performed on them without
altering their declarative meanings. First—order predicate calculus is therefore a pow-
erful tool in logic program transformation. However, when unfair control strategies
such as that of Prolog are being used, logic itself is not a sufficient means with which
to formalise program transformations. Instead, some sort of formal account of the
inference scheme must be used to ensure the soundness of transformations.

Program transformations exist which introduce cuts to prune unwanted search.

Cuts are inserted into programs to increase their computational efficiency by pruning
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unwanted computation subtrees, which is often necessary given the constraints of Pro-
log’s rigid control strategy. For example, cuts are effective when a solution has been
found, and continued execution of the program is known to be fruitless. Such a cut is
called a green cut. This is opposed to red cuts, which will prune possible solutions from
the computation, and therefore tend to be less transparent in functionality (Sterling
and Shapiro 1986).

A determinate predicate is one in which at most one clause computes a solution
when the predicate is called, and it never again succeeds when it is backtracked. When
a predicate is known to be determinate, the insertion of cuts into the clauses prevents
unnecessary computation. (Sawamura and Takeshima 1985) look at this issue. The
determination whether predicates are determinate is generally undecidable. However,
as with termination and other computational phenomena, practical programs usually
have tractable characteristics of determinism. They identify some forms of determinism
in logic programs, and suggest source-to—source transformations which exploit them.
One of these transformations will be studied later in this chapter.

(Debray and Mishra 1988) approach the issue of Prolog transformations from a
different perspective. They derive a denotational semantics of Prolog with cut. Then,
using the semantics, they verify some Prolog transformations which use cuts. The
basis of these transformations parallels those by Sawamura and Takeshima, as the
basic premise is that determinate program components can have cuts inserted in them

to make the computation more efficient, without altering the program’s correctness.

6.2 Program transformation properties

A goal is determinate if it computes at most one solution. Likewise, clauses, predicates,
and programs can similarly be determinate. A CCS agent P is determinate if the
following holds:

P =~ 3Suce.Done + Done

Here, P has two choices of behaviour — either generate one solution and quit, or just
quit.

The following theorems illustrate how determinacy is inherited throughout
agent expressions. The first two theorems shows how the backtracking operator pre-

serves determinism.
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Theorem 1 If a and b are determinate, then so is a > b.

Proof: By the definition of determinacy, a ~ succ.Done+Done and b = succ.Done+

Done. Then
a>b= (a[f]]| (succ.(bi NextGoal,) + done’.Done)) \ F : Con >
~ ((suecc.Done + Done)[f] |
(succ .((succ.Done + Done) ; NextGoal,)
+done'.Done)) \ F : subst. a, b
~ succ.Done + Done : expansion
Therefore a > b is determinate. O

Corollary 2 Ifa; (1 <i<mn) are determinate, o is a1 > ag > -+ > ay.
Proof: By induction on the number of goals, using theorem 1 and the associativity

of >. O

The next theorem shows the effect that the sequencing operator ; has on

determinate predicates.

Theorem 3 Given P % Py - % Py, and P is determinate, then either (i) all P; =
Done, or (i) if P; ~3succ.Done (1 < j <k), then P; = Done (i #j, 1<i<Ek).

Proof: (i) When P =~ Done, then all P; = Done. If this were not the case, then

P % Done. This is verified by induction over the length of the list of P;’s (details
omitted).

(ii) Assume more than one P; ~ succ.Done. Let P; =~ succ;.Done and P, = suce;.Done (I #

7), and all other P; = Done. Then

P~ Pi- (P iR iR

succ;.succy.Done

~
~
~
~

by expansion. But then P is no longer determinate. So only one P; =~ succ.Done. O

The explicit treatment of logic variable bindings and dataflow is not addressed
whenever possible, since logic program dataflow does not greatly affect these trans-
formations. However, it is worth remembering what is occurring implicitly with logic
variables in the semantics. The notation P6 represents the application of all relevant

bindings to the arguments of agent P. For example, in

succ. A B =~ Bf
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the binding returned by the left hand succ is applied to B, along with all other com-
puted binding substitutions in the environment. Worth noting is the effect of executing

True, which is defined T'rue def succ(e).Done. For example, in the following
succ. A True ~ True (Cut)

executing T'rue has the effect of returning the binding obtained from the left hand side.
This is because, as described in section 3.5.1, the union of all the bindings computed
by the goals in a clause are returned as a result. True simply adds the empty binding

€ to this net result.

6.3 Example transformation proofs

6.3.1 Non—folding of clauses with cuts

This first example shows how the syntactic unfolding of clauses with cuts is generally
invalid. Unfolding is the process of replacing a goal in a clause by a prospective
resolvent. For example, the following schemata shows an unfolding of a goal B in a

predicate A:

A:- B, C. A:—-W, X, C.
A:—D. = A':-D.
B:—-W, X. B:—-W, X.
However, the unfolding is invalid if B contains a cut:
A:—B, C. A —-W, !, X, C.
A:—D. A A":—-D.
B:—-W, !, X. B:-W I X.

Proof: Let W =~ suce.W', so that the cut becomes activated. Then the following

results.

A = A A :Con A
%(BDC):AQ : Con Ay
~ (WHX)>CO)s Ay :Con B
~ ((suce W'ty X) > C) i Ay : subst. W
~ (XD )i A : Cut

A" o~ AU Al :Con A
~ Wo X C)' A, : Con A"
~ (suce. W'ty X>C); Ay :subst. W
~ X>C : Cut

Therefore A % A”. The expressions are not bisimilar because the syntactic unfolding

of the cut in A" affects search in Af. O
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6.3.2 Distributing cuts through clauses

This example exploits the algebraic nature of the semantics to its fullest. The unfolding

of goals before cuts is valid:

. |

il-._zilv{,B,-aC- . PZ!I—Hl,B,!,C.
Lrm P :— H, B,)\C
AQ:—HQ. i+l L

where P] and Pj ; are new clauses, and A, B,C, H; represent lists of goals without
cuts.

Proof: The unification of A with A; or Ay is treated as an explicit call to the
unification agent =, which is an initial goal in H;. The CCS representation of this

transformation is therefore
(A>B)MC ~ ((Hi>B)b¢ C); ((H2>B)p C)

The LHS can be rewritten:

(A>B)Y C ~ ((H:H)>B)oC . Con A

(Hi> B); (Ha> B)) M C  :right — distributivity

Q

The transformation is therefore
(H> B): (Hy>B) 5| C = ((Hi>B) o] C)} (Hy>B) o] €)

or more concisely,

(X3Y)p{C = (X C)F (YO

The behaviour of X is X =~ Done + succ.X'. The bisimilarity is proven for each of

these two possible behaviours of X.

(i) X ~ Done:

LHS : (X:1Y)C (DoneiY){ C : subst. X

YofC : Seq

Q

(Donely C): (Y | C) :subst. X
YofC : Cut — 2

RHS: (X©f C) (Y M O)

Q

(il) X ~ suce. X"
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LHS : (X:1Y)C (suce. X'7Y) C : subst. X

co :Cut -1

Q

(suce. X'ty C) (Y N C) :subst. X
cé :Cut -1

RHS: (Xbf C); (Y O)

Q

The activation of the cut in both expressions yields the same computational result. O

6.3.3 Deleting an unnecessary cut

This example is from (Debray and Mishra 1988). The last clause of predicate P,
Pe:—g1,0 gn-

where all g; are determinate, can be replaced by
Pi:— g1, g0,
Proof: The CCS representation for Pj is
Py défglb---bgnDQTrue

By corollary 2, g; > -+ > g, is determinate. Call this expression G. We need to
show the equivalence between P © G and P e > True. Assume that G =~
Done + succ.Done.

(i) Let G = Done.

Py

Q

Done :Con P, subst. G

P, ~ Donedt|True :Con P/, subst. G
Done : Cut — 2

~
~
~
~

(ii) Let G ~ succ.Done.

P, =~ suce.Done :Con P, subst. G
P, ~ succ.Done™ True :Con P/, subst. G
~ Truef :Cut — 1
~ succ.Done : Con True

This equivalence holds because, implicit in the dataflow, True 6 effects the same final

substitution as is returned by just G. O
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6.3.4 Adding cuts to ends of determinate clauses

This example is from (Debray and Mishra 1988). It shows how determinate predicates
can be made more efficient with the addition of cuts at the ends of their clause bodies.

The following transformation of predicate P into predicate P’ is valid

Pr:—gi1, 01 Pl:i—gi1, 010"
Py —go1, 0, 92,m- N Py:—g21,,92,m: -
Py:—hy,-- hy. Py:—hy, - hy.

if all g; ; and h; are determinate.

Proof: By corollary 2, the CCS representation for P is equivalent to

P ¥ q

Py of G2

def
P, = Gy

Py

where G; =~ g;,1 > -+ > gi; = Succ.Done+ Done, for all P; (1 <i <k —1). The proof
proceeds by induction over the number of clauses.
Base case: Consider 2 clauses:

def / dif

PE PP PP p
P def G4 = P def G1 D¢ True
¥ q, P,

To show P =~ P’, we consider the two behaviours of G1.

(i) Let G; = Done.

P = GlAPQ : Con P, P1
~ Done’ Py : subst. Gy
~ P : Seq

P'~ G True; P, :Con P, P,
~ Donerly True ? Py, :subst. Gy
~ P : Cut — 2

(ii) Let G1 ~ suce.Done.
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P = G1§P2 : Con P, P1

~ succ.Done’ P, : subst. G

~ 3succ.P : expansion, Seq

~ 3succ.Done : Theorem 3
P'~ G0y True ‘P, :Con P, P

~ succ.Done My True’ Py : subst. Gy

~ True :Cut —1

~ 3Succ.Done : Con True

Inductive case: For k 4+ 1 clauses,

P PPyt 1Pt Py PP PR P P
P1 déf G1 P1 déf G1 l>|g True
PQ déf GQ — P2 déf GQ l>|g True
P, def Gy, P, def Gk D¢ True
P H P ¥ H
Again, we show P ~ P’ for each form of G.
(i) Let G; = Done.
P~ G {Pj P Peyr :Con P, P
~ DoneiPyi - i P, Py : subst. Gy
~ Pyioor 5Pl P : Seq
P'~ (Gi™y True); Py;---5 P, Py :Con P, P
~ (Donetyy True); Py ---; Pl Poy1 : subst. Gy
Py -5 PLY Pe : Cut — 2
Both are equivalent by the inductive hypothesis.
(ii) Let Gy ~ suce.Done.
Pr G iPf - P Pey :Con P, P
~ 3succ.Done’i Py} -+ 3 Pyt Py : subst. Gy
~ 3succ.(Pyi -+ i Py’ Pryy) : expansion, Seq
~ succ.Done : Theorem 3
P'~ (suce.Done >y True) Py - P $Pyy1 :Con P, Pi, subst. Gy
~ True :Cut — 1
~ succ.Done : Con True

Therefore P ~ P’ for any number of clauses.
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6.3.5 Inserting cut within a determinate clause

This example is from (Sawamura and Takeshima 1985). The following transformation
is valid,

Py - Sy, P -5

Pi:=Si1, Sipo = Pii— S, Sia.

P,:—S,. P,:—S,.
where the S’s represents lists of goals g1,--+,g9x (k > 0), and one of the following

conditions hold:
1. If no cut is in S; 1, then P; is the last clause, and all goals in S; | are determinate.
2. If there are cuts in S; 1, then every goal right of the rightmost cut is determinate.

Proof: Condition 1: The CCS representation for this transformation is:
P ¥,
. :> ..

def def
= Si1> S P '=Si1 Sis.

b i
Using corollary 2, S; 1 can be treated as a determinate agent. We therefore need to
show

Sia>Sia =~ SiiDSio

(i) If S; 1 = Done, expanding both the expressions results in Done.

(ii) Let S;1 =~ succ.Done, and S; 2 6 ~ s.Done for some s where |s| > 1.

Si,1 > SZ',Q ~ 3succ.Done > SZ',Q : subst. Si,1
~ Done> S;20 : Back — 2
~ s.(Doner>S;2) :Back —4 repeated, Back — 5
~ s.Done :Back — 3
Sz‘,l l>1 SZ',Q ~ 3succ.Done H 51‘72 : subst. Si,1
~ St : Cut
~ s.Done : subst. S;o 0

Condition 2: The clause to be transformed has the form

PZ‘ i A, !, B, Si’Q.
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where S;1 = A,!, B, and B is a sequence of determinate goals with no cuts. The CCS

semantics of the transformation is

Y AN, (B> S) PlY At (BY Sip)

. =
def

PE...P P pr et

1 °
Pl Py

7

We therefore need to show that P ~ P, ie. P; = P/, or
B> Si72 ~ B H 51‘72

Let B = succ.Done + Done, and S; 26 = s.Done as before (|s| > 1).
(i) When B = Done:

LHS: BD>S;» Done > S;o : subst. B

Done : Back — 2

X

RHS: B Sip Done™ S;o :subst. B

Done : Cut — 2

X

(ii) When B = succ.Done:
LHS: BD>S;» succ.Done > S; 2 : subst. B

Done > S; 20 :Back -1

Done 1> s.Done s subst. S; o

s.(Done > Done) :repeated expansion

s.Done : Back — 4, Back — 2

X

RHS: B Si» succ.Done D S;o : subst. B
SZ',QH :Cut — 1

s.Done : subst. S; o

X1 &R

a

6.4 Conclusion

This chapter applied the CCS semantics towards verifying the soundness of a selec-
tion of source-to—source Prolog transformations. Proving validity of a transformation
entails showing the bisimilarity or observational equivalence between two CCS expres-

sions representing the transformation in question. Advantages of this approach are:

e The CCS semantics very concisely represents the essence of control needed to

prove the transformations, and allows dataflow to be effectively abstracted away.

e Proofs took the form of illustrating the equivalence of generated streams, and

bisimulation is an effective proof technique for this application.
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The CCS semantics of cut and the bisimulation technique performed in this
chapter are well-suited to verifying the source-to-source program transformations
using cuts. Bisimulations simply required a case-by—case analysis for each possible
behaviour (succ or done) for the goal(s) before a cut. This type of proof is easily
automated. In fact, the proof of section 6.3.2 was automatically verified using the
Concurrency Workbench (CWB) system (Cleaveland et al. 1989). Both expressions
were translated into the basic CCS expressions required by the CWB. Then the ob-
servational equivalence of these two expressions were automatically verified with the
CWRB. This is an interesting result, and hints at the usefulness that a more sophisti-
cated semi-automatic support environment with a logic variable domain might have
for validating logic program transformations.

