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Lay Summary

The goal for any physicist is to better understand the world around them. To complete this
task, we need to construct models that estimate, characterise, or otherwise describe the par-
ticular phenomenon we are interested in. This may be how an object moves through space,
what happens to it over time, what happens when it is exposed to extreme temperatures or
pressures, how it interacts with other things; whatever it may be, we want to describe its place
in the world. The hope is that by using insightful and robust models, we will accurately pre-
dict interesting aspects of future occurrences of the phenomenon. Equipped with the ability
to produce these predictions, we may say we have crucial insight into how the world works.
However, our understanding of these phenomena will be heavily influenced by the model we
choose. Therefore, we need to make sure we are constructing models which are fit for purpose.

Constructing a model for a particular phenomenon can be thought of as consisting of two
parts. The first part captures the initial conditions of the system. Using the movement of a
planet as an example, we would like to know its starting position and how fast it is moving.
The second part contains what we may call the “laws of physics” or the “laws of nature”. These
are the ideas we believe hold true irrespective of the initial conditions; for example, Newton’s
gravitational laws. As the initial conditions will necessarily be different each time we conduct
an experiment, the second part of our model gives us the desired predictive power to better
understand the world around us. However, building this part of our models is challenging;
therefore, we would like to recognise and exploit any inherent structure and coherence in these
natural laws. Since mathematics is the chosen language of physicists, we want a mathematical
principle that will capture this information for us. The current principle of choice, which guides
us in producing our models of the world, is symmetry.

In this thesis, we will classify symmetries and construct models of space and time that em-

ploy these symmetries. Our hope is that future researchers will use these classifications to
accurately describe and better understand the world we live in.
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Abstract

This thesis presents a framework in which to explore kinematical symmetries beyond the stan-
dard Lorentzian case. This framework consists of an algebraic classification, a geometric classi-
fication, and a derivation of the geometric properties required to define physical theories on the
classified spacetime geometries. The work completed in substantiating this framework for kine-
matical, super-kinematical, and super-Bargmann symmetries constitutes the body of this thesis.

To this end, the classification of kinematical Lie algebras in spatial dimension D = 3, as pre-
sented in [3,4], is reviewed; as is the classification of spatially-isotropic homogeneous spacetimes
of [5]. The derivation of geometric properties such as the non-compactness of boosts, soldering
forms and vielbeins, and the space of invariant affine connections is then presented.

We move on to classify the N = 1 kinematical Lie superalgebras in three spatial dimensions,
finding 43 isomorphism classes of Lie superalgebras. Once these algebras are determined, we
classify the corresponding simply-connected homogeneous (4/4)-dimensional superspaces and
show how the resulting 27 homogeneous superspaces may be related to one another via geo-
metric limits.

Finally, we turn our attention to generalised Bargmann superalgebras. In the present work,
these will be the N =1 and N = 2 super-extensions of the Bargmann and Newton-Hooke alge-
bras, as well as the centrally-extended static kinematical Lie algebra, of which the former three
all arise as deformations. Focussing solely on three spatial dimensions, we find 9 isomorphism
classes in the N =1 case, and we identify 22 branches of superalgebras in the N = 2 case.
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Chapter 1

Introduction

This thesis is concerned with the classification of (super-)kinematical symmetry algebras and
their corresponding spacetime (super)geometries, as well as the determination of various ge-
ometric properties of these (super)geometries. As such, this chapter will give a brief history
of kinematical symmetry, introducing the key concepts underlying the research presented here
and discussing why Lorentz symmetry became the primary example of kinematical symme-
try. Additionally, there will be a discussion on why we may be interested in extending beyond
Lorentzian symmetry which will include the introduction of the five kinematical spacetime
classes and supersymmetry. We conclude by outlining the rest of the thesis.

1.1 A Brief History of Kinematical Symmetry

People have been using symmetry to try and describe the world around them for thousands of
years. The idea of symmetry in nature can be found in the Timaeus by Plato and Euclid’s FEle-
ments [6]. However, symmetry, in the sense in which it is used in modern physics, is a relatively
new concept. In 1905, Einstein published his seminal work on special relativity, introducing the
profound paradigm shift that placed symmetry at the core of how we think about the world.
Prior to this work, physicists such as Newton and Maxwell had built their models of the world
by first seeking to write down natural laws. Therefore, the invariance of these laws under some
symmetry was recognised, but it was not seen as particularly important. However, with the
advent of special relativity, the roles of symmetry and natural laws were reversed; in particular,
we now seek to derive laws of nature from symmetry considerations, rather than derive the sym-
metry of natural laws [7]. In the special relativity paper, Einstein showed that one could derive
the transformation properties of an electromagnetic field using Lorentz invariance alone, rather
than deriving them from Maxwell’s equations [8]. Thus he took the known Lorentz symmetry of
Maxwell’s equations and demonstrated how we could view it as something more fundamental;
we may view it as a symmetry of the spacetime in which the electromagnetic field is propagating.

From this historical perspective, if we want to understand symmetries of spacetime, also called
kinematical symmetries, we need to look at the classical laws of nature, such as Newton’s laws
of motion and Maxwell’s electromagnetic equations. By determining what type of symmetries
they are invariant under, we may better understand what kinematical symmetries we can have.
The key observation here is that many of the known laws of nature take the form of differential
equations [9]; therefore, to understand the allowed kinematical symmetries, we must under-
stand the allowed symmetries of differential equations. Sophus Lie undertook this programme
of study in the early 1870s [10]. This work, which Lie saw as a direct generalisation of Galois’s
earlier work on applying group theory to algebraic equations, led to his theory of continuous
groups, now called Lie groups [11]. Thus we find that the Lie groups provide a natural setting
for describing kinematical symmetries.

One of Lie’s early collaborators on this project was a mathematician called Felix Klein. Inter-
ested in applying group theory, not to differential equations, but differential geometry, Klein’s



research diverged from Lie’s, and he set out his Erlanger Programme in 1872. This programme
aimed to describe a manifold using its transformation group, defining any geometric objects
on the manifold by the subgroup which left the object invariant. Although the Erlanger Pro-
gramme was influential, forming a uniform framework to characterise classical geometries, it
was only with Elie Cartan’s work on generalised spaces that the programme’s connection to
spacetime was made manifest [12]. In particular, when Einstein’s general theory of relativ-
ity emerged in 1915, it was shown that spacetime might be viewed as a Lorentzian manifold.
Importantly, this means that, according to Finstein, the objects in spacetime, such as elec-
tromagnetic fields, must transform under the Lorentz group. Klein noticed that the Erlanger
Programme might be related to this geometric picture of space and time [10]; however, it was
Cartan, building upon the Erlanger programme, making more explicit use of Lie groups due to
their relation to kinematics, that sufficiently generalised Einstein’s theory. Notably, this led him
to a reformulation of Newtonian gravity in the geometric language of general relativity [13,14].1

Due to the overwhelming success of general relativity in describing phenomena outside the
reach of classical Newtonian gravity (see [17]), Lorentzian symmetry, and its classical, Galilean
limit, were the primary kinematical symmetries considered for much of the 20th century. How-
ever, in the 1960s, people began to ask whether there may be other kinematical group choices.
The first paper to attempt to classify all the possible kinematical symmetries was [18]. How-
ever, this classification imposed time-reversal and parity symmetries, which are not strictly
necessary from a purely algebraic perspective. On removing these conditions, the classification
was completed by Bacry and Nuyts in [19]. These papers show that we can split kinematical
symmetries into five classes: Lorentzian, Euclidean, Galilean, Carrollian, and Aristotelian. As
mentioned above, the Lorentzian and Galilean cases are the most prevalent examples of kine-
matical symmetries and Euclidean symmetries, owing to their close connection with Lorentzian
symmetries, frequently appear in the literature. Therefore, the novel classes were the Carrol-
lian and Aristotelian symmetries; although it was believed that they might be “without much
physical application”. As we will argue in the next section, each class of kinematical symmetry
is interesting in its own right, and we will outline a few examples of how they are used in the
literature.

1.2 Beyond Lorentzian Symmetries

Following Einstein’s lead in placing kinematical symmetries at the forefront of our physical
theories, and assuming we have defined the correct notion of kinematical symmetry, as described
in [3,4,20-22], we can reasonably ask,

(i) how would physical objects, such as particles and electromagnetic fields, act in spacetimes
described by these symmetries?,
11) do we find natural systems that are described by these symmetries?, an
ii) d d natural syst that d ibed by th tries?, and
(iii) is there any way we could extend the kinematical symmetries to other physically
interesting symmetries?

Systematically answering the first question is the purpose of Chapter 3 in this thesis; therefore,
we will defer this conversation until then. However, we can answer the second question more
succinctly here; in particular, this will be the topic of Section 1.2.1. Furthermore, the basis
for the investigations of Chapters 4 and 5 into extending the kinematical symmetries will be
reviewed in Section 1.2.2.

LAt this point, it may be interesting to make the following comment. The term kinematics was coined
by Ampére in the late 1820s with the explicit intent of merging the study of mechanics with geometry [15].
Thus, the geometric picture of spacetime began to fall under the label of kinematics. Klein’s introduction of
group theory into geometry then provided the setting for Einstein’s symmetry-first approach to describing the
movement of objects in a spacetime geometry. For a discussion on the historical connection between the study
of kinematics and Einstein’s theory of gravity, see [16].



1.2.1 Classes of Kinematical Spacetime

There is a growing body of literature on applications of every type of kinematical symmetry.
We will now briefly review some of the research utilising these different symmetries and their
associated spacetime models.

Lorentzian

Most of the progress in 20th-century physics was made with the assumption of underlying
Lorentz symmetry. It is built into gravity theories and quantum theories, and, therefore, lies
at the foundation of some of the century’s most famous ideas. There are far too many research
fields influenced by Lorentz symmetry to recount here. Therefore, we will only briefly give an
account of how Lorentz symmetry appears in and impacts our understanding of the two pillars
of modern physics, general relativity and quantum field theory. This review aims to highlight
the parts of these theories that may be altered by imposing one of the other types of kinematical
symmetry.

As mentioned above, Lorentz symmetry emerged as a fundamental symmetry of spacetime
through Einstein’s enquiries into electromagnetism [23]. In particular, it arises from a desire to
have a fixed speed of light, and impose that the laws of physics look the same in all inertial ref-
erence frames. With special relativity being built into general relativity as the local description
of spacetime, the general theory of relativity thus requires the spacetime geometry to admit a
Lorentzian structure.? This condition on the geometry has significant consequences, which were
not present in the preceding Newtonian picture of gravity. One of the critical implications of
Lorentzian symmetry is that there exists a restricted subspace in spacetime with which we can
be in causal contact. This means that interactions, such as gravitational forces, are no longer
instantaneous in Einstein’s picture.

Quantum field theory is the typical language used to describe the interactions between sub-
atomic particles; therefore, it is widely used in particle physics, atomic physics, condensed
matter physics, and astrophysics [24,25]. In this theory, fields, whose excitations define parti-
cles, propagate in a fixed, Lorentzian spacetime geometry. This propagation is described by the
transformation group, or relativity group, of the underlying spacetime, which, in a flat space-
time as described by Einstein, means that the matter must live in a module of the Poincaré
group. After quantisation, the representation of the Lorentz subgroup that acts on a particular
matter field will be labelled by a (half-)integer known as the spin of the field. The half-integer
spin fields are called fermions, and the integer spin fields are called bosons [25]. Bosons and
fermions are then our basic building blocks for any quantum field theory we wish to write down;
thus, Lorentz symmetry is built into the foundation of our ideas on quantum theory. As we will
discuss in Section 1.2.2, wishing to replace the Lorentz group with the Galilean or Carrollian
groups has a profound impact on our modelling of these basic constituents of matter.

Euclidean

In modern physics, Euclidean symmetries are frequently used as a computational tool [25].
Many calculations in gravitational and quantum theories are hard in the Lorentzian case, but

2By Lorentzian structure, we mean the following. Let M be a (D + 1)-dimensional real smooth manifold. The
frame bundle of M is then a principle GL(D + 1,R) bundle over M. Let t: SO(D,1) — GL(D + 1,R) be the Lie
group monomorphism which embeds the Lorentz group inside GL(D + 1,R). With this data, we may construct
a principle Lorentz bundle over M. We call this reduction of the frame bundle a Lorentz structure. Using this
structure, we may define a Lorentzian metric g and call (M, g) a Lorentzian manifold. This process holds for all
kinematical groups, leading to Euclidean, Galilean, Carrollian, and Aristotelian structures in the other instances.

Notice, this requirement of a Lorentz structure arises from the equivalence principle: the fact that lo-
cally, we should recover special relativity. However, there is an additional principle in general relativity, which
leads to another form of symmetry. The general principle of relativity states that the laws of physics must
look the same in any coordinate system. Translated into our geometric language, this statement says that the
action we write down for our gravitational theory should be invariant under diffeomorphisms. When describing
general relativity as a gauge theory, it is the group of diffeomorphisms that is presented as the gauge group,
not the Lorentz group.



become tractable when the time coordinate is Wick rotated, such that we arrive at a Euclidean
description [26]. Thus, Euclidean symmetries have been indispensable in driving research due
to their close connection to the computationally less friendly Lorentz symmetries.

Galilean

Although Galilean symmetry was historically “superseded” by Lorentzian symmetry, there are
still numerous physical systems that admit a cleaner description when described using non-
relativistic symmetries. In particular, classical Newtonian mechanics does not require the full
machinery of Lorentzian symmetry; the non-relativistic limit provides a far nicer framework for
these systems. However, there are more complex systems that make use of Galilean symmetries.
In condensed matter theory, the (fractional) quantum Hall effect admits a description as an ef-
fective field theory invariant under Galilean symmetries [27-30]. Non-relativistic spacetimes
have also been useful in extending the holographic duality beyond the AdS/CFT correspon-
dence [31-35]. Recently, non-relativistic spacetimes have also been incorporated into string
theory [36,37], and supersymmetric quantum field theories [38,39], and have been interpreted
using double field theory [40-43]. They have also been systematically studied in relation to JT
gravity [44,45] in the hope they may elucidate some outstanding problems in the search for a
quantum theory of gravity. Furthermore, numerous papers have gauged known non-relativistic
algebras, or extensions thereof, to arrive at novel gravity theories [33,37,46-65].

Carrollian

These ultra-relativistic spacetimes have received increased interest over recent years due to
their connection with null hypersurfaces in Lorentzian spacetimes. Namely, the restriction
of the manifold’s Lorentzian structure in a D + 1-dimensional spacetime to a D-dimensional
null hypersurface induces a Carrollian structure on the surface. Therefore, interesting null
hypersurfaces such as black hole horizons and past and future null infinity carry a Carrollian
structure by construction [66,67]. This connection has lead to exciting results regarding the
physics of black hole horizons [68] and has advanced research into flat space holography [69-72].

Aristotelian

The spacetime models in this class are quite distinct from the four above. In particular, these
spacetimes do not allow for a change of reference frame: we are always considering the world
from one fixed coordinate system. In the physics nomenclature, this fixed reference frame
corresponds to the absence of boosts. By having a fixed system, Aristotelian geometries are
useful for describing phenomena with a preferred reference frame or phenomena where we
would like to avoid thinking about which type of boosts we will allow. This property of being
“boost agnostic” has recently been used to consider hydrodynamic systems [73,74].

1.2.2 Supersymmetry

This classification of kinematical spacetimes provides an already fertile ground for exploration
into symmetries beyond the usual Lorentzian case; however, we can still think of pushing this
classification a little further. This section will introduce supersymmetry, giving some historical
context to how it first appeared in physical theories and briefly reviewing some of the outstand-
ing problems it could help to solve. We then describe how the kinematical symmetries may be
generalised to super-kinematical symmetries.

Inspired by Einstein’s symmetry-first approach in building general relativity, the particle physi-
cists of the 1920s built their models of particle interactions by introducing a new type of
symmetry [75]. Equipped with the concept of gauge symmetry, developments in the 1960s and
1970s showed that three of the four fundamental forces, the strong, electromagnetic and weak
interactions, may all be described using this language. Thus, these forces admit a unified treat-
ment in the Standard Model. While this model has been incredibly successful, many physicists
would like to see gravitational forces included in such a unified description. Unfortunately,



gravitational interactions, as presented by general relativity, do not have an analogous descrip-
tion in terms of gauge symmetry [11].3 Attempting to circumvent the obstructions to such a
unified theory, we may look to exploit new symmetries with properties which allow them to
bypass any no-go theorems, such as the Coleman-Mandula theorem [76].* One such proposal
is supersymmetry.

In the Lorentzian setting, supersymmetry is a spacetime symmetry that allows us to inter-
change fermionic and bosonic degrees of freedom [78]. It achieves this task by introducing a
new type of symmetry generator with half-integer spin. Some of the consequences of this new
type of symmetry and striking and profound. As mentioned above, the introduction of super-
symmetry allows us to construct theories which may unify gravity with the other fundamental
forces. It also provides an elegant solution to the hierarchy problem and suggests a wide range
of new particles which may be used to describe dark matter.> Furthermore, supersymmetric
theories are often easier to analyse than their traditional counterpart; thus, supersymmetry also
provides researchers with a useful test-bed for exploring new physics.5

The first paper looking to incorporate supersymmetry into the classification of kinematical
spacetimes presented above was [81]. However, this paper applies the same “by no means
convincing” assumptions of parity and time-reversal symmetries as [18]. Other papers which
extend the kinematical symmetries of [18] include [82] and [83]. Later papers such as [84-86]
tackled this problem through the process of contractions; however, to the best of this author’s
knowledge, the first full classification of super-kinematical symmetries and superspaces was
presented in [2].

It is perhaps interesting to note at this stage that supersymmetry, beyond the Lorentzian and
Euclidean cases, is not a well-explored or well-defined concept. We notice this fact instantly by
considering the symmetry generators it has in addition to the classical case. These are defined
to have half-integer spin; however, if we do not have Lorentzian or Euclidean symmetry, the
concept of spin is not well-defined. Therefore, what it means to have Galilean or Carrollian
supersymmetry is a prior: unclear. In Chapter 2, we will give one possible interpretation for
these generators; namely, we will use the spin associated with the subalgebra of spatial rota-
tion. However, it should be noted that other researchers assume the new symmetry generators
to have vanishing spin [87, 88].

1.3 Outline of Thesis

Having reviewed some critical chapters in the history of symmetry and geometry and briefly
summarised why they are so fundamental to our ideas of spacetime, we can now turn our at-
tention towards using this knowledge to explore kinematical symmetries beyond the standard
Lorentzian case. In particular, we will build our understanding of (super-)kinematical symme-
tries in the following framework. First, we will consider algebraic classifications, such as those
found in [19]. These investigations will furnish us with the basic building blocks from which
we may construct physical theories. Next, we will classify spacetime (super)geometries mod-
elled on these algebras. We may view this geometric classification as a physical realisation of
Klein’s Erlanger Programme, in the spirit of Cartan. Finally, we will investigate the geometric
properties required to define physical theories on each spacetime. The three main chapters in
the body of this thesis will present the work completed towards fulfilling this framework in the
kinematical, super-kinematical, and super-Bargmann instances, respectively. In more detail,

3Perhaps I should be more explicit here. General relativity does not admit a description as a renormalisable
Yang-Mills-type gauge theory, as the strong, electromagnetic and weak interactions do.

4Note, the Coleman-Mandula theorem, first presented in [77], states that the internal symmetries describing
the particle interactions and the spacetime describing particle movement cannot be combined in a non-trivial
way for a Lorentzian-relativistic quantum field theory.

5Note, the hierarchy problem is the name given to the fact the experimental value for the mass of the Higgs
boson is smaller than predicted.

6There are countless papers, books, and reviews on supersymmetry and its uses; for some of the better known
instances see [79, 80].



this thesis will run as follows.

Chapter 2

This chapter contains a discussion on the basic mathematical objects required in this thesis. A
graduate-level knowledge of differential geometry and algebra is assumed. The chapter is divided
into three sections, algebra, geometry, and geometric properties, to align with the framework
we wish to substantiate. In Section 2.1, we first introduce the notion of a Lie (super)algebra
before defining each of the classes of Lie (super)algebra we will use in later chapters. Section 2.2
then describes how we may integrate these Lie algebras to form Lie groups and some associated
geometries. In addition, this section defines our characterisation of a supermanifold and its
relation to the corresponding Lie superalgebra and underlying classical geometry. Finally,
Section 2.3 provides a detailed explanation of how we will define the geometric properties of
kinematical spacetimes.

Chapter 3

This chapter gives a full substantiation of the framework set out above for the case of kinematical
symmetries. In particular, we review the algebraic classification for kinematical Lie algebras
from [3,4] in Section 3.1, before showing how these algebras were integrated into kinematical
spacetimes in Section 3.2. In Section 3.3, there is a discussion on how the kinematical spacetimes
are connected via geometric limits. Section 3.4 then defines the geometric properties of these
spacetimes.

Chapter 4

In this chapter, we turn our attention to the super-kinematical case. These symmetries have
not been studied as thoroughly as the classical, kinematical symmetries; therefore, we can only
present an algebraic and geometric classification. These may be found in Sections 4.1 and 4.2,
respectively. Section 4.3 then describes how the classified superspaces may be connected via
limits analogously to the kinematical spacetimes of Chapter 3. The study of the geometric
properties of the resulting superspaces is left to future work.

Chapter 5

The last symmetries we consider are the super-Bargmann symmetries. This case is the least
studied of the three, so we can only present an algebraic classification in this instance. The
direct generalisation of the super-kinematical classification in Section 4.1 is found in Section 5.1.
Section 5.2 then extends this classification by adding additional supersymmetric generators.

Chapter 6

This final chapter offers some concluding remarks, noting the possible extensions of the frame-
work set out here, areas of further study within the framework, and highlighting some exciting
ways the classified symmetries, both algebras and spacetimes, may be utilised.



Chapter 2

Mathematical Preliminaries

This chapter will introduce all of the mathematical objects used to construct, describe, and
explore our (super-)kinematical spacetime models. As such, this chapter is divided into three
sections. In Section 2.1, we begin by defining Lie algebras, gradually introducing more levels of
complexity to arrive at concrete definitions for kinematical Lie algebras, generalised Bargmann
algebras, kinematical Lie superalgebras, and generalised Bargmann superalgebras. In Sec-
tion 2.2, we demonstrate how to integrate these Lie algebras to arrive at spacetime models
which hold the relevant symmetries. Finally, in Section 2.3, we describe how to obtain geomet-
ric properties for kinematical spacetimes, including fundamental vector fields, soldering forms,
vielbeins, and invariant connections. Note, Einstein summation will be assumed throughout.

2.1 Algebra

In this section, we will first introduce the concept of a Lie (super)algebra. This brief discus-
sion will define many ideas that will be alluded to throughout the later chapters of this thesis,
including the notion of a Lie (super)algebra, Lie (super)algebra homomorphism, Lie subalge-
bra and ideal. Once these basics have been reviewed, we move on to discuss kinematical Lie
(super)algebras and generalised Bargmann (super)algebras. First, we discuss kinematical Lie
algebras, as these are the primary objects all the other types of Lie algebra will generalise. We
then discuss generalised Bargmann algebras, which may be viewed as one-dimensional abelian
extensions of the underlying kinematical Lie algebra. Kinematical Lie superalgebras are then
presented as the supersymmetric extensions of the kinematical algebras. These are the Lie
superalgebras s = s5 @ s, which have a kinematical Lie algebra ¢ as s5. Finally, we combine
the Bargmann and supersymmetric extensions into the definition of a generalised Bargmann
superalgebra. Crucially, in this section, we will present the quaternionic formalism that will
play such a dominant role in Chapters 4 and 5.

2.1.1 Lie Algebras and Lie Superalgebras

This section will briefly summarise some of the key definitions in Lie (super)algebra theory used
throughout this thesis. The material presented here is very well established and may be found
in numerous places (see [89-91] for just a few examples). Therefore, we will state definitions,
leaving any discussion or elaboration to the sources mentioned above.

Definition 1. An n-dimensional real Lie algebra g consists of an n-dimensional real vector
space V equipped with an anti-symmetric, R-bilinear bracket

[, —]:VxV >V

(a,b) — [a, b, (2.1.1.1)

which satisfies the Jacobi identity:

[a, [b,c]] = [la,b],c] + [b, [a,c]] Va,b,ce V. (2.1.1.2)



Using the typical overloading of notation, we will write both the Lie algebra g = (V,[—, —])
and its underlying vector space as g from now on. Also, g and § should always be taken as Lie
algebras, and we will assume we are working over R.

Definition 2. A Lie algebra homomorphism is an R-linear map f : g — b which preserves the
Lie bracket:
f(la,b]) = [f(a), f(b)] Va,b, € g. (2.1.1.3)

With this definition of a Lie algebra homomorphism, we note that a Lie algebra isomorphism
i:g — b is an injective, ker i = 0, surjective, im 1 = b, Lie algebra homomorphism.

Definition 3. A Lie subalgebra b is an R-linear subspace b C g, such that [h, h] C b.
Definition 4. An ideal b C g is an R-linear subspace such that [g, b] C b.

Let h C g be an ideal and let g — g/bh be the canonical projection. The vector space g/h has a
unique Lie algebra structure which makes the canonical projection a Lie algebra homomorphism.

Having established some basic definitions for Lie algebras, we now turn to their supersym-
metric generalisation.

Definition 5. An (m|n)-dimensional real Lie superalgebra s consists of an (m|n)-dimensional
Zy-graded real vector space V = Vg @ Vi, equipped with an R-bilinear bracket, which preserves
the Zy grading:

[ —1:VixVj; = Vigy

(a,b) s [a,b]. (2.1.1.4)
This bracket is anti-symmetric in the super sense,
AW = —(=1)Y [, Al (2.1.1.5)
where A € 5; and u € 55, and it obeys the super-Jacobi identity:
A, [k, VI = [, i, v+ (= 1)V [, A, VI, (2.1.1.6)

where A € s; and u € s;j.

As in the Lie algebra case, we will use the standard overloading of notation, calling both
the Lie superalgebra s = (V, [—, —]) and its underlying vector space s. For our purposes, we will
usually state the dimension of the Lie superalgebra as d = m+n. The definitions of Lie super-
algebra homomorphism, Lie subalgebra, and ideal (in the super sense) follow mutatis mutandis
from definitions 2, 3, and 4; therefore, we will omit them here.

The Z; grading of the Lie superalgebra has some profound consequences, which we will ex-
ploit in Chapters 4 and 5. In particular, it states that s; must be a Lie subalgebra of s, and s;
must be an s5 module under the adjoint action.

2.1.2 Kinematical Lie Algebras

Having established some basic definitions, we now define the primary object that our later
investigations will centre on.

Definition 6. A kinematical Lie algebra (KLA) € in D spatial dimensions is a %(D +1)(D +2)-
dimensional real Lie algebra containing a rotational subalgebra t isomorphic to so(D) such that,
under the adjoint action of ¢, it decomposes as

t=t®2VoR, (2.1.2.1)

where V is a D-dimensional so(D) vector module and R is a one-dimensional so(D) scalar module.



We will denote the real basis for these Lie algebras as {Jij, Bi, Pi, H}, where Ji; are the
generators for the subalgebra v, By and P; span our two copies of V, and H spans the so(D)
scalar module. Implicit in this characterisation of kinematical Lie algebras is the assumption
of space isotropy, which implies that all the generators transform as expected under the spatial
rotations:

Ji5, Jidd = d51diu1 — dunedji — d51dix + durdj,
[Ji5, Byl = 85xBi — 81k B;, (2.1.2.2)
[Ji5, P] = 85 Py — 81 Py,

T4, H = 0.

Note that in D spatial dimensions, we always have the so(D) invariant tensors di; and €i,i,..ip
with which we can define our structure constants. Therefore, when D = 3, we may write the
above expressions more concisely. Namely, we may define an so(3) vector module J; through
Jjx = —eirdi, and write

Ji, 5] = eijedi, Ui, Bjl = eijuBy,  [Ji, Pyl = ePy,  [Ji, H = 0. (2.1.2.3)
Throughout this thesis, we will frequently use the following abbreviated notation.

[Jij s Bk] = 6jkBi — 5ikBj is equivalent to [J, B] = B,
[H,B;] =P; is equivalent to [H,B] =P, (2.1.2.4)
[Bi,P;] =63 H+Ji;  is equivalent to [B,P] =H+J,

et cetera.

2.1.3 Aristotelian Lie Algebras

An Aristotelian Lie algebra (ALA) a in D spatial dimensions may be thought of as a kinematical
Lie algebra ¢ with only one copy of the so(D) vector module V. More explicitly, we have the
following definition.

Definition 7. An Aristotelian Lie algebra (ALA) a in D spatial dimensions is a (%D(D -1+
D + 1)-dimensional real Lie algebra containing a rotational subalgebra v isomorphic to so(D)
such that, under the adjoint action of ¢, it decomposes as

a=t®dVaR, (2.1.3.1)

where V is a D-dimensional so(D) vector module and R is a one-dimensional so(D) scalar module.

We will denote the real basis for these Lie algebras as {Ji;, P, H}, where J;; are the generators
for the subalgebra t, P; span our copy of V, and H spans the so(D) scalar module. Implicit
in this characterisation of Aristotelian Lie algebras is the assumption of space isotropy, which
implies that all the generators transform as expected under the spatial rotations:

Uiy, Tl = 8t — dindju — djudi + dur i,
[Ji5, Pyl = 8P — duc Py, (2.1.3.2)
[Ji5, H = 0.

Since Aristotelian Lie algebras are so similar to kinematical Lie algebras, we will frequently use
the term kinematical Lie algebra when referring to both.

2.1.4 Generalised Bargmann Algebras

A generalised Bargmann algebra (GBA) t in D spatial dimensions may be thought of as a real
one-dimensional abelian extension of a kinematical Lie algebra €. Therefore, we may think of
the generalised Bargmann algebras as sitting in short exact sequences

0R—E—t—0. (2.1.4.1)



More explicitly, we have the following definition.

Definition 8. A generalised Bargmann algebra (GBA) t in D spatial dimensions is a (A(D+
1)(D + 2) + 1)-dimensional real Lie algebra containing a rotational subalgebra v isomorphic to
s50(D) such that, under the adjoint action of t, it decomposes as

t=toR=1t® 2V @ 2R, (2.1.4.2)

where V is a D-dimensional so(D) vector module and R is a one-dimensional so(D) scalar module.
Additionally, we require the GBA to have the following bracket. Denote the basis for the vector
modules as X; and Y;, where 1 <1i < D, and let one of the scalar modules have a basis element
Z. The required bracket is then

[Xi,Yj] =645 Z. (2.1.4.3)

As in Section 2.1.2, we will denote the real basis for the kinematical Lie algebra ¢ as
{Jy, By, Py, H}, where Ji; are the generators for the subalgebra tr, B; and P; span our two
copies of V, and H spans the so(D) scalar module. We will choose to denote the generator of
the one-dimensional extension as Z. Given this definition, we inherit the kinematical brackets
of (2.1.2.2); however, for completeness, we will restate them here alongside the new brackets
brought about by the introduction of Z.

Ui, Jid = d51di1 — dunedji — 851dik + dundj,

[Jij, Bl = 85xBi — 81k By, [Ji5, 2] =0,

[Ji5, Py] = 85 Py — duc Py, (Bi, Pj] = 845 2.
[Ji,H =0,

(2.1.4.4)

The brackets of these algebras may also be summarised using the abbreviated notation intro-
duced in Section 2.1.2:

[Bi,P;] = 845Z is equivalent to [B,P] =7Z. (2.1.4.5)

2.1.5 Kinematical Lie Superalgebras

An N-extended kinematical Lie superalgebra (KLSA) s in three spatial dimensions is a real Lie
superalgebra s = s5 @ s7, such that s5 = ¢ is a kinematical Lie algebra for which D = 3, and sz
consists of N copies of S, the real four-dimensional spinor module of the rotational subalgebra
t = s0(3). More explicitly, we have the following definition.

Definition 9. An N-extended kinematical Lie superalgebra (KLSA) s in three spatial dimen-
sions is a (10 + 4N)-dimensional real Lie superalgebra containing a rotational subalgebra t
isomorphic to so(3) such that, under the adjoint action of v, it decomposes as

s=5;051=t®2VHR@NS, (2.1.5.1)

where V is the three-dimensional so(3) vector module, R is a one-dimensional so(3) scalar
module, and S is the four-dimensional so(3) spinor module.

As in Section 2.1.2, we will denote the real basis for the kinematical Lie algebra sz = ¢ as
{J1, By, P, H}, where J; are the generators for the subalgebra v, B; and P; span our two copies
of V, and H spans the so(D) scalar module.! We will choose to denote generators of s7 as {Q2},
where 1 < A < Nand 1 < a < 4. Given this definition, we inherit the kinematical brackets
of (2.1.2.3); however, for completeness, we will restate them here alongside the new brackets
brought about by the introduction of {Q2 1.

[Ji, J5] = eijidx,
[Ji, B5] = eyjx B,
J;, QA1 = —164QET,° (2.1.5.2)
Ji, P;] = ey P, e 2 e
(Ji,H =0,
ISince we are in the special case of D = 3, we will adopt J;, defined by Jjk = —e€yjiJy, from the outset.
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where we can define T} using the Pauli matrices o; as

. 1'.0'2 0 o 0 03 o 0 01
F1 = ( 0 i0_2) 5 rg = <—O'3 0 5 and F3 = —oy 0 . (2153)

For now, the only other requirement we will state is that we want to focus on the instances
where [Q, Q] # 0. The brackets of these algebras may also be summarised using the abbreviated
notation introduced in Section 2.1.2:

[Ji,QA1 =83 QPT,°,  is equivalent to  [J,Q] = Q. (2.1.5.4)

Quaternionic Notation In Chapter 4, when discussing kinematical Lie superalgebras, we
will make extensive use of the following quaternionic formalism. Notice that v = s0(3) = sp(1) =
Im H, where H denotes the quaternions. We let i, J, and K be the quaternion units such that
ij = k and ji = —k. Under the isomorphism v = sp(1), V may be described as a copy of Im H
and S may be described as a copy of H where, in both instances, v acts via left quaternion
multiplication. Using this isomorphism, we may rewrite the brackets in (2.1.5.2) by invoking
the following injective R-linear maps:?

J:Im(H) — s5 such that J(w
B:Im(H) —s5 such that B(j
P:Im(H) — s5 such that P(m

Q:HN = s7 such that Q(6

= wiJ; where w = wii+ waj + wsk € Im(H),
BiBi where B = pi1i+ B2j+ psk € Im(H),
m Py where 7 =mi+ moj + mzk € Im(H),
echa where 0 € HN,

joy)

(2.1.5.5)

)
)
)
)

With these maps defined, the brackets of (2.1.5.2) become?

3= — U dw)] = (w o),

JB=B —  [(w),B(B) = 1B(lw, ), - o
PP —  U@),Pl = P(wn), Y=Y = Ul QE=5Q(w0),
J,H =0 — U(w),H] =0,

(2.1.5.6)

where w, ,7 € Im(H), 8 € HY, [w, B] := wB—Pw, and wp is given by quaternion multiplication.

2.1.6 Generalised Bargmann Superalgebras

An N-extended generalised Bargmann superalgebra (GBSA) § in three spatial dimensions is
a real Lie superalgebra s = s5 @ s1, such that s5 = t is a generalised Bargmann algebra for
which D = 3, and sy consists of N copies of S, the real four-dimensional spinor module of the
rotational subalgebra v = s0(3). More explicitly, we have the following definition.

Definition 10. An N-extended generalised Bargmann superalgebra (GBSA) § in three spatial
dimensions is a (11 + 4N)-dimensional real Lie algebra containing a rotational subalgebra t
isomorphic to so(3) such that, under the adjoint action of v, it decomposes as

s=53Ps1 =t ® 2V @ 2R & NS, (2.1.6.1)

where V is the three-dimensional so(3) vector module, R is a one-dimensional so(3) scalar
module, and S is the four-dimensional s0(3) spinor module.

21t may be important to note at this stage that 8 = 84 + 81i + 62j + 03K is just a quaternion with real
components 0;, there are no Grassmann variables. We have used the N = 1 case as an example here, and, as
written in the text, we’ve introduced a new index o« = (A, a) to capture the basis for the individual quaternions
a and the number of quaternionic directions A. We will never use these indices explicitly, so perhaps these
comments are not important, but introducing new indices, even for one line, without explaining them seems
impolite.

3Solely to keep the notation consistent, when referring to the so(3) scalar module basis element H in this
formalism, we will use H. Therefore, if we consider J(w) = w;iJ; to be the map between J and J, the map
between H and H is H = H.

11



As these algebras combine the kinematical Lie algebras’ two previous generalisations, we
will inherit all the notation we have already established.. In particular, we will denote the real
basis for the underlying kinematical Lie algebra ¢ as {J;, Bi, Pi, H}, where J; are the generators
for the subalgebra t, B; and P; span our two copies of V, and H spans the so(D) scalar module.*
We will choose to denote the generator of the one-dimensional, Bargmann extension as Z, and
we label the generators of s; as {Q2}. The brackets characterising our generalised Bargmann
superalgebra § are then

JUJ' = €4 J )

[ ]] ek [JDQQ] = 6§Qgriba7

[Ji, Bj] = €451 B,

.. P P [Ji,Z] =0, (2.1.6.2)
, ]l = €44 )
o R (Bi, P;] = 8357,

(Ji,H] =0,

where, in addition, we want to impose the condition [Q, Q] # 0. We will also use the abbreviated
notation set up in Sections 2.1.2, 2.1.4, and 2.1.5.

D = 3 Quaternionic Formalism In Chapter 5, when we discuss generalised Bargmann
superalgebras in more detail, we will make extensive use of the quaternionic formalism first
considered in Section 2.1.5. In particular, we would like to extend this formalism to the case of
generalised Bargmann algebras. This is a straightforward procedure. Since Z is an so(3) scalar,
the brackets of the generalised Bargmann superalgebras become®

_ AV /
J,J= = [UJw),J(w)] —lzJ([w,w]), 3.0-=Q —  U(w),QO) = 1Qwo),
J,Bl=B = [J(w),B(B)] = 3B(lw,p]),
J,21=0 = [J(w),Z]=0,
J,PI=P = [J(w),P(n)]=3P(w,mn), B.P|—7 B(B). P(m)] = Re(pn)Z
JH =0 — Ulw).H =0, Pl = = (B),P(m) e(Bm)

2.2 Geometry

This section will provide the necessary definitions and discussions to understand how the dif-
ferent types of Lie algebra, introduced in Section 2.1, can be integrated to describe spacetime
geometries. In particular, we will arrive at a homogeneous space description for the kinematical
spacetimes and a homogeneous supermanifold description for the kinematical superspaces. The
fact we arrive at such a description is an artefact of our choice of approach. Klein’s Erlanger
Programme uses a homogeneous space description of geometry; therefore, we arrive at homo-
geneous spacetimes by applying this programme to the kinematical story.

A useful result, which will be utilised when defining and exploring the kinematical spacetimes,
is an association between homogeneous spaces with respect to a Lie group § and coset spaces
G/H, where H C G is a Lie subgroup. To arrive at the desired definition of a kinematical
spacetime and define its association to a corresponding kinematical Lie algebra, we will take
the following path. First, we will cover some standard material concerning Lie groups, coset
spaces, and homogeneous spaces and how they relate to Lie algebras. Although we may find
this content in numerous places (see [89-92] for just a few examples), we include it here for com-
pleteness. Additionally, this material allows us to establish the notation we will use throughout
the rest of this thesis. Anticipating the requirement to specify geometric objects from algebraic
objects, we will also define exponential coordinates, which will prove useful for this purpose.
Finally, we introduce supermanifolds and Lie supergroups, and show how we may construct
superisations of our kinematical spacetimes.

4As in Section 2.1.5, because we are already in the special case of D = 3, we will use the generator J;, defined
by Jjx = —eyjiJi, from the outset.

5As in the kinematical Lie algebra case, to keep the notation consistent in this formalism the so(3) scalars
H and Z will be denoted H and Z, respectively.
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2.2.1 Lie Groups and their Lie Algebras

This section will briefly summarise some key definitions in Lie (super)group theory used through-
out this thesis. The material presented here is very well established and may be found in nu-
merous places (see [89-91] for just a few examples). Therefore, we will state definitions, leaving
any discussion or elaboration to the sources mentioned above.

Definition 11. An n-dimensional real Lie group G is a group endowed with the structure of a
real n-dimensional € (smooth) manifold, such that both the inversion map

s:G—
I 971 (2.2.1.1)
g—g -,
and multiplication map
MG (2.2.1.2)
(g;h) — gh, o

are smooth.

From now on, § and H should always be taken as Lie groups, and we will assume we are
working over R.

Definition 12. A Lie group homomorphism f: G — H is a smooth map that is also a group
homomorphism.

We can now demonstrate the relationship between a Lie group § and its associated Lie
algebra. In particular, we will see that the left-invariant vector fields of G form a Lie algebra,
which we will call g. Before proceeding to define the left-invariant vector fields of G, we first
require the following definition.

Definition 13. Let ¢ : § — H be a Lie group homomorphism and X € 27(9). We will denote
the tangent vector produced by X acting on p € G as X,. We define

de:T TH
©:T5 = (2.2.1.3)
(P, Xp) = do(Xp).
The vector field X is then @-related to Y € 2 (H) if®
d(p(Xp) = Yq)(p) V‘p e g. (2.2.1.4)

For our purposes, it is worth noting that when acting on a smooth function f € C®(H), the
above expression becomes’

de(Xp)(f) = Xp(fo @) =Yy (f). (2.2.1.5)
Using the multiplication map on G, we can define a left translation by g € G as

Lg:5—=9

(2.2.1.6)
h — m(g,h) = gh.

Definition 14. Let X € Z7(G). Then X is called a left-invariant vector field if it is Lg-related
to itself for all g € G:
dLgo X =XolLg. (2.2.1.7)

6This expression may also be written as dg o X = Yo ¢ if we do not want to make explicit reference to p € G.
7As above, it is also useful to note that this expression may be written as dg o X(f) = Y(f) o ¢ if we do not
want to make explicit use of p € G.
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We will denote the space of left-invariant vector fields on G as 2 (G)F. With this definition,
we notice that each left-invariant vector field X is uniquely defined by its value at the identity
e € G. Therefore, we have an isomorphism T.G = 2°(9)*. An important consequence of this
isomorphism is that 2 (G)t takes the form of a real vector space with the same dimension as
the Lie group, §.

For any smooth manifold M, there exists a commutator defined on the space of vector fields.
This object may be defined as follows.

Definition 15. Let M be a C* manifold and 2 (M) be its set of vector fields. The commutator
is an anti-symmetric R-bilinear map, defined

[, —]: Z (M) x Z (M) - Z(M)

(X,Y) = [X,Y], (2.2.1.8)
which satisfies the Jacobi identity
X, [Y, Z]] = [[X, Y], Z] + [Y, [X, Z]] vX,Y,Z e Z'(M), (2.2.1.9)
and acts on smooth functions of the manifold as
X, YI(f) = X(Y(f)) — Y(X(f)) Ve C®(M). (2.2.1.10)

Notice, this definition is almost identical to that of a Lie bracket, given in (2.1.1.1). In-
deed, we will now show that the commutator of two left-invariant vector fields on G is itself a
left-invariant vector field. Thus, the commutator restricts from 2°(G) to 2 (§)F. Combining
this result with the fact 2 (G)t forms a dim(G)-dimensional real vector space, we notice that
(2 (9%, [-,—]) forms a Lie algebra associated to G, which we call g.

Proving that the commutator restricts to 2 (G)' is perhaps best seen by first considering
the more general setting of @-related vector fields. Explicitly, let X and X’ be ¢-related to Y
and Y/, and ¢ : § — H be a Lie group homomorphism. If we can show that [X, X’] is @-related
to [Y,Y’], then we arrive at the desired result by setting ¢ =Ly, Y =X, and Y’ = X’. Therefore,
we want to show

de (X, XT)(F) = [V, Y (p) (), (2.2.1.11)
where p € G and f € C*(H). Taking the left-hand side (L.H.S), we have

de (X, X'1p)(f) = [X, X1, (f o @)
=Xp(X'(fo @) =X, (X(fo @)
Xp(de o X'(f)) — X}, (de o X(f))
=Xp(Y'(f) o @) =X, (Y(f) 0 @)
= do(Xp)(Y'(f)) — de(X,)(Y(f)
= Yo (p) (Y(F) = Yo ) (Y(F))
=1, Yl](o(p)(f)'

(2.2.1.12)

Thus, we find the desired result. Setting ¢ =Lg, Y =X, and Y’ =X’, the commutator restricts
to the Lie bracket on the dim(§)-dimensional real vector space of left-invariant vector fields,
giving the Lie algebra g.

2.2.2 Exponential Coordinates on a Lie Group

The above story demonstrates how we may recover a Lie algebra from a Lie group; however, our
interests will lie in determining Lie groups’ geometric properties based on their Lie algebras.
Therefore, we need to identify a method of utilising our Lie algebra knowledge to explore an
associated Lie group. As there may be several Lie groups with the same Lie algebra, we want
to clarify from the outset which Lie groups we will be discussing. It is a well-known result that
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their exists a unique (up to isomorphism) connected, simply-connected Lie group § such that
Lie(G) = g, and that all other connected Lie groups §’ with Lie(§’) = g are discrete quotients
G’ = G/Z, where Z C G is a discrete, central subgroup [91]. Therefore, to make the mapping
between g and G unique, we will always consider the simply-connected Lie groups.

Anticipating the need to identify geometric objects on G from algebraic objects on Lie(G) = g,
we begin by showing how we will construct a local chart (U, o~!) around any point o € §. This
task may be achieved using the exponential map exp : g — G; however, to understand how this
map is being used, it helps to first see the following.

Consider a curve vy : R — G such that y(0) = e, where e € G is the identity element. In partic-
ular, we will define this curve such that it is a Lie group homomorphism: y(s +t) = y(s)y(t).
Taking the derivative of this curve, we acquire dy : TR — TG. Notice that, at the identity, the
derivative gives us a map R — g. Letting the sole basis element of R map to one of the basis
elements of g, let us call it X, it can show that y is the unique integral curve for the chosen
left-invariant vector field [90]. Since the curve is a Lie group homomorphism, and is unique to a
particular Lie algebra element X, the image of -y is called the one-parameter subgroup generated
by X.

The above story allowed us to take a single Lie algebra element and uniquely determine a
Lie group structure associated with it. Using this knowledge, we can determine our map g — G.

Definition 16. Let X € g and yx be its unique integral curve. The exponential map is a smooth
map defined

exp:g— 9

(2.2.2.1)
X+ exp(X) = yx(1).

With this definition, the one-parameter subgroup generated by X can be understood as
having the group multiplication

exp((s + t)X) = exp(sX) exp(tX) Vs, t, € R. (2.2.2.2)

Now, choosing a point o € G, we can establish a local chart using the exponential map. Let
exp, : g — G, such that
exp, (X) =exp(X) o VX € g. (2.2.2.3)

This map defines a local diffeomorphism from a neighbourhood V of (0,0,...,0) € g and a
neighbourhood U of o € §. Choosing a basis {e;} for g, where 1 < i < n, we can define
o : R — G, where o(c) = exp,(cie;). We now have a local coordinate chart (U, o), such
that o € U C G maps to (0,0,...,0) € V C g. We can move this chart around § by using the
group multiplication to change the origin, giving us an atlas for §. Later in this section, it will
be shown how we may utilise this method of producing coordinates on a Lie group to give us
spacetime coordinates.

2.2.3 Coset Spaces

Having established the definition of a Lie group G, shown its connection to an associated Lie
algebra g, and taken some first steps towards defining geometric objects on G from algebraic
objects on g, we now turn to the important topic of defining coset spaces. However, before
defining a coset space, we need the concept of a Lie subgroup.

Definition 17. A Lie subgroup H C § is a submanifold such that H is also a subgroup.

For our purposes, we will take submanifold to mean that there exists a closed embedding
¢:H — G. That is

1. do: TH — TG is globally injective,

2. ¢ is a homeomorphism, and
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3. ¢(H) c G is closed.

Wanting to connect our ideas of Lie subgroups with Lie subalgebras, we remark that there is a
one-to-one correspondence between Lie subalgebras ) C g and connected immersed subgroups
H C G: connected subgroups H C G which satisfy condition 1 above, but not 2 or 3 [91].
Therefore, although knowledge of Lie subalgebras is useful in finding the possible Lie subgroups,
additional work is required if we are to determine which subalgebras integrate to subgroups.

Definition 18. Let H{ C G be a Lie subgroup. The coset space G/H is a smooth manifold
equipped with the quotient topology and the group action inherited from the canonical projec-
tion@:§ — G/H.

For the coset space G/H to be a smooth manifold, we require the H-action on G to be free
and proper. From a purely group-theoretic perspective, we know that H is a Lie subgroup of
G; therefore, the H-action on § will be free as the action of G on itself is free. Additionally, we
note that a closed embedding is equivalent to a proper injective immersion. Therefore, using
our definition of a submanifold, we know that ¢ : H — G must be a proper map. This map
being proper means that §/H is a Hausdorff space. Combining this result with the fact the
H-action is free, we find that G/J is indeed a smooth manifold.

It is interesting to consider how the exponential coordinate construction, defined earlier for
G, may be adapted to the coset space G/H. Let g and h be the Lie algebras of § and K,
respectively, and consider exponential coordinates around the identity element e € G, such that
exp, = exp. From the above discussion, we know that h must be a Lie subalgebra, so we
can think of writing g = m @ b, where m is some vector space complement to h. We can now
use the fact that there exists a local diffeomorphism exp, which is a slight modification of the
exponential map

efﬁ):vmxvh—ﬂl

(2.2.3.1)
(X,Y) = exp(X) exp(Y),

from a neighbourhood Vy, of (0,0,...,0) € m and neighbourhood Vy of (0,0,...,0) € b to
a neighbourhood U of e € § [90]. Letting @(e) = eH € G/H be the identity coset, notice
@ o exp(X,Y) = explwm(X) = exp(X). Choosing a basis {e;} for m, where 1 <1 < n, we can define
0:R™ = G /H, where o(c) = exp(cie;). We now have a local coordinate chart (U, o~ '), such
that eH € §/H maps to (0,0,...,0) € m.

2.2.4 Homogeneous Spaces

Above this point, everything is solely about Lie groups and pertains directly to them. Now we
shift gear to come in direct contact with Klein’s Erlanger Programme, and discuss the necessary
language for our spacetime models.

Definition 19. A Lie group § is called the Lie transformation group of a smooth manifold M
if there exists a smooth G-action

GxM—-M

g.m) s g, (2.2.4.1)

such that (g1g2) - m =g - (g2 -m) for all gi,g2 € G and m € M. In particular, if this G-action
is transitive, that is, for all m,n € M, there exists a g € G such that g-m =n, then M is called
a homogeneous space with respect to §. Furthermore, the G-action is said to be effective, if the
kernel of the action N ={g € §|g- m =m, Ym € M} is the identity element, N = {e}, or locally
effective if N C G is a discrete subgroup.

Choosing a distinguished point p in a homogeneous space M, we may define the stabiliser
subgroup which fixes the point as

Stabg(p) ={g € Glg-p =p} (2.2.4.2)
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This group is sometimes called the isotropy group at p. An important theorem states that not
only is H = Stabg(p) a Lie subgroup of G, but there exists a local diffeomorphism at p such
that M = G/ [90]. Given this mapping, we may seek to describe the homogeneous space M
using the Lie algebras g and . We can achieve such a description using the following definition.

Definition 20. A Klein pair, or Lie pair, (g,h) consists of a Lie algebra g and a Lie subalgebra
b, such that the pair is (geometrically) realisable. The pair is geometrically realisable if there
exists a Lie group G’ with Lie algebra g’ and Lie subgroup H’ c G’ with Lie algebra h’ such that
G’/H’ describes a homogeneous space, and there exists a Lie algebra isomorphism ¢ : g’ — ¢
such that ¢(h’) = h. The homogeneous space §'/H’ is called a (geometric) realisation of (g, h).

Given a Lie pair (g,h), we say that it is effective if h does not contain any non-zero ideals
of g. Putting all these definitions together, we have the following important result. There is a
one-to-one correspondence between effective Lie pairs (g, ) and homogeneous spaces M = G/H,
when we take G to be the unique connected, simply-connected Lie group associated with g act-
ing effectively on M. The conditions of geometric realisability and effectiveness are required for
this mapping’s existence and uniqueness, respectively.

At this stage, we may introduce some useful definitions which will be alluded to through-
out the rest of the thesis. Assuming we have a Lie pair (£ h) with a vector space decomposition
¢t = mah, we call the pair reductive if [h, h] C h and [h, m] C m. A reductive pair may, in addition,
be symmetric if [m,m] C . Alternatively, if [m,m] C m, then the corresponding homogeneous
space is called a principal homogeneous space. The intersection of these two instances then
defines an affine pair. Explicitly, an affine Lie pair has [m, m] = 0.

The above mapping between Lie pairs and homogeneous spaces tells us that if we want to
classify certain types of homogeneous space, we can do so purely at the Lie algebraic level.
What we require is a classification of Lie algebras g followed by consistency checks, which make
sure we have a suitable Lie subalgebra b, with which we can form an effective Lie pair (g,b).
It is this procedure that will be utilised in Section 3.2 to find the possible kinematical spacetimes.

Before proceeding to apply this framework to the kinematical case explicitly, we show how
the exponential coordinates for a coset space may be thought of through the lens of homo-
geneous spaces. Choose a point o € M and let H be the isotropy group at o, such that the
homogeneous space may be described locally as M = G/H. Let g and h be the Lie algebras of
G and H, respectively; and write g = m @ b, where m is some vector space complement to b.
Using the restricted exponential map exply, : m — M identified in Section 2.2.3, we may write
exp, : m — M, defined such that

exp, (X) = explm(X) 0 = exp(X) 0 vX € m. (2.2.4.3)

This map defines a local diffeomorphism from a neighbourhood V of (0,0,...,0) € m and a
neighbourhood U of 0 € M = §/H. Choosing a basis {e;} for m, where 1 <1 < n, we can define
o : R — M, where o(c) = exp,(cie;). We now have a local coordinate chart (U, o), such
that o € U € M maps to (0,0,...,0) € V.C M. We can move this chart around M by using the
group action to change the origin, giving us an atlas for M.

There are some natural questions one can ask about the local diffeomorphism exp, : m — M
or, equivalently, the local diffeomorphism o: R™ — M. One can ask how much of M is covered
by the image of exp,. We say that M is exponential if M = exp,(m) and weakly exponential
if M = exp,(m), where the bar denotes topological closure. Similarly, we can ask about the
domain of validity of exponential coordinates: namely, the subspace of R™ where ¢ remains
injective. In particular, if o is everywhere injective, does it follow that o is also surjective? We
know very little about these questions for general homogeneous spaces, even in the reductive
case. However, there are some general theorems for the case of M a symmetric space.

Theorem 2.2.1 (Voglaire [93]). Let M = G/H be a connected symmetric space with symmetric
decomposition g =m @& b and define exp, : m — M. Then the following are equivalent:
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1. exp, : m — M is injective
2. exp, :m — M is a global diffeomorphism

3. M is simply-connected and for no X € m, does adx : g — g have purely imaginary eigen-
values.

Since our homogeneous spaces are by assumption simply-connected, the last criterion in the
theorem is infinitesimal and, therefore, easily checked from the Lie algebra. This result makes
it a relatively simple task to determine for which of the symmetric spaces the last criterion holds.

Concerning the (weak) exponentiality of symmetric spaces, we will make use of the follow-
ing result.

Theorem 2.2.2 (Rozanov [94]). Let M = G/H be a symmetric space with G connected. Then
1. If G is solvable, then M is weakly exponential.

2. M is weakly exponential if and only if M = §/§( is weakly exponential, where g =
S/ Rad(9) and similarly for H, where the radical Rad(SG) is the mazimal connected solvable
normal subgroup of G.

The Lie algebra of Rad(§) is the radical of the Lie algebra g, which is the maximal solvable
ideal, and can be calculated efficiently via the identification rad g = [g, g]*, namely, the radical
is the perpendicular subspace (relative to the Killing form, which may be degenerate) of the
first derived ideal.

These two theorems will be used when demonstrating that the action of the boosts are non-
compact for our symmetric kinematical spacetimes. Note, this is a very desirable property: if
the boosts were compact, they would be more suitably interpreted as additional rotations. We
first find those spacetimes which satisfy the third criterion of theorem 2.2.1, determining the
instances for which the exponential coordinates define a global chart. It will be shown that, in
these cases, showing the non-compactness of the boosts only requires solving a linear ODE. We
then find the symmetric kinematical spacetimes which satisfy criterion 2 of theorem 2.2.2. The
weak exponentiality of these spacetimes is then exploited to determine the non-compactness of
their boosts. The remaining spacetimes require a variety of arguments to demonstrate the non-
compactness of their boosts; however, the majority of cases are covered by these two theorems.

2.2.5 Kinematical Spacetimes

Now that we have seen how we may describe homogeneous spaces M = G/H in terms of
the Lie algebras Lie(9) = g and Lie(H) = b, we may apply this story to the kinematical
case. In particular, we wish to use our knowledge of the possible kinematical Lie algebras to
define homogeneous spacetime geometries which hold these symmetries. The first step in this
procedure is to define, explicitly, what we mean by spacetime geometry.

Definition 21. A (homogeneous) kinematical spacetime M is a homogeneous space with respect
to a kinematical group X, such that

e M is a connected, smooth manifold,
o X acts transitively and locally effectively on M with a stabiliser subgroup H, and

e H c X is a Lie subgroup whose Lie algebra h contains a rotational subalgebra v = so(D)
and decomposes as h = vt @ V under the adjoint action of v, where V is a D-dimensional
s0(D) vector module.

Notice that not all Lie subgroups 3 C X may be used to describe a kinematical spacetime.
To distinguish the Lie subalgebras h C ¢ and the Lie subgroups 7 C X which may be used
to describe a kinematical spacetime, we will call these subalgebras and subgroups admissible.
More explicitly, a Lie subalgebra b C ¢, and its corresponding subgroup H C X, will be called
admissible if
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1. H c K is a Lie subgroup, and
2. b decomposes under the adjoint action of ras h=r@d V.

The first condition ensures that (£, 5) defines a Lie pair, and the second condition ensures that
b is of the correct form. Thus, we have the following definition.

Definition 22. A kinematical Lie pair (€, 8§) is a Lie pair consisting of a kinematical Lie algebra
t and an admissible Lie subalgbera b.

From our previous discussions, we know that the connected, simply-connected kinematical
spacetimes M = K /H will be in one-to-one correspondence with kinematical Lie pairs (&, ).

With this prescription for kinematical spacetimes, we may employ the exponential coordinates
defined for homogeneous spaces to provide a uniform foundation from which to investigate the
differences in spacetime geometry. Explicitly, let H C XK be the isotropy group at the point
o € M. The group H will always be taken as the Lie subgroup generated by the spatial ro-
tations J;; and the boosts Bji; therefore, m = spang {H, P;} for a kinematical Lie algebra. Our
coordinates are then defined by the map o : RP*! — M, such that o(t,z) = exp, (tH +x - P).
This map gives us a local chart (U, o~ !) centred on o € M.

Aristotelian Spacetimes

Although the above story holds for the majority of the spacetime classes, Aristotelian spacetimes
requires a slightly different treatment. In particular, owing to the absence of the generator B,
we need to amend what we mean by an admissible subalgebra in this instance.

Definition 23. A (homogeneous) Aristotelian spacetime M is a homogeneous space with respect
to a Aristotelian group A, such that

e M is a connected, smooth manifold,
o A acts transitively and locally effectively on M with a stabiliser subgroup R, and
e R C A is a Lie subgroup whose Lie algebra is the rotational subalgebra v = so(D).

Note, only the Lie subalgebras and Lie subgroups which satisfy the above conditions will be
deemed admissible, in the Aristotelian sense. With this definition of an Aristotelian spacetime
M = A/R, we may specify the form of a Lie pair (a,t) which will be associated to M.

Definition 24. An Aristotelian Lie pair (a,t) is a Lie pair consisting of an Aristotelian Lie
algebra a and an admissible Lie subalgbera t.

Although these Lie pairs are generally distinct from the kinematical cases, there are a
subset of Aristotelian Lie pairs which can arise from kinematical Lie pairs through the following
procedure. Let (£ h) be a Lie pair containing a kinematical Lie algebra ¢ and a Lie subalgebra
b. If this pair is not effective, h must contain an ideal of € in particular, since h = t&V, the only
possible ideal is b = spang {V}. To make this Lie pair effective, we may take the quotient with
respect to b to arrive at the pair (¢/b,5/b). This effective pair then describes an Aristotelian
Lie pair.

2.2.6 Lie Supergroups and Homogeneous Superspaces

A Lie supergroup is defined with respect to a supermanifold in an analogous manner to how
a Lie group is defined with respect to a classical manifold. With this characterisation, the
relationship between Lie superalgebras and Lie supergroups is analogous to the classical set-
ting. Due to the increased complexity of the objects involved, this correspondence is highly
non-trivial, and a full treatment of this correspondence is not necessary our current purposes.
Therefore, we note that a good introduction to this topic is found in [95] and leave this version
of the story to the interested reader. To proceed, we still need the notion of a supermanifold
and Lie supergroup together with an idea of how we may tie these objects to an associated Lie
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superalgebra. The method presented here will have a stronger focus on the underlying classical
manifold than the one demonstrated in [95]. Such a method is preferable for the current story
since the underlying manifold describes our spacetime, which is the primary object of interest.

The rest of this section is written as follows. First, we will introduce our definition of a su-
permanifold before introducing Harish-Chandra pairs, which are equivalent to Lie supergroups.
We then define the superisation of a homogeneous space, which will be the geometric object
describing the supersymmetric generalisations of the kinematical spacetimes of Chapter 3. Fi-
nally, we introduce the idea of a super Lie pair, which will be the key object in the classification
of kinematical superspaces in Chapter 4.

Before defining our notion of a Lie supergroup, we first need to introduce supermanifolds.
We will take our definition of a supermanfiold from [96], such that we arrive at the following.

Definition 25. An (m/n)-dimensional real supermanifold is a pair (M, O), where the body M is a
smooth m-dimensional real manifold, and the structure sheaf O is a sheaf of supercommutative
superalgebras, extending the sheaf of smooth functions €* by the subalgebra of nilpotent
elements N; that is, we have an exact sequence of sheaves of supercommutative superalgebras:

0->N—-0—-C"—0, (2.2.6.1)
where, for every point p € M, there is a neighbourhood p € U C M such that
O(U) = C®(U) ® Al6,02,...,0™]. (2.2.6.2)

In the physics literature, superspace is typically referred to through superfields, which are
functions on superspace understood in terms of their expansion as a power series in Grassmann
coordinates. These Grassmann coordinates are precisely the nilpotent basis elements {6'}. Thus,
in the physics nomenclature, the structure sheaf defined above is simply the space of superfields.