The techniques of this chapter are generalisable towards proving the observa-
tional equivalence of any pair of logic programs or components thereof (see (Maher
1988) for a discussion of logic program equivalence). Bisimulation based upon observa-
tional equivalence allows the equivalence of programs with respect to the control used
to execute them to be undertaken.

Very little work in formally proving source—to—source transformations using the
cut has been done. (Debray and Mishra 1988) have proved a few of the transforma-
tions of this chapter using their denotational semantics of Prolog with cut. Although
denotational semantics is sufficiently powerful to prove these and other types of Prolog
program properties, the complex domain spaces used are not easy to conceptualise,
and are very abstract in comparison to the stream domain of the CCS semantics. In
addition, their proofs require fixpoints in order to solve equivalences between func-
tions, which pull solutions from “out of the blue”. The proofs in this chapter use
straight—forward bisimulations to achieve the same purpose.

An early work in Prolog program transformation is (Tamaki and Sato 1983).
They use existential proofs to verify the validity of fold and unfold transformations of
pure Prolog programs. They assume that a fair control strategy is to be used, and do
not consider standard Prolog control nor the cut. A semantics of control would permit
a more formal treatment of the effects of control on fold and unfold transformations.

(Hill et al. 1990) and (Hill 1991) describe pruning operators which behave better

than the cut during unfolding. It would be worth modelling these operators in CCS to
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formally illustrate program transformations using them.
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Chapter 7

Partial Evaluation

This chapter presents a semantic characterisation of partial evaluation transformations
of Prolog programs. A technique for partially evaluating programs by transforming
semantic representations is suggested. Because the bisimilarities of Prolog control
preserve behavioural equivalence, it is possibile to model the basic control component of
the partial evaluation process. In addition, The CCS semantics can be used to analyse
whether or not particular partial evaluation transformations preserve completeness.
Section 7.1 reviews the concept of partial evaluation. Then the semantics is
applied towards partial evaluation transformations in section 7.2. Section 7.3 discusses
the reasons why some partial evaluations do not preserve behavioural equivalence. A

discussion and comparison to related research is in section 7.4.

7.1 Review

An active area of research is partial evaluation (Sestoft and Zamulin 1988). The concept
was pioneered by (Futamura 1971), and was further expanded upon by (Ershov 1982).
Besides being a powerful program transformation technique, partial evaluation lends
theoretical insight into program language theory, as well as compiler theory and devel-
opment.

Partial evaluation or mixed computation is a programming language character-
isation of the concept of projection in functional mathematics (Rogers 1988). Given a
program and part of its input, partial evaluation is the process that produces a residual
program which, when executed with the remaining input of the original program, com-
putes the same result that the original program would when given the complete input.

For example, let L be a programming language, p be a program, and < dy,...,d, > be
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an n—tuple of data arguments such that each d; € D for some domain D. Then the

execution of p can be represented as
Lp)(< dy,...,dp >) = d

Here, L treats p and the d; as data, and determines a semantic interpretation of p
when executed with the d; input. The partial evaluation process is represented by the

following expression

L(mzac)(p)(< L1yeery Tjy YLy ooy Yk >) = L(T)(< Y1y Yk >)

L is the target programming language, miz is the partial evaluation procedure, p is a
program to be specialised for given input data z1,...,z;, and y1, ..., y;, is the remaining
input. The result of this procedure is the residual program r which, when executed on

the y;, produces the same result as the original program:

L(r) (< y1, s yk >) = L) (< @15 ooy T Y1,y oo Ui >)

Program r is specialised with respect to the z; data, and may execute considerably
more efficiently than the original program. A good discussion of the above is in (Fuller
and Abramsky 1988).

Similarly, in logic programming, partial evaluation is the process of evaluating
a goal at compile time with some of its arguments instantiated, and deriving a new
residual logic program which produces the same output as the original program, except
that it runs more efficiently. (Lloyd and Shepherdson 1987) present some soundness
and completeness results of the partial evaluation of pure Prolog programs. They
derive conditions which assure soundness and completeness, and also discuss the effects
of unsafe negation as failure. Partial evaluation is sound and complete so long as
some closedness conditions are observed, which assure that goals do not become too
specialised so that viable solutions become uncomputable. They also discuss how the
control strategy affects completeness. There are three stages which may use various

control schemes:

(i) Source program control: the control used to execute the original program before

partial evaluation

(ii) Partial evaluation control: the control employed by the partial evaluation proce-

dure itself onto the original program
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(iii) Residual control: the control used to execute the residual program

Ideally, if a fair computation strategy is used, the particular control strategies above
are of no concern, since the completeness of fair inference schemes assures that the
entire solution space is searched. However, given unfair strategies, the control used at
each of these stages becomes important. The observed behaviour of the pre—partial
evaluated source program and the residual program should be the identical, save for
the added efficiency of the residual program. The possibility of using a different control
strategy during the transformation procedure at stage (ii) means that this equivalence
can be sacrificed. For example, an original program may finitely fail when executed
with a left-to-right computation rule, while its residual counterpart created with a
partial evaluation algorithm which uses a right—to—left computation rule may loop.

There are different proposals for partial evaluation algorithms, which describe
effective procedures for deriving efficient residual programs which retain computational
completeness (Fuller and Abramsky 1988) (Benkerimi and Lloyd 1990). One common
characteristic of these algorithms is that some basic control component of SLD resolu-
tion is used by the partial evaluation algorithm (stage (ii) above). This basic control
scheme is usually enhanced with analytical devices such as loop checking, closedness
maintenance, and goal suspension. The simplest approach is to apply Prolog’s stan-
dard depth-first left—to—right control as a basic control strategy for partially evaluating
a program. This is a sensible approach, given that programs to be partially evaluated
are written with this control scheme in mind, and partially evaluating such programs
using a different control scheme may result in undesirable behaviour. Algorithms are
not constrained to use this control strategy, and may employ other control schemes,
such as breadth—first or heuristic search. Because Prolog easily treats Prolog code as
data, Prolog partial evaluators traditionally take the form of meta—interpreters writ-
ten in Prolog (Fujita and Furukawa 1988) (Venken and Demoen 1988) (Fuller and
Abramsky 1988).

7.2 Semantically characterising partial evaluation

A fundamental tenet of programming languages and their formal semantics is that
mechanisms which are extensionally computationally equivalent are substitutive with

one another. This concept permits more efficient programs to supersede less efficient
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ones. Likewise, language semantics reflect this by the notion of syntactic substitutivity
of equivalent expressions, which is a prerequisite for a formal system to be equation-
ally useful. The concept of substitutivity is taken a step further in (Hehner 1984aq)
(Hehner 1984b). Hehner’s predicative programming principle posits that program code
and its semantic meaning are substitutive within semantic expressions. This allows
a program’s concrete syntax and the formal semantic language to be intercomposed
in semantic expressions. This is useful in applications such as program synthesis and
verification, as it supports the step—wise refinement between program code and the se-
mantics language within one formal context. It also assures that translations back and
forth between the programming language and the semantic representation are sound.

The partial evaluation paradigm fundamentally depends upon the principle of
program equivalence. When a logic program is partially evaluated, a residual pro-
gram is desired which is behaviourally equivalent to the source program, except that
it might be more efficient. Computational equivalence means that both the source
and residual programs compute the same success and failure sets. A stricter criteria,
however, requires that the original program and the residual program have identical
output behaviour. This implies that the order of solutions is the same, as well as non—
terminating and looping behaviour. This strict characterisation of equivalence, helpful
when considering unfair control strategies, could be relaxed if fairer schemes are being
used.

The substitutivity of equivalent agent expressions is fundamental to CCS theory.
Using the concept of equivalence relations, if two agents are equivalent in CCS, then
their corresponding expressions are substitutive within the calculus (under conditions
based upon the theory of equivalence being used). CCS’s observational equivalence
relation can be used to describe the desired final result of partial evaluation. Let P
be a Prolog program, and ) be a residual program for P. Then the desired property
which should hold between them is

P = Q

Here, P and @) are behaviourally equivalent with respect to their observed output, and
therefore share the same nontermination and looping characteristics. Their internal
state transitions (or computation trees) will differ, of course, if @) is a more efficient

implementation.
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Rudimentary partial evaluation can be modelled in CCS by applying behaviourally
equivalent transformations to the semantic expression for a program. Given the seman-
tics of a program for a particular control strategy, partial evaluation transformations
must be applied which respect the integrity of this semantic meaning. Because the
behaviour of logic programs ultimately depends upon the control strategy used during
execution, partial evaluation must consider the control scheme if behavioural equiva-
lence is to be retained by the residual program. A basic method for partial evaluating

programs is:

(i) Translate a logic program P into CCS semantic meaning C which models a

control strategy of interest. In the examples to follow, Prolog control is assumed.

(ii) Apply bisimilar transformations ¢; to C, eventually generating a residual expres-
sion C":

CH ... e

(iii) Find a CCS expression R’ bisimilar to C’, and which is translatable to logic

program code.
(iv) Translate R’ to a residual Prolog program R.

In the above, the bisimilar transformations applied in step (ii) can vary in complexity
and sophistication; the ones performed in this chapter use definitional equivalences and
control operator bisimilarities.

The following examples use the above steps to perform basic partial evaluation
directly on an object program’s semantic representation. Given a program P and a
query (), bisimilarities for a given control strategy are applied to the semantic expres-
sion for P and @ to effect symbolic computation. Using Hehner’s notion of predicative
programming, the application of these bisimilarities to the program’s semantic repre-
sentation represent corresponding equivalence—preserving transformations of the source
program. The criteria for freezing the expansion of terms in the semantic expression
is decided upon at a meta—level. Eventually a CCS expression C’ results. This expres-
sion is normalised into a set of agent definitions and calls bisimilar to terms within C’,
which are in turn translated into equivalent Prolog code. This translation process may

require predicate/agent abstraction (creating new agent/predicate definitions).
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intersect(X,Y, M) : — member (M, X), member(M,Y).
member (A, [A|B]).
member(A,[H|T]) : — member(A,T).

0

intersect(X,Y, M) ©F intersect; (X,Y,M)
intersect(X,Y, M) def member(M, X) > member(M,Y)
member(X,Y) ©f nember: (X,Y) i membery(X,Y)
member1 (X,Y) ¥ (X,Y)=(4,[AB))
membery(X,Y) def (X,Y) = (A, [H|T]) > member(A,T)

Figure 7.1: Intersect program

The first example is the program and CCS translation in figure 7.1. inter-
sect(X,Y,M) is satisfied if the item in M is a member of both lists X and Y. We would
like to specialise intersect for a two element list X <« [a,b]. First note how member

generates multiple solutions through backtracking, for example,

member(M,[a,b]) = succ(fy) . succ(62) . Done

where 61 = {M <« a} and 6, = {M <« b}. Now consider the partial evaluation of the

goal “? — intersect([a,b],Y, M).”, in which both Y and M are uninstantiated:

intersect([a,b],Y, M)

~ member(M,[a,b]) > member(M,Y) : Con intersect

~ (succ(by).succ(f2).Done) > member(M,Y') : subst member (above)
~ member(a,Y)? (succ(fy).Done > member(M,Y)) :Back — 5

~ member(a,Y) ; member(b,Y); (Done > member(M,Y)) :Back -5

~ member(a,Y ) member(b,Y)} Done : Back — 2

~ member(a,Y ) member(b,Y) : P} Done =~ P

The call to intersect([a,b],Y, M) is bisimilar to intersect'([a,b],Y, M), where

intersect' (A, B, C) def intersect (A, B, C) % intersecty(A, B, C)
intersect; (A, B, C) ot (A,B,C) = ([a,b],Y,a) > member(a,Y)

intersecty(A, B, C) ot (A,B,C) = ([a,b],Y,b) > member(b,Y)

This represents the residual program

intersect'([a,b], Y, a) : — member(a,Y).
intersect'([a,b],Y,b) : — member(b,Y).
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satis fiable(true).
satisfiable(X NY) : — satisfiable(X), satisfiable(Y).
satisfiable(X VY) : — satisfiable(X).
satisfiable(X VY) : — satisfiable(Y).
(-

satisfiable(=X) : — invalid(X).
invalid(false).

invalid(X VY) 1 —invalid(X), invalid(Y').
invalid(X AY) : — invalid(X).

invalid(X AY) 1 — invalid(Y).
invalid(—X) : — satisfiable(Y).