A Lie supergroup may be defined as a group object in the category of supermanifolds; however,
for our purposes, we will use the following characterisation of Lie supergroups. The category of
Lie supergroups is equivalent to the category of Harish-Chandra pairs (G,s), where G is a Lie
group and s is a Lie superalgebra such that s5 = Lie(§) = g and the action of g on s7 lifts to
an action of G on sy by automorphisms [96,97]. The structure sheaf of the Lie supergroup cor-
responding to (9, s) is then the sheaf of smooth functions § — A®s;, which may be interpreted
as the the smooth sections of a trivial vector bundle § x A®sy over G [97].

We can now consider the case where the Lie group X in our Harish-Chandra pair (X,s) has
an associated homogeneous space M = K/H described by the Lie pair (¢ 6h). Recall that for
this mapping between homogeneous space and Lie pair to be unique, X must be connected
and simply-connected, with J{ C K closed. We know that s = s5 @ s7 where s5 = ¢ and s3
must be an sz-module; therefore, since X is simply-connected, s7 is also a X-module and, by
restriction, a H-module. This knowledge allows us to construct the homogeneous vector bundle
E =X xg¢ s7. Notice, we may now define a supermanifold (M, O), where the body is M = K/H
and the structure sheaf O is the smooth sections of A*E. We will call this supermanifold the
superisation of the homogeneous space M defined by the Lie superalgebra s [98].

It is perhaps interesting to note that the superisations presented above all have the form of
a split supermanifold; that is, the structure sheaf O is isomorphic to the sheaf of sections of the
exterior algebra bundle of a homogeneous vector bundle E — M. Letting U C M be an open
subset, we have
C®(U) =T(U,@HAPE) and N(U) =T(U, P APE). (2.2.6.3)
>0 >1

This result may not be surprising given a theorem by Batchelor, stating that any smooth su-
permanifold admits a splitting; although the splitting may not be canonical [99].

It is also interesting to note that any homogeneous supermanifold must be of this form. In-
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deed, it was shown in [98] that the homogeneous superisation of X/3 has the H-equivariant
smooth functions X — A°®s7 as structure sheaf, which are precisely the smooth section of the
homogeneous vector bundle A*E over M = K/H, where E =K xq¢ 57.

Since all homogeneous superisations of /H are of this form, we may think of associating
a unique pair (s, h) to each homogeneous superisation. Restricting ourselves to think solely of
kinematical spacetimes K/H, we arrive at the following definition.

Definition 26. A super Lie pair (s,h) consists of a kinematical Lie superalgebra s and an
admissible Lie subalgebra b, such that the Lie pair (sg,h) is geometrically realisable; that is,
h C s5 contains the rotational subalgebra t, decomposes as h = ¢t @ V under the adjoint action
of ¢, where V C s5 is a vector r module, and § integrates to a Lie subgroup H C X.

As in the non-supersymmetric case, a super Lie pair (s,h) is called effective if h does not
contain any non-zero ideals of s. We observe that the condition of being geometrically realisable
is not associated with supersymmetry, whereas the condition for being effective does take s7
into account. We can, therefore, have effective super Lie pairs (s, ) where the underlying Lie
pair (s5,h) is not effective. In these cases, the copy of V in h acts trivially on the body M of
the supermanifold, but acts non-trivially on the odd coordinates. Using physics nomenclature,
V generates R-symmetries in these instances.

As in the classical case, there is a one-to-one correspondence between effective super Lie pairs
and homogeneous superisations of homogeneous manifolds. To the best of our knowledge, this
result is part of the mathematical folklore and we are not aware of any reference where this
result is proved or even stated as such.

Just as the one-to-one correspondence between effective kinematical Lie pairs and kinematical
spacetimes lifts to the supersymmetric case, the correspondence between non-effective kinemat-
ical Lie pairs and Aristotelian spacetimes also lifts to the supersymmetric case. Explicitly, we
define an Aristotelian super Lie pair (sa,t) as consisting of an Aristotelian Lie superalgebra sa,
where sag = a is an Aristotelian Lie algebra, and a Lie subalgebra v, which is admissible in the
Aristotelian sense. We may then form an Aristotelian super Lie pair (sa,t) from a non-effective
super Lie pair (s, h) by taking the quotient with respect to the ideal b = spang{V}, where V is
the vector module in the Lie subalgebra h =t @ V.

2.3 Geometric Properties

In this final section, we will introduce the geometric properties of homogeneous spaces necessary
for beginning to explore the physics of each kinematical spacetime. In particular, we will intro-
duce fundamental vector fields, soldering forms, vielbeins, invariant connections and canonical
connections. We will see that the fundamental vector fields tell us how the rotations, boosts
and spacetime translations act on our spacetime manifold; the soldering forms and vielbeins will
allow us to translate between the Lie algebra and geometry; and, the various connections will
tell us how to move from one point in spacetime to another. Note, this section deals exclusively
with the geometric properties in the non-supersymmetric case. Although a supersymmetric
generalisation is possible, it is lies beyond the scope of this thesis.

2.3.1 The Group Action and the Fundamental Vector Fields

The action of the group X on M is induced by left multiplication on the group. Indeed, we
have a commuting square

K 10y %
“’i JG’ Tgo® =m@oLg, (2.3.1.1)
MM
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where Ly is the diffeomorphism of X given by left multiplication by g € X and 74 is the
diffeomorphism of M given by acting with g. In terms of exponential coordinates, we have
g-(t,xz) = (t/,x’) where

gexp(tH+ - P) = exp(t'H+ x’ - P)h, (2.3.1.2)
for some h € H, which typically depends on g, t, and .8

If g = exp(X) with X € h and if A =tH+ x - P € m, the following identity will be useful:
exp(X) exp(A) = exp (exp(adx)A) exp(X). (2.3.1.3)

If M is reductive, so that [h, m] C m, then adx A € m and, since m is a finite-dimensional vector
space and hence topologically complete, exp(adx)A € m as well. In this case, we may act on
the origin o € M, which is stabilised by 3, to rewrite equation (2.3.1.3) as

exp(X) exp, (A) = exp, (exp(adx)A), (2.3.1.4)
or, in terms of o,
exp(X)o(t,z) = o(exp(adx)(tH+ x - P)) = o(t’, z'). (2.3.1.5)

This latter way of writing the equation shows the action of exp(X) on the exponential coordinates
(t,x), namely

(t,z) — (t',£') where t'H+z'-P:=exp(adx)(tH+ x - P). (2.3.1.6)

As we will show in Section 3.4.1, the rotations act in the usual way: they leave t invariant and
rotate x, so we will normally concentrate on the action of the boosts and translations. This
requires calculating, for example,

exp(viPi)o(t, x) = o(t’, " )h. (2.3.1.7)

In some cases, this calculation is not practical and instead we may take v to be very small
and work out t’ and «’ to first order in v. This approximation then gives the vector field &p,
generating the infinitesimal action of P;. To be more concrete, let X € £ and consider

exp(sX)o(t,z) = o(t’,z')h (2.3.1.8)
for s small. Since for s =0, t' =t, ' = x, and h = e, we may write (up to O(s?))
exp(sX)o(t,xz) = o(t + st,x + sy) exp(Y(s)), (2.3.1.9)
for some Y(s) € h with Y(0) =0, and where T and y do not depend on s. Equivalently,
exp(sX)o(t, ) exp(=Y(s)) = o(t + sT, & + sy), (2.3.1.10)

again up to terms in O(s?). We now differentiate this equation with respect to s at s = 0. Since
the equation holds up to O(s?), the differentiated equation is exact.

To calculate the derivative, we recall the expression for the differential of the exponential map
(see, e.g., [100])

Lexp(X(s))| = exp(X(0))Dladx(0))X'(0) , (2.3.1.11)
s=0

where D is the Maclaurin series corresponding to the analytic function

l—e®

z

D(z)

=1-124+0(z%). (2.3.1.12)

8Note, as stated, the exponential coordinates here are defined with respect to the Lie group, exp : ¢ — K.
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(We have abused notation slightly and written equations as if we were working in a matrix
group. This is only for clarity of exposition: the results are general.)

Let A =tH + z - P. Differentiating equation (2.3.1.10), we find
Xexp(A) —exp(A)Y’(0) = exp(A)D(ada)(TH + y - P), (2.3.1.13)

and multiplying through by exp(—A) and using that D(z) is invertible as a power series with
inverse the Maclaurin series corresponding to the analytic function F(z) =z/(1 — e *), we find

G(ada)X —F(ada)Y'(0) =tH +y - P, (2.3.1.14)

where we have introduced G(z) = e *F(z) = z/(e* — 1). It is a useful observation that the
analytic functions F and G satisfy the following relations:

F(z) = K(22) + g and  G(z) = K(z2) — g , (2.3.1.15)
for some analytic function K({) = 1+ %C‘F 0(?). To see this, simply notice that F(z) —G(z) = z
and that the analytic function F(z) + G(z) is invariant under z — —z.

Equation (2.3.1.14) can now be solved for T and y on a case-by-case basis. To do this, we
need to compute G(ada) and F(ada) on Lie algebra elements. Often a pattern emerges which
allows us to write down the result. If this fails, one can bring ada into Jordan normal form
and then apply the usual techniques from operator calculus. A good check of our calculations
is that the linear map ¢ — 2" (M), sending X to the vector field

0 . 0
Ex = 5 +y e (2.3.1.16)

should be a Lie algebra anti-homomorphism: namely,
[Ex, &Ev] = —&x,v)- (2.3.1.17)

We have an anti-homomorphism since the action of £ on M is induced from the vector fields
which generate left translations on X and these are right-invariant, hence obeying the opposite
Lie algebra.

2.3.2 Invariant Connections

Let (¢,H) be a Lie pair associated to a reductive homogeneous space. We assume that (¢ b) is
effective so that h does not contain any non-zero ideals of €. We let € = h @ m denote a reductive
split, where [h,m] C m. This split makes m into an h-module relative to the linear isotropy
representation A :h — gl(m), where

AxY = [X,Y] vXeh and Yem. (2.3.2.1)

As shown in [101], one can uniquely characterise the invariant affine connections on (& 5) by
their Nomizu map oo : m X m — m, an h-equivariant bilinear map; that is, such that for all X € h
and Y,Z € m,

X, x(Y, Z)] = «([X, Y], Z) + (Y, [X, Z]). (2.3.2.2)

The torsion and curvature of an invariant affine connection with Nomizu map « are given,
respectively, by the following expressions for all X,Y,Z € m,

®(X7Y) = (X(Xa Y) - (X(va) - [X7Y]ma

(2.3.2.3)
QX Y)Z = (X, Y, Z)) — oY, (X, Z)) — (X, Y]w, Z) — [[X, Yy, Z],
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where [X,Y] = [X, Y]y + [X, Y] is the decomposition of [X,Y] € ¢ = h @ m. In particular, for the
canonical invariant connection with zero Nomizu map, we have

OX,Y) =X,V and  QX,Y)Z=-Axy,Z. (2.3.2.4)

For kinematical spacetimes, we can determine the possible Nomizu maps in a rather uniform
way. Rotational invariance determines the form of the Nomizu map up to a few parameters
and then we need only study the action of the boosts. We will see that the action of the
boosts is common to all spacetimes within a given class: Lorentzian, Riemannian, Galilean,
and Carrollian; although the curvature and torsion of the invariant connections of course do
depend on the spacetime in question.

2.3.3 The Soldering Form and the Canonical Connection

On the Lie group X there is a left-invariant ¢-valued one-form ¥: the (left-invariant) Maurer—
Cartan one-form [89,90]. This connection is the canonical invariant connection on X and it
obeys the structure equation

ad = —109,9], (2.3.3.1)

where the notation hides the wedge product in the right-hand side (R.H.S). Using exponential
coordinates, we can pull back ¥ to a neighbourhood of the origin on M. The following formula,
which follows from equation (2.3.1.11), shows how to calculate it:

o*9 =D(ada)(dtH + dz - P), (2.3.3.2)

where, as before, A = tH + « - P and D is the Maclaurin series corresponding to the analytic
function in (2.3.1.12).

The pull-back ¢*9 is a one-form defined near the origin on M with values in the Lie alge-
bra €. Since ¥ is the canonical invariant connection on X, we can ask whether we can construct
a canonical invariant connection on M using this pull-back. Note, such a one-form must be
H-invariant and should take values in ¢/h. Let m be a vector space complement to h in £ so
that as a vector space £ = h ® m. This split allows us to write

oV =0+w, (2.3.3.3)

where 0 is m-valued and and w is h-valued. Notice that our requirement of J invariance tells
us that not only are m and €/h isomorphic as vector spaces, but they are also isomorphic as
h modules. Notice, this is precisely the reductive condition. Additionally, since the Maurer-
Cartan one-form defines the canonical invariant connection, with vanishing Nomizu map, on X,
the one-form we recover from the pullback, corresponds to the canonical invariant connection
on M. Therefore, if the Lie pair (¢, §) is reductive then w is the one-form corresponding to the
canonical invariant connection on M. The soldering form is then given by 6.

The torsion and curvature of w are easy to calculate using the fact that & obeys the Maurer—
Cartan structure equation (2.3.3.1). Indeed, the torsion two-form © is given by

© =do + [w,0] = —1[0, 0], (2.3.3.4)
and the curvature two-form Q by
Q=dw + 3w, w] =—3100, 0], (2.3.3.5)
which agree with the expressions in equation (2.3.2.4).

In the non-reductive case, w does not define a connection, but we may still project the lo-

9Let us emphasise that in this work, curvature always refers to the curvature of an invariant affine connection
and hence should not be confused with the curvature of the associated Cartan connection, which is always flat
for the homogeneous spaces.
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cally defined ¢-valued one-form o*d to £/h. The resulting local one-form 6 with values in £/b
is a soldering form which defines an isomorphism T,M — £/h for every o € M near the origin.
Wherever 6 is invertible, the exponential coordinates define an immersion, which may however
fail to be an embedding or indeed even injective. In practice, it is not easy to determine injec-
tivity, but it is easy to determine where 0 is invertible by calculating the top exterior power
of © and checking that it is non-zero. Provided that 0 is invertible, the inverse isomorphism is
the vielbein E, where E(o) : &¢/h — T, M for every o € M near the origin. The vielbein allows
us to transport tensors on £/h to tensor fields on M and, as we now recall, it takes H-invariant
tensors on £/h to K-invariant tensor fields on M.

2.3.4 Invariant Tensors

It is well-known that X-invariant tensor fields on M = KX/H are in one-to-one correspondence
with H-invariant tensors on £/f, and, if H is connected, with h-invariant tensors on £/h. We
may assume that JH is indeed connected, passing to the universal cover of M, if necessary. In
practice, given an (r,s)-tensor T on £/h—that is, an element of (£/H)®" @ ((¢/h)*)®5—we can
turn it into an (r,s)-tensor field 7 on M by contracting with soldering forms and vielbeins
as appropriate to arrive, for every o € M, at 7 (0) € (ToM)®" @ (TXM)®s. Moreover, if T is
H-invariant, .7 is K-invariant.

Our choice of basis for ¢ is such that J and B span h and therefore P :=P mod h and H:= H
mod b span £/h. In the reductive case, £t = h ®m and m = £/h as h-modules. We will let n and
7 denote the canonical dual basis for (¢/h)*.

Invariant non-degenerate metrics are in one-to-one correspondence with h-invariant non-degenerate
symmetric bilinear forms on £/h and characterise, depending on their signature, Lorentzian or
Riemannian spacetimes. On the other hand, invariant Galilean structures'® consist of a pair
(t,h), where T € (¢/h)* and h € S%(¢/h) are h-invariant, h has co-rank 1 and h(t,—) = 0, if we
think of h as a symmetric bilinear form on (¢/h)*. On M, T gives rise to an invariant clock
one-form and h to an invariant spatial metric on one-forms. Carrollian structures are dual to
Galilean structures and consist of a pair (k,b), where k € £/h defines an invariant vector field
and b € S2(£/h)* is an invariant symmetric bilinear form of co-rank 1 and such that b(k, —) = 0.
Homogeneous Aristotelian spacetimes admit an invariant Galilean structure and an invariant
Carrollian structure simultaneously.

Invariance under § implies, in particular, invariance under the rotational subalgebra, which
is non-trivial for D > 2. Assuming that D > 2, it is easy to write down the possible rotationally
invariant tensors, and, therefore, we need only check invariance under B. The action of B is
induced by duality from the action on ¢/h which is given by

Ap, () = Bo, 0] and A, (Py) = Ba, Pyl (2.3.4.1)

with the brackets being those of £. In practice, we can determine this from the explicit expression
of the Lie brackets by computing the brackets in ¢ and simply dropping any B or J from the
right-hand side. The only possible invariants in £/h are proportional to H, which is invariant
provided that [B,H] =0 mod . Dually, the only possible invariants in (¢/h)* are proportional
to n, which is invariant provided that there is no X € ¢ such that H appears in [B, X]. Omitting
the tensor product symbol, the only rotational invariants in S?(¢/h) are linear combinations of
H? and P? := §9PP Py, whereas in $2(¢/h)* are n2 and 72 = § 4, 7P.

10We will not distinguish notationally the H-invariant tensor from the X-invariant tensor field.

25



26



Chapter 3

Kinematical Spacetimes

In this chapter, we consider the first of our three types of symmetry, kinematical symmetry.
These symmetries are the best-studied of the three; therefore, we can present the algebra classi-
fication, spacetime classification and explore the spacetimes’ geometric properties. Each of the
following two chapters will show the progress made towards recovering a similar description in
the super-kinematical and super-Bargmann cases, respectively; however, it is the kinematical
case with the fullest picture to-date. Therefore, we may view this chapter as showing the direc-
tion in which we hope to take the other two types of symmetry. The kinematical classifications
have been derived for dimensions D > 1; however, the classifications of the supersymmetric
algebras and spacetimes are limited to D = 3. To keep dimension consistent throughout the
thesis, we will focus solely on the D = 3 kinematical spacetimes.

We begin in Section 3.1 by reviewing the classification of kinematical Lie algebras, as pre-
sented in [3,4]. Section 3.2 shows how Figueroa-O’Farrill and Prohazka generated a spacetime
classification from the preceding Lie algebra classification in their paper [5]. Section 3.3 then
demonstrates how the classified kinematical spacetimes are connected via geometric limits. Fi-
nally, in Section 3.4, we go through each of the spacetime geometries identified in Section 3.2
and determine some of their geometric properties.

3.1 Classification of Kinematical Lie Algebras

This section reviews the classification of kinematical Lie algebras, as presented in the papers of
Figueroa-O’Farrill [3,4]. These papers aimed to find a methodology for deriving this classifica-
tion that would allow us to extend beyond the D = 3 case, which had been completed previously
by Bacry and Nuyts in [21]. The methodology that allowed for this generalisation was to con-
sider taking deformations of the static kinematical Lie algebra a; that is, the kinematical Lie
algebra which has only the kinematical brackets,

Jij, Jia] = d5rcdit — duedju — 51k + durdj,

]
Ty Bid = 85,B: — ucBy,
s Bil = O k7 (3.1.0.1)
Jij, Pyl = 8;¢P1 — 81k Py,
Ji,H =0:

all other brackets vanish. We will not go into the details of this classification as they are beyond
the scope of our discussion; we will only briefly note that each non-vanishing deformation gives
rise to a new non-vanishing bracket.!

Using this deformation theoretic method, Figueroa-O’Farrill arrived at the classification of
kinematical Lie algebras in spatial dimension D > 3, presented in Table 3.1, and the classifica-
tion of kinematical Lie algebras unique to spatial dimension D = 3, presented in Table 3.3.

1The Lie algebra one reaches when we can no longer add any more brackets is sometimes called a rigid Lie
algebra in the literature [102-104].
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To make sense of these tables, a few comments are required. First, these tables are util-

Table 3.1: Kinematical Lie Algebras for D > 3

Label ‘ Non-zero Lie brackets in addition to [J,J] =J, [J,B] =B, J,P] =P ‘ Comments
K1 a

K2 [H,B]=P g

K3 [H,B] =vB [H,P] =P ye(-1,1)
K4 [H,B] =B [H,P] =P

K5 [H,B]=-B [H,P]=P n_

K6 [H,Bl=B+P [H,P] =P

K7y H,Bl=xB+P [H,Pl=xP-B x>0

K8 [H,B]=P [H,P]=-B ny

K9 (B,P]=H ¢

K10 [H,B] = —¢P B,B]=¢J [B,PI=H g=del Y
K11 [H,B] =B H,P]=-P B,PI=H+J so(D+1,1)
K12 | [H,B] = —¢P [H,P] = ¢B B,Bl=¢J [B,PI=H P,Pl=c] | e=+1 02

ising the abbreviated notation first presented in Section 2.1.2. In the final column of each table,
we state the names of the known Lie algebras found in the classification. See Table 3.2 for a
key. Finally, the kinematical Lie algebras of Table 3.3 all contain brackets not possible when
D # 3; in particular, they have either [B,B] =P or [B,B] = P. These brackets are exclusive to
D = 3 since, in this dimension, we have the so(3)-invariant vector product ei,i,i,. Explicitly,
this lets us write

(B,B] =B which is equivalent to [By, Bj] = e4;xBx. (3.1.0.2)

Table 3.2: Notation Summary

Notation ‘ Name Notation Name

p Poincaré ¢ Euclidean

g Galilean ¢ Carroll

n_ (Elliptic) Newton-Hooke a Static

n, (Hyperbolic) Newton-Hooke 50 Special Orthogonal

Table 3.3: Kinematical Lie Algebras Unique to D =3

Label ‘ Non-zero Lie brackets in addition to [J,J] =J, J,B] =B, [J,P] =P ‘ Comments

K13, [P,P] = ¢(B—1J) e==+1
K14
K15
K16 [H,P] =P
K17 | [H,B]=-P

K18 | [H,B]=B [H,P]=2P

CEEEEEE
Il

Il
TTEYE®

]
]
]
]
]
]

FEEEE®
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3.1.1 Classification of Aristotelian Lie Algebras

The discussion in this section follows appendix A in [5]. Before moving on to the classification
of the spacetime models associated with the kinematical Lie algebras in Tables 3.1 and 3.3, we
will pause here for a short discussion on the classification of Aristotelian Lie algebras. This
classification is separated from the above story due to the Aristotelian algebras having a different
underlying vector space from the other four kinematical symmetry classes; namely, they contain
only one copy of the so(D) vector module V. Owing to the relative simplicity of the Aristotelian
Lie algebras, their classification only requires the Jacobi identity. In particular, given the fixed
Aristotelian brackets

[Jij, Jid = Sjcdin — dudju — djudin + dudji,
[Jij, Pl = 8Py — duc Py, (3.1.1.1)
[Ji,Hl =0,
we may write down the most general form for the possible remaining brackets [H, P] and [P, P],

to obtain a two-dimensional R vector space, ¥". We then impose the Jacobi identity to cut out
an algebraic variety # C #. The possible brackets in D = 3 are

[H, Pi]l = «P; and [Pi,Pj] = BJU +Y€ijkPk; (3112)

where o, 3,y € R. Note, we may consistently set v to zero under a suitable choice of basis;
thus, ¥ is a two-dimensional vector space. Imposing the Jacobi identities, we arrive at the
classification shown in Table 3.4.

Table 3.4: Aristotelian Lie Algebras for D =3

Label | Non-zero Lie brackets in addition to [J,J] =J, J,P] =P | Comments

Al a
A2 H,P]=P
A3 [P,P]=¢J e ==1

This method of forming an R vector space ¥ representing the remaining possible brackets
and utilising the Jacobi identity to cut out an algebraic variety ¢ C ¥ will be generalised and
employed in the supersymmetric classifications of Chapters 4 and 5.

3.2 Classification of Kinematical Spacetimes

Now that we have seen the classification of the kinematical Lie algebras, we may review how
Figueroa-O’Farrill and Prohazka took these algebras and produced a classification of spacetime
geometries in [5]. Unlike the Lie algebra classification, we will present a (nearly) complete
discussion on the method utilised in acquiring this classification since its direct generalisation
will be employed in the supersymmetric case in Chapter 4.

As stated in Section 2.2.5, not all kinematical Lie algebras ¢ necessarily produce a kinematical
spacetime. Recall, we are choosing to model our spacetime geometries as homogeneous spaces
M with respect to the kinematical Lie group X with Lie(X) = ¢. Our homogeneous space
description then relies on the choice of a point o € M with isotropy group H, such that, locally,
we may use the diffeomorphism M = KX /H. We then have a unique algebraic description of the
connected, simply-connected manifold M = G/H in terms of the effective kinematical Lie pair
(€,5), where h = Lie(J).
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The criteria which must be met for the pair (¢, 5) to form a kinematical spacetime are as
follows.

1. (admissibility) The Lie subalgebra h C £ must contain the rotational Lie subalgebra v =
s0(D), such that, under the adjoint action of t, it decomposes as h =t 4V, where V is an
s0(D) vector module.

2. (effectivity) The Lie subalgebra h C € must not contain any non-zero ideals of €.

3. (geometric realisability) The Lie subalgebra h C ¢ must integrate to a connected Lie
subgroup H c X.

Therefore, the task in this section will be to take each of the kinematical Lie algebras ¢ presented
in Section 3.1 and check for suitable Lie subalgebras ) C . We will now go through each of the
above criteria, discussing how we can check for Lie algebras which satisfy them.

A Note of Aristotelian Spacetimes

A quick inspection of the above criteria highlights that each of the Aristotelian Lie algebras in
Table 3.4 will give rise to a unique connected, simply-connected Aristotelian spacetime. First,
since all Aristotelian Lie algebras necessarily contain a unique copy of the rotational subalgebra
t = s50(D), there is only one choice of admissible subalgebra in each instance. Second, the
rotational subalgebra is semi-simple, therefore, cannot contain any non-zero ideals of a, making
the subalgebra trivially effective. Finally, v = so(D) integrates to a compact subgroup, and
compact subgroups are always closed; therefore, (a,t) is always geometrically realisable. Thus,
the classification of Aristotelian Lie algebras in Table 3.4 is also a classification of the connected,
simply-connected Aristotelian spacetimes up to isomorphism. With this in mind, the rest of

the section will concentrate solely on the other classes of kinematical spacetime.

3.2.1 Admissibility

Determining the number of admissible Lie subalgebras h C & corresponding to a particular
kinematical Lie algebra £ amounts to determining the number of Aut(¢)-orbits in the space of
s0(D) vector modules, spanned by B and P. To see why this is the case, we need to be more
specific about which automorphisms we are considering and we need to revisit the definition
of an admissible Lie subalgebra. For our current purposes, we will focus exclusively on the
automorphisms which fix the rotational subalgebra t; that is, the automorphisms that send the
generator J back to itself. By fixing the rotational subalgebra t, the only choice we have in
determining our admissible subalgebra h =t 4 V is in our choice of V. Therefore, the number
of admissible Lie subalgebras b C ¢ corresponding to a particular kinematical Lie algebra ¢ will
be the number of ways we can choose V. We will now show that the number of choices we have
for V is exactly the number of Aut(£)-orbits on the space of so(D) vector modules in €.

Since ¢ contains two copies of the so(D) vector module V, we have a two-dimensional real
vector space of so(D) vector modules with a basis (B,P). The group Aut(f) then acts on this

space as
a b

B2 (BP) (¢

): (aB + cP,bB + dP), (3.2.1.1)

such that Aut(¢) C GL(2,R). With this prescription, it transpires that there are three possible
forms for the above matrix, see [5]. These are

a b a 0 a 0
case 1 = (c d> , case 2= (c d) , and case 3= (0 d) . (3.2.1.2)

We will now see that each of these cases gives rise to a different number of Aut(£)-orbits, and,
therefore, a different number of admissible Lie subalgebras h C €. To show this result, we
introduce an arbitrary vector module V = «B + P = («, 3), where «, 3 € R. In case 1, we have

aB + BP — (ax+bp)B + (cx+ dp)P. (3.2.1.3)
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Notice that for a suitable choice of a,b,c, and d, we can bring the transformed vector into
any form we choose. Let us send it to (1,0). Thus, any kinematical Lie algebra ¢ with an
automorphism group of this form will only have a single admissible Lie subalgebra associated
with it. Explicitly, it will have a Lie pair with admissible Lie subalgebra h = v & V, where
V = spang {B}. In contrast, case 2 gives the transformation

aB + BP — aaB + (ca+ dp)P. (3.2.1.4)

Notice that if & # 0, we can always choose to bring the vector into the form (1,0), as in case
1; however, if « = 0, we can only produce a vector module of the form (0,1). Thus, any
kinematical Lie algebra £ with an automorphism group of this form will have two admissible
Lie pairs associated with it. Explicitly, it will have a Lie pair with admissible Lie subalgebra
h =t @V, where V = spang {B}, and a Lie pair with admissible Lie subalgebra =t @V, where
V =spang {P}. Finally, in case 3, we have

aB + AP — aaB + dRP. (3.2.1.5)

Notice that if « # 0, p = 0, we can, again, choose the vector (1,0). Alternatively, if « =0, # 0,
we can choose the vector (0,1). This covers the same two instances as case 2. However, here,
we have a third choice. Letting off # 0, we can bring our vector into the form (1, 1), which,
in this case, is a representative of a different Aut()-orbit than (1,0) and (0,1). Explicitly, in
case 3, we will have a Lie pair with admissible Lie subalgebra h = v @ V, where V = spang {B},
a Lie pair with admissible Lie subalgebra h =t @ V, where V = spang {P}, and a Lie pair with
admissible Lie subalgebra h =t ® V, where V = spang {B + P}.

Anticipating the final geometric interpretation of the admissible subalgebra’s basis elements,
we will want to write h as the span of the spatial rotations J and the boosts B. Therefore,
after determining the possible admissible Lie subalgebras, the basis may be relabelled such that
b always has the desired form. This procedure for finding the admissible subalgebras will be
carried out explicitly in the super-kinematical case in Section 4.2.1.

3.2.2 Effectivity

Having determined the Lie pairs (€, 5) which contain admissible Lie subalgebras h C &, finding
the effective Lie pairs is relatively straightforward. Since § = spang{J, B}, the only possible
non-zero ideal of ¢ in b is b = spang {B}. Therefore, since [J,B] = B, we only need to check
whether [b,X] C b for X € {H, B, P}. If this property holds, the pair will not be effective; if the
property does not hold, the pair will be effective. For those Lie pairs that are not effective,
we can obtain an effective Lie pair by taking the quotient with respect to the ideal, (¢/6b,5/6).2
Determining the effective Lie pairs is then a matter of inspecting the Lie brackets for each Lie
pair containing an admissible Lie subalgebra.

3.2.3 Geometric Realisability

Unfortunately, unlike the admissibility and effectivity criteria above, there is no “one-size-fits-
all” method of determining a Lie pair’s geometric realisability. For this reason, we will not
labour over the details and instead refer the reader to section 4.2 in [5] for the full discussion
on this criterion.

3.2.4 Classification

Having gone through each of the criteria, the remaining Lie pairs (¢,§) may be called kine-
matical Lie pairs, and each corresponds to a unique connected, simply-connected homogeneous
space, which is taken as the geometry for the associated kinematical spacetime. The spacetimes
which arise in this manner are listed in Table 3.5, taken from [5]. Notice, this table has been

2Notice, however, that this Lie pair will no longer be admissible in the kinematical sense. But it may still
form an Aristotelian Lie pair.
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Table 3.5: Simply-Connected Spatially-Isotropic Homogeneous Spacetimes

Label ‘ Nonzero Lie brackets in addition to (J,J] =J, [J,B] =B, [J,P] =P ‘ Comments

M+ [H,B] = -P B,Bl=-J [B,Pl=H Minkowski

dSy [H,B]=-P [H,P]=-B B,Bl=-J [B,Pl=H [P,P]=J de Sitter

AdS,4 H,B]=-P [H,P]=B [B,B]=-J [B,Pl=H [P,P] =—J | Anti-de Sitter

E* H,B] =P [B,Bl=1J [B,P]=H Euclidean

st H,B]=P [H,P]=-B [B,B] =J B,Pl=H [P,P1=J Sphere

H? [H,B] =P [H,P]=B [B,Bl=1J B,P]=H [P,P] = —-J | Hyperbolic Space

G [H,B] =—-P Galilean spacetime

dSG H,B]=-P [H,P]=-B Galilean de Sitter (dSG =dSG,__1)
dSG, [H,B]=—-P [H,P]=yB+ (1+v)P Torsional Galilean de Sitter (y € (—1,1])
AdSG H,B]=—-P [H,P]=B Galilean Anti-de Sitter (AdSG = AdSG,—_)
AdSG, | [H,B]=-P [H,P]=(1+x?)B+2xP Torsional Galilean Anti-de Sitter (x > 0)
C [B,P]=H Carrollian Spacetime

dSC H,P] =-B [B,P]=H P, Pl =1J Carrollian de Sitter

AdSC H,P] =B [B,P]=H [P,P] =—J | Carrollian Anti-de Sitter

LC [H,B] =B H,P] =-P B,Pl=H-J Carrollian Light Cone

A Aristotelian Static

TA H,P] =P Torsional Aristotelian Static

R x S3 [P,P]=1J Einstein Static Universe

R x H? [P,P] = —J | Hyperbolic Einstein Static Universe

divided into the five kinematical symmetry classes; namely, from top to bottom, Lorentzian,
Riemannian, Galilean, Carrollian, and Aristotelian. Now that we have all these spacetime mod-
els collected in one place, we can highlight the distinguishing algebraic features of each class.
In particular, we note that it is possible to determine the class of spacetime by inspecting only
the [H, B] and [B, P] brackets.

Starting from the bottom, we can see that all Aristotelian algebras are without either of
these brackets. This fact is not surprising given that Aristotelian algebras do not have the
B generators; still, when analysing kinematical algebras, the absence of [H,B] and [B,P] tells
us we have an Aristotelian spacetime. Next, we have the Carrollian spacetimes, which are
distinguished by the brackets [H,B] = 0 and [B,P] = H. Thus, we may think of the pres-
ence of the bracket [B,P] = H as telling us that the kinematical spacetime has an associated
Carrollian structure. Conversely, for the Galilean spacetimes, this bracket vanishes; we have
[H,B] = —P and [B,P] = 0. In an analogous manner, we may say that the presence of the
bracket [H,B] = —P tells us that the kinematical spacetime has an associated Galilean struc-
ture. Putting the Galilean and Carrollian brackets together, such that we have [H,B] = —P
and [B,P] = H, gives us a Lorentzian spacetime. The fact a Lorentzian spacetime combines
Galilean and Carrollian kinematics has a nice interpretation in terms of limits. In brief, when
we let the speed of light ¢ go to zero, we recover Carrollian kinematics, and when we take the
limit ¢ — oo, we recover Galilean kinematics. This story will be reviewed in the next section.
Finally, Riemannian spacetimes are characterised by the brackets [H,B] = P and [B,P] = H.
Notice that the only change from the Lorentzian case is the change in sign for [H, B]. This sign
change in the Lie brackets changes the signature of the h-invariant non-degenerate symmetric
bilinear form in £, such that it integrates to a Riemannian as opposed to a Lorentzian metric.
This discussion on the characteristic Lie brackets of the various kinematical symmetry classes
is summarised in Table 3.6.

Table 3.6: The Characteristic Lie Brackets of the Kinematical Symmetry Classes

Class ‘ [H,B] [B,P]
Lorentzian —P H
Riemannian | P H
Galilean —P 0
Carrollian 0 H
Aristotelian | - -
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3.3 Limits Between Spacetimes

Now that we have seen the kinematical spacetimes we can construct from the possible kine-
matical Lie algebras, we can investigate how the different models are related to one another.
In this section, we will see that the spacetimes in Table 3.5 are related via geometric limits.
It will also be shown that most of these limits may be viewed as geometric interpretations of
contractions of the underlying kinematical Lie algebras.

To set up this discussion on limits, we will first introduce the idea of a Lie algebra contrac-
tion. Equipped with this method of relating the kinematical Lie algebras, we begin with the
(semi-)simple Lie algebras so(D + 1, 1), so(D, 2), and so(D + 2), for the de Sitter, anti-de Sitter,
and round sphere, respectively. We then show how each of the other kinematical Lie algebras
arises as a contraction from one of these starting points. We end this section by explaining an
additional limit which does not arise from a contraction.

Contractions

To define a Lie algebra contraction, we first choose to interpret the Jacobi identity as cutting out
an algebraic variety # in the real vector space A?V*®V of all possible anti-symmetric R-bilinear
maps. Notice, each point in this variety will represent a different Lie algebra structure on the
underlying vector space V.3 However, many of these Lie algebra structures may be equivalent.
In particular, basis changes in the underlying vector space, given by GL(V), will give rise to
isomorphic Lie algebra structures. Therefore, we need to investigate the GL(V)-orbits in _#.
We will see that Lie algebra contractions arise quite naturally from these investigations.

Recall, an n-dimensional real Lie algebra consists of an n-dimensional real vector space V
equipped with an anti-symmetric, R-bilinear bracket ¢ : A2V — V, which satisfies the Jacobi
identity. As stated above, we may think of the Jacobi identity as cutting out an algebraic vari-
ety # C A’V* ® V. Notice, the basis changes of the underlying vector space GL(V) will have
an induced action on A?V* ® V; in particular, since the action is tensorial, it will preserve #.
Each GL(V)-orbits in ¢ then represents a unique (up to isomorphism) Lie algebra structure
t on V. Now, these orbits may, or may not, be closed with respect to the induced topology
on ¢ . If the closure of the orbit contains Lie algebra structures which are not isomorphic to
the original structure £, then these non-isomorphic structures are called “degenerations”. Lie
algebra contractions are then a specific form of Lie algebra degeneration; in particular, they are
limits of curves in the GL(V)-orbit. Let, g: (0,1] — GL(V), mapping t — g, be a continuous
curve with g3 = 1y. We can then define a curve of isomorphic Lie algebras (V, ¢+), where

GeX, Y) = (97" ) (X, Y) = g (b(geX, g¢Y)) . (3.3.0.1)

If the limit ¢g = lim¢_,¢ ¢ exists, it defines a Lie algebra gg = (V, ¢g) which is then a contraction
of g= (V7 d)l)

3.3.1 Contraction Limits

Now that we know how to formulate a Lie algebra contraction, we may see how various con-
tractions can implement geometric limits between our spacetimes. Recall, we wished to start
our exploration of the various contraction limits with the Lie algebras so(D + 1,1), so(D, 2),
and so(D + 2). To avoid any repetition, consider RP*2, and define a basis em = (ei, €5, €1),
where 1 < i < D. On this space, we define the inner product such that n(ei,e;) = 8y, and,
n(eg, e5) =: o0 and n(ej, ey) =: » are the only other non-vanishing entries. Using this basis, we
can view the typical kinematical Lie algebra generators as being embedded into the higher-
dimensional generators {Jmn}, for 1 < M,N,; < D + 2, as

Jij = ]ij, Bi = ]Gi’ Pi = ]ii? H:= ]()i' (3.3.1.1)

3This interpretation of the Jacobi identities has already been alluded to in Section 3.1.1. Additionally, it will
be generalised to the supersymmetric case in Chapters 4 and 5, playing a crucial role in our classification of the
kinematical Lie superalgebras and generalised Bargmann superalgebras.
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The Lie brackets of our (D + 2)-dimensional Lie algebra then produce the following kinematical
Lie algebra ¢,

i3, Jid = 051 di — duwedju — Oudin + dundji,  [H, Pyl = —5By
Ji, B Bi — 61 B;, Bi, P;] = 64iH
iy, Bid = 85 b By, Pyl =8y (3.3.1.2)
[Jij, Pyl = ]kP —duc Py, [Bi, By] = —0Jj;
(H,Bi] = [PhPﬂ = %Jij

Given these brackets, we can now investigate how our choice of o and s affect our possible
spacetime models. This picture is perhaps clearest when looking at

[Bi, BJ] = —O'Jij and [Pi, PJ} = _%Jij~ (3313)

The first bracket above tells us that, for o # 0, the J and B generators close to form a Lie
subalgebra h C ¢, which will be isomorphic to either so(D,1) or so(D + 1) depending on the
sign of 0. In the geometric picture, b is our admissible Lie subalgebra in the kinematical Lie
pair (€, h). From the discussion in Section 2.3.4, we know that the h-invariant tensors on £/h
integrate to K-invariant tensor fields on M = K/JH; therefore, the change in the signature of
this algebra will directly impact the signature of our metric on the spacetime model. In par-
ticular, if 0 = —1, we will induce a Lorentzian spacetime model, and, if o = +1, we will induce
a Riemannian spacetime model. This connection between o and the invariant structure on the
spacetime will be made more precise in Section 3.4.4.

The second bracket in (3.3.1.3) gives us an analogous algebraic perspective of s; in partic-
ular, for s # 0, the J and P generators close to form a Lie subalgebra h C £, which is isomorphic
to either so(D, 1) or so(D+1). However, since P is not a generator of the admissible Lie subalge-
bra for a kinematical Lie pair, we arrive at a different geometric perspective. The fundamental
vector fields associated with P will move us around the spacetime manifold M, whereas, since
J € b, the fundamental vector fields associated with J will implement transformations at a
point; see Section 3.4. Thus, this bracket is capturing the curvature of M. In particular, if
» = —1, we induce a hyperbolic model, such as anti-de Sitter spacetime, and, if » = +1, we
induce an elliptic model, such as de Sitter spacetime.

Now that we have a kinematical Lie algebra ¢ which can capture all three starting points,
so(D + 1,1), so(D,2), and so(D + 2), we can introduce the three-parameter family of linear
transformations g ¢ ., which will allow us to take the desired Lie algebra contractions. These
transformations act on the generators by

et d=J, geer B=2IB, geer-P=5P, geco-H=1cH. (3.3.1.4)

Putting these definitions into the brackets of ¢, we have the transformed brackets

[JLJ,JH] 75]kJ11*51kJ]l*6]lJ1k+5llJlk7 (H,Pi] = —« %B
[Ji5, Bi] = 8;xBi — 81k Bj, By, Pyl = &85 H (3.3.1.5)
[Jij, Pl = 85 Py — 81 Py, [Bi, Bj] = —(§)°0ly

[H,B] = t20P; [Py, Pj] = —(£)%seJyj.

We now want to take the limits k — 0, ¢ — oo, and T — 0 in turn, corresponding to the flat,
non-relativistic, and ultra-relativistic limits, respectively. We will see that by taking multiple
limits, we arrive at a “web” of relations, tying all of the kinematical spacetimes together. Since
the kinematical brackets are unaffected by these limits, we will omit them from the following
discussion, but it should be clear that they still hold for all contractions.
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Taking the first limit, k — 0, we reduce the set of non-vanishing brackets to

[H,B;] = t?0P;
[Bi, P] = %25in (3.3.1.6)
[Biij} = *(%)QUJU.

This contraction explains multiple geometric limits depending on our choices for s and o. These
limits are summarised in Table 3.7. From here, we can now take either the non-relativistic or

Table 3.7: Flat Limits

o » ‘ Geometric Limit
-1 1 |dS—M

-1 —-1| AdS—M

1 1 S—E

1 -1 | H—E

ultra-relativistic limits. First taking ¢ — oo, we are left with only
[H,B;] = t?0P;. (3.3.1.7)

Letting T be finite and non-vanishing, we thus arrive at the kinematical Lie algebra for the
Galilean spacetime G. Notice that the sign of this bracket will depend on our starting point,
whether it was a Lorentzian or Riemannian spacetime. Irrespective of the sign, both are equally
fair descriptions of the spacetime G; however, as we shall see, this sign does impact the non-
relativistic limits of curved spacetimes.

Returning to the kinematical Lie algebra given by the brackets in (3.3.1.6), we can take the
ultra-relativistic limit, T — 0, giving

[Bi, Pl = Loy H. (3.3.1.8)

Letting ¢ be finite and non-vanishing, we thus arrive at the kinematical Lie algebra for the
Carrollian spacetime C.

Notice that taking both the non-relativistic and ultra-relativistic limits causes all the brackets
in (3.3.1.6) to vanish. This produces a non-effective Lie pair, which may be used to describe
an Aristotelian Lie pair; in particular, it describes the Aristotelian Lie pair associated with the
static spacetime, A.

Now taking the non-relativistic limit of the brackets in (3.3.1.5), we find
[H,Bi] =t%0P; and [H,P;] = —«k?xB;. (3.3.1.9)

This contraction explains multiple geometric limits depending on our choices for s and o. These
limits are summarised in Table 3.8. Notice that the non-relativistic spacetimes we contract to

Table 3.8: Non-Relativistic Limits

o » ‘ Geometric Limit

-1 1 | dS—dSG

—1 =1 | AdS — AdSG
1 1 | S— AdSG
1 —-1|H—-dSG

switch depending on whether we begin with a Lorentzian or Riemannian spacetime. This result
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is an artefact of the sign change in [H,B] bracket discussed earlier. Since contraction limits
commute, we already know that taking the flat limit will take us to G, thus we find the limits
dSG — G, and AdSG — G. The ultra-relativistic limit then takes us back to A, as described
previously.

Finally, we consider the ultra-relativistic limit of the brackets in (3.3.1.5) and arrive at
[H, Pi] = —k*xB;

[Bi, Pj] = oyH (3.3.1.10)
[Piypj] _(%)2?&]1]'.

This contraction explains multiple geometric limits depending on our choices for s and o. These
limits are summarised in Table 3.9. Since the limits commute, we know that taking a subse-

Table 3.9: Ultra-Relativistic Limits

o » ‘ Geometric Limit

—1 1 | dS—dsC

—1 —1 | AdS — AdSC
1 1 S — dSC
1 -1 | H— AdSC

quent flat limit will give us the spacetime C; thus, we find the limits dSC — C and AdSC — C.
Taking the non-relativistic limit from C then takes us to A, as discussed previously.

Table 3.10 summarises the spacetimes discussed in this section so far. They can be characterised
as those homogeneous kinematical spacetimes which are symmetric, in the sense described in
Section 2.2.4. The table divides into four sections corresponding, from top to bottom, to
Lorentzian, Riemannian, Galilean and Carrollian symmetric spacetimes.?

Table 3.10: Symmetric Spacetimes

o »x ¢! | Spacetime

-1 0 1 | Minkowski (M)

-1 1 1 | de Sitter (dS)

—1 —1 1 | anti-de Sitter (AdS)

1 0 1 | euclidean (E)

1 1 1 | sphere (S)

1 —=1 1 | hyperbolic (H)

F1 0 0 | Galilean (G)

F1 £1 0 | Galilean de Sitter (dSG)

F1 F1 0 | Galilean anti-de Sitter (AdSG)
0 0 1 | Carrollian (C)

0 1 1 | Carrollian de Sitter (dSC)

0 -1 1 | Carrollian anti-de Sitter (AdSC)

This discussion accounts for the majority of the limits between the classified spacetimes in
Table 3.5; however, it does not include the torsional Galilean spacetimes dSG, and AdSG,, the

4Note, the Arisotelian spacetimes will not fit into this picture as they do not have the generator B. Ad-
ditionally, we have taken both the Lorentzian and Riemannian contractions into account when describing the
parameters for the Galilean spacetimes.
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Carrollian light cone LC, or the Aristotelian spacetimes TA, R x S3, and R x H3.> We will now
consider each of the remaining classes of limit in turn.

3.3.2 Remaining Galilean Spacetimes

In this short section, we will demonstrate how to recover the Galilean spacetime G as a geo-
metric limit from the torsional Galilean spacetimes dSG, and AdSG,. In particular, we will see
that this geometric limit is induced by a contraction of the underlying Lie algebras.

Consider the following linear transformations
Under these maps, the kinematical Lie algebras for dSG,, and AdSG, are transformed to

H,B] =—-P [H,B] =—-P

o an o ) (3.3.2.2)
H,P] =t*yB +t(1+v)P [H,P] = t*(1 +x*)B + 2txP,

respectively. Notice that taking t — 0 produces the kinematical Lie algebra for the spacetime
G in both instances. Thus, we arrive at the geometric limits dSG, — G and AdSGy, — G.

3.3.3 Limit of the Carrollian Light Cone

In this brief section, we will demonstrate how to recover the Carrollian spacetime C and tor-
sional static spacetime TA as a geometric limit from the Carrollian light cone LC. In particular,
we will see that these geometric limits are induced by a contraction of the underlying Lie alge-
bras.

For the first limit, LC — C, consider the following linear transformations
gt-J=J, ¢g.-B=B, g.-P=tP, g -H=tH (3.3.3.1)

Under these maps, the kinematical Lie algebra for LC is transformed to
[H,B]=tB [H,P]=tP [B,Pl=H+tJ. (3.3.3.2)

Notice that taking t — 0 produces the kinematical Lie algebra for the spacetime C. Thus, we ar-
rive at the geometric limit LC — C from a contraction of the underlying kinematical Lie algebra.

The final limit for the Carrollian light cone is LC — TA. This will involve taking a quotient
after the appropriate contraction. In particular, transform the basis as

The transformed brackets for LC are written
H,B]=B, [H,P]=P, [B,P]=tH+tJ. (3.3.34)

Taking t — 0 leaves only the first two brackets. Notice, that [H, B] = B means that the span of
the generators B form an ideal in the Lie subalgebra b; thus, we have a non-effective Lie pair.
Quotienting by this ideal, we arrive at an Aristotelian Lie pair isomorphic to the one associated
with TA.

3.3.4 Aristotelian Limits

The only contraction limits remaining are those associated with the Aristotelian spacetimes A,
TA, R x $2, and R x H3. Here we will show that the Aristotelian Lie algebras associated with

5Tt should be noted that here the use of the term “torsional” is not related to its use in the physics literature,
where it states that the clock one-form of a Newton-Cartan structure satisfies dt # 0.
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the latter three spacetimes all have the Lie algebra corresponding to A as a contraction.
First, let us demonstrate the limit TA — A. Consider the linear transformations
gt-J=J, ¢g-P=P, g, -H=tH (3.3.4.1)
The transformed bracket for TA is written
[H,P] = tP. (3.34.2)
Taking the limit t — 0, this final bracket vanishes, leaving the Aristotelian Lie algebra for A.

The last limits to describe are R x S — A and R x H® — A. Notice that the Aristotelian
analogue of the brackets in (3.3.1.2) are given by

Ui, Jil = d5xdur — dunedj — d51dix + dindjk,

[Ji5, Pl = 85Pi — 8Py, (3.3.4.3)
[Py, Pj] = —3Jy,
where 2 = +1 describes R x S? and s = —1 describes R x H3. Now, transform these brackets

using the linear transformations g, which act on the basis as
The transformed brackets are then

i3, Jid = 851di1 — duredjir — O51dix + durdj,
[Jij, Pr] = 851Pi — 8Py, (3.3.4.5)
[Pi7 P]} = *tQ%Jij.
Letting t — 0, we have the contraction giving rise to the geometric limits R x $> — A and

R x H3 — A.

3.3.5 A Non-Contracting Limit

The discussion in the previous sections covers the majority of the geometric limits between the
spacetimes of Table 3.5; however, there is one final limit which does not arise as a contraction.
This limit is found by considering the limit x — oo for the torsional Galilean algebra AdSGy

[H,B] = —P [H,P] = (1+x%B+2xP. (3.3.5.1)
To take this limit, we must transform the basis as follows
H=x'H, B=B, P=x'P. (3.3.5.2)
The new brackets take the form
[H,B] =—P, [H,P]=(1+x 2B+2P. (3.3.5.3)

Letting x — oo, we arrive at the Lie algebra corresponding to the spacetime dSG;.

3.3.6 Summary

The picture resulting from the above discussion is given in Figure 3.1. There are several types
of limits displayed in Figure 3.1:

e flat limits in which the curvature of the canonical connection goes to zero: AdS — M,
dS — M, AdSC — C, dSC — C, AdSG — G and dSG — G;
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o non-relativistic limits in which the speed of light goes to infinity: M — G, AdS — AdSG
and dS — dSG;

In this limit there is still the notion of relativity, it just differs from the standard Lorentzian
one. Therefore, it might be more appropriate to call it the “Galilean limit”.

o ultra-relativistic limits in which the speed of light goes to zero: M — C, AdS — AdSC and
dS — dSC.

e limits to non-effective Lie pairs which, after quotienting by the ideal generated by the
boosts, result in an Aristotelian spacetime: the dotted arrows LC — TA, C — A and
G—A;

e LC — C, which is a contraction of so(D + 1, 1);

e dSG, — G and AdSG, — G, which are contractions of the corresponding kinematical Lie
algebras;

o limits between Aristotelian spacetimes TA — A, R x S® - A and R x HP — A; and

e a limit lim,_,,, AdSG, = dSG;, which is not due to a contraction of the kinematical Lie
algebras.

Note, we can compose these limits like arrows in a commutative diagram.

AdSC AdS
+—1

= [orentzian

e Galilean

Carrollian
AdSG = AdSG(
ds / o Aristotelian

AdSGy >

dSGy = AdSGoo

Rx sP Rx HD

Figure 3.1: Homogeneous Spacetimes in Dimension D > 3 and Their Limits.

3.4 (Geometric Properties of Kinematical Spacetimes

The two previous sections reviewed not only the classification of the kinematical spacetimes,
but also described a method of relating the spacetimes through geometric limits. From our
perspective, the crucial aspect of this discussion was that both the classification and the limits
arose from underlying algebraic procedures. We will extend this connection between the alge-
bra and geometric aspects of these spacetimes in this section; in particular, we will now derive
invariant connections, invariant structures, fundamental vector fields, soldering forms and viel-
beins using techniques which make extensive use of the underlying kinematical Lie algebra.

This section is organised as follows. In Section 3.4.1, we begin by showing that the rotations J
act as expected on every kinematical spacetime. This uniform treatment of fundamental vector
fields is only possible for the rotations since, by definition, the rotations act the same in every
kinematical spacetime; namely, their action is given by the kinematical brackets in (2.1.2.2).
In Section 3.4.2, we turn our attention to the action of the boosts B. Here, we will argue
that the boosts have non-compact orbits in all Lorentzian, Galilean and Carrollian spacetimes,
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although, for some instances, complete proofs are postponed until later in the chapter. In Sec-
tion 3.4.3, we derive and discuss the space of invariant affine connections for each kinematical
spacetime. It will be shown that this space is heavily dependent on the class of the kinematical
spacetime being considered, therefore, this discussion is split to describe each class separately.
In Section 3.4.4, we derive the geometric properties of the symmetric spacetimes highlighted
in Table 3.10. As shown in Section 3.3, these spacetimes may be considered together, with
each spacetime being recovered by taking relevant limits. This method of taking limits will
be utilised in deriving the invariant structures, fundamental vector fields, soldering forms and
vielbeins for these spacetimes. Unfortunately, this method is not available when consider the
torsional Galilean spacetimes, Aristotelian spacetimes, or the Carroll light cone; therefore, the
geometric properties of these spacetimes are derived on a case-by-case basis in Sections 3.4.5,
3.4.6, and 3.4.7, respectively. Note, we will use the exponential coordinates described in Sec-
tion 2.2.2 throughout.

3.4.1 The Action of the Rotations

In this short section, we will derive the fundamental vector field &j,;, corresponding to the
action of the rotations on our kinematical spacetimes. We will see rotations act in the way we
may naively expect on the exponential coordinates: namely, t is a scalar and x! is a vector.

The infinitesimal action of the rotational generators Ji; on the exponential coordinates can
be deduced from
[Jij,Hl =0 and [Jy, Pi] = 8;Pi — ik P;. (3.4.1.1)

To be concrete, consider Jy2, which rotates P; and Py into each other:

(J12,P1] =Pz and [J12,P2] =Py, (3.4.1.2)

but leaves H and Pg3,--- ,Pp inert. We see that ad%12 P; = —P; for i = 1,2, so that exponenti-
ating,

exp(0ady,)tH+x-P)=tH+ x!(cos 6P1 — sin OP3) + x2(cos OP5 + sin 8P1) 4+ x*Ps + - - - xPPp

=tH + (x' cos8 +x%sin 0)P; + (x% cos 0 — x' sin )Py + x*P3 + - - - + xPPp.
(3.4.1.3)

Restricting attention to the (x!,x?) plane, we see that the orbit of (x},x2) under the one-
parameter subgroup exp(6Ji2) of rotations is

x1(0)\ [ cos® sin® x1
<X2(9)) N (*Sine COSG) . (x%) : (3.4.1.4)

Differentiating (x!(8),x2?(0)) with respect to 0 yields

!, dx? 1
ﬁ =X and ﬁ = —X, (3415)
so that 5 5
2 1
E,le =X aixl —X 877(2 (3416)
In the general case, and in the same way, we find
G . 0
f: — ) ralli 17. 41.
E,J” X Ixt X 0 ) (3 7)
which can be checked to obey the opposite Lie algebra
(£ &) = —8jx&ay + 85185, + i€y, — durdyy, = —&1y;, 300 (3.4.1.8)
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3.4.2 The Action of the Boosts

For a homogeneous space M = K/H of a kinematical Lie group X to admit a physical interpre-
tation as a genuine spacetime, one would seem to require that the boosts act with non-compact
orbits [20]. Otherwise, it would be more suitable to interpret them as (additional) rotations. In
other words, if (¢, b) is the Lie pair describing the homogeneous spacetime, with b the subalgebra
spanned by the rotations and the boosts, then a desirable geometrical property of M is that for
all X = wiB; € b the orbit of the one-parameter subgroup Bx C H generated by X should be
homeomorphic to the real line. Of course, this requirement is strictly speaking never satisfied:
the “origin” of M is fixed by H and, in particular, by any one-parameter subgroup of H, so its
orbit under any Bx consists of just one point. Therefore the correct requirement is that the
generic orbits be non-compact. It is interesting to note that we impose no such requirements
on the space and time translations.®

With the exception of the Carrollian light cone LC, which will have to be studied separately, the
action of the boosts are uniform in each class of spacetimes: Lorentzian, Riemannian, Galilean
and Carrollian. (There are no boosts in Aristotelian spacetimes.) We can read the action of
the boosts (infinitesimally) from the Lie brackets:

o Lorentzian:

B,H =P, B,Pl=H and [B,B]=1J; (3.4.2.1)
e Riemannian:
B,H ——P, [B,PI—H and [B,B]=-J; (3.4.2.2)
o Galilean:
B,H] = P: (3.4.2.3)
e (Reductive) Carrollian:
B,P] = H; (3.4.2.4)

o and Carrollian Light Cone (LC):

B,H =-B and [B,P]=H+1J. (3.4.2.5)

Below we will calculate the action of the boosts for all spacetimes except for the Carrollian light
cone which will be studied separately.

In order to simplify the calculation, it is convenient to introduce the parameters o and ¢ from
Section 3.3.1, and write the infinitesimal action of the boosts as

[Bi, H} = —O‘P1 and [Bi, P]} = ?1261]H (3426)

Then (o,c~ ') = (—1,1) for Lorentzian, (o,c™!') = (1,1) for Riemannian, (o,c™!) = (—1,0) for
Galilean and (o,c™1) = (0,1) for (reductive) Carrollian spacetimes.

The action of the boosts on the exponential coordinates is given by equation (2.3.1.6), which
in this case becomes

tH+x - P — exp(ady.g)(tH + x - P). (3.4.2.7)
From (3.4.2.6), we see that
1
adypH=—0w P ady.p P = SwH
) 1, and ¢ ) (3.4.2.8)
adw,BH:—Cjo”W H, ad?ﬂ_BP:—CfQO'w(UJ'P),

5We could wonder whether compact orbits for space and time translations might impose that the boost orbits
should be compact; however, given that our choice of coordinates is not adapted to the group action, we can
say very little about how the orbits of the different group elements interact. This point may be interesting to
investigate in future studies.
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so that in all cases adi’v,B = —Low?ad,.p. This allows us to exponentiate ad,,.p easily:

C2
inh hz—1
expladyp) = 1+ 2 adyp + e Z‘;' ad2, 5, (3.4.2.9)
where z2 = — % ow?, and hence
sinh z
exp(ad,,.g)tH = tcoshzH — ot w - P,
. (3.4.2.10)
1 h hz—1
expladyp)e-P=o-P+ — o Za . wH + CET 2 (3 ) - P.
2 z w

Therefore, the orbit of (tg, o) under exp(sw - B) is given by

1 sinh
t(s) = tg cosh(sz) + ﬁsmzﬁmo w,
3.4.2.11
L sinh(sz) ~ cosh(sz) ( )
ZI}(S) =Xy — oty 2 w + ) ($0 .w)w’

where we have introduced xg := xo — 223w to be the component of xy perpendicular to w.

It follows from this expression that x*(s) = x7, so that the orbit lies in a plane spanned by w
and the time direction.

Differentiating these expressions with respect to s, we arrive at the fundamental vector field
&p,. Indeed, differentiating (t(s), z(s)) with respect to s at s = 0, we obtain the value of &,
at the point (tg,xg). Letting (tg,xo) vary we obtain that
0 0

= =X — —0ot—.
c ot oxt

(3.4.2.12)

In particular, notice that one of the virtues of the exponential coordinates, is that the funda-
mental vector fields of the stabiliser b — that is, of the rotations and the boosts — are linear and,
in particular, they are complete. This will be useful in determining whether or not the generic
orbits of one-parameter subgroup of boosts are compact.

Let exp(sw - B), s € R, be a one-parameter subgroup consisting of boosts. Given any o € M,
its orbit under this subgroup is the image of the map ¢ : R — M, where c(s) := exp(sw - B)o.
As we just saw, in the reductive examples (all but LC) the fundamental vector field &,.p is
linear in the exponential coordinates, and hence it is complete. Therefore, its integral curves
are one-dimensional connected submanifolds of M and hence either homeomorphic to the real
line (if non compact) or to the circle (if compact). The compact case occurs if and only if the
map c is periodic.

If the exponential coordinates define a global coordinate chart (which means, in particular,
that the homogeneous space is diffeomorphic to RP+1), then it is only a matter of solving a
linear ODE to determine whether or not ¢ is periodic. In any case, we can determine whether
or not this is the case in the exponential coordinate chart centred at the origin. For the special
case of symmetric spaces, which are the spaces obtained via limits from the Riemannian and
Lorentzian maximally symmetric spaces, we may use Theorem 2.2.1, which gives an infinites-
imal criterion for when the exponential coordinates define a global chart. In particular, by
inspecting Table 3.5 and studying the eigenvalues of ady and adp, on ¢, we may easily deter-
mine the spacetimes which satisfy criterion (3) of Theorem 2.2.1, and hence the spacetimes for
which the exponential coordinates defines a diffeomorphism to RP*+!. These spacetimes are M,
E, H, G, dSG, C, and AdSC. Using exponential coordinates, we will see that the orbits of boosts
in E and H are compact, whereas the generic orbits of boosts in the other cases are non-compact.