Figure 7.2: Satisfiability program

The second example is the program in figure 7.2 (from (Sterling and Shapiro
1986)) and its CCS translation in figure 7.3. This program determines whether a
expression of propositional logic is satisfiable or invalid. It can be used to generate
satisfiable expressions (using a fair control scheme), or can verify the validity of ex-

pressions given to it. Consider the partial evaluation of the query
7 — satisfiable(-(X VY ) A ==(Y V 2)).

What is desired is a residual program specialised for the propositional formula “=(X V
Y)A-=(Y V Z)”. Logic variables denote unknown expressions, and are intended to
be instantiated at a later time. During partial evaluation, calls that have a single
expression variable argument will be frozen.

The partial evaluation follows:
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satis fiable(E) def satisfiablei (E) | satisfiables(FE) 5 satis fiables(F)
t satisfiabley(E) | satisfiables(F)
satisfiable; (E) © B = true
satisfiables(E) def (E=XAY) > satisfiable(X) > satisfiable(Y)
satisfiables(E) def (E=XVY) D satisfiable(X)
satisfiabley(F) def (E X VY) > satisfiable(Y)
satisfiables(E) def (E X) > invalid(X)
invalid(E) def invalidy (E) 3} invalide (E) 3 invalids (E)
Yinvalidy (E) 3 invalids (E)
invalidy (E) L false
invalids (E) def (E=XVY) D> invalid(X) > invalid(Y)
invalids (E) def (E=XAY) D> invalid(X)
invalids (E) def (E X ANY) > invalid(Y)
invalids (E) ot (E X) > satisfiable(X)

Figure 7.3: CCS translation

satisfiable(~(X VY) A -=(Y V Z))
~ satisfiabley(E) 7 satisfiables(E) § satisfiables(E): : Con satisfiable

satisfiabley(E) § satis fiables(E) E=-(XVY)
A=Y V Z)
~ satisfiables(=(X VY) A ==(Y V Z)) : satisfiable; = Done
(1 #2), simplify
satis fiable(=(X VY)) > satisfiable(=—(Y V Z)) : Resol satisfiabley

Q

satisfiables(=(X VY)) > satisfiables(—=—(Y V Z))  : satisfiable; =~ Done
(¢ #5) for both
invalid(X VY) > invalid(=(Y V Z)) : Resol twice
invalidy(X VYY) > invalids (—~(Y V Z2)) : (a) invalid;( X VY')
~ Done (i # 2)
(b) invalid;(=(Y V Z))
~ Done (i #5)

Q

~ invalid(X) > invalid(Y') > satis fiable(Y V Z) : Resol invalidy 5
~ invalid(X) > invalid(Y)>

(satisfiables(Y V Z) } satisfiables(Y V Z)) : satisfiable; o 5 =~ Done
~ invalid(X) > invalid(Y')>

(satisfiable(Y)  satisfiable(Z)) : Resol satisfiables 4

This residual expression is bisimilar to
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satisfiable'(E) = satisfiable|(E)
satisfiable)(E) ¥ (BE=-(XVY)A-=(YV Z)) > invalid(X) > invalid(Y)
>new(Y, Z)
new(Y, Z) def newy (Y, Z) i news(Y, Z)
newy (Y, Z) def satis fiable(Y)

newy (Y, Z) fef satis fiable(Z)
This represents the Prolog code:

satisfiable'(=(X VY) A ==(Y V Z)) : — invalid(X), invalid(Y), new(Y, Z).

new(Y, Z) : — satisfiable(Y).

new(Y, Z) : — satisfiable(Z).
which is supplemented with the original program from figure 7.2. This residual will
efficiently determine the validity of propositional expressions matching this specific
propositional formula .

Note that the above transformations are very straight—forward, and are well-
suited to automation. The basic activity consists of the application of equivalence—
preserving (bisimilar) transformations to a program’s semantic representation. The
only halting condition is a test which inspects the form of predicate arguments. Of

course, this meta—control could be further enhanced if required.

7.3 Non—equivalence preserving transformations

The previous section used the semantics of a program as a basis for applying equivalence—
preserving partial evaluation transformations. The semantics can also be used to show
why particular types of transformations are invalid. In particular, some partial evalu-
ation strategies produce residual programs which behave differently from the original
program. This occurs when the control strategy used by the partial evaluation process
differs from the control used to execute the original program. From a semantic per-
spective, this happens when non-bisimilar transformations are applied to a program’s
semantic representation.

An example of a transformation which does not preserve program behaviour
under Prolog’s standard left—to-right computation rule is the partial evaluation of

goals using a right—to—left computation rule. In the program,
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p(X) : = a(X), b(X).
a(l) : — a(l).

a(X).

b(3).

Using a left—to-right computation rule, then p(X) =~ L. Partially evaluating p(X)
using a right-to-left computation rule results in the predicate “p(3).”, which is not
bisimilar to the original program’s behaviour.

Incongruities result when non-bisimilar transformations are applied to a pro-
gram. In the above example, the right-to-left computation rule (call it “<”) used
during partial evaluation is not bisimilar to the left-to-right one used by standard
Prolog. Consequently, the application of right—to-left bisimilarities to the program
do not preserve behavioural equivalence with respect to the program’s left—to-right
semantic meaning. To illustrate this, note that A < B ~ B> A. It must therefore
be shown that A > B % B > A. This inequality obviously holds due to the non—
commutativity of > (theorem 4.2.6). For example, let A &~ | and B ~ Done. Then,
using theorem 4.1.5, A> B ~ 1 > B =~ 1. Using Back-2, B> A =~ Done> A = Done.
The right—to-left partial evaluation of P will not preserve behavioural equivalence with
Prolog’s standard left—to—right computation rule.

Another example of an unsound transformation is when clause order is altered,
which results because the clause sequencing operator } is non—commutative (theorem
4.2.6). Consider a predicate P def Py § Py, If P, and P, partially evaluate to P| and
Pj respectively, then the residual program P’ def P} % P is not bisimilar (ignoring

degenerate cases).

7.4 Conclusion

This chapter presents a semantic characterisation of the partial evaluation of logic

programs. Some perspectives afforded by this approach are:

e Given that the control strategy used to execute logic programs determines their
computational behaviour, a formal consideration of control helps justify the cor-
rectness of program transformations. This applies to partial evaluation transfor-
mations as well. The CCS semantics of Prolog can ensure that partial evaluation

transformations on a program preserve the computational equivalence between
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the original program and the residual program.

Using the predicative programming principle, semantic expressions and program
code are inter—translatable between one another. Even though a semantic expres-
sion may translate to many possible programs, predicative programming assures

that the behaviour of such programs is equivalent and unambiguous.

The control bisimilarities for standard Prolog control can model the basic control
component of partial evaluation. Because CCS can model many types of logic
program control, including sequential and concurrent control, this semantic ap-
proach could be applied towards the partial evaluation of programs using other
control strategies, including those which use a combination of different control

schemes.

The CCS semantics can be used to explain why some partial evaluations do not
preserve behavioural equivalence. In particular, transformations which are not
bisimilar to the control strategy under which the original program is executed

will result in residual programs which behave differently from the original.

The semantics permits partial evaluation of impure Prolog features such as the
cut. It could also be applied towards modelling partial evaluation of programs

that use better behaved pruning operators (Hill 1991).

A quite strict notion of behavioural equivalence is used here, which specifies

that programs and their residual counterparts produce identical observable output.

This equivalence can be relaxed if fair control strategies are to be studied. However,

strict equivalences such as this one are helpful when unfair computation strategies like

that Prolog’s are being used.

The CCS semantics is well-suited towards partial evaluation transformations

of programs. Having a concise semantics of the control component permits straight—

forward partial evaluation. Other semantics of Prolog such as (Debray and Mishra

1988) could also be applied to this same purpose, so long as the semantics models the

control used by the inference mechanism. The practicality of other semantic formalisms

depends upon their conceptual complexity; to this ends, the usefulness of denotational

semantics is suspect.
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It should be stressed that the semantic approach proposed here models one
aspect of the partial evaluation process — basic partial evaluation control. The bisimi-
larities for standard Prolog control are used to effect symbolic computation, which is
a fundamental ingredient of partial evaluation transformations. The tactics used to
apply these bisimilarities, such as when to freeze goals and create new predicates, are
decided at a meta-level. Some of the partial evaluation algorithms suggested in the
literature are considerably more sophisticated than the simple bisimulation transfor-
mations done here. Including the program semantics within these other frameworks
would permit a formal means for justifying the validity of more complex transformation
strategies.

(Lloyd and Shepherdson 1987) discuss partial evaluation and its effect on the
declarative and procedural semantics of pure logic programs. They illustrate how the
computation and search rules affect completeness results of residual programs, and also
discuss the effects of using unsafe negation as failure. The failure behaviour of programs
and their residual counterparts is not necessarily preserved when different computation
rules are used during partial evaluation. In addition, they show how clause order must
be maintained in residual programs to preserve behavioural equivalence. Using the CCS
semantics, these phenomena are shown to result when non—bisimilar transformations
are applied to a program. In particular, backtracking and clause sequencing are non—
commutative, and program transformations which permute goal and clause order do
not preserve equivalence.

A significant open problem is to study the circumstances under which alterna-
tive non—equivalence—preserving partial evaluation control strategies produce residual
program with more desirable computational characteristics than the source program.
Non-equivalence preserving program transformations can be more useful than ones
which strictly preserve equivalence. For example, transforming programs to remove
loops is a beneficial non—equivalence preserving transformation. This is essentially the
problem of control in logic programming which is concerned with the issue of tailoring
control to particular programs to effect more desirable computations. Partial eval-
uation transformations which do not preserve observational equivalence can likewise
produce residual programs whose output behaviour is more desirable than the source

programs.
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Prolog partial evaluators are typically implemented as meta—interpreters. The
operational semantics of the target programming language is usually implicitly ac-
counted for in the structure of the meta—interpreter, and relies on the operational
semantics of the language in which the meta—interpreter itself is implemented. A
consequence of this is the need to prove the correctness and completeness of these
meta—interpretive program transformation systems, which can be a non-trivial task
(eg. see (Fuller and Abramsky 1988)). Semantically-sound transformations using a
program’s formal semantics affords a more verifiably sound transformation environ-
ment. The semantic approach given here could be implemented via a term rewriting
system, in which the bisimilarities and program semantics represent rewrite rules.

An open research problem is to prove properties of the partial evaluation process
such as termination. Some sort of meta—semantics of the partial evaluation algorithms
would be useful in this regard. Work along this line has been done by (Hascoet 1988).
He uses an inference system which uses inference rules defining the dynamic semantics
of programming language interpreters, along with tactical inference rules which define
partial evaluation strategies.

A similar approach to this one is taken in (Ross 1989) towards partially evaluat-
ing imperative programs. An imperative program’s relational semantics is represented
by a logic program. This logic program is then treated as a pure Prolog program,
and is partially evaluated using a Prolog meta—interpreter. Transformations of the
logical semantics reflect correctness—preserving transformations of the imperative pro-
gram. The residual logic program is translated back into imperative code using the

predicative program principle.
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Chapter 8

Other Sequential Control
Schemes

The usual depth—first left—to—right control of Prolog is just one possible inference strat-
egy. This chapter gives examples of CCS semantics for other sequential control schemes.
This will show CCS’s robustness for describing logic program control. The control

strategies studied in this chapter are:

e A breadth—first strategy which uses a fairer search rule is looked at in section
8.1. Tt uses a clause sequencing operator which interleaves the solutions found

by the clauses of a predicate.

e The semantics of a breadth—first computation rule is derived in section 8.2. This
strategy resolves goals in a rule from left—to-right, but performs one single reso-
lution or clause unwinding for each goal, rather than depth—first as with standard

Prolog.

e A full breadth—first strategy is modelled in section 8.3 which employs both

breadth—first computation and search rules.
e The semantics of goal delaying mechanisms are investigated in section 8.4.
e Some nondeterministic sequential control schemes are suggested in section 8.5.

Then section 8.6 discusses some issues regarding the use of these semantics in program
analysis applications. Section 8.7 discusses the possibility of intercomposing control
operators to model new control schemes. A discussion concludes the chapter in section

8.8.
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8.1 An interleaving search rule

Standard Prolog uses a search rule in which clauses are searched by their textual order
in the program, and the solutions from each clause are exhaustively generated before
the following clause is searched. A fairer search rule is one in which the solutions from
the clauses comprising a predicate contribute their solutions equally to a computation.
A simple strategy for doing this is, after using a solution from some clause P;, using

the solutions from the other clauses before taking the next solution from P;.

Let [f] = [ sucd/suce, done'/done ]
F = { succd, done' }

Al B def ( A[f] | done'.B + succ suce.(B ;] (A — succ))) \ F

Bisimilarities :
5] =1 (swce.A) |;| B ~ 3uce.(B ;| A)
;| —2 Done ;| B =~ B

Figure 8.1: Sequential clause interleaving operator and bisimilarities

P—ao € (P[f]] f().Bchoy')\ F

Echo; * def Yo fl@).fHa).Echo; *

Figure 8.2: Next state operator

An approach to defining a fairer search rule is to interleave the solutions from
different clauses. Given clauses for a predicate, they are searched using their textual
order in the program, as is done in Prolog. However, only one solution is obtained
from a clause, after which the search carries on to the following one. This means that
the textual order of clauses is still used, but that a non—-exhaustive search is done on
each.