The remaining symmetric spacetimes dS, AdS, S, AdSG, and dSC do not satisfy the infinitesimal

criterion (3) in Theorem 2.2.1, and hence the exponential coordinates are not a global chart. It
may nevertheless still be the case that the image of exp, covers the homogeneous spacetime (or
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a dense subset). It turns out that S is exponential and AdSG is weakly exponential. The result
for S is classical, since the sphere is a compact Riemannian symmetric space, and the case of
AdSG follows from Theorem 2.2.2. For AdSG, we have the radicals rad ¢ = spang {B, P, H} and
rad h = spang {B}. Therefore, £¢/radt = so(D) = h/radh. Therefore, with XK= X/ Rad(X) and
similarly for UA-C, J/Zf/fJA-C is trivially weakly exponential and hence, by Theorem 2.2.2; so is K/H.
We will see that boosts act with compact orbits in S, but with non-compact orbits in AdSG.

Among the symmetric spaces in Table 3.5, this leaves dS, AdS, and dSC. We treat those
cases using the same technique, which will also work for the non-symmetric LC. Let M be a
simply-connected homogeneous spacetime and q : M — M a covering map which is equivariant
under the action of (the universal covering group of) X. By equivariance, q(exp(sw - B)o) =
exp(sw - B)q(o), so the orbit of o € M under the boost is sent by q to the orbit of q(o) € M.
Since q is continuous it sends compact sets to compact sets, so if the orbit of q(o) € M is
not compact then neither is the orbit of o € M. For M one of dS, AdS, dSC, or LC, there is
some covering q : M — M such that we can equivariantly embed M as a hypersurface in some
pseudo-Riemannian space where X acts linearly. It is a simple matter to work out the nature
of the orbits of the boosts in the ambient pseudo-Riemannian space (and hence on M), with
the caveat that what is a boost in M need not be a boost in the ambient space. Having shown
that the boost orbit is non-compact on M, we deduce that the orbit is non-compact on M. In
this way, we will show that the generic boost orbits are non-compact for dS, AdS, dSC, and LC.

Finally, this still leaves the torsional Galilean spacetimes dSG, and AdSG,, which require a
different argument to be explained when we discuss these spacetimes in Section 3.4.5.

3.4.3 Invariant Connections, Curvature, and Torsion for Reductive
Spacetimes

In this section, we determine the invariant affine connections for the reductive spacetimes in
Tables 3.5. This is equivalent to determining the space of Nomizu maps which, can be done
uniformly, a class at a time. We also calculate the curvature and torsion of the invariant con-
nections.

For reductive homogeneous spaces there always exists, besides the canonical connection with
vanishing Nomizu map, another interesting connection. It is given by the torsion-free connec-
tion defined” by «(X,Y) = %[X,Y]m. The canonical and the natural torsion-free connections
coincide for symmetric spaces.

For any spacetime the Nomizu maps need to be rotationally invariant, which, when D = 3,
gives us

«(H,H) = pH o(H, Pi) = vP;
, (3.4.3.1)
o(Py, Py) = 8y H + (i P o(Py, H) = &Py
for some real parameters w,v, ¢, (', &. Now we simply impose invariance under B;.
Nomizu Maps for Lorentzian Spacetimes
The Lorentzian spacetimes in Table 3.5 all share the same action of the boosts:
}\BiH = Pi and }\BiPi = 5in. (3432)

We will impose invariance explicitly in this case to illustrate the calculation and only state the
results in all other cases.

Tt is the unique Nomizu map with o(X,X) = 0 for all X € m and vanishing torsion and called “canonical
affine connection of the first kind” in [105].
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We calculate (remember (2.3.2.2))
(A, &) (P, Py) = C64jPx + e H — v8u Py — £85ic P, (3.4.3.3)

whose vanishing requires { = ¢/ = v =& =0, as can be seen by considering i =j #k, i =k #3,
and j =k # 1 in turn. Finally,
(Ap, x)(H,H) = uPxy, (3.4.34)

whose vanishing imposes 1 = 0 and hence the only invariant Nomizu map is the zero map.

Nomizu Maps for Riemannian Spacetimes
The situation here is very similar to the Lorentzian case. Now the boosts act as

AgH=—-P; and Ag,Pj;=25yH. (3.4.3.5)
The results are as in the Lorentzian case: the only invariant connection is the canonical con-
nection.
Nomizu Maps for Galilean Spacetimes
On a Galilean spacetime, the boosts act as

Ap H =Py, (3.4.3.6)

and the P; are invariant. This results in the following invariant Nomizu maps:

o(H,H) = (v+&)H o(H,P;) = vP;

(3.4.3.7)
a(Pi,P) =0 a(Pi,H) = EP;

We will now analyse the curvature and torsion for these Nomizu maps for each Galilean space-
time.

Galilean Spacetime (G) The torsion and curvature of the resulting connection have the
following non-zero components:

O(H,Pi) = (v—&)P; and Q(H, P;)H = —&2P;. (3.4.3.8)

There is a unique torsion-free, flat invariant connection corresponding to the canonical connec-
tion with v =& = 0.

Galilean de Sitter Spacetime (dSG) The torsion and curvature, given by equation (2.3.2.3),
have the following non-vanishing components:

O(H,Pi) = (v—&)P; and Q(H,Py)H = (1—&2)P;. (3.4.3.9)

Therefore, there are two torsion-free, flat invariant connections corresponding to v = & = +1.
The Nomizu maps for these two connections are

«(H,H) = 2H «(H,H) = —2H
«(H,P;) =P; and «(H,P;)=—P; (3.4.3.10)
O((Pi, H) = Pi. (X(Pl, H) = _Pl

Galilean anti-de Sitter Spacetime (AdSG) The torsion and curvature have have the fol-
lowing non-zero components:

O(H,Pi) = (v—&P; and Q(H,Py)H=—(1+&2)P; (3.4.3.11)

There are torsion-free connections, but none are flat.
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Torsional Galilean de Sitter Spacetime (dSGy—1) The torsion has the following non-zero
components

O(H, Py) = (v—-&—-2)Py, (3.4.3.12)
whereas the only non-zero component of the curvature is
QH,P)H = —(1+£)°Ps. (3.4.3.13)

Therefore, there exists a unique invariant connection with zero torsion and curvature corre-
sponding to v=1 and & = —1:

«(H,P;) =P; and «(Pi,H)=—P;. (3.4.3.14)

Torsional Galilean de Sitter Spacetime (dSG,.;) In this instance, the torsion is given
by

OH,Pi) = (v—-&—(1+7))P; (3.4.3.15)
and the curvature by

QH,Py)H =—(£+ 1)(§+v)Pi. (3.4.3.16)

Therefore, there are precisely two torsion-free, flat invariant connections, with Nomizu maps

ol H,H) = (y —1)H o H,H) = (1 —v)H
«(H,P;) = yP; and  «(H,P;) = P; (3.4.3.17)
a(Pi, H) = —P; o(Pi, H) = —yP;.

Torsional Galilean anti-de Sitter Spacetime (AdSG,) The torsion and curvature of the
connection corresponding to this Nomizu map are given by the following non-zero components:

O(H,P;) =(v—§&—2x)P; and Q(H,Py)H =—(1+ (&£ +x)?)P;. (3.4.3.18)
Therefore, we see that there are no flat invariant connections; although there is a one-parameter

family of torsion-free invariant connections.

Nomizu Maps for Carrollian Spacetimes

On a Carrollian spacetime, the boosts act as
A, P; = 83;H, (3.4.3.19)
and H is invariant. This results in the following invariant Nomizu maps:

«(H,H) =0 «(H,P;) =0

(3.4.3.20)
(X(Pi, P]) = Céi]'H (X(Pi, H) =0.

Carrollian Spacetimes (C) In this case, the corresponding invariant connections are flat
and torsion-free for all values of C.

(Anti-)de Sitter Carrollian Spacetimes (dSC and AdSC) We will treat these two space-
times together by introducing » = +1. Carrollian de Sitter spacetime (dSC) corresponds to
s =1 and Carrollian anti-de Sitter spacetime (AdSC) to » = —1.

The torsion vanishes and the curvature has the following non-zero components:

Q(H, Pi)Pj = %51)'H and _O.(Pi, Pj)Pk = %(6jkPi - 6ikPj)7 (34321)

which is never flat. Both of these results are independent of the Nomizu map.
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Carrollian Light Cone (LC) As show in [5], this homogeneous spacetime does not admit
any invariant connections for D > 3.

Nomizu Maps for Aristotelian Spacetimes

In this section, we study the space of invariant affine connections for the Aristotelian spacetimes
of Table 3.5. They are all reductive, so there is a canonical invariant connection, and any
other invariant connection is determined uniquely by its Nomizu map. The Nomizu maps
o :m x m — m are only subject to equivariance under rotations and are given by (3.4.3.1).
They depend only on the dimension D and not on the precise Aristotelian spacetime; although,
of course, the precise expression for the torsion and curvature tensors does depend on the
spacetime. We will calculate the torsion and curvature for each spacetime below.

Static spacetime (A) The torsion and curvature of the most general invariant connection
have the following non-zero components:

O(H,Pi) = (v—-&)Py,
O(Pi,P;) = 2¢ ey Py,
Q(H,Pi)H = &(v — )Py,
Q(H,P;)P;j = ¢(pn—v)dyH,
Q(P;, P)H = 260 ¢4, Py, and
Q(Py,Pj)Py = (& — ¢'*)(8;xPi — 6ucPj) + 200 e H.

(3.4.3.22)

The torsion-free condition implies that ¢’ = 0. With this value of {’, the above components
reduce to
O(H,Py) = (v—- &Py,
Q(H,PyH = &(v — u)Py,
Q(H,P;)P; = {(n—v)dy3H, and
Q(Py, Py)Py = C&(85 Py — ducPj).

(3.4.3.23)

There are then three classes of torsion-free, flat invariant connections in addition to the canonical
connection:

1. {=0and p=v=§&#0,
2. v=¢(=(¢=0and un#0, and
3. u=v=§=0and C#0.

Since the remaining Aristotelian spacetimes all have the same Nomizu maps as this static case,
all of them will have the above torsion and curvature components as a base, with a few additional
terms included due to the additional non-vanishing brackets of the specific spacetime.

Torsional static spacetime (TA) In this instance, we get the following non-vanishing torsion
and curvature components:

O(H,Pi) = (v—-&—1)Py,
O(Py,Pj) =20 ey Py,
QMH,PYH =&(v —p—1)P;,
QH,P)P; = ¢(n—v—1)8;H— ey Px,
Q(P;,P;)H= 2£C/€ijkPk, and
Q(Py, Pj)Py = (& — () (85 Pi — 81k Pj) + 2¢¢ ey H.

(3.4.3.24)
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Imposing the torsion-free condition makes ¢’ vanish such that we arrive at

O(H,Pi) = (v—-&—-1)Py,
OMH,PYH =&(v—u—1)Py,
Q(H,P;)P; = {(n—v—1)6;;H,and
Q(P;,P;)Py = C&E(8k Py — 8:cPj).

(3.4.3.25)

As in the static case, we again find three classes of torsion-free, flat invariant connection:
1. £=¢=0,and v=1,
2. u=&=v—1,and (=0, and,

3. £=0,v=1and p=2.

Aristotelian spacetime (A23.) The non-vanishing torsion and curvature components are

O(H,Pi) = (v—-&)Py,
O(Py,Pj) = 20 eyji Py,
Q(H,Py)H = (v — )Py,
Q(H, Pi)P; = ¢(r—v)dyH,
Q(P;,P;)H = 2£C'€ijkPk, and
Q(Py,Pj)Py = (L& + & — 0?) (85 Pi — 81k Pj) + 208 e H.

(3.4.3.26)

As in the static and torsional static cases, imposing the torsion-free condition sets ¢’ = 0. This
means the above components become

O(H,P;) = (v—- &Py,
Q(H,Py)H = &(v — )Py,
Q(H,P;)P; = (1 —v)dyH, and
Q(Py,Pj)Py = (C& + €) (85 Pi — 81k Pj).

(3.4.3.27)

Imposing flatness, we find that this requires ¢ to vanish; therefore, since ¢ = +1, we find no
torsion-free, flat invariant connections.

3.4.4 Pseudo-Riemannian Spacetimes and their Limits

In this section, we wish to use the geometric limits that arose from contractions, discussed
in Section 3.3, to give us a unified treatment of the geometric properties of the spacetimes
admitting such a description. Recall, we had the following brackets in addition to the standard
kinematical brackets of (2.1.2.2)

[H,B] =t?cP [H,P]=—«?»B [B,P]= C—12H [B,B] = —(%)QGJ [P,P] = —(5)2%.].
(3.44.1)
We will choose to absorb T and « into our definition of ¢ and s, such that we have

and [P,P]=—2J.
c
(3.4.4.2)
As before, the parameter o corresponds to the signature: o = 1 for Riemannian and o = —1
for Lorentzian. The parameter s corresponds to the curvature, so » = 1,0,—1 for positive,
zero and negative curvature, respectively.® The limit ¢ — oo corresponds to the non-relativistic
limit. In the computations below we will work with unspecified values of o, s, c and only at

the end will we set them to appropriate values to recover the results for particular spacetimes.

[H,B]=oP, [HP|= B [BP=_H [BB=_21
C C

8This definition is tentative due to the possibility of having the curved Galilean spacetimes defined with
either »c =1 or »r = —1.
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Some of the expressions will have (removable) singularities whenever o or s vanish, so will have
to think of those cases as limits: the ultra-relativistic limit o — 0 and the flat limit » — 0.

Invariant Structures

We will determine the form of the invariant tensors of small rank. If £ = h@dm is a reductive split
then, as explained in Section 2.3.4, invariant tensor fields on a simply-connected homogeneous
space M = KX /H are in bijective correspondence with H-invariant tensors on m, and since H is
connected, these are in bijective correspondence with h-invariant tensors on m.

The action of h on m is the linear isotropy representation, which is the restriction to § of
the adjoint action:

Jiy-H=0 Bi-H=—0oP;
and 1 (3.4.4.3)
Jij . Pk = 5jkPi — 6ikPj Bi . Pj — C7261jH'

With respect to the canonical dual basis 1, 7; for m*, the dual linear isotropy representation is
the restriction of the coadjoint action:

J1j~T]:0

k 3 3
Jij -t = =8 + 45 m

1
Bim=-—5m

and (3.4.4.4)

Bi - = odln.
It follows that H is invariant in the o — 0 limit, whereas n is invariant in the ¢ — oo limit.

Concerning the rotationally invariant tensors of second rank, let us observe that
2 2 . . 1
o H® + B1P*  is invariant <= oo = 0—261 (3.4.4.5)

and 1
aon? + Pom?  is invariant < C—2042 = 0Bo. (3.4.4.6)

It is interesting to note that the sign s of the curvature has played no role thus far.

We shall now specialise to the different classes of spacetimes and determine whether and how
the structures are induced in the limit.

Lorentzian and Riemannian Case It is clear that for the (pseudo-)Riemannian case, where
oc#0+# C%, only the metric and its co-metric are invariant. Keeping in mind that we wish the
limit in which the parameters o and c¢ tend to zero to exist, we set o7 = 0—12 and f; = o and
similarly for the co-metric, which leads to the invariants

C%H2 +oP? and on®+ C%TKQ . (3.4.4.7)

For negative (positive) o this is the invariant Lorentzian (Riemannian) structure. The metric
and the co-metric are not per se the inverse of each other, although using definite values for
the limiting parameters they can be made to be.

Non- and Ultra-Relativistic Limits Let us now investigate the limits. Taking the non-
relativistic limit (¢ — oo) of the metrics leads to the invariants

oP? and on? (3.4.4.8)

which can be interpreted as the invariants that properly arise from the Lorentzian structure.
However, as (3.4.4.4) shows also n itself is an invariant in this limit. This does not follow
from the contractions, but can be anticipated from the metrics. We could now take the ultra-
relativistic limit (o — 0) of (3.4.4.8) leading to no invariant tensor. Of course, this spacetime
has the invariants H, P%,1, 72, but none of these arise from the limit of the original Lorentzian
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and Riemannian metrics. For the ultra-relativistic limit, we may apply the same logic.

Concluding, we have the Galilean structure n, oP? and the Carrollian structure H, C%TCQ, where
we have left the contraction parameters for the invariants that arise from a limit.

Action of the Boosts

The actions of the boosts for all the Lorentzian, Riemannian, Galilean, and reductive Carrollian
spacetimes were determined in Section 3.4.2, where we arrived at equation (3.4.2.11) for the
orbit of (tg, xg) under the one-parameter family of boosts generated by w - B, which we rewrite
here as follows:

t(s) = tg cosh(sz) + é%wo -w
. (3.4.4.9)
x(s) = xg — crton + cosh(sz)ww,
z w
where xg = xo — 223w and z? := — L ow?. Notice that the orbits of (0,z¢) with @ -w =0

are point-like. To understand the nature of the other (generic) orbits, we choose values for the
parameters. Notice that in our coset parametrisation the boosts do not depend on s, but only
on o and c. Therefore, we shall be able to treat each class of spacetime uniformly.

1

. _ 2
Lorentzian boosts Here we take ¢ = —1 and keep c¢~! non-zero. Then z? = r,80z= ]%|,

and the orbits of the boosts are

.
¢ (3.4.4.10)

w + cosh(s ]%|)%

i w
t(s) = to cosh(s |2 |) + éw

x(s) = a:é +t081nh|(ws‘|°})
c

Let € = !+ +yw, where 1 -w = 0. Then x*(s) = x3 for all s and the orbit takes place in the
(t,y) plane. Letting |w| =1 and ¢ =1, we find

t(s) = tg cosh(s) +sinh(s)yg and y(s) = tosinh(s) + cosh(s)yo, (3.4.4.11)

which is either a point (if tg = yo = 0), a straight line (if tg = +yo # 0), or a hyperbola
(otherwise). The nature of the orbits in the exponential coordinates is clear, but only in the
case of Minkowski spacetime do the exponential coordinates provide a global chart and hence
only in that case can we deduce from this calculation that the generic orbits are not compact.
For (anti-)de Sitter spacetime, we must argue in a different way.

Let dS denote the quotient of dS which embeds as a quadric hypersurface in Minkowski space-
time. The covering map dS — dS relates the orbits of the boosts on dS and in the quotient
dS and since continuous maps send compact sets to compact sets, it is enough to show the
non-compactness of the orbits in dS. The embedding dS ¢ RP*11 is given by the quadric

X3+ %3 +X2D+1 _X%+2 =R?, (3.4.4.12)

which is acted on transitively by SO(D+1, 1). The stabiliser Lie algebra of the point (0,---,0,R,0)
is spanned by the so(D + 1, 1) generators Ji; and Ji py2, so that Bi = Ji p42, which is a boost
in RP+L1 'We have just shown that boosts in Minkowski spacetime have non-compact orbits;
therefore, this is the case in dS and hence also in dS.

Similarly, let AdS denote the quotient of AdS which embeds in RP+? as the quadric

X% RS X% _ X2D+1 _ x%+2 — _R2 (3.4.4.13)
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The Lie algebra so(D, 2) acts transitively on this quadric and the stabiliser Lie algebra at the
point (0,---,0,0,R) is spanned by the so(D,2) generators Ji; and Ji p41, so that B; = Jip41
which is a “boost” in RP+2. The calculation of the orbit, in this case, is formally identical to the
one for Minkowski spacetime (in fact, it takes place in the Lorentzian plane with coordinates
(xi,Xxp42)) and we see that they are non-compact, so the same holds in AdS and thus also in
AdS.

Euclidean “boosts” Here we take o = 1 and keep ¢! non-zero. Then z? = _%27 sozoi } w |7
and the orbits of the boosts are
1 sin(s |¥
t(s) = to cos(s | 2]) + = iw’r ‘)wo .
c (3.4.4.14)
c (xo - w)

x(s)=xy —to

As before, letting = £+ +yw, and choosing |w| = 1 and ¢ = 1, we find that the orbit is such
that x' is constant and (t,y) evolve as

t(s) =tpcos(s) +sin(s)yg and y(s) = —tgsin(s) + cos(s)yog, (3.4.4.15)

which is either a point (if to = yo = 0) or a circle (otherwise) and in any case compact. This
suffices for E and H since the exponential coordinates give a global chart. For S it is clear
that the boosts act with compact orbits because the kinematical Lie group SO(D + 2) is itself
compact, therefore, so are the one-parameter subgroups.

Galilean boosts Here we take the limit ¢ — oo and, for definiteness, 0 = —1. The orbits of
the boosts are then the limit ¢ — co of equation (3.4.4.10):

t(s) =t
() =to (3.4.4.16)
x(s) = xo + stow.
Here the orbits of (0, xg) are point-like. The generic orbit (tg # 0) is not periodic and hence not
compact. This suffices for G and dSG, since the exponential coordinates define a global chart.
For AdSG we need to argue differently and this is done later in this section.

1

Carrollian boosts Here we keep ¢! non-zero, but take the limit o — 0 in equation (3.4.2.11):

1
t(s) = to + 5= -
() =to+ sz w (3.4.4.17)

x(s) = xg.

Here the orbits (tg,x) with &g - w = 0 are point-like, but the other orbits are not periodic,
hence not compact. This settles it for AdSC, since the exponential coordinates give a global
chart. For the other Carrollian spacetimes we can argue in a different way.

As shown in [106], a Carrollian spacetime admits an embedding as a null hypersurface in a
Lorentzian spacetime. For the homogeneous examples in this thesis, this was done in [5] follow-
ing the embeddings of the Carrollian spacetimes C and LC as null hypersurfaces of Minkowski
spacetime described already in [106].

As explained in Section 3.4.2, for dSC it is enough to work with the discrete quotient dSC,
which embeds as a null hypersurface in the hyperboloid model dS of de Sitter spacetime, which
itself is a quadric hypersurface in Minkowski spacetime. In [5], it was shown that the boosts
in dSC can be interpreted as null rotations in the (higher-dimensional) pseudo-orthogonal Lie
group and the orbits of null rotations are never compact. This is done in detail in Section 3.4.7
for LC.
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Fundamental Vector Fields
The fundamental vector fields for rotations and boosts are linear in exponential coordinates and
given by equations (3.4.1.7) and (3.4.2.12), respectively. To determine the fundamental vector

fields for the translations we must work harder.

Now let A =tH + « - P. Then we have that

2 x .2
adaH = »x-B adAH:%Gtw~P—C—2xH
1 2 z j 2 z
ada B; = otP; — xH adyx Bi = ot Jiy —x0t"Bi — oxix - B
L C and 1 B o (3.4.4.18)
ada P; = 7Jijx) — »tB; ad2A P; = —%(7X2 + O‘t2)P;L + S XiT - P+ 7tXiH
c c c c
ada Jij = XiPi - XjPi ad?\ Jy = —%t(XiBj — XjBi) + C%Xk(xiij — XjJik),
so that in general we have
1
ad’, = f%(CfZXQ +ot?)ada . (3.4.4.19)
Letting x4+ denote the two complex square roots of ,%(Ciﬁg + ot?), with x_ = —x, we can

rewrite this equation as ad}, =x2 ada.

Now, if f(z) is analytic in z and admits a power series expansion f(z) = Y o_,cnz", then
1 & 1 &
flada) =f(0) + — Z chHxikH ada +—5 Z chxik ad% . (34420)
X+ 120 fa
Observing that
D co T =3(f(xy) — f(x-)) and Y eaqx3F = §(f(xy) + f(x_) —2f(0), (3.4.4.21)
k=0 k=1

we arrive finally at

flada) = £(0) + i(f(m) —f(x_)) ada +%(f(x+) +f(x_) — 2f(0)) ad? . (3.4.4.22)
+

Introducing the shorthand notation:

o (fx) + ) and F o= () — ), (3.4.4.23)
2X+

equation (3.4.4.22) becomes
flada) = 1(0) + £~ ada+— (7" —f(0)) a3 (3.4.4.24)
+

Tt follows from the above equation and equation (3.4.4.18), that for f(z) analytic in z,

f(ada)H = f(O)H + f s - B+ é(f* —(0)) (sotz - P — Zx*H)

fada)B; = f(0)B; + f~ (otP; — HxH) + é(f+ —£(0)) (—x0t®B; — Zxix - B+ ZotJyd)
f(ad )Py = FPy 4 (—etBy + 2 J)) + (7 —F(0)) SxaltH + 2 - P)
flada)Ji; = f(0)Jy5 + F~ (xiP; —x5Pi) + &5 (F7 — £(0)) 3¢ (—t(xiBj — x;B1) + Hx*(xiJjx — x5ik)) -

ol
(3.4.4.25)

Let us calculate &g = 12 +y* 52, where by equation (2.3.1.14)
tH+y-P=G(ada)H—F(ada)B - B, (3.4.4.26)
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for some B. From equation (3.4.4.25), we have
TH—Q—y-P:H—Q—G*%m-B—Q—X%(G*—l) (sotx - P — %x7H)
+

—(5.B+F*(at/3-P—§2m.,8H)+ !

= (F =1 (—xot’B-B— Zx Bz B+ C%o‘tJij[Bixj)) .
+

(3.4.4.27)

By so(D)-covariance, 8 has to be proportional to x, since that is the only other vector appearing
in the B terms, which means that the Ji; term above vanishes. This leaves terms in B, H, and
P, which allow us to solve for B, T, and y, respectively. The B terms cancel if and only if

8= %m, (3.4.4.28)

which we can re-insert into the equation to solve for T and y. Doing so we find

T=1— (7x+ Coth2x+ — 1> %xQ and y®= (7x+ COth2X+ — 1) »otx?, (3.4.4.29)
X% c x5
so that 5 L ) 5 Lo
x4 cothx, — a 9
= — _ txt— — —5x“— ] . 3.4.4.30
tn 6t+( x2 >%(GX a2~ at) ( )

To calculate &,.p = T% +yt aiiv equation (2.3.1.14) says we must solve
TH+y -P=G(ada)v-P—F(ada) (BB + 2NV ]y), (3.4.4.31)

for AY, B, 1, and y from the components along Ji;, B, H, and P, respectively. The details of
the calculation are not particularly illuminating. Let us simply remark that we find

AU =hy (v —vIxY) + ha (B — BIxY) (3.4.4.32)
for
G % L (Ff =1 Zot
hy = = d hy= = 3.4.4.33
T onae Y BT Io L DAl ( :
X3 c X C
and
G-
so that oy 5
AU = f%M(vin —vixh). (3.4.4.35)
c X4
Re-inserting these expressions into the equation we solve for T and y, resulting in
thx, —1
= O T S M (3.4.4.36)
X3 c
and th .
y' = x4 coth(x v + %%w - oxt. (3.4.4.37)
X: c
Finally, we have that
xpcothxy —1 » 0 .0 0
E,P.l = T?Xi (ta + x) w + X4 coth X4 Ixt . (34438)

52



Let us summarise all the fundamental vector fields and remember that x, = —%(C%xz + ot2)

£y, =% aii _Xi%

o C%Xi% N Gt% 4.4

b = % * <X+wt,}:g?+_1) > (Gtxi% . Ciz,g%) (3.4.4.39)
&p, = )wwtf%_lc%xi <tagt —&-xjaixj) + x4 COthX"'aixi'

We can now calculate the Lie brackets of the vector fields which indeed shows the anti-
homomorphism with respect to (3.4.4.2)

[&n, &8l = —o&p, [&n,&pl = #&p, [&B,&pl = —Cigfim (&8, &l = %5.17 and [&p, &pl = gfi.}-

(3.4.4.40)
Let us emphasise that taking the limit of the vector fields and then calculating their Lie bracket
leads to the same result as just taking just the limit of the Lie brackets, i.e., these operations
commute.

Soldering Form and Connection One-Form

The soldering form and the connection one-form are the two components of the pull-back
of the left-invariant Maurer—Cartan form on X. We will calculate it first for all the (pseu-
do-)Riemannian cases and then take the flat, non-relativistic and ultra-relativistic limit. As we
will see, the exponential coordinates are well adapted for that purpose, and the limits can then
be systematically studied. That the limits are well-defined follows from our construction since
the quantities we calculate are a power series of the contraction parameters, € = ¢!, s, 7 in the
€ — 0 limit and not of their inverse.

For the non-flat (pseudo-)Riemannian geometries our exponential coordinates are, except for
the hyperbolic case, neither globally valid nor are quantities like the curvature very compact.
Since coordinate systems for these cases are well studied, we will focus in the following mainly
on the remaining cases. It is useful to derive the soldering form, the invariant connection and
the vielbein in full generality since we take the limit and use them to calculate the remaining
quantities of interest.

We start by calculating the Maurer—Cartan form via equation (2.3.3.2) for which we again
use equation (3.4.4.25). We find that

1
04w =dtH+ D sxdtz B+ — (D" — 1) (xotdte - P — Zx*dtH)
X3

s 1
+D"dx - P+ D (—sxtdz - B+ Zdx'xJy) + <

(D" -1 &z de(tH+x-P), (3.4.4.41)
+

which, using that

1—cosh inh 1 sinh x4 —
D = #, D* = %% and hence — (D" -1)= M, (3.4.4.42)
X+ X+ X+ X+
gives the following expressions:

inh nhx. —

0 =dtH+ smx X+d.’c~P+Sm};+M%(0tdtw-P+c%(tm-dxH—xthH—i-:vda:ac-P))

+ +
1 —coshx 1 ialj
w= T%(dt:ﬂB—tdw-B—c—gx dx)Jy) .
+

(3.4.4.43)
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We can also evaluate the vielbein E = Egn + Ep -  which leads us to

By = = —Gtz—ﬁx cschx i—|—(Y(—1—|—x cschxy ) tx! 0 (3.4.4.44)
752 2t *) ot * T axd o
soxt 0 .0 0
Ep, = ) (=14 x4 cschx,) (t& +x w) + x4 cschx+%. (3.4.4.45)
Flat Limit, Minkowski (M) and Euclidean Spacetime (E)
In the flat limit ¢ — O the soldering form and connection one-form are given by
0=dtH+dz-P and w =0, (3.4.4.46)
respectively, where (t,x) are global coordinates. The vielbein is given by
0 0
and the fundamental vector fields, taking the limit of (3.4.4.39), by
1,0 d d
€p, = X' 5 ~otz g En =g and &p, = R (3.4.4.48)

Using the soldering form and the vielbein we can now write the metric and co-metric, given in
equation (3.4.4.7), in coordinates
10 0 1 1

1 ..
= 24 - . = — — ® — VU —. 4.4.4
g = odt® + =2 dz - dx 9= 33 ® ot +0b P ® P (3 9)

Since the connection one-form vanishes the torsion and curvature evaluate to

Q=0 ©=0. (3.4.4.50)
We can now set ¢ and c¢ to definite values to obtain the Minkowski spacetime (o0 = —1, ¢ = 1),
Euclidean space (0 = —1, ¢ = 1), Galilean spacetime (o = 1, ¢! = 0), and Carrollian spacetime

(0 =0, c = 1). This is obvious enough for the first two cases so that we go straight to the
Galilean spacetime.

Galilean Spacetime (G)

For Galilean spacetimes we have the fundamental vector fields

0 0
&n = — EPi—ﬁ,

0
=t
it ot

oxt

(3.4.4.51)

and the invariant Galilean structure which is characterised by the clock one-form t = dt and

. . _5ij 0 )
the spatial metric on one-forms h = 89575 ® 55.

Carrollian Spacetime (C)

The fundamental vector fields for the Carrollian spacetime are

. 0 0 0
E,B.l = Xla E,H = a E,P.l = @, (34452)

and the invariant Carrollian structure is given by k = % and b = 5;dxtdx].
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Non-Relativistic Limit

In the non-relativistic limit ¢ — oo we get x; = v/—x0ot? and the soldering form and connection
one-form are given by

sinh x sinhx, —x
0 = dtH + tdx P+ ———"xotdtx - P
X4 X3
. (3.4.4.53)
1—coshx,
w= T%(dtw-Bftdaz-B)
+

We take the non-relativistic limit of the vielbein and obtain

0 x' 0
Egy=—+(1—x,cschx,)——
ot t oxt (3.4.4.54)

0
Ep, = x4 csch X

We can now calculate the invariant Galilean structure which is given by the clock one-form and
the spatial co-metric (h = oP?):

0 0

_ _ .2 2 ij 9
T=7n(0) = odt h =x% csch”x4.8 P ® L (3.4.4.55)
The fundamental vector fields are given by
EBi =—ot aX:L
0 x, cothx, —1 . 0
aPi =X+ coth X+i..
oxt
Galilean de Sitter Spacetime (dSG)
We start be setting o = —1 and » = 1 so that x, =t and see that
0 =dt (H + - sinh{t) S:;h(t) x - P) + sm?(t) dz - P
(3.4.4.57)
1 —cosh(t)

w (dtz - B —tdx - B).

t2

The soldering form is invertible for all (t, ), since sinh(t)/t # 0 for all t € R. From the above
soldering form, it is easily seen that the torsion two-form vanishes and the curvature two-form
is given by

Q= %sinh(t)Bi(dt A dxb). (3.4.4.58)

The vielbein is given by

xt 9
t

0
P and Ep, =tcsch ty o (3.4.4.59)

0
By =— 1—tcscht
H=g0+( cscht)
We can thus find the invariant Galilean structure: the clock one-form is given by T =n(0) = dt
and the spatial co-metric is given by

) 0
42 2 .51
h = t*csch” tb P ® VR (3.4.4.60)
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Finally, the fundamental vector fields are

0

= - 4.4.61
&B; to (3.4.4.61)
0 (1 0

&p, = tcoth(t) 0

. A44.
e (3.4.4.63)

We can change coordinates to bring the Galilean structure into a nicer form; in particular, let

_ sinh(t)

t'=t and x''= n xt. (3.4.4.64)
In these new coordinates we find T = dt’ and
s 0 0
e v
h=25% P ® PR (3.4.4.65)
Galilean Anti-de Sitter Spacetime (AdSG)
For 0 = —1 and > =1 the soldering form and connection one-form for the canonical invariant
connection are
0 = dt <H+ tftimtm-P) + e P
) . (3.4.4.66)
w = %(tx-B—tdx-B).

Because of the zero of sin(t)/t at t = +m, the soldering form is an isomorphism for all & and
for t € (—m,m), so that the exponential coordinates are invalid outside of that region. Let
tg € (—m, m) and xo € RP. The orbit of the point (to, o) under the one-parameter subgroup of
boosts generated by w - B is

t(s) =ty and x(s)=xg+ stow. (3.4.4.67)

The orbits are point-like for tg = 0 and straight lines for ty # 0. These orbits remain inside
the domain of validity of the exponential coordinates. The generic orbits are, therefore, non-
compact.

The torsion two-form again vanishes and the curvature form is

Q= %sin By (dt A dxb). (3.4.4.68)
The vielbein is given by
) t \x' 9 t 0

so that the invariant Galilean structure has a clock one-form v = n(6) = dt and a spatial
co-metric

2
t 0 0
= Y _
h <sint> ) i ® e (3.4.4.70)
The fundamental vector fields for Galilean AdS are
0
&g, = L
&p, =tcot ti. (3.4.4.71)
oxt
_ 0 1 i 0
E,H—atJr(t cot t) x R
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As in the case of dSG, we can bring the Galilean structure into a nicer form using a change of

coordinates: )
t'=t and x't'= sin(t)

XL (3.4.4.72)

With this change of coordinates, we have T = dt’ and

0 0

_ 5§
h=2 ox’t ® oxi’

(3.4.4.73)

Ultra-Relativistic Limit

In the ultra-relativistic limit o — 0 to the Carrollian (anti-)de Sitter spacetimes we get x; =
\/—2&x? and the soldering form and invariant connection are

inh inh .
o= X (4tH + da - P) + (1—5”1 X*) d Sx (tH + 2 - P)
Xﬁ X hes x (3.4.4.74)
w= %02 (dtz-B—tdw-B— L Jyx'dx).
The vielbein in the ultra-relativistic limit has the following form
0
Ey = x, csch X3
(3.4.4.75)

xt 0 .0 0
- - IR N i
Ep, = 2 (1 —x, cschx,) (tat +x 6x5> + x, cschx e

The ultra-relativistic limit leads to Carrollian structure consisting of k = Ey and the spatial
metric b = L7? given by

. 2 : 2 Cde)2
b— l sinh x da - do + l 1 sinh x (x - dx) . (3.4.4.76)
c? Xy c? Xy x2
The fundamental vector fields are
1 ;0
f: = 2% 5t
0
& = x4 coth X3¢ (3.4.4.77)

xt 0 . 0 0
_ X 1_ I N =
&p, = 2 (1 —x,4 cothx,) <tat +x 6xj) + x4 cothx, e

(Anti-)de Sitter Carrollian Spacetimes (dSC and AdSC)

We will treat these two spacetimes together, such that » =1 corresponds to Carrollian de Sit-
ter (dSC) and » = —1 to Carrollian anti-de Sitter (AdSC) spacetimes. Furthermore we set ¢ = 1.

We find that the soldering form is given by

plx=1) — Slf;'f" (dtH + dz: - P) + (1 — Sl‘l‘fc‘f') %f””(tﬂ +z.P)
3.4.4.78
(e=—1) sinh |x| sinh ||\ « - dx ( )
0 - (dtH+dz-P) + (1 — T H4 2 P).
|| || X2

These soldering forms are invertible whenever the functions Si‘nm“m' (for s = 1) or 22l (for

[z

s = —1) are invertible. The latter function is invertible for all «, whereas the former function
is invertible in the open ball || < 7.
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The connection one-form is given by

Wil = sl =1 B e Bt dxd g
( b X2 ( 1])
3.4.4.79
(s0=—1) cosh|xz|—1 y ( )
— = .B— . ).

w 2 (dtz - B —tdz - B 4 dx"x)Jy)

The canonical connection is torsion-free, since (A)dSC is symmetric, but it is not flat. The
curvature is given by

. 2 . .
Q=1 — (SN g ) g g SilEl (sinfal @B e
|| || || Tz

. 2 . .
. . 2 ) . . .
(%uw‘) Jij dxt A d + sin ‘iL‘| <Sln ‘CL" _ 1) (XkX]Jik _tX]Bi)dXI A dXJ,

|| ||
inh 2 ik inh B
e = () g g Sl (2B
|| || || T-x
inh 2 ) . 2sinh inh ; i i j
(sm Icc\) Jydx" Adx) — sinh [a] (sm i — 1) (x*d Ji — I By )dxt A dxd.
|| || ||
(3.4.4.80)
Using the soldering form, we find the vielbein E to have components
(e=1) _ 0 1) _ XY 9,50 9
Ey = |$|CSC\$\at and Ep =2 (1 — x| csclxl) (tat +x 30 + ‘$|CSC|$|8X1’
e Gl e i 0 . 0 0
Eﬁ - I:clcsch\w\a and E{;,i - :—2 (1 —|z|csch |x|) (ta +x]@> + Iw\csch\wlw.
(3.4.4.81)
The invariant Carrollian structure is given by k = Ey and the spatial metric
1) _ sin |x| 2da:-da:+ 1 sin |2\ %\ (z-dz)?
|| || x?
(3.4.4.82)
sinh ||\ * sinh [z[\?) (z - dz)?
b=l = de-dz+ | 1-— :
|| || x2
Finally, the fundamental vector field of our curved ultra-relativistic algebras are
.0
— oyl
&B, =X T
(>=1) 9
&y = lxlcotlzlo
(se=—1) 0
&y = || coth lea (3.4.4.83)
e i 0 .0 0
&é,i D _ X—Q(l — || cot |x) (ta +x]@) + x| cot I:EIaxi

Y i 2 .0
E,i)i - :—2(1 — || coth |x|) (t— +x’—) + || coth ||

0
ot ox oxt’

3.4.5 Torsional Galilean Spacetimes

Unlike the Galilean symmetric spacetimes discussed in section 3.4.4, some Galilean spacetimes
do not arise as limits from the (pseudo-)Riemannian spacetimes: namely, the torsional Galilean
de Sitter (dSG, ) and anti-de Sitter (AdSGy) spacetimes, which are the subject of this section.
Galilean spacetimes can be seen as null reductions of Lorentzian spacetimes one dimension
higher and it would be interesting to exhibit these Galilean spacetimes as null reductions. We
hope to return to this question in the future.
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Torsional Galilean de Sitter Spacetime (dSG, 1)

The additional brackets not involving J for dSG, are [H,B] = —P and [H,P] =yB + (1 +v)P,
where vy € (—1,1).

Fundamental vector fields We start by determining the expressions for the fundamental
vector fields &g, , &p,, and &p relative to the exponential coordinates. The boosts are Galilean
and hence act in the usual way, with fundamental vector field

0
oxt’

Ep, =t (3.4.5.1)

To determine the other fundamental vector fields we must work harder. The matrix ada in this
basis is given by

_ 0 2%
ada =t (_1 ) +v) , (3.4.5.2)
which is diagonalisable (since y # 1) with eigenvalues 1 and v, so that ada = SAS™!, with
([t 0 (v 1
A= (() ty) and S = (1 1) . (3.4.5.3)
Therefore if f(z) is analytic,
flada) =s (T 0 Yga (3.4.5.4)
A 0 f(yt) ’ e
so that
fladp = YT 00 (0,
(Flyt) 1)), | vHrt) =11t (3.4:5.5)
flady)P = YUY B+ Y P.
vy—1 v—1

On the other hand, ada H=—yx -B — (1 +v)x - P, so if f(z) =1 + zf(z), then

flada )H = H —yf(ada)x - B — (1 +v)f(ada)x - P

=t 1 (vl — ) o B+ (v — i) e P,

(3.4.5.6)

where f(t) = (f(t) — 1)/t. With these expressions we can now use equation (2.3.1.14) to solve
for the fundamental vector fields.

Put X=v-P and Y’'(0) = 8- B in equation (2.3.1.14) to obtain that T =0 and

y-P =L [y(Glyt) —vG(t)) v - B+ (yG(yt) — G(t)) v - P]

L (3.4.5.7)
— 1 [(F(yt) =vF(t)) 8- B+ (F(yt) — F(t)) B - P].
This requires
G(yt) - G(t)
— v, 3.4.5.8
7= 0 =i (3.458)
and hence, substituting back into the equation for y and simplifying, we obtain
_ (y — Det
so that ( Det\ @
o1 Y e
&p, 7t( 1+ ot ) P (3.4.5.10)

59



Finally, let X = H and Y’(0) = 8 - B in equation (2.3.1.14) to obtain that T =1 and

y-P =% (vh(yt) —h(t) z - B+ = (y*h(yt) = h(t) =
1 (3.4.5.11)
— 125 (Fiyt) =yF(t)) 8- B — &5 (F(yt) = F(t)) B - P,
where h(t) = (G(t) — 1)/t. This requires
Yhiyt) — h(t)
=yt 4.5,
=Yt =, v (3.45.12)
so that L« et
_ 2, L7ve
y= (1 T et ) x. (3.4.5.13)
This means that a 1 (1 Vet 3

We can easily check that [Ey, &p,] = &p, and [Ey, Epi] =—v&p, — (1 +v)&p,.

Soldering form and canonical connection This homogeneous spacetime is reductive, so
we have not just a soldering form, but also a canonical invariant connection, which can be
determined via equation (2.3.3.2):

0+ w = D(ada)(dtH + dz - P)
= dt(H+ % (yD(yt) - D(t))z - B+ 1 (y*D(yt) - D(t))z - P (3.4.5.15)
+ 555 (D(yt) = D(t))dz - B+ y—il(yD(yt) —D(t))dz - P,

where now 15(7.) = (D(z) — 1)/z. Substituting D(z) = (1 — e *)/z, we find that the soldering

form is given by
e—t _ oYt

t2(1—v)
from where it follows that 0 is invertible for all (t,«). The canonical invariant connection is
given by

0 =dt (H + %m : P) + (dtx —tdx) - P, (3.4.5.16)

(1 yet—e Yt

The torsion and curvature of the canonical invariant connection are easily determined from
equations (2.3.3.4) and (2.3.3.5), respectively:

—t _ vyt —t _ ,—vt
o= (1Y) =€ jindr-P and 0= () =% diAds -B. (345.18)
l—Y t l—Y t

This spacetime admits an invariant Galilean structure with clock form t =n(0) = dt and spatial
metric on one-forms h = §UEp, ® Ep,, where E is the vielbein obtained by inverting the soldering

form:
0 1 y—1 .0 tly—1) 0
Ey=— - | x'— Ep = ——mM——. 4.5.1
B ot + <t et — e*W> * and - Ep, e~ t —e vt oxt (3.4.5.19)
Therefore, the spatial co-metric of the Galilean structure is given by
2y—-12 _; 9 0
h=—"—>2_%:—®@ —. 3.4.5.20
(et —eYt)2" 0xi © oxJ ( )
We can simplify this expression using the following coordinate transformation.
Pt and xio S ¢ (3.4.5.21)
AR 4.5.
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In these new coordinates, we have T = dt’ and

0 0

—§Y
h=2 ox/t ® ox’’

(3.4.5.22)

Torsional Galilean de Sitter Spacetime (dSG,_;)

This is dSG;, which is the y — 1 limit of the previous example. Some of the expressions in the
previous section have removable singularities at y = 1, so it seems that treating that case in a
separate section leads to a more transparent exposition.

The additional brackets not involving J are now [H,B] = —P and [H, P] = 2P + B. We start by
determining the expressions for the fundamental vector fields &g, , &p,, and &p relative to the
exponential coordinates (t,«), where o(t,x) = exp(tH + x - P).

Fundamental vector fields The bracket [H, B] = —P shows that B acts as a Galilean boost.
We can, therefore, immediately write down

0

To find the other fundamental vector fields requires solving equation (2.3.1.14) with A = tH+a-P
and Y’(0) = B - B (for this Lie algebra) for X = P; and X = H. To apply equation (2.3.1.14) we
must first determine how to act with f(ada) on the generators, where f(z) is analytic in z.

We start from

adaH=—-x-B—-2x-P
adp P =2tP +tB (3.4.5.24)
ada B = —tP.

It follows from the last two expressions that

adx (B P)=(B P) (_“t Qtt) : (3.4.5.25)
where the matrix
M = (_“1 ;) (3.4.5.26)
is not diagonalisable, but may be brought to Jordan normal form M = SJS™!, where
J= G ‘1)) and S=S1!= <(1) :}) . (3.4.5.27)
It follows that for f(z) analytic in z,
flada) (B P) = (B P)Sf(t])S. (3.4.5.28)
If f(z) = Yy cnz™,
=3 eptt (111 ‘1)) _ (hf(z) f("t]) . (3.4.5.29)

n=0

Performing the matrix multiplication, we arrive at

flada)B = (f(t) — tf'(t))B — tf'(t))P (3.4.5.30)
flada)P = tf'(t)B + (f(t) + tf'(t))P. o
Similarly,
flada)H = f(0)H — 2z - f(ada)P — x - f(adA)B, (3.4.5.31)
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where f(z) = (f(z) — f(0))/z.
We are now ready to apply equation (2.3.1.14). Let X = v - P. Then equation (2.3.1.14)

becomes

TH+vy -P=G(ada)v-P—F(ada)B-B

, , , , (3.4.5.32)
= (G(t) +tG'(t))v-P +tG'(t)v-B — (F(t) — tF' ()3 - B + tF'(t)3 - P,

from where we find that T =0,

_tG(v) ~ F()G(t) + t(F(t)G'(t) — F(1G(t))
B=t0 @y andhence y= T v=(1-t)v, (3.4.5.33)
so that 5
&p, = (1-t)3 7, (3.4.5.34)

which is indeed the limit v — 1 of equation (3.4.5.10).

Now let X = H, so that equation (2.3.1.14) becomes

tH+y-P=G(ada)H— - Flada)B
=H-2z-G(ada)P — - G(ada)B — B - Fada)B

=H-(G{t)+tG'(t))xz-B— (F{t) —tF'(t))8 - B — (2G(t) + tG'(t))xz - P + tF'(t)B - P,
(3.4.5.35)

from where Tt =1,

and hence y= HUHOLID ;(igtli;:(,t()g)_ 2HOG() z=x. (3.4.5.36)

G(t) + tG’(t)

A= —wy ®

In summary,
0 . 0
&n = X

which is indeed the vy — 1 limit of equation (3.4.5.14).

(3.4.5.37)

Soldering form and canonical connection To calculate the soldering form and the con-
nection one-form for the canonical invariant connection, we apply equation (2.3.3.2):

o9 = D(adA)(dtH + dz - P)
— dt (H — 22 -D(adp)P —z - f)(adA)B) + d - D(adA)P

= dt (H — (D(t) +tD’(t))z - B— (2D(t) + tD'(t))x - P) + (D(t) +tD’(t))dz - P + tD'(t)dz - B.
(3.4.5.38)

Performing the calculation,

1—et

9:dt<H+ sc-P>+e*td:c-P

(3.4.5.39)

ot
w:%(l te —e_t>(:c~Bdt—tdsc'B),

which are equations (3.4.5.16) and (3.4.5.17) in the limit y — 1. Notice that 0 is an isomor-
phism for all (t,x).

The torsion and curvature two-forms for the canonical invariant connection are given by

©=-2¢'dtAdz-P and Q=-e 'dtAdxz-B. (3.4.5.40)
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The vielbein E has components

2 1-e 2 2
Bu=— 0 and Ep, =t
o5 T T Mok MY P T g

(3.4.5.41)

The invariant Galilean structure has clock form T =n(0) = dt and inverse spatial co-metric

. S0 d
h=58YEp, ® Ep, = 5! 35 ® 3" (3.4.5.42)

This expression can be simplified using the coordinate transformation
t'=t and x'=e X" (3.4.5.43)
In these coordinates, we find T = dt’ and

0 0

ox/t ® ox’’

h=5Y (3.4.5.44)

Torsional Galilean Anti-de Sitter Spacetime (AdSG,)

In this instance, the additional non-vanishing brackets are [H, B] = —P and [H,P] = (1+x2)B+
2xP.

Fundamental vector fields Since B acts via Galilean boosts we can immediately write down

0
oxt’

Ep, =t (3.4.5.45)

To calculate the other fundamental vector fields we employ equation (2.3.1.14). The adjoint
action of A =tH + - P is given by
adaH=—-(1+x*)z -B—2xx-P
ada B = —tP (3.4.5.46)
ada P = t(1+x%)B + 2txP.

In matrix form,

0 (IT4+x)t
adr (B P)= (B P) <7t ). (3.4.5.47)
We notice that this matrix is diagonalisable:
0 (1+x2)\ _ 1 o (x+1i ox—1i _(x—i 0
(71 2% =SAS™", where S:= 1 1 and A:= 0 Nti)
(3.4.5.48)
So if f(z) is analytic in z,
flada) (B P) = (B P)Sf(tA)S~!, (3.4.5.49)
or letting t4 := t(x 1),
flada)B = S(f(ty) — f(t_)) (P +xB) + 5 (f(ty) + f(t_))B
(ada) 5 (f(t) — (1)) (P +xB) + 5 (f(t4) +f(t-)) (3.4.5.50)

flada)P = =5 (f(t:) — F(t-)) (xP + (1 +x?)B) + 3 (f(t+) + f(t-))P.

Similarly,

flada)H = f(0)H + ﬁ(f(ad/\) ~f0)ada H (3.4.5.51)

=f(0)H— (1 +x*)x - f(ada)B — 2xz - f(ad A )P,
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where f(z) := (f(z) — f(0))/z. With these formulae we can now use equation (2.3.1.14) to find
out the expressions for the fundamental vector fields & and &pp,. Putting X = v - P and
Y’(0) = 8 - B in equation (2.3.1.14) we arrive at

(1) (Gt — G(t))
P = R TP + () —Fe)) ¥ (345.52)
and hence 5
&p, = tlcott —x) 5 7. (3.4.5.53)

Similarly, putting X = H and Y’(0) = 8 - B in equation (2.3.1.14) we find

_ ix(G(ty) — G(t-)) — (G(ty) + G(t))

= . 3.4.5.54
B = TRt F R+ ix(F(t,) —FE) (3:4.554)
and hence 5 5
_ 1 _ i
=50+ (3 +x—cott)x' . (3.4.5.55)
We check that [, &p,] = &p, and [En, &p,] = —(1 + x?)&p, — 2x&p,, as expected. Another

check is that taking x — 0, we recover the fundamental vector fields for Galilean anti-de Sitter
spacetime given by equation (3.4.4.71).

Soldering form and canonical connection Let us now use equation (2.3.3.2) to calculate
the soldering form 6 and the connection one-form w for the canonical invariant connection:

0+ w =D(ada)(dtH + dx - P)

, = _ (3.4.5.56)
— dt (H— (1+x2)a - D(ada)B — 2x - D(adA)P) +de - D(ad)P,
where ]5(z) = (D(z) — 1)/z. Evaluating these expressions, we find
—_ eXxtgi
0=dt <H + (tetizsmt)m : P) + %e*xt sintdz - P (3.4.5.57)
and — )
w— Lo e (costEXsIY 4o B tdz - B). (3.4.5.58)

12

Again, the zeros of €51t at t = £ invalidate the exponential coordinates for t ¢ (—, 7).
The torsion and curvature of the canonical invariant connection are easily calculated to be

2
o= —%‘e*xt sintdt A de - P

1ty (3.4.5.59)

t

Q=— e Xtsintdt A dx - B.

As x — 0, the torsion vanishes and the curvature agrees with that of the Galilean anti-de Sitter
spacetime (S10) in equation (3.4.4.68).

The vielbein E has components

(3.4.5.60)




whose x — 0 limit agrees with equation (3.4.4.69). The invariant Galilean structure has clock
form T =n(0) = dt and inverse spatial metric

5 0 d
h = t%e?X* csc? t6Y i ® 3 (3.4.5.61)

which again agrees with equation (3.4.4.70) in the limit x — 0. These expressions for the
Galilean structure can be simplified by changing coordinates. In particular, let

e xt

t'=t and x'i= sin(t)x". (3.4.5.62)

In our new coordinates, the clock one-form is T = dt’ and the co-metric becomes

0 0

_ sY
h=23 ox/t ® ox’

(3.4.5.63)

The Action of the Boosts

In this section, we show that the generic orbits of boosts are not compact in the torsional
Galilean spacetimes discussed above. This requires a different argument to the ones we used
for the symmetric spaces.

Let M be one of the torsional Galilean spacetimes discussed in this section; that is, dSG,
or AdSG,, for the relevant ranges of their parameters. The following discussion applies verba-
tim to the torsional Galilean (anti-)de Sitter.

Our default description of M is as a simply-connected kinematical homogeneous spacetime
K /H, where K is a simply-connected kinematical Lie group and H is the connected subgroup
generated by the boots and rotations. Our first observation is that we may dispense with the
rotations and also describe M as 8§/B, where 8 is the simply-connected solvable Lie group gen-
erated by the boosts and spatio-temporal translations and B is the connected abelian subgroup
generated by the boosts. This restriction from X/H to §/B can be understood as follows. By
definition, we know that we have a transitive K-action on M. Since 8 is a subgroup of X, we
find that we also have a transitive S-action on M. The typical stabiliser subgroup for this new
action is not H but B. This statement tells us that M = §/B. By construction, the action of
the boosts will be the same on both X/H and §/B, so although we started with the Klein pair
(e, h), we may have equally started with (s,b) to get an equivalent geometric realisation of M,
where the Lie algebra s of 8§ is spanned by H, B;, P; and the Lie algebra b of B is spanned by
B; with non-zero brackets

M,Bi] =—P; and [H,Pi=aB;+pP;, (3.4.5.64)

for some real numbers «, B depending on the parameters vy, x. We may identify s with the Lie
subalgebra of gl(2D + 1,R) given by

0 tal y
s=¢{|—tl tp1 x||(t,z,y) e R?P+1} (3.4.5.65)
0 0 0

where 1 is the D x D identity matrix and b with the Lie subalgebra

C
b=<[0 0 0]lyeRP ;. (3.4.5.66)



The Lie algebras b C s C gl(2D + 1,R) are the Lie algebras of the subgroups B ¢ 8§ ¢ GL(2D +

1,R) given by
- 1 0 vy
(t,x,y) e R?PH1 and B= 01 0
0 0 1

B a(t)l b))l
S = c(t)l d(t)1
for some functions a(t), b(t), c(t), d(t), which are given explicitly by

0 )
(a(t) b(t)): 1 (Ye‘*e“ Y(e”*ett)) (3.4.5.68)

v—1\et—e ye'Y—e

— 8«

a(t) b))  [ef(1-t) ett
(C(t) d(t)) - ( —ett et(1+t)> (34569)
for dSGy, and
a(t) bt)\  [eX(cost—yxsint) e™X(1+x?)sint
(C(t) d(t)> - ( _etXsint etX(COStJrXSint)) (3.4.5.70)

for AdSG, with x > 0. The homogeneous space M = 8/B, if not simply-connected, is neverthe-
less a discrete quotient of the simply-connected M and, as argued at the end of Section 3.4.2,
it is enough to show that the orbits of boosts in M are generically non-compact to deduce that
the same holds for M.

Let us denote by g(t,x,y) € 8 the generic group element

a(t)l bt)l y B
gt,z,y)=|c(t)l dt)l x| €8, (3.4.5.71)
0 0 1
so that the generic boost is given by
1 0 vy -
g(0,0,y)=10 1 0] eB. (3.4.5.72)
0 0 1

Parenthetically, let us remark that while it might be tempting to identify M with the subman-
ifold of § consisting of matrices of the form g(t,x,0), this would not be correct. For this to
hold true, it would have to be the case that given g(t,x,y), there is some ¢(0, 0, w) such that
g(t,z,y)g(0,0,w) = g(t’,x’,0) for some t’,;x’. As we now show, this is only ever the case

provided that a(t) # 0. Indeed,
9(t,z,4)g(0,0,w) = g(t, c(thw + z, a(t)w + y), (3.4.5.73)

and hence this is of the form g(t’, x’,0) if and only if we can solve a(t)w +y = 0 for w. Clearly
this cannot be done if a(t) = 0, which may happen for dSG,¢( 1) at t = 1;%’1’ and for AdSGy~o
at cost = +—=X

Vi

The action of the boosts on M is induced by left multiplication on 8:

9(0,0,v)g(t, z,y) = g(t, z,y + v) (3.4.5.74)

which simply becomes a translation y — y + v in RP. This is non-compact in 8, but we need
to show that it is non-compact in M.
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The right action of B is given by
g(t,z,9)g(0,0,w) = g(t,z + c(t)w, y + a(t)w), (3.4.5.75)

which is again a translation (z,y) — ( + c(t)w,y + a(t)w) in R?P. The quotient R?P /B is
the quotient vector space R?P /B, where B  R?P is the image of the linear map RP — R2P
sending w — (c(t)w, a(t)w). Notice that (a(t), c(t)) # (0, 0) for all t, since the matrices in 8 are
invertible, hence B = RP and hence the quotient vector space R?P /B = RP. By the Heine-Borel
theorem, it suffices to show that the orbit is unbounded to conclude that it is not compact.
Let [(z,y)] € R?P/B denote the equivalence class modulo B of (x,y) € R?P. The distance d
between [(x,y)] and the boosted [(x,y + v)] is the minimum of the distance between (x,y) and
any point on the coset [(x,y + v)]; that is,

d= nili’n lx+ct)w,y+ v+ alt)w) — (z,y)| = ngn l(c(t)w,v + a(t)w)]|. (3.4.5.76)

Completing the square, we find

2

a c2

2 2, .2 2
[(cw,v + aw)||* = (a® + ¢*) ‘er S C12Jr02||v|| , (3.4.5.77)
whose minimum occurs when w = — % v, resulting in
t
_ L) (3.4.5.78)

OO

As we rescale v + sv, this is unbounded provided that c(t) # 0. From equations (3.4.5.68),
(3.4.5.69) and (3.4.5.70), we see that for dSGye (1,1}, c(t) = 0 if and only if t = 0, whereas for
AdSGy~0, c(t) = 0 if and only if t = n7 for n € Z, and hence, in summary, the generic orbits
are non compact.

Let us remark that for AdSGy~g, if t = nm for n # 0 then the exponential coordinate sys-
tem breaks down, so that we should restrict to t € (—m, ). Indeed, using the explicit matrix
representation, one can determine when the exponential coordinates on M stop being injective;
that is, when there are (t, ) and (t’, ') such that exp(tH+x-P) = exp(t'H+x’-P)B for some
B € B. In dSG,¢(_1,1) this only happens when t = t’ and = ', but in AdSGy~¢ it happens
whenever t =t’ =nmn (n #0) and, if so, for all z, z’.

3.4.6 Aristotelian Spacetimes

In this section, we study the Aristotelian spacetimes of Table 3.5. In particular, we derive their
fundamental vector fields, vielbeins, soldering forms, and canonical connections.

Static Spacetime (A)
This is an affine space and the exponential coordinates (t,«) are affine, so that

0 0
= — d = 3.4.6.1
fn=gp and =g ( )
Similarly, the soldering form is © = dtH + d« - P, the canonical invariant connection vanishes,
and so does the torsion. The vielbein is

EH = EH and Epi = E,pi. (3462)

We now have both Galilean (t,h) and Carrollian (k, b) structures to define on this spacetime.
First, we find that the clock one-form is given by T =1(0) = dt and the spatial co-metric of the

Galilean structure is written 5 5
- —. 4.6.
P ® 3 (3.4.6.3)

h=23§Y
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The Carrollian structure then consists of k = Eg = % and

b=dz-dx. (3.4.6.4)

Torsional Static Spacetime (TA)

In this case, the additional non-vanishing brackets are [H, P] = P.

Fundamental vector fields Letting A =tH+«-P, we find ada H= —x-P and ada P = tP.
Therefore, for any analytic function f, we conclude that

flada)P = f()P and f(ada)H = f(0)H — %(f(t) — £(0))x - P. (3.4.6.5)

Applying this to equation (2.3.1.14), we find

3.4.6.6
oot o (3400
Pem T e toxt
which one can check obey [, &p,] = —&p,, as expected.

Soldering form and canonical connection Applying the same formula to equation (2.3.3.2),
we find that the canonical invariant connection one-form vanishes in this basis and that the
soldering form is given by

ot ot
G:dt<H+%(1—1 te >w-P)+1 te dz - P, (3.4.6.7)

so that the corresponding vielbein is

2 (1 1 L0 t 9
R G ey R L O Sy (3.468)

It is clear from the fact that the function I*fft is never zero that 0 is invertible for all (t, x).

Although the canonical connection is flat, its torsion 2-form does not vanish:

e t—1

©=-———dt/Adz-P. (3.4.6.9)

Choosing to change coordinates such that

1—et

t'=t and x''= . x (3.4.6.10)
and letting
1 1
N - _ =
)=y (3.4.6.11)

we find that the Galilean structure has clock one-form t=n(6) = dt’ and spatial co-metric

0 0
ox/t ® ox’’

h=5Y (3.4.6.12)

Additionally, the Carrollian structure consists of

0 .
K=— —f(t')x"*

d
5o -7 and b =f(t')%x?dt"? + 2f(t')x’ - de’dt’ + dz’ - d=’.  (3.4.6.13)
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Aristotelian Spacetime A23.

In this instance, the additional non-vanishing brackets are [P;, Pj] = —eJy;.

Fundamental vector fields Let A = tH+ x -P. Then ada H = 0 and ada P; = EXjJij.
Continuing, we find

ada\ P; =extz-P—ex?P;  and 8Ld3A P; = (—ex?)ada P;. (3.4.6.14)
Therefore, an induction argument shows that
ad} Py = (—ex?) ade2 P; vn>3. (3.4.6.15)

If f(z) is analytic in z, then f(ada)H = f(0)H and

flada)Ps = § (F(xs) + f(x_)) Py — § (flx4) + fx_) — 2f(0)) "Ijz' L i (F(xs) + F(x-)) T4,
(3.4.6.16)
where
B ezl e=—1
Xy =tV —ex? = {:ti|515| c1 (3.4.6.17)

Similarly, ada Jij = x'P; —xI Py, so that

flada)Jiy = F(0)Jy + § (T ) +Fx)) Py = wPg) — o

(f~(x+) — F(x,)) XM (x g — ¥ i),

2
_ (3.4.6.18)
where f(z) = (f(z) — (0))/z.
Inserting these formulae in equation (2.3.1.14) with X = H and Y’(0) = 0, we see that
& = 9 (3.4.6.19)
H = 30 4.6.

If instead X = v - P and Y’(0) = $AYJ;;, we see first of all that T =0 and that demanding that
the Ji; terms cancel,

P (G(x4) —G(x-))
x4 (F(x4) +F(x-))

and reinserting into equation (2.3.1.14), we find that

(x'V —xIvh), (3.4.6.20)

gl <G(X+) + G (60e) =GO ) (Flx) —F(xfn) y

Fx4+) +F(x-)

3 (6 + Glx ) —2 - (SRe) =GO Fre) “Fx ) vz

F(x4) + F(x-)

From this we read off the expression for &p,:

P )G(x-) + F(x-)G(x4) 0 F(x)G(x_) 4+ F(x_)G(x)\ x'x) 9
P T R ) 1 F) o T\ Fixs) + Flx_ 2 o (340:22)
which simplifies to
iy]
£ = falcot ] - + (1 felcot 2]) x>
‘ oxt X2 oY (3.4.6.23)
=Y — 2| coth |o|=— + (1 — lecothlwl)ﬂi o
Py a oxt x2 o’
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Soldering form and canonical connection The soldering form and connection one-form
for the canonical connection are obtained from equation (2.3.3.2), which says that

0+ w = dtH + dx'D(ada)P;
=dtH+ 1(D(x4) + D(x_))dz - P

(3.4.6.24)
1 T-de 13
—3(Dx4)D(x-) =2)—5—x - P— 5—(D(x4) — D(x_))x"dx Jyj,
X 2x .4
such that
ole=1) — ari % gy p g <1 - Smm) z 4T, p
] @l ) o (3.4.6.25)
(=1 sinh || sinh |z|\ « - dx o
0 =dtH + de - P+ (1-— z- P
|| || x2
and
we=t = 1= cosla| i;)s |m|xidiji)~
(3.4.6.26)
(e=—1) _ 1 fcosh\wlxidle‘
x2 B
It follows that if ¢ = —1 the soldering form is invertible for all (t,«), whereas if ¢ = 1 then it is

invertible for all t but inside the open ball |x| < 7t. With these caveats in mind, we find that
the vielbeins are

= a (3=
E% D_ = and E 1) X—2(1—|:c|csc\a:|)x’i—|—|a:\csc|a:| T
t 0 ox (3.4.6.27)

m1) _ 0 1) _ X
B = and E{Di V= %5 (1~ lal esch [a]) ¥

The torsion of the canonical connection vanishes, since [0, 6], = 0. The curvature is given by

Qle=1 _ %sm |SC\d LA dx ]Jll i sin |z| (1 . smIml) —d 1/\ka*]1)
x2 || || (3.4.6.28)
, ' 4.6.
1) _ ;Md Ay sinhle| (\ sinhlz] KOx* o kT,
X2 || | x?

The Galilean structure in this instance has clock one-form T = dt and spatial co-metric

0 0 ] 0
h=Y = (|z|esclx))?69 — @ — + (1 — (J&| csc |z))?)x'x Q —
oxt ~ oxJ oxt T ox
5 3 5 3 (3.4.6.29)
(3e=—1) _ §j_ Y oo 2 _ < 24,1
h (|| csch |z])8 i © o + (1 — (l=lcsch |z[)7) 2
The Carrollian structure is then k = 2 and

ot

B 2 L 2 . 2
ple=1) _ (bln\wl) dz-dw+ (1 (smlml) (z d2w)
|| || ||
. 2 . 2 . 2
pl=—1) _ (smh\m\) de - do+ (1 (smhlml) (x d2m)
|| || ||

3.4.7 Carrollian Light Cone (LC)

(3.4.6.30)

The Carrollian light cone LC is a hypersurface in Minkowski spacetime, identifiable with the
future light cone. It does not arise as a limit and has additional brackets [H, B] = B, [H,P] = —P
and [B,P] = H + J, which shows that it is a non-reductive homogeneous spacetime.
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Action of the Boosts

Although it might be tempting to use that the boosts in Minkowski spacetime act with generic
non-compact orbits to deduce the same about the boosts in LC, one has to be careful because
what we call boosts in LC might not be interpretable as boosts in the ambient Minkowski
spacetime. Indeed, as we will now see, boosts in LC are actually null rotations in the ambient
Minkowski spacetime.

We first exhibit the isomorphism between the LC Lie algebra and so(D + 1,1). In the LC
Lie algebra, the boosts and translations obey the following brackets:

H,B]=B, [H,Pl=-P, and [B,P]=H+J. (3.4.7.1)

If we let Jpmn be the standard generators of so(D +1,1) with M = (i,0,1), 1 <i < D, and with
Lie brackets

Umn, Jrol =nnrelmo —mmpIng —MngIMp + 1Mo e, (3.4.7.2)
where ny; = 835, Ngg = —1, and nj; = 1, then the correspondence is:
Jiy =Ty, Bi= %(]Gi +Jii), Pi= %(]()i —Ji1), and H=—J. (3.4.7.3)

We see that, as advertised, the boosts B; are indeed null rotations.

The boosts act linearly on the ambient coordinates X™ in Minkowski spacetime, with fun-
damental vector fields

1 ~
= (—xY
oy V2 <

Consider a linear combination B = wiB; and let T := X0, X := wiX}, and Y := X!, so that in
terms of these coordinates and dropping the factor of %,

) ) ) ;0
XXt xI ). 474
Xt ox0 X ox1 X 6X1> (3:4.74)

0 0 0 0
This allows us to examine the orbit of this vector field while focussing on the three-dimensional

space with coordinates T, X,Y. The vector field is linear, so there is a matrix A such that

=(T X Y)A = A=[-1 0 1]. (3.4.7.6)

LeXletle

The matrix A obeys A% = 0, so its exponential is

1+3s2 —s  —3s2
exp(sA) = —s 1 s (3.4.7.7)
1s2 —s 1—1s?

and hence the orbit of (Ty, Xo, Yo, ...) is given by

T(s) = (1+ 3s*)To — sXo — 25%Yp
X(s) = —sTp + Xg + sYp (3478)
Y(s) = £5°To — sXo + (1 — 5%) Yo,
with all other coordinates inert, which is clearly non-compact in the Minkowski spacetime. But
of course, this orbit lies on the future light cone (indeed, notice that —T(s)2 + X(s)2 + Y(s)? =

—TZ+X2+4Y2), which is a submanifold, and hence the orbit is also non-compact on LC, provided
with the subspace topology.
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Fundamental Vector Fields

Let A =tH+ « - P and let us calculate the action of ad on the generators, this time with the
indices written explicitly:
ada By = tB; —x'H — ¥ J;;
ada Py = —tP;
ada H = x'P;
ada Jij = xin —xP;.

(3.4.7.9)

In order to compute the fundamental vector fields using equation (2.3.1.14) and the soldering
form using equation (2.3.3.2), we need to calculate the action of certain universal power series
on ada on the generators. To this end, let us derive formulae for the action of f(ada), for f(z)
an analytic function of z, on the generators. We will do this by first calculating powers of ada
on generators. It is clear, first of all, that on P,

flada)P = f(—t)P. (3.4.7.10)

On H and J we just need to treat the constant term separately:

flada)H = f(0)H — 1 (f(—t) —f(0)x-P

t1 ' _ (3.4.7.11)
f(adA)Jij = f(O)JU — { (f(—t) - f(O)) (XIPJ' — X]Pi).

On B it is a little bit more complicated. Notice first of all that whereas
ad} Bi = tada B; — 2x'P; +x2Py, (3.4.7.12)
ad B; = t2ada B;. Therefore, by induction, for all n > 1,

t"lada B; n odd

) 3.4.7.13
t"lada By +t"2(x2P; — 2x'z - P)  n even, ( )

ad}{ Bi = {

and therefore

flada)Bi = f(t)By — L (f(t) — £(0)) (x'H +x/Jy5) + & (3 (F(t) + f(—t)) — £(0)) (x*P; — 2x'z - P).
(3.4.7.14)
Using these formulae, we can now apply equation (2.3.1.14) in order to determine the expression
of the fundamental vector fields in terms of exponential coordinates.

Let us take X = v - P in equation (2.3.1.14). We must take Y’(0) = 0 here and find that

t
resulting in
S (3.4.7.16)
P et oxt

Taking X = H in equation (2.3.1.14), we again must take Y’(0) = 0. Doing so, we arrive at

TH+y~P:G(adA)H:H—%(G(—t)—l)a}-P:>T:1 and y:(l—l— 1

t et—1)%
(3.4.7.17)
resulting in
0 1 1 .0
= — ——1——|x'—. 4.7.1
i at+<t et—l)x oxt (3.4.7.18)

One checks already that [Ex, &Ep,] = Ep,, as expected.
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Finally, put X = v - B in equation (2.3.1.14) and hence now Y’(0) = 8B + AUJ;;. Sub-
stituting this in equation (2.3.1.14) and requiring that the h-terms vanish, we find

t s l—et L
B= %U =e v and AY = € (vix) —vIxh). (3.4.7.19)
Comparing the H terms, we see that
1— —t
T = te z-v, (3.4.7.20)
whereas the P terms give
l1—e™t 4 l1—t—et
=g XVt T T, (3.4.7.21)
resulting in
l—et ;0 l1-e'50 1—-t—et', ;.0
= — - —. 4.7.22
£ T St 2 Yo e (34722)
One checks that, as expected, [En,&p,] = —&p, and that [Ep,,&p;] = —di;&n — &3, where
&1y :Xj% _Xi%'

Soldering Form and Canonical Connection

The soldering form can be calculated from equation (2.3.3.2) and projecting the result to £/b:

0 =D(ada)(dtH + dx - P) = dt (E—MQ%F) +D(—t)dx - P
. . ey (3.4.7.23)
:dtﬁ—l—%m-?dt—ke — —dz - P.

It follows from the expression of 0 that it is invertible for all (t,x), since et%l #0 for all t € R.
Its inverse, the vielbein E, has components

2 (1 1 .0 t
EH*&*(I*eul)x e M B = G g (3.4.7.24)

The invariant Carrollian structure is given by k = Eg and spatial metric b = n%(0, 0), given by

(I+t—e")?
4

(et —1)(1+t—et)
t3

_ 2.2, (61 —1)2
b= x“dt® + ————dz - dz +2 x - dedt. (3.4.7.25)

This metric can be simplified using the following change of coordinates:

=t x't= et; Lt (3.4.7.26)
In these coordinates, we find
b=dz' -de’ —2x' dz'dt' + ' x'dt”?. (3.4.7.27)
One final change of coordinates,
t=t" and &'=etx" (3.4.7.28)
brings the metric into the form R
b=e?dz - ds. (3.4.7.29)

With all of these changes to the coordinate system, the vielbein is also altered such that

K= —. (3.4.7.30)



3.5 Conclusion

This chapter discussed how we might arrive at geometric properties for various spacetime
models from the classification of their underlying kinematical Lie algebras. In Section 3.1,
we reviewed the classification of kinematical Lie algebras in spatial dimension D = 3 due to
Figueroa-O’Farrill, before discussing the subsequent classification of (spatially-isotropic) simply-
connected homogeneous spacetimes in Section 3.2. We gave a more detailed review of the latter
classification as direct generalisations of the methods utilised here will be at the heart of the
classification of kinematical superspaces in Chapter 4. Finally, in Section 3.4, we derived nu-
merous geometric properties for each spacetime model by employing our knowledge of the
underlying Lie algebra and its use in constructing the spacetime geometry. This procedure
of algebraic classification, geometric classification, and geometric property derivation, gives us
a rigorous framework in which to explore spacetime symmetries beyond the Lorentzian case.
Indeed, Chapters 4 and 5 describe the progress towards substantiating this framework in the
super-kinematical and super-Bargmann instances, respectively. Since both of these instances
are generalisations of the kinematical case, we will see many of the foundational results pre-
sented here, including those regarding geometric realisability and geometric limits, will prove
invaluable in deriving similar results in these supersymmetric cases.
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Chapter 4

Kinematical Superspaces

In the previous chapter, we saw how we might arrive at a systematic study of kinematical
spacetimes and their geometric properties, starting from the classification of the spacetimes’
underlying Lie algebras. This chapter will highlight the progress made towards this goal in the
super-kinematical case. In particular, we will give complete classifications of kinematical Lie
superalgebras and their corresponding kinematical superspaces.

Recall, an N-extended kinematical Lie superalgebra (KLSA) s in three spatial dimensions is a
real Lie superalgebra s = s; @ s7, such that s; = £ is a kinematical Lie algebra for which D = 3,
and s7 consists of N copies of S, the real four-dimensional spinor module of the rotational sub-
algebra v = s0(3). Here, we will focus solely on the N =1 case.

This chapter is organised as follows. In Section 4.1, we present the classification of N = 1
kinematical Lie superalgebras in D = 3. As part of this classification, we will demonstrate how
to unpack our quaternionic formalism, using the N = 1 Poincaré superalgebra as our example.
Additionally, Section 4.1 will contain discussions on the N = 1 Aristotelian Lie superalgebras
in D = 3, as well as the central extensions and automorphisms of the classified kinematical and
Aristotelian Lie superalgebras. In Section 4.2, we use the Lie superalgebras’ automorphisms to
classify the possible super Lie pairs, and, thus, the possible kinematical superspaces. Finally,
in Section 4.3, we demonstrate how the kinematical superspaces are related to one another via
geometric limits.

4.1 Classification of Kinematical Superalgebras

In this section, we begin by setting up our classification problem. In particular, Section 4.1.1
starts by defining which kinematical Lie algebras we shall be extending and discussing how we
will derive the supersymmetric brackets. Next, it gives some preliminary results, which will
be useful for limiting repetition in our calculations, and describes the Lie superalgebras’ basis
transformations, allowing us to identify isomorphic kinematical Lie superalgebras. With the
setup established, we classify the kinematical Lie superalgebras in Section 4.1.2, summarising
our findings and unpacking the quaternionic formalism in Section 4.1.3. Sections 4.1.4 and 4.1.5
classify the Aristotelian Lie superalgebras and the central extensions of the kinematical Lie
superalgebras, respectively. Section 4.1.6 then determines the automorphisms of the kinematical
Lie superalgebras, which we will use to classify the kinematical superspaces later.

4.1.1 Setup for the Classification

For this chapter, we will combine the classifications in Tables 3.1 and 3.3, so we deal with all
D = 3 kinematical Lie algebras at once. These algebras are summarised in Table 4.1. We will
now outline how we aim to build N = 1 supersymmetric extensions of these kinematical Lie
algebras.
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Table 4.1: Kinematical Lie Algebras in D =3

K# Non-zero Lie brackets (besides [J, —] brackets) Comment
1 static
2 [H,B] =P Galilean
3ye—1,1 | H,Bl=vB (H,P]=P
4y >0 H,B]l=xB+P [H,Pl=xP—-B
5 H,B]l=B+P [HP]=P
6 (B,P]=H Carroll
7 H,B] =P (B,P]=H (B,B]=1J Euclidean
8 [H,B] = —P B,P] = H B,B] = —J Poincaré
9 [H,B] = B [H,P] = —P B,P]=H-_J s0(4,1)
10 H,B] = P [H,P] = B B,P] = H B,B]=J [P,P]=J] s0(5)
11 [H,B] = —P H,P] =B B,P|—H B,Bl—-J [P,Pl=—J | s0(3,2)
12 B,Bj]=B [P,PI=B-1J
13 B,Bl=B [P,PI=J-B
14 (B,B] =B
15 (B,B] =P
16 H,P]— P B,B] =B
17 H,B] = —P B,B] = P
18 H,B] =B H,P] =2P [B,B] =P

Let s be a kinematical Lie superalgebra where s = ¢ is a kinematical Lie algebra from Ta-
ble 4.1. To determine s, we need to specify the additional Lie brackets: [H,Q], [B,Q], [P, Q]
and [Q, Q], subject to the super-Jacobi identity. There are four components to the super-Jacobi
identity in a Lie superalgebra s = s5 ® s7:

1. The (s5,55,55) super-Jacobi identity simply says that sg is a Lie algebra, which in our
case is one of the kinematical Lie algebras € in Table 4.1.

2. The (sg,s5,57) super-Jacobi identity says that s; is a representation of s; and, by restric-
tion, also a representation of any Lie subalgebra of s5: for example, ¢ in our case.

3. The (s5,57,57) super-Jacobi identity says that the component of the Lie bracket @2 s7 —
55 is sg-equivariant. In particular, in our case, it is r-equivariant.

4. The (s1,s7,57) component does not seem to have any representation-theoretic reformula-
tion and needs to be checked explicitly.

Our strategy will be the following. We shall first determine the space of t-equivariant brackets
[H, Ql, [B,Q], [P, Q] and [Q, Q], which will turn out to be a 22-dimensional real vector space 7.
For each kinematical Lie algebra ¢ = s5 in Table 4.1, we then determine the algebraic variety
J C ¥ cut out by the super-Jacobi identity. We are eventually interested in supersymme-
try algebras and hence we will restrict attention to Lie superalgebras s for which [Q, Q] # 0,
which define a sub-variety ./ ¢ _#.! The isomorphism classes of kinematical Lie superalgebras
(with [Q, Q] # 0) are in one-to-one correspondence with the orbits of . under the subgroup
G € GL(s5) x GL(s7) which acts by automorphisms of ¢ = s;, since we have fixed ¢ from the
start. The group G contains not just the automorphisms of the kinematical Lie algebra ¢ which
act trivially on ¢, but also transformations which are induced by automorphisms of the quater-
nion algebra. We shall return to an explicit description of such transformations below.?

1Note, we restrict ourselves to the cases where [Q,Q] # 0 as our interests lie in spacetime supersymmetry:
we would like supersymmetry transformations to generate geometric transformations of the spacetime.

2Notice, this strategy is a direct generalisation of the one outlined in Section 3.1.1, used to classify the
Aristotelian Lie algebras.
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Let us start by determining the t-equivariant brackets: [H, Ql, [B,Q], [P,Q] and [Q,Q]. The
bracket [H, Q] is an r-equivariant endomorphism of the spinor module Q. If we identify v with
the imaginary quaternions and Q with the quaternions, the action of v on Q is via left quaternion
multiplication. The endomorphisms of the representation S, which commute with the action
of v, consist of left multiplication by reals and right multiplication by quaternions, but for
real numbers, left and right multiplications agree, since the reals are central in the quaternion
algebra. Hence the most general t-equivariant [H, Q] bracket takes the form?3

H,Q(s)] = Q(sh) for some h =hyi+hoj + hgk+hy € H. (4.1.1.1)

The brackets [B,Q] and [P, Q] are t-equivariant homomorphisms V® S — S, where V and S
are the vector and spinor modules of s0(3). There is an t-equivariant map V® S — S given by
the “Clifford action”, which in this language is left multiplication by ImH on H. Its kernel is
the 8-dimensional real representation W of v with spin % Therefore, the space of t-equivariant
homomorphisms V ® S — S is isomorphic to the space of t-equivariant endomorphisms of S,
which, as we saw before, is a copy of the quaternions. In summary, the [B, Q] and [P, Q] brackets
take the form

B(B),Q(s)] = Q(Bsb) for some b ="byi+byj+bsk+byseH

4.1.1.2
[P(7), Q(s)] = Q(mtsp) for some p =pii+p2j+psk+pseH, ( )

for all B,me ImH and s € H.

Finally, we look at the [Q, Q] bracket, which is an t-equivariant linear map @2 S—>t=Ra3V.
The symmetric square O2 S is a 10-dimensional r-module which decomposes as R® 3V. Indeed,
on S, we have an v-invariant inner product given by

(s1,s2) = Re(s182) where s1,82 € H. (4.1.1.3)

It is clearly invariant under left multiplication by unit quaternions: (Usi,Uss) = (s1,s2) for all
u € Sp(1). We can use this inner product to identify @2 S with the symmetric endomorphisms
of S: linear maps A : S — S such that (A(s1),s2) = (s1,A(s2)). Letting Ly and Ry denote left
and right quaternion multiplication by q € H, the space of symmetric endomorphisms of S is
spanned by the identity endomorphism and LiRi, LiRj, LiRk, LjRi, LjRj, Lij, LkRi, LkRj and
LkRk. The nine non-identity symmetric endomorphisms transform under v according to three
copies of V. Since v acts on S via left multiplication, it commutes with the Rq and hence the
three copies of V are

spang {LiRi, LjRi, LkRi} @ spang {LiRj , LiRj, LkRj} @ spang {LiRk, LjRk, LkRk} . (4.1.1.4)

The space of t-equivariant linear maps @2 S — 3V & R is thus isomorphic to the space of
t-equivariant endomorphisms of R ® 3V = R @ (R? ® V), which is given by

End, (R® (R*®V)) = End(R) ® (End(R*) ® 1v/) . (4.1.1.5)

The second component of this isomorphism simply states that the t-equivariant endomorphisms
do not act on the so(3) vector indices of the vector modules and rotate the three vector modules
into one another. In particular, since v acts via left quaternion multiplication, the r-equivariant
maps act via right quaternion multiplication. In summary, the t-equivariant [Q, Q] bracket is
given by polarisation from the following

[Q(s), Q(s)] = cols|?H + Re(sJIsc1) + Re(sBscs) + Re(sPscs), (4.1.1.6)

3See Section 2.1.5 for a discussion on the quaternionic formalism employed here. In this chapter, we will use
s as opposed to 0 to denote the quaternion parameterising our supercharges Q. There is nothing sinister in
this change of notation; only s was required for different purposes in Chapter 5, and I latterly preferred using 6
as opposed to s for parameterising the supercharges, hence its use in setting up the quaternionic formalism in
Sections 2.1.5 and 2.1.6.
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where ¢y € R, €1,C2,C3 € ImH and where we have introduced the shorthands
J=Jii+J2j+Jsk, B=Bji+Bsj+Bsk, and P =Pii+Psj+Psk. (4.1.1.7)

Notice that if w € Im H, then J(w) = Re(@®J), and similarly B(B) = Re(pB) and P(m) = Re(7P),
for B, € ImH, so that we can rewrite the [Q, Q] bracket as

[Q(s), Q(s)] = cols|*H — J(sc15) — B(sCy3) — P(sC33), (4.1.1.8)
which polarises to give
[Q(s), Q(s")] = co Re(ss’)H — 3J(s’c15+5€15) — 1 B(s'Co5 + sCo5’) — 1P (s'C35+ sC357). (4.1.1.9)

In summary, we have that the t-equivariant brackets by which we extend the kinematical Lie
algebra ¢ live in a 22-dimensional real vector space of parameters h,b,p € H, ¢;,¢2,¢3 € ImH
and ¢g € R.

Preliminary Results

In this brief section, we will go through each of the super-Jacobi identity components, deter-
mining any possible universal conditions that may aid our classification. Note, since we are
using a kinematical Lie algebra € as s5, we do not need to consider the (sg, 55,55) component as
this will automatically be satisfied.

(5675(’)’51)

As mentioned above, this component of the super-Jacobi identity says that s; is an sg-module,
where sg = £ is the underlying kinematical Lie algebra. The super-Jacobi identity

X, Y, Q(s)]] — Y, [X, Q(s)]] = [[X, Y], Q(s)] for all X,Y € ¢ (4.1.1.10)
gives relations between the parameters h, b, p € H appearing in the Lie brackets.

Lemma 4.1.1. The following relations between h,b,p € H are implied by the corresponding
t-brackets:

(H,B] =AB+uP = [b,h] =Ab+ up
[H,P]=AB+uP = [p,hl=Ab+pup
B,B]=AB+puP+v] = b?>=1Ab+lup+1iv (4.1.1.11)
==

[P,P] =AB + uP +vJ P’ = 3Ab+ Jup + 5v

[B,P]=AH = bp+pb=0 and [b,p]=Ah.
Proof. The [H, B, Q] super-Jacobi identity says for all € ImH and s € H,

[H,B(B)], Q(s)] = [H, [B(B), Q(s)I] — B(B), [H, Q(s)I], (4.1.1.12)

which becomes

AQ(Bsb) + uQ(Bsp) = Q(Bsbh) — Q(Bshb). (4.1.1.13)

Since Q is real linear and injective, it follows that
ABsb + upsp = Bslb, hy, (4.1.1.14)
which, since it must hold for all € ImH and s € H, becomes
b, h] = Ab + up, (4.1.1.15)

as desired. Similarly, the [H, P, Q] super-Jacobi identity gives the second equation in the lemma.
The third equation follows from the [B,B,Q] super-Jacobi identity, which says that for all
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B,p' € ImH and s € H,
[(B(B),B(B")], Qls)] = [B(B), [B(B), Q(s)] — [B(B"), B(B), Qls)I], (4.1.1.16)
which becomes
3AQUIB, B'Isb) + uQ((B, B'Isp) + ;vQ(B, B'ls) = Q(BR'sb?) — Q(B'Bsb?). (4.1.1.17)
Again by linearity and injectivity of Q, this is equivalent to
SAIB, B'Isb + SulB, B'lsp + §vIB, B'ls = [B, B'Isb?, (4.1.1.18)
which, being true for all B, 3’ € ImH and s € H, gives
$Ab 4+ Jup + 3v =Db?, (4.1.1.19)

as desired. The fourth identity in the lemma follows similarly from the [P, P, Q] super-Jacobi
identity. Finally, we consider the [B, P, Q] super-Jacobi identity, which says that for all 3,7 €
ImH and s € H,

(B(B), P(m)], Q(s)] = [B(B), [P(m), Q(s)I] — [P(m), [B(R), Q(s)]], (4.1.1.20)
which expands to
—ARe(pm)Q(sh) = Q(Brspb) — Q(ntpsbp) (4.1.1.21)
or, equivalently,
—ARe(Bm)sh = prspb — R sbp, (4.1.1.22)

for all B,77 € ImH and s € H. For any two imaginary quaternions 3,7, we have that
B = 1[B, ] + Re(Bn), (4.1.1.23)

which allows us to rewrite equation (4.1.1.22) as

Re(Bm)s(Ah — bp + pb) + 1[B, nls(pb + bp) = 0. (4.1.1.24)
Taking p = mand s = 1 we see that Ah = [b, p] and taking  and 7 to be orthogonal and s =1,
that pb + bp =0, as desired. O
(5(_)751351)

Due to the large number of parameters in the [s5,s7] and [s1,s7] brackets, the components
H,Q,Q], [B,Q,Q] and [P, Q, Q] of the super-Jacobi identity are best studied on a case-by-case
basis.

(51,571, 57)

The last component of the super-Jacobi identity to consider is the (s7,s7,57) case [Q,Q, Ql,
which gives the following universal condition.

Lemma 4.1.2. The [Q,Q, Q] component of the super-Jacobi identity implies
coh = %C1+Cgb+C3p. (41125)

Proof. The [Q,Q, Q] component of the super-Jacobi identity is totally symmetric and hence,
by polarisation, it is uniquely determined by its value on the diagonal. In other words, it is
equivalent to

[Q(s),Q(s),Q(s)] =0 for all s € H. (4.1.1.26)
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Using equation (4.1.1.8), this becomes

[cols|?H — J(sC15) — B(sC25) — P(scs5), Q(s)] = 0, (4.1.1.27)

which expands to
colsl>Q(sh) — 1Q(scyss) — Q(scossb) — Q(scsssp) = 0. (4.1.1.28)
Since Q is injective, this becomes
2 1 !
Is] S(Coh —5C1 — CQb — Cgp) =0.

This must hold for all s € H, so in particular for s = 1, proving the lemma. O

Basis Transformations

As mentioned above, once we determine the sub-variety . cut out by the super-Jacobi iden-
tity, we need to quotient by the action of the subgroup G C GL(sj) x GL(s7), which acts by
automorphisms of s; = ¢ in order to arrive at the isomorphism classes of Lie superalgebras. In
this section, we describe the subgroup G in more detail. There are two kinds of elements of
G, those which act trivially on the rotational subalgebra v and those which do not. The latter
consist of inner automorphisms of ¢, which are generated infinitesimally by the adjoint action
of J, B and P. The ones generated by J are particularly easy to describe in the quaternionic
formulation, and we shall do so now in more detail.

Let u € Sp(1) be a unit norm quaternion. Conjugation by U defines a homomorphism Ad :
Sp(1) — Aut(H) whose kernel is the central subgroup of Sp(1) consisting of +1. It is a classical
result that these are all the automorphisms of H. Hence Aut(H) = SO(3), acting trivially on
the real quaternions and rotating the imaginary quaternions. The action of Aut(H) on s leaves
H invariant and acts on the remaining generators by pre-composing the linear maps J, B, P and
Q with Ady. More precisely, let H=H, J=JoAdy,, B=BoAdy, P=PoAdy and Q = Qo Ad,.
Since the Lie brackets of ¢ are given in terms of quaternion multiplication, this transformation
is an automorphism of ¢, and we have a group homomorphism Aut(H) — Aut(¢). The action
on the remaining brackets (those involving Q) is as follows. The Lie brackets of s which involve
Q are given by

[H,Q(s)] = Q(sh)
(w), Qs)] = 5Q(ws)
[B(B), Qls)] = Q(Bsb) (4.1.1.29)
[P(m), Q(s)] = Q(7sp)
[Q(s), Qls)] = cols|’H — J(sc15) — B(sC25) — P(sC35),

[H,Q(s)] = Q(sh)
H(w),Qs)) = 1Q(ws)
[B(B),Qs)] = Q(Bsh) (4.1.1.30)
[P(n), Q(s)] = Q(7sP)
[Q(s), Q(s)] = cols|*H — J(s€15) — B(sEs5) — P(sE35),

where h = thu, b= tbu, p = tpu, and €; = Uc;u for i = 1,2,3. In other words, the scalar
parameters c¢g, Reh, Reb and Rep remain inert, but the imaginary quaternion parameters
Imh,Imb,Imp,C; 23 are simultaneously rotated.

There are other automorphisms of ¢ which do transform t: those are the inner automorphisms
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generated by B and P. Their description depends on the precise form of ¢ but they will not
play a réle in our discussion.

In addition to these, G also consists of automorphisms of ¢ which leave v intact. If a linear
map @ : s — s restricts to an automorphism of ¢, then it is in particular t-equivariant. The

most general t-equivariant linear map ® : s — s sends (J,H,B,P,Q) — (J,H,B,P,Q), where

H=uH

B(B) =

N(B) aB(B) +cP(B) + eJ(B) (4.1.1.31)

B(B) =bB(B) + dP(B) + fJ(B)

Q(s) = Q(sq)
0 a b

where p € GL(1,R) =R*, q € GL(1,H) =H* and (() c d) € GL(3,R). The automorphisms

1 e f

(which fix t) of the kinematical Lie algebras K1-K11 in Table 4.1 were derived in [5, §§3.1].
The automorphisms of the remaining kinematical Lie algebras in the table are listed below (see
Table 4.2). In particular, we find that, although the precise form of the automorphisms depends
on £, a common feature is that the coefficients e, f are always zero, so we will set them to zero
from now on without loss of generality.

a b
c d
the brackets involving Q change as follows:

Assuming that the pair (A = ( ) 1) € GL(2,R) x R* is an automorphism of ¢ = sg,

H,Q(s)] = Q(sh)
[B(B), Qls)] = Q(Bsb) (41132)
[P(n), Q(s)] = Q(7sp) o
[Q(s), Q(s)] = Cols|>H — J(s€15) — B(s€s5) — P(s€33),
where j(w) = J(w) and

h = ugha™! ¢ =qcig

b =g(ab+cp)g? _ 1

P =q(bb+ dp)g! C2 = Gq—pcildc2 —bes)d (4.1.1.33)

G = C0|qf C3 = mq(ac?, —cC2)7.

In summary, the group G by which we must quotient the sub-variety .#, cut out by the super-
Jacobi identity (and [Q, Q] # 0), acts as follows on the generators:

J— JoAdy

B — aBo Ady +cP o Ady

P+ bBo Ady +dP o Ady (4.1.1.34)
H~— uH

Q+— Qo Ady oRq

a b

where u € R and q € H are non-zero, U € Sp(1) and A := <c d> € GL(2,R) with (A, ) an

automorphism of ¢.

Let Aut.(£) denote the subgroup of GL(2,R) x R* consisting of such (A, ). These subgroups
are listed in [5, §3.1] for the kinematical Lie algebras K1-K11 in Table 4.1. We will collect them
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in Table 4.2 for convenience and in addition also record them for the remaining kinematical Lie

algebras K12-K18 in Table 4.1.

Table 4.2: Automorphisms of Kinematical Lie Algebras (Acting Trivially on t)

K# | Typical (A, ) € GL(2,R) x R
(R
(D)
3ye(-11) ((8 3)’1)
(99 )
(MR
40 <<fb 2)’1>
o (S 96 2) )
(D
o (g
s ) (6 ) )

o 0 ) ) (G0

o (5 D6 2 e
wa | (( (2

S (GED

s (@)

o 10 o))

T (5

(e 9

4.1.2 Classification of Kinematical Lie Superalgebras

We now proceed to analyse each kinematical Lie algebra £ in Table 4.1 in turn and impose
the super-Jacobi identity for the corresponding Lie superalgebras extending €. We recall that
we are only interested in those Lie superalgebras where [Q, Q] # 0, so cg,C1,Cz,C3 cannot all

simultaneously vanish.
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Kinematical Lie Algebras Without Supersymmetric Extensions

There are three kinematical Lie algebras which cannot be extended to a kinematical superalge-
bra: so(4, 1), so(5) and the Euclidean algebra (K7 in Table 4.1).

The Euclidean Algebra

From Lemma 4.1.1, we find that p = h = 0 and b? = %, so, in particular, b € R, and, from
Lemma 4.1.2, we find that cob+ %Cl = 0. The [H, Q, Q] component of the super-Jacobi identity
shows that co = 0, so that also ¢; = 0. The [P, Q, Q] component of the super-Jacobi identity
is trivially satisfied, whereas the [B, Q, Q] component shows that c3 = 0, and also that cg = 0.
In summary, there is no kinematical superalgebra extending the Euclidean algebra for which
[Q, Q] # 0; although there is a kinematical superalgebra where [B(B), Q(s)] = j:%Q([?)s), where
both choices of sign are related by an automorphism of ¢ e.g., time reversal (J,B,P, H) —

(J,—B,P,—H) or parity (J,B,P,H) s (J,—B,—P,H).

s0(4,1)

In this case, Lemma 4.1.1 gives that p = b = 0, but then the [B, P, Q] component of the super-
Jacobi identity cannot be satisfied, showing that the so(3) representation on the spinor module
S cannot be extended to a module of s0(4, 1). The result would be different for N = 2 extensions,
since s0(4,1) = sp(1,1) does have an irreducible spinor module of quaternionic dimension 2.

50(5)

From Lemma 4.1.1, we find that p = [b,h] from [H,B] = P, and, in particular, p € ImH.
But then [P,P] = J says that p2 = %, so that in particular p € R and non-zero, which is a
contradiction. Again, this shows that the spinor module S of s0(3) does not extend to a module
of s0(5), and, again, the conclusion would be different for N = 2 extensions, since so(5) = sp(2)

does admit a quaternionic module of quaternionic dimension 2.

Lorentzian Kinematical Superalgebras

The Poincaré Lie algebra (K8) and so(3,2) are the Lorentzian isometry Lie algebras of the
Minkowski and anti-de Sitter spacetimes, respectively. It is of course well known that such
spacetimes admit N = 1 superalgebras of maximal dimension. We treat them in this section for
completeness.

The Poincaré Superalgebra

From Lemma 4.1.1, we see that p = h = 0 and that b? = —1, so that in particular b € ImH.
From Lemma 4.1.2, we see that %Cl + cob = 0. The [P,Q, Q] component of the super-Jacobi
identity is trivially satisfied, whereas the [H, Q, Q] component forces ¢; = ¢3 = 0 and the [B, Q, Q]
component says €3 = 2¢ob. Demanding [Q, Q] # 0 requires ¢q # 0.

Using the quaternion automorphism, we can rotate b so that b = %k and via the automor-
phism of the Poincaré Lie algebra, which rescales H and P by the same amount, we can bring
co = 1. In summary, we have a unique isomorphism class of kinematical Lie superalgebras
extending the Poincaré Lie algebra which has the additional Lie brackets

[B(B),Q(s)] = 3Q(Bsk)  and  [Q(s), Q(s)] = [s|*H — P(sks). (4.1.2.1)

The AdS Superalgebra

Here, Lemma 4.1.1 and Lemma 4.1.2 give the following relations:

p=h,bl, b=[p,h, h=[b,p], b*=-1 p>*=-1 and coh=1ic;+cob+csp,
(4.1.2.2)
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and in addition bp + pb = 0, which simply states that b 1 p. These relations imply that
b,p,h € ImH and that (2b,2p, 2h) is an oriented orthonormal basis for ImH. The remaining
super-Jacobi identities give

Co = —2copP, C3= 2C0b — C1 = 72C0h, (4.1.2.3)
and some other relations which are identically satisfied. If cg = 0 then [Q,Q] = 0, so we re-
quires cg # 0. Hence (%7 2—3, %3) defines a negatively oriented, orthonormal basis for Im H. The

automorphism group of H acts transitively on the space of orthonormal oriented bases, so we
can choose (2b, 2p, 2h) = (i, J, k) without loss of generality.

The resulting Lie superalgebra becomes

[H,Q(s)] = 3Q(sk)
_ 1 i
B(A), Q(s)) = 3Q(psi) (4.12.4)
[P(m), Q(s)] = 5Q(7ts]))
[Q(s), Q(s)] = co (Is|*H + J(sks) + B(sjs) — P(sis)) .

We may rescale Q to bring ¢y to a sign, but we can then change the sign via the automorphism
of ¢ which sends (J,B,P,H) — (J,P,B,—H) and the inner automorphism induced by the auto-

morphism of H which sends (i, j,K) — (j,i,—k). In summary, there is a unique kinematical Lie
superalgebra with [Q, Q] # 0 extending £ = s0(3,2): namely,
H,Q(s)] = 2Q(sk)
1 i
B(R), Qls)] = fQ(BS!) (4.1.2.5)
[P(m), Q(s)] = 3Q(7s])
[Q(s), Q(s)] = |s|*H + J(sks) 4 B(sjs) — P(sis).

To show that this Lie superalgebra is isomorphic to osp(1|4), we may argue as follows. We first
prove that s5 leaves invariant a symplectic form on s7. The most general rotationally invariant
bilinear form on sy is given by

w(Q(s1),Q(s2)) := Re(s1052) for some q € H. (4.1.2.6)
Indeed, if u € Sp(1) then

(U w)(Q(s1),Qls2)) =

e U81Q§2U) (4127)

Demanding that w be invariant under the other generators H,B,P, we find that q = pk for
some p € R. Acting infinitesimally now,

(H-w)(Q(s1),Q(s2)) = —w([H, Q(s1)], Q(s2)) — w(Q(s1), [H, Q(s2)])
= —3w(Q(s1k), Q(s2)) — 3w(Q(s1), Qls2k))
= —1Re(s1kqsz) + 5 Re(s10ksz)
= 1 Re(s1(q, KIs2),

(4.1.2.8)

which must vanish for all s1,s5 € S, so that [g, k] = 0 and hence q = A1+ pk for some A\, p € R. A
similar calculation with B and P shows that g must anti-commute with i and j and thus q = pk.
So the action of s5 = s0(3,2) on s defines a Lie algebra homomorphism so(3,2) — sp(4,R),
which is clearly non-trivial. Since s0(3,2) is simple, it is injective and a dimension count shows
that this is an isomorphism. But as representations of s0(3,2), ®2s; = A%V, where V is the
5-dimensional vector representation of sz, and, since A%V = s0(V) = s5, we have that there
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is a one-dimensional space of sg-equivariant maps ®%s; — s5. Since [Q, Q] # 0, the bracket
©2s7 — 55 is an isomorphism. Thus s is, by definition, isomorphic to osp(1[4).

The Carroll Superalgebra

For ¢ the Carroll Lie algebra (K6 in Table 4.1), Lemma 4.1.1 implies that p = b = h =0,
and then Lemma 4.1.2 says that ¢c; = 0. The [B, Q, Q] super-Jacobi says that ¢z = 0, and the
[P, Q, Q] super-Jacobi says that c; = 0. The only non-zero bracket involving Q is

[Q(s), Q(s)] = cols*H, (4.1.2.9)

which is non-zero for cg # 0. If so, we can set cg = 1 via an automorphism of £ which rescales
H and P, say, by cg. In summary, there is a unique Carroll superalgebra with brackets

[Q(s), Q(s)] = IsI*H, (4.1.2.10)

in addition to those of the Carroll Lie algebra itself. This Lie superalgebra is a contraction of
the Poincaré superalgebra. We will show this explicitly in Section 4.3.

The Galilean Superalgebras

For ¢ the Galilean Lie algebra (K2 in Table 4.1), Lemma 4.1.1 says that b = p = 0, and
Lemma 4.1.2 says that ¢; = 2¢coh. The [B, Q, Q] super-Jacobi identity says that ¢; = 0 and
co = 0. The [P, Q, Q] super-Jacobi identity is now identically satisfied, whereas the [H, Q, Q]
super-Jacobi identity gives

hca +cch=0  and ¢y 4 hcs +czh = 0. (4.1.2.11)

Since €2 and €3 cannot both vanish, we see that this is only possible if h € Im H; therefore,
these equations become [h,c3] =0 and ¢co = [C3, h]. There are two cases to consider, depending
on whether or not h vanishes. If h = 0, then ¢, = 0 and c3 is arbitrary. If h # 0, then on the
one hand ¢5 is collinear with h, but also ¢ = [C3, h], which means that co = 0 so that c3 # 0 is
collinear with h. In either case, ¢3 # 0 and h = {c3, where 1 € R can be zero.

This gives rise to the following additional brackets
H,Q(s)] =¥Q(sc3)  and  [Q(s),Q(s)] = —P(sC35). (4.1.2.12)

We may use the automorphisms of H to bring ¢3 = ¢k, for some non-zero ¢ € R. We can set
¢ = 1 by an automorphism of ¢ which rescales P and also B and H suitably. This still leaves
the freedom to set P =1 if P # 0. In summary, we have two Galilean superalgebras:

H,Q(s)] = {(()Q(sk) and [Q(s), Q(s)] = —P(sks). (4.1.2.13)

The first one (where [H,Q] = 0) is a contraction of the Poincaré superalgebra, whereas the
second (where [H, Q] # 0) is not.
Lie Superalgebras Associated with the Static Kinematical Lie Algebra

The static kinematical Lie algebra is K1 in Table 4.1. In this case, Lemma 4.1.1 says that
b =p =0 and Lemma 4.1.2 says that ¢; = 2coh. The [H, Q, Q] super-Jacobi identity says that
h € ImH and that [h,c;] =0 for i = 1,2, 3. Finally, either the [B,Q, Q] or [P, Q, Q] super-Jacobi
identities say that ¢; = 0, so that hco = 0. This means that either h = 0 or else cg = 0 (or both).

There are several branches:

1. If ¢ = 0 and h # 0, ¢2 and c3 are collinear with h, but cannot both be zero. Using
automorphisms of the static kinematical Lie algebra, and the ability to rotate vectors, we
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can bring h = 1k, ¢2 = 0 and c3 = k, so that we have a unique Lie superalgebra in this
case, with additional brackets

H,Q(s)] = 1Q(sk) and [Q(s), Q(s)] = —P(sks). (4.1.2.14)

2. If co =0 and h =0, ¢y and c3 are unconstrained, but not both zero. We distinguish two
cases, depending on whether or not they are linearly independent:

(a) If they are linearly dependent, so that they are collinear, then we can use automor-
phisms to set Co, say, to zero and c3 = K. This results in the Lie superalgebra

[Q(s), Q(s)] = —P(sks). (4.1.2.15)

(b) If they are linearly independent, we can bring them to €2 = j and ¢35 = K, resulting
in the Lie superalgebra

[Q(s), Q(s)] = —B(sjs) — P(sks). (4.1.2.16)

3. Finally, if ¢g # 0, then h = 0 and, again, Cs and €3 are unconstrained, but can now be zero.
Moreover we can rescale H so that cg = 1. We have three cases to consider, depending on
whether they span a zero-, one- or two-dimensional real subspace of Im H:

(a) If co = c3 = 0, we have the Lie superalgebra

[Q(s), Q(s)] = Is|*H. (4.1.2.17)

(b) If co and c3 span a line, then we may use the automorphisms to set c; = 0 and
c3 = K, resulting in the Lie superalgebra

[Q(s), Q(s)] = Is|*H — P(sks). (4.1.2.18)

(¢) Finally, if co and c3 are linearly independent, we may use the automorphisms to set
C2 = j and c3 =K, resulting in the Lie superalgebra

[Q(s), Q(s)] = Is|*H — B(sjs) — P(sks). (4.1.2.19)

Lie Superalgebras Associated with Kinematical Lie Algebra K3,

Here, Lemma 4.1.1 says that b = p = 0 and Lemma 4.1.2 says that ¢; = 2coh. The [B, Q, Q]
super-Jacobi identity says that ¢; = 0 and cg = 0, whereas the [P, Q, Q] super-Jacobi identity
offers no further conditions. Finally, the [H, Q, Q] super-Jacobi identity gives two conditions

vcy =hey +coh  and  c3 = hes + csh, (4.1.2.20)
which are equivalent to
(y—2Reh)cy =[Imh,c3] and (1—2Reh)cs =[Imh,cs]. (4.1.2.21)
We see that we must distinguish two cases: y =1 and y € [-1,1).

If v # 1, then we have two cases, depending on whether Reh = % or Reh = %y. In the
former case, Co = 0 and Im h is collinear with c3 # 0, whereas, in the latter, c3 =0 and Imh is
collinear with ¢y # 0.

If v = 1, then Reh = % and Co, Imh and c3 are all collinear, with at least one of ¢, and
C3 non-zero. When y = 1, the automorphisms of K include the general linear group GL(2,R)
acting on the two copies of the vector representation. Using this fact, we can always assume
that co =0 and c3 #0.
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In either case, all non-zero vectors are collinear and we can rotate them to lie along the k
axis. In the case y =1, we have a one-parameter family of Lie superalgebras:

H,Q(s)] = 3Q(s(1 +Ak)) and [Q(s),Q(s)] = —P(sks), (4.1.2.22)

where we have used the freedom to rescale P in order to set ¢3 = K. This is also a Lie superal-
gebra for vy # 1.

If v # 1, we have an additional one-parameter family of Lie superalgebras:
H,Q(s)] = 3Q(s(y +Ak)) and [Q(s),Q(s)] = —B(sks). (4.1.2.23)

The parameter A is essential; that is, Lie superalgebras with different values of A are not
isomorphic. One way to test this is the following. Let [—,—] denote the above Lie bracket.
This satisfies the super-Jacobi identity for all A € R. Write it as [—, —]x = (1—A)[—, —]o+A[—, 1.
The difference [—,—]; — [—,—]o is a cocycle of the Lie superalgebra with A = 0. The parameter
would be inessential if and only if it is a coboundary. Ome can check that this is not the
case. This same argument shows that the parameters appearing in other Lie superalgebras are
essential as well.

Lie Superalgebras Associated with Kinematical Lie Algebra K4,

Here, Lemma 4.1.1 says b = p = 0 and Lemma 4.1.2 says that ¢; = 2coh. Then either the
[B,Q, Q] or [P, Q, Q] super-Jacobi identities force ¢; = 0 and c¢g = 0. The [H, Q, Q] super-Jacobi
identity results in the following two equations:

XCa —C3 =hcy +coh  and  xC3 + Co = hes + c3h, (4.1.2.24)
or equivalently,
(x —2Reh)cg —c3=[Imh,cs] and (x—2Reh)cs+co =[Imh,cs]. (41225)

Taking the inner product of the first equation with ¢y and of the second equation with c3 and
adding, we find
(x —2Reh)(lcal? + [c3/?) = 0, (4.1.2.26)

and since Cy and C3 cannot both be zero, we see that Reh = ¥, and hence that
Im I"l7 Col =—C3 and [Im |"l7 Cc3l = Co, (41227)

so that c3 L Co. This shows that (Imh,cs,Cz) is an oriented orthogonal (but not necessarily
orthonormal) basis. We can rotate them so that Imh = ¢J, ¢c3 =Pk and ¢y = 2¢)i, but then
we see that ¢2 = %. Using the automorphism of ¢ which rescales B and P simultaneously by
the same amount, we can assume that ¢3 = k; then, if Imh = i%j, we find ¢y = +i. But the
two signs are related by the automorphism of H which sends (i, j,K) — (—i,—j,K). In summary,
we have a unique Lie superalgebra associated with this kinematical Lie algebra:

H,Q(s)] = 3Q(s(x +]j)) and [Q(s),Q(s)] = —B(sis) — P(sks). (4.1.2.28)

Lie Superalgebras Associated with Kinematical Lie Algebra K5

Here, Lemma 4.1.1 says that b = p = 0 and Lemma 4.1.2 says that ¢; = 2coh. The [B, Q, Q]
super-Jacobi identity forces co = ¢; = 0, which then satisfies the [P, Q, Q] super-Jacobi identity
identically. The [H, Q, Q] super-Jacobi identity gives two further equations

Co =hcy +csh and ¢y +c5 = hes + csh. (4.1.2.29)

The first equation is equivalent to

(1—2Re(h))co = [Imh, c,l. (4.1.2.30)
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If co # 0, then Reh = % and Imh is collinear with co. But then the second equation says that
C2 = [Im h, c3], which is incompatible with ¢ and Imh being collinear. Therefore, ¢ = 0 and
the second equation then says that Reh = % and that Imh is collinear with ¢35 # 0. In this

instance, we have the following additional brackets
[H,Q(s)] = $Q(s(1+Acs)) and [Q(s), Q(s)] = —P(scs8), (4.1.2.31)

where A € R. We may rotate c3 to Pk, for some non-zero { € R. We can then rescale P and B
simultaneously by the same amount to set { = 1. In summary, we are left with the following
one-parameter family of Lie superalgebras:

H,Q(s)] = $Q(s(1+Ak)) and [Q(s),Q(s)] = —P(sks). (4.1.2.32)

As in the case of the Lie superalgebras associated with Lie algebra K3,, the parameter A is
essential and Lie superalgebras with different values of A are not isomorphic.

Lie Superalgebras Associated with Kinematical Lie Algebra K12

Lemma 4.1.1 says that b? = 1b, so that b € R, [h,p] =0 and p? = $(b— 1), so that p € ImH.
(In particular, bp = 0.) Lemma 4.1.2 does not simplify at this stage. The [H, Q, Q] super-Jacobi
identity says that co Reh =0 and that hc; + ¢;h = 0 for i = 1,2,3. The [B, Q, Q] super-Jacobi
identity says that bc; = 0, bcg = 0 and ¢; = (2b — 1)cy. Finally, the [P, Q, Q] super-Jacobi

identity says that cop = 0, among other conditions that will turn out not to play a role.

We have two branches depending on the value of b:

1. If b = 0, p? = —1, so that co = 0. This means ¢; + C; = 0 and €3 = 2¢;p and none
of €123 can vanish. This means that Reh = 0 and that h and c; are collinear for all
i =1,2,3. Also, h and p are collinear, which is inconsistent, unless h = 0: indeed, if
p and c; are collinear with h # 0, then c3 = 2¢;p cannot be satisfied, since the L.H.S.
is imaginary but the R.H.S. is real and both are non-zero. Therefore, we conclude that
h = 0. The condition C3 = 2¢;p says that there exists 1 > 0 such that (p~'cy,2p,p~'c3)
is an oriented orthonormal basis, which can be rotated to (i, J, k). In other words, we can
write C; =i, p = %j and c3 = VK, so that ¢c; = —pi. We may rescale Q to bring { =1
and we may rotate (i, j,K) — (—i, j, —K) to arrive at the following Lie superalgebra:

[P(m), Q(s)] = %Q(sj] and [Q(s), Q(s)] = J(sis) — B(sis) + P(sks). (4.1.2.33)

2. If b= %, then p =0, ¢c; =c3 =0, and 3 = 2¢oh with cg # 0. We have two sub-branches,
depending on whether or not h = 0.

(a) If h =0, we have the following Lie superalgebra, after rescaling H to set co = 1:
[B(B),Q(s)] = $Q(Bs) and [Q(s), Q(s)] = [s]H. (4.1.2.34)

(b) On the other hand, if h # 0, we may rotate it so that 2h = {k for some 1 such that
Pco > 0. Then we may rescale H and Q in such that a way that we bring {cg = 1,
thus arriving at the following Lie superalgebra:

[B(B),Q(s)] = 3Q(Bs), [H,Q(s)] = 1Q(sk) and [Q(s),Q(s)] =Is*H — B(sks).
(4.1.2.35)

Lie Superalgebras Associated with Kinematical Lie Algebra K13

Here, Lemma 4.1.1 says that b? = b, so that b € R and p? = —1(b— ) € R. Lemma 4.1.2
does not simplify further at this stage. The [H, Q, Q] super-Jacobi identity says that co Reh =0
and hc; +¢;h =0 for i = 1,2,3. The [B,Q, Q] super-Jacobi identity says that bc; = bcg = 0,
whereas (b — )¢, = ici. Finally, the [P,Q, Q] super-Jacobi identity says that ¢; = 2pcs,
C3 = —2pcCq and €3 = 2pC; .
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As usual we have two branches depending on the value of b:

1. If b = 0, then p? = %. Due to the automorphism of ¢ which changes the sign of P,
we may assume p = % without loss of generality. It follows that ¢; = coh and that
Co = —C1 = —cgh and that ¢c3 = ¢1 = cgh. If ¢g = 0, then ¢; = 0 for all i, so we must have
co # 0. In that case, h € ImH and h is collinear with all ¢; for 1 =1,2,3. We distinguish
two cases, depending on whether or not h = 0:

(a) If h # 0, we may rotate it so that h = Pk, where {cy > 0. We may rescale H + p~'H
(which is an automorphism of €) and rescale Q to bring Pcg = 1. In summary, we
arrive at the following Lie superalgebra:

H,Q(s)] = Q(sk), [P(m),Q(s)] = 3Q(ns)  and [Q(s),Q(s)] = [s|*H—J(sks)+B(sks)—P(sks).
(4.1.2.36)

(b) If h =0, then we have the Lie superalgebra
[P(m),Q(s)] = % (ms) and  [Q(s), Q(s)] = [s|*H. (4.1.2.37)
2. Ifb= %, then p =0 and ¢; = ¢3 = 0 with ¢ = 2¢oh with ¢g # 0 and h € ImH. Again, we
distinguish between vanishing and non-vanishing h:

(a) If h # 0, we may rotate it so that 2h = Pk with Pcyg > 0. We apply the &
automorphism H — {~'H and rescale Q to bring {cy = 1, thus resulting in the
Lie superalgebra

H,Q(s)] = $Q(sk), [B(B),Q(s)] = 3Q(Bs) and [Q(s),Q(s)] =Is|*H — B(sks).
(4.1.2.38)

(b) If h =0, we arrive at the Lie superalgebra
(B(B),Q(s)] = $Q(Bs) and [Q(s), Q(s)] = |s]H. (4.1.2.39)

Lie Superalgebras Associated with Kinematical Lie Algebra K14

Here, Lemma 4.1.1 says that p = 0 and 2b? = b, so that b € R. Lemma 4.1.2 says that
%Cl + csb = cgh. The [P, Q, Q] super-Jacobi identity says that ¢; = 0, so that coh = c3b.
The [B, Q, Q] super-Jacobi identity says that (2b —1)ce =0 and bcs = 0, whereas the [B, Q, Q]
super-Jacobi identity says that hc; +cih = 0 for i = 2, 3.

We have two branches, depending on the value of b:
1. If b =0, then ¢ = 0, and we have two sub-branches depending on whether or not ¢y = 0:

(a) If cg = 0, then c3 # 0, so that Reh = 0 and h is collinear with cz. We may rotate
C3 to lie along k, say, and then use automorphisms of £ to set ¢ = k. If h = 0,
we may also set it equal to K. In summary, we have two isomorphism classes of Lie
superalgebras here:

[H,Q(s)}—{g(sk) and  [Q(s), Q(s)] = —P(sks). (4.1.2.40)

(b) If ¢p # 0, then h = 0 and c3 is free: if non-zero, we may rotate it to K and, rescaling P

with the automorphisms of £, we can bring it to k. Rescaling H we can bring ¢y = 1.
This gives two isomorphism classes of Lie superalgebras:

[Q(s),Q(s)] =Is*H and  [Q(s), Q(s)] = Is|*H — P(sks). (4.1.2.41)

%, then ¢3 = 0 and €y = 2¢gh, and we have two cases, depending on whether or not

89



(a) If h =0, then ¢y =0, and then cg # 0. Rescaling H, we can set ¢y = 1 and we arrive
at the Lie superalgebra

[B(B),Qls)] = 3Q(Bs) and [Q(s), Q(s)] = Is|°H. (4.1.2.42)

(b) If h # 0, we can rotate and rescale Q such that c; = 2coh = k and then we can
rescale H so that co = 1. The resulting Lie superalgebra is now

[H,Q(s)] = 3Q(sk), [B(B),Qs)] = 3Q(Bs) and [Q(s),Q(s)] =Is*H — B(sks).
(4.1.2.43)

Lie Superalgebras Associated with Kinematical Lie Algebra K15

Here, Lemma 4.1.1 says that b = p = 0, whereas Lemma 4.1.2 says that ¢; = 2¢oh. The
B, Q, Q] super-Jacobi identity says that ¢; = co = 0, and hence the [P, Q, Q] component is
identically satisfied. Finally, the [H, Q, Q] super-Jacobi identity says that hcs + ¢czh = 0, which
expands to

2Re(h)cs + [Imh,c3] = 0. (4.1.2.44)

We have two branches of solutions:

1. If ¢g =0, then c3 # 0, Reh = 0 and h is collinear with c3. We may rotate c3 to lie along k
and then rescale Q so that ¢z = k. If h # 0, we may use automorphisms of £ to set h =k
as well. In summary, we have two isomorphism classes of Lie superalgebras:

Q(sk)

0 and [Q(s), Q(s)] = —P(sks). (4.1.2.45)

[H7Q(S)] - {

2. If ¢g # 0, then h = 0 and c3 is unconstrained. If non-zero, we may rotate it to lie along
k, rescale Q so that c3 = k and then use automorphisms of ¢ to set ¢g = 1. In summary,
we have two isomorphism classes of Lie superalgebras:

[Q(s),Q(s)] =Is*H or [Q(s),Q(s)] = |s|*H — P(sks). (4.1.2.46)

Lie Superalgebras Associated with Kinematical Lie Algebra K16

Here, Lemma 4.1.1 says that p = 0 and b(b — %) =0, so that b € R. Lemma 4.1.2 then says
that coh = 2¢1 + c2b. Now the [P, Q, Q] super-Jacobi identity says that co =0 and ¢; = 0, so
that cob = 0. The [H, Q, Q] super-Jacobi identity says that hcy + cah = 0 and hcs + csh = cs.
Finally the [B, Q, Q] super-Jacobi identity says that bcs = 0 and (b — %)Cg =0.

Notice that if b = % then ¢3 = 0 and ¢y = 0, contradicting [Q,Q] # 0, so we must have
b =0. Now ¢y = 0 and hence ¢3 # 0. It then follows that Reh = % and Imh is collinear
with €¢3. We can rescale P (which is an automorphism of £) and rotate so that ¢ = K, so that

h = %(1 + Ak) for A € R. The resulting one-parameter family of Lie superalgebras is then
H,Q(s)] = 2Q(s(1 +Ak)) and [Q(s),Q(s)] = —P(sks). (4.1.2.47)

As in the case of the Lie superalgebras associated with Lie algebras K3, and K5, the parameter
A is essential and Lie superalgebras with different values of A are not isomorphic.

Lie Superalgebras Associated with Kinematical Lie Algebra K17

Here, Lemma 4.1.1 simply sets b = p = 0 and Lemma 4.1.2 says ¢; = 2coh. The [P,Q, Q]
super-Jacobi identity sets ¢; = 0 and hence coph = 0. The [B, Q, Q] super-Jacobi identity sets
co = 0 and ¢ = 0, whereas the [H, Q, Q] super-Jacobi identity says that h is collinear with
c3 # 0. We can rotate C3 to lie along Kk and rescale Q to effectively set it to k. Then h = %k for
some P and rescaling H allows us to set 1 = 1. In summary, we have a unique Lie superalgebra
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associated with this kinematical Lie algebra; namely,

H,Q(s)] = 1Q(sk) and [Q(s), Q(s)] = —P(sks). (4.1.2.48)

Lie Superalgebras Associated with Kinematical Lie Algebra K18

Here, Lemma 4.1.1 simply sets b = p = 0, and Lemma 4.1.2 says ¢; = 2¢cph. The [P,Q, Q]
super-Jacobi identity sets ¢; = 0 and cg = 0, whereas the [B, Q, Q] super-Jacobi identity sets
c2 = 0. Finally, the [H, Q, Q] super-Jacobi identity says that Reh = 1 and Im h = Acs for some
A € R. We can rotate C3 to lie along Kk and rescale Q to effectively set it to K. Then h = 1+Ak. In
summary, we have a one-parameter family of Lie superalgebras associated with this kinematical
Lie algebra; namely,

H,Q(s)] = Q(s(1+Ak)) and [Q(s),Q(s)] = —P(sks). (4.1.2.49)

As in the case of the Lie superalgebras associated with Lie algebras K3,, K5 and K16, the
parameter A is essential and Lie superalgebras with different values of A are not isomorphic.