To effect this, a new clause sequencing operator |;| is used. It is defined
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in figure 8.1, along with some higher—level bisimilarities. The interleaving works by
waiting for A to produce a single solution, and once it does, generate it, and then invoke
B recursively sequenced by the next state of A. With respect to goal sequencing, the
same backtracking mechanism is used as in standard Prolog. The bisimilarities are
derived through expanding the operator definitions for the two cases (proofs omitted).

This interleaved search strategy is fair for non-looping computations — those
that generate finite and infinite streams. Even though clauses are initially searched
according to their textual order within the predicate, when there is no looping, all finite
subtrees will be explored. But should a clause loop, this control strategy is not fair,

since a clause being searched which loops will never allow other clauses to be searched:
1lP= L

To help alleviate looping , the breadth—first computation rule in section 8.2 can be
used.

An important property of |;| is that it is right-associative only, rather than
fully associative:

Al BLIC = AlI(B;O)

The following theorem shows how the composition of expressions using [;| affects

observed results.

Theorem 1

(P L@ IR # PJi|(QFR)

Proof: Let A=~ a.A', B~ 0b.B', and C ~ c.C’', where a, b, and c are succ actions.

Ezpanding both sides of the above inequation result in different streams.

(Afsl B) ;] €

~ (a. A" ;] b.B") |;| e.C"  :subst. A,B,C
~a.(b.B |;] A) ;] cC” ;] =1
~a.(c.C' ;] (b.B" ][ AN) || -1
~ac(0.B" ;| A) [ C) 5] -1

AL (B O)

~a.A ;] (b.B'|;] ¢.C") : subst. A,B,C
~a.((b.B |;]eC) ;] A ] -1
~a.(b.(c.C"[}| B) [} A) + 5] -1
~ab.(A" ;| (c.C"[;| BY) : ;] -1
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The “—” operator used by |;| is defined in figure 8.2. It represents the subse-
quent state of an agent after it generates a particular action. Given P % P’, then P—«
invokes P, waits for o (which is relabelled using f described below), and once found,
echoes the rest of P. The E'choi_1 agent is indexed to reflect the set of & handled. The

following lemmas show the behaviour of —.

Lemma 2 Let f and f~' be relabelling functions which, for all a € L(A), f(a) = o
and f~1(a!) = a. Let A[f] be the application of f to A, and F = Uf(a) for all
a € L(A). Then (A[f]| Echo; ')\ F ~ A.

Proof:
(A[f] | Bchoi ') \ F
~ (A[f]| ¥, @Echo;')\ F :Con Echo; "
~ A : repeated expansion
Echol-_1 simply undoes the relabelling done by [f]. O
Lemma 3 aA-—a =~ A (€ L(A))
Proof:
a.A—«
((@.A) [f]] f(e). Echo;')\ F : Con —
~ (f(a) Alf]] f( )-Echo; )\ F: apply [f]
~ (A[f]| Echo; ')\ F : expansion
~ A : Lemma 2
O
p(X) = pi(X) | p2(X)
p(X): — ¢(X) p1(X) E g(X)
p(o). pa(X)E X =c
—
a(a). a(X) = qu(X) i g2(X)
a(®). @(X) = X =a
@(X) € X =b

Figure 8.3: Program and CCS translation
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=4
s

p1(X) [5] p2(X) : Con p

(q1(X) [5] g2(X)) ;| p2(X) : Con py,q

(succ(6:) . q2(X)) [;| p2(X) :Resol qi, ;| —2, 61 ={X < a}
succ(0y) . (p2(X)

il 2(X)) Phl -1
succ(0) . succ(fs) . qa(X) :Resol Py, |;|] —2, 6 ={X < ¢}
suce(0y) . succ(fs) . suce(f3) . Done : Resol g9, 03 ={X < b}

Ox X aee

”

Figure 8.4: Symbolic computation of “? — p(X)

Consider the logic program in figure 8.3 with its CCS translation. An example
symbolic computation is given in figure 8.4, which uses the bisimilarities of figure 8.1.
The search rule computed the ordered stream a, ¢, and b for X. Prolog’s standard

search rule computes a, b, and c.

8.2 Breadth—first computation rule

Prolog’s computation rule selects goals from left—to-right, by using the order they are
found within a clause or query. When combined with Prolog’s depth-first search, a
goal G; will have to completely infer a result before the following goal G, is resolved.
If G; loops, then G;;1 will never execute (theorem 4.1.5).

A breadth—first computation rule selects goals for resolution in a breadth—first
fashion, so that the depth of resolution down the computation tree for all the goals
in a query is the same. This contrasts with the depth—first search done in standard
Prolog. Consider the query

?— G1,Ga,...,Gg.

A goal G; is initially selected (let it be G'1) and resolved with a clause “C' : —By, ..., B,.”

using the unifying substitution 6:
?— (Bi,...;Bp,Go,...,G.)0

The computation rule next selects a goal from amongst the remaining goals Go, ..., G,

(say G2), and resolves it one level deep:
? — (By,...,By,C1,...,Cm, G3, ..., G1,.) 00’
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The rationale is that each goal in the query should have its resolvent computed one
level deeper (its immediate children), and that the differences in resolution levels of
the goals should never differ by more than one level. A goal which resolves with a fact
falls out of the query. This procedure repeats for the remaining goals in G3, ..., G, and
it continues until an empty goal is obtained. Backtracking is similar to that done in
Prolog: computed results from left-hand goals are exhaustively applied to right—hand
goals, and new left—hand results are only applied after right—hand goals have completed
execution.

Four basic actions are used by agents:
L(P) = { succ(0), res(d), done, doneclause }

The succ and done actions have the same meaning as before. The action res(f) rep-
resents the resolution of a goal with a clause using a unifying substitution 6. The 6
argument will usually be omitted. res differs from succ in that it represents a successful
single resolution step, whereas succ represents a completed inference or computation
of a goal. doneclause is used to observe when a clause has exhaustively generated
all its solutions. It will be generated by a clause sequencing operator to be discussed
shortly. The above actions will be superscripted when necessary, for example, succ’

and doneclause”.

M[Pi(i) : =G, Goy . Gn.]= P#) Y (@ =15 GGt B+ Gy

M[?7— P, Q.]= (PtQ))\ {doneclause, res, doneclause"}

Figure 8.5: Example translations

Some example translations using the breadth—first computation rule semantics
are in figure 8.5. The translations are similar to those of Prolog programs used earlier,

except that (i) a & operator separates the unification goal from the rest of the goals
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in the clause, (ii) clause sequencing uses a “loud” sequencing operator, which echoes
doneclause at the end of every clause’s execution, and (iii) query expressions have

doneclause and res restricted.

Let [g] = [sucd/suce, res'/res, done'/done,
doneclause' /doneclause, doneclause /doneclause’ |
[d] = [doneclause” /doneclause ]
[d'] = [doneclause/doneclause” ]
G = {sucd, res', done', doneclause', doneclause }
Avt BE (Alg]| Gloop;) \ G
Gloop; ©f done'.Done

+ succ.B + (Nextclause(A — succ) >+ B)
+ res'.(B >t (Clause(A — res)[d1]))
+ (Nextclause(A — res) >t B)

Clause(P) def ( Plg] | Cloop ) \ G

Cloop def succ' .suce.Cloop + res' . 7es.Cloop + doneclause
+doneclause'.Done + done'.Done

" doneclause”

Nextclause(P) def ( Plg] | done'.Done + doneclause'.Echo, ')\ G

P+t Q def ( Plb/done][d] | b.doneclause.Q )\ b (b ¢ L(P)UL(Q))

Pp Q def ( Plg] | succ' . 7es.Q + done'.Done ) \ G

Figure 8.6: Breadth—first computation rule operators

w_»

The operators are defined in figure 8.6. The operator used is from section

8.1. The >t operator is a breadth—first backtracking operator. In A >t B, when A
produces succ, then B is executed. When A = A’, then B>t A’ is recursively invoked.
The state A’ is determined using agent Clause, which gives the behaviour of the
current clause of A (discussed below). After this recursive call, the following clauses

are processed recursively. The Gloop; mechanism is not a loop, but is an agent used

for clarity’s sake. It is uniquely named via the 7 index.
Theorem 4 The " operator is associative.
(A" B)>"C =~ At (B> O)
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Proof:  The proof is similar to the theorem 4.2.5 for the associativity of 1>, and is

omitted. O

The definition for 1 is similar to normal clause sequencing, except that
doneclause is generated at the termination of clauses. This action is observed by
Clause and >t to distinguish the streams produced by different clauses. It is also
right—associative only:

PtQtR=P1(QTR)

The & operator models one resolution step between a goal and a clause. In
P @, agent P is always the first goal of the clause, being the call to the unification
agent (=). Instead of returning suce, or executing the rest of the clause body, &

returns 7es. The res action is used by >t to sequence goal resolutions.

t—1: (a.A) + B ~ a.(A T B) (o € {done, doneclause})
-2 Done + B = doneclause.B

>F—1: Done>t B~ Done

>t—2: (suce.Done + A)>'B = + (At B)

>t—3: (tes.A + A)p>t* B ~ (Bt A) + (A >t B)

>t—4 suce.Done>t B ~ B 1 Done

>t—5: 7es. At B ~ (BptA) t Done

B—1: succ.A> B =~ Tes.B

B —2: Done> B =~ Done

Figure 8.7: Breadth-first computation rule bisimilarities

The higher—level bisimilarities in figure 8.7 are now derived from the operator
definitions in figure 8.6. The bisimilarities for + and & are first derived.

Theorem 5

a.(A + B) (o € {done, doneclause})

doneclause.B

et

B
B

X

+

a.A) 1

(c. A[b/done][d] | b.doneclause.B) \ b :Con ¥
a.(A

a.

(A[b/done][d] | b.doneclause.B) \ b : expansion
(A + B) sdefn  t

RNz

148



t—2: Done t B
(done.0[b/done] | b.doneclause.B) \ b : Con ¥

~ (b.0 | b.doneclause.B) \ b : Rel
~ (0| doneclause.B) \ b : expansion
~ doneclause.B s stmplify

a

Theorem 6

7es.B
Done

>—-1: Succ.Ap> B
> —-2: Donep> B

X

Proof:

B>—1: 3ucc.Ap B
(suce.Alf] | succ’.7es.B + done’.Done) \ F : Con B

~ (A[f] | 7es.B) \ F : expansion
~ (A[f]\ F)|res.B s simplify
~ 0|7es.B s simplify
~ Tes.B s simplify
B —2: Similar to above. O

The manner in which individual clause streams are observed and used is now
shown. The clause sequencing operator * generates a doneclause action whenever the
left—-hand—side clause terminates and the right—hand—side clause is to commence execu-
tion. This action is used to distinguish the stream generated by a clause. However, in
order for this doneclause action to be effective, any doneclause actions internal to the
stream must be silenced. This is done using the [d] relabelling within * , which mutes
internal doneclause actions by relabelling them to doneclause”. The Nextclause and
Clause agents described below identify particular clause streams.

Lemma 7

(i) Clause(A t B) = Ald]
(11) Clause(A) ~ A

Proof: Case(i): Let A =~ s.Done, and t be the stream s[d] (t relabells doneclause

to doneclause” via [d]). Ezpanding Clause:
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Clause(A + B)

~ (A t B)lg] | Cloop) \ G : Con Clause
~ (s.Done 1 B)[g] | Cloop) \ G : subst. A

~ t.((Done T B)[g] | Cloop) \ G : expansion
~ t.((doneclause.B)[g] | Cloop) \ G : +—2

~ t.(Blg] | Done) \ G : expansion

~ t.(B[g]\G | Done) s simplify

~ t.(0 | Done) : simplify

~ t.Done : simplify

~ Ald] s simplify

This holds for non-terminating A in the usual way.
Case (ii): When there is no T in expression, the proof is similar to case (i). Clause
uses the action done in a manner similar to doneclause. O

Lemma 8

(i) Nextclause(A + B) ~ { B :if A is terminating

1L :if A=a” or A= L
(13) Nextclause(A) ~ Done
Proof:  The same argument as in lemma 7 is used, except that all the output from

A is ignored until doneclause is reached, upon which the rest of the stream is echoed

using Echo;1 from section 8.1. O

Bisimilarities for >t are now defined.

Theorem 9

>F—1: Done>" B =~ Done

>t—2: (suce.Done + A)b*B ~ B 1 (A>' B)

>t— 3 (tes.A + A)>v*B =~ (Bt A) + (A'>"B)
>F—4 succ.Done>t B ~ B T Done

>t—5: 7es. At B =~ (B>t A) t Done

Proof:

(¢) >t— 1 :using expansion (omitted)

(1) >F—2:
(suec.Done + A) >+
~ ((succ.Done * )[ ] | Gloop;) \ G : Con >+
~ ((Done t A)lg]| B

(Nextclause(suce. Done + A—succ) >t B)) \ G :expansion
~ ((Done t+ A)lg] | B t (A>*B))\ G : Lemma 8
~ B t (A>' B) : simplify

The last simplification occurs because the restriction of G makes the left-hand term
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drop out (since it is equivalent to 0), and it has no effect on the right-hand term.