4.1.3 Summary

Table 4.3 summarises the results. In that table, we list the isomorphism classes of kinematical
Lie superalgebras (with [Q, Q] # 0). Recall that the Lie brackets involving Q are the [Q, Q]
bracket and also

[H,Q(s)] = Q(sh), [B(B),Q(s)] = Q(Bsb), [P(m), Qls)] = Q(msp), (4.1.3.1)

for some h,b,p € H. In Table 4.3, we list any non-zero values of h,b, p and the [Q, Q] bracket.
The first column is simply the label for the Lie superalgebra, the second column is the cor-
responding kinematical Lie algebra, the next columns are h,b,p and [Q,Q]. The next four
columns are the possible so(3)-equivariant Z-gradings (with J of degree 0) compatible with the
Z,-grading; that is, such that the parity is the reduction modulo 2 of the degree. This requires,
in particular, that q be an odd integer, which we can take to be —1 by convention, if so desired.

Despite all of the Lie superalgebras in Table 4.3 producing spacetime supersymmetry, there
are some important qualitative differences between those Lie superalgebras that have the time
translation generator H in the [Q, Q] bracket and those that do not. In particular, theories
invariant under a supersymmetry algebra for which [Q, Q] = H are guaranteed to have a non-
negative energy spectrum [88]. Therefore, for the construction of phenomenological models,
these Lie superalgebras may be of more interest.

Unpacking the Quaternionic Notation

The quaternionic formalism we have employed in the classification of kinematical Lie superal-
gebras, which has the virtue of uniformity and ease in computation, results in expressions that
are perhaps unfamiliar and, therefore, might hinder comparison with other formulations. In
this section, we will go through an example illustrating how to unpack the notation.

The non-zero, supersymmetric brackets of the Poincaré superalgebra S14 are given by

[B(B),Qs)] = Q(1psk) and [Q(s),Q(s)] = Is|*H — P(sks), (4.1.3.2)
where
3 4
B(B)=) BiB:i and Q(s)=) s4Qa, (4.1.3.3)
i=1 a=1
and where
B=P1i+Poj+Psk and s=sii+soj+s3kK+sy. (4.1.3.4)
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Table 4.3: Kinematical Lie Superalgebras (with [Q, Q] # 0)

s# | e | n |b]p] [Q(s), Q(s)] [wa | ws | we | wq
1 K1 1k —P(sks) 0 2m 2q q
2 K1 Is|2H — B(sjs) — P(sks) 2q 2q 2q q
3 K1 Is|?H — P(sks) 2q 2m 2q q
4 K1 Is|?H 2q 2m 2p q
5 K1 —B(sjs) — P(sks) 2n 2q 2q q
6 K1 —P(sks) 2n 2m 2q q
7 K2 k —P(sks) 0 2q 2q q
8 K2 —P(sks) 2n | 2(q—n) 2q q
9yer-11aer | K3y | 3(1+2K) —P(sks) 0 2m 2q q
10ye-1,naer | K3y | 3(v+AK) —B(sks) 0 2q 2p q
1150 Ka, | 1(x+1]) —B(sis) — P(sks) 0 2q 2q q
12x¢R Ks | 2(1+2k) —P(sks 0 2q 2q q
13 K6 s[>H 2q 2m 2(q—m) | q
14 K8 1k Is|2H — P(sks) 2q 0 2q q
15 K11 1k Li | 3j | IsPH + J(sks) + B(sjs) — P(sis) | — — — —
16 K12 1j J(si5) — B(sis) + P(sks) — — — —
17 K12 1 s|>H 2q 0 q
18 K12 1k 1 s|>?H — B(sks) - = = -
19 K13 k L | Isl?H — J(sks) + B(sks) — P(sks) | — - - —
20 K13 1 s[2H 2q 0 0 q
21 K13 1 s|>H 2q 0 0 q
22 K13 1k 1 [s|?H — B(sks) - - - -
23 K14 k —P(sks) 0 0 2q q
24 K14 —P(sks) 2n 0 2q q
25 K14 s|>H 2q 0 2p q
26 K14 Is|?H — P(sks) 2q 0 2q q
27 K14 1 Is|?H 2q 0 2p q
28 K14 1k 1 |s|?H — B(sks) = = = -
29 K15 k —P(sks) — — - -
30 K15 —P(sks) - - - =
31 K15 s|>H 2q 2m 4m q
32 K15 |s|?H — P(sks) — — — —
33rcr K16 | 1(1+Ak) —P(sks) 0 0 2q q
34 K17 ik —P(sks) - - = =
35x¢R K18 | 1+2Ak —P(sks) - - - —

The first column is our identifier for s, whereas the second column is the kinematical Lie algebra
¢t = 55 in Table 4.1. The next four columns specify the brackets of s not of the form [J,—].
Supercharges Q(s) are parametrised by s € H, whereas J(w), B(B) and P(n) are parametrised

by w,B,m € ImH. The brackets are given by [H, Q(s)]

Q(sh), [B(B),Q(s)] = Q(Bsb) and

[P(n), Q(s)] = Q(msp), for some h;b,p € H. (This formalism is explained in Section 2.1.5.) The
final four columns specify compatible gradings of s, with m,n,p,q € Z and q odd.

This allows us to simply unpack the brackets into the following expressions

4 3
Bi.Qd =1 QuBi’a and [Qa,Qul=Y Puy,.
b=1 pu=0

Here, we have introduced Py = H, and the matrices B; := [Bi°4] are given by

0 162) and By = ((];

0

/31:(*

1 _()1)’ ﬂQ:(

710‘2 0
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)
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(4.1.3.6)



Additionally, the symmetric matrices y* := [y, ] are given by

10 01 0 —o ~1 0
0 _ 1 _ 2 _ 2 3 _
7= <() 1)’ v _<1 ())’ v _<iag 0 ) and _(() 1>' (4.13.7)

As will be shown in Section 4.2.5, there is a two-parameter family of symplectic forms on the
spinor module S which are invariant under the action of B; and J;. They are given by

w(s1,s2) := Re(sy (ad 4 B])52), (4.1.3.8)

for o, B € R not both zero. We may normalise w such that «? + p2 = 1, resulting in a circle of
symplectic structures. Relative to the standard real basis (i, j, K, 1) for H, the matrix Q of w is
given by Q = ioy ® (—ao; + Bo3), whose inverse is Q~' = —Q, due to the chosen normalisation.
Let us define endomorphisms y* of S such that (y*)%, = (Qfl)acysb. Explicitly, they are given
by

Y0 =i0e ® (xo1 — Bo3) v?=-1® (xo3 + Boy)

) s (4.1.3.9)
Y =03 ® (o1 — Bo3) v =01 ® (o1 — Bos).
It then follows that these endomorphisms represent the Clifford algebra C{(1, 3):
Yy + Yyt = -2tV (4.1.3.10)

4.1.4 Classification of Aristotelian Lie Superalgebras

Table 4.4 lists the Aristotelian Lie algebras (with three-dimensional space isotropy), classified in
[5, App. A]. In this section, we classify the N = 1 supersymmetric extensions of the Aristotelian
Lie algebras (with [Q, Q] # 0).

Table 4.4: Aristotelian Lie Algebras and their Spacetimes

A# | Non-zero Lie brackets | Spacetime

1 A

2 | HP=P TA

3, [P,P]=J |RxS?
3. [P,P]=-J | RxH3

Lie Superalgebras Associated with Aristotelian Lie Algebra Al

We start with the static Aristotelian Lie algebra Al, whose only non-zero brackets are [J,J] =J
and [J, P] =P. Any supersymmetric extension s has possible brackets

[H,Q(s)] = Q(sh), [P(n),Q(s)] = Q(msp) and [Q(s),Q(s)] = cols|*H — J(sCy5) — P(sC35),

(4.14.1)
for some h;p € H, ¢y € R and ¢1,¢3 € ImH, using the same notation as in Section 4.1.2. We
can re-use Lemmas 4.1.1 and 4.1.2, by setting b = 0 and ¢, = 0 and ignoring B. Doing so, we
find that p = 0 and that ¢; = 2coh. The [H, Q, Q] component of the super-Jacobi identity gives
coReh = 0 (which already follows from Lemma 4.1.2), ¢;h +hc; = 0 and czh +hcs = 0. The
[P,Q, Q] component of the super-Jacobi identity says that [sc;S,71] = 0 for all m € ImH and
s € H, which says ¢; =0 and hence ¢cph = 0. This gives rise to two branches:

1. If co = 0, then c3 # 0 and the condition czh+hcs = 0 is equivalent to [Im h, c3] = —2c3 Reh,
which says Reh = 0, and, therefore, that h and c3 are collinear. We can change basis so
that ¢c3 = k and h = K if non-zero. This leaves two possible Lie superalgebras depending
on whether or not h = 0:

Q(sk)

0 and [Q(s), Q(s)] = —P(sks). (4.1.4.2)

H,Q(s)] = {
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2. If ¢y # 0, then h = 0 and c3 is free. We can set ¢y = 1 and, if non-zero, we can also set
c3 = K. This gives two possible Lie superalgebras:

|s|*H

SPH — P(sks). (4.1.4.3)

[Q(s), Q(s)] z{

Lie Superalgebras Associated with Aristotelian Lie Algebra A2

Let us now consider the Aristotelian Lie algebra A2, with additional bracket [H,P] = P.
Lemma 4.1.1 says p = 0 and Lemma 4.1.2 says that ¢; = 2¢coh. The [H,Q, Q] component
of the super-Jacobi identity implies that co Reh = 0 (which is redundant), ¢c;h +hc; = 0 and
c3h 4+ hcs = c3, whereas the [P, Q, Q] component results in [sCi5, 71 = 2cols|?m for all m e ImH
and s € H. This can only be the case if ¢y = 0; therefore, ¢; = 0, which then forces c3 # 0. The
equation Cszh + hcs = ¢3 results in [Imh, ¢3] = (1 — 2Reh)cs, which implies Reh = % and Imh
collinear with c3. We can change basis so that ¢ = k and we end up with a one-parameter
family of Lie superalgebras with brackets

H,Q(s)] = Q(3s(1+2K)), [Q(s),Q(s)] = —P(sks) (4.1.4.4)

for A € R, in addition to [H, P(m)] = P(m).

Lie Superalgebras Associated with Aristotelian Lie Algebras A3

Finally, we consider the Aristotelian Lie algebras A3. with bracket [P,P] = +J. Lemma 4.1.1
says that [h,p] = 0 and p? = ii, whereas Lemma 4.1.2 says that coh = %Cl + c3p. The
[H, Q, Q] super-Jacobi says co Reh =0, ¢c;h 4+ hc; = 0 and ¢zh + hes = 0, whereas the [P, Q, Q]
super-Jacobi gives the following relations:

coRe(smsp) =0, 7spcss — scspsm = $[m,s¢i5] and  7spcys — sCiPsm = +3 [m, sC33).
(4.14.5)
We must distinguish two cases depending on the choice of signs.

1. Let’s take the + sign. Then p? = i € R. Without loss of generality, we can take p = %
by changing the sign of P if necessary. Then the [P, Q, Q] super-Jacobi equations say that
¢1 = c3 and hence coh = c¢y. If ¢cg = 0, then ¢; = ¢35 = 0, hence we take ¢y # 0 and thus
Reh = 0. We can change basis so that ¢y = 1 and hence h = ¢; = ¢3. If non-zero, we can
take them all equal to K. In summary, we have two possible Aristotelian Lie superalgebras
extending A3, , with brackets [P(m), P(n’)] = %J([T[, 7']) and, in addition, either

[P(n),Q(s)] = Q(37s), and [Q(s),Q(s)] =Is|*H (4.1.4.6)

or

H,Q(s)] = Q(sk), [P(m),Q(s)] =Q(3ms) and [Q(s),Q(s)] = Is|*H — J(sks) — P(sks).

(4.14.7)

2. Let us now take the — sign. Here p? = —i, so that p € ImH (and p # 0) and Imh is
collinear with p. The [H, Q, Q] super-Jacobi equations force h = 0 and the [P, Q, Q] super-
Jacobi equations force ¢g = 0 and Cc3p = f%cl. This means that (cq,2p, Cs3) is an oriented

orthonormal frame for Im H and hence we can rotate them so that (cy,2p, c3) = (-], i, k),
for later uniformity. This results in the Aristotelian Lie superalgebra extending A3_ by
the following brackets in addition to [P(m), P(7t')] = —%J([TC, 7']):

[P(n), Qs)] = Q(47si) and  [Q(s), Q(s)] = J(sj5) — P(sks). (4.1.4.8)

These results are summarised in Table 4.5 below, together with the possible compatible Z-
gradings. This table also classifies the homogeneous Aristotelian superspaces for similar reasons
to the non-supersymmetric case; see Section 3.2 for a definite explanation.
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Table 4.5: Aristotelian Lie Superalgebras (with [Q, Q] # 0)

S# ‘ a ‘ h ‘ p ‘ [Q(s), Q(s)] ‘ wy ‘ Wwp ‘ wq
36 Al k —P(sks) 0 | 29 | ¢
37 Al —P(sks) 2n | 2q q
38 Al Is|2H 29 | 2p | ¢
39 Al |s|?H — P(sks) 2q | 2q q
40rcr | A2 1(1+2k) —P(sks) 0 | 2q q
41 A3, i s|2H 2q 0 q
42 A3, k L1 Is?H — J(sks) — P(sks) | — — —
43 A3_ 2i J(sjs) — P(sks) — — —

The first column is our identifier for s, whereas the second column is the Aristotelian Lie algebra
a = s5 in Table 4.4. The next three columns specify the brackets of s not of the form [J,—].
Supercharges Q(s) are parametrised by s € H, whereas J(w) and P(n) are parametrised by
w, 7t € ImH. The brackets are given by [H,Q(s)] = Q(sh) and [P(m), Q(s)] = Q(7mtsp), for some
h,p € H. (The formalism is explained in Section 2.1.5.) The final three columns are compatible
gradings of s, with n,p,q € Z and q odd.

4.1.5 Central Extensions

In this section, we determine the possible central extensions of the kinematical and Aristotelian
Lie superalgebras.

We start with the kinematical Lie superalgebras. Let s = s; @ s7 be one of the Lie super-
algebras in Table 4.3. By a central extension of s, we mean a short exact sequence of Lie
superalgebras

0 3 5 s 0, (4.1.5.1)

where 3 is central in 5. We may choose a vector space splitting and view (as a vector space)
5 =5 @3 and the Lie bracket is given, for (X,z),(Y,z') € s @3, by

[(X,2), (Y,2")]s = (X, Y]s, w(X,Y)), (4.1.5.2)

where w : A%s — 3 is a cocycle. (Here A is taken in the super sense, so that it is symmetric
on odd elements.) Central extensions of s are classified up to isomorphism by the Chevalley—
Eilenberg cohomology group H2(s), which, by Hochschild-Serre, can be computed from the
subcomplex relative to the rotational subalgebra v C s5. Indeed, we have the isomorphism [107]

H2(s) = H?(s,1). (4.1.5.3)

Let W = spang {H, B, P, Q}. Then the cochains in C2(s,t) are t-equivariant maps A’W — R, or,
equivalently, t-invariant vectors in A2W*. This is a two-dimensional real vector space which, in
quaternionic language, is given for x,y € R by

w(B(B),P(m)) =xRe(Bm) = —w(P(n),B(B)) and w(Q(s1),Q(s2)) =yRe(s132). (4.1.5.4)

The cocycle conditions (i.e., the Jacobi identities of the central extension §) have several com-
ponents. Letting V stand for either B or P, the cocycle conditions are given by

w([H, V(e)], V(B)) + w(V(x), [H,V(B)]) =0,
w(lV(e), V(B V(Y ))+Cy0hc— ;

w([H,Q(s)], Q(s)) = 0,

20([V(a), Q(s)], Q(s)) + w([Q(s), Q( ), V(e)) = 0.

(4.1.5.5)
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The first two of the above equations only involve the even generators and hence depend only
on the underlying kinematical Lie algebra, whereas the last two equations do depend on the
precise superalgebra we are dealing with. In the case of Aristotelian Lie superalgebras, there is
no B and hence V = P in the above equations and, of course, the cocycle can only modify the
[Q, Q] bracket and hence the cocycle conditions are simply

w([H,Q(s)],Q(s)) =0 and w([P(a),Q(s)],Q(s)) = 0. (4.1.5.6)

The calculations are routine, and we will not give any details, but simply collect the results in
Table 4.6, where Z is the basis for the one-dimensional central ideal 3 = spang{Z}, and where
we list only the brackets which are liable to change under central extension.

Table 4.6: Central Extensions of Kinematical and Aristotelian Lie Superalgebras

s# | B(B),Pw | [Q(s), Q(s)]

1 |s|2Z — P(sks)

4 —Re(Bm)Z s|?H

5 s|2Z — B(sJs) — P(sks)
6 s|?Z — P(sks)

7 Is|?Z — P(sks)

8 |s|2Z — P(sks)
10y—0,rcr |s|*Z — B(sks)
11,0 Is|2Z — B(sis) — P(sks)
13 —Re(Bm)(H+2) s|2H

23 |s|2Z — P(sks)

24 Is|2Z — P(sks)

29 s|2Z — P(sks)

30 Is|2Z — P(sks)

34 Is|2Z — P(sks)

36 — Is|2Z — P(sks)

37 — s|2Z — P(sks)

The first column is our identifier for s, whereas the other two columns are the possible central
terms in the central extension 5. Here $,7m € ImH and s € H are (some of) the parameters
defining the Lie brackets in the quaternionic formalism explained in Section 2.1.5.

4.1.6 Automorphisms of Kinematical Lie Superalgebras

In the next section, we will classify the homogeneous superspaces associated to the kinematical
Lie superalgebras. As we will explain below, the first stage is to classify “super Lie pairs” up
to isomorphism. To that end, it behoves us to determine the group of automorphisms of the
Lie superalgebras in Table 4.3, to which we now turn.

Without loss of generality, we can restrict to automorphisms which are the identity when
restricted to v: we call them t-fixing automorphisms. Following from our discussion in Sec-
tion 4.1.1, these are parametrised by triples

(A = (‘Cl z> M, q) € GL(2,R) x R* x H* (4.1.6.1)

subject to the condition that the associated linear transformations leave the Lie brackets in s
unchanged.
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It is easy to read off from equation (4.1.1.33) what (A, p,q) must satisfy for the t-equivariant
linear transformation @ : s — s defined by them to be an automorphism of s, namely:

hg = ugh

bg =q(ab + cp)
pg = q(bb + dp)
teo = [q/%co

gcig=-=¢y
qc2J = acy + bes (4.1.6.2)
(csQ = cCsy + dcCs.

It is then a straightforward — albeit lengthy — process to go through each Lie superalgebra in
Table 4.3 and solve equations (4.1.6.2) for (A,u,q). In particular, (A,pn) € Aut.(t) and they
are given in Table 4.2. The results of this section are summarised in Tables 4.7 and 4.8, which
list the t-fixing automorphisms for the Lie superalgebras S1- S15 and S16-S35, respectively, in
Table 4.3.

The first six Lie superalgebras in Table 4.3 are supersymmetric extensions of the static kine-
matical Lie algebra for which (A, ) can be any element in GL(2,R) x R*.

Automorphisms of Lie Superalgebra S1

Here h = %k, b=p=0,¢c=0,¢ =ce2 =0 and ¢c3 = k. The invariance conditions (4.1.6.2)
give

ugk =kg, bk=0 and dk=qgkdg. (4.1.6.3)
The second equation requires b = 0. The third equation says that the real linear map «g: H — H
defined by «q(X) = gxq preserves the k-axis in Im H.

Lemma 4.1.3. Let gkg = dq for some d € R. Then either d = |g> and q € spang{1,k} or
d = —[ql* and g € spang{i, j}.

Proof. Taking the quaternion norm of both sides of the equation qkq = dq, and using that
q # 0, we see that d = £|q|?> and hence right multiplying by g, the equation becomes +kq = gk.
If kq = gk, then q € spang {1,k} and d = |q|?, whereas if —kq = gk, then q € spang{i, j} and
d =—|q%. O

Taking the quaternion norm of the first equation shows that u = £1 and hence that d = uqf?.
In summary, we have that the typical automorphism (A, u,q) takes one of two possible forms:

A= ((Cl |(;;2>, p=1 and 0=q4+qsk
(4.1.6.4)

or A= (S _|($|2) s u:—l and q:q1|+Q2j

Automorphisms of Lie Superalgebra S2

Here h=b=p=0,¢co=1,¢c; =0, ¢c; =j and ¢3 = k. The invariance conditions (4.1.6.2) give
w=1g% aj+bk=qjg and cj+ dk=qgkqg. (4.1.6.5)

The last two equations say that the real linear map «q : H — H defined earlier preserves the
(j, k)-plane in Im H.

Lemma 4.1.4. The map oq : H — H preserves the (j,K)-plane in ImH if and only if q €
spang {1, i} U spang {j, K}.

Proof. Since q # 0, we can write it as g = [gu, for some unique U € Sp(1) and o = [0°xy.
The map aq preserves separately the real and imaginary subspaces of H, and «q preserves the
(J, K)-plane if and only if ay does. But, for u € Sp(1), &, acts on Im H by rotations and hence
if oy preserves (j,K)-plane, it also preserves the perpendicular line, which, in this case, is the
i-axis. Additionally, since it must preserve length, o (i) = &i. It follows that ogq(i) = %|q/%i, so
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that g too preserves the i-axis. By an argument similar to that of Lemma 4.1.3 it follows that
g belongs either to the complex line in H generated by i or to its perpendicular complement. [

From the lemma, we have two cases to consider: q = q4 + q1i or q = qz2j + qsk. In each
case, we can use the last two equations to solve for a,b,c,d in terms of the components of Q.
Summarising, we have that the typical automorphism (A, w, () takes one of two possible forms:

A (qi—q% 29194
—2q194 q3—q3
2 2
d5—4d3 24243
or A=
(2qzq3 43 — a3

>, p=qi+q; and g=qs+qii
(4.1.6.6)

)7 w=q3+q3 and q=qoj+ qsk.

Automorphisms of Lie Superalgebra S3
Here h=b=p=0, ¢y =1, ¢c; =c2 =0 and c3 = k. The invariance conditions (4.1.6.2) give
u=Ig? ©bk=0 and dk=gkd. (4.1.6.7)

This is very similar to the case of the Lie superalgebra S1; in particular, Lemma 4.1.3 applies.
The typical automorphism (A, u,q) takes one of two possible forms:

0
A=(a > p=Ig” and q=qq+qsk

2
C
|q|() (4.1.6.8)
. A:((cl —|q|2)7 k=107 and q=qii+ qa.

Automorphisms of Lie Superalgebra S4

Here, h=b=p=0,co=1andc; =Cy =c3 =0. The only condition is u = |g|>. Hence the
typical automorphism (A, i, q) takes the form

A:(‘;‘ 2), w=1g2 and gqeH*. (4.1.6.9)

Automorphisms of Lie Superalgebra S5

Here, h=b=p=0,¢c9=0,c; =0, Co =] and c3 = k. The invariance conditions (4.1.6.2) are
here as for the Lie superalgebra S2, except that p is unconstrained. In other words, the typical
automorphism (A, u, () takes one of two possible forms:

Ao (qiq% 29194
—2q194 93 —q7

(q% —4q3 24293
24293 93— q3

)7 w and ¢ =qq+qii
(4.1.6.10)

or A= ) p oand d=qoj +qsk
Automorphisms of Lie Superalgebra S6

Here, h=b =p =0, cyg =0, ¢c; =C =0 and c3 = K. This is similar to Lie superalgebra S3,
except that p remains unconstrained. In summary, the typical automorphisms (A, w,q) takes
one of two possible forms:

A=(a 0), poand g=dqs+qsk

2
c
|q|() (4.1.6.11)
or A= ((Cl 7|q|2>, pw and q=qi1i+ qoj-
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The next two Lie superalgebras (S7 and S8) are supersymmetric extensions of the Galilean Lie
algebra, where (A, u) take the form

a b d
A_(c d) and w=_. (4.1.6.12)

Automorphisms of Lie Superalgebra S7
Here, h=Kk, b=p =0, ¢g =0, c; =C2 =0 and ¢3 = k. The invariance conditions (4.1.6.2) are
dgk = akq and dk=qgkd. (4.1.6.13)

Multiplying the second equation on the right by g, using the first equation and the fact that
q # 0, results in a = d?/|g?, so that a > 0. Taking the quaternion norm of the first equation
shows that a = |d|, so that a = |g/2. The first equation now follows from the second, and that
is solved by Lemma 4.1.3.

In summary the typical automorphism (A, p, q) takes one of two possible forms:

2
A:(m 0>, u=1 and Qg=gqs+qsk

2
C
. |q|0 (4.1.6.14)
. A:(‘q! f|q|2), p=-1 and g=gqii+q.

Automorphisms of Lie Superalgebra S8

Here, h=b=p =0, cy =0, ¢c; =C2 =0 and c3 = k. The invariance conditions (4.1.6.2) reduce
to just dk = gkd, which we solve by Lemma 4.1.3. In summary, the typical automorphism
(A,u, Q) is the same here as in the previous Lie superalgebra, except that a is unconstrained
(but non-zero). It can thus take one of two possible forms:

0 2
(4.1.6.15)

a 0 |q? . .

or A= , =—— and q=qii+qz2j.

<C _|q|2> H a 4=4qil+qz2)

The next two classes of Lie superalgebras are associated with the one-parameter family of

kinematical Lie algebras K3,, whose typical automorphisms (A, p) depend on the value of
€ [—1,1]. In the interior of the interval, it takes the form

a 0
A= (0 d) and p=1. (4.1.6.16)
At the boundaries, this is enhanced: at y = —1, one can also have automorphisms of the form
A= (2 g) and p=-—1, (4.1.6.17)

whereas, at vy = 1, the typical automorphism takes the form
a b
A= (c d) and p=1. (4.1.6.18)

Automorphisms of Lie Superalgebra S9,

Here, h = %(1 +Ak), b=p=0,¢cg=0,cp =cCy =0 and cg = K. The invariance condi-
tions (4.1.6.2) reduce to b =0 and, in addition,

pna(l+Ak) = (1 +2Ak)g and dk =gkg. (4.1.6.19)
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Taking the norm of the first equation, we find that p = #+1. If u = 1, then AK,q] = 0 so that
either A # 0, in which case q € spang{1,K}, or A =0, and q is not constrained by this equation.
The second equation is dealt with by Lemma 4.1.3, which implies that d = %|q?, and since
g # 0, d # 0. This precludes the case p = —1 by inspecting the possible automorphisms (A, p)
of £&. In summary, for generic y and A, the typical automorphism (A, u,q) takes the form

A= (8 |c;;2> ; w=1 and g=qs+qsk, (4.1.6.20)

which is enhanced for y =1 (but A still generic) to

A:(‘C1 &2), w=1 and q=qy+qsk (4.1.6.21)

If A =0, then the automorphisms are enhanced by the addition of (A, w, () of the form

A:(S 7\%\2)’ p=1 and q=qii+qol, (4.1.6.22)

for generic vy or, for y =1 only, also

A:C —\%\2)’ w=1 and q=qii+qj. (4.1.6.23)

Automorphisms of Lie Superalgebra S10, )

Here, h = %(y +Ak), b=p=0,¢c9g=0,c; =c3 =0 and ¢, = k. The invariance condi-
tions (4.1.6.2) imply that ¢ = 0 and also

ug(y +Ak) = (y +Ak)g and ok = gkd. (4.1.6.24)

It is very similar to the previous Lie superalgebra, except here y # 1. Lemma 4.1.3 now says
that either a = |g/? and q = q4 + g3k or a = —|g|? and q = q1i + qz2j. In particular, since q # 0,
a # 0. From the expressions for the automorphisms (A, u) of ¢, we see that u = 1. This means
that the first equation says g commutes with y + Ak. If A =0, this condition is vacuous, but if
A # 0, then it forces q = q4 + q3k and hence a = |q|?.

In summary, for A # 0, we have that (A, u,q) takes the form

2.0
A:('?l d), w=1 and q=qs+qsk, (4.1.6.25)

whereas, if A =0, it can also take the form

_1ql2
A:( ‘(()” 2) w=1 and q=qii+qaj. (4.1.6.26)

The next Lie superalgebra is based on the kinematical Lie algebra K4,, whose automorphisms
(A, u) take the form

a b
A= (_b a) and p=1 (4.1.6.27)
for generic x, whereas, if x = 0, then they can also be of the form
A=(% P} and p=-1 (4.1.6.28)
b —a nd p=-1. .1.6.
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Automorphisms of Lie Superalgebra S11,

Here, h = %(X—Fj), b=p=0,¢g=0,¢;, =0, c;c =iandc3 =K. The invariance condi-
tions (4.1.6.2) reduce to

wg(ix +j) = (x+j)g, gig=ai+bk and gkg=ci+ dk. (4.1.6.29)

The last two equations are solved via Lemma 4.1.4: either q = q4 + q2j or else q = q1i + gsk.
This latter case can only happen when x = 0. Substituting these possible expressions for q in
the last two equations, we determine the entries of the matrix A.

In summary, (A, 1, q) takes the form
A(qi_q% _2q2q4> p=1 and q=qs+qj (4.1.6.30)
29294 qf—q3)’ ’
and, (only) if x =0, it can also take the form
2_ 2
_ (91— 43 2q1q3) _ i
A= , =—1 and = q1i + qsk. 4.1.6.31
(2q1q3 a2 —q? K gd=4qil+qs ( )

The next Lie superalgebra is the supersymmetric extension of the kinematical Lie algebra K5,
whose automorphisms (A, ) are of the form

a 0
A:<C a) and p=1. (4.1.6.32)

Automorphisms of Lie Superalgebra 512,

Here, h = %(1 +AMk), b=p=0,¢g=0,¢, =cy =0 and c3 = K. The invariance condi-
tions (4.1.6.2) reduce to
gh=hg and ak=qkqg. (4.1.6.33)

The second equation is solved via Lemma 4.1.3, which says that either a = |g|> and q = q4+q3k
or a =—q% and q = q1i + q2J. The first equation is identically satisfied if A = 0, but otherwise
it forces q = q4 + q3k and hence a = |g2. In summary, for general A, an automorphism (A, u, q)
takes the form

2
A= (‘qC' |(;J‘2> . u=1 and q=qs+qsk, (4.1.6.34)
whereas if A =0, it can also take the form
—g? 0 . .
A= ¢ —g2) M= 1 and q=qii+q2j. (4.1.6.35)

The next Lie superalgebra is the supersymmetric extension of the Carroll algebra, whose auto-
morphisms (A, u) take the form

A= <2 Z) and p=ad—bec. (4.1.6.36)

Automorphisms of Lie Superalgebra 513

Here h=b=p=0, ¢ =1 and ¢; =2 =3 = 0. The invariance conditions (4.1.6.2) reduce to
a single condition: ad — bc = |g/2. The automorphisms (A, i, q) are of the form

A= (ccl 1;1) , w=ad—bc=Ig” and qeH*. (4.1.6.37)
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The next Lie superalgebra is the Poincaré superalgebra whose (r-fixing) automorphisms (A, p)
can take one of two possible forms:

1 0
A_<c d) and p=d

Lo (4.1.6.38)
or A:(_c d) and p=-—d.

Automorphisms of Lie Superalgebra S14

Here h=p=0,b = %k, co =1, ¢ =cy =0 and c3 = k. The invariance conditions (4.1.6.2)
translate into
+gk=kq, d==|g*® and dk=gkq, (4.1.6.39)

where the signs are correlated and the last equation follows from the first two.

Choosing the plus sign, gk = kg, so that q = q4 + q3k and d = |g/?>, whereas choosing the
minus sign, gk = —Kq, so that q = qi + q2J and d = —|q|%.

In summary, automorphisms (A, i, q) of the Poincaré superalgebra take the form

1 0
A= (C |q|2) y K= |Q|2 and (=q4+ q3k
(4.1.6.40)

-1 0 ; P
or A:(C —Iq\2>’ w=1lg” and q=qii+ gaj-

The next Lie superalgebra is the AdS superalgebra, whose (t-fixing) automorphisms (A, u) are
of the form
A:<a b) and p==+1 (4.1.6.41)
Pb +a ’ B

where a? + b2 = 1.

Automorphisms of Lie Superalgebra S15

Here h = %k7 b= %i, p = %j, co=1,¢ =K, co =] and c3 = i. The invariance condi-
tions (4.1.6.2) include p = [q|?, which forces u = 1. Taking this into account, another of the
invariance conditions (4.1.6.2) is gk = kg, which together with |g| = 1, forces q = e®<. The
remaining invariance conditions are

agi—bgj =ig, bgi+agj =jg, ajg+big=qgj and aiq—bjq=qi. (4.1.6.42)

Given the expression for g, these are solved by a = cos26 and b = sin20. In summary, the
(v-fixing) automorphisms (A, i, q) of the AdS superalgebra are of the form

[ cos20 sin20 B ek
A_<—sin26 cos29>’ w=1 and g=e™. (4.1.6.43)

The next three Lie superalgebras in Table 4.3 are supersymmetric extensions of the kinematical
Lie algebra K12 in Table 4.1, whose t-fixing automorphisms (A, 1) take the following form:

(10 y
A—((] j:l) and peR™. (4.1.6.44)

Automorphisms of Lie Superalgebra S16

Hereh=b=0,p = 1j, co =0, ¢; =—i, ¢c; =i and c3 = —k. The invariance conditions (4.1.6.2)
reduce to
+qi=jg, +gk=kq and qig=i. (4.1.6.45)
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It follows from the last equation that |g] = 1 and hence that gi = iq. Depending on the
(correlated) signs of the first two equations, we find that, for the plus sign, q commutes with
i, j and K and hence q € R, but since |q| = 1, we must have q = +1. For the minus sign, we
find that q commutes with i but anticommutes with j and K, so that q = +i, after taking into
account that |g = 1. In summary, the automorphisms (A, u,q) of this Lie superalgebra take
one of two possible forms:

A:<(1) (1)>, peR* and q=+1
(4.1.6.46)

or A:<(1) _01>, peR* and q=4i.

Automorphisms of Lie Superalgebra S17

Hereh=p=0,b =1, co=1and c; =y = c3 =0. There is only one invariance condition:

namely, u = |2, and hence the automorphisms (A, 1, q) take the form

(1 0 2 «
A_<() j:l)’ pw=|q* and qeH*. (4.1.6.47)

Automorphisms of Lie Superalgebra S18

Here h=1k,b=1,p=0,co=1, ¢ =c3=0and ¢ = k. The invariance conditions (4.1.6.2)
reduce to
ugk =kq, p=1g% and k=qka. (4.1.6.48)

From the first equation we see that u = +1, but from the second it must be positive, so u =1,
which says implies that |q] = 1 and hence that q commutes with k. In summary, the typical
automorphism (A, u,q) takes the form

(1 0 _ ek
A7<() :tl)’ p=1 and q=e" (4.1.6.49)

The next four Lie superalgebras in Table 4.3 are supersymmetric extensions of the kinematical
Lie algebra K13 in Table 4.1, whose typical t-fixing automorphisms (A, u) take the form

(10 y
Af(U il) and peR. (4.1.6.50)

Automorphisms of Lie Superalgebra S19

Here h=Kk, b=0,p= %, co =1, g =c3 =k and ¢z = —k. The invariance conditions (4.1.6.2)
are given by
ugk =kq, wp=1g° and dgq=q. (4.1.6.51)

The last equation says that d = 1, whereas the first says that @ = +1, but from the second
equation it is positive and thus p = 1. This also means |[g| = 1 and that gk = kq. In summary,
the typical automorphism (A, u,q) of s takes the form

A= (i (1’> S u=1 and q=e® (4.1.6.52)

Automorphisms of Lie Superalgebra S20

Here h=b =0, p = %, co =1, ¢; = C2 = €3 = 0. The invariance conditions (4.1.6.2) are given
by
dg=q and p=I|g>. (4.1.6.53)
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The first equation simply sets d = 1 and, in summary, the typical automorphism of s is takes
the form

A:(ég),u:mﬁ;mdqu& (4.1.6.54)

Automorphisms of Lie Superalgebra 521
Here h=p=0,b = %, co =1 and ¢; = C3 = ¢3 = 0. The only invariance condition is p = |q|?,

so that the typical automorphism (A, w, () takes the form

(1 0 2 «
A= (() :|:1> , n=Ig°® and qeH*. (4.1.6.55)

Automorphisms of Lie Superalgebra 522

Here h=1k,b=1,p=0,¢co =1, ¢; =c3 =0 and ¢, = k. The invariance conditions (4.1.6.2)
reduce to
ugk =kq and p=Iq? (4.1.6.56)

The first equation says that p = #+1, but the second equation says it is positive, so that u =1

and |g| = 1. Furthermore, q commutes with K, so that q = e°¢. In summary, the typical
automorphism (A, u, () takes the form
A=(1 "), w=1 and q=-eo (4.1.6.57)
0 41)° . .1.6.

The next six Lie superalgebras in Table 4.3 are supersymmetric extensions of the kinematical
Lie algebra K14 in Table 4.1, whose t-fixing automorphisms (A, u) take the form

A:((l) 2) and peR*. (4.1.6.58)

Automorphisms of Lie Superalgebra 523

Here h=Kk,b=p=0,¢c)=0,c1 =c3 =0 and c3 = k. The invariance conditions (4.1.6.2)
reduce to

ugk =kq and dk=gkdg. (4.1.6.59)

The first equation says that u = +1, so that +gk = kg. The second equation follows from
Lemma 4.1.3: either d = |g|> and hence g = q4 + q3K or d = —|g|? and hence q = q1i + q2j. In
summary, the typical automorphism (A, u,q) takes one of two possible forms:

A= <(1) ‘(;‘)2>, p=1 and 0=qq4+qsk
(4.1.6.60)

1 ( . .
or A:(() _|()1|2), p=—1 and q=qii+q2].

Automorphisms of Lie Superalgebra 524

Here h=b=p =0, cog =0, ¢c; =¢c2 =0 and ¢35 = k. Hence the only invariance condition is
dk = gkg. Lemma 4.1.3 says that either d = |g/?> and hence q = q4 + q3K or else d = —|g? and
hence g = q1i + g2j. In summary, the typical automorphism (A, u,q) takes one of two possible
forms:

1 0
A= (() |q|2) , MHE R* and 0=4q4+ q3k
(4.1.6.61)

or A:((l) 7‘(()“2), neR* and q=qii+qzj.
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Automorphisms of Lie Superalgebra 525

Here h=b =p =0, ¢y =1 and ¢; = ¢c; = c3 = 0, so that the only invariance condition is
1 =|g%. In summary, the typical automorphism (A, , q) takes the form

A:((l] g) w=1|g? and qeH*. (4.1.6.62)

Automorphisms of Lie Superalgebra 526

Here h=b =p =0,co =1, ¢c; = ¢, =0 and c3 = K, so that there are two conditions in
(4.1.6.2):

w=1g? and dk=gkd. (4.1.6.63)
The second equation can be solved via Lemma 4.1.3: either d = |g> and g = q4 + q3K or
d = —|g? and g = q1i + q2j. In summary, the automorphisms (A, u, q) take one of two possible
forms:

1 0
A= (0 ‘q|2) , H= |q|2 and q=q4+ q3k
(4.1.6.64)

1 0 ; P
o A:(o —\qw)a w=Ig” and q=qii+ goj.

Automorphisms of Lie Superalgebra S27

Here h=p =0, b = %7 co =1 and ¢; = Cy = €3 = 0, so that the only invariance condition is

1 = |g|?. Therefore the typical automorphism (A, y, q) takes the form

A:((l) g) w=1g2 and qeH*. (4.1.6.65)

Automorphisms of Lie Superalgebra 528

Here h=Db = %, p=0,co=1,¢ =c3=0and co = k. The invariance conditions (4.1.6.2)
reduce to the following:
u=1Ig? upg=9g and k=qgkag. (4.1.6.66)

From the second equation we see that p = 1, so that from the first |g] = 1 and hence kq = gk,
so that q = €%, In summary, the typical automorphism (A, u, p) takes the form

A= <(1) 2) ., p=1 and q=-e (4.1.6.67)

The next four Lie superalgebras in Table 4.3 are supersymmetric extensions of the kinematical
Lie algebra K15 in Table 4.1, whose t-fixing automorphisms (A, u) take the form

A= (‘: ((1)2) and pe R (4.1.6.68)

Automorphisms of Lie Superalgebra 529

Here b=p=0,h=Kk, ¢ =0, ¢c; =2 =0 and ¢35 = k. The invariance conditions (4.1.6.2)
result in
ugk =kgq and a%k = gkad. (4.1.6.69)

Taking the norm of the first equation, we see that u = +1, and of the second equation, a® = |q|%.
This then says that q commutes with k, so that . = 1 and q = q4 + qsk. In summary, the
typical automorphism (A, u,q) takes the form

+ 0
A= ( lq‘ |q‘2> , u=1 and gq=gq4+ qdk (41670)
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Automorphisms of Lie Superalgebra S30

Here h=b =p =0,¢c9g =0, ¢c; =C; =0 and ¢c3 = k. The only invariance condition is
a’k = gkg. Taking the norm, a? = [g> and hence kg = gk and thus q = q4 + q3k. Hence the
typical automorphism (A, i, q) takes the form

A= <ilq' l(;;Q) . weR< and q=qq+ gk (4.1.6.71)
Automorphisms of Lie Superalgebra S31

Here h=b =p=0,cog=1and ¢c; = C2 = c3 = 0, so that the only invariance condition is
1 =|g%. In summary, the typical automorphism (A, u, q) takes the form

A:(: ;)2) w=1g° and qeH*. (4.1.6.72)

Automorphisms of Lie Superalgebra 532

Hereh=b=p=0,cy =1, c; =ce =0 and ¢c3 =K, so that there are two invariance conditions:
w=Ig” and ak=gkag. (4.1.6.73)

The second shows that a? = |g/?> and hence q commutes with K, so that q = q4 + qsk. In
summary, the typical automorphism (A, u,q) takes the form

A (ilq\ ‘(;;2) . w=lg” and q=qi+qsk (4.1.6.74)

The next Lie superalgebra in Table 4.3 is a one-parameter family of supersymmetric extensions
of the kinematical Lie algebra K16 in Table 4.1, whose t-fixing automorphisms (A, ) take the
form

A:<(1) 3) and p=1 (4.1.6.75)

Automorphisms of Lie Superalgebra S33

Here h = %
conditions:

(14+AKk), b=p=0,¢c9g=0,C; =cC =0 and ¢c3 = k. There are two invariance

q(l+Ak) = (1+Ak)g and dk=gkd. (4.1.6.76)

For the second equation we use Lemma 4.1.3 and for the first equation we must distinguish
between A = 0 and A # 0. In the latter case, we have that q = q4 + q3k so that only the d = |q?
of the lemma survives. If A = 0, both branches survive. In summary, for A # 0, the typical
automorphism (A, u,q) takes the form

A= <(1) \c;\)Q) , w=1 and q=qs+qsk, (4.1.6.77)

whereas if A = 0 we have additional automorphisms of the form
1 0 . .
A= (0 7|q|2> , u=1 and q=qii+4qoj. (4.1.6.78)

The next Lie superalgebra in Table 4.3 is the supersymmetric extension of the kinematical Lie
algebra K17 in Table 4.1, whose t-fixing automorphisms (A, u) take the form

a 0
A_<c a2> and p=a. (4.1.6.79)
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Automorphisms of Lie Superalgebra S34
Here h = %k, b=p=0,cy=0,c; =c2 =0 and c3 =K. The invariance conditions are
agk =kq and a2k = gkq. (4.1.6.80)

Taking norms of the first equation gives a = +1 and hence +gk = kg and of the second equation
a®? = |g/?> and hence gk = kg. This shows that a = 1 and hence |g| = 1, so that q = e°%. In
summary, the typical automorphism (A, i, q) takes the form

A= ((1: (1)> , p=1 and q=e%, (4.1.6.81)

The last Lie superalgebra in Table 4.3 is a one-parameter family of supersymmetric extensions
of the kinematical Lie algebra K18 in Table 4.1, whose t-fixing automorphisms (A, u) take the
form

a 0
/1\:<(J a2> and p=1. (4.1.6.82)

Automorphisms of Lie Superalgebra S35

Hereh=1+4+2Ak, b=p =0, ¢g =0, ¢; =C3 =0 and c3 = K. The invariance conditions (4.1.6.2)
reduce to
q(l1 +Ak) = (1+Ak)g and a2k = gkad. (4.1.6.83)

Taking the norm of the second equation, a? = |g? so that gk = kg and hence q = q4 + qsk.
This also solves the first equation, independently of the value of A. In summary, the typical
automorphism (A, u,q) takes the form

A= (i(tq‘ |(;")2> , u=1 and g=qq+qsk (4.1.6.84)

Summary

Tables 4.7 and 4.8 summarise the above discussion and lists the typical automorphisms of each
of the Lie superalgebras in Table 4.3.

4.2 Classification of Kinematical Superspaces

Now that we have a complete classification of the possible N = 1 kinematical Lie superalgebras in
three spatial dimensions, we can turn to the corresponding kinematical superspace classification.
As discussed in Section 2.2.6, each homogeneous superisation of a kinematical spacetime K/H,
corresponds to a unique effective super Lie pair (s,§), where s = s5 & s7, with s5 = ¢ the
kinematical Lie algebra associated with X, and h C s = ¢ is the Lie subalgebra associated
with H. To establish the possible effective super Lie pairs, this section runs as follows. In
Section 4.2.1, we will use the automorphisms derived in Section 4.1.6 to identify the admissible
super Lie pairs for each KLSA. Then, in Section 4.2.2, we determine which of the admissible
Lie pairs are effective. We then give a brief account of the possible Aristotelian homogeneous
superspaces in Section 4.2.3 before summarising our findings in Section 4.2.4. In Section 4.2.5,
we end by discussing the low-rank invariants of the kinematical superspaces. Notice the method
used in determining the kinematical superspaces is a direct generalisation of the classification
method used in the kinematical spacetime case: we find the admissible Lie subalgebras and
then restrict ourselves to those Lie pairs which are effective. Geometric realisability does not
need to be studied in this instance since we assume the underlying kinematical spacetime is
geometrically realisable. This property then trivially extends to the superised geometry.
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Table 4.7: Automorphisms of Kinematical Lie Superalgebras

S# Typical (A, 1, q) € GL(2,R) x R* x H*
a 0 . .
1 ((c |q|2> q4+q3k) ((S 7‘q|2) ,—1,q11+qzj>
qi — g7 2Q1q4 ) ) ((0@ —q3 2CI2QS ) )
2 + 491,94 + + 43, 92) + g3k
(( 2q1qs G2 — q2 97 + 93,94+ a1 242q3  q2 — q3 45 + 93, q2j + g3
0 . .
3 ((S |q|2) |Q| 7q4+q3k) ((2 _|q|2) 7|Q|2,q1|+QQJ)
b
o (@8
qi — q7 24144 ) ) ((q% —d3 29293 ) . )
5 ) + b p) + k
(( 2912 q2 — W, da + q1 24243 q%—q% K, q2) +q3
a a 0 . .
6 ((C |q|2) H, q4+q3k) ((C _|q‘2> aH,Ch'Jrqu)
) (¢ ) o)
lq/? ) \\le =gk
a a 0 .
° (6 o)) (¢ Jge) % i+ e
a
9y £1 A0 ((() |q|2) ,1,q4 + Q3k)
0
9y:1,)\7é0 (((Cl |q|2> ) 17 q4 + Q3k)
a 0 a 0 . .
9y7é1,7\:0 0 |q|2 a17Q4+Q3k ) 0 _‘q|2 ,1,q1|+QQJ
a 0 a 0 . )
97:1,?\:0 c |q|2 717Q4+QSk ) c 7‘q|2 ,1,q1|+(12j
\ 2 0
10%7\7&0 d q4 + q3k
2 0 —g°? o0 . .
1OY77\:0 ((‘ d 1 ;qa + q3k> ) (( |(?| d> ; 17 qil + qQJ)
93 —q3 —2qzq4) )
11 1
x=0 (( 29294 934 G4+ il
q3 — d3 2q2q4) ) ((q%—qﬁ 2q1q3) : >
11, _ ,1,q4 + , ,—1,q1i+ g3k
x=0 (( 2qoqs  qi—q3) W T 29143 43—} it s
lql? > )
12 1 k
A0 (( c |q|2 ,qa +q3
1250 ((‘ ar > q4+q3k) ((—|q2 ) ) 1,q i+Q2j>
A= |q|2 ) c 7|q|2 s 4y Yl
13 ((2 z) ad —be =1q/2, )
1 ( 1 0 . .
14 ((C |q|2) lq 7q4+q3k) (( . _|q‘2) ,|q|2,q1|+qzj>
15 ((C0829 —511126) 1 e9k>

sin20  cos20
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Table 4.8: Automorphisms of Kinematical Lie Superalgebras (continued)

S# | Typical (A, u,q) € GL(2,R) x R* x H*

16 (((1) (1]>u:|:1>(((1J i)1>,u,ii)

17 (((1) ;)I)Jql“‘,q)

18 ((}) i"’l),l,eek)

o (0 e

20 <<(1) (1’ ,|q|2,q)

21 (((1, i()l),lql%q)

(0 L))

5 [(( g (0 )
24 (((1) |$T2)’“vq4+q3k),(((1, 7‘(()“2),u7q1i+qzj)
25 (((1) 2>,|ql2,q>

26| (1 o) oamanrask) (0 _ge) o+ o)
o ()

w (o

w0 g ea

w ([ )

s | (8 2) lata)

32 ((ilc” |(;;2)7|Q|2aq4+q3k>

3340 ((é |(;;2),1,q4+q3k>

33r—0 (((1) k;;z) JLqa+ q3k> ’ <<(1) _|(;|2> 1, qui+ q2j)
34 ((i (1’>,17eek)

o (504 o)

4.2.1 Admissible Super Lie Pairs

We are now ready to classify the admissible super Lie pairs, up to isomorphism. We recall these
are pairs (s,h), where s is one of the kinematical Lie superalgebras in Table 4.3 and b is a Lie
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subalgebra b C ¢ = s5 which is admissible in the sense of Section 2.2.5; that is, it contains the
rotational subalgebra v and, as an t module, h =t &V where V C £ is a copy of the vector mod-
ule. Two super Lie pairs (s,5) and (s,§’) are isomorphic if there is an automorphism of s which
maps b (isomorphically) to h’. As in Section 3.2, our strategy in classifying admissible super
Lie pairs up to isomorphism will be to take each kinematical Lie superalgebra s in Table 4.3
in turn, determine the admissible subalgebras h and study the action of the automorphisms in
Tables 4.7 and 4.8 on the space of admissible subalgebras in order to select one representative
from each orbit. In particular, every admissible super Lie pair (s, ) defines a unique admissible
Lie pair (&, ) which, if effective and geometrically realisable, is associated with a unique simply-
connected kinematical homogeneous spacetime K/JH. That being the case, we may think of the
super Lie pair (s, ) as a homogeneous kinematical superspacetime which superises K/J(.

Without loss of generality — since an admissible subalgebra b contains v — the vectorial com-
plement V can be taken to be the span of «B; + fP;, i = 1,2,3, for some «, € R not both
zero, since the spans of {J;, «B; + BPi} and of {J;, aB; + BP; + vJi} coincide for all v € R.
We will often use the shorthand V = «B + BP. The determination of the possible admissible
subalgebras can be found in [5, §§3.1-2], but we cannot simply import the results of that pa-
per wholesale because here we are only allowed to act with automorphisms of s and not just of ¢.

As in that paper, and as discussed in Section 3.2.1, we will eventually change basis in the
Lie superalgebra s so that the admissible subalgebra b is spanned by J and B. Hence, in
determining the possible super Lie pairs, we will keep track of the required change of basis,
ensuring, where possible, that (s, h) is reductive; that is, such that H,P;, Q, (defined by equa-
tion (2.1.5.5)) span a subspace m C s complementary to h and such that [h, m] C m. This is
equivalent to requiring that the span mg of H,P; satisfies [h, mg] C mg, since the Qq span sz
and [, s7] C s7 by virtue of s being a Lie superalgebra.

It follows by inspection of [5, §§3.1-2] that the Lie superalgebras s whose automorphisms are
listed in Table 4.7 are extensions of kinematical Lie algebras ¢ for which any vectorial subspace
V = oB + BP defines an admissible subalgebra h =t @ V C ¢. It is then a simple matter to
determine the orbits of the action of the automorphisms listed in Table 4.7 on the space of
vectorial subspaces and hence to arrive at a list of possible inequivalent super Lie pairs (s, b)
for such s.

It also follows by inspection of [5, §§3.1-2] that, of the remaining Lie superalgebras (i.e., those
whose automorphisms are listed in Table 4.8), most are extensions of kinematical Lie algebras
possessing a unique vectorial subspace V for which h =t @ V is an admissible subalgebra. The
exceptions are those Lie superalgebras $23-528 and S33,, which are extensions of the kinemati-
cal Lie algebras K14 and K16, respectively, for which there are precisely two vectorial subspaces
leading to admissible subalgebras.

Let us concentrate first on the Lie superalgebras S1-S15, whose automorphisms are listed
in Table 4.7. As mentioned above, for V any vectorial subspace, ) = t @ V is an admissible
subalgebra. We need to determine the orbits of the action of the automorphisms in Table 4.7.
Since V = aB + BP, this is equivalent to studying the action of the matrix part A of the
automorphism (A, u, () on non-zero vectors («, ) € R?. In fact, since (o, B) and (Ac, AB) for
0 # A € R denote the same vectorial subspace, we must study the action of the subgroup of
GL(2,R) defined by the matrices A in the automorphism group on the projective space RP!.
The map (A, u,q) — A defines a group homomorphism from the automorphism group of a Lie
superalgebra s to GL(2,R). We will let A denote the image of this homomorphism: it is a
subgroup of GL(2,R) and it is the action of A on RP! that we need to investigate. Of course, A
depends on s, even though we choose not to overload the notation by making this dependence
explicit.

It follows by inspection of Table 4.7, that for s any of the Lie superalgebras S2, 54, S5, S11,.5¢,

S13 and S15, the subgroup A ¢ GL(2,R) acts transitively on RP! and hence for such Lie su-
peralgebras there is a unique admissible subalgebra spanned by J and B.
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In contrast, if s is any of the Lie superalgebras S1, S3, S6, S7, S8, S9,_1cr, S12)cr and
S14, the subgroup A c GL(2,R) acts with two orbits on RP!. For example, consider the Lie
superalgebra S1, for which any A € A takes the form

(2 2) for some a,c,d € R with a,d # 0, (4.2.1.1)
and act as
[0 a 0 o ao
(B) ” (C d) (B) - <d[.’>+ccx> : (4.2.1.2)
If « # 0, we can choose ¢ = —df/« to bring (&, ) to (ac,0), which is projectively equivalent to

(1,0). On the other hand, if « = 0, then we cannot change that via automorphisms and hence
we have (0, ), which is projectively equivalent to (0,1). In summary, we have two inequivalent
admissible subalgebras with vectorial subspaces V = B and V = P. The same result holds for
the other Lie superalgebras in this list.

For the cases where V = P we change basis in the Lie superalgebra s so that the admissible sub-
algebra b is spanned by J and B. This results in different brackets, which we now proceed to list.

Finally, if s is any of the Lie superalgebras 59,1 acr and 510, acr, the subgroup A € GL(2,R)

Table 4.9: Super Lie pairs (with V =P)

S# ‘ ¢ brackets ‘ h ‘ p ‘ [Q(s), Q(s)]
1 1k —B(sks)
3 |s|2H — B(sks)
6 —B(sks)
7 [H,P]=—-B k —B(sks)
8 [H,P] = —B —B(sks)
9-1rcr | ,B=B [H,P]=P 1(142k) —B(sks)
12xeR H,B]=B [H,Pl=B+P 3(1+2k) —B(sks)
14 H,P]=B [B,Pl=H [P,P] =—J 1Kk | Is|2H + B(sks)

acts with three orbits. Indeed, the matrices A € A are now diagonal and of the form

(8 3) , (4.2.1.3)

where at least one of a,d can take any non-zero value. If («, ) is such that « = 0 or § = 0,
we cannot alter this via automorphisms and hence projectively we have either (1,0) or (0,1).
If «f # 0, then we can always bring it to (1,1) or (—1,—1) via an automorphism, but these are
projectively equivalent. In summary, we have three orbits, corresponding to V=B, V=P and

V=B+P.
When V =P, the Lie brackets of S9, 1 xcr in the new basis are given by

H,B] =B, [H,Pl=vP, [H,Q(s)]=Q(5s(1+Ak)) and [Q(s),Q(s)] =—B(sks), (4.2.1.4)
and those of S10, \cr by

H,B]=B, [H,Pl=vP, [H,Q(s)]=Q(is(y+2Ak)) and [Q(s),Q(s)] =—P(sks). (4.2.1.5)
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On the other hand, when V = B + P, the Lie brackets of 59,1 cr in the new basis are given
by

(H,B] =P [H,Q(s)] = Q5s(1 +Ak)) (4.2.1.6)

[H,P] =yB+(1+7)P  [Q(s),Q(s)] = 1= (vB(sks) + P(sks)), o
and those of 510, xcr by

(H,B] = —P H,Q(s)] = Q(5s(y + Ak)) (4.21.7)

[H,P] =yB+(1+v)P  [Q(s),Q(s)] = 15 (B(sks) + P(sks)). o

Now we turn to the Lie superalgebras whose automorphisms are listed in Table 4.8. If s is one
such Lie superalgebra, not every vectorial subspace leads to an admissible subalgebra. From
the results in [5, §§3.1-2], we have that Lie superalgebras S16-522 admit a unique admissible
subalgebra with V = B, whereas for the Lie superalgebras $29-532, S34 and S35,¢r also admit
a unique admissible subalgebra with V = P. Finally, the Lie superalgebras S23-528 and S33,cr
admit precisely two admissible subalgebras with V =B and V = P, which cannot be related by
automorphisms.

Table 4.11 summarises the above results. For each Lie superalgebra s in Table 4.3 it lists

Table 4.10: More super Lie pairs (with V =P)

S# ‘ ¢ brackets ‘ h ‘ p ‘ [Q(s), Q(s)]
23 [P,P]=P k —B(sks)
24 [P,P] =P —B(sks)
25 [P,P]=P Is|2H
26 [P,P]=P Is|?H — B(sks)
27 [P,P]=P z s|2H
28 [P,P]=P 1k 1| Is*H — P(sks)
29 [P,P]=B k —B(sks)
30 [P,P]=B —B(sks)
31 [P,P]=B Is|?H
32 [P,P]=B Is|?H — B(sks)
33xr | [H,B]=B  [P,P]=P L(14AK) —B(sks)
34 [H,P]=—-B [P,P]=B 1k —B(sks)
35xer | H,P] =P H,B]=2B [P,P]=B 1+ Ak —B(sks)

the admissible subalgebras h and hence the possible super Lie pairs (s,h). The notation for
b is simply the generators of the vectorial subspace V C h, where the span of aB; + BP; is
abbreviated as «B + BP. The blue entries correspond to effective super Lie pairs, whereas
the green and greyed out correspond to non-effective super Lie pairs: the green ones giving
rise to Aristotelian superspaces upon quotienting by the ideal b = spang {B}, as described in
Section 2.2.5. In Section 4.1.4, we classified Aristotelian Lie superspaces by classifying their
corresponding Aristotelian Lie superalgebras (see Table 4.5) and in Section 4.2.3 we exhibit
the precise correspondence between the Aristotelian non-effective super Lie pairs and the Aris-
totelian superspaces (see Table 4.12).

4.2.2 Effective Super Lie Pairs

Recall that a super Lie pair (s,h) is said to be effective if h does not contain an ideal of s.
Since h C ¢ and contains the rotational subalgebra, which has non-vanishing brackets with Q,
the only possible ideal of s contained in h would be the vectorial subspace V C h. It is then a
simple matter to inspect the super Lie pairs determined in the previous section and selecting
those for which V is not an ideal of s. Those super Lie pairs have been highlighted in blue in
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Table 4.11: Summary of super Lie pairs

s | ¢ | Vch s | e | veo s | e | vcy

s1 K1 B S12,r | K5 | B S24 K14 | B

52 K1 B 513 K6 | B 525 Kia| B | P
s3 K1 B | P S14 ks |[B | P 526 Kia| B | P
S4 K1 B S15 Ki1 | B S27 Kis |[[B | P
S5 K1 B 516 K12 | B 528 Kia |[[B | P
S6 K1 B s17 K12 | B 529 K15

S7 K2 B s18 K12 | B S30 K15

S8 K2 B S19 Ki3 | B $31 Ki5 | P
S9yei1macr | K3y B B+P 520 K13 | B $32 K15 | P
S9y_1rcR K3,. | B s21 K13 | B S33xr | K16 | B
S10ycl1.1)acr | K3y P | B+P 522 K13 | B S34 K17

S1lyso Kay B 523 Kia | B S35xer | K18

The blue pairs (e.g., B ) are effective; the green pairs (e.g., B ) though not effective, give rise
to Aristotelian superspaces; whereas the greyed out pairs (e.g., 1) are not effective and will
not be considered further.

Table 4.11. Additionally, we highlight in green the non-effective super Lie pairs that can give
rise to Aristotelian superspaces. Though we could ignore these cases, leaving the identification
of Aristotelian superspaces to Section 4.2.3, we identify them here for completeness.

We now take each effective super Lie pair in turn, change basis if needed so that V is spanned by
B, and then list the resulting brackets in that basis. Every such super Lie pair (s, ) determines
a Lie pair (€ 6). If the Lie pair (& b) is effective (and geometrically realisable), then (s,b) de-
scribes a homogeneous superisation of one of the spatially-isotropic homogeneous spacetimes in
Table 3.5. We remark that there are effective super Lie pairs (s, h) for which the underlying Lie
pair (&, b) is not effective. In those cases, there are no boosts on the body of the superspacetime,
but instead there are R-symmetries in the odd coordinates.

As usual, in writing the Lie brackets of s below, we do not include any bracket involving
J, which are given in equation (2.1.5.2), and instead give any non-zero additional brackets.

Galilean Superspaces

Galilean spacetime is described by (¢, h), where £ has the additional bracket [H, B] = —P. There
are two possible superisations (s, ), with brackets

Q(sk)

0 and [Q(s), Q(s)] = —P(sks). (4.2.2.1)

[Ha Q(S)] = {
These are associated with Lie superalgebras S7 and S8 in Table 4.3.

Galilean de Sitter Superspace

Galilean de Sitter spacetime is described by (&, ), where ¢ has the additional brackets [H,B] =
—P and [H, P] = —B. There are two one-parameter families of superisations (s, h), with brackets

[H,Q(s)] = Q(3s(+1 +Ak)) and  [Q(s), Q(s)] = —5(B(sks) F P(sks)) (42.2.2)

for A € R. They are associated with Lie superalgebras S9,__; » and 510, —_; ), respectively.