(iii) >+— 3 :
(tes.A + A')> B
~ ((res.A t A")[g] | Gloop;) \ G : Con >+
~ ((A + A)[g] | (B> (Clause(Tes.Done + A —res)[d™Y])
t (Nextclause(res.A T A" — succ) > B))) \ G : expansion
~ ((A + A)[g] | (B>t (A[d)[d7Y]) + (A’ B)\ G : Lemmas 7, 8
~ (B>t A) + (A > B) : simplify

(iv) >*— 4 and (v) >*— 5 : The derivations are similar to >"— 3 and >*— 4 respectively.

a

Using these bisimilarities, the basic control mechanism used in the semantics

will be illustrated. Consider the backtracking expression:
(Ar + Ay t - 1 Ap)D>'B
Let Ay ~ 7es.A). The expression is then bisimilar to:
(Fes.Ay + Ay + -+ + Ap)>' B
Applying >F— 3 to this:
(BoFAY) 1 (A2 1 -+t Ap) D" B)

Note that the search strategy is depth—first down the first clause A; of the original
query. Now consider the first term of this sequence. Letting B ~ By >" --- >t B, and

using associativity:
(By "> By) >t A)) = (B > (Ba ™+ - >F B, > A)))
Depending on the form of B;, appropriate bisimilarities are applied to this term. For
example, letting By = Tes. B, and using >"— 5:
By >" (By T - - - T By, T A))

(fes.B}) >" (By >t -+ - >F By, b+ Af)
(By >t -+ > B, >t A} 5" B]) + Done

Y

From this, it can be seen how the goals are being expanded breadth—first. The ex-
pression with >f—sequenced terms is acting like a queue in which successive resolvents

from goals at the front are appended to the end.
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a(X) € ai(X) 1 a2(X) 1 a3(X)
a(z). a1 (X) LX=u
a(y) : — a(y) e(X) € X =y > ay)
a(z). = X)) Yx=:
") X)L by (X)
bi(X) ¥ x =2
Figure 8.8: Program and CCS translation
a(X) >F b(X)
~ (a1(X) T a2(X) T a3(X)) >"b(X) : Con a
~ ((succ(61).Done) + az(X) t a3(X))>"b(X) :Resol a,
91 = {X — JT}
~ b) ¢ ((0a(X) * as(X)) 5 (X)) -2
~ (ag(X) T az(X)) >t b(X) : Resol b, + —2f
~ (X =yb aly)) t az(X)) >t b(X) : Con ay
~ (res(f2).a(y) T a3z(X)) >t b(X) : expansion, B —1,
O = {X <y}
~ (b(y) >"a(y)) 1 (as(X) >* b(X)) 1>-3
~ (Donetta(y)) t (a3(X) > b(X)) : Resol b
~ a3(X) > b(X) -1, -2
~ (succ(f3).Done) > b(X) : Resol as,
93 = {X — Z}
b(z) T Done (>f—4

Ore 2

succ(03).Done

: Resol b, expansion!

Figure 8.9: Symbolic computation of “:
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Consider the logic program in figure 8.8 with its CCS translation. An example
symbolic computation is given in figure 8.9, which uses the bisimilarities of figure
8.7. Each line of the computation has “\ {res, doneclause,doneclause”}” implicitly
appended to it (omitted for clarity). The steps with { denote when this restriction is
applied. The breadth—first computation rule computes the binding X < z, whereas
Prolog’s depth-first left—to-right control loops at the second clause of a.

The breadth—first expansion of a set of goals does not guarantee that looping
computations will not occur. In addition, the clause sequencing used is essentially the
same as standard Prolog’s, so that one clause will have to be totally computed before
subsequent ones are searched. The final breadth—first strategy studied is completely

fair, and uses both breadth—first search and computation rules.

8.3 Full breadth—first control

The breadth—first strategy studied in this section has a control scheme with character-
istics similar to the ones discussed previously. Goals are expanded using a breadth—first
computation rule like that of section 8.2. This is combined with an interleaved search
throughout the clauses, similar to the one in section 8.1, except that the interleaving
occurs between the resolution of clause descendents, and not just between computed
solutions as before. Together, these two strategies result in control which searches the

entire computation tree in a breadth-first fashion.

Let D = {doneclause, next, res, doneclause"}

M[[PL,Ps,... ] = P¥p

.
-

MIP(@).] = R@E)=z=t
M[[.PZ(Z) e Gl, GQ, Gn]] = .Pz(fi

M7= P, Q] = (P¥Q\D

Figure 8.10: Example translations

Some example translations for Prolog code are in figure 8.10. Figure 8.11 con-
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Let [h] = |[succ/suce, res'/res, done'/done, next' /next,
doneclause' /doneclause, doneclause" |doneclause]

[d] = [doneclause” /doneclause ]
[d='] = [doneclause/doneclause’ ]
H = {sucd, res', done', doneclause’, next’ doneclause” }

A BY wext.( A[h] | Hloop; ) \ H
A¥B = (A[h]|Hloop; )\ H
Hloop; = done'.Done + succ (B * (Nextclause(A — succ) ¥ B))
+ res'.(B 3 (Clause(A — res)[d']))
* (Nextclause(A — res) ¥ B)

Pt Q= (P|done' /done,next’ /next][d] |
(done'.doneclause.Q) + next'.(Q * (P — next))))\H

Figure 8.11: Full breadth-first control operators

-1 (succ.A) * B =~ 3ucc.(A * B)

£ 2. (next.A) * B ~ B * A

-3 Done * B = doneclause.B

>—1 Donet* B =~ mnext.Done

>¥—2: (suec.Done ¥ A)*B = next. (B * (A¥B))
>— 3 : (Tes. A * A)* B =~ mnezt.(Bt* A) * (A #B))
>—4: succ.Done > B =~ next.(B ¥ Done)

>~ 5 7es. A B = mnext.(Bt* A) ¥ Done)
-1 Done¥B =~ Done

¥—2: (Swec.Done * A)¥B =~ B * (A¥B)

-3 (Tes. A * A)¥B =~ (B A) * (A ¥B)
-4 succ.Done¥B =~ B * Done

-5 7es.A¥B =~ (B A) * Done

Figure 8.12: Full breadth-first control bisimilarities
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tains CCS definitions of the full breadth—first control operators. The sort of actions

possible for agents P is:
L(P) = { succ(0), res(f), done, doneclause, next }

The succ, res, done, and doneclause actions are used in the same way as in the last
section. The next action represents when all the immediate descendents of one clause
have been resolved, and that the computation is to continue at a new clause. As before,
superscripts are sometimes used to relabel actions.

The & operator is the same as before. The > backtracking operator uses
a breadth—first computation strategy identical to that of the >t operator discussed
earlier. There are three differences between > and >t. Firstly, the o operator imme-
diately generates a next action, which is used by any external * sequencing operator.
Secondly, >* is defined to be left-associative: A" Br*C = (A B)*C. This asym-
metry is introduced by the next action. Lastly, I uses a B operator for its recursive
calls. The B¢ operator is identical to I, except for the lack of a next action within it.
The functionality of > and ¥ will be made clear later after higher—level bisimilarities
are derived.

The sequencing operator * combines characteristics of the |;| and 1 oper-
ators. The * operator interleaves the search whenever a next action is encountered,
rather than with succ actions as with |[;| . Like 1, the action doneclause marks the

termination of clauses. It is also right—associative only:
P1QtR=P1(Q}R)

Derivations of the high-level bisimilarities of figure 8.12 follow.

Theorem 10

*—1: (Succ.A) * B =~ 3ucc.(A ¥ B)
*—2: (next.A) * B ~ B * A
-3 Done * B = doneclause.B
Proof:
*—2: (next.A) * B
~ (next'.A[h] | (B * (next.A—mnext))\ H :Con *, Rel, expansion
~ AR\H | (B % A) : simplify
~ B * A s simplify
*—1 and *—3 are similar. O
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The derivations of the B bisimilarities are identical to to their > counterparts,

except for the presence of the next actions.
Theorem 11
next.Done
next.(B * (A*B))

(B A) 1 (4'5B))
next.(B * Done)
next.((B* A) ¥ Done)

Donert> B
(succ.Done * A)>* B
(tes. A + A ) B
succ.Done > B

7es. At B

\VARVARVARVARYA
|
OU IR W N =

arue
3
)
g

Proof:

(i) = 1: using expansion (omitted)

(i1) =2
((swee.Done) * A)>* B
~ next.(((Succ.Done) * A)[h] | Hloop;) \ H : Con
~ next.((Done % A)[h] | (B *
(Nextclause((succ.Done) ¥ A — succ) ¥B))) \ H : expansion

~ weat(Done § A)h]| (B ¢ (ASB)\ H Lemma 8
~ next.(B * (A¥B)) : simplify
(¢79) >*— 3
((Tres.A) * A")>* B
~ next.(((Tes.A) % A")[h] | Hloop;) \ H : Con ¥, expansion
~ next.((A" ¥ A)[h] |

(B * (Clause(Tes. A * A" —res)[d1])) *

(Nextclause((7es.A) ¥ A’ —res)*B)) \ H s expansion
~ next.((A" * A)[h] | (B (A[d][d']) * (A'#B))\ H :Lemmas 7, 8
~ next.(BrA) ¥ (A *B)) : simplify

(iv) *— 4 and (v) = 5 : Their derivations are similar to '— 2 and *— 3 respectively.

O
The basic control mechanism is now illustrated. Let
D = { res, next, doneclause, doneclause” }
A computation is initially a goal query, possibly with backtracking:
(PQ)\D
The general form of predicate P is

Py Pyt 7 B
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Substituting this in the query gives:

(Pt Pyt 3 P)Q)\D
Expanding this yields:

(next.(Ar 5 Ay ¥ -+ % Ap))\ D

where each A;(1 < i < k) is either of the form suce.Done, Done, or Tes. A}, where A}

is a descendent goal expression. Expanding this gives,
(Ar 3 A2 5 - 3 A\ D

since the restriction of D on the query suppresses next actions. The next step is to
process A;. If Ay =~ succ.Done, then * —1 will produce this Succ as a result for the

computation:

sace.(Ay % - 1 Ag)\ D

If Ay = Done, then * —3 makes it drop out:

Should A; be a backtracking construct, then it generates an expression akin to the one

above for the query:
Ay

Tes. Al
next.(By % -+ ¥ By)

Q

where the B;’s have the same form as the A;’s above. Substituting this into the query

gives:
((next.(By § +++ % Bp)) ¥ Ay ¥ -+ 1 Ap)\ D
~ (A2 3 - T Ag Y Bt st B)\ D P2

The queue of goal expressions grows in this manner whenever new backtracking con-
structs are executed, and the queue shrinks when either sucé or Done terms are en-

countered.

Worth explanation is the way the next action appends goal sets onto the end
of the queue. It was mentioned earlier that >* is left-associative: A B* C =
(A B)>* C. This left-associativity is used so that only one next action is generated
every time a backtracking ¥ sequence is encountered. In the definition of > in fig-

ure 8.11, the action next is immediately generated when the operator is encountered,
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which is evident within all the bisimilarities for & in figure 8.12. When an expression
contains multiple instances of I, then a right—-associative structure will cause multiple
instances of next to be generated, in fact, one for each > in the expression. When left—
associativity is used, the other next actions are generated by agents on the left—hand
sides of > expressions. By relabelling them with [h], they are effectively suppressed
during execution of >, and only the right-most >’s next action is generated. The
B¢ operator is used by > so that extraneous next's are not produced in the recur-
sive definition. The effect of all the above is the generation of one mext per clause
being executed. This represents one single resolution of all its descendents, given the

breadth—first computation rule used within it.

p(X) & pi(X)

p1(X) ¥ Trues a(X) > b(X)
p(X) : = a(X), b(X). g(X) ¥ q1(X)
q(w) a(X) ¥ x =w
a(z). e aX) Y o (X) t as(X) t ag(X)
o w(X) ¥ X =o

X)X =y ay)
b(2). a3(X) ¥ x =2

b(X) E by (X)

bi(X) ¥ X =2

Figure 8.13: Program and CCS translation

Figure 8.13 contains a program and CCS translation, and figures 8.14 and 8.15
contain symbolic computations. Steps tagged by { represent when the restriction of
D is applied. The computation in figure 8.15 uses the stream from figure 8.14. The

extraneous doneclause’s are ignored by *.
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XN 22 22 XN X

) B b(X)
(a1(X) % ao(X) * a3(X)) > b(X) : Con a
(succ(01).Done ¥ as(X) * az(X)) o b(X) : Resol ay,

91 = {X — ]7}
next.(b(z) % ((a2(X) * a3(X)) 2b(X))) D2
next.(b(z) * ((res(62).a(y) * az(X)) Bb(X))) : expansion, > —1,

O = {X < y}
RETE(b(x) * (by) & a(y)) ; (as(X) EH(X))) -3
next.(b(z) 7 (b(y) > a( )) ¥ b(z) ¥ Done) : as above
next.(Done * (b(y) B ( )) ¥ b(z) ¥ Done) : Resol b(z)
next.doneclause.((b(y) > a(y)) * b(z) * Done) s -1
next.doneclause.((Done > a(y)) * b(z) ¥ Done) : Resol b(y)
next.doneclause.(next.Done * b(z) * Done) (-1
next.doneclause.(b(z) * Done * Done) D=2

next.doneclause.succ(fs).doneclause.doneclause. Done

: Resol b(z)}

03 = {X — Z}
a
Figure 8.14: Simplifying a(X) t* b(X)

p(X) 5 ¢(V)
~ (Trueb a(X) > b(X)) > q(Y) : Con p, p;
~ (res(e) (a(X) > b(X))) > q(Y) : expansion, B —1
~ g(V) 5 ((@(X) 5 (X)) * Done) s
~ succ(fy).Done > ((a(X) > b(X)) * Done) :Resol ¢(Y), 64 ={Y « w}
~ ((a(X)*b(X)) * Done) ¥ Done 1 — 4, expansion
~ (next.doneclause.succ(03).doneclause.

doneclause.Done) * Done) % Done : Figure 8.14
~ (Done * doneclause.succ(03).doneclause.

doneclause.Done) * Done ]

succ(0s).Done

: eacpansion,]L

0y =603U04
={X <2 Y < w}

Figure 8.15: Symbolic computation of “: —
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8.4 Freeze predicates

This section models a simple predicate freezing strategy similar to that of SICSTUS
Prolog (Carlsson and Widen 1988). The semantics given here should be considered to
be a sketch of how freezing mechanisms can be handled in CCS, rather than a complete
semantics of a predicate freezing implementation.

Predicate freezing permits the dynamic alteration of program control during
execution. Program goals are either (i) active or executable, or (ii) blocked or frozen.
An active goal is one which is a candidate for resolution, and a blocked goal is one which
is suspended pending further computation. The criteria for deciding when to freeze
or awaken a blocked goal is typically the instantiation pattern or mode of a predicate.
For example, a predicate may be designated to be frozen whenever its arguments
are non—ground terms. Although predicate freezing is considered to be sequential by
virtue of the fact that it is supported in some sequential implementations of Prolog,
for example, SICSTUS and NU-Prolog (Thom and Zobel 1988), it begins to verge
on concurrent paradigm of logic program control. In addition, predicate freezing is
very implementation dependent, and different implementations have different control
conventions.

In SICSTUS, a predicate is designated as freezable using a wait declaration,
and such a predicate becomes blocked whenever its first argument is uninstantiated.

For example, with the declaration
7 — wait p.

the predicate p is frozen if, during execution, a call to p contains a non—instantiated
first argument. Such a goal becomes blocked until either (i) the variable in the first
argument becomes instantiated, or (ii) the goals following p in the computation all fail,
and p therefore fails due to exhausted backtracking.

Some example translations are in figure 8.16. Predicates declared as freezable
use the F'reeze operator, while others have sequential predicate definitions as in stan-
dard Prolog. A new backtracking operator >/ is used. The goal T'rue is appended to
the end of all >/ expressions. Queries are handled by a Query operator.

The CCS definitions for the operators are in figure 8.17. The sort of possible

actions are L = {succ, done, wait, kill, awake, donew, var, nonvar, floundered}, along
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pY Freeze(Xy1,(P1 i -+ 1 P)) : P freezable,

M[ [P, Py,....P]] = X, 1st arg. of P

p PP : otherwise

—h

€

P(%) = & =t True

—
e
—
S
~
=
I
Q.

(oW
—h

M[Pi(t) : =Gy, ...Gp.] = P(@)F =1t G > - > Gy > True

M[?7—= P, Q.] = Query(P >’ Q> True)

Figure 8.16: Example translations

Let [e]=Va|d/a]
[n*] =Va|a"/a] for a unique n
E=U,{d}
I=u m{a}

A' B (Ale] | Eloop; ) \ E
Eloop; ©f " Jone!.Done

+ sucd.B ' ((A — succ) > B)
+ wait' (B} kill.Done | A[n*]) \ kill
+ ¥, awake'.(Echo(i) > A > B) i Eloop,

Echo(7) © via. Echo(i) + donew'.Done

Freeze(X, P) ot (Var(X) | var.wait. Waity(X) + nonvar.P ') \{var, nonvar}

e

Waity(X) =  wvar.wait.Wait,(X)
+ nonvar.awake. P (donew.Synchronise(X)) } Waity(X)
+ kill.Done

o
n

def
Query(Q) = (Qlel | QLoop ) \ B\ I
QLoop def succ' (wait'. floundered.Q Loop + 5uce.Q Loop) + done'.Done

Figure 8.17: Operators for predicate freezing
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with indexed o/ and /(i > 0) of these £ actions. In A >/ B, the behaviour of the
expression is identical to standard backtracking using > when no frozen predicates are
involved, as is evident in the first two terms in Eloopjl. However, if A becomes blocked
and generates a wait action, the blocked A is then executed concurrently with B. The
behaviour of this frozen A is discussed below. The expression [n*] denotes a unique
relabelling of agent A using some new integer value n. The kill signal, local to this
term, terminates the blocked A when B has exhaustively backtracked and terminated.
The fourth term represents the case when some blocked goal has awoken, which is seen
via the generation of an awake’ action. When this occurs, the stream generated by this
awoken goal, which is uniquely determined by the label index i, is introduced to the
front of the current computation. In summary, the net effect of > is to (i) execute non—
blocked goals in the usual sequential way; (ii) execute blocked goals autonomously with
the current computation, killing them later as appropriate; and (iii) injecting awoken
goals into the computation.

The Freeze operator uses a builtin system predicate Var(X), which continually
polls the variable X, generating var as long as X is not instantiated, and nonvar
when it becomes instantiated. Freeze itself will initially execute P directly if the first
argument X is instantiated, or it goes into a polling mode via the Waity loop if X
is uninstantiated. Within the Wazit; loop, the action wait is generated as long as X
remains uninstantiated. When X becomes instantiated, the action awake is generated,
and the predicate P itself is executed. A donew occurs when P has terminated. Then a
builtin Synchronise agent is invoked, and the loop is re-executed. Synchronise waits
for its variable argument to unbind and re-bind. This is done so that a blocked goal
does not infinitely awaken for one binding of a variable, but instead waits for a new
instantiation of the variable before awakening. A kill signal terminates the Freeze
agent.

The Query operator generates floundered should there be any blocked actions
at the end of an executed query. It also suppresses any blocked goal streams via “ \ I7.

A small program and its CCS equivalent are in figure 8.18. A symbolic com-

»

putation will now be shown. Consider the query “? — p(X),r(X).”. The derivation

begins:

! As before, loops are uniquely identified by subscripts.
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7 — wait p. p(X) def freeze(X,p1 (X))
p1(X) © Prue

p(X). PN
r(a). r(X) = r1(X)
r(b). r1(X) © X = a>f True

Figure 8.18: Program and CCS translation

p(X) >/ r(X) > True
~ (Freeze(X,pi(X))[e] | Eloop;)\E :Con >/, p
~ ((r(X) > True kill.Done | Freeze' (X, py (X)) [U*])\kill (1) : simplify

The Freeze' term in the last line represents the state of the goal blocked by X. The
underlined expression is now expanded:
r(X) >/ True

(r(X)e] | Eloopy) \ E : Con >/
(succ(61).Donele] | Eloop;) \ E (2) :Resol r, 6, ={X + a}

R

At this point, because X is bound, the blocked goal is awoken, and the Freeze' ex-

pression generates the stream:
Freeze' (X,p1(X))[1*] = awakel.succ(e)1.D0nel.F7’eeze"(X,p1(X))

This stream interrupts the execution at (2):

(succ(61).Donele] | Eloopy) \ E
~ (succ(01).Donele] | (succ(e).Done > succ(01).Done > True)

? Eloopg) \ E : expansion
~ (succ(e).Done > succ(61).Done > True) } Eloopy) \ E simplify

This continues, and produces M.Done as a result. Then, Freeze” stalls until X
is unbound, and the expression at (1) continues execution, producing one floundering
result. When it terminates, the blocked agent is killed.

The semantics of a practical implementation of predicate freezing would differ

from the above in the following respects:
e When two or more predicates are blocked, an order for unblocking them needs
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to be established. A simple strategy is to use the order in which they became
blocked. The above treatment, however, nondeterministically chooses goals to

unblock.

e The simple “Var” approach above can be enhanced to use more sophisticated

tests.

e The above generates solutions only when there are no outstanding frozen goals.
An alternative approach is to produce solutions supplemented by a message that

floundering goals were present.

8.5 Sequential nondeterminism

Various forms of nondeterministic sequential control are readily modelled with CCS.
The control schemes suggested here exploit CCS’s modelling of nondeterminism nor-
mally used for concurrency. Consequently, these nondeterministic sequential strategies
are very similar to concurrent ones. They differ from the previous breadth—first ones in
that nondeterminism is used for choosing which goal or clause is to be used, while the
breadth—first schemes use a strictly deterministic selection criteria, it being the static
ordering within program definitions.

Nondeterminism can be introduced into both the computation and search rules.
One crude form of nondeterministic search is to model all possible permutations of
clause search orderings. For example, for a three clause predicate,

M[ [P, P, 3] | = P iPiP3 + PiP3 Py + PP P
+PiP P+ PP P+ P3P P

CCS’s choice operator “+” delimits nondeterministic choices of clause ordering. This
expression models every possible ordering for the three clauses. If the expansion the-
orem is applied to such an expression, the six streams produced by the six search
strategies will be generated. However, the stream generated by each strategy is stati-
cally defined.

A more nondeterministic search is the following. Let [g;] = [done’/done]. Then,

M[ [P, Py,....P,] ] =
( Pilg1] | Palga] | ---| Pulgn] | done'.done?.--- .done™. Done) \ {done', ..., done™}

This expression represents all possible interleavings of streams generated by the clauses

F;. Each time a solution is computed by a clause, it is generated as a result. The final
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term with the indexed done’ actions collects all the termination signals from the clauses,
and generates done when and only when they have all terminated. These termination
signals are collected in an arbitrary order; other permutations of them are not seen
because of restriction. It should be apparent that the nondeterministic search above
is also a model of a simple form of OR-parallelism without clause commits (guards).
All the clauses are conceptually executed concurrently, and the semantics models all
possible interleavings of their generated streams. It is considered to be a sequential
control strategy here because the streams are intended to be used by some sort of
sequential computation rule elsewhere, for example, with the standard backtracking
operator >. Each term in the summation therefore represents a nondeterministically
chosen sequential search possibility. However, this does not preclude its use as a
semantics of parallelism, and this shows the close relationship between logic program
nondeterminism and parallel computations.

Nondeterministic computation rules are also possible. A crude nondeterministic

computation rule for three goals is

./\/l[[ Gl,GQ,Gg]]: Gi>Gy>G3 + Gi>G3> Gy + Gob> G > Gs
+G>G3> G + Gy3>Go> Gy + G3> G > Gy

As with the similar search strategy shown previously, this represents the six possible
permutations of goal ordering, each permutation of which uses standard Prolog back-
tracking. Applying the expansion theorem to this expression yields the six possible
behaviours which result from each ordering of goals.

A better nondeterministic computation rule strategy is possible. Let [f;] =

[succ! /succe, done’ /done]. Then

MIP(@{).]= PX)E (X =1
M[P (@) :— Body. |= P(X)% (X =1 > M[{Body} ]
M[{G}]= G
MIAG1, ... G} ] = ‘
(Grilf) |- Gilfel | = succ?(0).(M[ U{Gib}iz; |

i MIA{G; — suce(0)} U {Gitizg 1)

+ done'.done?. - - - .done* . Done ) \ U?Zl { succ?, done’ }

The notation U{G;};-; denotes the set of goals indexed by i but not including G;. All
the goals are initially executed concurrently. When one goal succeeds, then the rest of

the goals are executed with the first goal’s computed answer substitution applied to

165



them. When they terminate, all the goals are re-executed, but with the initial goal in
the next state (Gj — succ(f)). As with the nondeterministic clause search, the whole
agent terminates when all the goals terminate. The net effect of this semantics is
(i) goals are nondeterministically selected, and (ii) the semantics models all possible
nondeterministic computations. As with nondeterministic search, this strategy is also

very analogous to simple AND—parallelism.

8.6 Program analysis

Using the semantics given previously, termination and transformation properties of
programs under various control schemes can be ascertained. In the case of program
termination, proofs entail the derivation of a symbolic computation of some query in
question, showing via induction and well-founded orderings that the streams generated
are finite, infinite, or looping. The semantics of control affect proofs by determining
the way in which the symbolic computation evolves for the program. When defined,
high-level bisimilarities and other control-specific properties determine how streams
are generated and shared amongst program components. It is therefore helpful to
derive behavioural properties for the particular control strategy being used in order to

simplify proofs.

p(X) dzeffp1(X) T pa(X)
(X) = Truers a(X) b
p(X): —a(X),b i;(X) X True p(X)
p(X) : — p(X)
(1) o alX) © (X)) + as(X)
0 N a(X) Y x =1

a(2) : — a(2) dof

ay(X) = X =2 a(2)
b.

b,

by 4t e

Figure 8.19: Looping program

Consider the looping program of figure 5.3 of section 5.3.2, which is reproduced
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in figure 8.19 with a breadth—first computation rule operator. The termination analysis
to follow shows how looping can still appear with a breadth—first computation rule.

Two termination properties for the breadth—first computation rule are the following:

Property 1: 1L+ P = 1
Property 2: 7es® 1 P ~ L
Recall that 7e5“ is an infinite stream of 7€s actions.
The call to a(X) is first derived:
a(X)
~ a1(X) T a(X) :Con a
~ succ(6y).doneclause.as(X) : Resol, ezpansion, 6; = {X « 1}
~ succ(0y).doneclause.res(0;).res(e) - : & —1 repeated, By = {X « 2}

At this level, the looping behaviour manifests itself as an infinite stream of res actions.
This should not yet be replaced with L, because it is possible this stream might be
used externally.