Torsional Galilean de Sitter Superspaces

Torsional Galilean de Sitter spacetime is described by (£, ), where ¢ has the additional brackets
b[H,B] = —P and [H,P] = yB + (1 + v)P, where y € (—1,1). There are two one-parameter
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families of superisations (s, h), with brackets
H,Q(s)] = Q(%s(l +2Ak)) and [Q(s),Q(s)] = ﬁ(yB(sk@ + P(sks)) (4.2.2.3)

and
H,Q(s)] = Q(3s(y +Ak)) and [Q(s),Q(s)] = -25(B(sks) + P(sks)) (4.2.2.4)

= ‘Y*l
for A € R. The associated Lie superalgebras are S9, ) and S10, ,, respectively.

For v = 1, with additional brackets [H,B] = —P and [H,P] = B + 2P, there is a one-parameter
family of superisations, with brackets

H,Q(s)] = Q(3s(1+Ak)) and [Q(s),Q(s)] = B(sks) + P(sks). (4.2.2.5)

The associated Lie superalgebras are S12;.

Galilean Anti-de Sitter Superspace

Galilean anti-de Sitter spacetime is described by (& 6), where ¢ has the additional brackets
[H,B] = —P and [H,P] = B. It admits a superisation (s, h), with brackets

H,Q(s)] = Q(3sj) and [Q(s),Q(s)] = —B(sis) + P(sks), (4.2.2.6)

which corresponds to the Lie superalgebra S11,_, after changing the sign of P.

Torsional Galilean Anti-de Sitter Superspace

Torsional Galilean anti-de Sitter spacetime is described by (& §), where ¢ has the additional
brackets [H, B] = xB+P and [H, P] = xP —B, where x > 0. There is a unique superisation (s, h),
with brackets

H,Q(s)] = Q(3s(x+]j)) and [Q(s),Q(s)] = —B(sis) — P(sks). (4.2.2.7)
For uniformity, we change basis so that [H,B] = —P as for all Galilean spacetimes. Then the
resulting super Lie pair (s, h) is determined by the brackets [H, B] = —P, [H,P] = (1+x2)B+2xP
and, in addition,

[H,Q(s)] = Q3s(x +J)) and [Q(s),Q(s)] = B(sk(x +])s) + P(sks), (4.2.2.8)

corresponding to the Lie superalgebra S11,.

Carrollian Superspace

Carrollian spacetime is described by (&, h), where ¢ has the additional brackets [B,P] = H. It
admits a superisation (s, §), with brackets

[Q(s), Q(s)] = Is°H, (4.2.2.9)

which corresponds to the Lie superalgebra S13.

Minkowski Superspace

Minkowski superspace arises as a superisation of Minkowski spacetime, described by (€, ) with
brackets [H,B] = —P, [B,P] = H and [B, B] = —J and, in addition,

[B(B), Qs)] = Q(5psk) and [Q(s),Q(s)] = Is|*H — P(sks). (4.2.2.10)

This is, of course, the Poincaré superalgebra S14.
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Carrollian Anti-de Sitter Superspace

Carrollian anti-de Sitter spacetime is described as (£, b), where the ¢ brackets are given by
[H,P] =B, [B,P] = H and [P,P] = —J. It admits a unique superisation (s, ) with brackets (we
have rotated K to i)

[P(m),Q(s)] = Q(%nsi) and [Q(s), Q(s)] = |s|*H + B(sis). (4.2.2.11)

We remark that just as with Carrollian anti-de Sitter and Minkowski spacetimes, which are
both homogeneous spacetimes of the Poincaré group, their superisations have isomorphic su-
persymmetry algebras: namely, the Poincaré superalgebra S14.

Anti-de Sitter Superspace

Anti-de Sitter spacetime is described kinematically as (£, ) with brackets
[H,B]=—P, [H,P]=B, [B,PI=H, [B,Bj=-J and [P,P]=-J. (4.2.2.12)

It admits a unique superisation (s, §), with additional brackets (where we have rotated (i, j, k) —
(k,1,j) for uniformity)

and [Q(s),Q(s)] = |s|*H + J(sj5) + B(sis) — P(sks). (4.2.2.13)

The associated Lie superalgebra is S15, which is isomorphic to osp(1[4).

Super-Spacetimes Extending R x $3

These correspond to the effective super Lie pairs associated with the Lie superalgebras 521 and
S22. The super Lie pairs (s, h) are effective, but the underlying Lie pair (¢, ) is not. Indeed,
the brackets of ¢ are now [B,B] = B and [P,P] = J — B, from where we see that B spans an
ideal of £; although not one of s, due to the brackets

[B(B),Q(s)] = Q(4Bs) and [Q(s), Q(s)] =IsI*H, (4.2.2.14)
for s the Lie superalgebra S21 or
H,Q(s)] = Q(3sk), [B(B),Q(s)] = Q(5ps) and [Q(s),Q(s)] = Is]*H — B(sks), (4.2.2.15)
for s the Lie superalgebra S22. In both superspaces, B does not generate boosts but R-
symmetries. The underlying spacetime in both cases is the Einstein static universe R x $3.4
Super-Spacetimes Extending R x H3

These correspond to the effective super Lie pairs associated with the Lie superalgebras S17 and
S18. The super Lie pairs (s, h) are effective, but the underlying Lie pair (¢, ) is not. Indeed,
the brackets of ¢ are [B,B] = B and [P,P] = B —J, so that B spans an ideal v C €. The result-
ing Aristotelian spacetime (£/v, t) is the hyperbolic version of the Einstein static universe RxH?3.

For s the Lie superalgebra S17, the brackets are

[B(B),Qs)] =Q(:Bs) and [Q(s),Q(s)] = IsI*H, (4.2.2.16)

4The naming of this manifold may be a slight misnomer. When referring to the Einstein static universe,
we typically mean the Lorentzian manifold with topology R x S3; however, here, we refer to an Aristotelian
manifold with the same topology. This discrepancy is an artefact of how we defined the classification problem:
we classify only effective (super) Lie pairs, and the Lorentz action on the Einstein static universe is not effective.
Therefore, the Lorentzian description of this manifold does not appear in our classification; instead, we find an
Aristotelian description of this manifold since the rotational Lie subgroup does act effectively. In particular,
there exists an SO (D )-equivariant diffeomorphism between X/H and A/XR, where A is the Lie group generated
by the rotations and spatio-time translations and R is the Lie subgroup generated by the rotations. A similar
story holds for the R x H3 case in the next section.
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so that B does not span an ideal of s. In other words, B does not generate boosts in the
underlying homogeneous spacetime, but rather R-symmetries.

A similar story holds for s the Lie superalgebra S18, with the additional brackets
H,Q(s)] = Q(3sk), [B(B),Q(s)] = Q(%Bs) and [Q(s), Q(s)] = [s|*H — B(sks). (4.2.2.17)

Again, the generator B is to be interpreted as an R-symmetry.

Super-Spacetimes Extending the Static Aristotelian Spacetime

This corresponds to the Lie superalgebras S27 and S28. In either case the resulting super Lie
pair (s, b) is effective, but the underlying Lie pair (¢, §) is not since [B, B] = B spans an ideal of
¢. The homogeneous spacetime associated with the non-effective (€, 5) is the Aristotelian static
spacetime A.

As in the previous cases, the generators B do not act as boosts but rather as R-symmetries, as
evinced by the brackets:

B(B),Qs)] =Q(3Bs) and [Q(s),Q(s)] = Is|*H (4.2.2.18)

for s the Lie superalgebra S27, or
H,Q(s)] = Q(3sk), [B(B),Qs)] =Q(3Bs) and [Q(s),Q(s)] =[sI*H—B(sks)  (4.2.2.19)

for s the Lie superalgebra S28.

4.2.3 Aristotelian Homogeneous Superspaces

The super Lie pairs (s,h) in green in Table 4.11 are such that the vectorial subspace V C b is
an ideal v of s. Quotienting s by this ideal yields a Lie superalgebra sa = s/v with a = sa; an
Aristotelian Lie algebra (see Table 3.4 for a classification). The resulting Aristotelian super Lie
pair (sa,t) is effective by construction and geometrically realisable. It is then a simple matter to
identify the Aristotelian Lie superalgebra to which each of those non-effective super Lie pairs in
Table 4.11 leads. We summarise this in Table 4.12, which exhibits the correspondence between
Aristotelian super Lie pairs in Table 4.11 and Aristotelian Lie superalgebras in Table 4.5. We
identify the super Lie pair (s, h) by the label for s as in Table 4.3 and the ideal v C §.

Table 4.12: Correspondence Between Non-Effective Super Lie Pairs and Aristotelian Superal-
gebras

5 | v | sa s |v]| s
5 | v | sa

S1 B | S36 S25 B | S38
S B | S39 gigye[q,O)u(o,l),AeR £ g;gx o5 P | 538
S3 B | $39 Sloyzm*o i ek 526 B | $39
S3 P | $38 o1 6YZ°*”Z° B | 13 526 P | $38
S4 B | S38 519 B | Sa2 S27 P | S41
S5 B | S37 $20 B | s41 S28 P | 542
S6 B | S37 523 B | s36 S31 P | S38
S9yci—1,1),acr | B | S40, 504 B | s37 S32 P | S38
ng:l,)\ER B 540?\ S33)\€R B 5407\

4.2.4 Summary

Table 4.13 lists the homogeneous superspaces we have classified in this section. Each super-
spacetime is a superisation of an underlying spatially-isotropic, homogeneous (kinematical or
Aristotelian) spacetime, which we list in Table 3.5. Let us recall that Table 3.5 is divided
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into five sections, corresponding to the different invariant structures which the homogeneous
spacetimes admit, as discussed in Chapter 3. We have a similar division of Table 4.13: with the
superisations of spacetimes admitting a Lorentzian, Galilean, Carrollian, Aristotelian (with R-
symmetries) and Aristotelian (without R-symmetries) structures, respectively. All spacetimes
admit superisations with the exception of the Riemannian spaces, de Sitter spacetime (dS4)
and two of the Carrollian spacetimes: Carrollian de Sitter (dSC) and the Carrollian light-cone

(LC).

Table 4.13: Simply-Connected Spatially-Isotropic Homogeneous Superspaces

SM# | ™ s |e(ora)] h | b|p] [Q(s), Q(s)]
1 M S14 K8 1k |s|2H — P(sks)
2 AdS,4 S15 K11 1 1k | 3i | IsI?H+ J(sjs) + B(sis) — P(sks)
3 G S7 K2 k —P(sks)
4 G S8 K2 —P(sks)
Bacr dSG SO 1a | K3, L1+ 2k) —1(B(sks) — P(sks))
6Acr dSG S10_;\ | K3, %(*1 +AK) 7%(B(Sk§) + P(sks))
Tye(-1.1)aer | dSGy 59, K3, L1+ 2k) 2 (YB(sks) + P(sks))
8,e(1.1)AcR | dSGy S10,, | K3, 1y + k) L1 (B(sks) + P(sks))
9rer dSG,—; | S12, K3, L1+ 2k) B(sks) + P(sks)
10 AdSG | S11, K4, 1j —B(sis) + P(sks)
11y~ AdSG,, | S11, K4, 1x+1)) B(sk(x +j)s) + P(sks)
12 C 513 K6 Is|2H
13 AdSC | S14 K8 Li |s|2H + B(sis)
14 RxH3 | 517 K12 z Is|2H
15 RxH3 | 518 K12 1k 1 |s|2H — B(sks)
16 RxS3 | S21 K13 i Is|2H
17 RxS3 | S22 K13 1k 1 |s|2H — B(sks)
18 A S27 K14 i [s|2H
19 A 528 K14 1k 1 |s|2H — B(sks)
20 A S$36 Al k —P(sks)
21 A 537 Al - —P(sks)
22 A S38 Al = s|?H
23 A $39 Al - Is|2H — P(sks)
2R TA 540, A2 T1+2Ak) | — —P(sks)
25 RxS3 | S41 A3, -1 Is|2H
26 RxS3 | 542 A3, k = | & Is|2H — J(sks) — P(sks)
27 RxH3 | 543 A3_ — | L J(sjs) — P(sks)

The first column is our identifier for the superspace, whereas the second column is the underlying
homogeneous spacetime it superises. The next two columns are the isomorphism classes of
kinematical Lie superalgebra and kinematical Lie algebra, respectively. The next columns
specify the brackets of s not of the form [J,—] in a basis where § is spanned by J and B. As
explained in Section 2.1.5, supercharges Q(s) are parametrised by s € H, whereas J(w), B(j)
and P(m) are parametrised by w,,7 € ImH. The brackets are given by [H,Q(s)] = Q(sh),
[B(B),Q(s)] = Q(Bsb) and [P(m),Q(s)] = Q(msp), for some h,b,p € H. The table is divided
into five sections from top to bottom: Lorentzian, Galilean, Carrollian, Aristotelian with R-
symmetries and Aristotelian.
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4.2.5 Low-Rank Invariants

In this section, we exhibit the low-rank invariants of the homogeneous superspaces in Ta-
ble 4.13, all of which are reductive. Indeed, a homogeneous supermanifold with super Lie pair
(s,h), where h C ¢ = s, is reductive if and only the underlying homogeneous manifold (¢, )
is also reductive. This is because if £ = h @& m is a reductive split, then so is s = h @ (m P S),
with S = s7: the bracket [h,m] C m because (¢, §) is reductive and the bracket [§,S] C S be-
cause b € s5 and S = s7. In [5], it is shown that all the homogeneous spacetimes in Table 3.5
are reductive with the exception of the Carrollian light cone LC, which in any case does not
admit any (4/4)-dimensional superisation. Hence all the superspaces in Table 4.13 are reductive.

Let (s,h) be the super Lie pair associated with one of the homogeneous superspaces in Ta-
ble 4.13. We will write s = hdm, where we have promoted m to a vector superspace m = mg®ms,
with € = h ® mj a reductive split and m; =s7 =S.

Invariant tensors on the simply-connected superspace with super Lie pair (s,h) are in one-to-
one correspondence with h-invariant tensors on m. Since h contains the rotational subalgebra
t = 50(3), h-invariant tensors are in particular also rotationally invariant. It is not difficult to
write down the rotationally invariant tensors of low order.

As an vt module, m = R® V ® S, where R is the trivial one-dimensional module, V is the
vector three-dimensional module and S is the spinor four-dimensional module. Under the iso-
morphism v = sp(1) = ImH, m = R @ ImH ¢ H, where the integrated action of a unit-norm
quaternion U € Sp(1) on (h,p,s) € m is given by

u-(h,p,s) = (h,up,us). (4.2.5.1)

Let H,Pi,Q, denote a basis for m, where P; and Q, have been defined in equation (2.1.5.5).
We let 1, 7", 0¢ denote the canonically dual basis for m*. There is a rotationally invariant line
in m: namely, the span of H, which lives in mg. Dually, there is a rotationally invariant line in
m*, which is the span of n. These are all the rotationally invariant tensors of rank 1.

Let us now consider rank 2. As an Sp(1) module, m ® m has the following invariants. First of
all, we have H2, which is the only invariant featuring H. Another invariant is P? := > . PioPy,
which corresponds to the Sp(1)-invariant inner product (—,—) : ImH x ImH — R given by
(a, B) = Re(aP) = —Re(axp). If q € H is any quaternion, the real bilinear form

wq:H—H=R defined by wg(s1,s2) = Re(s105a) (4.2.5.2)

is Sp(1)-invariant: symmetric if q is real and symplectic if q is imaginary (and non-zero). This
gives rise to four Sp(1)-invariants quadratic in Q: }_, Qa ®Qq and the triplet 3 1, IavQa ® Qp,
2 ablabQa ® Qv and 3, KavQa ® Qu, where I,],K are the matrices representing right-
multiplication by the quaternions i, J, k; that is,

4
= Z Qalabsy, Z QaJabsey and Q(sk) = Z QaKabsv.  (4.2.5.3)
a,b=1 a,b=1 a,b=1

Similarly there are several rotational invariants in m* ® m*: n? and, in addition, the symmetric
tensors 7% and 62, and the triplet of symplectic forms w1, w; and wy, defined as follows:

m2(P(«’),P(x)) = Re(a/&) = — Re(oat)
02(Q(s),Q(s)) = Re(s's)
wi(Q(s"), Q(s)) = Re(s'is) (4.2.5.4)
w;(Q(s"),Q(s)) = Re(s'}s)
wk(Q(s"),Q(s)) = Re(s’ks)



To investigate the invariant tensors on (s,h), we need to investigate the action of B on the
tensors. For the classical invariants (i.e., those not involving Q4 or 6¢), we may consult [5]: the
Lorentzian metric (and the corresponding cometric) are invariant for the Lorentzian spacetimes,
the clock one-form and spatial cometric for the Galilean spacetimes, the Carrollian vector and
the spatial metric for the Carrollian spacetimes. The generators B act trivially on Aristotelian
spacetimes, so the rotationally invariant tensors are the invariant tensors. For the invariants
involving Q. or ¢, we need to examine how B acts on S.

As can be gleaned from Table 4.13, B acts trivially on Q in most cases. The exceptions
are Minkowski and AdS superspaces and the Aristotelian superspaces where B acts via R-
symmetries. Hence, in all other superspaces, the four rotational invariants in m; ® m; defined
above and 02, wy, wy and wy in m}®@mj are h-invariant. This situation continues to hold for the
Aristotelian superspaces with R-symmetry, namely SM14-SM19. Indeed, one can show that all
the rotational invariants which are quadratic in Q or in the 8¢ are also R-symmetry invariant.
Indeed, the R-symmetry generator B; acts on mj in the same way as the infinitesimal rotation
generator Jj.

Hence it is only for Minkowski and AdS superspaces that the h-invariants do not agree with the
r-invariants. For both of these superspaces, h = so0(3, 1), acting in the same way on the spinors:

B(B),Qs)] = Q(3Bsk). (4.2.5.5)

It is a simple calculation to see that the following are h-invariant: Zmb Tap Qa®Qp, Zmb JabQa®
Quv, wr and wy.

Since h is isomorphic to the Lorentz subalgebra, we recover the well-known fact that there
are two independent Lorentz-invariant symplectic structures on the Majorana spinors. This
does not contradict the fact that the Majorana spinor representation S of so(3,1) is irreducible
as a real representation, since its complexification (the Dirac spinor representation) decomposes
as a direct sum of the two Weyl spinor representations, each one having a Lorentz-invariant
symplectic structure.

4.3 Limits Between Superspaces

In this section, we exhibit some limits between the superspaces in Table 4.13 and interpret them
in terms of contractions of the underlying Lie superalgebras.

As we will show, a limit between two superspaces induces a limit of the underlying homo-
geneous spacetimes. These were discussed in Section 3.3. Our discussion will closely follow that
in Section 3.3. There, contractions of a Lie algebra g = (V, ¢), where V is a finite-dimensional
real vector space and ¢ : A2V — V is a linear map satisfying the Jacobi identity, were defined
as limits of curves in the space of Lie brackets. If g : (0,1] — GL(V), mapping t — gy, is a
continuous curve with g; = 1y, we can define a curve of isomorphic Lie algebras (V, ¢¢), where

O (X, Y) = (gt @) (X,Y) = gi ! (b(geX, g Y)). (4.3.0.1)

If the limit &g = lim¢_,o ¢ exists, it defines a Lie algebra gg = (V, ¢g), which is then a contrac-
tion of g = (V, ¢1).

In the current case, we will contract Lie superalgebras s = (V,¢), where V is now a real
finite-dimensional super vector space and ¢ : A’V — V is a linear map, where A2 is defined
in the super sense, satisfying the super-Jacobi identity. We will define contractions of s in a
completely analogous manner.
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4.3.1 Contractions of the AdS Superalgebra

We begin with the superalgebra for the AdS superspace SM2, whose generators J, B, P, H and
Q satisfy the following brackets (in our abbreviated notation):

3,3 =1J [H, B] = P H,Ql = Q
J.B-B [H, Pl =B B,Ql =Q
@m:P B,P=H [ﬁm:Q (4.3.1.1)
J,Q1=Q B, B] =~ Q,Q=H+J+B-P
PP =—J

Consider the following three-parameter family of linear transformations g, ¢ defined by

gK,c,T’J:'L gK,c,T'B: %B, gK,c,T'P: gP; gK,c,T’H:TKH; gK,c,T‘Q: %Q

(4.3.1.2)
The action on the even generators is as in Section 3.3 and the action on Q is chosen to ensure
that the bracket [Q, Q] has well-defined limits as k — 0, ¢ — oo or T — 0.

The brackets involving J remain unchanged for the above transformations and the remaining
brackets become

[H,B] = —7°P B,B] = -%J B,Q) = Q
[H,P] = k’B [P,P] = % [P,Q] = £Q (4.3.1.3)
B,P]= LH [M,Q] = ktQ [Q,Q] = 1H+ 2] + B — 7P.

We now want to take the limits k — 0, ¢ — oo, and T — 0 in turn, corresponding to the flat,
non-relativistic, and ultra-relativistic limits, respectively. Notice that the limits of the brackets
between the even generators will produce the same Lie algebra contractions as in Section 3.3.
Thus we cannot have a limit from one superspace to another unless there exists a limit between
their underlying homogeneous spacetimes.

Taking the flat limit k — 0, we are left with
[H,B] = —°P, [B,P]= LH, [B,B]= 72—2.], B,QI=IQ and [Q,Ql=1H-<P.
(4.3.1.4)

For T # 0, this is the Poincaré superalgebra (S14). Thus, we obtain the limit SM2 — SMI.
Subsequently taking the non-relativistic limit ¢ — oo, the brackets reduce to

[H,B] = —*P and [Q,Q] = —7P. (4.3.1.5)

For T # 0, this shows us that we have the limit SM1 — SM4.

Alternatively, we could have taken the ultra-relativistic limit T — 0, which, for ¢ # 0, gives
us the Carroll superalgebra (513):

B,Pl=%H and [Q,Ql =1H. (4.3.1.6)

Thus, we have SM1 — SM12.

Returning to the AdS superalgebra (S15) and taking the non-relativistic limit ¢ — oo, we
find

[,B] = P, [H,Pl=«?B, [H,Q =«xtQ and [Q,Q]=«B—<P. (4.3.1.7)

For tk # 0, this is S11p (under a suitable basis change). Therefore, we have SM2 — SM10.
Because these limits commute, we may now take the flat limit to arrive at SM4.

120



Finally, we may take the ultra-relativistic limit of AdS (S15). This limit leaves the brackets

H,P|=«’B, [B,P]=2%H, [P,Pl=—%5J, [P,Ql=%Q and [Q,Q=1H+«B,
(4.3.1.8)
for £ # 0. Thus, we arrive at SM13. Subsequently taking the flat limit, we find SM12, as
expected.

We can also take limits from the superspaces discussed above to non-effective super Lie pairs,
which will have associated Aristotelian superspaces. Since all of the above superspaces have
either SM4 or SM12 as a limit, we will only show the limits to Aristotelian superspaces coming
form these two cases. Beginning with SM4, we can use the transformation

gi-B=tB, ¢g.-H=H, ¢g-P=P and ¢.-Q=0Q (4.3.1.9)

and the limit t — 0 to obtain SM21. Using the same transformation and limit, we can also
start with SM12 and find SM22.

4.3.2 Remaining Galilean Superspaces

We have shown that we obtain the other Lorentzian and two Carrollian superspaces as limits of
the AdS superspace SM2: namely, Minkowski (SM1), Carroll (SM12) and Carrollian anti-de Sit-
ter (SM13) superspaces. In addition, we also obtain two superisations of Galilean spacetimes:
a superisation SM4 of the flat Galilean spacetime and the superisation SM10 of Galilean anti-
de Sitter spacetime. But what about the superisations of other Galilean spacetimes?

Flat Galilean Superspaces

From SM2, we obtained the Galilean superspace SM4. There is a second superisation SM3 of
the flat Galilean homogeneous spacetime, from which we can also reach SM4. Indeed, using the
transformations

gt-B=tB, gi-H=tH, g¢g-P=tP and g¢g¢ Q=1Q, (4.3.2.1)

on the Lie superalgebra for SM3, and taking the limit t — 0, we find the Lie superalgebra for
SM4. Thus, we have SM3 — SM4,

Beginning with SM3, we may also consider the transformation

gt-B=tB, g -H=H, g¢g.-P=tP and g -Q=+1Q, (4.3.2.2)
and the limit t — 0. This procedure will give us a non-effective super Lie pair corresponding
to SM20.

Galilean de Sitter Superspaces

The superspaces SM5, and SM6, arise as the y — —1 limit of SM7,, , and SM8,, », respectively.
This fact has already been noted in Section 4.2.2. Section 4.2.2 demonstrated that SM9, is the
v — 1 limit of SM7,, , and SM8,, ».

The superalgebras associated with these five superspaces take the general form

(H,B(B)] =—P(B) H,Q(s)) = $Q(s(n + Ak))

B - (4.3.2.3)
H,P(m)] =vB(n) + (1 + y)P(nr)  [Q(s), Q(s)] = pB(sks) + oP(sks)

for some n, p,0 € R, where y € [—1,1] and A € R are the parameters of the Lie superalgebras.
Using the transformations

g.-B=B, g-H=tH, ¢ -P=tP and g -Q=VvwtQ, (4.3.24)
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where w € R, and taking the limit t — 0, the above brackets become
H,B(B)] =—P(B) and [Q(s),Q(s)] = woP(sks). (4.3.2.5)

—1

Therefore, by choosing w = —o~!, we can always recover SM4.

There is a second superisation of the flat Galilean homogeneous spacetime, namely SM3. There
does not seem to be any Lie superalgebra contraction that gives SM3, but as we will see below,
there are non-contracting limits (involving taking A — 4o00) which take the superspaces SM5;,
SM6)\, SM?YJ\? SMS%A and SMQ}\ to SM3.

Galilean Anti-de Sitter Superspaces
The superspace SM10 is, by definition, the x — 0 limit of SM11,. These algebras take the form

[H,B(B)] =—P(B) H,Q(s)] = 3Q(s(x +1J))

2 h ~ (4.3.2.6)
H,P(m)] = (1 +x7)B(n) + xP(m)  [Q(s),Q(s)] = —B(sis) — P(sks),

where x > 0 is the parameter of the Lie superalgebra. Using the same transformations as in
the Galilean de Sitter case, but with w =1, we find

H,B(B)] =P(B) and [Q(s), Q(s)] = —P(sks). (4.3.2.7)
Thus, we find SM4 as a limit of both SM10 and SM11,.

We cannot obtain SM3 as a limit of these superspaces as SM3 has collinear h and c3, whereas
SM10 and SM11, have orthogonal h and cs.

Non-Contracting Limits

In Section 3.3, it was shown that lim,_, . AdSG, = dSG;, but this limit is not induced by a Lie
algebra contraction since the Lie algebras are non-isomorphic for different values of x. Does
this limit extend to the superspaces?

Beginning with SM11,, change basis such that
H' =x'H, B'=B, P'=yx'P and Q' =yx Y2Q, (4.3.2.8)

under which the brackets become

H',B’(B)] =—P'(B) H,Q'(s)] = i "(s(x +1))
[H',P’(m)] = 2P’ () + (1 +x *)B'(n) [Q'(s), Q'(s)] = —x 'B(sis) + B’(sks) + P(sks).
(4.3.2.9)
Taking the limit x — oo, we find
I R/ _ _p!/ ’ ’ _ 10y
[H',B"(B)] = —P'(B) H', Q(s)) = 5Q’(s) (4.3.2.10)

[H’, P’(m)] = 2P’ (m) + B'(7) [Q'(s), Q'(s)] = —B'(sks) + P(sks).

This Lie superalgebra is precisely that for SM9g. Thus, we inherit this limit from the underlying
homogeneous spacetimes.

The superspaces SM5,, SM6,, SM7, , SM8, » and SM9, all have an additional parameter
A, and we can ask what happens if we take the limit A — +oo in these cases. This is again a
non-contracting limit, since the Lie superalgebras with different values of A € R are not isomor-
phic.

122



Using the general form of the brackets stated in (4.3.2.3), consider a change of basis

1
B'=B, H =22"'H, P'=2A"!'P and Q =A2Q. (4.3.2.11)

In our new basis, the brackets become

[H',B'(B)] = —P'(B) H,Q"(s)] = Q'(s(A'n + k)
[H, P’(m)] = 4\ 2yB/(m) + 20 (1 +y)P'(m)  [Q'(s),Q"(s)] = A~ 'pB’(sks) + §P’(sks).
(4.3.2.12)
Taking either A — oo or A — —oo, we find
[H',B"(B)] =—P"(B), [H',Q'(s)] =Q'(sk), [Q'(s),Q'(s)] = §P’(sks). (4.3.2.13)

Rescaling both B” and P’ by §, we recover the Lie superalgebra for SM3.

Figure 4.1 below illustrates the different superspaces and the limits between them. The families
SMb5,, SM6,, SM7, x, SM8,, A and SM9, fit together into a two-dimensional space, which also
includes SM3 as their common limits A — +oo. This space may be described as follows. If we
fix A € R, then
lim SM7, » =SM9, whereas lim SM7, = SMb,. (4.3.2.14)
v—1 y——1

Similarly, again fixing A € R, we have

lim SM8,  =5M9, whereas lim_ SM8, ) = SM6,. (4.3.2.15)
y—1 y——1

This gives rise to the following two-dimensional parameter spaces:

3 3
A A A A
5)\ 7‘y,7\ 9)\ 5)\ 8‘y,?\ 9)\
Y Y Y Y
3 3

We then flip the square on the right horizontally and glue the two squares along their common
9, edge to obtain the following picture

5)\ 7y,7\ 9}\ 8—1/,7\ 6?\

\ 4 4

3

We now glue the top and bottom edges to arrive at the following cylinder:

9%

Ty 8_ A
5x Y 9\ ! 6

123



Finally, we collapse the “edge” labelled 3 to a point, arriving at the object in Figure 4.1.

4.3.3 Aristotelian Limits

There are two kinds of superisations of Aristotelian spacetimes: the ones where B acts as
R-symmetries and the ones where B acts trivially. We treat them in turn.

Aristotelian Superspaces with R-Symmetry

The homogeneous spacetimes R x H? and R x $3 underlying the homogeneous superspaces SM14
- SM17 have A as their limit. Therefore, we could expect SM14 - SM17 to have either SM18 or
SM19 as limits. The relevant contraction uses the transformation

g:-B=B, ¢g.-H=H and g -P=1tP. (4.3.3.1)

Taking the limit t — 0, the [P, P] bracket vanishes leaving all other brackets unchanged. Thus,
we find SM14 — SM18, SM16 — SM18, SM15 — SM19 and SM17 — SM19.

Taking into account the form of h, and the [Q, Q] bracket for each of these superspaces, we
notice that each homogeneous spacetime has two superspaces associated with it. One for which

b=1 and [Q(s),Q(s)] =Is|°H, (4.3.3.2)
and one for which
b=3, h=3k and [Q(s),Q(s)] =I|s|*"H— B(sks). (4.3.3.3)
Using transformations which act as
ge-H=1tH, g¢:-Q=VtQ (4.3.3.4)
and trivially on J, B, and P, we find the brackets of the latter superspaces described by
b=3 h=35k and [Q(s),Q(s)] =|[s*H—tB(sks). (4.3.3.5)

Therefore, taking the limit t — 0, we find the former superspaces. Thus, we get the limits
SM15 — SM14, SM17 — SM16 and SM19 — SM18.

All of the above superspaces have SM18 as a limit. Therefore, we will only consider the limits
of this superspace to those Aristotelian superspaces without R-symmetry. Letting

Jt B:tB, Jt H:H, Jt -P :P, gt Q:Q, (4336)

and taking the limit t — 0, we arrive at a non-effective super Lie pair corresponding to SM22.

Aristotelian Superspaces without R-Symmetry

The Aristotelian homogeneous spacetimes Rx $3, Rx H3, and TA have A as their limit; therefore,
we would expect their superisations to have have one or more of SM20-SM23 as limits. For TA
to have A as its limit, we require the transformation

g:-B=B, ¢g.-H=tH and g -P=P. (4.3.3.7)

Wanting to ensure [Q, Q] # 0, and that the limit t — 0 is well-defined, we need g¢ - Q = v1Q.
Taking this limit, we find SM24, — SM21.

To get A from R x S3, we need the transformation

gt-B=B, gi-H=H and g -P=1tP. (4.3.3.8)
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Using this transformation and taking the limit t — 0, we find SM25 — SM22. However, the limit
is not well-defined for SM26 due to P in the expression for [Q, Q]. In this case, we additionally
require g - Q = v/tQ. Then SM26 — SM20. Another choice of transformation,

g.-B=B, g.-H=tH, g¢g,-P=tP and g¢.Q=1Q, (4.3.3.9)
for SM26, gives SM23 in the limit t — 0. Thus, we also have SM26 — SM23.

Finally, to get A from R x H3, we use the transformation

To ensure the limit t — 0 is well-defined, we subsequently need g, - Q = v/tQ. This transforma-
tion with the limit gives SM27 — SM21.

There are only two underlying Aristotelian homogeneous spacetimes which have more than
one superisation. These are A and R x $3. In the latter case, we find the superisation SM25 as
the limit of SM26 using the transformation

gt-B=B, g-H=tH, g¢g-P=P and g -Q=1Q, (4.3.3.11)

and taking t — 0. In the former case, the superisations SM22 and SM21 can be found as limits
of SM23 using the transformations

g.-B=B, g -H=tH, g¢g,-P=P and g\ -Q=1Q, (4.3.3.12)

and
g.-B=B, g.-H=H, ¢-P=tP and g\ -Q=1Q, (4.3.3.13)

respectively. We also have
gt-B=B, g-H=tH, ¢g.-P=P and g -Q=0Q, (4.3.3.14)

giving the limit SM20 — SM21.

4.3.4 A Non-Contracting Limit
Use the following change of basis on the Lie superalgebra for SM24,,
B'=B, H=2A'H P =P, Q' =Q. (4.3.4.1)
The brackets then become
H,P(MT=22"1P(m), [H,Q(s))=Q'(s(A"1+Kk)), [Q'(s),Q'(s)] =—P’(sks). (4.3.4.2)
Taking the limits A — +oo, we find the superspace SM20. Therefore, the line of superspaces
SM24, compactifies to a circle with SM20 as the point at infinity.

4.3.5 Summary

The picture resulting from the above discussion is given in Figure 4.1. Except for SM3 — SM4,
the limits from the families SM5y, SM6,, SM7, , SM8,, , SM9, and SM11, to SM4 are not
shown explicitly in order to improve readability. Neither is the limit between SM24, and SM21
shown.

For comparison, we extract from Figure 3.1 the subgraph corresponding to spacetimes which
admit superisations and show it in Figure 4.2. There are arrows between these two pictures:
taking a superspace to its corresponding spacetime, but making this explicit seems beyond our
artistic abilities.
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Figure 4.1: Homogeneous Superspaces and their Limits.
(Numbers are hyperlinked to the corresponding superspaces in Table 4.13.)
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Figure 4.2: Limits Between Superisable Spacetimes

Nevertheless, interpreting Figures 4.1 and 4.2 as posets, with arrows defining the partial order,
the map taking a superspace to its underlying spacetime is surjective by construction (we con-
sider only superisable spacetimes) and order preserving, as shown at the start of this section. As
can be gleaned from Table 4.13, the fibres of this map are often quite involved, clearly showing
the additional “internal” structure in the superspace which allows for more than one possible
superisation of a spacetime.

We should mention that, despite appearances, superspaces SM3 and SM4 share the same under-
lying spacetime: namely, the Galilean spacetime G. Notice that superspaces SM21 and SM22,
which are “terminal” in the partial order, correspond to the static Aristotelian spacetime A.
With the exception of lim,_,,, SM11, = SM9, all other non-contracting limits between su-
perspaces induce limits between the underlying spacetimes, which arise from contractions of
the kinematical Lie algebras: the limits [A\| — oo of SM5, and SM6, induce the contraction
dSG — G, whereas the limits [A| — oo of SM7, », SM8, ) and SM9, induce the contractions
dSGy — G, where y =1 for SM9,.
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4.4 Conclusion

In this chapter, we discussed the classification of N = 1 kinematical Lie superalgebras in three
spatial dimensions and, subsequently, the classification of the kinematical superspaces which
arise from these algebras.

The Lie superalgebras were classified by solving the super-Jacobi identities in a quaternionic re-
formulation, which made the computations no harder than multiplying quaternions and paying
close attention to the action of automorphisms in order to ensure that there is no repetition in
our list. Since we are interested in supersymmetry, we focussed on Lie superalgebras where the
supercharges were not abelian: i.e., we demand that [Q, Q] # 0 and, subject to that condition,
we classified Lie superalgebras which extend either kinematical or Aristotelian Lie algebras.
The results are contained in Tables 4.3 and 4.5, respectively.

There are two salient features of these classifications. Firstly, not every kinematical Lie algebra
admits a supersymmetric extension: in some cases because of our requirement that [Q, Q] # 0,
but in other cases (e.g., so(5), so(4, 1),...) because the four-dimensional spinor module of so(3)
does not extend to a module of these Lie algebras.

Secondly, some kinematical Lie algebras admit more than one non-isomorphic supersymmetric
extension. For example, the Galilean Lie algebra admits two supersymmetric extensions, but
only one of them (S8) can be obtained as a contraction of osp(1/4). By far most of the Lie
superalgebras in our classification cannot be so obtained and hence are not listed in previous
classifications. Nevertheless, our “moduli space” of Lie superalgebras is connected, if not al-
ways by contractions. For example, the other supersymmetric extension of the Galilean algebra
(S7) can be obtained as a non-contracting limit of some of the multi-parametric families of Lie
superalgebras in the limit as one of the parameters goes to +oo, in effect compactifying one of
the directions in the parameter space into a circle.

We classified the corresponding superspaces via their super Lie pairs (s, ), where s is a kine-
matical Lie superalgebra and h an admissible subalgebra. Every such pair “superises” a pair
(¢,h), where ¢ = s5 is a kinematical Lie algebra. As discussed in Section 2.2.5, effective and
geometrically realisable pairs (¢, h) are in bijective correspondence with simply-connected ho-
mogeneous spacetimes, and hence the super Lie pairs (s, ) are in bijective correspondence with
superisations of such spacetimes. These are listed in Table 4.13.

There are several salient features of that table. Firstly, many spacetimes admit more than
one inequivalent superisation. Whereas Minkowski and AdS spacetimes admit a unique (N=1)
superisation, and so too do the (superisable) Carrollian spacetimes. Many of the Galilean
spacetimes admit more than one and in some cases even a circle of superisations.

Secondly, there are effective super Lie pairs (s,h) for which the underlying pair (€ b) is not
effective. This means that the “boosts” act trivially on the underlying spacetime, but non-
trivially in the superspace: in other words, the “boosts” are actually R-symmetries. Since (¢, )
is not effective, this means that it describes an Aristotelian spacetime and this gives rise to the
class of Aristotelian superspaces with R-symmetry.

Thirdly, there are three superspaces in our list which also appear in [108]: namely, Minkowski
(SM1) and AdS (SM2) superspaces, but also the Aristotelian superspace SM26, whose under-
lying manifold appears in [108] as the Lorentzian Lie group R x SU(2) with a bi-invariant metric.

Lastly, just like Minkowski (M%) and Carrollian AdS (AdSC) spacetimes are homogeneous under

the Poincaré group, their (unique) superisations (SM1 and SM13, respectively) are homogeneous
under the Poincaré supergroup, suggesting a sort of correspondence or duality.
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Chapter 5

Generalised Bargmann
Superspaces

In this chapter, we consider the last of our three types of symmetry, super-Bargmann symmetry.
These symmetries are the least-studied of the three; therefore, we can only present the algebraic
classification in this instance.

Before introducing any supersymmetry, recall that a generalised Bargmann algebra (GBA)
£ in D spatial dimensions may be thought of as a real one-dimensional abelian extension of a
kinematical Lie algebra €. In particular, this enhancement of a kinematical Lie algebra requires
an additional so(3) scalar module in the underlying vector space. Let Z span this extra copy
of R. The classification of these extensions was presented in [3] and followed a similar method
to that used in the classification of kinematical Lie algebras, as discussed in Section 3.1. In
particular, rather than classifying the Lie algebras we can recover as deformations of the static
kinematical Lie algebra, they classified the Lie algebras we can recover as deformations of
the static kinematical Lie algebra’s universal central extension. The centrally-extended static
kinematical Lie algebra is spanned by J, B, P, H, and Z, with non-vanishing brackets

J3,J]J=J J,B=B [J,PI=P [B,P]=7. (5.0.0.1)

All other centrally-extended kinematical Lie algebras are then deformations of this algebra;
therefore, these brackets are common to all such algebras. The results of this classification, for
D = 3, are shown in Table 5.1, taken from [3].} The three sections of this table, starting from
the top, are the non-trivial central extensions, the trivial central extensions, and, finally, the
non-central extensions of kinematical Lie algebras.

In this chapter, we will focus solely on the first of these sections, and, from now on, it shall
be exclusively the algebras of this section that we are referring to when using the term gener-
alised Bargmann algebras. 1t is useful for our later calculations to define a universal generalised
Bargmann algebra. In addition to the standard kinematical brackets given in (2.1.2.3), this
algebra has non-vanishing brackets

B,Pl=7 [H,B]=AB+uP  [H,P]=nB+eP, (5.0.0.2)

where A, 1, m,e € R.2 Setting these four parameters to certain values allows us to reduce to
the four cases of interest. For example, § is given by setting A =n =¢ =0 and p = —1. By
beginning with the universal algebra, and only picking our parameters, and, thus, our algebra,
when we can no longer make progress in the universal case, we reduce the amount of repetition
in our calculations.

LAs in Chapter 4, we will only consider the generalised Bargmann algebras in D = 3.
2Note, the universal generalised Bargmann algebra is not a Lie algebra for arbitrary A, u,n, €. It is used here
simply as a computational tool.
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Table 5.1: Centrally-Extended Kinematical Lie Algebras in D =3

KLA ‘ Non-zero Lie brackets in addition to [J,J] =J, J,B] =B, [J,P] =P ‘ Comments
1 B,P] =7 a

2 [B,P] =7 [H,B] =B [H,P] =-P n_

3 [B,P] =7 H,B]=P [H,P]=-B i,

4 [B,P] =7 [H,B] = —P g

5 [B,P]=H H,B]=P [B,B] =1J e®RZ

6 B,P] =H [H,B] = P B,Bl=-J | p@RZ

7 B,Pl=H+J [H,B]=-B H,P] =P s0(4,1) ®RZ
8 [B,P]=H H,B] =P [H,P] =-B [P,P]=1J [B,B] =1J s0(b) ®RZ

9 [B,P]=H (H,B] = P [H,P] =B [P,P]=-J [B,B] =—-J | 50(3,2) ®RZ
10 [B,P] =7 [H,B] =B [H,P] =P [H,Z] =27

11 [B,P] =7 (H,B] =vB [H,P]=P H,Z] = (y+ 1)Z ye(-1,1)
12 [B,P] =7 H,B]=B+P [H,P]=P [H,Z] =27

13 B,P] =7 H,B]=aB+P [H,P]=-B+oP [H,7Z]=2aZ a>0

14 [B,P] =7 [Z,B] =P [H,P] =P H,Z] =2 B,B=J | co(4)xR?
15 B,P] =7 Z,B] = —-P H,P]=P H,Z) =7 B,Bl=-J | c0(3,1) x R®!

Table 5.2: Generalised Bargmann Algebras in D =3

GBA ‘ Non-zero Lie brackets in addition to [J,J] =J, [J,B]=B, [J,P] =P ‘ Comments
1 [B,P] =7 a

2 B,P]=7Z [H,B]=B [H,P] =-P i

3 [B,PI=7Z [H,B]=P H,P]=-B i,

4 B,P|=Z [H,B]=-P g

Our strategy for classifying generalised Bargmann superalgebras will be analogous to the strat-
egy used in Section 4.1 to classify the kinematical Lie superalgebras. In particular, a super-
extension s of one of our generalised Bargmann algebras ¢ will be a Lie superalgebra such that
55 = t. To determine the super-extensions of the generalised Bargmann algebras, we, therefore,
begin by letting s5 be our universal generalised Bargmann algebra. We then need to specify
the Lie brackets [H, Ql, [Z,Q], [B,Ql, [P,Q], and [Q,Q]. Each of the [s5,s7] components of the
bracket must be an t-equivariant endomorphism of s7, while the [s7,s7] component must be an
v-equivariant map @2 s7 — s5. The space of possible brackets will be a real vector space 7.
We then use the super-Jacobi identity to cut out an algebraic variety ¢ C ¥. Since we are
exclusively interested in supersymmetric extensions, we restrict ourselves to those Lie superal-
gebras for which [Q, Q] is non-vanishing, which define a sub-variety .¥ C _#.3 This sub-variety
may be unique to each generalised Bargmann algebra; therefore, it is at this stage we start to
set the parameters of the universal algebra, where applicable. The isomorphism classes of the
remaining Lie superalgebras are then in one-to-one correspondence with the orbits of . under
the subgroup G C GL(s5) x GL(s7). The group G contains the automorphisms of sz = ¢ and
additional transformations which are induced by the endomorphism ring of s;. The form of this
subgroup will be discussed in the N = 1 and N = 2 cases in sections 5.1.1 and 5.2.1, respectively.

In the N = 1 case, we will identify each orbit of .% explicitly, giving a full classification of
the generalised Bargmann superalgebras in this instance. However, in the N = 2 case, we will
only identify the non-empty branches of .. Each branch will have a unique set of [s5,s7] and
[s7,567] brackets for the associated generalised Bargmann algebra. Thus, we can highlight the
form of the possible super-extensions without spending too much time pinpointing exact coef-
ficients.

The rest of this chapter is organised as follows. In Section 5.1, we classify the N = 1 generalised
Bargmann superalgebras in D = 3. We begin by generalising the setup for the kinematical Lie

3As in Chapter 4, we restrict ourselves to the cases where [Q, Q] # 0 as our interests lie in spacetime
supersymmetry: we would like supersymmetry transformations to generate geometric transformations of the
spacetime.
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superalgebra classification presented in Section 4.1.1 before proceeding to the classification itself
in Section 5.1.2 and summarising in Section 5.1.3. As part of our summary, we will demonstrate
how to unpack our quaternionic formalism, using one of the N = 1 Bargmann superalgebras as
our example. In Section 5.2, we move on to classify the N = 2 generalised Bargmann superalge-
bras in D = 3. This case is considerably more involved than the N =1 case; therefore, after an
analogous discussion on the initial setup of the classification problem, we require an intermedi-
ate step in which we define four possible branches of generalised Bargmann superalgebra in .7
In Section 5.2.3, we go through the lengthy procedure of identifying the sub-branches which
contain valid generalised Bargmann superalgebra structures, and we summarise our findings in
Section 5.2.4.

5.1 Classification of N =1 Generalised Bargmann Super-
algebras

Our investigation into generalised Bargmann superalgebras begins with the simplest case, N = 1.
Following on from Section 2.1.6, Section 5.1.1 will complete our set up for this case by specifying
the precise form of the [sg, s7] and [s7, s7] brackets. We then give some preliminary results that
will be useful in the classification of the N = 1 extensions, and define the group of basis
transformations G C GL(s5) x GL(s7), which will allow us to pick out a single representative
for each isomorphism class. In Section 5.1.2, the classification is given before we summarise the
results in Section 5.1.3.

5.1.1 Setup for the N =1 Calculation

We note that, in addition to the standard kinematical Lie brackets, the brackets for the universal
generalised Bargmann superalgebra are

[B(B), P(m)] = Re(pm)Z
H,B(B)] =AB(B) + 1P(B) (5.1.1.1)
(H, P(m)] =nB(n) + eP(m),

where 3,71 € Im(H) and A, u,n, e € R. We now want to specify the possible [sj,s7] and [s7, s1]
brackets. From Section 4.1.1, we have

(), Q(0)] = 1Q(w0)
[B(B), Q(6)] = Q(BED) (5112
[P(m), Q(0)] = Q(mOp)

[H, Q(8)] = Q(oh),

where w, 7, 3 € Im(H), 8,b,p,h € H. Since Z is just another so(3) scalar module, and, therefore,
the analysis of the bracket [Z, Q] will be identical to that of [H, Q], we know we can write

Z,Q(8)] = Q(62), (5.1.1.3)

where z € H. Having added this additional generator, the possible [s7,s7] brackets are now
s0(3)-equivariant elements of HomR(@2 S,s55) = Homgr(3V @ R,3V @ 2R) = 9 Homg(V,V) &
2 Homg(R,R). As may have been expected, given that we did not alter the vectorial sector of
the algebra, the number of Homg(V, V) elements does not change. However, now that we have
an additional so(3) scalar module, we have an additional scalar map, so

[Q(6), Q(8)] =1nol6|*H +n1]6|>Z — J(6Nn26) — B(6Nn36) — P(6Nn46), (5.1.1.4)
where ng,n; € R and ng, N3, Ny € Im(H). This expression polarises to

[Q(6),Q(0")] = ng Re(66’)H+n; Re(60')Z—J(6'N20+60Nn20")—B(0'n36+6n36")—P(6'n40+6n460").
(5.1.1.5)
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Preliminary Results

Following the example of Section 4.1.1, we will now consider the super-Jacobi identity and use
its components to derive universal conditions that may aid our classification. We have three
components of super-Jacobi identity to consider

1.(56,56,51L
2.(56,51751L and
3.(51751751}

We do not need to consider the (sj,55,55) case as we already know that these are satisfied
by the generalised Bargmann algebras. Equally, we do not need to include J in our investiga-
tions as the identities involving the rotational subalgebra v impose the so(3)-equivariance of the
brackets, which we already have by construction. Now, let us consider each component of the
identity in turn. In the following discussions, we will only write down explicitly those identities
which are not trivially satisfied.

(56756a51)

By imposing these super-Jacobi identities, we ensure that s; is an s module, not just an
50(3) module. The (sj,55,57) identities can be summarised as follows.

Lemma 5.1.1. The following relations between h,z, b, p € H are implied by the corresponding
t-brackets:

[H,Z] = AH + pZ = [z,h] = Ah+ pz
H,B]=AB+ uP = [b,h] =Ab+ up
[H,P] =AB + uP = [p,h] =Ab+pup
[Z,B]=AB+uP = [b,z] =Ab+pup (5.1.1.6)
[Z,P] =AB+uP = [p,z] =Ab+up
B,B] =AB+uP+vJ] = b?=IAb+ iup+1v
P,Pl=AB+uP +v] = p>=1Ab+iup+iv
B,PI=AH+uZ = bp+pb=0 and [b,p]=2Ah+pnz.

Proof. All the results excluding Z are taken from Lemma 4.1.1, and the [Z, B] and [Z, P] results
are the same mutatis mutandis as [H,B] and [H, P]. Therefore, the only new results are those
for [H,Z] and [B,P]. The [H,Z, Q] identity is written

H,[Z,Q(0)] = [[H, Z],Q(6)] + [Z, [H, Q(8)]. (5.1.1.7)
Substituting in the relevant brackets, we find
Q(6zh) = AQ(6h) + nQ(6z) + Q(6hz). (5.1.1.8)
Using the injectivity of Q, we arrive at
(z,h] = Ah 4 pz. (5.1.1.9)
Finally, the [B, P, Q] identity is
B(B), [P(m), Q(O)]] = [[B(B), P(m)], Q(6)] + [P(7), [B(B), QO)]]. (5.1.1.10)
Substituting in the brackets from (5.1.1.2), we arrive at

Q(p7OpPDb) = Re(Bm)(AQ(6h) + nQ(62)) + Q(npObP). (5.1.1.11)
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Letting B =t =i, we find
[b, p] =Ah + pz. (5.1.1.12)

Now, let B =i and 7 =j. In this case, the A and p terms vanish and we are left with
bp + pb =0. (5.1.1.13)
O

(s5,57,57)

By imposing these super-Jacobi identities, we ensure that the [Q, Q] bracket is an sz-equivariant
map (Os; — s5. The (s5,57,57) identities can be difficult to study if we are trying to be
completely general; however, we know that all four algebras in Table 5.2 can be written as
specialisations of the universal generalised Bargmann algebra:

B,P|=7Z [H,B =AB+uP [ P]=nB +¢P, (5.1.1.14)

where A, 1,1, ¢ € R. Therefore, we may use the brackets of this algebra to obtain the following
result.

Lemma 5.1.2. The [H, Q, Q] identity produces the conditions

0 =n;Re(h) where 1€{0,1}

0=hny + ngﬁ
_ (5.1.1.15)
An3 +nnyg = hns + n3h
uns 4+ eng = hny + ngh.
The [Z,Q, Q] identity produces the conditions
0=mn;Re(h) where 1€{0,1}
(5.1.1.16)

0=hn;+ njﬁ where j €{2,3,4}.
The [B, Q, Q] identity produces the conditions
0 =no Re(6p6b)
0 =Re(BO(N4 + 2n:b)0)
0 = 6n,pB6b + pObN,6 (5.1.1.17)
Anol0*B + 1B, 6n20] = On3 b + BObN;0
pn0|9\2[3 = 6n4[5W3 + Bebn4é.

The [P, Q, Q] identity produces the conditions

0 = no Re(670p)
0 = Re(70(n3 — 2n1P)6)
0 = BN, 7P + TOPNLO (5.1.1.18)
MMo|82t = BNn3m@p + TOPN36
enl0]*7t + £ [, 0N20] = ONyOP + 7OPN4H.

Proof. The [H, Q, Q] super-Jacobi identity is written

[H,[Q(6), Q(6)]] = 2[[H, Q(6)], Q(0)]. (5.1.1.19)
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Using (5.1.1.2) and (5.1.1.4), we find

—B(0(An35 +1Nn4)0) — P(0(pNn3 + €ng)0) =2no Re(6hO)H + 2n; Re(6h0)Z

— J(GHQ% + ehnzé) — B(en367h + Ghngé) — P(Gm% + Ghn4é).
(5.1.1.20)

Comparing H, Z, J, B, and P coefficients, and using the injectivity and linearity of the maps
J,B, and P, we find

0 =n;Re(h) where 1ie€{0,1}

0=hny + ngl'_'l
~ (5.1.1.21)
An3 +nng = hns +n3h

uns +eng = hng + n4ﬁ.

The calculations for the [Z, Q, Q] identity follows in an analogous manner. The key difference is
this case is that the L.H.S. vanishes in all instances since Z commutes with all basis elements.
The [B, Q, Q] identity is

(B(B), [Q(6), Q(6))] = 2[[B(B), Q(6)], Q(6)]. (5.1.1.22)
Substituting in the relevant brackets, the L.H.S. becomes
L.H.S. = —Ang|0*B(B) — $B([B, On20]) — Re(pON40)Z, (5.1.1.23)
and the R.H.S. becomes

R.H.S. =2n¢ Re(6p6b)H + 2n; Re(6p6b)Z

_ _ . _ . _ 5.1.1.24
— J(6n2B6b + B6bN,0) — B(Bn3R6b + F6bN36) — P(6Nn,R6b + F6bN,O). ( )
Again, comparing coefficients and using the injectivity and linearity of our maps, we get

0 =ngRe(6p6b)
0 = Re(BO(N4 + 2n1b)0)
0 = 6n,pB6b + pObN,6 (5.1.1.25)
Anol6*B + 1B, 6n20] = On3ROb + BObN;0
unol0*B = OnsBOb + pObN,O.

The [P, Q, Q] results follow in identical fashion by replacing b with p and  with 7. O

(51,571, 57)

The last super-Jacobi identity to consider is the (s7,s7,57) case, (Q,Q, Q.

Lemma 5.1.3. The [Q, Q, Q] identity produces the condition

noh+n;z = %n2+n3b+n4p. (51126)

Proof. The [Q, Q, Q] identity is
0 = [[Q(6), Q(6)], Q(8)]. (5.1.1.27)

Using (5.1.1.4), and the brackets in (5.1.1.2) and (5.1.1.3), we find

0 = [ng|6]*H +n4(0>Z — J(8n20) — B(6Nn30) — P(8n40), Q(6)]

i - _ (5.1.1.28)
=10/6/°Q(6h) +n1(6]°Q(62) — $Q(6N260) — Q(6n366b) — Q(6N,66p).
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Since Q is injective, this gives us

noh +n;z = %n2+n3b+n4p. (5.1.1.29)

Basis Transformations

As well as modifying the super-Jacobi identities presented in Section 4.1.1, the new so0(3) scalar
also impacts the subgroup G C GL(s5) x GL(s7) of basis transformation for kinematical Lie
superalgebras. All the automorphisms in G generated by s0(3) remain the same for b, p, and
h, but we may now add how z transforms. These automorphisms act by rotating the three
imaginary quaternionic bases i, j, and K by an element of SO(3). In particular, we have a
homomorphism Ad : Sp(1) — Aut(H) defined such that for u € Sp(1) and s € H, Ady(s) = usu.
The map Ad, then acts trivially on the real component of s and via SO(3) rotations on Im(H).
Therefore, B =B o Ady, P =PoAd,, H=H, Q= Qo Ady. Since Z is an s0(3) scalar, Z = Z.
Substituting this with Q = Q o Ady into the [Z, Q] bracket, we find that Z = Gzu. Additionally,
substituting these transformations into the [Q, Q] bracket, we see that n; remains inert. The
other type of transformations to consider are the so(3)-equivariant maps s — s. Since we now
have two so0(3) scalars, we can have

H=aH+bZ
Z=cH+dzZ

b

a
where (c d

) € GL(2,R). (5.1.1.30)

The so(3) vector and spinor maps remain unchanged from those given in Section 4.1.1. In
particular, Q(s) = Q(sq) for q € H*. Substituting H, Z and Q into the brackets

[H,Q(8)] = Q(oh) R . s
L _ 0), Q(0)] = 1y|6|*H + 111|6[2Z — J(6r126) — B(0r30) — P(0r140),
2.Q0)] = Q(02) [Q(0), Q(6)] = 11p|6]“H + 111|0] (6n20) — B(636) — P(6n,0)
(5.1.1.31)
we find
h=q(ah+bz)gt ™0 = d|q|2b (dno —cny)
) H . ad= ¢ (5.1.1.32)
Z=(q(ch+dz)q = Il (an, — brg).
ad — bc

These amendments mean that the transformation in G produce the following basis changes

J— JoAdy

B +— eBo Ady +fP o Ady
P +— hBo Ady +iP o Ad,
H+— aH+bZ
Z—cH+dZ
QHQoAduoRq.

(5.1.1.33)

These transformations may be summarised by (A = (¢%),C = (£7),q,u) € GL(R?) x GL(R?) x
HX x HX.

5.1.2 Classification

The calculations for classifying the super-extensions of nL and g all follow identically. It will,
therefore, only be stated once below. However, the central extension of the static kinematical
Lie algbera is a little different, so will be treated first.

135



a

Using the preliminary results from Lemma 5.1.1 in Section 5.1.1, we find b =p =z = 0. Sub-
stituting these quaternions into the [B, Q, Q] and [P, Q, Q] identities with the relevant brackets,
we get No = 0, N3 =0 and ngy = 0 . Then, wanting [Q, Q] # 0, the [H, Q, Q] conditions tells
us that Re(h) = 0. Finally, Lemma 5.1.3 reduces to ngh = 0. Therefore, we have two possible
cases: one in which ng =0 and h € Im(H) and another in which h = 0 and ng is unconstrained.
In the former case, the subgroup G C GL(s5) x GL(s7) can be used to set h = k and n; =1,
such that the only non-vanishing brackets involving Q are

H,Q(6)] = Q(6k) and [Q(6),Q(6)] =16]*Z. (5.1.2.1)
Notice, however, that this case also allows for h = 0, leaving only
[Q(6),Q(0)] = |8*Z. (5.1.2.2)
In the latter case, we can use G to scale ng and ny, so the non-vanishing brackets are

[Q(6),Q(0)] = |6]°H + [6°Z. (5.1.2.3)

L and §

Using the preliminary results of Lemmas 5.1.1 and 5.1.3, we instantly find b=p =z =0, and,
subsequently, ngh = %ng. The super-Jacobi identity [B, Q, Q] then tells us that ng =ny =ny =0
and the identity [P, Q, Q] gives us n3 = 0. Thus, the (s1,s7,57) condition is trivially satisfied.
The only remaining condition is from [H, Q,Q], which tells us n; Re(h) = 0. Since we want
[Q, Q] # 0, we must have ny # 0, therefore, h € Im(H). Using G to set h =k and n; = 1, we
have non-vanishing brackets

[H,Q(6)] = Q(6k) and [Q(6),Q(s)] =6]*Z. (5.1.2.4)

Similar to the a case, the restriction h € Im(H) does not remove the choice h = 0. Therefore,
we may also have

[Q(6),Q(s)] = 6]°Z (5.1.2.5)

as the only non-vanishing bracket.

5.1.3 Summary

Table 5.3 lists all the N = 1 generalised Bargmann superalgebras we have classified. Each Lie
superalgebra is an N = 1 super-extension of one of the generalised Bargmann algebras given
in Table 5.2, taken from [3]. It is interesting to compare this list of N = 1 super-extensions of
centrally-extended kinematical Lie algebras to the list of centrally-extended N = 1 kinematical
Lie superalgebras given in Table 5.4. This table is a reduced and adapted version of one given
in Section 4.1.5, where we have only kept those extensions built upon the static, Newton-Hooke,
and Galilean algebras.

Notice that only one of the generalised Bargmann superalgebras is present in the classification
of centrally-extended kinematical Lie superalgebras, S1. Although it does not match exactly,
we can use the basis transformations in G € GL(s5) x GL(s7) to bring it into the same form as
the second superalgebra in Table 5.4.

The fact that these tables only have one Lie superalgebra in common is, perhaps, unsurprising.
The Lie superalgebras presented in Table 5.3 almost exclusively have [Q, Q] = Z. Thus, before
introducing the new generator Z, these Lie superalgebras would have had [Q,Q] = 0. By con-
struction, such Lie superalgebras were left out of the classification in Section 4.1.2. This may
explain why there is so little crossover between these tables.
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Table 5.3: N =1 Generalised Bargmann Superalgebras (with [Q, Q] # 0)

sl elh]lz|b|p] QO6)QH)
11]a |6]2Z
2 | a k |0]2Z
3| a |0]2H + 16|2Z
4 | a_ |8]2Z
5 A | k 16]2Z
6 | s o2z
78, | k 16]2Z
8 |4 102z
9§ |k 1022

The first column gives each generalised Bargmann superalgebra s a unique identifier, and the
second column tells us the underlying generalised Bargmann algebra £. The next four columns
tells us how the s5 generators H,Z, B, and P act on Q. Recall, the action of J is fixed, so we do
not need to state this explicitly. The final column then specifies the [Q, Q] bracket.