Next, the call to p is expanded. We assume that res and doneclause are

implicitly restricted at the query level.

p(X)

~ pi(X) T pa(X) : Con p

~ (res(e).a(X)>tb) + po(X) :Con py, B —1
~ (succ(f)).doneclause.res(0y).res(e) ~ b + py(X) : subst. a(X)

~ bt (res(fy).res(e) " b + py(X) (>t—2

~ succ(0y).(res(8y).res(e) Bt b) + pa(X) :Resol b, -1
~ succ(01).((res(e) “ >t b) + Done) 1 pa(X) :>t— 5

~ succ(0y).(res(e) " ) + py(X) simplify

~ succ(fy).res(e) * t pa(X) simplify

~ succ(61).L t po(X) : Property 1
~ succ(fy).L : Property 2

The expression reduces to an infinite stream of res actions, which loops in the absence
of any external goals linking with it.
Another example is the variation of the 91 program in figure 8.20, originally

studied in section 5.3.5 using standard Prolog control. With standard Prolog’s compu-

tation rule, it was determined that ¢(n,Y) ~ succ({Y < n — 10}).L for n > 100. The
program is now analysed using a breadth—first computation rule. It can be seen that
the first clause generates the same solution {Y < n — 10} and terminates. The second

clause is now analysed. The restriction of the action set {res, doneclause, doneclause”}
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q(X,Y): — X > 100, Zis X — 10.

q(X,Y):— X <100, Uis X + 11, q(U,Y), q(Y, Z).

)
dX,Y) € qX.Y) f pX,Y)
a(X,Y) ¥ Trues X >1005" (Z is X — 10)
e(X,Y) ¥ Trues (U is X +11) " q(U,Y) >+ (X < 100) 5 (Y, 2)

Figure 8.20: 91 program

is implicit over the following expansion. Also, the syntactic equivalences D = (n <

100) >t ¢(Y, Z) and E = (m < 100) > ¢(Y',Y) are used for convenience.

q2(nay)
7es. (U is n+11) >t q(U,Y) > D
qgm, YY)t D

Y

(g1(m,Y) t go(m,Y)) >t D
QQ(m, Y)) >t D

Qo

(res.succ(fy).Done +

(n <100 >t (Y, Z) " suce(6s).Done)
i qZ(mv Y) >t D
(Done > q(Y, Z) >+ suce(03).Done)
1 qZ(mv Y) > D
Done + qa(m,Y) >" D
g2(m,Y) >t D
(fes.U' is m+ 11> q(U'.Y') > E) >t D
(n <100) >t (Y, Z) " U is m+ 115 (U Y') > E
Done >t q(YV,Z) st U’ is m+ 11t q(U,Y') >t E
Done

Q

Q

R

: Con g9
s simplify, ST —4,

U+m, m=n+11

:Con ¢
sstmplify q,

o ={Y « 1}, l=n+1

>t —3

s subst. <

>t —1

1 =2, simplify
: subst. qq

>t — 5, simplify
s subst. <

>t —1

A breadth-first computation rule therefore causes the query to terminate. This hap-

pens because finite failure caused by the numerical test < can be ascertained, whereas

standard left—to-right control searches down the infinite tree before this test can be

applied.
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8.7 Composition of control

A powerful feature of the CCS semantics is the relative ease of intercomposing operators
to create new control schemes, since the underlying CCS formalism is uniform for all
the various semantics. This is not necessarily as simple as putting different operators
together in expressions. When combining different control mechanisms, a useful rela-
tionship between them must be first be established so that a suitable and usable control
strategy results. In addition, different control schemes often use different protocols,
and the creation of hybrid control strategies requires that a conventionalised strategy
is defined between them. Therefore, a technical task is to standardise the interface
between different operators so that useful and predictable behaviour is modelled.
Consider the modelling of a control strategy which merges standard Prolog’s
backtracking and full breadth—first control. A design issue for this new control scheme
is to assure that the additional actions used by the breadth—first scheme do not interfere
with the > and | operators. Because > and % only use the sort F' = {succ, done},

they will naturally ignore the full breadth—first actions
L = {res, doneclause, next, doneclause" }.

However, what effect this ignoring of actions has upon the breadth-first search, as
well as on other program components, must be decided upon. Because the breadth—
first expressions generate the action next to begin the search down a new clause, the
> operator should ignore this signal and others in order to localise the breadth—first

search within its two backtracked goals. Let

[g] = [res'/res, next'/next, doneclause’ /doneclause, doneclause™ /doneclause’]
G = {res', next', doneclause', doneclause” }

and L as above. A modified >’ which localises breadth—first search is:
P’ QY (Plg >Q)\ G\ L

The restriction of L assures that these actions, which can be produced by ), do not
affect control outside this expression.

To use this new control, consider the expression:
Qdéf (Ao A ' (B -+ D By)

169



The behaviour of ) is as follows:

1. The left-hand—side expression with A;’s is executed using a full breadth—first
strategy. However, this search is localised within the scope of this A; term. Any
breadth—first search outside the LHS and @ will not be part of the breadth—first

search within Q.

2. Whenever a succ is computed, the right-hand expression with B;’s is invoked.
The B; expression then exhaustively generates solutions, again using a localised
breadth—first control. When it terminates, control passes back to the A; expres-

sion.
3. When the A; expression terminates, the whole expression terminates.

This behaviour is simply standard Prolog’s backtracking between two goals, but these
goals each use full breadth—first search within them.

It should be noted that the merging of control strategies such as the predi-
cate freezing and nondeterministic ones with other schemes requires more effort. With
predicate freezing, the unfreezing mechanism must be introduced to all the backtrack-
ing components. Such a conversion would be uniformly administered throughout the
semantics. Because the nondeterministic strategies exploit CCS’s summation operator,
care must be taken regarding its affects on observational equivalence, since expressions

are not always substitutive within summation expressions.

8.8 Conclusion

This chapter presented CCS models of other sequential logic programming control
strategies. Three different breadth—first control schemes, a predicate freezing mech-
anism, and some nondeterministic sequential control strategies were modelled. The
use of these semantics towards program analysis was discussed. The intercomposition
of different control operators was also addressed. This exercise in modelling various
control schemes in CCS proved that the process algebra paradigm is a good formalism
for describing logic program control, which is a central hypothesis of this thesis.

The breadth—first semantics share the same advantages as the semantics for

standard Prolog: all used the domain of streams of answer substitutions; all used
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control operators which correspond syntactically to program components; and with the
exception of the predicate freezing semantics, all had higher—level bisimilarities defined
for them. One problem is that, as with the standard Prolog semantics, the basic control
operators definitions of the breadth-first schemes describe the operational semantics
at too fine a level of detail. However, the high-level bisimilarities for the operators
create an higher level of abstraction which is more conceptually useful.

CCS betrayed some drawbacks when deriving the semantics of various control
schemes. A design motivation of CCS is that it is a minimalist model of concurrency in
which a wide variety of concurrent behaviours can be described using a small set of basic
CCS operators. This has both advantages and disadvantages from the standpoint of
deriving programming language semantics. One obvious advantage is that the designer
need only learn and master a small vocabulary of formal tools. A disadvantage is that
complex language behaviour is not always easy to conceptualise using the primitive
operators of kernel CCS. Describing some of the high-level behaviour of the breadth—
first schemes in terms of low—level primitives was difficult. The solution to this was

“_n

to derive higher-level operators in terms of the CCS kernel language (eg. , Clause,
etc), a task often found to be nontrivial. The design process would have benefited by
having a stock library of higher—level operators already supported by CCS, such as
those available in Hoare’s CSP (Hoare 1985a).

A powerful way of deriving new operators in CCS is via rules of inference. Mil-
ner defines the basic CCS operators using rules of inference. This approach also lends
itself well for defining the control operators studied in this chapter. Doing so means
that, instead of basic CCS definitions, control operators are defined directly in terms
of the semantic expressions of which they are components. A technical requirement,
however, is that such operators must be shown to preserve the theory of equality being
used. For example, if an operator f is defined via rules of inference, and if P = s,
then it must be shown that f(P,Q) =~ f(s,Q). This proof must be shown for all
possible forms of expressions P. Such definitions are possible for all the control oper-
ators given in this chapter, and would have been similar in descriptive content to the
high-level bisimilarities. Proofs that observational equivalence was preserved would
have then been required. Technically speaking, definition by inference would have al-

leviated the problem of distinguishing individual clause streams in the breadth—first
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control schemes. Instead of using Clause and NextClause, clause streams would have
been directly represented in inference rules by referring to the expressions between +
and * operators.

CCS is most suitable to modelling control strategies which can be characterised
either by the relative positioning of goals or clauses, or by nondeterminism. Standard
Prolog control, interleaved search, and all the breadth—first strategies can be described
by the relative ordering of goals and clauses, while predicate freezing and the nondeter-
ministic strategies exploit nondeterminism. Some control rules, however, are difficult
to model in basic CCS, and their definitions would probably be involved. For example,
a computation rule which uses the first positive or ground negative atom is not easily
derived in CCS, because the control mechanism needs to examine whether atoms are
negative, and if so, whether the arguments are ground. This information would have
to be communicated within the control protocol, which is undesirable. This is a seri-
ous weakness if control schemes like safe negation as failure are to be modelled, which
require that the groundness of negated atoms be considered when selecting goals. An-
other example of a difficult computation rule is one which prioritises particular atoms,
for example, by using a priority ordering b, a, ¢ for goals. Basic CCS definitions of such
backtracking control either need to “hard wire” these atoms into the backtracking op-
erator definition, either explicitly or by communicating the identity of atoms within the
protocol, which again is very inelegant. The only practical solution to the definition of
such control operators is to define them using rules of inference.

A common method of prototyping various logic program control strategies is via
meta—interpreters. Figure 8.21 shows a simple breadth—first computation rule meta—
interpreter?. The search and computation rules which occur with this interpreter are
the ones modelled in section 8.2. The interpreter’s behaviour is determined by the
operational semantics of the meta—language. This semantic circularity can be overcome
if a concrete semantics of control is introduced at some level, such as in section 4.6.

Other semantic formalisms could be used to describe logic program control.
Denotational semantics like (Debray and Mishra 1988) are too mathematically un-
wieldy for analysing programs. The advantages of process algebraic semantics over

Baudinet’s style of functional semantics (Baudinet 1988) is especially apparent when

% Based on one by Lee Naish.
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solve bf(G) : —
solve bf_d(G —T,T).

solve bf _d(QH, QT) : —
QH == QT,
|

solve bf_d((A,B)—C, D—E) : —
L
clause(A, D),
solve bf d(B — C, E).
solve bf _d(true — A, B) : —
L
solve_bf_d(A, B).
solve bf d(A—B, C—D) : —
clause(A, C),
solve_bf_d(B, D).

Figure 8.21: Breadth-first computation rule interpreter

alternate control schemes are to be modelled. Baudinet requires the final stream re-
sults to be axiomatically defined, whereas the CCS semantics defines the operational

semantics directly, and the stream results are constructed from it.
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Chapter 9

Conclusion

This chapter summarises and critiques the main results of the thesis. More specific
technical evaluations are given in the discussions of previous chapters. Section 9.1 gives
a summary and discussion of the thesis. Some future research directions are suggested

in section 9.2. Section 9.3 discusses using CCS to handle concurrent logic programs.

9.1 Summary

This thesis presents a new algebraic semantics of standard Prolog, as well as for logic
programming languages using other sequential control schemes. The semantics uses an
AND/OR process interpretation of logic program computation. Unlike most other pro-
cess interpretations modelling concurrency, the processes modelled here are sequential.
The semantics is encoded as a process algebra using Milner’s CCS.

The CCS semantics of Prolog belongs to the family of structured operational
semantics of programming languages (Plotkin 1981) (Hennessy 1990), since CCS itself
is defined using algebraic transitional rules of inference. The design and utility of
this semantics is strongly influenced by the CCS formalism underlying it. CCS’s basic
treatment of communicating agents is an underlying means for modelling logic program
computations. Goals and clauses of logic programs correspond semantically to AND
and OR agents respectively. The semantics of the inference scheme used is modelled by
appropriate definitions for these agents. During a computation, the dynamic AND/OR
computation tree is denoted by a corresponding evolving CCS expression, which is
essentially an algebraic representation for the tree.

The utility of a program language semantics is determined by many factors,

including the mathematic formalism in which it is written, the nature of the language
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being modelled, and most importantly, its performance as a tool for high—level reason-
ing about programs. To prove properties of logic programs, a useful semantics should

have the following features:

1. Semantic expressions should be mappable to program constructs (and vice versa).

The semantics should reflect the modularity of logic programs.

2. The control scheme should be modelled as abstractly as possible. There should

be few machine—oriented mechanisms encoded in the semantics (eg. stacks).

3. The semantics should operate over a domain not overly abstracted from a logic

program’s stream of answer substitutions.

The CCS semantics of Prolog satisfies all the above. Semantic equations are struc-
turally isomorphic to their logic program counterparts. At the bisimilarity level, control
is modelled at a high level of abstraction. Unlike the complex domains of denotational
semantics, its stream domain is practical to apply to many types of logic program
analyses.

A general principle in defining a useful programming language semantics is to
find the right semantic level required for the intended language and application. This
issue was encountered here. The semantics of the > and ; operators were first defined
in basic CCS. However, this level is too primitive for reasoning about programs. As
a result, these definitions were used to derive bisimilarities which model control at a
higher level. This higher—level model is more suitable for program analysis applications,
given its syntactic proximity to the syntax of Prolog programs.

The main feature of this semantics is that the control component of logic pro-
gramming languages is concisely and rigorously represented. The semantics allows the
details of data flow, such as the binding states and binding distributions, to be made
abstract. This is convenient for applications in which data flow is of subsidiary im-
portance. The semantics of Prolog’s cut is particularly easy to model in CCS, as the
pruning of computation tree branches which occurs when a cut is activated is mod-
elled by forcing agents to deadlock. Once a semantics for standard Prolog control was
derived, the descriptive robustness of CCS was tested by modelling various types of
breadth—first control, as well as predicate freezing. As with the semantics of standard

Prolog control, the semantics of the breadth—first schemes are hierarchical: control
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operators are defined using basic CCS, and high—level bisimilarities are defined on top
of these definitions. Some nondeterministic sequential strategies are also modelled,
which can be considered to be semantics of simple parallel control schemes. A power-
ful possibility is the intercomposing of control operators. This requires a coalescence
of protocols between operators so that reasonable and predictable behaviour results.