Table 5.4: Central Extensions of N = 1 Kinematical Lie Superalgebras

¢ | BB),PI| h|z|b]|p] [Q(0), Q(0)]

a 1k 102Z — P(0k0)

a Re(pm)Z |8]2H

a IGIQZ—B(Gjé)—P(Gké)
a 102Z — P(0k0)

g k 102Z — P(0k0)

g 102Z — P(6k0)

ny 1 10]2Z — B(0i0) — P(0k0)

The first column identifies the kinematical Lie algebra ¢ underlying the extensions. The second
column indicates whether the central extension has been introduced in the [B, P] bracket. The
next four columns show the [sj, s7] brackets for the KLSA. As we can see, the only non-vanishing
case is [H, Q(0)] = Q(6h), where 0 € H and h € Im(H). The final column then tells us whether
the central extension enters the [Q, Q] bracket.

Unpacking the Notation

Although the quaternionic formulation of these superalgebras is convenient for our purposes, it
is perhaps unfamiliar to the reader. Therefore, in this section, we will convert one of the N =1
super-extension for the Bargmann algebra (S9) into a more conventional format. The brackets
for this algebra, excluding the sg brackets, which are shown in Table 5.2, take the form

H,Q(0)] = Q(6k) and [Q(6),Q(0)] =0[*Z. (5.1.3.1)

Letting Q(0) = Ziil 0aQa, where 6 = 04 + 011 + 02j + 03K, we can rewrite these brackets as

4
[Ha Qa} - Z szba and [Qa; Qb] - 6(1bZ; (5132)
a=1

where, for o2 being the second Pauli matrix,

(0 oy
z_(im 0). (5.1.3.3)
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5.2 Classification of N = 2 Generalised Bargmann Super-
algebras

Having established the introduction of the central extension Z into our classification problem
in Section 5.1, we now look to introduce an additional so(3) spinor module. Section 5.2.1 will
describe the setup up for the classification of the N = 2 generalised Bargmann superalgebras,
before extending the preliminary results from Section 5.1.1 to this case. It is also in this section
that the group of basis transformations G will be adapted for extended supersymmetry. The
number of additional parameters in this case means that there are several branches of super-
extension for each generalised Bargmann algebra. In Section 5.2.2, we use the preliminary
results from the (s5,55,87) component of the super-Jacobi identity to identify four possible
branches of generalised Bargmann superalgebra in the sub-variety . C _#. Each branch is
then explored in detail in Section 5.2.3 where we identify the non-empty sub-branches, which
are summarised in Section 5.2.4.

5.2.1 Setup for the N =2 Calculation

Recall that, in addition to the standard kinematical Lie brackets, the brackets for the universal
generalised Bargmann superalgebra are

[B(B), P(m)] = Re(pm)Z
(H,B(B)] = AB(B) + uP(B) (5.2.1.1)
(H, P(m)] =nB(m) + eP(m),

where 3,7 € Im(H) and A, u,1,¢ € R. Because we now have two spinor modules, the brackets
involving s7; need to be adapted from those given in Section 5.1.1. We will continue to use the
map Q for the odd dimensions; however, it now acts on 6, a vector in H2. We will choose H?
to be a left quaternionic vector space such that H acts linearly from the left and all 2 x 2 H
matrices act on the right. Therefore, writing 8 out in its components, we have

6= (6, 6,), (5.2.1.2)

where 01,02 € H. The [s5,s7] brackets are again the so(3)-equivariant endomorphisms of s.
Since we choose s0(3) to act via left quaternionic multiplication, the commuting endomorphisms
are all those that may act on the right. In the present case, these are elements of Mato(H).
Thus the brackets containing the so(3) scalars are

H,Q(0)] = Q(6H)
(Z,Q(0)] = Q(62),

where H,Z € Maty(H). In Section 5.1.1, [J,Ql, [B,Q] and [P, Q] were described by Clifford
multiplication V ® S — S, which is given by left quaternionic multiplication by Im(H). The
space of such maps was isomorphic to the space of r-equivariant maps of S, which is a copy
of the quaternions. Now with s; = S @ S, we have four possible endomorphisms of this type.
Labelling the two spinor modules S; and Sy, we may use the Clifford action to map S; to Sy,
S1 to So, So to S, or Sy to So. All of these maps may be summarised as follows

(w),Q0)] = Q(w8)
), Q6)] = Q(BOB) (5.2.1.4)
), Q(0)] = Q(nOP).

Here, w, $,7 € Im(H) and B, P € Maty(H). Finally, consider the [Q, Q] bracket. This will consist
of the so(3)-equivariant R-linear maps QQ s7 — §5. To write down these maps, we make use of
the so(3)-invariant inner product on sj

(5.2.1.3)

(0,0') =Re(06') where 0,0’ cH? 07 =0". (5.2.1.5)
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This bracket’s so(3)-invariance is clear on considering left multiplication by u € sp(1) and noting
sp(1) = s0(3). We can now use this bracket to identify @2 s7 with the symmetric R-linear
endomorphisms of s = $? = H? i.e. the maps p: H? — H? such that (u(0),0’) = (6, u(0")). A
general R-linear map of H? may be written

w(@) =gOM where g€ H and M € Maty(H). (5.2.1.6)

Now, inserting this definition into the condition for a symmetric endomorphism, we obtain the
following two cases:

1. g€ Rand M = Mf
2. g € Im(H) and M = —MT,

The first instance gives us our s0(3) scalar modules in @2 s1; therefore, these will map to either
H or Z in s5 to ensure we have so(3)-equivariance. The condition on M states that it must be
of the form

a  b+m 10 01 00 0 1
M_(b—m c )_a<() ()>+b<1 <)>+C(() 1>+m<—1 ())’ (5.2.1.7)

where a,b,c € R and m € Im(H). We can make sense of this result using the decompo-
sition of the odd part of the superalgebra, s; = S? = S ® R?, and our knowledge of the
maps in Hom(C)2 S,s5) derived from Section 4.1.1. Symmetrising the decomposed s7, we get
0?2 = 0?2 O’R2a A?S ® A’R2. Recall that ©?S = R 3V, where the scalar compo-
nent is equivalent to the real span of the endomorphism LRy, and the vector components are
equivalent to the real span of the endomorphisms LqRq/, where ¢,q’ € Im(H). Notice, the scalar
component is the only map that requires multiplication on the left by a real scalar. Since case
1 demands that the spinor module is multiplied on the left by a real scalar, we would expect
that the terms in M which are associated with the ©?S ® (O? R? component of (D? $2 would
also multiply the spinor module on the right by a real scalar. Indeed, we find that the first
three terms of M correspond to maps inside @2 S® @2 R2: they all take the form of the scalar
component of Qz S, L1Ry, multiplied by a basis element of @2 R2.

To complete our decomposition of M for this case, note that A%2S = 3R @ V, where the three
copies of R correspond to the endomorphisms L;R;, LiRj, and L;Rx and V corresponds to
spang {LiRl, LjRy, Lle}. Again, case 1 imposes that we only consider the maps containing Ly,
which can be succinctly written as an imaginary quaternion acting on the right. Thus, the
final term in our decomposition is part of a map inside A2S ® A2R? and takes the form of an
imaginary quaternion multiplied by the basis element of A2R2.

Now, the second case gives us our so0(3) vector modules in 62 S2: therefore, these will map
to B, P, or J to ensure so(3)-equivariance. The condition on M in this case produces

n d+1 1 0 0 1 0 0 0 1

M= (—d—i—l r > =N (() u> *! (1 ()) +r (() 1> +d <—1 ()) ’ (5.2.1.8)
where n,I,r € Im(H) and d € R. Again, we can understand this result through the decomposi-
tion of s; and its symmetrisation, %2 = O?S© O?R2 & A?S ® A>R2. From Section 4.1.1,
we know that the so(3) vectors in @2 S come from simultaneous left and right quaternionic
multiplication by Im(H). Since case 2 imposes that we must consider the maps which multiply
s7 on the left by an imaginary quaternion, we may expect that the M associated with the
O?s® (O?*R2 component of ()% $2 will also multiply on the right by an imaginary quaternion.
Indeed, the first three components of M correspond to maps inside OQ S® @2 R2: they con-
sist of a map in @2 S of the form LqRy, for g,q’ € Im(H), multiplied by a basis element of OQ R2.

The final term in our decomposition comes from the A?S ® A?R2 component of (OS2, Re-
call, the only anti-symmetric endomorphisms of S which involve multiplication on the left by
an imaginary quaternion are in spang {LiR1,LjR1,LkR1}, which transforms as an so(3) vec-
tor module. Therefore, we would anticipate that the terms in M associated with /\2 S® /\2 R2
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would correspond to a real scalar multiplied by the A%2R? basis element, which is indeed the case.

Putting all this together, we may write
[Q(0),Q(0)] = (0,0Ng)H + (0,0N)Z + (0,ION2) + (6,BON3) + (0, PON,), (5.2.1.9)

where Ng, N; are quaternion Hermitian, and N3, N3, Ny are quaternion skew-Hermitian, as
stated above, and

J=Jii -|—J2j +Jsk B =DBji +B2j +Bsk P =Pii +P2j + Psk. (52110)
Using the fact that Re(wJ) = J(w) and N; = Nf{ for 1 € {0, 1}, we can write
[Q(8),Q(0)] = Re(ONgO")H + Re(ON107)Z — J(ON20T) — B(ON361) — P(ON,0T).  (5.2.1.11)

This polarises to

[Q(0),Q(68")] = 5 (Re(NO'T + 8'Ng6")H + Re(6N10'T + 8'N,61)Z

—J(ON20'T + 6'N26T) — B(ON36'T + 0'N30') — P(ON40'T + 6'N,61)).
(5.2.1.12)

N[ =

Preliminary Results

As in the N =1 case, we can form a number of universal results that will help us when inves-
tigating the super-extensions of the generalised Bargmann algebras. The following subsections
will cover the (sg,s5,57), (85,57,57), and (s7,s7,57) components of the super-Jacobi identity,
respectively.

(ﬁﬁvﬁﬁaﬁi)

In the N = 1 case, h,z,b,p € H, and in the N = 2 case H,Z,B,P € Mato(H). Since H
and Maty(H) are both associative, non-commutative algebras, the algebraic manipulations are
the same in both cases. Therefore, the N = 1 results generalise to the N = 2 case; the only
difference being that the variables are 2 x 2 H matrices rather than H elements.

Lemma 5.2.1. The following relations between H,Z,B, P € Mato(H) are implied by the corre-
sponding t-brackets:

H,Z| =AH+uZ = [Z,H=AH+pZ
H,B]=AB+ uP = [B,H] =AB+ uP
H,P]=AB+uP = [P,H] =AB + uP
Z,B] =AB+ uP = [B,Z] =AB + uP
\Z,B] " B, 2] " (5.2.1.13)
(Z,P] =AB + puP = [P,Z] = AB + uP
[B,B] =AB+pP +vJ = B?=IAB+ puP+iv
[P,P]=AB+uP+vJ] = P?=1IAB+1uP+iv
B,PI=AH+uZ — BP+PB=0 and [B,P]=AH+ puZ
Proof. See the proof of Lemma 5.1.1 for the algebraic manipulations that produce the above
results. O
(sp,57,57)

As in the N = 1 case, we use the universal generalised Bargmann algebra to simplify our
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analysis here. Recall the brackets for this algebra are
[B,P] =7 [H,B] =AB + uP H,P] =nB + ¢P, (5.2.1.14)

where A, i, 1, ¢ € R. Using these brackets, we obtain the following result.

Lemma 5.2.2.

The [H, Q, Q] identity produces the conditions
0 =HN; + N;H!  where i€{0,1,2}
AN3 +1Ny = HN3 + N3Hf
uN3 + eNy = HNy + NyH.
The [Z,Q, Q] identity produces the conditions
0=2ZN; +N;Z"  where ie{0,1,2,3,4}.
The [B,Q, Q] identity produces the conditions
0 =BNg — NoB'
Ny = BN; — N;Bf
0 = BOBNLO' + ON,(BOB)T
ARe(6NoO")B + 1[B,ON201] = BOBN;6' + ON3(pOB)!
1wRe(@NO')B = BOBNLOT + ON,(BOB)T.
The [P, Q, Q] identity produces the conditions
0 =PNp — NoP'
—Nj3 = PN; — NPT
0 = TOPN20" + ON, (nOP)"
nRe(ONO" )t = TOPN30" + ON;3 (7OP) T

eRe(NoO")mt + L[, ON20'] = TOPN4OT + ON4 (nOP)T,
(5.2.1.15)

where B,m € Im(H) and 8 € H2.

Proof. Beginning with the [H, Q, Q] identity, we have
[H, [Q(s), Q(s)I] = 2[[H, Q(s)], Q(s)]. (5.2.1.16)

Focussing on the L.H.S., note the general form of the [Q, Q] bracket has components along each
of the s; basis elements; however, H only commutes with B and P. Therefore,

L.H.S. = —[H, B(ON381)] — [H, P(ON,07)]

(5.2.1.17)
— “B(O(AN;3 +1N4)0T) — P(O(uN3 + eN,)O").

Substituting [H,Q(€#)] = Q(OH) into the R.H.S. and using the polarised form of the [Q, Q]
bracket, we find

R.H.S. =Re(6(HNg + NgH)@NH + Re(0(HN; + N;HN)OHZ

(5.2.1.18)
— J(B(HN3 + NoHNOT) — B(O(HN3 + NgHOT) — P(O(HN, + N,HN o).

Comparing coefficients and using the injectivity and linearity of the maps J, B and P, we get the
desired conditions. The [Z, Q, Q] result follows in an analogous manner. Consider the [B, Q, Q]
Jacobi identity

B(B), [Q(8), Q] = 2[[B(B), QO)], Q(O)]. (5.2.1.19)
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Since B commutes with Z and B, the L.H.S. takes the following form

L.H.S. = [B(B), Re(8NoO")H — J(ON,0T) — P(ON,0')]

_ (5.2.1.20)
= —Re(ONo8")(AB(B) + uP(B)) + $B(16N267, B]) — Re(pONLOT)Z.

Turning attention to the R.H.S., we find

R.H.S. =Re(POBNO + ONyBTOTB)H + Re(BOBN10T + ON,BTOTR)Z

— J(BOBNLOT + ON,BTOTR) — B(BOBN3OT + ON3BTOTR) — P(BOBNLOT + ON,BTOTB).
(5.2.1.21)

Using the property p = —B, since f € Im(H), and the cyclic property of Re, the first two terms
can have their coefficients written in the form

Re(BOBN;0T + ON;BTOTB) = Re(BO(BN; — N;BT)T), (5.2.1.22)
for 1 € {0,1}. Again, comparing coefficients we obtain the desired results. The [P, Q, Q] case
follows identically. O
(s7,51,57)

The last super-Jacobi identity component to consider is the (s7,s7,57) case, (Q,Q, Q.
Lemma 5.2.3. The [Q,Q, Q] identity produces the condition
Re(ONoO')0H + Re(ON101)6Z = 1ON2076 + ON3076B + ON,670P. (5.2.1.23)
Proof. The [Q, Q, Q] identity is written
0=[Q(8),Q(0)],Q(0)]. (5.2.1.24)
Substituting in the [Q, Q] bracket, this becomes
0 = [Re(ONgO)H + Re(ON101)Z — J(ON,0T) — B(ON301) — P(ON,6), Q(0)]. (5.2.1.25)

Finally, using the brackets in (5.2.1.3) and (5.2.1.4) and the injectivity of Q, we obtain the
desired result. O

Basis Transformations

We will investigate the subgroup G € GL(s5) x GL(s7) by first looking at the transformations
induced by the adjoint action of the rotational subalgebra v = so(3). We will then look at the
s0(3)-equivariant maps transforming the basis of the underlying vector space. These will act
via Lie algebra automorphisms in s and endomorphisms of the so(3) module S? in s;. Note, in
the former case, where the automorphism is induced by adj,, each so(3) module will transform
into itself, while, in the latter case, when the transformation is some so(3)-equivariant map, the
modules transform into one another. For completeness, at the end of the section, we determine
the automorphisms of each generalised Bargmann algebra.

Recall that Sp(1) is the double-cover of Aut(H), and Aut(H) = SO(3). We, therefore, write
A € Aut(H) as A(s) = usu for some U € Sp(1), which will act trivially on the real component of s
and rotate the imaginary components. Using this result, we can represent the action of Aut(H)
on the so0(3) vector modules in s5 by pre-composing the linear maps J, B, and P with Ad,,
for u € Sp(1). To preserve the kinematical brackets in [sg, 55], we must pre-compose with the
same U for each map. Note, s0(3) acts trivially on H and Z, so these basis elements will be left
invariant under these automorphisms. For s7, we restrict to the individual copies of S through
diagonal matrices. To preserve the [J, Q] bracket, we must pre-compose with the same u as
above. Therefore, we write Q(0) = Q(uBul). We can now investigate how these automorphisms
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affect our brackets

J(w),Q(0)] = $Q(w8)
H,Q(8)] = Q(6H
B(),QIO) =Q(pop) O =QOW
(Z,Q(8)] =Q(82)
[P(m), Q(6)] = Q(OP) (5.2.1.26)

[Q(8), Q(8)] = Re(ONO"H + Re(ON,07)Z — J(ON,0') — B(AN;601) — P(ON,01).

Transforming the basis, we have

J(w),Q(0)] = §Q(wb) . S
~ ~ 2 H,Q(8)] = Q(6H
[B(B),Q(6)] = Q(pOB) [[z gieﬁ B giaz;
[P(r), Q(6)] = Q(nOP) ’ - (5.2.1.27)

[Q(8),Q(8)] = Re(sONO')H + Re(ON167)Z — J(ON261) — B(ON360') — P(ON,67),

with H=H, Z=2,J =JoAdy, B=BoAdy, P=PoAdy,, and Q = Q o Ady, where it is
understood that Ady, acts diagonally on the s7 basis, Q. The transformed matrices are

N; = DN;D, (5.2.1.28)

where D = ul for u € Sp(1) and i € {0,1, ...,4}. Therefore, D! = D' = G1. These automor-
phisms simultaneously rotate all quaternions, all the components of the matrices H, Z, B, P and
N, by the same Sp(1) element.

Next, we want to consider the so(3)-equivariant linear maps which leave the rotational sub-

H=aH+bZ

Z=cH~+dzZ
B(B) = eB(B) + fP(B) + gJ(B) (5.2.1.29)
P(m) = hB(m) 4+ iP(m) +jJ(m)
Q) = Q(oMm),

where q, ...,j € R and M € GL(H?). Crucially,

e f g
A:(a b)eGL(Q,R) and C=|h i j|eCLBR), (5.2.1.30)
c d 00 1

act on (H,Z)T and (B,P,J)T, respectively. Each of the generalised Bargmann algebra allows
different transformations of this type; however, there are some important general results. There-
fore, we will begin by working through the analysis of these maps with the universal generalised
Bargmann algebra before focussing on each algebra separately.

As in the N = 1 case, the checking of brackets that include J is really verifying that the
above maps are so(3)-equivariant, so this does not give us any information not already pre-
sented. The first bracket we will consider is [B,P] = Z. Substituting in the maps of (5.2.1.29),
we find the following important results:

d=ei—fh, ¢=0, and g=j=0. (5.2.1.31)
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The vanishing of ¢ tells us that d # 0 if we are to have A € GL(2,R). Also, the vanishing of g
and j shows that we can reduce C to an element of GL(2,R),

C= (e f) : (5.2.1.32)

h 1
acting on (B,P)T. The remaining [sg, s5] brackets are [H, B] and [H, P], which produce

0=2Ae(a—1)+naf—puh 0=mn(e—ai)+ e¢h—Aah

) . (5.2.1.33)
0=A—eaf + pu(i—ea) 0 =nf+ei(l —a) — pah,

respectively. Clearly, these conditions are dependent on the exact choice of generalised Bargmann
algebra, so we will leave these results in this form for now.

Now, since the [s5,s7] and [s7,s7] brackets are so far independent of the chosen algebra, the
following results will hold for all the generalised Bargmann algebras. Reusing (5.2.1.27), in this
instance we find

H=M(aH+bzZM™! Z=dMZM™! B=M(eB+fP)M~! P =M(hB+iP)M!

o N3 = MNyMT
No = MNoM! N L M(Ns — hNg M
9 3= o M(INs —hNy) (5.2.1.34)
Ni = —M(aN; —bNgMT 1
ad Ni = ———-M(eNs — fN)M".

Putting the two types of transformation in G together, we have

J— Jo Ady

B +— eBo Ady +fP o Ady
P +— hBo Ady +iP o Ady
H+— aH+bZ

Z— dZ

Q+— Qo Ady oRm.

(5.2.1.35)

These transformations may be summarised by (A = (& 5),C = (¢ !),M,u) € GL(R?)xGL(R?)x
GL(H?) x H*. Now that we have the most general element of the subgroup G € GL(sg) x GL(s7)
for s5 = ¢ the universal generalised Bargmann algebra, we can restrict ourselves to the auto-
morphisms of s; and set the parameters A, u,m, ¢ € R to determine the automorphism group for
each of the generalised Bargmann algebras. The results of this investigation are presented in
Table 5.5.

A

a

In this instance, all the conditions vanish as A = u = 1 = ¢ = 0; therefore, the matrices A
and C are left as stated above.

A
Having A = —¢ =1 and p =1 =0, the conditions in (5.2.1.33) become

O=ela-1) . 0=hil+aq (5.2.1.36)
0=*(1+a) 0=i(l-a).
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Notice, if a ¢ {£1} then C must vanish, which cannot happen if we are to retain the basis
elements B and P. Therefore, we are left with two cases: a =1 and a = —1. In the former
instance, we have automorphisms with

1 b e 0
A_(U ei) and c_<U 1)' (5.2.1.37)

In the latter instance, we have

-1 b 0 h
A= ( 0 —hf) and C= (f (]> . (5.2.1.38)

ny
In this case, A = ¢ =0 and u = —n = 1. Therefore, our constraints become

0=h+ af O=e—ai
. and (5.2.1.39)
0=1—ae 0=f+ ah.

Taking the expressions for h and i from the conditions on the left and substituting them into
the conditions on the right, we find

0=(1—a’>)f 0=(1—ae (5.2.1.40)

If a® # 1, we would need both f and e to vanish, which contradicts our assumption that
C € GL(2,R). Therefore, we need a? = 1, which presents two cases: a =1 and a = —1. In the
former instance, we find automorphisms of the form

1 b e h
:(() ez+h2> and C:(_h e>' (5.2.1.41)

In the latter instance, we get

-1 b e h
A= ( 0 _e?_ h2) and C= <h —e> . (5.2.1.42)
g

Finally, we have A = n = ¢ = 0 and p = —1, which, when substituted into (5.2.1.33), pro-
duces
0=h and 1i=ae. (5.2.1.43)

Therefore, automorphisms for the Bargmann algebra take the form

a b e f
A_<(J a62> and C—(() ae>' (5.2.1.44)

5.2.2 Establishing Branches

Before proceeding to the discussion in which the non-empty sub-branches of .% are identified,
we first establish the possible [sj, s7] brackets. More specifically, we establish the possible forms
for Z,H,B,P € Maty(H). In this section, we focus solely on the results of Lemma 5.2.1 con-
cerning the (sg,s5,57) component of the super-Jacobi identity. Using the universal generalised
Bargmann algebra, we find that B, P € Mata(H), which encode the brackets [B, Q] and [P, Q],
respectively, form a double complex. Analysing this structure, we identify four possible cases:

1. B=0and P=0
2. B=0and P#0
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Table 5.5: Automorphisms of the Generalised Bargmann Algebras

£ General (A, C) € GL(R?) x GL(R?)

= a>
|
O = o 0
® o AT
S~
N
N
PET e I )
~ ——
~

©»> =
+
o O =
Foo %
- + o
=3
[\v]
/—\%/
/|\
=g
o I
C
/N
/T
C)—‘
|
o
[\
|C-‘
=3
[\v}
~__
TR
- o
L=
~_
~__—

3.B#0and P=0
4. B#0 and P #0.

Taking each of these cases in turn, we find forms for Z and H to establish four branches in .
which may contain generalised Bargmann superalgebras. These branches will form the basis
for our investigations into the possible super-extensions for each of the generalised Bargmann
algebras in Section 5.2.3.

Using the results of Lemma 5.2.1, we notice that B2 = P2 = 0 and BP + PB = 0; therefore,
B and P are the differentials of a double complex in which the modules are s;. What does this
mean for the form of B and P? Notice that we could simply set B and P to zero. However,
assuming at least one component of these matrices is non-vanishing, we find the following cases.

Take P as our example and let
p— (p1 p2) , (5.2.2.1)

P3 P4

The fact that this squares to zero tells us

pi+p2ps =0 P1pP2 + P2ps =0 P3pP1 + pP4p3 =0 p3p2 + p3 = 0. (5.2.2.2)

There are two cases, ps = 0 and ps # 0, which we shall now consider in turn.

In the p3 = 0 case, the constraints in (5.2.2.2) become
pf =0 pP1p2 +pP2pPs =0 pi=0. (5.2.2.3)

Therefore, p; = p4 = 0 and P2 is unconstrained, leaving the matrix

_ (0 P2
P_(() u>' (5.2.2.4)

In the p3 # 0 case, we can use the first and third constraints of (5.2.2.2) to get p2 = —p2p;* and

P4 = —P3p1 pgl, respectively. These choices trivially satisfy the second and fourth constraints
such that we arrive at .
P= (p1 _p1p3_1) . (5.2.2.5)
Ps  —PsP1P3
In a completely analogous manner, we find
g (0 P2} g po (P PIbS! (5.2.2.6)
—\0 0 ~\b; —bsbibg!)" o

Now, what does the anti-commuting condition, BP + PB = 0, tell us about the non-vanishing
matrices? Assuming, for now, that B and P are non-vanishing, we have four options:
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—_

'p3%07b37é07
’p3§é07b3:07
ps =0, bs # 0, and

AW N

. ps=0, bs = 0.

Option 1 Here, we will find three distinct sub-options. Interestingly, these three sub-options
are equivalent to options 2, 3, and 4 above. Substituting the matrices associated with ps # 0
and bs # 0 into BP 4+ PB = 0 gives us

0 =byp; —biby'ps + pib: — pips'bs

0=—bipip;" +biby'pspip;" — pibiby" + pip;'bsbiby?

0 = bsp1 — bsbibs'ps + psbi — psp1p; tbs

0 =—bspip;" +bsbiby ' psp1ps' — psbibz ! + pspip;'bsbibs™.

(5.2.2.7)

Multiplying the first of these conditions on the right by bibs! and adding it to the second
condition, we obtain

0= bl(pl — blbglpg)(bﬂ)gl — plpgl) (5.2.2.8)

Since the quaternions have no zero-divisors, one of these terms must vanish. The vanishing of
the second is equivalent to the vanishing of the third, so we have two sub-options:

1.1 b1 = O, and
1.2 blbgl = plpgl.

In the latter case, the third and fourth conditions of (5.2.2.7) are trivially satisfied, but in the
former case, a little more work is required. Setting b; = 0, we obtain

0= bgpfpgl and 0= b3p1 — p3p1p51b3. (5.2.2.9)

Again, using the fact the quaternions have no zero-divisors, these conditions mean this sub-
option further divides into two:

1.1.1 b3 =0, and
1.1.2 p1 =0,

with ps left free. Recall that to arrive at these options we first made a choice to multiply the
first condition of (5.2.2.7) by b1bz!. We could equally have multiplied by p;p;* such that case
1.1 above read p; = 0. (Notice, the second case is symmetric, so would remain the same in this
instance.) Analogous subsequent calculations would lead to sub-options p3 = 0 and b; = 0.
Putting all of this together, we have four sub-options to consider:

Sub-option 1: B =0 P= (g; —;Sz?é;:l)

Sub-option 2: B = (t())g ::) P= (F;)?, 8)

Sub-option 3: B = (g; E)Sl%)?é;l) P=0

Sub-option 4: B = (E; BSE?E}) P (E; ;E’Ei’g:l) where bibs' = pip5".

(5.2.2.10)
In fact, this list can be simplified further. For all generalised Bargmann algebras, we can choose
a transformation (1,1, M, 1), where, M takes the form

ol
M= <(1) blle > (5.2.2.11)
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such that sub-option 4 becomes sub-option 2. In summary, the p3 # 0 and bs # 0 assumption
lead to three separate sub-options.

_n2p-L
Sub-option 1: B =0 P= <p1 p1p371>
Ps  —PsP1P;
. 0 0 0 O
Sub-option 2: B = (b3 ()) P= <p3 ()) (5.2.2.12)
on3 po (b1 —bibg’ _
Sub-option 3: B = (b3 _bsbyby; ! P=0.

Option 2 Letting ps # 0 and bs = 0, the anti-commuting condition tells us
0= b2p3 and p1b2 = bgpgplpgl. (52213)

Using the first condition, by = 0, and, with by = 0, we are left with sub-option 1 above.

Option 3 Now, consider ps = 0 and bz # 0. Substituting the relevant forms of P and B into
the anti-commuting condition, BP + PB = 0, we find

0= p2b3 and b1p2 = pgbgblbgl. (52214)

This is identical to option 2 only b and p have been swapped. Therefore, we have a similar
result: p =0 such that we have sub-option 3 above.

Option 4 The final case to consider is ps = 0 and bs = 0, where

_ (0 Pp2 (0 by
Pf(() ()) and Bf<0 ()). (5.2.2.15)

These strictly upper-triangular matrices are equivalent to the strictly lower-triangular matrices
of sub-option 2 above. Thus, again, we find no new cases to carry forward.

To simplify the rest of the calculations, we will choose to use the transformation in (5.2.2.11)
for all generalised Bargmann algebras and all options. Combining the case in which both B and
P vanish with the non-vanishing options, we find

Case 1: B=0 P=0
Case2: B=0 P= < 0 U)
P3 0
0 0 0 0 (5.2.2.16)
Case 3: B = (b3 0) P= (p3 0)
Case 4: B = ( Y ()> P=0.

bs; 0

In all cases, it is a straight-forward computation to show that [B,P] = Z tells us that Z = 0.
Therefore, we are left with only H to determine. From the results in Lemma 5.2.1, the conditions
we have including B, P and H are

B,H =AB+uP and [P,H] =nB+¢P. (5.2.2.17)

Case 1 The vanishing of B and P in this instance, when substituted into (5.2.2.17), means we
do not obtain any conditions on H. Thus, we find a branch with matrices

B=P=Z=0 and H unconstrained. (5.2.2.18)
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Case 2 Notice that the vanishing of B means that the second condition in (5.2.2.17) becomes

0 0\ _ (0 0)(h hy hy hy\ /0 0
) (p3 “) ; <p3 “) (h3 h4) - (h3 h4) <p3 ”) ' (5:2219)
This gives us two constraints

0= h2p3 and £P3 = p3h1 — h4p3. (52220)

The first constraint here tells us that either hy or ps must vanish. In the latter instance, we
recover the matrices from case 1. In the former instance, we can use the second constraint to
write hy in terms of hy. Thus, we find a branch with matrices

0 O hy 0
B=Z2=0 P= H= . 5.2.2.21
<I03 0) (h3 pships ' — 5) ( )

The first condition in (5.2.2.17) does not add any new branches to those already given as, with
B =0, it reduces to 0 = puP. Therefore, for those generalised Bargmann algebras with w # 0, it
gives the branch identified in Case 1, and, for those with u = 0, it leaves p3 free to fix hy as
prescribed for the branch presented in this case.

Case 3 Substituting the B and P associated with this case into (5.2.2.17), we get the following
constraints

0 = hybs 0= h2p3 Abs + ups = bsh; — hsbs nbs + £pPs = p3h1 — h4p3. (52222)

The first two constraints above tell us that if hy # 0, then we again arrive at the branch with
B =P = Z =0 and H unconstrained. Letting hy = 0, we focus on the second two constraints.
Notice, for this branch to be distinct from the other two, we require bs # 0 and ps # 0.
These assumptions allow us to take inverses of both bs and p3 in the following calculations.
Multiplying the third constraint on the right by bgl, we can rearrange for hy and substitute
this into the fourth constraint to get

nbs + eps = p3h1 —bsh; bglpg, + upgbglpg + ApPs. (5.2.2.23)
Multiplying this expression by bgl on the left and rearranging, we find
U, hy] = —pu? 4+ (e = A)u +m, (5.2.2.24)

where U = bglpg. Alternatively, we could have chosen to multiply the fourth condition on
the right by p3' to get our expression for hy and substituted this into the third constraint.
Multiplying this on the left by pgl produces the similar condition

v,hi] =nvZ + (A —e)v+pu, (5.2.2.25)

where v = p§1b3. Depending on the generalised Bargmann algebra in question, one of these will
prove more useful than the other. We will leave these constraints in this form to be analysed
separately for each generalised Bargmann algebra. Note, this analysis show that, depending on
the algebra in question, we may find super-extensions for which B # 0 and P # 0. Thus, we can
think of promoting this case to a branch.

Case 4 The calculations for this case are nearly identical to those for Case 2. The vanishing
of P means that the first constraint in (5.2.2.17) produces

0= h2b3 and 7\b3 = b3h1 - h4b3 (52226)
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From the first expression above, if hy # 0, we recover the branch presented in Case 1. However,
setting ho = 0, b3z is general, and we can use the second constraint to write hy in terms of h;
and bs. Thus, we find a branch with matrices

L (0 0 ( 0
P=2=0 B_(b3 u) H_(h3 bghlbgl—)\)' (5.2.2.27)

The second constraint in (5.2.2.17) does not produce any new branches for B, P, and H. Substi-
tuting in P = 0, it becomes 0 =nB. Therefore, if n # 0, B must vanish leaving the branch from
Case 1; and, ifn = 0, bg is left free so we can write hy as prescribed for the branch presented here.

In summary, we have the following three branches for all generalised Bargmann algebras

1. B=P=Z=0 and H unconstrained

0 0 hy 0
2. B=7Z= P= H=
0 (p3 U) <h3 pships' — E)

o {0 0 _(h 0
3. P=2=0 B_(b3 0) H_(h3 b3h1b514)~

There is also a possible fourth branch depending on the generalised Bargmann algebra:

3 _(hi 0 (0 0 {0 0
z=0 H7<h3 h4) Bf<b3 0) 1L(p3 0)’ (5.2.2.28)

subject to
uh]=—pu?+(e—MNu+n and [V,h]=nv?+A—¢eV+pn (5.2.2.29)

where U= b3'p; and v = p;'bs.

5.2.3 Classification

In this section, we complete the story started in Section 5.2.2. Each branch we identified in
Section 5.2.2 encodes the possible [sg, s7] brackets for a generalised Bargmann superalgebra s.
Here, we take each branch in turn and find corresponding [Q, Q] brackets. Since our interests
are in supersymmetry, we will always impose the condition that [Q, Q] # 0; therefore, we are
only interested in branches for which at least one of the N; matrices does not vanish. Note,
the imposition of this condition means that the various branches identified here belong to the
sub-variety .7 of the real algebraic variety cut out by the super-Jacobi identity # C 7.

We will begin our investigation into each branch by stating the associated matrices, B,P,H, Z €
Mato(H). These matrices are then substituted into the conditions from Lemmas 5.2.2 and 5.2.3,
which use the Lie brackets of the universal generalised Bargmann algebra. This process pro-
duces a system of equations containing B, P, H, Z encoding the [s5, s7] components of the bracket,
the matrices N for i € {0, 1, ...,4} encoding the [s7,s7] components of the bracket, and the four
parameters of the universal generalised Bargmann algebra, A, i,n, ¢ € R. Any conditions which
do not contain one of the parameters A, u,1, ¢ are analysed and possible dependencies among
the N; matrices are found. Once these dependencies have been established, we start setting
parameters to consider the various generalised Bargmann algebras. In branches 1 and 2, we
will see that multiple generalised Bargmann algebras produce the same set of conditions. In
these instances, we will highlight the relevant algebras but only analyse the system once to
avoid repetition.

In branches 2, 3 and 4, we find that the vanishing of certain matrices N; imposes the van-
ishing of other N;. Thus, we end up with a chain of dependencies, which lead to different
sub-branches. These sub-branches will be labelled such that sub-branches with a larger branch
number will have more non-vanishing matrices N;. For example, sub-branch 2.2 may have
non-vanishing Ny and N, but sub-branch 2.3 may additionally have non-vanishing N3. Within
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each sub-branch, we regularly find two options: one in which Ng vanishes, leaving H free, and
one in which H = 0 such that Ng is unconstrained. Using sub-branch 2.2 as our example, the
former instance, with Ng = 0, will be labelled 2.2.i, and the latter instance will be labelled 2.2.ii.
In branch 4, we will find some instances in which both Ny and H can be non-vanishing. Using
sub-branch 4.3 as an example, we will label these cases as 4.3.iii.

Each sub-branch is designed to have a unique set of non-vanishing matrices. However, the
components within the matrices are not completely fixed by the super-Jacobi identity. There-
fore, each sub-branch is given as a tuple (Mg x, C¢ x), where £ labels the underlying generalised
Bargmann algebra, and X will be the branch number. This tuple consists of M, the subset of
non-vanishing matrices in {B, P, H, Z, Ng, N1, N2, N3, N4} describing the branch, and €, the set of
constraints on the components of the matrices. After stating (M, C) for a given sub-branch, we
proceed to a discussion on possible parameterisations of the super-extensions in the sub-branch.
In particular, the aim of these discussions is to highlight the existence of super-extensions in
the sub-branch. First we set as many of the parameters to zero as possible. In general, this will
involve setting H to zero along with a small number of components in the matrices N;. Then,
using any residual transformations in the group G C GL(s5) x GL(s7), we fix the remaining
parameters. Once the existence of super-extensions has been established, we introduce some
other parameters to produce further examples of generalised Bargmann superalgebras contained
within the sub-branch.

Recall, we build the [Q, Q] bracket from the N; matrices as follows
[Q(0),Q(0)] = Re(ONgO")H + Re(ON107)Z — J(ON20T) — B(ON307) — P(ON,0T),  (5.2.3.1)

where Ny and N; are quaternion Hermitian, NI = Ny, and N2, N3 and N4 are quaternion
skew-Hermitian, N}L = —N;. Throughout this section, we will use the following forms for the
quaternion Hermitian matrices:

_[a q _[(cC r
Nof(q b> and Nh(F d), (5.2.3.2)

where a,b,c,d € R, and ¢, r € H. The quaternion skew-Hermitian matrices will be defined

1\13=<_ef ;) and N4=<7”m T) (5.2.3.3)

where e,g,n,l € Im(H) and f,m € H. We will only briefly need to consider parts of the Ng
matrix explicitly; therefore, we will define its components as necessary.

Branch 1

B=P=Z=0 and H unconstrained. (5.2.34)

Using the remaining conditions from the (s5,s7,57) and (s7,87,87) components of the super-
Jacobi identity, we can look to find some expressions for the matrices N;. The conditions derived
from the [B, Q, Q] identity in Lemma 5.2.2 immediately give Ny = 0 due to the vanishing of B.
Similarly, the [P, Q, Q] conditions give us N3 = 0 due to the vanishing of P. We are thus left
with

0 = nRe(ONO"

0=HN; +N;H" 1€{0,1,2) 0 =nRe(ONy8")
VB, m e Im(H), VO € H?.
0 =Re(ONg8")OH — 10N-070 0 =ARe(ONy6")B + 1[B, ON20T]
0 = e Re(ONoO")mt + 3 [, ON161]

(5.2.3.5)
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Since [c, d] is perpendicular to both ¢ and d for ¢,d € H, the final two conditions can be reduced
to

0 = ARe(ON,0") 0 =[B,ON,0] 0 = ¢ Re(ONy0") 0 = [rr, N, 01]. (5.2.3.6)

Substituting 8 = (1,0), 8 = (0,1), and 8 = (1,1) into the N3 conditions above, we find that

Ny = < ! (e)) : (5.2.3.7)

—e
where e € R. Now substituting @ = (1,i) into the N2 conditions, we find
0 =—2e[B,Iil. (5.2.3.8)

We can choose any B € Im(H); therefore, we may choose 3 = J. Thus we find that e must
vanish, making No = 0. This result reduces the conditions further:

0 = uRe(ONy0T)
0=HN;+N;H' ie{0,1 0 =nRe(ONyO'
0.1} n Re(ONo8') v, me Im(H), VO € H2.  (5.2.3.9)
0 = Re(ONy0")0H 0 =ARe(ON01)B
0 = e Re(ONy 01

Focussing on the conditions common to all generalised Bargmann algebras, i.e. those conditions
which do not contain A, u, 1, or ¢, we have only

0 =HN; + N;HT 1ie{0,1}
(5.2.3.10)
0 = Re(ONy0")OH.
Since the second condition must hold for all 8 € H2, we find that either
(i) No=0and H#0, or
(ii) Ng #0 and H=0.

We can now split this analysis in two depending on the generalised Bargmann algebra of in-
terest. First, we will discuss the algebras in which at least one of the parameters A, u,n, ¢ are
non-vanishing. Subsequently, we will consider the algebras in which all of these parameters
vanish. The former instance encapsulates L and g, and the latter encapsulates a.

Ny and §

All of these algebras have non-vanishing values for at least one of the parameters, A, u,1, €.
Therefore, all have the conditions for Branch 1 reduce to

0 =HN; +N;HT ie{0,1}
0 = Re(Ny0") (5.2.3.11)
0 = Re(ON0")OH.

Substituting 8 = (1,0), 8 = (0,1), and 8 = (1,1) into the second condition above, we find that

0 Im(q)
NO:<_Im(q) ) ) (5.2.3.12)

Now substitute 6 = (1,1i) into this condition, using the convention that q = q1i + qz2j + qsk, to

find
0 = Re(ig) = q1. (5.2.3.13)
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Using 0 = (1,]j) and 6 = (1,k), we get analogous expressions for g2 and qs, so g = 0. There-
fore, Ng = 0, and we cannot produce a super-extension in sub-branch 1.ii for these generalised
Bargmann algebras.

The only remaining matrices are H and Ny, such that
0 = HN; + N;HT, (5.2.3.14)

with no constraints on H and Ny = NJ{. So far, we have not used any basis transformations
for this branch; therefore, we can choose Nj to be the canonical quaternion Hermitian form,
1. The above condition then states that Hf = —H. Thus, this branch produces one non-empty
sub-branch for iL and g, with the set of non-vanishing matrices given by

_fy_(h he (10
Mi, andg, 10 = {H = (—H2 h3) , Np= <0 1) } (5.2.3.15)

Although already explicit in the forms of H and Ny, we note that the set of constraints for this
sub-branch is
Caypandg i =(H =—H, N;=N}L (5.2.3.16)

Our only comment on H going into the analysis of this branch was that it was unconstrained;
therefore, we may choose to have H = 0. Thus there is certainly a super-extension in this
sub-branch, one with only N; = 1 non-vanishing. However, wanting to introduce some more
parameters, we may let hy, ho and hs be non-vanishing. These quaternions can be fixed using
the group of basis transformations G € GL(s5) x GL(s1) by noticing that Hf = —H tells us that
H € sp(2). Therefore, the residual Sp(2) € GL(s7) which fixes N; =1 acts on H via the adjoint
action of Sp(2) on its Lie algebra. Thus, we can make H diagonal and choose the two imaginary
quaternions parameterising it, arriving at

i 0 10
H:(() j) and N1:<0 1>. (5.2.3.17)

a
Since @ has A = p=n = ¢ =0, the conditions in (5.2.3.9) become

0 =HN; +N;H' ie{0,1}

(5.2.3.18)
0 = Re(ONgO1)OH.

Unlike the ni and § case, these conditions do not instantly set Nog = 0; therefore, we may have
super-extensions with either (i) Ng = 0 and H # 0, or (ii) Ng # 0 and H = 0. First, setting H # 0,
we know this imposes Ng = 0, and, as in the fiL and g case, we may use the basis transformations
to set Ny = 1, such that Hf = —H. Therefore, one of the possible super-extensions for a has
non-vanishing matrices

([ h h (10
Ma,l.i—{H—<_H2 h3>, N1—<0 1) } (5.2.3.19)

As before, the set of conditions for this super-extension is
Cari={H =—H, NI=Ny} (5.2.3.20)

and we can use G to fix the quaternions in h. Alternatively, setting Ng # 0, we need H = 0.
Thus the second possible super-extension in this branch has

r
Ma, i = {No = (a q> ;o Ni= (; d) } and  Cqpi={Nj=No, NI =N} (52321)
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Since the primary constraint on these matrices is that both be non-vanishing, we can choose
to have b, g, ¢ and r vanish. Using the scaling symmetry of the s5 basis elements present in
G C GL(s5) x GL(s7), we can write down the super-extension

1 0 0 0
N0:<() 0) N1—<() 1). (5.2.3.22)

Therefore, this sub-branch is not empty. Additionally, we may choose to keep all the parameters
in the matrices of My 1; and use the basis transformations to fix them. In particular, we can
let No = 1. This choice leaves us with a residual Sp(2) action with which to fix the parameters
of N1, which may give us N1 = 1.

Branch 2

0 O hy 0
B=Z=0 P= H= _ . 5.2.3.23
<p3 U) (hB pships ' — 5) ( )

As above, it is useful to exploit the vanishing matrices of the branch to simplify the conditions

from Lemmas 5.2.2 and 5.2.3. In particular, the [B, Q, Q] super-Jacobi identity tells us Ny =0

due to the vanishing of B. The rest of the [B, Q, Q] conditions tells us that
0 =ARe(ONoO")B + 1[B,ON201]

(5.2.3.24)
0 = uRe(ONO1)B.

The [P, Q, Q] conditions become

0 =PNg — NgPf
—Nj = PNy — NPT
0 = mOPN2O' + ONo(nOP)T (5.2.3.25)
NnRe(ONoO" )t = TOPN30T + ON;3(nOP) T
0 = e Re(ONoO" )t + 3 [m, ON,61].

Since the conditions from the [Z, Q, Q] identity are all satisfied due to Z = 0, the final conditions
are

0 =HN; + N;H"  where 1€{0,1,2}
AN3 = HNj3 4 N3Hf (5.2.3.26)
0= uNda

from [H, Q, Q]. The result from Lemma 5.2.3 then gives us
Re(6No6")0H = J6N,6'6. (5.2.3.27)
As in Branch 1, the conditions

0=ARe(ONoO")B + L[B,6N20"] and 0=eRe(NoO")m+ 1[m, ON,61], (5.2.3.28)
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tell us that Ny = 0. Therefore, the conditions reduce further to

0 = uNs

0 = HN; + N;H"  where 1e{0,1}

0 = PN — NoPf AN3 = HN3 + N3H'

0 =ARe(ONyO")B —Ng = PNy — N;Pf VB, m e Im(H), VO e H2.
0 = nRe(ONO)B NRe(ONO" )t = TOPN30' + ON;3(7OP) T

0 = e¢Re(ONyO" )
0 = Re(ONy07)0H
(5.2.3.29)

We can now use the following two conditions common to all generalised Bargmann algebras to
highlight the possible sub-branches:

—N3=PN; —N;Pf and 0=Re(ON0")0H. (5.2.3.30)
Substituting the Ny from (5.2.3.2) and the N3 from (5.2.3.3) into the first condition here, we
can write -
Nj = ( L > . (5.2.3.31)
—CPs  IPs —psr

This result tells us that N3 is dependent on Ni: if Ny = 0 then N3 = 0. Therefore, we may
organise our investigation into the possible super-extensions by considering each of the following
sub-branches in turn

1. Ny =0 and N3 =0,

2. N7 #0 and N3 =0,

3. N1 ;&()and N37£0
Next, consider the condition from the [Q, Q, Q] identity:

0 = Re(ONO")OH. (5.2.3.32)

Notice, this is identical to the condition from the [Q,Q, Q] identity we found in Branch 1.
Therefore, as before, we have two cases to consider in each sub-branch:

(i) No=0 and H # 0, and
(ii) Ng #0 and H=0.

We will now consider each generalised Bargmann algebra in turn to determine whether they
have super-extensions associated to these sub-branches.

a
In addition to the conditions already discussed in producing the possible sub-branches,

—N3 =PN; —N;PT and 0= Re(Ny67)0H, (5.2.3.33)
substituting A = p =1 = ¢ =0 into (5.2.3.29) leaves us with

0 = HN; + N;H"  where 1€{0,1,3}
0 =PNg — NgP! (5.2.3.34)
0 = mOpN30' + ON5(OP)T.
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None of these conditions force the vanishing of any more Nji; therefore, a priori we may find
super-extensions in each of the sub-branches. The only restriction to the matrices so far has

been the re-writing of Ns:
Ny = < Voo P > . (5.2.3.35)
—CP3 TIP3z —psr

Sub-Branch 2.1 Setting N; = N3 =0, we are left with only Ng, subject to
0=HNg+NgH" and 0=PNg—NgP'. (5.2.3.36)

We know that we may have two possible cases for this sub-branch: either (i) No =0 and H # 0,
or (i) Ng # 0 and H = 0. Since we need Ng # 0 for a supersymmetric extension, we must have
the latter case. This leaves only the second condition above with which to restrict the form of
Ng. Since ps # 0, this tells us

0=a and 0=ps3q—aQps. (5.2.3.37)

Thus the sub-branch is given by

0 O 0 o
Mg 215 = {P = <p3 (,)) , No= <q g) } and Ca o1 =1{0=p3q—Qqps}. (5.2.3.38)

This sub-branch is parameterised by two collinear quaternions Ps and g, and a single real scalar
b, such that it defines an 8-dimensional space in the sub-variety .. Notice that we can choose
either =0 or b = 0 and this sub-branch remains supersymmetric. Choosing the former case,

we can use the endomorphisms of s7 to set ps =i and the scaling symmetry of H to produce
0 0 0 0
P= (i 0) and Ng= (() 1) . (5.2.3.39)
In the latter case, we can still choose ps = i, and the condition in €4 15 will impose that g

must also lie along i. Again using the scaling symmetry of H in G C GL(s5) x GL(s7), we arrive

at
0 0 0 i
P= (i 0) and Ng= (—i 0) . (5.2.3.40)

These two examples turn out to be the only super-extensions in this sub-branch. Keeping
both b and g at the outset, we can use the endomorphisms of s7 to set b = 0 while imposing
that p3 and q lie along i. Thus, in this case, we could always retrieve the second example above.

Sub-Branch 2.2 Setting N; # 0 but keeping N3 = 0, the conditions in (5.2.3.33) and
(5.2.3.34) become

0 =PN; — N;PT
where 1€{0,1}. (5.2.3.41)
0 = HN; + N;HT

Importantly, we can now have super-extensions in either of the two cases: (i

) No=0and H #0,
or (i) Ng # 0 and H = 0. In the former case, in which Ny =0, (5.2.3.33) and (

5.2.3.34) become
0=PN; —N;P" and 0=HN; +N;H. (5.2.3.42)

The first of these conditions tells us that

N, = ((,r] 2) , (5.2.3.43)



such that 0 = psr — rps. Substituting this Ny into the latter condition, we find

0= h1r + rpghlpgl

(5.2.3.44)
0 = Re(hsr) + dRe(hy).

Assuming r # 0 and hy; # 0, take the real part of the first constraint to get Re(h;) = 0.
Alternatively, with r =0, d # 0 for Ny # 0; therefore, the second constraint would also impose
Re(hy) = 0. This result allows us to simply the constraints to

0 =Re(h1) 0 = [hy, rps] 0 = Re(hsr). (5.2.3.45)
In fact, the second constraint above is satisfied by
0 = psr — rps, (5.2.3.46)
so the set of constraints on this sub-branch becomes
Ca,22i=10=Re(h1), 0=Re(hsr), 0=psr—rps} (5.2.3.47)

Subject to these constraints, we have the following non-vanishing matrices

e (0 0 (0 (0r
Ma,z.z.if{P— (p3 ()>, H= (h3 p3h1p§1)’ N; = <f d) } (5.2.3.48)

This sub-branch consists of two collinear quaternions ps and r, one quaternion hs that is
perpendicular to these two in Im(H), and one imaginary quaternion hy. In addition, there is a
single real scalar, d. Notice that if H vanishes, we produce a system that is equivalent to the
one found in Sub-Branch 2.1.ii; therefore, this sub-branch is certainly non-empty. However, to
investigate the role of H, we will require at least one of its components to be non-vanishing.
To simplify H as far as possible, let hy = 0. Now we can choose either r or d to vanish while
maintaining supersymmetry. Letting r = 0, we can use the endomorphisms of s; on ps and hs,
and employ the scaling of Z on Nj to arrive at

= (00 = (0 0) (D). 52310

Thus, there exist super-extensions in this sub-branch for which H # 0. Wanting to be more be
a little more general, we can choose for only hs to vanish. Then, using the endomorphisms in
GL(s1), we can set r = di such that ps also lies along i. Utilising the scaling symmetry of P
and Z in GL(s5), we can remove the constants from the matrices P and Ny to get

0 0 0 i
P= <i ()) and N; = (—i 1). (5.2.3.50)

Employing the residual endomorphisms of s7, we can now choose h; to lie along i. This change
allows us to use the scaling symmetry of H in GL(s5) such that H becomes

H = <(i) ?) . (5.2.3.51)

Now, returning to the latter case, in which H vanishes and Ng # 0, we have only

0=PN; —N;P"  where 1ie€/{0,1}, (5.2.3.52)
which tells us that
(0 ¢ (0 r
NO = (q b) and N1 = (F d) 5 (52353)
where
0=ps3q—gps and O0=psr—rps. (52354)
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Therefore, the set of non-vanishing matrices is given by
e (0 0 (0 q (0 r
M, 2245 = {P = <p3 ()) s No= <q b) ;o N = (l—, d) }, (5.2.3.55)

Ca22i ={0=p3q—0pPs and 0=psr—rps} (5.2.3.56)

subject to

Notice that the matrices Ny and N; and the constraints on their components take the same form
as the matrix Ny and its constraints in Sub-Branch 2.1.ii. However, this sub-branch is distinct.
Notice that, using the endomorphisms of s; and the conditions in C; 2., we can make all the
quaternions parameterising this sub-branch of . lie along i. The scaling symmetry of P may
then be employed to set ps =i, leaving only b and d unfixed. The last of the endomorphisms of
57 may set one of these parameters to zero, but not both; therefore, we cannot have Ng = Ny,
which would be a necessary condition for this sub-branch to be equivalent to (Mg 2 1., Ca, 2.1.ii)-
However, we can fix all the parameters of this sub-branch. Had we chosen g = bi with the
initial s7 endomorphism and set d = 0, we could scale H and Z to find

0 0 0 i 0 i
(00 e (D) e (), 5235

Thus, this sub-branch is non-empty and we can fix all parameters in each super-extension it
contains.

Sub-Branch 2.3 Finally, with N; # 0 and N3 # 0, we can substitute 8 = (0, 1) into
0 = mOPN30" + ON3(7OP)T (5.2.3.58)

to find ¢ = 0. Therefore, N7 and N3 are reduced to

0 r 0 0
N, = <r d) and Nz = (0 — p3r> . (5.2.3.59)

Recall, the condition
0 = Re(ONy07)0H (5.2.3.60)

tells us that either (i) Ng = 0 and H # 0, or (ii) Ng # 0 and H = 0. Letting Ny = 0, the final
conditions for this sub-branch are

0 = HN; + N;H"  where ie{1, 3}. (5.2.3.61)
From the discussion in Sub-Branch 2.2.i; we know that the N; case produces the constraints
0= Re(hl), 0= [hl, rpg], and 0= Re(hgr). (5.2.3.62)
Interestingly, the N3 condition adds no new constraints to this set; therefore, we have
Cs,23i={0=Re(h1), 0=1lhy,rps], 0=Re(hsr)} (5.2.3.63)
The corresponding matrices for this sub-branch are given by
Cq. (00 ~(h 0 (0 r (0 0
Mﬁ,2.3‘i o {P o (pg ()) , H= (h3 p3h1p§1) » Ni= (f' d) » Na= (() rps —p3r) }
(5.2.3.64)
To establish the existence of super-extensions in this sub-branch, begin by setting H = 0 and
d = 0. The endomorphisms of s; may be used to set p3 to lie along i and scale r such that

r € Sp(1). We can then utilise the automorphisms of H and the scaling symmetry of P and B
in GL(s5) to set I and fix the parameters in P and N3. This leaves us with a super-extension
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whose matrices are written

_ (V0 (0 14j _ (0 0
P= <| ()) » Ni= <1 —j 0 ) ;v N3 = <() k) . (5.2.3.65)

Using this parameterisation, we can also introduce h;. Substituting ps =i and r = 1+ j into
the constraints of C; 5.3, we find

(0 0 _(i—k 0 (0 1+] {0 0
P_<i ())7 H_( 0 i—l—k)’ Nl_(l_j 0 >’ NB—(() k> (52366)

Looking to include hz or d leads to the introduction of parameters that cannot be fixed using
the basis transformations G C GL(s5) x GL(s7) and the constraints.

In the latter case, for which H =0 and Ny # 0, the only remaining condition is
0 = PNy — NPT, (5.2.3.67)

which we know from the previous sub-branches, tells us that ps and q are collinear, and that
a = 0. Therefore, the non-vanishing matrices for this sub-branch are

o (00 (0 q (0r (0 0
Mﬁ,2.3.ii - {P = (p3 ()) ) NO = (q b) ) Nl = (f‘ d> ) N3 = ((J ?53 o p3r) }7

(5.2.3.68)
and the constraints are given by

Ca, 2.3 = {0 = P3q — qPs}. (5.2.3.69)

This sub-branch of .# has 13 real parameters, being parameterised by two collinear quaternions
ps and @, an additional quaternion r and two real scalars, b and d. Letting d =0 and q =0,
we can use the same transformations as in Sub-Branch 2.3.i to fix

(0 0 (0 14j _ {0 0
P= <| ()) » Ni= <1 —j 0 > ;v N3 = <() k) . (5.2.3.70)

Subsequently employing the scaling symmetry of H in GL(sg), we can fix b such that

0 0
No = <() 1>. (5.2.3.71)

Therefore, there are certainly super-extensions in this sub-branch. We can introduce either g
or d while continuing to fix all the parameters of the super-extension; however, attempting to
include both leads to the inclusion of a parameter that we cannot fix with the constraints of
Ca, 2.3 and basis transformations in G.

Setting p=m=0, A =1 and ¢ = —1, the conditions in (5.2.3.29) reduce to

0 = HN; + N;H"  where 1€{0,1}

0 = PNy — NoPf 0 = mOPN30' 4+ ON3(nP)T
0 = Re(ONy0")p N3 = HN3 + N3Hf (5.2.3.72)
0 = —Re(ONO")m —N3 =PN; — N;Pf.

0 = Re(ON07)6H
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From the third and fourth condition, we instantly get Ng = 0. Therefore, we cannot have any
solutions along sub-branches satisfying case (ii) for n_. We are left with

0 = HN; + NyHi N3 = HN3 + N3zHT

5.2.3.73
0 = mOPN30" + ON5(nOP)T —Nj3 = PN; — N; P, ( )

Sub-Branch 2.1 Since N; and N3 are the only possible non-vanishing matrices encoding the
[Q, Q] bracket, we cannot have a super-extension in this branch.

Sub-Branch 2.2 With N3 =0, we are left with
0=HN; +N;H! and 0=PN;—N;P". (5.2.3.74)

The latter condition tells us that ps and r are collinear and 0 = cp3. Since we must have p3 # 0
in this branch, we have ¢ = 0. Using this result, the first condition above tells us

0=hyr+ rp3h1p§1 +1

(5.2.3.75)
0 = Re(hsr) + d(Re(hy) +1).
In fact, utilising the collinearity of ps and r, the first of these constraints becomes
0 = (2Re(hy) + 1) Re(psr). (5.2.3.76)

Thus, we have

Ci 22i=10=Tp3—p3sr, 0= (2Re(hy)+1)Re(psr), 0=Re(hzr)+d(Re(hy)+1)}.
(5.2.3.77)

The non-vanishing matrices in this instance are

o (00 o 0 (0r
Mﬁﬂz,z,if{P7<p3 0), Hf(h3 p3h1p§1+1)’ Nl*(r d) } (5.2.3.78)

Therefore, the sub-branch in .% for these super-extensions of n_ is parameterised by two
collinear quaternions ps and r, two quaternions encoding the action of H on s7, h; and hs,
and one real scalar d. Notice, this is the first instance in which setting some parameters to zero
imposes particular values for other parameters in the extension. In particular, the vanishing
of r imposes Re(h;) = —1 by the third constraint in C4 553, since d # 0 in this instance.
However, if r # 0, the second constraint implies 2 Re(h;) = —1. In the former case, we can
set h3z and the imaginary part of h; to zero. Using the endomorphisms of s7 to set ps =i, we
can subsequently employ the scaling symmetry of H and Z to obtain a super-extension with

matrices
0 0 1 0 0 0
p= (00 (1) e e (00). 2870

Therefore, there exist super-extensions in this sub-branch for which r = 0. Letting r # 0, we
may again use the endomorphisms of s7 to impose that ps lies along i; however, due to the first
constraint in C; 5.2, this also means that r lies along i. Utilising the scaling symmetry of the
55 basis elements, we may write down the matrices

0 0 1 0 0 i
(00 et 0 wa (G0 Gass

Thus, super-extensions for which r # 0 exist in this sub-branch. In both cases, residual s; endo-
morphisms may be used to set hs and the imaginary part of h; should we choose to include them.
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Sub-Branch 2.3 Setting N3 # 0, we must now consider
0 = mOPN30' + ON3(7P)T, (5.2.3.81)

which, on substituting in 8 = (0, 1), tells us that ¢ = 0. Therefore, as in sub-branch 2.2, the
first condition of (5.2.3.73) tells us

0= h1r+ rp3h1p3_1 +1

(5.2.3.82)
0 = Re(hsr) + d(Re(hy) + 1).