The use of CCS in this thesis is somewhat contrary to its intended purpose.
CCS is intended as theory for studying different concurrent phenomena. Its central
motivation is that a wide variety of concurrent computations can be represented and
studied using a small but powerful set of basic algebraic operators. In addition, CCS is
not intended as a semantic formalism for verifying properties of individual programs —
and especially not sequential ones. However, despite these differences in motivations,
this thesis proves that CCS is well-suited as a calculus of sequential logic program
control. There are many reasons why it is successful in this regard. As mentioned
above, CCS’s notion of process or agent is commonly used in logic programming se-
mantics. Sequential mechanisms are easily described in CCS, and as a consequence,
the sequential AND/OR process interpretation of Prolog is readily modelled. The dy-
namic nature of logic program computation trees is naturally represented by evolving
CCS expressions. CCS'’s facility for defining hierarchical levels of semantics lends itself
well to deriving high-level bisimilarities for control operators. Finally, the ability to
reason about sequential logic programs using CCS streams is very useful.

CCS’s notion of behavioural equivalence is useful in logic program analysis. The
theory of observational equivalence used in this thesis dictates that two programs are
equivalent only if the observed streams of computed answer substitutions generated by
them are equivalent. This strict notion of equivalence is helpful when unfair control
strategies such as Prolog’s are being considered. When fairer control schemes are
being studied, this equivalence could be relaxed, perhaps in favour of a set—based
characterisation of computed results, which is what declarative logical semantics is
intended to model in the first place.

The current scheme of CCS representation does not adequately model Prolog
data flow. CCS’s value-passing calculus is extended to handle the Herbrand universe
and logic variables. This is done by adding some new transition rules to CCS, which

enabled the syntax of expressions using logical variables to be analysed. Having to
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modify the CCS formalism this way is not ideal, and the ramifications of a logical
variable domain in CCS is an interesting topic for further study. However, the central
motivation of this thesis was not a rigorous representation of the data domain, but
rather, a semantics of control. Research in (Ross n.d.) has applied the w—calculus
(Milner et al. 1989) — a process algebra similar to CCS but with label passing - to the
semantics of parallel Prolog. The m—calculus can directly model the Herbrand domain
and logic variables, and should be applicable to the sequential semantics in this thesis.

The semantics is similar to the functional semantics of Prolog in (Baudinet
1988). The CCS semantics can be considered to be a rational reconstruction of
Baudinet’s semantics. Baudinet defines axiomatically the stream results of Prolog
goals and clauses; the CCS semantics defines the operational behaviour of Prolog goals
and clauses (via the  and > operators), and the stream results are constructed with
application of the expansion theorem. Termination, non—termination, and looping are
analysed directly using CCS, rather than axiomatically as by Baudinet. The advan-
tages of this approach over hers are: (i) a variety of logic program behaviours can be
reasoned about; (ii) different sequential control schemes can be more easily modelled
(including a cleaner treatment of the cut); (iii) the modelling of concurrency is a clear
possibility; and (iv) within program analyses, algebraic transitions and induction are
arguable more intuitive than fixpoint induction.

The utility of the semantics is tested by using it in program termination and
program transformation applications. The main contribution of the semantics in these
applications is its ability to concisely represent control, which aided reasoning about
control within proofs. In the case of standard Prolog control, termination character-
istics are fundamentally determined by the particulars of goal and clause order. The
CCS semantics enforces a rigid ordering of program components, while its stream—
based domain allowed different phenomena such as nontermination and looping to be
modelled. Some basic termination properties of Prolog are derived with the semantics,
which are used in termination analyses when showing that the CCS representations
of programs conformed to well-founded orderings. The use of Baudinet’s data flow
notation is necessary if data flow is to be explicitly represented. Alternatively, a more
conventional logical treatment using quantifiers is worth investigation.

Proofs of program transformations using cuts are straight—forwardly done with
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the semantics. The data component of the semantics can be entirely abstracted from
proofs, which simplifies the resulting proofs. Proofs of different source-to—source trans-
formations are done by showing that the CCS expressions for each type of transforma-
tion schema were bisimilar, which is an excellent application of the bisimulation proof
technique.

The semantics is used to suggest a characterisation of sound partial evaluation
transformations of Prolog programs. Correctness—preserving partial evaluation trans-
formations are performed on a program by applying bisimilar transformations on the
program’s semantic representation. A simple example of such transformations are the
high—level bisimilarities of the control operators, which is a way of formalising the
rudimentary control strategy used by partial evaluation algorithms. Conversely, non—
sound partial evaluation transformations are those which do not preserve the semantic

integrity of the program’s semantic representation.

9.2 Future directions

There are theoretical and practical extensions for this research. On the theoretical
side, one possible project is to study in more detail different semantic interpretations
of CCS when applied to modelling logic programming languages, and compare these
interpretations with existing declarative and operational semantics of logic programs.
For example, CCS has a fixpoint interpretation in which recursive agent definitions are
uniquely interpreted by canonical fixpoint expressions. It is worth investigating the
formal relationship between this and existing fixpoint theories of logic programs.
Another possibility is to characterise different types of nondeterminism inherent
in logic program computations. The stream interpretation of logic programs can be
relaxed to create a set of answer substitution interpretation. It might be possible to use
a process semantics to study the different computational means by which a program
can generate the same set of computed solutions. Of obvious utility in a concurrent
context, this approach might also be applicable to sequential programs in order to
determine the “degree of parallelism” inherent within them. CSP (Hoare 1985a) is
worth investigating in this regard, since its characterisation of nondeterminism using
sets of actions seems similar in nature to existing model-theoretic semantics of logic

programs.
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On the practical side, one possible topic is to extend the semantics to handle
more features of sequential Prolog. One obvious feature readily modelled with streams
is the input—output facility. More control schemes can be modelled in CCS. The
breadth—first and predicate freezing mechanisms addressed here are just a few of many
possible sequential control schemes, and the modelling of constraint logic programming
languages is worth considering. (The next section addresses the issue of concurrency.)
However, process algebras are by no means the most suitable tool for modelling some
types of Prolog phenomena, for example, the database manipulations done by assert
and retract. It is probably the case that, rather than aiming for a single semantic
formalism which describes all the features of a language, different semantic tools should
be chosen according to how effectively they model the phenomena being studied.

The CCS semantics is intended as an example of a programming calculus which
is to be used “by hand”. It has been argued, however, that formal software engineer-
ing is fundamentally flawed if one considers the complexities that are encountered with
the formal proofs of even the smallest of programs (de Millo et al. 1979). If program
proofs defy intuitive understanding, then there is not much hope for the formal meth-
ods approach. Computed—aided program development and analysis is the solution:
computers are perfectly suited for keeping track of the complexities and bookkeeping
which occur in formal proofs. A practical extension of this thesis is therefore the cre-
ation of a semi—automated support environment for logic program analysis. There are
a number of possible approaches for such a system. One approach for such a system is
to have a kernel support module for CCS, which might take the form of a subset of the
Concurrency Work Bench used in CCS analysis (Cleaveland et al. 1989). An interface
would then interact between this module and higher-level modules tailored for logic
program analysis. These modules would allow useful interaction between the user,
support routines, and the AND/OR process tree semantics of logic program computa-
tion as encoded in CCS. In addition, interactive modules encapsulating methodologies
for proving particular program properties such as termination, transformations, and
partial evaluation, could be designed. Such modules could be made semi—automated
with the use of sophisticated proof techniques (Plumer 1990) and proof plans (Bundy
et al. 1988).

Another approach is to encode the CCS semantics for Prolog control in terms of
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an algebraic rewrite system (Dershowitz and Plaisted 1985). A term rewriting system is
a set of algebraic equations of the form e(#) = ¢'(f), where e and €’ are expressions with
variables £ ranging over terms in an algebra E. A rewrite rule is applied by matching
an expression x € F with a left hand side e of one of the rules, and applying the rule
to result in a derivative z'. The CCS semantics for Prolog can also be characterised as
a rewrite system. The bisimilarities of figures 3.5 and 3.6 represent conditional rewrite
rules having the form

C>(P=7r)

where C is a condition, P is the term to be rewritten, and P’ is the rewritten term.

For example, the rewrite rule for Seq is
(a#done) > ((@P)iQ = a(PiQ))

The control bisimilarities, along with the agent definitions for the program, are straight—
forwardly encoded as conditional rewrite rules. Higher—level modules tailored to Prolog

program analysis can then be built on top of this rewrite system.

9.3 Extending the semantics for concurrency

A central hypothesis of this thesis is that process algebras are a suitable means for
modelling both sequential and concurrent logic program computations in one uniform
formalism. The utility of process algebras for modelling different sequential control
schemes has been illustrated here. CCS has been applied elsewhere towards concur-
rent logic languages (Beckman et al. 1986) (Beckman 1986) (described shortly), albeit
in quite a different manner than the style of semantics used here. In fact, the non-
deterministic sequential strategies modelled in section 8.5 can be considered to be
axiomatisations of very simple concurrent strategies. The next logical step is therefore
to extend this style of semantics to handle a variety of concurrent control strategies.
The semantics of concurrent logic programming languages is an active research
area, and CCS has been applied to describe concurrent logic program execution. The
issue of control is especially relevant in this area, since that is the essential distinction
between sequentiality and concurrency. Given two sequenced agents, one can com-
mence only when the other has terminated. The mechanism for accomplishing this

sequencing requires the use of a termination protocol between the agents. In CCS, this
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is defined by the expression
( P[b/done] | 5.Q )\ b

The CCS expression
PlQ

models all possible interleavings of generated solutions of these two concurrent agents.
Of course, most implementations of concurrent logic programming languages require
additional control mechanisms between concurrently executing program components,
and this simple representation would require additional control mechanisms.

The CCS semantics for concurrent Prolog in (Beckman et al. 1986) (Beckman
1986) is more concise than the sequential CCS semantics. The major difference is that
Beckman maps predicates to actions, while this semantics maps predicates to agents,
and uses specific actions to denote success and termination. Beckman’s lack of spe-
cialised actions makes modelling aspects of concurrent and sequential control difficult.
For example, when modelling a breadth—first computation rule, it is convenient to use
a specialised action such as res for denoting phenomena such as a single clause resolu-
tion. Not using these special actions means that the inference rules of the basic CCS
operators must necessarily be more specialised and complex. Beckman also modifies
the definition of CCS’s composition operator to account for unification and the dis-
tribution of bindings. This abstracts the operational semantics of concurrent control
mechanisms such as guards and variable annotations. The CCS semantics of this thesis
explicitly models unification using a unification agent, leaving CCS unaltered. For con-
venience, a higher—level resolution bisimilarity Resol is used. Finally, Beckman uses
CCS value variables to directly model the Herbrand universe. This is possible because
backtracking is never done, and so the full semantics of logical variables as found in
sequential implementations need not be modelled. The semantics of this chapter must
unbind logical variables during backtracking. Beckman’s abstraction of logic variables
(as well as the aforementioned control mechanisms) means that many properties of
concurrent languages are not precisely modelled.

An obvious research topic is to model concurrent logic program languages such
as GHC (Ueda 1986) or Andorra Prolog (Haridi and Brand 1988) using CCS in a style

similar to that of the semantics in this thesis. A general goal is that concurrent and
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sequential control should be represented — and intercomposable — within one semantic
framework. Besides the unifying perspective afforded by modelling these paradigms
under one formalism, this also has practical repercussions. Unconstrained large-scale
parallelism is not practical given current hardware and software technology. As a result,
concurrent languages have to use many control mechanisms for harnessing parallelism,
such as guards and variable annotations. Much of these control devices are sequen-
tial in nature. A semantics of sequential control mechanisms is therefore necessary if
concurrent control is to be adequately understood.

Extending the sequential semantics to handle concurrent computations will
require some enhancements. Replacing the sequential control operators with CCS’s
composition | operator is not sufficient for modelling concurrency. Given a sequentially
backtracked expression A> B> C, a simple AND—parallel incarnation of this expression
is A| B | C. One problem with this expression is that there are no means available
for these goals to communicate with one another, other than by simply handshaking.
This suggests the need for new concurrent control operators, similar in spirit to the
sequential ones of this thesis. As with sequential control, concurrent control operators
would model all the relevant aspects of concurrency without getting into too low-—
level of detail, and at a high enough level to permit reasoning about programs. The
nondeterministic strategies given in section 8.5 is a first step in this direction.

Variable sharing between concurrently executing program components is a ma-
jor issue in concurrent language design. A CCS semantics of shared memory might
lend insight into implementation issues. A logic variable could be modelled by an
autonomous agent whose state changes as substitutions are applied to it.

Applying a semantics for concurrent logic program control for proving program
properties would benefit with the use of a semi-automated program verification en-
vironment. Concurrent programs require a support environment even more so than
sequential ones. Enormously vast numbers of computational states arise within even
the most trivial of concurrent programs. The corresponding semantic expressions for
such computations are inherently massive in scale and complexity. When combined
with the dynamic nature of the computation tree and data domain which arises with

logic programs, this means that a support environment is crucial.
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