However, unlike sub-branch 2.2, r and ps are not collinear since the imaginary part of psr
makes up the only non-vanishing component of Ngs:

0 0
Nj = (o —_— r) . (5.2.3.83)

Substituting this N3 into its condition from the [H, Q, Q] identity, we find

(1 —2Re(hy)) Im(l) = [Im(hy), Im(I)], (5.2.3.84)
where hy = psh; pgl +1 and | = rp3 —psr. Since Im(l) is perpendicular to [Im(hy), Im(l)], both
sides of this expression must vanish separately. Substituting hy and | into the above expressions,

we find
0= (1+2Re(hy))Im(psr) and 0= [hy,rps]. (5.2.3.85)

As stated above, r and p3 are not collinear; therefore, the first constraint here tells us that
2Re(hy) = —1. (5.2.3.86)
Substituting this result into the second constraint in (5.2.3.82), we find
2Re(hsr) = —d. (5.2.3.87)
Putting all these results together, the constraints are
Ci_23i=1{2Re(h1) =—1, 2Re(hsr)=-d, 0= [hy,rpsl}, (5.2.3.88)

for the non-vanishing matrices

e (00 o 0 (0 (0 0
Mﬁ7’2'3'i o {P o <p3 ()) , H= (hg pghlpgl + 1) ’ N1 = (F d) ’ N3 = (U rps — psr

(5.2.3.89)
Notice, the sub-branch in . describing these super-extensions of fi_ is parameterised by four
quaternions ps, hy, hs and r, and one real scalar d. Wanting to establish the existence of
super-extensions in this sub-branch, we can choose to set hs, d, and the imaginary part of hy
to zero. Then, utilising the endomorphisms of s7, we can impose that ps must lie along i and
that r must have unit norm. Subsequently employing Aut(H) to fix r, we can finally scale H,
Z, P, and B to get the super-extension

{0 0 (1 0 _ 0 1+j ~_ (0 0

Having established that this sub-branch is not empty, we may look to introduce the components
we have set to zero for this example. Notably, we may introduce the imaginary part of h; while
still fixing all parameters using the basis transformations G C GL(s5) x GL(s17). However, the
inclusion of either hg or d will introduce parameters that cannot be fixed.

i, and §
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Substituting A = ¢ =0, p = +1 into the conditions of (5.2.3.29),* we instantly have N3 = 0 and

0 = HN; + N;H'  where 1i€{0,1}
0 =PN; —N;P'  where 1ie{0,1}
0 = Re(ONy0")0H

0 = +Re(ONy0)B.

(5.2.3.92)

The final condition here states that Ng = 0; therefore, Nj is the only possible non-vanishing
matrix of those encoding [Q, Q]. This result tells us there will be no sub-branch 2.1 or 2.3 for
these algebras and no sub-branch satisfying case (ii), in which Ng # 0. Therefore, the conditions
reduce to

0=HN; +N;H! and 0=PN; —N;Pl. (5.2.3.93)

Under the assumption that ps # 0 for this branch of super-extensions, the latter condition tells
us that ¢ =0 and that ps and r are collinear:

0=rps—psr. (52394)
Substituting these results into the first condition, we find
0= Re(hl), 0= [hl, rpg} and 0= Re(hgr). (52395)

Notice that, since ps and r are collinear, the second constraint is instantly satisfied. Thus, our
constraints reduce to

€ﬁ+and@72_24i ={0= Re(hl), 0= Re(hgr), 0=rp3— pgr}. (52396)

The non-vanishing matrices in this instance are

_fp_ (VU 0 _ (1 0 (0 r
Mﬁ+and@,2.2.i—{P—<p3 ()>7 H= <h3 pghlpgl)’ N = (F d) } (5.2.3.97)

This sub-branch has identical (M, €) to sub-branch 2.2.i for a. Therefore, for a discussion on
the existence of such super-extensions, we refer the reader to the discussion found there.

Branch 3

L {0 0 ([ 0
P=7=0 Bf<b3 0) Hf(h3 bghlbgl—x)' (5.2.3.98)

Exploiting the vanishing of Z and P, we can reduce the conditions from Lemmas 5.2.2 and 5.2.3.
In particular, the vanishing of P, when substituted into the conditions from the [P, Q, Q] super-
Jacobi identity, tells us that N3 =0 and

0 =nRe(ONyO" )

(5.2.3.99)
0= ¢ Re(ONoO" ) + L[, ON01].

4Whether we are in the fi; or § case makes no difference: the distinction between the two is the value of 1,
which, if non-vanishing, would add the condition

0 = Re(6Noo")m. (5.2.3.91)

This condition sets Ng = 0, but we already have this result from another condition. Therefore, the super-
extensions are the same for both of these generalised Bargmann algebras.
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The [B, Q, Q] identity then produce

0 =BNg — NoBf
Ny = BN; — N;Bf
0 = BOBNLO' + ON,(BOB)T (5.2.3.100)
0 =ARe(ONoO")B + LB, ON201]
1wRe(@NO1)B = BOBNLOT + ON,(BOB)T.
The conditions from the [Z,Q, Q] identity are satisfied since Z = 0, and, lastly, the [H,Q, Q]
super-Jacobi identity produces
0 = HN; + N;H'  where 1€{0,1,2}
0=nNy (5.2.3.101)
eNyg = HNy4 + N4HT.
From Lemma 5.2.3, we get
Re(6No6")0H = S6N,6'6. (5.2.3.102)

As in both previous branches, the conditions

0 =ARe(6No6")B + (B, ON20T]

(5.2.3.103)

0 = e Re(ONoO" )t + S [m, ON,61],
tell us Ng = 0, such that, putting everything together, we have
0 =mNy
0 = HN; + N;H"  where 1€{0,1}
0 =BNg — NoB' eNy = HNy + NyHT.
0 =nRe(ONy8") 7 Ny = BN; — N Bf VB, e Im(H),V0 € H.
0 =ARe(ONO")B 1wRe(ONyO)B = BOBNLOT + ON4(BOB)T
0 = e¢Re(ONyO" )
0 = Re(ONy0")OH

(5.2.3.104)

We can now use some of the conditions common to all generalised Bargmann algebras to identify
possible sub-branches with which we can organise our investigations. Substituting the N; from
(5.2.3.2) and the Ny from (5.2.3.3) into the condition

N4 = BN; — N;Bf, (5.2.3.105)

we can write N4 in terms of the parameters in Ny and B:

(0 —cbs
Ne= (cb3 bsr — r63> : (5.2.3.106)

Notice that this means Ny is completely dependent on Nj: if N; = 0 then Ny = 0. Therefore,
in general, we have the following sub-branches:

1. N1:OandN4:0,
2. Nl#OandN4:0,
3. Nl#OandN47é0.

Also, as in Branches 1 and 2, the condition derived from the [Q, Q, Q] identity tells us that either
Ny or H vanishes. We will consider both of these cases within each sub-branch, identifying them
as
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(i) No=0and H#0, and
(if) No #0 and H=0.

a
Setting A = u =1 = ¢ = 0, the conditions in (5.2.3.104) reduce to

0 = HN; + N;H'  where 1€{0,1,4}

0= BNy — NoB'

0 = BOBN,OT + ON,(BOB)T (5.2.3.107)

0 = Re(ONy0")OH

Ny = BN; — N;Bf.

As in Branch 2, none of these conditions force the vanishing of any more Nj; therefore, super-
extensions may be found in each of the sub-branches. In fact, because of the symmetry of
the generators B and P in this generalised Bargmann algebra, we may use automorphisms

to transform the above conditions into those in (5.2.3.33) and (5.2.3.34), which describe the
super-extensions of @ in Branch 2. More explicitly, substitute the transformation with matrices

10 0 -1 10
A:(() 1), C:(l (]>, and M:(U 1), (5.2.3.108)

and the quaternion U = 1, into (5.2.1.34). Putting the transformed matrices into the condi-
tions of (5.2.3.107), we recover the conditions of (5.2.3.33) and (5.2.3.34). Therefore, all the
super-extensions of a in this branch are equivalent to the super-extensions of Branch 2. Thus,
for this particular generalised Bargmann algebra, this branch produces no new super-extensions.

A

n_

Setting p=m=0, A =1 and ¢ = —1, the conditions of (5.2.3.104) become

0 = HN; + N;H"  where 1i€{0,1}

0 = BNg — NoBf —Ny4 = HNy + NyHT.
0 = Re(ON0")p Ny = BN; — N;Bf (5.2.3.109)
0 = —Re(ONO" ) 0 = BOBNLOT + ON,(BOB)'.

0 = Re(ONy0")6H

The conditions
0 =Re(ONyO)p and 0=—Re(ONyO")n (5.2.3.110)

tell us that Ny must vanish, leaving only

0 = HN; + Ny Hf —Njy = HN4 + N4Hf

(5.2.3.111)
0= PBOBNLOT + ON4(BOB)T Ny =BN; — N;BT.

Notice, this result tells us that we cannot have any sub-branches satisfying case (ii); therefore,
all sub-branches (M, €) discussed below will have a subscript ending in i. Like the a case, this
generalised Bargmann algebra allows for an automorphism which transforms the conditions for
this branch into the conditions for Branch 2. However, in this instance, this branch will produce
some distinct super-extensions. This result is a consequence of the parameters ¢ and A and their
appearance in H. In Branch 2, the matrix H is written as

hy 0
H= 5.2.3.112
<h3 pships ' — 5) ’ ( )
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and in this branch, it is written

h; 0
H= . 5.2.3.113
(hg p3h1p§1 _)\) ( )

Since fi_ has ¢ = —1 and A = 1, this matrix differs in these branches, if only be a sign. Thus,
although the investigations into the super-extensions of fi_ in this branch will be very similar
to those in the previous branch, we will give a partial presentation of them here to demonstrate
any consequences of this change in sign. In particular, we will omit the discussions on the ex-
istence of super-extensions and parameter fixing as these require only trivial adjustments from
the discussions found in Branch 2.

Sub-Branch 3.1 As Ny =0, we cannot have both Ny and N4 vanish; therefore, there is no
super-extension in this sub-branch.

Sub-Branch 3.2 Letting Ny # 0 and Ny = 0, we are left with only the conditions
0=HN; +N;Hf and 0=BN; —N;B'. (5.2.3.114)
The second condition above tells us that
0=cbs and 0=bsr—rbs. (5.2.3.115)
As bs # 0 by assumption, ¢ = 0. Substituting this result into the first condition above, we find

0 =hir+rbzh;bz! —1

(5.2.3.116)
0 =Re(hsr) + d(Re(hy) — 1).
Using the collinearity of bz and r, the first of these constraints tells us that
0= (2Re(h1)—1)Re(b3r). (5.2.3.117)

Therefore, the constraints in this instance are given by

Ca 32i={0=bgr—rbs, 0=(2Re(h;)—1)Re(bsr), 0=Re(hsr)+ d(Re(hy)—1)}
(5.2.3.118)

The non-vanishing matrices in this instance are

Cfa (0 0 _(h 0 (0 r
Mi_ 300 = {B = (b3 0) , H= <h3 bshibs ! — 1) , Np= <f‘ d) } (5.2.3.119)

This sub-branch of .# is parameterised by two collinear quaternions bz and r, two quater-
nions encoding the action of H on sy, hy and hs, and one real scalar d. Notice that the real
component of h; varies depending on whether r vanishes. Together with the super-extensions
in Sub-Branch 2.2.i for fi_, these are the only super-extensions that demonstrate this type of
dependency. If r = 0, the first two constraints of C; 3,; are trivial, and the third condition
tell us that Re(hy) = 1, since d # 0 for N; # 0. However, if r # 0, the second constraint
requires 2Re(h;) = 1. In this instance, the third constraint then becomes 2 Re(hsr) = d. As
the matrices and conditions for this sub-branch are so similar to those in 2.2.i, we refer the
reader to the discussion on existence of super-extensions and parameter fixing presented there.

Sub-Branch 3.3 Finally, let N; # 0 and N4 # 0. The condition

0=PBOBN4O + ON4(BOB)T (5.2.3.120)
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imposes ¢ = 0, such that

0 r 0 0
N1_<f_ d) and N4_<0 bgr—rb’3>' (5.2.3.121)

This result reduces the conditions in (5.2.3.111) to

0 = HN; + NyHf

Ny = HN, + NgHL. (5.2.3.122)
Substituting the Ny from (5.2.3.121) into the second condition above, we have
—1=hyl +lhy, (5.2.3.123)
where | = bsr — rbs and hy = bsh; bgl — 1. We can rewrite this condition as
(14 2Re(hg))l =11, hy]. (5.2.3.124)

Notice that the R.H.S. of this expression must lie in Im(H) and be orthogonal to |, which is
imaginary by construction. Therefore, both sides of this expression must vanish independently:

0=(1+2Re(hy))l 0=l hy. (5.2.3.125)
Substituting | and hy into these constraints, we find
0= (2Re(hy) —1)(bsr —rbs) and 0= [hy, rbs], (5.2.3.126)

respectively. For N4 to not vanish, we must have Im(bsr) # 0, so, by the first constraint above,
we need 2Re(hy) = 1. The first condition in (5.2.3.122) produces the same constraints as in
Sub-Branch 3.2; namely,

0=hir+ I’b3h1b§1 —1

(5.2.3.127)
0 = Re(hsr) + d(Re(hy) — 1).

Notice that the requirement of setting 2 Re(h;) = 1 makes the second constraint here 2 Re(hsr) =
d, and says that the first constraint is equivalent to 0 = [hy, rbs]. Therefore, the constraints on
this sub-branch are given by

Ci_,33i=1{d=2Re(hsr), 1=2Re(h;) and 0=[hy,rbsl}, (5.2.3.128)
and the non-vanishing matrices are

Cfa (0 0 (h 0 (0T (0 0
M ’3'3'i_{B_(b3 0)’ H_(hg b3h1b37171)’ Nl_(f‘ d)’ N4_(() bgr—Fb3> }

(5.2.3.129)
For the discussion on existence of super-extensions and how to fix the parameters of the matri-
ces describing this sub-branch of ., we refer the reader to Sub-Branch 2.3.i. The application
of the discussion to the present case requires only minor adjustments.

ny

Substituting A = ¢ = 0, p = 1, and n = —1 into the results for Lemmas 5.2.2 and 5.2.3,
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we find

0=—Ny
0 =HN; + N;H"  where i€{0,1,4)}
N4 = BN; — N;Bf
0 = BNy — NoBf (5.2.3.130)

Re(ONp07)B = BOBNLOT + ON,(BOB)T.
0= Re(0NoO")r e(ONg8")B =P 4 4(BOB)

0 = Re(ONy0")0H
Therefore, N4 vanishes, and Ng vanishes by 0 = — Re(@Ny01)m. This leaves us with
0=HN; +N;Hf and 0=BN; —N;B'. (5.2.3.131)

Notice that these conditions are similar to those of (5.2.3.93), which describe the super-
extensions of n, in Branch 2. In fact, we can utilise the automorphisms of fi; to transform
the above conditions into those in (5.2.3.93). Unlike the fi_ case, since fi; has vanishing ¢ and
A, there is no discrepancy between the transformed matrices and those of Branch 2; therefore,
the super-extensions of fi, in Branches 2 and 3 are equivalent. Thus, we have no new super-
extensions here.

A

g
Substituting A =1 =¢ =0 and u = —1 into (5.2.3.104), we have

0 =HN; + N;H"  where 1€{0,1,4}
N4 = BN; — N;Bf

0 = BNg — NoBf Re(ONg8")B — BIBN6' + IN,(BOB)! (5.2.3.132)
—Re = + .
0 = Re(ONo0")OH 0 ! !

With these conditions, we can now investigate the three sub-branches.

Sub-Branch 3.1 We cannot have N; = Ny = 0, since the vanishing of Ny means Ng = 0
through
—Re(ONyO")p = BOBNLOT + ON4(BOB)T. (5.2.3.133)

This would cause all N; to vanish such that [Q, Q] = 0. Therefore, there is no super-extension
in this sub-branch.

Sub-Branch 3.2 With only N; # 0, the conditions reduce to
0=HN; +N;H" and 0=BN;—N;B'. (5.2.3.134)

Notice that this is the same set of conditions as the fi, case above. Therefore, we may expect
the analysis for this generalised Bargmann algebra to be analogous. However, there is a very
important distinction. In the i, case, we were able to use the automorphisms to transform the
conditions into those of Sub-Branch 2.2. This automorphism is not permitted by the generalised
Bargmann algebra §. Therefore, although the analysis will be the same mutatis mutandis as
that of Sub-Branch 2.2, the resulting super-extensions will be distinct.

Now, since Nj is the only possible non-vanishing matrix in the [Q, Q] bracket, it must have
non-zero components. The latter condition above tells us that ¢ = 0 and bs and r are collinear
quaternions, while the former condition imposes

0=hir+ rb3h1b§1

(5.2.3.135)
0 = Re(hsr) + dRe(hy).
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Notice that if r = 0, we need d # 0 for the existence of a super-extension; therefore, the final
constraint above would impose Re(hy) = 0. Similarly, if r # 0, the first constraint would also
enforce Re(h;) = 0. Thus, in all super-extensions, we require Re(h;) = 0. Using this result,
these two constraints simplify to

0= [hl, rbs] and 0= Re(hgr). (5.2.3.136)

However, since bs and r are collinear and it is only the imaginary part of rbs that will con-
tribute to [hy, rbs], the first of these constraints is already satisfied. Therefore, the final set of
constraints on this sub-branch is

Cs32i =10 =bsr—rbs, 0=Re(h;), 0=Re(hzr)h (5.2.3.137)

Subject to these constraints, we have non-vanishing matrices are

e (00 (hy 0 (0r
M@,3.2.i—{8—<b3 0), H_(h3 bghlbg1>, Nl_( d) } (5.2.3.138)

Since this (M, €) is analogous to the one found in Branch 2 for fi, and g, we will omit the
discussion on existence of super-extensions and parameter fixing.

=

Sub-Branch 3.3 Finally, with N4 # 0, we can think of setting Ng # 0 and H = 0. But first,
try setting No = 0 to allow H # 0. The conditions in (5.2.3.132) become

0= HN; + N;H"  where 1ie{l,4}
Ng =BN; — N;Bf (5.2.3.139)
0= ROBNLOT + ON4(BOB)T.

Notice that the second condition above allows us to write N4 in terms of B and Ny:

— 0 *Cb73
M= (cb3 bsr — r53) : (5.2.3.140)

The third condition then imposes ¢ = 0, since bs # 0, leaving us with

0 r 0 0
le<f d) and N47(() b3r7rbf3>. (5.2.3.141)

Using these matrices in the final conditions,
0=HN; +N;H" where 1i¢€{1,4}, (5.2.3.142)

produces
0 = [hy, rbs], (5.2.3.143)

when 1 =4, and, when i = 1, we obtain

0=hir+ rbghlbgl

(5.2.3.144)
0 = Re(hsr) + dRe(hy).

Since r # 0 for N4 # 0, the first condition here states that Re(h;) = 0. Therefore, the constraints
on the parameters of this super-extension are given by

Cs,3.3i ={0 =Re(h1), 0=I[hy,rbs], 0=Re(hsr)}. (5.2.3.145)
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The non-vanishing matrices associated with this sub-branch are

. (0 0 0 (0T (0 0
M@’3'3"—{ _<b3 ())’ H_<h3 b3h1b§1)’ Nl_('_’ d)7 N4_<U b3r—|"b3> }

(5.2.3.146)
The (M, @) of this sub-branch is the same mutatis mutandis as that of Sub-Branch 2.3.i for a;
therefore, we refer the reader to the discussion found there on existence of super-extensions and
parameter fixing.

Finally, let Ng # 0 such that H = 0. The conditions remaining from (5.2.3.132) are
0 = BNy — NoB'
N4 =BN; — N;Bf (5.2.3.147)
—Re(ONgO")B = pOBNLOT + ON4(BOB)T.

We know how the second condition acts from the discussion at the beginning of this branch.
The first of these conditions tells us

0=a and 0=bsq—qgbs, (5.2.3.148)
and the third, substituting in @ = (0, 1), produces
—b = 2c|bs % (5.2.3.149)
Now, substituting @ = (1,s) into the third condition, we find
— 2Re(sq) — bls? = 2c[s?|bs]?. (5.2.3.150)

Therefore, using the previous result and letting s =1, s =i, S = J and s = K, we see that all
components of g must vanish. We thus have non-vanishing matrices

Cfa_ (0 0 /0 0 _(cr _ (Y —cby
My 335 = {B = (b3 ()) » No= <() —2c|b3|2) o Ni= (F d) » Na= (Cbg bsr — ?53) }

(5.2.3.151)
Interestingly, there are no additional constraints to the parameters of this sub-branch; therefore,
Cg,3.3.5i is empty. Notice the sub-branch of . for this type of super-extension is parameterised
by two quaternions bs and r, and two real scalars ¢ and d. To demonstrate that this sub-branch
is not empty, we begin by setting both r and d to zero. This choice allows us to utilise the
endomorphisms of s; to set bg =i and ¢ = 1. Employing the scaling symmetry of the basis
elements, we arrive at

0 0 0 0 1 0 0 i
s (00 e (0 (P () saam

We may now look to introduce r and d. Again, using the endomorphisms of s7, we can impose
that by must lie along i, set |r|> = 1, and choose v/2c = 1. This choice for r imposes that
r € Sp(1), and we may utilise Aut(H) to fix v2r = 1+ i. Having chosen r # 0, we can always
employ the residual endomorphisms of s; to set d = 0. Using the only remaining symmetry,
the scaling of H, Z, B, and P, we find

(0 0 {0 0 B 1 1+i (0 i
B = (\/ﬁi 0> , Ng= <0 1> , Njp= (1 i 0 ) , Ny = (i 2i> . (5.2.3.153)
Branch 4

3 (0 (0 0 (0 0
z=0 H_<h3 h4) B_<b3 0) P_<p3 0), (5.2.3.154)



subject to
Uhil=—pu’ +A—g)u+n or [,h]=nv2+A—e)V+py, (5.2.3.155)

where 0 # U = bglpg and 0 £V = pglbg. Recall, we keep both of these constraints as, de-
pending on the generalised Bargmann algebra under investigation, one of them will prove more
useful than the other. We still need to determine the generalised Bargmann algebras for which
this branch could provide a super-extension. Therefore, we will consider each algebra in turn,
and analyse those for which the above constraints may hold.

a

Setting A = u =1 = ¢ = 0 in (5.2.3.155), we could still get a super-extension, as long as
we impose

0 = [u, hyl. (5.2.3.156)

Throughout this section, we will choose to write parameters in terms of b3; therefore, we write
ps = bsu and hy = bsh;b; !, where u € H. Notice that the significance of U is only manifest
when h; # 0: when h; vanishes, we are simply replacing ps with u. However, since U will be
important is several instances, we will always use this notation.

Since neither B nor P vanish, there are no immediate results as in the three previous branches:
all the conditions of Lemmas 5.2.2 and 5.2.3 must be taken into consideration. However, as
with Branches 2 and 3, we can organise our investigations based on dependencies. In particular,
the conditions
Ny = BN; — N;Bf
—Nj3 =PN; — N; Pf
1[B,0N20'] = BOBN;0' + ON;(BOB)T
1m,0N20'] = TOPN,OT + ON4 (nOP)T,

(5.2.3.157)

show us that if Ny vanishes, so must No, N3, and N4. Additionally, the vanishing of either N3 or
N4 means we must have No = 0. Therefore, we can divide our investigations into the following
sub-branches.

1. Ny =Ny =N3=Ng =0

2. Ny #0and Ny =Nz =Ny =0

3. Ny #0, N3y #£0, and Ny =Ny =0
4. Ny #0, Ny #0, and Ny = N3 =0
5. N1 #0, N3 #0, Ny #0, and Ny =0
6. Ny #0, Ny #0, N3 #£0, and Ny #£ 0.

Unlike Branches 1, 2 and 3, the [Q, Q, Q] super-Jacobi identity will not always result in the
cases (i), in which Ng =0 and H # 0, or (ii), in which Ng # 0 and H = 0. There are instances
in which both Ng and H may not vanish. These cases, will be labelled (iii).

Sub-Branch 4.1 With only Ny left available, it cannot vanish for a supersymmetric extension
to exist. Therefore, the [Q, Q, Q] identity,

Re(ONy0")OH = 0, (5.2.3.158)
tells us we must have H = 0. The remaining conditions are then

0=BNo—NgB" and 0=PNj—NgPf, (5.2.3.159)
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which tell us

0=a, 0=bsq—gbs and 0=bsuq—qubs. (5.2.3.160)

This sub-branch thus has non-vanishing matrices

0 0 0 0
B:<b3 ())’ P:(b3u ())’ NO:(q

subject to the constraints

[oxii@]

) , (5.2.3.161)

0=bsq—qgbs, 0=bsuq—qubs. (5.2.3.162)

Notice that these matrices and constraints are very similar to (Mg 2.1, Ca 2.1.5). In fact, em-
ploying the automorphisms of a, we can show that the above system is equivalent to Sub-Branch
2.1.ii. Using the endomorphisms of s; and the constraints above, we can set bs, bsu and q to
lie along i, and set b = 0. In particular, this means that u € R. Scaling B, P, and H, we find

the matrices
0 0 0 0 0 i
B= (i ()) , P= (i (]> , Np= (—i ()> , (5.2.3.163)

which under the basis transformation with

1 -1
C:(U 1), (5.2.3.164)

recovers the maximal super-extension of Sub-Branch 2.1.ii. Thus, this sub-branch does not
contribute any new super-extensions to a.

Sub-Branch 4.2 The [Q, Q, Q] identity still imposes that either Ny or H must vanish in this
sub-branch; however, we can now consider the case where Ng = 0 as we have N; # 0. First,
consider case (i), with Ng = 0 such that H # 0. The conditions remaining are

0=HN; + NlH]L
0=BN; —N;Bf (5.2.3.165)
0=PN; —N;P,

The latter two conditions tell us that ¢ = 0 and bg is collinear with bsu and r. Substituting
these results into the first condition, we find

0=hir+ rb3h1b3_.1

(5.2.3.166)
0 = Re(hsr) + dRe(hy).

We know from the analysis of Branch 3 that demanding N; # 0 under these conditions imposes
Re(hy) = 0; and, that having the condition

0 =bsr —rbs (5.2.3.167)
means we always satisfy the imaginary part of
0=hyr +rbsh,b; . (5.2.3.168)
Putting all this together, we find the constraints on this sub-branch to be
0=Re(h;), 0=Re(hsr), 0=bsr—rbs, 0=bsur—rabs, 0=I[uhi]. (52.3.169)

The non-vanishing matrices are then
(0 0 ({0 0 (I 0 (0 r
b= (bg ()) , P= (b3u ()) ; H= (hs b3h1b§1> and Nj = <f‘ d) . (5.2.3.170)
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Notice that bz, r and bsu all being collinear implies that u € R. Thus the final constraint is sat-
isfied, and, as in Sub-Branch 4.1, we can use the endomorphisms of s7 and the automorphisms
of a to rotate B and P such that we only have the matrix P, in which ps = i. The resulting
matrices and constraints are then equivalent to those found in Sub-Branch 2.2.i, and, therefore,
this sub-branch does not produce any new super-extensions for @.

Now, considering case (ii), let H = 0. The remaining conditions are

0=BN; — N;BY where 1€{0,1}

(5.2.3.171)
0 =PN; —N;PT  where 1ie{0,1}.

Therefore, Ng and N; take the same form in this instance: both a and ¢ vanish, with g and r
being collinear to both b3 and bsu. In summary, the constraints are

0=bsq—qgbs, 0=bsugq—qubs, 0=bsr—rbs, 0=bsur—rubs, (5.2.3.172)

and the non-vanishing matrices are

{0 0 (0 0 (0 q (0
Bf(bs 0)’ P’(bgu ())’ No—(q b), and Nl’(r d). (5.2.3.173)

Through the same use of the subgroup G C GL(s5) x GL(s7) as discussed for case (i), we find
that this sub-branch is equivalent to 2.2.ii for a.

Sub-Branch 4.3 Now with N3 # 0, we can use
—N3=PN; —N;Pf and 0=mOPN30" + ON;3(mOP)T (5.2.3.174)

to first write N3 in terms of P and N; before setting ¢ = 0 by substituting 8 = (0, 1) into the
latter condition. This produces the matrix

0 0
Na = (() rub; — bgur) : (5.2.3.175)

Since N3 and B are non-vanishing, the condition from the [Q,Q, Q] identity no longer states
that we must set either Ng or H to zero. We have

Re(ONO")0H = ON3076B. (5.2.3.176)
Substituting 8 = (0,1) into the above condition, we find
bhs = (Fubs —bsur)bs and bh; =0. (5.2.3.177)

By assumption N3 # 0; therefore, both b and hz cannot vanish. Using this result, the second
constraint tells us that hy = 0. Thus H is reduced to a strictly lower-diagonal matrix. As in
Sub-Branch 4.2, we have

0 =BN; — N;BY  where 1i€{0,1}

(5.2.3.178)
0 = PNpg — NoPT,
which tell us a and ¢ vanish, and
0=bsq—agbs, 0=Dbsugq—qubs, and 0=bsr—rFbs. (5.2.3.179)

Using these results and the rewriting of hs in (5.2.3.177), the conditions from the [H,Q, Q]
identity are instantly satisfied. Therefore, the constraints on the parameters of this sub-branch
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are
0= b3q — qt)_;g, 0= bguq — qab_g, 0=bsr— |7b_3, and bhg = (fﬂﬁg — bgur)b3. (523180)

Notice that the first three constraints here tell us that bs is collinear with both q and r and
that bsu is collinear with . In particular, were we to use the endomorphisms of sy to set q
to lie along i, bs, bsu and r would all lie along i as well. Thus, bsur € R, such that N3 = 0.
Therefore, this sub-branch is empty.

Sub-Branch 4.4 This sub-branch will be very similar to the one above due to the similarity
in the conditions the super-Jacobi identity imposes on N3 and Ny4. Using

Ny =BN; —N;Bf and 0= pOBNLOT +ON,(ROB)T, (5.2.3.181)
we know N4 may be written
Ny = (8 bar 2 ?53) : (5.2.3.182)
Lemma 5.2.3 then tells us that
Re(ONyO1)OH = ON,0T6P. (5.2.3.183)

Substituting @ = (0, 1) into this condition produces
bhs = (bsr — Fbs)bsu and bh; =0. (5.2.3.184)

Since bsu # 0 and bsr — Fbs # 0 by assumption, b cannot vanish; therefore, h; = 0. The
conditions

0=PN; — N;P'  where i€{0,1}

0— BNg — NoB, (5.2.3.185)
tell us that both a and c vanish, and
0=bsq—qgbs, 0=Dbsugq—qubs, and 0= bsur—rubs. (5.2.3.186)
Finally, we have the conditions from the [H, Q, Q] identity, which impose
0 =Re(h3q) and 0=Re(hsr). (5.2.3.187)

However, using the form of hs in (5.2.3.184) and the collinearity of bsu with g and r, both of
these constraints are already satisfied. Therefore, the final set of constraints on this sub-branch
is

0= b3q — q63, 0= b3uq — q063, 0= b3ur — ?063, bh3 = (b3r — ?53)b3u. (523188)

Notice that the first three constraints tell us that bs, bsu, g, and r are collinear. This tells us
that bsr € R; therefore, significantly, N4y = 0. Thus this sub-branch is empty.

Sub-Branch 4.5 Now with non-vanishing N3 and N4, we can begin by using

—Nj3 = PN; — N; P! N4 = BN + N;Bf

and 5.2.3.189
0 = mOPN30' + ON3(nP)T 0= PBOBNLOT + ON4(BOB)T, ( )

to write

0 r 0 0 0 0
N1 = (r_ d) s N3 = <U i *3 . bgur) and N4 = (0 bgr— f'63> . (523190)



Using these results, substitute 8 = (0,1) into the condition from the [Q, Q, Q] identity to find
bhs = (Fubs — bsur)bs + (bsr — Fbs)bsu  and  bh; = 0. (5.2.3.191)
As in all previous sub-branches, the [P, Q, Q] and [B, Q, Q] conditions on Ng tell us
0=a, 0=bsq—gbs and 0=bsuq—qubs. (5.2.3.192)
Finally, the [H, Q, Q] identities tell us

0 = Re(hsq) + bRe(hy) 0 = Re(hsr) + dRe(hy)
7 and - (5.2.3.193)
0 =h;q+gbsh;b3! 0 =hyr +rbsh;bz?.

Since, by assumption, N1 # 0, these constraints mean we must have Re(h;) = 0. If r =0, we
would need d # 0, which, when substituted into 0 = d Re(h;), mean Re(h;) = 0. Alternatively,
if r # 0, we multiply

0=hyr+ rbghlbgl (523194)

on the right by r—! and take the real part to obtain Re(h;) = 0. Knowing this, we can use the
fact bshibs! € Im(H) to rewrite the remaining imaginary part of this constraint as

0 = [hy, rbs]. (5.2.3.195)
Additionally, since Re(h;) = 0, we can use 0 = bsq — gbs to instantly satisfy the condition
0=hiq+gbsh;b3 ™. (5.2.3.196)
These results leave us with

Ca 45 = {0 =bsq—abs, 0=bsugq—qubs,
0=Re(hsq), 0=Re(hsr), 0=Re(hy), (5.2.3.197)
0= [hhrbg], 0 :bhl7 bhsy = —2Im(bgur)bs + 2Im(bsr)bsu}.

Subject to these constraints, the non-vanishing matrices are

. (0 0 {0 0 _ (I 0
Ma, a5.i = {B = <b3 ()) , P= (b3u ()) » H= <h3 b3h1b§1) ’
(0 q (0 r (0 _() (0 ()_
No = <q b>’ M= (r d)’ Ma = (0 Fa 3—b3ur)’ Na= (0 bsr—be) b

(5.2.3.198)

The wealth of parameters describing this sub-branch mean we will only highlight one parame-
terisation of these super-extensions here, though many more may exist. In particular, we will
choose to set b, d and h3z to zero. We will also utilise the subgroup G € GL(s5) x GL(s7) to
impose that g, bs and bsu, lie along i. The residual endomorphisms of s; may then scale r
such that its norm becomes 1. Employing Aut(H), we can set h; to lie along i as well. Having
made these choices, the constraint

0 = [hy, rbs] (5.2.3.199)

tells us r € R(1, ). Notice that for N3 and N4 to be non-vanishing r must have a real component;
therefore, to simplify the form of the matrices in our example, we will choose r = 1. The
remaining constraints in C; 4.5 are then satisfied, and we can use the scaling symmetry of the
sg basis elements to produce

0 0 0 0 i 0
B_(i o)’ P_(i o>’ H—(o i)’

0 i 01 0 0 0 0
NO_(fi (J>’ Nl_(l ())’ NS_(() i) and N4_<0 i)'
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Sub-Branch 4.6 We find that this sub-branch is empty using the analysis from the previous
sub-branch. Again, we use

—N3 =PN; — N; P! N4 = BN; + N;Bf
and (5.2.3.201)
0 = mOPN36' + ON3(7P)" 0= PROBNLOT + ON4(BOB)T,
to write
0 0 0 0
N3 o (() f'ljlbi?, — b3Ul'> N4 o (0 b3r — f'53) ’ (523202)
Substituting these matrices into
LIp,ON,0] = BOBN3OT + ON5(BOB)T
3P, ON201 = BOBNs 3(ROB) (5.2.3.203)

1m,ON20'] = TOPN,OT + ON4 (nOP)T,

the R.H.S. of both of these constraints vanishes, setting No = 0. Therefore, this sub-branch is
empty.

A

n_

Setting p=n=0, A =1 and ¢ = —1, the first condition in (5.2.3.155) becomes
[u, hy] = 2u. (5.2.3.204)

Since [u, hq] is perpendicular to U in Im(H) this branch cannot provide a super-extension for
.

ny

In this case, for which A = ¢ = 0, p = 1, and n = —1, the first constraint in (5.2.3.155)
gives us
lhy,ul =u?+ 1. (5.2.3.205)

Taking the real part of (5.2.3.205) produces
Re(u?) = —1, (5.2.3.206)

therefore, U € Im(H), such that |u|?> =1, i.e. it is a unit-norm vector quaternion, or right versor.
The imaginary part of (5.2.3.205) imposes

[u,hy] = 0. (5.2.3.207)

Thus, we could get a super-extension of fi, in this branch. Wishing to write our parameters in
terms of b3, we have p3 = bsu and hy = bs(h; —u)b3 !, where u € Im(H), such that u? = —1.

As with the a case above, all of the conditions of Lemmas 5.2.2 and 5.2.3 must be taken
into account. The conditions

N4 =BN; —N;B" and —N3=PN; —N;Pf (5.2.3.208)
tell us that if Ny =0, N3 =0 and Ny = 0. Substituting these results into

—Re(ONO") 7t = mOPN30" + ON;3(7OP)T Re(ON0T)B = BOBNLOT + ON,(BOB)T

1[B,0N207] = BOBN;O + ON;(BOB)T 1{m, ON20'] = TOPNLOT + sNy (6P,
(5.2.3.209)
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we see that if N3 or Ny vanish, so must Ny and Ny. Equally, if N3 vanishes N4 necessarily
vanishes and vice versa due to

— Ny =HN3 +N3H" and N3 =HNy +NgH. (5.2.3.210)

Therefore, based on these dependencies, our investigation into this branch of possible super-
extensions of i, divides into the following sub-branches.

1. Ny #£0,and Ng =Ny = N5 =Ny =0
2. Ny #0, N3 #£0, Ny £0, and Ng =Ny =0

3. N1 #0, N3 #£0, Ny £0, Ng #0 and Ny =0
4. N1 #0, N3 #0, Ny #0, Ng =0 and Ny #0
5. N1 #0, N3 #£0, Ny #£0, Ng #0 and Ny #0

Unlike the super-extensions of #i; found in Branches 1, 2 and 3, the [Q, Q, Q] identity will not
impose that either Ny or H must vanish. In the first sub-branch above, we instantly see that
Ng = 0; therefore, the super-extensions found here are extensions satisfying (i). However, all
other sub-branches have either non-vanishing N3 or non-vanishing Ny. Since B # 0 and P # 0,
the [Q, Q, Q] identity will now form relationships between Ng, N3 and Ny, with, in general,
H # 0. Therefore, these super-extensions, for which Ny # 0 and H # 0, will be labelled (iii) to
distinguish them from the cases (i) and (ii).

Sub-Branch 4.1 With only Nj # 0, the conditions from Lemmas 5.2.2 and 5.2.3 reduce to

0 = HNy + Ny Hf
0=PN; —N;Pf (5.2.3.211)
0 = BN; — N;Bt.

The latter two conditions tell us
0=c, 0=bsr—rbs; and 0=bsur— rubs, (5.2.3.212)
which, when substituted into the first conditions, produce
0=1Re(hy) and 0= Re(hsr). (5.2.3.213)

Therefore, the non-vanishing matrices for this super-extension are

A {0 0 (h 0 0
B_<b3 ())’ P_(bgu ())’ H_<h3 bg(hlfu)b?Tl)a Nl—(r, d)’ (5.2.3.214)

subject to the constraints

O:[U,hl]7 O:Re(hl), O:Re(hgr), O:bgr—l_’b_g, O:bgur—l_’Ub_3, u? =—1.
(5.2.3.215)
However, notice that the final three constraints listed above require one of bs, U or r to vanish.
Since neither bz or U can vanish in this sub-branch, it must be that r = 0. Therefore, the final
set of matrices is

(e (0 0 {0 0 _(h 0 {0 0
M a1i= {B B (b3 0) » P= (b3u 0) » H= <h3 bs(hy —u)b§1> » Ni= (0 d) }
(5.2.3.216)
and the final set of constraints is

Ca,.a1i=10=[uhy], 0=Re(hy), u*=-1%L (5.2.3.217)
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To demonstrate that this sub-branch of . is not empty, choose to set h; and hs to zero. Using
the endomorphisms of s; and Aut(H) on bs and u, respectively, we may write bz =i and u =j.
Employing the scaling symmetry of Z, we arrive at the super-extension

0 0 0 0 0 O 0 0
s (00 e (0 ) () (0. maam

Thus, this sub-branch is not empty. We may then introduce h; while continuing to fix all the
parameters of the super-extension; however, this cannot be achieved on introducing hs.

Sub-Branch 4.2 Now with N3 # 0 and N4 # 0 as well as N # 0, we can use the conditions

—Nj3 =PN; —N;Pf 0 = BOBN3O' + ON3(BOB)T 0 = BOBNLOT + ON,(BOB)T

Ny = BN; — N;Bf 0 = mOPN30' + ON3(7OP)" 0 = mOPN,OT + ON,(7OP)T,
(5.2.3.219)

and the analysis of Branches 2 and 3 to write

0 r 0 0 0 0
M= <f d) Ns = <o rub; — bgur) Na = <u bar — |"I53> - (5.2.3.220)
This leaves only the [H, Q, Q] conditions:

0 =HN; + NyH'
—Ny = HN3 + N3Ht (5.2.3.221)
N3 = HNy + NgHT.
We know from Sub-Branch 4.1.i that, since ¢ = 0, the first of these produces

0=Re(h;) and 0=Re(hsr). (5.2.3.222)

Writing rubs —bsur = —2Im(bsur) and bsr—rbs = 2Im(bsr) to simplify our expressions, the
second and third conditions give us

Im(bsr) = hy Im(bsur) + Im(bsur)hy

; (5.2.3.223)
— Im(bgur) = h4 Im(bgr) + Im(bgl’)h4,

respectively, where hy = bg(hy — u)bgl. Notice that since hy,u € Im(H), and hy is written in
terms of the adjoint action of bg € H, hy € Im(H). Therefore, using hy = —hy, we find
Im(bgr) = —[h4, [h4,1m(b3 r)ﬂ and Im(bgur) = —[h4, [h4,1m(b3Ur)H. (523224)

This imposes the constraint that Im(bsr) and Im(bsur) must be perpendicular to hy in Im(H).
The constraints for this sub-branch are summarised as follows.

Ci,a2ii={0=[h;,u], —1=u?> 0=Re(hi), 0=Re(hsr),

(5.2.3.225)
Im(bsr) = —[hy, [hy, Im(bsr)]], Im(bsur)=—[hy,[hs, Im(bsur)]]}.

The non-vanishing matrices are then

A {0 0 ([ 0
M, a.2ii = {B = (b3 (’)) » P= <b3u ('J) , H= (hg bs(hy — U)bgl) 7

0 r 0 0 0 0
Ni= (r d) » Ns= (o 72Im(b3ur)> » Na= (() QIm(bgr)> b
(5.2.3.226)
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To demonstrate the existence of super-extensions in this sub-branch, we will begin by simplifying
our parameter set as much as possible. In particular, we begin by setting both hs and d to
zero. We then utilise Aut(H) and the endomorphisms of s7 to set U = j and impose that bg
lies along i. Notice that with u along j, the first constraint in Cq, 405 tells us that h; must

also lie along j, as must hy = bs(h; —u)bz!. With these choices, the two constraints involving

hy impose r € R(1,]J), and that |hy| = % or |hy| = % Residual endomorphisms then allow us to

scale I such that it has unit norm. Finally, we can scale the s5 basis elements to arrive at
(00 (0 0 (i 0
B*(i o)’ P*(k 0)’ H*(o j)’
(0 14 (0 0 {0 0
Nl*(1—j 0 ) N?’*(u k—i)’ N4*(0 k+i)'

(5.2.3.227)

Sub-Branch 4.3 The beginning of the investigation of this sub-branch is identical to that of
the previous sub-branch. The [P, Q, Q] and [B, Q, Q] identities produce

—N3 = PN; — NPT 0= BOBN3O' + ON3(BOB)T

5.2.3.228
N4 = BN; — N;Bf 0 = mOPN4OT + ON4(7OP)T, ( )

where the first two conditions give N3 and Ny the form

_ 0 cbsu B 0 7(:53
Ns = (7Cb73U fﬂﬁg — bgur) and Ny = (Cbg bsr — fﬁs) : (5'2'3'229)

Substituting this N3 with 8 = (0, 1) into
0 = BOBN36' + ON3(BOB)T, (5.2.3.230)

we acquire
0 = 2¢c|bs?Im(pu) VP € Im(H). (5.2.3.231)

As, by assumption, bs # 0 and u # 0, this imposes ¢ = 0, such that

0 r 0 0 0 0
N1 = (f d) N3 = (U fﬂ63 — b3ur) Na= (U b3|’ — |?63) ' (523232)
With this form of N3 and Ny,

—Re(ONy0" )t = TOPN30" + ON5(OP)T

5.2.3.233
Re(ONO")B = BOBN,OT + ON,(BOB)T, ( )

have a vanishing R.H.S., showing that Ny = 0. This result contradicts our assumption that
Ng # 0; therefore, this sub-branch does not contain any super-extensions.

Sub-Branch 4.4 Letting Ng = 0 and Ny # 0, we can use

—N3 =PN; — NP 0=BOBN,OT + ON,(BOB)!

5.2.3.234
N4 = BN; — N;Bf 0 = mOPN30' + ON3(nP)T, ( )

to again write

0 r 0 0 0 0
M= <f‘ d) Ns = <() rubs — bgur) MNa = <() bsr — ?5;;) ' (5.2.3.255)



Substituting these N; into

11B,0N201] = BOBN;O' + ON;3(BOB)T

L7, ON,0'] = TOPNLOT + ON 4 (7OP)T (5.2.3.236)
PR 2 4 4 5

the R.H.S. vanishes for both, showing N2 = 0, contradicting our initial assumption in this sub-
branch.

Sub-Branch 4.5 With none of the N; vanishing, we start again by writing N3 and Ny in
terms of Ny using conditions from the [P, Q, Q] and [B, Q, Q] identities:

N3:< U cbsu ) and N4:(” —cbs ) (5.2.3.237)

—Cbgu rubs — bgur Cb3 b3r — |763
Letting
n m
Ny = _ where n,l€Im(H), meH, (5.2.3.238)
—m |
we can use
1[B,ON20'] = BOBN;6 + ON;(BOB)! (5.2.3.239)

to write Ng in terms of bs and u. First let 8 = (0,1) to find
118,11 = —c[B, bsubs] V0 # B € Im(H). (5.2.3.240)

Therefore, -
| = —2cbsubs. (5.2.3.241)

Next, substitute in 8 = (1, 1) to get
(B, 2Im(m)] + 1B, 1] = —c[B, bsubs]. (5.2.3.242)

Using the previous result, this tells us that Im(m) = 0. Analogous calculations with € = (0, i)
and 6 = (1,i) show that, in fact, all of m must vanish. Finally, substituting in 8 = (1,0) into
(5.2.3.239), we find n = 0 since the R.H.S. vanishes. Therefore, we are left with

0 0
M2 = (0 —2cb3u63> ' (5.2.3.243)

We would have arrived at the same expression had we used N4 and
1, ON20'] = TOPNLOT + ON4 (nOP)T. (5.2.3.244)

This form of No automatically satisfies all other conditions it is involved in from both the
[B,Q, Q] and [P, Q, Q] identities. Finally, we can put this N2 into

0 = HNg + NoHf (5.2.3.245)

to get B
0 = hyl + Ihy, (5.2.3.246)
where hy = bs(h; —u)bz! and | = —2cbsubs. Working through some algebra, noting Re(u?) =

—1 and the fact ¢ # 0 for Ny # 0, we arrive at hyu = hyu. Since u € Im(H), this forces
h; € Im(H) such that u and h; are collinear.

Now turn to Ny and consider

—Re(ONyO" )t = mOPN30" + ON5 (7OP) T

5.2.3.247
Re(ONoO")p = BOBNLOT + ON,(BOB). ( )
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Letting @ = (1,0) in either of these conditions, we find that a = 0. Next, substituting 8 = (0, 1)
into the second condition produces
—b =2c|bs)?. (5.2.3.248)

We would have arrived at the same result had we substituted into the first condition and used
the fact [u]> = 1. Now substituting @ = (1,s) into the second condition, we find

—2Re(sq) — bls® = 2¢|s?|bs|?. (5.2.3.249)
Therefore, using the previous result and letting s = 1, s =i, s = j and s = K, we see that
all components of g must vanish. All other conditions on Ng are now automatically satisfied,
leaving
No=(" .V (5.2.3.250)
0 0 —2clbsf?/" o

Equipped with these Ni, we can now analyse the condition from Lemma 5.2.3:
Re(6Ng0")0H = J6N2670 + ON3070B + ON4s'6P. (5.2.3.251)
Letting 8 = (0,1):

— 2C|b3|2 (h3 bs(hy — U)bgl) = —Cb3Ub_3 (0 1) — Im(bsur) (bg O) + Im(bsr) (b3U 0) .

(5.2.3.252)
Concentrating on the second component, we have
—2c|bs[?’b3(h; — u)b3! = —cbsubs. (5.2.3.253)
Using the fact |bs|2bs = b; and cancelling relevant terms leaves
2bsh;bs = 0. (5.2.3.254)

Since, by assumption bg # 0, we get hy = 0. The first component of (5.2.3.252) gives us a
prescription for hs,
—2¢|bs?hy = —2Im(bsur)bs + 2Im(bsr)bsu, (5.2.3.255)

therefore, we can fully describe H in terms of B, P, and Nj.

The final conditions to consider are those from the [H, Q, Q] super-Jacobi identity for Ny, N3
and Ny. First, the N condition tell us

0=chs +rbsubs!  0=Re(hsr). (5.2.3.256)

Notice that the second constraint here is automatically satisfied by the first, since ¢ # 0 for a
non-vanishing Ng. Substituting this expression for hs into the previous prescription, we find

Ir2|bs/2bsubs ! = [Im(bsr), Im(bsur)] + Re(bsur) Im(bsr) — Re(bsr) Im(bsur).  (5.2.3.257)

Now, the constraints that the N3 and N4 conditions produce are the ones given in Sub-Branch
4.2 jii:

Im(bdr) = —[h4, [h4, Im(bdr)]] and Im(bgur) = —[h4, [h4,Im(b3ur)]]. (523258)

These tell us that Im(bsr) and Im(bsur) are perpendicular to hy in Im(H). Therefore, the
expression in (5.2.3.257) becomes

0 =Re(bsr), 0=Re(bsur) and [r[?bsubsz = [Im(bsr),Im(bsur)]. (5.2.3.259)
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Putting all of these constraints together, we have

Ci,,as5ii ={U* =—1, Im(bsr)=—[hy,[hy,Im(bsr)ll, Im(bsur)= —[hy,[hs,Im(bsur)],
0= Re(bsr), 0=Re(bsur), |ri2bsubs = [Im(bsr), Im(bsur)l},
(5.2.3.260)

for non-vanishing matrices

0 O 0 O 0 0
Yo asm = {B B <b3 0) e (bSU U) M= <—C71b3Ub371f b3Ub§1> ’
0 0 cr 0 0
Mo = (0 *2C|b3|2) M= (r d) » Ne= (0 —2cb3u53> ; (5.2.3.261)
. 0 C@ B 0 —Cb_g
N = <—Cb3l.| —2 Im(bgur)) o Na= (cb3 21m(b3r)> }

To demonstrate that there are super-extensions in this sub-branch, we will first simplify this
system by letting parameters vanish where possible. In particular, r and d in N; may be set
to zero. This reduces C;, 45 to contain only u? = —1. Now we can use the endomorphisms
of 57 to impose b3z =i, u=j and ¢ = 1. With these choices, the matrices become

0 0 0 0 00
B:(i U>7 P:(k ())’ H:(U J>7
0 0 10 0 0
Mo = (‘) *2) » M= (() 0) » No= (0 2j> ; (5.2.3.262)

0 —k 0 i
N3:<fk ()>’ N4:(i ())'

As there are no restrictions on the parameter d, we may introduce it without affecting our
other parameter choices; however, this is not the case for r. There are several constraints in
Ci ., 4.5.4i involving r; therefore, we need to examine these constraints to determine whether new
parameters must be chosen. Interrogating

Im(bg,l’) = 7[h47 [h4, Im(bg,r)]] and Im(bgur) = 7[h4, [h4, Im(bgur)]] (523263)

with the parameter choices stated above, we find that r must vanish. In particular, due to
h, = bsub; ! having unit length, we cannot replicate the analysis of Sub-Branch 4.2.iii, where
the magnitude of hy was necessarily either +% or —%. Thus, we cannot produce a super-
extension in this sub-branch for which r # 0. This simplifies the above (M, C), such that the
remaining constraints are

Ca, . asii ={U? = —1}, (5.2.3.264)

and the non-vanishing matrices are now

0 0 0 O 0 0
M, 45 = {B = (bs 0> , P= <b3u ()) , H= (() b3ub§1> 7
0 0 c 0 0 0
Np = <U —2C|b3|2> , Ni= (() d) , Na= <O —2Cb3Ub_3> s (5.2.3.265)

0 chsu (0 —cbs
(—Cbgu 0 )’ N4_(Cb3 0 >}

N3

a
Finally, substitute A =n = ¢ = 0 and p = —1 into the second constraint in (5.2.3.155) to

investigate the g case. We find
v,h{] =1, (5.2.3.266)
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which, since [v, h;] € Im(H), is inconsistent. Therefore, we cannot get a super-extension of g in
this branch.

5.2.4 Summary

Table 5.6 lists all the sub-branches of . we found that contain N = 2 generalised Bargmann
superalgebras. Each Lie superalgebra in one of these branches is an N = 2 super-extension of
one of the generalised Bargmann algebras given in Table 5.2, taken from [3]. It is interesting
that Z only appears in

B,PI=7Z and [Q,Q]l=7Z. (5.2.4.1)

Therefore, in all instances, Z remains central after the super-extension. In particular, this
means that we may always find a kinematical Lie superalgebra (without a central-extension)
by taking the quotient of our generalised Bargmann superalgebra s by the R-span of Z, s/(Z).

Table 5.6: Sub-Branches of N =2 Generalised Bargmann Superalgebras (with [Q, Q] # 0)

©B|e|nlzlslr| Q@ |
1. a v Z

L.ii a H+7Z
2.1.i a v H

2.2. a v v Z

2.3. a v v 7+ B
2.3.i | a v H+7Z+B
45iii | a v v | v |H+Z+B+P
1. | v 7

2.2. i | v v 7

2.3. i | v v 7Z+P
3.2. a_ | v v 7

3.3.i | v v Z+P

Li A, | v Z

220 AL | v v Z

410 | A, | v v Z
4200 | Ay | v | v Z+B+P
455 | Ay | v V| v |H+Z+B+P
Li i | v Z

220 1§ | v v Z

320 | § |V v Z

330 |a | v v Z+P
3.3. | @ v H+Z+P

The first column indicates the sub-branch of generalised Bargmann superalgebras, so that the
reader may navigate back to find the conditions on the non-vanishing parameters of these
superalgberas. The second column then tells us the underlying generalised Bargmann algebra
¢. The next four columns tells us which of the s generators H,Z, B, and P act on Q. Recall, J
necessarily acts on Q, so we do not need to state this explicitly. The final column shows which
55 generators appear in the [Q, Q] bracket.

Unpacking the Notation

Although the formalism employed in this classification was useful for our purposes, it may be
unfamiliar to the reader. Therefore, in this section, we will convert one of the N = 2 super-
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extensions of the Bargmann algebra in sub-branch 3.3.ii into a more standard notation. The
brackets for this algebra, excluding the s5 brackets, which are shown in Table 5.2, take the form

[B(B),Q(0)] = Q(BOB) and [Q(H),Q(O)] = Re(ONpOT)H+Re(ON107)Z—P(ON,67), (5.2.4.2)

where

(0 0 (0 0 (e r A —cbs
B—(b3 ()> No—(() *2C\b3\2> N1—(f_ d) N4—(Cb3 bgr—fﬁg)' (5.2.4.3)

Let {QL} be a real basis for the first s0(3) spinor module in s; = S* & S? where a € {1,2,3,4} ,
and {Q2%} be a basis for the second s0(3) spinor module. Letting 8 = (01, 05), and substituting
the above matrices into the [sj,s7] bracket, we get

[B(B),Q'(61)] =0 and [B(B),Q*(82)] = Q"' (BO2b3). (5.2.4.4)

Substituting @ = 6’ = (61,0), @ = (6;,0) and 6’ = (0,02), and @ = 8’ = (0,02) into the [s7, 51]
bracket we find

[Q'(01),Q1(081)] = cl01/°Z
[Q'(61),Q%(02)] = Re(01r02)Z — $P(02b30; — 01b305) (5.2.4.5)
[Q%(02), Q%(02)] = —2¢|bs)?|02/H + d|02|?Z — P(02(bsr — Fb3)0s).

For the purposes of the present example, we will set the parameters of this super-extension as
specified in (5.2.3.152); therefore, we have [s5, 51] brackets

[B(B),Q'(61)] = Q*(BO2i) and [B(B),Q*(62)] =0, (5.2.4.6)
and [s7,s7] brackets

[Q'(61),Q"(61)] = 1011°Z, [Q'(61),Q%(02)] = —5P(02i01+61i02) and [Q*(62),Q%(02)] = [02/°H.
(5.2.4.7)

Now, we can write

4 3
Bi, Q2 =) Qif:°. [QL, QY =0avZ [QL, Q2 =) Pilyy, Q% Q%) =dapH.
b=1 i=1

(5.2.4.8)
Our brackets then produce the 3; matrices

-10 0 —01 0 03
P1= < 0 1> B2 = <—c71 0 ) f3= (03 ()) ) (5.2.4.9)

and the symmetric I'* matrices

-1 0 0 —o 0 o
1 2 1 3 3
r= ( 0 1) = (—(rl 0 ) = (0‘3 (,)) ’ (5.2.4.10)

where o7 and o3 are the first and third Pauli matrix, respectively. This N = 2 Bargmann
superalgebra takes the same form as the (2 + 1)-dimensional Bargmann superalgebra utilised
in [109)].

5.3 Conclusion

In this chapter, we classified the N = 1 super-extensions of the generalised Bargmann alge-
bras with three-dimensional spatial isotropy up to isomorphism. We also presented the non-
empty sub-branches of the variety .% describing the N = 2 super-extensions of the generalised
Bargmann algebras. To simplify this classification problem, we utilised a quaternionic formal-
ism such that so(3) scalar modules were described by copies of R, so0(3) vector modules were
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described by copies of Im(H), and so(3) spinor modules were described by copies of H. We began
by defining a universal generalised Bargmann algebra, which, under the appropriate setting of
some parameters, may be reduced to the centrally-extended static kinematical Lie algebra a, the
centrally-extended Newton-Hooke algebras iy, or the Bargmann algebra g. The most general
form for the [s5, s7] and [s7, s7] bracket components were found before substituting them into the
super-Jacobi identity and finding the constraints on the parameters for these maps. Because
of the formalism in use, solving these constraints amounted to some linear algebra over the
quaternions, and paying attention to the allowed basis transformations G C GL(s5) x GL(s7).
Since we are only interested in supersymmetric extensions of these algebras, we limited our-
selves to those branches which allow for non-vanishing [Q, Q]. The results of the N = 1 and
N = 2 analyses are in Tables 5.3 and 5.6, respectively. We found 9 isomorphism classes in the
N =1 case, and 22 non-empty sub-branches in the N = 2 case.
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Chapter 6

Conclusion

In this thesis, we presented a framework to explore kinematical symmetries beyond the standard
Lorentzian case. This framework consisted of an algebraic classification, a geometric classifi-
cation, and a derivation of the geometric properties required to define physical theories on the
classified spacetime geometries. We will now briefly run through the main results from each of
the primary chapters.

In Chapter 3, each step in this framework was discussed in detail for the case of kinemati-
cal symmetries. Section 3.1 reviewed the classification of kinematical Lie algebras with spatial
dimension D = 3 (up to isomorphism). These Lie algebras assumed spatial isotropy as well
as homogeneity in both time and space. Known and named Lie algebras were identified, and
18 isomorphism classes were found. In Section 3.2, the integration of these Lie algebras to
spatially-isotropic simply-connected homogeneous spacetime was discussed, and the classifi-
cation of these geometries was reviewed. Five kinematical spacetime classes were identified;
namely, Lorentzian, Riemannian, Galilean, Carrollian, and Aristotelian. This classification was
followed by identifying the characteristic Lie brackets of each spacetime class and identifying a
procedure for connecting the spacetimes via geometric limits. Section 3.4 then derived various
geometric properties for each kinematical spacetime including the fundamental vector fields,
soldering forms, vielbeins, invariant structures, and the space of invariant affine connections.

In Chapter 4, the algebraic and geometric classifications of our framework were carried out
in the super-kinematical case. Section 4.1 gave the classification of the N = 1 kinematical and
Aristotelian Lie superalgebras in three spatial dimensions, up to isomorphism. We found 43
isomorphism classes, some with parameters. In Section 4.2, we then classified the corresponding
simply-connected homogeneous (4/4)-dimensional kinematical superspaces, finding 27 isomor-
phism classes. It was then shown how these superspaces might be connected via geometric
limits and the low-rank invariants of each superspace were determined.

Chapter 5 presented the algebraic classification of our framework for the super-Bargmann case.
In Section 5.1, the classification of N = 1 generalised Bargmann superalgebras was presented,
identifying 9 isomorphism classes of Lie superalgebra. Section 5.2 then discussed the generali-
sation of this classification to the N = 2 case. Here, owing to the increased complexity of the
problem, we only identified non-empty branches in the real algebraic variety . describing the
possible generalised Bargmann superalgebra structures. In particular, we found 22 non-empty
branches in ..

Outside the classifications and the derivations mentioned above, some other key results in-
clude the proof that boosts act with non-compact orbits in Lorentzian, Galilean, and Carrollian
spacetimes. The property of having non-compact boosts is an essential physical requirement, as
discussed in [20]. If this property does not hold, then a sufficiently large boost would no longer
be a boost; we would arrive back at our starting point. Thus, compact boosts are deemed
unphysical.
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Another significant result presented in this thesis was the demonstration that kinematical
and Aristotelian Lie algebras may admit several non-isomorphic super-extensions. These non-
isomorphic super-extensions may then integrate into inequivalent kinematical and Aristotelian
superspaces. Interestingly, due to geometric realisability and effectivity being, respectively, in-
dependent and dependent of the super-extension, Aristotelian Lie algebras may form effective
Lie super pairs (s,h) where the underlying Aristotelian Lie pair (£, §) is not effective. In these
cases, the “boost” generators act as R-symmetries, which transform the odd dimensions, but
not the even dimensions.

This thesis’s results suggest several directions for future study, which we will present here in no
particular order. Given that the geometric classifications contain homogeneous (super)spaces,
which may also be called Klein geometries, a natural generalisation would be to build Cartan
geometries modelled on these spaces. This construction is described at length in [92]; how-
ever, for our purposes, the crucial point is that we can view our classifications as describing
the possible local geometries for a spacetime manifold. By modelling a Cartan geometry on
these spaces, we allow for the introduction of curvature in the same way Riemannian geom-
etry introduces curvature to Fuclidean geometry. This process was developed by Cartan in
his rewriting of Newtonian gravity in [13,14]. Additionally, for a discussion on this process in
2+ 1-dimensions, see [57]. Note, the addition of Cartan geometries would constitute a new step
in the presented framework, taking us closer to a complete set of kinematical spacetime theories.

More immediate work, which is currently underway, is to complete the presented framework for
all the given cases. In particular, this would involve deriving the geometric properties for the
kinematical superspaces, building the superspaces corresponding to the generalised Bargmann
superalgebras, and calculating the necessary geometric properties in these instances. Work on
constructing the non-supersymmetric Bargmann spacetimes is also in progress and should ap-
pear soon.

In addition to further classifications, we may look to build theories using some of the novel
(super)spaces found here. In particular, we may look to utilise some of these spaces in holo-
graphic theories, as in [33,35,110,111] or we may gauge some of the Bargmann superalgebras
to arrive at novel non-relativistic supergravity theories. Additionally, in a similar spirit to the
Cartan generalisation mentioned above, we could look to generate interesting gravity theories
by putting the classified Lie (super)algebras through the procedure which leads to MacDowell-
Mansouri gravity [112-114].
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